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Abstract

This thesis studies spectral asymptotics for Wiener—-Hopf operators with discontin-
uous symbols. We establish a two-term asymptotic formula for traces of the form
Tr(f (1o (x)P(=iV)1,0(x))] as @ — co under essentially optimal regularity conditions,
namely for P a function of bounded variation and Q) a set of finite perimeter, and show
that these assumptions are sharp if P is an indicator function.

We also study time-frequency limiting operators, which arise as the special case of
Wiener—Hopf operators where the symbol is an indicator function, and obtain sharp
uniform bounds on the plunge region when one of the underlying sets is a finite dis-
joint union of parallelepipeds. As an application, we extend the two-term asymptotic
formula to very rough spectral functions f.

Résumé

Denne afhandling studerer spektral asymptotik for Wiener-Hopf operatorer med
diskontinuerte symboler. Vi etablerer en toleddet asymptotisk formel for spor af for-
men Tr[f (1,0(x)P(-iV)1,q(x))] ndr @ — oo under essentielt optimale regularitetsan-
tagelser, nemlig ndr P er en funktion med begreenset variation og () en mangde med
endelig perimeter, og vi viser at disse regularitetsantagelse er skarpe ndr P er en in-
dikatorfunktion.

Vi studerer ogsd tids-frekvensbegraensende operatorer, som optrader som specialtil-
feeldet af Wiener-Hopf operatorer, hvor symbolet et givet ved en indikatorfunktion,
og opndr uniforme skarpe estimater pd plunge regionen ndr én af de underleeggende
mangder en en endelig forening af parallelepipeder. Som anvendelse udvider vi den
toleddet asymptotiske formel til meget grove spektrale funktioner f.
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Chapter 1

Introduction

This thesis studies asymptotic spectral problems for operators obtained by truncating
translation-invariant momentum operators to spatial regions. We refer broadly to such
operators as Wiener—-Hopf operators, and the principal questions we address are how
spectral quantities, such as traces and eigenvalue counting functions, behave as the
spatial region becomes large.

Wiener—Hopf operators arise naturally in many contexts, including harmonic anal-
ysis, operator theory, pseudodifferential calculus, signal processing, and mathematical
physics. As a guiding example, such operators appear when one restricts from an in-
finite translation-invariant quantum system to a finite spatial subsystem. In this set-
ting, one fundamental spectral problem is the computation of the bipartite entangle-
ment entropy of translation-invariant quasi-free fermionic ground states. This quantity
can be phrased directly as the trace of an entropy function of a Wiener—Hopf operator
whose underlying momentum symbol is the projection onto the Fermi sea of the one-
particle Hamiltonian. The asymptotic behavior of the entanglement entropy is referred
to as the (enhanced) area law and has been studied extensively in both the physics
and mathematics literature [12, 21, 38, 45, 73]. In the simplest possible setting of a
particle-number-preserving Hamiltonian in the ground state, the corresponding mo-
mentum symbol of the Wiener-Hopf operator is a sharp indicator function. The main
theme of this thesis is that symbols with such jump discontinuities give rise to intricate
boundary spectral effects, which govern the sub-volume spectral asymptotics.

We now describe the mathematical problems that we consider more precisely. Let
Q C R be a spatial region and let P : RY — M, be a bounded momentum symbol
taking values in M, the space of n-by-n complex matrices. The corresponding Wiener-
Hopf operator on L?(R%;C") is given by

S(P}Q):lQplo, (11)

where 1o = 1(x) is the projection onto the subspace L*(Q;C") and P = P(p) = P(-iV)
denotes the corresponding Fourier multiplier. We consistently abuse notation by using
1o, 1a(x), P, and P(p) for the functions, their function values, and the correspond-
ing multipliers. Unpacking the definition, the operator S(P;(2) acts on a function
¢ € L*(R%;C") as

S(P;Q)(x) = 1a(x) (P(109)") (x), (1.2)

where A and V denote the Fourier transform and the inverse Fourier transform. For the
1



2 CHAPTER 1. INTRODUCTION

first three chapters we use the conventions

Ffip)=Fip)= <zn>-d/2f eI (x) dox,
1Rd
FP(x)=P(x) = (2n)_d/2j PP (p)dp.
IRd

A different normalization is introduced in Chapter 4 on time-frequency limiting oper-
ators to be consistent with the relevant literature. It is clear that S(P;(Q)) is bounded
with [|S(P; Q)|le < |IP]les, and that S(P; Q) is self-adjoint (non-negative) if P takes values
in self-adjoint (non-negative) matrices.

Operators of the form (1.1) are higher dimensional analogues of truncations of
one-dimensional Wiener-Hopf operators, which in turn are continuous analogues of
Toeplitz matrices. The principal spectral problem, going back to Szeg&’s limit theo-
rems [62, 63], is to study traces of the form Tr [f(S(P;aQ))] in the limit @ — oo for
different classes of functions f. Historically most interest was devoted to f(x) = log(x),
which is equivalent to computing the determinant of S(P; (). For other classical de-
velopments we refer to [22, 28, 29, 64]. In its simplest form, the (weak) Szegé limit
theorem is a volume law. For a polynomial f satisfying f(0) = 0 and P and () satisfying
weak integrability assumptions, the leading order term scales with the volume:

Trpwien | £ (S(P3aQ) | = (%)d 'Q'fw Tres[f(P(p)|dp+oa®),  (1.3)

as @ — oo, where |Q| denotes the Lebesgue measure of (). An elementary verifica-
tion using (2.6), for instance, shows that the volume term in (1.3) is exactly given by
Tr[S(f(P);aQ)]. Since the entirety of this thesis is concerned with the sub-volume be-
havior, it is convenient to subtract the volume term and introduce

Sp(P;aQ) = 1o f(S(P;aQ) a0 = S(f(P);aC)), (1.4)

which, by (1.3), satisfies
Troresem [Sp(P;aQ)] = o(a?). (1.5)

We put the projections 1, around f(S(P;a(Q)) only to avoid assuming f(0) = 0. For
the special case f(x) =x", m > 2, we write S,,(P;aQ)) instead. Intuitively, the operator
S¢(P;a(2) should only depend on boundary/higher order effects in P and Q. It can be
verified that S¢(P;a()) can be a trace class operator even when f(P) & L' or |Q] = oo,
which offers some flexibility.

Further terms in the asymptotic expansion (1.5) critically depend on the regularity
of the symbol P, the set (), and the function f, and we refer to [71] for a full expansion
into powers a7, k > 1, in the fully smooth setting. Focusing only on the leading or-
der term, it is instructive to first consider the smooth, or rather smoother, case without
jump discontinuities. This is classically the setting of the strong Szegé limit theorem
on Toeplitz operators, and we refer to [30, 67] for sharp results. The corresponding
problem for Wiener-Hopf operators was first investigated by Widom [65], later refined
and generalized in [68, 71], followed by the works of Roccaforte [51], and more re-
cently Sobolev [60]. In the most abstract setting from [68], the leading order boundary
coefficient is given by a reduction to one-dimensional co-tangent sections

o

d-1
Trpameen [Sp(PraQ)] = (%) L(QQ)TW(M”) [Sr(PGR)|dX +0(a"). (1.6)



We refer to Section 2.1 for precise definitions. In the scalar valued case, the remain-
ing co-tangent traces can be computed explicitly by the remarkable trace formula of
Widom [69]:

Ur(Q(&1),Q(E
e[S = o [ AT g e, (1.7

- &?

For polynomial f the right hand side of (1.7) diverges for all indicator functions, which
carries over to (1.6). More precisely, in the one-dimensional case it was observed by
Widom in [69], and earlier in [30, 67] in the Toeplitz setting, that P € H'/? is the min-
imal smoothness condition to ensure area scaling, which in particular rules out jump
discontinuities along co-dimension 1 hypersurfaces. In Chapter 3 we establish (1.6)
under the minimal assumptions that Q is a set of finite perimeter and P € H'/? N L.
The geometric mechanism behind the boundary term is discussed in Section 2.1, and
we also refer to this section for precise statements and for a comparison to relevant
literature.

The situation changes dramatically for symbols P with jump discontinuities. In
the Toeplitz case, this is classically the setting of symbols with Fisher-Hartwig root-
like and jump singularities, whose early development was closely tied to the study of
spontaneous magnetization in the two-dimensional Ising model [6]. In contrast to the
smooth case, such singularities modify the asymptotic behavior and produce an addi-
tional logarithmic factor. It is not our intention to thoroughly review the vast literature
on Fisher-Hartwig singularities here; we refer to [2, 17, 66] for early developments and
to [9, 11] for the current state of the art. In the Wiener-Hopf setting, jump discontinu-
ities similarly alter the leading order behavior of Tr[S;(P;@())]. Here the leading order
term is logarithmically enhanced:

d-1
Tr[Sf(P;aQ)] = (%) log(a)Af(9Q), P*,P7) + o(a?! log(a)) (1.8)
as a — oo, for a certain boundary coefficient A¢(dQ), P¥,P7) only dependent on the
symbol P through its one-sided jump values P* and P~ along the jump set. Widom’s
formula (1.8) for symbols with jump discontinuities was conjectured by Widom in 1982
[70] with partial results by Widom [70, 72] and Landau-Widom [36] in particular for
d = 1. We also refer to [20, 23] for results on the special case f(x) = x%. Later in 2013,
(1.8) was established by Sobolev [54] for regular f and a broad class of regions () and
symbols P with jumps. See also [3, 55, 58] for later refinements. We establish (1.8) in
Chapter 3 under the essentially minimal regularity assumptions that () is a set of finite
perimeter and P a function of bounded variation. The logarithmic correction arises
naturally as a singular limit of the smooth case (1.6), and this mechanism is discussed
in Section 2.2.

The jump discontinuous setting is also the one relevant for the entanglement en-
tropy problem mentioned in the beginning of this Introduction. Namely, for a trans-
lation invariant, particle-number-preserving quasi-free fermionic ground state, the bi-
partite entanglement entropy relative to the spatial region Q) is

Tr[h(S(14;Q)]  h(x) = =xlog(x) = (1 - x)log(1 - x), (1.9)

where A is the Fermi sea of the underlying one-body Hamiltonian. Since h(0) = h(1) =0,
the volume term in (1.3) vanishes, and Widom’s formula (1.8) therefore predicts an
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enhanced area law. This connection, first made explicit by Gioev and Klich in 2006 [21],
brought renewed interest to the study of Wiener-Hopf operators with discontinuous
symbols (3, 24, 38, 39, 41, 54].

We now turn to the simplest, and in many ways most important, class of discontin-
uous symbols, namely indicator functions. For a measurable set A C R?, the operator
S(15;Q) = Sp,q is commonly referred to as a time-frequency limiting operator. The
study of the spectral properties of such operators was initiated by Landau, Pollak, and
Slepian [34, 35, 53], and has since attracted considerable interest both from the math-
ematical and signal processing communities. In the present context, time-frequency
limiting operators provide the basic model for discontinuous Wiener-Hopf symbols.
Despite the elementary form of the symbol, these operators exhibit a remarkably rich
yet comparably more transparent spectral structure. The eigenvalues of S(1;a()),
which agree with those of S(1q; @A), are expected to exhibit a sharp transition: the first
~ |Q||Ala? eigenvalues are close to 1, followed by = a“~!log(a) intermediate eigenval-
ues away from 0 and 1, and then a tail of eigenvalues decaying fast. We refer to the
intermediate part of the spectrum as the plunge region, the area regime, or the bound-
ary regime. This picture is particularly clear in dimension 1, where the exact limiting
behavior and precise uniform estimates of the eigenvalues are known, see [5, 19, 31,
32, 36].

From the point of view of trace asymptotics, it is precisely the eigenvalues in the
boundary regime that contribute to the a?~!log(a) term in Widom’s formula (1.8). The
size of the plunge region is quantified by the eigenvalue counting function

A(@Q,A)=[{neN|e <A, (all;A) <1-¢}[ =Tr[Ss (15,aQ)], (1.10)

where f.(x) = 1(¢,1-¢)(x) for 0 <& <1/2. For fixed ¢, Widom’s formula (1.8) predicts that,

as a — oo,

A (aQ,A) = CQ’AO(d_l log(a)log (1;&) + o(ozd_1 log(a)) (1.11)

for a constant C o only dependent on () and A. A quantitative formulation of the
spectral picture described above is that the leading order behavior should hold uni-
formly for small ¢, namely

AaO, A) < ad™! 1og(a)1og(§). (1.12)

In dimension one this is indeed the case as recently shown by Karnik, Romberg, and
Davenport [31], while state of the art in the higher-dimensional case incurs additional
log(ar) losses [26, 27, 44]. Sharp bounds on the plunge region of the type (1.12) can
be used to extend Widom’s formula (1.8) from polynomial f, where it is most accessi-
ble, to rough spectral functions with singular behavior at the end points 0 and 1. The
need for such extension arguments is apparent from the entanglement entropy compu-
tation (1.9), since entropy functions are singular at the endpoints. A substantial part
of the recent literature on Wiener-Hopf operators have concerned precisely this ex-
tension problem, and the corresponding tools based on uniform Schatten quasi-norm
estimates, developed in [56-58], cover spectral functions with Holder-type singulari-
ties. In Chapter 4 we establish sharp uniform estimates on the plunge region of the
type (1.12) under suitable geometric assumptions. Based on this, we deduce essentially
necessary and sufficient conditions on f for Widom’s formula to hold. The underlying
extension mechanism is discussed in Section 2.3.



Structure
The rest of the thesis is organized as follows.

Chapter 2 gives precise statements of the main results of the thesis and a brief
overview of the main ideas behind their proofs.

Chapter 3 contains the manuscript [18] titled "The Widom Conjecture with Optimal
Regularity Assumptions”. Here we establish Widom’s formula (1.8) for regular f under
the assumptions that P is a function of bounded variation and () a set of finite perime-
ter. We argue that these conditions are optimal in the time-frequency limiting setting
P =1,. As a key step of the proof, we study the transition between smooth and non-
smooth matrix valued symbols, which is of interest in the study of the entanglement
entropy.

Chapter 4 contains the arXiv preprint [33] titled ”"Sharp Estimates for Eigenvalues of
Localization Operators with Applications to Area Laws”. Here we study time-frequency
limiting operators and we establish sharp uniform bounds for the number of eigenval-
ues in the plunge region. As an application and building on the work from Chapter 3,
we establish essentially necessary and sufficient conditions on f for the trace formula
(1.8) to hold when one of the involved sets is a finite union of parallelepipeds.






Chapter 2

Preliminaries and overview

In this chapter we precisely state the main results of this thesis and we discuss some
of the mechanisms behind their proofs. We first consider the smooth case, where the
leading order boundary term can be understood geometrically through a reduction
to co-tangent sections. We then turn to discontinuous symbols, where the logarith-
mic enhancement arises as a singular limit of the smooth setting. Finally, we discuss
the plunge region for time-frequency limiting operators and its role in extensions of
Widom’s formula to rough spectral functions.

2.1 Trace asymptotics: smooth case

We begin with the smooth case of symbols without jump discontinuities. As mentioned
in the Introduction, in this setting the leading order sub-volume term has area scaling,
and the boundary coefficient is a reduction to traces of co-tangent sections. Despite
smooth symbols not being the main emphasis of this thesis, the smooth case serves
as a key component in the proof of Widom'’s formula (1.8) for discontinuous symbols
presented in Chapter 3. In fact, in our work, the boundary coefficient arises as a sin-
gular limit of the smooth case, as will be discussed in Section 2.2. The key takeaway
is that the smooth case is significantly more accessible, and the geometric mechanism
behind the boundary term is more transparent. It is our intention here to discuss this.
We also point out that exactly the same geometric mechanism crops up in related trace
computations in different models. This is, for instance, the case for anti-Wick quan-
tized domains [46] and for operators arising from spatial restrictions of (not necessarily
translation-invariant) free fermionic states [40, 48, 49].

Throughout this section we restrict our attention to polynomial spectral functions,
or more precisely natural powers of the form f(x) = x™, m > 2. The extension to rougher
spectral functions requires, in addition to the polynomial trace asymptotics, separate
uniform estimates on the singular values of 1,0P1,qc, which will be discussed in Sec-
tion 2.3. Accordingly, for a bounded symbol P : RY — M, and a measurable set QO C R,
we consider

m
Sm(P;aQ) = (1,0Plaq) ~1a0P"lag (2.1)

form>2and a > 1.
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Precise statements and definitions

To state our main results in full generality we need to introduce some notation and a
few definitions. We write H'/?(IR%; M,,) for the homogeneous fractional Sobolev space
consisting of all P € L} (R%; M,,) such that

loc

IP(p) - P(q)I?
||P —d dg <
1P = [P dpdg <o
If in addition P € L?, then ”P”H1/2 =Cy LRd|P(x)| |x|dx, see [42, Theorem 7.12] or [10].

We also recall that a set Q C RY is said to have finite perimeter if the function 1
has bounded variation, or equivalently that
Io(x+h)=1o()ldx < Clhl heRY. (2.2)
R
By Lemma A.7 of Chapter 3 one may take C = Per(()), and conversely, the least such
C is comparable to Per(€)). We write F() for the reduced boundary and vq for the
measure theoretic interior normal. For precise statements we refer to Chapter 3 or the
standard textbook references [1, 13, 14, 43]. We note for orientation that if QO C RY
has compact Lipschitz boundary, then () is a set of finite perimeter. In this case FQ
agrees with dQ up to H9 !-null sets, v, coincides almost everywhere with the classical
interior unit normal, and Per(Q) = H91(9Q).

Let Q) be a set of finite perimeter. For x € FQ, let I, () = {vo(x)}* denote the
corresponding tangent plane. We write

THFQ)={X=(x,p) | xe FQ, p eIl (1},

equipped with the product measure

f X)dX = f J YdH (p)dH (x).
T*(}'Q FQ

Finally, for X = (x,p) € T*(FQ) and a function P on R, we define the corresponding
co-tangent section
Px(&)=P(p+<évalx)), SeR

Our main results from Chapter 3 on the smooth case are the following.

Theorem 2.1. Let P € HY?(R%; M,,) N L™ and let QO C RY be a set of finite perimeter. Then,
forallm> 2,

wlsyea0)]= (5] [ nfsarorilaxeoet) @
as a — oQ.

Theorem 2.2. Let P € H'?(IR;C). Then, for all m > 2,

. — L Um(P(él)rP(§2))
Tr[Sm(P,II{+)] ~ 8n? J‘J]‘RXIR €1 = &of? Aerdts (2.4)

Here U, : Cx C — C is the symmetric functional

m—1

1= S
Um(A,B):—Ek:1(E+m_k)(Ak—Bk)(A k_pmk), (2.5)
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Widom [69] proved the one-dimensional formula (2.4) under the sharp H'/? as-
sumption. Our main contribution in this setting is to provide a different, more elemen-
tary proof, better aligned with the higher-dimensional mechanism developed below.
Our method, which relies on ideas from the classical work [28] of Kac, is presented in
Section 5 from Chapter 3.

The more substantial result is Theorem 2.1, which refines earlier work of Widom
(65, 68, 71] and Roccaforte [51] by extending the area scaling formula to the finite
perimeter setting and by removing an artificial assumption that PeL'. We also men-
tion the recent work of Sobolev [60], who, using the one-dimensional trace formula
(2.4), established area scaling for scalar-valued smooth symbols under decay assump-
tions and for domains with piecewise C! boundary, for a broader class of spectral func-
tions f. The rest of this section is devoted to explaining the geometric mechanism
behind the leading order term from (2.3).

Kernel expansions and the boundary term

We will now explain the mechanism behind the boundary term in Theorem 2.1. For
the sake of exposition we restrict our attention to the maximally regular case P €
C®(R%;M,). This is not a real restriction, since the sharp H'? assumption follows
from abstract approximation arguments from this case; we refer to Chapter 3 for the
details.

The most natural strategy to compute the trace of a given operator is to find its
kernel and integrate along the diagonal. This is precisely possible for the operator
(2.1). That the kernel is directly expressible is a key feature unique to natural powers
f(x) = x™, and this insight is directly or indirectly central to all work on the smooth
case. For a given set Q CRY, the operator 1,0P1,0 has kernel

K(x,v) = (210) 21,0 ()P(x - v) 100 (0)- (2.6)

Formally following the composition rule for kernels, the operator (1aQP1aQ )m has ker-
nel

Ku(x,v)= Jle...de K(x,x1)K(x1,x2) ... K(x322, X1 ) K (X1, ) dXq o d Xy g
_dm ~ ~
=(27n) ZJ J P(x—=x1)...P(xp_1 - V)
R R
X1aQ(X)1aQ(y)1aQ(xl)“-1aQ(Xm—1)dx1“'dxm—1’

(ﬁ)*m (x —v), the op-

(2.7)

d(m-1)

and similarly, by the elementary identity (P™)Y(x—v) = (2r)” 2
erator 1,0P™1,0 has kernel

Ki(o9) = 0% Laoao) [ o [P0 Pl =p)dsy iy (29

We here point out that to effectively manipulate the expansions above, the integrals
(2.7), (2.8) have to converge absolutely for all m > 2, and the only natural general con-
dition to assure this is P € L!, which renders this approach not applicable for discon-
tinuous symbols.

Expressing the trace of S,,(P;a(Q)) as the integral of the kernel along the diagonal,
which can be justified e.g. using the result from [7], we obtain after a change of variables



10 CHAPTER 2. PRELIMINARIES AND OVERVIEW

and an application of Fubini’s theorem that
Tr[S(P; aQ)]
= f jTr[P X1). xm 1)15( X]— = X 1)] (2.9)
X j 1aQ(x)(1 —laalx=x1)...140(x=x; ---—xm,l))dxdxl e dXp 1.
In particular, the a dependence of the trace is determined entirely by the volume term

Fan)= [ Laal)(1 = 1ol =) s =1+ 1)) d

(2.10)
- |aQ\(aQﬂ(aQ+x1)-~-ﬂ(aQ+x1 T—

where we wrote x = (xy,...,X] + -+ X;;,_1). We point out that to justify the application
of Fubini’s theorem in (2.9) it is necessary to minimally control F,q. For instance, it is
sufficient to assume that either Q) or Q¢ has finite measure or that [QQ N (Q°+y)| < Cly|.
The latter is guaranteed for sets of finite perimeter by the characterization (2.2). Since

Foa(x) = a?Fo(x/a), the same characterization also immediately implies the uniform
bound
'Tr [Sm(P;aQ)” < Ca’! (2.11)

if Q) is a set of finite perimeter. Isolating the exact leading order coefficient therefore
boils down to studying F(x) in the limit x — 0. As it turns out,

Fo(x) = Go(x) + of|x|), (2.12)

where G, is the homogeneous surface integral given by

Gol)= | max (o) (n+-+x} ! ) (213

Before discussing (2.12) in greater detail, we first point out that the precise formulation
of the boundary coefficient (2.3) now follows easily. Indeed, from (2.9), (2.12), and
elementary manipulations of the Fourier transform,

Tr[s (P;aQ)]

dm ~
j jTl’ P(xpo1)P(=x) =+ = Xy ]GaQ X)dxy...dx,

+o(

= _(% d 1 (27'()7% J‘T*(}_Q)J...J\Tr [I\J;((l‘l)...ﬁ;((fm,l)l\j}/((—tl —e tmfl)]

x max {0t +-+tdty...dty,_; +o(a®h).
1<k<m-1
The exact identity

Fr (t)= max {0,ty +---+1t;} (2.14)
* 1<k<m-1

gives the claim.

The relation (2.12) was first established by Widom [65] in 1960 for the case where
Q) is either a polytope or a convex set. The polytope case has also been studied by
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Pfirsch [50] with a different technique. Later in 1980, Widom [68] claimed that (2.12)
holds for Q with C! boundary. Shortly thereafter, Roccaforte [51] established (2.12)
for QO with C3 boundary, where he in fact also found the next term in the expansion.
We also refer to the more recent work by Roccaforte [52] for a full expansion in the
smooth case, which in turn formally leads to a full expansion of the trace (2.3). All the
aforementioned references apply (2.12) in exactly the same way as presented above.

While the proofs of (2.12) from [51, 65] are technical, the basic mechanism behind
the expansion is a simple local tangent plane approximation: if x € () and v is small,
then the membership x + v € Q) is to leading order in |y| determined by v - vo(x) > 0.
This is exact if () is a half-plane, which we used in (2.14). If FQ = JQ) is parametrized
by C! (or Lipschitz) graphs and |x| is small, this tangent-plane approximation can be
carried out directly in small suitably defined coordinate patches. Concretely, if Q is
parametrized by {x; > ¢(x’)} in a box 2Q around JQ, x € Q, and vy,..., v, are small,
thenxe QN (Q+y)N---N(Q+7v,,_;) if and only if

X4 — QD(X/) Rx’(x,_yi,)

X mWY) gy X Ty e,
e (%)

xXg > (X)), > )
v VIR

where ¥ = (x/,1(x)) is the ’vertical projection’ to dQ), and Ry (z") = ¥(z') — Y(x’) —

Vi(x’)(z' — x’) is the first order Taylor error. The tangent plane approximation lies in

setting R,» = 0, which induces local errors of size |Ry (x" = v])| = o([v/]).

Summing up local patches of this type is crude and requires some care. Conceptu-
ally the same technique, wrapped in pseudodifferential language, is used by Sobolev in
[60], although without explicitly deducing the volume term F. A more refined tech-
nique is used by Roccaforte [51], where the coordinate patches are obtained by lifting
a partition of unity on dQ to a tubular neighborhood by the map JQ x (-¢,¢) 3 (x,t) —
X + tvg(x), which is a C! diffeomorphism for small ¢ if Q has compact C? boundary,
which allows sharper bounds.

We turn to the finite perimeter setting. Here the techniques described above, which
all rely on local parametrization of the boundary by graphs, are not applicable. Instead,
a fundamentally different, coordinate free, purely measure theoretic approach is neces-
sary. Our starting point is the observation that (2.12) is equivalent to the statement that
the (classical) derivative of F(x)—Gq(x) is equal to zero at zero. By Morrey’s inequality
[13, Theorem 4.10], this would follow by showing that F — G is Lipschitz and that
zero is a Lebesgue point of V(Fg — Gg). This formulation is already much more ap-
proachable. Indeed, the weak derivative of F can be computed using the Gauss-Green
type formula D1 = vodH? 'Lz for finite perimeter sets, and the local averaging in
the Lebesgue point formulation is exactly needed for blow-up arguments on FQ. To
see these points, let us consider the simplest case m = 2. Here F(v) = 1o *1_q<(v), so,
formally as distributions,

VEq(y)=1q*D1 ¢(y) = .LQ vo () 1o (x+v)dH ().
Similarly, a direct computation shows that
VGa(y) = jfo VO ()1 g (1) 50) AHT ().

For x € Q) introduce the tangent-plane defect set
Dy={zeR'|zeQ, vo(x)-(z—x) <0} U{ze R? | x € QF, v (x)- (z—x) > 0}.
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Note that D, exactly consists of all points z such that the intuitive leading order tangent
plane approximation explained above fails. By blow-up of the reduced boundary [13,
Theorem 5.14] and the dominated convergence theorem,

J[ |V1DQ(3/)—VGQ(}’)W}’JE
B,(0)
j J[ |lQ xl v (x) y>0 |dded 1( 9
FO

|DﬁB()| d-1(,) _,
kLo B, T =0

as r — 0%, which establishes (2.12) for m = 2. We refer to Lemma C.6 of Chapter 3 for a
proof in the general case, which is mainly more difficult only in notation.

wﬂ)@00+?)1wm v50)(¥))dH T (x)|dy

2.2 Trace asymptotics: discontinuous symbols

We now turn to the case of discontinuous symbols, which is the main setting of this the-
sis. As discussed in the Introduction, jump discontinuities break the area scaling from
Section 2.1. Instead, according to Widom’s formula (1.8), the leading order term is log-
arithmically enhanced. It is our intention in this section to explain how this logarithm
arises as a singular limit of the smooth case, which is central to the proof of Widom’s
formula presented in Chapter 3. More precisely, we consider a family (Ps) of smooth
symbols depending on a smoothness parameter ¢ > 0 which, in the limit 0 — 0%, de-
velops a jump discontinuity along a prescribed hypersurface I'. We refer to such (Ps) as
multiscale symbols, and their limits provide a natural initial class for which Widom’s
formula (1.8) can be established. For each fixed 6 > 0, the symbol Ps admits area scaling
by Theorem 2.1, and the key problem is to uniformly and precisely control the ¢ depen-
dence in the o(a?"!) error term from (2.3). This result, which we discuss below, also has
independent interest in the study of the entanglement entropy of translation invariant
free fermions. For instance, the parameter 6 can represent the temperature of a ther-
mal state, or the pairing gap in a superfluid quasi-free state. The latter is inherently a
matrix valued problem, and we carry out the analysis in this setting.

As in Section 2.1, we here restrict our attention to spectral functions f given by
natural powers. We refer to Section 2.3 for extensions.

Multiscale symbols and precise statements

We first fix the notation for multiscale symbols and state the main results from Chap-
ter 3. Let T C IRY be a bounded set. For 0 < & < 1/2, introduce the scale function

C5(p) = max{s, L min{d(p,T), 1}},

where d(p,I') is the distance from p to I'. Since ¢; is Lipschitz with parameter 1/2, it is
slowly varying in the sense that

Ip—ul < Cs(u) = 305(u) < l5(p) < 305(u). (2.15)

We say that a family (Ps), 0 < 0 < 1, satisfies a C*(R%; M,,) multiscale estimate on T
if (Ps) € C*(R%; M,,) and there is a bounded function F : R? — [0, o), not dependent on
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0, such that

G(p)= sup F(gq)ell, (2.16)
lp—ql<ts(p)
and
IDPPs(p)| < F(p)ls(p) ' peR?, |pl<x. (2.17)

The simplest example, which is nonetheless sufficient for the analysis in Chapter 3, is
that of smoothed out simple functions of the form

N
bs = ZAklAk * s,
k=1

where (Ax) € M,, and (¢;) is a family of mollifiers. If the sets (Ay) are bounded, then
Py satisfies a C*(R%; M,,) multiscale estimate on I’ = UQ’ZIQA;( for all x € IN.

We write BV (R, M,,) for the space of all functions in L}OC(IRd;Mn) with bounded
variation. For P € BV(RR%; M,,), we denote by Jp the jump set, vp a choice of orienta-
tion on Jp, and by P* and P~ the corresponding one-sided jump values. For precise
definitions we refer to Chapter 3 or [1, 13, 14, 43]. We note for orientation that if
P = 0115 +071pc for a set A with Lipschitz boundary and Lipschitz functions oy, 0,
satisfying

Vo, € LY(A), Vo, e LY (AY), oy-0,€ L' (0A),

then P € BV and Jp C dA. If we choose vp to agree with v, then also P* = o; and
P = 07.

Theorem 2.3. Let Q) C RY be a set of finite perimeter and suppose that T C R? is bounded
and contained in a finite union of Lipschitz graphs. Assume that (Ps) satisfies a C'(R%; M,,)
multiscale estimate on I'. Then, for all m > 2,

o

Tr[S,(P5;a Q)| = (E)d_1 Li(m Te[Su((Po)xsRy)|dX +o(aHlog(6™)  (2.18)

as a — oo uniformly for ad > 1.

Theorem 2.4. Let QO C RY be a set of finite perimeter and P € BV(R%;C)NL>®. Ifd = 1
assume in addition that P € L*(RY;C) + C and that either Q or QF has finite measure. Then,
forallm> 2,

Tr[s P-aQ)]

) ]P .

27Z d+1

+o(af" Mog(a))

as a — o0.

Theorem 2.3 provides a sharp uniform formulation of Theorem 2.1 for multiscale
symbols, which is the heart of the proof of Theorem 2.4. More precisely, if the symbols
(Ps) are scalar valued, then the remaining co-tangent integral from (2.18) can be rewrit-
ten using Widom'’s half-line trace formula (2.4). Assuming that ||Ps — P||; = O(9) for a
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limiting function P € BV with jump discontinuities, an abstract and rather involved
computation in BV shows that

j Tr[Su((Py)x; Ry)|dX
T+(FQ)

_ log(67")

- j f (P*(p), P~ (p)lva(x) - vp(p)ldH (p) dHT Y (x) (2.20)
FQJJp

C4m?
+o(log(67

as 0 — 0%, which precisely explains the logarithm and yields Widom’s formula (2.19)
for the symbol P. The full strength of Theorem 2.4 is then obtained by a series of
technical approximation arguments. We refer to Chapter 3 for the details.

Let us spend a few words comparing our results to the ones present in the literature.
Sobolev also studied the transition between smooth and singular symbols in [59] in the
indicator case P = 1 4. His assumptions on (Ps) and the underlying sets are stronger than
ours, but his results cover rougher spectral functions f. In particular, for polynomial
f, the asymptotics obtained there are recovered by the present approach. We also note
that Sobolev uses his results on Widom’s formula from [55] as an input, whereas in our
setting, Theorem 2.3 is a key component of the proof of Theorem 2.4.

Our formulation of Widom’s formula from Theorem 2.4 is a substantial generaliza-
tion both of Widom’s original conjecture from [70] and Sobolev’s results from [54, 55].
In particular, our assumptions on () and P are symmetric, and we allow symbols with
integrable jumps along arbitrary countably H4~! rectifiable sets. These sets are possi-
bly unbounded and with infinite measure, and outside the jump set we only require
very weak Wl !l-type continuity. In fact, we show in Chapter 3 that our assumptions
are sharp in the class of indicator function symbols.

In comparison, Sobolev’s results cover bounded sets Q) with piece-wise C! boundary
and discontinuous symbols of the form P(p) = o(p)1(p), where 0 € W4*>® and A C
R is bounded with piece-wise C* boundary. Let us also mention the refinements of
Bollmann and Miiller [3], who establish a version of Widom’s formula for matrix valued
symbols with jumps along the boundary of a piece-wise C? region. Their results do not
address more complicated jump structures, and it is not clear how to extend them to
such situations. Returning to our argument, the only obstruction to treating the matrix
valued case is the lack of a version of Widom’s half-line trace formula (2.4) valid in this
setting, which is needed to bridge the gap between Theorem 2.3 and Theorem 2.4 as
described above.

Widom’s original conjecture and Sobolev’s results are formulated in a more general
pseudodifferential setting, including discontinuous symbols of the form o (x,p)1A(p)
for smooth o. In this thesis we restrict attention to pure momentum symbols, which is
the setting relevant for the motivations discussed in Chapter 1.

Multiscale localization

The rest of this section will be devoted to explaining key elements of the proof of The-
orem 2.3, which relies on a technical multiscale localization technique. Related multi-
scale assumptions and localization procedures appear elsewhere in the literature, see
for instance [38, 41, 54, 57, 59]. Our aim here is not to compare these techniques in
technical detail, but rather to explain and motivate the multiscale localization from
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Chapter 3 that underlies the proof of Theorem 2.3. For the sake of exposition we re-
strict our attention to a family (Ps) satisfying a C*(R%; M,,) multiscale estimate on T
for ¥ much larger than d. This is not a real restriction, since the C! condition from
Theorem 2.3 follows from abstract approximation arguments from this case; we refer
to Chapter 3 for the details.

Our starting point is the observation that the method laid out in Section 2.1 on
smooth symbols can not be applied directly. Indeed, pursuing this approach directly,
we inevitably need to estimate the error term

Tr[Sm(PO;aQ)]—(%)d_IJ(fQ Te[S,n((Bs)xs R,)|dX

| [ [ B Bt B = )] (a9 Gaa ) v |
(2.21)

The only feasible way to estimate this term directly is to apply the triangle inequality
and bound, with ¢ > 0 obtained from (2.12),

j...J|Tr [I\J/O'(Xl)...l\)/()'(xm_l)p:j(_X1 — = xm_l)H (Ead’llﬁ + Cead’2|§|2) dxy...dx,_q

< Coll Bl Bl (e HIPy (el + Cea? 1P ()12
(2.22)
The problematic factor here is ||15(5||1, which, generically, scales like 5~"F whenever d >

2. Except in the trivial case m = 2, it seems that no estimate can hope to overcome this
obstruction.

The key to control the 0-dependence correctly is to use the multiscale assumption
on (Ps) to localize to scales defined by ¢s, and then to apply the method laid out in
Section 2.1 on the localized symbols. Informally, one freezes the symbol on its local
scale and then integrates the resulting contributions over all scales. To motivate this
idea, and to explain how the logarithmic o factor appears, we first consider an idealized
scenario where the nonlinear functional Tr[S,,(P;aQ)] localizes in a linear way. To
localize, we use a continuously parametrized partition of unity generated by the 'slowly
varying metric’ {5. We remark that the more standard discrete partition of unity from
[25, Theorem 1.4.10] could also be used. The following is taken from [61].

Lemma 2.5. There is a collection of non-negative functions (¢,) C C?o(IRd), ueRY, such
that (u,p) — ¢, (p) is measurable, satisfying

supp du € Br,u)(11),  IDP ¢, lleo < Cpls(u) P

j¢ﬂmawrﬂw=1

forall g e INd, and

forall p e RY.

Completely disregarding the non-linearity of the functional Tr[S,,(Ps, «Q))], we first
imagine that all m copies of the symbol Ps appearing in the error term (2.21) can be
localized simultaneously around the same point u € R? at the same scale 5(u). More
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precisely, we consider the simplified error term

T st ] [ | s (- B (o) B (o =)

(FD(Q(E) - GaQ(K)) dxy...dx,, 1|du.

(2.23)

Since (Ps) satisfies a multiscale estimate, it follows that, for all u € R?,
D (Psp)(p)l < CpG(u)ls(u) ¥, peR?, |gl<x,

where G is the amplitude function from (2.16). In particular, all relevant Fourier based
norms of the localized symbols can be computed effectively by simple scaling
(Popu)ll2 < CGlu)ls ()2,
I(Pscp)¥ (x)Ixlllz < CG(u)es(u)™>,
(Pscp)¥ (x)IxIPll < CG(u)ls ()27,
I(Pspu) Il < CG(u

(2.24)
(3(”

)
)
)
)-
Note that all norms only depend on simple powers of £s5(u). Applying these estimates
with the bound from (2.22), we readily deduce the upper bound

Jo st [ | B (1) B ) Bop)Y ==

(Fao(2) = Gao(x) dx1 .. dity 1|
SCead_lj fb(u)_lG(u)du+Céad_2J‘ Cs(u)"2G(u)du.
R4 R4

We stress that the ¢ comes from the purely geometric expansion (2.12). Since ¢ > 0
is arbitrary, only the scaling in ¢ is relevant here. Finally, since G is bounded inde-
pendently of & in L! N L*® and since T is bounded and contained in a finite union of
Lipschitz graphs, it is elementary to verify that

f Cs(u)"'G(u)du < Clog(o7h),
R4
f Cs(u)2Gu)du<Cot<a, ad>1.
R4
Thus, the logarithm in 6 exactly arises as the integral of 5(u)~! over a neighborhood of

I'. We have now established Theorem 2.3 under the stylized assumption that the error
term (2.21) localizes linearly.

The preceding computations suggest that localizing all m copies of Ps simultane-
ously around the same point u is the natural way to establish Theorem 2.3. The prob-
lem is that S,,(-;a(Q) is not linear in the symbol, so such a localization cannot be ob-
tained directly. The way to resolve this is to consider a multilinear extension of S,, and
carefully localize one entry at a time.

We make the m-linearity of the functional Tr[S,,(; aQ))] explicit by introducing the
operator

S(PL,...,P"aQ)=1,0P 1 40...1,0P™ 40 = 140P...P" 1,0, (2.25)
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which is separately linear in each symbol P!,...,P™. Here superscripts should not be
confused with powers. Of course S,,(P;aQ) is recovered by taking P! = ... = P" = P,
Firstly, linearity in P! and Lemma 2.5 gives that

Sm(Po}OKQ) = J\ g()'(l/l)_dS(P(j(pu,PO’,...,Pé}O(Q)dlxl (226)
R4

weakly as operators. To localize the remaining entries we introduce localizing factors
X2,...,xI" € C® with the following three properties: for all u € RY and 2 < n < m,
1. xJis supported in a ball centered at u with radius < D, ¢s(u) ,

2. £5(p) 2“4 for p e supp x2,

3. 1Py (p)| < D es(u) 1B,

for a sequence (D,,) to be determined later. These properties are realized by a concrete
construction in Chapter 3. Geometrically, one should think of supp x]| as an enlarged
neighborhood of supp ¢, which is allowed to spread out to distances D,,¢s(u), except in
directions leading to I', where it is cut off once the scale ¢5(u)/D,, is reached. Property 2
and the multiscale assumption on (Ps), together with the bound from property 3, imply
that

B -8
IDP(Psx")(p)| < ClIFIlo DY e5 (), peR?, |pl <. (2.27)

With the factors x2,..., x7 in place, the idealized computation considered above ap-
plies to the term

[ et |t o P2
R (2.28)

-1
- (%) L*(fQ)Tf[S((Pa%)X; (P5X7)x0 - (Pé)(?)x;lm)]dx'du_

It is important that all entries are localized on regions where the relevant scale is com-
parable to {s(u) up to D,,..., D,, factors. For this part of the argument, only the scaling
in ¢5(u) is relevant, since the small ¢ > 0 parameter comes solely from the geometric
expansion (2.12). Strictly speaking, one has to repeat the kernel expansion argument
from Section 2.1 in a multilinear setting, but this requires no new ideas; we refer to
Chapter 3 for the details.

