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Abstract

This thesis studies spectral asymptotics for Wiener–Hopf operators with discontin-
uous symbols. We establish a two-term asymptotic formula for traces of the form
Tr[f (1αΩ(x)P (−i∇)1αΩ(x))] as α →∞ under essentially optimal regularity conditions,
namely for P a function of bounded variation and Ω a set of finite perimeter, and show
that these assumptions are sharp if P is an indicator function.

We also study time-frequency limiting operators, which arise as the special case of
Wiener–Hopf operators where the symbol is an indicator function, and obtain sharp
uniform bounds on the plunge region when one of the underlying sets is a finite dis-
joint union of parallelepipeds. As an application, we extend the two-term asymptotic
formula to very rough spectral functions f .

Résumé

Denne afhandling studerer spektral asymptotik for Wiener-Hopf operatorer med
diskontinuerte symboler. Vi etablerer en toleddet asymptotisk formel for spor af for-
men Tr[f (1αΩ(x)P (−i∇)1αΩ(x))] når α → ∞ under essentielt optimale regularitetsan-
tagelser, nemlig når P er en funktion med begrænset variation og Ω en mængde med
endelig perimeter, og vi viser at disse regularitetsantagelse er skarpe når P er en in-
dikatorfunktion.

Vi studerer også tids-frekvensbegrænsende operatorer, som optræder som specialtil-
fældet af Wiener-Hopf operatorer, hvor symbolet et givet ved en indikatorfunktion,
og opnår uniforme skarpe estimater på plunge regionen når én af de underlæggende
mængder en en endelig forening af parallelepipeder. Som anvendelse udvider vi den
toleddet asymptotiske formel til meget grove spektrale funktioner f .
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Chapter 1

Introduction

This thesis studies asymptotic spectral problems for operators obtained by truncating
translation-invariant momentum operators to spatial regions. We refer broadly to such
operators as Wiener–Hopf operators, and the principal questions we address are how
spectral quantities, such as traces and eigenvalue counting functions, behave as the
spatial region becomes large.

Wiener–Hopf operators arise naturally in many contexts, including harmonic anal-
ysis, operator theory, pseudodifferential calculus, signal processing, and mathematical
physics. As a guiding example, such operators appear when one restricts from an in-
finite translation-invariant quantum system to a finite spatial subsystem. In this set-
ting, one fundamental spectral problem is the computation of the bipartite entangle-
ment entropy of translation-invariant quasi-free fermionic ground states. This quantity
can be phrased directly as the trace of an entropy function of a Wiener–Hopf operator
whose underlying momentum symbol is the projection onto the Fermi sea of the one-
particle Hamiltonian. The asymptotic behavior of the entanglement entropy is referred
to as the (enhanced) area law and has been studied extensively in both the physics
and mathematics literature [12, 21, 38, 45, 73]. In the simplest possible setting of a
particle-number-preserving Hamiltonian in the ground state, the corresponding mo-
mentum symbol of the Wiener-Hopf operator is a sharp indicator function. The main
theme of this thesis is that symbols with such jump discontinuities give rise to intricate
boundary spectral effects, which govern the sub-volume spectral asymptotics.

We now describe the mathematical problems that we consider more precisely. Let
Ω ⊆ Rd be a spatial region and let P : Rd → Mn be a bounded momentum symbol
taking values inMn, the space of n-by-n complex matrices. The corresponding Wiener-
Hopf operator on L2(Rd ;Cn) is given by

S(P ;Ω) = 1ΩP 1Ω, (1.1)

where 1Ω = 1Ω(x) is the projection onto the subspace L2(Ω;Cn) and P = P (p) = P (−i∇)
denotes the corresponding Fourier multiplier. We consistently abuse notation by using
1Ω, 1Ω(x), P , and P (p) for the functions, their function values, and the correspond-
ing multipliers. Unpacking the definition, the operator S(P ;Ω) acts on a function
φ ∈ L2(Rd ;Cn) as

S(P ;Ω)φ(x) = 1Ω(x)
(
P (1Ωφ)∧

)∨
(x), (1.2)

where ∧ and ∨ denote the Fourier transform and the inverse Fourier transform. For the
1



2 CHAPTER 1. INTRODUCTION

first three chapters we use the conventions

F f (p) = pf (p) = (2π)−d/2
∫
R
d
e−ix·pf (x)dx,

F −1P (x) = qP (x) = (2π)−d/2
∫
R
d
eix·pP (p)dp.

A different normalization is introduced in Chapter 4 on time-frequency limiting oper-
ators to be consistent with the relevant literature. It is clear that S(P ;Ω) is bounded
with ∥S(P ;Ω)∥∞ ≤ ∥P ∥∞, and that S(P ;Ω) is self-adjoint (non-negative) if P takes values
in self-adjoint (non-negative) matrices.

Operators of the form (1.1) are higher dimensional analogues of truncations of
one-dimensional Wiener-Hopf operators, which in turn are continuous analogues of
Toeplitz matrices. The principal spectral problem, going back to Szegő’s limit theo-
rems [62, 63], is to study traces of the form Tr

[
f (S(P ;αΩ))

]
in the limit α → ∞ for

different classes of functions f . Historically most interest was devoted to f (x) = log(x),
which is equivalent to computing the determinant of S(P ;αΩ). For other classical de-
velopments we refer to [22, 28, 29, 64]. In its simplest form, the (weak) Szegő limit
theorem is a volume law. For a polynomial f satisfying f (0) = 0 and P and Ω satisfying
weak integrability assumptions, the leading order term scales with the volume:

TrL2(Rd ;Cn)

[
f (S(P ;αΩ))

]
=
( α

2π

)d
|Ω|

∫
R
d

Tr
C
n

[
f (P (p))

]
dp+ o(αd), (1.3)

as α → ∞, where |Ω| denotes the Lebesgue measure of Ω. An elementary verifica-
tion using (2.6), for instance, shows that the volume term in (1.3) is exactly given by
Tr[S(f (P );αΩ)]. Since the entirety of this thesis is concerned with the sub-volume be-
havior, it is convenient to subtract the volume term and introduce

Sf (P ;αΩ) = 1αΩf (S(P ;αΩ))1αΩ − S(f (P );αΩ), (1.4)

which, by (1.3), satisfies
TrL2(Rd ;Cn)[Sf (P ;αΩ)] = o(αd). (1.5)

We put the projections 1αΩ around f (S(P ;αΩ)) only to avoid assuming f (0) = 0. For
the special case f (x) = xm, m ≥ 2, we write Sm(P ;αΩ) instead. Intuitively, the operator
Sf (P ;αΩ) should only depend on boundary/higher order effects in P and Ω. It can be
verified that Sf (P ;αΩ) can be a trace class operator even when f (P ) < L1 or |Ω| = ∞,
which offers some flexibility.

Further terms in the asymptotic expansion (1.5) critically depend on the regularity
of the symbol P , the set Ω, and the function f , and we refer to [71] for a full expansion
into powers αd−k , k ≥ 1, in the fully smooth setting. Focusing only on the leading or-
der term, it is instructive to first consider the smooth, or rather smoother, case without
jump discontinuities. This is classically the setting of the strong Szegő limit theorem
on Toeplitz operators, and we refer to [30, 67] for sharp results. The corresponding
problem for Wiener-Hopf operators was first investigated by Widom [65], later refined
and generalized in [68, 71], followed by the works of Roccaforte [51], and more re-
cently Sobolev [60]. In the most abstract setting from [68], the leading order boundary
coefficient is given by a reduction to one-dimensional co-tangent sections

TrL2(Rd ;Cn)

[
Sf (P ;αΩ)

]
=
( α

2π

)d−1∫
T ∗(∂Ω)

TrL2(R;Cn)

[
Sf (PX ;R+)

]
dX + o(αd−1). (1.6)
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We refer to Section 2.1 for precise definitions. In the scalar valued case, the remain-
ing co-tangent traces can be computed explicitly by the remarkable trace formula of
Widom [69]:

TrL2(R;C)

[
Sf (Q;R+)

]
=

1
8π2

"
R×R

Uf (Q(ξ1),Q(ξ2))

|ξ1 − ξ2|2
dξ1dξ2. (1.7)

For polynomial f the right hand side of (1.7) diverges for all indicator functions, which
carries over to (1.6). More precisely, in the one-dimensional case it was observed by
Widom in [69], and earlier in [30, 67] in the Toeplitz setting, that P ∈ Ḣ1/2 is the min-
imal smoothness condition to ensure area scaling, which in particular rules out jump
discontinuities along co-dimension 1 hypersurfaces. In Chapter 3 we establish (1.6)
under the minimal assumptions that Ω is a set of finite perimeter and P ∈ Ḣ1/2 ∩ L∞.
The geometric mechanism behind the boundary term is discussed in Section 2.1, and
we also refer to this section for precise statements and for a comparison to relevant
literature.

The situation changes dramatically for symbols P with jump discontinuities. In
the Toeplitz case, this is classically the setting of symbols with Fisher-Hartwig root-
like and jump singularities, whose early development was closely tied to the study of
spontaneous magnetization in the two-dimensional Ising model [6]. In contrast to the
smooth case, such singularities modify the asymptotic behavior and produce an addi-
tional logarithmic factor. It is not our intention to thoroughly review the vast literature
on Fisher-Hartwig singularities here; we refer to [2, 17, 66] for early developments and
to [9, 11] for the current state of the art. In the Wiener-Hopf setting, jump discontinu-
ities similarly alter the leading order behavior of Tr[Sf (P ;αΩ)]. Here the leading order
term is logarithmically enhanced:

Tr
[
Sf (P ;αΩ)

]
=
( α

2π

)d−1
log(α)Af (∂Ω, P +, P −) + o(αd−1 log(α)) (1.8)

as α → ∞, for a certain boundary coefficient Af (∂Ω, P +, P −) only dependent on the
symbol P through its one-sided jump values P + and P − along the jump set. Widom’s
formula (1.8) for symbols with jump discontinuities was conjectured by Widom in 1982
[70] with partial results by Widom [70, 72] and Landau-Widom [36] in particular for
d = 1. We also refer to [20, 23] for results on the special case f (x) = x2. Later in 2013,
(1.8) was established by Sobolev [54] for regular f and a broad class of regions Ω and
symbols P with jumps. See also [3, 55, 58] for later refinements. We establish (1.8) in
Chapter 3 under the essentially minimal regularity assumptions that Ω is a set of finite
perimeter and P a function of bounded variation. The logarithmic correction arises
naturally as a singular limit of the smooth case (1.6), and this mechanism is discussed
in Section 2.2.

The jump discontinuous setting is also the one relevant for the entanglement en-
tropy problem mentioned in the beginning of this Introduction. Namely, for a trans-
lation invariant, particle-number-preserving quasi-free fermionic ground state, the bi-
partite entanglement entropy relative to the spatial region Ω is

Tr
[
h (S(1Λ;Ω))

]
, h(x) = −x log(x)− (1− x) log(1− x), (1.9)

where Λ is the Fermi sea of the underlying one-body Hamiltonian. Since h(0) = h(1) = 0,
the volume term in (1.3) vanishes, and Widom’s formula (1.8) therefore predicts an
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enhanced area law. This connection, first made explicit by Gioev and Klich in 2006 [21],
brought renewed interest to the study of Wiener-Hopf operators with discontinuous
symbols [3, 24, 38, 39, 41, 54].

We now turn to the simplest, and in many ways most important, class of discontin-
uous symbols, namely indicator functions. For a measurable set Λ ⊆ Rd , the operator
S(1Λ;Ω) = SΛ,Ω is commonly referred to as a time-frequency limiting operator. The
study of the spectral properties of such operators was initiated by Landau, Pollak, and
Slepian [34, 35, 53], and has since attracted considerable interest both from the math-
ematical and signal processing communities. In the present context, time-frequency
limiting operators provide the basic model for discontinuous Wiener-Hopf symbols.
Despite the elementary form of the symbol, these operators exhibit a remarkably rich
yet comparably more transparent spectral structure. The eigenvalues of S(1Λ;αΩ),
which agree with those of S(1Ω;αΛ), are expected to exhibit a sharp transition: the first
≈ |Ω||Λ|αd eigenvalues are close to 1, followed by ≍ αd−1 log(α) intermediate eigenval-
ues away from 0 and 1, and then a tail of eigenvalues decaying fast. We refer to the
intermediate part of the spectrum as the plunge region, the area regime, or the bound-
ary regime. This picture is particularly clear in dimension 1, where the exact limiting
behavior and precise uniform estimates of the eigenvalues are known, see [5, 19, 31,
32, 36].

From the point of view of trace asymptotics, it is precisely the eigenvalues in the
boundary regime that contribute to the αd−1 log(α) term in Widom’s formula (1.8). The
size of the plunge region is quantified by the eigenvalue counting function

Λε(αΩ,Λ) = |{n ∈N | ε < λn(αΩ;Λ) < 1− ε}| = Tr[Sfε (1Λ,αΩ)], (1.10)

where fε(x) = 1(ε,1−ε)(x) for 0 < ε < 1/2. For fixed ε, Widom’s formula (1.8) predicts that,
as α→∞,

Λε(αΩ,Λ) = CΩ,Λα
d−1 log(α) log

(1− ε
ε

)
+ o(αd−1 log(α)) (1.11)

for a constant CΩ,Λ only dependent on Ω and Λ. A quantitative formulation of the
spectral picture described above is that the leading order behavior should hold uni-
formly for small ε, namely

Λε(αΩ,Λ) ≲ αd−1 log(α) log
(1
ε

)
. (1.12)

In dimension one this is indeed the case as recently shown by Karnik, Romberg, and
Davenport [31], while state of the art in the higher-dimensional case incurs additional
log(α) losses [26, 27, 44]. Sharp bounds on the plunge region of the type (1.12) can
be used to extend Widom’s formula (1.8) from polynomial f , where it is most accessi-
ble, to rough spectral functions with singular behavior at the end points 0 and 1. The
need for such extension arguments is apparent from the entanglement entropy compu-
tation (1.9), since entropy functions are singular at the endpoints. A substantial part
of the recent literature on Wiener-Hopf operators have concerned precisely this ex-
tension problem, and the corresponding tools based on uniform Schatten quasi-norm
estimates, developed in [56–58], cover spectral functions with Hölder-type singulari-
ties. In Chapter 4 we establish sharp uniform estimates on the plunge region of the
type (1.12) under suitable geometric assumptions. Based on this, we deduce essentially
necessary and sufficient conditions on f for Widom’s formula to hold. The underlying
extension mechanism is discussed in Section 2.3.



5

Structure

The rest of the thesis is organized as follows.

Chapter 2 gives precise statements of the main results of the thesis and a brief
overview of the main ideas behind their proofs.

Chapter 3 contains the manuscript [18] titled ”The Widom Conjecture with Optimal
Regularity Assumptions”. Here we establish Widom’s formula (1.8) for regular f under
the assumptions that P is a function of bounded variation and Ω a set of finite perime-
ter. We argue that these conditions are optimal in the time-frequency limiting setting
P = 1Λ. As a key step of the proof, we study the transition between smooth and non-
smooth matrix valued symbols, which is of interest in the study of the entanglement
entropy.

Chapter 4 contains the arXiv preprint [33] titled ”Sharp Estimates for Eigenvalues of
Localization Operators with Applications to Area Laws”. Here we study time-frequency
limiting operators and we establish sharp uniform bounds for the number of eigenval-
ues in the plunge region. As an application and building on the work from Chapter 3,
we establish essentially necessary and sufficient conditions on f for the trace formula
(1.8) to hold when one of the involved sets is a finite union of parallelepipeds.





Chapter 2

Preliminaries and overview

In this chapter we precisely state the main results of this thesis and we discuss some
of the mechanisms behind their proofs. We first consider the smooth case, where the
leading order boundary term can be understood geometrically through a reduction
to co-tangent sections. We then turn to discontinuous symbols, where the logarith-
mic enhancement arises as a singular limit of the smooth setting. Finally, we discuss
the plunge region for time-frequency limiting operators and its role in extensions of
Widom’s formula to rough spectral functions.

2.1 Trace asymptotics: smooth case

We begin with the smooth case of symbols without jump discontinuities. As mentioned
in the Introduction, in this setting the leading order sub-volume term has area scaling,
and the boundary coefficient is a reduction to traces of co-tangent sections. Despite
smooth symbols not being the main emphasis of this thesis, the smooth case serves
as a key component in the proof of Widom’s formula (1.8) for discontinuous symbols
presented in Chapter 3. In fact, in our work, the boundary coefficient arises as a sin-
gular limit of the smooth case, as will be discussed in Section 2.2. The key takeaway
is that the smooth case is significantly more accessible, and the geometric mechanism
behind the boundary term is more transparent. It is our intention here to discuss this.
We also point out that exactly the same geometric mechanism crops up in related trace
computations in different models. This is, for instance, the case for anti-Wick quan-
tized domains [46] and for operators arising from spatial restrictions of (not necessarily
translation-invariant) free fermionic states [40, 48, 49].

Throughout this section we restrict our attention to polynomial spectral functions,
or more precisely natural powers of the form f (x) = xm,m ≥ 2. The extension to rougher
spectral functions requires, in addition to the polynomial trace asymptotics, separate
uniform estimates on the singular values of 1αΩP 1αΩc , which will be discussed in Sec-
tion 2.3. Accordingly, for a bounded symbol P :Rd →Mn and a measurable set Ω ⊆Rd ,
we consider

Sm(P ;αΩ) =
(
1αΩP 1αΩ

)m
− 1αΩP

m1αΩ (2.1)

for m ≥ 2 and α ≥ 1.
7
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Precise statements and definitions

To state our main results in full generality we need to introduce some notation and a
few definitions. We write Ḣ1/2(Rd ;Mn) for the homogeneous fractional Sobolev space
consisting of all P ∈ L1

loc(R
d ;Mn) such that

∥P ∥2
Ḣ1/2 =

"
R
d×Rd

|P (p)− P (q)|2

|p − q|d+1
dpdq <∞.

If in addition P ∈ L2, then ∥P ∥2
Ḣ1/2 = Cd

∫
R
d |qP (x)|2|x|dx, see [42, Theorem 7.12] or [10].

We also recall that a set Ω ⊆ Rd is said to have finite perimeter if the function 1Ω

has bounded variation, or equivalently that∫
R
d
|1Ω(x+ h)− 1Ω(x)|dx ≤ C|h|, h ∈Rd . (2.2)

By Lemma A.7 of Chapter 3 one may take C = Per(Ω), and conversely, the least such
C is comparable to Per(Ω). We write F Ω for the reduced boundary and νΩ for the
measure theoretic interior normal. For precise statements we refer to Chapter 3 or the
standard textbook references [1, 13, 14, 43]. We note for orientation that if Ω ⊆ Rd
has compact Lipschitz boundary, then Ω is a set of finite perimeter. In this case F Ω

agrees with ∂Ω up toHd−1-null sets, νΩ coincides almost everywhere with the classical
interior unit normal, and Per(Ω) =Hd−1(∂Ω).

Let Ω be a set of finite perimeter. For x ∈ F Ω, let ΠνΩ(x) = {νΩ(x)}⊥ denote the
corresponding tangent plane. We write

T ∗(F Ω) = {X = (x,p) | x ∈ F Ω, p ∈ΠνΩ(x)},

equipped with the product measure∫
T ∗(F Ω)

F(X)dX =
∫
F Ω

∫
ΠνΩ(x)

F(x,p)dHd−1(p)dHd−1(x).

Finally, for X = (x,p) ∈ T ∗(F Ω) and a function P on Rd , we define the corresponding
co-tangent section

PX(ξ) = P (p+ ξνΩ(x)), ξ ∈R.

Our main results from Chapter 3 on the smooth case are the following.

Theorem 2.1. Let P ∈ Ḣ1/2(Rd ;Mn)∩L∞ and let Ω ⊆Rd be a set of finite perimeter. Then,
for all m ≥ 2,

Tr
[
Sm(P ;αΩ)

]
=
( α

2π

)d−1∫
T ∗(F Ω)

Tr
[
Sm(PX ;R+)

]
dX + o(αd−1) (2.3)

as α→∞.

Theorem 2.2. Let P ∈ Ḣ1/2(R;C). Then, for all m ≥ 2,

Tr
[
Sm(P ;R+)

]
=

1
8π2

"
R×R

Um(P (ξ1), P (ξ2))
|ξ1 − ξ2|2

dξ1dξ2. (2.4)

Here Um :C×C→C is the symmetric functional

Um(A,B) = −1
2

m−1∑
k=1

(1
k

+
1

m− k

)(
Ak −Bk

)(
Am−k −Bm−k

)
. (2.5)
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Widom [69] proved the one-dimensional formula (2.4) under the sharp Ḣ1/2 as-
sumption. Our main contribution in this setting is to provide a different, more elemen-
tary proof, better aligned with the higher-dimensional mechanism developed below.
Our method, which relies on ideas from the classical work [28] of Kac, is presented in
Section 5 from Chapter 3.

The more substantial result is Theorem 2.1, which refines earlier work of Widom
[65, 68, 71] and Roccaforte [51] by extending the area scaling formula to the finite
perimeter setting and by removing an artificial assumption that qP ∈ L1. We also men-
tion the recent work of Sobolev [60], who, using the one-dimensional trace formula
(2.4), established area scaling for scalar-valued smooth symbols under decay assump-
tions and for domains with piecewise C1 boundary, for a broader class of spectral func-
tions f . The rest of this section is devoted to explaining the geometric mechanism
behind the leading order term from (2.3).

Kernel expansions and the boundary term

We will now explain the mechanism behind the boundary term in Theorem 2.1. For
the sake of exposition we restrict our attention to the maximally regular case P ∈
C∞c (Rd ;Mn). This is not a real restriction, since the sharp Ḣ1/2 assumption follows
from abstract approximation arguments from this case; we refer to Chapter 3 for the
details.

The most natural strategy to compute the trace of a given operator is to find its
kernel and integrate along the diagonal. This is precisely possible for the operator
(2.1). That the kernel is directly expressible is a key feature unique to natural powers
f (x) = xm, and this insight is directly or indirectly central to all work on the smooth
case. For a given set Ω ⊆Rd , the operator 1αΩP 1αΩ has kernel

K(x,y) = (2π)−d/21αΩ(x) qP (x − y)1αΩ(y). (2.6)

Formally following the composition rule for kernels, the operator
(
1αΩP 1αΩ

)m
has ker-

nel

Km(x,y) =
∫
R
d
. . .

∫
R
d
K(x,x1)K(x1,x2) . . .K(xm−2,xm−1)K(xm−1, y)dx1 . . . dxm−1

= (2π)−
dm
2

∫
R
d
. . .

∫
R
d

qP (x − x1) . . . qP (xm−1 − y)

× 1αΩ(x)1αΩ(y)1αΩ(x1) . . .1αΩ(xm−1)dx1 . . .dxm−1,

(2.7)

and similarly, by the elementary identity (Pm)∨(x − y) = (2π)−
d(m−1)

2

(qP
)∗m

(x − y), the op-
erator 1αΩPm1αΩ has kernel

K ′m(x,y) = (2π)−
dm
2 1αΩ(x)1αΩ(y)

∫
R
d
. . .

∫
R
d

qP (x − x1) . . . qP (xm−1 − y)dx1 . . . dxm−1. (2.8)

We here point out that to effectively manipulate the expansions above, the integrals
(2.7), (2.8) have to converge absolutely for all m ≥ 2, and the only natural general con-
dition to assure this is qP ∈ L1, which renders this approach not applicable for discon-
tinuous symbols.

Expressing the trace of Sm(P ;αΩ) as the integral of the kernel along the diagonal,
which can be justified e.g. using the result from [7], we obtain after a change of variables
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and an application of Fubini’s theorem that

Tr
[
Sm(P ;αΩ)

]
= −(2π)−

dm
2

∫
. . .

∫
Tr

[qP (x1) . . . qP (xm−1) qP (−x1 − · · · − xm−1)
]

×
∫

1αΩ(x)
(
1− 1αΩ(x − x1) . . .1αΩ(x − x1 · · · − xm−1)

)
dxdx1 . . .dxm−1.

(2.9)

In particular, the α dependence of the trace is determined entirely by the volume term

FαΩ(x) =
∫

1αΩ(x)
(
1− 1Ω(x − x1) . . .1Ω(x − x1 · · · − xm−1)

)
dx

=
∣∣∣∣αΩ \ (αΩ∩ (αΩ+ x1) · · · ∩ (αΩ+ x1 + · · ·+ xm−1)

)∣∣∣∣, (2.10)

where we wrote x = (x1, . . . ,x1 + · · ·+ xm−1). We point out that to justify the application
of Fubini’s theorem in (2.9) it is necessary to minimally control FαΩ. For instance, it is
sufficient to assume that either Ω or Ωc has finite measure or that |Ω∩ (Ωc + y)| ≤ C|y|.
The latter is guaranteed for sets of finite perimeter by the characterization (2.2). Since
FαΩ(x) = αdFΩ(x/α), the same characterization also immediately implies the uniform
bound ∣∣∣∣Tr

[
Sm(P ;αΩ)

]∣∣∣∣ ≤ Cαd−1 (2.11)

if Ω is a set of finite perimeter. Isolating the exact leading order coefficient therefore
boils down to studying FΩ(x) in the limit x→ 0. As it turns out,

FΩ(x) = GΩ(x) + o(|x|), (2.12)

where GΩ is the homogeneous surface integral given by

GΩ(x) =
∫
F Ω

max
1≤k≤m−1

{νΩ(x) · (x1 + · · ·+ xk)}dHd−1(x). (2.13)

Before discussing (2.12) in greater detail, we first point out that the precise formulation
of the boundary coefficient (2.3) now follows easily. Indeed, from (2.9), (2.12), and
elementary manipulations of the Fourier transform,

Tr
[
Sm(P ;αΩ)

]
= −(2π)−

dm
2

∫
. . .

∫
Tr

[qP (x1) . . . qP (xm−1) qP (−x1 − · · · − xm−1)
]
GαΩ(x)dx1 . . .dxm−1

+ o(αd−1)

= −
( α

2π

)d−1
(2π)−

m
2

∫
T ∗(F Ω)

∫
. . .

∫
Tr

[|PX(t1) . . .|PX(tm−1)|PX(−t1 − · · · − tm−1)
]

× max
1≤k≤m−1

{0, t1 + · · ·+ tk}dt1 . . .dtm−1 + o(αd−1).

The exact identity
F
R+

(t) = max
1≤k≤m−1

{0, t1 + · · ·+ tk} (2.14)

gives the claim.

The relation (2.12) was first established by Widom [65] in 1960 for the case where
Ω is either a polytope or a convex set. The polytope case has also been studied by
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Pfirsch [50] with a different technique. Later in 1980, Widom [68] claimed that (2.12)
holds for Ω with C1 boundary. Shortly thereafter, Roccaforte [51] established (2.12)
for Ω with C3 boundary, where he in fact also found the next term in the expansion.
We also refer to the more recent work by Roccaforte [52] for a full expansion in the
smooth case, which in turn formally leads to a full expansion of the trace (2.3). All the
aforementioned references apply (2.12) in exactly the same way as presented above.

While the proofs of (2.12) from [51, 65] are technical, the basic mechanism behind
the expansion is a simple local tangent plane approximation: if x ∈ F Ω and y is small,
then the membership x + y ∈ Ω is to leading order in |y| determined by y · νΩ(x) ≥ 0.
This is exact if Ω is a half-plane, which we used in (2.14). If F Ω = ∂Ω is parametrized
by C1 (or Lipschitz) graphs and |x| is small, this tangent-plane approximation can be
carried out directly in small suitably defined coordinate patches. Concretely, if Ω is
parametrized by {xd > ψ(x′)} in a box 2Q around ∂Ω, x ∈ Q, and y1, . . . , ym−1 are small,
then x ∈Ω∩ (Ω+ y1)∩ · · · ∩ (Ω+ ym−1) if and only if

xd > ψ(x′),
xd −ψ(x′)√
1 + |∇ψ(x′)|2

− νΩ(x̃) · yi ≥
Rx′ (x′ − y′i )√
1 + |∇ψ(x′)|2

, i = 1, . . . ,m− 1,

where x̃ = (x′ ,ψ(x′)) is the ’vertical projection’ to ∂Ω, and Rx′ (z′) = ψ(z′) − ψ(x′) −
∇ψ(x′)(z′ − x′) is the first order Taylor error. The tangent plane approximation lies in
setting Rx′ = 0, which induces local errors of size |Rx′ (x′ − y′i )| = o(|y′i |).

Summing up local patches of this type is crude and requires some care. Conceptu-
ally the same technique, wrapped in pseudodifferential language, is used by Sobolev in
[60], although without explicitly deducing the volume term FΩ. A more refined tech-
nique is used by Roccaforte [51], where the coordinate patches are obtained by lifting
a partition of unity on ∂Ω to a tubular neighborhood by the map ∂Ω× (−ε,ε) ∋ (x, t)→
x + tνΩ(x), which is a C1 diffeomorphism for small ε if Ω has compact C2 boundary,
which allows sharper bounds.

We turn to the finite perimeter setting. Here the techniques described above, which
all rely on local parametrization of the boundary by graphs, are not applicable. Instead,
a fundamentally different, coordinate free, purely measure theoretic approach is neces-
sary. Our starting point is the observation that (2.12) is equivalent to the statement that
the (classical) derivative of FΩ(x)−GΩ(x) is equal to zero at zero. By Morrey’s inequality
[13, Theorem 4.10], this would follow by showing that FΩ −GΩ is Lipschitz and that
zero is a Lebesgue point of ∇(FΩ −GΩ). This formulation is already much more ap-
proachable. Indeed, the weak derivative of FΩ can be computed using the Gauss-Green
type formula D1Ω = νΩdHd−1

F Ω for finite perimeter sets, and the local averaging in
the Lebesgue point formulation is exactly needed for blow-up arguments on F Ω. To
see these points, let us consider the simplest case m = 2. Here FΩ(y) = 1Ω ∗ 1−Ωc (y), so,
formally as distributions,

∇FΩ(y) = 1Ω ∗D1−Ωc (y) =
∫
F Ω

νΩ(x)1Ω(x+ y)dHd−1(x).

Similarly, a direct computation shows that

∇GΩ(y) =
∫
F Ω

νΩ(x)1{νΩ(x)·y>0}dHd−1(x).

For x ∈ F Ω introduce the tangent-plane defect set

Dx = {z ∈Rd | z ∈Ω, νΩ(x) · (z − x) ≤ 0} ∪ {z ∈Rd | x ∈Ωc, νΩ(x) · (z − x) ≥ 0}.
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Note thatDx exactly consists of all points z such that the intuitive leading order tangent
plane approximation explained above fails. By blow-up of the reduced boundary [13,
Theorem 5.14] and the dominated convergence theorem,

−
∫
Br (0)
|∇FΩ(y)−∇GΩ(y)|dy = −

∫
Br (0)

∣∣∣∣∣∫
F Ω

νΩ(x)
(
1Ω(x+ y)− 1{νΩ(x)·y>0}(x)

)
dHd−1(x)

∣∣∣∣∣dy
≤
∫
F Ω

−
∫
Br (0)

∣∣∣1Ω−x(y)− 1{νΩ(x)·y>0}(y)
∣∣∣dy dHd−1(x)

≤
∫
F Ω

|Dx ∩Br(x)|
|Br(x)|

dHd−1(x)→ 0

as r→ 0+, which establishes (2.12) for m = 2. We refer to Lemma C.6 of Chapter 3 for a
proof in the general case, which is mainly more difficult only in notation.

2.2 Trace asymptotics: discontinuous symbols

We now turn to the case of discontinuous symbols, which is the main setting of this the-
sis. As discussed in the Introduction, jump discontinuities break the area scaling from
Section 2.1. Instead, according to Widom’s formula (1.8), the leading order term is log-
arithmically enhanced. It is our intention in this section to explain how this logarithm
arises as a singular limit of the smooth case, which is central to the proof of Widom’s
formula presented in Chapter 3. More precisely, we consider a family (Pδ) of smooth
symbols depending on a smoothness parameter δ > 0 which, in the limit δ → 0+, de-
velops a jump discontinuity along a prescribed hypersurface Γ . We refer to such (Pδ) as
multiscale symbols, and their limits provide a natural initial class for which Widom’s
formula (1.8) can be established. For each fixed δ > 0, the symbol Pδ admits area scaling
by Theorem 2.1, and the key problem is to uniformly and precisely control the δ depen-
dence in the o(αd−1) error term from (2.3). This result, which we discuss below, also has
independent interest in the study of the entanglement entropy of translation invariant
free fermions. For instance, the parameter δ can represent the temperature of a ther-
mal state, or the pairing gap in a superfluid quasi-free state. The latter is inherently a
matrix valued problem, and we carry out the analysis in this setting.

As in Section 2.1, we here restrict our attention to spectral functions f given by
natural powers. We refer to Section 2.3 for extensions.

Multiscale symbols and precise statements

We first fix the notation for multiscale symbols and state the main results from Chap-
ter 3. Let Γ ⊆Rd be a bounded set. For 0 < δ ≤ 1/2, introduce the scale function

ℓδ(p) = max
{
δ, 1

2 min{d(p,Γ ),1}
}
,

where d(p,Γ ) is the distance from p to Γ . Since ℓδ is Lipschitz with parameter 1/2, it is
slowly varying in the sense that

|p −u| ≤ ℓδ(u)⇒ 1
2ℓδ(u) ≤ ℓδ(p) ≤ 3

2ℓδ(u). (2.15)

We say that a family (Pδ), 0 < δ ≤ 1, satisfies a Cκ(Rd ;Mn) multiscale estimate on Γ

if (Pδ) ⊆ Cκ(Rd ;Mn) and there is a bounded function F :Rd → [0,∞), not dependent on
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δ, such that
G(p) = sup

|p−q|≤ℓδ(p)
F(q) ∈ L1, (2.16)

and
|DβPδ(p)| ≤ F(p)ℓδ(p)−|β| p ∈Rd , |β| ≤ κ. (2.17)

The simplest example, which is nonetheless sufficient for the analysis in Chapter 3, is
that of smoothed out simple functions of the form

Pδ =
N∑
k=1

Ak1Λk
∗φδ,

where (Ak) ⊆ Mn and (φδ) is a family of mollifiers. If the sets (Λk) are bounded, then
Pδ satisfies a Cκ(Rd ;Mn) multiscale estimate on Γ = ∪Nk=1∂Λk for all κ ∈N.

We write ˙BV (Rd ;Mn) for the space of all functions in L1
loc(R

d ;Mn) with bounded
variation. For P ∈ ˙BV (Rd ;Mn), we denote by JP the jump set, νP a choice of orienta-
tion on JP , and by P + and P − the corresponding one-sided jump values. For precise
definitions we refer to Chapter 3 or [1, 13, 14, 43]. We note for orientation that if
P = σ11Λ + σ21Λc for a set Λ with Lipschitz boundary and Lipschitz functions σ1,σ2
satisfying

∇σ1 ∈ L1(Λ), ∇σ2 ∈ L1(Λc), σ1 − σ2 ∈ L1(∂Λ),

then P ∈ ˙BV and JP ⊆ ∂Λ. If we choose νP to agree with νΛ, then also P + = σ1 and
P − = σ2.

Theorem 2.3. Let Ω ⊆ Rd be a set of finite perimeter and suppose that Γ ⊆ Rd is bounded
and contained in a finite union of Lipschitz graphs. Assume that (Pδ) satisfies a C1(Rd ;Mn)
multiscale estimate on Γ . Then, for all m ≥ 2,

Tr
[
Sm(Pδ;αΩ)

]
=
( α

2π

)d−1∫
T ∗(F Ω)

Tr
[
Sm((Pδ)X ;R+)

]
dX + o(αd−1 log(δ−1)) (2.18)

as α→∞ uniformly for αδ ≥ 1.

Theorem 2.4. Let Ω ⊆ Rd be a set of finite perimeter and P ∈ ˙BV (Rd ;C) ∩ L∞. If d = 1
assume in addition that P ∈ L2(Rd ;C) +C and that either Ω or Ωc has finite measure. Then,
for all m ≥ 2,

Tr
[
Sm(P ;αΩ)

]
=
αd−1 log(α)

(2π)d+1

∫
F Ω

∫
JP

Um(P +(p), P −(p))|νΩ(x) · νP (p)|dHd−1(p)dHd−1(x)

+ o(αd−1 log(α))

(2.19)

as α→∞.

Theorem 2.3 provides a sharp uniform formulation of Theorem 2.1 for multiscale
symbols, which is the heart of the proof of Theorem 2.4. More precisely, if the symbols
(Pδ) are scalar valued, then the remaining co-tangent integral from (2.18) can be rewrit-
ten using Widom’s half-line trace formula (2.4). Assuming that ∥Pδ − P ∥1 = O(δ) for a
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limiting function P ∈ ˙BV with jump discontinuities, an abstract and rather involved
computation in ˙BV shows that∫

T ∗(F Ω)
Tr

[
Sm((Pδ)X ;R+)

]
dX

=
log(δ−1)

4π2

∫
F Ω

∫
JP

Um(P +(p), P −(p))|νΩ(x) · νP (p)|dHd−1(p)dHd−1(x)

+ o(log(δ−1))

(2.20)

as δ→ 0+, which precisely explains the logarithm and yields Widom’s formula (2.19)
for the symbol P . The full strength of Theorem 2.4 is then obtained by a series of
technical approximation arguments. We refer to Chapter 3 for the details.

Let us spend a few words comparing our results to the ones present in the literature.
Sobolev also studied the transition between smooth and singular symbols in [59] in the
indicator case P = 1Λ. His assumptions on (Pδ) and the underlying sets are stronger than
ours, but his results cover rougher spectral functions f . In particular, for polynomial
f , the asymptotics obtained there are recovered by the present approach. We also note
that Sobolev uses his results on Widom’s formula from [55] as an input, whereas in our
setting, Theorem 2.3 is a key component of the proof of Theorem 2.4.

Our formulation of Widom’s formula from Theorem 2.4 is a substantial generaliza-
tion both of Widom’s original conjecture from [70] and Sobolev’s results from [54, 55].
In particular, our assumptions on Ω and P are symmetric, and we allow symbols with
integrable jumps along arbitrary countably Hd−1 rectifiable sets. These sets are possi-
bly unbounded and with infinite measure, and outside the jump set we only require
very weak Ẇ 1,1-type continuity. In fact, we show in Chapter 3 that our assumptions
are sharp in the class of indicator function symbols.

In comparison, Sobolev’s results cover bounded sets Ω with piece-wiseC1 boundary
and discontinuous symbols of the form P (p) = σ (p)1Λ(p), where σ ∈ W d+2,∞ and Λ ⊆
R
d is bounded with piece-wise C3 boundary. Let us also mention the refinements of

Bollmann and Müller [3], who establish a version of Widom’s formula for matrix valued
symbols with jumps along the boundary of a piece-wise C3 region. Their results do not
address more complicated jump structures, and it is not clear how to extend them to
such situations. Returning to our argument, the only obstruction to treating the matrix
valued case is the lack of a version of Widom’s half-line trace formula (2.4) valid in this
setting, which is needed to bridge the gap between Theorem 2.3 and Theorem 2.4 as
described above.

Widom’s original conjecture and Sobolev’s results are formulated in a more general
pseudodifferential setting, including discontinuous symbols of the form σ (x,p)1Λ(p)
for smooth σ . In this thesis we restrict attention to pure momentum symbols, which is
the setting relevant for the motivations discussed in Chapter 1.

Multiscale localization

The rest of this section will be devoted to explaining key elements of the proof of The-
orem 2.3, which relies on a technical multiscale localization technique. Related multi-
scale assumptions and localization procedures appear elsewhere in the literature, see
for instance [38, 41, 54, 57, 59]. Our aim here is not to compare these techniques in
technical detail, but rather to explain and motivate the multiscale localization from
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Chapter 3 that underlies the proof of Theorem 2.3. For the sake of exposition we re-
strict our attention to a family (Pδ) satisfying a Cκ(Rd ;Mn) multiscale estimate on Γ

for κ much larger than d. This is not a real restriction, since the C1 condition from
Theorem 2.3 follows from abstract approximation arguments from this case; we refer
to Chapter 3 for the details.

Our starting point is the observation that the method laid out in Section 2.1 on
smooth symbols can not be applied directly. Indeed, pursuing this approach directly,
we inevitably need to estimate the error term∣∣∣∣∣∣Tr

[
Sm(Pδ;αΩ)

]
−
( α

2π

)d−1∫
T ∗(F Ω)

Tr
[
Sm((Pδ)X ;R+)

]
dX

∣∣∣∣∣∣
=
∣∣∣∣∣∫ . . .

∫
Tr

[qPδ(x1) . . . qPδ(xm−1) qPδ(−x1 − · · · − xm−1)
]
(FαΩ(x)−GαΩ(x)) dx1 . . . dxm−1

∣∣∣∣∣.
(2.21)

The only feasible way to estimate this term directly is to apply the triangle inequality
and bound, with ε > 0 obtained from (2.12),∫

. . .

∫ ∣∣∣∣Tr
[qPδ(x1) . . . qPδ(xm−1) qPδ(−x1 − · · · − xm−1)

]∣∣∣∣ (εαd−1|x|+Cεαd−2|x|2
)
dx1 . . . dxm−1

≤ Cm∥qPδ∥2∥qPδ∥m−2
1

(
εαd−1∥qPδ(x)|x|∥2 +Cεα

d−2∥qPδ(x)|x|2∥2
)
.

(2.22)
The problematic factor here is ∥qPδ∥1, which, generically, scales like δ−

d−1
2 whenever d ≥

2. Except in the trivial case m = 2, it seems that no estimate can hope to overcome this
obstruction.

The key to control the δ-dependence correctly is to use the multiscale assumption
on (Pδ) to localize to scales defined by ℓδ, and then to apply the method laid out in
Section 2.1 on the localized symbols. Informally, one freezes the symbol on its local
scale and then integrates the resulting contributions over all scales. To motivate this
idea, and to explain how the logarithmic δ factor appears, we first consider an idealized
scenario where the nonlinear functional Tr[Sm(P ;αΩ)] localizes in a linear way. To
localize, we use a continuously parametrized partition of unity generated by the ’slowly
varying metric’ ℓδ. We remark that the more standard discrete partition of unity from
[25, Theorem 1.4.10] could also be used. The following is taken from [61].

Lemma 2.5. There is a collection of non-negative functions (φu) ⊆ C∞c (Rd), u ∈ Rd , such
that (u,p)→ φu(p) is measurable, satisfying

suppφu ⊆ Bℓδ(u)(u), ∥Dβφu∥∞ ≤ Cβℓδ(u)−|β|

for all β ∈Nd
0 , and ∫

φu(p)ℓδ(u)−d du = 1

for all p ∈Rd .

Completely disregarding the non-linearity of the functional Tr[Sm(Pδ,αΩ)], we first
imagine that all m copies of the symbol Pδ appearing in the error term (2.21) can be
localized simultaneously around the same point u ∈ Rd at the same scale ℓδ(u). More
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precisely, we consider the simplified error term∫
R
d
ℓδ(u)−d

∣∣∣∣∫ . . .

∫
Tr

[
(Pδφu)∨ (x1) . . . (Pδφu)∨ (xm−1) (Pδφu)∨ (−x1 − · · · − xm−1)

]
(FαΩ(x)−GαΩ(x)) dx1 . . . dxm−1

∣∣∣∣du. (2.23)

Since (Pδ) satisfies a multiscale estimate, it follows that, for all u ∈Rd ,

|Dβ(Pδφu)(p)| ≤ CβG(u)ℓδ(u)−|β|, p ∈Rd , |β| ≤ κ,

where G is the amplitude function from (2.16). In particular, all relevant Fourier based
norms of the localized symbols can be computed effectively by simple scaling

∥(Pδφu)∨∥2 ≤ CG(u)ℓδ(u)d/2,

∥(Pδφu)∨ (x)|x|∥2 ≤ CG(u)ℓδ(u)d/2−1,

∥(Pδφu)∨ (x)|x|2∥2 ≤ CG(u)ℓδ(u)d/2−2,

∥(Pδφu)∨∥1 ≤ CG(u).

(2.24)

Note that all norms only depend on simple powers of ℓδ(u). Applying these estimates
with the bound from (2.22), we readily deduce the upper bound∫

R
d
ℓδ(u)−d

∣∣∣∣∫ . . .

∫
Tr

[
(Pδφu)∨ (x1) . . . (Pδφu)∨ (xm−1) (Pδφu)∨ (−x1 − · · · − xm−1)

]
(FαΩ(x)−GαΩ(x)) dx1 . . . dxm−1

∣∣∣∣du
≤ Cεαd−1

∫
R
d
ℓδ(u)−1G(u)du +Cεα

d−2
∫
R
d
ℓδ(u)−2G(u)du.

We stress that the ε comes from the purely geometric expansion (2.12). Since ε > 0
is arbitrary, only the scaling in ℓδ is relevant here. Finally, since G is bounded inde-
pendently of δ in L1 ∩ L∞ and since Γ is bounded and contained in a finite union of
Lipschitz graphs, it is elementary to verify that∫

R
d
ℓδ(u)−1G(u)du ≤ C log(δ−1),∫

R
d
ℓδ(u)−2G(u)du ≤ Cδ−1 ≤ α, αδ ≥ 1.

Thus, the logarithm in δ exactly arises as the integral of ℓδ(u)−1 over a neighborhood of
Γ . We have now established Theorem 2.3 under the stylized assumption that the error
term (2.21) localizes linearly.

The preceding computations suggest that localizing all m copies of Pδ simultane-
ously around the same point u is the natural way to establish Theorem 2.3. The prob-
lem is that Sm( · ;αΩ) is not linear in the symbol, so such a localization cannot be ob-
tained directly. The way to resolve this is to consider a multilinear extension of Sm and
carefully localize one entry at a time.

We make the m-linearity of the functional Tr[Sm(·;αΩ)] explicit by introducing the
operator

S(P 1, . . . , Pm;αΩ) = 1αΩP
11αΩ . . .1αΩP

m1αΩ − 1αΩP
1 . . . Pm1αΩ, (2.25)
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which is separately linear in each symbol P 1, . . . , Pm. Here superscripts should not be
confused with powers. Of course Sm(P ;αΩ) is recovered by taking P 1 = · · · = Pm = P .
Firstly, linearity in P 1 and Lemma 2.5 gives that

Sm(Pδ;αΩ) =
∫
R
d
ℓδ(u)−dS(Pδφu , Pδ, . . . , Pδ;αΩ)du (2.26)

weakly as operators. To localize the remaining entries we introduce localizing factors
χ2
u , . . . ,χ

m
u ∈ C∞c with the following three properties: for all u ∈Rd and 2 ≤ n ≤m,

1. χnu is supported in a ball centered at u with radius ≲Dnℓδ(u) ,

2. ℓδ(p) ≳ ℓδ(u)
Dn

for p ∈ suppχnu ,

3. |Dβχnu(p)| ≲D |β|n ℓδ(u)−|β|,

for a sequence (Dn) to be determined later. These properties are realized by a concrete
construction in Chapter 3. Geometrically, one should think of suppχnu as an enlarged
neighborhood of suppφu , which is allowed to spread out to distancesDnℓδ(u), except in
directions leading to Γ , where it is cut off once the scale ℓδ(u)/Dn is reached. Property 2
and the multiscale assumption on (Pδ), together with the bound from property 3, imply
that

|Dβ(Pδχ
n
u)(p)| ≤ C∥F∥∞D

|β|
n ℓδ(u)−|β|, p ∈Rd , |β| ≤ κ. (2.27)

With the factors χ2
u , . . . ,χ

m
u in place, the idealized computation considered above ap-

plies to the term∫
R
d
ℓδ(u)−d

∣∣∣∣Tr
[
S(Pδφu , Pδχ

2
u , . . . , Pδχ

m
u ;αΩ)]

−
( α

2π

)d−1∫
T ∗(F Ω)

Tr
[
S((Pδφu)X , (Pδχ

2
u)X , . . . , (Pδχ

m
u )X ;R+)

]
dX

∣∣∣∣du. (2.28)

It is important that all entries are localized on regions where the relevant scale is com-
parable to ℓδ(u) up to D2, . . . ,Dm factors. For this part of the argument, only the scaling
in ℓδ(u) is relevant, since the small ε > 0 parameter comes solely from the geometric
expansion (2.12). Strictly speaking, one has to repeat the kernel expansion argument
from Section 2.1 in a multilinear setting, but this requires no new ideas; we refer to
Chapter 3 for the details.

For the main localized term (2.28), the precise size of Dn plays no significant role.
The sequence (Dn) becomes relevant only for the part of the full error (2.21) that is not
captured by the well localized part (2.28). Here the simple properties 1-3 of χnu are not
enough, and more refined control on the support of 1 −χnu is necessary. The sequence
(Dn) is then used to control the relative position of the supports of χn−1

u and 1−χnu and
of Γ , which enters in the localization error bounds in a critical way. More precisely,
choosing (Dn) such that Dn−1 ≪ Dn makes these successive supports sufficiently well
separated, except possibly in a thin region very close to Γ . In Chapter 3 we develop a
specialized trace class estimate specifically to handle this regime.
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2.3 The plunge region and extensions

We finally discuss one of the more subtle points glossed over in Sections 2.1 and 2.2,
namely extensions of the trace formulas from Theorems 2.1, 2.2, 2.3, and 2.4 from
polynomials f (x) = xm to more general spectral functions. Such extension arguments
appear in essentially all relevant work on trace formulas, and it is not our intention
here to give a review. In this thesis, we emphasize the extension to ’rough’ spectral
functions, that is, functions that lack classical smoothness at one or more points. The
principal motivation is to cover entropy functions. In the general Wiener-Hopf setting,
the relevant tools to treat such spectral functions have been developed by Sobolev [58]
in an abstract framework, which have since been applied frequently in the literature
[3, 4, 15, 16, 39, 59, 60]. This method hinges on trace class bounds roughly of the form

∥Sf (P ;αΩ)∥S1
≤ ∥f ∥D∥1αΩP 1αΩc∥qSq , (2.29)

for a suitable norm ∥f ∥D defined on a class of rough functions D with Hölder-type sin-
gularities at finitely many points, and a Schatten exponent q = qD < 1 dependent on
this class. Generically, polynomials are dense in D in a suitable sense. A wide class D
forces the parameter q to be close to zero. With this bound and an appropriate polyno-
mial approximation argument, essentially only two additional ingredients are needed
to extend a trace formula of Sf (P ;αΩ) from polynomials to D: i) a uniform estimate
of ∥1αΩP 1αΩc∥qSq which catches the leading order behavior of the corresponding trace

formula, and ii) a uniform estimate of the corresponding boundary coefficient in the
classD. For instance, in the setting of Widom’s formula from Theorem 2.4, the relevant
bounds are

∥1αΩP 1αΩc∥qSq ≤ Cq,P ,Ωα
d−1 log(α) (2.30)

and ∫
F Ω

∫
JP

|Uf (P +(p), P −(p))|dHd−1(p)dHd−1(x) ≤ CP ,Ω∥f ∥D. (2.31)

Here Uf is the linearization of Um (which was defined in (2.5)):

Uf (A,B) =
∫ 1

0

f (θA+ (1−θ)B)−θf (A)− (1−θ)f (B)
θ(1−θ)

dθ, A,B ∈R. (2.32)

Relevant quasi-norm bounds of the form (2.30) can be found in [39, 56, 59], for in-
stance. We stress, however, that in the general Wiener–Hopf setting considered here,
the picture is still far from sharp. Existing bounds of the type (2.30) use specialized
techniques and strengthened assumptions on the symbol P and the set Ω, which do not
appear to be optimal. Likewise, Sobolev’s abstract approach covers classes of functions
with finitely many Hölder-type singularities, but there is little reason to believe that
this is the natural endpoint for the extension problem. This raises two questions. First,
given an exponent 0 < q ≤ 1, what assumptions on P and Ω are needed in order to
obtain the sharp scaling bound (2.30)? Second, under assumptions on P and Ω, what
is the largest natural class of spectral functions for which the trace formula remains
valid?

The rest of this section concerns time-frequency limiting operators of the form
S(1Λ;αΩ), that is, Wiener–Hopf operators with indicator symbols. In this simplified
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yet highly relevant setting, the underlying spectral picture becomes much more trans-
parent, and, due to the identity

Sf (1Λ;αΩ) = f (S(1Λ;αΩ)), f (0) = f (1) = 0,

the extension mechanism reduces to spectral estimates on the operator S(1Λ;αΩ). The
key quantity to control is the size of the plunge region. Sharp uniform estimates of
the form (1.12) lead to essentially necessary and sufficient conditions on the spectral
function f for Widom’s formula to hold. These bounds are also of independent interest.
In this section we discuss some aspects of the sharp uniform bounds on the plunge
region and the extension argument.

Precise statements and admissible functions

We start by introducing relevant notation and definitions. Note that the paper [33] in-
cluded in Chapter 4 uses a different Fourier transform convention and slightly different
notation.

For measurable sets A,B ⊆Rd , we denote by SA,B = S(1B;A) the corresponding time-
frequency limiting operator. This operator satisfies 0 ≤ SA,B ≤ 1, and, if both A and B
have finite measure, then it is also trace class. We denote by

1 ≥ λ1(A,B) ≥ λ2(A,B) ≥ · · · ≥ 0

the eigenvalues, arranged in non-increasing order counted with multiplicity. For 0 <
ε < 1/2, we introduce the eigenvalue counting functions

Λ−ε (A,B) = |{n | 1/2 ≥ λn(A,B) > ε}| ,
Λε(A,B) = |{n | 1− ε ≥ λn(A,B) > ε}|.

