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Thesis statement

This thesis is based on the following manuscripts:

Part [[] is based on an article that has been published in The Quarterly Journal of Mathematics
76.4 (2025), pp. 1105-1157.

Part [T has appeared in this form on the preprint server arXiv under arXiv:2510.23812.

Part [[I]] is based on a manuscript for which an earlier version has appeared on the preprint
server arXiv under arXiv:2510.23813.

Summary

This thesis is a synopsis consisting of three articles that study different aspects of string topology
— an area of research intersecting geometry and topology. The first article studies graded Frobenius
algebras. They are an algebraic structure that appears in, but not only in, string topology. We give
an algebraic gadget, a PROP, that encodes and explains this algebraic structure.

The second article studies the string topology coproduct on the subspace of based loop. We
prove that the coproduct is better behaved on this subspace. We use this understanding to give
explicit computations for certain manifolds.

The third and final article of this synopsis studies the string topology coproduct via Morse
homology with differential graded coefficients. Using this Morse theoretic framework, we reconstruct
the coproduct on the free loop space from the coproduct on the based loop space.

Sammenfatning

Denne afhandling er en synpose bestaende af tre artikler, der undersgger forskellige aspekter
af strengtopologi — et forskningsomrade, som krydser geometri og topologi. Den fgrste artikel un-
dersgger graderede Frobenius-algebraer. Disse udggr en algebraisk struktur, der forekommer i, men
ikke udelukkende i, strengtopologi. Vi praesenterer et algebraisk redskab, et PROP, der kodificerer
og forklarer denne algebraiske struktur.

Den anden artikel undersgger strengtopologiens koprodukt pa det baserede lgkkerum. Vi beviser,
at koproduktet opfgrer sig bedre pa underrummet af baserede lgkker. Vi bruger denne indsigt til at
give eksplicitte beregninger for visse mangfoldigheder.

Den tredje og sidste artikel i denne synopse undersgger strengtopologiens koprodukt via Morse-
homologi med differentielt graderede koefficienter. Ved hjzlp af denne Morse-teoretiske ramme
rekonstruerer vi koproduktet pa det frie lgkkerum ud fra koproduktet pa det baserede lgkkerum.



Acknowledgements

I cannot overstate how lucky I am to have done my PhD in this beautiful environment. The
biggest impact on this wonderful setting has my supervisor Nathalie Wahl. Therefore, my first
thanks belongs to her. With her insights in mathematical and non-mathematical matters, her
thoughtful, precise and empathetic communication style and her unwavering support, she was not
only an incredible supervisor to me but continues to be an inspiration.

I am convinced that the GeoTop centre, with Nathalie, Jesper Grodal and Jan Tapdrup at the
heart, is the most lively and lovely place to work in all of mathematics. It is common knowledge
among us PhD students that the biggest tragedy of working here is that one must leave at some
point. It thus is with a heavy heart that I say goodbye and thank you to my colleagues: Qingyuan
Bai, Nena Batenburg, Thomas Blom, Omer Bojan, Robert Burklund, Tim With Berland, Shachar
Carmeli, Marie-Camille Delarue, Pierre Elis, Anton Fehnker, Desirée Gijén Gémez, Oscar Harr, Jan
Ole Hesse, Lars Hesselholt, Chris Hone, Ryomei Iwasa, Branko Juran, Dani Kaufman, Priya Kaveri,
Marius Kjeersgaard, Lucas Larsen, Ishan Levy, Erik Lindell, Chenglong Ma, Deven Manam, Fadi
Mezher, Thomas Jan Mikhail, Csenge Miklds, Maxime Ramzi, Florian Riedel, Jan Steinebrunner,
Semen Slobodyaniuk, Robert Szafarczyk, Harish Upadhyaya, Philippe Vollmuth, Zhihao Wang,
Sebastian Wolf, Emma Zambolin, Adela Zhang and especially the other two thirds of the Terrific
Topology Trio from Third: Isaac Moselle and Azélie Picot. I also want to thank my Swiss partners
in crime in Copenhagen Duri Janett and Sami Zweidler.

I would also like to thank Jesper Grodal, Florian Naef and Alexandru Oancea for being part of
my thesis committee. I am especially indebted to Alexandru for hosting me in Strasbourg during
the spring of last year. I also want to thank Robin Riegel for spirited and helpful discussions during
this time. A lot of the insights in this thesis took shape in Strasbourg due to their help.

Zu guter Letzt mochte ich mich bei meiner Familie und meinen Freund*innen in Ziirich be-
danken. Ihr habt mich vor und wahrend dieser Zeit tatkréftig und durchgehend unterstiitzt. Ihr
habt dieses grosse Abenteuer {iberhaupt moglich gemacht. Insbesondere gilt mein Dank Mami,
Papi, Viviane, Cornelia, Richi, Grossvati und meiner wunderbaren Freundin Janine, die mir auch
in schweren Zeiten unermiidlich Kraft gab und mit der ich meine Freuden und Erfolge immer als
Erstes teilen konnte.

Jonathan Laurent Clivio
August 2026, Copenhagen



Contents

Motroduction| vii
|[Part I. Graded Frobenius algebras| 1
|[Part 1I. The Goresky-Hingston coproduct on based loop spaces| 57

[Part III. The Goresky-Hingston coproduct in Morse homology with DG
lcoefficients| 91

[Referencesd 139







Introduction



This thesis consists of three parts that provide different perspectives on string topology: an
operadic perspective in Part [[} a perspective via the based loop space in Part [T and a perspective
via Morse theory in Part [[TI]

String topology was introduced by Chas and Sullivan in 1999 |[CS99| as the study of certain
operations on the space of loops on a manifold — the free loop space. Despite the seemingly simple
geometric description in terms of cutting up and gluing together loops (see the cover image), it has
proven difficult to give an explicit description of the operations for most manifolds. This is especially
true for the Goresky-Hingston coproduct which is a key operation in string topology and constitutes
the main object of interest for Parts [[I] and [[TI]

The three articles making up the three parts of this thesis give tools to deepen our understanding
of these operations. Furthermore, they provide methods and results that we hope are of interest
beyond the context of string topology.

The first article takes an operadic approach to string topology. The operations in string topology
do in general not preserve homological degree. This can lead to surprising signs when studying the
relations that these operations satisfy. In Part[[] we give an explanation for these signs by encoding
the operations of a graded Frobenius algebras in an algebraic gadget called a PROP. We obtain the
signs and relations that the operation of graded Frobenius algebra satisfy via a graphical calculus
as in Figure[l}

FIGURE 1. A graphical calculus of this form encodes the associativity of graded
Frobenius algebras.

Graded Frobenius algebras are a structure that the string topology product and coproduct have
in some settings. This algebraic structure also appears in other areas than string topology. Notably,
graded Frobenius algebras also describe certain 2-dimensional topological quantum field theories.

In the second article, we focus our attention on the based loop space. We show that the Goresky-
Hingston coproduct on the based loop space is much nicer behaved than its bigger brother on the
free loop space. The fact that we only allow for one fixed start and end point of our loops means that
to understand the behaviour around a self-intersection you only need to understand what happens
in an n-dimensional ball (see Figure . This is the simplest possible setting when working with
n-dimensional spaces. This simpler geometry allows us to prove invariance formulas for the based
coproduct that fail for the free loop space. We use these simpler invariance formulas to give concrete
computations of the coproduct on the based loop space.
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FIGURE 2. A family of loops that contain a loop with one self-intersection.

In the last article, we rebuild the coproduct on the free loop space from the coproduct on
the based loop space. We do this in the formalism of Morse homology with differential graded
coefficients. This formalism shows that given a Morse function on our manifold, we can understand
a class of loops in the free loop space as a sum of classes of based loops. These classes of based loops
are based at the critical points of the Morse functions. We show that under certain assumptions on
the manifold or coefficients, we can compute the coproduct on the free loop space via the coproduct
of the based loops (see Figure [3]).

F1GURE 3. The loop at the top represents a family of loops. The coproduct of this
family is computed by cutting it up and flowing it down to the loops at the bottom.

The hope for future work is that we can combine Parts [[I] and [[I} Part [[T] shows that the
coproduct on the based loop space is computable and Part [[TI| shows that the coproduct on the free
loop space can be glued together from the coproduct on the based loop space. It thus seems doable
to transport insights and computations from the based loop space to the free loop space. At the
moment, this remains work in progress. The bottleneck has moved from understanding the string
topology of a manifold to understanding its Morse theory.



Part 1

Graded Frobenius algebras



Abstract. We construct a PROP which encodes 2D-TQFTs with
a grading. This defines a graded Frobenius algebra as algebras over
this PROP. We also give a description of graded Frobenius algebras
in terms of maps and relations. This structure naturally arises as the
cohomology of manifolds, loop homology and Hochschild homology of
Frobenius algebras. In addition, we give a comprehensive description of
the signs that arise in suspending algebras over PROPs.
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1. Introduction

The goal of this paper is to clarify what is meant by a graded Frobenius algebra. To this end,
we introduce a PROP that describes a Frobenius algebra with multiplication in a fixed degree ¢ and
comultiplication of a fixed degree d.

There is a need for such a definition, because the straight-forward attempt of considering Frobe-
nius algebras in graded abelian groups runs into problems. Defining a Frobenius algebra in graded
abelian groups is unproblematic if all maps are degree-preserving, i.e., they are maps in degree 0.
But this attempt fails to describe some non-trivial examples if maps of different degrees are consid-
ered: for example, we consider a graded abelian group A with a unital multiplication u: A A — A
and a counital comultiplication v: A — A ® A on it satisfying the usual Frobenius relation

(1) (pid)o([d®v)=vou=(1d® u)o (v ®id).

We now assume that p and v are of some degree |u| = ¢ and |v| = d. If ¢+ d is odd and we work
over a field where 1 # —1, the only example that is described is the trivial algebra A = 0. We prove
this in Proposition [3.7]

Another attempt to describe examples of Frobenius algebras with maps in non-zero degree is
to suspend a Frobenius algebra. Suppose A is a Frobenius algebra in graded abelian groups with
multiplication x4 and v in degree 0. Suspending A gives an algebra ¥ A with a multiplication X in



degree —1 and a comultiplication v in degree 1. Suspension and desuspension of algebras therefore
leaves the sum of the degree of the multiplication and the degree of the comultiplication invariant.
Thus an example of A with a multiplication p in degree 0 and a comultiplication in degree d # 0
cannot be described as the suspension of an algebra with only operations in degree 0.

Moreover, the canonical map

(2) >: Hom(A®*, A% — Hom((2A)%*, (24)%)

is only functorial and symmetric monoidal up to sign. We compute these signs in Lemma [5.10
These signs also illustrate why Frobenius algebras in graded abelian groups are not the natural
concept to consider. For example if p and v satisfy the Frobenius relation as in , the signs in the
functoriality and monoidality of ¥ in induce the following sign in the Frobenius relation:

Cp®id)o(id®Xv) = (—1)XvoXu = (id ® Xu) o (Xr ®id).
Therefore, the natural concept of graded Frobenius algebras will have signs appearing in the relations.

1.1. The graded Frobenius PROP. In this paper, we give a definition of graded Frobenius
algebras with a multiplication p in degree ¢ and a comultiplication v in degree d for any choice
¢,d € Z (see Definition . This definition solves the two problems described above: we can
describe non-trivial examples for any choice of ¢,d € Z and the signs that appear in this definition
are stable under suspending algebras. We make this second claim precise when we discuss the
relations in subsection
We describe a category of graph cobordisms in Definition [2.12] This lets us model every cobordism
by an equivalence class of graphs.

For a graph G representing a cobordism, we consider a twisting by the determinant det(G, 9;,) of
the homology relative to the incoming boundary. The determinant det(G, 9;,) is a graded rank one
free abelian group concentrated in degree —x (G, 9, ), the negative Euler characteristic. Analogously,
we consider det(G, Oyt )-

This lets us define the categories of graded graph cobordism GCoby, 4, fat graph cobordisms fGCob, 4
and planar graph cobordisms pGCob, 4 in Definition These categories have morphisms given
by elements in the following graded abelian groups

det. 4(G) = det(G,9;,)®° @ det(G, Dpur)®*.

In these categories, there is a morphism * U * — . It models a multiplication of the graded Frobe-
nius algebra . It is given by a generator w(}»-) € det. 4(>-). Here )»- is the graph with two inputs
to the left, one output to the right and one three-valent vertex in the middle. It has relative Euler
characteristic —x(»-, 9;) = 1 and —x(», Opur) = 0. Therefore det, 4(»-) is concentrated in degree ¢
and the multiplication w(}-) is in degree ¢. Analogously, the comultiplication is given by a generator
w(=<) € det, 4(<) in degree d.

The categories GCob, 4, f{GCob, 4 and pGCob,. ; let us thus attain any combination in degrees ¢, d.
Moreover, GCoby 4 is modelled by graphs and describes (¢, d)-graded commutative Frobenius alge-
bras, fGCob, 4 has morphisms given by fat graphs and describes (¢, d)-graded symmetric Frobenius
algebras and pGCob, ; has morphisms given by planar graphs and describes (¢, d)-graded Frobenius
algebras

This twisting was previously described by Godin in [God07] and by Wahl and Westerland in
[WW16|. However, in contrast to Godin who models commutative Frobenius algebras by closed
surfaces, we work with graphs. In particular, twisting a surface S by det(S, d;,) corresponds to a
twisting by det(G, 0;,) ® det(G, d,yt) where G is a graph modelling the cobordism S. We prove
this relation between the twistings in Proposition [6.4] In particular, working with graphs rather



than closed surfaces for commutative graded Frobenius algebras allows us to describe examples of
algebras where ¢ + d is odd.