For the main localized term (2.28), the precise size of D,, plays no significant role.
The sequence (D,,) becomes relevant only for the part of the full error (2.21) that is not
captured by the well localized part (2.28). Here the simple properties 1-3 of x; are not
enough, and more refined control on the support of 1 — x]! is necessary. The sequence
(D,,) is then used to control the relative position of the supports of x~! and 1 — x" and
of I', which enters in the localization error bounds in a critical way. More precisely,
choosing (D,,) such that D,_; < D, makes these successive supports sufficiently well
separated, except possibly in a thin region very close to I'. In Chapter 3 we develop a
specialized trace class estimate specifically to handle this regime.
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2.3 The plunge region and extensions

We finally discuss one of the more subtle points glossed over in Sections 2.1 and 2.2,
namely extensions of the trace formulas from Theorems 2.1, 2.2, 2.3, and 2.4 from
polynomials f(x) = x™ to more general spectral functions. Such extension arguments
appear in essentially all relevant work on trace formulas, and it is not our intention
here to give a review. In this thesis, we emphasize the extension to ‘rough’ spectral
functions, that is, functions that lack classical smoothness at one or more points. The
principal motivation is to cover entropy functions. In the general Wiener-Hopf setting,
the relevant tools to treat such spectral functions have been developed by Sobolev [58]
in an abstract framework, which have since been applied frequently in the literature
(3,4, 15,16, 39,59, 60]. This method hinges on trace class bounds roughly of the form

1S5 (P;aQ)lls, < ”f”D”laQPlan”?gq: (2.29)

for a suitable norm ||f||p defined on a class of rough functions D with Holder-type sin-
gularities at finitely many points, and a Schatten exponent g = gp < 1 dependent on
this class. Generically, polynomials are dense in D in a suitable sense. A wide class D
forces the parameter g to be close to zero. With this bound and an appropriate polyno-
mial approximation argument, essentially only two additional ingredients are needed
to extend a trace formula of S¢(P;a)) from polynomials to D: i) a uniform estimate
of ||1aQP1an||gq which catches the leading order behavior of the corresponding trace
formula, and ii) a uniform estimate of the corresponding boundary coefficient in the
class D. For instance, in the setting of Widom’s formula from Theorem 2.4, the relevant
bounds are

aoPlaodl§, < Cgpoa® " log(a) (2.30)

and

LQ I |U¢(P*(p), P~ (p)ldH (p)dH ™! (x) < Cpallflip. (2.31)

Here Uy is the linearization of U, (which was defined in (2.5)):

1
([ f(OA+(1-0)B)-0f(A)—(1-0)f(B)
Uf(A,B)_L T 40, A,BeR. (2.32)

Relevant quasi-norm bounds of the form (2.30) can be found in [39, 56, 59], for in-
stance. We stress, however, that in the general Wiener—-Hopf setting considered here,
the picture is still far from sharp. Existing bounds of the type (2.30) use specialized
techniques and strengthened assumptions on the symbol P and the set (2, which do not
appear to be optimal. Likewise, Sobolev’s abstract approach covers classes of functions
with finitely many Hdélder-type singularities, but there is little reason to believe that
this is the natural endpoint for the extension problem. This raises two questions. First,
given an exponent 0 < g < 1, what assumptions on P and () are needed in order to
obtain the sharp scaling bound (2.30)? Second, under assumptions on P and (), what
is the largest natural class of spectral functions for which the trace formula remains
valid?

The rest of this section concerns time-frequency limiting operators of the form
S(1a;aQ)), that is, Wiener—-Hopf operators with indicator symbols. In this simplified
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yet highly relevant setting, the underlying spectral picture becomes much more trans-
parent, and, due to the identity

S(LasaQ) = F(S(1p;0 Q) £(0)=f(1)=0,

the extension mechanism reduces to spectral estimates on the operator S(1,;a(). The
key quantity to control is the size of the plunge region. Sharp uniform estimates of
the form (1.12) lead to essentially necessary and sufficient conditions on the spectral
function f for Widom’s formula to hold. These bounds are also of independent interest.
In this section we discuss some aspects of the sharp uniform bounds on the plunge
region and the extension argument.

Precise statements and admissible functions

We start by introducing relevant notation and definitions. Note that the paper [33] in-
cluded in Chapter 4 uses a different Fourier transform convention and slightly different
notation.

For measurable sets A, BC R?, we denote by Sap = S(1p;A) the corresponding time-
frequency limiting operator. This operator satisfies 0 <S4 p <1, and, if both A and B
have finite measure, then it is also trace class. We denote by

the eigenvalues, arranged in non-increasing order counted with multiplicity. For 0 <
€ <1/2, we introduce the eigenvalue counting functions

AZ(A,B)=|{n]1/2 > A, (A,B) > ¢},

(2.33)
A (A B)=|{n]1-e>A,(A, B)> ¢}l

We also need a geometric condition. We say that a set T C R has finite upper
Minkowski content if
llp e R [d(p,T) <1

li < oo. 2.34
e . 234

A set with finite upper Minkowski content is bounded and has finite ?~!-measure.
Moreover, if ' is bounded and contained in a finite union of Lipschitz graphs, then I" has
finite upper Minkowski content, see [18, Lemma C.1]. In particular, if the boundary of
a set A has finite upper Minkowski content, then it has finite perimeter. This geometric
condition also appears in Chapter 3.

We finally introduce our class of admissible spectral functions for Widom’s formula.
For a function f : [0,1] — C, introduce the maximal functions My f (x) = supy,<.|f ()|

and M, f(x) = SUP1_x<t<1 If (1) = f ()l

Definition 2.6. Consider a function f : [0,1] — C. We call f trace class admissible for
L*(RY) if there is 6> 0 such that

ijdum%e)
0 5(10g log(%))d

d-1

de < co. (2.35)

We call f area law admissible if

jl Mof(€) + My f(¢)
0 €

de < o0. (2.36)
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Note that any trace class admissible function f is continuous at 0 and satisfies f(0) =
0. Similarly, if f is area law admissible, then f is continuous at 0 and 1 and f(0) = 0.

The following are the main results from Chapter 4.

Theorem 2.7. Assume that A C R is a bounded set whose boundary has finite upper
Minkowski content, and that B is a finite union of boxes. There exists K = Ky o p > 4 such
that for all &« > 2 and K™% < e < L

A,(aA,B) < a®! log(%)log (2.37)

For ¢ < K™%, there are no eigenvalues larger than 1 — ¢, and, if both A and B have positive
measure,

A7 (aA,B) =

d
log (L
Og(}? (2.38)

g )
Theorem 2.8. Let A C R? be a bounded set whose boundary has finite upper Minkowski
content, and let B be a finite union of boxes. Assume that f is both area law admissible and
trace class admissible for L>(R?). There exist ao(f,A,B) > 0 and C(A,B) > 0 such that, for
a>ay(f,A B),

1 . .
SC(A,B)adllog(a)j MOf(é):le(é)dg. (2.39)
0

d
Telf(Sann)l - (5= ) JAIBIF(1)

If in addition f is Riemann integrable on [¢,1 —¢] for all 0 < & < 5, then also

Tr[f(Saa,B)]

d L rg)y= 0 (2.40)
(55 ) anBtF ) +a  ogtanica,y | LEEEIE 0.+ ofa 1 logta)

as a — oo, where

I(A,B) = (7)) LA LBlvm) V(P AR (p) dHT (),

Let us spend a few words commenting on our results. The two term expansion
(2.40) is Widom’s formula from Theorem 2.4 after expanding the volume term. Equiv-
alently, (2.40) can be stated as

1
Tr[S¢(1p;aA)] = ad! log(a)I(A,B)jO f(gz;# 4o +o(a®! log(a)).

0)
Here the f-dependence of the boundary coefficient is precisely given by (2.32). Clearly,
finiteness of this coefficient is very close to the condition that f is area law admissible.
Indeed, if |f| is monotone near 0 and 1 and Riemann integrable on [¢,1 — ¢] for all
0 <& < 1/2, then these are equivalent. Thus, the area law condition on f is very natural
and essentially necessary.

The more subtle condition is that of trace class admissibility. As the name suggests,
this condition is used to ensure that f(S, 4 p) is trace class. A perhaps surprising result
is that this condition is very precise. In fact, we show the following in chapter 4.
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Theorem 2.9. Let A,B C R be sets with non-empty interiors such that S, g is compact. If
f :[0,1] = C is such that |f| is non-decreasing near 0 and f(S, ) is trace class, then f is
trace class admissible on L*>(R?).

We conclude that f(S4 ) being trace class is purely the consequence of a volume
effect in the sets A and B. We also here point out that if d > 2, trace class admissibility
places a stronger restriction at 0 than area law admissibility. In fact, it is now easy to
find examples of continuous functions f : [0,1] — [0, 00) which are monotone near 0 and
1 such that the boundary coefficient from (2.40) is finite, but f(S,4 p) is not trace class.
The intuition here, which is transparent from the proof of Theorem 2.8 presented in
Chapter 4, is that the leading order a?~!log(a) contribution arises from the eigenvalues
in the plunge region K™ < A,(aA,B) < 1 - K™%, while the total contribution of the
eigenvalues satisfying A,(aA,B) < K™% is lower order in a. The relevant regimes can
be read from Theorem 2.7. Area law admissibility is used to control the eigenvalues in
the plunge region to the correct order, while trace class admissibility is assumed only
to ensure that the tail of eigenvalues is summable. Such summability restrictions are
not uncommon in operator theory, see for instance [8, 47].

We have now commented on the sharpness of Theorem 2.8 in terms of the admis-
sible spectral functions f. However, we do not expect the conditions on A and B to be
sharp. The geometric restriction here comes from Theorem 2.7, whose proof critically
relies on the tensor product structure available for boxes. While we believe that it is suf-
ficient to assume that both sets A and B have boundaries with finite upper Minkowski
content, in this case we only establish the corresponding bound (2.38) with an addi-
tional log(«) factor. Since we in this setting do not catch the precise leading order term
in a, the plunge region bound is not applicable for trace formulas.

Plunge region bounds and extensions

We start by indicating how the sharp bounds from Theorem 2.7 can be used to prove
Theorem 2.8. On a high level, the extension argument is similar to the abstract mecha-
nism discussed in the beginning of this section, based on Sobolev’s result from [58]. In
this analogy, the uniform bound (2.39) plays the role of the combination of the bounds
(2.29) and (2.30). The relevant class D consists of all trace class and area law admissible
functions on L?(IR%), and

1
Ifllp = fo Mofle) 2 M) g,

As in Sobolev’s approach, polynomials are not dense in D in the usual sense. The
argument proceeds by first splitting f into a localized part G, satisfying ||G.||p = o(1),
and a remainder H, supported in [¢,1 —¢]. Since f is Riemann integrable on [¢,1 —¢],
the remainder term can be approximated from above and below by simple functions
supported away from 0 and 1. These can in turn be approximated in the same way by
continuous functions supported away from 0 and 1, and hence by polynomials. Similar
arguments are carried out in [36, 37] in the indicator setting, but we stress again that
the proof follows the same overall recipe as the abstract argument discussed above.
The only essential simplification in the indicator setting is that, away from the singular
points 0 and 1, it suffices to assume Riemann integrability rather than smoothness.

It is therefore clear that the essential result is the uniform bound (2.39). We have
already commented on how area law and trace class admissibility are used to estimate
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different regimes. We now provide a few more details. By a linear modification we may
assume that f(0) = f(1) = 0. We split into the relevant regimes mentioned earlier:

Trlf(Saap)ll< ) If(Aalad,B)l+ ) If(Au(aaB)

A,(aA,B)<K-a K<), (aA,B)<1-K-=

Y If((aAB)L

An(@A,B)>1-K-a

The third sum vanishes by Theorem 2.7. We first focus on the intermediate regime. By
splitting the sum dyadically

2k+]

7oy <27 2 a1y <27

a little thought shows

ko

Z If (A(ad, B))| < Z(Mof(Z‘zk) M f(27)) Ay (@A, B), (2.41)

K<), (aA,B)<1-K- k=0

where k( satisfies 272" < K@ < 272" We are in the boundary regime from (2.37),
so this bound applies and gives A, i1 (@A, B) < a“12Flog(a). Since Myf and M f are
monotone, the simple identity

52k

2 1
k _ 1
e

allows us to replace the sums in (2.41) with integrals, and we obtain

Z If (An(a@A, B))| S ad! log(og)J;)1 MOf(E):MIf(E)d&

K-2<),(aA,B)<1-K-a

The corresponding bound of the term

Y If(Au(aa,B))

Ay (aA,B)<K-¢

in the bulk or volume regime is more technical. This part only uses that f is trace class
admissible on L?(R?) and the bound (2.38). Ultimately, the final estimate reads

d-1

-a/2 . 1
Z |f (A, (@A, B))| < log(a)d JK MOf(é)lOg(e) de.

(@A B)<K— 0 elog (log (%))d

As announced above, this term is indeed lower order in a, so taking a large enough
depending on A, B, and f leads to the estimate (2.39).

We stress that the assumption that B is a finite union of boxes enters only through
Theorem 2.7, and not through the extension argument itself. More precisely, if A and
B are bounded sets with finite perimeter, and (2.39) is satisfied for these sets, then
Theorem 2.8 follows from the general mechanism discussed above.
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THE WIDOM CONJECTURE WITH OPTIMAL REGULARITY
ASSUMPTIONS

SOREN FOURNAIS, MARTIN DAM LARSEN, ROBERT SEIRINGER, AND JAN PHILIP SOLOVEJ

ABSTRACT. In 1982 Widom conjectured a 2-term asymptotic formula for traces of the
form Tr [f (laa(#)g(—iV)1laa(z))] as o tends to infinity. Sobolev solved this conjecture
in 2013 with sufficient regularity assumptions on Q and g. Our goal is to extend this
and establish the conjecture in the most singular cases. For g an indicator function, our
regularity assumptions are, indeed, sharp.

1. INTRODUCTION

This paper is motivated by the computation of the bipartite entanglement entropy for free
Fermionic states. In the case we study, this refers to calculating the entropy of spatially
restricted ground states in the scaling limit of large domains. The result of this computation
is related to the logarithmically enhanced area law for such systems. It was realized by Gioev
and Klich in 2006 [17] that these area laws are a consequence of a 1982 conjecture by Widom
[63] on traces of functions of singular Wiener-Hopf operators. The mathematical proof of
this conjecture was given in a celebrated paper by Sobolev in 2013 [44]. In the present
paper we extend the result of Sobolev on the Widom Conjecture in several directions. Most
importantly, we achieve optimal regularity conditions on the spatial domain and the involved
operators. Moreover, we extend much of the analysis to matrix valued operators, which is
of considerable interest from a physics point of view.

To describe this in greater detail, take a spatial region Q C R? d > 1, and consider
a momentum symbol P : RY — M, taking values in M,,, the space of n-by-n complex
matrices. The focus of the present paper is the study of the eigenvalue distribution of
(truncated) Wiener-Hopf operators on L?(R%;C") of the form

S(P;Q) = 1gP1g (1.1)

in the scaling (or semi-classical) limit Q@ = o€y with a — co. Here 1q is the orthogonal
projection onto the subspace L2(Q;C") of L?(R%C"), and P = P(p) = P(—iV) denotes
the corresponding Fourier multiplier with symbol P. In the following we consistently abuse
notation and write 1q, 1o(z), P, P(p), etc. both for the functions and function values and
for the corresponding multipliers on L?.

We call operators of the form (1.1) truncated Wiener-Hopf operators, as they are the
higher dimensional analogues of truncations of the one-dimensional Wiener-Hopf operators,
which in turn are continuous generalizations of Toeplitz operators. Studying the eigenvalue
distribution of Toeplitz operators has a rich history going back to the Szeg6 limit theorems.
In the extensive literature on Szegé limit theorems, the publication most closely related to
our work is [2] on jump-type Fisher-Hartwig singularities. See also [12] and [13] and the
references therein for more recent developments. For different classes of functions f, the
objective is to compute the traces Tr [Sf(P; Q)] of the operators

Sp(P;Q) = 1af (S(P;)) 1 — S (f(P); Q). (1.2)

For the special case f(x) = 2™ we write Sy, (P; Q) instead. The operator S (f(P);(2) exactly
corresponds to the leading order volume contribution of 1o f (S(P;£2)) 1lg. Indeed, it can be

Date: March 30, 2026.



25

2 SOREN FOURNAIS, MARTIN DAM LARSEN, ROBERT SEIRINGER, AND JAN PHILIP SOLOVEJ

shown that for polynomial f, say, and weak integrability assumptions on P and {2,

Tr2(a,cn) [Sf(P;a)] = o(a®) (1.3)
as a — 00, and
fﬁmm@@)BLﬂPﬁmﬂ]:(ggdH%QX/TmnﬂP@»dp (1.4)

Here and throughout H¢ denotes the d-dimensional Hausdorff measure in R%. We denote
other Hausdorff measures similarly.

The entirety of this paper is devoted to the study of the leading order (sub-volume)
behavior of Sy(P;2) under minimal conditions on € and P for different classes of functions
f. It has long been established that the asymptotic behavior critically depends on the
regularity of the involved symbols. For smooth P and 2 with smooth boundary, a full
expansion of Tr [S(P;af)] into powers a?~* is known [55]. Here the leading order term
admits area scaling and takes the form

Tr 2 (gascny [Sp(P; 0Q)]
= (ﬁ)d_l/ Trp2(men) [Sr(PxiR+)] dX +o(a®)
2m Ty ’ 7

Where T*(09) is the co-tangent bundle of 9 identified with {X = (x,p) | x € 09Q, p €

() }> with I ) = {va(z)}* and vq the interior unit normal to Q. For X = (z,p) €
T* (6(2) and £ € R we denote Px (&) = P(p + &va(x)) the corresponding co-tangent section
of P. Finally, T*(092) is equipped with the measure

/ o Xax= /m/ ) AHT (p) AR (2).

v ()

(1.5)

For scalar valued symbols, the remaining co-tangent traces in (1.5) can be computed explicitly
using the remarkable trace formula [54] of Widom:

U
T [51(QiR)] = g [ PHELEEN 46 g, (16)

In (1.6) we wrote Uy for the symmetric functional

U (A, B) = Tren / e+ (1-6)5) - gf@(;l) —(1-0)£(B)

which behaves quadratically in A — B for f at least C2. For the case f(z) = 2™ we write
U, instead. The expression (1.5) is due to Widom [52,55] and Roccaforte [41]. In the
most general setting from [54], the expansion is shown for f analytic, Q bounded with C*
boundary, and a matrix valued symbol P satisfying P € HY/2 N L' N L* such that Pell
(in particular P is assumed to be continuous).

The situation changes drastically for symbols P with jump discontinuities, which can easily
be seen from (1.6). In this discontinuous setting Sobolev [44] proved - resolving Widom’s
conjecture from [53] - that the leading order term picks up an additional logarithmic factor:
if P is of the form P(p) = o(p)1a(p) where 0 € Wa+2°(R% C) is a smooth symbol and
Q, A C R? bounded sets with C! and C*® boundaries, respectively, then for regular f,

d9, A,BeM,, (1.7)

d 1o
1 [8/(Pia)] = 5B [ [ 0 000.0 bnte) - sl i) a0

+ o(a®tlog(a)).

We say that the operator Sy(P;a€) has (logarithmically) enhanced area scaling. The case
d = 1 was studied by Widom [53] and Landau-Widom [25]. The expansion (1.8) is now
sometimes referred to as the Widom-Sobolev formula. The regularity assumptions on the
sets were later slightly relaxed to include piece-wise smooth domains, see [45]. Subsequent

(1.8)
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work by Sobolev developed the abstract tools to study more singular f with possible Holder-
type singularities, including entropic functions, [46-48], and the transition between smooth
and non-smooth symbols was studied in [49]. For applications to the computation of the
entanglement entropy for free Fermionic systems we refer to [27-29] by Leschke-Sobolev-
Spitzer. For other related work see [4,5,16,35, 36,50, 56].

We mention that Widom’s original conjecture and Sobolev’s main result referred to above
are stated in the more general setting of pseudo-differential operators. Here the smooth
symbol o = o(z,p) is allowed to also depend on the position variable . While this is an
interesting generalization, the pure momentum case is of greatest interest in physics and
already contains most of the difficulties.

The main achievement of the present paper is to establish (1.8) for symbols P of bounded
variation and sets 2 of finite perimeter, see Theorem 1.1 below, thus providing a generaliza-
tion of Widom'’s conjecture and Sobolev’s results [44,45]. These regularity assumptions are
sharp in the class of indicator functions, see Theorem 1.5.

Throughout most of the paper we work with polynomial f. This is the foundational case,
as it is now clear that refinements to rougher spectral functions require two ingredients: i)
the limit theorem for polynomials just described, and ii) uniform estimates on the singular
values of 1,0P1aqe. Establishing ii) is inherently a separate issue from i) requiring differ-
ent techniques. Since, however, rough functions are highly physically relevant, e.g. for f
corresponding to Rényi entropies, we carry out this extension scheme in Section 7. For the
case of P being an indicator function we in particular establish enhanced area scaling for
functions f that include Rényi entropies of v > 1/2. This, however, requires slightly stronger
assumptions on the involved geometries than finite perimeter, see Theorem 1.7.

As a by-product of our method, we also obtain sharp results on the area scaling case (1.5).
We show in Theorem 1.13 and Remark 1.15 that the sharp condition on P for area scaling is
H'/? smoothness. This refines the results of Widom [52], where it is required that PelLl.

Central to our whole analysis is a result on the transition between area and enhanced
area scaling in a discontinuous limit. This is analyzed in Section 2, where the key result is
Theorem 2.5.

Almost all of our analysis is carried out for matrix valued symbols. However, we are unable
to fully bridge the gap between area and enhanced area scaling for matrix valued symbols,
since we do not know of a version of the trace formula (1.6) that is valid in this setting.

1.1. Main results. The following constitutes our main theorem. Our assumptions are
stated in terms of the well-studied function space BV of bounded variation functions, and we
use standard terminology and notation. See for instance the textbook references [1,15,31].

Theorem 1.1. Let Q C R? be a set of finite perimeter and P € BV(R%;C)N L™, Ifd =1
assume in addition that P € L>(R% C) + C and that min{H'(Q), H'(Q°)} < co. Then, for
allm > 2,

Tr [Sim(P; Q)]
ad— 1log

ot [ vt @ o) e @t o) (1)

+ o(a? 1 log(a))

as a — co. Here F§ denotes the reduced boundary of Q) and vq the measure theoretic interior
normal, Jp denotes the measure theoretic jump set of P endowed with a choice of orientation
vp, and the corresponding one-sided jump values are denoted PT. These concepts are defined
i Appendixz A.

Remark 1.2. The right hand side of (1.9) is independent of the choice of orientation vp on
the jump set Jp since the functional U, is symmetric. Finiteness of the boundary integral
is guaranteed by the assumptions of the Theorem, see (A.1). We here remark that U,



27

4 SOREN FOURNAIS, MARTIN DAM LARSEN, ROBERT SEIRINGER, AND JAN PHILIP SOLOVEJ

conveniently can be expressed as

m—1

Un(A, B) = —% 3 (]1C + ml_k> (Ak - Bk) (Am‘k - Bm‘k) , ABeC. (110)
k=1

Remark 1.3. To illustrate connection to Sobolev’s results [44,45], consider the more classical

setting P(p) = 01(p)1a(p) + 02(p)1ac(p) with A a set with Lipschitz boundary and bounded
Lipschitz functions o1, oy satisfying

Vo, € LY(A), Voo € LY(A®), o1 — 09 € LY(ON).

Here P € BV (R C)NL>, Jp C OA, and, if we take vp to agree with the (classical) interior
normal to A, then Pt = 0y and P~ = 03 on Jp. This follows from a direct computation
of the distributional derivative DP. Consequently, for any set {2 with Lipschitz boundary
satisfying H9~1(99) < oo, the formula (1.9) reduces to (when d > 2):

Tr [Sm(P; aQ)]
a®log(a _ _
:(27T)f+(1)/BQ/MUm(al(p)vaz(p))lm(w)-VA(p)de Yp)dH () (1.11)
+ o(a® tlog(a)).

Using the full strength of Theorem 1.1, it is for this example (with obvious modifications
to (1.11)) sufficient to assume that A is a set of locally finite perimeter and that o1,09 €
I/Vli’cl N L*>® with Vo, € LY(A), Voy € LY(A®), and o} — o5 € LY(FA), where the asterisk
denotes the precise representative. It is of course easy to generalize this example to more
involved jump structures.

Remark 1.4. The counterexample P = 1g = 1g, shows that the theorem fails without addi-
tional integrability assumptions for d = 1. The assumption P € L?(R;C) 4 C is convenient
but stronger than necessary. This integrability issue does not appear for d > 2 by the
embedding BV (R C) — LT (R% C) + C, see [1, Theorem 3.47].

For the specific case of P = 1, being an indicator function the limiting coefficient (1.9)
takes the form

a®log(a
Tr [Sm(1a; Q)] = (zﬁlyﬁ(l)Um(O, 1) /m /JTAIVQ(I)'VA(p)\de”(p) dH (x)

+ o(a " log(a))

(1.12)

whenever Q and A are sets of finite perimeter (and either 2 or £2¢ has finite measure, similarly
for A, when d = 1). Note here that the roles of A and 2, as well as the assumptions on them,
are interchangeable. This is expected, as an elementary argument shows that the operators
Sm(1a; Q) and S, (1g; A) have the same eigenvalues with equal multiplicities. If ), say, is
the unit ball B = By, we exactly recover the perimeter:

: _ —(d+1
QLH;OWTT [Sm(1a;aB)] = Ky 4(27) @ D0,,(0, 1) Per(A), (1.13)
where K1 g = [ga1]e-w|dH? (w) for any (all) e € S9!, In fact the equality (1.13) holds in

the following extended sense, which shows that Theorem 1.1 is sharp in the class of indicators.

Theorem 1.5. Let A C R? be a set such that min{H¥(A), H{(A°)} < oco. If, for some
m > 2,

liénﬁsolip W|Tr [Sm(1a; aB)]| < o0, (1.14)

then A is a set of finite perimeter and (1.13) holds.
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Theorem 1.5 is shown for m = 2 in Proposition 3.6 and the general case m > 2 follows
from the elementary inequality z — 22 < x—2™ < (m—1)(z—22) for 0 < z < 1. We can thus
see the functional A — Tr [Sm(l A aB)] as a highly non-linear and non-local determination
of the perimeter. In geometric measure theory, such determinations have recently attracted
a lot of attention following the publication of the BBM paper [6]. In this context our result is
novel. In fact, the main difficulty in our proof is to reduce the analysis to functionals similar
to the ones usually studied [10,37,38], which we compute in Lemma A.11 in the appendix.

As mentioned before, extending the formula (1.9) from polynomials to rough functions f
requires an additional ingredient: uniform bounds on the singular values of the operator
1o Plaqe. This is particularly clear when P = 1, is an indicator function due to the exact
equality

Tr [Sy, (103 Q)] = [laolalac 5], fo(2) = (2(1 —2))7,
where S; denotes the usual Schatten-g space, see [43]. In this paper we limit ourselves to
establishing a trace class bound on 1,P1,qc and carry out the extension procedure with
this as an a priori input. To this end, slightly stronger assumptions on the sets  and A are
required.

Definition 1.6. A set I' C R? is said to have finite upper Minkowski content if

d
M*(T') = lim sup HAT+Br) < 0. (1.15)
r—0+ 2r
It follows from [1, Theorem 2.106] that if I' = f(A) for a Lipschitz function f : R4~ — R
and a compact set A C R then M*(I') < co. In particular, every compact subset of a
finite union of Lipschitz graphs has finite upper Minkowski content. We refer to [1, Section
2.10] and Appendix C for further properties.

Theorem 1.7. Let Q, A C R? be sets of finite perimeter and assume FQ and FA have finite
upper Minkowski content. If d = 1 assume in addition that min{H'(Q2), H*(Q°)} < oo and
min{H!(A), H}(A)} < co. Then,

[lanlalagells, = O(a?log(a)). (1.16)
Moreover, if f :[0,1] — C is Riemann integrable on [e,1—¢] for all 0 < & < 1/2 and satisfies
— f(0 1—2)— f(1
limsupM =0, limsup F0 =) = FO)I =0, (1.17)
z—0t z1/? z—0F xt/2

then

a®log(a
T 87 (a3 a9)] = @ffl)lff(o, D /F . /f a(@) - va(p)] a1 ) dH (2)

+o(a®tloga),

(1.18)

as o — Q.

Remark 1.8. Tt is sufficient to assume that 02 and OA have finite upper Minkowski content.
In this case, H¥"1(9A) < co and HI~1(00) < oo, so both sets will have finite perimeter by
[1, Proposition 3.62]. Optimizing A and  over all measure zero modifications exactly leads
to the statement of Theorem 1.7.

Remark 1.9. The assumption that FA and F§ have finite upper Minkowski content is used
to obtain (1.16), which allows functions f satisfying (1.17). Alternatively, relying on the
Hilbert-Schmidt estimate

[Tanlalage s, = O(a ! log(a)),
which holds without this assumption, a minor modification of the proof yields (1.18) for
all f such that the function f(z)fzfx((ll):gfz)f(o) is Riemann integrable on [0,1]. The same
condition on f was found by Landau-Widom [25] in the one-dimensional setting.
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Remark 1.10. If © and A are bounded sets with Lipschitz boundaries, the Schatten quasi-
norm estimates from [46] allow us to weaken the endpoint regularity assumption (1.17). In
this case, it suffices to require that
— f(0 1-2z)—f(1
o L@ = Ol _ o (1 =) = £

z—07t x7 z—01 7

=0

for some v > 0.

Remark 1.11. Schatten quasi-norm estimates alone do not capture the precise spectral be-
havior of the operator 1,01alane. To obtain sharp results, one must instead analyze the
singular value distribution more directly, for instance via the counting function

NE = |{7’L eN | On (1a91A1aQC) > 5}|,

where o, denotes the nth singular value of the corresponding operator. In [23], Kulikov and
the second author establish sharp uniform bounds for this counting function in the case where
one of the sets 2 and A is a finite union of boxes and the other is bounded with boundary
of finite upper Minkowski content. As an application, necessary and sufficient conditions on
the function f for the asymptotics (1.18) to hold are derived. It is here worth noting that
when d > 2, it is shown in the aforementioned paper that there exist functions f such that
the integral defining Uy (0,1) in (1.7) converges absolutely, yet Sy(14;) is not trace class.

_3

In fact, one may take f(x) = log (%) 2,
We also obtain sharp results for smooth symbols admitting area scaling (1.5) and (1.6).
Compared to the results of Widom [52,54] and Roccaforte [41], our main achievement is to
extend the analysis to the finite perimeter setting and to remove the additional assumption

Pell appearing in these papers. As observed by Widom for the case 2 = R, the fractional
Sobolev space H'/? exactly describes the smoothness required for area scaling.

Definition 1.12. We write H/?(R% CN) for the space of all P € L}, (R% CY) such that

P(p) — P(q)]?
||P||H1/z—//|p_q|d+1)|dpde<00-

It is well-known (see [30, Theorem 7.12]) that if P € L?, then P € H'Y? if and only if
P e H'/2, and then

loc

1Py = g [ 1Pe)Plal e (119

We only consider the homogeneous case and require no a priori decay.

Theorem 1.13. Let P € H'/?(R%C) N L>® and let @ C R be a set of finite perimeter.
Then, for all m > 2,

Tr [S (P'aQ)]
d ! m(Px (&), Px (&) _ (1.20)
87r2 27r / FQ) // déy déy dX 4 oY),

& — &2
as a — 00. For the homogeneous case {2 = Ry this reduces to the exact identity:
Tr [Sn(P;Ry)] = / / |§1 5 |2(’52)) dg, dés. (1.21)

Remark 1.14. We give a short and elementary proof of Widom’s half-line formula (1.21) in
Proposition 5.3. Theorem 1.13 is then a consequence of the following stronger result from
Proposition 5.4: if P € HY/2(R% M,) N L® is a matrix valued symbol and © C R is a set
of finite perimeter, then, for all m > 2,

Tr [Sin(P;aQ)] = (%)d_l /T*(FQ) Tr [Sin(Px;Ry)] dX + o(a®™). (1.22)



30

THE WIDOM CONJECTURE WITH OPTIMAL REGULARITY ASSUMPTIONS 7

Remark 1.15. For the special case of 2 = B the unit ball, the boundary coefficient from
equation (1.20) simplifies as

m(Px (&), Px(£2)) RSTe 1 Bk pm—ky .
/*(]—'B // |§1 5 |2 d&ldede o Z (k +7TL]<J) <P , P >H1/2,

k=1

where (-,-) ;12 is the inner product on H'Y2(R%;C). In particular, if P is real-valued and
m = 2, we exactly recover the H/2 norm.

Remark 1.16. Widom showed in [54, Proposition 3] that if P € L* is real valued, then
Sy(P;Ry) is trace class if and only if P € HY2. We argue in Proposition 3.6 that if
P ¢ [2(R%R) + R and

lim sup = 1‘Tr [Sg (P;aB) ]| < 00,

a—o0

then P € H/2.

For completeness we also carry out the simplest possible extension argument for general
symbols P admitting area or enhanced area scaling. Aside from Theorems 1.1 and 1.13, our
only a prori input is a sharp Hilbert-Schmidt estimate on 1,0P1,0c, which is elementary to
obtain. In the following, we say that the conclusion of Theorem 1.1 or Theorem 1.13 extend
to a function f if, under the same assumptions on P and 2, either

Tr [Sp(P;aQ)]

d 110 - 3
it [ [ U @)l v )

+o(a’ " log(a))

or
d ! Up(Px (1), Px (&2)) a1

S¢(P;af d&y dés dX

welsPief] = g7 () [ T T et derdeadX +ola)
as a — oo.

The Besov space Bg@,1(Ra C) consists of all f € C(R;C) such that
A flloo
17, = 17" + [ 1207 g, (123
oot R Rl

where Apf(t) = f(t + h) — f(t) is the difference operator. See [33]. In particular, B3, ,
contains CCQ’V(R; C) forall 0 <y <1.

Theorem 1.17. If P is real valued and either
a) f € Bgo,l(R)
or
b) Pc L2(RLR) + R, HUQ) < oo, and f € C%(R),
then the conclusions of Theorem 1.1 and Theorem 1.13 extend to f. Similarly, for possibly

complex valued P, the conclusions of Theorem 1.1 and Theorem 1.13 extend to f holomorphic
on a neighborhood of the numerical range W(P) of P.

Remark 1.18. The real valued case relies on abstract Schatten class inequalities. The case
a) uses the Koplienko—Neidhardt trace formula, while the case b) uses the Berezin-Lieb
inequality. The latter requires, essentially, that 1g(P — Ps) is Hilbert-Schmidt for some
P, € R, which is ensured by the additional assumptions on P and 2 in b).

Remark 1.19. Peller [32], extending the work of Widom [54], established the one-dimensional
area scaling case for P € H'/?(R;R) and f € B<><> 1, which we recover with an additional
boundedness assumption. It is worth mentioning that Peller’s result was published 16 years
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before his extension of the Koplienko—Neidhardt trace formula to Bgo,l functions, which our
argument relies on.

1.2. Strategy of proof. The proof of our main theorem, Theorem 1.1, consists of multiple
essentially separate parts:

a) One-dimensional reduction estimate for multiscale symbols
b) Computation of boundary coefficient for multiscale symbols
¢) Approximation arguments for the domain Q and H'/? and BV symbols.

The main step is a), which will be described in greater detail in Section 2. Here we consider
appropriately defined smooth multiscale symbols (Ps) which develop a jump-discontinuity in
a controlled way along a prescribed hypersurface I in the limit § — 0*. The key problem is
to establish (1.20) for P; with precise control of the § dependence in the error term o(a?~1)
in the critical regime ad > 1. Simply following the proof of Widom [52] and Roccaforte
[41] requires us to bound Py in L', which behaves poorly in the singular limit § — 0. To
overcome this obstruction, the idea is to use the multiscale assumption to localize the symbols
Ps appearing in the operator

Sm(P5; a) = lanPslag - - - laaFPslan — laaP§ lag,

which decomposes S, (Ps; af2) into a nicely localized part and an error term. The localization
employed is technical. For the localized part, which contains the main asymptotic term, we
can essentially follow the approach of Widom and Roccaforte directly with one additional
non-trivial ingredient: the Roccaforte Lemma, [41, Lemma 2.5], for finite perimeter sets,
which might be of independent interest. We establish this extension in Lemma C.6 in the
Appendix.

Next for step b), we reprove Widom’s exact trace formula (1.21) by an elementary argu-
ment. This is the only part of our argument that breaks down for matrix valued symbols.
Assuming that P — Ps = O(d) in L', the boundary coefficient for Ps reduces to

Cd/* (FQ) //RXR Pf&&) P|X(€2))7M(51 — &) d&y & dX, (1.24)

for kernels ns : Ry — R, satisfying
oo o0
/ ns(h)dh =1, / ns(h)dh — 0 as 6 — 07 for all £ > 0.
0 £

We compute the leading order term as § — 07 using abstract tools from the theory of BV
functions in Lemma A.11 in the Appendix. This supplies us with an initial family of symbols
P for which Theorem 1.1 holds, which in particular includes simple functions of the form

N
=3 ala, (v), (1.25)
k=1

for (ax) € C and bounded sets Ay each having boundary contained in a finite union of
Lipschitz graphs. The class defined by (1.25) is dense in BV N L* in a suitable sense, and
the last challenge c) is to establish appropriate forms of uniform continuity of the functional
P — Tr [Sp(P;a)] in BV, L*, and H'Y?. The key here is to reduce the analysis to
establishing Hilbert-Schmidt estimates of operators of the form 1,0P1,0¢. Since the symbol
P appears in a power-like fashion in S, (P;af?), it is essential that we can control pointwise
products of BV and H'/? functions. The relevant tools are developed in Appendix A and
Appendix B.

It is at this point appropriate to point out that the outline above has very small overlap
with Sobolev’s proof from [44]. The main difference is that we do not use any pseudodifferen-
tial techniques. Instead we rely to a much larger extent on structural arguments, elementary
volume and area bounds, and the work of Widom and Roccaforte mentioned above. For in-
stance, with exactly one exception being Lemma 3.16, we only use Hilbert-Schmidt estimates
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for the operator 1,0P1,0c, which are much more elementary than the trace class bounds
employed by Sobolev.

1.3. Notation and conventions. We finally fix basic notation used throughout the paper.
For z € R% and r > 0 we denote by B,(z) the open ball around z with radius r. If z = 0 we
sometimes write B, instead. For a set I' € R?, we write d(p,T") for the distance from p to I.
We write |-| for the Euclidean (L? based) norm on finite dimensional spaces.

We call a family (¢.) a standard family of mollifiers if ¢.(x) = ¢ %¢(z/e) for a radial
non-negative function ¢ € C2° supported in By such that [p, ¢(z) de = 1.

We use the following conventions for the Fourier transform:

1) = Fo) = @n) 42 [ gy da
Rd
FP(z) = P(x) = (21) 792 / P P(p) dp.
Rd
Throughout the paper C, ¢ (with or without subscripts/superscripts) denote positive con-
stants whose precise values are immaterial and may vary from line to line.

2. MULTISCALING

As described in the proof strategy, our main technique is to first consider a family of
smooth symbols (Ps) depending on a discontinuity parameter § > 0, which develops a jump-
discontinuity along a nice hypersurface I' in the limit 6 — 0. Since each Pj is smooth, the
operator Sy, (Ps; af)) satisfies an area law for each fixed § > 0. The problem is to explicitly
control the & dependence in the area law for Ps, and in particular to recover the logarithm
in a suitable joint limit & — oo, § — 0. Our principal motivation of this study is to
prove Theorem 1.1, but the problem is also of independent interest from a mathematical
and physical perspective. While it is not our intention to elaborate on this fully, in the free
Fermionic setting, the parameter ¢ could naturally represent the temperature of the state or
alternatively the spectral gap in a multi-band ground state. We point out that the latter is
inherently a matrix valued problem.

We here mention that this problem was studied by Sobolev [49]. His analysis treats J as
the temperature and uses substantially different techniques: his argument relies on the dis-
continuous case as an input and he treats only the case of P = 1 being an indicator function
under rather stringent assumptions on the convergence Ps — P and on the approximants
Ps. By contrast, our goal is to derive the discontinuous case itself. See also Remark 2.11
below.

Our argument centrally hinges on precise localization on varying scales ¢;5 around I which
we now describe. Consider a fixed compact set I' C R?. We set

l5(p) = max{8, 1 min{d(p, 1), 1}}.

The dependence on I'" will be implicit. Clearly /5 is Lipschitz with parameter %, so the
prescription ||p|l. = |p|/¢s(u) defines a slowly varying metric cf. [20, Definition 1.4.7], that
is, for all p,u € R%,

Ip —u| < ls(u) = %Eg(u) < ts5(p) < g&;(u). (2.1)

We refer to fs as the scale or scale function. It is perhaps well-known that slowly varying
metrics give rise to effective localizations (partitions of unity), see for instance [20, Theorem
1.4.10]. We use instead a continuous parametrization.

Lemma 2.1. There is a collection of non-negative functions (¢,) C C2(RY), u € RY, such
that (u,p) — du(p) is measurable,

supp ¢u € By (1), |1DPdulloo < Cals(u) VP!
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for all B € Nfl), and
—d
[ ouwtst) tdu=1
for all p € RY.

Proof. See [51, Theorem 22]. They assume the scale function is C', but the proof easily
carries to the Lipschitz case. |

We now state our assumptions on the family (Pj). Similar multiscale techniques are
employed in various related work. We mention [28,49].

Definition 2.2. Consider a family of symbols (P;), 0 < § < 1/2, a compact set I' C R?, and
k € N. We say that (Ps) satisfies a C*(R% M,,) multiscale estimate on I' if the following
holds: we have P; € C*(R% M,,) for all 0 < § < 1/2, and there exists a function F : R? —
[0,00), not dependent on 4, satisfying
FelL>® dG(p)= sup F(q el (2.2)
Ip—al<s(p)

such that

IDPPs(p)| < F(p)ts(p)™l, peR, (8] <r. (2:3)
The amplitude function F' will often be implicit. If we want to explicitly mention F', we say
(Ps, F) satisfies a C*(R% M,,) multiscale estimate on I" instead.