(2.33)

We also need a geometric condition. We say that a set Γ ⊆ Rd has finite upper
Minkowski content if

limsup
r→0+

∣∣∣{p ∈Rd | d(p,Γ ) < r}
∣∣∣

2r
<∞. (2.34)

A set with finite upper Minkowski content is bounded and has finite Hd−1-measure.
Moreover, if Γ is bounded and contained in a finite union of Lipschitz graphs, then Γ has
finite upper Minkowski content, see [18, Lemma C.1]. In particular, if the boundary of
a set A has finite upper Minkowski content, then it has finite perimeter. This geometric
condition also appears in Chapter 3.

We finally introduce our class of admissible spectral functions for Widom’s formula.
For a function f : [0,1]→ C, introduce the maximal functions M0f (x) = sup0≤t≤x |f (t)|
and M1f (x) = sup1−x≤t≤1 |f (1)− f (t)|.

Definition 2.6. Consider a function f : [0,1] → C. We call f trace class admissible for
L2(Rd) if there is δ > 0 such that∫ δ

0

M0f (ε) log
(

1
ε

)d−1

ε
(
loglog

(
1
ε

))d dε <∞. (2.35)

We call f area law admissible if∫ 1

0

M0f (ε) +M1f (ε)
ε

dε <∞. (2.36)
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Note that any trace class admissible function f is continuous at 0 and satisfies f (0) =
0. Similarly, if f is area law admissible, then f is continuous at 0 and 1 and f (0) = 0.

The following are the main results from Chapter 4.

Theorem 2.7. Assume that A ⊆ Rd is a bounded set whose boundary has finite upper
Minkowski content, and that B is a finite union of boxes. There exists K = Kd,A,B ≥ 4 such
that for all α ≥ 2 and K−α < ε < 1

2 ,

Λε(αA,B) ≲ αd−1 log
(1
ε

)
log

 αK

log
(

1
ε

) . (2.37)

For ε ≤ K−α, there are no eigenvalues larger than 1 − ε, and, if both A and B have positive
measure,

Λ−ε (αA,B) ≍


log

(
1
ε

)
log

(
log( 1

ε )
α

)

d

. (2.38)

Theorem 2.8. Let A ⊆ Rd be a bounded set whose boundary has finite upper Minkowski
content, and let B be a finite union of boxes. Assume that f is both area law admissible and
trace class admissible for L2(Rd). There exist α0(f ,A,B) > 0 and C(A,B) > 0 such that, for
α > α0(f ,A,B),∣∣∣∣∣∣Tr[f (SαA,B)]−

( α
2π

)d
|A||B|f (1)

∣∣∣∣∣∣ ≤ C(A,B)αd−1 log(α)
∫ 1

0

M0f (ε) +M1f (ε)
ε

dε. (2.39)

If in addition f is Riemann integrable on [ε,1− ε] for all 0 < ε < 1
2 , then also

Tr[f (SαA,B)]

=
( α

2π

)d
|A||B|f (1) +αd−1 log(α)I(A,B)

∫ 1

0

f (θ)− f (1)θ
θ(1−θ)

dθ + o(αd−1 log(α))
(2.40)

as α→∞, where

I(A,B) = (2π)−(d+1)
∫
F A

∫
F B
|νA(x) · νB(p)|dHd−1(p)dHd−1(x).

Let us spend a few words commenting on our results. The two term expansion
(2.40) is Widom’s formula from Theorem 2.4 after expanding the volume term. Equiv-
alently, (2.40) can be stated as

Tr[Sf (1B;αA)] = αd−1 log(α)I(A,B)
∫ 1

0

f (θ)− f (1)θ
θ(1−θ)

dθ + o(αd−1 log(α)).

Here the f -dependence of the boundary coefficient is precisely given by (2.32). Clearly,
finiteness of this coefficient is very close to the condition that f is area law admissible.
Indeed, if |f | is monotone near 0 and 1 and Riemann integrable on [ε,1 − ε] for all
0 < ε < 1/2, then these are equivalent. Thus, the area law condition on f is very natural
and essentially necessary.

The more subtle condition is that of trace class admissibility. As the name suggests,
this condition is used to ensure that f (SαA,B) is trace class. A perhaps surprising result
is that this condition is very precise. In fact, we show the following in chapter 4.
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Theorem 2.9. Let A,B ⊆ Rd be sets with non-empty interiors such that SA,B is compact. If
f : [0,1]→ C is such that |f | is non-decreasing near 0 and f (SA,B) is trace class, then f is
trace class admissible on L2(Rd).

We conclude that f (SA,B) being trace class is purely the consequence of a volume
effect in the sets A and B. We also here point out that if d ≥ 2, trace class admissibility
places a stronger restriction at 0 than area law admissibility. In fact, it is now easy to
find examples of continuous functions f : [0,1]→ [0,∞) which are monotone near 0 and
1 such that the boundary coefficient from (2.40) is finite, but f (SαA,B) is not trace class.
The intuition here, which is transparent from the proof of Theorem 2.8 presented in
Chapter 4, is that the leading order αd−1 log(α) contribution arises from the eigenvalues
in the plunge region K−α ≤ λn(αA,B) ≤ 1 − K−α, while the total contribution of the
eigenvalues satisfying λn(αA,B) ≤ K−α is lower order in α. The relevant regimes can
be read from Theorem 2.7. Area law admissibility is used to control the eigenvalues in
the plunge region to the correct order, while trace class admissibility is assumed only
to ensure that the tail of eigenvalues is summable. Such summability restrictions are
not uncommon in operator theory, see for instance [8, 47].

We have now commented on the sharpness of Theorem 2.8 in terms of the admis-
sible spectral functions f . However, we do not expect the conditions on A and B to be
sharp. The geometric restriction here comes from Theorem 2.7, whose proof critically
relies on the tensor product structure available for boxes. While we believe that it is suf-
ficient to assume that both sets A and B have boundaries with finite upper Minkowski
content, in this case we only establish the corresponding bound (2.38) with an addi-
tional log(α) factor. Since we in this setting do not catch the precise leading order term
in α, the plunge region bound is not applicable for trace formulas.

Plunge region bounds and extensions

We start by indicating how the sharp bounds from Theorem 2.7 can be used to prove
Theorem 2.8. On a high level, the extension argument is similar to the abstract mecha-
nism discussed in the beginning of this section, based on Sobolev’s result from [58]. In
this analogy, the uniform bound (2.39) plays the role of the combination of the bounds
(2.29) and (2.30). The relevant classD consists of all trace class and area law admissible
functions on L2(Rd), and

∥f ∥D =
∫ 1

0

M0f (ε) +M1f (ε)
ε

dε.

As in Sobolev’s approach, polynomials are not dense in D in the usual sense. The
argument proceeds by first splitting f into a localized part Gε satisfying ∥Gε∥D = o(1),
and a remainder Hε supported in [ε,1 − ε]. Since f is Riemann integrable on [ε,1 − ε],
the remainder term can be approximated from above and below by simple functions
supported away from 0 and 1. These can in turn be approximated in the same way by
continuous functions supported away from 0 and 1, and hence by polynomials. Similar
arguments are carried out in [36, 37] in the indicator setting, but we stress again that
the proof follows the same overall recipe as the abstract argument discussed above.
The only essential simplification in the indicator setting is that, away from the singular
points 0 and 1, it suffices to assume Riemann integrability rather than smoothness.

It is therefore clear that the essential result is the uniform bound (2.39). We have
already commented on how area law and trace class admissibility are used to estimate
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different regimes. We now provide a few more details. By a linear modification we may
assume that f (0) = f (1) = 0. We split into the relevant regimes mentioned earlier:

|Tr[f (SαA,B)]| ≤
∑

λn(αA,B)≤K−α
|f (λn(αA,B))|+

∑
K−α≤λn(αA,B)≤1−K−α

|f (λn(αA,B))|

+
∑

λn(αA,B)>1−K−α
|f (λn(αA,B))|.

The third sum vanishes by Theorem 2.7. We first focus on the intermediate regime. By
splitting the sum dyadically

2−2k+1
≤ λn ≤ 2−2k , 2−2k+1

≤ 1−λn ≤ 2−2k ,

a little thought shows

∑
K−α≤λn(αA,B)≤1−K−α

|f (λn(αA,B))| ≤
k0∑
k=0

(
M0f

(
2−2k

)
+M1f

(
2−2k

))
Λ2−2k+1 (αA,B), (2.41)

where k0 satisfies 2−2k0+1 ≤ K−α ≤ 2−2k0 . We are in the boundary regime from (2.37),
so this bound applies and gives Λ2−2k+1 (αA,B) ≲ αd−12k log(α). Since M0f and M1f are
monotone, the simple identity

2k =
2

log(2)

∫ 2−2k−1

2−2k

1
ε
dε

allows us to replace the sums in (2.41) with integrals, and we obtain∑
K−α≤λn(αA,B)≤1−K−α

|f (λn(αA,B))| ≲ αd−1 log(α)
∫ 1

0

M0f (ε) +M1f (ε)
ε

dε.

The corresponding bound of the term∑
λn(αA,B)≤K−α

|f (λn(αA,B))|

in the bulk or volume regime is more technical. This part only uses that f is trace class
admissible on L2(Rd) and the bound (2.38). Ultimately, the final estimate reads

∑
λn(αA,B)≤K−α

|f (λn(αA,B))| ≲ log(α)d
∫ K−α/2

0

M0f (ε) log
(

1
ε

)d−1

ε log
(
log

(
1
ε

))d dε.

As announced above, this term is indeed lower order in α, so taking α large enough
depending on A, B, and f leads to the estimate (2.39).

We stress that the assumption that B is a finite union of boxes enters only through
Theorem 2.7, and not through the extension argument itself. More precisely, if A and
B are bounded sets with finite perimeter, and (2.39) is satisfied for these sets, then
Theorem 2.8 follows from the general mechanism discussed above.
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THE WIDOM CONJECTURE WITH OPTIMAL REGULARITY

ASSUMPTIONS

SØREN FOURNAIS, MARTIN DAM LARSEN, ROBERT SEIRINGER, AND JAN PHILIP SOLOVEJ

Abstract. In 1982 Widom conjectured a 2-term asymptotic formula for traces of the
form Tr

[
f (1αΩ(x)g(−i∇)1αΩ(x))

]
as α tends to infinity. Sobolev solved this conjecture

in 2013 with sufficient regularity assumptions on Ω and g. Our goal is to extend this
and establish the conjecture in the most singular cases. For g an indicator function, our
regularity assumptions are, indeed, sharp.

1. Introduction

This paper is motivated by the computation of the bipartite entanglement entropy for free
Fermionic states. In the case we study, this refers to calculating the entropy of spatially
restricted ground states in the scaling limit of large domains. The result of this computation
is related to the logarithmically enhanced area law for such systems. It was realized by Gioev
and Klich in 2006 [17] that these area laws are a consequence of a 1982 conjecture by Widom
[53] on traces of functions of singular Wiener-Hopf operators. The mathematical proof of
this conjecture was given in a celebrated paper by Sobolev in 2013 [44]. In the present
paper we extend the result of Sobolev on the Widom Conjecture in several directions. Most
importantly, we achieve optimal regularity conditions on the spatial domain and the involved
operators. Moreover, we extend much of the analysis to matrix valued operators, which is
of considerable interest from a physics point of view.

To describe this in greater detail, take a spatial region Ω ⊆ Rd, d ≥ 1, and consider
a momentum symbol P : Rd → Mn taking values in Mn, the space of n-by-n complex
matrices. The focus of the present paper is the study of the eigenvalue distribution of
(truncated) Wiener-Hopf operators on L2(Rd;Cn) of the form

S(P ; Ω) = 1ΩP1Ω (1.1)

in the scaling (or semi-classical) limit Ω = αΩ0 with α → ∞. Here 1Ω is the orthogonal
projection onto the subspace L2(Ω;Cn) of L2(Rd;Cn), and P = P (p) = P (−i∇) denotes
the corresponding Fourier multiplier with symbol P . In the following we consistently abuse
notation and write 1Ω, 1Ω(x), P , P (p), etc. both for the functions and function values and
for the corresponding multipliers on L2.

We call operators of the form (1.1) truncated Wiener-Hopf operators, as they are the
higher dimensional analogues of truncations of the one-dimensional Wiener-Hopf operators,
which in turn are continuous generalizations of Toeplitz operators. Studying the eigenvalue
distribution of Toeplitz operators has a rich history going back to the Szegő limit theorems.
In the extensive literature on Szegő limit theorems, the publication most closely related to
our work is [2] on jump-type Fisher-Hartwig singularities. See also [12] and [13] and the
references therein for more recent developments. For different classes of functions f , the
objective is to compute the traces Tr

[
Sf (P ; Ω)

]
of the operators

Sf (P ; Ω) = 1Ωf (S(P ; Ω)) 1Ω − S (f(P ); Ω) . (1.2)

For the special case f(x) = xm we write Sm(P ; Ω) instead. The operator S (f(P ); Ω) exactly
corresponds to the leading order volume contribution of 1Ωf (S(P ; Ω)) 1Ω. Indeed, it can be

Date: March 30, 2026.
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shown that for polynomial f , say, and weak integrability assumptions on P and Ω,

TrL2(Rd;Cn)

[
Sf (P ;αΩ)

]
= o(αd) (1.3)

as α→ ∞, and

TrL2(Rd;Cn)

[
S (f(P );αΩ)

]
=
( α
2π

)d
Hd(Ω)

∫
TrCn f(P (p)) dp. (1.4)

Here and throughout Hd denotes the d-dimensional Hausdorff measure in Rd. We denote
other Hausdorff measures similarly.

The entirety of this paper is devoted to the study of the leading order (sub-volume)
behavior of Sf (P ; Ω) under minimal conditions on Ω and P for different classes of functions
f . It has long been established that the asymptotic behavior critically depends on the
regularity of the involved symbols. For smooth P and Ω with smooth boundary, a full
expansion of Tr

[
Sf (P ;αΩ)] into powers αd−k is known [55]. Here the leading order term

admits area scaling and takes the form

TrL2(Rd;Cn)

[
Sf (P ;αΩ)

]

=
( α
2π

)d−1
∫

T ∗(∂Ω)
TrL2(R;Cn)

[
Sf (PX ;R+)

]
dX + o(αd−1),

(1.5)

where T ∗(∂Ω) is the co-tangent bundle of ∂Ω identified with {X = (x, p) | x ∈ ∂Ω, p ∈
ΠνΩ(x)}, with ΠνΩ(x) = {νΩ(x)}⊥ and νΩ the interior unit normal to Ω. For X = (x, p) ∈
T ∗(∂Ω) and ξ ∈ R we denote PX(ξ) = P (p + ξνΩ(x)) the corresponding co-tangent section
of P . Finally, T ∗(∂Ω) is equipped with the measure

∫

T ∗(∂Ω)
F (X) dX =

∫

∂Ω

∫

ΠνΩ(x)

F (x, p) dHd−1(p) dHd−1(x).

For scalar valued symbols, the remaining co-tangent traces in (1.5) can be computed explicitly
using the remarkable trace formula [54] of Widom:

TrL2(R;C)
[
Sf (Q;R+)

]
=

1

8π2

∫∫

R×R

Uf (Q(ξ1), Q(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2. (1.6)

In (1.6) we wrote Uf for the symmetric functional

Uf (A,B) = TrCn

∫ 1

0

f(θA+ (1− θ)B)− θf(A)− (1− θ)f(B)

θ(1− θ)
dθ, A,B ∈ Mn, (1.7)

which behaves quadratically in A − B for f at least C2. For the case f(x) = xm we write
Um instead. The expression (1.5) is due to Widom [52, 55] and Roccaforte [41]. In the
most general setting from [54], the expansion is shown for f analytic, Ω bounded with C1

boundary, and a matrix valued symbol P satisfying P ∈ Ḣ1/2 ∩ L1 ∩ L∞ such that qP ∈ L1

(in particular P is assumed to be continuous).
The situation changes drastically for symbols P with jump discontinuities, which can easily

be seen from (1.6). In this discontinuous setting Sobolev [44] proved - resolving Widom’s
conjecture from [53] - that the leading order term picks up an additional logarithmic factor:
if P is of the form P (p) = σ(p)1Λ(p) where σ ∈ W d+2,∞(Rd;C) is a smooth symbol and
Ω,Λ ⊆ Rd bounded sets with C1 and C3 boundaries, respectively, then for regular f ,

Tr
[
Sf (P ;αΩ)

]
=
αd−1 log(α)

(2π)d+1

∫

∂Ω

∫

∂Λ
Uf (σ(p), 0) |νΩ(x) · νΛ(p)| dHd−1(p) dHd−1(x)

+ o(αd−1 log(α)).

(1.8)

We say that the operator Sf (P ;αΩ) has (logarithmically) enhanced area scaling. The case
d = 1 was studied by Widom [53] and Landau-Widom [25]. The expansion (1.8) is now
sometimes referred to as the Widom-Sobolev formula. The regularity assumptions on the
sets were later slightly relaxed to include piece-wise smooth domains, see [45]. Subsequent
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work by Sobolev developed the abstract tools to study more singular f with possible Hölder-
type singularities, including entropic functions, [46–48], and the transition between smooth
and non-smooth symbols was studied in [49]. For applications to the computation of the
entanglement entropy for free Fermionic systems we refer to [27–29] by Leschke-Sobolev-
Spitzer. For other related work see [4, 5, 16,35,36,50,56].

We mention that Widom’s original conjecture and Sobolev’s main result referred to above
are stated in the more general setting of pseudo-differential operators. Here the smooth
symbol σ = σ(x, p) is allowed to also depend on the position variable x. While this is an
interesting generalization, the pure momentum case is of greatest interest in physics and
already contains most of the difficulties.

The main achievement of the present paper is to establish (1.8) for symbols P of bounded
variation and sets Ω of finite perimeter, see Theorem 1.1 below, thus providing a generaliza-
tion of Widom’s conjecture and Sobolev’s results [44, 45]. These regularity assumptions are
sharp in the class of indicator functions, see Theorem 1.5.

Throughout most of the paper we work with polynomial f . This is the foundational case,
as it is now clear that refinements to rougher spectral functions require two ingredients: i)
the limit theorem for polynomials just described, and ii) uniform estimates on the singular
values of 1αΩP1αΩc . Establishing ii) is inherently a separate issue from i) requiring differ-
ent techniques. Since, however, rough functions are highly physically relevant, e.g. for f
corresponding to Rényi entropies, we carry out this extension scheme in Section 7. For the
case of P being an indicator function we in particular establish enhanced area scaling for
functions f that include Rényi entropies of γ > 1/2. This, however, requires slightly stronger
assumptions on the involved geometries than finite perimeter, see Theorem 1.7.

As a by-product of our method, we also obtain sharp results on the area scaling case (1.5).
We show in Theorem 1.13 and Remark 1.15 that the sharp condition on P for area scaling is

H1/2 smoothness. This refines the results of Widom [52], where it is required that qP ∈ L1.
Central to our whole analysis is a result on the transition between area and enhanced

area scaling in a discontinuous limit. This is analyzed in Section 2, where the key result is
Theorem 2.5.

Almost all of our analysis is carried out for matrix valued symbols. However, we are unable
to fully bridge the gap between area and enhanced area scaling for matrix valued symbols,
since we do not know of a version of the trace formula (1.6) that is valid in this setting.

1.1. Main results. The following constitutes our main theorem. Our assumptions are
stated in terms of the well-studied function space ˙BV of bounded variation functions, and we
use standard terminology and notation. See for instance the textbook references [1, 15,31].

Theorem 1.1. Let Ω ⊆ Rd be a set of finite perimeter and P ∈ ˙BV (Rd;C) ∩ L∞. If d = 1
assume in addition that P ∈ L2(Rd;C) + C and that min{H1(Ω),H1(Ωc)} < ∞. Then, for
all m ≥ 2,

Tr
[
Sm(P ;αΩ)

]

=
αd−1 log(α)

(2π)d+1

∫

FΩ

∫

JP

Um(P
+(p), P−(p))|νΩ(x) · νP (p)| dHd−1(p) dHd−1(x)

+ o(αd−1 log(α))

(1.9)

as α→ ∞. Here FΩ denotes the reduced boundary of Ω and νΩ the measure theoretic interior
normal, JP denotes the measure theoretic jump set of P endowed with a choice of orientation
νP , and the corresponding one-sided jump values are denoted P±. These concepts are defined
in Appendix A.

Remark 1.2. The right hand side of (1.9) is independent of the choice of orientation νP on
the jump set JP since the functional Um is symmetric. Finiteness of the boundary integral
is guaranteed by the assumptions of the Theorem, see (A.1). We here remark that Um
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conveniently can be expressed as

Um(A,B) = −1

2

m−1∑

k=1

(
1

k
+

1

m− k

)(
Ak −Bk

)(
Am−k −Bm−k

)
, A,B ∈ C. (1.10)

Remark 1.3. To illustrate connection to Sobolev’s results [44,45], consider the more classical
setting P (p) = σ1(p)1Λ(p) + σ2(p)1Λc(p) with Λ a set with Lipschitz boundary and bounded
Lipschitz functions σ1, σ2 satisfying

∇σ1 ∈ L1(Λ), ∇σ2 ∈ L1(Λc), σ1 − σ2 ∈ L1(∂Λ).

Here P ∈ ˙BV (Rd;C)∩L∞, JP ⊆ ∂Λ, and, if we take νP to agree with the (classical) interior
normal to Λ, then P+ = σ1 and P− = σ2 on JP . This follows from a direct computation
of the distributional derivative DP . Consequently, for any set Ω with Lipschitz boundary
satisfying Hd−1(∂Ω) <∞, the formula (1.9) reduces to (when d ≥ 2):

Tr
[
Sm(P ;αΩ)

]

=
αd−1 log(α)

(2π)d+1

∫

∂Ω

∫

∂Λ
Um(σ1(p), σ2(p))|νΩ(x) · νΛ(p)| dHd−1(p) dHd−1(x)

+ o(αd−1 log(α)).

(1.11)

Using the full strength of Theorem 1.1, it is for this example (with obvious modifications
to (1.11)) sufficient to assume that Λ is a set of locally finite perimeter and that σ1, σ2 ∈
W 1,1
loc ∩ L∞ with ∇σ1 ∈ L1(Λ), ∇σ2 ∈ L1(Λc), and σ∗1 − σ∗2 ∈ L1(FΛ), where the asterisk

denotes the precise representative. It is of course easy to generalize this example to more
involved jump structures.

Remark 1.4. The counterexample P = 1Ω = 1R+ shows that the theorem fails without addi-

tional integrability assumptions for d = 1. The assumption P ∈ L2(R;C) + C is convenient
but stronger than necessary. This integrability issue does not appear for d ≥ 2 by the

embedding ˙BV (Rd;C) → L
d

d−1 (Rd;C) + C, see [1, Theorem 3.47].

For the specific case of P = 1Λ being an indicator function the limiting coefficient (1.9)
takes the form

Tr
[
Sm(1Λ;αΩ)

]
=
αd−1 log(α)

(2π)d+1
Um(0, 1)

∫

FΩ

∫

FΛ
|νΩ(x) · νΛ(p)| dHd−1(p) dHd−1(x)

+ o(αd−1 log(α))

(1.12)

whenever Ω and Λ are sets of finite perimeter (and either Ω or Ωc has finite measure, similarly
for Λ, when d = 1). Note here that the roles of Λ and Ω, as well as the assumptions on them,
are interchangeable. This is expected, as an elementary argument shows that the operators
Sm(1Λ; Ω) and Sm(1Ω; Λ) have the same eigenvalues with equal multiplicities. If Ω, say, is
the unit ball B = B1, we exactly recover the perimeter:

lim
α→∞

1

αd−1 log(α)
Tr
[
Sm(1Λ;αB)

]
= K1,d(2π)

−(d+1)Um(0, 1)Per(Λ), (1.13)

where K1,d =
∫
Sd−1 |e ·ω|dHd−1(ω) for any (all) e ∈ Sd−1. In fact the equality (1.13) holds in

the following extended sense, which shows that Theorem 1.1 is sharp in the class of indicators.

Theorem 1.5. Let Λ ⊆ Rd be a set such that min{Hd(Λ),Hd(Λc)} < ∞. If, for some
m ≥ 2,

lim sup
α→∞

1

αd−1 log(α)

∣∣Tr
[
Sm(1Λ;αB)

]∣∣ <∞, (1.14)

then Λ is a set of finite perimeter and (1.13) holds.
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Theorem 1.5 is shown for m = 2 in Proposition 3.6 and the general case m ≥ 2 follows
from the elementary inequality x−x2 ≤ x−xm ≤ (m−1)(x−x2) for 0 ≤ x ≤ 1. We can thus
see the functional Λ → Tr

[
Sm(1Λ;αB)

]
as a highly non-linear and non-local determination

of the perimeter. In geometric measure theory, such determinations have recently attracted
a lot of attention following the publication of the BBM paper [6]. In this context our result is
novel. In fact, the main difficulty in our proof is to reduce the analysis to functionals similar
to the ones usually studied [10,37,38], which we compute in Lemma A.11 in the appendix.

As mentioned before, extending the formula (1.9) from polynomials to rough functions f
requires an additional ingredient: uniform bounds on the singular values of the operator
1αΩP1αΩc . This is particularly clear when P = 1Λ is an indicator function due to the exact
equality

Tr
[
Sfγ (1Λ; Ω)

]
= ∥1αΩ1Λ1αΩc∥2γS2γ

, fγ(x) = (x(1− x))γ ,

where Sq denotes the usual Schatten-q space, see [43]. In this paper we limit ourselves to
establishing a trace class bound on 1αΩP1αΩc and carry out the extension procedure with
this as an a priori input. To this end, slightly stronger assumptions on the sets Ω and Λ are
required.

Definition 1.6. A set Γ ⊆ Rd is said to have finite upper Minkowski content if

M∗(Γ) = lim sup
r→0+

Hd(Γ +Br)

2r
<∞. (1.15)

It follows from [1, Theorem 2.106] that if Γ = f(A) for a Lipschitz function f : Rd−1 → R
and a compact set A ⊆ Rd−1, then M∗(Γ) < ∞. In particular, every compact subset of a
finite union of Lipschitz graphs has finite upper Minkowski content. We refer to [1, Section
2.10] and Appendix C for further properties.

Theorem 1.7. Let Ω,Λ ⊆ Rd be sets of finite perimeter and assume FΩ and FΛ have finite
upper Minkowski content. If d = 1 assume in addition that min{H1(Ω),H1(Ωc)} < ∞ and
min{H1(Λ),H1(Λc)} <∞. Then,

∥1αΩ1Λ1αΩc∥S1 = O(αd−1 log(α)). (1.16)

Moreover, if f : [0, 1] → C is Riemann integrable on [ε, 1−ε] for all 0 < ε < 1/2 and satisfies

lim sup
x→0+

|f(x)− f(0)|
x1/2

= 0, lim sup
x→0+

|f(1− x)− f(1)|
x1/2

= 0, (1.17)

then

Tr
[
Sf (1Λ;αΩ)] =

αd−1 log(α)

(2π)d+1
Uf (0, 1)

∫

FΩ

∫

FΛ
|νΩ(x) · νΛ(p)| dHd−1(p) dHd−1(x)

+ o(αd−1 logα),

(1.18)

as α→ ∞.

Remark 1.8. It is sufficient to assume that ∂Ω and ∂Λ have finite upper Minkowski content.
In this case, Hd−1(∂Λ) < ∞ and Hd−1(∂Ω) < ∞, so both sets will have finite perimeter by
[1, Proposition 3.62]. Optimizing Λ and Ω over all measure zero modifications exactly leads
to the statement of Theorem 1.7.

Remark 1.9. The assumption that FΛ and FΩ have finite upper Minkowski content is used
to obtain (1.16), which allows functions f satisfying (1.17). Alternatively, relying on the
Hilbert-Schmidt estimate

∥1αΩ1Λ1αΩc∥2S2
= O(αd−1 log(α)),

which holds without this assumption, a minor modification of the proof yields (1.18) for

all f such that the function f(x)−xf(1)−(1−x)f(0)
x(1−x) is Riemann integrable on [0, 1]. The same

condition on f was found by Landau-Widom [25] in the one-dimensional setting.
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Remark 1.10. If Ω and Λ are bounded sets with Lipschitz boundaries, the Schatten quasi-
norm estimates from [46] allow us to weaken the endpoint regularity assumption (1.17). In
this case, it suffices to require that

lim sup
x→0+

|f(x)− f(0)|
xγ

= 0, lim sup
x→0+

|f(1− x)− f(1)|
xγ

= 0

for some γ > 0.

Remark 1.11. Schatten quasi-norm estimates alone do not capture the precise spectral be-
havior of the operator 1αΩ1Λ1αΩc . To obtain sharp results, one must instead analyze the
singular value distribution more directly, for instance via the counting function

Nε = |{n ∈ N | σn (1αΩ1Λ1αΩc) ≥ ε}|,
where σn denotes the nth singular value of the corresponding operator. In [23], Kulikov and
the second author establish sharp uniform bounds for this counting function in the case where
one of the sets Ω and Λ is a finite union of boxes and the other is bounded with boundary
of finite upper Minkowski content. As an application, necessary and sufficient conditions on
the function f for the asymptotics (1.18) to hold are derived. It is here worth noting that
when d ≥ 2, it is shown in the aforementioned paper that there exist functions f such that
the integral defining Uf (0, 1) in (1.7) converges absolutely, yet Sf (1Λ; Ω) is not trace class.

In fact, one may take f(x) = log
(
2
x

)− 3
2 .

We also obtain sharp results for smooth symbols admitting area scaling (1.5) and (1.6).
Compared to the results of Widom [52, 54] and Roccaforte [41], our main achievement is to
extend the analysis to the finite perimeter setting and to remove the additional assumption
qP ∈ L1 appearing in these papers. As observed by Widom for the case Ω = R+, the fractional
Sobolev space Ḣ1/2 exactly describes the smoothness required for area scaling.

Definition 1.12. We write Ḣ1/2(Rd;CN ) for the space of all P ∈ L1
loc(Rd;CN ) such that

∥P∥2
Ḣ1/2 =

∫∫ |P (p)− P (q)|2
|p− q|d+1

dp dq <∞.

It is well-known (see [30, Theorem 7.12]) that if P ∈ L2, then P ∈ Ḣ1/2 if and only if

P ∈ H1/2, and then

∥P∥2
Ḣ1/2 =

1

Hd(Sd)

∫
| qP (x)|2|x| dx, (1.19)

We only consider the homogeneous case and require no a priori decay.

Theorem 1.13. Let P ∈ Ḣ1/2(Rd;C) ∩ L∞ and let Ω ⊆ Rd be a set of finite perimeter.
Then, for all m ≥ 2,

Tr
[
Sm(P ;αΩ)

]

=
1

8π2

( α
2π

)d−1
∫

T ∗(FΩ)

∫

R

∫

R

Um(PX(ξ1), PX(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX + o(αd−1).

(1.20)

as α→ ∞. For the homogeneous case Ω = R± this reduces to the exact identity:

Tr
[
Sm(P ;R±)

]
=

1

8π2

∫

R

∫

R

Um(P (ξ1), P (ξ2))

|ξ1 − ξ2|2
dξ1 dξ2. (1.21)

Remark 1.14. We give a short and elementary proof of Widom’s half-line formula (1.21) in
Proposition 5.3. Theorem 1.13 is then a consequence of the following stronger result from
Proposition 5.4: if P ∈ Ḣ1/2(Rd;Mn) ∩ L∞ is a matrix valued symbol and Ω ⊆ Rd is a set
of finite perimeter, then, for all m ≥ 2,

Tr
[
Sm(P ;αΩ)

]
=
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
Sm(PX ;R+)

]
dX + o(αd−1). (1.22)
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Remark 1.15. For the special case of Ω = B the unit ball, the boundary coefficient from
equation (1.20) simplifies as

∫

T ∗(FB)

∫

R

∫

R

Um(PX(ξ1), PX(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX = −

m−1∑

k=1

(
1

k
+

1

m− k

)
⟨P k, Pm−k⟩Ḣ1/2 ,

where ⟨·, ·⟩Ḣ1/2 is the inner product on Ḣ1/2(Rd;C). In particular, if P is real-valued and

m = 2, we exactly recover the Ḣ1/2 norm.

Remark 1.16. Widom showed in [54, Proposition 3] that if P ∈ L∞ is real valued, then

S2(P ;R±) is trace class if and only if P ∈ Ḣ1/2. We argue in Proposition 3.6 that if
P ∈ L2(Rd;R) + R and

lim sup
α→∞

1

αd−1

∣∣Tr
[
S2(P ;αB)

]∣∣ <∞,

then P ∈ Ḣ1/2.

For completeness we also carry out the simplest possible extension argument for general
symbols P admitting area or enhanced area scaling. Aside from Theorems 1.1 and 1.13, our
only a prori input is a sharp Hilbert-Schmidt estimate on 1αΩP1αΩc , which is elementary to
obtain. In the following, we say that the conclusion of Theorem 1.1 or Theorem 1.13 extend
to a function f if, under the same assumptions on P and Ω, either

Tr
[
Sf (P ;αΩ)

]

=
αd−1 log(α)

(2π)d+1

∫

FΩ

∫

JP

Uf (P
+(p), P−(p))|νΩ(x) · νP (p)| dHd−1(p) dHd−1(x)

+ o(αd−1 log(α))

or

Tr
[
Sf (P ;αΩ)

]
=

1

8π2

( α
2π

)d−1
∫

T ∗(FΩ)

∫

R

∫

R

Uf (PX(ξ1), PX(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX + o(αd−1)

as α→ ∞.
The Besov space B2

∞,1(R,C) consists of all f ∈ C1,1(R;C) such that

∥f∥B2
∞,1

= ∥f ′′∥∞ +

∫

R

∥∆3
hf∥∞
|h|3 dh, (1.23)

where ∆hf(t) = f(t + h) − f(t) is the difference operator. See [33]. In particular, B2
∞,1

contains C2,γ
c (R;C) for all 0 < γ ≤ 1.

Theorem 1.17. If P is real valued and either

a) f ∈ B2
∞,1(R)

or

b) P ∈ L2(Rd;R) + R, Hd(Ω) <∞, and f ∈ C2(R),
then the conclusions of Theorem 1.1 and Theorem 1.13 extend to f . Similarly, for possibly
complex valued P , the conclusions of Theorem 1.1 and Theorem 1.13 extend to f holomorphic
on a neighborhood of the numerical range W (P ) of P .

Remark 1.18. The real valued case relies on abstract Schatten class inequalities. The case
a) uses the Koplienko–Neidhardt trace formula, while the case b) uses the Berezin-Lieb
inequality. The latter requires, essentially, that 1Ω(P − P∞) is Hilbert-Schmidt for some
P∞ ∈ R, which is ensured by the additional assumptions on P and Ω in b).

Remark 1.19. Peller [32], extending the work of Widom [54], established the one-dimensional

area scaling case for P ∈ Ḣ1/2(R;R) and f ∈ B2
∞,1, which we recover with an additional

boundedness assumption. It is worth mentioning that Peller’s result was published 16 years
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before his extension of the Koplienko–Neidhardt trace formula to B2
∞,1 functions, which our

argument relies on.

1.2. Strategy of proof. The proof of our main theorem, Theorem 1.1, consists of multiple
essentially separate parts:

a) One-dimensional reduction estimate for multiscale symbols
b) Computation of boundary coefficient for multiscale symbols

c) Approximation arguments for the domain Ω and Ḣ1/2 and ˙BV symbols.

The main step is a), which will be described in greater detail in Section 2. Here we consider
appropriately defined smooth multiscale symbols (Pδ) which develop a jump-discontinuity in
a controlled way along a prescribed hypersurface Γ in the limit δ → 0+. The key problem is
to establish (1.20) for Pδ with precise control of the δ dependence in the error term o(αd−1)
in the critical regime αδ ≥ 1. Simply following the proof of Widom [52] and Roccaforte

[41] requires us to bound qPδ in L1, which behaves poorly in the singular limit δ → 0. To
overcome this obstruction, the idea is to use the multiscale assumption to localize the symbols
Pδ appearing in the operator

Sm(Pδ;αΩ) = 1αΩPδ1αΩ . . . 1αΩPδ1αΩ − 1αΩP
m
δ 1αΩ,

which decomposes Sm(Pδ;αΩ) into a nicely localized part and an error term. The localization
employed is technical. For the localized part, which contains the main asymptotic term, we
can essentially follow the approach of Widom and Roccaforte directly with one additional
non-trivial ingredient: the Roccaforte Lemma, [41, Lemma 2.5], for finite perimeter sets,
which might be of independent interest. We establish this extension in Lemma C.6 in the
Appendix.

Next for step b), we reprove Widom’s exact trace formula (1.21) by an elementary argu-
ment. This is the only part of our argument that breaks down for matrix valued symbols.
Assuming that P − Pδ = O(δ) in L1, the boundary coefficient for Pδ reduces to

Cd

∫

T ∗(FΩ)

∫∫

R×R

Um (PX(ξ1), PX(ξ2))

|ξ1 − ξ2|
ηδ(ξ1 − ξ2) dξ1 dξ2 dX, (1.24)

for kernels ηδ : R+ → R+ satisfying
∫ ∞

0
ηδ(h) dh = 1,

∫ ∞

ε
ηδ(h) dh→ 0 as δ → 0+ for all ε > 0.

We compute the leading order term as δ → 0+ using abstract tools from the theory of BV
functions in Lemma A.11 in the Appendix. This supplies us with an initial family of symbols
P for which Theorem 1.1 holds, which in particular includes simple functions of the form

P (p) =

N∑

k=1

ak1Λk
(p), (1.25)

for (ak) ⊆ C and bounded sets Λk each having boundary contained in a finite union of

Lipschitz graphs. The class defined by (1.25) is dense in ˙BV ∩ L∞ in a suitable sense, and
the last challenge c) is to establish appropriate forms of uniform continuity of the functional

P → Tr
[
Sm(P ;αΩ)] in ˙BV , L∞, and Ḣ1/2. The key here is to reduce the analysis to

establishing Hilbert-Schmidt estimates of operators of the form 1αΩP1αΩc . Since the symbol
P appears in a power-like fashion in Sm(P ;αΩ), it is essential that we can control pointwise

products of ˙BV and Ḣ1/2 functions. The relevant tools are developed in Appendix A and
Appendix B.

It is at this point appropriate to point out that the outline above has very small overlap
with Sobolev’s proof from [44]. The main difference is that we do not use any pseudodifferen-
tial techniques. Instead we rely to a much larger extent on structural arguments, elementary
volume and area bounds, and the work of Widom and Roccaforte mentioned above. For in-
stance, with exactly one exception being Lemma 3.16, we only use Hilbert-Schmidt estimates
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for the operator 1αΩP1αΩc , which are much more elementary than the trace class bounds
employed by Sobolev.

1.3. Notation and conventions. We finally fix basic notation used throughout the paper.
For x ∈ Rd and r > 0 we denote by Br(x) the open ball around x with radius r. If x = 0 we
sometimes write Br instead. For a set Γ ⊆ Rd, we write d(p,Γ) for the distance from p to Γ.
We write |·| for the Euclidean (L2 based) norm on finite dimensional spaces.

We call a family (ϕε) a standard family of mollifiers if ϕε(x) = ε−dϕ(x/ε) for a radial
non-negative function ϕ ∈ C∞

c supported in B1 such that
∫
Rd ϕ(x) dx = 1.

We use the following conventions for the Fourier transform:

Ff(p) = pf(p) = (2π)−d/2
∫

Rd

e−ix·pf(x) dx

F−1P (x) = qP (x) = (2π)−d/2
∫

Rd

eix·pP (p) dp.

Throughout the paper C, c (with or without subscripts/superscripts) denote positive con-
stants whose precise values are immaterial and may vary from line to line.

2. Multiscaling

As described in the proof strategy, our main technique is to first consider a family of
smooth symbols (Pδ) depending on a discontinuity parameter δ > 0, which develops a jump-
discontinuity along a nice hypersurface Γ in the limit δ → 0+. Since each Pδ is smooth, the
operator Sm(Pδ;αΩ) satisfies an area law for each fixed δ > 0. The problem is to explicitly
control the δ dependence in the area law for Pδ, and in particular to recover the logarithm
in a suitable joint limit α → ∞, δ → 0+. Our principal motivation of this study is to
prove Theorem 1.1, but the problem is also of independent interest from a mathematical
and physical perspective. While it is not our intention to elaborate on this fully, in the free
Fermionic setting, the parameter δ could naturally represent the temperature of the state or
alternatively the spectral gap in a multi-band ground state. We point out that the latter is
inherently a matrix valued problem.

We here mention that this problem was studied by Sobolev [49]. His analysis treats δ as
the temperature and uses substantially different techniques: his argument relies on the dis-
continuous case as an input and he treats only the case of P = 1Λ being an indicator function
under rather stringent assumptions on the convergence Pδ → P and on the approximants
Pδ. By contrast, our goal is to derive the discontinuous case itself. See also Remark 2.11
below.

Our argument centrally hinges on precise localization on varying scales ℓδ around Γ which
we now describe. Consider a fixed compact set Γ ⊆ Rd. We set

ℓδ(p) = max{δ, 12 min{d(p,Γ), 1}}.
The dependence on Γ will be implicit. Clearly ℓδ is Lipschitz with parameter 1

2 , so the
prescription ∥p∥u = |p|/ℓδ(u) defines a slowly varying metric cf. [20, Definition 1.4.7], that
is, for all p, u ∈ Rd,

|p− u| ≤ ℓδ(u) ⇒
1

2
ℓδ(u) ≤ ℓδ(p) ≤

3

2
ℓδ(u). (2.1)

We refer to ℓδ as the scale or scale function. It is perhaps well-known that slowly varying
metrics give rise to effective localizations (partitions of unity), see for instance [20, Theorem
1.4.10]. We use instead a continuous parametrization.

Lemma 2.1. There is a collection of non-negative functions (ϕu) ⊆ C∞
c (Rd), u ∈ Rd, such

that (u, p) → ϕu(p) is measurable,

suppϕu ⊆ Bℓδ(u)(u), ∥Dβϕu∥∞ ≤ Cβℓδ(u)
−|β|
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for all β ∈ Nd0, and ∫
ϕu(p)ℓδ(u)

−d du = 1

for all p ∈ Rd.

Proof. See [51, Theorem 22]. They assume the scale function is C1, but the proof easily
carries to the Lipschitz case. ■

We now state our assumptions on the family (Pδ). Similar multiscale techniques are
employed in various related work. We mention [28,49].

Definition 2.2. Consider a family of symbols (Pδ), 0 < δ ≤ 1/2, a compact set Γ ⊆ Rd, and
κ ∈ N. We say that (Pδ) satisfies a Cκ(Rd;Mn) multiscale estimate on Γ if the following
holds: we have Pδ ∈ Cκ(Rd;Mn) for all 0 < δ ≤ 1/2, and there exists a function F : Rd →
[0,∞), not dependent on δ, satisfying

F ∈ L∞, G(p) = sup
|p−q|≤ℓδ(p)

F (q) ∈ L1, (2.2)

such that

|DβPδ(p)| ≤ F (p)ℓδ(p)
−|β|, p ∈ Rd, |β| ≤ κ. (2.3)

The amplitude function F will often be implicit. If we want to explicitly mention F , we say
(Pδ, F ) satisfies a C

κ(Rd;Mn) multiscale estimate on Γ instead.

Remark 2.3. The function G depends on δ, but all Lp norms can be estimated independently
of δ. Indeed, clearly ∥G∥∞ = ∥F∥∞, and

∫

Rd

G(p) dp ≤
∫

Rd

sup
|p−q|≤1/2

F (q) dp ≤
∫

(d,Γ)≥1
G(p) dp+ ∥F∥∞Hd(Γ +B1).

It follows that G ∈ L1 if and only if G̃(p) = sup|p−q|≤1/2 F (q) ∈ L1, and ∥G∥1 ≤ ∥G̃∥1, which
is independent of δ.

It is clear from the definition that if (Pδ, F ) satisfies a C
κ multiscale estimate on Γ, then

|DβPδ(p)| ≤ 2κG(u)ℓδ(u)
−|β|, |p− u| ≤ ℓδ(u), |β| ≤ κ,

which fully captures the locally uniform nature of Pδ on the scale ℓδ. In general we think of
(Pδ) supported on a neighborhood of Γ and F an indicator function onto a slightly larger
neighborhood. With the partition of unity (ϕu) supplied by Lemma 2.1,

P (p) =

∫

Rd

ℓδ(u)
−dPu(p) du, Pu(p) = P (p)ϕu(p). (2.4)

Note that the function Pu is supported on the ball Bℓδ(u)(u) with derivatives DβPu(p) ∼
G(u)ℓδ(u)

−|β|. In applications, this reduces much of the analysis involving P to simple
scaling and volume estimates.

Since the scale function ℓδ is a truncated distance function to Γ, we need precise control
of local measures in a neighborhood of Γ. Here finite upper Minkowski content M∗(Γ) <∞,
which is a global assumption, will not suffice.

Definition 2.4. Let Γ ⊆ Rd. We say that Γ has locally uniform upper Minkowski content if

M∗
u(Γ) = sup

z∈Rd

sup
r>0

sup
0<δ<1

Hd((Γ +Bδ) ∩Br(z))
δrd−1

<∞.

If Γ is bounded and contained in a finite union of Lipschitz graphs, then M∗
u(Γ) < ∞,

see Lemma C.1 from the Appendix. It is also clear that the condition is stable under taking
bi-Lipschitz images.
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We study a slightly more general operator than Sm(P ;αΩ). Let P
1, . . . , Pm ∈ L∞(Rd;Mn),

say, Ω ⊆ Rd a measurable set, and m ≥ 2. We denote

S(P 1, . . . , Pm;αΩ) = S(P 1;αΩ) . . . S(Pm;αΩ)− S(P 1 . . . Pm;αΩ)

= 1αΩP
11αΩ . . . 1αΩP

m1αΩ − 1αΩP
1 . . . Pm1αΩ.

Of course, if P 1 = · · · = Pm, then Sm(P ;αΩ) = S(P 1, . . . , Pm;αΩ).
Our main results on multiscale symbols are contained in the next two theorems.

Theorem 2.5. Let Ω ⊆ Rd be a set of finite perimeter, let Γ ⊆ Rd be a set of locally uniform
upper Minkowski content, and m ≥ 2 an integer. Suppose (P kδ ) satisfies a C1(Rd;Mn)
multiscale assumption on Γ for k = 1, . . . ,m. Then

Tr
[
S(P 1

δ , . . . , P
m
δ ;αΩ)

]
=
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
S((P 1

δ )X , . . . , (P
m
δ )X ;R+)

]
dX

+ o(αd−1 log(δ−1)),

(2.5)

as α→ ∞ uniformly for αδ ≥ 1.

Remark 2.6. We first prove the Theorem under stronger regularity assumptions on Ω and
(P kδ ), and in this case we obtain a purely quantitative bound, see Proposition 4.1. Theo-
rem 2.5 follows from approximation arguments, so in this case, the error term is not very
explicit.

Remark 2.7. It follows from Corollary 3.9 and Lemma D.1 that the boundary coefficient
scales correctly in δ:

∫

FΩ
∥S((P 1

δ )X , . . . , (P
m
δ )X ;R+)∥S1 dX ≲ log(δ−1).

Surprisingly, we only use this fact to carry out the approximation argument to deduce The-
orem 2.5 from Proposition 4.1.

Theorem 2.8. Let Ω ⊆ Rd be a set of finite perimeter, let Γ ⊆ Rd be a set of locally
uniform upper Minkowski content, and m ≥ 2 an integer. Assume that (Pδ) satisfies a

C1(Rd;C) multiscale estimate on Γ and that there exists a function P0 ∈ ˙BV such that
∥Pδ − P0∥1 = o

(
δ log(δ−1)

)
as δ → 0+. Then

Tr
[
Sm(Pδ;αΩ)

]

=
αd−1 log(δ−1)

(2π)d+1

∫

FΩ

∫

JP0

Um(P
+
0 (p), P−

0 (p))|νΩ(x) · νP0(p)| dHd−1(p) dHd−1(x)

+ o(αd−1 log(δ−1))

as δ → 0+ uniformly for αδ ≥ 1.
For the case αδ ≤ 1, assume in addition that min{H1(Ω),H1(Ωc)} <∞ if d = 1. Then

Tr
[
Sm(Pδ;αΩ)

]

=
αd−1 log(α)

(2π)d+1

∫

FΩ

∫

JP0

Um(P
+
0 (p), P−

0 (p))|νΩ(x) · νP0(p)| dHd−1(p) dHd−1(x)

+ o(αd−1 log(α))

as α→ ∞ uniformly for αδ ≤ 1, including the case δ = 0.

Remark 2.9. The quantitative assumption ∥Pδ − P0∥1 = o
(
δ log(δ−1)

)
is easy to verify in

practice but perhaps not intuitive. It arises, essentially, from the condition

lim sup
δ→0+

1

log(δ−1)

∫∫

δ≤|p−q|≤1

|Um(Pδ(p), Pδ(q))− Um(P0(p), P0(q))|
|p− q|d+1

dp dq = 0,
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which allows us to replace Pδ by P0 in the co-tangent integrals from Theorem 2.5 (using
Theorem 1.13). The resulting expression, which only depends on P0, is exactly of the form
(1.24).

Remark 2.10. The case αδ ≤ 1 with δ = 0 supplies us with an initial family (P0) of ˙BV
symbols for which the conclusion of Theorem 1.1 holds. It is simple to verify that if P0 is
of the form (1.25) and (ϕδ) is a standard family of mollifiers, then Pδ = P0 ∗ ϕδ satisfies all
assumptions of Theorem 2.8. In fact, this will be our only application.

Remark 2.11. For the case where P0 = 1Λ is an indicator function, Theorem 2.8 yields
the same transition asymptotics as Sobolev’s main results from [49]. Sobolev treats symbols
Pδ ∈ C∞(Rd) approximating P0, and allows spectral functions with Hölder-type singularities.
By contrast, here we restrict attention to polynomial spectral functions, but allow much more
general limiting symbols P0, require only a C1 multiscale assumption on (Pδ), and impose
substantially weaker assumptions on the convergence Pδ → P0.

3. Hilbert-Schmidt and trace class estimates

In this section we establish trace and trace class bounds for the operators Sm(P ; Ω), and,
more generally, operators of the form

S(P1, . . . , Pm; Ω) = 1ΩP11Ω . . . 1ΩPm1Ω − 1ΩP1 . . . Pm1Ω (3.1)

for symbols P1, . . . , Pm ∈ L∞(Rd;Mn), m ≥ 2, and a measurable set Ω ⊆ Rd. Most results
are abstract in nature and are formulated in terms of well-known function spaces. At the end
of the section we establish more specialized estimates to be used in the proof of Theorem 2.5.

3.1. Basic Hilbert-Schmidt bounds. Here we establish basic Hilbert-Schmidt bounds of
operators of the form 1ΩP1Ωc and 1ΩcP1Ω. By the simple identity

S2(P ; Ω) = −1ΩP1ΩcP1Ω,

this immediately implies (or is equivalent to) trace class bounds of S2(P ; Ω). We study three

cases: area scaling, volume scaling, and enhanced area scaling corresponding to Ḣ1/2, L2,
and ˙BV , respectively. These bounds will serve as the foundation for all later results. For the
Ḣ1/2 and ˙BV results, we compute the exact asymptotics in Theorem 1.13 and Theorem 1.1,
respectively, and we prove a partial converse in Proposition 3.6.

We refer the readers to Appendices A, B, and C for relevant background on ˙BV , Ḣ1/2,
and sets of finite perimeter.

Lemma 3.1. Let Ω ⊆ Rd be a set of finite perimeter and let Ω′ ⊆ Ωc. Then, for P ∈
Ḣ1/2(Rd;Mn) ∩ L∞,

∥1ΩP1Ω′∥2S2
+ ∥1Ω′P1Ω∥2S2

≤ Cd Per(Ω)∥P∥2Ḣ1/2 ,

and, ∫

Πν

∥1R+Pν,p1R−∥2S2
+ ∥1R−Pν,p1R+∥2S2

dp ≤ Cd∥P∥2Ḣ1/2 .

uniformly for ν ∈ Sd−1. Here Pν,p(ξ) = P (p+ ξν), ξ ∈ R.

Proof. Consider first P ∈ C∞
c . It is easy to see that the operator 1ΩP1Ω′ has kernel

(2π)−d/21Ω(x) qP (x− y)1Ω′(y), hence

∥1ΩP1Ω′∥2S2
= (2π)−d

∫∫
| qP (x−y)|21Ω(x)1Ω′(y)dxdy = (2π)−d

∫
| qP (x)|2Hd(Ω∩(Ω′+x)) dx.