1.2. Suspending PROPs. Above we observed that suspending an algebra with multiplication

in degree 0 and comultiplication in degree 0 gives an algebra with multiplication in degree —1 and
a comultiplication in degree 1. These shifts in degree hold for any choice in degrees c, d.
This can be seen on the level of PROPs: we define the usual suspension PROP ¥ in Definition [£.14]
This PROP has the following universal property: a graded abelian group A has the structure of an
algebra over a PROP P if and only if 3 A has the structure of an algebra over ¥ ® P (see Proposition
4.15). On the other hand, we give natural isomorphisms of PROPs

Y® GCObc’d = GCObC,LdJrl,
¥ @ fGCob, q = fGCob¢_1,4+1,
¥ ® pGCob, 4 = pGCob,_q 411

in Proposition This, in particular, shows that suspending a (¢, d)-graded Frobenius algebra
gives a (¢ — 1,d + 1)-graded Frobenius algebra.

This is in contrast to the relation between (c,d)-graded Frobenius algebras and (¢ + 1,d)-graded
Frobenius algebras. In Remark we give a construction that produces a (¢ + 1,d)-graded
Frobenius algebra from a (c, d)-graded Frobenius algebra. This construction could be called a one-
sided suspension of graded Frobenius algebras as it only affects the degree of the multiplication and
not the coproduct. However in contrast to the usual suspension, this one-sided suspension is not an
equivalence of categories.

1.3. Maps, relations and signs. In the ungraded case, there are several equivalent descrip-
tions of a Frobenius algebra. We contrast two different types of definitions:

(1) Descriptions in terms of maps with relations: an object A together with a selection of
the following maps: a multiplication p, a unit 1, a comultiplication v and a counit ¢ that
satisfy certain relations.

(2) Descriptions in terms of PROPs: a 2-dimensional topological quantum field theory (TQFT).
This is a (symmetric) monoidal functor out of a 2-dimensional cobordism category.

There is a myriad of different variants of the two flavours of definitions with optional commutativity,
unitality, counitality. The equivalence between these two types of definitions is described in [Abr96}
LP08}; Koc04].

We explained above that we define a (¢, d)-graded Frobenius algebra in terms of a PROP. In our main
theorem, we relate our definition to a description in terms of maps and a choice of signs appearing
in the relations:

MAIN THEOREM (Theorem[5.1). Let ¢,d € Z and let (C,®,1,7) be a (strict) monoidal category
enriched over graded abelian groups and denote C,,(X,Y) the abelian group of morphisms from X to
Y of degree n.

The data (A, u,n,v,€) where

AecC,
peEC(A® A, A), n € C_.(1,A),
veCi(A AR A), eeC_yq(A1)

a monoidal functor out of pGCob, 4 into C uniquely up to isomorphism defines if and only if the
following relations are satisfied:

(i) graded associativity po (p®id) = (—1)po (id @ w);
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(i1) graded unitality (—1)°po (n®id) = (-1) id = po (id®n);
(iii) graded coassociativity (id ® v) ov = (—=1)¥ (v ® id) o v;
(iv) graded counitality (—1)%(id® g) ov = (1) i = (e®id) ov;
(v) graded Frobenius relation (u®id) o (id @ v) = (=1)*wop = (id @ u) o (v ®@id).
If C is also symmetric, the data (A, p,m,v,€) defines a symmetric monoidal functor out of GCob, 4
into C uniquely up to isomorphism if and only if the maps satisfy (i)-(v) and

(vi) graded commutativity pot = (—1)°u

and it defines a symmetric monoidal functor out of f{GCob, 4 into C uniquely up to isomorphism if
and only if the maps satisfy (i)-(v) and

(vi’) graded symmetry eo ot = (—1)% o p.

These signs are not canonical. They depend on choices of generators w(»-) € det.q4(»-) and
w(<) € det.4(<). We explain in Remark our choices. However, no choice can make the signs
disappear.

We remarked above that our signs are stable under suspending algebras. This means that our choices
of signs are such that if (A, u,n, v, €) satisfies the relations of (¢, d)-graded Frobenius algebra, then
(XA, Xu, Xn, Xy, Xe) satisfies the relations of a (¢c—1,d+1)-graded Frobenius algebra. This is proved
in Proposition [5.11}

Our signs almost coincide with the signs found in the definition of a biunital coFrobenius bialgebra
as defined in [CO22b|. We compare this in Remark

1.4. Examples. In the literature, graded Frobenius algebras appear with different character-
isations. Some have a more PROP-theoretic description and some have a description in terms of
maps and relations. Our main theorem lets us relate the two types of description. In section [f] we
discuss a selection of the examples found in the literature.

The first example we discuss is the cohomology ring of an oriented manifold M of dimension d (see
Example . The intersection coproduct defines a degree d comultiplication on cohomology. In
particular, we discuss different sign conventions for the intersection coproduct found in the litera-
ture.

A second example, we discuss, is the Hochschild homology of a graded Frobenius algebra A (see
Example . Wahl and Westerland give a description of a Frobenius algebra on HH,(A) twisted
by det (S, 9;,)®%. As discussed above, the twisting by the relative homology of the surface gives a
(d, d)-graded Frobenius algebra.

In a similar vein, we discuss the homology of the loop space with the Chas-Sullivan product and
the trivial coproduct. Godin gives operations which are twisted by det(S,d;,)®¢ in |God07]. By
our Proposition this corresponds to a twisting by det(G, 9;,)®? @ det(G, Opur)®? (see Example
G3).

Finally, we discuss the relation between the Chas-Sullivan product and the Goresky-Hingston co-
product in Rabinowitz loop homology as in the work by Cieliebak, Hingston and Oancea in [CHO20}
CO0O22b} |CO22a; (CHO23;; |(CO24].

We discuss the language of Tate vector spaces as presented in [CO24|. Concretely for A a graded Tate

vector space, we show that the endomorphisms End 4 (X,Y) = Hom(A4® X, A@Y) have a canonical
dioperad structure in Proposition [6.6]

On the other hand, we define the canonical subdioperad of GCob, 4 in Definition This diop-
erad has the same operations as the full PROP in the case of a field of characteristic # 2. This is
a consequence of our description of the subdioperad in Proposition We can thus describe the
Rabinowitz loop homology as an algebra over the subdioperad in Example [6.8]
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Organisation of the paper. In Section [2] we describe a category of graph cobordisms mod-
elling the category of 2-dimensional cobordisms. In Section [3] we recall the classical relations of
Frobenius algebras and show that they force algebras to be trivial in the odd dimensional graded
case. In Section |4} we construct the categories GCob, 4, {GCob, 4 and pGCob, ,; and study graded
Frobenius algebras in terms of PROPs. In section [ we state the main theorem and use it to study
graded Frobenius algebras in terms of maps and relations. In Section [f] we review and relate exam-
ples from the literature of graded Frobenius algebras. In Section [7] we set up machinery that helps
us to prove the main theorem.

Conventions. Throughout this paper, we use the convention that maps act from the left. This
in particular implies that for maps of graded abelian f: A — A’ and g: B — B’ evaluated on
homogeneous elements a € A and b € B, we have the following signs

(f®g)(a®b) = (=19 f(a) @ g(b).
Moreover, that the canonical composition map on morphism spaces is order-reversing
Hom(Y, Z) ® Hom(X,Y) — Hom(X, Z),
f@®g—fog.
We define the suspension of a graded abelian A by ¥ A. Tt is defined by (¥A4);4+1 = A;.
We denote by 1 the unit of the category of graded abelian groups: Z concentrated in degree 0. We
denote the dual of a graded abelian group by A" defined as A) := Homq(A_j, 1).
The natural isomorphism from the dual of a tensor product to the product of the duals is order-
reversing, we have
(A B)Y 2B ® AY,
(a®b)Y = b ®@a".

This can be seen as b¥ ®a" evaluated on a®b gives 1. But oV @b evaluated on a®b gives (—1)!¢/®,

Acknowledgments. Ithank my PhD advisor Nathalie Wahl for suggesting the topic of signs in
Frobenius algebras, many interesting discussions and reading my various drafts. I also like to thank
Jan Steinebrunner for helpful discussions about operads, PROPs and Frobenius algebras. I further
like to thank Kai Cieliebak and Alexandru Oancea for sharing their draft of |[CO22b| and their
insights on graded Frobenius algebras and its relation to string topology. Furthermore, I thank Alex
Takeda for explaining the relation of our conventions to pre-Calabi-Yau structures. I would also like
the referee for their insightful comments which helped clarify and extend this article. Finally, I thank
Isaac Moselle and Janine Roshardt for proof-reading and encouraging discussions. I was supported

by the Danish National Research Foundation through the Copenhagen Centre for Geometry and
Topology (DNRF151).

2. Cobordisms and graphs

In this section, we recall the definition of closed, open and planar 2D-cobordism categories.
Moreover, we describe an equivalent category coming from a 2-category of graph cobordism.

2.1. Cobordisms.
DEFINITION 2.1. The category of closed 2D-cobordisms Cob$°*°? has objects

Ob(Cob§*?) := { IIs

X

X 1is a finite set} .

A morphism between [[ S* and [[,- S* is given by an equivalence class of pairs (S, ¢) where



e S is an oriented, compact topological 2-manifold possibly with boundary;

e ( is a homeomorphism
e: [Ts"u]s" —os
X Y

and (S,p) and (5’,¢’) are equivalent if there exists a homeomorphisms ¢ : S — S’ such that
Yo = See Figure [

FIGURE 4. An example of a closed cobordism from S' L S! LU S to S* LU St We
use the convention of drawing the incoming boundary to the left and the outgoing
boundary to the right.

DEFINITION 2.2. The category of open 2D-cobordisms Coby”®" has objects

(%@%?ﬂ—{ﬂpu

X

X is a finite set} .

A morphism between [][0,1] and []y [0,1] is given by an equivalence class of pairs (.S, ) where

e S is an oriented, compact topological 2-manifold such that every connected component has
non-empty boundary;
e ( is an embedding

¢: [Tlo.17uJl0,1] — as.

The equivalence relation is given by (5, @) ~ (5’, ) if there exists a homeomorphisms ¢ : S — S’
such that ¢ o p = ¢'. We call 0 S = 05 \ im(p) the free part of the boundary. See Figure

eX5~> ()

FIGURE 5. An example of an open cobordism from [0, 1] to &. The two surfaces
are homeomorphic as they both have one boundary and Euler characteristic —1.

We fix some orientation on [0, 1] x R.

DEFINITION 2.3. The category of planar 2D-cobordisms Coby™" has objects

oumwmﬂz{umu

X

X is a finite set with linear ordering} .



A morphism between [][0,1] and [],/[0,1] is given by an open cobordisms

(S, )] € CobgP™" (]_[[0, 11, ] T, 1])

X %
such that there exists an oriented embedding ¢ : S < [0, 1] x R satisfying that

® Yoyl (01 lands in {0} x R and the image of the connected components is ordered (with
respect to the canonical ordering on {0} x R) according to the linear ordering of X;

e Yo <p|]_[y[0’1] lands in {1} x R and the image of the connected components is ordered in
{1} x R according to the linear ordering of Y.

See Figure [6]

FIGURE 6. A planar cobordism between [0, 1] and @.

2.2. Graphs. We later give a description of those three categories using graphs. For this, we
introduce what we mean by a graph.

DEFINITION 2.4. A graph G = (V, H,0,8, Lin, Loyt) consists of the following data:

a finite set V(G) := V called the vertices;

a finite set H(G) := H called the half-edges;

e an involution o: H — H with no fixed points, the orbits {h,oh} are called the edges and
we denote the set of orbits H, = E = E(G);

e a surjective map s: H — V, where for a vertex v € V the cardinality |s~*(v)| is called its
arity;

o subsets L, (G) := Lin, Lout(G) = Lout € V(G) of the set of vertices of arity < 1 such that

Li, N Loyt only contains vertices of arity 0.

A fat graph is a graph together with a cyclic ordering of the half-edges in s~!(v) for all v.

We call the vertices in L;, and L,,; the external vertices. The other vertices are called the
internal vertices. In our conventions, we allow for internal vertices of arity < 1.

A graph defines a 1-dimensional CW-complex, called the geometric realization, denoted |G|: the
zero-cells are the vertices and the one-cells are the edges. Choosing an orientation on each one-cell
corresponds to an ordering of the two half-edges making up the edge. Then the map s describes
how to glue the edges to the vertices.

We give some additional terminology which is useful, when talking about graphs.

DEFINITION 2.5. Let G be a graph.

e The graph G is connected if |G| is connected.
e The graph G is a forest if m(|G|) = 1 at every basepoint.
e An edge e = {h,oh} is called a tadpole if s(h) = s(ch).
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DEFINITION 2.6. A morphism of graphs f: G — G’ is a cellular map of the underlying CW-
complexes |G| — |G’| which is on edges either the collapse or the identity and is a bijection on L;j,
and L,yz-

REMARK 2.7. Our definition of morphism of graphs is such that every morphism of graph is
given by a sequence of edge collapses and a graph isomorphism. Importantly, the edges that are
collapsed are not tadpoles and are not adjacent to an external vertex.

mn m
in out p—» in out
n mn

FIGURE 7. A morphism of graphs sends L;, to L;, and L,y to Loy, and possibly
collapses edges. Here the graph morphism collapses two edges.

DEFINITION 2.8. A morphism of fat graphs is a morphism of graphs f: G — G’ that can be
written as a sequence of edge collapses of edges

G=Gy—Gley =Gy = Gi/ea =G2 — -+ = Gp_1/e, = Gy,
and a graph isomorphism
0: Gy — G’
such that
e if we have for e; = {h;,oh;} the cyclic orderings (h; ay ... an) = (a1 ...am h;) on s~ (s(h;))

and (oh; by ...b,) on s~1(s(oh;)), then the vertex in G;_1/e; corresponding to e; has cyclic
ordering

(al...am b1 bn),
e ¢ commutes with the cyclic ordering.

2.3. Graph cobordisms. We can now construct the 2-categories GCob, f{GCob and pGCob.
This gives models for the cobordism categories.

DEFINITION 2.9. The graph cobordism category GCob is a 2-category, i.e. a category enriched
over 1-categories with

Ob(GCob) = {finite sets},

and the morphism categories GCob(X,Y’) are given by the category of graphs G with labellings
Lin(G) 2 X and L,y (G) 2 Y and 2-morphisms graph morphisms which respect the labellings.
The fat graph cobordism category is a 2-category fGCob with

Ob(fGCob) = {finite sets},

and the morphism categories f{GCob(X,Y’) are given by the analogous category of fat graphs with
labellings and morphisms are fat graph morphisms which respect the labellings.