Remark 2.3. The function G depends on §, but all LP norms can be estimated independently
of §. Indeed, clearly ||G|loo = || F|co, and

G@@g/'sw H@@<AMMQM@HWMW@+&)

Rd R? [p—q|<1/2

It follows that G € L' if and only if G(p) = Sup|,_q<1/2 F(q) € L', and ||G]|; < ||G||1, which
is independent of §.
It is clear from the definition that if (Ps, F) satisfies a C'* multiscale estimate on I', then
IDPPs(p)| < 2°G(w)es(w)™ P, |p—u| < Ls(u), |8 <r,

which fully captures the locally uniform nature of Ps on the scale 5. In general we think of
(Ps) supported on a neighborhood of T' and F' an indicator function onto a slightly larger
neighborhood. With the partition of unity (¢,) supplied by Lemma 2.1,

P) = [ ts(0) o) du. Puli) = P@)oulr). (24)

Note that the function P, is supported on the ball By,,)(u) with derivatives DAP,(p) ~
G(u)ls(u)~18l. In applications, this reduces much of the analysis involving P to simple
scaling and volume estimates.

Since the scale function ¢; is a truncated distance function to I', we need precise control
of local measures in a neighborhood of I'. Here finite upper Minkowski content M*(T") < oo,
which is a global assumption, will not suffice.

Definition 2.4. Let I' C R%. We say that T' has locally uniform upper Minkowski content if

d(T'+ B B
M (T) = sup sup sup HALF ;,)p ()
2€Rd r>0 0<d<1 or

< 00

If T is bounded and contained in a finite union of Lipschitz graphs, then M} (T") < oo,
see Lemma C.1 from the Appendix. It is also clear that the condition is stable under taking
bi-Lipschitz images.
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We study a slightly more general operator than S,,(P;af)). Let PL,..., P™ € L*(R% M,,),
say, 2 C R? a measurable set, and m > 2. We denote
S(P',...,P™aQ) = S(P;aQ)...S(P™af) — S(P'...P™;af)
= 1aQP11aQ 1P an — 1ag)P1 P10,

Of course, if P! = ... = P™ then S,,(P;aQ) = S(P!,..., P™af).
Our main results on multiscale symbols are contained in the next two theorems.

Theorem 2.5. Let Q C R? be a set of finite perimeter, let ' C R? be a set of locally uniform
upper Minkowski content, and m > 2 an integer. Suppose (Pf) satisfies a C1(R% M,,)
multiscale assumption on T for k=1,...,m. Then

Tr [S(Py, ..., P{";aQ)] = (%)d_l /T*(]—‘Q) Tr [S((Pf)x, -, (Pf")x; Ry)] dX

+ o(ofl*1 log(671)),

as o — 0o uniformly for ad > 1.

(2.5)

Remark 2.6. We first prove the Theorem under stronger regularity assumptions on ) and
(Pf), and in this case we obtain a purely quantitative bound, see Proposition 4.1. Theo-
rem 2.5 follows from approximation arguments, so in this case, the error term is not very
explicit.

Remark 2.7. Tt follows from Corollary 3.9 and Lemma D.1 that the boundary coefficient
scales correctly in §:

AJW%MWNW%RMMMSWWW

Surprisingly, we only use this fact to carry out the approximation argument to deduce The-
orem 2.5 from Proposition 4.1.

Theorem 2.8. Let Q@ C RY be a set of finite perimeter, let T C R% be a set of locally
uniform upper Minkowski content, and m > 2 an integer. Assume that (Py) satisfies a
CY(R? C) multiscale estimate on T and that there exists a function Py € BV such that
| Ps — Polly = o (61log(671)) as § — 0F. Then

Tr [Sin(Ps; 2]

afd— 110g

= (2) d+1 LQ[] m(PJr Py (p)|va(z) - VPo(p)|de_1(p) de_l(.%‘)

+ o(a? log(67h)

as § — 07 uniformly for ad > 1.
For the case ad < 1, assume in addition that min{H'(Q), H'(Q)} < 0o if d = 1. Then

Tr [Sn (Ps; )]
d 1 10
= s [ [ OB P D) v e )

+o(a® ! log(a))

as a — oo uniformly for ad <1, including the case 6 = 0.

Remark 2.9. The quantitative assumption [|[Ps — Py = o (6log(6~")) is easy to verify in
practice but perhaps not intuitive. It arises, essentially, from the condition

// |Um (Ps(p), Ps(q)) — Un(Po(p), Po(q))| J
8<|p—q|<1

Ip — q|d+!

limsup ————

dq =0,
§—0+ 10g



35

12 SOREN FOURNAIS, MARTIN DAM LARSEN, ROBERT SEIRINGER, AND JAN PHILIP SOLOVEJ

which allows us to replace Py by Py in the co-tangent integrals from Theorem 2.5 (using
Theorem 1.13). The resulting expression, which only depends on Py, is exactly of the form
(1.24).

Remark 2.10. The case ad < 1 with § = 0 supplies us with an initial family (Pp) of BV
symbols for which the conclusion of Theorem 1.1 holds. It is simple to verify that if Py is
of the form (1.25) and (¢s) is a standard family of mollifiers, then Ps = Py * ¢s satisfies all
assumptions of Theorem 2.8. In fact, this will be our only application.

Remark 2.11. For the case where Py = 1, is an indicator function, Theorem 2.8 yields
the same transition asymptotics as Sobolev’s main results from [49]. Sobolev treats symbols
Ps € C™(R?) approximating Py, and allows spectral functions with Holder-type singularities.
By contrast, here we restrict attention to polynomial spectral functions, but allow much more
general limiting symbols Py, require only a C'! multiscale assumption on (Pj), and impose
substantially weaker assumptions on the convergence Ps — Fy.

3. HILBERT-SCHMIDT AND TRACE CLASS ESTIMATES

In this section we establish trace and trace class bounds for the operators S, (P; ), and,
more generally, operators of the form
S(Pi,...,Pp; Q) =1qP1lg ... 1gPy1lg — 1gP; ... Pylg (3.1)

for symbols Py, ..., P, € L®(R% M,), m > 2, and a measurable set Q C R?. Most results
are abstract in nature and are formulated in terms of well-known function spaces. At the end
of the section we establish more specialized estimates to be used in the proof of Theorem 2.5.

3.1. Basic Hilbert-Schmidt bounds. Here we establish basic Hilbert-Schmidt bounds of
operators of the form 1oPlge and 1gePlg. By the simple identity
S2(P; Q) = —1qPlgcPlgq,

this immediately implies (or is equivalent to) trace class bounds of Sa(P; ). We study three
cases: area scaling, volume scaling, and enhanced area scaling corresponding to H/2, L2,
and BV, respectively. These bounds will serve as the foundation for all later results. For the
H'Y? and BV results, we compute the exact asymptotics in Theorem 1.13 and Theorem 1.1,
respectively, and we prove a partial converse in Proposition 3.6.

We refer the readers to Appendices A, B, and C for relevant background on BV, H'/2,
and sets of finite perimeter.

Lemma 3.1. Let Q C R? be a set of finite perimeter and let Q' C Q°. Then, for P €
H'Y2(R% M,,) N L,

It Pla[l3, + (1o Plall3, < CaPer(Q)|P|3.,
and,

/H I1r, Popls 13, + 112 Popls, 13, db < CallPI2 0.

uniformly for v € S4L. Here P,,(¢) = P(p + &v), € € R.

Proof. Consider first P € Cg°. It is easy to see that the operator 1oPlq has kernel
(2m)~?1q(2) P(x — y)1o(y), hence

loPlal, = @n) [ 1B Plo@ta ety = @r* [1P@PHI@n @ +) ds
Note that H(Q N (' + ) = 1g * 1_q/(x). We show in Lemma C.3 by a simple argument
that H4(Q N (' + z)) < Per(Q)|z|. Hence, by the Fourier description of H'/2 in (1.19),

Per(Q2)

—d
P13, < (2m) " Pex(@) [1P()Plel do = 270 i Py
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The same bound obviously extends to P € Cg° + M,, by homogeneity. For general P €
HY2N L™ it follows from Lemma B.2 that there is a sequence (P,) C Cg° + M, such that
P, — P in H'? and pointwise almost everywhere, and ||Py||oc < 3||P|loo- In particular

1gP,1gr — 1o Plg strongly, so by Fatou’s lemma a
Per(2) Per(Q)
||1QP19/||$ < 11m1nf||19P 1Q/HS = hmlnfm” "”Hl/? = W”P”HUZ

The argument for 1o, Plg is identical.
The statement on one-dimensional sections follows immediately from the case 2 = [0, o)
and Lemma B.5. | |

Lemma 3.2. Let , Q' C R? satisfy min{H(Q), HY(Q)} < co. Then, for P € L2(R% M,,),
IePlallE, + [Ilor Plallg, < Camin{H4(Q), H ()} P||5.
Proof. Arguing like in the proof of Lemma 3.1 we find

l1aP1g|l%, = (27) / B@) PHAUQ O () + 1)) da

< (2m)~ min{H"(Q), H(Q)}I| P|3-
The argument for ||1o:Plg||2, is identical. |
Lemma 3.3. Let Q C R? be a set of finite measure. Then, for all P € L*(R% M,,),
ItePlolls, < CaH ()| Pl

Proof. Let P = U|P| be the polar decomposition. We see from Lemma 3.2 and the Holder
inequality that
IoPlalls, < [1UIPIY? |5l P]*10lls, < CaH (Q)I|P]]r-

We now show how to interpolate between the area bound from Lemma 3.1 and the volume
bound from Lemma 3.2 to achieve bounds for BV symbols with enhanced area scaling.

Lemma 3.4. Let (¢5) be a family of standard mollifiers and let P € BV (R% M,) N L.
Assume in addition that P € L*> + M,, for d = 1. Then, uniformly for 0 < § < 1/2,

1P+ d5ll%/2 < Coa(log(6 DIPl gy 1Pl + inf P Pxll3).

Proof. Note we have P € L?+ M,, also when d > 2 by the embedding theorem [1, Theorem
3.47], so we might as well assume P € L?. Assume that the family (¢s) is generated by
¢ € C, that is ¢s(h) = 6~ %b(h/5). Then, by the Fourier description of H'/2,

1P+ 653 < Ca / |B(@) 2|5 (x) Pl i = C, / B () [21(62) 2]

< Cd/ |15(:v>|2+0d/ |P(2))?|%| d
[z[<1 1<|z|<1/6

+Cpa0" / |P(2)|? dz.
j|>1/6

We simply bounded |¢(6z)| < (2r)~%2 when |z| < 1/§ and |$(6z)| < (27:3‘36' IVo|1 when

|x| > 1/5. We show in Lemma A.8 by an elementary argument that

[ [P@Plal < Calog(s 1P|y | Pl
<|z|<1/5

and
5 [ P@)Pds < Call Pl 1P
|z|>1/6
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. 5 2 2 .
The obvious bound [, ,|P(z)[* < || P|3 finishes the proof. [ |

Lemma 3.5. Let 2 C R? be a set of finite perimeter and take ¥ C Q°. Consider P €
BV(R*: M,) N L®. For d = 1 we assume in addition that P € L?> + M, and that
min{H¥(Q), HY(')} < oo. Then, uniformly for a > 2,

HlUtQPlO&QIH%Q + HlaQ/PlaQ”?gz
< CyPer(Q)a” " log(a) | Pl gy || Pl
+ Odadil(Per(Q) P Hel/f\/l P — POOH% + min{’}-[d(Q),Hd(Q/)}HPHBVHPHOO).
Proof. Let (¢5) be a family of standard mollifiers and set Ps = P * ¢5. It follows from
Lemmas 3.1 and 3.4 that
IlaeP1/aloor 13, < CaPer(Q)a® Pl
< CyPer(9)a®! (1og(@)]| Pl gy I Pllc + k[P~ Pac]3).

On the other hand, by Lemma 3.2,
e (P = Pijo)lagy I3, < Caa min{H(Q), HAQ)}HIP = Pyjallool| P = Pryalli-

We trivially bound ||P — P /q[|cc < 2[|Plleo- By the finite difference characterization of BV
from Lemma A.7,

[P—Pyal < /¢1/a(h)/\P(p+h)*P(p)|dpdh < lelg'v/%/a(h)hdh < Ca YPlgy-
Conclude
[laPlag |13, < 2[1an(P = Pijo)lagr 13, + 21100 Prjalaer |12,
< CyPer(Q)a’ " log(a) || P| gy I Plls
+ a1 (Per(9) | inf [P~ Pucl3 + min{HA(©), M)} Pl gy Pl

The argument for ||1QQ/P1QQ||‘2§2 is identical.
|

We now present partial converses to Lemma 3.1 and Lemma 3.5 for the specific case of
Q a ball. The proof for the BV case is based on the non-local characterization of bounded
variation functions from [6].

Proposition 3.6. Write B = B; C R for the unit ball centered at zero. If P € L? (Rd; M)+
M, and

||1aBP1aBCH%2 = O(ad_l)
as a — oo, then P € HY?. Similarly, if A C R? satisfies min{H*(A), H4(A®)} < oo and
ITaplalape|s, = O(a? ' log(a))
as o — 00, then A is a set of finite perimeter.

Proof. We start with the HY/? claim. We may assume that P € L2. Arguing like in
Lemma 3.1 we see that

anPlosel, = 2r)* [IP@PHI@B O (@B +2))da.

It is elementary to verify that

HY(aB N (aB¢ 4 z)) = aHYB N (B + z/a)) > cqa |z (3.2)
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for |z|/a < €, with € > 0 small enough. In fact this follows from Lemma C.6 although this
reference is overkill. We conclude

00 > hmsup = /|P PHY(aB N (aB¢ + x)) dx

a—00

> ¢ limsup / P(@)Plz] dz = el P12 a0
|z|<ae

giving the claim.
The case of indicator functions is more complicated. We may assume that H%(A) < oo.
Note first that by elementary manipulations and the Plancherel theorem

laplalap:||3, = (27)~ d/ﬁA(x)FHd(aBm(aBC+x))dx

= 5@ [Rap®P [Italo+ 1) = 10 dp .

The analogous identity holds for general symbols P € L?. Introduce the kernels
1 1 A~ 1 ~

w(h) = ——————1 h)|1ap(h)h] Co=—— 15(h)[%|h| dh.

) = iy e s WAL o= | i
We see that 7, is non-negative, radial, and

/na(h)dhz 1, / No(h)dh — 0 as o — oo for all § > 0,
|h|>8
and by construction
1 9 1 _d 1
————||laBlalaBe > —(2 — [ ]1 -1 .
gy s tato I, = 5 C [ [11a+1) = 1a@)] o

Note that the right hand side is of the form (1.24) mentioned in the Introduction.
To proceed we need to use the fact that liminf,_,., Cy > 0. This can be seen from the

leading order behavior of the Bessel function Jg/5(r) as r — oo. Alternatively, by Lemma A.8
and Lemma C 4,

T d
mm [S5(15; aB)]| = %/u B)PHY (B A (aB° + h)) dh
Per(B)
< T O+ (i)

8o lim inf,_, o0 Cy > 0 follows from Theorem 1.1, which is proved independently of this result,
but it is of course overkill. We finally mention that it is possible to compute lim, oo Cy
directly using Lemma C.6 and Lemma A.11. Taking the lower bound for granted we see that
1
>1i _
oo > limawp L,

. 1
lestatasel, = ctiminf (b [0+ 1) = 10(0)| dpd.

The right hand side is exactly a BBM-type expression for the variation of 1. It is shown in
[6, Theorem 3’] that, for 7, satisfying the properties stated above,

1 -1
liminf/ [1a(p) = 1a(g)] A(q)|77a(p— q)dpdg < oo
a=oo JaJa lp—d

if and only if 15 has finite variation in €2, when € is a bounded smooth domain. Applying
this with {2 = Bpg for all R > 0 we see that A is a set of locally finite perimeter. Moreover,
the variation bounds from [6, Theorem 3’] shows that

1 -1
|D1A|(BR) <C’hm1nf/ / [Lalp Alg )‘7] (p—q)dpdg
Br /B Ip

a—»00 — q|

< Clirginf/ﬁa(h)m/HA(p'i‘h) 1A dpdh < oo
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Taking R — oo we conclude that |D14|(R?) < co or equivalently Per(A) < oo, finishing the
proof. ]

Remark 3.7. The only special property of indicator functions used in the second part of the
proof is the lower bound |P(p) — P(q)|? > ¢|P(p) — P(q)|. This property also holds for simple
functions, so the proof carries over to this setting. Precisely, if P : R? — R only takes finitely
many values, P € L?(R%R) + R, and

lim sup [lapPlape|%, < oo,

asoo a9 1log(ar)
then P € BV.

3.2. Trace class bounds for S,,. We now show how to estimate S,,(P;€), or more gen-
erally S(P1,...,Pp;Q), in trace class for general m > 2. We use the product structure to
reduce to the already established case of m = 2. The following essentially contains the entire
idea.

Lemma 3.8. Let P,..., P, € Loo(Rd; M) and let Q C R? be a measurable set. Then, for
1<n<m,
IS(Pr,- .. P Q)ls,

S [Pillse - [Pl
< [S(Px, Pea1 - Pr;Q)|ls
Z [ Prlloc - - - [ Pomlloo B ' (3.3)

1Piloc . [ Pl
+ S(P,...Py, Pei1;)|s,
ZIIP - Penll 1D,

where the empty sum is zero. Moreover,

Pilloo - || Pmlloo

ISPy, PuiQlls, < ) ” ”1]”3“ ”]”D.H b 1o P 1o s, 10 Plalls,  (3.4)

1<i<j<m tileoll® glloo

Proof. Repeated use of the identities
S(Pl, R Q) = S(Pl, cees Pr1; Q)lQPmlg + S(Pl v Po1, Py Q)
S(Pl, N Q) = 1QP1195(P2, B Q) + S(Pl, Py...Py; Q),

and the elementary bound ||[1P;1q|| < || P;|lc readily leads to (3.3) for n = 1 and n = m.

For 1 < n < m similarly expand

S(P,.. .,Pm;Q) =1gPilg... 10P,—11qS(Py,. .. ,Pm;Q) + S(Pl, ey Py, Py ..Pm;Q),

and apply the established extreme cases (with different m) suitably to see (3.3). The point
is that P, always appear inside S(-, ;).
For the second claim we apply (3.3) for the case n = 1. We find

(3.5)

[Pilloc - - 1 Pm oo

S(Py... P, Poi1;9Q)sy-
Pl 1Pesa o S P Prsai Dlls,

m—1
”S(Pla'--vpm;Q)”Sl < Z H
k=1

By the m = 2 estimate

[S(Pr ... Pry Pey1; Q)lls, < 1ol Pelac|ls,[1ae Per1lalls,s
we see that it suffices to bound, for all 1 < k <m — 1,

Pilloc---||P
I1aPr ... Piloclls, < > 1P lloc - | k||°°H1QPich||52.
= [l Fill oo

We argue by induction in k with the case kK = 1 being trivial. Suppose the claim holds for
1 <k <m — 2. Then, simply writing 1 = 1q + 1qgc between Py and Py1,

[1aPr ... Perilocells, < [[PrtillocllloPr- .. Pelaells, + [1P1 - - - PrlloollloPrt1lae|s,-
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This has the correct form by hypothesis. |
The following is immediate from Lemma 3.8 using Lemmas 3.1, 3.2, and 3.5.
Corollary 3.9. Let Py,..., P, € L*(R% M,,) and let Q@ C R? be a measurable set.
a) If P,...,Py, € H'Y2 and Q is a set of finite perimeter, then

[Pilloo - - - [ Prmlloo
1Billoo | Pl o

IS(PL,..., PmiQ)lls, < CaPer(Q) >

1<i<ji<m

b) If min{H(Q), HU(Q)} < oo and there exist C1, . ..,Cy, € M, such that Pi—C; € L?
fori=1,...,m, then

IS(PL, - ., P Q)ls,

1Pl g2 1B5 1 12

[Pilloo - - [ Prmloo
[1Pilloo | Pl o

< Cymin{H(Q), 1Y)} Y

1<i<j<m

1P — Cill2ll Py — Cjll2-

c) If Pr,...,Pp € BV and Q is a set of finite perimeter, and in addition P, ..., Py €
L% + M,, and min{H'(Q),H'(Q°)} < 00 if d = 1, then

1S(Pr,. .., Pn;af)|s,

[Pl - - [[Pmlloo
[Pilloo | Pjll oo

< Oy Per(Q)a?tlog(a) Z

1<i<j<m

1/2
(1P lloo I Pill 5 1P 1P )

+o(a®h),
as o — Q.

We also need a L'-type bound similar to Lemma 3.3. For our proof it is essential that we
take trace and not trace norm when m > 2.

Lemma 3.10. Let Q C R? be a set satisfying min{H*(Q), H4(Q°)} < co and let Py, ..., Py, €
L*(R% M,) N L%, m > 2. Then, for every 1 <k <m,

}||P1||oo - |[Pmlloo
[1Plloo

Proof. If H*(Q) < oo, then the claim follows immediately from Lemma 3.3. Indeed, simply
bound using the Holder inequality

T [S(Pr, ., Pai ]| < IS(PL -, Pas Qs
|Pilos - [ Punlloc
= Pl

P, P

The case H(Q°) < oo is less straight forward. In the expression

S(Pr,...,Pn;Q) =1qPi1lg... 1Pyl — 1oP1 ... Pylq,

|Tr [S(P1, ..., P Q)]| < Cypn min{H(Q), HA(Q) | Pyl

IlaPelalls + CaHUQ)||Pr ... Pull

[l Pl

expand in every instance 1g = 1 — 1ge. Note that the terms
P ...P,, 1lqcPi...Py,, Pi...P,lgec (3.6)
will cancel. The resulting expression will be a sum of operators of the type
+Rilge...1geRy (3.7)
for 2 <n < m and symbols Ry, ... R,,. Setting Py = P,,11 = 1, the (R;)’s take the form
Ri=P, ,...P,_1, 1<i<n, 0={<l< - <lp,=m+2.
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Since the terms (3.6) are excluded (corresponding to n =2 and ¢4 = m + 1 or ¢; = 1), at
least two of the (R;)’s will appear, and

Tr[RllgcRQ] = TI'[chRgRllgc],
and
Tr[Rllgc S 1QCRn] = Tl"[chRQch S ].QcRnfl].QCRanch'], n > 3.
The L? condition ensures that all operators above are trace class by Lemma 3.2. The traces

can now be handled like in the case H%(Q) < oco. [ |

3.3. Multilinear properties of S,,. The product structure of S(P,..., Py;Q) induces
multilinear structure in both the P;’s and 2. For instance,

S(Pry.., Pn; Q) —S(Q1,...,Qm; Q)
=8P —Q1, Poy. ., Py Q) + S(Q1, Py — Q2, P, ..., P; Q) (3.8)
++ S(Q1, - Q1 (P — Qm); Q).

This allows effective bounds of
S(Pi,...; Py ) = S(Q1y. -, Qi Q) S(Pry..., P Q) —S(Py, ..., Py ).
assuming either P; ~ Q; or Q ~ V.

Lemma 3.11. Let Q C R% be a measurable set and consider symbols Pi,Q1, ..., P, Qm €
LOO(Rd;Mn) form >2. For1<mn <m introduce

8:1: LZ:Qn—k"'anlv lgkgnfla
Rg:]., RZ:P’rH»l"'Pn—Hm 1§k§mfn7

and set Kp = max;{||Pi||lo} and Kg = max;{||Qi|lec}. Then
||S(P1a7pm7Q) _S(QlaaQﬂ%Q)”Sl

m n—1
<Y (Z K& 10Qklae s, Tae Ly (Po — Qn) By _plalls,
n=1 k=1
m—n
+ 3 KE K 1a(Pa — Qo) Ri o el s Pasilalls, ).
k=1

with the empty sum seen as zero.
Proof. Simply expand the m-linear forms as

S(Pry..., Pn; Q) — S(Q1,...,Qm; Q)
:S(Pl7@17P27'”7Pm;9)+5(@17p27Q23P3a"'apm;Q)
++8(Q1, -+, Qm—1, (P — Qm); ).

and apply Lemma 3.8. Concretely, if P, — @, appears in the n’th entry, apply (3.3) with
this n. |

For the application of Lemma 3.11 in approximation arguments, it is not enough to simply
assume that P; ~ Q; for all 7 in BV or HY2. Instead we need to handle arbitrary pointwise
products P, ... P, ~ @y ...Q;,. The relevant tools are developed in Lemma A.15 and
Lemma B.4 in the Appendix. This will play a significant role towards the end of the present

paper.
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Lemma 3.12. Let Q@ C R? be a set satisfying min{H%(Q),H!(Q)} < oo and consider
Pi,Q1,. .., Py Q€ L2(RYG M,,) N L™ for m > 2. Set K = max{||P;||co, |Qilloc}. Then

m
< Cam K™ M min{HA(Q), HYQ)} D IIP = Qill.
i=1
Proof. Immediate from Lemma 3.10 and the multilinear expansion (3.8) employed in the
proof of Lemma 3.11. |

We have a similar result for the domain Q, here simplified to the case Py, ..., Py, € HY2.

Lemma 3.13. Let Q,Q C R? be sets of finite perimeter and Pi, ..., P, € HI/Q(]Rd;./\/ln) N
L*°. Then

IS(PL,... PosQ) = S(Py,..., P )|,
< Crpa(Per(Q\ Q) + Per(\ Q))"/? (Per(2) + Per())

x max{ || Pilloc} ™% max{|| Bl g1 /2 }*.

1/2

Proof. We argue inductively in m. Firstly for m = 2
||S(P1, PQ; Q) - S(Pl, PQ; Q/)Hgl = ||1QP119rP21Q - 1Q/P119/cP21Q/||31.

In every occurrence we expand into the disjoint union Q@ = (2N Q) U (Q\ '), similarly for
Q' Q¢ and Q'°. We get
1S(Pr, Po; Q) — S(Py, Py )|,
< Moo PilacPelalls, + [lana PilonaPelalls, + [[lanar Pilocnae Paloyorlls,
+ [[gnoPilae Pelarlls, + [lona Pilovo P2lorlls, + [lana Prlacnae Palanalls, -
Note that the 1gng Pilacnqre Polonqy contributions cancel. All terms can be bounded with

the stated bounds using Lemma 3.1 and the Holder inequality.
Assume that the claim holds for some m — 1 > 2. By the identity (3.5) we can estimate

IS(Pr,...,Pp; Q) — S(Pr,..., Pn;Q)ls,
< [|PmllocllS(Pry oy Pre159Q) = S(Pr, ..y Prne1; ) ls,
+|S(P1, ..., Poe1; ) (10 Pnlo — 1o Polor) ||
The first term || Py |loo[|S(Pry - -« y Prne1;2) — S(Pr, .. .y P13 Q)||s, is bounded correctly by
hypothesis. For the second term we further expand
IS(Pr, ..., Pu1; ) (1aPnla — 1o Pylas) ||
<Pilloo - - - I1Pm—2lloo Il Pr—110 (Lo Pnla — 1o Pnla) |
+ Mo Py ... Pmo1lo (10Pnlo — 1o/ Pyl |-
Both terms on the right hand side of course take the same form. We expand 1oP,,1q —
1/ Pplq like for the m = 2 case:
loPnlo — lorPrnla = lona P (oo — Llone) + (Taver — lang) Pnlanar
+ I Prlover + lonaPnlong.
When paired with a term of the form 1g/Q1gs on the left, every contribution can be bounded
correctly using Lemma 3.1. ]
Remark 3.14. Tt is possible to obtain a slightly stronger result if the trace norm is replaced
with the absolute value of the trace:
|Tx [S(P1, ..., Pm; Q) = S(P1,..., Py )]
< Cpa(Per(Q\ Q) + Per(€\ Q) max{|| P;[loo}™ % max{[| P 12 }*.
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The proof also simplifies somewhat in this setting.

3.4. Specialized bounds in trace class. We turn to more specialized statements requiring
both smoothness and localization of P. Our argument is based on the Fefferman-de la Llave
decomposition, see [18].

Lemma 3.15. For all k > 0 there is g, : Ry — R such that, for all z,y € RY,

(1 + |£ — y|2)*k/2 _ /0 gk(’l“) / 1Br(z)(x)1Br(z)(y) dz dr

lfd7 7d717k}.

Moreover there is Cyq > 0 such that |gi(r)| < Cgmax{r' ~%r

Proof. The case d > 2 is covered by [18]. For d = 1 one can verify directly that g(r) =
2V (2r) with V() = (1 + 72)~*/2 works. [

Our application of Lemma 3.15 is the following. For P € C*(R% M,,) and domains Q, ¢,
the operator 1o P1g has kernel
K(a,y) = (2m) " 1o(@) 1o/ (y) Pz — y)
= (2m) "1 (@) 1o (y) (1 + & — y[*)**[(1 = AP (@ — y)

= (2m) =" /ng(r) / Lons,(2)(@)[(1 = APV (@ — y) 1o, (y) dz dr.

Hence, weakly as operators,
o
0Pl = [ 0u0) [ Vom0 = 8 Pligras, o dz (3.9)

The formal computations are easily justified for P € C¥. Note that (3.9) may be viewed
as a finite-range decomposition, similar in spirit to a Littlewood—Paley decomposition. The
latter could equally well be used below, with only minor modifications. We use (3.9) because
localization to balls is more convenient in the present setting than localization to annuli.

Below we think of P as a smooth function supported in a ball of radius ~ A with
derivatives scaling like DPP ~ AI8l. For our application we localize in such a way that
d(supp P, supp Q) > ¢\ for ¢ not too small, and such that the overlap supp PN (supp Q+h)
has small measure when |h| < a) for large a.

Lemma 3.16. Let Q C R? be a set whose boundary O is compact and contained in a finite
union of Lipschitz graphs. Suppose P € C¥(R%; M,,) for k > d an even integer, and assume
that Q € L™ satisfies supp P Nsupp Q = 0. Then, for all a,a, X > 0,

||1aQP10¢QQ||$1
< Coanl @l (A 211 = AA)2P)12) (14 (@)*)

d 1/2 d 1/2
" (H (supp P)) it (a2 gy HGuPP PN (supp @ + 1))
d p 2

a Ih|<aA |h|

Proof. Note 1,0P1,0Q = —1a0Plaqe@ since P and Q have disjoint supports. By a unitary
equivalence

[1aoPlageQlls;, = [laxaPrlara-Qxls:

where Py (p) = P(Ap) and Qx(p) = Q(Ap). We bound the latter. Using (3.9) and the triangle
inequality we find

[TaxoPrlarae@xlls; < /\gk(rﬂ /Hla)\QﬂBr(z)[(l — A) 2P oraens, () @alls, dz dr.
(3.10)
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Note that the z-integral in (3.10) is non-zero only if aAQ N B,.(2) # 0 and aAQ°N B,(z) # 0,
or equivalently d(z,aAdQ)) < r. Since 91 is compact and contained in a finite union of
Lipschitz graphs, it follows from Lemma C.1 that

HA(aXOQ + B,) < Cq (7“(04/\)5171 + Td).

Hence

/Hla)\QﬁBr(z)[(l — A)*2P\1asaens, () @alls, dz

< Ca(r(aX) +r?) Sul?inla)\ﬂﬂBr(z)[(l — A) 2P asaens, () @xls: -
zeR

(3.11)

We bound the trace norm uniformly in z. By the Holder inequality and Lemma 3.2:
ILaxans, () [(1 — A) 2P\, () @xlls:
< Larens, () [(1 = A) 2P|l s, 1 Lsupp 21 Laraens, () @alls, (3.12)
< Cde/z”QHoon(l - A)k/ZP>\||2||1sulop leaAﬂcmBT(z)lsuprA ”52'

We used that supp(1— A)k/ 2Py, C supp Py since k is an even integer. The remaining Hilbert-
Schmidt norm is of the form treated in Lemma 3.5, but since supp Py and supp Q) are
separated, we can do better. Proceeding like in the proof of Lemma 3.1,

Hlsupp P)\loc)\QCﬁBr(z)lsupp Qx ”?Sz <Cq /'TaAﬂcﬁBr(z)(h)|2Hd(supp PN (supp Q/\ + h)) dh.

We split the integral region into |h| < a and |h| > a. For the |h| > a region we apply
Lemma A.8:

/W Tanens, o) (h)[2H(supp Py 1 (supp Q@ + 1) dh

< % Per(aX N B,(z))H%(supp Py).

We bound the |h| < a region similarly:

/h< Rarens, (o (W) *H(supp Py 1 (supp Qa + 1)) dh
<a

d P
< ( sup H%(supp Py N (supp Qx + h))

Torae h)|?|h|? dh
sup e ) [, Tosseo o mPIA

d
< Cya Per(a)Q° N B, (2)) (sup H*(supp Py F|Wh(|82upp Qx+ h))) .
|h|<a

Since 92 = 90° is contained in a finite union of Lipschitz graphs it follows from Lemma C.1
that
Per(aX¢N B,(z)) < Cori=t.

We conclude

1 Lsupp Py LaxnenB, (z) Lsupp @y 1Sz < Cyqrld=1/2
d 1/2 d 1/2
H(supp P) —(d-2) H%(supp P N (supp @ + h))
X — + | aX sup 5
a\ |h|<aX Al

(3.13)
Combining (3.10), (3.11), (3.12), and (3.13) we finally arrive at

MaxePrlarac@alls,

o0
<Cagq const./ |gk(r)|(r(a)\)d_1 + rd)rd/zr(d_l)ﬂ dr < Cq g const.(1 + (04>\)d_1)7
0
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where

const. = Qe (A¥2(1 = AA)M2 P, )

1/2
y <Hd(supp P) ) V2 N (a \—(d-2) H(supp P N (supp Q + h)))

sup
a\? |h|<a\ |h|?

The r-integral was computed using the bound |gi(r)| < Cggmax{r—4+1 r=4=1=F} from
Lemma 3.15. The integral is finite since k > d — 1/2. [ |

We have the corresponding result for one-dimensional sections. We remind the reader that
for P:RY — M, v € S% 1 and p € {v}+ we denote P, ,(¢) = P(p + £v), € € R. Note that
the stated bound below is exactly Lemma 3.16 when d = 1.

Lemma 3.17. Let P € C2(R% M,,) and Q € L™ be such that supp P Nsupp @ = (). Then,
uniformly for all v € S4' and all a, A > 0,

/H 11k, Prpli, Quplls, dp

< ClQlle (X211 = 2A)P2)

d 1/2 d 1/2

<’H (supp P)) H(supp P N (supp Q + h))

" + [ aX sup 5
a\ [h|<aA [h

Proof. The proof is essentially the same as that of Lemma 3.16 for d = 1. Following the
same arguments we see that

/H ||1R+Pu,p1R+QV,PH51 dp
’ 00 ) 1/2
< [Claatl [ ([ Mrcnsiol - AP, dp)
0 |z|<r 11,

) 1/2
([ Mo 315 ) Qs B, ) dz

Arguing like in Lemma B.5 we find
/ 0= APl dp =37 / L= ADPlEdp < AL AP
hence
/ gyl = ARG dp < CrA~T(1 = AS) P
Similarly, like in the proof of Lemma 3.16,

/ supn(Eos 150 (@ua)al12, dp

< O Qe /H U / [P—r

Since supp P, C {£ | p + v € supp P}, similarly for @), we see that

*H! (supp P, N (supp Qu,p + AE)) d€ dp.
/ H' (supp Py, N (supp Qup + AE)) d€ dp < H(supp P N (supp Q + \v)).
HV

The argument is now exactly the same as that of Lemma 3.16 for d = 1. |

We need one more variation which will only be used to prove the trace class bound (1.16).
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Lemma 3.18. Let Q C R? be set whose boundary O has finite upper Minkowski content.
Let P € CF¥(R% M,,) for an integer k > d. Then

IlaoPlagells, < Capa(l+ a1 — AF2P|,

Proof. The argument is significantly simpler than that of Lemma 3.16. We have
[enPlacellss < [l [ lagns ol - )P,
0 d(z,000)<r

X ||[(1 = AP agem, (2) s, dz dr.

From here it is a simple computation using Lemma 3.2. Note here that we can bound
HY (N + B,) < Cq(ra?=141r) since 00 has finite upper Minkowski content, see (C.2). B

4. ONE-DIMENSIONAL REDUCTION FOR MULTISCALE SYMBOLS

In this section we prove the one-dimensional reduction estimate, Theorem 2.5, for mul-
tiscale symbols. We first establish the result under stronger regularity assumptions on the
involved symbols and the domain, which will be removed using approximation arguments at
the end.

We remind the reader that for @ C R? a set of finite perimeter, we identify 7*(FQ) with
points X = (z,p) where x € FQ and p € Il,(;). The space T*(FQ) carries a natural

measure:
[ sax= [ [ fepdeant-).
T*(FQ) FQ I, ()
In general, for a function f on R? and X = (x,p) € T*(FQ), we denote fx (&) = f(p+éva(r)),
¢ € R, for the corresponding co-tangent section.

Proposition 4.1. Let Q C R? be a set whose boundary 0Q is compact and contained in
a finite union of Lipschitz graphs, let T' C R be a set of locally uniform upper Minkowski
content, and m > 2 an integer. There is a constant Cqmar > 0 such that the following
holds: Suppose (Pg“, F) satisfies a CTH (R M,,) multiscale estimate on T for k=1,...,m.
Then, for all € > 0, there is Ce gma > 0 such that uniformly for all « > 2 and 0 < 6 < 1/2
with ad > 1,

@
2T

TSP P — () /T ey TS (PR dx‘

(4.1)
< CamarlFIZ (1Pl + IGll1) (1080 ™)a™" + Ceamaa257").

Here G(p) = supj,_yj<t,) F(0)

We slowly proceed with the proof, so fix m > 2, Q, and T" according to the statement of
Proposition 4.1. Following Definition 2.2 we take families of symbols (PF) C C4t1(R% M),
0<d<1/2 k=1,...,m, satisfying the multiscale estimate

IDPPy(p)| < F(p)ts(p) !, 18 <d+1, peR%, (4.2)

for a fixed bounded amplitude function F : R — R, such that G(p) = SUP|p—q|<t,(p) £'() €
L.

In the following we consider 0 < § < 1/2 and « > 2 fixed with ad > 1. Constants are ini-
tially only allowed to depend on d, m, 2, and I', which adheres to the logic of Proposition 4.1.
We forget the subscript § in Pg‘“ consistently and simply write P*.

We start with the key technical step of the proof, namely to localize each symbol P!, ..., P™
appearing in

S(PY,...,P™af) = 1,0P 140 ... 1a0P™1lag — laaPt ... P40
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to scales defined by ¢s. Here the main difficulty is that we need to localize all symbols
Pl ..., P™ to roughly the same scale around the same point simultaneously. We rely on the
continuously parametrized partition of unity (¢,,) introduced in Lemma 2.1. We remind the
reader that for all u € R?, ¢, is non-negative, smooth, supported in the ball By (uy(u) and
satisfies

1= [ s updu pews (4.3)
Rd
and the multiscale estimate
IDP$u(p)| < Cpls(u)™7. (4.4)
We first localize the symbol P!. By (4.3):
Pp) = [ €606, (0)P' () du. (15)
Consequently, weakly as operators,
S(P',...,P™af) = /eg(u)*dS(qauPl, P2, P™; aQ) du. (4.6)
To control the localization error, we need to localize the remaining terms P2,...,P™ to
larger and larger scales around u. To this end we introduce the sets
Yo (u) = {v € R | |Ju —v| < Dpls(u), £5(v) > D, s(u)} (4.7)

for a sequence (D,,) satisfying
D=1, D,>3D, 14+4, m>n2>2. (48)

We also introduce a sequence (a,) satisfying

D, _
0<an < =5 (Dn=3Dy1—4), m2n>2 (4.9)

We think of D,,_1 < a, < D,,. Then set, for 2 < n < m,

%@zﬁmmw%mwwm

Q)= |t )P ) de

and

Pi(p) = ¢u(p)P' (p)-
Clearly P" = P+ Q% for 2 < n < m. The first condition |u—v| < Dpls(u) in Y, (u) controls
the size of the support of P, while the condition £5(v) > D, ¢s(u) ensures that we do not

get too close to I
The structure of the proof is now simple. Introduce the errors &1, &, and &3 given by

& =Tr[S(P',...,P™aQ)] — /ﬁ5(u)—dﬁ [S(PL,..., Pl Q)] du,

& = /&;(u)fd(Tr [S(PL,..., P aQ)

- (;)dl/T*(]:Q) Tr [S(P)x, -, (P xRy dX) du (4.10)
&= (5e) " festt [ SR (i) e

o\ d—-1 . -
_<E) /T*(m)Tr[S(Px,...,PX,R+)]dX_
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Then
Tr [S(P',..., P™:aQ)] - (ﬁ)d 1/ Tr [S(PL,..., PRiRL)] dX = & + & + &
2 T*(FQ)
(4.11)
The localization errors £ and & will be treated using Lemmas 3.16 and 3.17. The localization
is made specifically to control the error £, which arises from a tangent plane approximation

of Q (the Roccaforte Lemma). In fact, showing that
d-1

3) / Tr [S(Px,..., P¥;Ry)] dX + o(®!)

27 T*(]:Q)

Tc [S(P,..., P™;a0)] = (

for smooth symbols P!, ..., P™ is straightforward following the procedure laid out by Roc-
caforte and Widom [41, 52]. The difficulty lies in explicitly controlling the discontinuity
parameter §, and simply following the obvious procedure directly would lead to wrong scal-
ing in 4.

Before proceeding with the estimates for £, &, and £3 we establish a key technical lemma
on the supports and scaling properties of P;} and Q7.

Lemma 4.2. For (D,) and (a,) as in (4.8) and (4.9), the following holds for all u € R%:
a) supp PI' C B(%Dn-‘rl)[g(u)(u) form=1,...,m.
b) Let n > 2. Then supp P?~' NsuppQ? = 0. Moreover, if p € supp P?~! and
q € supp Q1 with |p — ¢| < anD;ilﬁ(;(u), then
p—al > ls(u)(D;L = 3D;1) > 0
and (5(g) < 3D 5(u).
¢) There is a constant C' > 0 such that
1D Pillos < CG(u)l(u) 17!
and
D7 P loo < CIIF[loe Dy ()~
forall2<n<mandal|B| <d+1.