Note that Hd(Ω ∩ (Ω′ + x)) = 1Ω ∗ 1−Ω′(x). We show in Lemma C.3 by a simple argument

that Hd(Ω ∩ (Ω′ + x)) ≤ Per(Ω)|x|. Hence, by the Fourier description of Ḣ1/2 in (1.19),

∥1ΩP1Ω′∥2S2
≤ (2π)−d Per(Ω)

∫
| qP (x)|2|x| dx =

Per(Ω)

Hd(Sd)(2π)d
∥P∥2

Ḣ1/2 .
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The same bound obviously extends to P ∈ C∞
c + Mn by homogeneity. For general P ∈

Ḣ1/2 ∩ L∞ it follows from Lemma B.2 that there is a sequence (Pn) ⊆ C∞
c +Mn such that

Pn → P in Ḣ1/2 and pointwise almost everywhere, and ∥Pn∥∞ ≤ 3∥P∥∞. In particular
1ΩPn1Ω′ → 1ΩP1Ω′ strongly, so by Fatou’s lemma

∥1ΩP1Ω′∥2S2
≤ lim inf

n→∞
∥1ΩPn1Ω′∥2S2

= lim inf
n→∞

Per(Ω)

Hd(Sd)(2π)d
∥Pn∥2Ḣ1/2 =

Per(Ω)

Hd(Sd)(2π)d
∥P∥2

Ḣ1/2 .

The argument for 1Ω′P1Ω is identical.
The statement on one-dimensional sections follows immediately from the case Ω = [0,∞)

and Lemma B.5. ■
Lemma 3.2. Let Ω,Ω′ ⊆ Rd satisfy min{Hd(Ω),Hd(Ω′)} <∞. Then, for P ∈ L2(Rd;Mn),

∥1ΩP1Ω′∥2S2
+ ∥1Ω′P1Ω∥2S2

≤ Cdmin{Hd(Ω),Hd(Ω′)}∥P∥22.
Proof. Arguing like in the proof of Lemma 3.1 we find

∥1ΩP1Ω′∥2S2
= (2π)−d

∫
| qP (x)|2Hd(Ω ∩ (Ω′ + x)) dx

≤ (2π)−dmin{Hd(Ω),Hd(Ω′)}∥P∥22.
The argument for ∥1Ω′P1Ω∥2S2

is identical. ■

Lemma 3.3. Let Ω ⊆ Rd be a set of finite measure. Then, for all P ∈ L1(Rd;Mn),

∥1ΩP1Ω∥S1 ≤ CdHd(Ω)∥P∥1.
Proof. Let P = U |P | be the polar decomposition. We see from Lemma 3.2 and the Hölder
inequality that

∥1ΩP1Ω∥S1 ≤ ∥1ΩU |P |1/2∥S2∥|P |1/21Ω∥S2 ≤ CdHd(Ω)∥P∥1.
■

We now show how to interpolate between the area bound from Lemma 3.1 and the volume
bound from Lemma 3.2 to achieve bounds for ˙BV symbols with enhanced area scaling.

Lemma 3.4. Let (ϕδ) be a family of standard mollifiers and let P ∈ ˙BV (Rd;Mn) ∩ L∞.
Assume in addition that P ∈ L2 +Mn for d = 1. Then, uniformly for 0 < δ ≤ 1/2,

∥P ∗ ϕδ∥2Ḣ1/2 ≤ Cϕ,d
(
log(δ−1)∥P∥ ˙BV ∥P∥∞ + inf

P∞∈Mn

∥P − P∞∥22
)
.

Proof. Note we have P ∈ L2+Mn also when d ≥ 2 by the embedding theorem [1, Theorem
3.47], so we might as well assume P ∈ L2. Assume that the family (ϕδ) is generated by

ϕ ∈ C∞
c , that is ϕδ(h) = δ−dϕ(h/δ). Then, by the Fourier description of Ḣ1/2,

∥P ∗ ϕδ∥2Ḣ1/2 ≤ Cd

∫
| qP (x)|2|qϕδ(x)|2|x| dx = Cd

∫
| qP (x)|2|qϕ(δx)|2|x| dx

≤ Cd

∫

|x|≤1
| qP (x)|2 + Cd

∫

1≤|x|≤1/δ
| qP (x)|2|x| dx

+ Cϕ,dδ
−1

∫

|x|≥1/δ
| qP (x)|2 dx.

We simply bounded |qϕ(δx)| ≤ (2π)−d/2 when |x| ≤ 1/δ and |qϕ(δx)| ≤ (2π)−d/2

δ|x| ∥∇ϕ∥1 when

|x| ≥ 1/δ. We show in Lemma A.8 by an elementary argument that∫

1≤|x|≤1/δ
| qP (x)|2|x| ≤ Cd log(δ

−1)∥P∥ ˙BV ∥P∥∞,

and

δ−1

∫

|x|≥1/δ
| qP (x)|2 dx ≤ Cd∥P∥ ˙BV ∥P∥∞.
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The obvious bound
∫
|x|≤1| qP (x)|2 ≤ ∥P∥22 finishes the proof. ■

Lemma 3.5. Let Ω ⊆ Rd be a set of finite perimeter and take Ω′ ⊆ Ωc. Consider P ∈
˙BV (Rd;Mn) ∩ L∞. For d = 1 we assume in addition that P ∈ L2 + Mn and that

min{Hd(Ω),Hd(Ω′)} <∞. Then, uniformly for α ≥ 2,

∥1αΩP1αΩ′∥2S2
+ ∥1αΩ′P1αΩ∥2S2

≤ Cd Per(Ω)α
d−1 log(α)∥P∥ ˙BV ∥P∥∞

+ Cdα
d−1
(
Per(Ω) inf

P∞∈Mn

∥P − P∞∥22 +min{Hd(Ω),Hd(Ω′)}∥P∥ ˙BV ∥P∥∞
)
.

Proof. Let (ϕδ) be a family of standard mollifiers and set Pδ = P ∗ ϕδ. It follows from
Lemmas 3.1 and 3.4 that

∥1αΩP1/α1αΩ′∥2S2
≤ Cd Per(Ω)α

d−1∥P1/α∥2Ḣ1/2

≤ Cd Per(Ω)α
d−1
(
log(α)∥P∥ ˙BV ∥P∥∞ + inf

P∞∈Mn

∥P − P∞∥22
)
.

On the other hand, by Lemma 3.2,

∥1αΩ(P − P1/α)1αΩ′∥2S2
≤ Cdα

dmin{Hd(Ω),Hd(Ω′)}∥P − P1/α∥∞∥P − P1/α∥1.

We trivially bound ∥P − P1/α∥∞ ≤ 2∥P∥∞. By the finite difference characterization of ˙BV
from Lemma A.7,

∥P −P1/α∥1 ≤
∫
ϕ1/α(h)

∫
|P (p+h)−P (p)| dp dh ≤ ∥P∥ ˙BV

∫
ϕ1/α(h)h dh ≤ C α−1∥P∥ ˙BV .

Conclude

∥1αΩP1αΩ′∥2S2
≤ 2∥1αΩ(P − P1/α)1αΩ′∥2S2

+ 2∥1αΩP1/α1αΩ′∥2S2

≤ Cd Per(Ω)α
d−1 log(α)∥P∥ ˙BV ∥P∥∞

+ Cdα
d−1
(
Per(Ω) inf

P∞∈Mn

∥P − P∞∥22 +min{Hd(Ω),Hd(Ω′)}∥P∥ ˙BV ∥P∥∞
)
.

The argument for ∥1αΩ′P1αΩ∥2S2
is identical.

■

We now present partial converses to Lemma 3.1 and Lemma 3.5 for the specific case of
Ω a ball. The proof for the BV case is based on the non-local characterization of bounded
variation functions from [6].

Proposition 3.6. Write B = B1 ⊆ Rd for the unit ball centered at zero. If P ∈ L2(Rd;Mn)+
Mn and

∥1αBP1αBc∥2S2
= O(αd−1)

as α→ ∞, then P ∈ Ḣ1/2. Similarly, if Λ ⊆ Rd satisfies min{Hd(Λ),Hd(Λc)} <∞ and

∥1αB1Λ1αBc∥2S2
= O(αd−1 log(α))

as α→ ∞, then Λ is a set of finite perimeter.

Proof. We start with the Ḣ1/2 claim. We may assume that P ∈ L2. Arguing like in
Lemma 3.1 we see that

∥1αBP1αBc∥2S2
= (2π)−d

∫
| qP (x)|2Hd(αB ∩ (αBc + x)) dx.

It is elementary to verify that

Hd(αB ∩ (αBc + x)) = αdHd(B ∩ (Bc + x/α)) ≥ cdα
d−1|x| (3.2)
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for |x|/α ≤ ε, with ε > 0 small enough. In fact this follows from Lemma C.6 although this
reference is overkill. We conclude

∞ > lim sup
α→∞

1

αd−1

∫
| qP (x)|2Hd(αB ∩ (αBc + x)) dx

≥ c1 lim sup
α→∞

∫

|x|≤αε
| qP (x)|2|x| dx = c2∥P∥2Ḣ1/2 ,

giving the claim.
The case of indicator functions is more complicated. We may assume that Hd(Λ) < ∞.

Note first that by elementary manipulations and the Plancherel theorem

∥1αB1Λ1αBc∥2S2
= (2π)−d

∫
|q1Λ(x)|2Hd(αB ∩ (αBc + x)) dx

=
1

2
(2π)−d

∫
|p1αB(h)|2

∫
|1Λ(p+ h)− 1Λ(p)|2 dp dh.

The analogous identity holds for general symbols P ∈ L2. Introduce the kernels

ηα(h) =
1

αd−1 log(α)

1

Cα
1{|h|≤1}(h)|p1αB(h)|2|h| Cα =

1

log(α)

∫

|h|≤α
|p1B(h)|2|h| dh.

We see that ηα is non-negative, radial, and∫
ηα(h) dh = 1,

∫

|h|≥δ
ηα(h) dh→ 0 as α→ ∞ for all δ > 0,

and by construction

1

αd−1 log(α)
∥1αB1Λ1αBc∥2S2

≥ 1

2
(2π)−dCα

∫
ηα(h)

1

|h|

∫
|1Λ(p+ h)− 1Λ(p)| dp dh.

Note that the right hand side is of the form (1.24) mentioned in the Introduction.
To proceed we need to use the fact that lim infα→∞Cα > 0. This can be seen from the

leading order behavior of the Bessel function Jd/2(r) as r → ∞. Alternatively, by Lemma A.8
and Lemma C.4,

1

αd−1 log(α)
|Tr
[
S2(1B;αB)

]
| = (2π)−d

αd−1 log(α)

∫
|p1B(h)|2Hd(αB ∩ (αBc + h)) dh

≤ Per(B)

(2π)d
Cα +O

(
1

log(α)

)
,

so lim infα→∞Cα > 0 follows from Theorem 1.1, which is proved independently of this result,
but it is of course overkill. We finally mention that it is possible to compute limα→∞Cα
directly using Lemma C.6 and Lemma A.11. Taking the lower bound for granted we see that

∞ > lim sup
α→∞

1

αd−1 log(α)
∥1αB1Λ1αBc∥2S2

≥ c lim inf
α→∞

∫
ηα(h)

1

|h|

∫
|1Λ(p+ h)− 1Λ(p)| dp dh.

The right hand side is exactly a BBM-type expression for the variation of 1Λ. It is shown in
[6, Theorem 3’] that, for ηα satisfying the properties stated above,

lim inf
α→∞

∫

Ω

∫

Ω

|1Λ(p)− 1Λ(q)|
|p− q| ηα(p− q) dp dq <∞

if and only if 1Λ has finite variation in Ω, when Ω is a bounded smooth domain. Applying
this with Ω = BR for all R > 0 we see that Λ is a set of locally finite perimeter. Moreover,
the variation bounds from [6, Theorem 3’] shows that

|D1Λ|(BR) ≤ C lim inf
α→∞

∫

BR

∫

BR

|1Λ(p)− 1Λ(q)|
|p− q| ηα(p− q) dp dq

≤ C lim inf
α→∞

∫
ηα(h)

1

|h|

∫
|1Λ(p+ h)− 1Λ(p)| dp dh <∞
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Taking R → ∞ we conclude that |D1Λ|(Rd) <∞ or equivalently Per(Λ) <∞, finishing the
proof. ■
Remark 3.7. The only special property of indicator functions used in the second part of the
proof is the lower bound |P (p)−P (q)|2 ≥ c|P (p)−P (q)|. This property also holds for simple
functions, so the proof carries over to this setting. Precisely, if P : Rd → R only takes finitely
many values, P ∈ L2(Rd;R) + R, and

lim sup
α→∞

1

αd−1 log(α)
∥1αBP1αBc∥2S2

<∞,

then P ∈ ˙BV .

3.2. Trace class bounds for Sm. We now show how to estimate Sm(P ; Ω), or more gen-
erally S(P1, . . . , Pm; Ω), in trace class for general m ≥ 2. We use the product structure to
reduce to the already established case of m = 2. The following essentially contains the entire
idea.

Lemma 3.8. Let P1, . . . , Pm ∈ L∞(Rd;Mn) and let Ω ⊆ Rd be a measurable set. Then, for
1 ≤ n ≤ m,

∥S(P1, . . . , Pm; Ω)∥S1

≤
n−1∑

k=1

∥P1∥∞ . . . ∥Pm∥∞
∥Pk∥∞ . . . ∥Pm∥∞

∥S(Pk, Pk+1 . . . Pm; Ω)∥S1

+

m−1∑

k=n

∥P1∥∞ . . . ∥Pm∥∞
∥Pn∥∞ . . . ∥Pk+1∥∞

∥S(Pn . . . Pk, Pk+1; Ω)∥S1 ,

(3.3)

where the empty sum is zero. Moreover,

∥S(P1, . . . , Pm; Ω)∥S1 ≤
∑

1≤i<j≤m

∥P1∥∞ . . . ∥Pm∥∞
∥Pi∥∞∥Pj∥∞

∥1ΩPi1Ωc∥S2∥1ΩcPj1Ω∥S2 . (3.4)

Proof. Repeated use of the identities

S(P1, . . . , Pm; Ω) = S(P1, . . . , Pm−1; Ω)1ΩPm1Ω + S(P1 . . . Pm−1, Pm; Ω)

S(P1, . . . , Pm; Ω) = 1ΩP11ΩS(P2, . . . , Pm; Ω) + S(P1, P2 . . . Pm; Ω),
(3.5)

and the elementary bound ∥1ΩPi1Ω∥ ≤ ∥Pi∥∞ readily leads to (3.3) for n = 1 and n = m.
For 1 < n < m similarly expand

S(P1, . . . , Pm; Ω) = 1ΩP11Ω . . . 1ΩPn−11ΩS(Pn, . . . , Pm; Ω) + S(P1, . . . , Pn−1, Pn . . . Pm; Ω),

and apply the established extreme cases (with different m) suitably to see (3.3). The point
is that Pn always appear inside S(·, ·; Ω).

For the second claim we apply (3.3) for the case n = 1. We find

∥S(P1, . . . , Pm; Ω)∥S1 ≤
m−1∑

k=1

∥P1∥∞ . . . ∥Pm∥∞
∥P1∥∞ . . . ∥Pk+1∥∞

∥S(P1 . . . Pk, Pk+1; Ω)∥S1 .

By the m = 2 estimate

∥S(P1 . . . Pk, Pk+1; Ω)∥S1 ≤ ∥1ΩP1 . . . Pk1Ωc∥S2∥1ΩcPk+11Ω∥S2 ,

we see that it suffices to bound, for all 1 ≤ k ≤ m− 1,

∥1ΩP1 . . . Pk1Ωc∥S2 ≤
∑

1≤i≤k

∥P1∥∞ . . . ∥Pk∥∞
∥Pi∥∞

∥1ΩPi1Ωc∥S2 .

We argue by induction in k with the case k = 1 being trivial. Suppose the claim holds for
1 ≤ k ≤ m− 2. Then, simply writing 1 = 1Ω + 1Ωc between Pk and Pk+1,

∥1ΩP1 . . . Pk+11Ωc∥S2 ≤ ∥Pk+1∥∞∥1ΩP1 . . . Pk1Ωc∥S2 + ∥P1 . . . Pk∥∞∥1ΩPk+11Ωc∥S2 .
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This has the correct form by hypothesis. ■

The following is immediate from Lemma 3.8 using Lemmas 3.1, 3.2, and 3.5.

Corollary 3.9. Let P1, . . . , Pm ∈ L∞(Rd;Mn) and let Ω ⊆ Rd be a measurable set.

a) If P1, . . . , Pm ∈ Ḣ1/2 and Ω is a set of finite perimeter, then

∥S(P1, . . . , Pm; Ω)∥S1 ≤ Cd Per(Ω)
∑

1≤i<j≤m

∥P1∥∞ . . . ∥Pm∥∞
∥Pi∥∞∥Pj∥∞

∥Pi∥Ḣ1/2∥Pj∥Ḣ1/2 .

b) If min{Hd(Ω),Hd(Ωc)} <∞ and there exist C1, . . . , Cm ∈ Mn such that Pi−Ci ∈ L2

for i = 1, . . . ,m, then

∥S(P1, . . . , Pm; Ω)∥S1

≤ Cdmin{Hd(Ω),Hd(Ωc)}
∑

1≤i<j≤m

∥P1∥∞ . . . ∥Pm∥∞
∥Pi∥∞∥Pj∥∞

∥Pi − Ci∥2∥Pj − Cj∥2.

c) If P1, . . . , Pm ∈ ˙BV and Ω is a set of finite perimeter, and in addition P1, . . . , Pm ∈
L2 +Mn and min{H1(Ω),H1(Ωc)} <∞ if d = 1, then

∥S(P1, . . . , Pm;αΩ)∥S1

≤ Cd Per(Ω)α
d−1 log(α)

∑

1≤i<j≤m

∥P1∥∞ . . . ∥Pm∥∞
∥Pi∥∞∥Pj∥∞

(
∥Pi∥∞∥Pi∥ ˙BV ∥Pj∥∞∥Pj∥ ˙BV

)1/2

+ o(αd−1),

as α→ ∞.

We also need a L1-type bound similar to Lemma 3.3. For our proof it is essential that we
take trace and not trace norm when m > 2.

Lemma 3.10. Let Ω ⊆ Rd be a set satisfying min{Hd(Ω),Hd(Ωc)} <∞ and let P1, . . . , Pm ∈
L2(Rd;Mn) ∩ L∞, m ≥ 2. Then, for every 1 ≤ k ≤ m,

∣∣Tr
[
S(P1, . . . , Pm; Ω)

]∣∣ ≤ Cd,mmin{Hd(Ω),Hd(Ωc)}∥P1∥∞ . . . ∥Pm∥∞
∥Pk∥∞

∥Pk∥1.

Proof. If Hd(Ω) <∞, then the claim follows immediately from Lemma 3.3. Indeed, simply
bound using the Hölder inequality

∣∣Tr
[
S(P1, . . . , Pm; Ω)

]∣∣ ≤ ∥S(P1, . . . , Pm; Ω)∥S1

≤ ∥P1∥∞ . . . ∥Pm∥∞
∥Pk∥∞

∥1ΩPk1Ω∥1 + CdHd(Ω)∥P1 . . . Pm∥1

≤ CdHd(Ω)
∥P1∥∞ . . . ∥Pm∥∞

∥Pk∥∞
∥Pk∥1.

The case Hd(Ωc) <∞ is less straight forward. In the expression

S(P1, . . . , Pm; Ω) = 1ΩP11Ω . . . 1ΩPm1Ω − 1ΩP1 . . . Pm1Ω,

expand in every instance 1Ω = 1− 1Ωc . Note that the terms

P1 . . . Pm, 1ΩcP1 . . . Pm, P1 . . . Pm1Ωc (3.6)

will cancel. The resulting expression will be a sum of operators of the type

±R11Ωc . . . 1ΩcRn (3.7)

for 2 ≤ n ≤ m and symbols R1, . . . Rn. Setting P0 = Pm+1 = 1, the (Ri)’s take the form

Ri = Pℓi−1
. . . Pℓi−1, 1 ≤ i ≤ n, 0 = ℓ0 < ℓ1 < · · · < ℓn = m+ 2.
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Since the terms (3.6) are excluded (corresponding to n = 2 and ℓ1 = m + 1 or ℓ1 = 1), at
least two of the (Ri)’s will appear, and

Tr[R11ΩcR2] = Tr[1ΩcR2R11Ωc ],

and

Tr[R11Ωc . . . 1ΩcRn] = Tr[1ΩcR21Ωc . . . 1ΩcRn−11ΩcRnR11Ωc ], n ≥ 3.

The L2 condition ensures that all operators above are trace class by Lemma 3.2. The traces
can now be handled like in the case Hd(Ω) <∞. ■

3.3. Multilinear properties of Sm. The product structure of S(P1, . . . , Pm; Ω) induces
multilinear structure in both the Pi’s and Ω. For instance,

S(P1, . . . , Pm; Ω)− S(Q1, . . . , Qm; Ω)

= S(P1 −Q1, P2, . . . , Pm; Ω) + S(Q1, P2 −Q2, P3, . . . , Pm; Ω)

+ · · ·+ S(Q1, . . . , Qm−1, (Pm −Qm); Ω).

(3.8)

This allows effective bounds of

S(P1, . . . , Pm; Ω)− S(Q1, . . . , Qm; Ω), S(P1, . . . , Pm; Ω)− S(P1, . . . , Pm; Ω
′).

assuming either Pi ∼ Qi or Ω ∼ Ω′.

Lemma 3.11. Let Ω ⊆ Rd be a measurable set and consider symbols P1, Q1, . . . , Pm, Qm ∈
L∞(Rd;Mn) for m ≥ 2. For 1 ≤ n ≤ m introduce

Ln0 = 1, Lnk = Qn−k . . . Qn−1, 1 ≤ k ≤ n− 1,

Rn0 = 1, Rnk = Pn+1 . . . Pn+k, 1 ≤ k ≤ m− n,

and set KP = maxi{∥Pi∥∞} and KQ = maxi{∥Qi∥∞}. Then

∥S(P1, . . . , Pm; Ω)− S(Q1, . . . , Qm; Ω)∥S1

≤
m∑

n=1

( n−1∑

k=1

Kk−1
Q ∥1ΩQk1Ωc∥S2∥1ΩcLnn−1−k(Pn −Qn)R

n
m−n1Ω∥S2

+

m−n∑

k=1

Kn−1
Q Kk−1

P ∥1Ω(Pn −Qn)R
n
m−n−k1Ωc∥S2∥1ΩcPm+1−k1Ω∥S2

)
,

with the empty sum seen as zero.

Proof. Simply expand the m-linear forms as

S(P1, . . . , Pm; Ω)− S(Q1, . . . , Qm; Ω)

= S(P1 −Q1, P2, . . . , Pm; Ω) + S(Q1, P2 −Q2, P3, . . . , Pm; Ω)

+ · · ·+ S(Q1, . . . , Qm−1, (Pm −Qm); Ω).

and apply Lemma 3.8. Concretely, if Pn − Qn appears in the n’th entry, apply (3.3) with
this n. ■

For the application of Lemma 3.11 in approximation arguments, it is not enough to simply
assume that Pi ∼ Qi for all i in ˙BV or Ḣ1/2. Instead we need to handle arbitrary pointwise
products Pi1 . . . Pik ∼ Qi1 . . . Qik . The relevant tools are developed in Lemma A.15 and
Lemma B.4 in the Appendix. This will play a significant role towards the end of the present
paper.
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Lemma 3.12. Let Ω ⊆ Rd be a set satisfying min{Hd(Ω),Hd(Ωc)} < ∞ and consider
P1, Q1, . . . , Pm, Qm ∈ L2(Rd;Mn) ∩ L∞ for m ≥ 2. Set K = max{∥Pi∥∞, ∥Qi∥∞}. Then∣∣Tr

[
S(P1, . . . , Pm; Ω)− S(Q1, . . . , Qm; Ω)

]∣∣

≤ Cd,mK
m−1min{Hd(Ω),Hd(Ωc)}

m∑

i=1

∥Pi −Qi∥1.

Proof. Immediate from Lemma 3.10 and the multilinear expansion (3.8) employed in the
proof of Lemma 3.11. ■

We have a similar result for the domain Ω, here simplified to the case P1, . . . , Pm ∈ Ḣ1/2.

Lemma 3.13. Let Ω,Ω′ ⊆ Rd be sets of finite perimeter and P1, . . . , Pm ∈ Ḣ1/2(Rd;Mn) ∩
L∞. Then

∥S(P1, . . . , Pm; Ω)− S(P1, . . . , Pm; Ω
′)∥S1

≤ Cm,d
(
Per(Ω \ Ω′) + Per(Ω′ \ Ω)

)1/2(
Per(Ω) + Per(Ω′)

)1/2

×max{∥Pi∥∞}m−2max{∥Pi∥Ḣ1/2}2.
Proof. We argue inductively in m. Firstly for m = 2

∥S(P1, P2; Ω)− S(P1, P2; Ω
′)∥S1 = ∥1ΩP11ΩcP21Ω − 1Ω′P11Ω′cP21Ω′∥S1 .

In every occurrence we expand into the disjoint union Ω = (Ω ∩ Ω′) ∪ (Ω \ Ω′), similarly for
Ω′, Ωc, and Ω′c. We get

∥S(P1, P2; Ω)− S(P1, P2; Ω
′)∥S1

≤ ∥1Ω\Ω′P11ΩcP21Ω∥S1 + ∥1Ω∩Ω′P11Ω′\ΩP21Ω∥S1 + ∥1Ω∩Ω′P11Ωc∩Ω′cP21Ω\Ω′∥S1

+ ∥1Ω′\ΩP11Ω′cP21Ω′∥S1 + ∥1Ω∩Ω′P11Ω\Ω′P21Ω′∥S1 + ∥1Ω∩Ω′P11Ωc∩Ω′cP21Ω′\Ω∥S1 .

Note that the 1Ω∩Ω′P11Ωc∩Ω′cP21Ω∩Ω′ contributions cancel. All terms can be bounded with
the stated bounds using Lemma 3.1 and the Hölder inequality.

Assume that the claim holds for some m− 1 ≥ 2. By the identity (3.5) we can estimate

∥S(P1, . . . , Pm; Ω)− S(P1, . . . , Pm; Ω
′)∥S1

≤ ∥Pm∥∞∥S(P1, . . . , Pm−1; Ω)− S(P1, . . . , Pm−1; Ω
′)∥S1

+ ∥S(P1, . . . , Pm−1; Ω
′)
(
1ΩPm1Ω − 1Ω′Pm1Ω′

)
∥.

The first term ∥Pm∥∞∥S(P1, . . . , Pm−1; Ω)−S(P1, . . . , Pm−1; Ω
′)∥S1 is bounded correctly by

hypothesis. For the second term we further expand

∥S(P1, . . . , Pm−1; Ω
′)
(
1ΩPm1Ω − 1Ω′Pm1Ω′

)
∥

≤ ∥P1∥∞ . . . ∥Pm−2∥∞∥1Ω′Pm−11Ω′
(
1ΩPm1Ω − 1Ω′Pm1Ω′

)
∥

+ ∥1Ω′P1 . . . Pm−11Ω′
(
1ΩPm1Ω − 1Ω′Pm1Ω′

)
∥.

Both terms on the right hand side of course take the same form. We expand 1ΩPm1Ω −
1Ω′Pm1Ω′ like for the m = 2 case:

1ΩPm1Ω − 1Ω′Pm1Ω′ = 1Ω∩Ω′Pm
(
1Ω\Ω′ − 1Ω′\Ω) +

(
1Ω\Ω′ − 1Ω′\Ω

)
Pm1Ω∩Ω′

+ 1Ω\Ω′Pm1Ω\Ω′ + 1Ω′\ΩPm1Ω′\Ω.

When paired with a term of the form 1Ω′Q1Ω′ on the left, every contribution can be bounded
correctly using Lemma 3.1. ■
Remark 3.14. It is possible to obtain a slightly stronger result if the trace norm is replaced
with the absolute value of the trace:∣∣Tr

[
S(P1, . . . , Pm; Ω)− S(P1, . . . , Pm; Ω

′)
]∣∣

≤ Cm,d
(
Per(Ω \ Ω′) + Per(Ω′ \ Ω)

)
max{∥Pi∥∞}m−2max{∥Pi∥Ḣ1/2}2.
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The proof also simplifies somewhat in this setting.

3.4. Specialized bounds in trace class. We turn to more specialized statements requiring
both smoothness and localization of P . Our argument is based on the Fefferman-de la Llave
decomposition, see [18].

Lemma 3.15. For all k > 0 there is gk : R+ → R such that, for all x, y ∈ Rd,
(
1 + |x− y|2

)−k/2
=

∫ ∞

0
gk(r)

∫
1Br(z)(x)1Br(z)(y) dz dr

Moreover there is Ck,d > 0 such that |gk(r)| ≤ Ck,dmax{r1−d, r−d−1−k}.
Proof. The case d ≥ 2 is covered by [18]. For d = 1 one can verify directly that g(r) =

2V ′′(2r) with V (r) = (1 + r2)−k/2 works. ■

Our application of Lemma 3.15 is the following. For P ∈ Ckc (Rd;Mn) and domains Ω, Ω′,
the operator 1ΩP1Ω′ has kernel

K(x, y) = (2π)−d/21Ω(x)1Ω′(y) qP (x− y)

= (2π)−d/21Ω(x)1Ω′(y)(1 + |x− y|2)−k/2[(1−∆)k/2P ]∨(x− y)

= (2π)−d/2
∫

R
gk(r)

∫
1Ω∩Br(z)(x)[(1−∆)k/2P ]∨(x− y)1Ω′∩Br(z)(y) dz dr.

Hence, weakly as operators,

1ΩP1Ω′ =

∫ ∞

0
gk(r)

∫
1Ω∩Br(z)[(1−∆)k/2P ]1Ω′∩Br(z) dz dr. (3.9)

The formal computations are easily justified for P ∈ Ckc . Note that (3.9) may be viewed
as a finite-range decomposition, similar in spirit to a Littlewood–Paley decomposition. The
latter could equally well be used below, with only minor modifications. We use (3.9) because
localization to balls is more convenient in the present setting than localization to annuli.

Below we think of P as a smooth function supported in a ball of radius ∼ λ with
derivatives scaling like DβP ∼ λ−|β|. For our application we localize in such a way that
d(suppP, suppQ) ≥ c1λ for c1 not too small, and such that the overlap suppP ∩(suppQ+h)
has small measure when |h| ≤ aλ for large a.

Lemma 3.16. Let Ω ⊆ Rd be a set whose boundary ∂Ω is compact and contained in a finite
union of Lipschitz graphs. Suppose P ∈ Ckc (Rd;Mn) for k ≥ d an even integer, and assume
that Q ∈ L∞ satisfies suppP ∩ suppQ = ∅. Then, for all α, a, λ > 0,

∥1αΩP1αΩQ∥S1

≤ CΩ,d,k∥Q∥∞
(
λ−d/2∥(1− λ∆)k/2P∥2

)(
1 + (αλ)d−1

)

×



(Hd(suppP )

aλd

)1/2

+

(
aλ−(d−2) sup

|h|≤aλ

Hd(suppP ∩ (suppQ+ h))

|h|2

)1/2

 .

Proof. Note 1αΩP1αΩQ = −1αΩP1αΩcQ since P and Q have disjoint supports. By a unitary
equivalence

∥1αΩP1αΩcQ∥S1 = ∥1αλΩPλ1αλΩcQλ∥S1 ,

where Pλ(p) = P (λp) and Qλ(p) = Q(λp). We bound the latter. Using (3.9) and the triangle
inequality we find

∥1αλΩPλ1αλΩcQλ∥S1 ≤
∫
|gk(r)|

∫
∥1αλΩ∩Br(z)[(1−∆)−k/2Pλ]1αλΩc∩Br(z)Qλ∥S1 dz dr.

(3.10)
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Note that the z-integral in (3.10) is non-zero only if αλΩ∩Br(z) ̸= ∅ and αλΩc ∩Br(z) ̸= ∅,
or equivalently d(z, αλ∂Ω) ≤ r. Since ∂Ω is compact and contained in a finite union of
Lipschitz graphs, it follows from Lemma C.1 that

Hd(αλ∂Ω+Br) ≤ CΩ

(
r(αλ)d−1 + rd

)
.

Hence∫
∥1αλΩ∩Br(z)[(1−∆)−k/2Pλ]1αλΩc∩Br(z)Qλ∥S1 dz

≤ CΩ

(
r(αλ)d−1 + rd

)
sup
z∈Rd

∥1αλΩ∩Br(z)[(1−∆)−k/2Pλ]1αλΩc∩Br(z)Qλ∥S1 .
(3.11)

We bound the trace norm uniformly in z. By the Hölder inequality and Lemma 3.2:

∥1αλΩ∩Br(z)[(1−∆)−k/2Pλ]1αλΩc∩Br(z)Qλ∥S1

≤ ∥1αλΩ∩Br(z)[(1−∆)−k/2Pλ]∥S2∥1suppPλ
1αλΩc∩Br(z)Qλ∥S2

≤ Cdr
d/2∥Q∥∞∥(1−∆)k/2Pλ∥2∥1suppPλ

1αλΩc∩Br(z)1suppQλ
∥S2 .

(3.12)

We used that supp(1−∆)k/2Pλ ⊆ suppPλ since k is an even integer. The remaining Hilbert-
Schmidt norm is of the form treated in Lemma 3.5, but since suppPλ and suppQλ are
separated, we can do better. Proceeding like in the proof of Lemma 3.1,

∥1suppPλ
1αλΩc∩Br(z)1suppQλ

∥2S2
≤ Cd

∫
|p1αλΩc∩Br(z)(h)|2Hd(suppPλ ∩ (suppQλ + h)) dh.

We split the integral region into |h| ≤ a and |h| ≥ a. For the |h| ≥ a region we apply
Lemma A.8: ∫

|h|≥a
|p1αλΩc∩Br(z)(h)|2Hd(suppPλ ∩ (suppQλ + h)) dh

≤ Cd
a

Per(αλΩc ∩Br(z))Hd(suppPλ).

We bound the |h| ≤ a region similarly:
∫

|h|≤a
|p1αλΩc∩Br(z)(h)|2Hd(suppPλ ∩ (suppQλ + h)) dh

≤
(
sup
|h|≤a

Hd(suppPλ ∩ (suppQλ + h))

|h|2
)∫

|h|≤a
|p1αλΩc∩Br(z)(h)|2|h|2 dh

≤ Cd a Per(αλΩc ∩Br(z))
(
sup
|h|≤a

Hd(suppPλ ∩ (suppQλ + h))

|h|2

)
.

Since ∂Ω = ∂Ωc is contained in a finite union of Lipschitz graphs it follows from Lemma C.1
that

Per(αλΩc ∩Br(z)) ≤ CΩr
d−1.

We conclude

∥1suppPλ
1αλΩc∩Br(z)1suppQλ

∥S2 ≤ Cd,Ωr
(d−1)/2

×



(Hd(suppP )

aλd

)1/2

+

(
aλ−(d−2) sup

|h|≤aλ

Hd(suppP ∩ (suppQ+ h))

|h|2

)1/2

 .

(3.13)
Combining (3.10), (3.11), (3.12), and (3.13) we finally arrive at

∥1αλΩPλ1αλΩcQλ∥S1

≤ CΩ,d const.

∫ ∞

0
|gk(r)|(r(αλ)d−1 + rd)rd/2r(d−1)/2 dr ≤ CΩ,d,k const.(1 + (αλ)d−1),

44



22 SØREN FOURNAIS, MARTIN DAM LARSEN, ROBERT SEIRINGER, AND JAN PHILIP SOLOVEJ

where

const. = ∥Q∥∞
(
λ−d/2∥(1− λ∆)k/2P∥2

)

×



(Hd(suppP )

aλd

)1/2

+

(
aλ−(d−2) sup

|h|≤aλ

Hd(suppP ∩ (suppQ+ h))

|h|2

)1/2

 .

The r-integral was computed using the bound |gk(r)| ≤ Ck,dmax{r−d+1, r−d−1−k} from
Lemma 3.15. The integral is finite since k > d− 1/2. ■

We have the corresponding result for one-dimensional sections. We remind the reader that
for P : Rd → Mn, ν ∈ Sd−1 and p ∈ {ν}⊥ we denote Pν,p(ξ) = P (p+ ξν), ξ ∈ R. Note that
the stated bound below is exactly Lemma 3.16 when d = 1.

Lemma 3.17. Let P ∈ C2
c (Rd;Mn) and Q ∈ L∞ be such that suppP ∩ suppQ = ∅. Then,

uniformly for all ν ∈ Sd−1 and all a, λ > 0,
∫

Πν

∥1R+Pν,p1R+Qν,p∥S1 dp

≤ C∥Q∥∞
(
λ−1/2∥(1− λ∆)P∥2

)

×



(Hd(suppP )

aλ

)1/2

+

(
aλ sup

|h|≤aλ

Hd(suppP ∩ (suppQ+ h))

|h|2

)1/2

 .

Proof. The proof is essentially the same as that of Lemma 3.16 for d = 1. Following the
same arguments we see that

∫

Πν

∥1R+Pν,p1R+Qν,p∥S1 dp

≤
∫ ∞

0
|g2(r)|

∫

|z|≤r

(∫

Πν

∥1R+∩Br(z)[(1−∆)(Pν,p)λ]∥2S2
dp
)1/2

×
(∫

∥1supp(Pν,p)λ1R−∩Br(z)(Qν,p)λ∥2S2
dp
)1/2

dz dr.

Arguing like in Lemma B.5 we find
∫

Πν

∥(1−∆)(Pν,p)λ∥22 dp = λ−1

∫

Πν

∥(1− λ∆)Pν,p∥22 dp ≤ λ−1∥(1− λ∆)P∥22,

hence ∫

Πν

∥1R+∩Br(z)[(1−∆(Pν,p)λ]∥2S2
dp ≤ Crλ−1∥(1− λ∆)P∥22.

Similarly, like in the proof of Lemma 3.16,
∫
∥1supp(Pν,p)λ1R−∩Br(z)(Qν,p)λ∥2S2

dp

≤ Cλ−1∥Q∥∞
∫

Πν

∫
|p1R−∩Br(z)(ξ)|2H1(suppPν,p ∩ (suppQν,p + λξ)) dξ dp.

Since suppPν,p ⊆ {ξ | p+ ξν ∈ suppP}, similarly for Q, we see that
∫

Πν

H1(suppPν,p ∩ (suppQν,p + λξ)) dξ dp ≤ Hd(suppP ∩ (suppQ+ λξν)).

The argument is now exactly the same as that of Lemma 3.16 for d = 1. ■

We need one more variation which will only be used to prove the trace class bound (1.16).
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Lemma 3.18. Let Ω ⊆ Rd be set whose boundary ∂Ω has finite upper Minkowski content.
Let P ∈ Ckc (Rd;Mn) for an integer k ≥ d. Then

∥1αΩP1αΩc∥S1 ≤ Cd,k,Ω(1 + αd−1)∥(1−∆)k/2P∥1
Proof. The argument is significantly simpler than that of Lemma 3.16. We have

∥1αΩP1αΩc∥S1 ≤
∫ ∞

0
|gk(r)|

∫

d(z,α∂Ω)≤r
∥1αΩ∩Br(z)[(1−∆)k/2P ]1/2∥S2

× ∥[(1−∆)k/2P ]1/21αΩc∩Br(z)∥S2 dz dr.

From here it is a simple computation using Lemma 3.2. Note here that we can bound
Hd(α∂Ω+Br) ≤ CΩ(rα

d−1+rd) since ∂Ω has finite upper Minkowski content, see (C.2). ■

4. One-dimensional reduction for multiscale symbols

In this section we prove the one-dimensional reduction estimate, Theorem 2.5, for mul-
tiscale symbols. We first establish the result under stronger regularity assumptions on the
involved symbols and the domain, which will be removed using approximation arguments at
the end.

We remind the reader that for Ω ⊆ Rd a set of finite perimeter, we identify T ∗(FΩ) with
points X = (x, p) where x ∈ FΩ and p ∈ ΠνΩ(x). The space T ∗(FΩ) carries a natural
measure: ∫

T ∗(FΩ)
f(X) dX =

∫

FΩ

∫

ΠνΩ(x))

f(x, p) dp dHd−1(x).

In general, for a function f on Rd andX = (x, p) ∈ T ∗(FΩ), we denote fX(ξ) = f(p+ξνΩ(x)),
ξ ∈ R, for the corresponding co-tangent section.

Proposition 4.1. Let Ω ⊆ Rd be a set whose boundary ∂Ω is compact and contained in
a finite union of Lipschitz graphs, let Γ ⊆ Rd be a set of locally uniform upper Minkowski
content, and m ≥ 2 an integer. There is a constant Cd,m,Ω,Γ > 0 such that the following

holds: Suppose (P kδ , F ) satisfies a Cd+1(Rd;Mn) multiscale estimate on Γ for k = 1, . . . ,m.
Then, for all ε > 0, there is Cε,d,m,Ω > 0 such that uniformly for all α ≥ 2 and 0 < δ ≤ 1/2
with αδ ≥ 1,

∣∣∣∣∣Tr
[
S(P 1

δ , . . . , P
m
δ ;αΩ)

]
−
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
S((P 1

δ )X , . . . , (P
m
δ )X ;R+)

]
dX

∣∣∣∣∣

≤ Cd,m,Ω,Γ∥F∥m−1
∞

(
∥F∥∞ + ∥G∥1

) (
ε log(δ−1)αd−1 + Cε,d,m,Ωα

d−2δ−1
)
.

(4.1)

Here G(p) = sup|p−q|≤ℓδ(p) F (q).

We slowly proceed with the proof, so fix m ≥ 2, Ω, and Γ according to the statement of
Proposition 4.1. Following Definition 2.2 we take families of symbols (P kδ ) ⊆ Cd+1(Rd;Mn),
0 < δ ≤ 1/2, k = 1, . . . ,m, satisfying the multiscale estimate

|DβP kδ (p)| ≤ F (p)ℓδ(p)
−|β|, |β| ≤ d+ 1, p ∈ Rd, (4.2)

for a fixed bounded amplitude function F : Rd → R+ such that G(p) = sup|p−q|≤ℓδ(p) F (q) ∈
L1.

In the following we consider 0 < δ ≤ 1/2 and α ≥ 2 fixed with αδ ≥ 1. Constants are ini-
tially only allowed to depend on d, m, Ω, and Γ, which adheres to the logic of Proposition 4.1.
We forget the subscript δ in P kδ consistently and simply write P k.

We start with the key technical step of the proof, namely to localize each symbol P 1, . . . , Pm

appearing in

S(P 1, . . . , Pm;αΩ) = 1αΩP
11αΩ . . . 1αΩP

m1αΩ − 1αΩP
1 . . . Pm1αΩ
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to scales defined by ℓδ. Here the main difficulty is that we need to localize all symbols
P 1, . . . , Pm to roughly the same scale around the same point simultaneously. We rely on the
continuously parametrized partition of unity (ϕu) introduced in Lemma 2.1. We remind the
reader that for all u ∈ Rd, ϕu is non-negative, smooth, supported in the ball Bℓδ(u)(u) and
satisfies

1 =

∫

Rd

ℓδ(u)
−dϕu(p) du, p ∈ Rd, (4.3)

and the multiscale estimate

|Dβϕu(p)| ≤ Cβℓδ(u)
−|β|. (4.4)

We first localize the symbol P 1. By (4.3):

P 1(p) =

∫
ℓδ(u)

−dϕu(p)P 1(p) du. (4.5)

Consequently, weakly as operators,

S(P 1, . . . , Pm;αΩ) =

∫
ℓδ(u)

−dS(ϕuP 1, P 2, . . . , Pm;αΩ) du. (4.6)

To control the localization error, we need to localize the remaining terms P 2, . . . , Pm to
larger and larger scales around u. To this end we introduce the sets

Yn(u) = {v ∈ Rd | |u− v| ≤ Dnℓδ(u), ℓδ(v) ≥ D−1
n ℓδ(u)} (4.7)

for a sequence (Dn) satisfying

D1 = 1, Dn > 3Dn−1 + 4, m ≥ n ≥ 2. (4.8)

We also introduce a sequence (an) satisfying

0 < an ≤ Dn−1

2

(
Dn − 3Dn−1 − 4), m ≥ n ≥ 2. (4.9)

We think of Dn−1 ≪ an ≪ Dn. Then set, for 2 ≤ n ≤ m,

Pnu (p) =

∫

Yn(u)
ℓδ(v)

−dϕv(p)Pn(p) dv,

Qnu(p) =

∫

Yn(u)c
ℓδ(v)

−dϕv(p)Pn(p) dv

and

P 1
u (p) = ϕu(p)P

1(p).

Clearly Pn = Pnu +Qnu for 2 ≤ n ≤ m. The first condition |u−v| ≤ Dnℓδ(u) in Yn(u) controls
the size of the support of Pnu , while the condition ℓδ(v) ≥ D−1

n ℓδ(u) ensures that we do not
get too close to Γ.

The structure of the proof is now simple. Introduce the errors E1, E2, and E3 given by

E1 = Tr
[
S(P 1, . . . , Pm;αΩ)

]
−
∫
ℓδ(u)

−dTr
[
S(P 1

u , . . . , P
m
u ;αΩ)

]
du,

E2 =
∫
ℓδ(u)

−d
(
Tr
[
S(P 1

u , . . . , P
m
u ;αΩ)

−
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
S((P 1

u )X , . . . , (P
m
u )X ;R+)

]
dX
)
du

E3 =
( α
2π

)d−1
∫
ℓδ(u)

−d
∫

T ∗(FΩ)
Tr
[
S((P 1

u )X , . . . , (P
m
u )X ;R+)

]
dXdu

−
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
S(P 1

X , . . . , P
m
X ;R+)

]
dX.

(4.10)
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Then

Tr
[
S(P 1, . . . , Pm;αΩ)

]
−
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
S(P 1

X , . . . , P
m
X ;R+)

]
dX = E1 + E2 + E3.

(4.11)
The localization errors E1 and E3 will be treated using Lemmas 3.16 and 3.17. The localization
is made specifically to control the error E2, which arises from a tangent plane approximation
of Ω (the Roccaforte Lemma). In fact, showing that

Tr
[
S(P 1, . . . , Pm;αΩ)

]
=
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
S(P 1

X , . . . , P
m
X ;R+)

]
dX + o(αd−1)

for smooth symbols P 1, . . . , Pm is straightforward following the procedure laid out by Roc-
caforte and Widom [41, 52]. The difficulty lies in explicitly controlling the discontinuity
parameter δ, and simply following the obvious procedure directly would lead to wrong scal-
ing in δ.

Before proceeding with the estimates for E1, E2, and E3 we establish a key technical lemma
on the supports and scaling properties of Pnu and Qnu.

Lemma 4.2. For (Dn) and (an) as in (4.8) and (4.9), the following holds for all u ∈ Rd:
a) suppPnu ⊆ B( 3

2
Dn+1)ℓδ(u)

(u) for n = 1, . . . ,m.

b) Let n ≥ 2. Then suppPn−1
u ∩ suppQnu = ∅. Moreover, if p ∈ suppPn−1

u and
q ∈ suppQnu with |p− q| ≤ anD

−1
n−1ℓδ(u), then

|p− q| ≥ ℓδ(u)(D
−1
n−1 − 3D−1

n ) > 0

and ℓδ(q) ≤ 3
2D

−1
n ℓδ(u).

c) There is a constant C > 0 such that

∥DβP 1
u∥∞ ≤ CG(u)ℓδ(u)

−|β|

and

∥DβPnu ∥∞ ≤ C∥F∥∞D|β|
n ℓδ(u)

−|β|

for all 2 ≤ n ≤ m and all |β| ≤ d+ 1.

Proof. We start with a). The case n = 1 is trivial, so let n ≥ 2 and p ∈ suppPnu . Then
there is v ∈ Yn(u) such that ϕv(p)P

n(p) ̸= 0, and therefore |v − p| ≤ ℓδ(v). Hence

|p− u| ≤ |p− v|+ |v− u| ≤ ℓδ(v) +Dnℓδ(u) ≤ ℓδ(u) +
1
2 |u− v|+Dnℓδ(u) ≤ (32Dn + 1)ℓδ(u).

Note that the same argument could be used formally for n = 1 by defining Y1(u) by (4.7)
with D1 = 1. We use this in the proof of b) now.

For b), let n ≥ 2 and take p ∈ suppPn−1
u and q ∈ suppQnu. As in a) we can take

v ∈ Yn−1(u) and w ∈ Yn(u)
c such that |p− v| ≤ ℓδ(v) and |q − w| ≤ ℓδ(w). Note first that

|w − u| ≤ |w − q|+ |q − p|+ |p− v|+ |v − u| ≤ ℓδ(w) + |p− q|+ ℓδ(v) +Dn−1ℓδ(u)

≤ 1
2 |w − u|+ 1

2 |v − u|+ |p− q|+ (Dn−1 + 2)ℓδ(u)

≤ 1
2 |w − u|+ |p− q|+ (32Dn−1 + 2)ℓδ(u),

and therefore

|w − u| ≤ 2|p− q|+ (3Dn−1 + 4)ℓδ(u). (4.12)

Similarly

ℓδ(w) ≥ ℓδ(v)− 1
2

(
|v − p|+ |p− q|+ |q − w|

)

≥ 1
2ℓδ(v)− 1

2ℓδ(w)− 1
2 |p− q|,

hence

ℓδ(w) ≥ 1
3ℓδ(v)− 1

3 |p− q|. (4.13)
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Now we split into cases. Either |w − u| > Dnℓδ(u), and then by (4.12)

|p− q| > 1

2

(
Dn − 3Dn−1 − 4

)
ℓδ(u) > 0. (4.14)

Else ℓδ(w) < D−1
n ℓδ(u), and then by (4.13)

|p− q| > ℓδ(v)−
3

Dn
ℓδ(u) ≥

(
D−1
n−1 − 3D−1

n

)
ℓδ(u) > 0.

In either case we see that suppPn−1
u and suppQnu are separated. For the final point, assume

that |p− q| ≤ anD
−1
n−1ℓδ(u). By (4.9) it follows that

|p− q| ≤ 1

2
(Dn − 3Dn−1 − 4) ℓδ(u),

and therefore that |w − u| ≤ Dnℓδ(u) by (4.14). Since w ∈ Yn(u)
c we conclude ℓδ(w) <

D−1
n ℓδ(u), and thus

ℓδ(q) ≤
3

2
ℓδ(w) <

3

2
D−1
n ℓδ(u).

Finally we consider c). Fix p ∈ Rd and |β| ≤ d+ 1. For n = 1 we compute directly using
the multiscale estimates (4.4) and (4.2) on ϕu and P 1:

|DβP 1
u (p)| ≤

∑

γ≤β

(
β

γ

)
|DγP 1(p)||Dβ−γϕu(p)|

≤ CF (p)
∑

γ≤β
ℓδ(u)

−|β|+|γ|ℓδ(p)
−|γ|

≤ CG(u)ℓδ(u)
−|β|.

We used that for p ∈ suppϕu we have ℓδ(u) ≤ 2ℓδ(p), see (2.1), and that F (p) ≤ G(u). The
argument for n ≥ 2 is similar:

|DβPnu (p)| ≤
∫

Yn(u)
ℓδ(v)

−d∑

γ≤β

(
β

γ

)
|DγPn(p)||Dβ−γϕv(p)| dv

≤ CF (p)

∫

Yn(u)
ℓδ(v)

−d∑

γ≤β
ℓδ(p)

−|γ|ℓδ(v)
−|β|+|γ|1{|p−v|≤ℓδ(v)} dv

≤ CF (p)

∫

Yn(u)
ℓδ(v)

−dD|β|
n ℓδ(u)

−|β|1{|p−v|≤ℓδ(v)} dv

≤ CF (p)D|β|
n ℓδ(u)

−|β|.

Again we used that ℓδ(v) and ℓδ(p) are comparable when p ∈ suppϕv, and that ℓδ(v) ≥
D−1
n ℓδ(u) for v ∈ Yn(u). ■

4.1. Bounds on E1 and E3. We now handle the localization errors E1 and E3. For simplicity
let us set, for 2 ≤ n ≤ m,

P̃ 1
u =

1

G(u)
P 1
u , P̃nu =

1

∥F∥∞
Pnu , Q̃nu =

1

∥F∥∞
Qnu.