ExampPLE 2.10. Let f: X 2Y be an isomorphism of finite sets. We define the graph G
V(Gy) =X, H(Gy) =2, Lin(Gy) = V(Gy) = Lout(Gy).

This has labellings L;,(G) = X via the identity and Lo,+(G) =Y via f. Moreover, G ¢ consists only
of vertices of valence zero and thus has a canonical fat structure.
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These categories are well-defined as the composition along objects is given as follows: let X, Y, Z
be finite. We define the composition as

GCob(Y, Z) x GCob(X,Y) — GCob(X, Z)

which sends (G’, G) to the graph G’ o G := G’ Uy G. This is defined as the graph obtained from the
disjoint union of G and G’ where we associate the elements in L, (G) with L;,(G’) via the labelling
by Y. In more visual terms, we glue the outgoing legs of G to the incoming legs of G’ (as in Figure.

SV - V@ Sy Ve WV

FIGURE 8. Composition of a graph cobordism between {a, b, c} and {z} and a graph
cobordism between {z} and {y}.

We note that this defines a functor as morphisms in GCob(X,Y") and GCob(Y, Z) can be glued
together in a similar manner.
The unit idxy € GCob(X, X) is given by the graph Giq as defined in Example
Analogously, we can define composition maps

fGCob(Y, Z) x fGCob(X,Y) — fGCob(X, Z)

for fat graphs.

This works as the newly combined vertices coming from Ly, (G) = Ly, (G') have arity < 2 and thus
there is only one cyclic ordering of the half-edges at these vertices. The fat graph structure of G’ o G
is thus well-defined.

Moreover, the unit Giq is also a fat graph.

LEMMA 2.11. Disjoint unions define a symmetric monoidal structure on GCob and fGCob.

PROOF. We note that labellings
Lin(G) 2 X, Lou(G) =Y, Lin(G') = X', Lout(G") =Y’
on (fat) graphs G, G’ induce labellings
Li,(GUG) =2 XUX', Lowt(GUG ) =Y UY".

This defines a coherent symmetric monoidal structure because of the following observation: the
category Fin~ of finite sets with bijections is a canonical subcategory of GCob and fGCob via

f — Gy as in Example
It is then a direct calculation that the unit, associator and twist map of the symmetric monoidal
structure on Fin~ thus also induce unit, associator and twist map on GCob and fGCob. ]

In |Chil4][Section 1.3], it is described that the inclusion of 1-categories into 2-categories has a
left adjoint 7, given on a 2-category C by

Ob(7.(C)) = Ob(C),
T(C)(X,Y) = mo(C(X,Y)).

DEFINITION 2.12. The associated 1-categories are defined by GCob := 7,(GCob) and fGCob =
7,(fGCob).
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An analogous argument to Lemma shows that disjoint union induces a symmetric monoidal
structure on GCob and fGCob.

We can now construct equivalences of categories GCob — Cob§**? and fGCob — CobjP*".
A morphism in GCob (or fGCob) is given by an equivalence class [G] of (fat) graphs up to zig-zags
of (fat) graph isomorphisms.
Let G € GCob(X,Y) be a graph cobordism. We construct the corresponding closed cobordism
Cob(G) as follows.
An internal vertex of arity 0 contributes a copy of S? in Cob(G). A vertex of arity 0 which is only
incoming or outgoing contributes a copy of D? in Cob(G) with its boundary labelled by the corre-
sponding element in X or Y. A vertex of arity 0 in L;, N Ly contributes a cylinder St x [0, 1] with
its two boundary components labelled by the corresponding elements in X and Y. For a connected
component of G consisting of more than just one vertex, each edge gives a copy of the cylinder
S1 x [0,1], each external vertex of arity 1 is labelled by an element in X or Y. This gives a labelled
copy of S which we glue to the corresponding cylinder. Finally, we can glue the edges at internal
vertices to copies of 52\ (Ls-1(,)D?) (see Figure @
The homeomorphism type of this construction is invariant under edge collapses and graph isomor-
phisms. Therefore Cob(G) only depends on the class that G represents in mo(GCob(X,Y)). We
thus get a well defined map

GCob(X,Y) = m(GCob(X,Y)) — Cobg**/(JT ", T ")
X Y

[G] — Cob(G).

><%~> :

FIGURE 9. The closed cobordism Cob(G) corresponding to a graph G.

Similarly we can construct for a fat graph cobordism between X and Y an open cobordism
fCob(G) between [][0,1] and [-[0,1]. It is given by the following construction.
Vertices v of arity 0 contribute a copy of D? with an embedding of copies of the [0,1] labelled by
the elements in X, Y labelling v. For a connected component of G consisting of more than just one
vertex, each edge can be thickened to [0, 1] x [0,1] and each external vertex corresponds to a closed
interval. This gives us copies of the interval [0, 1] labelled by X and Y. Finally, the cyclic ordering
at each internal vertex gives a way to glue the thick edges to a closed disc D? (see Figure .
The homeomorphism type {Cob(G) only depends on the equivalence class [G] € m(fGCob(X,Y)),
because the construction is invariant under fat edge collapses and graph isomorphisms.
We thus have defined a map:

X Y

fGCob(X,Y) = mo(fGCob(X,Y)) — Cob®™" (]_[[o, 1], T Tlo. 1]) ,

[G] — fCob(G).
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o506

FIGURE 10. The open cobordism fCob(G) corresponding to a fat graph G.

PROPOSITION 2.13. There are equivalences of categories
GCob — Cobgosed,
X — H St
X
[G] — Cob(G)
and

fGCob — CobyP*™,
X = []l0,1],

X
[G] — fCob(@).

PROOF. We first prove that this map commutes with composition: composition of graphs G €
GCob(X,Y) and G’ € GCob(Y, Z) is given by gluing the outgoing legs of G to the ingoing legs of
G’ according to the Y labelling. We do a case distinction for the vertices we glue together.

e If one of them is an arity zero vertex which is both incoming and outgoing, gluing the
vertex does not change (the isomorphism type of) G. Similarly after applying Cob this
corresponds to gluing a cylinder S x [0, 1] to S1. This does not change the homeomorphism
type of Cob(G).

e If one of the vertices is an arity zero vertex v which is either incoming or outgoing, gluing
v to G corresponds to forgetting the label at the glued vertex. After applying Cob, this
gives S%\ D? glued along S'. This is homeomorphic to gluing Cob(v) = D? = §2\ D?
along S*.

e If both glued vertices are of arity 1, gluing them gives a valence 2 vertex. Under our
construction a valence 2 gives 52\ (D?UD?) in Cob(G’ oG) to which we glue two cylinders.
This is homeomorphic to just gluing the two cylinders together along S*.

A similar argument to the closed case shows that fCob commutes with composition. For this we
note that [0,1] x [0,1] to a disk D? along the boundary is homeomorphic to [0,1] x [0, 1].
The unit in the graph categories are given by Giq, as in Example 2.10] We have

COb ldx HSl IdX7

fCob (Giay ) = ]_[[o, 1] % [0,1] = idx
X
and thus Cob and fCob are functors.
Moreover, the functors are surjective on objects.
It thus remains to show that Cob and fCob are bijective on the set of morphisms. For this, we
note that both functors are monoidal because the monoidal structure on the source and the target
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is given by disjoint union which commutes with our construction.
Kock shows in [Koc04] that Cob§***? is generated by

T 500 Do

as a symmetric monoidal category. These generators are in the image of Cob which shows fullness
of Cob.
Similarly, Lauda and Pfeiffer show in [LP08| that Cobs”®" are generated by

0%

which are in the image. This shows fullness of fCob.

For faithfulness of Cob, we assume that Cob(G) = Cob(G’). Without loss of generality, we may
assume that both graphs are connected and get sent to a surface of genus g. We know that G and
G’ have the same number of incoming and outgoing legs. We choose trees in T'C G and T C G’
that contain exactly all internal vertices. Collapsing all edges in T and T” gives graphs G/T and
G'/T’ with one internal vertex. Because [G] = [G/T], we have Cob(G/T) = Cob(G) is a surface
of genus g. In particular, G/T has g tadpoles. Similarly, we note that G'/T” has g tadpoles. This
shows G/T = G'/T" and thus [G] = [G/T] = [G'/T'] = [G'] shows faithfulness of Cob.

For faithfulness of fCob, we use the category of open-closed fat graphs Fat™ as defined in |[Egal5|.
Egas shows in [Egal5], Theorem A]

Far” ~ H BMod(S)
S

where the disjoint union runs over all topological types of open-closed cobordisms in which each
connected component has at least one boundary component which is not free. Restricting to the
open part and taking 7y shows that if fCob(G) = fCob(G’) implies [G] = [G’] for G and G’ where
all connected components have at least one external vertex.

For general G and G’ with fCob(G) = fCob(G’), we can add an edge and an external vertex to each
connected component and obtain graphs G and G’,. We have fCob(G ) = fCob(G’.) by the above
argument. We then have a zig-zag of fat graph morphisms connecting G and G’,. This zig-zag
sends the added external vertices to each other. Thus we obtain by restriction a zig-zag connecting
G and G’ and thus [G] = [G']. This shows faithfulness of fCob and concludes the proof. O

We can now define the planar graph cobordism category.

DEFINITION 2.14. The planar graph cobordism category is a 2-category pGCob with
Ob(pGCob) = {finite sets with linear ordering},

and the morphism categories pGCob(X,Y) are given by the full subcategory of f{GCob(X,Y") spanned
by all fat graphs G such that fCob(G) is a planar cobordism in Coby™ (X,Y).
We denote the associated 1-category pGCob := 7,(pGCob) with
PGCOb(X, ) = m(pGCob(X, Y)).

The monoidal structure of Fin<, the category of finite ordered sets with order preserving maps,
induces a monoidal structure on pGCob and pGCob. The argument is analogous to Lemma as
for any isomorphism of finite ordered sets f: X =Y, the graph G as in Example [2.10]is a planar
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graph.
However, the monoidal structure is not symmetric. This is because the monoidal structure on Fin<
is also not symmetric.

We have a forgetful functor pGCob — fGCob. The category pGCob is defined such that

pGCob —— fGCob <222 CobgPe®

factors through Cob™™* — Cob3P®". Moreover, the following Corollary is immediate from Propo-
sition and the definitions of pGCob and Cobb™,

COROLLARY 2.15. The functor
pGCob — Cobbanar,

X ~ []l0,1],
X

[G] — fGCob(X)

s an equivalence of categories.

3. Frobenius algebras

In this section, we recall the definition of Frobenius algebras. We give definitions both in terms
of maps and generators and, on the other hand, as functors out of cobordism categories. Then in
we apply those definitions to the graded context and show in Proposition that in the odd
dimensional case, there exist only trivial Frobenius algebras.

DEFINITION 3.1. Let (C,®,1,7) be a (strict) monoidal category.
A Frobenius algebra (A, u,n,v,€) in C is an object A in C together with maps

n AR A— A, n:1— A,
v:A— AR A, e: A—1
satisfying the following relations:
(i) associativity po (1 ®id) = po (id ® p);
) unitality po (n®id) =idg = po (id ® n);
) coassociativity (id®@ v) ov = (r ® id) o v;
(iv) counitality (id®@¢e)ov =id = (e ® id) o v;
) Frobenius relation (p ®id) o (id®@v) =vopu = (id® ) o (v ® id).
If C is also symmetric with twist map 7, a commutative Frobenius algebra (A, p,n,v,€) in C is an
object A in C together with maps as above satisfying the relations (i)-(v) and
(vi) commutativity eopor = p
and a symmetric Frobenius algebra (A, p,n,v,€) in C is an object A in C together with maps as
above satisfying the relations (i)-(v) and
(vi") symmetry eopoT =¢€o0 p.
A morphism of Frobenius algebras (A, u,n,v,e) — (A, 1/, 7',V ,€') is a morphism ¢: A — A" in C
such that
o po(p®@p)=pou;
° pon=r1;
e vop=(pR¢p)or;
e c=¢c oo
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Denote by Frob(C) the category of Frobenius algebras in C with morphisms of Frobenius algebras, by
ComFrob(C) the full subcategory spanned by commutative Frobenius algebras and by SymmFrob(C)
the full subcategory spanned by symmetric Frobenius algebras.

It is a well-known fact that an equivalent description of commutative Frobenius algebras is as
symmetric monoidal functor out of a closed 2D-cobordism category (see |[Abr96; Koc04]). Similarly,
a symmetric Frobenius algebra can be characterised as a symmetric monoidal functor out of a open
2D-cobordism category and a Frobenius algebra can be characterised as a monoidal functor out of
a planar 2D-cobordism category (see [LP08]).

NOTATION 3.2. For (strict) symmetric monoidal categories C, D, we denote Fun®(C, D) for the
category of (strict) symmetric monoidal functors from C to D and symmetric monoidal natural
transformations between them.

For (strict) monoidal categories C, D, we denote Fun™°"(C, D) for the category of (strict) monoidal
functors from C to D and monoidal natural transformations between them.

PROPOSITION 3.3 ([LP08, Corollary 4.5, Corollary 4.6, Corollary 4.7.]). There are natural equiv-
alences of categories

Fun® (Cob$***?, ¢) — ComFrob(C),
FH(F(O)F F(CO)F F(@))
Fun®(CobyP*", C) — SymFrob(C),

Fo (). r F(Q@)F F(0)

and

Fun™°" (Cob"™™* C) — Frob(C),

F|—>(F(|)F F((])F F(D))

In particular, a natural transformation gives a morphism of Frobenius algebras.

We can also apply Proposition [2.13] and Corollary to get a characterisation in terms of
graph cobordisms.