Proof. We start with a). The case n = 1 is trivial, so let n > 2 and p € supp P??. Then
there is v € Y;,(u) such that ¢,(p)P"(p) # 0, and therefore |v — p| < £5(v). Hence

lp—u| < |p—v|+|v—u| < Lls(v) + Dypls(u) < ls(u) + 5|u—v|+ Dpls(u) < (3D, + 1)L5(u).

Note that the same argument could be used formally for n = 1 by defining Yj(u) by (4.7)
with D1 = 1. We use this in the proof of b) now.
For b), let n > 2 and take p € supp P?~! and ¢ € suppQ?. As in a) we can take
v € Yp—1(u) and w € Y, (u)€ such that |p — v| < £5(v) and |¢ — w| < €s(w). Note first that
lw—u| < |w =gl +lg—pl+|p—vl+[v—ul <Lls(w) +|p =gl + l5(v) + Dn1ls5(w)
< Y —ul + o ]+ Ip — al + (Dor + 2)(w)

< 3w —ul +|p— gl + (3Dn-1 + 2)l5(u),

and therefore

|lw—ul <2|p—q|+ (3Dn—1 + 4)ls(u). (4.12)
Similarly
ls(w) > L5(v) — 5(lv —pl + |p — gl + g — w])
> 30s5(v) — $5(w) — Slp — gl
hence

(5(w) = Ls(v) — lp— gl. (4.13)
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Now we split into cases. Either |w — u| > D,fs(u), and then by (4.12)
Ip—q| > %(Dn —3Dp—1 — 4)ls(u) > 0. (4.14)
Else £5(w) < D, ¢s(u), and then by (4.13)
bl > 50) = 1-tsu) = (DL, = 3D ts(w) >0,

In either case we see that supp P?~! and supp Q" are separated. For the final point, assume
that [p — q| < a,D; ' 1€5(u). By (4.9) it follows that

1
lp—q| < 3 (Dy, = 3Dp—1 — 4) £s(u),
and therefore that |w — u| < Dpls(u) by (4.14). Since w € Y, (u)¢ we conclude f5(w) <
D;;Ys(u), and thus
3 3 _
t5(q) < 5&5(“}) < §Dn1€5(“)~

Finally we consider ¢). Fix p € R? and |8| < d 4+ 1. For n = 1 we compute directly using
the multiscale estimates (4.4) and (4.2) on ¢, and P:

prie) = X (0) 0P wlio* o)
v<B
< CF(p Zg(sm )~ 1B g5 (p) 1
1<p
< CG(u)ls(u)~1P.
We used that for p € supp ¢, we have £5(u) < 2¢5(p), see (2.1), and that F'(p) < G(u). The
argument for n > 2 is similar:

D[ o mdz()mW>w“%@m

n () <8

scﬂm/”%@dEym>wmowmhwmmmw

v<B
< CF®) /y ( )E5(”>_dD7‘f'€5(U)_‘B‘1{\p—v\sz5<v)} dv

< CF(p) D}Yts(u)~ 7.

Again we used that f5(v) and ¢s5(p) are comparable when p € supp ¢, and that f5(v) >
D, s(u) for v € Y, (u). [ |

4.1. Bounds on &; and &£. We now handle the localization errors £ and &3. For simplicity
let us set, for 2 < n < m,
~ 1 - 1 ~ 1
Pl _ Pl, Pn _ Pn, Qn _ n.
YOG Y Y Pl o Fllee "
Now expand P" = P? +Q", n > 2, in (4.6). Since supp P?~! and supp Q7 are separated by
Lemma 4.2, we immediately see that

m
&1] < IIFH?O_I/%(U)_‘IG(U) Y IlaePi 1aeQills, du. (4.15)

n=2
The bound for & is similar. Taking co-tangent sections in (4.5) we see that for each fixed
X € TH(FQ),

S<P§,u.,P?;R+>=b/eaun—dsafﬁ>x,P§,n.,P?;R+>dw
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In general, if £ € supp Py for X = (x,p), then p + vo(x)¢ € supp P. Hence (P?~1)x and
(@) x have separated supports, and the same argument as in (4.15) applied for each fixed
X shows that

g d—1 m—1 —d - Hn—1 An
< (G IR [ o [ S e (Bt @0xls (410

We can apply Lemmas 3.16 and 3.17 directly to bound both errors (4.15) and (4.16). First
for the non-sectional operators in (4.15) we take A\ = \,(u) = D, ' ¢5(u), a = a,, according
to (4.9), and smoothness of degree kg = 2[d/2] < d+ 1. The basic bound from Lemma 3.16
reads: There is a constant Cq 4 only dependent on € and d such that for all u € R¢ and all
2 <n<m,

ILaa Py 1aaQs s, < Caall@plloo (An(w) ™2 (1 = A ()2 )52 PP 2) (1 4+ (akn (uw)*™)
L 1/2 1/2
H(supp Pp—1) an
X < an/\n(u)d + )\n(u)d721n<u) )
(4.17)
where

d(q Pnfl . An h
|h|<anAn(u) |h’|

The bound for the co-tangent operators in (4.16) is similar. We take A and a as before. By
Lemma 3.17 there is a universal constant C' > 0 such that for all w € R and all 2 < n < m
we have

/ Iz, (P2 x 1z, (Q)x s, dX
T+(FQ)
< CPer(Q)]|0% oo (Mo () 2| (1 — An(w)>A) B2

_— 1/2

(4.19)

All terms appearing in (4.17) and (4.19) can be estimated directly by Lemma 4.2 and
simple geometric considerations. Indeed, we can bound

H(supp P 1) < Cyls(u)iDE_4,

and, for integers k = 1 or k = kq/2,
1= A () A) P o < Ca > M) DP By < Cats(u)2 Dy
|B1<2k

The term I;,(u) is slightly more involved. Again by Lemma 4.2 we see that if [h| < a, A, and
p € supp P71 N (supp Qf + h), then |h| > £5(u)(D, !, —3D,") and £5(p — h) < 3D, 5(u).
In particular, since D,, > 7, we have

p—he(+ B3D;1z5(u)) n B(gD,HH)e(;(u)(“ —h).

Since T" has locally uniform upper Minkowski content, the set of all such p has measure at
most

We conclude
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Plugging into the bounds (4.17) and (4.19) we see, after a bit of bookkeeping,

d—1
_ ~ als(u
o Pr 1000 s, < CaqrD2 <1+< ( )> )

Dn—l

(4.20)
o (g (@) (12 gPar)
Ay, D, D, )
and
[ (B e, @xls ax
*(FQ)
) ) w172 D\ (4.21)
1 -1 —1/2 n n—
< Cd’Q)r‘Dntlg(;(U) (an 124 (Dn) <1 -3 D, ) > .
We apply this directly in (4.15) and (4.16). For convenience we introduce, for 2 < n < m,
1/2 D -1
K, =D a2+ [ 2n 1- 3=t : 4.22

Since I' has finite upper Minkowski content, it follows from (C.2) and Lemma C.2 that
/&s(U)_lG(u) du < Cr || Flloo log(67") + 2||G]l1,

and that, for d > 2,
/ég(u)_dG(u) du < Cp||Fllood @ + 27| G 1.

Here we simply bound §—d=1) < d-1 < Oqpd-1 log(6~1), which is valid since ad > 1 with
0 < 1/2. Using these integral estimates, along with (4.20) and (4.21), in (4.15) and (4.16)
we conclude
m
(€11, 1€5] < Caar | FIZ (IF oo + Gl ) a® M og(671) Y~ K. (4.23)

n=2

Simply choosing D,,—1 < a,, < D,,, which obviously adheres to the requirements (4.8) and
(4.9), we can make the leading order coefficient Cyq || F||Z (| F|loo + [|Gll1) 35" K» arbi-
trary small. We here mention that ||G||1 can be estimated independently of §, see Remark 2.3.

4.2. Bound on &. We turn to & defined in (4.10) by

&= [Pz [ tsu) G0) (T [S(PL..... P9
(4.24)

_(&yd-1 . 51 ~mn "
o)™ [y TSP (PR )] )

Like for & and &3, we factored out the F' and G dependence. We want to argue that
Ey = o(a® log(671)) when ad > 1. Essentially, the co-tangent integral arises from a local
tangent plane approximation of 2, so the difference will be lower order. Since this effect is
purely in ), we can be rather crude in estimating norms of the symbols P, as long as we
capture the correct {5 scaling. In fact, by our localization, we can rely on simple volume and
scaling estimates.

We follow the proof strategy of Widom and Roccaforte [41,52], namely just to write out
the kernel directly.
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Lemma 4.3. Let P',... . P™ ¢ H*(R% M,)NL>® for s > d/2, and let Q@ C R? be a set of
finite perimeter. Then the following identities hold:

Tr [S(P',...,P™ Q)] = 27r)—*/ /Tr Pl (1) ... (P (2n1)

(4.25)
x (P™)Y (=2 = o — Ty 1)}Fﬂ( Ydy ... dzm_1,
and
(2r)~(@=D Tr [S(P,..., P¥;RL)] dX
T+ (FQ)
—(2n) dm/Q/ /Tr 1) . (PN (@) (4.26)
x (P™Y (=g — -+ — Ty 1)}GQ( )dey ... dTm-1.
Here x = (1,21 + T2y ..., @1 + - + Typ—1) fOr T1,...,Tm_1 € ]Rd, and
Fo(z) :Hd(ﬂ\ QNEQ+z)N Q42 +22) NN (Q+ a9 +--~+xm,1))),
(4.27)
Golw) = [ s {0.00() a1 o )} 01 ).
FQ 1<n<m—1
For the proof and for later computations, we need the following technical lemma.
Lemma 4.4.
a) Let gi1,...,9m be non-negative functions. For any 1 < p, < oo, n = 1,...,m,

satisfying i 4+ i =m — 1 we have

/ /91 21) - Gm—1(@m—1)gm (=21 — - — Tp—1) day . dEppg < H”gn”pn

n=1

b) Let P € L*(R% M,,) with Pe L', and let Q C R? be a set of finite perimeter. Then,
for any s > 0,

s \ S
/ 1t (Px) " ()13 dX < Per(Q)l|z[*P ()3,
*(FQ)
and, for all X € T*(FQ),
/\(PX)V(t)\ dt < (2m)” DR Py,
R
Proof of Lemma 4.4. For a), simply observe that, for all z € R?,

/' e /gl(xl) .- -gm—l(xm—l)gm(z — Xy — = -’I;m—l) dri...dx,—1
(4.28)

=[G4+ g @z = ) o < gl 15+ g,
where p/,, is the Holder conjugate. Now repeatedly apply Young’s convolution inequality.

For b), the main insight is that orthogonal decomposition R? = TI, @ (II,)* induces a
decomposition of the Fourier transform into a tensor. Concretely, for X = (x,p) € T*(FQ),

P(p +¢&va(r)) = (2@4/2/];4% <(2ﬂ)(d1)/2/

I ()

e WP P(y + trg(z)) dy) dt.
In particular, by Fourier inversion on (H,,Q(x))l,

(Px)¥(t) = (2m) @ V/2 / PPy + trg()) dy,

Mg (2)
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SO
LI(Px) 1t < (2m) 7072 P,
R

Similarly, applying Plancherel on IT

vo(xz)s

s 2s 2 d—1
/T*(m)llltl (Px)" (O3 dx = / / /|t| Py + tva(x)) 2 dt dy dH* (x)

"Q(T)

< Per(Q)||z|° P|3.
|

Proof of Lemma 4.3. Note that if f € H® for some s > d/2, then f € L'. This is well known.
It follows that (P")Y € L' N L? for n = 1,...,m, which we use below.

We derive (4.25) and (4.26) by expressing the traces as integrals of the corresponding
kernels along the diagonal. Recall that if A C R? is a measurable set and Q € Lz(Rd; M),
then the operator 1yQ1, has kernel

(2m) Y15 (2) Q2 — )1 (y)-
Hence the kernel of the term 1gP'lq...1qP™1q is obtained by repeated use of the kernel
composition formula, while the kernel of 1gP!... P™1q can be expressed in terms of the
convolution (P')” -~ % (P™)"(z —y). We find that the operator S(P',..., P™;Q) has
kernel

K(z,y) = (21)" % /---/(Pl)v(a:—xl)(PZ)v(xl—xg)...(Pm)v(xm_l — )
x lo(z)lg(@1) ... lo@m-1)lo(y) dz: . .. dzm_1
— (2m) 7*/ / (PYY (@ — 1) (P?) (21 — x2) ... (P™)" (€1 — v)
x lo(z)la(y )dxl...dxm,l
~en) Fla@lal) [ [ (P) @2 (P") (@nr - 0)
x (1 “1o(z1)... 1Q(xm,1)) doy ... dTm_1.

The final integral expression is easily seen to be continuous as a function of (z,y). Indeed, the
argument boils down to that of showing the convolution of two L' functions is continuous.
By the Lebesgue differentiation theorem, we conclude in particular that (z,z) is a Lebesgue
point of K for almost all z € R%. Since S(P!,..., P™;Q) is trace class by Corollary 3.9, it
follows from Brislawn’s theorem [8] (applied entry-wise) that the trace is given by integrating
along the diagonal:

Tr [S(P',..., P Q)]
— _(2m) d// /Tr (P (@ —m) ... (P™) (s — )
x 19(95)(1 “g(a1). .. Q(xm_l)) dzy ... dep_1dz
=0 [ [ [(P) @) (P o) (P (y = o = )]
></19(:8)(1—lg(ac—xl)...lg(ac—xl---—xm_l)) dvday ... dzm_1

=¥ [ [T [(P) @) (P o) (P) iy = oo = )]

X FQ(Q) dl‘l . dszl,
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Which gives (4.25). The second equality is a simple change of variables and an application
of Fubini’s theorem, which we now justify. Since 2 is a set of finite perimeter it follows from
Lemma C.4 that Fo(z) < Cpa Y7 'a,|. Hence, by Lemma 4.4,

/. . /‘Tr (P @) (P ) (P (= - = )] | Fa(@) dan - dr

m—1
< Coo DNl (P) @l Pz TT 1(P7) " < oc.

n=1 j#En,m

The argument for the co-tangent integral (4.26) is similar. By Lemma 4.4 we have Px € H®
for almost all X € T*(FQ). Hence, the argument above shows that

(2w)*(d*1>/ Tr [S(Px,..., P¥:Ry)| dX
T*(FQ)

—(2m) /%= d+1/ / /Tr (PY)"(t1) .. (PEY (tn1) (4.29)
*(FQ)

X (PX) ( t1— - — e 1)]FR+()dt1 dtm_l.

Note that the integral above converges absolutely. Indeed, arguing as above using Lemma 4.4
and the Holder inequality,

/*(m //‘Tr [(P)l()v(tl)... (PR (ter) (PR)Y (11 f...ftmfl)”

XFR+()dt1 dm 1

<%Z/ NG ONGIREE R Y IO T

J#Enm
m—1 1/2 1/2
n\V m AN

<Cma ), (/ 11 (P%) (t)llng> (/ I1PX ||§dX> IT 1)1

n=1 \YT*(F9) T*(FQ) ik
< 0.

It is elementary to see that
Fgr, (t) =  max max{0,t; + -+ t,}. (4.30)

To achieve (4.26) we use the convolution structure in the tangent direction p for x € FQ
fixed:

/H T [(PY)(0) - (PR) ) (PR) (1 = — 1) dp
v ()
= (2m)F (ﬂ [(P1 ) () (PR () (PR) Y (—ty — -+ — tm_l)])v(())
— (2m)@-D01
( /VQ<Z) /VQ(T)

Tr [(Pl)v(yl +tivg(z)). .. (Pm_l)v(ym_1 + tm—1va(z))
X (P™)(=(y1 + tava(®) = -+ = (gt + tmorv(@)))] dys -y
Here, of course, we used the symbol V to denote the Fourier transform in three different

spaces. Pairing x,, = y, + tpvq(x) with dz, = dy,dt, and ¢, = vq(x) - x,, in (4.29) finishes
the proof. |
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Using Lemma 4.3 in (4.24) we see that
&= —m PP [ 5w 6w
x ( [ [0 [ (B ) (B2 == )]y
% (Fan(z) — Gag(z))das . . dmm_1> du.

Note that Gq(z) is homogeneous of degree d — 1 in © and degree 1 in z. In fact, for Q a
set of finite perimeter, the leading order behavior of Fq(z) as x — 0 is exactly captured by
GQ(@):

w(p) = \S?p z ||FQ( z) — Go(z)] — 0as p— 0T, (4.32)
z|<p |Z

This is shown in Lemma C.6 in the Appendix. The same result is used by Roccaforte [41]
for  with C? boundary, where it is shown that w(p) = O(p) (although his proof for this
part also works for Q with C? boundary), and in [52] for  with C' boundary without proof.
Essentially, Gq arises from Fq from local tangent plane approximations: for x € F§2, the
membership z +y € Q for |y| small is to leading order determined by y - vo(z) > 0. We used
that this is exact when Q = Ry is a half-plane, see (4.30) above.

By the Lipschitz bounds from Lemmas C.4 and C.5 we see that w(p) < Cq,y, uniformly.
Hence, for any p > 0,

Fag(2) — Gan()] = a* 2] (“

T/a) — T/ adLw(p)|z CdeQacZ
7] Faalz/@) = Gaalz/ )I) < (P2l +— |

(4.33)
Therefore, it suffices to bound

/ /‘Tr Pl (1) (Pﬁ‘l)v(xm—l)(f’?)v%xl—"'—mm—l)”
x (™ w(p)|z| + C‘;’” 21212) day . dag, -,

and we can be rather sloppy with constants since a?~'w(p) is already lower order.
Let us set R(p) = Pg(p%). By Lemma 4.2 R} is supported on a ball of radius less

than 3D2, and the first d + 1 derivatives are bounded by a universal constant. Simple scale
invariance shows, for all s > 0,

~ O5(u d(1-1/p)—s
el (B2) 1 = (52 el (B2)
n

Hence, by the well known estimate || f]|; < Call f1l grasz+1,

||1 < Can,

Y2 < Cals(uw)* D2,

||2 < Cdgé )d/2—1Dg/2+1,
||2 < Cdgé )d/272Dg/2+2'
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Note we only need max{2,d/2 + 1} < d+ 1 derivatives for all bounds. Using Lemma 4.4 we
therefore see that, after bounding |z| < (m — 1) 2" |z,],

/. . / Te [(P1)" (@) o (P ) @) (P) (=1 =+ = )] |laldan .. oy
m—1
< (m =1 Y 1E) 2=l (B (@)l TT 121k
n=1 i#n,m
m—1
< Camls(w)™" " D>y [ Df.

n=1 i#n,m

Similarly, bounding |z|> < m? 37"z, |2,

/‘../‘Tr (]37})\/(‘”1)"'(pffl)v(fmfl)(PiT)v(—m*"'*Ima)”lg?dml...dxm,l
<m2ZII ) lalll=2 () @)l TT 12 Il

i#n,m
m—1
< Cdmg(s d 2 ZDd/QDd/2+2 H Dd
n=1 i#n,m

Again, since we are not that concerned about constants, we simply bound D; < D,, for all
1 <4 <'m in agreement with (4.8). Applying these bounds in (4.31) with (4.33) we see that,
for all p > 0,

msaﬁwg*mﬁﬂﬁ/&w“aw@*%m w+%ﬁd2u> )w

Awﬂ“mﬂu+wmm(M*bafwmm+;wﬁfl

(4.34)
The u-integral is computed using (C.2) and Lemma C.2 like for & and &s.

4.3. Closing the argument. We now show how to choose the sequences (D) and (ay)
according to (4.8) and (4.9), and the free parameter p introduced in (4.33). Concretely, by
the final bounds on &1, &, and &3 from (4.23) and (4.34) we get (see (4.11))

(20‘ 4= 1/ Tr [S(P, ..., PE;Ry)] dX‘
m T*(FQ)

< CamarllFIZ (IF ]l + 1G11)

m ad—25—1
x | a? tlog(67 1) w(p)D%m71)+2+ZKn —I—ip D;fz(mfl)Jr2 ,

n=2

Tr [S(Pl, .. .,Pm;aQ)]

where K, is defined in (4.22) by

1/2 D -1
K, = D -1/2 An 13Xt .

For £ > 0 small we choose (D,,) and (ay,) such that K, < Ce for all n. Explicitly,
D, =a2, DX, =cDY*
does the trick for e < 1/2. Indeed, we have

8d
Dy, —14D,_1 >

1
L' 14D, 1 > Dy, <4—14> >0,
€
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hence
1
D,—-3D, 1—4>D, —7D,_1 > §Dn >0
and also
anl anan a%
_ — > - > > .
5 (Dn 3D, -1 4) > 1 25 2 an

At the end we used that a, > ag > 4. Hence (4.8) and (4.9) are satisfied, and since clearly

Dn—l -
1-3—— <2
(-5 =

our choice of D,, and a,, ensures that K, < 3¢ for n = 2,...,m. Finally, we choose p small
enough dependent on ¢ (and the convergence rate stated in (4.32)) such that

DD 20 (p) < e

This finishes the proof of Proposition 4.1.

4.4. Proof of Theorem 2.5. We need to remove the additional assumptions on  and (Py)
from Proposition 4.1. So fix m > 2, let T' C R? be a set of locally uniform upper Minkowski
content, let Q© C R be a set of finite perimeter, and assume that (P}) satisfies a C* (R% M,,)
multiscale estimate on I" for i = 1,...,m. We approximate (Pg) and €2 separately.

First for the symbols. It follows from Lemma D.2 that for all 0 < € < 1 we can take a
family (Pgﬁ) satisfying a C?1(R%; M,,) multiscale estimate on T, i = 1,...,m, such that

|P;. — Pillo < Ce,  ||Pi. — Pil|%:), < Ce*/*log(s71). (4.35)

uniformly for 0 < § < 1/2 and 0 < £ < 1. By Lemma D.1 we also have

1PN 32 15 M0 < Clog(871), (1B llos 1 P5clloo < C. (4.36)

Now for Q. If d > 2, it follows from Lemma C.7 that we can find sets €2, C R0 < pu<1,
such that, for each p, the boundary 0f2, is compact and contained in a finite union of
Lipschitz graphs, and

HITHFQ\C) <y HITHFQN\CL) <y Cu={2 € FANFQ, | va(z) = vo,(z)}.
In particular
Per(Q\ Q,) <3u, Per(Q,\ Q) < 3pu,

see [31, Theorem 16.3]. If d = 1 we simply take £, to be the measure zero modification to
Q2 such that €, is given by finite union of separated intervals, see [1, Proposition 3.52].
We need to show that

1
limsup sup 7‘”[‘1“ S(PY, ..., PM™ a0
a—=00 §>1/a ad=1llog(6-1) [ (£ 0 )]

_(a)d—l/ Tr [S((PY)x, .-, (PP)x:Ry)] dX’:()
T+(FQ)

2

(4.37)
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To this end decompose

(07

‘"ﬁ (SR P - (o) /T ey TS (PR dx‘

< |Tr [S(P},...,P{"0Q) — S(Pf,..., P af,)]|
+ |Tr (S(P§,....,P"09,) — S(Pés, . .7P57"§;aQH)”

(%

+ o

a \d—1
+ (%)

+ (%)d_l (/T*(m )/T*(]:Q))Tr [SUFDx, - (xR dX‘

=hL+L+I3+ 14+ I5.

Te [S(Pe, . Pitia)] -

d—1
) / Tr[s((Pég>X,...,<P£>X;R+>]dX‘
T*(FQu)

/ Tr [S((Pso)x,- - (PL)x; Ry) — S((Pf)x, - - (P x; Ry)] dX‘
T (FQ)

The I3 contribution is handled using Proposition 4.1 directly. For all 0 < e, u < 1 we have

1
limsup sup

1 .
Q=00 6>1/O¢W0g(5_1 Tr[S(P(S,ea---aPﬂ,CYQM)]

d—1
() / Tr [S((PL)x, -, (P2 xi R2)] dX| = 0.
w) Jrra,

Next, we estimate I and Iy. By the simple multilinear expansion (3.8), the H'/? trace
class estimate from Corollary 3.9, and the bounds (4.35), (4.36) we can bound

I < C'Per(Q,)a? log(6~He!? < Ca®'log(6-1)el/2.

The term I, is handled in the same way using Lemma B.5 to bound the H'/2 norms of the
co-tangent sections.
For I we simply apply Lemma 3.13 and (4.36). We find

I < Catlog(67Y)ul/?.
Finally for I5, we further decompose
Becat [ TSPy (PR dpdH 2)
FQN\C, JTI

vQ,, ()

+ Cadfl/ |Tr [5((P61)(1’7P)7 s (B R )] } dp dH" ™ ().
FONC Ty )

Bounding the co-tangent operators in trace norm using Corollary 3.9 and Lemma B.5 (like
for 1), we find

I; < Ca® Mog(0 ) (HEHFQ\ C) + HTHFQL\ Cu)) < Ca®Hlog(6™ .
Returning to (4.37) we find

limsup sup

(L4 L+Is+1 1)<c 1/2 4 (1/2),
m su 521/aad,1log(5,l)(1+ 2o+ I3+ I+ I ) < C(p'?+e'?)

Taking p and € to zero finishes the proof.
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5. WIDOM’S HALF-LINE TRACE FORMULA AND AREA SCALING

Next we study the area scaling case for a fixed symbol. In relation to the rest of the
present paper, the main point of this section is Widom’s remarkable trace formula from [54]

Tr [Spn(P;R4)] 8W2// |§1 £|2(£2)) dé; dés, (5.1)

for scalar symbols P € H'/2(R;C) N L*°, which we reprove with an elementary argument
in Proposition 5.3. The importance of (5.1) for the rest of the paper is that it turns the
co-tangent traces appearing in Theorem 2.5 into explicit double integrals on which we can
carry out exact computations.

We also prove (1.22) for matrix valued symbols in Proposition 5.4. Here the hard work
has already been carried out in Section 4 and we are left only with simple approximation
arguments. Theorem 1.13 is then an immediate consequence of Proposition 5.4 and the trace
formula (5.1).

We remind the reader that we defined

YOA+(1-0)B)™ — A™9 — B™(1 -9
Um(A7B):/ (04+(1-0)B) =0 aBec,
0 6(1—10)
It is elementary to verify the following convenient form:
Sl I G- MRS
2 p E m-—k ’ '

We first establish the trace formula (5.1) under stronger assumptions on the symbol.

Lemma 5.1. Let P € H*(R;C) N L*> for s > 1/2. Then, for all m > 2,

Tr [Sm(P;RY)] =32 // |£1 5 |2(£2)) d&y d&s.

Our argument is inspired by the classical proof of Kac [21] of the strong Szegd limit
theorem. Unlike Widom we do not rely on the Wiener-Hopf decomposition or other complex
analytical techniques. Instead, we use the following simple combinatorial lemma. Similar
statements can be found in [21], for instance.

Lemma 5.2. Let m > 1 and denote by C, the cyclic permutations on {1,...,m}. For any
T1,...,Tm € R the following holds:

Z (max{0x01+~~~+xgn}f max {0x01+~~~+xgn}>

1<n<m 1<n<m
oc€Cm
=max{0,z1 + -+ Tm}.
This is seen as a trivial identity when m = 1.

Proof. Assume m > 2. If x1 + --- + zy, < 0, then trivially

1I<nnaxm{0 Ty + o+ Top b — | max {0,256, + -+ 26,} =0

for all o € C),, in agreement with the claim. Hence, we assume x1 + - -+ + x,,, > 0 and fix

o € C,,. Then

max {0,245, + -+ o, } = max {To, + -+ 25, } = 25, + max {0,25, +- -+ 24, }-
1<n<m 1<n<m 2<n<m
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Summing over all ¢ we find by telescoping

> (e (000, o) = e (0,00, 43, })
(el m

Z Toy + ( max {0,25, + -+ o, } — max {O,mgl—l--w—l—xo-n})
2<n<m 1<n<m-—1
oeCm

Proof of Lemma 5.1. As part of the proof of Lemma 4.3 we showed that, under the present
assumptions on P,

Tr [Sp(P;Ry)] = —(27r)—m/2/---/ﬁ(xl)...ﬁ(xm_l)ﬁ(—xl = Z1)
X 1<max {0,214+ -+ xp}dey ... depm—1

QW)_m/QZ/ /Px1 P(zpm1)P(—x1 — -+ — Tpp1)

X (1r<naé<k{0,x1 +--4a,t— max {0,z1+---+ xn}) dxy...dx,—1.

1<n<k—1
(5.3)
The second equality follows by telescoping. The expression
P(z1)... P 1) P(—21 — -+ — 2 1) (5.4)
is clearly invariant under cyclic permutations in (x1,...,2) for any 1 < k < m — 1. This

uses that P is scalar valued. Performing the corresponding change of variables in (5.3) and
averaging we see that

Tr [Sm(P;R+)] = —(2m) —m/2 Z / / (z1) xm 1)]5( — = Tp1)

X ZC ( TaX{O Ty ot Ty b — | Jnax {0, xgl+-~~+x0n})
ocCp

X dml . d.ﬁm_l

z)m/QZ / /P(xl P(@pm_1)P(=21 — -+ — 2pm_1)

X maX{O,xl + ot aptdry . dag, .

(5.5)

We employed Lemma 5.2 at the end. The final expression has explicit convolution structure.
A direct computation shows, for all 1 < k <m — 1,

/~ . /15(951) . ﬁ(xm_l)]g(—xl — oo —po)max{0,x1 + -+ rpfdr .. dTym_
= (2m)"T / (PF)Y () (P™ %)Y (~2) max{0, 2} dz.

Hence,

Tr [Sp(PiR4)] = _2i 3 % / (P (@) (P )" (—2) max{0,z} dz.  (5.6)
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We need to symmetrize further. First, since Tr [Sp,(P;R4)] = Tr [Spn(P;R4)], it follows
from (5.6) applied to the conjugate P that we also have

3
L

Tr [Sm(P; R+)] = )v(ﬂc) (f’m—k)v(—:c) max{0, z} dz

|~
=
Tl
Sy

T =

Il
\
|-
3
L
| =
—_— — —
3

=~
Il
—

)v(f:v) (mek)v(x) max{0, z} dz

k=1
1=
- = (Pk)v(x)(Pm_k)v(—x) max{0, —z} dx.
27 — k
Averaging with the original expression (5.6) gives

m—1

1 1 .

Tr [Sm(P;Ry)] = i E/(Pk)v(x)(P k)v(—x)|3:|d1:

k=1

11 /1 1 y y

S N (. pF PR (= du.
23 (ks [ P @ e ol i

We averaged out the symmetry in k& and m — k at the end. Finally, the latter integrals can
be expressed in Fourier-free terms using (1.19):

/ (PF)Y () (P™ )Y (~2)|2| da

_ 1 // (P(&)" = P(&)*) (P(&)™* = P(&)™ ")
2 & — &f?
Comparing with (5.2) finishes the proof. [ |

dédés.

We now establish the H/2 case by an approximation argument.

Proposition 5.3. Let P € HY/2(R;C) N L. Then, for all m > 2,

T [$,(PiR) = o [ [ PP g g, (5.7)

T 8n? |

Proof. We first claim that (5.7) holds for all P € C®(R;C) 4+ C. Indeed, if P = Py + Pwo
with Py € C°(R;C) and P, € C, then binomial expansion shows

m

Su(PiR) =3 () PSRk
n=2

and
m

Un(A+ Pao, B+ Po) =Y <m> P UL (A, B), A,BeC.
n=2 "
The claim therefore follows from Lemma 5.1.
Consider now P € H'/?(R;C) N L*®. Using Lemma B.2 we can find a sequence (P}) C
C°(R;C) 4 C such that P, — P in H'? and pointwise almost everywhere, and || Py|ls <
3||P|oo- Since (5.7) holds for Py for all fixed k € N, it suffices to show that

hzisupm [Sm(P;Ry)| = Tr [Sp(PriRy) ]| =0, (5.8)
and
— Un(P(&1), P(&2)) = Un(Bi(&1), Pi(€2)) _
hiri?oop /]R/]R e d& dés| = 0. (5.9)
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For (5.8), it follows from Lemma 3.1 and the multilinear bound from Lemma 3.11 that it
suffices to show that
lim sup|| P/ (P — Py)(Py)! || a2 = 0
k—o0
for all powers j,I > 0. This in turn is an immediate consequence of Lemma B.4.
The claim (5.9) is similar. We rewrite using the identity (5.2), here with (-, ) 1/2 denoting

the inner product on Hl/Q,

Um(P(gl),P(fi)g)l:[;mQ(Pk(gl),Pk(éb)) dgl d§2
%X_: ( >‘<Pj P ) e = (PL ) el

It therefore suffices to show that P,g — PJ in HY? for all j > 1, and this is again a
consequence of Lemma B.4. ]

We finally establish area scaling for general sets {2 of finite perimeter and matrix valued
symbols P € H/2.

Proposition 5.4. Let Q C R? be a set of finite perimeter and let P € HY?(R% M,,) N L.
Then, for any m > 2,

Tt [Sy (P; af)] = (%)H /T o Tt [Sp (Px; Ry )] dX + o(a?) (5.10)
as o — o0Q.

Proof. We first note that (5.10) holds if P € C°(R% M,,) + M,,. Indeed, this follows from
Theorem 2.5 applied to the constant family Ps = P with ' = {0}, say, and 0 < § < 1/2
fixed. Alternatively, following the argumentation from subsection 4.2, this is a consequence
of Lemma 4.3 and Lemma C'.6.

From here the argument is very similar to that of Proposition 5.3. Fix P € H'/2(R%; M,,)N
L>® and take P, € C®(R% M,) + M, such that P, — P in H'/? and pointwise almost
everywhere, and || Px|lco < 3||P|lco- Since (5.10) holds for Py for each fixed k € N, it suffices
to show that

lim sup lim sup dl T |Tx [Spn(P;082)] — Tr [Sp(Pr; o)) | = (5.11)
k—o00 a—»00
and that
limsup/ |Tr [Sp(Px; Ry)] — Sm(Pr)x; Ry)] dX| = 0. (5.12)
k—oo JT*(FQ)

The claim (5.11) is handled exactly like (5.8). The argument for (5.12) is similar, but this
time we have to rely on Lemma B.5 to bound the H'/2-norms of the co-tangent sections.
Concretely, arguing like in (5.8), it suffices to show that

timsup [ PP = (BBl oz | Qe X =
k—o0 *(FQ)

where either @ = P or Q = Pj. By Lemma B.5,

/T (m)IIP)j((PX—(Pk)x)(Pk)lXIIHUQIIQXHH1/2 dX < CaPer(QIQll 12| P (P~ Pi) Fill 1 2,

so the claim follows from Lemma B.4 as before. |

Proof of Theorem 1.13. By Proposition 5.4,

Tr [S(P; )] = (%)d_l /T oy TSP O] 4X +ofa™).
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Note Px € H'/? (R; C) for almost all X € T*(FQ) by Lemma B.5, so Proposition 5.3 applies

and yields
) m(Px (&1), Px(£2))
T 8, (Pily)] = g [ [ P00 g g,

The claim follows. [ |

6. THE BOUNDARY COEFFICIENT AND THE WIDOM FORMULA

We now pass from the double-integral representation to the Widom formula. We first
compute the boundary coefficient for multiscale symbols and obtain Theorem 2.8, and then
use approximation arguments to prove Theorem 1.1.

6.1. Boundary coefficient for multiscale symbols. In this subsection we compute the
boundary coefficient:

[ arlsa(P)xRr]dx
T*(FQ)

for multiscale (Ps). The main input is Theorem 1.13 and the computation from Lemma A.11.
We here remark that, as an immediate consequence of (5.2),

U, B)) < "= was(a], By 214 - BP, (6.1)
and
Un(A.B) ~ Un(4, B)
m(m —1
2
where K = max{|4|,|4'|,|B]|, |B’|}.

- (6.2)
K" ?(|A- A+ |B-B|)(|A- B+ |4 - B'|),

IN

Proposition 6.1. Let Q C R? be a set of finite perimeter, let T C R® be a set of finite upper

Minkowski content, and m > 2 an integer. Assume that (Ps) satisfies a C*(R%; C) multiscale

estimate on T' and that there exists a function P € BV (R%C) such that |Ps — P||; =
0 (0log(671)) as & — 0. Then,

[ arlsa(xir]dx
T*(FQ

)
- e /f ) /J (P (), P~ () va(e) - vp (p)] dHO~ (p) dH (2)
T oflog(51))
as § — 0T,

Proof. Take F' € L' N L™ such that (Ps, F) satisfies the C''(R%; C) multiscale estimate on
I'. The assumptions on Ps easily ensures that Py € H'/2(R% C) N L*® and therefore that
(Ps)x € HY?(R;C) N L*> for almost all X € T*(FQ) by Lemma B.5. Hence, we can apply
the trace formula from Theorem 1.13:

/ Tr [Son((Py)x: Ry)] dX
T ]:Q

m((Ps)x (&), (F5)x (£2))
82 /*(.FQ)// &1 — &f? dordea 4

We split the d&; d€2 integral into the regions |§1 —&2| < 0, § < |§ —&| <1, and | — & > 1.

(6.3)
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The region |1 — &2| < ¢ can be bounded using the multiscale assumption on Ps:

Ps)x(€1), (Ps)x(&2))
/*(m //& —£2]<6 |61 — &2 d§y d&o dX

[(Ps)x (&) — (Ps)x(&2)?
= C/* (FQ) //1 £]<6 &1 — &af? dydizaX

sca/m/ /|u VP (p + Evo(w)|? dE dp dHI (x)

I ()

<C§ / (p)%4s(p)~2dp < C.

The first inequality uses (6.1) and that the (Pj)’s are uniformly bounded. The second in-
equality is Lemma A.7 with ¢ = 2, and the final integral is bounded by a simple computation
using Lemma C.2 and that I' has finite upper Minkowski content.

The region [£; — &| > 1 can be handled only using integrability alone. Bounding U, as

before,
Un((P5)x (&), (P5)x (2))
/*(}-Q) //1E2|>1 &1 — &f? déy dg2 dX

[(Ps)x (012 + |(Ps) x (&) 2
< /* (FQ) //1 —&|>1 |61 — &2 dé1dédX

<c/ || Py)x|2dX < C.

For the final region § < |¢; — &| < 1 we use the convergence Ps — P in L. Specifically,
by (6.2) and uniform boundedness

/ // Un((Ps)x(§1), (P5)x(§2)) — Un(Px (&1), PX(fQ))dgldgng
*(FQ) J Jo<]61—€2I<1

|61 — &
|(Ps)x(€1) — Px(§1)] + [(Ps)x (§2) — Px(&2)]
= C/* FQ //<|§1 £]<1 &1 — &2)? dey dez dX
<ol 1(Py)x — Pyl dX < o@ — o(log(6™1))
T+(FQ)

as 6 — 0.
Going back to (6.3) we conclude that

/ Tr [Sn((Ps)x;R+)] dX
T+(FQ)

m(Px (&1), Px(§2)) 1
&2 /*]—‘Q) //<|51 —&[<1 €1 — & dey dgz X + o(log(077),

as § — 07. Introduce the kernels 75 : Ry — R given by

(6.4)

1 1
ns(h) = Wl{éghgl}(h)ﬁ'

Clearly
oo o0
/ ns(h) dh =1, / ns(h)dh — 0 as § — 0T for all ¢ > 0,
0 €
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and by (6.4),
/ Tr [Sm((P(;)X; R.;,.)} dX
T*(FQ)

L Un(Px (&), P -
Og8772 /*]—‘Q //775 4~ &) ( X€(1§1—)§2|X(€2))d§1 dgs dX + o(log(37)),

as & — 0T. We are therefore exactly in a situation covered by Lemma A.11. Using this
lemma we conclude that, for all z € FQ,

P,
/ / / m(ler — &) ! (’””’)5(&_)’ @) e ge, dp
g () 1 £2|

— 2/] Um(P+(p),P7(p))|z/ﬂ(x) . VP(p)|d’Hd71(p)

as & — 07. By the uniform boundedness statement of Lemma A.11, it therefore follows from
the dominated convergence theorem that

[ rrlsa(PxiRa]dx
T+(FQ)
lo _ _
g4 2 / / Un(P*(p), P~ (p))lva(@) - vp(p)| dH" ' (p) dH* ' (2)
™ FQJip
+o(log(671)),
as § — 07, finishing the proof. [ |

Remark 6.2. By optimizing the splitting in the d&; d€s integral, it is actually sufficient to
assume that ||P — Ps|j; = o(§1log(6~1)?), and this carries over to the case ad > 1 in The-
orem 2.8. We are not able to establish the ad < 1 case in Theorem 2.8 under this weaker
condition, however.

Proof of Theorem 2.8. The case ad > 1 follows immediately from Proposition 6.1 and The-
orem 2.5.
The case ad < 1 is a reduction to the case ad = 1. Explicitly, by Lemma 3.12,

sup | Tr [Sp(Py; Q) — S (P /a; 09)]|
0<6<1/a

< Ca® min{H4(Q )Hd(ﬂp)} S ||st Pryally

<Cal sup |Py—Fsll1 = o(ad 1loga)
0<8<1/ax

as a — oo. We remark here that min{H%(Q), H*(Q°)} < oo either by assumption when
d = 1 or as a consequence of the isoperimetric inequality when d > 2. Hence, from the
established case @d > 1 with § = 1/« we find

Tr [Sm(Pg; aQ)]
=Tr [Sm(P1/a; a)] + + o(a® tlog(a))

d 110 » B
%ﬁlﬁi% (Bg (1) Py (p))vae) - v ()] 4 (o) d ()

+o(a® ! log(a))

as a — oo uniformly for ad < 1. [ |
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6.2. Proof of Theorem 1.1. We now deduce Theorem 1.1. For a fixed set Q C R? of finite
perimeter, with min{H(Q),H}(Q°)} < oo if d = 1, introduce the class C of all symbols
P € BV(R%C)N L>®, with P € L? 4+ C if d = 1, such that

Tr [Sim(P; Q)]

ad-1
log(a _ _
B [ U o) P o)) v ) ) (69
(2m) 7o lip
+o(a® ! log(a))
as a — oo for all m > 2. We first show that the class C is closed under suitable convergence
in L* or BV.