Now expand Pn = Pnu +Qnu, n ≥ 2, in (4.6). Since suppPn−1
u and suppQnu are separated by

Lemma 4.2, we immediately see that

|E1| ≤ ∥F∥m−1
∞

∫
ℓδ(u)

−dG(u)
m∑

n=2

∥1αΩP̃n−1
u 1αΩQ̃

n
u∥S1 du. (4.15)

The bound for E3 is similar. Taking co-tangent sections in (4.5) we see that for each fixed
X ∈ T ∗(FΩ),

S(P 1
X , . . . , P

m
X ;R+) =

∫
ℓδ(u)

−dS((P 1
u )X , P

2
X , . . . , P

m
X ;R+) du.
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In general, if ξ ∈ suppPX for X = (x, p), then p + νΩ(x)ξ ∈ suppP . Hence (Pn−1
u )X and

(Qnu)X have separated supports, and the same argument as in (4.15) applied for each fixed
X shows that

|E3| ≤
( α
2π

)d−1∥F∥m−1
∞

∫
ℓδ(u)

−dG(u)
∫

T ∗(FΩ)

m∑

n=2

∥1R+(P̃
n−1
u )X1R+(Q̃

n
u)X∥S1 . (4.16)

We can apply Lemmas 3.16 and 3.17 directly to bound both errors (4.15) and (4.16). First
for the non-sectional operators in (4.15) we take λ = λn(u) = D−1

n−1ℓδ(u), a = an according
to (4.9), and smoothness of degree kd = 2⌈d/2⌉ ≤ d+ 1. The basic bound from Lemma 3.16
reads: There is a constant CΩ,d only dependent on Ω and d such that for all u ∈ Rd and all
2 ≤ n ≤ m,

∥1αΩP̃n−1
u 1αΩQ̃

n
u∥S1 ≤ Cd,Ω∥Q̃nu∥∞

(
λn(u)

−d/2∥(1− λn(u)
2∆)kd/2P̃n−1

u ∥2
)(
1 + (αλn(u))

d−1
)

×



(
Hd(supp P̃n−1

u )

anλn(u)d

)1/2

+

(
an

λn(u)d−2
In(u)

)1/2

 ,

(4.17)
where

In(u) = sup
|h|≤anλn(u)

Hd(supp P̃n−1
u ∩ (supp Q̃nu + h))

|h|2 . (4.18)

The bound for the co-tangent operators in (4.16) is similar. We take λ and a as before. By
Lemma 3.17 there is a universal constant C > 0 such that for all u ∈ Rd and all 2 ≤ n ≤ m
we have ∫

T ∗(FΩ)
∥1R+(P̃

n−1
u )X1R+(Q̃

n
u)X∥S1 dX

≤ C Per(Ω)∥Q̃nu∥∞
(
λn(u)

−1/2∥(1− λn(u)
2∆)P̃n−1

u ∥2
)

×



(
Hd(supp P̃n−1

u )

anλn(u)

)1/2

+ (anλn(u)In(u))
1/2


 .

(4.19)

All terms appearing in (4.17) and (4.19) can be estimated directly by Lemma 4.2 and
simple geometric considerations. Indeed, we can bound

Hd(supp P̃n−1
u ) ≤ Cdℓδ(u)

dDd
n−1,

and, for integers k = 1 or k = kd/2,

∥(1− λn(u)
2∆)kP̃n−1

u ∥2 ≤ Cd
∑

|β|≤2k

λn(u)
|β|∥DβP̃n−1

u ∥2 ≤ Cdℓδ(u)
d/2D

d/2
n−1.

The term In(u) is slightly more involved. Again by Lemma 4.2 we see that if |h| ≤ anλn and

p ∈ supp P̃n−1
u ∩ (supp Q̃nu + h), then |h| ≥ ℓδ(u)

(
D−1
n−1 − 3D−1

n

)
and ℓδ(p− h) ≤ 3

2D
−1
n ℓδ(u).

In particular, since Dn > 7, we have

p− h ∈
(
Γ +B3D−1

n ℓδ(u)

)
∩B( 3

2
Dn−1+1)ℓδ(u)

(u− h).

Since Γ has locally uniform upper Minkowski content, the set of all such p has measure at
most

Cd,Γ
Dd−1
n−1

Dn
ℓδ(u)

d.

We conclude

In(u) ≤ Cd,Γ

(
1− 3

Dn−1

Dn

)−2 Dd+1
n−1

Dn
ℓδ(u)

d−2.
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Plugging into the bounds (4.17) and (4.19) we see, after a bit of bookkeeping,

∥1αΩP̃n−1
u 1αΩQ̃

n
u∥S1 ≤ Cd,Ω,ΓD

2d
n−1

(
1 +

(
αℓδ(u)

Dn−1

)d−1
)

×
(
a−1/2
n +

(
an
Dn

)1/2(
1− 3

Dn−1

Dn

)−1
)
,

(4.20)

and ∫

T ∗(FΩ)
∥1R+(P̃

n−1
u )X1R+(Q̃

n
u)X∥S1 dX

≤ Cd,Ω,ΓD
d+1
n−1ℓδ(u)

d−1

(
a−1/2
n +

(
an
Dn

)1/2(
1− 3

Dn−1

Dn

)−1
)
.

(4.21)

We apply this directly in (4.15) and (4.16). For convenience we introduce, for 2 ≤ n ≤ m,

Kn = D2d
n−1

(
a−1/2
n +

(
an
Dn

)1/2(
1− 3

Dn−1

Dn

)−1
)
. (4.22)

Since Γ has finite upper Minkowski content, it follows from (C.2) and Lemma C.2 that
∫
ℓδ(u)

−1G(u) du ≤ CΓ∥F∥∞ log(δ−1) + 2∥G∥1,

and that, for d ≥ 2,
∫
ℓδ(u)

−dG(u) du ≤ CΓ∥F∥∞δ−(d−1) + 2d∥G∥1.

Here we simply bound δ−(d−1) ≤ αd−1 ≤ Cαd−1 log(δ−1), which is valid since αδ ≥ 1 with
δ ≤ 1/2. Using these integral estimates, along with (4.20) and (4.21), in (4.15) and (4.16)
we conclude

|E1|, |E3| ≤ Cd,Ω,Γ∥F∥m−1
∞

(
∥F∥∞ + ∥G∥1

)
αd−1 log(δ−1)

m∑

n=2

Kn. (4.23)

Simply choosing Dn−1 ≪ an ≪ Dn, which obviously adheres to the requirements (4.8) and
(4.9), we can make the leading order coefficient Cd,Ω,Γ∥F∥m−1

∞ (∥F∥∞ + ∥G∥1)
∑m

2 Kn arbi-
trary small. We here mention that ∥G∥1 can be estimated independently of δ, see Remark 2.3.

4.2. Bound on E2. We turn to E2 defined in (4.10) by

E2 = ∥F∥m−1
∞

∫
ℓδ(u)

−dG(u)
(
Tr
[
S(P̃ 1

u , . . . , P̃
m
u ;αΩ)

−
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
S((P̃ 1

u )X , . . . , (P̃
m
u )X ;R+)

]
dX
)
du.

(4.24)

Like for E1 and E3, we factored out the F and G dependence. We want to argue that
E2 = o(αd−1 log(δ−1)) when αδ ≥ 1. Essentially, the co-tangent integral arises from a local
tangent plane approximation of Ω, so the difference will be lower order. Since this effect is
purely in Ω, we can be rather crude in estimating norms of the symbols Pnu , as long as we
capture the correct ℓδ scaling. In fact, by our localization, we can rely on simple volume and
scaling estimates.

We follow the proof strategy of Widom and Roccaforte [41, 52], namely just to write out
the kernel directly.
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Lemma 4.3. Let P 1, . . . , Pm ∈ Hs(Rd;Mn) ∩ L∞ for s > d/2, and let Ω ⊆ Rd be a set of
finite perimeter. Then the following identities hold:

Tr
[
S(P 1, . . . , Pm; Ω)

]
= −(2π)−

dm
2

∫
· · ·
∫

Tr
[(
P 1
)∨

(x1) . . .
(
Pm−1

)∨
(xm−1)

×
(
Pm
)∨

(−x1 − · · · − xm−1)
]
FΩ(x) dx1 . . . dxm−1,

(4.25)

and

(2π)−(d−1)

∫

T ∗(FΩ)
Tr
[
S(P 1

X , . . . , P
m
X ;R+)

]
dX

= −(2π)−dm/2
∫
· · ·
∫

Tr
[(
P 1
)∨

(x1) . . .
(
Pm−1

)∨
(xm−1)

×
(
Pm
)∨

(−x1 − · · · − xm−1)
]
GΩ(x) dx1 . . . dxm−1.

(4.26)

Here x = (x1, x1 + x2, . . . , x1 + · · ·+ xm−1) for x1, . . . , xm−1 ∈ Rd, and

FΩ(x) = Hd
(
Ω \

(
Ω ∩ (Ω + x1) ∩ (Ω + x1 + x2) ∩ · · · ∩ (Ω + x1 + · · ·+ xm−1)

))
,

GΩ(x) =

∫

FΩ
max

1≤n≤m−1
{0, νΩ(x) · (x1 + · · ·+ xn)} dHd−1(x).

(4.27)

For the proof and for later computations, we need the following technical lemma.

Lemma 4.4.

a) Let g1, . . . , gm be non-negative functions. For any 1 ≤ pn ≤ ∞, n = 1, . . . ,m,
satisfying 1

p1
+ · · ·+ 1

pm
= m− 1 we have

∫
· · ·
∫
g1(x1) . . . gm−1(xm−1)gm(−x1 − · · · − xm−1) dx1 . . . dxm−1 ≤

m∏

n=1

∥gn∥pn .

b) Let P ∈ L2(Rd;Mn) with qP ∈ L1, and let Ω ⊆ Rd be a set of finite perimeter. Then,
for any s ≥ 0,

∫

T ∗(FΩ)
∥|t|s

(
PX
)∨

(t)∥22 dX ≤ Per(Ω)∥|x|s qP (x)∥22,

and, for all X ∈ T ∗(FΩ),
∫

R
|
(
PX
)∨

(t)| dt ≤ (2π)−(d−1)/2∥ qP∥1.

Proof of Lemma 4.4. For a), simply observe that, for all z ∈ Rd,
∫
· · ·
∫
g1(x1) . . . gm−1(xm−1)gm(z − x1 − · · · − xm−1) dx1 . . . dxm−1

=

∫
(g1 ∗ · · · ∗ gm−1)(x)gm(z − x) dx ≤ ∥gm∥pm∥g1 ∗ · · · ∗ gm−1∥p′m ,

(4.28)

where p′m is the Hölder conjugate. Now repeatedly apply Young’s convolution inequality.
For b), the main insight is that orthogonal decomposition Rd = Πν ⊕ (Πν)

⊥ induces a
decomposition of the Fourier transform into a tensor. Concretely, for X = (x, p) ∈ T ∗(FΩ),

P (p+ ξνΩ(x)) = (2π)−1/2

∫

R
e−itξ

(
(2π)−(d−1)/2

∫

ΠνΩ(x)

e−iy·p qP (y + tνΩ(x)) dy

)
dt.

In particular, by Fourier inversion on (ΠνΩ(x))
⊥,

(
PX)

∨(t) = (2π)−(d−1)/2

∫

ΠνΩ(x)

e−iy·p qP (y + tνΩ(x)) dy,
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so ∫

R
|
(
PX
)∨

(t)| dt ≤ (2π)−(d−1)/2∥ qP∥1.

Similarly, applying Plancherel on ΠνΩ(x),∫

T ∗(FΩ)
∥|t|s

(
PX
)∨

(t)∥22 dX =

∫

FΩ

∫

ΠνΩ(x)

∫

R
|t|2s| qP (y + tνΩ(x))|2 dt dy dHd−1(x)

≤ Per(Ω)∥|x|s qP∥22.
■

Proof of Lemma 4.3. Note that if f ∈ Hs for some s > d/2, then qf ∈ L1. This is well known.
It follows that (Pn)∨ ∈ L1 ∩ L2 for n = 1, . . . ,m, which we use below.

We derive (4.25) and (4.26) by expressing the traces as integrals of the corresponding
kernels along the diagonal. Recall that if Λ ⊆ Rd is a measurable set and Q ∈ L2(Rd;Mn),
then the operator 1ΛQ1Λ has kernel

(2π)−d/21Λ(x) qQ(x− y)1Λ(y).

Hence the kernel of the term 1ΩP
11Ω . . . 1ΩP

m1Ω is obtained by repeated use of the kernel
composition formula, while the kernel of 1ΩP

1 . . . Pm1Ω can be expressed in terms of the

convolution
(
P 1
)∨ ∗ · · · ∗

(
Pm
)∨

(x − y). We find that the operator S(P 1, . . . , Pm; Ω) has
kernel

K(x, y) = (2π)−
dm
2

∫
· · ·
∫ (

P 1
)∨

(x− x1)
(
P 2
)∨

(x1 − x2) . . .
(
Pm
)∨

(xm−1 − y)

× 1Ω(x)1Ω(x1) . . . 1Ω(xm−1)1Ω(y) dx1 . . . dxm−1

− (2π)−
dm
2

∫
· · ·
∫ (

P 1
)∨

(x− x1)
(
P 2
)∨

(x1 − x2) . . .
(
Pm
)∨

(xm−1 − y)

× 1Ω(x)1Ω(y) dx1 . . . dxm−1

= −(2π)−
dm
2 1Ω(x)1Ω(y)

∫
· · ·
∫ (

P 1
)∨

(x− x1) . . .
(
Pm
)∨

(xm−1 − y)

×
(
1− 1Ω(x1) . . . 1Ω(xm−1)

)
dx1 . . . dxm−1.

The final integral expression is easily seen to be continuous as a function of (x, y). Indeed, the
argument boils down to that of showing the convolution of two L1 functions is continuous.
By the Lebesgue differentiation theorem, we conclude in particular that (x, x) is a Lebesgue
point of K for almost all x ∈ Rd. Since S(P 1, . . . , Pm; Ω) is trace class by Corollary 3.9, it
follows from Brislawn’s theorem [8] (applied entry-wise) that the trace is given by integrating
along the diagonal:

Tr
[
S(P 1, . . . , Pm; Ω)

]

= −(2π)
dm
2

∫ ∫
· · ·
∫

Tr
[(
P 1
)∨

(x− x1) . . .
(
Pm
)∨

(xm−1 − x)
]

× 1Ω(x)
(
1− 1Ω(x1) . . . 1Ω(xm−1)

)
dx1 . . . dxm−1dx

= −(2π)
dm
2

∫
· · ·
∫

Tr
[(
P 1
)∨

(x1) . . .
(
Pm−1

)∨
(xm−1)

(
Pm
)∨

(−x1 − · · · − xm−1)
]

×
∫

1Ω(x)
(
1− 1Ω(x− x1) . . . 1Ω(x− x1 · · · − xm−1)

)
dx dx1 . . . dxm−1

= −(2π)
dm
2

∫
· · ·
∫

Tr
[(
P 1
)∨

(x1) . . .
(
Pm−1

)∨
(xm−1)

(
Pm
)∨

(−x1 − · · · − xm−1)
]

× FΩ(x) dx1 . . . dxm−1,
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Which gives (4.25). The second equality is a simple change of variables and an application
of Fubini’s theorem, which we now justify. Since Ω is a set of finite perimeter it follows from
Lemma C.4 that FΩ(x) ≤ Cm,Ω

∑m−1
n=1 |xn|. Hence, by Lemma 4.4,

∫
· · ·
∫ ∣∣∣Tr

[(
P 1
)∨

(x1) . . .
(
Pm−1

)∨
(xm−1)

(
Pm
)∨

(−x1 − · · · − xm−1)
]∣∣∣FΩ(x) dx1 . . . dxm−1

≤ Cm,Ω

m−1∑

n=1

∥|x|
(
Pn
)∨

(x)∥2∥Pm∥2
∏

j ̸=n,m
∥
(
P j
)∨∥1 <∞.

The argument for the co-tangent integral (4.26) is similar. By Lemma 4.4 we have PX ∈ Hs

for almost all X ∈ T ∗(FΩ). Hence, the argument above shows that

(2π)−(d−1)

∫

T ∗(FΩ)
Tr
[
S(P 1

X , . . . , P
m
X ;R+)

]
dX

= −(2π)−m/2−d+1

∫

T ∗(FΩ)

∫
· · ·
∫

Tr
[(
P 1
X

)∨
(t1) . . .

(
Pm−1
X

)∨
(tm−1)

×
(
PmX
)∨

(−t1 − · · · − tm−1)
]
FR+(t) dt1 . . . dtm−1.

(4.29)

Note that the integral above converges absolutely. Indeed, arguing as above using Lemma 4.4
and the Hölder inequality,
∫

T ∗(FΩ)

∫
· · ·
∫ ∣∣∣Tr

[(
P 1
X

)∨
(t1) . . .

(
Pm−1
X

)∨
(tm−1)

(
PmX
)∨

(−t1 − · · · − tm−1)
]∣∣∣

× FR+(t) dt1 . . . dtm−1

≤ Cm

m−1∑

n=1

∫

T ∗(FΩ)
∥|t|
(
PnX
)∨

(t)∥2∥PmX ∥2
∏

j ̸=n,m
∥
(
P jX
)∨∥1

≤ Cm,d

m−1∑

n=1

(∫

T ∗(FΩ)
∥|t|
(
PnX
)∨

(t)∥22 dX
)1/2(∫

T ∗(FΩ)
∥PmX ∥22 dX

)1/2 ∏

j ̸=n,m
∥
(
P j
)∨∥1

<∞.

It is elementary to see that

FR+(t) = max
1≤n≤m−1

max{0, t1 + · · ·+ tn}. (4.30)

To achieve (4.26) we use the convolution structure in the tangent direction p for x ∈ FΩ
fixed:

∫

ΠνΩ(x)

Tr
[(
P 1
X

)∨
(t1) . . .

(
Pm−1
X

)∨
(tm−1)

(
PmX
)∨

(−t1 − · · · − tm−1)
]
dp

= (2π)
d−1
2

(
Tr
[(
P 1
X

)∨
(t1) . . .

(
Pm−1
X

)∨
(tm−1)

(
PmX
)∨

(−t1 − · · · − tm−1)
])∨

(0)

= (2π)(d−1)(1−m
2
)

∫

ΠνΩ(x)

· · ·
∫

ΠνΩ(x)

Tr
[(
P 1
)∨

(y1 + t1νΩ(x)) . . .
(
Pm−1

)∨
(ym−1 + tm−1νΩ(x))

×
(
Pm
)∨

(−(y1 + t1νΩ(x))− · · · − (ym−1 + tm−1νΩ(x)))
]
dy1 . . . dym−1.

Here, of course, we used the symbol ∨ to denote the Fourier transform in three different
spaces. Pairing xn = yn + tnνΩ(x) with dxn = dyndtn and tn = νΩ(x) · xn in (4.29) finishes
the proof. ■
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Using Lemma 4.3 in (4.24) we see that

E2 = −(2π)−dm/2∥F∥m−1
∞

∫
ℓδ(u)

−dG(u)

×
(∫

· · ·
∫

Tr
[(
P̃ 1
u

)∨
(x1) . . .

(
P̃m−1
u

)∨
(xm−1)

(
P̃mu
)∨

(−x1 − · · · − xm−1)
]

×
(
FαΩ(x)−GαΩ(x)

)
dx1 . . . dxm−1

)
du.

(4.31)

Note that GΩ(x) is homogeneous of degree d − 1 in Ω and degree 1 in x. In fact, for Ω a
set of finite perimeter, the leading order behavior of FΩ(x) as x → 0 is exactly captured by
GΩ(x):

ω(ρ) = sup
|x|≤ρ

1

|x| |FΩ(x)−GΩ(x)| → 0 as ρ→ 0+. (4.32)

This is shown in Lemma C.6 in the Appendix. The same result is used by Roccaforte [41]
for Ω with C3 boundary, where it is shown that ω(ρ) = O(ρ) (although his proof for this
part also works for Ω with C2 boundary), and in [52] for Ω with C1 boundary without proof.
Essentially, GΩ arises from FΩ from local tangent plane approximations: for x ∈ FΩ, the
membership x+ y ∈ Ω for |y| small is to leading order determined by y · νΩ(x) > 0. We used
that this is exact when Ω = R+ is a half-plane, see (4.30) above.

By the Lipschitz bounds from Lemmas C.4 and C.5 we see that ω(ρ) ≤ CΩ,m uniformly.
Hence, for any ρ > 0,

|FαΩ(x)−GαΩ(x)| = αd−1|x|
(
α

|x| |FαΩ(x/α)−GαΩ(x/α)|
)

≤ αd−1ω(ρ)|x|+ CΩ,m

ρ
αd−2|x|2.

(4.33)
Therefore, it suffices to bound

∫
· · ·
∫ ∣∣∣Tr

[(
P̃ 1
u

)∨
(x1) . . .

(
P̃m−1
u

)∨
(xm−1)

(
P̃mu
)∨

(−x1 − · · · − xm−1)
]∣∣∣

×
(
αd−1ω(ρ)|x|+ CΩ,m

ρ
αd−2|x|2

)
dx1 . . . dxm−1,

and we can be rather sloppy with constants since αd−1ω(ρ) is already lower order.

Let us set Rnu(p) = P̃nu (p
ℓδ(u)
Dn

). By Lemma 4.2 Rnu is supported on a ball of radius less

than 3D2
n, and the first d+ 1 derivatives are bounded by a universal constant. Simple scale

invariance shows, for all s ≥ 0,

∥|x|s
(
P̃nu
)∨∥p =

(
ℓδ(u)

Dn

)d(1−1/p)−s
∥|x|s

(
Rnu
)∨∥p.

Hence, by the well known estimate ∥ qf∥1 ≤ Cd∥f∥Hd/2+1 ,

∥
(
P̃nu
)∨∥1 ≤ CdD

d
n,

∥
(
P̃nu
)∨∥2 ≤ Cdℓδ(u)

d/2Dd/2
n ,

∥|x|
(
P̃nu
)∨∥2 ≤ Cdℓδ(u)

d/2−1Dd/2+1
n ,

∥|x|2
(
P̃nu
)∨∥2 ≤ Cdℓδ(u)

d/2−2Dd/2+2
n .
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Note we only need max{2, d/2 + 1} ≤ d+ 1 derivatives for all bounds. Using Lemma 4.4 we

therefore see that, after bounding |x| ≤ (m− 1)
∑m−1

n=1 |xn|,∫
· · ·
∫ ∣∣∣Tr

[(
P̃ 1
u

)∨
(x1) . . .

(
P̃m−1
u

)∨
(xm−1)

(
P̃mu
)∨

(−x1 − · · · − xm−1)
]∣∣∣|x|dx1 . . . dxm−1

≤ (m− 1)

m−1∑

n=1

∥
(
P̃mu
)∨∥2∥|x|

(
P̃nu
)∨

(x)∥2
∏

i ̸=n,m
∥
(
P̃ iu
)∨∥1

≤ Cd,mℓδ(u)
d−1

m−1∑

n=1

Dd/2
m Dd/2+1

n

∏

i ̸=n,m
Dd
i .

Similarly, bounding |x|2 ≤ m2
∑m−1

n=1 |xn|2,∫
· · ·
∫ ∣∣∣Tr

[(
P̃ 1
u

)∨
(x1) . . .

(
P̃m−1
u

)∨
(xm−1)

(
P̃mu
)∨

(−x1 − · · · − xm−1)
]∣∣∣|x|2 dx1 . . . dxm−1

≤ m2
m−1∑

n=1

∥
(
P̃mu
)∨∥2∥|x|2

(
P̃nu
)∨

(x)∥2
∏

i ̸=n,m
∥
(
P̃ iu
)∨∥1

≤ Cd,mℓδ(u)
d−2

m−1∑

n=1

Dd/2
m Dd/2+2

n

∏

i ̸=n,m
Dd
i .

Again, since we are not that concerned about constants, we simply bound Di ≤ Dm for all
1 ≤ i ≤ m in agreement with (4.8). Applying these bounds in (4.31) with (4.33) we see that,
for all ρ > 0,

|E2| ≤ Cd,m∥F∥m−1
∞ Dd(m−1)+2

m

∫
ℓδ(u)

−dG(u)
(
αd−1ℓδ(u)

d−1ω(ρ) +
CΩ,m

ρ
αd−2ℓδ(u)

d−2

)
du

≤ Cd,m,Ω,Γ∥F∥m−1
∞ Dd(m−1)+2

m

(
∥F∥∞ + ∥G∥1

)(
αd−1 log(δ−1)ω(ρ) +

1

ρ
αd−2δ−1

)
.

(4.34)
The u-integral is computed using (C.2) and Lemma C.2 like for E1 and E3.
4.3. Closing the argument. We now show how to choose the sequences (Dn) and (an)
according to (4.8) and (4.9), and the free parameter ρ introduced in (4.33). Concretely, by
the final bounds on E1, E2, and E3 from (4.23) and (4.34) we get (see (4.11))

∣∣∣∣∣Tr
[
S(P 1, . . . , Pm;αΩ)

]
−
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
S(P 1

X , . . . , P
m
X ;R+)

]
dX

∣∣∣∣∣
≤ Cd,m,Ω,Γ∥F∥m−1

∞
(
∥F∥∞ + ∥G∥1

)

×
(
αd−1 log(δ−1)

(
ω(ρ)Dd(m−1)+2

m +

m∑

n=2

Kn

)
+
αd−2δ−1

ρ
Dd(m−1)+2
m

)
,

where Kn is defined in (4.22) by

Kn = D2d
n−1

(
a−1/2
n +

(
an
Dn

)1/2(
1− 3

Dn−1

Dn

)−1
)
.

For ε > 0 small we choose (Dn) and (an) such that Kn ≤ Cε for all n. Explicitly,

Dn = a2n, D2d
n−1 = εD1/4

n

does the trick for ε ≤ 1/2. Indeed, we have

Dn − 14Dn−1 ≥
D8d
n−1

ε4
− 14Dn−1 ≥ Dn−1

(
1

ε4
− 14

)
≥ 0,
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hence

Dn − 3Dn−1 − 4 ≥ Dn − 7Dn−1 ≥
1

2
Dn > 0

and also

Dn−1

2

(
Dn − 3Dn−1 − 4

)
≥ Dn−1Dn

4
≥ a2n

4
≥ an.

At the end we used that an ≥ a2 ≥ 4. Hence (4.8) and (4.9) are satisfied, and since clearly

(
1− 3

Dn−1

Dn

)−1

≤ 2,

our choice of Dn and an ensures that Kn ≤ 3ε for n = 2, . . . ,m. Finally, we choose ρ small
enough dependent on ε (and the convergence rate stated in (4.32)) such that

Dd(m−1)+2
m ω(ρ) ≤ ε.

This finishes the proof of Proposition 4.1.

4.4. Proof of Theorem 2.5. We need to remove the additional assumptions on Ω and (P iδ)

from Proposition 4.1. So fix m ≥ 2, let Γ ⊆ Rd be a set of locally uniform upper Minkowski
content, let Ω ⊆ Rd be a set of finite perimeter, and assume that (P iδ) satisfies a C

1(Rd;Mn)
multiscale estimate on Γ for i = 1, . . . ,m. We approximate (P iδ) and Ω separately.

First for the symbols. It follows from Lemma D.2 that for all 0 < ε < 1 we can take a
family (P iδ,ε) satisfying a Cd+1(Rd;Mn) multiscale estimate on Γ, i = 1, . . . ,m, such that

∥P iδ,ε − P iδ∥∞ ≤ Cε, ∥P iδ,ε − P iδ∥2Ḣ1/2 ≤ Cε1/2 log(δ−1). (4.35)

uniformly for 0 < δ ≤ 1/2 and 0 < ε < 1. By Lemma D.1 we also have

∥P iδ∥2Ḣ1/2 , ∥P iδ,ε∥2Ḣ1/2 ≤ C log(δ−1), ∥P iδ∥∞, ∥P iδ,ε∥∞ ≤ C. (4.36)

Now for Ω. If d ≥ 2, it follows from Lemma C.7 that we can find sets Ωµ ⊆ Rd, 0 < µ < 1,
such that, for each µ, the boundary ∂Ωµ is compact and contained in a finite union of
Lipschitz graphs, and

Hd−1(FΩ \ Cµ) ≤ µ, Hd−1(FΩµ \ Cµ) ≤ µ, Cµ = {x ∈ FΩ ∩ FΩµ | νΩ(x) = νΩµ(x)}.

In particular

Per(Ω \ Ωµ) ≤ 3µ, Per(Ωµ \ Ω) ≤ 3µ,

see [31, Theorem 16.3]. If d = 1 we simply take Ωµ to be the measure zero modification to
Ω such that Ωµ is given by finite union of separated intervals, see [1, Proposition 3.52].

We need to show that

lim sup
α→∞

sup
δ≥1/α

1

αd−1 log(δ−1)

∣∣∣Tr
[
S(P 1

δ , . . . , P
m
δ ;αΩ)

]

−
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
S((P 1

δ )X , . . . , (P
m
δ )X ;R+)

]
dX
∣∣∣ = 0

(4.37)
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To this end decompose
∣∣∣∣∣Tr
[
S(P 1

δ , . . . , P
m
δ ;αΩ)

]
−
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
S((P 1

δ )X , . . . , (P
m
δ )X ;R+)

]
dX

∣∣∣∣∣
≤
∣∣Tr
[
S(P 1

δ , . . . , P
m
δ ;αΩ)− S(P 1

δ , . . . , P
m
δ ;αΩµ)

]∣∣
+
∣∣Tr
[
S(P 1

δ , . . . , P
m
δ ;αΩµ)− S(P 1

δ,ε, . . . , P
m
δ,ε;αΩµ)

]∣∣

+

∣∣∣∣∣Tr
[
S(P 1

δ,ε, . . . , P
m
δ,ε;αΩµ)

]
−
( α
2π

)d−1
∫

T ∗(FΩµ)
Tr
[
S((P 1

δ,ε)X , . . . , (P
m
δ,ε)X ;R+)

]
dX

∣∣∣∣∣

+
( α
2π

)d−1
∣∣∣∣∣

∫

T ∗(FΩµ)
Tr
[
S((P 1

δ,ε)X , . . . , (P
m
δ,ε)X ;R+)− S((P 1

δ )X , . . . , (P
m
δ )X ;R+)

]
dX

∣∣∣∣∣

+
( α
2π

)d−1
∣∣∣∣∣
( ∫

T ∗(FΩµ)
−
∫

T ∗(FΩ)

)
Tr
[
S((P 1

δ )X , . . . , (P
m
δ )X ;R+)

]
dX

∣∣∣∣∣
= I1 + I2 + I3 + I4 + I5.

The I3 contribution is handled using Proposition 4.1 directly. For all 0 < ε, µ < 1 we have

lim sup
α→∞

sup
δ≥1/α

1

αd−1 log(δ−1

∣∣∣∣∣Tr
[
S(P 1

δ,ε, . . . , P
m
δ,ε;αΩµ)

]

−
( α
2π

)d−1
∫

T ∗(FΩµ)
Tr
[
S((P 1

δ,ε)X , . . . , (P
m
δ,ε)X ;R+)

]
dX

∣∣∣∣∣ = 0.

Next, we estimate I2 and I4. By the simple multilinear expansion (3.8), the Ḣ1/2 trace
class estimate from Corollary 3.9, and the bounds (4.35), (4.36) we can bound

I2 ≤ C Per(Ωµ)α
d−1 log(δ−1)ε1/2 ≤ Cαd−1 log(δ−1)ε1/2.

The term I4 is handled in the same way using Lemma B.5 to bound the Ḣ1/2 norms of the
co-tangent sections.

For I1 we simply apply Lemma 3.13 and (4.36). We find

I1 ≤ Cαd−1 log(δ−1)µ1/2.

Finally for I5, we further decompose

I5 ≤ Cαd−1

∫

FΩµ\Cµ

∫

ΠνΩµ
(x)

∣∣Tr
[
S((P 1

δ )(x,p), . . . , (P
m
δ )(x,p);R+)

]∣∣ dp dHd−1(x)

+ Cαd−1

∫

FΩ\Cµ

∫

ΠνΩ(x)

∣∣Tr
[
S((P 1

δ )(x,p), . . . , (P
m
δ )(x,p);R+)

]∣∣ dp dHd−1(x).

Bounding the co-tangent operators in trace norm using Corollary 3.9 and Lemma B.5 (like
for I4), we find

I5 ≤ Cαd−1 log(δ−1)
(
Hd−1(FΩ \ Cµ) +Hd−1(FΩµ \ Cµ)

)
≤ Cαd−1 log(δ−1)µ.

Returning to (4.37) we find

lim sup
α→∞

sup
δ≥1/α

1

αd−1 log(δ−1)

(
I1 + I2 + I3 + I4 + I5

)
≤ C

(
µ1/2 + ε1/2).

Taking µ and ε to zero finishes the proof.
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5. Widom’s half-line trace formula and area scaling

Next we study the area scaling case for a fixed symbol. In relation to the rest of the
present paper, the main point of this section is Widom’s remarkable trace formula from [54]

Tr
[
Sm(P ;R+)

]
=

1

8π2

∫

R

∫

R

Um(P (ξ1), P (ξ2))

|ξ1 − ξ2|2
dξ1 dξ2, (5.1)

for scalar symbols P ∈ Ḣ1/2(R;C) ∩ L∞, which we reprove with an elementary argument
in Proposition 5.3. The importance of (5.1) for the rest of the paper is that it turns the
co-tangent traces appearing in Theorem 2.5 into explicit double integrals on which we can
carry out exact computations.

We also prove (1.22) for matrix valued symbols in Proposition 5.4. Here the hard work
has already been carried out in Section 4 and we are left only with simple approximation
arguments. Theorem 1.13 is then an immediate consequence of Proposition 5.4 and the trace
formula (5.1).

We remind the reader that we defined

Um(A,B) =

∫ 1

0

(θA+ (1− θ)B)m −Amθ −Bm(1− θ)

θ(1− θ)
dθ, A,B ∈ C,

It is elementary to verify the following convenient form:

Um(A,B) = −1

2

m−1∑

k=1

(
1

k
+

1

m− k

)(
Ak −Bk

)(
Am−k −Bm−k). (5.2)

We first establish the trace formula (5.1) under stronger assumptions on the symbol.

Lemma 5.1. Let P ∈ Hs(R;C) ∩ L∞ for s > 1/2. Then, for all m ≥ 2,

Tr
[
Sm(P ;R+)

]
=

1

8π2

∫

R

∫

R

Um(P (ξ1), P (ξ2))

|ξ1 − ξ2|2
dξ1 dξ2.

Our argument is inspired by the classical proof of Kac [21] of the strong Szegő limit
theorem. Unlike Widom we do not rely on the Wiener-Hopf decomposition or other complex
analytical techniques. Instead, we use the following simple combinatorial lemma. Similar
statements can be found in [21], for instance.

Lemma 5.2. Let m ≥ 1 and denote by Cm the cyclic permutations on {1, . . . ,m}. For any
x1, . . . , xm ∈ R the following holds:

∑

σ∈Cm

(
max

1≤n≤m
{0, xσ1 + · · ·+ xσn} − max

1≤n≤m−1
{0, xσ1 + · · ·+ xσn}

)

= max{0, x1 + · · ·+ xm}.

This is seen as a trivial identity when m = 1.

Proof. Assume m ≥ 2. If x1 + · · ·+ xm < 0, then trivially

max
1≤n≤m

{0, xσ1 + · · ·+ xσn} − max
1≤n≤m−1

{0, xσ1 + · · ·+ xσn} = 0

for all σ ∈ Cm, in agreement with the claim. Hence, we assume x1 + · · · + xm ≥ 0 and fix
σ ∈ Cm. Then

max
1≤n≤m

{0, xσ1 + · · ·+ xσn} = max
1≤n≤m

{xσ1 + · · ·+ xσn} = xσ1 + max
2≤n≤m

{0, xσ2 + · · ·+ xσn}.
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Summing over all σ we find by telescoping

∑

σ∈Cm

(
max

1≤n≤m
{0, xσ1 + · · ·+ xσn} − max

1≤n≤m−1
{0, xσ1 + · · ·+ xσn}

)

=
∑

σ∈Cm

xσ1 +
(

max
2≤n≤m

{0, xσ2 + · · ·+ xσn} − max
1≤n≤m−1

{0, xσ1 + · · ·+ xσn}
)

= x1 + · · ·+ xm.

■

Proof of Lemma 5.1. As part of the proof of Lemma 4.3 we showed that, under the present
assumptions on P ,

Tr
[
Sm(P ;R+)

]
= −(2π)−m/2

∫
· · ·
∫

qP (x1) . . . qP (xm−1) qP (−x1 − · · · − xm−1)

× max
1≤n≤m−1

{0, x1 + · · ·+ xn} dx1 . . . dxm−1

= −(2π)−m/2
m−1∑

k=1

∫
· · ·
∫

qP (x1) . . . qP (xm−1) qP (−x1 − · · · − xm−1)

×
(

max
1≤n≤k

{0, x1 + · · ·+ xn} − max
1≤n≤k−1

{0, x1 + · · ·+ xn}
)
dx1 . . . dxm−1.

(5.3)
The second equality follows by telescoping. The expression

qP (x1) . . . qP (xm−1) qP (−x1 − · · · − xm−1) (5.4)

is clearly invariant under cyclic permutations in (x1, . . . , xk) for any 1 ≤ k ≤ m − 1. This
uses that P is scalar valued. Performing the corresponding change of variables in (5.3) and
averaging we see that

Tr
[
Sm(P ;R+)

]
= −(2π)−m/2

m−1∑

k=1

1

k

∫
· · ·
∫

qP (x1) . . . qP (xm−1) qP (−x1 − · · · − xm−1)

×
∑

σ∈Ck

(
max
1≤n≤k

{0, xσ1 + · · ·+ xσn} − max
1≤n≤k−1

{0, xσ1 + · · ·+ xσn}
)

× dx1 . . . dxm−1

= −(2π)−m/2
m−1∑

k=1

1

k

∫
· · ·
∫

qP (x1) . . . qP (xm−1) qP (−x1 − · · · − xm−1)

×max{0, x1 + · · ·+ xk} dx1 . . . dxm−1.

(5.5)

We employed Lemma 5.2 at the end. The final expression has explicit convolution structure.
A direct computation shows, for all 1 ≤ k ≤ m− 1,

∫
· · ·
∫

qP (x1) . . . qP (xm−1) qP (−x1 − · · · − xm−1)max{0, x1 + · · ·+ xk} dx1 . . . dxm−1

= (2π)
m−2

2

∫ (
P k
)∨

(x)
(
Pm−k)∨(−x)max{0, x} dx.

Hence,

Tr
[
Sm(P ;R+)

]
= − 1

2π

m−1∑

k=1

1

k

∫ (
P k
)∨

(x)
(
Pm−k)∨(−x)max{0, x} dx. (5.6)
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We need to symmetrize further. First, since Tr
[
Sm(P ;R+)

]
= Tr

[
Sm(P ;R+)

]
, it follows

from (5.6) applied to the conjugate P that we also have

Tr
[
Sm(P ;R+)

]
= − 1

2π

m−1∑

k=1

1

k

∫ (
P k
)∨

(x)
(
Pm−k)∨(−x)max{0, x} dx

= − 1

2π

m−1∑

k=1

1

k

∫ (
P k
)∨

(−x)
(
Pm−k)∨(x)max{0, x} dx

= − 1

2π

m−1∑

k=1

1

k

∫ (
P k
)∨

(x)
(
Pm−k)∨(−x)max{0,−x} dx.

Averaging with the original expression (5.6) gives

Tr
[
Sm(P ;R+)

]
= − 1

4π

m−1∑

k=1

1

k

∫ (
P k
)∨

(x)
(
Pm−k)∨(−x)|x| dx

= − 1

4π

m−1∑

k=1

1

2

(
1

k
+

1

m− k

)∫ (
P k
)∨

(x)
(
Pm−k)∨(−x)|x| dx.

We averaged out the symmetry in k and m− k at the end. Finally, the latter integrals can
be expressed in Fourier-free terms using (1.19):

∫ (
P k
)∨

(x)
(
Pm−k)∨(−x)|x| dx

=
1

2π

∫∫ (
P (ξ1)

k − P (ξ2)
k
)(
P (ξ1)

m−k − P (ξ2)
m−k)

|ξ1 − ξ2|2
dξ1dξ2.

Comparing with (5.2) finishes the proof. ■

We now establish the Ḣ1/2 case by an approximation argument.

Proposition 5.3. Let P ∈ Ḣ1/2(R;C) ∩ L∞. Then, for all m ≥ 2,

Tr
[
Sm(P ;R+)

]
=

1

8π2

∫

R

∫

R

Um(P (ξ1), P (ξ2))

|ξ1 − ξ2|2
dξ1 dξ2. (5.7)

Proof. We first claim that (5.7) holds for all P ∈ C∞
c (R;C) + C. Indeed, if P = P0 + P∞

with P0 ∈ C∞
c (R;C) and P∞ ∈ C, then binomial expansion shows

Sm(P ;R+) =

m∑

n=2

(
m

n

)
Pm−n
∞ Sn(P0;R+)

and

Um(A+ P∞, B + P∞) =

m∑

n=2

(
m

n

)
Pm−n
∞ Un(A,B), A,B ∈ C.

The claim therefore follows from Lemma 5.1.
Consider now P ∈ Ḣ1/2(R;C) ∩ L∞. Using Lemma B.2 we can find a sequence (Pk) ⊆

C∞
c (R;C) + C such that Pk → P in Ḣ1/2 and pointwise almost everywhere, and ∥Pk∥∞ ≤

3∥P∥∞. Since (5.7) holds for Pk for all fixed k ∈ N, it suffices to show that

lim sup
k→∞

∣∣Tr
[
Sm(P ;R+)

]
− Tr

[
Sm(Pk;R+)

]∣∣ = 0, (5.8)

and

lim sup
k→∞

∣∣∣∣
∫

R

∫

R

Um(P (ξ1), P (ξ2))− Um(Pk(ξ1), Pk(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2

∣∣∣∣ = 0. (5.9)
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For (5.8), it follows from Lemma 3.1 and the multilinear bound from Lemma 3.11 that it
suffices to show that

lim sup
k→∞

∥P j(P − Pk)(Pk)
l∥Ḣ1/2 = 0

for all powers j, l ≥ 0. This in turn is an immediate consequence of Lemma B.4.
The claim (5.9) is similar. We rewrite using the identity (5.2), here with ⟨·, ·⟩Ḣ1/2 denoting

the inner product on Ḣ1/2,
∣∣∣∣
∫

R

∫

R

Um(P (ξ1), P (ξ2))− Um(Pk(ξ1), Pk(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2

∣∣∣∣

≤ 1

2

m−1∑

j=1

(
1

j
+

1

m− j

) ∣∣∣⟨P j , Pm−j⟩Ḣ1/2 − ⟨P jk, P
m−j
k ⟩Ḣ1/2

∣∣∣.

It therefore suffices to show that P jk → P j in Ḣ1/2 for all j ≥ 1, and this is again a
consequence of Lemma B.4. ■

We finally establish area scaling for general sets Ω of finite perimeter and matrix valued
symbols P ∈ Ḣ1/2.

Proposition 5.4. Let Ω ⊆ Rd be a set of finite perimeter and let P ∈ Ḣ1/2(Rd;Mn) ∩ L∞.
Then, for any m ≥ 2,

Tr
[
Sm(P ;αΩ)

]
=
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
Sm(PX ;R+)

]
dX + o(αd−1) (5.10)

as α→ ∞.

Proof. We first note that (5.10) holds if P ∈ C∞
c (Rd;Mn) +Mn. Indeed, this follows from

Theorem 2.5 applied to the constant family Pδ = P with Γ = {0}, say, and 0 < δ ≤ 1/2
fixed. Alternatively, following the argumentation from subsection 4.2, this is a consequence
of Lemma 4.3 and Lemma C.6.

From here the argument is very similar to that of Proposition 5.3. Fix P ∈ Ḣ1/2(Rd;Mn)∩
L∞ and take Pk ∈ C∞

c (Rd;Mn) + Mn such that Pk → P in Ḣ1/2 and pointwise almost
everywhere, and ∥Pk∥∞ ≤ 3∥P∥∞. Since (5.10) holds for Pk for each fixed k ∈ N, it suffices
to show that

lim sup
k→∞

lim sup
α→∞

1

αd−1

∣∣Tr
[
Sm(P ;αΩ)

]
− Tr

[
Sm(Pk;αΩ)

]∣∣ = 0 (5.11)

and that

lim sup
k→∞

∫

T ∗(FΩ)

∣∣Tr
[
Sm(PX ;R+)

]
− Sm((Pk)X ;R+)

]
dX
∣∣ = 0. (5.12)

The claim (5.11) is handled exactly like (5.8). The argument for (5.12) is similar, but this

time we have to rely on Lemma B.5 to bound the Ḣ1/2-norms of the co-tangent sections.
Concretely, arguing like in (5.8), it suffices to show that

lim sup
k→∞

∫

T ∗(FΩ)
∥P jX(PX − (Pk)X)(Pk)

l
X∥Ḣ1/2∥QX∥Ḣ1/2 dX = 0,

where either Q = P or Q = Pk. By Lemma B.5,
∫

T ∗(FΩ)
∥P jX(PX−(Pk)X)(Pk)

l
X∥Ḣ1/2∥QX∥Ḣ1/2 dX ≤ Cd Per(Ω)∥Q∥Ḣ1/2∥P j(P−Pk)P lk∥Ḣ1/2 ,

so the claim follows from Lemma B.4 as before. ■

Proof of Theorem 1.13. By Proposition 5.4,

Tr
[
Sm(P ;αΩ)

]
=
( α
2π

)d−1
∫

T ∗(FΩ)
Tr
[
Sm(PX ;R+)

]
dX + o(αd−1).
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Note PX ∈ Ḣ1/2(R;C) for almost all X ∈ T ∗(FΩ) by Lemma B.5, so Proposition 5.3 applies
and yields

Tr
[
Sm(PX ;R+)

]
=

1

8π2

∫

R

∫

R

Um(PX(ξ1), PX(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2.

The claim follows. ■

6. The boundary coefficient and the Widom formula

We now pass from the double-integral representation to the Widom formula. We first
compute the boundary coefficient for multiscale symbols and obtain Theorem 2.8, and then
use approximation arguments to prove Theorem 1.1.

6.1. Boundary coefficient for multiscale symbols. In this subsection we compute the
boundary coefficient:

∫

T ∗(FΩ)
Tr
[
Sm((Pδ)X ;R+)

]
dX

for multiscale (Pδ). The main input is Theorem 1.13 and the computation from Lemma A.11.
We here remark that, as an immediate consequence of (5.2),

|Um(A,B)| ≤ m(m− 1)

2
max{|A|, |B|}m−2|A−B|2, (6.1)

and
|Um(A,B)− Um(A

′, B′)|

≤ m(m− 1)

2
Km−2

(
|A−A′|+ |B −B′|

)(
|A−B|+ |A′ −B′|

)
,

(6.2)

where K = max{|A|, |A′|, |B|, |B′|}.

Proposition 6.1. Let Ω ⊆ Rd be a set of finite perimeter, let Γ ⊆ Rd be a set of finite upper
Minkowski content, and m ≥ 2 an integer. Assume that (Pδ) satisfies a C

1(Rd;C) multiscale

estimate on Γ and that there exists a function P ∈ ˙BV (Rd;C) such that ∥Pδ − P∥1 =
o
(
δ log(δ−1)

)
as δ → 0+. Then,

∫

T ∗(FΩ)
Tr
[
Sm((Pδ)X ;R+)

]
dX

=
log(δ−1)

4π2

∫

FΩ

∫

JP

Um(P
+(p), P−(p))|νΩ(x) · νP (p)| dHd−1(p) dHd−1(x)

+ o(log(δ−1))

as δ → 0+.

Proof. Take F ∈ L1 ∩ L∞ such that (Pδ, F ) satisfies the C1(Rd;C) multiscale estimate on

Γ. The assumptions on Pδ easily ensures that Pδ ∈ Ḣ1/2(Rd;C) ∩ L∞ and therefore that

(Pδ)X ∈ Ḣ1/2(R;C) ∩ L∞ for almost all X ∈ T ∗(FΩ) by Lemma B.5. Hence, we can apply
the trace formula from Theorem 1.13:

∫

T ∗(FΩ)
Tr
[
Sm((Pδ)X ;R+)

]
dX

=
1

8π2

∫

T ∗(FΩ)

∫

R

∫

R

Um((Pδ)X(ξ1), (Pδ)X(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX.

(6.3)

We split the dξ1 dξ2 integral into the regions |ξ1− ξ2| ≤ δ, δ ≤ |ξ1− ξ2| ≤ 1, and |ξ1− ξ2| ≥ 1.
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The region |ξ1 − ξ2| ≤ δ can be bounded using the multiscale assumption on Pδ:
∣∣∣∣∣

∫

T ∗(FΩ)

∫∫

|ξ1−ξ2|≤δ

Um((Pδ)X(ξ1), (Pδ)X(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX

∣∣∣∣∣

≤ C

∫

T ∗(FΩ)

∫∫

|ξ1−ξ2|≤δ

|(Pδ)X(ξ1)− (Pδ)X(ξ2)|2
|ξ1 − ξ2|2

dξ1 dξ2 dX

≤ Cδ

∫

FΩ

∫

ΠνΩ(x)

∫

R
|ν · ∇Pδ(p+ ξνΩ(x))|2 dξ dp dHd−1(x)

≤ Cδ

∫

Rd

F (p)2ℓδ(p)
−2 dp ≤ C.

The first inequality uses (6.1) and that the (Pδ)’s are uniformly bounded. The second in-
equality is Lemma A.7 with q = 2, and the final integral is bounded by a simple computation
using Lemma C.2 and that Γ has finite upper Minkowski content.

The region |ξ1 − ξ2| ≥ 1 can be handled only using integrability alone. Bounding Um as
before,

∣∣∣∣∣

∫

T ∗(FΩ)

∫∫

|ξ1−ξ2|≥1

Um((Pδ)X(ξ1), (Pδ)X(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX

∣∣∣∣∣

≤
∫

T ∗(FΩ)

∫∫

|ξ1−ξ2|≥1

|(Pδ)X(ξ1)|2 + |(Pδ)X(ξ2)|2
|ξ1 − ξ2|2

dξ1 dξ2 dX

≤ C

∫

T ∗(FΩ)
∥(Pδ)X∥22 dX ≤ C.

For the final region δ ≤ |ξ1 − ξ2| ≤ 1 we use the convergence Pδ → P in L1. Specifically,
by (6.2) and uniform boundedness
∣∣∣∣∣

∫

T ∗(FΩ)

∫∫

δ≤|ξ1−ξ2|≤1

Um((Pδ)X(ξ1), (Pδ)X(ξ2))− Um(PX(ξ1), PX(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX

∣∣∣∣∣

≤ C

∫

T ∗(FΩ)

∫∫

δ≤|ξ1−ξ2|≤1

|(Pδ)X(ξ1)− PX(ξ1)|+ |(Pδ)X(ξ2)− PX(ξ2)|
|ξ1 − ξ2|2

dξ1 dξ2 dX

≤ C
1

δ

∫

T ∗(FΩ)
∥(Pδ)X − PX∥1 dX ≤ C

∥Pδ − P∥1
δ

= o(log(δ−1))

as δ → 0+.
Going back to (6.3) we conclude that
∫

T ∗(FΩ)
Tr
[
Sm((Pδ)X ;R+)

]
dX

=
1

8π2

∫

T ∗(FΩ)

∫∫

δ≤|ξ1−ξ2|≤1

Um(PX(ξ1), PX(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX + o(log(δ−1)),

(6.4)

as δ → 0+. Introduce the kernels ηδ : R+ → R+ given by

ηδ(h) =
1

log(δ−1)
1{δ≤h≤1}(h)

1

h
.

Clearly
∫ ∞

0
ηδ(h) dh = 1,

∫ ∞

ε
ηδ(h) dh→ 0 as δ → 0+ for all ε > 0,
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and by (6.4),
∫

T ∗(FΩ)
Tr
[
Sm((Pδ)X ;R+)

]
dX

=
log(δ−1)

8π2

∫

T ∗(FΩ)

∫

R

∫

R
ηδ(|ξ1 − ξ2|)

Um(PX(ξ1), PX(ξ2))

|ξ1 − ξ2|
dξ1 dξ2 dX + o(log(δ−1)),

as δ → 0+. We are therefore exactly in a situation covered by Lemma A.11. Using this
lemma we conclude that, for all x ∈ FΩ,

∫

ΠνΩ(x)

∫

R

∫

R
ηδ(|ξ1 − ξ2|)

Um(P(x,p)(ξ1), P(x,p)(ξ2))

|ξ1 − ξ2|
dξ1 dξ2 dp

→ 2

∫

JP

Um(P
+(p), P−(p))|νΩ(x) · νP (p)| dHd−1(p)

as δ → 0+. By the uniform boundedness statement of Lemma A.11, it therefore follows from
the dominated convergence theorem that

∫

T ∗(FΩ)
Tr
[
Sm((Pδ)X ;R+)

]
dX

=
log(δ−1)

4π2

∫

FΩ

∫

JP

Um(P
+(p), P−(p))|νΩ(x) · νP (p)| dHd−1(p) dHd−1(x)

+ o(log(δ−1)),

as δ → 0+, finishing the proof. ■

Remark 6.2. By optimizing the splitting in the dξ1 dξ2 integral, it is actually sufficient to
assume that ∥P − Pδ∥1 = o(δ log(δ−1)2), and this carries over to the case αδ ≥ 1 in The-
orem 2.8. We are not able to establish the αδ ≤ 1 case in Theorem 2.8 under this weaker
condition, however.

Proof of Theorem 2.8. The case αδ ≥ 1 follows immediately from Proposition 6.1 and The-
orem 2.5.