COROLLARY 3.4. Let C be a monoidal category. There exists an equivalence of categories
Fun™°" (pGCob, C) — Frob(C),
Frs (F(+),F0-), F (=), F(<),F (=)
If C is also symmetric, there are natural equivalences of categories
Fun®(GCob, C) — ComFrob(C),
F (F(),F (), F(s), F(<),F (=)
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and
Fun® (fGCob, C) — SymFrob(C),
F (F(x),F (), F(s), F(X),F (=)
Here » denotes the following graph

mn
out
n
where we do not denote the external vertices. Similarly, « denotes the following graph

H out

without the external vertex. The graphs < and -» are defined as their respective duals.
For a functor F out of GCob (or f{GCob or pGCob), we define the following notation:

A= F(x),

/JZ: F()_)v 77:: F(._)v
V= }‘_‘(—<)7 €= F(")7
pi=¢€ou, c=von.

One advantage of the graph models of cobordism categories GCob, f{GCob and pGCob compared
to the geometric cobordism categories Cob$*®d | Cob3P®™ and Coby'™ " is that it becomes convenient
to state that all commutative Frobenius algebras are symmetric and all symmetric Frobenius algebras
are Frobenius algebras.

PROPOSITION 3.5. There is a canonical symmetric monoidal functor {GCob — GCob given by
forgetting the fat graph structure. Precomposition with this functor encodes the forgetful functor
ComFrob(C) — SymFrob(C) for all symmetric monoidal categories C.

Moreover, there is a canonical monoidal functor pGCob — fGCob given by forgetting the linear
ordering on objects. Precomposition with this functor encodes the forgetful functor SymFrob(C) —
ComFrob(C) for all monoidal categories C.

3.1. Graded context. A first attempt to define a Frobenius algebra in a graded context may
be to give a functor out of the cobordism categories we described until now. This fails to describe
certain interesting examples in the graded context. We first specify what we mean by the graded
context.

Let R be a commutative ring and let A = {A;};ez, B = {B;}icz be two Z-graded R-modules.
We define the Z-graded R-module

RMod.(A, B) = {RMod4(A, B)}acz,
RMOdd(A, B) = {¢ = (¢i)i€Z ‘ ¢z Az — Bi—i—d R—linear}.

We consider two notions of categories of graded R-module. Firstly, RMody the category of Z-
graded R-modules with morphisms RModg(A, B). Secondly, RMod, the category with morphisms
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RMod,. (A, B).

We note that both categories RMode, and RMody can be enriched over RMody (or RMod,). Fur-
thermore, if R is an S-algebra, both are enriched over SMody (or SMods,).

Both are symmetric monoidal categories with unit

Z ifd=0,
]]-d =
0 else,

and the tensor product:

(A® B)y @A@RB
i+j=k

with the twist induced by the Koszul sign
T AZ(X)BJ —>Bj®AZ-,
a®@br (-1)7b® a.
Recall that we denote the shift ¥ A as the object with (34),11 = A;.
We fix a (symmetric) monoidal functor F: GCob — RMod, (or out of f{GCob or pGCob)

enriched over sets. In particular, we allow all degrees for p = F(»-) and v = F(<). We note that
unitality implies that |p| + || = |id| = 0 and counitality implies |v| + |¢| = |id| = 0.

PROPOSITION 3.6. Let R be a principal ideal domain. Let F: pGCob — RMod, be a monoidal
functor. Then A is free of finite rank.

PROOF. A consequence of unitality, counitality and the Frobenius relation is that

(3) (p®@id)o(id®ec) =id = (Id ® p) o (¢ ® id).
This means that A is dualizable which is equivalent to A being projective and finitely generated. As
R is a principal ideal domain, this is equivalent to A being free of finite rank. O

PROPOSITION 3.7. Let R be a principal ideal domain of characteristic not 2.
Let F': GCob — RMod,, F': f{GCob — RMod, or F': pGCob — RMod, be a monoidal functor. If
|| = |v| is odd, then A is the zero module.

PRroor. By Proposition it suffices to show the statement for pGCob and, by Proposition
B:6] we can fix a basis a,...,ax of A.
We note that n = |p| = |u| + |e| = |u| — |v| and |¢| = |v| + |n| = |v| — |u| = —n are both of odd

degree. We write
=D ;88
J

for some 8; € A. By duality, 81,..., 0k also defines a basis. The fact that |¢] = —n shows that
|Bi| = —|a| — n for all 4.

If A # 0, we may assume that k& > 0 and thus o7 # 0. We want to exploit for a; and £;. We
first apply the right hand side to a;:

a1 = (d®p)o(c®id)(a) = (id ® p) Za] B | = Z(fl)”mﬂ'lajp(ﬁj ® aq).
J
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As aq,...,ax is a basis, we must have
(4) p(B1®ar) = (1",
On the other hand, when we apply the left hand side of to 1, we find

fr=(peide(dee)(fy) = (peid) [ (-)"Mhed aeb; | = D)"Y poh ©a)b;.

As B4, ..., Bk is a basis, we must have

o) p(Br @ 1) = (~1rnlend = (—pyrelenl

As n is odd and (—1)" = —1 # 1 in R, we have the desired contradiction between and (F)).
Therefore there is no element a; # 0 and thus A = 0. O

In section [6, we give examples of structures that look like Frobenius algebras such that || — |v]
is odd and are non-zero. In other words, this characterisation of a Frobenius algebra misses key
examples.

4. Graded Frobenius algebras: PROPs

The goal of this section is to define graph cobordism categories which already encode the signs
and degrees. Concretely, we define categories GCob, 4, {GCob, 4 and pGCob enriched over graded
abelian groups where the product has degree ¢ and the coproduct degree d. This gives us a new
definition of graded Frobenius algebras as functors out of GCob, 4, fGCob. 4 or pGCob, ; to a
category enriched over graded abelian groups ZMody.

In Subsection [4.2] we prove some properties immediately from the definition: suspending an algebra
over GCoby, 4 gives an algebra in GCob,._1 4+1. Tensoring algebras over GCob. 4 and GCob,. 4 gives
an algebra over GCobct¢ d+a/. Analogous statements for f{GCob, 4 and pGCob,. ; can be proved in
the same way.

In Subsection @ we study the canonical subdioperad of GCob, 4 which is generated by forests. If
c+d is odd, then this subdioperad has 2-torsion cokernel in the full PROP. This dioperad naturally
shows up to describe an infinite-dimensional structure carrying a Frobenius relation as in [6.4

4.1. Definition. In the following computations and definitions, we heavily use the concept of a
top exterior power of an abelian group. Unfortunately, we require multiple slightly different versions
of a top exterior power. We hope to ameliorate this situation by giving a clear overview of the
versions we use.

e Let M be a free abelian group of rank n, we denote
— Or(M) == A™M the top exterior power as a graded abelian group concentrated in
degree 0;
— det(M) := X7 ™Or(M) the top exterior power as a graded abelian group concentrated
in degree —n.
e Let A be a free graded abelian group of rank 1. It is invertible with respect to ®, the
tensor product of graded abelian groups, with its inverse A=! := ZMod,(A4, 1).
o Let A ={A;}icz be a free graded abelian group of finite rank, we denote

det(A) = ®det(Ai)(_l)i = ® det(Ai)(_l)i

1€EZL i=—n
where n > 0 is such that A; = 0 for |i| > n.
e Let G be a graph and ¢, d € Z, we denote
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— det(G, 0in) = det(H. (|G|, |Lin(G)|));
— det(G, Opyt) == det(H. (|G|, | Lout (G)]));
— det. 4(G) = det(G, 9;,)*° @ det (G, Dpur)®?.

LEMMA 4.1. Let A, B,C € ZMod, free of finite total rank. Then the following holds:

(a) the determinant det(A) is of rank 1 and concentrated in degree —x(A), where x(A) is the Fuler
characteristic of A;
(b) there exists a natural isomorphism

det(A @ B) = det(A) ® det(B);
(c) there exists a natural isomorphism
det(ApXA) ¢ 1.

This implies a natural isomorphism det(A)~! = det(ZA);

(d) if 0 = A - B — C — 0 is a short exact sequence, there exists a canonical isomorphism
det(4) ® det(C) = det(B);

(e) if O a differential on A such that H.(A) .= H.(A, ) and A are finitely generated free Z-modules,
then there exists a natural isomorphism:

det(A) = det(H,(A)).

PROOF. Statements @, (]ED and follow directly from the definition and the following facts
for finitely generated free Z-modules My, ..., My:

k k
det (@ M,-) = ®det(M1;) and det(XM;) = det(M;) ™!,
i=1 i=1
For statement @, we note that we can choose a splitting f: C — B because C is free. This gives
an isomorphism
det(A) ® det(C) = det(A & C) = det(B).

This is independent of the choice of splitting because two splittings of B — C' differ by elements in A
and thus the difference between the two induced isomorphisms is zero after tensoring with det(A).
For statement @, the short exact sequence

0— 1m(8 Ai+1 — Az) — ker((?: Az — Ai—l) — Hl(A) —0
gives
- det(Hl(A)) = det(ker(&: Al — Ai—l)) ® det(lm(a Ai+1 — Ai))_l
(<)
g det(ker(@: A7 — Ai—l)) X det(E 1m(6 Ai+1 — Az))
= det(ker(az Al — Aifl)) & det(lm(a Al — Aifl))
for all i € Z. On the other hand, the short exact sequence
0= ker(9: A; — Ai_1) = A; 3 im(8: A; — Ai_1) =0
gives
det(A) = det(ker(9: A; — A;_1)) @ det(im(d: A; — A;_1))
which concludes the proof. O
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We note that a morphism of graph cobordisms G — G’ specifies homotopy equivalences
(IG], [Lin(G)]) = (1G], | Lin(G)]),
(IG], 1 Louwt (G)]) = (1G], [ Lout (G")])
and thus isomorphisms
det(G, 0;,) — det(G', 0in),
det(G, Dpur) — det(G', Oour),
det. 4(G) — det. 4(G").

Therefore det. q: GCob(X,Y) — ZMod defines a functor for all ¢,d € Z and finite sets X, Y.
Moreover, we can glue orientations together:

LEMMA 4.2. Let G, G’ be composable graphs in GCob, there is a natural isomorphism
comp: det. 4(G') @ det. 4(G) = det. 4(G' o G).
ProOOF. We recall:
det, 4(G') ® det. 4(G) = det(G', 0in)®° @ det(G’, Dput)¥* @ det(G, 0;,,)®° @ det(G, Dour) ¥
=~ det(G’, 9in)®° @ det(G, 0;,)®° @ det(G’, pur)®? @ det (G, pur)©?
and
det. 4(G' 0 G) = det(G’ 0 G, d;,,)?° @ det(G’ 0 G, Dur)®%.
It thus suffices to give isomorphisms
det(G', 0;,) @ det(G, 0;,,) = det(G o G, i)
det (G, Oput) ® det(G, pur) = det(G' o G, Oput)

We give the first isomorphism, the second one is constructed analogously.
We can canonically embed |G| C |G’ o G|. Let C.(|G|, |0inl), Cx(IG'],|0in]), Cx(|G' 0 G|,|0in|) and
C.(]G' o G|, |G|) be the cellular chain complexes of the pairs. We note that the inclusion

Cu(lG" 0 GI,1G]) = Cu(IG'], |0inl)
is an isomorphism.
The triple of spaces (|G’ o G|, |G|, |0in|) gives a short exact sequence of chain complexes:
C.(IG'],|0in )
0 —— Cu(|G|,|0in|) —— C«(|G' 0 G|, |0in]) —— CL(|G' 0 G

,|Gl) —— 0.

Lemma @ and @ now give the desired isomorphism. O

DEFINITION 4.3. Let ¢,d € Z.
The category GCob, 4 is defined with objects finite sets and morphism spaces

GCob,q(X,Y) = Gcco%l(i)rgly) det. 4(G).

The category fGCob, 4 is defined with objects finite sets and morphism spaces

fGCob, q4(X,Y) = ngg&i(I)r(ly) det. 4(G).

The category fGCob, 4 is defined with objects finite sets and morphism spaces

b, 4(X,Y)= colim det.4(G).
pGCob, 4(X,Y) oolim | de d(G)
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Lemma lets us define the composition in these categories.
We can now define a graded Frobenius algebra:

DEFINITION 4.4. Let C be a monoidal category enriched over ZModg and let ¢, d € Z.
A (e, d)-graded Frobenius algebra is a monoidal functor F': GCob. 4 — C enriched over ZMody, i.e.
degree-preserving on morphism spaces. The category is denoted by

grirob, 4(C) = Funzypsq, (PGCob, 4,C).

If C is also symmetric, a (¢, d)-graded commutative Frobenius algebra is a symmetric monoidal functor
F: GCob, 4 — C and the category is denoted by

grComFrob, 4(C) = Fun%ModD(GCobc,d, C).
and a (c,d)-graded symmetric Frobenius algebra is defined as such a functor F': GCob, 4 — C and
the category is denoted by
grSymFrob, ,4(C) = Fun%ModO (fGCobe,q4,C).
4.2. Properties. In this Subsection, we prove some first properties of these category. The

definitions of the categories GCob, 4, f{GCob, 4 and pGCob,. ; we gave are admittedly hard to work
with. However, the morphism spaces can be described in a more convenient way.

PROPOSITION 4.5. There exist isomorphisms

GCob, 4(X,Y) @ det;a(G)r, (GCob(x,Y),G)
[G]€GCob(X,Y)

1%

1

fGCob,q(X,Y) b det. a(G)r, (jfaCob(X,v)|,0)-
[GEfGCob(X,Y)
and
pGCob, 4(X,Y) = @ det. q(G)r, (jpGCob(X,Y)],G)-
[G]epGCob(X,Y)

PROOF. We note that the functor det, 4 sends all maps in GCob(X,Y) to isomorphisms. There-
fore, det, 4 factors through the localisations GCob(X,Y) — |GCob(X,Y)| and fGCob(X,Y) —
|fGCob(X,Y)|. Here |C| is interpreted as the oo-groupoid given by the category C with all mor-
phisms formally inverted.