Lemma 6.3. Let Q C R? be a set of finite perimeter and let P € BV (R%;C)NL>®. Ford =1
assume in addition that P € L*(R,C) + C and that min{H' (), H*(Q°)} < oo. Consider a
sequence (Py) C C. If either

a) P, — P in L and sup, || Py gy < oo,
or

b) P, — P in BV and in L}
then also P € C

locs @nd sup, || Py L < oo,

Proof. Fix m > 2. Since (6.5) is satisfied for each P,, it suffices to show that, under either
condition a) or b),

1

n—=00  g—so0 O

and

liminf‘/m /JP Un(P*(p), P~ (p)|va(z) - ve(p)| dH™ (p) dH ! (z)

‘/ / Un(PF (), Py (9) va(z) - vp, ()| dH p)aH— )| (67)
70 Jp,

Note that under either assumption a) or b) the sequence (P,) is uniformly bounded in L*° and
in BV, and P, — P in L} .. Also, min{H*(Q),H*(Q°)} < oo and P, P, € L*(R%C) +C for

all n € N. This follows by assumption if d = 1 and by the embedding BV (R%;C) — LT +C
for d > 2, see [1, Theorem 3.47].

We start with the claim (6.6). Using the multilinear bound from Lemma 3.11 along with
the Hilbert-Schmidt estimate from Lemma 3.5 we see that it suffices to show that

im i Jj(p _ l J(p _ -
lim inf || P (P = Pp) P'l|oo|| P, (P = Po) Pl gy = 0

for all integers J,0 > 0. This is immediate under the assumption a), so assume b) holds. Since
P, — P in BV and in L}, it follows from Lemma A.14 that we can find a subsequence
(ng) such that Py (p) — P*(p) for HI1 almost all p € R?. Here the asterisk denotes the

precise representative. We conclude using Lemma A.15 that P}, (P — P,, )P’ — 0 in BV for
all integers 7,1 > 0, giving the claim (6.6).

The argument for (6.7) essentially boils down to the same. Note we have freedom to choose
the orientations vp and vp, as we see fit, so assume that vp, = vp on JpNJp, for all n. Let
vy, be the orientation on Jp U Jp, such that v, = vp on Jp and v,, = vp, on Jp,. We at this
point remind the reader that by our conventions on the jump values we have PT — P~ =0
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and P, — P, = 0 outside J,, and Jp,, respectively. We can thus bound

| / / Un(P* (), P~ (p))lva(x) - vp(p)| dH* (p) dH ! (x)
Folip
- / / Un(P,f (p), P () V() - v, () | dH () ' (2)
FQJJp,

= /m /JJ |Uan(P* (). P~ (0)) = Un (P (8). Py (D))
X v (@) - vo(z)] dH " (p) dH (2)

< Per(Q) /J P 0P 0) = UnPE ). P )] )

m—1
<y G+mr) [ o I PP 4 P )

We used the notation [Q](p) = Q1 (p) — @ (p) at the end. The last equality follows from
the concrete expression (5.2) of U, and our choice of orientations vp and vp,.
Now assume a) holds. Then also (PF¥)* — (P*)* in L> with respect to the measure
H4~L. Since (P,) is uniformly bounded in BV and in L>, the measure
I[P+ PR (p) M (p) = d| DY (P™F + B ) (p)

has uniformly bounded total mass. The claim (6.7) easily follows. Assume instead b) holds.
Arguing as for the claim (6.6) we can take a subsequence (n;) such that P! — P'in BV for
all integers [ > 0. In particular, for all 1 <k <m — 1,

/Hpk = Pol®I[P™ " + P F)(p)| a1 (p) < C|DI(P* — P)I(R) = 0,
giving he claim (6.6). ]

Proof of Theorem 1.1. Fix a set Q C R? with finite perimeter, and assume in addition that
min{H!(Q), H ()} < oo if d = 1. We show that the class C contains successively larger
classes of functions. Our initial class is obtained from Theorem 2.8.

Step 1: the base class. Let
N
P=> ajly,,
j=1

where (a;) C Cand A; C R? are bounded sets such that, for each j = 1,..., N, the boundary
OA; is contained in a finite union of Lipschitz graphs, and set I' = U§V:18Aj. Then P € BV
and T' is a set of locally finite upper Minkowski content by Lemma C.1. Let (¢s5) be a
standard family of mollifiers and set Py = P x ¢s. It follows from Lemma A.7 that

1P=Pil < [ [ IP@-+m) = P@losh dhdp < [Pl [Inlos(h) dh = 06).
Moreover, Pjs is locally constant on {d(p,I") > ¢} and satisfies
VR < C [ [Vos)|dh < C57 < Cti)
Rd

Since P has compact support, it is now easy to see that (P) satisfies a C''(R%; C) multiscale
estimate on I'. It now follows from Theorem 2.8 that P € C.

Step 2: simple compactly supported BV symbols. Let

N
P = Zalej,
j=1
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where (a;) € Cand A; C R? are bounded sets with finite perimeters. If d = 1 then P agrees
almost everywhere with a symbol covered in step 1, see [1, Proposition 3.52], so assume
d > 2. By Lemma C.7 we can take sequences (Aj,), j = 1,..., N, such that, for each j,n,
the set A;,, is bounded with boundary JA;,, contained in a finite union of Lipschitz graphs,
and

nli)rgo"lf\ﬂ - 1Aj,n||B'V = 07 nli)HolonlA] - 1Aj,n||1 =0

forall1<j < N. Set P, = Z;V:ﬂlle Then P, € C for all n by step 1, and P, — P in

BV and in L}, hence P € C by Lemma 6.3.
Step 3: compactly supported symbols in BV N L®. Let P € BV N L>® be a compactly

supported function. By Lemma A.12 we can find a sequence (P,) € BV N L of simple
functions such that

YR

lim |, — Pllo =0, supl[Pall gy < 00, [Pa(p)] < CIPW)|. p e R
n o0 ne

In particular, P, has compact support for each n € N. Hence, it follows from step 2 that
P, € C for all n, so we conclude that P € C by Lemma 6.3.

Step 4: integrable symbols in BV N L>®. Let P € BV N L*™ and assume that P € Ld%l if
d
d> 2 and that P € L% if d = 1. Note that P € L7a-1 N L*® C L? also when d > 2, apd that
P*(p) — 0 as |p| — oo when d = 1. By Lemma A.13 we can find a sequence (P,) C BV NL>®
of compactly supported functions such that P, — P pointwise and
T ([P~ Palliy =0, |Pa(o)| < [P)]. p R
It follows from step 3 and Lemma 6.3 that P € C.

Step 5: the general case. Let P € BV N L™ and assume in addition that P € L? + C if
d = 1. Then, either by assumption or by the embedding from [1, Theorem 3.47], there exists
d
a constant Ps, € C such that P — Py € La-1if d > 2 and P — Py, € L? if d = 1. Set
Py =P — Py. The claim P € C now follows from the binomial expansions

m
m —
Tr [Spn(P;a)] = <k>ng T [Sk(Po; a)],
k=2

and

Un(A+ P, B+ Px) = <’]’:> P™*U(A,B), A,BeC,
k=2

and the fact that Py € C by step 4.

7. EXTENSIONS TO GENERAL SPECTRAL FUNCTIONS

In this section we carry out the extension procedure from polynomial f to more general
spectral functions to deduce Theorem 1.7 and Theorem 1.17. As mentioned in the Introduc-
tion, carrying out this procedure requires, in addition to the limit theorems for polynomials,
uniform estimates on 1,qP1la0e. For general symbols P, the bridge between these two in-
gredients are given by abstract trace inequalities.

For the case of Theorem 1.17 our argument follows roughly those of Sobolev [44] and
Widom [54]. We only rely on Hilbert-Schmidt estimates on 1gPlge, which we have already
established in Lemma 3.1 and Lemma 3.5. The case of indicators Theorem 1.7 is more precise.
Here our argument is a simplified version of the much more precise extension arguments from
[23] by Kulikov and the second author.

We start by establishing the abstract operator bounds required for Theorem 1.17.
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7.1. Analytic case. We first treat holomorphic f. The basic input is a Cauchy integral
representation of S¢(P;€), which yields a trace class bound in terms of ||1QP19.:||%2. We
remind the reader that for a bounded operator A on a Hilbert space H the numerical range
W(A) is defined by

W(A) = {(, Ap) | € H, |[¢]| =1}

Lemma 7.1. Let P be a bounded operator on a Hilbert space H. The numerical range has
the following properties:

a) W(P) is compact, convex, and contains o(P) the spectrum of P.

b) If x : H' — H is an isometry between Hilbert spaces, then W(x*Px) C W(P).

¢) If = € W(P)° then

1
< —.
~ d(z,W(P))
d) If P is a multiplication operator on H = L*(R% C") with symbol P € L>, then
W(P(p)) € W(P) for almost all p € RZ.

I(P = 2) s

Proof. The statement a) is the Hausdorff-Toeplitz theorem and b) is obvious from the
definition. For ¢) simply note that for any 1) € H with ||¢|| = 1:

d(z,W(P)) < [(¢, Py) — 2| < [[(P = 2)¢.

Taking inf over all such v, conclude d(z, W(P)) < [[(P — 2) 7|}

Finally for d) assume that P acts by multiplication. Take p € R? a Lebesgue point of P;
almost all p will do. We show that W (P(p)) C W(P), so take A € W(P(p)) and z € C"
such that (z, P(p)z) = A\. Let ¢.(q) = Wllgs(m(q)x. Clearly |[¢)]l2 = 1 for all € > 0,
and by the assumption that p is a Lebesgue point,

(e, PU.) = ]{B 5 Pla)) dg = . Plple) =

as € — 0T. Since W (P) is closed by a), it follows that A € W (P). |

Lemma 7.2. Let Q C R? be a measurable set and let P € L>®°(R% M,,). Let U be an open
set containing W(P) and T' C U \ W(P) a rectifiable closed curve with indr(z) = 1 for
z € W(P). Such T always exist. Then, for any function f holomorphic on U,

1 HYT)
(P:Q)|ls, < —s o) 1gPloclls, |[1a: Plalls, -
155(P: D)llsy < 5 2‘;§|f(2)|d<r,w<p))s” aPlaclls, 1o Plolls,

Proof. For the existence of I', one can take I' to be the boundary of the convex set W (P)+ B.
for € small enough. Given I, it follows from the Cauchy integral formula that

L / F&)((1aPlg — 2 — 10(P — 2) '10) d=.
T

2

S¢(P;Q) =
Note all inverses make sense by Lemma 7.1. We have the following useful identity:
1o(P —2)'1g — (1g(P — 2)1g) !
= (1o(P — 2)10) " (1gPloe) (Lae(P — 2)1ge) ' (Lae Plo) (1o(P — 2) " 1q) .

One can see this, for instance, by writing P as a two-by-two block operator in the decompo-
sition L2(R%; C") = L?(Q; C") @ L?(Q% C") and apply the resolvent identity to the diagonal
and off-diagonal part. With this at hand we can estimate using Lemma 7.1:

(7.1)

[1a(P = 2)"'1g — (1a(P — 2)1a) 'ls, E [LoPloc|s, [[1ocPlalls,-

1
= d(z, W(P)
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We conclude

1 £ (2)]
P;Q <— | —————|[1qPlqe 1geP1 d
1S5 (P5 Q)lls, < 5~ Fd(z,W(P))?’” aPloc|ls, |[1a-Plals, dz
HY(D)
< - R ]_ P C ]_ (5P
finishing the proof. ||

Remark 7.3. In this proof we strictly speaking ignored the contribution of the kernel arising

from Q¢ by identifying 1o P1lq with x{Pxq, where xq : L2(Q; M,,) — L*(R% M,,) is the in-

clusion map. Since, however, in the decomposition L?(R% M,,) = L?(Q; M,,) ® L*(Q% M,,),
lof(1oPlo)lo — lof o Plg = (f(xaPxa) — Xaf © Pxa) &0

for all f such that both the right and left hand sides makes sense, this is without loss.

7.2. Real case. We turn to the case of self-adjoint P. We prove the required trace class
bounds for two classes: f € B2 ,, using the Koplienko-Neidhardt trace formula, and f € C?,

00,1
using the Berezin—Lieb inequality. The Besov space ngl was introduced in (1.23).

Lemma 7.4. Let P € L®(R% M,,) take values in self-adjoint matrices and let Q@ C R? be a
measurable set. Assume that 1gPlge. € So. If f € ngl(R; C), then S§(P;Q) € S1, and

1S (P;s )]s, < ClIfll gz, I1aPlacll5,,
for a universal constant C > 0.

Proof. We intend to apply the Koplienko—Neidhardt trace formula [33], or specifically the
boundedness statement from [33, Theorem 4.6]. To verify its applicability, we first notice
that

Sf(P; Q) =—1g (f(P) — f(lQPlQ + 1QcP19c)) 1.
The expression is essentially perturbative since
K =P — (1gPlg+ 1gePlge) = 1gPlge + 1ge Plg € So

by assumption. Let us write D = 1gP1lg + 1gcPlge for the diagonal part. We claim that,
for all Lipschitz functions f on R,

d
1Q%f(D+3K)|s=01§2 =0. (7.2)

Here the derivative is taken in the Hilbert space Sa, see [33, (2.6)]. As is well known from
the theory of double operator integrals, we have the explicit formula

4Dt [ LI
S RxR T Y
Here dEp is the spectral resolution for the self-adjoint operator D. Since D is diagonal
and K off-diagonal in the decomposition L?(R% C") = L%(Q;C") & L?*(Q¢;C"), the claim
(7.2) follows. We refer to [34] and the references therein for background on double operator
integrals and related topics.

It now follows directly from [33] that

dEp(x)KdEp(y).

d
1S5 (P DIl < If(D + K) = £(D) = - f(D + sK)ls=olls, < Clifllsz, IIK3,,

which finishes the proof. [ |

Under the additional assumptions that P € L?(R%R) 4+ R and H4(Q) < oo, it is easy to
verify that S;p(P;Q) € Sy for f € C2. This removes the main difficulty from applying the
Koplienko—Neidhardt trace formula. In this case, we can use the extension to the Berezin-
Lieb inequality from [26] instead, which was also used by Sobolev in [44].
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Lemma 7.5. Let P € L®(R%R) be real valued and let Q C RY be measurable. Assume in
addition that P € L>(R%:R) + R and that HY(Q) < oo. If f € I/Vlicoo with f" € L™, then
S¢(P;Q) € Sy, and

"
TP < 1]

NePlocs,.

Proof. Take Py, € R such that Py = P — Py € L2 and set f(z) = f(z + Px). Then clearly
Sp(P;€2) = Sp(Fo; 2).

Since Pylg € Sz by Lemma 3.2, it follows from the generalization to the Berezin-Lieb
inequality [26, Corollary 17] that Sy(P;€2) € Sy and that

||f”||oo ||f”||oo

(T 57 (P5 Q)] = [Te (P )] < 2 10 Pp1gel 3, = 110 P1ge| 3,

|
7.3. Proof of Theorem 1.17. We first establish the holomorphic extension for (possibly)
complex valued symbols, say for the case of BV symbols from Theorem 1.1. So let P €
BV (R%,C)N L™ and let Q C R? be a set of finite perimeter. If d = 1 we assume in addition

that P € L*(R% C) + C and that min{H!(Q2), H}(Q°)} < cc. Let f be holomorphic on a
neighborhood U O W (P). We need to show that

Tr [S§(P;aQ)]

d 110 - 3
= [ e o). e ate) - velo)| ant ) ant o

+o(a™ log(a))

as a — oo. Take a rectifiable curve I' C U \ W(P) as in Lemma 7.2, and let K be the
compact region enclosed I'. By Runge’s theorem we can find a sequence of polynomials (fy,)
such that f,, — f uniformly on K. Since the polynomial case is covered by Theorem 1.1, it
suffices to show that

|Tr [Sp(P; ) — Sy, (P;0Q)]| =

lim sup lim sup
n—oo a—o0

at~1log o

and

n—o0

[ [ 00 P et e a ) @) =0,
FQJJp
The first claim is immediate from Lemma 7.2 and Lemma 3.5 since
| Tt [Sp(P; Q) = Sy, (P;aQ)]| < [[Sy—y, (P; a)ls,
<C Suplf(Z) fa(2)[[1aoPlage s, [[lage Plagls,

“mSUP’/ /Uf(P+(p),P’(p))|m(p)-Vp(p)ld?ld’l(p)d%dfl(z)
FoJip

< Cad Yog(a) sup|f(z) — fu(2)],
zeK

for & > apgq large enough. The second claim follows from the basic inequality, for A, B €
W(P),
1
[Uf(A,B) = Uy, (A, B)| < 5 o [f"(2) = fa(2)||A = BJ%, (7.3)
ze
and dominated convergence. The bound (7.3) is easily seen after integrating by parts twice,

see also [54, (37)]. We also note that P*(p) € W(P) for H?~! almost all p € Jp, which can

be shown by similar argument as Lemma 7.1 d), and that fék) — f uniformly on W (P) for
all k € N, a consequence of the global Cauchy integral formula.
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The extension argument for Theorem 1.13 for holomorphic f is identical using Lemma 3.1
instead of Lemma 3.5.
We turn to the real case, and let us this time focus on H/2. So assume that P €
H'2(R%R) N L™ and that Q C R is a set of finite perimeter. Assume that either
a) f€ Bgo,la
or that
b) P € L>(R%;R) + R, HYQ) < oo, and that f € C?(R).
We want to show in either case that

d 1 Up(Px(&1), Px(&2)) d—
Tr [Sf(P aQ)] 8772 271_ /* o) // |§1 & |2 dé1 déa dX + o 1)

as a — co. Assume at first that a) holds. We can take a sequence (f,) C B2, of real
analytic functions such that f,, — f in Bgo,l‘ In fact, we can choose f,, such that the Fourier

transforms fn have compact support. This follows from the Littlewood-Paley description of
B2, ;. Note in particular that || f” — f//[loc — 0. Since we have already established the limit
theorem for (real) analytic functions, it suffices to show that

lim sup lim sup dl T |Tr [Sf(P af)) — Sy, (P; aQ)H =0,

n—o0 a—r00

and
. Uy(Px (&), Px(&2))
s [ LT e dadeadx
Ut, (Px(&1), Px(&2))
= dé1déadX | = 0.
/*(]—‘Q)// |§1 52‘2 El 52 X 0

The first claim follows from Lemma 7.4 and Lemma 3.1, and the second from the bound
(7.3). The case b) is easier. Since P is bounded we may assume that f € C?(R). We
approximate f by polynomials (f,,) such that f}/ — f” uniformly on the support of f. Such
a sequence is supplied, for instance, by the Stone-Weierstrass theorem. The argument is now
the same, this time referring to Lemma 7.5 instead.

The extension argument for Theorem 1.1 for real valued P is handled in similarly.

7.4. The case of indicators. We here prove Theorem 1.7. We first establish the uniform
bound (1.16).

Lemma 7.6. Let Q, A C R? be sets of finite perimeter and assume FQ and FA have finite
upper Minkowksi content. If d = 1 assume in addition that min{H'(2), H'(2°)} < oo and
min{H!(A), H}(A)} < co. Then

Ilaelalagells, < Coaa® ' log(a)
for a large enough.

Proof. Like in the proof of Lemma 3.5, the argument is an interpolation between a volume
bound and an area bound. Here Lemma 3.18 will serve as our area bound. For the volume
bound, we recall the following elementary result of Birman-Solomyak:

1F@)g®)ls: < Cllfllaallglaczy,  Mrlacey =Y Iloehle, (7.4)

2€7Z4

where Q(z) is the cube centered at z with side length 1. See [43, Theorem 4.5] for a simple
proof.

We proceed with the proof. First of all, after possibly modifying {2 and A by a measure
zero set, we may assume that 9Q = FQ and JA = FA. This follows from [31, Proposition
12.19 and Remark 15.3]. In particular, 9Q and OA are compact and sets of finite upper
Minkowski content. For d > 2 this implies that either 2 or ¢ are bounded, similarly for A.
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The same conclusion holds for d = 1 since min{H!(2), H(Q)} < oo, similarly for A. Since
laolalagells, = [[lagelaclanlls,, we may without loss assume that A and Q are bounded
sets.

Let (¢s) be a family of standard mollifiers and set P = 14 and Ps = 15 * ¢5. It follows
from the volume bound (7.4) and a change of variables that

Ma(P = Prya)laqells; < [TaDija(P = Pra)lls, < [alle )| D1a(P = Ps)llenr2)-

Here Dy/o(P — Pyjo)(p) = P(p/a) — Pyjo(p/a) is supported in adA + B; and uniformly
bounded by 1. Denote Z = {z € Z? | Q(2) N (aOA + By) # 0}. Then, for a large enough,

1D1/a(P = Pya)lags < 3 / Ldp < HYah + B, 5 7) < Caa®™,

2€7

where we used that OA has finite upper Minkowski content at the end. Since 2 is bounded,
we can simply bound [|1g[s(z2) < Cq < oo. We conclude that

[1ae(P = Pijo)lagells, < Ca® . (7.5)

It therefore suffices to estimate ||1a0 P /qlaoe|ls; -

Applying Lemma 3.18 directly to P/, would lead to wrong scaling bound due to the
number of derivatives needed. Instead we localize the symbol P/, using the partition of
unity (¢,) supplied by Lemma 2.1 with I' = 9A:

Pl/oz(p) = /]Rd gl/a(u)_dpu,l/a(p) du, Pu,l/oz = ¢u(p)P1/a
It is easy to verify that, for a suitable non-negative function G € L' n L™,
IDPPy1/a(p)] < Gu)lya(w) P, peRY, |8 <d+1, (7.6)

uniformly for all u € R%. By the triangle inequality and another change of variables we find

1100 Pt jaLoge|ls, < / 01 () U100 Py jaloge s, du

< /51/a(u)_d||1z1/a(u)aﬂ (Dél/a(u)PuJ/a) Loy o (wyaqells, du.

Here, as before, Dy, Puisa (P) = Puj/a(f1/a(uw)p), which is supported in a ball of radius
1 and satisfies
‘DﬂDll/a(u)Pu,l/a(p” < G(u)’ pERd, ‘6| §d+17

by the multiscale estimate (7.6). In particular, it follows from Lemma 3.18 that

116y, w00 (Dey Pt /a) Ty ouanelsy < CG)(1+ (o (w)*).
Integrating over u € R?, we conclude using Lemma C.2 that
||1O¢QP1/O(10¢Qc||51 < C’/Zl/a(u)fd(l + (aél/a(u))dfl)G(u) du < Cadt log(a),
finishing the proof. u

Proof of Theorem 1.7. With the uniform bound (1.16) already established in Lemma 7.6, we
only need to prove (1.18), that is

1 Uf()l

J e riogey T 51 0as00] = R [ [ ) - wa(o) ) ' ),
(7.7)

We may without loss assume that f is real valued by splitting into real and imaginary parts.
We establish (7.7) for successively larger classes of functions f.
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Step 1: continuous functions supported away from 0 and 1. Assume f : [0,1] — R is
continuous with support in [e,1 — €] for some 0 < ¢ < 1/2. Then g(z) = w(fl(fl) is also
continuous, so we can find a sequence (g,) of polynomials such that, for all n € N,

sup |gn(z) —g(z)] < 1/n
z€[0,1]

If we denote ap(z) = 2(1 — 2)(gn(z) — ) and by(z) = (1 — z)(gn(z) + 1), then
an(z) < f(x) < bu(),

and therefore, as operators,
an(lanlalen) < f(lanlalan) < bn(lanlalan)
Since ay, by, and f vanishes at 0 and 1, this is the same as
San(1a;aQ2) < Sp(1a;a) < Sp, (1a500).

Since the polynomial case is covered by Theorem 1.1 by linearity, we conclude

Ua. (0,1)
el [ [ @) e ant g ant o
< hmlnf; Tr [Sp(1a;002)]

a5 adTlog(a)

< lim sup Tr [Sy(1a;092)]

asoo ad1log(a)

U,
< gﬁdﬂ /m/mm oA (p)] dHO (p) dHO ().

Since clearly Us,,, (0,1),Us, (0,1) = Uf(0,1) as n — oo, the claim (7.7) follows for this f.

Step 2: indicators away from 0 and 1. Consider f = 1(, with 0 < a <b < 1. The argument
is essentially the same as in step 1. This time set

a6($):(1_w> | bg(x):(l_d(mms,be])) .
= ). N

3

Clearly a. and b, are continuous functions supported away from 0 and 1 for ¢ > 0 small
enough, and a.(z) < f(z) < be(x). We can thus repeat the argument above, this time using
that (7.7) holds for a. and b. by step 1.

Step 3: general case Let f : [0,1] — C be Riemann integrable on [g,1—¢] for all 0 < e < 1/2
and assume that

lim sup M =0, limsup
z—0t z1/? z—0t
We may assume that f(0) = f(1) = 0. Indeed, simply note that

Sf(lA,aQ) Sz (1A,OéQ) Uf(O, 1) = Uf*(O, 1),

[f(1 =) = f()

21/2

=0. (7.8)

where f(z) = f(z) — (1 — x)f(0) — 2 f(1), and clearly f is Riemann integrable on [, 1 — €]
for all 0 < € < 1/2 and satisfies (7.8) if and only if the same is true for f.
For all 0 < € < 1/2 we can find Riemann upper and lower sums a. < f < b on [¢,1 — €]

such that n n
= p_(0) — a.(0

Here a. and b, are finite linear combinations of indicators of the form 1,3 withe <a <b <
1 — . For the part close to the end points we introduce the maximal operators

b) b)
O<x<a 5151/2 O<x§5 1/2
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and employ the elementary bound

) < L OG0 a2, aep o).

We set gc(x) = MHEEIIE (1 — 4))1/% 5o that ac — g < f < be + g on [0,1]. Going

through the monotonicity argument one final time it suffices to show that

1
hgrg(l)rlf hanilgf o Tlog(a) Tr [Sa. (1a;082) — Sy, (1p; 002)]

UQfﬂ-Odjl /m/ va(@) - va(p)| dH* (p) AT (2),

and

lim sup lim sup —————
cs0t  asoo ¥ llog(a)

— S [ e sl ) a0
Since (7.7) holds for a. and b, for all 0 < € < 1/2 by step 2, and clearly
Ua(0,1), Uy (0,1) — Ug(0,1)
by (7.9), it suffices to show that

Tr [Sbe(lA; af)) + 9. (1a; aQ)]

|Tr[ e 1A,aQ)]| 0.

lim sup lim sup s
es0t a0 log(a

By the exact identity
laolalan (1 — 1laglalan) = (lanlalage) (laolalage)”,

we conclude using the a priori bound from Lemma 7.6 and the assumption (7.8) that

lim sup s |Tr [Sy. (145 092)]|

a—00 log( )

Mof(e) + Mif(e) 1
(1- )1/2 lén_)solip ad-1 log(c) [laolalan IIs,
Mof(e) + Mif(e)
<C 0
< Caa TSI
as € — 07, finishing the proof. =

APPENDIX A. RESULTS ON BOUNDED VARIATION FUNCTIONS

In this Appendix we gather definitions and various results for bounded variation functions
of a more abstract character.

A.1. Definitions and fine structure of BV functions. In this subsection we recall the
definition of bounded variation functions and the fine structure of such functions. We follow
the standard textbook reference [1], and we refer to this book for background and discussions.
We also refer to [14,15,31].

Definition A.1. Let P € L}OC(R‘I; C™). The variation of P on an open set A C R? is

> [P divop ) @
k=1

We say that P has bounded variation if Var(P; RY) = || P|| g1, < oo and denote by BV (R%,C™)
the corresponding space of bounded variation functions. We say that P has locally finite
variation if Var(P; A) < oo for all open bounded sets A and denote by BVj,.(R?; C") the
corresponding space.

Var(P; A) = sup {

= (41, dn) € CZ(A,CH", [0(p)] < 1}-
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Remark A.2. Tt is non-standard to allow functions with values in a complex vector space.
The concerned reader can safely identify C ~ R? in every instance below.

As a consequence of Riesz representation theorem, P € BV (R% C") if and only if the dis-
tributional derivative DP is a finite n X d-matrix valued measure, and Var(P; A) = |[DP|(A)
for A C R? open, where |DP| is the total variation measure.

Definition A.3. The perimeter of a measurable set 2 C R9 is the variation of the fupction
1o, that is Per(Q) = Var(1g; R?). We say that (2 is a set of finite perimeter if 1 € BV and
a set of locally finite perimeter if 1g € BVj,..

Definition A.4. The reduced boundary F2 of a set {2 of locally finite perimeter is the set
of all points = € supp |D1q| such that the limit

vo(xz) = lim 7D19(Br(x))
@ r—0+ | D1g|(B,(x))

exists and satisfies |vo(x)] = 1. The function vg : FQ — S9! is called the (measure
theoretic) interior normal to .

If © is a set of locally finite perimeter, then the reduced boundary F is countably
H4=1 rectifiable and the distributional derivative of 1q satisfies D1g = vodH% L rq, see
[14, Theorem 5.15]. The latter can be seen as a Gauss-Green formula on €.

If O C R? is a set with Lipschitz boundary, then © has locally finite perimeter. This
follows from the Gauss-Green theorem for such sets. If moreover H?~1(9Q) < oo then  is
a set of finite perimeter. In this case FQ C 9Q (this is always true), H4~1(9Q \ FQ) = 0,
and v agrees with the measure theoretic interior almost everywhere.

Definition A.5. Let P € L} (R%C).
a) We call p € R? a continuity point of P if there is P(p) € C" such that

][ \P(q)—]s(q)|dq—>0asr—>0+.
BT(P)

The singular set Sp of P is the complement of all continuity points.
b) We call p € R? a jump point if there is a triple (P (p), P~ (p), vp(p)) € C"*xC"x 541
such that PT(p) # P~ (p) and

FoIP@) - PEG)ldg > 0as T 0",
B (p;vp(p))

where B (p;vp(p)) = {g € R? | [p—q| < r, £(¢ —p) - vp(p) > 0}. The triple is
uniquely determined down to a change of sign:

(P*(p), P~(p),vp(p)) ~ (P~ (p), P (p), —vp(p)).

The jump set Jp of P is the set of all jump points equipped with an implicit choice
of (measurable) orientation vp : Jp — S9! We extend P* to be defined on all of
R4\ (Sp \ Jp) by setting P*(p) = P(p) on R?\ Sp. The precise representative of P
is given by P* =1 (P*+ P~) on R\ (Sp \ Jp).

It follows from the Federer-Vol’pert theorem [1, Theorem 3.78] that for P € B.V(Rd; cm),
the jump set Jp is countably H?~! rectifiable with vp a measure theoretic normal, H**(Sp\
Jp) =0, and

g [P*(p) = P~ (p)|dH"!(p) = |DP|(Jp) < |DP|(R?) < oo (A.1)

It follows that the normal vp is determined (down to sign M1 almost everywhere) by Jp.
Given an orientation vp, the functions P* are thus uniquely defined #?%~! almost everywhere.
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It is possible to make (A.1) more precise. The measure DP splits
DP =VPdp+ DP+ (PY — P7)®@updH* 'L,

into an absolutely continuous part D®*P = V Pdp, a Cantor part D°P, and the jump part
DIP = (Pt — P7)®vpdH 'L ,. In what follows it suffices to note that the Cantor part
DeP is singular with respect to H? and H4~!. See [1, Proposition 3.92] for a more precise
statement.

In many proofs it will be convenient to work with one-dimensional sections of BV (R%; C™)
functions. For v € S9! and p € 11, we write P, ,(¢) = P(p+£v), € € R, for the corresponding
section. We will only need the following.

Proposition A.6. Let P € BV (R C"). For almost all p € I1,, the following holds:

a) P,, € BV(R;C") and
| 1DPI®)dp < [DPICR)

b) Jp,, ={{ €R|p+&v e Jp} andv -vp(p+&v) #0 for £ € Jp,,. Moreover, with
the orientation vp, ,(§) = sgn(v - vp(p +&v)) on Jp,,, we have
(Pup)™(6) = (P¥)up(&) = P(p + &v)
for all € € R.
¢) |(Pup)* ()] < | Pllos for all € € R.

Proof. The statement a) follows from [1, Theorem 3.103] while b) is [1, Theorem 3.108]. For
c), simply note that ||P,p|lec < ||Pllec for H4™! almost all p € II,, and that |(P,,)* ()] <
| Pypllcc everywhere.

The fine structure of P € BV (R;C") in one real variable is well known. We recall the
following;:

P*(6x) = PF(§) = PT (&) if vp(§) =1,
P*(éx) = PT(§) = P*(&) if vp(€) = —
where we denoted g(£4) = lim,_,g+ g(§ £ £). On the other hand,
PT(t) = P (t) = P*(t)
are continuous for ¢t € R\ Jp. The jump set Jp is at most countable. We refer to [1, Theorem
3.28] for the details.

(A.2)

A.2. Uniform bounds in truncated H® norms. In this subsection we obtain simple
estimates for BV functions in truncated H* norms. These are applied with s = 1 /2 in
Section 3 (and elsewhere) to bound the operator 1,0P1laqc in Hilbert-Schmidt norm for
PeBV.

We first recall the finite difference (Besov type) characterization of BV and W4, ¢ > 1.

Lemma A.7. Let P € L}, (R4 C"). If ¢ > 1 and VP € L7 then
1/q

([1Pw+w) - PwIrds) " < [VPIIA, h e,
Similarly, if P € BV (R C"), then

[1PG+ 1)~ P da < [DPIEYIA, 1 e R
Conwversely, for g > 1, if there is Cpq such that

q 1/q
([1Pw+ 1) - Pwrdn) " < Cr

for all h € RY, then VP € LY. The analogous result holds for BV .
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Proof. The case ¢ = oo is the Lipschitz characterization of W1, Consider 1 < ¢ < oo and
let (¢:) be a family of standard mollifiers. Say VP € L7 and set P. = P * ¢.. By Fatou’s
lemma and Jensen’s inequality

/|P(p+h) P(p )|qdq<hm1nf/|P (p+h)— P.(p)|%dp

q
:liminf// VP.(p+th)hdt| dp
e—0t 0
q1im i q — q q
< [h|*lim inf |V Pe[[ = |R|*|[VPIIZ.

The case ¢ = 1 is entirely similar. If P € BV there is P- smooth such that IVP1 —
|IDf|(R?) and P. — P almost everywhere, see [, Theorem 3.9]. The argument is now the
same.

For the converse, let D!, P(p) = %( (p+tv) — P(p)) for t € R and v € S9!, Assume that

([1Pw=1) - Pw)7an) " < Cpy .

Then clearly || D! P||, < Cp,4 is uniformly bounded as ¢ — 0, so there is a subsequence t,, — 0
such that D! P — g, weakly in L? and ||g, ||, < Cpg. Clearly g, = VPv in the distributional
sense, so summing over an orthonormal basis we conclude VP € L9.

The BV case is more direct: For ® = (¢1,...,0n) € CX R CH™, we can write div ¢; =
limy—0 > vk - D,’ik@ for an orthonormal basis (), and plug directly into the definition of
the variation. We leave the details. ]

Our proof below is inspired by [19] and the integration by parts argument from [3]. The
latter paper also contains the exact leading order asymptotics for the case s = 1.

Lemma A.8. Let P € BV(R% C") N L™ N L% There is a constant Cyq such that
S D C S—
[ laPP@P o < 5 S B P Pl (A3)
|z|<R
and
/||>R|P(I)|2dx < Ca R7Y|P|l gy |IPlloo- (A.4)

uniformly for s > 1/2 and R; 0. Also
[ JelP@Pds < Catog RIPIs 1Pl (A5)
R-1<|z|<R

for R > 1.

Proof. We first prove (A.3) with s = 1 from which the rest will follow. Fix R > 0, 6 € S9!,
and h € R with || = ZR™!. By the Plancherel theorem and Lemma A.7 we find

/|P 2sin(he - 0)? dx < /|P )11 — exp(ihz - 0)|* do = /|P — P(p— ho)*dp
< 2/A[l|P[| gy I Plloo-

Now if |#| < R then |hz - 0] < 7/2 and so sin(hx - 0)2 > %\hmx 0> = R2|z - 6% by
concavity. Restricting the integral on the left hand side to |z| < R and integrating over

6 € S 1 conclude

1 -~
Z |P(2)]?|2]? de < Cal| Pl gy | Plloo
lo|<R

where, explicitly,

—1
Ca=mH (5 / 0a dHN0)) = .
gd—1
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We now show the general case s > 1/2, s # 1. Let L > 0 and note that (A.3) for s =1
gives

L 953 9% 5 L2s 1
[ R [ ePIP@)R dedR < Cay— 1Pl Py
0 |z|<R
Integrating the left hand side by parts in R we find
0555 (2 [ pPIB@Ra - [ pPIP@R ) < Cip Pl Pl
= — o0 .
2s — 2 IxISL \rlSL 2s —1 BV
Note the boundary contribution from L = 0 vanishes. We conclude
[l IP@Pde < Cal 5 + 1) Pl Pl gy <
|z|<L o 25 —1
The case s = 1/2 is identical. By (A.3) for s =1 we find for L > 1
[ R [ 1P e R < Cutog LIl Pl
L1 |z|<R
Integrating by parts
/ / z)*|z|* dx dR
L1 |z|<R
7~ 202 SN2 ]2 50012
=—L / \P(m)| |x|* dx + L/ |P(z)|%|z|* dx +/ |P(z)|*|x| dz,
j2|<L o<1 L1<e[<L
and the claim follows from (A.3).
Finally (A.4) follows from
o0
[ RS al P de R < CaR 7P gy 1P
L |z|<R
after integrating by parts. |

Remark A.9. The condition P € BV NL> can be relaxed to P € le’/fo, which is characterized
by the seminorm

IPIys = sup o [1P-+ 1) = POy < oc.

A.3. Deriving the boundary coefficient. In this subsection we compute the leading order
asymptotics as ¢ — 07 of integrals of the form (1.24):

/ // n=(1&1 —§2|)U(P(p+£1ylp(p+§2y)) d&1 d&s dp,
L JJrRxR &1 — &of

which directly appear in the proof of Theorem 2.8. The result of this computation will exactly
be the boundary coefficient from Theorem 1.1. We refer to [6,11,39] for related computations.
Since the kernels 7. concentrate around 0, the leading order term is determined by the
behavior of U(A, B) near the diagonal A = B. The key point is that U(A, B) = o(|A — B|),
which decouples the continuous (or diffuse) part of the derivative from the jump part.

We first establish an auxiliary result.

Lemma A.10. Consider a function U : C* x C* — CM. Assume that U is continuous,
symmetric, and that there is a function w such that U(A, B) = w(A, B)|A — B| with

pr(r) = sup{|lw(A, B)| | [A = B| <, |A[,|B] < K} = o(1)
asr — 0% for all K > 0. Then, for all P € B'V(Rd;(C”) NL>® and all v € S,

lim [ 0P+ ). o) dp = /J U(P*(p), P~ () vp(p) - v] dHE (p).

e—0t €
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Proof. We first consider d = 1 with v = 1. Note P € L, so we simply write p = p|p|.-
Fix § > 0 and take t; < t9 < --- < t,, such that
S PY@) - P ()| <6, [DP|(tp-r,tk) <6, k=1,...,n, (A.6)
pEJp\{th...,tn}
with tg = —oo and ¢,41 = 0o. Note that we do not require ¢t; € Jp. For € > 0 small enough
we can decompose

L [ue o). P dp
n+1 1 (A?)

:Z,/k EU(p*(erg P*(p dp—f—z U(P*(p+e), P*(p)) dp,

€Jt ty—e
k=1 k=1 k—
of course with the understanding t,1; — e = oo. We used that P = P* almost everywhere.
We first handle the second term in (A.7). To this end, since U is continuous and symmetric,
it follows from the left/right continuity statement (A.2) that, for all 1 < k <mn,
sup{|U(P*(p+ ), P*(p)) = U(P* (t), P~ (t))] | ts — € < p < ty}
< sup{|U(P*(p), P*(q)) —U(P*(tg+), P*(tx,—))| |tk —e <p<tr <g<trp+e} =0

as € — 0T. Of course, if ¢, € R\ Jp, this is simply a continuity statement. We conclude
Z / U(P*(p +¢), P*(p)) dp — ZU(P+ tr), P~ (ty)).
t k=1

We now handle the other term in (A.7). Fix 1 < k < n+ 1. Let Qf be the extension
of P, ,t,—c) to R constant on (—o0,t,_1] and [ty, 00) without creating any new jumps.
Clearly |[DQg|(R) = |DP|(ty—1,tx—e¢). In particular |Q} (p+e)—Q%(p)| < |DP|(ty—1,tk—e) <
0 by construction (A.6). It now follows from Lemma A.7 that

n+1 tp—e
Soo [T W wre.P )l

k=1 € Jty_y

n+1

<37 [10i0+9) - QLI(@ie + 2.0

n+1

<Y p(8)|DP|(ti-1,t, — ) < [DP|(R)p(6).
k=1

Summing up, using the construction (A.6) again,

iimsup|> [ U(P+2). Po)) dp— - U(P*(0), P~ ()

+ | €
e—0 peJp

< lim sup 1/U(P(;D+€),P(p)) dp — Z U(P*(p), P~ (p))

+ | &€
e=0 PE{t1tn}

+ ) |UPT(p), P (p))
peJp\{t1,..tn}
< [DP|(R)p(6) + p(|DP|(R))S.