The case αδ ≤ 1 is a reduction to the case αδ = 1. Explicitly, by Lemma 3.12,

sup
0≤δ≤1/α

∣∣Tr
[
Sm(Pδ;αΩ)− Sm(P1/α;αΩ)

]∣∣

≤ Cαdmin{Hd(Ω),Hd(Ωc)} sup
0≤δ≤1/α

∥Pδ − P1/α∥1

≤ Cαd sup
0≤δ≤1/α

∥P0 − Pδ∥1 = o(αd−1 logα)

as α → ∞. We remark here that min{Hd(Ω),Hd(Ωc)} < ∞ either by assumption when
d = 1 or as a consequence of the isoperimetric inequality when d ≥ 2. Hence, from the
established case αδ ≥ 1 with δ = 1/α we find

Tr
[
Sm(Pδ;αΩ)

]

= Tr
[
Sm(P1/α;αΩ)

]
+ o(αd−1 log(α))

=
αd−1 log(α)

(2π)d+1

∫

FΩ

∫

JP0

Um(P
+
0 (p), P−

0 (p))|νΩ(x) · νP0(p)| dHd−1(p) dHd−1(x)

+ o(αd−1 log(α))

as α→ ∞ uniformly for αδ ≤ 1. ■
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6.2. Proof of Theorem 1.1. We now deduce Theorem 1.1. For a fixed set Ω ⊆ Rd of finite
perimeter, with min{H1(Ω),H1(Ωc)} < ∞ if d = 1, introduce the class C of all symbols

P ∈ ˙BV (Rd;C) ∩ L∞, with P ∈ L2 + C if d = 1, such that

Tr
[
Sm(P ;αΩ)

]

=
αd−1 log(α)

(2π)d+1

∫

FΩ

∫

JP

Um(P
+(p), P−(p))|νΩ(x) · νP (p)| dHd−1(p) dHd−1(x)

+ o(αd−1 log(α))

(6.5)

as α→ ∞ for all m ≥ 2. We first show that the class C is closed under suitable convergence
in L∞ or ˙BV .

Lemma 6.3. Let Ω ⊆ Rd be a set of finite perimeter and let P ∈ ˙BV (Rd;C)∩L∞. For d = 1
assume in addition that P ∈ L2(R,C) + C and that min{H1(Ω),H1(Ωc)} < ∞. Consider a
sequence (Pn) ⊆ C. If either

a) Pn → P in L∞ and supn∥Pn∥ ˙BV <∞,

or

b) Pn → P in ˙BV and in L1
loc, and supn∥Pn∥L∞ <∞,

then also P ∈ C

Proof. Fix m ≥ 2. Since (6.5) is satisfied for each Pn, it suffices to show that, under either
condition a) or b),

lim inf
n→∞

lim sup
α→∞

1

αd−1 log(α)

∣∣Tr
[
Sm(P ;αΩ)− Sm(Pn;αΩ)

]∣∣ = 0, (6.6)

and

lim inf
n→∞

∣∣∣
∫

FΩ

∫

JP

Um(P
+(p), P−(p))|νΩ(x) · νP (p)| dHd−1(p) dHd−1(x)

−
∫

FΩ

∫

JPn

Um(P
+
n (p), P−

n (p))|νΩ(x) · νPn(p)| dHd−1(p)dHd−1(x)
∣∣∣

= 0.

(6.7)

Note that under either assumption a) or b) the sequence (Pn) is uniformly bounded in L∞ and

in ˙BV , and Pn → P in L1
loc. Also, min{Hd(Ω),Hd(Ωc)} <∞ and P, Pn ∈ L2(Rd;C) +C for

all n ∈ N. This follows by assumption if d = 1 and by the embedding ˙BV (Rd;C) → L
d

d−1 +C
for d ≥ 2, see [1, Theorem 3.47].

We start with the claim (6.6). Using the multilinear bound from Lemma 3.11 along with
the Hilbert-Schmidt estimate from Lemma 3.5 we see that it suffices to show that

lim inf
n→∞

∥P jn(P − Pn)P
l∥∞∥P jn(P − Pn)P

l∥ ˙BV = 0

for all integers j, l ≥ 0. This is immediate under the assumption a), so assume b) holds. Since

Pn → P in ˙BV and in L1
loc, it follows from Lemma A.14 that we can find a subsequence

(nk) such that P ∗
nk
(p) → P ∗(p) for Hd−1 almost all p ∈ Rd. Here the asterisk denotes the

precise representative. We conclude using Lemma A.15 that P jnk(P −Pnk
)P l → 0 in ˙BV for

all integers j, l ≥ 0, giving the claim (6.6).
The argument for (6.7) essentially boils down to the same. Note we have freedom to choose

the orientations νP and νPn as we see fit, so assume that νPn = νP on JP ∩JPn for all n. Let
νn be the orientation on JP ∪JPn such that νn = νP on JP and νn = νPn on JPn . We at this
point remind the reader that by our conventions on the jump values we have P+ − P− = 0

66



44 SØREN FOURNAIS, MARTIN DAM LARSEN, ROBERT SEIRINGER, AND JAN PHILIP SOLOVEJ

and P+
n − P−

n = 0 outside Jp and JPn , respectively. We can thus bound
∣∣∣
∫

FΩ

∫

JP

Um(P
+(p), P−(p))|νΩ(x) · νP (p)| dHd−1(p) dHd−1(x)

−
∫

FΩ

∫

JPn

Um(P
+
n (p), P−

n (p))|νΩ(x) · νPn(p)| dHd−1(p) dHd−1(x)
∣∣∣

≤
∫

FΩ

∫

JP∪JPn

∣∣Um(P+(p), P−(p))− Um(P
+
n (p), P−

n (p))
∣∣

× |νn(x) · νΩ(x)| dHd−1(p) dHd−1(x)

≤ Per(Ω)

∫

JP∪JPn

∣∣Um(P+(p), P−(p))− Um(P
+
n (p), P−

n (p))
∣∣ dHd−1(p)

≤ C

m−1∑

k=1

(
1

k
+

1

m− k

)∫

JP∪JPn

|[P k − P kn ](p)||[Pm−k + Pm−k
n ](p)| dHd−1(p).

We used the notation [Q](p) = Q+(p) − Q−(p) at the end. The last equality follows from
the concrete expression (5.2) of Um and our choice of orientations νP and νPn .

Now assume a) holds. Then also (P kn )
± → (P k)± in L∞ with respect to the measure

Hd−1. Since (Pn) is uniformly bounded in ˙BV and in L∞, the measure

|[Pm−k + Pm−k
n ](p)| dHd−1(p) = d|Dj(Pm−k + Pm−k

n )|(p)
has uniformly bounded total mass. The claim (6.7) easily follows. Assume instead b) holds.

Arguing as for the claim (6.6) we can take a subsequence (ni) such that P lni
→ P l in ˙BV for

all integers l ≥ 0. In particular, for all 1 ≤ k ≤ m− 1,∫
|[P k − P kni

](p)||[Pm−k + Pm−k
ni

](p)| dHd−1(p) ≤ C|Dj(P k − P kni
)|(Rd) → 0,

giving he claim (6.6). ■

Proof of Theorem 1.1. Fix a set Ω ⊆ Rd with finite perimeter, and assume in addition that
min{H1(Ω),H1(Ωc)} < ∞ if d = 1. We show that the class C contains successively larger
classes of functions. Our initial class is obtained from Theorem 2.8.

Step 1: the base class. Let

P =

N∑

j=1

aj1Λj ,

where (aj) ⊆ C and Λj ⊆ Rd are bounded sets such that, for each j = 1, . . . , N , the boundary

∂Λj is contained in a finite union of Lipschitz graphs, and set Γ = ∪Nj=1∂Λj . Then P ∈ ˙BV

and Γ is a set of locally finite upper Minkowski content by Lemma C.1. Let (ϕδ) be a
standard family of mollifiers and set Pδ = P ∗ ϕδ. It follows from Lemma A.7 that

∥P − Pδ∥1 ≤
∫

Rd

∫

Rd

|P (p+ h)− P (h)|ϕδ(h) dh dp ≤ ∥P∥ ˙BV

∫
|h|ϕδ(h) dh = O(δ).

Moreover, Pδ is locally constant on {d(p,Γ) ≥ δ} and satisfies

|∇Pδ(p)| ≤ C

∫

Rd

|∇ϕδ(h)| dh ≤ Cδ−1 ≤ Cℓδ(p)
−1.

Since P has compact support, it is now easy to see that (Pδ) satisfies a C
1(Rd;C) multiscale

estimate on Γ. It now follows from Theorem 2.8 that P ∈ C.
Step 2: simple compactly supported ˙BV symbols. Let

P =

N∑

j=1

aj1Λj ,
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where (aj) ⊆ C and Λj ⊆ Rd are bounded sets with finite perimeters. If d = 1 then P agrees
almost everywhere with a symbol covered in step 1, see [1, Proposition 3.52], so assume
d ≥ 2. By Lemma C.7 we can take sequences (Λj,n), j = 1, . . . , N , such that, for each j, n,
the set Λj,n is bounded with boundary ∂Λj,n contained in a finite union of Lipschitz graphs,
and

lim
n→∞

∥1Λj − 1Λj,n∥ ˙BV = 0, lim
n→∞

∥1Λj − 1Λj,n∥1 = 0

for all 1 ≤ j ≤ N . Set Pn =
∑N

j=1 aj1Λj,n . Then Pn ∈ C for all n by step 1, and Pn → P in
˙BV and in L1

loc, hence P ∈ C by Lemma 6.3.

Step 3: compactly supported symbols in ˙BV ∩ L∞. Let P ∈ ˙BV ∩ L∞ be a compactly
supported function. By Lemma A.12 we can find a sequence (Pn) ⊆ ˙BV ∩ L∞ of simple
functions such that

lim
n→∞

∥Pn − P∥∞ = 0, sup
n∈N

∥Pn∥ ˙BV <∞, |Pn(p)| ≤ C|P (p)|, p ∈ Rd.

In particular, Pn has compact support for each n ∈ N. Hence, it follows from step 2 that
Pn ∈ C for all n, so we conclude that P ∈ C by Lemma 6.3.

Step 4: integrable symbols in ˙BV ∩ L∞. Let P ∈ ˙BV ∩ L∞ and assume that P ∈ L
d

d−1 if

d ≥ 2 and that P ∈ L2 if d = 1. Note that P ∈ L
d

d−1 ∩ L∞ ⊆ L2 also when d ≥ 2, and that
P ∗(p) → 0 as |p| → ∞ when d = 1. By Lemma A.13 we can find a sequence (Pn) ⊆ ˙BV ∩L∞

of compactly supported functions such that Pn → P pointwise and

lim
n→∞

∥P − Pn∥ ˙BV = 0, |Pn(p)| ≤ |P (p)|, p ∈ Rd.

It follows from step 3 and Lemma 6.3 that P ∈ C.
Step 5: the general case. Let P ∈ ˙BV ∩ L∞ and assume in addition that P ∈ L2 + C if
d = 1. Then, either by assumption or by the embedding from [1, Theorem 3.47], there exists

a constant P∞ ∈ C such that P − P∞ ∈ L
d

d−1 if d ≥ 2 and P − P∞ ∈ L2 if d = 1. Set
P0 = P − P∞. The claim P ∈ C now follows from the binomial expansions

Tr
[
Sm(P ;αΩ)

]
=

m∑

k=2

(
m

k

)
Pm−k
∞ Tr

[
Sk(P0;αΩ)

]
,

and

Um(A+ P∞, B + P∞) =

m∑

k=2

(
m

k

)
Pm−k
∞ Uk(A,B), A,B ∈ C,

and the fact that P0 ∈ C by step 4.
■

7. Extensions to general spectral functions

In this section we carry out the extension procedure from polynomial f to more general
spectral functions to deduce Theorem 1.7 and Theorem 1.17. As mentioned in the Introduc-
tion, carrying out this procedure requires, in addition to the limit theorems for polynomials,
uniform estimates on 1αΩP1αΩc . For general symbols P , the bridge between these two in-
gredients are given by abstract trace inequalities.

For the case of Theorem 1.17 our argument follows roughly those of Sobolev [44] and
Widom [54]. We only rely on Hilbert-Schmidt estimates on 1ΩP1Ωc , which we have already
established in Lemma 3.1 and Lemma 3.5. The case of indicators Theorem 1.7 is more precise.
Here our argument is a simplified version of the much more precise extension arguments from
[23] by Kulikov and the second author.

We start by establishing the abstract operator bounds required for Theorem 1.17.
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7.1. Analytic case. We first treat holomorphic f . The basic input is a Cauchy integral
representation of Sf (P ; Ω), which yields a trace class bound in terms of ∥1ΩP1Ωc∥2S2

. We
remind the reader that for a bounded operator A on a Hilbert space H the numerical range
W (A) is defined by

W (A) = {⟨ψ,Aψ⟩ | ψ ∈ H, ∥ψ∥ = 1}.

Lemma 7.1. Let P be a bounded operator on a Hilbert space H. The numerical range has
the following properties:

a) W (P ) is compact, convex, and contains σ(P ) the spectrum of P .
b) If χ : H′ → H is an isometry between Hilbert spaces, then W (χ∗Pχ) ⊆W (P ).
c) If z ∈W (P )c then

∥(P − z)−1∥∞ ≤ 1

d(z,W (P ))
.

d) If P is a multiplication operator on H = L2(Rd;Cn) with symbol P ∈ L∞, then
W (P (p)) ⊆W (P ) for almost all p ∈ Rd.

Proof. The statement a) is the Hausdorff–Toeplitz theorem and b) is obvious from the
definition. For c) simply note that for any ψ ∈ H with ∥ψ∥ = 1:

d(z,W (P )) ≤ |⟨ψ, Pψ⟩ − z| ≤ ∥(P − z)ψ∥.
Taking inf over all such ψ, conclude d(z,W (P )) ≤ ∥(P − z)−1∥−1

∞ .
Finally for d) assume that P acts by multiplication. Take p ∈ Rd a Lebesgue point of P ;

almost all p will do. We show that W (P (p)) ⊆ W (P ), so take λ ∈ W (P (p)) and x ∈ Cn
such that ⟨x, P (p)x⟩ = λ. Let ψε(q) =

1
Hd(Bε)1/2

1Bε(p)(q)x. Clearly ∥ψε∥2 = 1 for all ε > 0,

and by the assumption that p is a Lebesgue point,

⟨ψε, Pψε⟩ = −
∫

Bε(p)
⟨x, P (q)x⟩ dq → ⟨x, P (p)x⟩ = λ

as ε→ 0+. Since W (P ) is closed by a), it follows that λ ∈W (P ). ■

Lemma 7.2. Let Ω ⊆ Rd be a measurable set and let P ∈ L∞(Rd;Mn). Let U be an open
set containing W (P ) and Γ ⊆ U \ W (P ) a rectifiable closed curve with indΓ(z) = 1 for
z ∈W (P ). Such Γ always exist. Then, for any function f holomorphic on U ,

∥Sf (P ; Ω)∥S1 ≤ 1

2π
sup
z∈Γ

|f(z)| H1(Γ)

d(Γ,W (P ))3
∥1ΩP1Ωc∥S2∥1ΩcP1Ω∥S2 .

Proof. For the existence of Γ, one can take Γ to be the boundary of the convex setW (P )+Bε
for ε small enough. Given Γ, it follows from the Cauchy integral formula that

Sf (P ; Ω) = − 1

2πi

∫

Γ
f(z)

(
(1ΩP1Ω − z)−1 − 1Ω(P − z)−11Ω

)
dz.

Note all inverses make sense by Lemma 7.1. We have the following useful identity:

1Ω(P − z)−11Ω − (1Ω(P − z)1Ω)
−1

= (1Ω(P − z)1Ω)
−1 (1ΩP1Ωc) (1Ωc(P − z)1Ωc)−1 (1ΩcP1Ω)

(
1Ω(P − z)−11Ω

)
.

(7.1)

One can see this, for instance, by writing P as a two-by-two block operator in the decompo-
sition L2(Rd;Cn) = L2(Ω;Cn)⊕L2(Ωc;Cn) and apply the resolvent identity to the diagonal
and off-diagonal part. With this at hand we can estimate using Lemma 7.1:

∥1Ω(P − z)−11Ω − (1Ω(P − z)1Ω)
−1∥S1 ≤ 1

d(z,W (P ))3
∥1ΩP1Ωc∥S2∥1ΩcP1Ω∥S2 .
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We conclude

∥Sf (P ; Ω)∥S1 ≤ 1

2π

∫

Γ

|f(z)|
d(z,W (P ))3

∥1ΩP1Ωc∥S2∥1ΩcP1Ω∥S2 dz

≤ 1

2π
sup
z∈Γ

|f(z)| H1(Γ)

d(Γ,W (P ))3
∥1ΩPχΩc∥S2∥1ΩcPχΩ∥S2 ,

finishing the proof. ■
Remark 7.3. In this proof we strictly speaking ignored the contribution of the kernel arising
from Ωc by identifying 1ΩP1Ω with χ∗

ΩPχΩ, where χΩ : L2(Ω;Mn) → L2(Rd;Mn) is the in-

clusion map. Since, however, in the decomposition L2(Rd;Mn) = L2(Ω;Mn)⊕L2(Ωc;Mn),

1Ωf(1ΩP1Ω)1Ω − 1Ωf ◦ P1Ω =
(
f(χ∗

ΩPχΩ)− χ∗
Ωf ◦ PχΩ

)
⊕ 0

for all f such that both the right and left hand sides makes sense, this is without loss.

7.2. Real case. We turn to the case of self-adjoint P . We prove the required trace class
bounds for two classes: f ∈ B2

∞,1, using the Koplienko–Neidhardt trace formula, and f ∈ C2,

using the Berezin–Lieb inequality. The Besov space B2
∞,1 was introduced in (1.23).

Lemma 7.4. Let P ∈ L∞(Rd;Mn) take values in self-adjoint matrices and let Ω ⊆ Rd be a
measurable set. Assume that 1ΩP1Ωc ∈ S2. If f ∈ B2

∞,1(R;C), then Sf (P ; Ω) ∈ S1, and

|Sf (P ; Ω)|S1
≤ C∥f∥B2

∞,1
∥1ΩP1Ωc∥2S2

,

for a universal constant C > 0.

Proof. We intend to apply the Koplienko–Neidhardt trace formula [33], or specifically the
boundedness statement from [33, Theorem 4.6]. To verify its applicability, we first notice
that

Sf (P ; Ω) = −1Ω (f(P )− f(1ΩP1Ω + 1ΩcP1Ωc)) 1Ω.

The expression is essentially perturbative since

K = P − (1ΩP1Ω + 1ΩcP1Ωc) = 1ΩP1Ωc + 1ΩcP1Ω ∈ S2

by assumption. Let us write D = 1ΩP1Ω + 1ΩcP1Ωc for the diagonal part. We claim that,
for all Lipschitz functions f on R,

1Ω
d

ds
f(D + sK)|s=01Ω = 0. (7.2)

Here the derivative is taken in the Hilbert space S2, see [33, (2.6)]. As is well known from
the theory of double operator integrals, we have the explicit formula

d

ds
f(D + sK)|s=0 =

∫∫

R×R

f(x)− f(y)

x− y
dED(x)KdED(y).

Here dED is the spectral resolution for the self-adjoint operator D. Since D is diagonal
and K off-diagonal in the decomposition L2(Rd;Cn) = L2(Ω;Cn) ⊕ L2(Ωc;Cn), the claim
(7.2) follows. We refer to [34] and the references therein for background on double operator
integrals and related topics.

It now follows directly from [33] that

∥Sf (P ; Ω)∥ ≤ ∥f(D +K)− f(D)− d

ds
f(D + sK)|s=0∥S1 ≤ C∥f∥B2

∞,1
∥K∥2S2

,

which finishes the proof. ■
Under the additional assumptions that P ∈ L2(Rd;R) + R and Hd(Ω) < ∞, it is easy to

verify that Sf (P ; Ω) ∈ S1 for f ∈ C2. This removes the main difficulty from applying the
Koplienko–Neidhardt trace formula. In this case, we can use the extension to the Berezin-
Lieb inequality from [26] instead, which was also used by Sobolev in [44].
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Lemma 7.5. Let P ∈ L∞(Rd;R) be real valued and let Ω ⊆ Rd be measurable. Assume in

addition that P ∈ L2(Rd;R) + R and that Hd(Ω) < ∞. If f ∈ W 2,∞
loc with f ′′ ∈ L∞, then

Sf (P ; Ω) ∈ S1, and

|TrSf (P ; Ω)| ≤
∥f ′′∥∞

2
∥1ΩP1Ωc∥2S2

.

Proof. Take P∞ ∈ R such that P0 = P − P∞ ∈ L2 and set f̃(x) = f(x+ P∞). Then clearly

Sf (P ; Ω) = Sf̃ (P0; Ω).

Since P01Ω ∈ S2 by Lemma 3.2, it follows from the generalization to the Berezin-Lieb
inequality [26, Corollary 17] that Sf (P ; Ω) ∈ S1 and that

|TrSf (P ; Ω)| = |TrSf̃ (P0; Ω)| ≤
∥f̃ ′′∥∞

2
∥1ΩP01Ωc∥2S2

=
∥f ′′∥∞

2
∥1ΩP1Ωc∥2S2

.

■

7.3. Proof of Theorem 1.17. We first establish the holomorphic extension for (possibly)

complex valued symbols, say for the case of ˙BV symbols from Theorem 1.1. So let P ∈
˙BV (Rd;C)∩L∞ and let Ω ⊆ Rd be a set of finite perimeter. If d = 1 we assume in addition

that P ∈ L2(Rd;C) + C and that min{H1(Ω),H1(Ωc)} < ∞. Let f be holomorphic on a
neighborhood U ⊇W (P ). We need to show that

Tr
[
Sf (P ;αΩ)

]

=
αd−1 log(α)

(2π)d+1

∫

FΩ

∫

JP

Uf (P
+(p), P−(p))|νΩ(x) · νP (p)| dHd−1(p) dHd−1(x)

+ o(αd−1 log(α))

as α → ∞. Take a rectifiable curve Γ ⊆ U \ W (P ) as in Lemma 7.2, and let K be the
compact region enclosed Γ. By Runge’s theorem we can find a sequence of polynomials (fn)
such that fn → f uniformly on K. Since the polynomial case is covered by Theorem 1.1, it
suffices to show that

lim sup
n→∞

lim sup
α→∞

1

αd−1 logα

∣∣Tr
[
Sf (P ;αΩ)− Sfn(P ;αΩ)

]∣∣ = 0,

and

lim sup
n→∞

∣∣∣
∫

FΩ

∫

JP

Uf (P
+(p), P−(p))|νΩ(p) · νP (p)| dHd−1(p) dHd−1(x)

−
∫

FΩ

∫

JP

Ufn(P
+(p), P−(p))|νΩ(p) · νP (p)| dHd−1(p) dHd−1(x)

∣∣∣ = 0.

The first claim is immediate from Lemma 7.2 and Lemma 3.5 since
∣∣Tr
[
Sf (P ;αΩ)− Sfn(P ;αΩ)

]∣∣ ≤ ∥Sf−fn(P ;αΩ)∥S1

≤ C sup
z∈K

|f(z)− fn(z)|∥1αΩP1αΩc∥S2∥1αΩcP1αΩ∥S2

≤ Cαd−1 log(α) sup
z∈K

|f(z)− fn(z)|,

for α ≥ αP,Ω large enough. The second claim follows from the basic inequality, for A,B ∈
W (P ),

|Uf (A,B)− Ufn(A,B)| ≤ 1

2
sup

z∈W (P )
|f ′′(z)− f ′′n(z)||A−B|2, (7.3)

and dominated convergence. The bound (7.3) is easily seen after integrating by parts twice,
see also [54, (3’)]. We also note that P±(p) ∈ W (P ) for Hd−1 almost all p ∈ JP , which can

be shown by similar argument as Lemma 7.1 d), and that f
(k)
n → f uniformly on W (P ) for

all k ∈ N, a consequence of the global Cauchy integral formula.
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The extension argument for Theorem 1.13 for holomorphic f is identical using Lemma 3.1
instead of Lemma 3.5.

We turn to the real case, and let us this time focus on Ḣ1/2. So assume that P ∈
Ḣ1/2(Rd;R) ∩ L∞ and that Ω ⊆ Rd is a set of finite perimeter. Assume that either

a) f ∈ B2
∞,1,

or that

b) P ∈ L2(Rd;R) + R, Hd(Ω) <∞, and that f ∈ C2(R).
We want to show in either case that

Tr
[
Sf (P ;αΩ)

]
=

1

8π2

( α
2π

)d−1
∫

T ∗(FΩ)

∫

R

∫

R

Uf (PX(ξ1), PX(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX + o(αd−1)

as α → ∞. Assume at first that a) holds. We can take a sequence (fn) ⊆ B2
∞,1 of real

analytic functions such that fn → f in B2
∞,1. In fact, we can choose fn such that the Fourier

transforms f̂n have compact support. This follows from the Littlewood-Paley description of
B2

∞,1. Note in particular that ∥f ′′ − f ′′n∥∞ → 0. Since we have already established the limit

theorem for (real) analytic functions, it suffices to show that

lim sup
n→∞

lim sup
α→∞

1

αd−1

∣∣Tr
[
Sf (P ;αΩ)− Sfn(P ;αΩ)

]∣∣ = 0,

and

lim sup
n→∞

∣∣∣
∫

T ∗(FΩ)

∫

R

∫

R

Uf (PX(ξ1), PX(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX

−
∫

T ∗(FΩ)

∫

R

∫

R

Ufn(PX(ξ1), PX(ξ2))

|ξ1 − ξ2|2
dξ1 dξ2 dX

∣∣∣ = 0.

The first claim follows from Lemma 7.4 and Lemma 3.1, and the second from the bound
(7.3). The case b) is easier. Since P is bounded we may assume that f ∈ C2

c (R). We
approximate f by polynomials (fn) such that f ′′n → f ′′ uniformly on the support of f . Such
a sequence is supplied, for instance, by the Stone-Weierstrass theorem. The argument is now
the same, this time referring to Lemma 7.5 instead.

The extension argument for Theorem 1.1 for real valued P is handled in similarly.

7.4. The case of indicators. We here prove Theorem 1.7. We first establish the uniform
bound (1.16).

Lemma 7.6. Let Ω,Λ ⊆ Rd be sets of finite perimeter and assume FΩ and FΛ have finite
upper Minkowksi content. If d = 1 assume in addition that min{H1(Ω),H1(Ωc)} < ∞ and
min{H1(Λ),H1(Λc)} <∞. Then

∥1αΩ1Λ1αΩc∥S1 ≤ CΩ,Λα
d−1 log(α)

for α large enough.

Proof. Like in the proof of Lemma 3.5, the argument is an interpolation between a volume
bound and an area bound. Here Lemma 3.18 will serve as our area bound. For the volume
bound, we recall the following elementary result of Birman-Solomyak:

∥f(x)g(p)∥S1 ≤ C∥f∥ℓ1(L2)∥g∥ℓ1(L2), ∥h∥ℓ1(L2) =
∑

z∈Zd

∥1Q(z)h∥2, (7.4)

where Q(z) is the cube centered at z with side length 1. See [43, Theorem 4.5] for a simple
proof.

We proceed with the proof. First of all, after possibly modifying Ω and Λ by a measure
zero set, we may assume that ∂Ω = FΩ and ∂Λ = FΛ. This follows from [31, Proposition
12.19 and Remark 15.3]. In particular, ∂Ω and ∂Λ are compact and sets of finite upper
Minkowski content. For d ≥ 2 this implies that either Ω or Ωc are bounded, similarly for Λ.
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The same conclusion holds for d = 1 since min{H1(Ω),H1(Ωc)} <∞, similarly for Λ. Since
∥1αΩ1Λ1αΩc∥S1 = ∥1αΩc1Λc1αΩ∥S1 , we may without loss assume that Λ and Ω are bounded
sets.

Let (ϕδ) be a family of standard mollifiers and set P = 1Λ and Pδ = 1Λ ∗ ϕδ. It follows
from the volume bound (7.4) and a change of variables that

∥1αΩ(P − P1/α)1αΩc∥S1 ≤ ∥1ΩD1/α(P − P1/α)∥S1 ≤ ∥1Ω∥ℓ1(L2)∥D1/α(P − Pδ)∥ℓ1(L2).

Here D1/α(P − P1/α)(p) = P (p/α) − P1/α(p/α) is supported in α∂Λ + B1 and uniformly

bounded by 1. Denote Z = {z ∈ Zd | Q(z) ∩
(
α∂Λ +B1

)
̸= ∅}. Then, for α large enough,

∥D1/α(P − P1/α)∥ℓ1(L2) ≤
∑

z∈Z

∫

Q(z)
1 dp ≤ Hd(αΛ +B1+2

√
d) ≤ CΛα

d−1,

where we used that ∂Λ has finite upper Minkowski content at the end. Since Ω is bounded,
we can simply bound ∥1Ω∥ℓ1(L2) ≤ CΩ <∞. We conclude that

∥1αΩ(P − P1/α)1αΩc∥S1 ≤ Cαd−1. (7.5)

It therefore suffices to estimate ∥1αΩP1/α1αΩc∥S1 .
Applying Lemma 3.18 directly to P1/α would lead to wrong scaling bound due to the

number of derivatives needed. Instead we localize the symbol P1/α using the partition of
unity (ϕu) supplied by Lemma 2.1 with Γ = ∂Λ:

P1/α(p) =

∫

Rd

ℓ1/α(u)
−dPu,1/α(p) du, Pu,1/α = ϕu(p)P1/α.

It is easy to verify that, for a suitable non-negative function G ∈ L1 ∩ L∞,

|DβPu,1/α(p)| ≤ G(u)ℓ1/α(u)
−|β|, p ∈ Rd, |β| ≤ d+ 1, (7.6)

uniformly for all u ∈ Rd. By the triangle inequality and another change of variables we find

∥1αΩP1/α1αΩc∥S1 ≤
∫
ℓ1/α(u)

−d∥1αΩPu,1/α1αΩc∥S1 du

≤
∫
ℓ1/α(u)

−d∥1ℓ1/α(u)αΩ
(
Dℓ1/α(u)Pu,1/α

)
1ℓ1/α(u)αΩc∥S1 du.

Here, as before, Dℓ1/α(u)Pu,1/α(p) = Pu,1/α(ℓ1/α(u)p), which is supported in a ball of radius

1 and satisfies

|DβDℓ1/α(u)Pu,1/α(p)| ≤ G(u), p ∈ Rd, |β| ≤ d+ 1,

by the multiscale estimate (7.6). In particular, it follows from Lemma 3.18 that

∥1ℓ1/α(u)αΩ
(
Dℓ1/α(u)Pu,1/α

)
1ℓ1/α(u)αΩc∥S1 ≤ CG(u)

(
1 + (αℓ1/α(u))

d−1
)
.

Integrating over u ∈ Rd, we conclude using Lemma C.2 that

∥1αΩP1/α1αΩc∥S1 ≤ C

∫
ℓ1/α(u)

−d(1 + (αℓ1/α(u))
d−1
)
G(u) du ≤ Cαd−1 log(α),

finishing the proof. ■

Proof of Theorem 1.7. With the uniform bound (1.16) already established in Lemma 7.6, we
only need to prove (1.18), that is

lim
α→∞

1

αd−1 log(α)
Tr
[
Sf (1Λ;αΩ)

]
=
Uf (0, 1)

(2π)d+1

∫

FΩ

∫

FΛ
|νΩ(x) · νΛ(p)| dHd−1(p) dHd−1(x).

(7.7)
We may without loss assume that f is real valued by splitting into real and imaginary parts.
We establish (7.7) for successively larger classes of functions f .
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Step 1: continuous functions supported away from 0 and 1. Assume f : [0, 1] → R is

continuous with support in [ε, 1 − ε] for some 0 < ε < 1/2. Then g(x) = f(x)
x(1−x) is also

continuous, so we can find a sequence (gn) of polynomials such that, for all n ∈ N,
sup
x∈[0,1]

|gn(x)− g(x)| ≤ 1/n

If we denote an(x) = x(1− x)(gn(x)− 1
n) and bn(x) = x(1− x)(gn(x) +

1
n), then

an(x) ≤ f(x) ≤ bn(x),

and therefore, as operators,

an(1αΩ1Λ1αΩ) ≤ f(1αΩ1Λ1αΩ) ≤ bn(1αΩ1Λ1αΩ).

Since an, bn, and f vanishes at 0 and 1, this is the same as

San(1Λ;αΩ) ≤ Sf (1Λ;αΩ) ≤ Sbn(1Λ;αΩ).

Since the polynomial case is covered by Theorem 1.1 by linearity, we conclude

Uan(0, 1)

(2π)d+1

∫

FΩ

∫

FΛ
|νΩ(x) · νΛ(p)| dHd−1(p) dHd−1(x)

≤ lim inf
α→∞

1

αd−1 log(α)
Tr
[
Sf (1Λ;αΩ)

]

≤ lim sup
α→∞

1

αd−1 log(α)
Tr
[
Sf (1Λ;αΩ)

]

≤ Ubn(0, 1)

(2π)d+1

∫

FΩ

∫

FΛ
|νΩ(x) · νΛ(p)| dHd−1(p) dHd−1(x).

Since clearly Uan(0, 1), Ubn(0, 1) → Uf (0, 1) as n→ ∞, the claim (7.7) follows for this f .

Step 2: indicators away from 0 and 1. Consider f = 1[a,b] with 0 < a < b < 1. The argument
is essentially the same as in step 1. This time set

aε(x) =

(
1− d(x, [a, b])

ε

)

+

, bε(x) =

(
1− d(x, [a+ ε, b− ε])

ε

)

+

.

Clearly aε and bε are continuous functions supported away from 0 and 1 for ε > 0 small
enough, and aε(x) ≤ f(x) ≤ bε(x). We can thus repeat the argument above, this time using
that (7.7) holds for aε and bε by step 1.

Step 3: general case Let f : [0, 1] → C be Riemann integrable on [ε, 1− ε] for all 0 < ε < 1/2
and assume that

lim sup
x→0+

|f(x)− f(0)|
x1/2

= 0, lim sup
x→0+

|f(1− x)− f(1)|
x1/2

= 0. (7.8)

We may assume that f(0) = f(1) = 0. Indeed, simply note that

Sf (1Λ;αΩ) = Sf̃ (1Λ;αΩ), Uf (0, 1) = Uf̃ (0, 1),

where f̃(x) = f(x) − (1 − x)f(0) − xf(1), and clearly f is Riemann integrable on [ε, 1 − ε]

for all 0 < ε < 1/2 and satisfies (7.8) if and only if the same is true for f̃ .
For all 0 < ε < 1/2 we can find Riemann upper and lower sums aε ≤ f ≤ bε on [ε, 1− ε]

such that ∫ 1−ε

ε

bε(θ)− aε(θ)

θ(1− θ)
dθ < ε. (7.9)

Here aε and bε are finite linear combinations of indicators of the form 1[a,b] with ε ≤ a < b ≤
1− ε. For the part close to the end points we introduce the maximal operators

M0f(ε) = sup
0<x≤ε

|f(x)|
x1/2

, M1f(ε) = sup
0<x≤ε

|f(1− x)|
x1/2

,
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and employ the elementary bound

|f(x)| ≤ M0f(ε) +M1f(ε)

(1− ε)1/2
(x(1− x))1/2, x ∈ [0, 1] \ (ε, 1− ε).

We set gε(x) = M0f(ε)+M1f(ε)

(1−ε)1/2 (x(1 − x))1/2 so that aε − gε ≤ f ≤ bε + gε on [0, 1]. Going

through the monotonicity argument one final time it suffices to show that

lim inf
ε→0+

lim inf
α→∞

1

αd−1 log(α)
Tr
[
Saε(1Λ;αΩ)− Sgε(1Λ;αΩ)

]

=
Uf (0, 1)

(2π)d+1

∫

FΩ

∫

FΛ
|νΩ(x) · νΛ(p)| dHd−1(p) dHd−1(x),

and

lim sup
ε→0+

lim sup
α→∞

1

αd−1 log(α)
Tr
[
Sbε(1Λ;αΩ) + Sgε(1Λ;αΩ)

]

=
Uf (0, 1)

(2π)d+1

∫

FΩ

∫

FΛ
|νΩ(x) · νΛ(p)| dHd−1(p) dHd−1(x).

Since (7.7) holds for aε and bε for all 0 < ε < 1/2 by step 2, and clearly

Uaε(0, 1), Ubε(0, 1) → Uf (0, 1)

by (7.9), it suffices to show that

lim sup
ε→0+

lim sup
α→∞

1

αd−1 log(α)

∣∣Tr
[
Sgε(1Λ;αΩ)

]∣∣ = 0.

By the exact identity

1αΩ1Λ1αΩ (1− 1αΩ1Λ1αΩ) = (1αΩ1Λ1αΩc) (1αΩ1Λ1αΩc)∗ ,

we conclude using the a priori bound from Lemma 7.6 and the assumption (7.8) that

lim sup
α→∞

1

αd−1 log(α)
|Tr
[
Sgε(1Λ;αΩ)

]
|

=
M0f(ε) +M1f(ε)

(1− ε)1/2
lim sup
α→∞

1

αd−1 log(α)
∥1αΩ1Λ1αΩc∥S1

≤ CΩ,Λ
M0f(ε) +M1f(ε)

(1− ε)1/2
→ 0

as ε→ 0+, finishing the proof. ■

Appendix A. Results on bounded variation functions

In this Appendix we gather definitions and various results for bounded variation functions
of a more abstract character.

A.1. Definitions and fine structure of BV functions. In this subsection we recall the
definition of bounded variation functions and the fine structure of such functions. We follow
the standard textbook reference [1], and we refer to this book for background and discussions.
We also refer to [14,15,31].

Definition A.1. Let P ∈ L1
loc(Rd;Cn). The variation of P on an open set A ⊆ Rd is

Var(P ;A) = sup

{∣∣∣∣∣
n∑

k=1

∫
Pk(p) div ϕk(p) dp

∣∣∣∣∣ : Φ = (ϕ1, . . . , ϕn) ∈ C∞
c (A;Cd)n, |Φ(p)| ≤ 1

}
.

We say that P has bounded variation if Var(P ;Rd) = ∥P∥ ˙BV <∞ and denote by ˙BV (Rd;Cn)
the corresponding space of bounded variation functions. We say that P has locally finite
variation if Var(P ;A) < ∞ for all open bounded sets A and denote by BVloc(Rd;Cn) the
corresponding space.
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Remark A.2. It is non-standard to allow functions with values in a complex vector space.
The concerned reader can safely identify C ∼ R2 in every instance below.

As a consequence of Riesz representation theorem, P ∈ ˙BV (Rd;Cn) if and only if the dis-
tributional derivative DP is a finite n×d-matrix valued measure, and Var(P ;A) = |DP |(A)
for A ⊆ Rd open, where |DP | is the total variation measure.

Definition A.3. The perimeter of a measurable set Ω ⊆ Rd is the variation of the function
1Ω, that is Per(Ω) = Var(1Ω;Rd). We say that Ω is a set of finite perimeter if 1Ω ∈ ˙BV and
a set of locally finite perimeter if 1Ω ∈ BVloc.

Definition A.4. The reduced boundary FΩ of a set Ω of locally finite perimeter is the set
of all points x ∈ supp |D1Ω| such that the limit

νΩ(x) = lim
r→0+

D1Ω(Br(x))

|D1Ω|(Br(x))
exists and satisfies |νΩ(x)| = 1. The function νΩ : FΩ → Sd−1 is called the (measure
theoretic) interior normal to Ω.

If Ω is a set of locally finite perimeter, then the reduced boundary FΩ is countably
Hd−1 rectifiable and the distributional derivative of 1Ω satisfies D1Ω = νΩdHd−1 FΩ, see
[14, Theorem 5.15]. The latter can be seen as a Gauss-Green formula on Ω.

If Ω ⊆ Rd is a set with Lipschitz boundary, then Ω has locally finite perimeter. This
follows from the Gauss-Green theorem for such sets. If moreover Hd−1(∂Ω) < ∞ then Ω is
a set of finite perimeter. In this case FΩ ⊆ ∂Ω (this is always true), Hd−1(∂Ω \ FΩ) = 0,
and νΩ agrees with the measure theoretic interior almost everywhere.

Definition A.5. Let P ∈ L1
loc(Rd;Cn).

a) We call p ∈ Rd a continuity point of P if there is P̃ (p) ∈ Cn such that

−
∫

Br(p)
|P (q)− P̃ (q)| dq → 0 as r → 0+.

The singular set SP of P is the complement of all continuity points.
b) We call p ∈ Rd a jump point if there is a triple (P+(p), P−(p), νP (p)) ∈ Cn×Cn×Sd−1

such that P+(p) ̸= P−(p) and

−
∫

B±
r (p;νP (p))

|P (q)− P±(p)| dq → 0 as r → 0+,

where B±
r (p; νP (p)) = {q ∈ Rd | |p − q| < r, ±(q − p) · νP (p) > 0}. The triple is

uniquely determined down to a change of sign:

(P+(p), P−(p), νP (p)) ∼ (P−(p), P+(p),−νP (p)).
The jump set JP of P is the set of all jump points equipped with an implicit choice
of (measurable) orientation νP : JP → Sd−1. We extend P± to be defined on all of

Rd \ (SP \ JP ) by setting P±(p) = P̃ (p) on Rd \ SP . The precise representative of P
is given by P ∗ = 1

2 (P
+ + P−) on Rd \ (SP \ JP ).

It follows from the Federer-Vol’pert theorem [1, Theorem 3.78] that for P ∈ ˙BV (Rd;Cn),
the jump set JP is countably Hd−1 rectifiable with νP a measure theoretic normal, Hd−1(SP \
JP ) = 0, and

∫

JP

|P+(p)− P−(p)| dHd−1(p) = |DP |(JP ) ≤ |DP |(Rd) <∞. (A.1)

It follows that the normal νP is determined (down to sign Hd−1 almost everywhere) by JP .
Given an orientation νP , the functions P

± are thus uniquely definedHd−1 almost everywhere.
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It is possible to make (A.1) more precise. The measure DP splits

DP = ∇Pdp+DcP + (P+ − P−)⊗ νP dHd−1
JP

into an absolutely continuous part DaP = ∇Pdp, a Cantor part DcP , and the jump part
DjP = (P+ − P−)⊗ νP dHd−1

JP . In what follows it suffices to note that the Cantor part
DcP is singular with respect to Hd and Hd−1. See [1, Proposition 3.92] for a more precise
statement.

In many proofs it will be convenient to work with one-dimensional sections of ˙BV (Rd;Cn)
functions. For ν ∈ Sd−1 and p ∈ Πν we write Pν,p(ξ) = P (p+ξν), ξ ∈ R, for the corresponding
section. We will only need the following.

Proposition A.6. Let P ∈ ˙BV (Rd;Cn). For almost all p ∈ Πν the following holds:

a) Pν,p ∈ ˙BV (R;Cn) and
∫

Πν

|DPν,p|(R) dp ≤ |DP |(Rd).

b) JPν,p = {ξ ∈ R | p + ξν ∈ JP } and ν · νP (p + ξν) ̸= 0 for ξ ∈ JPν,p. Moreover, with
the orientation νPν,p(ξ) = sgn(ν · νP (p+ ξν)) on JPν,p, we have

(Pν,p)
±(ξ) = (P±)ν,p(ξ) = P±(p+ ξν)

for all ξ ∈ R.
c) |(Pν,p)±(ξ)| ≤ ∥P∥∞ for all ξ ∈ R.

Proof. The statement a) follows from [1, Theorem 3.103] while b) is [1, Theorem 3.108]. For
c), simply note that ∥Pν,p∥∞ ≤ ∥P∥∞ for Hd−1 almost all p ∈ Πν , and that |(Pν,p)±(ξ)| ≤
∥Pν,p∥∞ everywhere. ■

The fine structure of P ∈ ˙BV (R;Cn) in one real variable is well known. We recall the
following:

P ∗(ξ±) = P±(ξ) = P∓(ξ±) if νP (ξ) = 1,

P ∗(ξ±) = P∓(ξ) = P±(ξ∓) if νP (ξ) = −1,
(A.2)

where we denoted g(ξ±) = limε→0+ g(ξ ± ε). On the other hand,

P+(t) = P−(t) = P ∗(t)

are continuous for t ∈ R\JP . The jump set JP is at most countable. We refer to [1, Theorem
3.28] for the details.

A.2. Uniform bounds in truncated Ḣs norms. In this subsection we obtain simple
estimates for ˙BV functions in truncated Ḣs norms. These are applied with s = 1/2 in
Section 3 (and elsewhere) to bound the operator 1αΩP1αΩc in Hilbert-Schmidt norm for

P ∈ ˙BV .
We first recall the finite difference (Besov type) characterization of ˙BV and Ẇ 1,q, q > 1.

Lemma A.7. Let P ∈ L1
loc(Rd;Cn). If q > 1 and ∇P ∈ Lq then

(∫
|P (p+ h)− P (p)|q dp

)1/q
≤ ∥∇P∥q|h|, h ∈ Rd.

Similarly, if P ∈ ˙BV (Rd;Cn), then
∫
|P (p+ h)− P (p)| dq ≤ |DP |(Rd)|h|, h ∈ Rd.

Conversely, for q > 1, if there is CP,q such that
(∫

|P (p+ h)− P (p)|q dq
)1/q

≤ CP,q|h|

for all h ∈ Rd, then ∇P ∈ Lq. The analogous result holds for ˙BV .
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Proof. The case q = ∞ is the Lipschitz characterization of Ẇ 1,∞. Consider 1 < q <∞ and
let (ϕε) be a family of standard mollifiers. Say ∇P ∈ Lq and set Pε = P ∗ ϕε. By Fatou’s
lemma and Jensen’s inequality

∫
|P (p+ h)− P (p)|q dq ≤ lim inf

ε→0+

∫
|Pε(p+ h)− Pε(p)|q dp

= lim inf
ε→0+

∫ ∣∣∣∣
∫ 1

0
∇Pε(p+ th)h dt

∣∣∣∣
q

dp

≤ |h|q lim inf
ε→0+

∥∇Pε∥qq = |h|q∥∇P∥qq.

The case q = 1 is entirely similar. If P ∈ ˙BV there is Pε smooth such that ∥∇Pε∥1 →
|Df |(Rd) and Pε → P almost everywhere, see [1, Theorem 3.9]. The argument is now the
same.

For the converse, let Dt
νP (p) =

1
t (P (p+ tν)−P (p)) for t ∈ R and ν ∈ Sd−1. Assume that

(∫
|P (p+ h)− P (p)|q dp

)1/q
≤ CP,q|h|.

Then clearly ∥Dt
νP∥q ≤ CP,q is uniformly bounded as t→ 0, so there is a subsequence tn → 0

such that Dtn
ν P → gν weakly in Lq and ∥gν∥q ≤ CP,q. Clearly gν = ∇Pν in the distributional

sense, so summing over an orthonormal basis we conclude ∇P ∈ Lq.
The ˙BV case is more direct: For Φ = (ϕ1, . . . , ϕn) ∈ C∞

c (Rd;Cd)n, we can write div ϕi =
limt→0

∑
k νk ·Dt

νk
ϕi for an orthonormal basis (νk), and plug directly into the definition of

the variation. We leave the details. ■

Our proof below is inspired by [19] and the integration by parts argument from [3]. The
latter paper also contains the exact leading order asymptotics for the case s = 1.

Lemma A.8. Let P ∈ ˙BV (Rd;Cn) ∩ L∞ ∩ L2. There is a constant Cd such that
∫

|x|≤R
|x|2s| qP (x)|2 dx ≤ Cd

2s− 1
R2s−1 ∥P∥ ˙BV ∥P∥∞, (A.3)

and ∫

|x|≥R
| qP (x)|2 dx ≤ CdR

−1∥P∥ ˙BV ∥P∥∞. (A.4)

uniformly for s > 1/2 and R > 0. Also
∫

R−1≤|x|≤R
|x|| qP (x)|2 dx ≤ Cd logR ∥P∥ ˙BV ∥P∥∞ (A.5)

for R ≥ 1.

Proof. We first prove (A.3) with s = 1 from which the rest will follow. Fix R > 0, θ ∈ Sd−1,
and h ∈ R with |h| = π

2R
−1. By the Plancherel theorem and Lemma A.7 we find

∫
| qP (x)|2 sin(hx · θ)2 dx ≤

∫
| qP (x)|2|1− exp(ihx · θ)|2 dx =

∫
|P (p)− P (p− hθ)|2 dp

≤ 2|h|∥P∥ ˙BV ∥P∥∞.
Now if |x| ≤ R then |hx · θ| ≤ π/2 and so sin(hx · θ)2 ≥ 4

π2 |h|2|x · θ|2 = R−2|x · θ|2 by
concavity. Restricting the integral on the left hand side to |x| ≤ R and integrating over
θ ∈ Sd−1, conclude

1

R

∫

|x|≤R
| qP (x)|2|x|2 dx ≤ Cd∥P∥ ˙BV ∥P∥∞,

where, explicitly,

Cd = πHd−1(Sd−1)
(∫

Sd−1

|θd|2 dHd−1(θ)
)−1

= πd.
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We now show the general case s > 1/2, s ̸= 1. Let L > 0 and note that (A.3) for s = 1
gives

∫ L

0
R2s−3

∫

|x|≤R
|x|2| qP (x)|2 dx dR ≤ Cd

L2s−1

2s− 1
∥P∥∞∥P∥ ˙BV .

Integrating the left hand side by parts in R we find

0 ≤ 1

2s− 2

(
L2s−2

∫

|x|≤L
|x|2| qP (x)|2 dx−

∫

|x|≤L
|x|2s| qP (x)|2 dx

)
≤ Cd

L2s−1

2s− 1
∥P∥∞∥P∥ ˙BV .

Note the boundary contribution from L = 0 vanishes. We conclude
∫

|x|≤L
|x|2s| qP (x)|2 dx ≤ Cd

( |2s−2|
2s−1 + 1

)
L2s−1∥P∥∞∥P∥ ˙BV ≤ Cd

2s− 1
L2s−1∥P∥∞∥P∥ ˙BV .

The case s = 1/2 is identical. By (A.3) for s = 1 we find for L ≥ 1
∫ L

L−1

R−2

∫

|x|≤R
| qP (x)|2|x|2 dx dR ≤ Cd logL∥P∥ ˙BV ∥P∥∞.

Integrating by parts
∫ L

L−1

R−2

∫

|x|≤R
| qP (x)|2|x|2 dx dR

= −L−1

∫

|x|≤L
| qP (x)|2|x|2 dx+ L

∫

|x|≤L−1

| qP (x)|2|x|2 dx+

∫

L−1≤|x|≤L
| qP (x)|2|x| dx,

and the claim follows from (A.3).
Finally (A.4) follows from

∫ ∞

L
R−3

∫

|x|≤R
|x|2| qP (x)|2 dx dR ≤ CdR

−1∥P∥ ˙BV ∥P∥∞

after integrating by parts. ■

Remark A.9. The condition P ∈ ˙BV ∩L∞ can be relaxed to P ∈ Ḃ
1/2
2,∞, which is characterized

by the seminorm

∥P∥2
Ḃ

1/2
2,∞

= sup
h∈Rd

1

|h|

∫
|P (p+ h)− P (p)|2dp <∞.

A.3. Deriving the boundary coefficient. In this subsection we compute the leading order
asymptotics as ε→ 0+ of integrals of the form (1.24):

∫

Πν

∫∫

R×R
ηε(|ξ1 − ξ2|)

U(P (p+ ξ1ν), P (p+ ξ2ν))

|ξ1 − ξ2|
dξ1 dξ2 dp,

which directly appear in the proof of Theorem 2.8. The result of this computation will exactly
be the boundary coefficient from Theorem 1.1. We refer to [6,11,39] for related computations.
Since the kernels ηε concentrate around 0, the leading order term is determined by the
behavior of U(A,B) near the diagonal A = B. The key point is that U(A,B) = o(|A−B|),
which decouples the continuous (or diffuse) part of the derivative from the jump part.

We first establish an auxiliary result.

Lemma A.10. Consider a function U : Cn × Cn → CM . Assume that U is continuous,
symmetric, and that there is a function ω such that U(A,B) = ω(A,B)|A−B| with

ρK(r) = sup{|ω(A,B)| | |A−B| ≤ r, |A|, |B| ≤ K} = o(1)

as r → 0+ for all K > 0. Then, for all P ∈ ˙BV (Rd;Cn) ∩ L∞ and all ν ∈ Sd−1,

lim
ε→0+

1

ε

∫

Rd

U(P (p+ εν), P (p)) dp =

∫

JP

U(P+(p), P−(p))|νP (p) · ν| dHd−1(p).

79



THE WIDOM CONJECTURE WITH OPTIMAL REGULARITY ASSUMPTIONS 57

Proof. We first consider d = 1 with ν = 1. Note P ∈ L∞, so we simply write ρ = ρ∥P∥∞ .
Fix δ > 0 and take t1 < t2 < · · · < tn such that

∑

p∈JP \{t1,...,tn}
|P+(p)− P−(p)| ≤ δ, |DP |(tk−1, tk) ≤ δ, k = 1, . . . , n, (A.6)

with t0 = −∞ and tn+1 = ∞. Note that we do not require ti ∈ JP . For ε > 0 small enough
we can decompose

1

ε

∫
U(P (p+ ε), P (p)) dp

=

n+1∑

k=1

1

ε

∫ tk−ε

tk−1

U(P ∗(p+ ε), P ∗(p)) dp+
n∑

k=1

1

ε

∫ tk

tk−ε
U(P ∗(p+ ε), P ∗(p)) dp,

(A.7)

of course with the understanding tn+1 − ε = ∞. We used that P = P ∗ almost everywhere.
We first handle the second term in (A.7). To this end, since U is continuous and symmetric,
it follows from the left/right continuity statement (A.2) that, for all 1 ≤ k ≤ n,

sup{|U(P ∗(p+ ε), P ∗(p))− U(P+(tk), P
−(tk))| | tk − ε < p < tk}

≤ sup{|U(P ∗(p), P ∗(q))− U(P ∗(tk,+), P
∗(tk,−))| | tk − ε < p < tk < q < tk + ε} → 0

as ε→ 0+. Of course, if tk ∈ R \ JP , this is simply a continuity statement. We conclude

n∑

k=1

1

ε

∫ tk

tk−ε
U(P ∗(p+ ε), P ∗(p)) dp→

n∑

k=1

U(P+(tk), P
−(tk)).