We can thus compute the colimit giving the morphism space between finite sets X and Y as follows:

colim  det. 4(G) = colim det. 4(G)
GEGCob(X,Y) ’ GE|GCob(X,Y)|

We denote by 71 (|GCob(X,Y)|, G) the fundamental group of |GCob(X,Y )| based at the point cor-
responding to G. An element in 71 (|JGCob(X,Y)|, G) is represented by a zig-zag of graph morphisms
starting and ending at G:

G=Gy—> G+ Gy— -G =0G.
Such a zig-zag gives a zig-zag of maps
det. 4(Go) — det, 4(G1) < det, 4(G2) — - - - < det. q(Gk).
But all these maps are isomorphism and we thus obtain an action of m(|GCob(X,Y)|,G) on
det. 4(G).

The functor det, 4 lands in a 1-category. Therefore, we can compute the colimit on 7<1GCob(X,Y),
the 1-truncation of the co-groupoid |GCob(X,Y)|.
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Moreover, two graphs G, G’ € GCob(X,Y") are equivalent in |[GCob(X,Y)| if and only if they repre-
sent the same element in GCob(X,Y) = my(GCob(X,Y")). We thus can compute the colimit defining
GCob,q(X,Y) by:

GCob. 4(X,Y) = li det. 4 (G) = det. 4(G), o
obe,a( ) Geﬁ&(;{,y) et q(G) @ ete,d(G)r, (|aCob(x,v),G)
= [G]€GCob(X,Y)

The proof for f{GCob and pGCob is analogous. ]

REMARK 4.6. The group m;(|GCob(X,Y)|,G) is isomorphic to mo(hAut(|G|)): a zig-zag of
graphs morphisms is the same as a simple homotopy equivalence from the CW-complex |G| to it-
self. For the 1-dimensional CW complex |G|, any homotopy equivalence is homotopic to a simple
homotopy equivalence.

On the other hand, the group 71 (|f{GCob(X,Y)|,G) is isomorphic to the mapping class group
7o(Homeo™ (fCob(G), Dip (fCob(G)) U Dys (fCob(G))) that fixes the boundary point-wise. This can
be seen for example by the open part of Theorem A in [Egal5).

We note that pGCob(X,Y) is a full subcategory of {GCob(X,Y") where if G — G’ € {GCob(X,Y)
and either G or G’ is a planar graph, then so is the other. Therefore, we find also

71 (|[pGCob(X,Y)|, G) = mo(Homeo™ (fCob(G), 0, (fCob(G)) U Oput (fCob(QG))).

EXAMPLE 4.7. In the case ¢ = d = 0, we have detg o(G) = 1 and the automorphisms of G act
trivially. We therefore compute:

GCobgo(X,Y) = D 1,
[G]€GCob(X,Y)
fGCObovo(X, Y) = @ 1
[G]efGCob(X,Y |
and
pGCoby o(X,Y) = &y 1
[G]epGCob(X,Y |
We find
grComFrob, o(RMod,) = Fung);, (GCoby o, RMod,)
= Fun®(GCob, RMod)
== ComFrob(RMody).

Therefore a (0,0)-graded commutative Frobenius algebra coincides with the classical definition of a
commutative Frobenius algebras with maps in degree 0. An analogous statement holds for (sym-
metric) Frobenius algebras.

In the following, we study the relation between GCob, 4 for different choices of ¢,d € Z. For
this, we use the symmetric monoidal structure on PROPs.

REMARK 4.8. Analogous statements hold for {GCob and pGCob with the caveat that pGCob
is not symmetric monoidal and thus not a PROP but a PRO. However, the construction for tensor
product of PROs and the suspension PRO is analogous to the PROP case.

NoTATION 4.9. We denote the tensor product of two PROPs in ZMod, for the coordinate-wise
tensor product: for PROPs P, Q

(PoQ)X,Y):=PX,Y)2Q(X,Y)

for finite sets X, Y with the component-wise composition maps.
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ExAMPLE 4.10. Let (C,®,1,7) be a symmetric monoidal category enriched over ZMod, and let
A, B € C be objects. There is an isomorphism of PROPs

Endy ® Endp = Endagp
given on maps f: A®* — A®! and g: B®* — B®! by
(A® B)®* - A%F @ ok 18 48l @ pOl _y (4q B)®!,
Indeed, this map is equivariant and commutes with composition and the product ®.
PROPOSITION 4.11. There exist canonical maps of PROPs or PROs

GCObc+c/,d+d’ — Gcoqu X GCObclvd/,
fGCoberer gsar — FGCObeg @ fGCoby 4

and
pGCob,., . 444 — PGCob, ; ® pGCob,, 4
PROOF. There are canonical maps
det(G, 9in,) 2T @ det(G, D) 24+
~det(G, 9;,)%° @ det(G, pur)®? @ det (G, 8;,)%¢ @ det(G, our) 7 .
This then gives maps

detei o gra(G) — colim  det.4(G") ® colim  dety 4(G)
’ G’'eGCob(X,Y) G'€GCob(X.Y)
for all G € GCob(X,Y). Taking the colimit over GCob(X,Y") thus gives the desired map for the
GCob. The proof for f{GCob and pGCob is analogous. ([l

REMARK 4.12. Even though the map @ used in the construction is an isomorphism, the re-
sulting map of PROPs is not a isomorphism in general. For example if ¢ + d and ¢’ + d’ are odd,
Proposition shows that GCob. 4 and GCob, 4 is 2-torsion on summands coming from graphs
which are not forests. This is not true for GCob¢.¢/ g44’-

COROLLARY 4.13. Let A be an algebra over GCob,. 4 and B be an algebra over GCob. 4. Then
A® B inherits the structure of an algebra over GCobeycr gtq/. Analogous statements hold for fGCob
and pGCob.

PrROOF. We show the statement for GCob, 4. The proof for f{GCob and pGCob is analogous.
Giving a GCob, 4-algebra structure on A is the same thing as giving a map of PROPs GCob, 4 —
End 4 (see [Mar08]). Similarly, we get a map of PROPs GCob. 4 — Endp. Precomposing with the
map from Proposition [f.11] and postcomposing with the map from Example we thus get a map
of PROPs

GCobcy e g+ar = GCob¢ g ©® GCoby v — Endy ® Endg — Endagp

and thus a GCob.4 ¢ 4+a/-algebra structure on A ® B. O

Another relation between GCob, 4-algebras for different c,d comes from suspending algebras.
This operation has a corresponding operation on the level of PROPs:
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DEFINITION 4.14. The suspension PROP in ZMody is defined as the endomorphism PROP
Endy; of X1 in ZMod,. Explicitly, it is given by

Y(X,Y) == ZMod,((X1)®%, (21)®Y)

for finite sets X,Y.
For a PROP P in ZMody, the suspended PROP is defined as X P =X ® P.

PROPOSITION 4.15. Let P be a PROP in ZMody and A € ZMod,. Then giving a P-algebra
structure on A is equivalent to giving a X P-algebra structure on X A.

PROOF. We again use the characterisation of A being a P-algebra as a PROP maps into End 4.
By definition, this is equivalent to giving for all finite sets X,Y equivariant maps

P(X,Y) — C(A®X A®Y)

which commute with composition o and the symmetric monoidal product ®. This is equivalent to
giving equivariant maps

ZMod, ((21)%%,(21)®Y) @ P(X,Y) — ZMod,((21)®%, (21)®Y) ® ZMod, (A®X, A®Y)

which commute with o and ®. After postcomposing with the isomorphism from Example we
get equivariant maps

YP(X,Y) — ZMod,((£A)%X, (ZA4)®Y)

which commute with o and ®. This is by definition equivalent to giving a PROP morphism P —
Endg 4, which is equivalent to giving a X P structure on 3 A. O

REMARK 4.16. This construction is completely analogous as for PROs, operads, cyclic operads,
dioperads and properads. However in the category of modular operads, there exists no suspension
modular operad in ZModg. Indeed there is a canonical pairing X1 ® ¥1 — X1 in degree —1. This
lets us identify

Endyy (X) = ZMod, ((21)%%,21) 2= £t 1XI7,
For any elements z € X and y € Y, this gives a map
Ends; (X) ® Endg; (V) — Endsgy (X \z) U (Y \ y))
in ZMody. However, the map for elements = # 2’ € X
Ends; (X) — Endgy (X \ {z,2'})

is of degree —1 and thus not in ZMody. One way to amend this is to work with the language of
twisted modular operads as introduced in |[GK98].

ProprosSITION 4.17. For integers c,d € Z, there exist canonical isomorphisms

$IGCobe.g & GCobe_1.a11,
SfGCobg ¢ 2 fGCobe_1 441

and
¥pGCob, ; = pGCob,_; 441

PRrOOF. We fix integers c¢,d € Z and finite sets X,Y. The key observation is that for every
graph cobordism G between X and Y there is an isomorphism

(7) det. 1.4+1(G) = ZMod, ((21)%%, (21)®Y) @ det, 4(G)
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which is natural in X and Y.
To see the isomorphism, we observe

detc_17d+1(G) = det(G’7 81‘”)@6_1 ® det(G7 aout)®d+l
>~ det(G, 0;n) ' @ det(G, Dpur) @ det, 4(G).

We consider the short exact sequences

0 —— Cu(|0in|) —— C(IG]) —— C(IG],10in) —— 0,

0 —— Ci(|0out]) —— Cu(|G]) —— CL(|G], |0out) — 0.

Then Lemma gives the natural isomorphisms

det(G,0;) " @ det(G, pur) = det(|0in|) © det(|G]) ™" @ det(|G) @ det(|Dpus]) "
> det(|9;n]) © det(|9pue])
=~ det(Z™) @ det(Z¥)
= ((E1®N) e (Z1)®Y
=~ ZMod, ((X1)%%,(21)®Y) = (X, Y).
We recall that, in our convention, the determinant lives in the degree equal to the negative rank.

Thus, we have for a finite set X a natural isomorphism det(ZX) = ((X1)®%)~L.
This gives and thus the proof. O

Combining Proposition [£.15] and Proposition [£.17] we obtain the following:

COROLLARY 4.18. Giving a (¢, d)-graded (commutative or symmetric) Frobenius algebra struc-
ture on A = F(x) € ZMod, is equivalent to giving a (c—1,d+1)-graded (commutative or symmetric)
Frobenius algebra structure on L A.

REMARK 4.19. We note that |p] + |v| = [2(p)| + |2(v)|. Therefore this defines an invariant
under suspension. In particular if |u| + |v| # 0, the algebra is not a suspension of an algebra with
operations in degree 0. Adding a factor det(G, 0;y,) (or det(G, Opyt)) in the definition of the PROP
GCob,, g helps us describe other algebras because this only changes the degree of the multiplication
and not the comultiplication (or vice-versa). However this is an operation on the PROP and contrary
to suspension does not have an obvious analogue on the level of algebras. See Remark [5.9]

4.3. Canonical dioperad. The PROP GCob. 4 has a canonical subdioperad generated by
forests. In Subsection we study an example where this dioperad shows up naturally rather than
the whole PROP. We study the structure of this canonical subdioperad.

For this, we recall the definition of a dioperad:

DEFINITION 4.20. A dioperad consists of the following data a collection D(X,Y") for all finite
sets X,Y with

e a (Sx,Sy)-bimodule structure on D(X,Y) where Sx and Sy denote the symmetric group
of X and Y, respectively;
e a unit

1: 1 — D(x,x%);
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e composition maps
yor: DY, Z) @ DW, X) = D((Y \{y}) UW, Z U (X \ {z}))
for all finite sets W, XY, Z and elements x € X, y € Y.

This data has to satisfy some unitality, associativity and equivariance relations. See [Gan02| for the
precise formulation of those relations.

DEFINITION 4.21. The forest dioperad GCobi‘?ffSt of GCoby 4 is given by the collections
(8) GCob/”(X,Y) € GCob,4(X,Y)

generated by the graph cobordisms between X and Y which are forests with the restricted compo-
sition.

In general this dioperad carries less information than the PROP. But in some cases, we have
the following proposition:

PROPOSITION 4.22. If c,d € Z are of different parity, then the PROP GCob,. q is an extension
by Z/2 factors of dioperad GCobi?ffSt, In explicit terms, the inclusion finite sets X,Y
GCob™*(X,Y) — GCob 4(X,Y)
has a cokernel which is 2-torsion, for all finite sets XY, Z.

PROOF. We fix ¢,d € Z of different parity. We use the description
GCob,q(X,Y) = P detca(G)x, (jacob(X,Y)],G)
[G]€GCob(X,Y)
as in Proposition We have an analogous description:

GCobi?éeSt(X, Y) = @ det. a(G)r, (|cCob(x,v)],G)-

[G1eGCob(X,Y)
G a forest

Let [G] € GCob(X,Y) be an equivalence class of graphs cobordisms between X and Y with G not
a forest. We want to show that the summand

det. q(G)x, (aCob(x,v),0)

is Z/2.

After collapsing some edges, we can assume that G has a tadpole. Then there is a graph automor-
phism of G flipping the direction of the tadpole. This represents an element in 7 (|GCob(X,Y)|, G).
This automorphism acts by (—1)¢ on det(G, 9;,,)®¢ and by (—1)¢ on det(G, 9put)®?. See Subsection
for a detailed explanation how to derive these signs.

It thus acts by (—1)°™¢ = —1 on det.q(G) which is a free group of rank one. This shows
det. 4(G)x, (jgcob(x,v)|,¢) = Z/2 and thus concludes the proof. O

5. Graded Frobenius algebra: maps and relations

In this section, we state the main theorem which gives a description of graded Frobenius algebras
in terms of maps and relations. We will use this theorem to study some of the simplest examples of
graded Frobenius algebras. Moreover, we discuss the suspension of algebras from the perspective of
maps and relations.
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THEOREM b5.1. Let ¢,d € Z and let (C,®,1,7) be a (strict) monoidal category enriched over
graded abelian groups.
The data (A, p,n,v, ) where

AecC,
neEC(A® A, A), n € C_.(1,A),
veCi(A AR A), eeC_yq(A1)

defines a monoidal functor out of pGCob, 4 into C uniquely up to isomorphism if and only if the
following relations are satisfied:

(i) graded associativity po (p®id) = (—=1)°po (id @ w);

(i1) graded unitality (—1)°po (n®id) = (— 1)r Tid = po(id®mn);

(iii) graded coassociativity (id @ v) ov = (—1)¥(v ® id) o v;

(iv) graded counitality (—1)4(id®¢e) ov = (-1 )dm{l) id=(e®id)ov;

(v) graded Frobenius relation (1 ®id) o (id @ v) = (=1)*vopu = (id ® p) o (v ® id).
If C is also symmetric, the data (A, p,m,v,€) defines a symmetric monoidal functor out of GCob, 4
into C uniquely up to isomorphism if and only if the maps satisfy (i)-(v) and
i

and it defines a symmetric monoidal functor out of f{GCob, 4 into C uniquely up to isomorphism if
and only if the maps satisfy (i)-(v) and

c

(vi) graded commutativity po 7 = (—1)

(vi’) graded symmetry eopoT = (—1)% o p.