Letting 6 — 07 gives the result for d =1 and v = 1.
The general case d > 1 is a simple consequence of the d = 1 case. For fixed v € S9! write

/RdU(P(pHV ) dp = // Pyp(€ +€), Pup(€)) d dp.
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By Proposition A.6, the established case d = 1, and the dominated convergence theorem, we
find

i/V/RU(PMP(f+6)7Pu,p(f))d€dp%/V Z UPt(p+&v), P (p+&v))dp

pHEvEp

- /J U(P*(0), P~ (0)lv - vp(p)| dHE(p).

The last equality follows from the area formula, see the remark following [1, Theorem 2.71]
(the Jacobian is computed in exercise 2.18). Dominated convergence is easy to justify by
Lemma A.7 and Proposition A.6. |

We now apply Lemma A.10 to the functionals of the form (1.24).

Lemma A.11. Let U be as in Lemma A.10. Consider kernels n. : Ry — R satisfying

o0 o0
el < C, / Ne(r)dr =1, /5 [ne(r)| dr — O for all § > 0.
0

Then, for allv € S41 and P B.V(]Rd; CN)Y N L>® we have

U@ +&r), Pp+ &)
/HV //775(|§1 &al) 6 = &l d&y d&a dp

2 /J U (p), P~ (o)l - vp(p)| dHO ()

as € — 0F. Moreover, there is C = Cpy,y such that

[ [ neties - o PP 2L g, 4y ap < O
1, €1 — &2

uniformly for e > 0 and v € S1.

Proof. We can write

_ WUPp+ &), P(P + &)
/Hu//nedél &) o 46, dé dp

We first handle the uniform bound. With p = p|p| . as in the proof of Lemma A.10 it follows
from Lemma A.7 that

> 1
|l [ 10l +).Pey() dean

< p2Pl) [ bl [ 1PunE ) = Pup(©)]de (A9

< Cyp(2|[Plloo) | DPyp|(R)

for almost all p € II,,. By Proposition A.6 we conclude

| [t §2|>U(P(p+§1”l’ . f“f?”” 461 dés dp < 2C,p(2]| P o) DP|(RY).

Hence we can take Cp ., = 2Cp(2|| P||oo)| DP|(RY).
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We now compute the limit. Fix p € II, satisfying a), b), and ¢) from Proposition A.6.
Almost all p € IT,, will do. By Lemma A.10 we then have

b [ U@ 0. Pp©) a3 V(B (P ()
R §edp,
= Y U@ p+&v), P (p+&v))
p+Evedp

as € = 01. Let ¢ > 0 and take 6’ > 0 such that

= /R UPp(€+ 1), Pop(€))de— S U(PH(p+ ), P-(p+Ev))| <&

h
p+évedp

for 0 < h < §'. Then, arguing like in (A.9),

. o0 1 _
lim sup / ne(h)+ / U(Pyp(€+ 1), Pop(§)dEdh— > UPH(p+&v), P~ (p+&v))
—0+ 0 h R
€ p+Evedp
& 0o
< <limsup [ ()] dh + 20(2] Pllc) DRl (B) limsup [ o] i
e—0t JO e—0t J§
< Cyel.

Take ¢/ — 01 to conclude
[e%s) 1 3
| [ URale+ P de > Y U6 P 0+ )
0 h Jr
p+EveJp
for almost all p € II,,. We finally arrive at
. U(P(p+&v), P(p+ &
I,

e—0+ &1 — &

ZQ/H S UPHp+ &), P (p+Ev))dp

v p+évelp

—o / U (p), P~ (o)l - vp(p)| dH ().
Jp

The application of dominated convergence in the first equality is justified by (A.9). The
second equality follows from the area formula like the final step in the proof of Lemma A.10
|

A.4. Approximation. For the final step of the proof of Theorem 1.1 we need a few ap-
proximation results for BV functions. Our first two results are known. We include proofs
for completeness.

Lemma A.12. Let P € BV(R%CN) N L>®. There is a sequence (P,) € BV of simple
functions such that

||P_ PnHoo — 07 |Pn| < C’N|P|7 |DPn|(Rd) < Cd,N|DP|(Rd)'

Proof. Splitting into components, real and imaginary parts, and then positive and negative
parts we can assume that 0 < P < 1 almost everywhere. Forn € Nand 0 < j <n—1 we
can choose j/n < tj, < (j+ 1)/n such that

4 (j+1)/n J
D1 (par, (R <1 / D1 p gy | (R .

jln
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Set Ejp = {tjn < P <tjp1n} for 0 <j <n—1with t,, =1, and define P,, = Z;:& %lEj,n.
Clearly P, < P < P, +2/n. By the coarea formula for BV functions, see [1, Theorem 3.40],
we also have

n—1 j/n n—1 1
|DP,|(RY) = Z/(_ o) ID1ip, syl (RY) dt = E|D1{P>t].,n}\(Rd)
j=17U=b/n j=1

n=l .(+1)/n 4 4
<3 j// D1 poy|(RY) dt < [DP|(RY).
=171

n

|
Lemma A.13. Suppose P € BV(R%:CN) N LY@ 4 d > 2 and P € BV(R,CN) with
P*(p) = 0 as|p| > 00 if d=1. If (xgr) C C° is a sequence of cutoffs such that
0<xr<1, xr=1onBg, suwpxrC< Bar, [Vxrl=<C/R,
then
|D(1 - xr)P|(R) =0
as R — oo.
Proof. We can compute the distributional derivative
D(1—xgr)P = (1—xr)DP — (Vxr)DP,
hence
D~ i) PI(RY < [DPI(BR) + [ IPWIIT k() dp
Clearly |DP|(B%) — 0 as R — oo. If d > 2, then

/|P(P)|\VXR(P)| dp < IVxrllalll{r<pi<2rPllaj@-1) < Cl{r<pi<2rPllaj@-1) — 0,
while for d =1,

/ POV xa()|dp < C sup [P*(p)] — 0.
[p|>R

The space B.V(Rd; M) N L*® forms an algebra under pointwise multiplication with
1PQll gy < I1Pllgy Qo + 1Qllgy I Pllcs  P.Q € BV(RY: M) N L™,

see [1, (3.10)]. Our final goal in this section is to give a condition for the convergence of
pointwise products of the form P!...P™ — P'...P™ in BV. It is necessary to control
each sequence (Pff) pointwise H%~! almost everywhere, which is achieved by passing to
a subsequence. The following fundamental result seems non-standard in the literature on
bounded variation functions. We refer to [9, Corollary 4.3] for a proof. The result is also
mentioned in [24].

Lemma A.14. Let (P,) C BV (R% CN) and assume that there is P € BV such that P, — P
in BV and in L},.. Then there is a subsequence (ny) such that P}, (p) — P*(p) for H™?

loc®

almost all p € R?.

Lemma A.15. Let m > 1 and consider sequences (Pl) C BV (R% My)NL®,i=1,...,m,
with sup; || Pillcc < c0. Assume that P}, — P in BV and that (P})*(p) = (P")*(p) for
HI=1 almost every p € R? fori=1,...,m. Then

Pl P™— pl pm

n variation as n — oo.
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Proof. Arguing component wise and splitting into real and imaginary parts we can assume
all functions are real valued. Furthermore, we only need to consider the case m = 2 by
a simple induction argument. So consider sequences (Py),(Qn) € BV (R%R) N L>® with
1Pollocs [|@nlloo < K for all n > 1, and assume that P, — P and Q,, — Q in BV and that
Pi(p) — P*(p) and Q% (p) — Q*(p) for H4~! almost every p. Note that |P*(p)|, | P! (p)| < K
for H41 almost all p, similarly for Q.

For general f € BV denote Df = Df — D f the diffuse part of the derivative. Note that
Df < M9 always. By the chain rule for BV functions, [1, Theorem 3.96], we find

D(P,Qn — PQ) = (P:DQ, — P*DQ) + (Q,DP, — Q*DP).
Taking total variation on both sides we conclude that
D(P.Qn — PQ)I(RY) < LP* — PAID(Q + Qu)|(RY) + 3|P* + PLID(Q — Qu)|(RY)
+41Q° — QPP + PR + 51Q7 + Q3lID(P — Po)|(RY).

We bound | D(Q + Qn)| < 2|DQ| + [D(Q — Q)| and use that |Q*(p)|, |Q;(p)| < K almost
everywhere with respect to all relevant measures, and similarly for P. Conclude

|D(P,Qy — PQ)|(R?) < 2K|D(P — P,)|(R?) + 2K|D(Q — Qn)|(RY)
+ |P* — P;||DQ|(RY) + |Q* — Q|| DP|(RY)
— 0

as n — oo by dominated convergence.

The argument for the jump part is entirely similar. Firstly we fix orientations vp and
v such that vp = vg on Jp N Jg. We then fix vp, = vg, on Jp, N Jg, N (Jp U Jg) by
choosing the normals to agree with either vp or vg or both. Finally we choose vp, = v,
on (Jp, NJg,) \ (Jp U Jg). These technicalities ensure, for instance,

(PQ — P,Qn)* = PEQ* — PFQ;.

We can now compute directly using the chain rule again:
DIPQ - RQIEY = [I(PHQ* — Q) — (PQ - Pry)lant
<4 [IP = PHQ +Qf) — (P = PO@ +Qp)lawe
+3 [1@7 = QP + P~ (@ - QP + P!
<} [10° + QullPt ~ B - (P~ P!
4 1P - Pl + @D - (@ + @l e
4 I+ Prl@F - ) - @ - @plant
+3 107 = QP + P - (P 4 P !
Arguing like above this is easily seen to converge to zero as n — 0. |

APPENDIX B. SOME PROPERTIES OF H1/2 FUNCTIONS

In this Appendix we collect several auxiliary results concerning HY2. More precisely,
we prove an approximation result by smooth compactly supported functions, a convergence
result for products, and a uniform bound on one-dimensional sections. We remind the reader
that H'/? was introduced in Definition 1.12.
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For the first result we require the Sobolev embedding H'/2(R%;C") — Lt +C", d>2.
We have not found a reference for this statement in the homogeneous setting, so we include
a proof. The argument is based on the usual Sobolev inequality [30, Theorem 8.4], which
states that if d > 2, P e HY2(R% CN), and the set {|P| > ¢} has finite measure for all
e >0,

1Pll2d/(d—1) < CallPll 1725 (B.1)
together with the Poincaré inequality, valid for all d > 1,
[1P@) = Pedp < CaRIPI e Pa=f PG)db (B2)
R

The latter is a simple consequence of Jensen’s inequality.

Lemma B.1. Let d > 2 and suppose P € HY?(R% CN). There is Py, € CN such that
P — Py € L*YY and | P — Pulaqya-1) < CallPllg1/2-

Proof. Take a family (xr) C C2°, R > 1, satisfying
0 S XR S 17 XR = 1 on BRa Supp XRr g BQRa |VXR| S C/R
We claim that ||[(P — Par)xrl g1/2 < C||P|| 1/2 uniformly in R > 1. We compute directly:
(P — P2r XR||H1/2

- P 24 |P(p) — P(q)?
<2/ / 2r[%XR(P) — d(-:-11)| + [P(p) — P(q)| dqdp
Ip|<2R J|q|<2R lp —ql
_P 2
+2/ / 2R(L+)1CR( ) dqdp
|p|<2R J|q|>2R |P ql

< 2|IP|]2 +2/ pp,pQRQ/ Mddp

1P +2 [ VPW) = Poal® | S8 Py

If |p| < 2R, then
_ 2
/ IXr(P) — Xr(q)] dq
]Rd

Ip — g4+t

_ 2

< 1 dq+ Ixr(p) — Xr(q)| dq

>~ — d+1 | _ ‘d+1
lq|>3R lp — q| lp—q|<5R P—4q

<c / g~ dg + Oy R~ / Ip— a4V dg
|g|>3R |p—q|<5R

< Cd,XR_l.

We used that for |p| < 2R and |g| > 3R we have |p— q| > %|q|. Conclude using the Poincaré
inequality (B.2):

(P = Par)xrl%/e < 201P|% 0 + CayR7! /B |P(p) = Parl* dp < Cax |l P10
2R
We next claim that (Pr) has a convergent subsequence. Indeed, for n > 0,
| Pynss — Pan|? < Cg272% / |P(p) — P(q)|>dpdq < Ca2 ™" V|| P|%, .,
Ban J Bony1

so the limit Pog = Py + > 07 Pon+1 — Pon exists, and Pog — Pon = > 0%\ Pynt1t — Pon — 0
as N — oco. Since the Sobolev inequality (B.1) holds for (P — Pag)xr we finally conclude
1P = Pooll2ay(a—1y < iminf|[(P = Pont1)xon |2/ @-1) < Caiminf[|(P — Pyna)x2n || /2

< CaxlIPllgje-
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Lemma B.2. Let P € H'/2(R%: CN), and assume in addition that P € L™ if d = 1. There
is a constant Posy € CN and a sequence (P,) C C° such that P, + P — P in HY? and
pointwise almost everywhere. Moreover || Py, + Pxolloo < 3||P||co-

Proof. Arguing component wise we may assume P is scalar valued. Consider first d > 2 and
take Py, from Lemma B.1 such that P — Py, € L*¥(@=D_ Let (¢.) be a family of standard
mollifiers and consider a sequence of cutoffs (xr) C C2° satisfying

0<xr<1, xgr=1onBg, suppxrC B, [Vxr|=<Cy/R.

Set Pre = (xr(P — Px)) * ¢-. By the triangle inequality

[ Pre — (P = Poo)ll iz < (P = Poo)(1 = XR) | 1/2

+ ”XR(P - Poo) - (XR(P - Poo)) * ¢E||H1/2-
Now, for any n € N, it follows from [7, Lemma B.1] that there is R,, > 0 such that
1
(P = Po)(1 = xm)l s < o

for R > R,,. This part uses P — Py, € L*¥(@=1) Similarly, by [7, Lemma A.1] there is €, > 0
such that

1
xR, (P — Px) — (XRn,(P - Poo)) * ¢6||H1/2 < m

for e < e,. Taking P, = PR, ., gives the desired sequence.
The critical case d = 1 is slightly more involved. Since P € L*> we can take a sequence
Rj. — oo such that the limit

P = lim C,, Cy :][ P(p)dp
k—o0 BR%

exists. Consider this time cutoffs (xg) C C°, R > 2, with
C
0<xr<1, xr=1onBg, suppxr C Brz, |Vxg|< Rfé

We set P = (XRk (P - C’k)) * ¢.. By the triangle inequality again
[1Prc = (P = Poo)ll grarz < [(P = Co)(1 = xro)ll 172
+lIxr. (P = Cr) = (X, (P = Ck)) * el g2
Using [7, Lemma B.3] instead of [7, Lemma B.1], the argument is now exactly asford > 2. W

Remark B.3. The L assumption for d = 1 is only used to show that JCBR P(p) dp is uniformly
bounded along a sequence Ry — co. For this it is sufficient to assume that P has bounded
mean oscillation.

It is easy to see that H/ 2(R%; M,,)N L™ is an algebra under pointwise multiplication with
1PQl gr1/2 < 1P 12l @llow + 1@ 12| Pllocs P Q € HY?(RY M) 0 L. (B.3)

We now show that convergence in HY 2 respects this product structure under very mild
additional assumptions, similar to the BV case Lemma A.15. A similar claim can be found
in [54] for d = 1.

Lemma B.4. Let m > 1 and consider sequences (P1) C H'/2(R:; My)NL®, i=1,...,m,
with sup; ,|| Pi||ee < 00. Assume that P. — P* in H'/? and pointwise almost everywhere for
1= 1,...7,m. Then

Pl...Ppm" Pl p™

in HY? asn — oo.
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Proof. Arguing component wise we may assume all symbols are scalar valued. Furthermore,
we only need to consider the case m = 2 by a simple induction argument. So consider
sequences (P), (Qn) C HY2 N L™ with || Pylsc, [|@Qnllee < K for all n, and assume P, — P
and Qnd—> Q in H'Y/? and pointwise almost everywhere. A tedious rewrite shows, for all
pgeR

(P(P)Q(p) — Pu(p)Qn(p)) — (P(Q)Q(Q) — Pu(q)Qn(q))

= L((P0) - P0)) ~ (P(@) ~ Pu(@))) (@u(0) + @u(0))
5 (PO) ~ P0) + (P() ~ Pala)) (@) — Q(a))
+3@@—%@%ﬂ@ Q@) (Pa0) + Pu(@))
+ 5 ((QW) ~ Qul) + (Q(a) ~ Qu(@) (P) — P(a))

We need to argue that the original expression converges to zero in Lz(d,u(p, q)) where p is
the measure du(p,q) = |p — q|~**Ydpdq. Note p is absolutely continuous with respect to
the Lebesgue measure on R?¢. Hence,

/| (P(p) — Pa(p)) — (P(a) = Pu(@)) [*1Qu(p) + Qu(a)[* du(p. q)

<ax? [|(P6 )—@@—&@mew
= 4K?||P = Pul%,2 — 0,

and similarly, since Q(p) — Q(q) € L*(du(p, q)) and (P(p) — Pu(p)) + (P(q) — Pulq)) — 0
for p-almost all (p,q) € R? it follows by the dominated convergence theorem that

/\(P(p) — Pu(p)) + (P(q) — Pu(9))I’1Q(p) — Q(q)I* d(p, q) — 0.

The remaining two terms are handled by interchanging the roles of P and Q. |

We finally show a simple yet useful result on one-dimensional sections of H/2 functions.
We remind the reader that for v € S9! and p € II, we write P,,(&) =Plp+&v), £ €R,
for the corresponding one-dimensional section.

Lemma B.5. Let P € HY2(R%CN). Then for all v € S and almost all p € 1, we have
P,, € H'/2(R;CN), and

/W%mes@wﬁm

Proof. The statement is trivial for d = 1 so assume d > 2. Assume at first P € C2° and fix
v € S 1 Then for all 2/ € II, and t € R

B +tv) = (2m)" =172 / eiw‘p((gw)—lﬂ / e P(p + £v) dg)dp
v R

Hence, by (1.19) and the Plancherel theorem on II,,,

[ 1Pualippdo=2n [ [P P at=2m [ [ 1P+ )Pl deas’
I, I, JR I, /JR

8 (B.4)
27 < /RJP(;E)FM dx =

2
siaceny 1P

The same estimate extends to P € C° 4+ C" by homogeneity. Now for general P € HY? we
can by Lemma B.2 take (P,) C C° —|—(CN such that P, — P in HY/? and almost everywhere.
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By lower continuity and the established claim (B.4)

2 . . 2 . . 2
J NPl < [ it P s dp < timint [ 1B i

2T . ) o )
< ngggfnpnngl/z = WHP”HUZ'

APPENDIX C. GEOMETRIC ESTIMATES AND A LEMMA BY ROCCAFORTE

In this Appendix we prove basic volume and area bounds, we establish a variant of [41,
Lemma 2.5] by Roccaforte in the finite perimeter setting, and record an approximation result
on finite perimeter sets.

C.1. Basic area and volume bounds. We here establish basic volume and area bounds
for Lipschitz graphs and sets of finite upper Minkowski. The following is well known. We
include a proof for completeness.

Lemma C.1. Assume I' C R% is contained in a finite union of Lipschitz graphs. Then
HIYT N B, (2)) < Cprd—l,
and
HY((T + Bs) N By(2)) < Crortt,
uniformly for r >0, z € R, and § > 0. If in addition T is bounded, then also
HY (T + Bs) < Cro(1+0)*!
for all § > 0.

Proof. For all estimates we may without loss assume that I" is contained in a single graph,
I C{p=(p,pq) € R | pg=1(p')} for ¢ : RI"1 — R a Lipschitz function with Lipt) = M.
It follows immediately from the area formula that

W TN B(:) < [ TR

W1 w0 )EBH () (C.1)
< Hdil(B1(0/))\/ 1+ M2p4 1,

A simple cone argument shows that

el — 66| < dla. lpa = VD) < laa — 0, g€ R

By the coarea formula and the computation from (C.1) we find

H((T + Bs) N B,(2)) <

dp
/{p2<h [pa—(p)|SV1I+M26}
/6\/1+M?

1
B
— 8V IT 2 /{pz|<w<p/>pd+s} V1 [Vo(p))?
6V1+M?2 i1
H {pg = () — s} N B,(2)) ds
[ M (= ) = 5 0 B(2)

< Cy(1+ M?)5rit,

“(p)ds

<

The final claim for bounded I" follows by taking r large enough. ]



89

66 SOREN FOURNAIS, MARTIN DAM LARSEN, ROBERT SEIRINGER, AND JAN PHILIP SOLOVEJ

We remind the reader that sets of finite upper Minkowski content are introduced in Defi-
nition 1.6 by the condition

d
M) = limsupw < o0

r—0t 2r

It is clear that any set with finite upper Minkowski content is bounded, and M*(T') = M*(T).
By arguing directly from the definition of the Hausdorff measure #?~!, it is straightforward
to show that H4 (') < CgM*(T'). We finally point out that if M*(T') < oo, then there is
Cqr > 0 such that

HUT + B,) < Cyr(r+r) (C.2)

uniformly for all » > 0. Indeed, we can take Cyr = 4M*(T") for r small enough, say r < r.
For r > rg, we can take R > 0 such that I' C Br and then bound

d
HUT + B,) < Ca(r + R)* < cqr® <1 + f) .
0

The claim follows.
We end this subsection with a useful integral estimate involving distance functions.

Lemma C.2. Let T’ C R? be a set of finite upper Minkowski content and let s > 1. There is
C = Csqr > 0 such that

1 —
/ d(p.T) " dp < C log(fl)), s=1
§<d(p.1)<1 s>1

uniformly for 0 < § < 1/2.

Proof. We argue using a dyadic decomposition. Fix 0 < § < 1/2 and an integer N > 1 such
that 27V—1 < § < 27N, Then, by the coarea formula and (C.2),

/ “hdp < Z/ d(p,T)"*dp
5<d(p,I)< 1 n=1<d(p,I)<2—"

N
< 98 ZHd(F + Byn)2™ < Cyp2°® Z gn(s—1)
n=0 n=0

N+1 s=1
S Cs,d,l—‘ {2(51)]\[’ s>1 .

The claim follows. u

C.2. A lemma of Roccaforte. Let Q C R be a set of finite perimeter. In this subsection
we give uniform bounds and compute the leading order asymptotics of the volume term

HUQ\ (2N (Q+y1) NN (Q+Ym))). (C.3)

in the limit y1,...,ym — 0. The term (C.3) appears directly in the integral expansion of the
trace of S,,(P; ). We prove that

HHQ\ (@0 @+ NN (@4 3) = [ max (0.00(a) -} aH (@) + o) (€4
as max|y;| — 0. Roccaforte [41] showed (C.4) with O(|y|?) error for Q with C® boundary
using a tubular neighborhood argument, and Widom [52] left it as a tricky exercise for the
reader in the C! setting. A full expansion of (C.3) for smooth domains similar to the Weyl
tube formula can be found in [42]. We also refer to [22] who proved a homogeneous version
of (C.4) in the finite perimeter setting with a very different motivation.
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For y = (y1,...,ym) € R set Q, = QN (Q+y1) N+ N (QL+ ym). We prove (C.4) by
showing that F : R¥ — R given by

Folyn, . -, ym) = HY(Q\ Q) —/m max {0,v0(e) -y} dH 1 (a)

is differentiable at y = 0 with VFo(0) = 0. Differentiability follows a standard argument:
we show Fp € W1 and then that 0 is a Lebesgue point of the weak gradient VFy. The
argument is closed using Morrey’s inequality. This technique is substantially different than
the arguments from [22,41].

Lemma C.3. Let Q C RY be a set with finite perimeter and let ' C R be a measurable
set such that HY(Q N Q') = 0. Then the function foo(y) = HUQLN (Y +y)) is Lipschitz
continuous with distributional gradient

V foa(y) = /f vn(a)le (@ - ) ).

In particular Lip fq o < Per(Q).

Proof. We first claim that fq o/ is locally bounded. For d > 2 this is a simple consequence
of the isoperimetric inequality

faor(y) < HYQN(Q° +y)) < min{H)(Q), HY(Q)} < 0.

For d = 1 we can write Q = Ufc\lelk as a finite union of separated intervals (Iy), see [1,
Proposition 3.52]. It is then elementary to see that

N

foo(y) < H (TN (I +y)) < Nyl
k=1

which gives the claim in this case also.
We can now compute the distributional gradient directly. Let ¢ € C2° and compute
formally, here with (-,-) denoting the dual pairing on Cg°,

fogrsd) == [ [ 10l +1)10@ Vo) dedy = [ 10(2)(V1a-s.6) ds
~ [10) [ s aH o
_ / lo/(2) /; va(2)o(z — a) M7 (2) da
:/qﬁ(m)(/}_g vo (=)o (= — 2) A1 (2) )

Only applications of Fubini’s theorem need justification, in particular that
[ [ 106+ o @Ivew) dedy < .
// lo/(z)|6(z — x)| dHI(2) do < oc.
FQ

The first follows since fo o € L, and the latter since H41(FQ) < . ]

loc

Introduce also
Q=N (N Q+y), i=1....m

Clearly €2, and Q; are sets of finite perimeter.
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Lemma C.4. Let Q C R be a set of finite perimeter and let fo : R™* — R be the function
faly) = HUQ\ Q). Then fq is Lipschitz continuous and the distributional gradients are
given by

Yy faly) = /f vn(e)loy @+ ) RN, i L,

Proof. By symmetry it suffices to fix ¥’ = (y1,...,Ym—1) and show that, in the sense of
distributions,

Vo) = [ v()top (@ -+ u) 1 (o)
f
This is a simple consequence of Lemma C.3. Indeed we can write
fa(y) = HUQLN (Q° + ym)) + HUQLN (Q+ ym)),

where Q = Q\ €1 is not dependent on y,,,. Lemma C.3 now gives

Vi HUQN (2 +ym)) = */ vae(2) 1o (2 + ym) dH (2)
Fae

_ / vo(x)1a(@ + ym) A1 (@)
FQ

and
Vyde(Q n (Q + ym)) = —/ VQ(Q?)lQ(;E + ym) derfl($).
FQ
Hence
Vi foly) = /Q va(z) (1o + ym) — 1g(@ + ym)) dH " (2)
F
:/ vo(z)lom (z 4 ym) dH (2),
FQ
giving the claim. =

Lemma C.5. Let Q C R be a set of finite perimeter and let g : R¥™ — R be the function

/ max {0,y - vo(e)} dH ().
F

Q 1<i<m

Then gq is Lipschitz continuous with weak gradients

Vy,90(y) = / VQ(I)lsé (x) d,Hdil(I)v i=1...,m,
FQ
where

Sy = € 72| vofe) - i > max{0, voe) -y}

Proof. We compute the distributional gradient directly like in Lemma C.3. By symmetry
it suffices to compute the gradient in y,,. Formally for ¢ € C°(R%™)

(Vi) = = [ Vo) [ o (0.0(a) -} a1 @) dy

Ql Z<

—/ (Vo max (0,00(2) - ui}, 9(0)) dH (2)

1<i<

// y)Lsp (@)va(e) dy dH' (2)
~ [ o) /f Ly (vale) @) dy.

Applications of Fubini’s theorem are clearly justified. We used the well known fact that if
fe VV&)C1 then max{0, f} € I/Vlicl with weak gradient 1¢;-0,V f. [ |
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We are now in a position to prove (C.4).

Lemma C.6. Let Q C R be a set of finite perimeter and m > 1. Then

N T _ , =1/ _
tig {1000 2) - [ o (0.0 (o) - @t o) <0

Proof. We use notation from the proofs of Lemmas C.4 and C.5. Set Fq(y) = fa(y)—ga(y).
By Lemmas C.4 and C.5 the function Fq is Lipschitz continuous with weak gradients, for
t=1,....m

Yy Faly) = /f (o) (Loy (@ 4+ ) — Ly ) (©5)
By Morrey’s inequality [14, Theorem 4.10] we can estimate
Fa(w)] = [Fay) = FalO)] < Canlyl (£ [VFa(2)]*1 ds

[yl

b

)1/(dm+l)

so it suffices to show that fB‘ ||VFQ(Z)|dm+1 dz — 0 as y — 0. By Jensen’s inequality and
Yy
(C.5) we further bound

][ [VFqo(2)| " dz < Cama / ][ i (¢ + 2) — Lgi (2)| dzdH (). (C.6)
B i—1 B

lyl
The symmetric differences appearing in (C.6) have simple geometric descriptions. Fix
1 <i<mandzx € FQ. Let us write zg = 0. If z € R™? and [Lgi (7 + zi) — 1g: (w)| # 0 then
there is j # 4, including the case j = 0, such that either

a) T+ 2z — 2z € Q° and vo(z) - (2 — 2j) 2 0

lyl

or
b) x4z —z; € Q and vo(z) - (2 — 2;) <O0.

Introduce the tangent half-planes TIF = {v € R? | £vg(z) - (v — x) > 0} and the tangent

plane defect set D, = (ILF N Q°) U (II; N€2). We conclude that

o (x4 21) — 1 (@) <D 1p, (¢ + 2 — 2)).
J#i
Returmng to (C.6), a simple computation now shows

HA(Dy N Byyy(x
/ ][ gi (x + 21) — 1gi (2)] dz < Cmd/ ( | Id“'( ) A ().
FQJ By, FQ Y
The reduced boundary F(Q is rectifiable so
HA (D, N Byyy((x
( y|d2|y|( ) —0as |y —0
for all z € F$Q, see [14, Theorem 5.14]. An application of the dominated convergence theorem
finishes the proof. ]

C.3. Approximation. We need a simple but strong approximation result for sets of finite
perimeter. The following is a minor modification of [40].

Lemma C.7. Let Q C R?%, d > 2, be a set of finite perimeter. For all € > 0 there exists a
measurable set L C R% such that
a) OL is contained in a finite union of Lipschitz graphs,
b) the set C ={x € FQONFL | vo(z) = vi(x)} satisfies
HEWFQ\C)<e, HTHFL\C)<e
¢) ID(1g — 1)|(RY) + 1g — 1]l <&,
d) either L or L€ is bounded.
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Proof. A construction of a set L with the properties a), b), and c) is given in [40]. If
HY(Q) < oo, then L N Br for R > 0 appropriately chosen will work. Else H%(Q°) < oo by
the isoperimetric inequality, and we can take a bounded set F satisfying a), b), and ¢) for
Q€. Then L = F*° works. We leave the details to the reader.

APPENDIX D. MULTISCALE SYMBOLS

We here prove that multiscale symbols scale logarithmically in the H'/2 norm, and we
give an approximation result. The following proof is inspired by that of [47, Theorem 6.1].

Lemma D.1. Let T' C R? be a set of finite upper Minkowski content. Suppose (Ps,F)
satisfies a C*(RY; C") multiscale estimate on T'. Then, for s > 1,

Ps(p) — Ps(q)]
//I 5|p |di1Q) dpdqgCd’S’FHFHgolog((rl)+Cd,s/G(p) d

In particular,

1512 < P52
Here G( ) - Sup|p q|<ls(p F(q)
Proof. First spht

|P5(p) — Ps(q)|*
// Ip IdJr1 dpag

Ps(p) — Ps(q)l® Ps(p) — Ps(q)®
[ BRRGE (RO,
p—a<tsp) [P —dl b—a>tsp) 1Pl

Now if [p—q| < £5(p) then |Ps(p) — Ps(q)| < Calp— q|¢s(p) "*G(p). Hence, using Lemma C.2,

Ps(p) — Ps(q)|® s
[ BOROE, ., [S00,
p—d<ts) P —dl 5(p)

< CulIFIL / t5(p) " dp + Cas / G(p)* dp

d(p,I<1

2 105(67) + Ca [ G2 dp).

< Car|| FII% 10g(67Y) + Cas / G(p)* dp.

Similarly, if [p — g > £5(p), then [p — | > 3¢5(q), so

Ps(p) — Ps(q)|°
// | Ps5(p) di(l(J)l dpdq
—a>ts(p) 1P —dl

S S
<c. / B (p)l° dpdq + C. / |Ps5(q)] dpdq
lp— QI>€5 \

) Ip— g+t p_q|>2z5<q Ip — ¢4+t
Coo [T 0 P Cas | Gp
< Ca,s 65(;0) 4,57 || F[|5 1og (0™ ") + Cy,s
The remaining claim follows by bounding |Ps(p) — Ps(q)|*> < 2HP5||3X/72|P5(p) — Ps(q)|*/? and
applying the bound for s = 3/2. |

We also obtain an approximation result for multiscale symbols.

Lemma D.2. Let T' C R? be a set of finite upper Minkowski content and assume that (Ps)
satisfies a C*(R% C™) multiscale estimate on T'. Fiz k € N. For all 0 < € < 1 there is a
family (Ps.) satisfying a C*(RY; C") multiscale estimate on T' such that

155 — Psello < Ce,

and
|Ps = Pycll30 < C/?log(677).
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uniformly for 0 < § <1/2 and 0 <e < 1.

Proof. Take an amplitude function F' such that (Ps, F) satisfies the C' multiscale estimate
and set G(p) = sup,_q|<¢,(p) £'(q). We use the partition of unity (¢.) supplied by Lemma 2.1.
We can write

Polp) = [ t5(w) "6, (p)Pa(p)du
Let (n:) be a standard family of mollifiers. We define, for 0 < e < 1,

Psc(p) = / C5(w) ™ Bu(p) (Ps * ety u)) (p) du.

It follows from the multiscale assumption that for C' > 0 only dependent on 1 and d, for all
p—ul < t5(w),

|(Ps * 1zt u)) () — P3(p)| < /|P6(p +h) = Ps(p)|Mee5(u)(h) dh < CeG(u).

Hence, ||Ps — Psc||oc < Ce. We now show that (Ps.) satisfies a C! multiscale estimate on
I' uniformly in 0 < ¢ < 1. To this end we bound directly using properties of (¢,) from
Lemma 2.1 and the multiscale assumption on P,

VP < [ £5(0) ™ (I0uB)IPs * 1ty ()] + Gu) (VP3) 1ty (1))

<C / Ls(u) 4G (u)ls(u) "t du
[p—u|<ls5(u)

< Cls(p)™t sup G(u)
lp—u| <t (u)
We used that £5(p) ~ €5(u) when |p —u| < s(u) at the end. It is elementary to see that
SUP|p—u|<ts () G(u) < supj,_g<2 F(q) € L' N L>®, see Remark 2.3. It now follows from
Lemma D.1 that
%12 < C||Ps — Ps

||P6 - P&,a /2

uniformly for 0 <e <1land 0 < § < 1/2.
A similar argument to the one employed above shows that (Ps.) satisfies a C* multiscale
assumption; simply place all derivatives of P * 7).;(,) on the n-term. |

V210g(67Y) < Ce/?log(67Y)

o0
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SHARP ESTIMATES FOR EIGENVALUES OF LOCALIZATION
OPERATORS WITH APPLICATIONS TO AREA LAWS

ALEKSEI KULIKOV AND MARTIN DAM LARSEN

ABSTRACT. We study the eigenvalues of the localization operator Sy g = PaF “LIPgFPy,
where F is the Fourier transform and A = cAy, B = By for some fixed sets Ay, By C R?
and a large parameter ¢ > 0. For the counting function of the eigenvalues |[{n : ¢ <
A (A, B) < 1—¢}| we obtain a sharp uniform upper bound if one of the sets is a finite
disjoint union of parallelepipeds and a bound which is only a single logarithm off the
conjectural optimal bound in the general case. These bounds are applied to the estimation
of traces Tr f(Sa,p) for functions f with a very low regularity, in particular establishing

an enhanced area law in the former case.

1. INTRODUCTION

1.1. Time-frequency localization operator. For a measurable set A C R? by P4 we
denote the projection onto A and by Q4 we denote the Fourier projection onto A

QA == fﬁlPAFJ
where F is the Fourier transform

FHE) = 1O = [ e fa)da,

whose inverse is
Fw) = fa) = [ emepede
R
For a pair of measurable sets A, B C R? by S4 p we denote the time-frequency localiza-
tion operator

Sap = PaQpPa.
This is a non-negative definite self-adjoint operator on L?(R%) with the integral kernel
(1.1) Sap(z,y) =1a(x)iplz —y)laly), =,y €R™

If the measures of A and B are finite, S4 p is a trace class operator with Tr(S4 5) = |A||B|.
In particular, it is compact and as such it has a sequence of eigenvalues

1> ”SA,BH = )\1(A7B> > /\Q(A,B) >...>0.
1
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We note for future reference that S, p obviously does not change if we modify A and B
by sets of measure zero.

It can be shown that the eigenvalues remain the same if we swap A and B, that is
(A, B) = \y(B, A). The fact that A\;(A, B) is strictly less than 1 says that there does
not exist a non-zero function such that it and its Fourier transform have supports of finite
measure. This is known as the uncertainty principle of Benedicks and Amrein—Berthier
[2,3]. In this paper we will be studying the finer properties of the distribution of these
eigenvalues.

The usual regime that is considered is when the sets A and B are scalings of some fixed
sets Ag, By. So, we will assume that A = cAy and B = By for a large parameter c. Note
that we do not put a scaling onto B, as it can be transferred to the scaling on A by an
affine change of variables without altering the eigenvalues. More general affine changes of
variables will play a role in our proofs later.

The goal of the present paper is to study the distribution of eigenvalues A, (cAg, By). We
expect that the eigenvalues exhibit a phase transition: the first & ¢?|Aq||Bo| eigenvalues
are very close to 1, then there are only =< c¢?'logc intermediate eigenvalues away from 0
and 1, and after that the eigenvalues decay to 0 extremely fast. The intermediate part of
the spectrum is usually referred to as the plunge region. This picture is particularly clear
in dimension 1 in the case when Ay and By are fixed intervals, where the exact limiting
behaviour and very precise uniform estimates of the eigenvalues are known [6,10,18,21,22],
see also Section 2 below.

In higher dimensions much less is known as the geometry of sets Ay, By starts to play
a significant role. To describe the results, let us introduce the counting functions for the

eigenvalues.

Ne(A, B) = [{n: An(c) > e},

A (A, B) = {n: 1—e>M\(c) > %} ,
(1.2) )

AZ (A, B) = {n 'S > A(c) > 5} :

AA,B) = A (A, B) + AZ(A,B) = [{n:1— ¢ > M\(c) > €}].

We chose this arrangement of strict and non-strict inequalities to ensure that for 0 < ¢ < %
we have

(13) lee(A7B):N1/2(AvB)_A:(AaB)> Ne(AvB):Nl/Q(A7B>+A5_(A’B)

Of course, for all applications whether we have strict or non-strict inequalities is immaterial.
2
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Previous results established bounds on N, (cAy, By) and A.(cAy, By) under strong enough
assumptions on the boundaries dAg and 0By. In particular, Sobolev [26] established a two-
term asymptotic formula for N.(cAy, By) for fixed € > 0. There are also several uniform
estimates on N_(cAg, By) and A (cAy, By) with ¢ — 0 as ¢ — oo [12,14,17,23].

In this work we establish estimates on A.(cAg, By) which are on the one hand better
than all of the previously obtained estimates, in particular being sharp in some cases, and
on the other hand requiring much weaker and more natural geometric conditions on the
sets Ay, By.

The form of our results depends on the assumptions we put on the sets Ag, By. If
both of them are axis-parallel boxes then we can leverage known estimates in the one-
dimensional case to establish precise two-sided estimates on A (cAy, By). If one of the sets
is a disjoint finite union of parallelepipeds and the other satisfies a very weak boundary
regularity condition then we have sharp uniform bounds on AZ(cAy, By) from above. This
in particular allows us to find two-term asymptotics for Trf(S,4 g) for very rough functions
f. For the general case, the bound we obtain is off the conjectural one by at most a single
logarithm. We will now present the cases we consider in the increasing order of generality.

1.2. Case of two boxes. In this section we consider the case A = [0,a]¢, B = [0,b]¢. Since
the variables separate, the operator S, p splits into a tensor power Sy p = (S’[o’a],[o,b])@)d
In particular, the eigenvalues depend only on the product ¢ = ab, and we get that the
eigenvalues of Sy p are all the products of d eigenvalues of the operator Sy 4,0,y counted
with multiplicity. Using this we can generalize all of the estimates on the counting functions

from dimension 1 to higher dimensions with a simple combinatorial argument.

Theorem 1.1. Consider A= B =(0,1]¢, d > 1, and ¢ > 2. There exists ag > 4 such that

(1.4) AZ(cA, B) S ¢ og(L) log | —2

) log (2)
uniformly for all aj¢ < e < 1/2. Moreover, if ¢ < ¢~ then we also have
(1.5) AE(cA, B) 2 ¢ log(1)log Lcl

) log (2)

If e < a° then there are no eigenvalues larger than 1 — ¢ and
d

(1.6) AD =
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The same tensor product structure can also be employed if A and B are axis-parallel
boxes with not necessarily equal side lengths. In this way, by the same combinatorial
argument, we get the following slightly more general result.

Proposition 1.2. Letd > 1 and I, ...,1; and Jq,...,J; be fixed closed and finite inter-
vals. Set A=11 X --- X Iy and B = J; X -+ X Jg. Then the conclusion of Theorem 1.1
holds, except ag now also depends on the intervals (Iy.), (Jx).

1.3. General case. For general sets A, B the operator S p no longer splits into a ten-
sor product, and the precision of our results will depend on the geometries of A and B.
Specifically, we will either assume that they are disjoint finite unions of parallelepipeds, or
that they are bounded and their boundaries have finite upper Minkowski content.

Definition 1. A set I' C R? is said to be of finite upper Minkowski content if

R? : dist(x, T
lim sup o € ist(z, ) <} < 00
r—0t 2r

[{zeR%:dist(z,04)<r}|
(U 2r

agrees with the perimeter of A. Here "regular enough" includes any bounded set with

It is well known that for A regular enough, the limit lim,_, exactly

Lipschitz (or C') boundary, see [1, Theorem 2.106]. Note that since 2r goes to 0 when
r — 0", any set of finite upper Minkowski content has zero Lebesgue measure.