We now handle the other term in (A.7). Fix 1 ≤ k ≤ n + 1. Let Qk be the extension
of P |(tk−1,tk−ε) to R constant on (−∞, tk−1] and [tk,∞) without creating any new jumps.
Clearly |DQk|(R) = |DP |(tk−1, tk−ε). In particular |Q∗

k(p+ε)−Q∗
k(p)| ≤ |DP |(tk−1, tk−ε) ≤

δ by construction (A.6). It now follows from Lemma A.7 that

n+1∑

k=1

1

ε

∫ tk−ε

tk−1

|U(P ∗(p+ ε), P ∗(p))| dp

≤
n+1∑

k=1

1

ε

∫

R
|Q∗

k(p+ ε)−Q∗
k(p)||ω(Q∗

k(p+ ε), Q∗
k(p))| dp

≤
n+1∑

k=1

ρ(δ)|DP |(tk−1, tk − ε) ≤ |DP |(R)ρ(δ).

Summing up, using the construction (A.6) again,

lim sup
ε→0+

∣∣∣∣∣∣
1

ε

∫
U(P (p+ ε), P (p)) dp−

∑

p∈JP
U(P+(p), P−(p))

∣∣∣∣∣∣

≤ lim sup
ε→0+

∣∣∣∣∣∣
1

ε

∫
U(P (p+ ε), P (p)) dp−

∑

p∈{t1,...,tn}
U(P+(p), P−(p))

∣∣∣∣∣∣

+
∑

p∈JP \{t1,...,tn}
|U(P+(p), P−(p))|

≤ |DP |(R)ρ(δ) + ρ(|DP |(R))δ.
Letting δ → 0+ gives the result for d = 1 and ν = 1.

The general case d ≥ 1 is a simple consequence of the d = 1 case. For fixed ν ∈ Sd−1 write
∫

Rd

U(P (p+ εν), P (p)) dp =

∫

Πν

∫

R
U(Pν,p(ξ + ε), Pν,p(ξ)) dξ dp.
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By Proposition A.6, the established case d = 1, and the dominated convergence theorem, we
find

1

ε

∫

Πν

∫

R
U(Pν,p(ξ + ε), Pν,p(ξ)) dξ dp→

∫

Πν

∑

p+ξν∈Jp
U(P+(p+ ξν), P−(p+ ξν)) dp

=

∫

JP

U(P+(p), P−(p))|ν · νP (p)| dHd−1(p).

The last equality follows from the area formula, see the remark following [1, Theorem 2.71]
(the Jacobian is computed in exercise 2.18). Dominated convergence is easy to justify by
Lemma A.7 and Proposition A.6. ■

We now apply Lemma A.10 to the functionals of the form (1.24).

Lemma A.11. Let U be as in Lemma A.10. Consider kernels ηε : R+ → R satisfying

∥ηε∥1 ≤ C,

∫ ∞

0
ηε(r) dr = 1,

∫ ∞

δ
|ηε(r)| dr → 0 for all δ > 0.

Then, for all ν ∈ Sd−1 and P ∈ ˙BV (Rd;CN ) ∩ L∞ we have

∫

Πν

∫∫
ηε(|ξ1 − ξ2|)

U(P (p+ ξ1ν), P (p+ ξ2ν))

|ξ1 − ξ2|
dξ1 dξ2 dp

→ 2

∫

JP

U(P+(p), P−(p))|ν · νP (p)| dHd−1(p)

(A.8)

as ε→ 0+. Moreover, there is C = CP,U,η such that

∫

Πν

∫∫
|ηε(|ξ1 − ξ2|)|

|U(P (p+ ξ1ν), P (p+ ξ2ν))|
|ξ1 − ξ2|

dξ1 dξ2 dp ≤ CP,U,η.

uniformly for ε > 0 and ν ∈ Sd−1.

Proof. We can write

∫

Πν

∫∫
ηε(|ξ1 − ξ2|)

U(P (p+ ξ1ν), P (P + ξ2ν))

|ξ1 − ξ2|
dξ1 dξ2 dp

= 2

∫

Πν

∫ ∞

0
ηε(h)

1

h

∫

R
U(Pν,p(ξ + h), Pν,p(ξ)) dξ dh dp.

We first handle the uniform bound. With ρ = ρ∥P∥∞ as in the proof of Lemma A.10 it follows
from Lemma A.7 that

∫ ∞

0
|ηε(h)|

1

h

∫

R
|U(Pν,p(ξ + h), Pν,p(ξ))| dξ dh

≤ ρ(2∥P∥∞)

∫ ∞

0
|ηε(h)|

1

h

∫

R
|Pν,p(ξ + h)− Pν,p(ξ)| dξ dh

≤ Cηρ(2∥P∥∞)|DPν,p|(R)

(A.9)

for almost all p ∈ Πν . By Proposition A.6 we conclude

∫

Πν

∫∫
ηε(|ξ1 − ξ2|)

U(P (p+ ξ1ν), P (p+ ξ2ν))

|ξ1 − ξ2|
dξ1 dξ2 dp ≤ 2Cηρ(2∥P∥∞)|DP |(Rd).

Hence we can take CP,U,η = 2Cηρ(2∥P∥∞)|DP |(Rd).
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We now compute the limit. Fix p ∈ Πν satisfying a), b), and c) from Proposition A.6.
Almost all p ∈ Πν will do. By Lemma A.10 we then have

1

h

∫

R
U(Pν,p(ξ + h), Pν,p(ξ)) dξ →

∑

ξ∈JPν,p

U((Pν,p)
+(ξ), (Pν,p)

−(ξ))

=
∑

p+ξν∈JP
U(P+(p+ ξν), P−(p+ ξν))

as ε→ 0+. Let ε′ > 0 and take δ′ > 0 such that
∣∣∣∣∣∣
1

h

∫

R
U(Pν,p(ξ + h), Pν,p(ξ)) dξ −

∑

p+ξν∈JP
U(P+(p+ ξν), P−(p+ ξν))

∣∣∣∣∣∣
≤ ε′

for 0 < h < δ′. Then, arguing like in (A.9),

lim sup
ε→0+

∣∣∣∣∣∣

∫ ∞

0
ηε(h)

1

h

∫

R
U(Pν,p(ξ + h), Pν,p(ξ)) dξ dh−

∑

p+ξν∈JP
U(P+(p+ ξν), P−(p+ ξν))

∣∣∣∣∣∣

≤ ε′ lim sup
ε→0+

∫ δ′

0
|ηε(h)| dh+ 2ρ(2∥P∥∞)|DPν,p|(R) lim sup

ε→0+

∫ ∞

δ′
|ηε(h)| dh

≤ Cηε
′.

Take ε′ → 0+ to conclude∫ ∞

0
ηε(h)

1

h

∫

R
U(Pν,p(ξ + h), Pν,p(ξ)) dξ →

∑

p+ξν∈JP
U(P+(p+ ξν), P−(p+ ξν))

for almost all p ∈ Πν . We finally arrive at

lim
ε→0+

∫

Πν

∫∫
ηε(|ξ1 − ξ2|)

U(P (p+ ξ1ν), P (p+ ξ2ν))

|ξ1 − ξ2|
dξ1 dξ2 dp

= 2

∫

Πν

∑

p+ξν∈JP
U(P+(p+ ξν), P−(p+ ξν))dp

= 2

∫

JP

U(P+(p), P−(p))|ν · νP (p)| dHd−1(p).

The application of dominated convergence in the first equality is justified by (A.9). The
second equality follows from the area formula like the final step in the proof of Lemma A.10

■

A.4. Approximation. For the final step of the proof of Theorem 1.1 we need a few ap-
proximation results for ˙BV functions. Our first two results are known. We include proofs
for completeness.

Lemma A.12. Let P ∈ ˙BV (Rd;CN ) ∩ L∞. There is a sequence (Pn) ⊆ ˙BV of simple
functions such that

∥P − Pn∥∞ → 0, |Pn| ≤ CN |P |, |DPn|(Rd) ≤ Cd,N |DP |(Rd).
Proof. Splitting into components, real and imaginary parts, and then positive and negative
parts we can assume that 0 ≤ P ≤ 1 almost everywhere. For n ∈ N and 0 ≤ j ≤ n − 1 we
can choose j/n < tj,n < (j + 1)/n such that

|D1{P>tj,n}|(Rd) ≤ n

∫ (j+1)/n

j/n
|D1{P>t}|(Rd) dt.
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Set Ej,n = {tj,n < P ≤ tj+1,n} for 0 ≤ j ≤ n−1 with tn,n = 1, and define Pn =
∑n−1

j=0
j
n1Ej,n .

Clearly Pn ≤ P ≤ Pn+2/n. By the coarea formula for BV functions, see [1, Theorem 3.40],
we also have

|DPn|(Rd) =
n−1∑

j=1

∫ j/n

(j−1)/n
|D1{Pn>t}|(Rd) dt =

n−1∑

j=1

1

n
|D1{P>tj,n}|(Rd)

≤
n−1∑

j=1

∫ (j+1)/n

j/n
|D1{P>t}|(Rd) dt ≤ |DP |(Rd).

■

Lemma A.13. Suppose P ∈ ˙BV (Rd;CN ) ∩ Ld/(d−1) if d ≥ 2 and P ∈ ˙BV (R,CN ) with
P ∗(p) → 0 as |p| → ∞ if d = 1. If (χR) ⊆ C∞

c is a sequence of cutoffs such that

0 ≤ χR ≤ 1, χR = 1 on BR, suppχR ⊆ B2R, |∇χR| ≤ C/R,

then

|D(1− χR)P |(Rd) → 0

as R→ ∞.

Proof. We can compute the distributional derivative

D(1− χR)P = (1− χR)DP − (∇χR)DP,
hence

|D(1− χR)P |(Rd) ≤ |DP |(Bc
R) +

∫
|P (p)||∇χR(p)| dp.

Clearly |DP |(Bc
R) → 0 as R→ ∞. If d ≥ 2, then

∫
|P (p)||∇χR(p)| dp ≤ ∥∇χR∥d∥1{R≤|p|≤2RP∥d/(d−1) ≤ C∥1{R≤|p|≤2RP∥d/(d−1) → 0,

while for d = 1, ∫
|P (p)||∇χR(p)| dp ≤ C sup

|p|≥R
|P ∗(p)| → 0.

■

The space ˙BV (Rd;MN ) ∩ L∞ forms an algebra under pointwise multiplication with

∥PQ∥ ˙BV ≤ ∥P∥ ˙BV ∥Q∥∞ + ∥Q∥ ˙BV ∥P∥∞, P,Q ∈ ˙BV (Rd;MN ) ∩ L∞,

see [1, (3.10)]. Our final goal in this section is to give a condition for the convergence of

pointwise products of the form P 1
n . . . P

m
n → P 1 . . . Pm in ˙BV . It is necessary to control

each sequence (P kn ) pointwise Hd−1 almost everywhere, which is achieved by passing to
a subsequence. The following fundamental result seems non-standard in the literature on
bounded variation functions. We refer to [9, Corollary 4.3] for a proof. The result is also
mentioned in [24].

Lemma A.14. Let (Pn) ⊆ ˙BV (Rd;CN ) and assume that there is P ∈ ˙BV such that Pn → P

in ˙BV and in L1
loc. Then there is a subsequence (nk) such that P ∗

nk
(p) → P ∗(p) for Hd−1

almost all p ∈ Rd.

Lemma A.15. Let m ≥ 1 and consider sequences (P in) ⊆ ˙BV (Rd;MN )∩L∞, i = 1, . . . ,m,

with supi,n∥P in∥∞ < ∞. Assume that P in → P i in ˙BV and that (P in)
∗(p) → (P i)∗(p) for

Hd−1 almost every p ∈ Rd for i = 1, . . . ,m. Then

P 1
n . . . P

m
n → P 1 . . . Pm

in variation as n→ ∞.
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Proof. Arguing component wise and splitting into real and imaginary parts we can assume
all functions are real valued. Furthermore, we only need to consider the case m = 2 by
a simple induction argument. So consider sequences (Pn), (Qn) ⊆ ˙BV (Rd;R) ∩ L∞ with

∥Pn∥∞, ∥Qn∥∞ ≤ K for all n ≥ 1, and assume that Pn → P and Qn → Q in ˙BV and that
P ∗
n(p) → P ∗(p) and Q∗

n(p) → Q∗(p) for Hd−1 almost every p. Note that |P ∗(p)|, |P ∗
n(p)| ≤ K

for Hd−1 almost all p, similarly for Q.
For general f ∈ ˙BV denote D̃f = Df −Djf the diffuse part of the derivative. Note that

D̃f ≪ Hd−1 always. By the chain rule for ˙BV functions, [1, Theorem 3.96], we find

D̃(PnQn − PQ) =
(
P ∗
nD̃Qn − P ∗D̃Q

)
+
(
Q∗
nD̃Pn −Q∗D̃P

)
.

Taking total variation on both sides we conclude that

|D̃(PnQn − PQ)|(Rd) ≤ 1
2 |P ∗ − P ∗

n ||D̃(Q+Qn)|(Rd) + 1
2 |P ∗ + P ∗

n ||D̃(Q−Qn)|(Rd)
+ 1

2 |Q∗ −Q∗
n||D̃(P + Pn)|(Rd) + 1

2 |Q∗ +Q∗
n||D̃(P − Pn)|(Rd).

We bound |D̃(Q + Qn)| ≤ 2|D̃Q| + |D̃(Q − Qn)| and use that |Q∗(p)|, |Q∗
n(p)| ≤ K almost

everywhere with respect to all relevant measures, and similarly for P . Conclude

|D̃(PnQn − PQ)|(Rd) ≤ 2K|D̃(P − Pn)|(Rd) + 2K|D̃(Q−Qn)|(Rd)
+ |P ∗ − P ∗

n ||D̃Q|(Rd) + |Q∗ −Q∗
n||D̃P |(Rd)

→ 0

as n→ ∞ by dominated convergence.
The argument for the jump part is entirely similar. Firstly we fix orientations νP and

νQ such that νP = νQ on JP ∩ JQ. We then fix νPn = νQn on JPn ∩ JQn ∩
(
JP ∪ JQ) by

choosing the normals to agree with either νP or νQ or both. Finally we choose νPn = νQn

on (JPn ∩ JQn) \ (JP ∪ JQ). These technicalities ensure, for instance,

(PQ− PnQn)
± = P±Q± − P±

n Q
±
n .

We can now compute directly using the chain rule again:

|Dj(PQ− PnQn)|(Rd) =
∫
|
(
P+Q+ − P+

n Q
+
n

)
−
(
P−Q− − P−

n Q
−
n

)
|dHd−1

≤ 1
2

∫
|(P+ − P+

n )(Q+ +Q+
n )− (P− − P−

n )(Q− +Q−
n )|dHd−1

+ 1
2

∫
|(Q+ −Q+

n )(P
+ + P+

n )− (Q− −Q−
n )(P

− + P−
n )|dHd−1

≤ 1
2

∫
|Q∗ +Q∗

n||(P+ − P+
n )− (P− − P−

n )|dHd−1

+ 1
2

∫
|P ∗ − P ∗

n ||(Q+ +Q+
n )− (Q− +Q−

n )| dHd−1

+ 1
2

∫
|P ∗ + P ∗

n ||(Q+ −Q+
n )− (Q− −Q−

n )|dHd−1

+ 1
2

∫
|Q∗ −Q∗

n||(P+ + P+
n )− (P− + P−

n )| dHd−1

Arguing like above this is easily seen to converge to zero as n→ ∞. ■

Appendix B. Some properties of Ḣ1/2 functions

In this Appendix we collect several auxiliary results concerning Ḣ1/2. More precisely,
we prove an approximation result by smooth compactly supported functions, a convergence
result for products, and a uniform bound on one-dimensional sections. We remind the reader
that Ḣ1/2 was introduced in Definition 1.12.
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For the first result we require the Sobolev embedding Ḣ1/2(Rd;Cn) → L
2d
d−1 + Cn, d ≥ 2.

We have not found a reference for this statement in the homogeneous setting, so we include
a proof. The argument is based on the usual Sobolev inequality [30, Theorem 8.4], which

states that if d ≥ 2, P ∈ Ḣ1/2(Rd,CN ), and the set {|P | > ε} has finite measure for all
ε > 0,

∥P∥2d/(d−1) ≤ Cd∥P∥Ḣ1/2 , (B.1)

together with the Poincaré inequality, valid for all d ≥ 1,∫
|P (p)− PR|2 dp ≤ CdR∥P∥2Ḣ1/2 , PR = −

∫

BR

P (p) dp. (B.2)

The latter is a simple consequence of Jensen’s inequality.

Lemma B.1. Let d ≥ 2 and suppose P ∈ Ḣ1/2(Rd;CN ). There is P∞ ∈ CN such that

P − P∞ ∈ L2d/(d−1) and ∥P − P∞∥2d/(d−1) ≤ Cd∥P∥Ḣ1/2.

Proof. Take a family (χR) ⊆ C∞
c , R ≥ 1, satisfying

0 ≤ χR ≤ 1, χR = 1 on BR, suppχR ⊆ B2R, |∇χR| ≤ C/R.

We claim that ∥(P − P2R)χR∥Ḣ1/2 ≤ C∥P∥Ḣ1/2 uniformly in R ≥ 1. We compute directly:

∥(P − P2R)χR∥2Ḣ1/2

≤ 2

∫

|p|≤2R

∫

|q|≤2R

|P (p)− P2R|2|χR(p)− χR(q)|2 + |P (p)− P (q)|2
|p− q|d+1

dq dp

+ 2

∫

|p|≤2R

∫

|q|≥2R

|P (p)− P2R|2χR(p)2
|p− q|d+1

dq dp

≤ 2∥P∥2
Ḣ1/2 + 2

∫

|P |≤2R
|P (p)− P2R|2

∫

Rd

|χR(p)− χR(q)|2
|p− q|d+1

dq dp.

If |p| ≤ 2R, then
∫

Rd

|χR(p)− χR(q)|2
|p− q|d+1

dq

≤
∫

|q|≥3R

1

|p− q|d+1
dq +

∫

|p−q|≤5R

|χR(p)− χR(q)|2
|p− q|d+1

dq

≤ Cd

∫

|q|≥3R
|q|−d−1 dq + CχR

−2

∫

|p−q|≤5R
|p− q|−(d−1) dq

≤ Cd,χR
−1.

We used that for |p| ≤ 2R and |q| ≥ 3R we have |p− q| ≥ 1
3 |q|. Conclude using the Poincaré

inequality (B.2):

∥(P − P2R)χR∥2Ḣ1/2 ≤ 2∥P∥2
Ḣ1/2 + Cd,χR

−1

∫

B2R

|P (p)− P2R|2 dp ≤ Cd,χ∥P∥2Ḣ1/2 .

We next claim that (PR) has a convergent subsequence. Indeed, for n ≥ 0,

|P2n+1 − P2n |2 ≤ Cd2
−2dn

∫

B2n

∫

B2n+1

|P (p)− P (q)|2 dp dq ≤ Cd2
−n(d−1)∥P∥2

Ḣ1/2 ,

so the limit P∞ = P1 +
∑∞

n=0 P2n+1 − P2n exists, and P∞ − P2N =
∑∞

n=N P2n+1 − P2n → 0
as N → ∞. Since the Sobolev inequality (B.1) holds for (P − P2R)χR we finally conclude

∥P − P∞∥2d/(d−1) ≤ lim inf
n→∞

∥(P − P2n+1)χ2n∥2d/(d−1) ≤ Cd lim inf
n→∞

∥(P − P2n+1)χ2n∥Ḣ1/2

≤ Cd,χ∥P∥Ḣ1/2 .

■
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Lemma B.2. Let P ∈ Ḣ1/2(Rd;CN ), and assume in addition that P ∈ L∞ if d = 1. There

is a constant P∞ ∈ CN and a sequence (Pn) ⊆ C∞
c such that Pn + P∞ → P in Ḣ1/2 and

pointwise almost everywhere. Moreover ∥Pn + P∞∥∞ ≤ 3∥P∥∞.

Proof. Arguing component wise we may assume P is scalar valued. Consider first d ≥ 2 and
take P∞ from Lemma B.1 such that P − P∞ ∈ L2d/(d−1). Let (ϕε) be a family of standard
mollifiers and consider a sequence of cutoffs (χR) ⊆ C∞

c satisfying

0 ≤ χR ≤ 1, χR = 1 on BR, suppχR ⊆ B2R, |∇χR| ≤ Cχ/R.

Set PR,ε =
(
χR(P − P∞)

)
∗ ϕε. By the triangle inequality

∥PR,ε − (P − P∞)∥Ḣ1/2 ≤ ∥(P − P∞)(1− χR)∥Ḣ1/2

+ ∥χR(P − P∞)−
(
χR(P − P∞)

)
∗ ϕε∥Ḣ1/2 .

Now, for any n ∈ N, it follows from [7, Lemma B.1] that there is Rn > 0 such that

∥(P − P∞)(1− χR)∥Ḣ1/2 ≤ 1

2n

for R ≥ Rn. This part uses P −P∞ ∈ L2d/(d−1). Similarly, by [7, Lemma A.1] there is εn > 0
such that

∥χRn(P − P∞)−
(
χRn(P − P∞)

)
∗ ϕε∥Ḣ1/2 ≤ 1

2n
for ε ≤ εn. Taking Pn = PRn,εn gives the desired sequence.

The critical case d = 1 is slightly more involved. Since P ∈ L∞ we can take a sequence
Rk → ∞ such that the limit

P∞ = lim
k→∞

Ck, Ck = −
∫

B
R2
k

P (p) dp

exists. Consider this time cutoffs (χR) ⊆ C∞
c , R ≥ 2, with

0 ≤ χR ≤ 1, χR = 1 on BR, suppχR ⊆ BR2 , |∇χR| ≤
Cχ
R2

.

We set Pk,ε =
(
χRk

(P − Ck)
)
∗ ϕε. By the triangle inequality again

∥Pk,ε − (P − P∞)∥Ḣ1/2 ≤ ∥(P − Ck)(1− χRk
)∥Ḣ1/2

+ ∥χRk
(P − Ck)−

(
χRk

(P − Ck)
)
∗ ϕε∥Ḣ1/2 .

Using [7, Lemma B.3] instead of [7, Lemma B.1], the argument is now exactly as for d ≥ 2. ■

Remark B.3. The L∞ assumption for d = 1 is only used to show that −
∫
BR

P (p) dp is uniformly

bounded along a sequence Rk → ∞. For this it is sufficient to assume that P has bounded
mean oscillation.

It is easy to see that Ḣ1/2(Rd;Mn)∩L∞ is an algebra under pointwise multiplication with

∥PQ∥Ḣ1/2 ≤ ∥P∥Ḣ1/2∥Q∥∞ + ∥Q∥Ḣ1/2∥P∥∞, P,Q ∈ Ḣ1/2(Rd;Mn) ∩ L∞. (B.3)

We now show that convergence in Ḣ1/2 respects this product structure under very mild
additional assumptions, similar to the ˙BV case Lemma A.15. A similar claim can be found
in [54] for d = 1.

Lemma B.4. Let m ≥ 1 and consider sequences (P in) ⊆ Ḣ1/2(Rd;MN )∩L∞, i = 1, . . . ,m,

with supi,n∥P in∥∞ <∞. Assume that P in → P i in Ḣ1/2 and pointwise almost everywhere for
i = 1, . . . ,m. Then

P 1
n . . . P

m
n → P 1 . . . Pm

in Ḣ1/2 as n→ ∞.
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Proof. Arguing component wise we may assume all symbols are scalar valued. Furthermore,
we only need to consider the case m = 2 by a simple induction argument. So consider
sequences (Pn), (Qn) ⊆ Ḣ1/2 ∩ L∞ with ∥Pn∥∞, ∥Qn∥∞ ≤ K for all n, and assume Pn → P

and Qn → Q in Ḣ1/2 and pointwise almost everywhere. A tedious rewrite shows, for all
p, q ∈ Rd,

(
P (p)Q(p)− Pn(p)Qn(p)

)
−
(
P (q)Q(q)− Pn(q)Qn(q)

)

=
1

2

((
P (p)− Pn(p)

)
−
(
P (q)− Pn(q)

)) (
Qn(p) +Qn(q)

)

+
1

2

((
P (p)− Pn(p)

)
+
(
P (q)− Pn(q)

)) (
Q(p)−Q(q)

)

+
1

2

((
Q(p)−Qn(p)

)
−
(
Q(q)−Qn(q)

)) (
Pn(p) + Pn(q)

)

+
1

2

((
Q(p)−Qn(p)

)
+
(
Q(q)−Qn(q)

)) (
P (p)− P (q)

)

We need to argue that the original expression converges to zero in L2(dµ(p, q)) where µ is

the measure dµ(p, q) = |p − q|−(d+1)dp dq. Note µ is absolutely continuous with respect to
the Lebesgue measure on R2d. Hence,

∫ ∣∣(P (p)− Pn(p)
)
−
(
P (q)− Pn(q)

)∣∣2|Qn(p) +Qn(q)|2 dµ(p, q)

≤ 4K2

∫ ∣∣(P (p)− Pn(p)
)
−
(
P (q)− Pn(q)

)∣∣2 dµ(p, q)

= 4K2∥P − Pn∥2Ḣ1/2 → 0,

and similarly, since Q(p) − Q(q) ∈ L2(dµ(p, q)) and
(
P (p) − Pn(p)

)
+
(
P (q) − Pn(q)

)
→ 0

for µ-almost all (p, q) ∈ Rd it follows by the dominated convergence theorem that
∫
|
(
P (p)− Pn(p)

)
+
(
P (q)− Pn(q)

)
|2|Q(p)−Q(q)|2 dµ(p, q) → 0.

The remaining two terms are handled by interchanging the roles of P and Q. ■

We finally show a simple yet useful result on one-dimensional sections of Ḣ1/2 functions.
We remind the reader that for ν ∈ Sd−1 and p ∈ Πν we write Pν,p(ξ) = P (p + ξν), ξ ∈ R,
for the corresponding one-dimensional section.

Lemma B.5. Let P ∈ Ḣ1/2(Rd;CN ). Then for all ν ∈ Sd−1 and almost all p ∈ Πν we have

Pν,p ∈ Ḣ1/2(R;CN ), and ∫

Πν

∥Pν,p∥2Ḣ1/2 dp ≤ Cd∥P∥2Ḣ1/2 .

Proof. The statement is trivial for d = 1 so assume d ≥ 2. Assume at first P ∈ C∞
c and fix

ν ∈ Sd−1. Then for all x′ ∈ Πν and t ∈ R

qP (x′ + tν) = (2π)−(d−1)/2

∫

Πν

eix
′·p
(
(2π)−1/2

∫

R
eitξP (p+ ξν) dξ

)
dp.

Hence, by (1.19) and the Plancherel theorem on Πν ,∫

Πν

∥Pν,p∥2Ḣ1/2 dp = 2π

∫

Πν

∫

R
|(Pν,p)∨(t)|2|t| dt = 2π

∫

Πν

∫

R
| qP (x′ + tν)|2|t| dt dx′

2π ≤
∫

Rd

| qP (x)|2|x| dx =
2π

Hd(Sd)
∥P∥2

Ḣ1/2 .

(B.4)

The same estimate extends to P ∈ C∞
c +CN by homogeneity. Now for general P ∈ Ḣ1/2 we

can by Lemma B.2 take (Pn) ⊆ C∞
c +CN such that Pn → P in Ḣ1/2 and almost everywhere.
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By lower continuity and the established claim (B.4)
∫

Πν

∥Pν,p∥2Ḣ1/2 dp ≤
∫

Πν

lim inf
n→∞

∥(Pn)ν,p∥2Ḣ1/2 dp ≤ lim inf
n→∞

∫

Πν

∥(Pn)ν,p∥2Ḣ1/2 dp

≤ 2π

Hd(Sd)
lim inf
n→∞

∥Pn∥2Ḣ1/2 =
2π

Hd(Sd)
∥P∥2

Ḣ1/2 .

■

Appendix C. Geometric estimates and a lemma by Roccaforte

In this Appendix we prove basic volume and area bounds, we establish a variant of [41,
Lemma 2.5] by Roccaforte in the finite perimeter setting, and record an approximation result
on finite perimeter sets.

C.1. Basic area and volume bounds. We here establish basic volume and area bounds
for Lipschitz graphs and sets of finite upper Minkowski. The following is well known. We
include a proof for completeness.

Lemma C.1. Assume Γ ⊆ Rd is contained in a finite union of Lipschitz graphs. Then

Hd−1(Γ ∩Br(z)) ≤ CΓr
d−1,

and

Hd
(
(Γ +Bδ) ∩Br(z)

)
≤ CΓδ r

d−1,

uniformly for r > 0, z ∈ Rd, and δ > 0. If in addition Γ is bounded, then also

Hd
(
Γ +Bδ

)
≤ CΓδ(1 + δ)d−1

for all δ > 0.

Proof. For all estimates we may without loss assume that Γ is contained in a single graph,
Γ ⊆ {p = (p′, pd) ∈ Rd | pd = ψ(p′)} for ψ : Rd−1 → R a Lipschitz function with Lipψ =M .
It follows immediately from the area formula that

Hd−1(Γ ∩Br(z)) ≤
∫

{p′|(p′,ψ(p′))∈Br(z)}

√
1 + |∇ψ(p′)|2 dp′

≤ Hd−1(B1(0
′))
√
1 +M2rd−1.

(C.1)

A simple cone argument shows that

1√
1 +M2

|qd − ψ(q′)| ≤ d(q, {pd = ψ(p′)}) ≤ |qd − ψ(q′)|, q ∈ Rd.

By the coarea formula and the computation from (C.1) we find

Hd
(
(Γ +Bδ) ∩Br(z)

)
≤
∫

{|p−z|≤r, |pd−ψ(p′)|≤
√
1+M2δ}

dp

=

∫ δ
√
1+M2

−δ
√
1+M2

∫

{|p−z|≤r, ψ(p′)=pd+s}

1√
1 + |∇ψ(p′)|2

dHd−1(p) ds

≤
∫ δ

√
1+M2

−δ
√
1+M2

Hd−1
(
{pd = ψ(p′)− s} ∩Br(z)

)
ds

≤ Cd(1 +M2) δ rd−1.

The final claim for bounded Γ follows by taking r large enough. ■
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We remind the reader that sets of finite upper Minkowski content are introduced in Defi-
nition 1.6 by the condition

M∗(Γ) = lim sup
r→0+

Hd(Γ +Br)

2r
<∞.

It is clear that any set with finite upper Minkowski content is bounded, andM∗(Γ) = M∗(Γ).
By arguing directly from the definition of the Hausdorff measure Hd−1, it is straightforward
to show that Hd−1(Γ) ≤ CdM∗(Γ). We finally point out that if M∗(Γ) < ∞, then there is
Cd,Γ > 0 such that

Hd(Γ +Br) ≤ Cd,Γ
(
r + rd

)
(C.2)

uniformly for all r > 0. Indeed, we can take Cd,Γ = 4M∗(Γ) for r small enough, say r ≤ r0.
For r ≥ r0, we can take R > 0 such that Γ ⊆ BR and then bound

Hd(Γ +Br) ≤ Cd(r +R)d ≤ cdr
d

(
1 +

R

r0

)d
.

The claim follows.
We end this subsection with a useful integral estimate involving distance functions.

Lemma C.2. Let Γ ⊆ Rd be a set of finite upper Minkowski content and let s ≥ 1. There is
C = Cs,d,Γ > 0 such that

∫

δ≤d(p,Γ)≤1
d(p,Γ)−s dp ≤ C

{
log(δ−1), s = 1

δ−(s−1), s > 1

uniformly for 0 < δ ≤ 1/2.

Proof. We argue using a dyadic decomposition. Fix 0 < δ ≤ 1/2 and an integer N ≥ 1 such
that 2−N−1 < δ ≤ 2−N . Then, by the coarea formula and (C.2),

∫

δ≤d(p,Γ)≤1
d(p,Γ)−s dp ≤

N∑

n=0

∫

2−n−1≤d(p,Γ)≤2−n

d(p,Γ)−s dp

≤ 2s
N∑

n=0

Hd(Γ +B2−n)2ns ≤ Cd,Γ2
s
N∑

n=0

2n(s−1)

≤ Cs,d,Γ

{
N + 1 s = 1

2(s−1)N , s > 1
.

The claim follows. ■

C.2. A lemma of Roccaforte. Let Ω ⊆ Rd be a set of finite perimeter. In this subsection
we give uniform bounds and compute the leading order asymptotics of the volume term

Hd(Ω \
(
Ω ∩ (Ω + y1) ∩ · · · ∩ (Ω + ym)

)
). (C.3)

in the limit y1, . . . , ym → 0. The term (C.3) appears directly in the integral expansion of the
trace of Sm(P ; Ω). We prove that

Hd(Ω \
(
Ω∩ (Ω+ y1)∩ · · · ∩ (Ω+ ym)

)
) =

∫

FΩ
max

1≤k≤m
{0, νΩ(x) · yk} dHd−1(x) + o(|y|) (C.4)

as max|yi| → 0. Roccaforte [41] showed (C.4) with O(|y|2) error for Ω with C3 boundary
using a tubular neighborhood argument, and Widom [52] left it as a tricky exercise for the
reader in the C1 setting. A full expansion of (C.3) for smooth domains similar to the Weyl
tube formula can be found in [42]. We also refer to [22] who proved a homogeneous version
of (C.4) in the finite perimeter setting with a very different motivation.
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For y = (y1, . . . , ym) ∈ Rdm set Ωy = Ω ∩ (Ω + y1) ∩ · · · ∩ (Ω + ym). We prove (C.4) by

showing that FΩ : Rdm → R given by

FΩ(y1, . . . , ym) = Hd(Ω \ Ωy)−
∫

FΩ
max

1≤k≤m
{0, νΩ(x) · yk} dHd−1(x)

is differentiable at y = 0 with ∇FΩ(0) = 0. Differentiability follows a standard argument:
we show FΩ ∈ W 1,∞ and then that 0 is a Lebesgue point of the weak gradient ∇FΩ. The
argument is closed using Morrey’s inequality. This technique is substantially different than
the arguments from [22,41].

Lemma C.3. Let Ω ⊆ Rd be a set with finite perimeter and let Ω′ ⊆ Rd be a measurable
set such that Hd(Ω ∩ Ω′) = 0. Then the function fΩ,Ω′(y) = Hd(Ω ∩ (Ω′ + y)) is Lipschitz
continuous with distributional gradient

∇fΩ,Ω′(y) =

∫

FΩ
νΩ(x)1Ω′(x− y) dHd−1(x).

In particular Lip fΩ,Ω′ ≤ Per(Ω).

Proof. We first claim that fΩ,Ω′ is locally bounded. For d ≥ 2 this is a simple consequence
of the isoperimetric inequality

fΩ,Ω′(y) ≤ Hd(Ω ∩ (Ωc + y)) ≤ min{Hd(Ω),Hd(Ωc)} <∞.

For d = 1 we can write Ω = ∪Nk=1Ik as a finite union of separated intervals (Ik), see [1,
Proposition 3.52]. It is then elementary to see that

fΩ,Ω′(y) ≤
N∑

k=1

H1(Ik ∩ (Ick + y)) ≤ N |y|,

which gives the claim in this case also.
We can now compute the distributional gradient directly. Let ϕ ∈ C∞

c and compute
formally, here with ⟨·, ·⟩ denoting the dual pairing on C∞

c ,

⟨∇fΩ,Ω′ , ϕ⟩ = −
∫ ∫

1Ω(x+ y)1Ω′(x)∇ϕ(y) dx dy =

∫
1Ω′(x)⟨∇1Ω−x, ϕ⟩ dx

=

∫
1Ω′(x)

∫

FΩ−x
νΩ−x(z)ϕ(z) dHd−1(z) dx

=

∫
1Ω′(x)

∫

FΩ
νΩ(z)ϕ(z − x) dHd−1(z) dx

=

∫
ϕ(x)

(∫

FΩ
νΩ(z)1Ω′(z − x) dHd−1(z)

)
dx.

Only applications of Fubini’s theorem need justification, in particular that
∫ ∫

1Ω(x+ y)1Ω′(x)|∇ϕ(y)| dx dy <∞,
∫ ∫

FΩ
1Ω′(x)|ϕ(z − x)| dHd−1(z) dx <∞.

The first follows since fΩ,Ω′ ∈ L∞
loc and the latter since Hd−1(FΩ) <∞. ■

Introduce also

Ωiy = Ω ∩
(
∩j ̸=i Ω+ yj

)
, i = 1, . . . ,m.

Clearly Ωy and Ωiy are sets of finite perimeter.
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Lemma C.4. Let Ω ⊆ Rd be a set of finite perimeter and let fΩ : Rmd → R be the function
fΩ(y) = Hd(Ω \ Ωy). Then fΩ is Lipschitz continuous and the distributional gradients are
given by

∇yifΩ(y) =

∫

FΩ
νΩ(x)1Ωi

y
(x+ yi) dHd−1(x), i = 1, . . . ,m.

Proof. By symmetry it suffices to fix y′ = (y1, . . . , ym−1) and show that, in the sense of
distributions,

∇ymfΩ(y) =

∫

FΩ
νΩ(x)1Ωm

y
(x+ ym) dHd−1(x).

This is a simple consequence of Lemma C.3. Indeed we can write

fΩ(y) = Hd(Ω ∩ (Ωc + ym)) +Hd(Ω̃ ∩ (Ω + ym)),

where Ω̃ = Ω \ Ωmy is not dependent on ym. Lemma C.3 now gives

∇ymHd(Ω ∩ (Ωc + ym)) = −
∫

FΩc

νΩc(x)1Ω(x+ ym) dHd−1(x)

=

∫

FΩ
νΩ(x)1Ω(x+ ym) dHd−1(x)

and

∇ymHd(Ω̃ ∩ (Ω + ym)) = −
∫

FΩ
νΩ(x)1Ω̃(x+ ym) dHd−1(x).

Hence

∇ymfΩ(y) =

∫

FΩ
νΩ(x)

(
1Ω(x+ ym)− 1Ω̃(x+ ym)

)
dHd−1(x)

=

∫

FΩ
νΩ(x)1Ωm

y
(x+ ym) dHd−1(x),

giving the claim. ■
Lemma C.5. Let Ω ⊆ Rd be a set of finite perimeter and let gΩ : Rdm → R be the function

gΩ(y) =

∫

FΩ
max
1≤i≤m

{0, yi · νΩ(x)} dHd−1(x).

Then gΩ is Lipschitz continuous with weak gradients

∇yigΩ(y) =

∫

FΩ
νΩ(x)1Si

y
(x) dHd−1(x), i = 1, . . . ,m,

where

Siy = {x ∈ FΩ | νΩ(x) · yi > max
j ̸=i

{0, νΩ(x) · yj}}.

Proof. We compute the distributional gradient directly like in Lemma C.3. By symmetry
it suffices to compute the gradient in ym. Formally for ϕ ∈ C∞

c (Rdm)

⟨∇ymgΩ, ϕ⟩ = −
∫

Rdm

∇ymg(y)

∫

FΩ
max
1≤i≤m

{0, νΩ(x) · yi} dHd−1(x) dy

=

∫

FΩ
⟨∇ym max

1≤i≤m
{0, νΩ(x) · yi}, g(y)⟩ dHd−1(x)

=

∫

FΩ

∫
g(y)1Sm

y
(x)νΩ(x) dy dHd−1(x)

=

∫
g(y)

∫

FΩ
1Sm

y
(x)νΩ(x) dHd−1(x) dy.

Applications of Fubini’s theorem are clearly justified. We used the well known fact that if
f ∈W 1,1

loc then max{0, f} ∈W 1,1
loc with weak gradient 1{f>0}∇f . ■
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We are now in a position to prove (C.4).

Lemma C.6. Let Ω ⊆ Rd be a set of finite perimeter and m ≥ 1. Then

lim
y→0

1

|y|

∣∣∣∣Hd(Ω \ Ωy)−
∫

FΩ
max
1≤i≤m

{0, νΩ(x) · yi} dHd−1(x)

∣∣∣∣ = 0

Proof. We use notation from the proofs of Lemmas C.4 and C.5. Set FΩ(y) = fΩ(y)−gΩ(y).
By Lemmas C.4 and C.5 the function FΩ is Lipschitz continuous with weak gradients, for
i = 1, . . . ,m,

∇yiFΩ(y) =

∫

FΩ
νΩ(x)

(
1Ωi

y
(x+ yi)− 1Si

y
(x)
)
dHd−1. (C.5)

By Morrey’s inequality [14, Theorem 4.10] we can estimate

|FΩ(y)| = |FΩ(y)− FΩ(0)| ≤ Cd,m|y|
(
−
∫

B|y|
|∇FΩ(z)|dm+1 dz

)1/(dm+1)
,

so it suffices to show that −
∫
B|y|

|∇FΩ(z)|dm+1 dz → 0 as y → 0. By Jensen’s inequality and

(C.5) we further bound

−
∫

B|y|
|∇FΩ(z)|dm+1 dz ≤ Cd,m,Ω

m∑

i=1

∫

FΩ
−
∫

B|y|
|1Ωi

z
(x+ zi)− 1Si

z
(x)| dz dHd−1(x). (C.6)

The symmetric differences appearing in (C.6) have simple geometric descriptions. Fix
1 ≤ i ≤ m and x ∈ FΩ. Let us write z0 = 0. If z ∈ Rmd and |1Ωi

z
(x+ zi)− 1Si

z
(x)| ≠ 0 then

there is j ̸= i, including the case j = 0, such that either

a) x+ zi − zj ∈ Ωc and νΩ(x) · (zi − zj) ≥ 0

or

b) x+ zi − zj ∈ Ω and νΩ(x) · (zi − zj) ≤ 0.

Introduce the tangent half-planes Π±
x = {v ∈ Rd | ±νΩ(x) · (v − x) ≥ 0} and the tangent

plane defect set Dx =
(
Π+
x ∩ Ωc

)
∪
(
Π−
x ∩ Ω

)
. We conclude that

|1Ωi
z
(x+ zi)− 1Si

z
(x)| ≤

∑

j ̸=i
1Dx(x+ zi − zj).

Returning to (C.6), a simple computation now shows
m∑

i=1

∫

FΩ
−
∫

B|y|
|1Ωi

z
(x+ zi)− 1Si

z
(x)| dz ≤ Cm,d

∫

FΩ

Hd(Dx ∩B2|y|(x))

|y|d dHd−1(x).

The reduced boundary FΩ is rectifiable so

Hd(Dx ∩B2|y|(x))

|y|d → 0 as |y| → 0

for all x ∈ FΩ, see [14, Theorem 5.14]. An application of the dominated convergence theorem
finishes the proof. ■

C.3. Approximation. We need a simple but strong approximation result for sets of finite
perimeter. The following is a minor modification of [40].

Lemma C.7. Let Ω ⊆ Rd, d ≥ 2, be a set of finite perimeter. For all ε > 0 there exists a
measurable set L ⊆ Rd such that

a) ∂L is contained in a finite union of Lipschitz graphs,
b) the set C = {x ∈ FΩ ∩ FL | νΩ(x) = νL(x)} satisfies

Hd−1(FΩ \ C) ≤ ε, Hd−1(FL \ C) ≤ ε,

c) |D(1Ω − 1L)|(Rd) + ∥1Ω − 1L∥1 ≤ ε,
d) either L or Lc is bounded.
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Proof. A construction of a set L with the properties a), b), and c) is given in [40]. If
Hd(Ω) < ∞, then L ∩ BR for R > 0 appropriately chosen will work. Else Hd(Ωc) < ∞ by
the isoperimetric inequality, and we can take a bounded set F satisfying a), b), and c) for
Ωc. Then L = F c works. We leave the details to the reader. ■

Appendix D. Multiscale symbols

We here prove that multiscale symbols scale logarithmically in the Ḣ1/2 norm, and we
give an approximation result. The following proof is inspired by that of [47, Theorem 6.1].

Lemma D.1. Let Γ ⊆ Rd be a set of finite upper Minkowski content. Suppose (Pδ, F )
satisfies a C1(Rd;Cn) multiscale estimate on Γ. Then, for s > 1,

∫∫ |Pδ(p)− Pδ(q)|s
|p− q|d+1

dp dq ≤ Cd,s,Γ∥F∥s∞ log(δ−1) + Cd,s

∫
G(p)s dp.

In particular,

∥Pδ∥2Ḣ1/2 ≤ ∥Pδ∥1/2∞
(
Cd,Γ∥F∥3/2∞ log(δ−1) + Cd

∫
G(p)3/2 dp

)
.

Here G(p) = sup|p−q|≤ℓδ(p) F (q).

Proof. First split
∫∫ |Pδ(p)− Pδ(q)|s

|p− q|d+1
dp dq

=

∫∫

|p−q|≤ℓδ(p)

|Pδ(p)− Pδ(q)|s
|p− q|d+1

dp dq +

∫∫

|p−q|≥ℓδ(p)

|Pδ(p)− Pδ(q)|s
|p− q|d+1

dp dq.

Now if |p− q| ≤ ℓδ(p) then |Pδ(p)−Pδ(q)| ≤ Cd|p− q|ℓδ(p)−1G(p). Hence, using Lemma C.2,
∫∫

|p−q|≤ℓδ(p)

|Pδ(p)− Pδ(q)|s
|p− q|d+1

dp dq ≤ Cd,s

∫
G(p)s

ℓδ(p)
dp

≤ Cd,s∥F∥s∞
∫

d(p,Γ)≤1
ℓδ(p)

−1 dp+ Cd,s

∫
G(p)s dp

≤ Cd,s,Γ∥F∥s∞ log(δ−1) + Cd,s

∫
G(p)s dp.

Similarly, if |p− q| ≥ ℓδ(p), then |p− q| ≥ 2
3ℓδ(q), so∫∫

|p−q|≥ℓδ(p)

|Pδ(p)− Pδ(q)|s
|p− q|d+1

dp dq

≤ Cs

∫∫

|p−q|≥ℓδ(p)

|Pδ(p)|s
|p− q|d+1

dp dq + Cs

∫∫

|p−q|≥2
3 ℓδ(q)

|Pδ(q)|s
|p− q|d+1

dp dq

≤ Cd,s

∫ |Pδ(p)|s
ℓδ(p)

dp ≤ Cd,s,Γ∥F∥s∞ log(δ−1) + Cd,s

∫
G(p)s dp.

The remaining claim follows by bounding |Pδ(p)− Pδ(q)|2 ≤ 2∥Pδ∥1/2∞ |Pδ(p)− Pδ(q)|3/2 and
applying the bound for s = 3/2. ■

We also obtain an approximation result for multiscale symbols.

Lemma D.2. Let Γ ⊆ Rd be a set of finite upper Minkowski content and assume that (Pδ)
satisfies a C1(Rd;Cn) multiscale estimate on Γ. Fix κ ∈ N. For all 0 < ε < 1 there is a
family (Pδ,ε) satisfying a Cκ(Rd;Cn) multiscale estimate on Γ such that

∥Pδ − Pδ,ε∥∞ ≤ Cε,

and
∥Pδ − Pδ,ε∥2Ḣ1/2 ≤ Cε1/2 log(δ−1).
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uniformly for 0 < δ ≤ 1/2 and 0 < ε < 1.

Proof. Take an amplitude function F such that (Pδ, F ) satisfies the C
1 multiscale estimate

and set G(p) = sup|p−q|≤ℓδ(p) F (q). We use the partition of unity (ϕu) supplied by Lemma 2.1.
We can write

Pδ(p) =

∫
ℓδ(u)

−dϕu(p)Pδ(p) du.

Let (ηε) be a standard family of mollifiers. We define, for 0 < ε < 1,

Pδ,ε(p) =

∫
ℓδ(u)

−dϕu(p)
(
Pδ ∗ ηεℓδ(u)

)
(p) du.

It follows from the multiscale assumption that for C > 0 only dependent on η and d, for all
|p− u| ≤ ℓδ(u),

∣∣(Pδ ∗ ηεℓδ(u)
)
(p)− Pδ(p)

∣∣ ≤
∫
|Pδ(p+ h)− Pδ(p)|ηεℓδ(u)(h) dh ≤ CεG(u).

Hence, ∥Pδ − Pδ,ε∥∞ ≤ Cε. We now show that (Pδ,ε) satisfies a C1 multiscale estimate on
Γ uniformly in 0 < ε < 1. To this end we bound directly using properties of (ϕu) from
Lemma 2.1 and the multiscale assumption on Pδ,

|∇Pδ,ε(p)| ≤
∫
ℓδ(u)

−d
(
|∇ϕu(p)||Pδ ∗ ηεℓδ(u)(p)|+ ϕu(p)|(∇Pδ) ∗ ηεℓδ(u)(p)|

)
du

≤ C

∫

|p−u|≤ℓδ(u)
ℓδ(u)

−dG(u)ℓδ(u)
−1 du

≤ Cℓδ(p)
−1 sup

|p−u|≤ℓδ(u)
G(u)

We used that ℓδ(p) ∼ ℓδ(u) when |p − u| ≤ ℓδ(u) at the end. It is elementary to see that
sup|p−u|≤ℓδ(u)G(u) ≤ sup|p−q|≤2 F (q) ∈ L1 ∩ L∞, see Remark 2.3. It now follows from
Lemma D.1 that

∥Pδ − Pδ,ε∥2Ḣ1/2 ≤ C∥Pδ − Pδ,ε∥1/2∞ log(δ−1) ≤ Cε1/2 log(δ−1)

uniformly for 0 < ε < 1 and 0 < δ ≤ 1/2.
A similar argument to the one employed above shows that (Pδ,ε) satisfies a C

κ multiscale
assumption; simply place all derivatives of Pδ ∗ ηεℓδ(u) on the η-term. ■
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theorem, J. Math. Anal. Appl. 398 (2013), no. 1, 61–67.

[43] Barry Simon, Trace ideals and their applications, Second, Mathematical Surveys and Monographs,
vol. 120, American Mathematical Society, Providence, RI, 2005.

[44] A. V. Sobolev, Pseudo-differential operators with discontinuous symbols: Widom’s conjecture, Mem.
Amer. Math. Soc. 222 (2013), no. 1043, vi+104.

[45] , Wiener-Hopf operators in higher dimensions: the Widom conjecture for piece-wise smooth do-
mains, Integral Equations Operator Theory 81 (2015), no. 3, 435–449.

[46] Alexander V. Sobolev, On the Schatten-von Neumann properties of some pseudo-differential operators,
J. Funct. Anal. 266 (2014), no. 9, 5886–5911.

[47] , On a coefficient in trace formulas for Wiener-Hopf operators, J. Spectr. Theory 6 (2016), no. 4,
1021–1045.

[48] , Functions of self-adjoint operators in ideals of compact operators, J. Lond. Math. Soc. (2) 95
(2017), no. 1, 157–176.

[49] , Quasi-classical asymptotics for functions of Wiener-Hopf operators: smooth versus non-smooth
symbols, Geom. Funct. Anal. 27 (2017), no. 3, 676–725.
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Paper: Sharp Estimates for
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SHARP ESTIMATES FOR EIGENVALUES OF LOCALIZATION
OPERATORS WITH APPLICATIONS TO AREA LAWS

ALEKSEI KULIKOV AND MARTIN DAM LARSEN

Abstract. We study the eigenvalues of the localization operator SA,B = PAF−1PBFPA,
where F is the Fourier transform and A = cA0, B = B0 for some fixed sets A0, B0 ⊂ Rd

and a large parameter c > 0. For the counting function of the eigenvalues |{n : ε <

λn(A,B) ≤ 1 − ε}| we obtain a sharp uniform upper bound if one of the sets is a finite
disjoint union of parallelepipeds and a bound which is only a single logarithm off the
conjectural optimal bound in the general case. These bounds are applied to the estimation
of traces Tr f(SA,B) for functions f with a very low regularity, in particular establishing
an enhanced area law in the former case.

1. Introduction

1.1. Time-frequency localization operator. For a measurable set A ⊂ Rd by PA we
denote the projection onto A and by QA we denote the Fourier projection onto A

QA = F−1PAF ,

where F is the Fourier transform

Ff(ξ) = f̂(ξ) =

∫

Rd

e−2πix·ξf(x) dx,

whose inverse is
F−1f(x) = f̌(x) =

∫

Rd

e2πix·ξf(ξ) dξ.

For a pair of measurable sets A,B ⊂ Rd by SA,B we denote the time-frequency localiza-
tion operator

SA,B = PAQBPA.

This is a non-negative definite self-adjoint operator on L2(Rd) with the integral kernel

(1.1) SA,B(x, y) = 1A(x)1̌B(x− y)1A(y), x, y ∈ Rd.

If the measures of A and B are finite, SA,B is a trace class operator with Tr(SA,B) = |A||B|.
In particular, it is compact and as such it has a sequence of eigenvalues

1 > ∥SA,B∥ = λ1(A,B) ≥ λ2(A,B) ≥ . . . ≥ 0.
1
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We note for future reference that SA,B obviously does not change if we modify A and B

by sets of measure zero.
It can be shown that the eigenvalues remain the same if we swap A and B, that is

λn(A,B) = λn(B,A). The fact that λ1(A,B) is strictly less than 1 says that there does
not exist a non-zero function such that it and its Fourier transform have supports of finite
measure. This is known as the uncertainty principle of Benedicks and Amrein–Berthier
[2, 3]. In this paper we will be studying the finer properties of the distribution of these
eigenvalues.