We postpone the proof of this theorem to section [7] as it involves a lot of technical details.
Instead we focus on what are the choices involved in those signs and what are the consequences.
The strategy for the theorem is to choose generators of the categories GCob, 4, f{GCob. 4 and
pGCob, ; and study the generating relations between them. For this, we choose generators in
det. 4(G) for a list of graphs G such that all other graphs can be decomposed into them.

DEFINITION 5.2. A generator w(G) € det, 4(G) is called an orientation of the graph G.

REMARK 5.3 (Choices of Orientations). The relations are not canonical. Namely, they depend
on a choice of orientations

w(y-) € detc 4(>), w(s) € dete q(s), w(«) € det. (<), w(-=) € det, 4(-).
By definition, this depends on generators of
det (), 0;)®° ® det (>, Dour)®?, det (s, 9;,,) ¥ ® det(s-, our) ¥,
det (<, 9i,,) ¢ @ det (<, Dour)®%, det(~, 0;,)%° ® det(~, pur)®".

We thus choose generators w;, (G ) E det( ,O0in) and woyut(G) € det(G, Dyyt) for those four graphs
and then define w(GQ) = wWin (G)®° @ Weus(G)®
We note that det(y-, Opur) = det( out) &~
canonical generator 1. Moreover for det( 0;
coming from the canonical generator of Hy(s-,

choice for generators

Win ()‘) S det (>_a ain)a Wout (_'() S det (_'(7 80ut) .

Therefore, there exists no canonical choice of orientation

W) = win ()2 © 19

®d.

det(<, 0in) = det(~,9;,) = 1. We thus choose the
n) and det(-s, oyt ), we choose the canonical generator
Oin) and Hg(-s, Opyt). However, there is no canonical
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for ¢ odd and no canonical choice of orientation

w('() = 1%¢ @ Wout ('()®d

for d odd. We make a choice in the proof in A different choice would lead to different signs in
the unitality and counitality relation.

REMARK 5.4. In |[CO22b|, Cieliebak and Oancea introduce a type of algebra called biunital
coFrobenius. In the finite dimensional case, this corresponds to our notion of graded Frobenius
algebra (see [CO22bl Proposition 5.14]). The infinite dimensional case is discussed in
They define the graded unitality relation

po(n®id) =id = (—=1)°uo (id ® n)
compared to our graded unitality relation
. ele=1) .
(=D)po(n®@id) =(-1)" 2 id = po (id ®@n).

The two relations agree for ¢ = 3,4 (mod 4) and are different for ¢ = 1,2 (mod 4).

Similarly, the signs in their graded counitality relation agree with our signs for d = 3,4 (mod 4) and
are different for d = 1,2 (mod 4).

For (A, u,m, v, €) satisfying the signs in our relations, the product

c(et+1)
p=(-1)"2"p
and the coproduct

Vo= (—1) "y
together with the same unit and counit satisfy the signs in their relations.

COROLLARY 5.5. Let (C,®,1,7) be a monoidal category enriched over ZMody and let c,d € Z.
Let the data (A, u,n,€) be as in Theorem . This data uniquely defines a (c,d)-graded Frobenius
algebra if and only if it satisfies graded associativity as in , graded unitality as in and the map

AR AH AS 1
is a non-degenerate pairing.

PROOF. The proof strategy is analogous to the ungraded situation as in [Koc04, Section 2.4]:
We first use Theoremm To show that a Frobenius algebra (A4, p, 7, v, €) as in the theorem induces a
non-degenerate pairing p := goy, one can show that g := (—1)°4+ g 4 A

copairing that satisfies

von is the corresponding

(id ® p) o (¢ ® id) = id.

On the other hand, we assume that the data (A, u,n,€) is as in the statement. Let ¢: 1 — A® A be

d(d+1)

the associated copairing. Then one can show that the comultiplication v := (=1) " 2 (id®u)o(¢®id)
satisfies coassociativity as in and counitality as in . O

REMARK 5.6. Another perspective on graded Frobenius algebras is the following. Assume, we
are given a degree 0 multiplication p and a non-degenerate pairing p with associated copairing ¢ in
degree —d and d. Then one can use the language of oriented marked ribbon quivers as in [KTV21],
Section 6]. In this language, one can define a coproduct as the following quiver with a 0-orientation:
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The signs in coassociativity and the Frobenius relation then come from permutations in the
orientations.

We can now study the simplest non-trivial GCob,, 4-algebras. The simplest example is given for
c=d=0:

EXAMPLE 5.7. In C, the unit 1 has a canonical structure of a GCoby -algebra given by the
canonical maps

p:l1®1l—1, n:1—1,
v:1—-1®1, e:1—1.

EXAMPLE 5.8. Let A be a GCob, 4-algebra in RMod, for some principal ideal domain R. We
have unit maps R — A_. and counit map A; — R. If A is non-zero, non-degeneracy implies thus
that we have a factor R in degree —c generated by = := 7(1) and a factor R in degree d generated
by y with e(y) = 1.

We distinguish between two cases: ¢+ d =0 and ¢+ d # 0.

For ¢ + d = 0, we apply Proposition to Example to find that X1 inherits the structure of
a GCob, 4-algebra. This is thus the GCob, 4-algebra in RMod, of smallest rank which is not zero.
Moreover, it is the f{GCob, 4-algebra of smallest rank bigger which is non-trivial.

For c+d # 0, the algebra A is not the suspension of a GCoby ¢-algebra. Moreover, every non-trivial
GCob, 4-algebra in RMod, thus contains at least X7°R ¢ Y?R. Tt turns out that we can define a
GCob,. 4-algebra structure on R4 = X °R & XIR.

We denote the generator of ¥ °R by x and the generator of X¢R by 3. By assumption, we have
n(1) =z and ¢(y) = 1. The multiplication  is then uniquely defined by unitality

c(e+1) ¢ c(c—1) c(e+1)
paeey) =(-1)"=2 gy, py @)= (1) "7y, paeer)=(-1)"2 «
and degree reasons
wy®y)=0.
On the other hand, the comultiplication v is defined by counitality as
d(d+1) d(d—1) d(d—1)
v(e) = ()T rey+(-1) 7 you, v(y) =(-1)" = yoy.

One can check that this satisfies graded associativity, graded coassociativity, the graded Frobenius
relation and graded commutativity.
This is also the fGCob, 4- and pGCob, ;-algebra of smallest rank which is non-trivial.

REMARK 5.9. As discussed in Remark twisting by det(G, 0;,) and det(G, Opu:) changes
only the degree of one operation, either multiplication or comultiplication while suspension changes
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degrees of both. On the level of algebras, suspension is simpler than twisting by det(G, 0;y,).
We have an equivalence

grComFrob,. ;(ZMod,) = grComFrob,_; 4,4(ZMod,)

given by suspending the algebra. One can think of this in the following way. We tensor an algebra
A in grComFrob, ;,(ZMod,) with X1 the GCob_; ;-algebra of smallest rank which is not zero. We
then apply Corollary to get a GCob,_1 4+1-algebra structure on ¥ ® A = 3 A.

We can do an analogous construction to get a functor

grComFrob,. ;(ZMod,) — grComFrob,. 4, 1(ZMods,).

For this we tensor a GCob, 4-algebra A with Zj ; as defined in Example This is the GCoby ;-
algebra of smallest rank which is not zero. By Corollary this gives a GCob, q11-algebra
structure on Zp 1 ® A which has underlying module A ® X A.

In contrast to suspension, this functor is not an equivalence. This can be seen as Zg,; is not ®-
invertible in contrast to GCob; _;-algebra 1.

The suspension of Frobenius algebras in ZMod, can also be studied on the level of maps and
relations. Corollary shows that a shifted GCob, 4-algebra is a GCob._; 41-algebra. This can
also be stated in terms of maps and relations. However, it is a priori not clear that the suspended
maps Xu, ¥n, Yv and Xn satisfy the signs as in our main theorem because those signs depend on
choices of orientations. It turns out that our choices are stable under suspending algebras in this
sense.

To make this precise, we describe how a map ZMod.(A®k7A®l) induces a suspended map in
ZMod, ((LA)®k (2 A)@h).
For this, we note that there is a canonical generator o ; in ZMode((X1)®%, ($1)®!) which sends the
canonical generator s(1)®---®s(1) € (£1)®* to the canonical generator s(1)®---®s(1) € (X1)®!.
We thus get a map

¥: ZMode (A%F, A®Y) — ZMod, ((21)%%, (£1)%") @ ZMod, (A%, A®!) = ZMod, ((ZA)%*, (2A4)®"),
f=o®f

We note that this is coherent with our choice that maps (here tensoring with oy ;) act from the left.
However, this map is functorial and monoidal only up to sign:

LEMMA 5.10. Let f: A®% — A®! gnd g: A®™ — A®" be maps in ZMod,. Then we have
(1) Bf © g = (~1) - UIRT(f @ g);
(b) Sfoxg = (~1)"IS(fog) ifn=k;
(C) EidA@k = id(EA)@c;
(d) B1p = —754 for TA: AQ A — A® A the twist induced by the Koszul sign.

PrROOF. We first note that the maps oy ; are in degree [ — k and satisfy
011 @ 0 (5(1)% © 5(1)°™) = (~1)" (1) @ 5(1)2 = (~1)" oy g (5(1)7)
and
Okl O Omk = Om,l.
We can thus compute
Sf@8g=(0k1® )@ (Omn®g) = (-1)"" V(041 @ omn) @ (f @ g)
= (=) (o4 i1n) @ (f @ g) = (=1) M IFRS(f @ g)
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and if n =k

Sfo%g =0k ® f) 0 (Omn ®g) = (1)1 (0y 0 000) @ (f 0 g)
= (1)l @ (fog) = (1) ™IIR(fog).

The equation (d) follows directly from (b]). For (d), we denote s(a) € ($A4);41 for the element coming
from a € A; and similarly s(b) € (¥A);41. The map 374 is defined as the composition

Dlels(l)®@s(1) @a®b

)

Ylallbl+lel (5(1) @ s(1)) ®
ylallol+lal+1blg(p) @ s(a)
Ys@IIs®)-15(p) @ s(a) =

s(a) ® s(b) +—
®

02,20TA

(-
(-1 (b®a)

(-1

(-1 —7xa(s(a) ® s(b)).

PROPOSITION 5.11. Let (A, p,n,v,€) in ZMod, be as in Theorem and ¢, d € 7.
This data satisfies the relations of a (c,d)-graded (commutative or symmetric) Frobenius algebra if
and only if (XA, Xu,Xn, Xv, Xe) satisfies the relations of a (¢ — 1,d 4+ 1)-graded (commutative or
symmetric) Frobenius algebra.

Proor. This is a direct application of Lemma For example, if (A, u,n, v, €) satisfies (¢, d)-
graded left unitality, then we check compute (¢—1, d+1)-graded left unitality for (XA, Xy, Xn, Xv, Xe):

(—1)" o (S @idsa) Q1150 (3 @ nida) B (1) 1500 Sy @ ida)

C(c 1)

B pyerten(uo (poida)) = (—1) 4 Bid,

(c=1)(c—1—1) .
ldgA.

B

6. Examples

In this section, we discuss different examples of graded Frobenius algebras found in the litera-
ture. Some of the examples have a description more akin to our Definition [£.4] in terms of PROPs,
while some of the examples have a description in terms of maps and relations similar to Theorem[5.1]

Throughout this section, we use Sweedler notation of a coproduct v on an element a:

_ Z a ® a".
(a)

6.1. Cohomology of an oriented manifold. Let M be a connected, closed manifold of
dimension d and let K be a field. Denote by H*(M) the cohomology of M with coefficients in K.
Assume that M is K-orientable and fix an orientation [M] € Hq(M).

We denote

s HY (M) @ H*(M) — H*(M),
a®RpB—aUf
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and
e: H*'(M) — K,
o a([M]) if x =d;
0 else.

The multiplication p has degree 0 and € has degree —d. Moreover, u is associative and has unit map
n: K — H* (M),
1= 1€ H'(M).
Moreover, it is graded commutative as it satisfies o7 = p. Poincaré duality implies that the pairing
€ o pu is non-degenerate. We can thus apply Corollary [5.5] and get the following example
EXAMPLE 6.1. The data (H*(M), u,n,¢) defines a (0, d)-graded commutative Frobenius algebra

The associated comultiplication v is the intersection coproduct. There are two common con-
structions of the intersection coproduct leading to different signs: we refer to them as the Poincaré
coproduct vp and the Thom coproduct vy, (see e.g. [HW17, Appendix B]).

We first define the Poincaré coproduct. As we work with field coefficients, the Kiinneth maps

x: H,(M)® H.(M) — H,(M?),

x: H*(M)® H*(M) — H*(M?)
are isomorphisms. Denote by 6 their inverses. We thus have a coproduct on homology given by

Vitom =00 A,: H (M) — H,(M?) = H,(M)® H,(M).
We denote the Poincaré duality by
PD: H*(M) S Hy_.(M),
a— an[M].
We then define the Poincaré coproduct as Poincaré dual to the homology coproduct virom
vp(a)= > PD'(PD(a))® PD™(PD(a)")
(PD(a))

where the sum comes from vg,,,. This formula in terms of elements seems rather straight forward.
But if we describe it as a composition of maps, we need the tensor product without Koszul sign: for
graded maps f: V — V' and g: W — W' denote f®g as the as the map

(f@g)(a®b) = f(a) @ g(b).
Then we write the Poincaré coproduct as
vp = (PD'@PD " ofoA,oPD.