It is also not hard to see that, in general, if I' has finite upper Minkowski, then I' must
must be bounded. For d > 2 the boundary of the set A C R? is bounded if and only
if either A or R?\ A is bounded; if d = 1 then either A or R%\ A is bounded, or each of
them contains a ray. In either case, the only option for A to have finite measure is if A is
bounded, so we will always assume that all of our sets are bounded.

Definition 2. We call a set A a parallelepiped if there exists an invertible d X d matriz M
and a vector b € R? such that A = M[0,1]* +b.

Theorem 1.3. Assume that A is a bounded set whose boundary has finite upper Minkowski
content and B is a finite union of parallelepipeds with disjoint interiors such that both A
and B have positive measures. There exists a = a(d, A, B) > 4 such that for all ¢ > 2 and
a f<e< % we have

(1.7) A(cA, B) S ¢ log(L) log (&) .
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For e < a™¢ there are no eigenvalues larger than 1 — ¢ and
d

(1.8) AZ(cA, B) =

€

log (1)

w(0)

Remark 1.4. If we restrict to finite unions of axis-parallel bozxes then we do not have to
assume that their interiors are disjoint, as we can do a finite subdivision to make them
disjoint.

Remark 1.5. We need to assume that A and B have positive measures only to ensure that
we have a lower bound in (1.8), since if A or B has zero measure then Sa g =0 and all of
the eigenvalues are zero.

Theorem 1.6. Assume that A and B are bounded sets whose boundaries have finite upper
Minkowski content and such that both A and B have positive measures. There exists o =
a(d, A, B) > 4 such that for all¢ > 2 and a™ ¢ < e < % we have

A(cA,B) < ¢t log(2) log? oz—cl :
log (2)
For e < a™¢ there are no eigenvalues larger than 1 — ¢ and

d

AZ(cA,B) <

()

When we pass from Theorem 1.3 to Theorem 1.6 we have to put an additional square

on the term log <%) While we believe that this effect does not actually take place,
og E

we are currently unable to remove it.

Remark 1.7. In both of these results we are also able to vary A and B with ¢ as long as
they remain uniformly bounded, contain uniformly bounded from below balls inside of them
and we have uniform bounds in the definition of finite upper Minkowski content for their
boundaries for all 0 < r < 1, say. We leave these routine generalizations to the interested
reader.

Arguments similar to our proof of Theorem 1.1 have already appeared in the literature,

see e.g. [12| and [17]. However, both of them relied on estimates of Karnik, Romberg and
5
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Davenport [18|, which are not the strongest available bounds in all regimes in dimension
1, see Section 2 below. In particular, in the regime € < o, while we obtain at worst

1 d
Ateam) s (sl

their upper bound is (logclog %)d, that is, they are losing a factor of at least (logc)?.

For the general case, our assumption of boundaries having finite upper Minkowski content
is weaker than all of the assumptions previously appearing in the literature, particularly
the maximally Ahlfors regular boundary assumption in [14, 23], see [1, Theorem 2.104].
Moreover, our estimates in all regimes are at least one logarithm better than the bounds
obtained in these papers, in particular being sharp in the setting of Theorem 1.3. In the
proof strategy below we will highlight the key new estimates which allowed us to get this
improvement.

The previous best estimate in the case of Theorem 1.3 is due to Israel and Mayeli [17].
They used wave packet basis to get a bound of the form

Ac(cA, B) S5 ¢ (log )"

in the regime ¢ ~ Cis with fixed s > 0 for any § > 0, thus being only (logc)’ away from
our result. In the proof they relied on Gevrey classes, that is on the possible decay of
the Fourier transform of the compactly supported functions. Thus, due to the Beurling—
Malliavin theorem [4], it is not possible to use their approach to match our result even in
this regime. The same applies to the recent work [15] compared to our Theorem 1.6.

1.4. Proof strategy. The first step in all of our arguments is the S — S? trick. We have
e <A< 1—c¢if and only if (1 —¢) < A(1 — X). For the time-frequency localization
operator Sy g we have

Sap —Sip=PaQpQpPs — PAQpPsQpPs = PAQp(1 — P1)QpPs = PAQpPacQpPa,

where A° is the complement of A. This latter expression is equal to T*T where T =
PycQpPy. Therefore, we have to bound from above the number of singular values of T’
larger than m .

Next, we want to partition the sets A and B into smaller sets and write 17" as a sum of
operators

T = Z PacQp, Py,
k,l

In our initial argument we applied Weyl’s inequality to this sum, following the approach

in [18|. However, there the authors decomposed T" as a sum of only 3 operators, so it was
6
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enough for them to divide € by 3. In our setting the number of terms is of order ¢?, so this
approach gave sharp results only for € < cid Instead of applying Weyl’s inequality, we will
use the p-Schatten quasi-norm approach from [14].

Let K : H — H be a compact operator from a Hilbert space H to itself. Let oy (K) >
o9(K) > ... > 0 be the sequence of its singular values. For 0 < p < oo we define its
p-Schatten quasi-norm by

1K= on(K)P.
k=1

If K is not compact then we define || K|, = oc.
For p = 51 with 0 < d < § we have
og 5
1
(1.9) K= > oK)= %\{k L ok(K) = 0},
kiop(K)>8

where in the second step we used that o? = i@ Thus, the number of singular values larger
than ¢ is at most /e[| K|[P. Note that for all 0 < § < 3 we have 0 < p < 1. The key
non-trivial fact |5, Theorem 11.5.9] about the p-Schatten quasi-norms for 0 < p < 1 is that

they satisfy the following subadditivity property
(1.10) 1K + K llp < [[Kqll) + 1K1

Thus, it suffices to estimate the p-Schatten quasi-norms of the operators P4cQ)p, P4, with
P Tl

For clarity we will describe our decomposition only when B = [0,1]¢ and A is a set
with boundary of finite upper Minkowski content. In this case we do not partition B.
The partition (Ag) of A will arise from the Whitney decomposition of the interior of A
into dyadic cubes. We keep all the cubes in the Whitney decomposition with side lengths
larger than some threshold 277, and cover the remaining part by sets contained in cubes
with side length 27P. This gives (Ax). From the assumption that A has finite upper
Minkowski content we can estimate the number of cubes with side length 2¢ by C2~(¢-
for a constant C.

For a single term of the form PyQy Py it is easy to see that if we enlarge U or W
then the singular values can only increase. For the cube A, from our partition we will
enlarge A€ to the complement of (2A) which contains A¢ by the properties of the Whitney
decomposition. In the case of cubes at the threshold we enlarge A€ to the whole R% and

also enlarge A, to the corresponding cube with side length 2= containing it.
7
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Splitting (2A;)¢ additionally into 2¢ — 1 regions, we can reduce the analysis of
Poa,)-QpPs, and QpPy, to the study of tensor products of the one-dimensional oper-
ators

I = QpuyPoy, and J. = P —2rjui2r400) Q0,11 P11

Note that I, is just the usual time-frequency localization operator, while .J, comes from
the separation in the Whitney decomposition. For these operators we show the following
estimates on the singular values.

Lemma 1.8. There exist 7 > 0, C' > 0, and ro > 0 such that for all r > rq and alln € N
we have
1, n < 10r,

Ce ™, n > 10r,
on(Jy) < Ce™ ™.

on(l,) <

The estimate for o,,(1,.) follows from Theorem 2.5 stated below (and is also explicitly or
implicitly contained in many previous publications, see e.g. [7,24]), but we will present a
self-contained complex-analytic proof inspired by [21].

The proof of the estimate for o,(J,) uses the precise structure of the kernel of J,.
Specifically, it is possible to decompose J, = Y >°  J,, into a sum of rank 2 operators
Jrm With |||l < 27", from which the result follows. Let us remark that our initial
argument was more involved and proceeded through the low displacement-rank structure
and Zolotorev numbers estimates employed by Karnik, Romberg and Davenport in [18].

The fact that the estimate for o, (J.) does not depend on r is the key new ingredient
in our proof compared to the argument in [14]. It ultimately stems from our use of the
separation condition in the Whitney decomposition which was not used in the previous
works.

Doing the combinatorial argument similar to the proof of Theorem 1.1, combining all of
our summands by means of (1.10) and carefully choosing the threshold D for the Whitney
decomposition we get the desired estimate for ¢ > a~¢. For ¢ < a™¢ we can simply compare
with the case of two boxes, as this is exactly the regime when the boundary term becomes
proportional to the volume term.

1.5. Area laws. We are interested in the traces Trf(S4 p) for general functions f :
[0,1] — C. For a compact self-adjoint operator T : H — H with eigenvalues 1 > \; >
Ao > ... > 0 and corresponding normalized eigenvectors vy, vq,... we define f(T')(v) :=
> L f(An){v,vn)v,. This operator is trace class whenever Trf(T) = >, f(\,) con-

verges absolutely. We will always assume that f(0) = 0 for convenience since all operators
8
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that we consider have infinite-dimensional kernels. First, we establish results guaranteeing
that f(T') is trace class.
For a function f : [0,1] — C we let Myf(t) = supyc,<;|f(z)| and M f(t) =

SUP;_¢<a<1 |f(1) = f(z)]

Definition 3. Consider a function f : [0,1] — C. We call f trace class admissible for
L*(R?) if there is 6 > 0 such that

/5 Mof(e)log (1)
0 € (log log (%))d

Note that for any trace class admissible for L?*(R?) function f we must necessarily have

lim, 0+ f(z) = £(0) = 0.

Theorem 1.9. If A, B C R? are bounded sets and f is trace class admissible for L*(RY),
then f(Sag) is trace class.

(1.11) de < .

Theorem 1.10. Let A, B C R? be such that Sa,p is compact and such that their interiors
are non-empty. If f :[0,1] — C is such that |f(x)| is non-decreasing near 0 and f(Sap)
is trace class then f is trace class admissible for L*(RY).

We now turn to our main application of the uniform bounds from Theorem 1.1 and
Theorem 1.3, namely to compute a two-term asymptotic formula for Tr f(S.4 g) in the limit
¢ — oo for extremely general functions f. As an input we use the corresponding formula
for polynomials f. For d = 1 this is supplied by the work of Landau and Widom [22]. The
higher dimensional case is considerably more difficult. The formula was conjectured by
Widom [29]| and much later established by Sobolev [26] for regular enough sets A and B.
For the context of the present paper, we rely on the sharp generalization of Sobolev’s result
from the recent work [9] by Fournais, Seiringer, Solovej, and the second author. It was
established that, for polynomials f and sets A, B with finite measure and finite perimeter,

Tr f(ScA,B)
(1.12)

= Y A||B|f(1) + ¢ tlog(c)I(A, B) /0 % df + o(c* 1 log(c)),

as ¢ — oo, for a certain boundary coefficient I(A, B). If A and B are sets with C!
boundaries, then

1AB) = g5 [ [ ata) - voto)l ai ) a0,
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where v, and vg denote the interior normals to A and B, respectively, and dH%"! is the
d — 1-dimensional Hausdorff measure. Tools from geometric measure theory are necessary
to describe the coefficient in the finite perimeter setting. We refer to [9] for the details.

For our work it is important to note that if the boundary of a set has finite upper
Minkowksi content then this set has finite perimeter, thus (1.12) applies in our case. This is
so because any set of finite upper Minkowski content has finite d — 1-dimensional Hausdorft
measure (see e.g. Lemma 4.5 below) and the fact that if the boundary of a set has finite
d— 1-dimensional Hausdorff measure then it has finite perimeter |1, Proposition 3.62|. Note
that even in this case the factor I(A, B) can only be defined with the help of geometric
measure theory.

Since Sobolev’s original result, significant effort has been put to extend the two-term
asymptotic formula (1.12) from polynomials to rougher spectral functions [27,28]. This
is in part motivated from physics. Here it was realized by Gioev and Klich [11] that
the trace Trf(Sea p), with f(6) = —0log(f) — (1 — @) log(1 — 0) or related Rényi entropy
functions, appears directly in the expression for the bipartite entanglement entropy for free
Fermionic systems in the ground state. In this context, the domain B represents the Fermi
sea of the Fermionic operator and A represents the spatial subsystem. Since the entropy
functions satisfy f(1) = 0, the formula (1.12) expresses that Tr f(S.ap) ~ ¢ !log(c),
which is referred to as an enhanced area law in the physics literature. See [8] for relevant
background.

Previously, Sobolev carried out the extension argument relying on uniform Schatten
quasi-norm estimates of the involved operators [28|, which allowed f with Holder-type
singularities. With the much more precise spectral bounds from Theorem 1.1 and Theorem
1.3, we are able to push this much further, in particular obtaining essentially necessary
and sufficient conditions on the function f.

Definition 4. Consider a function f :]0,1] — C. We call f area law admissible if

/1 Myf(e) + My f(e)

(1.13) de < o0.

Theorem 1.11. Let A C R be a bounded set whose boundary has finite upper Minkowski
content and let B be a finite union of parallelepipeds with disjoint interiors. Assume that
f is both area law admissible and trace class admissible for L*(R?). There exist co(f, A, B)
and C(A, B) such that for ¢ > cy(f, A, B) we have

+ le(g) dé‘.

(L10) [T f(Suan) ~ AABIFD] < OB og(e) [ 2012

10
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If in addition f is Riemann integrable on [g,1 — €| for all0 < e < % then we also have

Tr f(SCA,B)

(1.15) — F(1)8

= M A||B|f(1) + ¢*tlog(c)I(A, B)/0 f(gzl _y df + o(c'log(c)),

as ¢ — O0.

Remark 1.12. It is crucial for us that C'(A, B) does not depend on f. On the other hand,
co(f, A, B) can and will depend on f, specifically on the integral in the definition of trace
class admissibility for L*(RY).

For d = 1 every f which is area law admissible is automatically trace class admissible
for L?(R%). On the other hand, for every d > 2 there exists a function which is area
law admissible but which is not trace class admissible for L?(R%) and which is monotone
near 0. Thus, by Theorem 1.10 for any sets A, B C R? with non-empty interiors we have
Trf(Sap) = 0o even though f is area law admissible.

Example 1. Let f(0) = W. Then f is monotone increasing on [0, 1], it is area law

admissible but it is not trace class admissible for L*(RY) for any d > 2.
For general sets A, B our argument gives an upper bound with one extra logarithm.

Theorem 1.13. Let A, B C R? be bounded sets whose boundaries have finite upper
Minkowski content. Assume that f is both area law admissible and trace class admissi-
ble for L*(RY). There exist co(f, A, B) and C(A, B) such that for ¢ > co(f, A, B) we have

+ M f(e)
€

T2 (Sens) — AIIBLED)] < €04, B (e [ 2o de.
0
1.6. Lower order terms for TrS2. If both A and B are finite unions of axis-parallel
boxes then we are able to go further in the expansion in the simplest non-trivial case
f(0) = 6%, We carry out this computation in part out of mathematical curiosity, but also
because there seems to be some interest from a physics point of view for further terms in the
expansion of Tr f(S.4 p), specifically for f being the entropy function. For instance, Kitaev
and Preskill argued in [19] from a physical understanding of the entanglement entropy that
the constant order term for d = 2 in the expansion of Tr f(S.4 ) should carry topological
information. While it is not our intention to place their claims on a rigorous mathematical
footing, nor to verify them, we still see it as an interesting mathematical problem to obtain

further terms for general functions f.
11
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Theorem 1.14. Let A, B C R? be finite unions of axis-parallel bozes. The trace of 512473

can be computed in terms of the side lengths of boxes constituting A and B by means of

four standard arithmetic operations, exponentiation, taking logarithms and the exponential
00 et

integral function Eq(z) = [7 <.

z t

Unfortunately, if A and B consist of respectively n and m boxes then our procedure
gives us of order 9%n?m? terms, making it fairly infeasible to do in practice. So, we will do
an explicit computation only in the case A =[0,¢], B = [0, 1].

Theorem 1.15. The following expansion holds:
Tr S o

log(c) 1+~ +log(2m) 2 /.. 7T cos(2me)  Ci(2mc)
2 - 2 + ;C <Sl(27TC) - 5) + 2 + 2
_log(c) 1+ +log(2m)

2 2

m T
cos(27¢) ~— (2n)! — (2n —1)!  sin(27c) — (2n +1)! — (2n)!
72 nz:l( ) (2me)?n 72 ;( ) (2me)2tt 7
where Si(t) = fot de is the sine integral, Ci(t) = — [~ %(m)dx is the cosine integral

and 7y is the Euler—Mascheroni constant. The series is asymptotic, meaning that if we take
the first N terms in both sums then the error will be O (CQN;H)

Note that the oscillations in Tr S[QO o,(0.1] Start appearing only at O(C%) term. Our argu-
ment shows that they can potentially appear already in O(1) term, but it turned out that
both O(1) and O(21) oscillating terms cancelled out. We do not have an a priori explanation

for this phenomenon.

1.7. One-term asymptotics. If we are only interested in the first term in the expansion
(1.15) then the conditions on A, B and f can be greatly relaxed, in particular we do not
need to assume anything about the geometries of 0A and 0B.

Since for any A, B of finite measure TrSy g = | A||B| is finite, for any function f : [0, 1] —
C such that |f(0)] < C8,6 € [0, 1] we have that f(S4p) is trace class. If in addition we
assume that f is continuous at 1 then we can establish a one-term asymptotic formula for

TI‘f(SCA’B).

Theorem 1.16. Let A, B C R? be sets with finite measure. If f : [0,1] — C is continuous
at 1 and satisfies | f(0)| < CO for some C > 0, then

(1.16) Tt f(Sean) = | Al BIf(1) + o(c”),
12
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as ¢ — O0.

Although the condition |f(6)| < C6 might seem restrictive, in this generality it is actually
the optimal one.

Proposition 1.17. Given a function f such that lim,_,o+ @ = o0 and a set B C R with

finite and positive measure, there exists a set A C R of finite measure such that f(Sa g) is

not trace class.

In particular, this applies to the entropy function f(0) = —6log(#) — (1 — ) log(1 — ).

On the other hand, if the sets A and B are bounded then we can replace the assumption
|f(0)] < O with the assumption of f being bounded and trace class admissible for L?(R9)
as in Theorem 1.11.

Theorem 1.18. Let A, B C R? be bounded sets and assume that f is bounded, trace class
admissible for L*(RY) and that f is continuous at 1. Then

Tt f(Seas) = | AlIBIf(1) + o(c?),

as ¢ — O0.

2. PREVIOUS RESULTS ON ONE-DIMENSIONAL OPERATORS

In this section we will collect previous results on the distribution of eigenvalues of S4 p
in the simplest case when A and B are one-dimensional intervals and restate them in
the form that will be convenient for our use. By rescaling we can always assume that
A =10,c], B =0,1] so that we have a sequence (\,(c)) of eigenvalues of Sy 5. The first
result about their behaviour was found by Slepian [25] and rigorously proved by Landau
and Widom [22].

Theorem 2.1. For all bounded intervals A, B C R and all fired 0 < a < 1 we have
No(A, B) = |A||B| + 2 log (£=2) log(|A|| B) + o(log(|A]|B])),
as |A||B| — oo.

Note that this result is slightly different from the statement in [22]| as we use a different
normalization of the Fourier transform. This also applies to some of the following results.
Their proof proceeded by first establishing two-term asymptotics for Tr S g for all pow-
ersn € N (even with O(1) error term) and then approximating characteristic function of an
interval by polynomials. However, since their argument had extremely poor uniformity in

n and thus extremely poor uniformity in a, it is virtually impossible to use their estimates
13
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to bound N, (A, B) and A, (A, B) for varying a. So, there was a lot of research on uniform
estimates for these numbers when «a is varying [6,16,20]. One of the best results, which is
at the same time completely uniform, sharp and explicit, was recently obtained by Karnik,
Romberg and Davenport [18].

Theorem 2.2. For all 0 < ¢ < 1/2 and all bounded intervals A and B we have
2 5
A(A,B) < =1 Al|B] +25)1 —_— .
(4,8) < Ztog(0A18] + 23)1og (> ) 47

Note that the dependence on ¢ and on £(1 — ¢) in this result is logarithmic just like in
Theorem 2.1, while being completely explicit in all constants. In particular, combining
Theorem 2.2 with Theorem 2.1 is already enough to establish our version of the enhanced
area law for the two-term asymptotics of Trf(S4, 5)

Tef(Sa5) = F)IA|IB| + 5 los(|A]|B]) / %

for extremely general functions f, see Theorem 1.11 for the precise statement.

df + o(log(| Al B))

This result is essentially sharp for a very wide range of values of €. However, for very
small values of £ (almost exponentially small in |A||B|) it is possible to get a better bound.
For the eigenvalues A, (c) with n < ¢ this was done by the first author [21].

Theorem 2.3. There exist numbers cy, B,n,u > 0 such that for ¢ > ¢y and n < ¢ —
Blog®(c) we have

(2.1) exp (—u%) <1—M\,(c) <exp (—n%) .

For n > ¢ not only is it possible to obtain better estimates, but even an asymptotic
formula for A,(c) with a tiny relative error was obtained by Bonami and Karoui [6].

Theorem 2.4. For all n > ¢ > 10 we have

An(c) = exp _%—F%) /q;(il) ﬁdt + O(log(n)) |,

nTZ

where E(t) = fol 11_52;2 dz s the elliptic integral of the second kind and ® is the inverse
of the function t — %

Using known asymptotics of the elliptic integral near 0 and 1 we can restate it in the

following (much cruder) form which has an advantage of not involving any special functions.
14
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Theorem 2.5. There exist numbers co, B,n, ;. > 0 such that for ¢ > ¢y, 2¢ > n >
¢+ Blog?(c) we have

n—=c < )\ ( ) < n—=c
ex — U nlC ex —N—
P M og(22) P Mog( )

while for n > 2¢ we have
exp <—;m log <%)> < Ap(e) < exp <—77n log (%)) )

To actually apply these estimates, we want to reformulate them in terms of counting
functions as well. Note that for the lower bound on N;_.([0, 1], [0, ¢]) and the upper bound
on N.([0,1],[0,c]) we can combine Theorem 2.3 and Theorem 2.5, respectively, with The-
orem 2.2 and Theorem 2.1 to get estimates valid for all £ < % For the remaining bounds
we do not have an analogue of Theorem 2.2 at our disposal, so they will only work for
e < ¢ for a large enough constant A. Specifically, we have the following six assertions.
Let x, c; > 0 be large enough constants and ¢, > 0 be a small enough constant, independent
of ¢ and ¢, and we assume that ¢ > ¢;.

Whenever 277 < e < %, we have

(2.2) Ny .([0,],[0,1]) > ¢ — c1 log e) 10g< e >

log(?)

and

1
(2.3) N.([0,],[0,1]) < c+erlog (= ) log ([ — ).

€ log ()

For 27%¢ < ¢ < ¢~ we have complementary bounds as well
1 KC

(2.4) N1-:(]0,¢],]0,1]) < ¢ — ¢z log (g) log (@>
and

1 KC
(2.5) N([0,¢],]0,1]) > ¢+ colog (E) log <log(§)) :

For ¢ < 27%¢ we have
N1_.(]0,¢],[0,1]) =0

and
log (3)

Ne([0, ¢, 0, 1]) =

15
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Let us, as an illustration, deduce (2.2) from Theorems 2.1, 2.2 and 2.3, and leave the
other five cases to the interested reader.

For ﬁ < e < 5 we have Ni_.([0,¢,[0,1]) > Nog100([0,¢],[0,1]) = ¢+ O(logc) by

Theorem 2.1. Next, we notice that if n, = [¢], where [z] is the largest integer not greater

than z, and c is large enough then § < A, (¢) < 2. Indeed, by Theorem 2.1 we have
Niss5(0,d],0,1]) = ¢+ 222 1og(c) + o(log(c)) and Nay3([0,¢],[0,1]) = ¢ — &2 log(c) +
o(log(c)), thus n. does not satisfy \,(c) > 2 but does satisfy \,(c) > 3.

If ¢4 <& < 5 then n is in the set {n:e < A,(c) <1—¢}. Note also that this set is

clearly a segment of integers. We therefore have
Ni—([0,1],[0,c]) > ne — {n: e < A\u(c) < 1 — e} = n. — A([0,1], [0, c]).

Applying Theorem 2.2 and n. > ¢ for large enough ¢ we get
1
N1_.([0,1],[0,¢]) > ¢ — 1001og(c) log (E) )

log(7)
the constant. In fact, in [21] in the proof of Theorem 2.3 the same argument was used for

If c4 < ¢ and c is large enough then log ( ) > %log(c), so we have to at most double

a much wider range of ¢, up to £ = exp(—c/®).
If 0 < e < ¢ then first of all ¢, log (1) log( ne ) > Blog®(c). Thus, it suffices to

e log(é)
show that for n = [c — c1log (1) log (log(cl)ﬂ + 1 the right-hand side in (2.1) is at most ¢

(if n < 0 then the required estimate holds automatically). For large enough ¢; we clearly

have n < ¢ — 5 log (%) log (1();(0;)). So, it is enough to show that for large enough c¢; we
have )

(1 1 log (%) log (10&01))
log -

~) < -
< 2
2log =
(Cl log(%) 10g<10§é>> )

KC

Dividing by log (%) and putting t = oe(1) we get an inequality

€

<A log(t)

1< &2
~ 2 log(t) —loglog(t) —log(%)’

which is always true if ¢; > % + 2. For (2.4) we would instead need to show that similar

expression with p and ¢y is at most 1, and for this we would use that loglog(t) < @,

say.
16
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3. CASE OF TWO BOXES

In this section we will prove Theorem 1.1. The proof of Proposition 1.2 is similar so we
leave its proof to the interested reader.

We begin with the following simple observation that will nevertheless be sufficient for
the proof:

(3.1) No/a([0, ¢, [0,1])* < Na([0,¢]*, [0,1]%) < Na([0, ], [0,1])".

Indeed, if the product of d numbers, each of which is between 0 and 1, is larger than a then

each of them is also larger than a, which gives us an upper bound. On the other hand, if

1/d

each of the numbers is larger than o'/ then their product is larger than a.

So, we can apply the estimates for N,([0,¢],[0,1]) from the previous section. Note
that for 277 < e < % we always have log (%) log (1og(cl)> = O(c). When raising to the d’th
power, we will use the following simple inequality: if y = O(x) then (z+y)? = 2¢4+-0(2%1y).

We will only use it with x = c.
We begin with estimating Ny/2([0, c]%, [0,1]) from (3.1). We get

NQ—I/d<[07 C], [07 1])d < N1/2<[07 C]dv [07 1]d) < Nl/Q([Ov C]? [07 1])d'

By Theorem 2.1 both Ny /5([0, ], [0,1]) and Ny-1/4([0, c], [0, 1]) are ¢ + O(logc). Raising
this to the power d we get

(3.2) Nij2(0,d% [0, 1]%) = ¢ + O(c? ' log c).

First, we are going to prove (1.4). For this we will use a lower bound on N;_.([0, ¢], [0, 1])
and an upper bound on N.([0, c], [0, 1]), respectively. For AT ([0, ], [0, 1]%) we get

A:([Oa C]dv [07 1]d) = Nl/Q([Ov C]d7 [Ov 1]d) - leﬁ([()? C]dv {07 1]d)
< Nipa([0,d% [0, 1]%) = Ny _oy174([0, ], [0, 1])%

By Bernoulli’s inequality we know that (1 — &)/¢ < 1 — £ and therefore we have

N—opsa([0,¢],[0,1]) > Ni_/4([0, ¢], [0, 1]). Plugging in our bound we get for 27" < e < 3

A:([O, C]da [07 1]d) < ¢+ O(Cdi1 log C) —+0 <cd1 log (d> log ( - >> |

€ log(g)
Canceling ¢?, noting that the first big-O is dominated by the second and the fact that for

e < % we have log (g) = log (%) we get the desired upper bound after possibly increasing

K to ayq.
17
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For AZ([0,c]%,[0,1]%) we get by a similar reasoning for 27 < ¢ < 1

1
AZ([0,d%[0,1]Y) < ¢+ O [ ¢* L log (—) log H—Cl — '+ 0 loge).
£ log ()
Again, canceling ¢? and noting that the first big-O dominates the second one we get the
desired result.
To prove (1.5) we will instead employ an upper bound on N;_.([0,c], [0,1]) and a lower

bound on N.([0,c],[0,1]). For this, just an inequality (x + y)¢ = 2% + O(z%'y) will
1
2
(r +y)? > 2% + c42¥'y. Note that we can achieve y < %x by making the constant ¢, in

not be enough, we will need that if 0 < y < Iz then (x — y)? < 2% — cyz?~ly and
(2.4) and (2.5) smaller if necessary. The rest of the argument is essentially the same as in
the proof of (1.4), the only changes are that we have to write inequalities explicitly instead
of big-O and that in the case of AZ([0,¢]% [0,1]) we have log (s77) instead of log (1), but
since they are proportional to each other we get the same result in the end.

It remains to cover the case ¢ < 27"¢. First of all, there are no eigenvalues larger than
1 — € because the right-hand side of (3.1) is zero. For AZ ([0, c]%, [0, 1]%) we get

AE;‘_([()’ C]d> [07 1]d) = NE([07 c]dv [Ov 1]d) - N1/2([07 C]dv [0’ 1]d)'

For the upper bound we simply discard the second term and bound
d

log (2)

For the lower bound, first we pick some 74 > 0 and if ¢ > 7, then we can use a lower

AZ ([0, [0, 1)) <

bound for e = 27%¢ from the previous case (increasing « if needed) which is proportional
to the lower bound in the current case with the obvious monotonicity of AZ (A, B) in e.
Finally, in the case ¢ < 7, we first crudely write

A;([O, C}dv [0’ ”d) = NE([O7 C]d’ [0’ 1]d) - Nl/Q([Ov C]d’ [07 1]d> Z NE([Ov C]d’ [07 1]d> - QCd

and estimate the first term with (3.1) as

0 log (511/4 )

log (_4 log Csll/d> )

for some § > 0. If ¢ < 7, for small enough v; then this is proportional to the desired

N.([0, 4, [0,1]%) >

lower bound and is also at least 4¢% so we can cancel —2¢® that we had.
18
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4. GENERAL CASE

In this section we will prove Theorem 1.3 and Theorem 1.6. We begin with the first one
as it still contains most of our techniques while being slightly easier. So, let A C R? be a
bounded set with positive measure and boundary of finite upper Minkowski content and
B = U, B, be a finite union of parallelepipeds with disjoint interiors. We will also only
consider the case ¢ > a~¢ for now and cover the other case at the end of the section.

We start with the S — S? trick. We have

SCA,B - SCQAyB = PCAQBPCACQBPCA = T*Tv

where T' = P.4cQ)pF.4. We are interested in the number of eigenvalues of S.4 5 — SEA’ B
larger than (1 — ¢), that is the number of singular values of 7" larger than /(1 — ¢).
Since dB,, has measure 0, we clearly have Qg = 25:1 @B, , and therefore

N
PCACQBPCA = Z PCACQBnPCA'
n=1

1
1

log( 747

Let p = < 1. By (1.9) and (1.10) we have

N
(4.1) A:(cA, B) < Ve PoacQpPeall, < V€Y | PeacQp, Pealll,
n=1

Using the S—S? trick in reverse we can rewrite these quasi-norms in terms of the eigenvalues
Am(cA, By,) as
1Peac@p, Pealls = D ~(Am(cA, Bo)(1 = An(cA, B)))?.

m

We have B, = M,[0,1]? + b, for some invertible matrix M, and b, € R To reduce to the
case [0, 1]¢ we will use the following lemma.

Lemma 4.1. Let A, B C R? be sets of finite measure and M : R — R? be an invertible
linear map. Then, for all u,v € R? and alln € N,

M(A,B) = \(MA+ v, M "B +u).

Proof. We start with the case u = v = 0. Consider the unitary dilation operator Dy, f(x) =
| det(M)|2 f(Mz) with inverse Dy} = Dy-1. We are going to compute Dy} SagDy. To
this end, it is sufficient to note that, for any invertible matrix M and all measurable sets
X,

FDM = DM*TF, fﬁlDMfT = DMfil, PXDM = DMPMX
19
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It follows that

D3} SasDy = PruaQu-7pPra
and therefore \, (A4, B) = \,(M A, M~T B) by unitary equivalence. Next, we handle general
translations u,v. Consider the unitary translation operator T,f(z) = f(x — v) and the
phase shift multiplication operator W,, f(p) = e 2™“? f(p) with inverses T_, and W_,,. As
before, the following commutation relations hold:

‘FT’U:WU*F7 f_lwv:va_ly PXT’U:TUPX7'U7 PXWu:WuPX

We conclude that W, T, Sa 5T, 'W, ' = Sty pru and therefore that A\, (A, B) = A\, (A +
v, B+ u).
O
Applying Lemma 4.1 to A, B,, we get A\,,(cA, B,) = A\n(cM,;TA[0,1]¢). Observe that
M T A is still a bounded set whose boundary has finite upper Minkowski content. Indeed,
simply note that for any r > 0

IM~TA+ B,| <

Y

1
————|A+B
ydet(M)|| T By

where + stands for the Minkowski sum of two sets. So, from now on to simplify the
notation we will assume that B = [0,1]? and A is some bounded set whose boundary has
finite upper Minkowski content and we want to bound || P.acQo1j4 Peall}.

Next, we introduce the Whitney decomposition of A. To do this we recall that 0A
has measure 0, hence Py = P4 and so we can assume that A is open. Note also that
J(intA) C JA, hence d(intA) also has finite upper Minkowski content. The following is
taken from [13, Appendix J]

Proposition 4.2. Let A C R? be an open subset. There exists a family (Qr) of closed
dyadic cubes such that

(i) U, Qr = A and the Qs have disjoint interiors,

(ii) There are constants cy,cy only dependent on d such that

¢ diam(Qg) < dist(Qp, A°) < o diam(Qyg).

For the future use, we will need to modify this decomposition slightly to make constant
c1 as large as we like.

Proposition 4.3. Let A C R? be an open subset. There exists a family (Qr) of closed
dyadic cubes such that

(i) U, Qr = A and the Qs have disjoint interiors,
20
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(ii) There is a constant c3 only dependent on d such that
2diam(Qy) < dist(Qy, A°) < ¢z diam(Qy).

Proof. Let )y be a sequence of cubes from Proposition 4.2 and cut each of them, for some
m € N, into 2™ dyadic subcubes Qy 1, ..., Qyama of diameter 27"diam(Qy). We have
dist(Qp,n, A%) < dist(Qr, A°) + diam(Qx) < (c2 + 1)diam(Qr) = (c2 + 1)2"diam(Qx. ),
so ¢3 = (cg + 1)2™ works. On the other hand,
dist(Qg.n, A°) > dist(Qy, A°) > crdiam(Qy) = ¢12"diam(Qy. ),
so if we choose m so that ¢;2™ > 2 we will get the desired result for the cubes Qy . O

By A; we denote the collection of cubes in the Whitney decomposition of A with side
length 27!, Since we assume that A is bounded, there is [y € Z such that A; = @ for [ < l,.
We will need the following two lemmas about open, bounded sets A whose boundary has

finite upper Minkowski content.

Lemma 4.4. Let A be an open bounded set with boundary of finite upper Minkowski con-
tent. There exists a constant C depending only on A such that

4y < 201,

Lemma 4.5. Let A be an open bounded set with boundary of finite upper Minkowski con-
tent. There ezists a constant C' depending only on A such that for all small enough r > 0
we can find a set N, of axis-parallel boxes with side length r and with disjoint interiors
such that |N,| < Cr=? and

0A+ B, C Ugen, Q.

Proof of Lemma 4.4. Let X; = Ugea,@. We have

(Al = 1= [QPR"=2"X].

QEA; Qe4,;
By a property of the Whitney decomposition, there is C; > 0 such that
dist(x, 0A) < 427"

for all x € X;. Since 0A has finite upper Minkowski content, there is [; only dependent on
A such that
1X;| < [{z: dist(z,04) < C27"}| < €427

for [ > [y which gives us the desired estimate. If [ < [; then we simply bound

2dl’Xl‘ < le‘A‘ < 2(d71)l|A|2l1'
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0

Proof of Lemma 4.5. For z € rZ¢ denote by Q,(z) the cube with side length 7 centred at
z. Let Z, C rZ% be the collection of points z € rZ? such that Q,(z) N (0A + B,) # @. If
w € Q,(2) for z € Z,, then

dist(w,0A) < inf (Jw — p| + dist(p, DA)) < (Vd + 1)r-.

PEQr(2)
Hence,

U @2

2€2,

< |OA+ B,y | < Cr

for r small enough. Since Q,.(z) for different z are disjoint up to measure 0, we get
|Z,.] < or't—4,

Finally, we observe that we have the covering A+ B, C U.cz, @,(z), so this covering works.
O

Remark 4.6. Lemma 4.4 requires only the internal part of the upper Minkowski content
of OA, that is only |(0A + B,) N A|, but for Lemma 4.5 we need the full upper Minkowski

content.

Remark 4.7. Note that Lemma 4.5 in particular implies that if a set has finite upper
Minkowski content then it has finite d — 1-dimensional Hausdorff measure.

We will pick a small number § > 0 and consider the threshold D = [log2 <W0(1))} . The

cubes with side lengths larger than 2= we will leave as is, and note that their union covers
all of A except possibly for the points in C;2~P-neighborhood of A. Let r = C;2~" and
consider the cubes N, from Lemma 4.5. We get
AC (Ul<D UQeAl Q) U (UQEN7»Q) :
First part of this union is disjoint. We make the second part disjoint by setting, for X € N,.,
X' =XNA\ (Ucp Ugea, Q).
Hence,
A = (Ui<p Ugea, Q) U (Ugen, Q') -
From this we can write
(42) PCACQ[O,I]chA = Z Z PCACQ[O,l}d cQ + Z PCACQ[O,l}d cQ’ -

I<D QeA,; QEN;
22
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Next, we want to enlarge these sets to make the computations easier. To see how the
singular values change under enlargements we will use the following lemma.

Lemma 4.8. Consider X,Y,7Z C R and assume that PxQy Py is compact. If X C X'
and Px/Qy Py is compact, then

ok(PxQy Pz) < 0ix(Px/Qy Pz).
Similarly, if Z C Z' and PxQy Py is compact, then
ok (PxQy Pz) < ok (PxQy Py).

Proof. By the max-min theorem, if T" is a compact operator on H, then

T
0x(T) = max min —H il

Re RSO
For the first inequality we simply have ||Px/Qy Pzt|| > ||PxQy Pzt for all ¢ € L*(R?
The second inequality follows from the first by taking the adjoint. 0

).
Corollary 4.9. Let X, Y, Z be measurable sets. If X C X' and Z C Z' then || PxQy Pyl[; <
|1 PxQy Py|[}.

We will apply (1.10) and Corollary 4.9 to (4.2). For P.4cQo11¢Peq, @ € A, we enlarge
cA° to cQ, where @ is the cube with the same centre as () and two times larger side length.
Note that by the property of the Whitney decomposition 4.3 Q is still contained in A. For
PeacQo11aPegrs @ € N,y we simply enlarge cA° to all of R? and cQ’ to ¢Q. We get

(4-3) HPcACQ[O,l}d cAHZ < Z Z HPchQ[o,l]chQﬂg + Z ||Q[0,1]d cQHﬁ-

<D QeA; QEN;
After shifting with the help of Lemma 4.1 we can see that the operators in the second sum
are simply tensor powers of one-dimensional operators I.. from Lemma 1.8. We will use
the fact that the Schatten norms are multiplicative under taking the tensor products.

Lemma 4.10. Consider Hilbert spaces Hy, ..., H,, and compact operators A; € H;, j =
1,....,m. If T is the operator T = A, ®---® A,, on H=H, ® ---® H,,, then for any
0 < p < oo we have

1Tl = 1 Axllp - - 1 Am]lp-

Proof. As multisets, we have
{on(T) | n € N} ={0,,(A1)...0n,, (An) | P4, ..., 0 € N}

Summing over p'th powers of the elements in the left- and right-hand sides, the claim

follows. O
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By Lemma 1.8 we have

[10cr] oo
1 1
”Icng < Z 17 + Z CPe™™" < 10cr + Cpl——e_Tp < Cl (CT + ]_?)
n=1 n=[10cr]

for some absolute constant C';. By our choice of r and p we have Cyer > %, thus ||Icr||§ <
Cscr and therefore by 4.10

Q0,1 Pegll?, = [T |5 < Coe™r

We turn to the operator P,5Q1eFeq for @ € Aj, I < D. To exactly connect it to
the one-dimensional operators that we stated in Lemma 1.8, we are going to do further
simplifications. Firstly, we can, after a translation by means of an argument similar to the
proof of Lemma 4.1, assume that

Q=1 Q=1
where I = [—27"1 2711 and I = [-27!,27]. Then, with the unions being disjoint,
Q = (I*xR"™M U xI* xR U-- U (I"" x I°).

We write PchQ[m}dPQ as a sum with respect to this decomposition of QC and enlarge I to

all of R in every single instance. It follows by Lemma 4.8, Lemma 4.10, and (1.10) that

®(d—1
12,5 Qpoja PegIh < dl| (Quo,1Per) Vg P QuuPellb
= d| Qo Per |3 V|| P Qo P |15

For Qo) Per = 19— as above we have

o 1
Qo Perlly < Ch (02 by 5) ,
Again, by our choice of D and p we always have Cyc27! > %, hence
Q. Per ||, < Cse27".