The usual regime that is considered is when the sets A and B are scalings of some fixed
sets A0, B0. So, we will assume that A = cA0 and B = B0 for a large parameter c. Note
that we do not put a scaling onto B, as it can be transferred to the scaling on A by an
affine change of variables without altering the eigenvalues. More general affine changes of
variables will play a role in our proofs later.

The goal of the present paper is to study the distribution of eigenvalues λn(cA0, B0). We
expect that the eigenvalues exhibit a phase transition: the first ≈ cd|A0||B0| eigenvalues
are very close to 1, then there are only ≍ cd−1 log c intermediate eigenvalues away from 0

and 1, and after that the eigenvalues decay to 0 extremely fast. The intermediate part of
the spectrum is usually referred to as the plunge region. This picture is particularly clear
in dimension 1 in the case when A0 and B0 are fixed intervals, where the exact limiting
behaviour and very precise uniform estimates of the eigenvalues are known [6,10,18,21,22],
see also Section 2 below.

In higher dimensions much less is known as the geometry of sets A0, B0 starts to play
a significant role. To describe the results, let us introduce the counting functions for the
eigenvalues.

(1.2)

Nε(A,B) = |{n : λn(c) > ε}|,

Λ+
ε (A,B) =

∣∣∣∣
{
n : 1− ε > λn(c) >

1

2

}∣∣∣∣ ,

Λ−
ε (A,B) =

∣∣∣∣
{
n :

1

2
≥ λn(c) > ε

}∣∣∣∣ ,

Λε(A,B) = Λ+
ε (A,B) + Λ−

ε (A,B) = |{n : 1− ε ≥ λn(c) > ε}|.

We chose this arrangement of strict and non-strict inequalities to ensure that for 0 < ε < 1
2

we have

(1.3) N1−ε(A,B) = N1/2(A,B)− Λ+
ε (A,B), Nε(A,B) = N1/2(A,B) + Λ−

ε (A,B).

Of course, for all applications whether we have strict or non-strict inequalities is immaterial.
2
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Previous results established bounds on Nε(cA0, B0) and Λε(cA0, B0) under strong enough
assumptions on the boundaries ∂A0 and ∂B0. In particular, Sobolev [26] established a two-
term asymptotic formula for Nε(cA0, B0) for fixed ε > 0. There are also several uniform
estimates on Nε(cA0, B0) and Λε(cA0, B0) with ε→ 0 as c→ ∞ [12, 14,17,23].

In this work we establish estimates on Λε(cA0, B0) which are on the one hand better
than all of the previously obtained estimates, in particular being sharp in some cases, and
on the other hand requiring much weaker and more natural geometric conditions on the
sets A0, B0.

The form of our results depends on the assumptions we put on the sets A0, B0. If
both of them are axis-parallel boxes then we can leverage known estimates in the one-
dimensional case to establish precise two-sided estimates on Λ±

ε (cA0, B0). If one of the sets
is a disjoint finite union of parallelepipeds and the other satisfies a very weak boundary
regularity condition then we have sharp uniform bounds on Λ±

ε (cA0, B0) from above. This
in particular allows us to find two-term asymptotics for Trf(SA,B) for very rough functions
f . For the general case, the bound we obtain is off the conjectural one by at most a single
logarithm. We will now present the cases we consider in the increasing order of generality.

1.2. Case of two boxes. In this section we consider the case A = [0, a]d, B = [0, b]d. Since
the variables separate, the operator SA,B splits into a tensor power SA,B =

(
S[0,a],[0,b]

)⊗d.
In particular, the eigenvalues depend only on the product c = ab, and we get that the
eigenvalues of SA,B are all the products of d eigenvalues of the operator S[0,a],[0,b] counted
with multiplicity. Using this we can generalize all of the estimates on the counting functions
from dimension 1 to higher dimensions with a simple combinatorial argument.

Theorem 1.1. Consider A = B = [0, 1]d, d ≥ 1, and c ≥ 2. There exists αd ≥ 4 such that

(1.4) Λ±
ε (cA,B) ≲ cd−1 log(1

ε
) log

(
αd c

log
(
1
ε

)
)

uniformly for all α−c
d < ε < 1/2. Moreover, if ε < c−αd then we also have

(1.5) Λ±
ε (cA,B) ≳ cd−1 log(1

ε
) log

(
αd c

log
(
1
ε

)
)

If ε ≤ α−c
d then there are no eigenvalues larger than 1− ε and

(1.6) Λ−
ε ≍




log(1
ε
)

log

(
log( 1

ε)
c

)




d

.
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The same tensor product structure can also be employed if A and B are axis-parallel
boxes with not necessarily equal side lengths. In this way, by the same combinatorial
argument, we get the following slightly more general result.

Proposition 1.2. Let d ≥ 1 and I1, . . . , Id and J1, . . . , Jd be fixed closed and finite inter-
vals. Set A = I1 × · · · × Id and B = J1 × · · · × Jd. Then the conclusion of Theorem 1.1
holds, except αd now also depends on the intervals (Ik), (Jk).

1.3. General case. For general sets A,B the operator SA,B no longer splits into a ten-
sor product, and the precision of our results will depend on the geometries of A and B.
Specifically, we will either assume that they are disjoint finite unions of parallelepipeds, or
that they are bounded and their boundaries have finite upper Minkowski content.

Definition 1. A set Γ ⊂ Rd is said to be of finite upper Minkowski content if

lim sup
r→0+

|{x ∈ Rd : dist(x,Γ) < r}|
2r

<∞.

It is well known that for ∂A regular enough, the limit limr→0+
|{x∈Rd:dist(x,∂A)<r}|

2r
exactly

agrees with the perimeter of A. Here "regular enough" includes any bounded set with
Lipschitz (or C1) boundary, see [1, Theorem 2.106]. Note that since 2r goes to 0 when
r → 0+, any set of finite upper Minkowski content has zero Lebesgue measure.

It is also not hard to see that, in general, if Γ has finite upper Minkowski, then Γ must
must be bounded. For d ≥ 2 the boundary of the set A ⊂ Rd is bounded if and only
if either A or Rd\A is bounded; if d = 1 then either A or Rd\A is bounded, or each of
them contains a ray. In either case, the only option for A to have finite measure is if A is
bounded, so we will always assume that all of our sets are bounded.

Definition 2. We call a set A a parallelepiped if there exists an invertible d× d matrix M
and a vector b ∈ Rd such that A =M [0, 1]d + b.

Theorem 1.3. Assume that A is a bounded set whose boundary has finite upper Minkowski
content and B is a finite union of parallelepipeds with disjoint interiors such that both A
and B have positive measures. There exists α = α(d,A,B) ≥ 4 such that for all c ≥ 2 and
α−c < ε < 1

2
we have

(1.7) Λε(cA,B) ≲ cd−1 log(1
ε
) log

(
α c

log
(
1
ε

)
)
.
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For ε ≤ α−c there are no eigenvalues larger than 1− ε and

(1.8) Λ−
ε (cA,B) ≍




log(1
ε
)

log

(
log( 1

ε)
c

)




d

.

Remark 1.4. If we restrict to finite unions of axis-parallel boxes then we do not have to
assume that their interiors are disjoint, as we can do a finite subdivision to make them
disjoint.

Remark 1.5. We need to assume that A and B have positive measures only to ensure that
we have a lower bound in (1.8), since if A or B has zero measure then SA,B = 0 and all of
the eigenvalues are zero.

Theorem 1.6. Assume that A and B are bounded sets whose boundaries have finite upper
Minkowski content and such that both A and B have positive measures. There exists α =

α(d,A,B) ≥ 4 such that for all c ≥ 2 and α−c < ε < 1
2

we have

Λε(cA,B) ≲ cd−1 log(1
ε
) log2

(
α c

log
(
1
ε

)
)
.

For ε ≤ α−c there are no eigenvalues larger than 1− ε and

Λ−
ε (cA,B) ≍




log(1
ε
)

log

(
log( 1

ε)
c

)




d

.

When we pass from Theorem 1.3 to Theorem 1.6 we have to put an additional square

on the term log

(
α c

log
(
1
ε

)

)
. While we believe that this effect does not actually take place,

we are currently unable to remove it.

Remark 1.7. In both of these results we are also able to vary A and B with c as long as
they remain uniformly bounded, contain uniformly bounded from below balls inside of them
and we have uniform bounds in the definition of finite upper Minkowski content for their
boundaries for all 0 < r < 1, say. We leave these routine generalizations to the interested
reader.

Arguments similar to our proof of Theorem 1.1 have already appeared in the literature,
see e.g. [12] and [17]. However, both of them relied on estimates of Karnik, Romberg and
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Davenport [18], which are not the strongest available bounds in all regimes in dimension
1, see Section 2 below. In particular, in the regime ε < αcd, while we obtain at worst

Λ−
ε (cA,B) ≲

(
log

1

ε

)d
,

their upper bound is
(
log c log 1

ε

)d, that is, they are losing a factor of at least (log c)d.
For the general case, our assumption of boundaries having finite upper Minkowski content

is weaker than all of the assumptions previously appearing in the literature, particularly
the maximally Ahlfors regular boundary assumption in [14, 23], see [1, Theorem 2.104].
Moreover, our estimates in all regimes are at least one logarithm better than the bounds
obtained in these papers, in particular being sharp in the setting of Theorem 1.3. In the
proof strategy below we will highlight the key new estimates which allowed us to get this
improvement.

The previous best estimate in the case of Theorem 1.3 is due to Israel and Mayeli [17].
They used wave packet basis to get a bound of the form

Λε(cA,B) ≲δ c
d−1(log c)2+δ

in the regime ε ∼ 1
cs

with fixed s > 0 for any δ > 0, thus being only (log c)δ away from
our result. In the proof they relied on Gevrey classes, that is on the possible decay of
the Fourier transform of the compactly supported functions. Thus, due to the Beurling–
Malliavin theorem [4], it is not possible to use their approach to match our result even in
this regime. The same applies to the recent work [15] compared to our Theorem 1.6.

1.4. Proof strategy. The first step in all of our arguments is the S − S2 trick. We have
ε < λ < 1 − ε if and only if ε(1 − ε) < λ(1 − λ). For the time-frequency localization
operator SA,B we have

SA,B − S2
A,B = PAQBQBPA − PAQBPAQBPA = PAQB(1− PA)QBPA = PAQBPAcQBPA,

where Ac is the complement of A. This latter expression is equal to T ∗T where T =

PAcQBPA. Therefore, we have to bound from above the number of singular values of T
larger than

√
ε(1− ε).

Next, we want to partition the sets A and B into smaller sets and write T as a sum of
operators

T =
∑

k,l

PAcQBl
PAk

.

In our initial argument we applied Weyl’s inequality to this sum, following the approach
in [18]. However, there the authors decomposed T as a sum of only 3 operators, so it was
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enough for them to divide ε by 3. In our setting the number of terms is of order cd, so this
approach gave sharp results only for ε < 1

cd
. Instead of applying Weyl’s inequality, we will

use the p-Schatten quasi-norm approach from [14].
Let K : H → H be a compact operator from a Hilbert space H to itself. Let σ1(K) ≥

σ2(K) ≥ . . . ≥ 0 be the sequence of its singular values. For 0 < p < ∞ we define its
p-Schatten quasi-norm by

∥K∥pp =
∞∑

k=1

σk(K)p.

If K is not compact then we define ∥K∥p = ∞.
For p = 1

2 log 1
δ

with 0 < δ < 1
2

we have

(1.9) ∥K∥pp ≥
∑

k:σk(K)≥δ
σk(K)p ≥ 1√

e
|{k : σk(K) ≥ δ}|,

where in the second step we used that δp = 1√
e
. Thus, the number of singular values larger

than δ is at most
√
e∥K∥pp. Note that for all 0 < δ < 1

2
we have 0 < p < 1. The key

non-trivial fact [5, Theorem 11.5.9] about the p-Schatten quasi-norms for 0 < p < 1 is that
they satisfy the following subadditivity property

(1.10) ∥K1 +K2∥pp ≤ ∥K1∥pp + ∥K2∥pp.

Thus, it suffices to estimate the p-Schatten quasi-norms of the operators PAcQBl
PAk

with
p = 1

log( 1
ε(1−ε)

)
.

For clarity we will describe our decomposition only when B = [0, 1]d and A is a set
with boundary of finite upper Minkowski content. In this case we do not partition B.
The partition (Ak) of A will arise from the Whitney decomposition of the interior of A
into dyadic cubes. We keep all the cubes in the Whitney decomposition with side lengths
larger than some threshold 2−D, and cover the remaining part by sets contained in cubes
with side length 2−D. This gives (Ak). From the assumption that ∂A has finite upper
Minkowski content we can estimate the number of cubes with side length 2t by C2−(d−1)t

for a constant C.
For a single term of the form PUQV PW it is easy to see that if we enlarge U or W

then the singular values can only increase. For the cube Ak from our partition we will
enlarge Ac to the complement of (2Ak) which contains Ac by the properties of the Whitney
decomposition. In the case of cubes at the threshold we enlarge Ac to the whole Rd and
also enlarge Ak to the corresponding cube with side length 2−D containing it.
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Splitting (2Ak)
c additionally into 2d − 1 regions, we can reduce the analysis of

P(2Ak)cQBPAk
and QBPAk

to the study of tensor products of the one-dimensional oper-
ators

Ir = Q[0,1]P[0,r] and Jr = P(−∞,−2r]∪[2r,+∞)Q[0,1]P[−r,r].

Note that Ir is just the usual time-frequency localization operator, while Jr comes from
the separation in the Whitney decomposition. For these operators we show the following
estimates on the singular values.

Lemma 1.8. There exist τ > 0, C > 0, and r0 > 0 such that for all r > r0 and all n ∈ N
we have

σn(Ir) ≤




1, n < 10r,

Ce−τn, n ≥ 10r,

σn(Jr) ≤ Ce−τn.

The estimate for σn(Ir) follows from Theorem 2.5 stated below (and is also explicitly or
implicitly contained in many previous publications, see e.g. [7, 24]), but we will present a
self-contained complex-analytic proof inspired by [21].

The proof of the estimate for σn(Jr) uses the precise structure of the kernel of Jr.
Specifically, it is possible to decompose Jr =

∑∞
n=0 Jr,n into a sum of rank 2 operators

Jr,n with ∥Jr,n∥ ≲ 2−n, from which the result follows. Let us remark that our initial
argument was more involved and proceeded through the low displacement-rank structure
and Zolotorev numbers estimates employed by Karnik, Romberg and Davenport in [18].

The fact that the estimate for σn(Jr) does not depend on r is the key new ingredient
in our proof compared to the argument in [14]. It ultimately stems from our use of the
separation condition in the Whitney decomposition which was not used in the previous
works.

Doing the combinatorial argument similar to the proof of Theorem 1.1, combining all of
our summands by means of (1.10) and carefully choosing the threshold D for the Whitney
decomposition we get the desired estimate for ε > α−c. For ε ≤ α−c we can simply compare
with the case of two boxes, as this is exactly the regime when the boundary term becomes
proportional to the volume term.

1.5. Area laws. We are interested in the traces Trf(SA,B) for general functions f :

[0, 1] → C. For a compact self-adjoint operator T : H → H with eigenvalues 1 ≥ λ1 ≥
λ2 ≥ . . . ≥ 0 and corresponding normalized eigenvectors v1, v2, . . . we define f(T )(v) :=∑∞

n=1 f(λn)⟨v, vn⟩vn. This operator is trace class whenever Trf(T ) =
∑∞

n=1 f(λn) con-
verges absolutely. We will always assume that f(0) = 0 for convenience since all operators
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that we consider have infinite-dimensional kernels. First, we establish results guaranteeing
that f(T ) is trace class.

For a function f : [0, 1] → C we let M0f(t) = sup0≤x≤t |f(x)| and M1f(t) =

sup1−t≤x≤1 |f(1)− f(x)|.

Definition 3. Consider a function f : [0, 1] → C. We call f trace class admissible for
L2(Rd) if there is δ > 0 such that

(1.11)
∫ δ

0

M0f(ε) log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε <∞.

Note that for any trace class admissible for L2(Rd) function f we must necessarily have
limx→0+ f(x) = f(0) = 0.

Theorem 1.9. If A,B ⊆ Rd are bounded sets and f is trace class admissible for L2(Rd),
then f(SA,B) is trace class.

Theorem 1.10. Let A,B ⊆ Rd be such that SA,B is compact and such that their interiors
are non-empty. If f : [0, 1] → C is such that |f(x)| is non-decreasing near 0 and f(SA,B)
is trace class then f is trace class admissible for L2(Rd).

We now turn to our main application of the uniform bounds from Theorem 1.1 and
Theorem 1.3, namely to compute a two-term asymptotic formula for Tr f(ScA,B) in the limit
c → ∞ for extremely general functions f . As an input we use the corresponding formula
for polynomials f . For d = 1 this is supplied by the work of Landau and Widom [22]. The
higher dimensional case is considerably more difficult. The formula was conjectured by
Widom [29] and much later established by Sobolev [26] for regular enough sets A and B.
For the context of the present paper, we rely on the sharp generalization of Sobolev’s result
from the recent work [9] by Fournais, Seiringer, Solovej, and the second author. It was
established that, for polynomials f and sets A, B with finite measure and finite perimeter,

(1.12)
Tr f(ScA,B)

= cd|A||B|f(1) + cd−1 log(c)I(A,B)

∫ 1

0

f(θ)− f(1)θ

θ(1− θ)
dθ + o(cd−1 log(c)),

as c → ∞, for a certain boundary coefficient I(A,B). If A and B are sets with C1

boundaries, then

I(A,B) =
1

4π2

∫

∂A

∫

∂B

|νA(x) · νB(p)| dHd−1(p) dHd−1(x),
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where νA and νB denote the interior normals to A and B, respectively, and dHd−1 is the
d− 1-dimensional Hausdorff measure. Tools from geometric measure theory are necessary
to describe the coefficient in the finite perimeter setting. We refer to [9] for the details.

For our work it is important to note that if the boundary of a set has finite upper
Minkowksi content then this set has finite perimeter, thus (1.12) applies in our case. This is
so because any set of finite upper Minkowski content has finite d−1-dimensional Hausdorff
measure (see e.g. Lemma 4.5 below) and the fact that if the boundary of a set has finite
d−1-dimensional Hausdorff measure then it has finite perimeter [1, Proposition 3.62]. Note
that even in this case the factor I(A,B) can only be defined with the help of geometric
measure theory.

Since Sobolev’s original result, significant effort has been put to extend the two-term
asymptotic formula (1.12) from polynomials to rougher spectral functions [27, 28]. This
is in part motivated from physics. Here it was realized by Gioev and Klich [11] that
the trace Trf(ScA,B), with f(θ) = −θ log(θ) − (1 − θ) log(1 − θ) or related Rényi entropy
functions, appears directly in the expression for the bipartite entanglement entropy for free
Fermionic systems in the ground state. In this context, the domain B represents the Fermi
sea of the Fermionic operator and A represents the spatial subsystem. Since the entropy
functions satisfy f(1) = 0, the formula (1.12) expresses that Tr f(ScA,B) ∼ cd−1 log(c),
which is referred to as an enhanced area law in the physics literature. See [8] for relevant
background.

Previously, Sobolev carried out the extension argument relying on uniform Schatten
quasi-norm estimates of the involved operators [28], which allowed f with Hölder-type
singularities. With the much more precise spectral bounds from Theorem 1.1 and Theorem
1.3, we are able to push this much further, in particular obtaining essentially necessary
and sufficient conditions on the function f .

Definition 4. Consider a function f : [0, 1] → C. We call f area law admissible if

(1.13)
∫ 1

0

M0f(ε) +M1f(ε)

ε
dε <∞.

Theorem 1.11. Let A ⊆ Rd be a bounded set whose boundary has finite upper Minkowski
content and let B be a finite union of parallelepipeds with disjoint interiors. Assume that
f is both area law admissible and trace class admissible for L2(Rd). There exist c0(f, A,B)

and C(A,B) such that for c > c0(f, A,B) we have

(1.14) |Tr f(ScA,B)− cd|A||B|f(1)| ≤ C(A,B)cd−1 log(c)

∫ 1

0

M0f(ε) +M1f(ε)

ε
dε.
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If in addition f is Riemann integrable on [ε, 1− ε] for all 0 < ε < 1
2

then we also have

(1.15)
Tr f(ScA,B)

= cd|A||B|f(1) + cd−1 log(c)I(A,B)

∫ 1

0

f(θ)− f(1)θ

θ(1− θ)
dθ + o(cd−1 log(c)),

as c→ ∞.

Remark 1.12. It is crucial for us that C(A,B) does not depend on f . On the other hand,
c0(f, A,B) can and will depend on f , specifically on the integral in the definition of trace
class admissibility for L2(Rd).

For d = 1 every f which is area law admissible is automatically trace class admissible
for L2(Rd). On the other hand, for every d ≥ 2 there exists a function which is area
law admissible but which is not trace class admissible for L2(Rd) and which is monotone
near 0. Thus, by Theorem 1.10 for any sets A,B ⊂ Rd with non-empty interiors we have
Trf(SA,B) = ∞ even though f is area law admissible.

Example 1. Let f(θ) = 1
log( 2

θ
)3/2

. Then f is monotone increasing on [0, 1], it is area law

admissible but it is not trace class admissible for L2(Rd) for any d ≥ 2.

For general sets A,B our argument gives an upper bound with one extra logarithm.

Theorem 1.13. Let A,B ⊆ Rd be bounded sets whose boundaries have finite upper
Minkowski content. Assume that f is both area law admissible and trace class admissi-
ble for L2(Rd). There exist c0(f, A,B) and C(A,B) such that for c > c0(f, A,B) we have

|Tr f(ScA,B)− cd|A||B|f(1)| ≤ C(A,B)cd−1 log(c)2
∫ 1

0

M0f(ε) +M1f(ε)

ε
dε.

1.6. Lower order terms for TrS2. If both A and B are finite unions of axis-parallel
boxes then we are able to go further in the expansion in the simplest non-trivial case
f(θ) = θ2. We carry out this computation in part out of mathematical curiosity, but also
because there seems to be some interest from a physics point of view for further terms in the
expansion of Tr f(ScA,B), specifically for f being the entropy function. For instance, Kitaev
and Preskill argued in [19] from a physical understanding of the entanglement entropy that
the constant order term for d = 2 in the expansion of Tr f(ScA,B) should carry topological
information. While it is not our intention to place their claims on a rigorous mathematical
footing, nor to verify them, we still see it as an interesting mathematical problem to obtain
further terms for general functions f .
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Theorem 1.14. Let A,B ⊆ Rd be finite unions of axis-parallel boxes. The trace of S2
A,B

can be computed in terms of the side lengths of boxes constituting A and B by means of
four standard arithmetic operations, exponentiation, taking logarithms and the exponential
integral function E1(z) =

∫∞
z

e−t

t
.

Unfortunately, if A and B consist of respectively n and m boxes then our procedure
gives us of order 9dn2m2 terms, making it fairly infeasible to do in practice. So, we will do
an explicit computation only in the case A = [0, c], B = [0, 1].

Theorem 1.15. The following expansion holds:

TrS2
[0,c],[0,1]

= c− log(c)

π2
− 1 + γ + log(2π)

π2
+

(
2

π
c
(
Si(2πc)− π

2

)
+

cos(2πc)

π2
+

Ci(2πc)

π2

)

= c− log(c)

π2
− 1 + γ + log(2π)

π2

− cos(2πc)

π2

∞∑

n=1

(−1)n
(2n)!− (2n− 1)!

(2πc)2n
− sin(2πc)

π2

∞∑

n=1

(−1)n
(2n+ 1)!− (2n)!

(2πc)2n+1
,

where Si(t) =
∫ t
0

sin(x)
x
dx is the sine integral, Ci(t) = −

∫∞
t

cos(x)
x
dx is the cosine integral

and γ is the Euler–Mascheroni constant. The series is asymptotic, meaning that if we take
the first N terms in both sums then the error will be O

(
1

c2N+2

)
.

Note that the oscillations in TrS2
[0,c],[0,1] start appearing only at O( 1

c2
) term. Our argu-

ment shows that they can potentially appear already in O(1) term, but it turned out that
both O(1) and O(1

c
) oscillating terms cancelled out. We do not have an a priori explanation

for this phenomenon.

1.7. One-term asymptotics. If we are only interested in the first term in the expansion
(1.15) then the conditions on A,B and f can be greatly relaxed, in particular we do not
need to assume anything about the geometries of ∂A and ∂B.

Since for any A,B of finite measure TrSA,B = |A||B| is finite, for any function f : [0, 1] →
C such that |f(θ)| ≤ Cθ, θ ∈ [0, 1] we have that f(SA,B) is trace class. If in addition we
assume that f is continuous at 1 then we can establish a one-term asymptotic formula for
Trf(ScA,B).

Theorem 1.16. Let A,B ⊆ Rd be sets with finite measure. If f : [0, 1] → C is continuous
at 1 and satisfies |f(θ)| ≤ Cθ for some C > 0, then

(1.16) Tr f(ScA,B) = cd|A||B|f(1) + o(cd),
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as c→ ∞.

Although the condition |f(θ)| ≤ Cθ might seem restrictive, in this generality it is actually
the optimal one.

Proposition 1.17. Given a function f such that limx→0+
|f(x)|
x

= ∞ and a set B ⊆ R with
finite and positive measure, there exists a set A ⊆ R of finite measure such that f(SA,B) is
not trace class.

In particular, this applies to the entropy function f(θ) = −θ log(θ)− (1− θ) log(1− θ).
On the other hand, if the sets A and B are bounded then we can replace the assumption

|f(θ)| ≤ Cθ with the assumption of f being bounded and trace class admissible for L2(Rd)

as in Theorem 1.11.

Theorem 1.18. Let A,B ⊆ Rd be bounded sets and assume that f is bounded, trace class
admissible for L2(Rd) and that f is continuous at 1. Then

Tr f(ScA,B) = cd|A||B|f(1) + o(cd),

as c→ ∞.

2. Previous results on one-dimensional operators

In this section we will collect previous results on the distribution of eigenvalues of SA,B
in the simplest case when A and B are one-dimensional intervals and restate them in
the form that will be convenient for our use. By rescaling we can always assume that
A = [0, c], B = [0, 1] so that we have a sequence (λn(c)) of eigenvalues of SA,B. The first
result about their behaviour was found by Slepian [25] and rigorously proved by Landau
and Widom [22].

Theorem 2.1. For all bounded intervals A,B ⊆ R and all fixed 0 < a < 1 we have

Na(A,B) = |A||B|+ 1
π2 log

(
1−a
a

)
log(|A||B|) + o(log(|A||B|)),

as |A||B| → ∞.

Note that this result is slightly different from the statement in [22] as we use a different
normalization of the Fourier transform. This also applies to some of the following results.

Their proof proceeded by first establishing two-term asymptotics for TrSnA,B for all pow-
ers n ∈ N (even with O(1) error term) and then approximating characteristic function of an
interval by polynomials. However, since their argument had extremely poor uniformity in
n and thus extremely poor uniformity in a, it is virtually impossible to use their estimates
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to bound Na(A,B) and Λa(A,B) for varying a. So, there was a lot of research on uniform
estimates for these numbers when a is varying [6, 16,20]. One of the best results, which is
at the same time completely uniform, sharp and explicit, was recently obtained by Karnik,
Romberg and Davenport [18].

Theorem 2.2. For all 0 < ε < 1/2 and all bounded intervals A and B we have

Λε(A,B) ≤ 2

π2
log(50|A||B|+ 25) log

(
5

ε(1− ε)

)
+ 7.

Note that the dependence on c and on ε(1 − ε) in this result is logarithmic just like in
Theorem 2.1, while being completely explicit in all constants. In particular, combining
Theorem 2.2 with Theorem 2.1 is already enough to establish our version of the enhanced
area law for the two-term asymptotics of Trf(SA,B)

Trf(SA,B) = f(1)|A||B|+ 1

π2
log(|A||B|)

∫ 1

0

f(θ)− θf(1)

θ(1− θ)
dθ + o(log(|A||B|))

for extremely general functions f , see Theorem 1.11 for the precise statement.
This result is essentially sharp for a very wide range of values of ε. However, for very

small values of ε (almost exponentially small in |A||B|) it is possible to get a better bound.
For the eigenvalues λn(c) with n < c this was done by the first author [21].

Theorem 2.3. There exist numbers c0, B, η, µ > 0 such that for c > c0 and n < c −
B log2(c) we have

(2.1) exp

(
−µ c− n

log( 2c
c−n)

)
< 1− λn(c) < exp

(
−η c− n

log( 2c
c−n)

)
.

For n > c not only is it possible to obtain better estimates, but even an asymptotic
formula for λn(c) with a tiny relative error was obtained by Bonami and Karoui [6].

Theorem 2.4. For all n ≥ c ≥ 10 we have

λn(c) = exp


−π

2
(
n+ 1

2

)

2

∫ 1

Φ

(
c

n+1
2

)
1

tE(t)2
dt+O(log(n))


 ,

where E(t) =
∫ 1

0

√
1−t2x2
1−x2 dx is the elliptic integral of the second kind and Φ is the inverse

of the function t→ t
E(t)

.

Using known asymptotics of the elliptic integral near 0 and 1 we can restate it in the
following (much cruder) form which has an advantage of not involving any special functions.
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Theorem 2.5. There exist numbers c0, B, η, µ > 0 such that for c > c0, 2c > n >

c+B log2(c) we have

exp

(
−µ n− c

log( 2c
n−c)

)
< λn(c) < exp

(
−η n− c

log( 2c
n−c)

)

while for n ≥ 2c we have

exp
(
−µn log

(n
c

))
< λn(c) < exp

(
−ηn log

(n
c

))
.

To actually apply these estimates, we want to reformulate them in terms of counting
functions as well. Note that for the lower bound on N1−ε([0, 1], [0, c]) and the upper bound
on Nε([0, 1], [0, c]) we can combine Theorem 2.3 and Theorem 2.5, respectively, with The-
orem 2.2 and Theorem 2.1 to get estimates valid for all ε < 1

2
. For the remaining bounds

we do not have an analogue of Theorem 2.2 at our disposal, so they will only work for
ε < c−A for a large enough constant A. Specifically, we have the following six assertions.
Let κ, c1 > 0 be large enough constants and c2 > 0 be a small enough constant, independent
of c and ε, and we assume that c > c1.

Whenever 2−κc < ε < 1
2
, we have

(2.2) N1−ε([0, c], [0, 1]) ≥ c− c1 log

(
1

ε

)
log

(
κc

log(1
ε
)

)

and

(2.3) Nε([0, c], [0, 1]) ≤ c+ c1 log

(
1

ε

)
log

(
κc

log(1
ε
)

)
.

For 2−κc < ε < c−A we have complementary bounds as well

(2.4) N1−ε([0, c], [0, 1]) ≤ c− c2 log

(
1

ε

)
log

(
κc

log(1
ε
)

)

and

(2.5) Nε([0, c], [0, 1]) ≥ c+ c2 log

(
1

ε

)
log

(
κc

log(1
ε
)

)
.

For ε ≤ 2−κc we have
N1−ε([0, c], [0, 1]) = 0

and

Nε([0, c], [0, 1]) ≍
log
(
1
ε

)

log

(
4 log( 1

ε)
c

) .
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Let us, as an illustration, deduce (2.2) from Theorems 2.1, 2.2 and 2.3, and leave the
other five cases to the interested reader.

For 1
100

≤ ε < 1
2

we have N1−ε([0, c], [0, 1]) ≥ N99/100([0, c], [0, 1]) = c + O(log c) by
Theorem 2.1. Next, we notice that if nc = [c], where [x] is the largest integer not greater
than x, and c is large enough then 1

3
≤ λnc(c) ≤ 2

3
. Indeed, by Theorem 2.1 we have

N1/3([0, c], [0, 1]) = c + log(2)
π2 log(c) + o(log(c)) and N2/3([0, c], [0, 1]) = c − log(2)

π2 log(c) +

o(log(c)), thus nc does not satisfy λn(c) > 2
3

but does satisfy λn(c) ≥ 1
3
.

If c−A ≤ ε < 1
100

then nc is in the set {n : ε < λn(c) ≤ 1− ε}. Note also that this set is
clearly a segment of integers. We therefore have

N1−ε([0, 1], [0, c]) ≥ nc − |{n : ε < λn(c) < 1− ε}| = nc − Λε([0, 1], [0, c]).

Applying Theorem 2.2 and nc ≥ c for large enough c we get

N1−ε([0, 1], [0, c]) ≥ c− 100 log(c) log

(
1

ε

)
.

If c−A ≤ ε and c is large enough then log
(

κc
log( 1

ε
)

)
≥ 1

2
log(c), so we have to at most double

the constant. In fact, in [21] in the proof of Theorem 2.3 the same argument was used for
a much wider range of ε, up to ε = exp(−c7/8).

If 0 < ε < c−A then first of all c1 log
(
1
ε

)
log
(

κc
log( 1

ε
)

)
≥ B log2(c). Thus, it suffices to

show that for n =
[
c− c1 log

(
1
ε

)
log
(

κc
log( 1

ε
)

)]
+ 1 the right-hand side in (2.1) is at most ε

(if n ≤ 0 then the required estimate holds automatically). For large enough c1 we clearly
have n < c − c1

2
log
(
1
ε

)
log
(

κc
log( 1

ε
)

)
. So, it is enough to show that for large enough c1 we

have

log

(
1

ε

)
≤ η

c1 log
(
1
ε

)
log
(

κc
log( 1

ε
)

)

2 log

(
2c

c1 log( 1
ε) log

(
κc

log( 1ε )

)

) .

Dividing by log
(
1
ε

)
and putting t = κc

log( 1
ε)

we get an inequality

1 ≤ ηc1
2

log(t)

log(t)− log log(t)− log( c1
2
)
,

which is always true if c1 > 2
η
+ 2. For (2.4) we would instead need to show that similar

expression with µ and c2 is at most 1, and for this we would use that log log(t) ≤ log(t)
2

,
say.
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3. Case of two boxes

In this section we will prove Theorem 1.1. The proof of Proposition 1.2 is similar so we
leave its proof to the interested reader.

We begin with the following simple observation that will nevertheless be sufficient for
the proof:

(3.1) Na1/d([0, c], [0, 1])
d ≤ Na([0, c]

d, [0, 1]d) ≤ Na([0, c], [0, 1])
d.

Indeed, if the product of d numbers, each of which is between 0 and 1, is larger than a then
each of them is also larger than a, which gives us an upper bound. On the other hand, if
each of the numbers is larger than a1/d then their product is larger than a.

So, we can apply the estimates for Na([0, c], [0, 1]) from the previous section. Note
that for 2−κc < ε < 1

2
we always have log

(
1
ε

)
log
(

κc
log( 1

ε
)

)
= O(c). When raising to the d’th

power, we will use the following simple inequality: if y = O(x) then (x+y)d = xd+O(xd−1y).
We will only use it with x = c.

We begin with estimating N1/2([0, c]
d, [0, 1]) from (3.1). We get

N2−1/d([0, c], [0, 1])d ≤ N1/2([0, c]
d, [0, 1]d) ≤ N1/2([0, c], [0, 1])

d.

By Theorem 2.1 both N1/2([0, c], [0, 1]) and N2−1/d([0, c], [0, 1]) are c+ O(log c). Raising
this to the power d we get

(3.2) N1/2([0, c]
d, [0, 1]d) = cd +O(cd−1 log c).

First, we are going to prove (1.4). For this we will use a lower bound on N1−ε([0, c], [0, 1])

and an upper bound on Nε([0, c], [0, 1]), respectively. For Λ+
ε ([0, c]

d, [0, 1]d) we get

Λ+
ε ([0, c]

d, [0, 1]d) = N1/2([0, c]
d, [0, 1]d)−N1−ε([0, c]

d, [0, 1]d)

≤ N1/2([0, c]
d, [0, 1]d)−N(1−ε)1/d([0, c], [0, 1])

d.

By Bernoulli’s inequality we know that (1 − ε)1/d ≤ 1 − ε
d

and therefore we have
N(1−ε)1/d([0, c], [0, 1]) ≥ N1−ε/d([0, c], [0, 1]). Plugging in our bound we get for 2−κc < ε < 1

2

Λ+
ε ([0, c]

d, [0, 1]d) ≤ cd +O(cd−1 log c)− cd +O

(
cd−1 log

(
d

ε

)
log

(
κc

log(d
ε
)

))
.

Canceling cd, noting that the first big-O is dominated by the second and the fact that for
ε < 1

2
we have log

(
d
ε

)
≍ log

(
1
ε

)
we get the desired upper bound after possibly increasing

κ to αd.
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For Λ−
ε ([0, c]

d, [0, 1]d) we get by a similar reasoning for 2−κc < ε < 1
2

Λ−
ε ([0, c]

d, [0, 1]d) ≤ cd +O

(
cd−1 log

(
1

ε

)
log

(
κc

log
(
1
ε

)
))

− cd +O(cd−1 log c).

Again, canceling cd and noting that the first big-O dominates the second one we get the
desired result.

To prove (1.5) we will instead employ an upper bound on N1−ε([0, c], [0, 1]) and a lower
bound on Nε([0, c], [0, 1]). For this, just an inequality (x + y)d = xd + O(xd−1y) will
not be enough, we will need that if 0 ≤ y ≤ 1

2
x then (x − y)d ≤ xd − cdx

d−1y and
(x + y)d ≥ xd + cdx

d−1y. Note that we can achieve y ≤ 1
2
x by making the constant c2 in

(2.4) and (2.5) smaller if necessary. The rest of the argument is essentially the same as in
the proof of (1.4), the only changes are that we have to write inequalities explicitly instead
of big-O and that in the case of Λ−

ε ([0, c]
d, [0, 1]) we have log

(
1

ε1/d

)
instead of log

(
1
ε

)
, but

since they are proportional to each other we get the same result in the end.
It remains to cover the case ε ≤ 2−κc. First of all, there are no eigenvalues larger than

1− ε because the right-hand side of (3.1) is zero. For Λ−
ε ([0, c]

d, [0, 1]d) we get

Λ−
ε ([0, c]

d, [0, 1]d) = Nε([0, c]
d, [0, 1]d)−N1/2([0, c]

d, [0, 1]d).

For the upper bound we simply discard the second term and bound

Λ−
ε ([0, c]

d, [0, 1]d) ≲




log
(
1
ε

)

log

(
4 log( 1

ε)
c

)




d

.

For the lower bound, first we pick some γd > 0 and if ε > γ−cd then we can use a lower
bound for ε = 2−κc from the previous case (increasing κ if needed) which is proportional
to the lower bound in the current case with the obvious monotonicity of Λ−

ε (A,B) in ε.
Finally, in the case ε ≤ γ−cd we first crudely write

Λ−
ε ([0, c]

d, [0, 1]d) = Nε([0, c]
d, [0, 1]d)−N1/2([0, c]

d, [0, 1]d) ≥ Nε([0, c]
d, [0, 1]d)− 2cd

and estimate the first term with (3.1) as

Nε([0, c]
d, [0, 1]d) ≥




δ log
(

1
ε1/d

)

log

(
4 log

(
1

ε1/d

)

c

)




d

for some δ > 0. If ε ≤ γ−cd for small enough γd then this is proportional to the desired
lower bound and is also at least 4cd so we can cancel −2cd that we had.
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4. General case

In this section we will prove Theorem 1.3 and Theorem 1.6. We begin with the first one
as it still contains most of our techniques while being slightly easier. So, let A ⊆ Rd be a
bounded set with positive measure and boundary of finite upper Minkowski content and
B = ∪nBn be a finite union of parallelepipeds with disjoint interiors. We will also only
consider the case ε > α−c for now and cover the other case at the end of the section.

We start with the S − S2 trick. We have

ScA,B − S2
cA,B = PcAQBPcAcQBPcA = T ∗T,

where T = PcAcQBPcA. We are interested in the number of eigenvalues of ScA,B − S2
cA,B

larger than ε(1− ε), that is the number of singular values of T larger than
√
ε(1− ε).

Since ∂Bn has measure 0, we clearly have QB =
∑N

n=1QBn , and therefore

PcAcQBPcA =
N∑

n=1

PcAcQBnPcA.

Let p = 1

log( 1
ε(1−ε))

< 1. By (1.9) and (1.10) we have

(4.1) Λε(cA,B) ≤ √
e∥PcAcQBPcA∥pp ≤

√
e

N∑

n=1

∥PcAcQBnPcA∥pp.

Using the S−S2 trick in reverse we can rewrite these quasi-norms in terms of the eigenvalues
λm(cA,Bn) as

∥PcAcQBnPcA∥pp =
∑

m

(λm(cA,Bn)(1− λm(cA,Bn)))
p
2 .

We have Bn =Mn[0, 1]
d+ bn for some invertible matrix Mn and bn ∈ Rd. To reduce to the

case [0, 1]d we will use the following lemma.

Lemma 4.1. Let A,B ⊆ Rd be sets of finite measure and M : Rd → Rd be an invertible
linear map. Then, for all u, v ∈ Rd and all n ∈ N,

λn(A,B) = λn(MA+ v,M−TB + u).

Proof. We start with the case u = v = 0. Consider the unitary dilation operator DMf(x) =

| det(M)| 12f(Mx) with inverse D−1
M = DM−1 . We are going to compute D−1

M SA,BDM . To
this end, it is sufficient to note that, for any invertible matrix M and all measurable sets
X,

FDM = DM−TF , F−1DM−T = DMF−1, PXDM = DMPMX
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It follows that
D−1
M SA,BDM = PMAQM−TBPMA

and therefore λn(A,B) = λn(MA,M−TB) by unitary equivalence. Next, we handle general
translations u, v. Consider the unitary translation operator Tvf(x) = f(x − v) and the
phase shift multiplication operator Wuf(p) = e−2πiu·pf(p) with inverses T−v and W−u. As
before, the following commutation relations hold:

FTv = WvF , F−1Wv = TvF−1, PXTv = TvPX−v, PXWu = WuPX .

We conclude that WuTvSA,BT
−1
v W−1

u = SA+v,B+u and therefore that λn(A,B) = λn(A +

v,B + u).
□

Applying Lemma 4.1 to A,Bn we get λm(cA,Bn) = λm(cM
−T
n A, [0, 1]d). Observe that

M−T
n A is still a bounded set whose boundary has finite upper Minkowski content. Indeed,

simply note that for any r > 0

|M−TA+Br| ≤
1

| det(M)|
∣∣A+Br∥M−T ∥−1

∣∣,

where + stands for the Minkowski sum of two sets. So, from now on to simplify the
notation we will assume that B = [0, 1]d and A is some bounded set whose boundary has
finite upper Minkowski content and we want to bound ∥PcAcQ[0,1]dPcA∥pp.

Next, we introduce the Whitney decomposition of A. To do this we recall that ∂A
has measure 0, hence PA = PintA and so we can assume that A is open. Note also that
∂(intA) ⊆ ∂A, hence ∂(intA) also has finite upper Minkowski content. The following is
taken from [13, Appendix J]

Proposition 4.2. Let A ⊊ Rd be an open subset. There exists a family (Qk) of closed
dyadic cubes such that

(i)
⋃
kQk = A and the Qk’s have disjoint interiors,

(ii) There are constants c1, c2 only dependent on d such that

c1 diam(Qk) ≤ dist(Qk, A
c) ≤ c2 diam(Qk).

For the future use, we will need to modify this decomposition slightly to make constant
c1 as large as we like.

Proposition 4.3. Let A ⊊ Rd be an open subset. There exists a family (Qk) of closed
dyadic cubes such that

(i)
⋃
kQk = A and the Qk’s have disjoint interiors,
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(ii) There is a constant c3 only dependent on d such that

2 diam(Qk) ≤ dist(Qk, A
c) ≤ c3 diam(Qk).

Proof. Let Qk be a sequence of cubes from Proposition 4.2 and cut each of them, for some
m ∈ N, into 2md dyadic subcubes Qk,1, . . . , Qk,2md of diameter 2−mdiam(Qk). We have

dist(Qk,n, A
c) ≤ dist(Qk, A

c) + diam(Qk) ≤ (c2 + 1)diam(Qk) = (c2 + 1)2mdiam(Qk,n),

so c3 = (c2 + 1)2m works. On the other hand,

dist(Qk,n, A
c) ≥ dist(Qk, A

c) ≥ c1diam(Qk) = c12
mdiam(Qk,n),

so if we choose m so that c12m > 2 we will get the desired result for the cubes Qk,n. □

By Al we denote the collection of cubes in the Whitney decomposition of A with side
length 2−l. Since we assume that A is bounded, there is l0 ∈ Z such that Al = ∅ for l < l0.
We will need the following two lemmas about open, bounded sets A whose boundary has
finite upper Minkowski content.

Lemma 4.4. Let A be an open bounded set with boundary of finite upper Minkowski con-
tent. There exists a constant C depending only on A such that

|Al| ≤ C2(d−1)l.

Lemma 4.5. Let A be an open bounded set with boundary of finite upper Minkowski con-
tent. There exists a constant C depending only on A such that for all small enough r > 0

we can find a set Nr of axis-parallel boxes with side length r and with disjoint interiors
such that |Nr| ≤ Cr1−d and

∂A+Br ⊆ ∪Q∈NrQ.

Proof of Lemma 4.4. Let Xl = ∪Q∈Al
Q. We have

|Al| =
∑

Q∈Al

1 =
∑

Q∈Al

|Q|2dl = 2dl|Xl|.

By a property of the Whitney decomposition, there is Cd > 0 such that

dist(x, ∂A) ≤ Cd2
−l

for all x ∈ Xl. Since ∂A has finite upper Minkowski content, there is l1 only dependent on
A such that

|Xl| ≤ |{x : dist(x, ∂A) ≤ Cd2
−l}| ≤ CA2

−l.

for l ≥ l1 which gives us the desired estimate. If l ≤ l1 then we simply bound

2dl|Xl| ≤ 2dl|A| ≤ 2(d−1)l|A|2l1 .
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□

Proof of Lemma 4.5. For z ∈ rZd denote by Qr(z) the cube with side length r centred at
z. Let Zr ⊆ rZd be the collection of points z ∈ rZd such that Qr(z) ∩ (∂A + Br) ̸= ∅. If
ω ∈ Qr(z) for z ∈ Zr, then

dist(ω, ∂A) ≤ inf
p∈Qr(z)

(|ω − p|+ dist(p, ∂A)) ≤ (
√
d+ 1)r.

Hence, ∣∣∣∣∣
⋃

z∈Zr

Qr(z)

∣∣∣∣∣ ≤ |∂A+B(
√
d+1)r| ≤ Cr

for r small enough. Since Qr(z) for different z are disjoint up to measure 0, we get

|Zr| ≤ Cr1−d.

Finally, we observe that we have the covering A+Br ⊆ ∪z∈ZrQr(z), so this covering works.
□

Remark 4.6. Lemma 4.4 requires only the internal part of the upper Minkowski content
of ∂A, that is only |(∂A + Br) ∩ A|, but for Lemma 4.5 we need the full upper Minkowski
content.

Remark 4.7. Note that Lemma 4.5 in particular implies that if a set has finite upper
Minkowski content then it has finite d− 1-dimensional Hausdorff measure.

We will pick a small number δ > 0 and consider the threshold D =
[
log2

(
c

δ log( 1
ε
)

)]
. The

cubes with side lengths larger than 2−D we will leave as is, and note that their union covers
all of A except possibly for the points in Cd2

−D-neighborhood of ∂A. Let r = Cd2
−D and

consider the cubes Nr from Lemma 4.5. We get

A ⊆ (∪l<D ∪Q∈Al
Q) ∪ (∪Q∈NrQ) .

First part of this union is disjoint. We make the second part disjoint by setting, for X ∈ Nr,

X ′ = X ∩ A \ (∪l<D ∪Q∈Al
Q).

Hence,
A = (∪l<D ∪Q∈Al

Q) ∪ (∪Q∈NrQ
′) .

From this we can write

(4.2) PcAcQ[0,1]dPcA =
∑

l<D

∑

Q∈Al

PcAcQ[0,1]dPcQ +
∑

Q∈Nr

PcAcQ[0,1]dPcQ′ .
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Next, we want to enlarge these sets to make the computations easier. To see how the
singular values change under enlargements we will use the following lemma.

Lemma 4.8. Consider X,Y, Z ⊆ Rd and assume that PXQY PZ is compact. If X ⊂ X ′

and PX′QY PZ is compact, then

σk(PXQY PZ) ≤ σk(PX′QY PZ).

Similarly, if Z ⊆ Z ′ and PXQY PZ′ is compact, then

σk(PXQY PZ) ≤ σk(PXQY PZ′).

Proof. By the max-min theorem, if T is a compact operator on H, then

σk(T ) = max
V⊆H

dimH=k

min
ψ∈V \{0}

∥Tψ∥
∥ψ∥ .

For the first inequality we simply have ∥PX′QY PZψ∥ ≥ ∥PXQY PZψ∥ for all ψ ∈ L2(Rd).
The second inequality follows from the first by taking the adjoint. □

Corollary 4.9. Let X, Y, Z be measurable sets. If X ⊆ X ′ and Z ⊆ Z ′ then ∥PXQY PZ∥pp ≤
∥PX′QY PZ′∥pp.

We will apply (1.10) and Corollary 4.9 to (4.2). For PcAcQ[0,1]dPcQ, Q ∈ Al, we enlarge
cAc to cQ̃c, where Q̃ is the cube with the same centre as Q and two times larger side length.
Note that by the property of the Whitney decomposition 4.3 Q̃ is still contained in A. For
PcAcQ[0,1]dPcQ′ , Q ∈ Nr, we simply enlarge cAc to all of Rd and cQ′ to cQ. We get

(4.3) ∥PcAcQ[0,1]dPcA∥pp ≤
∑

l<D

∑

Q∈Al

∥PcQ̃cQ[0,1]dPcQ∥pp +
∑

Q∈Nr

∥Q[0,1]dPcQ∥pp.

After shifting with the help of Lemma 4.1 we can see that the operators in the second sum
are simply tensor powers of one-dimensional operators Icr from Lemma 1.8. We will use
the fact that the Schatten norms are multiplicative under taking the tensor products.

Lemma 4.10. Consider Hilbert spaces H1, . . . , Hm and compact operators Aj ∈ Hj, j =

1, . . . ,m. If T is the operator T = A1 ⊗ · · · ⊗ Am on H = H1 ⊗ · · · ⊗ Hm, then for any
0 < p <∞ we have

∥T∥p = ∥A1∥p . . . ∥Am∥p.

Proof. As multisets, we have

{σn(T ) | n ∈ N} = {σn1(A1) . . . σnm(Am) | n1, . . . , nm ∈ N}.
Summing over p’th powers of the elements in the left- and right-hand sides, the claim
follows. □
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By Lemma 1.8 we have

∥Icr∥pp ≤
[10cr]∑

n=1

1p +
∞∑

n=[10cr]

Cpe−τpn ≤ 10cr + Cp 1

1− e−τp
≤ C1

(
cr +

1

p

)

for some absolute constant C1. By our choice of r and p we have C2cr ≥ 1
p
, thus ∥Icr∥pp ≤

C3cr and therefore by 4.10

∥Q[0,1]dPcQ∥pp = ∥Icr∥pdp ≤ Cd
3c
drd.

We turn to the operator PcQ̃Q[0,1]dPcQ for Q ∈ Al, l < D. To exactly connect it to
the one-dimensional operators that we stated in Lemma 1.8, we are going to do further
simplifications. Firstly, we can, after a translation by means of an argument similar to the
proof of Lemma 4.1, assume that

Q = Id, Q̃ = Ĩd,

where I = [−2−l−1, 2−l−1] and Ĩ = [−2−l, 2−l]. Then, with the unions being disjoint,

Q̃c =
(
Ĩc × Rd−1

)
∪ (Ĩ × Ĩc × Rd−2

)
∪ · · · ∪

(
Ĩd−1 × Ĩc

)
.

We write PcQ̃cQ[0,1]dPQ as a sum with respect to this decomposition of Q̃c and enlarge Ĩ to
all of R in every single instance. It follows by Lemma 4.8, Lemma 4.10, and (1.10) that

∥PcQ̃cQ[0,1]dPcQ∥pp ≤ d∥
(
Q[0,1]PcI

)⊗(d−1) ⊗ PcĨcQ[0,1]PcI∥pp
= d∥Q[0,1]PcI∥p(d−1)

p ∥PcĨcQ[0,1]PcI∥pp.

For Q[0,1]PcI = Ic2−l as above we have

∥Q[0,1]PcI∥pp ≤ C1

(
c2−l +

1

p

)
.

Again, by our choice of D and p we always have C2c2
−l ≥ 1

p
, hence

∥Q[0,1]PcI∥pp ≤ C3c2
−l.

For PcĨcQ[0,1]PcI = Jc2−l−1 it follows from Lemma 1.8 that

∥PcĨcQ[0,1]PcI∥pp ≤
∞∑

n=1

Cpe−τp ≤ C1

p
.

Hence, in total

∥PcQ̃cQ[0,1]dPcQ∥pp ≤
C

p
cd−12−(d−1)l.
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Returning to (4.3), we see that

∥PcAcQ[0,1]dPcA∥pp ≤ C
∑

l<D

|Al|cd−12−(d−1)l + C|Nr|cdrd.