The Thom coproduct is defined via an orientation [M?] of the manifold M?2. To get the signs
as in our main theorem, we define [M?] := (—1)% [M] x [M].
This sign convention might seem surprising. It reflects the fact that we are shuffling the i-th dimen-
sion of the first copy of M to be the 2i — 1-th dimension of M? and the i-th dimension of the second
copy of M to be the 2i-th dimension of M?2. We call such a shuffle of two ordered sets of the same
size a riffle shuffle.
In terms of coordinates, take a ordered basis (v1,...,v,) of R™. We then order the basis

{(v1,0),..., (Vn,0),(0,v1),...,(0,v,)}
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of R" @ R" as
((’U170), (0, Ul), (’Ug, 0), ey (O,Un)).

This choice has the advantage that for two oriented manifolds M, N of dimension d,d’, we have
[(M x N)?] = [M?] x [N?]. Corollary then gives that H*(M) ® H*(N) inherits the structure
of a GCobyg q44/-algebra. Our choice of signs for vr), then ensures that

H*(M)® H*(N) — H*(M x N)

is a map of coalgebras.

We consider the diagonal A: M — M x M and fix a tubular neighbourhood U C M x M of A(M).
We denote j: M — U and i: U — M x M for the canonical inclusions. We thus have A =i o j.
We define [U] € Haq(U,dU) as the image of [M?] under the map

()71
Hog(M?) — Hoq(M?,A(M)¢) = Hyq(U,0U).

Let 7 € H4(U,0U) be the Thom class that satisfies
7N [U] = ji([M]).
Now, we can define the Thom coproduct as the following composition
vrn: H (M) = H*(U) ™ H*4U,0U) = H*+4(M?, A(M)°) — H*F(M?) = (H*(M)®?)**+,
We point the readers attention to the fact that this is coherent with our convention that maps act

from the left as we are cupping with 7 from the left in the second map.

To compare the signs that arise in the two definitions, we consider this diagram

TU

. N .

H*¥(M) «——— HFU) (-1)% H*(U,0U) «——— H*4(M? A(M)°)
~_ur__~

NG« (M) J

M) N[l Hd—k(Mz) # Hk+d(M2)
d(d—1)
(_1) i

Ha (M)~ Ha i (U) — = Hyp(M?) S priesaar)

~

{,ﬁ (—1)d+dh-+di o | o

N[M]&N[M]
ke

(Ho(M)®2)a- (H*(M)=2)k+e.

e The composition along the bottom left gives the Poincaré coproduct vp.

e The composition along the top right gives the Thom coproduct vry,.

e The rectangle on the left hand side and the hexagon on the top right commute due to the
naturality of the cap product.

e The triangle in the centre commutes by the definition of the Thom class 7.

e The sign (—1)% on top comes from graded commutativity of the cup product: o U 3 =

(_1)Iallﬂ|3 U a.
e The sign (—1) “5 in the rectangle on the right in the middle comes from our definition

of [M?].
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e The sign in the bottom right rectangle means that, on elements in H*(M) @ HT*=*(M),
we have the sign (—1)?+4 +4i hecause the cross product and the cap product commute:

(@n[M]) x (BN [M]) = (=1)"(a x ) N ([M] x [M])).
Combining this, we get on the (i,d + k — i)-coordinate in the output the sign

9) vp = (—1) T iy,

One can check that (A, u, n, v, €) satisfies the relations of a (0, d)-graded commutative Frobenius
algebra as in Theorem Cieliebak and Oancea prove this with their slightly different sign con-
ventions in [CO22b, Proposition 7.1].

The signs of the Poincaré coproduct can be explained in the following way: as discussed in Proposi-
tion if A has the structure of a (¢, d)-graded commutative Frobenius algebra then 3 A inherits
the structure of a (¢ — 1,d + 1)-graded commutative Frobenius algebra. In this example, this means
that

YTIH* (M) = H*(M)

inherits the structure of a (d,0)-g
on an element s~%(a) € H*t4(M

Shry (s~ )

aded Frobenius algebra. Then the coproduct one obtains is given

)d ) d( (1)®7d) ® vrn(a)
1) ®7d ® Za/ ® o
(o)
(_l)d(8(1)®2)®7d ® Za/ Qa"
(a)
= Z(—l)dﬂa/lﬂs(a/)H"'Hsd_l(“/)‘s’d(o/) ®s 4 a”)

) by
(of ®VTh)( (@ a)
(=
(=

S ) )
(@)

Here o ) ¢ denotes the d-fold tensor product of the canonical map %~ 1]l Y st

These are precisely the signs, we observed in @D We thus conclude =%y, = vp. Therefore, the
Poincaré coproduct is the suspended Thom coproduct on S~¢H*(M) = H*t4(M). In H**4(M),
the coproduct is a degree 0 map, which makes the signs appearing in the graded coassociativity and
counitality considerably more comfortable. One pays for this comfort by getting less appealing signs
for the associativity and unitality of the corresponding shifted multiplication.

2. Hochschild homology of a Frobenius algebra.

DEFINITION 6.2. Let GCObaO“”&g be the subcategory of GCob, 4 which only has morphisms
coming from graphs G satlsfylng the plumber’s condition, i.e., all connected components of G have
at least one outgoing external vertex.
Let GCobff;"ég be the subcategory of GCob. 4 which only has morphisms coming from graphs G
satisfying the reverse plumber’s condition, i.e., all connected components of G have at least one
incoming external vertex.

In [WW16], Wahl and Westerland show that if A is a (0, d)-graded symmetric Frobenius algebra,
then the normalized Hochschild homology H H . (A) and A has the structure of an open-closed TQFT.
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Isolating the closed part, we get a TQFT twisted by det(S,pu:S)®?. We can restate this in our
language.

EXAMPLE 6.3. Let A be a (0,d)-graded symmetric Frobenius algebra. Then HH.(A) has the
structure of a GCobgf:ﬁg—algebra.

The key input for this is the following observation: the twisting det(Cob(G), d,u:(Cob(G)))®?
corresponds to our (d,d)-twisting, det(G,din)®? @ det(G,dpur)®?.  (Recall that Cob(G) is the
corresponding closed surface cobordism represented by the graph G.)

To make this precise, we recall that det;; is a functor from GCob(X,Y) which commutes with
composition along X and Y. This can be stated by saying that

det1’1: GCob — BPiC(Z),
X — x,
G— detl’l(G)

is a functor of 2-categories. Here BPic(Z) denotes the 2-category with one object * and morphism
category

BPic(Z)(x,*) = Pic(Z)
the category of ®-invertible objects in ZMody with isomorphisms between them.
The twistings det(Cob(G), d;,(Cob(G)))®¢ and det(Cob(G), dput(Cob(G)))®? satisfy analogous
functoriality and gluing properties as det; ; and thus also define 2-functors.

That these twistings correspond to our twisting by det; ; is thus described in the following propo-
sition:

PROPOSITION 6.4. The three functors of 2-categories
det; 1, det(Cob(—), 0ip), det(Cob(—), dput) : GCob — BPic(Z)

are isomorphic.
Ezxplicitly, there exist natural isomorphisms

det(G, 0;) @ det(G, our) = det(Cob(G), i (Cob(G)))

(10) det(G, Bhn) @ det(G, Byur) = det(Cob(G), dyur(Cob(G)))

for all G € GCob(X,Y) which commute with gluing of graphs.

PROOF. We only prove the first isomorphism. The second one is proved analogously.
Both the left and right hand side of represent functors out of GCob(X,Y):

det(—, 0in) ® det(—, Dout), det(Cob(—), 8;,(Cob(-))).

After precomposition with the forgetful functor {GCob(X,Y) — GCob(X,Y), they define functors
out of {GCob(X,Y). What we construct in the following is a natural isomorphism of the two functors
out of {GCob(X,Y).

This lifts to a natural transformation of functors out of GCob(X,Y). This can be seen as all
edge collapses can be lifted to an edge collapse in a fat graph. It remains to check that graph
isomorphisms can be lifted. For this we note that all graph isomorphisms can be decomposed into
a graph isomorphism that can be lifted to a fat graph isomorphism and a graph automorphism.
Finally all graph automorphisms act trivially on the left and right hand side of . Therefore the
following isomorphism can be lifted to a natural transformation of functors out of GCob(X,Y).
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Let G € f{GCob(X,Y) be a fat graph. We construct isomorphisms which commute with gluing
of graphs:
fa: det(fCob(Q), Bpur) — det(fCob(G), D U Dpree);
gc: det(fCob(G), 8;) @ det(fCob(G), 8 U Dfree) — det(Cob(G), Bin).

We recall that Of,e. is the part of the boundary which is neither in the incoming boundary nor in
the outgoing boundary. Then the proposition follows by taking gs o (id ® fg).
For f, we first note that H, (|G|, |Lout|) is a free graded Z-module. Therefore any isomorphism

H (|G, |Lout]) = (H(|Gl, | Lowt|))" 2= H*(|G], | Lout|)
gives an isomorphism
det(G, 0pur) = det(H (|G|, |Lout|)) = det(H* (|G|, | Lout|))-
Next, we note that the homotopy equivalence of pairs
(IGI, [Lout|) = (fCOb(G), Dout)
gives an isomorphism
det(H™ (|G, |Lout|)) = det(H™ (fCoD(G), Dout))-
All those isomorphisms so far give an isomorphism
det(G, Opyt) = det(H™ (fCob(G), Oput))

which commutes with gluing.
For the next step, we use generalized Lefschetz duality (see for example [Hat02, Theorem 3.43]).
This gives an isomorphism

H*(fCob(G), Bput) = Ha,(fCob(G), i U Ifrec)

induced by capping with [fCob(G)], the orientation in Ha(fCob(G), fCob(G)). As the fat graphs
induce oriented open cobordisms, this isomorphism also commutes with gluing. We thus get an
isomorphism

det(H*(fCob(G), Oput)) = det(Ha—, (fCob(G), Oin U Ofree)) = det(H,(fCob(G), Oin U Ofree))

which commutes with gluing. This gives fg.
For g, we consider fCob(G) as a subspace of Cob(G). Figuratively speaking, we consider it as the
lower half. See Figure

—

~——

FIGURE 11. Embedding fCob(G) in grey as the bottom half of Cob(G).
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Consider the triple of spaces (Cob(G),fCob(G) U 0, (Cob(G)), 0in(Cob(G))). We note that by

H, (fCob(G), 0;,(fCob(G))) = H,(fCob(G) U 9;,(Cob(G)), 9in(Cob(G)))
H, (fCob(G), 0in (fCob(G)) U Ofree (fCob(G))) = H,(Cob(G), fCob(G) U i, (Cob(G))).
We thus have
det(fCob(G), 9;,, (fCob(Q))) @ det(fCob(G), 9in (fCob(G)) U Ofree (fCob(G)))
= det(fCob(G) U 93, (Cob(G)), 8;(Cob(G))) @ det(Cob(G), fCob(G) U 8, (Cob(G))).

We note that collapsing the incoming boundary and the lower half in Cob(G) is the same space as
collapsing the free and incoming boundary of the upper half. See Figure
The short exact sequence of the triple of spaces and Lemma [4.1] (d) then gives

det(fCob(G) U 9;,(Cob(G)), 0in(Cob(G))) ® det(Cob(G), fCob(G) U 0;,(Cob(G)))
5 det(Cob(G), 8, (Cob(G))).
This gives g and thus concludes the proof. ([

(
(

We note that the category GCoba”ﬁéz is generated by w(}), w(<) and w(=). A symmetric

monoidal functor F': GCob%;‘;‘ég — ZMod. is uniquely determined up to natural isomorphism by
an object F(x) and

prm = F(w(y)) € ZMody(F (%) ® F(x), F(x)),

v = F(w(<)) € ZMody(F(x), F(x) ® F(x)),

e = F(w(=)) € ZMod_4(F(x), 1).
Those maps satisfy graded associativity, coassociativity, counitality and commutativity and the
graded Frobenius relation as in Theorem
Following [WW16, Section 6.5] using our sign conventions that maps act from the left, we have the
description
0 if £ >0,
Z(ag)(_1)(\a6\+d)|ag’\a3a6b0 @b ®@---®0b ifk=0,

virn(ag ® - ® ay) = Z (—1)(ladl+h=D)(laf [ +lar|++a:)

pa((@® - ®ap) ® (b ® - @by)) = {

(af ®a1 @+ Ra;) @ (ay @ ajr1 @ - @ ay),

0 if >0,

00 @) = {E(ao) ifk=0

We note that these are different signs compared to [WW16|. One reason is that they have a different
sign convention that maps act from the right. On the other hand, the signs in their coproducts are
missing the Koszul sign coming from moving af, past af ® a1 ® - -+ ® a;.

6.3. Homology of the loop space. Let M be a connected, closed, oriented manifold of
dimension d and let K be a field. Let LM = Map(S', M) be its loop space.
In |[CGO4], Cohen and Godin define operations ug on H,(LM) = H.(LM;K) for every closed
cobordism S such that each connected component has at least one outgoing boundary. In [God07],
Godin moreover explains that this fits into a positive boundary open-closed TQFT which is twisted
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by det(S, 9;,,5)®~¢. This minus sign comes from our convention that the determinant is in negative
degree while Godin has the convention that the determinant is in positive degree.

We only focus on the closed underived part of this TQFT. Using the first isomorphism in Proposition
[6-4] we can rephrase this in our language as the following example:

ExXAMPLE 6.5. The homology of the loop space H.(LM) has the structure of a GCOb?“(;t_#dg—
algebra with operations given by the Chas-Sullivan product and the trivial coproduct.