For P ;.Qo1Per = Jea-1-1 it follows from Lemma 1.8 that

00 . C
1P, Qo Per |l < D CPe ™ < ?
n=1
Hence, in total
C i
|1P.5:Qoje Peqllh < Ecd L= (@=L,
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Returning to (4.3), we see that

| PeacQpoajaPeally < € |Ay]e=127 D4 CIN, e,
<D

It follows from Lemma 4.4 that |A;] < C2@~Y! and from Lemma 4.5 that |N,| < Cr—(@=1).
Also, |A;| =0 for [ < ly. Hence
c d—1 d i1l 4
| PeacQopja Peally < — Z AT+ CEr=C (D) =+ cr ).
P <o p
By our choice of D, p,r for % > e > o ¢ if § is small enough we get
(4.4) 1Poac Qo Poall? < ¢ log ( ~ ) Tog [ —2< | .
. C [0,1} C D~ c log (%)

Plugging this estimate into (4.1) and using that N is a fixed constant we finally conclude

1 ac
A(cA,B) < tog (= )log [ —— |.
(cA,B) S c™ log (g) 0g (1og(§)>

Next, we prove Theorem 1.6 where both A and B are bounded sets with boundaries of
finite upper Minkowski content in the same regime % > ¢ > o~ ¢ For this we do the S — S?
trick again, and this time apply the Whitney decomposition to the set B with the same
threshold D = [log2 (Wc(é))} With an obvious adaptation of notation from the set A,
the set B decomposes as

B = (Uicp Uger, Q) U (Ugen, Q') -

We have

Ac(cA, B) < Vel|PacQpPallh < Ve Y 1PeacQqPeallt + Ve D [ PeacQq Peallh.

I<D QeB, QEN;

For @ € B; it follows from Lemma 4.1 that

||PCACQQPCA||5 = ||PcQ*lACQ[O,l]dPCZ*lAH;

so we can use (4.4) and get

1 2~
||PCACQQPCA||£ 5 Cd—12—l(d—1) log (_) log ac .
£ log ()

m =
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For the second logarithm we notice that it is uniformly bounded by log (10;;2(113), S0,

denoting o = a2, we get

1 ac
-1
SN PeacQqPeallh S (D + lo)e* log <g> log <10g (%))

<D QeB,
1 /
< ¢ log (—) log? oz_cl ,
€ log ()
which is exactly the required bound.

For the boundary layer P.acQg Pea, Q € N,, we first enlarge cA° to the whole R? and
enlarge cA to cR where R is a fixed cube containing A to reduce the analysis to the
operator Q¢ P.r using Corollary 4.9. Then, by the equality o,(Qqg P.r) = A (cR, Q’)%
and the symmetry A, (U, V) = A\, (V,U) we get

[PeacQqr Peally < Qe Perlly = | PerQqr Perll: = || PoQerPar || = [|QerFPer I3

Now, we are able to enlarge Q' to @) and put all of the scaling onto ) by means of Lemma

NS RS
NS RS

4.1 to conclude

[ PeacQq Peally < |QcrPor [l < 1 Po,erja Q0,114
By Lemma 4.10 the right-hand side is equal to || Py Qo] Hgd. Arguing as in the proof of

p
P

Theorem 1.3 we see
||P[0,cr]dQ[o,1}d”£ S <,

and therefore

Z | PeacQq Peally < IN,|cr? < ¢r < ¢ og (%) ,

QEN;
which is even smaller than the required bound. This finishes the proof of Theorem 1.6 in
the regime % >e>aC

Finally, we will deal with the regime 0 < ¢ < a™¢. The proof will be the same for both

Theorem 1.3 and Theorem 1.6. Let Uy C A C V4 and Ug C B C Vi be some fixed boxes.
By Lemma 4.8 and symmetry \g(X,Y) = A\ (Y, X) we have

M(cA, B) < A\ (cVy, B) < A\i(cVa, V).

In particular, there are no eigenvalues larger than 1—a ¢ for large enough « by Proposition
1.2.
For the count of eigenvalues between € and % we have

A;(CAvB) = N&(CAv B) - N1/2(0A7 B)
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For the second term we have
Ny jo(cA, B) < 2¢%|A||B|
because Tr S.4 p = ¢?|A||B|. By Lemma 4.8 and symmetry we have
M (€U, Up) < Ap(cA, B) < M\(cVa, Vi),

and therefore
N:(cUx,Up) < N.(cA, B) < N.(cVa, Vp).

From (1.6) one can check that if 0 < ¢ < a™¢ and « is large enough then
N.(cUya, Up) > 4c| A||B|.

Plugging in the bounds we get

N (cUy, U _
y S NE(CUA, UB) — Nl/Q(CA, B) S A€ (CA, B) S NE(CVA, VB)
and both sides are proportional to the required value by (1.6) when 0 < & < a~¢ for large

enough a.

Remark 4.11. Note that the final argument gives us a lower bound on eigenvalues for all

sets A, B with non-empty interiors and an upper bound on eigenvalues for all bounded sets
A B.

5. SINGULAR VALUES OF ONE-DIMENSIONAL OPERATORS

In this section we will prove Lemma 1.8. Since the result for I, can be deduced from
Theorem 2.5, we will start with an estimate for oy (J,).

5.1. Singular values of J.. We will show that the operator J, = P_3,2,cQ0,11 -, for
r > 0 decomposes into a sum of finite rank operators. This idea is very similar to the one
employed by Karnik, Romberg and Davenport [18] who showed that a similar operator
had low displacement-rank structure, and for such operators the singular values can be
effectively estimated via Zolotarev numbers. By (1.1) the operator J, has kernel

1 eQm’(w—y) -1

K((I), y) = 1[—2r,27‘]c(x)1[0,1] (.I' - y)l[—r,r] (y) = %1[—2r,27]5(x)71[—rﬂ (y)

The variables  and y separate except for the term x—iy In [18] the authors handled this

term by instead considering x.J, — J.x, which has rank 2. However, simply writing the
27
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term %_y as a geometric series shows that

o0

1 . '
K(z,y) = oi Z (27" M ar20e (2)€™) (Y 1 rye (y)e ™)

n=0
- (xinil]-[—Zr,QT}c(x)) (yn]-[—r,r]c<y)) :

Note that the series converges absolutely since % < % whenever the indicators are non-zero.
This is the key point where we use the separation. Hence, if we set

fn(x> = (L'fnfl]_[_gr’gr]c(x)y f~n<$> — fn<$>62ﬂ'ix7
gn(y) = ynl[—r,r] (y)7 gn(y) — gn<y)627riy7

we see that, for p € L?

e}

Jyp= (<9079n>fn — <<p,§n>fn> '

271

Clearly each term in the sum has rank at most 2. By a well-known characterization of the
singular values of a compact operator A,

ok+1(A) = inf{||A — P|| | P is an operator of rank at most k},

we immediately find, for all N € N,

" Lo 1 —
02N+3(J7~)S§ Z <||fn|| lgnll + [ full ||gn||)=7—r Z | fall llgnll -
n=N+1 n=N+1

The norms are easily computed exactly:

2 2
2 —2n—1 2
[ fnll” = (2r) , lgall” =

— T2n+1.
2n + 1 2n + 1

Therefore, we get

\/_ o0
ogon+3(Jy) < — Z

n=N+

"<

@ 1 Q*NSQZ*N
T 2N+ 3 T

which finishes the proof.

5.2. Singular values of [,.. Since I, is a product of operators with norm at most 1, it
is obvious that o,(I,) < 1 for all n € N, so we will focus on n > 10r. As we already
mentioned, since I}l = Sjo,01], We can in principle extract the required bound from
Theorem 2.5, as well as from many previous results in the literature (in fact, we can
replace 10 by any constant larger than 1). To keep our argument self-contained we will

instead present a complex-analytic proof following the argument in [21].
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Singular values of I, are square roots of the eigenvalues of Sjg, 0. By Lemma 4.8 if
we increase r the eigenvalues can only increase. Thus, it is enough to consider the case
n = 10r. Since the eigenvalues depend only on the products of length of the intervals, for
convenience we will instead consider the eigenvalues of S[—;é],[—g,g .

Consider first n normalized eigenfunctions f1, fa, ..., fn of S_ L1 with eigenvalues
Ai(r) > - > A\y(r). If Ap(r) = 0 then there is nothing to prove (in fact, it is not hard
to see again by the max-min principle that this is never the case), so we assume without
loss of generality that A, (r) > 0. It follows immediately that f,..., f, are supported on

[11

— 3 5]. In particular, their Fourier transforms

1
g(2) = ful2) = [ fultye>mi=at
2
are defined for all z € C and they are holomorphic functions of z.

Let us fix n — 1 distinct complex numbers zq, 29,...,2,_1. By simple linear algebra
we can find scalars ay,...,a, € C not all zero such that the linear combination g(z) =
> or_y argr(z) satisfies g(z1) = -+ - = g(z,—1) = 0. By scaling we can assume that ||g||» = 1.

First, we have a uniform pointwise bound on g(x + iy):

(5.1) lg(a + iy)| < ™.
Indeed, putting f = > ay fi, we have

1
2 . .
f (t) 6727rz(x+zy)tdt

_1
2

gz +iy)| = < e / Cf)]dt < e,

1
2

where in the last step we used the Cauchy—Schwarz inequality. By the max-min character-
ization of the eigenvalues we also have

r/2
(5.2) MP SIS g /< [ la@)Pde.

272 272 77‘/2
We want to arrive at a contradiction by choosing an appropriate sequence z;.

We will assume for now that n > 1000. The cases n < 1000 we will cover at the end. Our
2r

sequence will be an arithmetic progression with z; = —r, 2z, 1 = r. Its step is s =

n—1"
Since n = 10r, n > 1000 we have s < 1. We want to bound |g(zo)| for zo € [—%, %]

assuming that |g(z + iy)| < €™l for all z,y € R and g(z) = 0. We will use Jensen’s
formula for the disk centred at z of radius :

2 _
dt+ Y 1ogm.

r

! r .
log |g(330)| = / log ‘g <$0 + 5e?ﬂ'zt)
0

29

lz—zo|<5,9(2)=0
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Since each term in the sum is negative, by leaving in it only z;’s we get an inequality

2 _
dt + Z logM.

1
(5.3) log |g(zo)| < / log ‘g (xo 4 f@%it)
0 2 T

|Zl—l’0|<%

For the integral term we have |g (zo + Le*™)| < em2l5in@™)] by (5.1), hence

1 1
/ tog g (o + 52| at < / = sin(2rt)de = .
0 0

For the sum over z;’s to the right of xq we have

2|z — 1 ats 2w —
3 logwgg 3 / log 2 =%0) 4,

r
$0<Zl<x0+% l‘o<21<$o+g 2l
e e (SR )
= - 1ot log —dw
S min z; r
z1>z(

1 [zt 2 1
g—/ log—wdwg——r—i-l.
S Js r 4s

where in the first step we used monotonicity of the function log % for t > 0, in the second
step we combined the integrals into one, in the third step we used that the function log %

is negative for ¢ < 7 and positive for ¢ > 7 and that the minimum of z;’s is at most xg + s

N

and the maximum of z’s is at least xg + § — s because x + 5 < r, so we can not get past

the interval [—r.7], and in the last step we used inequality logu < u — 1. For the sum over

z;’s to the left of xy we get exactly the same upper bound.
Plugging all our bounds into (5.3) together with s < 1 we get

lg(zo)| < €*7".

Therefore, by (5.2)

as required.

For n < 1000 we can simply estimate A, (r) < 1, which is consistent with our bound if
we increase C.

6. TRACE CLASS CONDITIONS

In this section we prove Theorem 1.9 and Theorem 1.10.
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6.1. Sufficient condition. We begin with Theorem 1.9, so consider bounded measurable
sets A, B C R% and let f be a trace class admissible function, that is

/5 Myf(e)log (1)
0 € (log log (%))d

Since A and B are bounded they have finite measure and so S, p is a compact oper-

ator. We need to show that Y 7 |f(A.(A4, B))| < oo. Since \,(A,B) — 0 there are

only finitely many n such that \,(A, B) > g. So, it is enough to show that the tail

dman<s |f(A(A, B))| is finite. We will also ignore all of the eigenvalues equal to 0

(6.1) de < 00.

since f(0) = 0 for all trace class admissible for L*(R?) functions f. We decompose the sum
dyadically and bound f from above by M,f:

Z |f(>‘n(A’ B))’ = Z Z 1{62—2k+1<)\7,,(A,B)§62—2k} |f(>‘n(A> B))’

0<An(A,B)<$ k=0 n

< S Mof (627) (Nppoatin (A, B) = Ny (4, B))
k=0

< iMO f (52—zk) N,y w1 (A, B).
k=0

We chose this exact decomposition because on this scale the estimates in (1.6) roughly
double at each step. Since A and B are bounded, there exist fixed cubes V4, Vg such that
A CVy, BC Vg By Lemma 4.8 we have N.(A, B) < N.(V4,Vp) for all 0 < ¢ < 1. Hence,

S Mof ( 52,%) Ny o1 (A,B) <Y Myf (524’“) Ny (Va, Vi)
k=0

k=0

=3 Mof (0272) (NippVa, Vi) + Ay, s (Vi Vi),
k=0
Since the integral (6.1) converges, M, f(e) is finite for all ¢ < §. In particular, it suffices to

show that the tail

3 Mof (52*) (Nyja(Va, Vi) + A

k=ko

= e (Va, Vi)
is finite for some ko > 0. Note that Ny5(Va, Vp) is a fixed number while Aé_ﬂk+1 (Va, Vi)
tends to infinity, so for kg large enough we have Ny (Va, Vp) < A(;_272k+1 (Va, Vi) for k > k.

By possibly choosing kg larger still we can apply the upper bound (1.6) (note that ¢, which
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is the product of side lengths of V4 and V3, is a constant for the present discussion), and
find

Z Mof <52—2k> (Nl/Q(VA, VB> -+ A6_2*2k+1 (VA, VB>)
k=kg
d

<3 () | (i)

h=ko log <_10g<é2c2k+1> )

A direct computation shows that the expression in brackets is proportional to ﬁ. So,

it remains to show that Zk ro Mo f (52 Qk) k; is finite. We have the following chain of
inequalities:

S o (22 2 = Sang () 2L [T L
0 k4 _k:k 0 ke log(2)2k=1 /5 €

k=ko 22
00 . 5272}“71 lOg (l) —1
5ZMOf<52—2>/ e
F—Fo §2-2* ¢ (log log (%))

© ot Mof ) log (2 )
< 13
N ,Z,; /52 2k 5 (loglog (%))
5 My f(e)log ()
<

€ (log log ( ))

de < o0.

d—1
We used that for 6272 < ¢ < 622" the term Loa(2) _ is proportional to 2 and
(e ros(1))" © P ‘
oglog

that My f is non-decreasing. This finishes the proof of Theorem 1.9.

6.2. Necessary condition. We turn to the proof of Theorem 1.10, so assume that A, B C
R? are sets with non-empty interiors such that S, p is compact, and consider a function f
such that |f(z)| is non-decreasing close to 0, say for 0 < x < 3. Assume that f(S4p) is
trace class. We need to show that

/5 My f(e)log (é)
0 € (log log (%))d
32
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for some 0 > 0. Note that for 0 < e < 8 we have My f(e) = |f(¢)], so if 6 < /3 then

* My f(e) log (1) |f )|log (
5 d .

e (loglog % e (loglog (2 )d

As in the proof of Theorem 1.9, we split > |f(A\.(4, B))| into the sum over eigenvalues
larger than 5 and at most $ and throw away the first one as it is finite. Thus, our basic

assumption is that
Y. 1fOw(A B))| < oo,

An(A,B)<p

By definition A, (A, B) is non-increasing in n so this is the sum from some ny to infinity.
Since A and B have non-empty interiors, we can find cubes U, and Ug such that Uy C A,
Up C B. By Lemma 4.8 we have \,(A, B) > \,(Ua,Up). Using monotonicity of |f| we
get

> 1fOw(A B) |>Z|f (U4, Up))|-
An(A,B)<B n=ng

Next, we do the dyadic decomposition but with a large constant K > 2 to be fixed later.
Pick kg so that 275" < X\, (U4, Up) and write, using monotonicity of |f|,

Z |F (U, Ug))| > 221{2 ki1 oy s m<a—ty | FOn(Ua, Up))|

n=no kkon

> Sl

k=ko
S
k=ko

We intend to apply (1.6). Note here that there are ¢;,¢y > 0 independent of K such
that for all k > ko(K)

Nywrs1 (Ua, Up) = Ny (Us, Ug))

(8 s (Ua, Up) = A, (U, Up))

Kk:d Kk:d

“og(ymy = Par (U Un) = g ey

We choose K so that K¢ > le% which fixes ky and ensures that

A2 Khk+1 (UAa UB) > 2A2 Kk (UAa UB)
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whenever k£ > ky. Hence,

I
k=ko

> 3|7 (2| Ay W)

k=ko
22|

Arguing as in the proof of Theorem 1.9 and using monotonicity of |f| we obtain

iz S € (log log (%))d
Collecting everything, we conclude

o> T Wouanz Y| ()

An(A,B)<p

(A5 s (Ua, Up) = A (Us, Up) )

o [
gd e
0 (loglog (—))

finishing the proof.

7. AREA LAWS

In this section we prove Theorem 1.11 and Theorem 1.13.

7.1. Uniform bounds. We now prove (1.14) and Theorem 1.13. For both of them we
can without loss of generality assume that f(1) = 0. Indeed, denoting f(#) = f(8) —6f(1)
we have f(1) =0,

Trf(Seas) = Trf(Sean) + F(1)Tr(Sean) = Trf(Seas) + ¢4 A||B|f(1)

/f —9f /fl_e

Note that f is also area law admissible and trace class admissible for L2(R%) if f is. Thus,
it suffices to establish the behaviour of Trf (Sca,p) for (1.15). To get the claimed uniform
bound (1.14) we also need to show that

/1 Mof(e) + M f(e)

and

de é C/l MOf(5)+le<€)d€
€
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for some absolute constant C' > 0. We have My f(e) < Myf(e) +¢|f(1)| and M, f(e) <
M, f(e) +¢|f(1)], so we just have to show that

for some absolute constant A > 0. For e > § we have Myf(e) > | f(

|f(1) = f(3)|, thus Mof(e) + My f(e) > |f(1)]. Integrating this we get

)| and M f(e) =

1
2

/1 WSO IMIE) i > 10n2)1 501,

SO\ = works.

log (2

We Star(t)vvlth proving the uniform bound (1.14), so assume that A C R? is a set whose
boundary dA has finite upper Minkowski content and B C R? is a finite union of paral-
lelepipeds with disjoint interiors, and let f be both area law admissible and trace class
admissible for L?(R?) with f(1) = 0. We need to show that, for ¢ large enough dependent

on A, B, and f,

" Mof(e) + Mif(e)
€

| Tr f(Sea)| < C(A, B)c* ' log(c) de

The proof of Theorem 1.13 will be almost identical. Take o from the statement of Theorem
1.3. We split the eigenvalues into the relevant regimes:

|Trf(scA,B)y: 2(cA, B)) <Z|f (cA,B))|

(7.1) - Z FOueA B+ S | (leA, B))

An(cA,B)>1—a~—¢ 1—a=¢>M\,(cA,B)>a~¢

> 1A Byl

a=>Ap(cA,B)>0

We will bound each of these three sums separately. The first sum is empty by Theorem 1.3,
since there are no eigenvalues larger than 1—a~¢. We proceed with the bound for the second
sum. We split the sum into eigenvalues close to 1 and close to 0 and decompose dyadically

like in the proof of Theorem 1.9. Let ko(c) be such that 272" < g=¢ < 272 We
35
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write

ko(c)

Z ‘f(An@A’ B))' < Z Z 1{2_2k+1<)\n(CA,B)§2_2k} |f()‘n(CAa B))|

l1—a=<>M\,(cA,B)>a—¢ k=0 n
ko(c)

+> 31 (2 1 aeamy<a-2y |FOn(cA, B))|

k=0 n
ko(c)

_9k
= Z Z Ligami oy (eamy<a—2vy Mof (2 )

k=0 n
ko(c)

_9ok
+ Z Z 1{2,2k+1<1_>\n(cA7B)§2,2k} M f <2 )

k=0 n

<3 (o7 (%) + 305 (2)) Ay w0, B)

k=0

In the first step we did the dyadic splitting (with possibly overcounting beyond a~¢), in
the second step we bounded f by Myf and M f, respectively, and in the third step we
crudely bounded the number of eigenvalues in the corresponding intervals by A.(cA, B) for
a suitable ¢.

For k < ko(c) we will use (1.7). For k = ko(c) we have to use (1.8) but one can check
that in this regime the estimate is proportional to the one in (1.7) so we will use (1.7) here
as well. We get

d—1ok —k d—1ok
. _ok+ R .
(7.2) A, orr1(cA, B) S ¢ 128 log (ac27%) < ¢ 12% log(c)

Applying this we find

> FOuleA, B < 3 (Mof (272) + 2 f (27) ) Ay s (cA, B)

1—a=¢>Ap(cA,B)>a~¢ k=0
ko(c)

S 2 (Mof (2_2 ) + M, f (2_2 )> 12k log(c).

By the simple identity
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we conclude

> [f(An(cA, B))|

l1—a=>M\,(cA,B)>a—¢

9 . N 4 o 2
S (s (27) + 2s (2 ) e oy [, 2
k=0 272
ko(c)
_ Mof )+ M f(e)
< ¢t log (2 2/2 5 d
S Cd—l IOg(C) 10g2(2) /0 MOf(g) i_ le(g) d&,

which is of the required form for (1.14).
We finally turn to the third sum in (7.1). Using the exact same dyadic decomposition
we will ultimately get

(73) S WOWAB)I S DT Mof (27) A i (A B).

a= >\, (cA,B)>0 k=ko(c)

Since we are now in the regime ¢ < a~¢, it follows from (1.8) that

B 2k+1 d
AL (€A, B) S m

d
We claim that (%) < %C(d, a)log(c)? for k > ko(c), where C(d,q) is
o8\ T

some constant depending only on d and «. Indeed, this is equivalent to 1€2+1+1) <
og

C(d, ) log(c). The left-hand side is equal to L which is clearly a decreasing

10g(2)7 k+i
function of k, so it is enough to verify the inequality for & = k¢(c). Using g-2ho@Ft <
a=¢ <272 and a > 4 we get

@ + log,(logy(a)) + 1
log(2)

ko(c) + 1 < log,(¢) 4 log,(logy(a)) + 1
log <2ko<c)+1) - log(log,())

c

< log(c)

m+10g2(10g2(0¢))+1

log(2)
37

which gives the claim with C(d, a)"/¢ =
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Plugging this into (7.3) and arguing as in the proof of Theorem 1.9 we get

. o0 o o(k+1)d
> A B Slog(@' 3 Mof (27) G
a=>An(cA,B)>0 k=ko(c)
(7.4) o i
d MOf(E) IOg (E)
< log(c) 3
0 € (log log (%))

The final integral is finite for ¢ large enough since f is trace class admissible for L?(IR%).
Moreover, as ¢ — oo we have ky(c) — oo, thus the integral can be as small as we like. In
particular, for ¢ > ¢o(f, A, B) we can assume that

2_2k0(c)71

de

/ Myf(e )log(%) Je < /1 Mof(e) + My f(e)
0 € (log log (%))d - Jo €

! w& is non-zero. But it can be zero only if f = 0 in which

assuming that f

case the theorem is trivial. Thus, for ¢ > ¢o(f, A, B) we have

" Mof(e) + Mif(e )

| Tef(Seas)| < C(A, B)(c" " log(c) + log(c) 8

For ¢ > 1 we have log(c) < ¢, which gives the desired estimate with at most doubling the
constant C'(A, B).

To prove Theorem 1.13 the only thing that we have to change is that in (7.2) we will
have log®(c) instead of log(c), which leads to the final error bound O(c% ! log?(c)).

Remark 7.1. It was absolutely crucial for our argument that the third sum in (7.1) turned
out to be o(c?1log(c)), otherwise it might happen that the bound does not hold. For d > 2
the third sum is O(log(c)?) = o(c?'log(c)), so in this case it is enough for us to only know
the value of § and the integral in the definition of trace class admissibility for L?(RY).

For d = 1 our proof as written requires us to also know how fast does the integral
fo Elﬁ@ié&() )de converges to 0 ast — 0 to get O(log(c)) with as small of a constant as we

like. However, coincidentally d = 1 is also the only case where trace class admissibility for
L*(R?) is weaker than area law admissibility. In particular,

PRIV Ty 11
o cloglogD) " = Toglog(D) Jy <
In this way we would get that the third sum is O(1) (and even o(1)) for d = 1, and the

value co(f, A, B) would even be independent of f.
38
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7.2. Two-term asymptotics. It remains to establish the two-term asymptotic expansion
(1.15) under the same assumptions on A and B as in the previous subsection, but with the
additional assumption that f is Riemann integrable on [¢,1 —¢] for all 0 < & < 1/2. We
will also assume without loss of generality that f is real-valued, as we can first prove the
result for Ref and Im f separately, which satisfy all of our assumptions if f satisfies them,
and use that both sides of (1.15) are linear in f. Lastly, as before, we will also assume
that f(1) = 0 by subtracting 6f(1) from f.

Recall that (1.15) holds for polynomials [9]. We will first extend (1.15) to all continuous
functions supported on [g,1 — ¢] for some ¢ > 0 and then deduce from this that (1.15)
holds for f = 1j,4 for all 0 < @ < b < 1. This is the same argument that was used in [22]
to prove Theorem 2.1.

Let f : [0,1] — R be a continuous function such that f(#) = 0if 0 < § < ¢ or
1 —e <6 < 1. The function ¢g(#) = 9{1(3)9) is clearly continuous on [0, 1]. Given § > 0, by
the Stone-Weierstrass theorem, we can find a polynomial P such that |P(6) — g(0)] < ¢
for all 6 € [0,1]. We clearly have

(P(8) +8)0(1 — 8) > f(8) > (P(6) — 5)0(1 — 0).
Denoting Q(0) = (P(0) + 9)0(1 — 0), R(0) = (P(0) — 0)0(1 — 6) we have
TrQ(Sca) > Tr f(Seaz) > Tr R(Sca,B)

Dividing by ¢?~!log(c), applying (1.15) to @ and R and taking the limit ¢ — oo we get

bQ(o) . Tr f(Sca,B)
[(A,B)/O =0 e)dﬁ > hiris(jolp P Tog(c)
.. Tr f(ScA,B) ! R(e)
> hcrgglfm > I(A,B)/O T _0>d9

The difference between the left-hand side and the right-hand side is at most 201(A, B), so
taking the limit 6 — 0 and using the squeeze theorem we get

. Trf(Sean) iC)
clggo ci=1log(c) [<A’B)/O 6(1 — Q)de’

which establishes (1.15) if f is continuous and vanishes outside of [¢,1 — ¢].
Now, we turn to f(0) = 1ly(@) for 0 < a < b < 1. For small enough

d > 0 consider the continuous functions Qs(f) = max (1 - w,@ and R;(0) =
max (1 - wﬁ) which satisfy Qs(0) > 1oy (0) > Rs(0). Letting 6 — 0 and

applying the squeeze theorem again we deduce (1.15) for 1.
39
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Now, we turn to the general f : [0,1] — R with f(1) = 0 which is area law admissible
and trace class admissible for L?(R) and which is Riemann integrable on [e,1 — ] for all
0<e< % By the Riemann integrability on [e,1 — €] we can find Riemann upper and

lower sums (). > f > R. such that

e Qa(e) — RE(Q)

(7.5) E i

df < e.

Here Q. and R, are finite linear combinations of indicators of the form 1,4 for ¢ < a <
b <1 —e. Define

Myf(6), 0<0<e,
G:(0) =10, e<h<1—c¢,
Mif(1-6), 1—e<0<1.

We have the following chain of inequalities

and therefore, as before,

lim sup (lim sup Tr Q.(Sca,5) + limsup Tr Gs(ScA,B))

0t oo ¥ 1log(c) oo T 1log(c)

1
> i Tr £(Soup) > liminf —— Tr £(S,
= NP GiTiog(ey T Sene) 2 BT Gty ey T ()

1
> lim inf (li{{l_l)glf cd_Tog(c) Tr R.(Scap) — limsup Tr GE(SCA,B)) .

e—0t oo T 1log(c)

Since (). and R. are finite linear combinations of indicators of the form 1j, for 0 < a <
b < 1, we know that

Q:(9)
9(1— 0)

1 ' R.(9)
liminf ——— T =I1(AB —
e 1 log(c) FRe(Sean) (4, )/0 0(1—0)

lims
1cﬁ£p c?=1log(c)

1

TrQ:(Sean) = I(A,B)/ o,
0

do.

Taking the limit ¢ — 0, it follows from (7.5) that

X R ()

e [ 5 0= | oi—a) "

imin 1 RE(Q) = 1 f(«9)

1Ho+f/0 91— 6) a0 /0 9(1— 6) 0.
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Thus, it suffices to establish that

(7.6) lim sup lim sup

Tr G.(S. =0.
cs0t esoo 4 1og(c) rGe(Sean)

Here we use the established bound (1.14). It gives

0) + M1G€(6>

7 do.

1
Tr Go(Seas) SC(A,B)/ MG
0

.
e 1 log(c)

For 6 < & we have MyG.(0) = My f(6) and M,G.(6) = M, f(6), thus
MoG.(0) + M, G.(0) < Myf(0) + M, £(6).
For e < 6 < 1 we have
(77 MoGe(6) + MiG.(8) < 2max(Mof(e), Mi[(€)) < 2(Mof(8) + My f(6)).

We get that MOGE(;();%IGE(Q) is majorized by the L!-function %W. Thus, if we

show that it tends to zero pointwise as ¢ — 0% then the dominated convergence theorem
will imply (7.6). By (7.7) it suffices to show that

(7.8) max(Myf(g), M1 f(e)) — 0 as e — 0*.

Clearly, max (M f (), M, f(¢)) is non-negative and non-decreasing in e, thus the right limit
lim, o+ max(Myf(e), M1 f(e)) = v exists and is non-negative. If v > 0 then the integral

/1 Mof(0) + M, f(0) 20
; 7

diverges, contradicting the assumption that f is area law admissible. Thus, v = 0 giving

us (7.6).

8. COMPUTATION OF TrS% ; WHEN A AND B ARE FINITE UNIONS OF BOXES

In this section we prove Theorem 1.14 and Theorem 1.15. The key idea of the compu-
tation is that Tr.S% 5 = ||Sa,5]l3 is the Hilbert-Schmidt norm squared of Sy p. Since Sa 5
is an operator with the kernel (1.1), we have

15453 = // 11a(z)1g(z — y)la(y) | dz dy.
R4 x R4
41
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Assume that A = U}_,; A and B = U}, B; are finite unions of axis-parallel boxes with
disjoint interiors. We have

//RdXRd [La(@)1p(z — y)La(y)]* dz dy

- Z Z //Rd R L, (x)lAkQ (Z/)iBh(UU - 1/)1312@ —z)dzdy.

k1,ka=111,l2=1

For each ki, ks, 11, [y the variables separate and we reduce to the integrals of the form

//R . 1, (#) 15, (y)1s (x — y)1s(y — 2)dz dy

for some intervals I, I, J;, Jo C R. Doing the change of variables x — y = z and applying
Fubini’s theorem we get

(8.1) //M 1y, (2)1p, (2 + 2)1y, (2)1p (—2)dw dz = /R 1), (2)1s(=2) | N (I — 2)|dz.

We do exactly the same on the Fourier side with the intervals J; and J,. For each z € R

1n(2)1,(=2) = // 1y, ()1 g, (0)e>™ =) dy dy = / 2= N (Jy — w)| dw.
RxR R

Plugging this into (8.1) we get

(82) // 2 L ) (I — 2)|| 2 O (s — w)| d duw
RxR

For fixed intervals I, I” the function R 5 ¢t — I N (I’ —t) is zero up to some point p;, then
linear up to some po, then constant up to some ps, linear again up to some py and zero
afterwards (if [/| = |J| then ps = p3). Thus, separating into the nine cases with respect to
the pairs I, I, and Jy, Jo we have to compute the integrals of the form

b pd
/ / (az + B)(yw + §)e*™* dzdw.

A direct computation shows
b pd
/ / (z + B)(yw + §)e*™ dz dw
b 2miwd 2miwe 2miwd __ 2miwe
e

- +
2miw 472w?
This integral can be computed explicitly with the use of the exponential integral function
Ey(w), because [ f—;dr = —% +if % If 0 € [a, ] then one has to exercise a bit of care,

removing a small interval [—e, £], integrating over the resulting segments and letting ¢ — 0
42
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with the use of the known asymptotics of E;(w) for small w which will give the logarithmic
terms.

Unfortunately, executing this strategy in practice is rather infeasible due to the number of
terms appearing, so we will only do the simplest one-dimensional case A = [0, ¢|, B = [0, 1].
Our starting point will be (8.2) with I; = I, = [0, ¢] and J; = J = [0, 1]. We find that

TrS? oy = / / &7 1[0, A (0, ) — 2)] 110,11 N ([0,1] — )] dz dw

xR

1 c
:/ / 2= (¢ — |2|) (1 — |w)|) dz duw.

—1J—c

Using Fubini’s theorem and taking the integral in w we get

c . 2 c . 9 . . ,
Trs[%vc]JO,l] :/ (C_|Z’)Mdz = 2/ (C—Z)Sm(—ﬁz)dz = lim 2/ (c_z)—sm(wz) dz.
0 3

e w222 222 e—0t 222

Using sin?(t) = 1_%5(%) and [ CO:Q(t) = —Coi(t) — [ Sh;(t) we can find an explicit primitive

and get

C

dz = 5

¢ sin(7z)? 2mezSi(27z) + ccos(2mz) — ¢+ 2Ci(272) — zlog(2)
2) - —ma b= "

z

S

~y-+log(2m)
ﬂ.2

The limit of the primitive as ¢ — 0 is using the known asymptotics of Ci(z) for

small z. So,

2 pu— .
I e S CICIR I S

™

log(c) 1+ +log(2m) N (2 T
m

cos(2me) | Ci(27rc)) |

as required. Recall the known asymptotics for Si(¢) and Ci(t) for large ¢

(8:3) Si(t) = g — cos(t) Z thT + sin(t) Z (_1)n§§: - 1)!’

(84) Ci(t) = sin(t) S % eos() S (—1)”% — 1!

We note that the first term in the first sum in (8.3) cancels with % and the first term
in the second sum in (8.3) cancels with the first term in the first sum in (8.4). Thus, the
oscillating terms begin with O(C%) term. Plugging these series into our formula gives the

desired asymptotic expression.
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9. ONE-TERM ASYMPTOTICS

To establish one-term asymptotic (1.16) in general we first need to establish it for any
two qualitatively different functions directly. For f(#) = 6 we already know it, even without
any error terms, so we will consider f(6) = 62.

Claim 9.1. Let A, B C R? be sets with finite measure. Then SZap is trace class and
Te 82, 5 = A1 B] + o)

as ¢ — 00.

Proof. Tt suffices to show that Tr [S.a s — S24 5] = o(¢?). By the S — S? trick we have

2 2
SeaB — Seap = |PeaQpPeac

I

so the trace is given by the Hilbert—-Schmidt norm squared of P.oQpgP.4c. Arguing like in
the previous section, we find

| PeaQBPeac

. . X
gzcd/RJlB(x)‘Q‘Aﬂ(A —E>‘ dx.

The function Fa(x) = |[AN (A —z)| = 14 % 1_4c(—2) is continuous, bounded, and satisfies
F4(0) = 0. The claim now follows immediately from the dominated convergence theorem.
O

Proof of Theorem 1.16. Subtracting 6f(1) from f we can without loss of generality assume
that f(1) = 0. Pick a small 1 > ¢ > 0. We split Trf(Sc4,5) into the terms with A, >1—¢
and 1 —e> )\, >0:

Tof(Sean)= Y. fOulcAB)+ > flcA, B)).
An(cA,B)>1—¢ 1—e>An(cA,B)>0
For the second sum we simply apply the linear bound |f(6)| < C@ and the elementary
inequality 6 < @, valid for 0 < 0 <1 —¢e. We find

> FOuleA B)| < S0 [San — S,
1—e>Xn (cA,B)>0
which is o(c?) for all fixed 0 < & < by Claim 9.1.
For the first sum, by continuity of f at 1, for any ¢ > 0 there is € small enough such that
| f(Au(cA, B))| <4 if Ay(cA, B) > 1—¢. Since 0 < € < 3, this implies that | f(\,(cA, B)| <
20\, (cA, B). Thus, the first sum is at most 25¢?|A||B|. Since § > 0 can be arbitrarily

small, this gives us the result. 0
44



142

Now, we turn to the proof of Theorem 1.18. This time, we will do a more complicated
splitting of Trf(Sea5).

Proof of Theorem 1.18. As in the previous proof we can without loss of generality assume
that f(1) = 0. We also remark that since f is trace class admissible for L*(R?), f must
satisfy limgy_,o+ f(6) = 0, by an argument similar to the proof of (7.8), just with the trace
class admissible for L*(R¢) condition instead of the area law admissible condition.

Since A, B are bounded, there exist boxes V4, Vg such that A C V4, B C Vg. Fix once
and for all a large number D to be determined later (it will only depend on V4, V). Let
0<e< % be a small number. We have

Trf(ScA,B) = Z f()‘n(CAa B)) + Z f()‘n(CA7 B))

An(cA,B)>1—¢ 1—e>An(cA,B)>e
+ Y fOWeAB)+ > f((cA, B)),
0<Xn(cA,B)<e 0<An(cA,B)<e
ngDcd n>Dc?

For the first sum for any ¢ > 0 we can choose % > ¢ > 0 small enough so that it is at most
20| A||B|c?, as in the previous proof.

For the second sum we simply use that f is bounded and the elementary inequality
_ . Sea,p—S2
1< ZE}_Z; for 6 € [e,1 — ¢]. Thus, the second sum is at most W SUPepoy [ f (1)1,

which is o(c?) by Claim 9.1.
For the third sum, we use that limy o+ f(€) = 0 to conclude that for any § > 0 we can

choose € > 0 small enough so that it is at most §Dc.

Finally, we turn to the most challenging fourth sum. Firstly, we estimate |f(A,(cA, B))]
by Mof(Au(cA, B)). Since Myf is non-decreasing, we can upper bound \,(cA, B) by
Mn(cVa, Vp) using Lemma 4.8. So, it remains to show that

> Mof(An(cVa, Vi) = o(c?).
n>Dcd

We claim that if D is large enough and n > Dc?, then M (cVa, VB) < ag¢ where aq is
taken from Theorem 1.1. This is equivalent to saying that Na;c(cVA, Vg) < Dc?. We have

Na (CVA, VB> = Nl/Q(CVA, VB) + Aa;c<CVA, VB)

The first term is O(c?) by (3.2) and the second term is O(c?) by (1.6). Thus,
Na;c(cVA, Vp) < D¢ holds for large enough D. Given the claim, the computation (7.4)
therefore shows that

> Mofa(eVa,Ve) < > Mof(Ma(cVa, Vis)) = O(log(e)?) = o(c),
n>Dc? An(cVa,VB)<ay©
45

—c
d



143

which finishes the proof. O

9.1. Counterexample for unbounded sets. In this subsection we prove Proposition
1.17. First, for convenience we replace f with a monotone subordinate function g.

Claim 9.2. For any function f :[0,1] — C such that lim,_,q+ ‘f(:”)l = oo there exist € > 0
and g : [0,1] — [0,00) such that g is non-decreasing, lim, o+ M =00 and g(z) < |f(x)]
for0 <z <e.

‘f(w)l = o0, for any k£ € N there exists y, > 0 such that for 0 < 2 <y

Proof. Since lim,_,o+
we have |f(z)] > 2*z. Inductively making y; smaller if necessary we can additionally
assume that v, > 2yr.1. We define g(yx) = 281y, between g, and y,1 we extend g
linearly, and for = € [y, 1] we set g(x) = g(y;). We are going to show that g is non-
decreasing, lim,_,o+ % =00 and g(z) < |f(x)] for 0 <z < y;.

For the first assertion it is enough to check that g(yx) > g(yx41) since linear functions do
not change monotonicity. This is equivalent to yx > 2yx,1 which is true by our assumption.

For the second assertion, we have

e @) _ 90 _ e
€Yk, yk+1] T Yk
which tends to infinity as k& — oo, thus lim,_,o+ % = 00. Analogously, we also have
sup g9(z) _ 9(Yr+1) — ok
v€lyyrra] T Yk+1

thus g(z) < 2%z for = € [y, yrr1]. On the other hand, for x € [y, yrs1] we have | f(z)| >
28z, which gives us the last assertion. Finally, we put g(0) = 0 to complete the proof. [

For any sets A, B of finite measure we clearly have that if f(S4 p) is trace class then
g(Sap) is trace class. Thus, given a set B of positive and finite measure, it suffices to
construct a set A such that g(Sa p) is not trace class, or equivalently Tr g(Sea ) = oc.

We will take A = | J, .y Ax where each A has measure 5. By monotonicity, Tr g(Sa,8) >
Tr g(Sa, . B), thus it suffices to make Tr g(S4, 5) tend to mﬁmty Since lim,_,o+ 9o — o,
for each k there exists x; > 0 such that g(z) > Akg for 0 < o < x. If Sa,.p does not have
eigenvalues larger than x; then we have

o0 4]€
Trg(Sa.8) = Y 9(An(Ax, B)) > 24 An(Ax, B) = | Bl = 2% B|,
n=1

which tends to infinity as k — oc.
46



144

1
2k
values larger than z;. This is equivalent to demanding that A\ (Ax, B) < x,. We clearly

So, it remains to construct sets Aj of measure 5z such that S4, p does not have eigen-

have

1/2
A (A, B (ZA (A, B ) — (Trs3, )"

Thus, if we can make TrS%, 5 as small as we like, we will get the desired inequality. We
pick a large number N and let A, be a union of N vastly separated intervals of length N2k

N 1

We have
TrSiij = / |IB(x)]2 |Ar N (Ax — 2)| d.

Direct inspection shows that for o < |z| < N — 55 we have Ay N (Ax — 2) = @ and for
x outside this range the measure of the intersection is clearly at most 2% Thus,

1 . 1 .
|15(z)|*dx + ~ |15(z)|*dx.

TTSAk ~ 2k B
lz|< 557 |z|>N -1

As N — 00, by the dominated convergence theorem both of these integrals go to 0. Thus,
we can make TrSka’ 5 as small as we like by taking /N large enough, as required.
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