It follows from Lemma 4.4 that |Al| ≤ C2(d−1)l and from Lemma 4.5 that |Nr| ≤ Cr−(d−1).
Also, |Al| = 0 for l < l0. Hence

∥PcAcQ[0,1]dPcA∥pp ≤
C

p

∑

l0≤l<D
cd−1 + Ccdr = C

(
(D + l0)c

d−11

p
+ cdr

)
.

By our choice of D, p, r for 1
2
> ε > α−c if δ is small enough we get

(4.4) ∥PcAcQ[0,1]dPcA∥pp ≲ cd−1 log

(
1

ε

)
log

(
αc

log
(
1
ε

)
)
.

Plugging this estimate into (4.1) and using that N is a fixed constant we finally conclude

Λε(cA,B) ≲ cd−1 log

(
1

ε

)
log

(
αc

log
(
1
ε

)
)
.

Next, we prove Theorem 1.6 where both A and B are bounded sets with boundaries of
finite upper Minkowski content in the same regime 1

2
> ε > α−c. For this we do the S−S2

trick again, and this time apply the Whitney decomposition to the set B with the same
threshold D =

[
log2

(
c

δ log( 1
ε
)

)]
. With an obvious adaptation of notation from the set A,

the set B decomposes as

B = (∪l<D ∪Q∈Bl
Q) ∪ (∪Q∈NrQ

′) .

We have

Λε(cA,B) ≤ √
e∥PAcQBPA∥pp ≤

√
e
∑

l<D

∑

Q∈Bl

∥PcAcQQPcA∥pp +
√
e
∑

Q∈Nr

∥PcAcQQ′PcA∥pp.

For Q ∈ Bl it follows from Lemma 4.1 that

∥PcAcQQPcA∥pp = ∥Pc2−lAcQ[0,1]dPc2−lA∥pp,

so we can use (4.4) and get

∥PcAcQQPcA∥pp ≲ cd−12−l(d−1) log

(
1

ε

)
log

(
αc2−l

log
(
1
ε

)
)
.
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For the second logarithm we notice that it is uniformly bounded by log

(
αc2−l0

log( 1
ε)

)
, so,

denoting α′ = α2−l0 , we get

∑

l<D

∑

Q∈Bl

∥PcAcQQPcA∥pp ≲ (D + l0)c
d−1 log

(
1

ε

)
log

(
α′c

log
(
1
ε

)
)

≲ cd−1 log

(
1

ε

)
log2

(
α′c

log
(
1
ε

)
)
,

which is exactly the required bound.
For the boundary layer PcAcQQ′PcA, Q ∈ Nr, we first enlarge cAc to the whole Rd and

enlarge cA to cR where R is a fixed cube containing A to reduce the analysis to the
operator QQ′PcR using Corollary 4.9. Then, by the equality σn(QQ′PcR) = λn(cR,Q

′)
1
2

and the symmetry λn(U, V ) = λn(V, U) we get

∥PcAcQQ′PcA∥pp ≤ ∥QQ′PcR∥pp = ∥PcRQQ′PcR∥
p
2
p
2
= ∥PQ′QcRPQ′∥

p
2
p
2
= ∥QcRPQ′∥pp.

Now, we are able to enlarge Q′ to Q and put all of the scaling onto Q by means of Lemma
4.1 to conclude

∥PcAcQQ′PcA∥pp ≤ ∥QcRPQ′∥pp ≤ ∥P[0,cr]dQ[0,1]d∥pp.
By Lemma 4.10 the right-hand side is equal to ∥P[0,cr]Q[0,1]∥pdp . Arguing as in the proof of
Theorem 1.3 we see

∥P[0,cr]dQ[0,1]d∥pp ≲ cdrd,

and therefore ∑

Q∈Nr

∥PcAcQQ′PcA∥pp ≲ |Nr|cdrd ≲ cdr ≲ cd−1 log

(
1

ε

)
,

which is even smaller than the required bound. This finishes the proof of Theorem 1.6 in
the regime 1

2
> ε > α−c.

Finally, we will deal with the regime 0 < ε ≤ α−c. The proof will be the same for both
Theorem 1.3 and Theorem 1.6. Let UA ⊂ A ⊂ VA and UB ⊂ B ⊂ VB be some fixed boxes.
By Lemma 4.8 and symmetry λk(X, Y ) = λk(Y,X) we have

λ1(cA,B) ≤ λ1(cVA, B) ≤ λ1(cVA, Vb).

In particular, there are no eigenvalues larger than 1−α−c for large enough α by Proposition
1.2.

For the count of eigenvalues between ε and 1
2

we have

Λ−
ε (cA,B) = Nε(cA,B)−N1/2(cA,B).
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For the second term we have

N1/2(cA,B) ≤ 2cd|A||B|

because TrScA,B = cd|A||B|. By Lemma 4.8 and symmetry we have

λk(cUA, UB) ≤ λk(cA,B) ≤ λk(cVA, VB),

and therefore

Nε(cUA, UB) ≤ Nε(cA,B) ≤ Nε(cVA, VB).

From (1.6) one can check that if 0 < ε < α−c and α is large enough then

Nε(cUA, UB) ≥ 4cd|A||B|.

Plugging in the bounds we get

Nε(cUa, UB)

2
≤ Nε(cUA, UB)−N1/2(cA,B) ≤ Λ−

ε (cA,B) ≤ Nε(cVA, VB)

and both sides are proportional to the required value by (1.6) when 0 < ε ≤ α−c for large
enough α.

Remark 4.11. Note that the final argument gives us a lower bound on eigenvalues for all
sets A,B with non-empty interiors and an upper bound on eigenvalues for all bounded sets
A,B.

5. Singular values of one-dimensional operators

In this section we will prove Lemma 1.8. Since the result for Ir can be deduced from
Theorem 2.5, we will start with an estimate for σk(Jr).

5.1. Singular values of Jr. We will show that the operator Jr = P[−2r,2r]cQ[0,1]P[−r,r] for
r > 0 decomposes into a sum of finite rank operators. This idea is very similar to the one
employed by Karnik, Romberg and Davenport [18] who showed that a similar operator
had low displacement-rank structure, and for such operators the singular values can be
effectively estimated via Zolotarev numbers. By (1.1) the operator Jr has kernel

K(x, y) = 1[−2r,2r]c(x)1̌[0,1](x− y)1[−r,r](y) =
1

2πi
1[−2r,2r]c(x)

e2πi(x−y) − 1

x− y
1[−r,r](y).

The variables x and y separate except for the term 1
x−y . In [18] the authors handled this

term by instead considering xJr − Jrx, which has rank 2. However, simply writing the
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term 1
x−y as a geometric series shows that

K(x, y) =
1

2πi

∞∑

n=0

(
x−n−11[−2r,2r]c(x)e

2πix
) (
yn1[−r,r]c(y)e

−2πiy
)

−
(
x−n−11[−2r,2r]c(x)

) (
yn1[−r,r]c(y)

)
.

Note that the series converges absolutely since |y|
|x| ≤ 1

2
whenever the indicators are non-zero.

This is the key point where we use the separation. Hence, if we set

fn(x) = x−n−11[−2r,2r]c(x), f̃n(x) = fn(x)e
2πix,

gn(y) = yn1[−r,r](y), g̃n(y) = gn(y)e
2πiy,

we see that, for φ ∈ L2,

Jrφ = − 1

2πi

∞∑

n=0

(
⟨φ, gn⟩fn − ⟨φ, g̃n⟩f̃n

)
.

Clearly each term in the sum has rank at most 2. By a well-known characterization of the
singular values of a compact operator A,

σk+1(A) = inf{∥A− P∥ | P is an operator of rank at most k},

we immediately find, for all N ∈ N,

σ2N+3(Jr) ≤
1

2π

∞∑

n=N+1

(
∥fn∥ ∥gn∥+ ∥f̃n∥ ∥g̃n∥

)
=

1

π

∞∑

n=N+1

∥fn∥ ∥gn∥ .

The norms are easily computed exactly:

∥fn∥2 =
2

2n+ 1
(2r)−2n−1 , ∥gn∥2 =

2

2n+ 1
r2n+1.

Therefore, we get

σ2N+3(Jr) ≤
√
2

π

∞∑

n=N+1

1

2n+ 1
2−n ≤

√
2

π

1

2N + 3
2−N ≤

√
2

π
2−N ,

which finishes the proof.

5.2. Singular values of Ir. Since Ir is a product of operators with norm at most 1, it
is obvious that σn(Ir) ≤ 1 for all n ∈ N, so we will focus on n > 10r. As we already
mentioned, since I∗r Ir = S[0,r],[0,1], we can in principle extract the required bound from
Theorem 2.5, as well as from many previous results in the literature (in fact, we can
replace 10 by any constant larger than 1). To keep our argument self-contained we will
instead present a complex-analytic proof following the argument in [21].
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Singular values of Ir are square roots of the eigenvalues of S[0,r],[0,1]. By Lemma 4.8 if
we increase r the eigenvalues can only increase. Thus, it is enough to consider the case
n = 10r. Since the eigenvalues depend only on the products of length of the intervals, for
convenience we will instead consider the eigenvalues of S[− 1

2
, 1
2
],[− r

2
, r
2
].

Consider first n normalized eigenfunctions f1, f2, . . . , fn of S[− 1
2
, 1
2
],[− r

2
, r
2
] with eigenvalues

λ1(r) ≥ · · · ≥ λn(r). If λn(r) = 0 then there is nothing to prove (in fact, it is not hard
to see again by the max-min principle that this is never the case), so we assume without
loss of generality that λn(r) > 0. It follows immediately that f1, . . . , fn are supported on
[−1

2
, 1
2
]. In particular, their Fourier transforms

gk(z) = f̂k(z) =

∫ 1
2

− 1
2

fk(t)e
−2πiztdt

are defined for all z ∈ C and they are holomorphic functions of z.
Let us fix n − 1 distinct complex numbers z1, z2, . . . , zn−1. By simple linear algebra

we can find scalars a1, . . . , an ∈ C not all zero such that the linear combination g(z) =∑n
k=1 akgk(z) satisfies g(z1) = · · · = g(zn−1) = 0. By scaling we can assume that ∥g∥2 = 1.
First, we have a uniform pointwise bound on g(x+ iy):

(5.1) |g(x+ iy)| ≤ eπ|y|.

Indeed, putting f =
∑
akfk, we have

|g(x+ iy)| =
∣∣∣∣∣

∫ 1
2

− 1
2

f(t)e−2πi(x+iy)tdt

∣∣∣∣∣ ≤ eπ|y|
∫ 1

2

− 1
2

|f(t)|dt ≤ eπ|y|,

where in the last step we used the Cauchy–Schwarz inequality. By the max-min character-
ization of the eigenvalues we also have

(5.2) λn(r)
2 ≤ ∥S[− 1

2
, 1
2
],[− r

2
, r
2
]f∥2 ≤

∫ r/2

−r/2
|g(x)|2 dx.

We want to arrive at a contradiction by choosing an appropriate sequence zl.
We will assume for now that n ≥ 1000. The cases n < 1000 we will cover at the end. Our

sequence will be an arithmetic progression with z1 = −r, zn−1 = r. Its step is s = 2r
n−1

.
Since n = 10r, n ≥ 1000 we have s ≤ 1

4
. We want to bound |g(x0)| for x0 ∈ [− r

2
, r
2
]

assuming that |g(x + iy)| ≤ eπ|y| for all x, y ∈ R and g(zl) = 0. We will use Jensen’s
formula for the disk centred at x0 of radius r

2
:

log |g(x0)| =
∫ 1

0

log
∣∣∣g
(
x0 +

r

2
e2πit

)∣∣∣ dt+
∑

|z−x0|< r
2
,g(z)=0

log
2|z − x0|

r
.
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Since each term in the sum is negative, by leaving in it only zl’s we get an inequality

(5.3) log |g(x0)| ≤
∫ 1

0

log
∣∣∣g
(
x0 +

r

2
e2πit

)∣∣∣ dt+
∑

|zl−x0|< r
2

log
2|zl − x0|

r
.

For the integral term we have
∣∣g
(
x0 +

r
2
e2πit

)∣∣ ≤ eπ
r
2
| sin(2πt)| by (5.1), hence

∫ 1

0

log
∣∣∣g
(
x0 +

r

2
e2πit

)∣∣∣ dt ≤
∫ 1

0

πr

2
| sin(2πt)|dt = r.

For the sum over zl’s to the right of x0 we have

∑

x0<zl<x0+
r
2

log
2|zl − x0|

r
≤ 1

s

∑

x0<zl<x0+
r
2

∫ zl+s

zl

log
2(ω − x0)

r
dω

=
1

s

∫ max
zl<x0+

r
2

zl+s

min
zl>x0

zl

log
2(ω − x0)

r
dω

≤ 1

s

∫ r
2
+s

s

log
2ω

r
dω ≤ − 1

4s
r + 1.

where in the first step we used monotonicity of the function log 2t
r

for t > 0, in the second
step we combined the integrals into one, in the third step we used that the function log 2t

r

is negative for t < r
2

and positive for t > r
2

and that the minimum of zl’s is at most x0 + s

and the maximum of zl’s is at least x0 + r
2
− s because x0 + r

2
≤ r, so we can not get past

the interval [−r.r], and in the last step we used inequality log u ≤ u− 1. For the sum over
zl’s to the left of x0 we get exactly the same upper bound.

Plugging all our bounds into (5.3) together with s ≤ 1
4

we get

|g(x0)| ≤ e2−r.

Therefore, by (5.2)

λn(r)
2 ≤

∫ r
2

− r
2

|g(x)|2dx ≤ re4−2r ≤ e4−r,

as required.
For n ≤ 1000 we can simply estimate λn(r) ≤ 1, which is consistent with our bound if

we increase C.

6. Trace class conditions

In this section we prove Theorem 1.9 and Theorem 1.10.
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6.1. Sufficient condition. We begin with Theorem 1.9, so consider bounded measurable
sets A,B ⊆ Rd and let f be a trace class admissible function, that is

(6.1)
∫ δ

0

M0f(ε) log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε <∞.

Since A and B are bounded they have finite measure and so SA,B is a compact oper-
ator. We need to show that

∑∞
n=1 |f(λn(A,B))| < ∞. Since λn(A,B) → 0 there are

only finitely many n such that λn(A,B) > δ
2
. So, it is enough to show that the tail∑

λn(A,B)≤ δ
2
|f(λn(A,B))| is finite. We will also ignore all of the eigenvalues equal to 0

since f(0) = 0 for all trace class admissible for L2(Rd) functions f . We decompose the sum
dyadically and bound f from above by M0f :

∑

0<λn(A,B)≤ δ
2

|f(λn(A,B))| =
∞∑

k=0

∑

n

1{δ2−2k+1<λn(A,B)≤δ2−2k} |f(λn(A,B))|

≤
∞∑

k=0

M0f
(
δ2−2k

) (
N
δ2−2k+1 (A,B)−N

δ2−2k (A,B)
)

≤
∞∑

k=0

M0f
(
δ2−2k

)
N
δ2−2k+1 (A,B).

We chose this exact decomposition because on this scale the estimates in (1.6) roughly
double at each step. Since A and B are bounded, there exist fixed cubes VA, VB such that
A ⊆ VA, B ⊆ VB. By Lemma 4.8 we have Nε(A,B) ≤ Nε(VA, VB) for all 0 < ε < 1. Hence,

∞∑

k=0

M0f
(
δ2−2k

)
N
δ2−2k+1 (A,B) ≤

∞∑

k=0

M0f
(
δ2−2k

)
N
δ2−2k+1 (VA, VB)

=
∞∑

k=0

M0f
(
δ2−2k

)
(N1/2(VA, VB) + Λ−

δ2−2k+1 (VA, VB)).

Since the integral (6.1) converges, M0f(ε) is finite for all ε < δ. In particular, it suffices to
show that the tail

∞∑

k=k0

M0f
(
δ2−2k

)
(N1/2(VA, VB) + Λ−

δ2−2k+1 (VA, VB))

is finite for some k0 > 0. Note that N1/2(VA, VB) is a fixed number while Λ−
δ2−2k+1 (VA, VB)

tends to infinity, so for k0 large enough we have N1/2(VA, VB) ≤ Λ−
δ2−2k+1 (VA, VB) for k ≥ k0.

By possibly choosing k0 larger still we can apply the upper bound (1.6) (note that c, which
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is the product of side lengths of VA and VB, is a constant for the present discussion), and
find

∞∑

k=k0

M0f
(
δ2−2k

)
(N1/2(VA, VB) + Λ−

δ2−2k+1 (VA, VB))

≲
∞∑

k=k0

M0f
(
δ2−2k

)




log
(

1

δ2−2k+1

)

log

(
log

(
1

δ2−2k+1

)

c

)




d

.

A direct computation shows that the expression in brackets is proportional to 2k

k
. So,

it remains to show that
∑∞

k=k0
M0f

(
δ2−2k

)
2kd

kd
is finite. We have the following chain of

inequalities:

∞∑

k=k0

M0f
(
δ2−2k

) 2kd

kd
=

∞∑

k=k0

M0f
(
δ2−2k

) 2kd

kd
1

log(2)2k−1

∫ δ2−2k−1

δ2−2k

1

ε
dε

≲
∞∑

k=k0

M0f
(
δ2−2k

)∫ δ2−2k−1

δ2−2k

log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε

≤
∞∑

k=k0

∫ δ2−2k−1

δ2−2k

M0f(ε) log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε

≤
∫ δ

0

M0f(ε) log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε <∞.

We used that for δ2−2k < ε < δ2−2k−1 the term
log( 1

ε)
d−1

(log log( 1
ε))

d is proportional to 2k(d−1)

kd
and

that M0f is non-decreasing. This finishes the proof of Theorem 1.9.

6.2. Necessary condition. We turn to the proof of Theorem 1.10, so assume that A,B ⊆
Rd are sets with non-empty interiors such that SA,B is compact, and consider a function f
such that |f(x)| is non-decreasing close to 0, say for 0 ≤ x ≤ β. Assume that f(SA,B) is
trace class. We need to show that

∫ δ

0

M0f(ε) log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε <∞
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for some δ > 0. Note that for 0 ≤ ε ≤ β we have M0f(ε) = |f(ε)|, so if δ ≤ β then

∫ δ

0

M0f(ε) log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε =

∫ δ

0

|f(ε)| log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε.

As in the proof of Theorem 1.9, we split
∑ |f(λn(A,B))| into the sum over eigenvalues

larger than β and at most β and throw away the first one as it is finite. Thus, our basic
assumption is that

∑

λn(A,B)≤β
|f(λn(A,B))| <∞.

By definition λn(A,B) is non-increasing in n so this is the sum from some n0 to infinity.
Since A and B have non-empty interiors, we can find cubes UA and UB such that UA ⊂ A,
UB ⊂ B. By Lemma 4.8 we have λn(A,B) ≥ λn(UA, UB). Using monotonicity of |f | we
get

∑

λn(A,B)≤β
|f(λn(A,B))| ≥

∞∑

n=n0

|f(λn(UA, UB))|.

Next, we do the dyadic decomposition but with a large constant K ≥ 2 to be fixed later.
Pick k0 so that 2−K

k0 ≤ λn0(UA, UB) and write, using monotonicity of |f |,
∞∑

n=n0

|f(λn(UA, UB))| ≥
∞∑

k=k0

∑

n

1{2−Kk+1<λn(UA,UB)≤2−Kk} |f(λn(UA, UB))|

≥
∞∑

k=k0

∣∣∣f
(
2−K

k+1
)∣∣∣
(
N

2−Kk+1 (UA, UB)−N
2−Kk (UA, UB)

)

=
∞∑

k=k0

∣∣∣f
(
2−K

k+1
)∣∣∣
(
Λ−

2−Kk+1 (UA, UB)− Λ−
2−Kk (UA, UB)

)

We intend to apply (1.6). Note here that there are c1, c2 > 0 independent of K such
that for all k ≥ k0(K)

c1
Kkd

(log(K)k)d
≤ Λ−

2−Kk (UA, UB) ≤ c2
Kkd

(log(K)k)d
.

We choose K so that Kd ≥ 2d+1c2
c1

which fixes k0 and ensures that

Λ−
2−Kk+1 (UA, UB) ≥ 2Λ−

2−Kk (UA, UB)
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whenever k ≥ k0. Hence,
∞∑

k=k0

∣∣∣f
(
2−K

k+1
)∣∣∣
(
Λ−

2−Kk+1 (UA, UB)− Λ−
2−Kk (UA, UB)

)

≥
∞∑

k=k0

∣∣∣f
(
2−K

k+1
)∣∣∣Λ−

2−Kk (UA, UB)

≳
∞∑

k=k0

∣∣∣f
(
2−K

k+1
)∣∣∣ K

kd

kd
.

Arguing as in the proof of Theorem 1.9 and using monotonicity of |f | we obtain

∞∑

k=k0

∣∣∣f
(
2−K

k+1
)∣∣∣ K

kd

kd
≳
∫ 2−Kk+1

0

|f(ε)| log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε.

Collecting everything, we conclude

∞ >
∑

λn(A,B)≤β
|f(λn(A,B))| ≳

∞∑

k=k0

∣∣∣f
(
2−K

k+1
)∣∣∣ K

kd

kd
≳
∫ 2−Kk+1

0

|f(ε)| log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε,

finishing the proof.

7. Area laws

In this section we prove Theorem 1.11 and Theorem 1.13.

7.1. Uniform bounds. We now prove (1.14) and Theorem 1.13. For both of them we
can without loss of generality assume that f(1) = 0. Indeed, denoting f̃(θ) = f(θ)− θf(1)

we have f̃(1) = 0,

Trf(ScA,B) = Trf̃(ScA,B) + f(1)Tr(ScA,B) = Trf̃(ScA,B) + cd|A||B|f(1)

and ∫ 1

0

f̃(θ)− θf̃(1)

θ(1− θ)
dθ =

∫ 1

0

f(θ)− f(1)θ

θ(1− θ)
dθ.

Note that f̃ is also area law admissible and trace class admissible for L2(Rd) if f is. Thus,
it suffices to establish the behaviour of Trf̃(ScA,B) for (1.15). To get the claimed uniform
bound (1.14) we also need to show that

∫ 1

0

M0f̃(ε) +M1f̃(ε)

ε
dε ≤ C

∫ 1

0

M0f(ε) +M1f(ε)

ε
dε
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for some absolute constant C > 0. We have M0f̃(ε) ≤ M0f(ε) + ε|f(1)| and M1f̃(ε) ≤
M1f(ε) + ε|f(1)|, so we just have to show that

λ

∫ 1

0

M0f(ε) +M1f(ε)

ε
dε ≥ |f(1)|

for some absolute constant λ > 0. For ε > 1
2

we have M0f(ε) ≥ |f(1
2
)| and M1f(ε) ≥

|f(1)− f(1
2
)|, thus M0f(ε) +M1f(ε) ≥ |f(1)|. Integrating this we get

∫ 1

0

M0f(ε) +M1f(ε)

ε
dε ≥ log(2)|f(1)|,

so λ = 1
log(2)

works.
We start with proving the uniform bound (1.14), so assume that A ⊆ Rd is a set whose

boundary ∂A has finite upper Minkowski content and B ⊆ Rd is a finite union of paral-
lelepipeds with disjoint interiors, and let f be both area law admissible and trace class
admissible for L2(Rd) with f(1) = 0. We need to show that, for c large enough dependent
on A, B, and f ,

|Tr f(ScA,B)| ≤ C(A,B)cd−1 log(c)

∫ 1

0

M0f(ε) +M1f(ε)

ε
dε

The proof of Theorem 1.13 will be almost identical. Take α from the statement of Theorem
1.3. We split the eigenvalues into the relevant regimes:

(7.1)

|Tr f(ScA,B)| =
∣∣∣∣∣

∞∑

n=1

f(λn(cA,B))

∣∣∣∣∣ ≤
∞∑

n=1

|f(λn(cA,B))|

=
∑

λn(cA,B)>1−α−c

|f(λn(cA,B))|+
∑

1−α−c≥λn(cA,B)≥α−c

|f(λn(cA,B))|

+
∑

α−c>λn(cA,B)>0

|f(λn(cA,B))|.

We will bound each of these three sums separately. The first sum is empty by Theorem 1.3,
since there are no eigenvalues larger than 1−α−c. We proceed with the bound for the second
sum. We split the sum into eigenvalues close to 1 and close to 0 and decompose dyadically
like in the proof of Theorem 1.9. Let k0(c) be such that 2−2k0(c)+1

< α−c ≤ 2−2k0(c) . We
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write

∑

1−α−c≥λn(cA,B)≥α−c

|f(λn(cA,B))| ≤
k0(c)∑

k=0

∑

n

1{2−2k+1<λn(cA,B)≤2−2k} |f(λn(cA,B))|

+

k0(c)∑

k=0

∑

n

1{2−2k+1<1−λn(cA,B)≤2−2k} |f(λn(cA,B))|

≤
k0(c)∑

k=0

∑

n

1{2−2k+1<λn(cA,B)≤2−2k}M0f
(
2−2k

)

+

k0(c)∑

k=0

∑

n

1{2−2k+1<1−λn(cA,B)≤2−2k}M1f
(
2−2k

)

≤
k0(c)∑

k=0

(
M0f

(
2−2k

)
+M1f

(
2−2k

))
Λ

2−2k+1 (cA,B).

In the first step we did the dyadic splitting (with possibly overcounting beyond α−c), in
the second step we bounded f by M0f and M1f , respectively, and in the third step we
crudely bounded the number of eigenvalues in the corresponding intervals by Λε(cA,B) for
a suitable ε.

For k < k0(c) we will use (1.7). For k = k0(c) we have to use (1.8) but one can check
that in this regime the estimate is proportional to the one in (1.7) so we will use (1.7) here
as well. We get

(7.2) Λ
2−2k+1 (cA,B) ≲ cd−12k log

(
αc2−k

)
≲ cd−12k log(c).

Applying this we find

∑

1−α−c≥λn(cA,B)≥α−c

|f(λn(cA,B))| ≤
k0(c)∑

k=0

(
M0f

(
2−2k

)
+M1f

(
2−2k

))
Λ

2−2k+1 (cA,B)

≲
k0(c)∑

k=0

(
M0f

(
2−2k

)
+M1f

(
2−2k

))
cd−12k log(c).

By the simple identity

2k =
2

log(2)

∫ 2−2k−1

2−2k

1

ε
dε,
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we conclude

∑

1−α−c≥λn(cA,B)≥α−c

|f(λn(cA,B))|

≲
k0(c)∑

k=0

(
M0f

(
2−2k

)
+M1f

(
2−2k

))
cd−1 log(c)

2

log(2)

∫ 2−2k−1

2−2k

1

ε
dε

≤ cd−1 log(c)
2

log(2)

k0(c)∑

k=0

∫ 2−2k−1

2−2k

M0f(ε) +M1f(ε)

ε
dε

≤ cd−1 log(c)
2

log(2)

∫ 2−1/2

0

M0f(ε) +M1f(ε)

ε
dε,

which is of the required form for (1.14).
We finally turn to the third sum in (7.1). Using the exact same dyadic decomposition

we will ultimately get

(7.3)
∑

α−c>λn(cA,B)>0

|f(λn(cA,B))| ≤
∞∑

k=k0(c)

M0f
(
2−2k

)
Λ−

2−2k+1 (cA,B).

Since we are now in the regime ε < α−c, it follows from (1.8) that

Λ−
2−2k+1 (cA,B) ≲

(
2k+1

log(2
k+1

c
)

)d

.

We claim that
(

2k+1

log
(

2k+1

c

)
)d

≤ 2(k+1)d

(k+1)d
C(d, α) log(c)d for k ≥ k0(c), where C(d, α) is

some constant depending only on d and α. Indeed, this is equivalent to k+1

log
(

2k+1

c

) ≤

C(d, α)1/d log(c). The left-hand side is equal to 1

log(2)− log(c)
k+1

which is clearly a decreasing

function of k, so it is enough to verify the inequality for k = k0(c). Using 2−2k0(c)+1 ≤
α−c ≤ 2−2k0(c) and α ≥ 4 we get

k0(c) + 1

log
(

2k0(c)+1

c

) ≤ log2(c) + log2(log2(α)) + 1

log(log2(α))
≤ log(c)

1
log(2)

+ log2(log2(α)) + 1

log(2)
.

which gives the claim with C(d, α)1/d =
1

log(2)
+log2(log2(α))+1

log(2)
.

37

134



Plugging this into (7.3) and arguing as in the proof of Theorem 1.9 we get

(7.4)

∑

α−c>λn(cA,B)>0

|f(λn(cA,B))| ≲ log(c)d
∞∑

k=k0(c)

M0f
(
2−2k

) 2(k+1)d

(k + 1)d

≲ log(c)d
∫ 2−2k0(c)−1

0

M0f(ε) log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε.

The final integral is finite for c large enough since f is trace class admissible for L2(Rd).
Moreover, as c → ∞ we have k0(c) → ∞, thus the integral can be as small as we like. In
particular, for c > c0(f, A,B) we can assume that

∫ 2−2k0(c)−1

0

M0f(ε) log
(
1
ε

)d−1

ε
(
log log

(
1
ε

))d dε ≤
∫ 1

0

M0f(ε) +M1f(ε)

ε
dε

assuming that
∫ 1

0
M0f(ε)+M1f(ε)

ε
dε is non-zero. But it can be zero only if f ≡ 0 in which

case the theorem is trivial. Thus, for c > c0(f, A,B) we have

|Trf(ScA,B)| ≤ C(A,B)(cd−1 log(c) + log(c)d)

∫ 1

0

M0f(ε) +M1f(ε)

ε
dε.

For c > 1 we have log(c) ≤ c, which gives the desired estimate with at most doubling the
constant C(A,B).

To prove Theorem 1.13 the only thing that we have to change is that in (7.2) we will
have log2(c) instead of log(c), which leads to the final error bound O(cd−1 log2(c)).

Remark 7.1. It was absolutely crucial for our argument that the third sum in (7.1) turned
out to be o(cd−1 log(c)), otherwise it might happen that the bound does not hold. For d ≥ 2

the third sum is O(log(c)d) = o(cd−1 log(c)), so in this case it is enough for us to only know
the value of δ and the integral in the definition of trace class admissibility for L2(Rd).

For d = 1 our proof as written requires us to also know how fast does the integral∫ t
0

M0f(ε)

ε log log( 1
ε
)
dε converges to 0 as t → 0 to get O(log(c)) with as small of a constant as we

like. However, coincidentally d = 1 is also the only case where trace class admissibility for
L2(Rd) is weaker than area law admissibility. In particular,

∫ t

0

M0f(ε)

ε log log(1
ε
)
dε ≤ 1

log log(1
t
)

∫ t

0

M0f(ε)

ε
dε.

In this way we would get that the third sum is O(1) (and even o(1)) for d = 1, and the
value c0(f, A,B) would even be independent of f .

38

135



7.2. Two-term asymptotics. It remains to establish the two-term asymptotic expansion
(1.15) under the same assumptions on A and B as in the previous subsection, but with the
additional assumption that f is Riemann integrable on [ε, 1 − ε] for all 0 < ε < 1/2. We
will also assume without loss of generality that f is real-valued, as we can first prove the
result for Ref and Imf separately, which satisfy all of our assumptions if f satisfies them,
and use that both sides of (1.15) are linear in f . Lastly, as before, we will also assume
that f(1) = 0 by subtracting θf(1) from f .

Recall that (1.15) holds for polynomials [9]. We will first extend (1.15) to all continuous
functions supported on [ε, 1 − ε] for some ε > 0 and then deduce from this that (1.15)
holds for f = 1[a,b] for all 0 < a < b < 1. This is the same argument that was used in [22]
to prove Theorem 2.1.

Let f : [0, 1] → R be a continuous function such that f(θ) = 0 if 0 < θ < ε or
1 − ε < θ < 1. The function g(θ) = f(θ)

θ(1−θ) is clearly continuous on [0, 1]. Given δ > 0, by
the Stone–Weierstrass theorem, we can find a polynomial P such that |P (θ) − g(θ)| ≤ δ

for all θ ∈ [0, 1]. We clearly have

(P (θ) + δ)θ(1− θ) ≥ f(θ) ≥ (P (θ)− δ)θ(1− θ).

Denoting Q(θ) = (P (θ) + δ)θ(1− θ), R(θ) = (P (θ)− δ)θ(1− θ) we have

TrQ(ScA,B) ≥ Tr f(ScA,B) ≥ TrR(ScA,B)

Dividing by cd−1 log(c), applying (1.15) to Q and R and taking the limit c→ ∞ we get

I(A,B)

∫ 1

0

Q(θ)

θ(1− θ)
dθ ≥ lim sup

c→∞

Tr f(ScA,B)

cd−1 log(c)

≥ lim inf
c→∞

Tr f(ScA,B)

cd−1 log(c)
≥ I(A,B)

∫ 1

0

R(θ)

θ(1− θ)
dθ

The difference between the left-hand side and the right-hand side is at most 2δI(A,B), so
taking the limit δ → 0 and using the squeeze theorem we get

lim
c→∞

Trf(ScA,B)

cd−1 log(c)
= I(A,B)

∫ 1

0

f(θ)

θ(1− θ)
dθ,

which establishes (1.15) if f is continuous and vanishes outside of [ε, 1− ε].
Now, we turn to f(θ) = 1[a,b](θ) for 0 < a < b < 1. For small enough

δ > 0 consider the continuous functions Qδ(θ) = max
(
1− dist(θ,[a,b])

δ
, 0
)

and Rδ(θ) =

max
(
1− dist(θ,[a+δ,b−δ])

δ
, 0
)

which satisfy Qδ(θ) ≥ 1[a,b](θ) ≥ Rδ(θ). Letting δ → 0 and
applying the squeeze theorem again we deduce (1.15) for 1[a,b].
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Now, we turn to the general f : [0, 1] → R with f(1) = 0 which is area law admissible
and trace class admissible for L2(R) and which is Riemann integrable on [ε, 1 − ε] for all
0 < ε < 1

2
. By the Riemann integrability on [ε, 1 − ε] we can find Riemann upper and

lower sums Qε ≥ f ≥ Rε such that

(7.5)
∫ 1−ε

ε

Qε(θ)−Rε(θ)

θ(1− θ)
dθ < ε.

Here Qε and Rε are finite linear combinations of indicators of the form 1[a,b] for ε ≤ a <

b ≤ 1− ε. Define

Gε(θ) =





M0f(θ), 0 ≤ θ < ε,

0, ε ≤ θ ≤ 1− ε,

M1f(1− θ), 1− ε < θ ≤ 1.

We have the following chain of inequalities

Qε(θ) +Gε(θ) ≥ f(θ) ≥ Rε(θ)−Gε(θ)

and therefore, as before,

lim sup
ε→0+

(
lim sup
c→∞

1

cd−1 log(c)
TrQε(ScA,B) + lim sup

c→∞

1

cd−1 log(c)
TrGε(ScA,B)

)

≥ lim sup
c→∞

1

cd−1 log(c)
Tr f(ScA,B) ≥ lim inf

c→∞
1

cd−1 log(c)
Tr f(ScA,B)

≥ lim inf
ε→0+

(
lim inf
c→∞

1

cd−1 log(c)
TrRε(ScA,B)− lim sup

c→∞

1

cd−1 log(c)
TrGε(ScA,B)

)
.

Since Qε and Rε are finite linear combinations of indicators of the form 1[a,b] for 0 < a <

b < 1, we know that

lim sup
c→∞

1

cd−1 log(c)
TrQε(ScA,B) = I(A,B)

∫ 1

0

Qε(θ)

θ(1− θ)
dθ,

lim inf
c→∞

1

cd−1 log(c)
TrRε(ScA,B) = I(A,B)

∫ 1

0

Rε(θ)

θ(1− θ)
dθ.

Taking the limit ε→ 0, it follows from (7.5) that

lim sup
ε→0+

∫ 1

0

Qε(θ)

θ(1− θ)
dθ =

∫ 1

0

f(θ)

θ(1− θ)
dθ,

lim inf
ε→0+

∫ 1

0

Rε(θ)

θ(1− θ)
dθ =

∫ 1

0

f(θ)

θ(1− θ)
dθ.
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Thus, it suffices to establish that

(7.6) lim sup
ε→0+

lim sup
c→∞

1

cd−1 log(c)
TrGε(ScA,B) = 0.

Here we use the established bound (1.14). It gives

lim sup
c→∞

1

cd−1 log(c)
TrGε(ScA,B) ≤ C(A,B)

∫ 1

0

M0Gε(θ) +M1Gε(θ)

θ
dθ.

For θ < ε we have M0Gε(θ) =M0f(θ) and M1Gε(θ) =M1f(θ), thus

M0Gε(θ) +M1Gε(θ) ≤M0f(θ) +M1f(θ).

For ε ≤ θ < 1 we have

(7.7) M0Gε(θ) +M1Gε(θ) ≤ 2max(M0f(ε),M1f(ε)) ≤ 2(M0f(θ) +M1f(θ)).

We get that M0Gε(θ)+M1Gε(θ)
θ(1−θ) is majorized by the L1-function 2(M0f(θ)+M1f(θ))

θ(1−θ) . Thus, if we
show that it tends to zero pointwise as ε → 0+ then the dominated convergence theorem
will imply (7.6). By (7.7) it suffices to show that

(7.8) max(M0f(ε),M1f(ε)) → 0 as ε→ 0+.

Clearly, max(M0f(ε),M1f(ε)) is non-negative and non-decreasing in ε, thus the right limit
limε→0+ max(M0f(ε),M1f(ε)) = ν exists and is non-negative. If ν > 0 then the integral

∫ 1

0

M0f(θ) +M1f(θ)

θ
dθ

diverges, contradicting the assumption that f is area law admissible. Thus, ν = 0 giving
us (7.6).

8. Computation of TrS2
A,B when A and B are finite unions of boxes

In this section we prove Theorem 1.14 and Theorem 1.15. The key idea of the compu-
tation is that TrS2

A,B = ∥SA,B∥22 is the Hilbert–Schmidt norm squared of SA,B. Since SA,B
is an operator with the kernel (1.1), we have

∥SA,B∥22 =
∫∫

Rd×Rd

|1A(x)1̌B(x− y)1A(y)|2 dx dy.
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Assume that A = ∪nk=1Ak and B = ∪ml=1Bl are finite unions of axis-parallel boxes with
disjoint interiors. We have

∫∫

Rd×Rd

|1A(x)1̌B(x− y)1A(y)|2 dx dy

=
n∑

k1,k2=1

m∑

l1,l2=1

∫∫

Rd×Rd

1Ak1
(x)1Ak2

(y)1̌Bl1
(x− y)1̌Bl2

(y − x) dx dy.

For each k1, k2, l1, l2 the variables separate and we reduce to the integrals of the form
∫∫

R×R
1I1(x)1I2(y)1̌J1(x− y)1̌J2(y − x)dx dy

for some intervals I1, I2, J1, J2 ⊂ R. Doing the change of variables x− y = z and applying
Fubini’s theorem we get

(8.1)
∫∫

R×R
1I1(x)1I2(x+ z)1̌J1(z)1̌J2(−z)dx dz =

∫

R
1̌J1(z)1̌J2(−z)|I1 ∩ (I2 − z)|dz.

We do exactly the same on the Fourier side with the intervals J1 and J2. For each z ∈ R

1̌J1(z)1̌J2(−z) =
∫∫

R×R
1J1(u)1J2(v)e

2πiz(u−v) du dv =

∫

R
e2πizw|J1 ∩ (J2 − w)| dw.

Plugging this into (8.1) we get

(8.2)
∫∫

R×R
e2πizw|I1 ∩ (I2 − z)||J1 ∩ (J2 − w)| dz dw

For fixed intervals I, I ′ the function R ∋ t→ I ∩ (I ′ − t) is zero up to some point p1, then
linear up to some p2, then constant up to some p3, linear again up to some p4 and zero
afterwards (if |I| = |J | then p2 = p3). Thus, separating into the nine cases with respect to
the pairs I1, I2 and J1, J2 we have to compute the integrals of the form

∫ b

a

∫ d

c

(αz + β)(γw + δ)e2πizwdzdw.

A direct computation shows
∫ b

a

∫ d

c

(αz + β)(γw + δ)e2πizw dz dw

=

∫ b

a

(γw + δ)

(
(αd+ β)e2πiwd − (αc+ β)e2πiwc

2πiw
+
α
(
e2πiwd − e2πiwc

)

4π2w2

)
dw.

This integral can be computed explicitly with the use of the exponential integral function
E1(w), because

∫
eir

r2
dr = − eir

r
+ i
∫

eir

r
. If 0 ∈ [a, b] then one has to exercise a bit of care,

removing a small interval [−ε, ε], integrating over the resulting segments and letting ε→ 0
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with the use of the known asymptotics of E1(w) for small w which will give the logarithmic
terms.

Unfortunately, executing this strategy in practice is rather infeasible due to the number of
terms appearing, so we will only do the simplest one-dimensional case A = [0, c], B = [0, 1].
Our starting point will be (8.2) with I1 = I2 = [0, c] and J1 = J2 = [0, 1]. We find that

TrS2
[0,c],[0,1] =

∫∫

R×R
e2πizw |[0, c] ∩ ([0, c]− z)| |[0, 1] ∩ ([0, 1]− w)| dz dw

=

∫ 1

−1

∫ c

−c
e2πizw (c− |z|) (1− |w|) dz dw.

Using Fubini’s theorem and taking the integral in w we get

TrS2
[0,c],[0,1] =

∫ c

−c
(c−|z|)sin(πz)

2

π2z2
dz = 2

∫ c

0

(c−z)sin(πz)
2

π2z2
dz = lim

ε→0+
2

∫ c

ε

(c−z)sin(πz)
2

π2z2
dz.

Using sin2(t) = 1−cos(2t)
2

and
∫ cos(t)

t2
= − cos(t)

t
−
∫ sin(t)

t
we can find an explicit primitive

and get

2

∫ c

ε

(c− z)
sin(πz)2

π2z2
dz =

2πczSi(2πz) + c cos(2πz)− c+ zCi(2πz)− z log(z)

π2z

∣∣∣∣∣

c

ε

.

The limit of the primitive as ε → 0 is γ+log(2π)
π2 using the known asymptotics of Ci(z) for

small z. So,

TrS2
[0,c],[0,1] = c− log(c)

π2
− 1 + γ + log(2π)

π2
+

(
2

π
c
(
Si(2πc)− π

2

)
+

cos(2πc)

π2
+

Ci(2πc)

π2

)
,

as required. Recall the known asymptotics for Si(t) and Ci(t) for large t

(8.3) Si(t) =
π

2
− cos(t)

∞∑

n=0

(−1)n(2n)!

t2n+1
+ sin(t)

∞∑

n=1

(−1)n(2n− 1)!

t2n
,

(8.4) Ci(t) = sin(t)
∞∑

n=0

(−1)n(2n)!

t2n+1
+ cos(t)

∞∑

n=1

(−1)n(2n− 1)!

t2n
.

We note that the first term in the first sum in (8.3) cancels with cos(2πc)
π2 and the first term

in the second sum in (8.3) cancels with the first term in the first sum in (8.4). Thus, the
oscillating terms begin with O( 1

c2
) term. Plugging these series into our formula gives the

desired asymptotic expression.
43

140



9. One-term asymptotics

To establish one-term asymptotic (1.16) in general we first need to establish it for any
two qualitatively different functions directly. For f(θ) = θ we already know it, even without
any error terms, so we will consider f(θ) = θ2.

Claim 9.1. Let A,B ⊆ Rd be sets with finite measure. Then S2
cA,B is trace class and

TrS2
cA,B = cd|A||B|+ o(cd)

as c→ ∞.

Proof. It suffices to show that Tr
[
ScA,B − S2

cA,B

]
= o(cd). By the S − S2 trick we have

ScA,B − S2
cA,B = |PcAQBPcAc |2 ,

so the trace is given by the Hilbert–Schmidt norm squared of PcAQBPcAc . Arguing like in
the previous section, we find

∥PcAQBPcAc∥22 = cd
∫

Rd

∣∣1̌B(x)
∣∣2
∣∣∣A ∩

(
Ac − x

c

)∣∣∣ dx.

The function FA(x) = |A∩ (Ac−x)| = 1A ∗ 1−Ac(−x) is continuous, bounded, and satisfies
FA(0) = 0. The claim now follows immediately from the dominated convergence theorem.

□

Proof of Theorem 1.16. Subtracting θf(1) from f we can without loss of generality assume
that f(1) = 0. Pick a small 1

2
> ε > 0. We split Trf(ScA,B) into the terms with λn > 1− ε

and 1− ε ≥ λn ≥ 0:

Trf(ScA,B) =
∑

λn(cA,B)>1−ε
f(λn(cA,B)) +

∑

1−ε≥λn(cA,B)≥0

f(λn(cA,B)).

For the second sum we simply apply the linear bound |f(θ)| ≤ Cθ and the elementary
inequality θ ≤ θ(1−θ)

ε
, valid for 0 ≤ θ ≤ 1− ε. We find
∣∣∣∣∣∣

∑

1−ε≥λn(cA,B)≥0

f(λn(cA,B))

∣∣∣∣∣∣
≤ C

ε
Tr
[
ScA,B − S2

cA,B

]
,

which is o(cd) for all fixed 0 < ε < 1
2

by Claim 9.1.
For the first sum, by continuity of f at 1, for any δ > 0 there is ε small enough such that

|f(λn(cA,B))| < δ if λn(cA,B) > 1−ε. Since 0 < ε < 1
2
, this implies that |f(λn(cA,B)| <

2δλn(cA,B). Thus, the first sum is at most 2δcd|A||B|. Since δ > 0 can be arbitrarily
small, this gives us the result. □
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Now, we turn to the proof of Theorem 1.18. This time, we will do a more complicated
splitting of Trf(ScA,B).

Proof of Theorem 1.18. As in the previous proof we can without loss of generality assume
that f(1) = 0. We also remark that since f is trace class admissible for L2(Rd), f must
satisfy limθ→0+ f(θ) = 0, by an argument similar to the proof of (7.8), just with the trace
class admissible for L2(Rd) condition instead of the area law admissible condition.

Since A,B are bounded, there exist boxes VA, VB such that A ⊆ VA, B ⊆ VB. Fix once
and for all a large number D to be determined later (it will only depend on VA, VB). Let
0 < ε < 1

2
be a small number. We have

Trf(ScA,B) =
∑

λn(cA,B)>1−ε
f(λn(cA,B)) +

∑

1−ε≥λn(cA,B)≥ε
f(λn(cA,B))

+
∑

0≤λn(cA,B)<ε

n≤Dcd

f(λn(cA,B)) +
∑

0≤λn(cA,B)<ε

n>Dcd

f(λn(cA,B)).

For the first sum for any δ > 0 we can choose 1
2
> ε > 0 small enough so that it is at most

2δ|A||B|cd, as in the previous proof.
For the second sum we simply use that f is bounded and the elementary inequality

1 ≤ θ(1−θ)
ε(1−ε) for θ ∈ [ε, 1− ε]. Thus, the second sum is at most

Tr[ScA,B−S2
cA,B ]

ε(1−ε) supt∈[0,1] |f(t)|,
which is o(cd) by Claim 9.1.

For the third sum, we use that limθ→0+ f(θ) = 0 to conclude that for any δ > 0 we can
choose ε > 0 small enough so that it is at most δDcd.

Finally, we turn to the most challenging fourth sum. Firstly, we estimate |f(λn(cA,B))|
by M0f(λn(cA,B)). Since M0f is non-decreasing, we can upper bound λn(cA,B) by
λn(cVA, VB) using Lemma 4.8. So, it remains to show that

∑

n>Dcd

M0f(λn(cVA, VB)) = o(cd).

We claim that if D is large enough and n > Dcd, then λn(cVA, VB) ≤ α−c
d , where αd is

taken from Theorem 1.1. This is equivalent to saying that Nα−c
d
(cVA, VB) ≤ Dcd. We have

Nα−c
d
(cVA, VB) = N1/2(cVA, VB) + Λα−c

d
(cVA, VB).

The first term is O(cd) by (3.2) and the second term is O(cd) by (1.6). Thus,
Nα−c

d
(cVA, VB) ≤ Dcd holds for large enough D. Given the claim, the computation (7.4)

therefore shows that
∑

n>Dcd

M0f(λn(cVA, VB)) ≤
∑

λn(cVa,VB)≤α−c
d

M0f(λn(cVA, VB)) = O(log(c)d) = o(cd),
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which finishes the proof. □

9.1. Counterexample for unbounded sets. In this subsection we prove Proposition
1.17. First, for convenience we replace f with a monotone subordinate function g.

Claim 9.2. For any function f : [0, 1] → C such that limx→0+
|f(x)|
x

= ∞ there exist ε > 0

and g : [0, 1] → [0,∞) such that g is non-decreasing, limx→0+
g(x)
x

= ∞ and g(x) ≤ |f(x)|
for 0 ≤ x ≤ ε.

Proof. Since limx→0+
|f(x)|
x

= ∞, for any k ∈ N there exists yk > 0 such that for 0 < x ≤ yk

we have |f(x)| ≥ 2kx. Inductively making yk smaller if necessary we can additionally
assume that yk ≥ 2yk+1. We define g(yk) = 2k−1yk, between yk and yk+1 we extend g

linearly, and for x ∈ [y1, 1] we set g(x) = g(y1). We are going to show that g is non-
decreasing, limx→0+

g(x)
x

= ∞ and g(x) ≤ |f(x)| for 0 < x ≤ y1.
For the first assertion it is enough to check that g(yk) ≥ g(yk+1) since linear functions do

not change monotonicity. This is equivalent to yk ≥ 2yk+1 which is true by our assumption.
For the second assertion, we have

inf
x∈[yk,yk+1]

g(x)

x
=
g(yk)

yk
= 2k−1,

which tends to infinity as k → ∞, thus limx→0+
g(x)
x

= ∞. Analogously, we also have

sup
x∈[yk,yk+1]

g(x)

x
=
g(yk+1)

yk+1

= 2k,

thus g(x) ≤ 2kx for x ∈ [yk, yk+1]. On the other hand, for x ∈ [yk, yk+1] we have |f(x)| ≥
2kx, which gives us the last assertion. Finally, we put g(0) = 0 to complete the proof. □

For any sets A,B of finite measure we clearly have that if f(SA,B) is trace class then
g(SA,B) is trace class. Thus, given a set B of positive and finite measure, it suffices to
construct a set A such that g(SA,B) is not trace class, or equivalently Tr g(ScA,B) = ∞.

We will take A =
⋃
k∈NAk where each Ak has measure 1

2k
. By monotonicity, Tr g(SA,B) ≥

Tr g(SAk,B), thus it suffices to make Tr g(SAk,B) tend to infinity. Since limx→0+
g(x)
x

= ∞,
for each k there exists xk > 0 such that g(x) ≥ 4kx for 0 < x ≤ xk. If SAk,B does not have
eigenvalues larger than xk then we have

Tr g(SAk,B) =
∞∑

n=1

g(λn(Ak, B)) ≥
∞∑

n=1

4kλn(Ak, B) =
4k

2k
|B| = 2k|B|,

which tends to infinity as k → ∞.
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So, it remains to construct sets Ak of measure 1
2k

such that SAk,B does not have eigen-
values larger than xk. This is equivalent to demanding that λ1(Ak, B) ≤ xk. We clearly
have

λ1(Ak, B) ≤
( ∞∑

n=1

λn(Ak, B)2

)1/2

=
(
TrS2

Ak,B

)1/2
.

Thus, if we can make TrS2
Ak,B

as small as we like, we will get the desired inequality. We
pick a large number N and let Ak be a union of N vastly separated intervals of length 1

N2k
:

Ak =
N⋃

m=1

[
Nm,Nm+

1

N2k

]
.

We have

TrS2
Ak,B

=

∫

R
|1̌B(x)|2 |Ak ∩ (Ak − x)| dx.

Direct inspection shows that for 1
N2k

< |x| < N − 1
N2k

we have Ak ∩ (Ak − x) = ∅ and for
x outside this range the measure of the intersection is clearly at most 1

2k
. Thus,

TrS2
Ak,B

≤ 1

2k

∫

|x|< 1

N2k

|1̌B(x)|2dx+
1

2k

∫

|x|>N− 1

N2k

|1̌B(x)|2dx.

As N → ∞, by the dominated convergence theorem both of these integrals go to 0. Thus,
we can make TrS2

Ak,B
as small as we like by taking N large enough, as required.
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[63] G. Szegö. “On certain Hermitian forms associated with the Fourier series of a
positive function”. Comm. Sém. Math. Univ. Lund [Medd. Lunds Univ. Mat. Sem.]
1952 (1952), pp. 228–238.

[64] H. Widom. “On the eigenvalues of certain Hermitian operators”. Trans. Amer.
Math. Soc. 88 (1958), pp. 491–522.

[65] H. Widom. “A theorem on translation kernels in n dimensions”. Trans. Amer.
Math. Soc. 94 (1960), pp. 170–180.



BIBLIOGRAPHY 151

[66] H. Widom. “Toeplitz determinants with singular generating functions”. Amer. J.
Math. 95 (1973), pp. 333–383.

[67] H. Widom. “Asymptotic behavior of block Toeplitz matrices and determinants.
II”. Advances in Math. 21 (1976), pp. 1–29.
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