We thus get a multiplication on H,.(LM), that we denote by pg., and a comultiplication on
H,.(LM), that we denote by vg,.
We can compare this to the results of Tamanoi in [Tam10]. Tamanoi defines a coproduct

U H,yg(LM) — H,(LM x LM).
As we work over a field, we can assume that the Kiinneth map x: H,(LM)® H.(LM) — H,.(LM x

LM) is invertible. We therefore can denote vy, = x ~loW a comultiplication in our sense. Tamanoi
moreover defines multiplications
pre: Ho(LM)® H,(LM) — H.(LM),
- Ho(LM) @ Ho (LM x LM) — H (LM x LM),
-+ Ho (LM x LM) ® H.(LM) — H.(LM x LM)

which are defined such that for a,b,c € H,(LM), we have
a-(bxc)=prq(a®db) xc
(axb)-c=ax pur.(b®c).
In |[Tam10, Theorem 2.2], Tamanoi observes the following Frobenius relation
U(pra(a®b) = (~1)We=Dg . U(b) = U(a) - b€ H (LM x LM).

We interpret everything as living in H,yq(LM) and H,;q(LM x LM). Then the Kiinneth map is
a degree d map and its inverse a degree —d map. We can thus rewrite the Frobenius relation as

Vra © irg = (pire ® id) o (id @ vrg) = (iId ® pry) o (Ve ® id).

This is exactly the relation, we expect for a the GCobg"ji@—algebra structure on H, q(LM) =

Y~4H,(LM). This structure is predicted by shifting the GCOb?”jféf—structure in Example |6.5|and
applying Proposition

It is worth noting that the coproducts, vg, and its shifted version vr,, are the so called trivial
coproduct on H,(LM). This is in contrast to the Goresky-Hingston coproduct constructed in |[GH09}
HW17|.

Explicitly, Hingston and Wahl give a definition for the Chas-Sullivan product and the Goresky-
Hingston product in [HW17].

Their definition of the product is graded associative, unital and commutative. This lifts from the
respective properties of the intersection product vy discussed in (see the proof of [HW17,
Theorem 2.5]). This is in line with Example

For the coproduct, we slightly amend their definition. Hingston and Wahl define in [HW17, Definition
1.4] the loop coproduct as the degree 1 —n map given for a chain A € C,(LM, M) by

AW (cut(Reu ([reun] (A x I)))).
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For a detailed explanation of this notation, see [HW17|. We note that the first map in this compo-
sition x T acts from the right while the second map [rguN] acts from the left.
As we chose the convention that maps act from the left, we define the map as the composition

V(A) = AW (cut(Ren ([renn] (I x A)))).

An analogous proof strategy as for [HW17, Theorem 2.14] shows that V is a degree 1 — n coproduct
that satisfies the graded coassociativity and cocommutativity relation as in Theorem [5.1]

However, the Chas-Sullivan product and the Goresky-Hingston coproduct do not satisfy a Frobe-
nius relation in this setting. In particular, the product is an operation on H,(LM) while the co-
product is an operation on H,(LM, M) the homology relative the constant loops.

6.4. Rabinowitz loop homology. In the series of articles [CHO20; |(CO22b; |(CO22a; |(CHO23;
CO024), Cieliebak, Hingston and Oancea give an interpretation where the Chas-Sullivan product and
the Goresky-Hingston coproduct can be interpreted in a Frobenius type structure, what Cieliebak
and Oancea call a biunital coFrobenius bialgebra. As discussed in Remark[5.4] the signs in Theorem
[.1] correspond to the signs appearing in the definition of biunital coFrobenius algebras. This gives
a correspondence of their notion of a biunital coFrobenius bialgebras and our graded Frobenius
algebras in the finite dimensional case. But for the key example of Rabinowitz loop homology,
Cieliebak and Oancea need infinite dimensional algebras. For this they use the language of graded
Tate vector spaces to get a Frobenius relation.

~

~! . .
They give two tensor products on graded Tate vector spaces: ®*, ® . All maps that appear in their

relations have source A2 ¥ and target A®'L for some k,l > 0. The framework of PROPs set up so
far fails to describe those algebras. Indeed for a graded Tate vector space A, the collection

Enda(X,Y) = Hom(A(é*X, A@’!Y)

for X, Y finite sets does not have a canonical structure of a PROP. This is because in general there

is no canonical map A®X 5 A®"X and thus no composition.
Our remedy for this problem is to work with dioperads and the following proposition:

PROPOSITION 6.6. Let A be a graded Tate vector space. The collection Enda(X,Y) has a
canonical structure of a dioperad in ZMody.

ProOF. We recall from Subsectionthat a dioperad structure consists of a (Sx, Sy )-bimodule
structure, a unit and composition maps.
The objects End4(X,Y) have a canonical (Sx,Sy)-bimodule structure given by permuting the
coordinates.
The unit is given by id4 € Enda(*,*) = Hom(A4, A).
The composition map uses the map

a: AB"(BB'C) = (A" B)E C

for graded Tate vector spaces A, B,C as described in [CO24} Proposition 5.5].
We fix some sets W, XY, Z and elements © € X, y € Y and an element f € Enda (W, X) and
g € Endy (Y, Z). We define gyo, f € Enda((Y \ {y}) UW,Z U (X \ {z})) as the composition

AR ONHUW (A8 Y\wh 3" (AW fy (4B G (48 X)

LGATYG (AR X\al) 8 (48 2)5) (48 X\(a}) o 4@ 20X\ (=),
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Checking that this data satisfies the unitality, associativity and equivariance relations is analogous
to checking that the endomorphism dioperad of an object in any symmetric monoidal category is a
dioperad. O

This allows us to define a Tate vector space having the structure of an algebra over a dioperad:

DEFINITION 6.7. Let D a dioperad in ZMod, and let A be a Tate vector space. A D-algebra
structure on A is a morphism of dioperads

D — End4

enriched over ZMody, i.e. a morphism of dioperads which is linear and preserves degree.

We recall that Proposition shows that if ¢, d are of different parity working with the forest
dioperad does not lose operations compared to the PROP in characteristic # 2. The main example
of Rabinowitz loop homology is such a case. We can thus state the closed part of [CO22b|, Corollary
9.3 (c)] in the following example.

R EXAMPLE 6.8. Let M be an oriented d-dimensional manifold. The Rabinowitz loop homology
H.(LM) has the structure of a GCob(fi‘ffﬁitl-algebra.

REMARK 6.9 (Graded Open-Closed TQFTs). Cieliebak, Hingston and Oancea also use graded
open-closed TQFTs. See for example [CHO20, Theorem 1.3.]. As far as we are aware, there does
not exist a graph description of graded open-closed TQFTs which describes [CHO20, Theorem 1.3.].
One structure that describes some graded open-closed TQFTs is given in [WW16| Subsection 6.3.].
Taking the bottom homology of the PROP OC, describes graded open-closed TQFTs. However, it
has the two following restrictions:

o Hyot(OCy4) does not describe a closed unit;
e the degree of the open multiplication is zero, while the degree of the open comultiplication,
the closed multiplication and the closed comultiplication are all equal to a fixed d € Z.

Especially, the second restriction means that this PROP does not describe [CHO20, Theorem 1.3.]
even after possibly shifting the algebras.
This leaves the question open whether there is a graph cobordism category describing a PROP or
dioperad encoding the graded open-closed TQFTs as in [CHO20, Theorem 1.3.]. One promising
outline of a construction may be the following. One constructs a dioperad analogous to GCobfffleSt
but with two types of vertices. Vertices of open type, that have cyclic ordering on s~*(v), and vertices
of closed type, that do not have a cyclic ordering. Moreover to make this well-defined, one stipulates
that edges between vertices of different type may not be collapsed by graph morphisms. Such edges
correspond to zippers and cozippers in [LP08; (CHO20; CO22b).
Then one can consider a twist by

det(G,05,)% ® det(G, 05,)* @ det(G, 05,,)" ® det(G, 95,,)%

»Yin »Fin » Yout » Yout

where 07, is the in-coming boundary of vertices of open type, 95, is the in-coming boundary of
vertices of closed type and so on. This is a dioperad with open and closed part whose multiplication
and comultiplication may have any degree.

However, an open-closed TQFT as in [LP08; [CHO20; (CO22b] satisfies some relations involving the
zipper and cozipper. For example, the zipper is an algebra morphism and the cozipper is a coalgebra
morphism. These relations are not satisfied in the dioperad as we have described it. While it seems
possible to force these relations in the dioperad, making this precise is beyond the scope of this
article.
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7. Proof of main theorem

In this section, we introduce some computational tools which lets us more easily compute ori-
entations in det. 4(G). With this machinery we can prove the main theorem in Subsection

7.1. Computational tools. We recall that a generator w(G) € det. 4(G) is called an orien-
tation. For the proof, we need to be able to do three things:

(I) compute how (fat) graph isomorphisms act on orientations;
(IT) compute how edge collapses act on orientations;
(III) compute the composition of two orientations.

We recall that the composition in (ILI)) was defined in Lemma using a splitting of the short exact
sequence:

0 —— Cu(IG],|0in|) —— Ci(IG" 0 G, 0in]) —— Ci(IG'];|0in]) — 0.
To explicitly compute , and , we use Propositioninspired by |[GK98, Proposition 4.14]

and |God07, Lemma 14]. This gives us an expression of orientations in terms of top exterior powers
of edges, half-edges and vertices:

For X a finite set, we use the following notation

e Or(X) := Or(ZY) the top exterior concentrated in degree 0;
o det(X) := det(Z¥X) the top exterior concentrated in degree —|X|.

PRrROPOSITION 7.1. Let G be a graph. There is a natural isomorphism
det(G, 0;,)2 det(E) ' @ Or(H) @ det(V \ Liy,).
Moreover, an analogous statement for det(G, Opyt) holds after replacing L, by Loyt.

Proor. We set L := L;, and 9 .= 0;,, or L :== L,,; and 9 := 9,,:. Consider the cellular chain
complex C.(|G|,|L|) for |G| relative |L|:

0 E— @eeE Or({he7ahe}) E— ZV/ZL _— 0,
he A ohe ————— s(oh) — s(h).

We have that the homology of this complex is H,.(|G|,|L]). By Lemma we have a sequence of
natural isomorphisms

det(G,0) Ndet (C.(G

det z@or {he,ohe })) ® det(zY ) Z)

e
|

2P or({he, oh })) ®det(V \ L)

eckE

HZ

=

= det <@ Or({he, ohe })> _ ® det(V \ L)

ecE

@ ® det(Or({he,ohe})) "t @ det(V \ L)

eclE
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We note that det(Or({h.,oh.}))~! is a free group of rank 1 concentrated in degree 1. Choosing a
generator of this group is equivalent to choosing a generator in the degree 0 group Or({h.,che}).
We thus find

det(Or({he, ohe}) ™" = det({e}) ™" @ Or({he, ohe})
where tensoring with det({e})~! ensures that the right hand side is in degree 1. We thus find
det(G,0) = Q) (det({e}) ™! @ Or({he, ohe})) @ det(V \ L)
c€E
@ det(E)"' ® Or(H) ® det(V \ L)
where the last isomorphism comes from the fact that H = Uccg{he, ohe}. O
REMARK 7.2. Explicitly, for E(G) = {e1,...,ea}, i = {hi,oh;} and V(G)\ Ly (G) = {v1,...,v5}
a generator of det(G, 9;,) can be written as
(11) (er Ao New) P @hi Adhy A= Aohg @V A+ Avg.

A graph isomorphism induces a map of edges, half-edges and vertices. This lets us compute
isomorphism on orientations which gives on our wish list. For computing edge collapses as in
(LT)), we use Lemma which lets us compute an edge collapse on an orientation expressed in terms
of edges, half-edges and vertices. For computing compositions as in , we use Lemma The
proofs of both lemmas are quite technical. But once they are proven doing , and (III) are
straight-forward computations.

LEMMA 7.3. Let G be a graph and E = {eg,e1,...,eq}, €, = {hi,oh;} and V = {vg,v1,...,v5}.
Assume that eq is not a tadpole and s(chy) = vy ¢ Lin(G).
The canonical map c: |G| — |G|/eq does the following to generators as in (L))

det(c): det(E(G))™' @ Or(H(G)) @ det(V(G) \ Lin(G))
— det(E(G/eo)) @ Or(H(G/eg)) @ det(V(G/eo) \ Lin(G/eo))
(eo/\61/\~'/\ea)*1®h0/\0h0/\h1/\~~~/\Jha®v0/\v1/\'~/\vg
— (61/\-~-/\ea)_1®h1/\~-~/\aha®vl/\~-~/\v5.
Here we identify the newly created vertex in G/eq with s(hg) which gives an identification
V(G)\ {10} = V(G/eo)
together with the canonical identification
E(G)\ {eo} = E(G/eo), H(G)\ {ho,oho} = H(G/eo).
Moreover, an analogous statement for det(G, Opyt) holds after replacing Li, by Loyt-
PrROOF. We set L := L;, or L := Loy and 0 := 8;;, or 8 := O,ys. The map c induces a map of

CW-complexes. This in turn induces a map of cellular chain complexes

0 —— Decp) Orle) —— vzt —— 0

lc\E JC\V

0 —— GBEEE(G/eo) Or(e) —— ZV(G/ea) j7l 0

where ¢|g sends Or(eg) to zero and all other edges to themselves and c|y sends vy to v := s(hg) and
all other vertices to themselves. This is a surjective map of chain complexes with kernel:
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0 —— Or({ho,(]'h()}) —_— <’Uo —1}> — 0

ho/\O’ho > U9 — 0V

we denote this complex by C. Because ¢ is not a tadpole vg—v # 0 and thus C' has trivial homology.
Lemma (@ gives the isomorphism

12 det(C) = det({eo}) " ® Or(eg) ® det((vg — v))
given by
(12) 1= egt ®ho Aahy @ (v — v).
The geometric map det(c): det(G,d) — det(G/eg, d) is given by the composition
det(H.(G,0)) 2 det(C) @ det(H.(G/ep,0)) =2 1 ® det(H.(G/ep, D)) = det(H.(G/eo, D)).
The isomorphism det(H, (G, J)) = det(C) @ det(H.(G/ep, d)) induces
det(E(G))™' @ Or(H(G)) @ det(V(G) \ L)

— det(E(G/eo)) ! @ det({eo}) ™ ® Or(eg) @ Or(H(G/eg)) @ det({vg — v}) ® det(V(G/eo) \ L)

— det({eo}) ™t ® Or(eo) @ det({vg — v}) ® det(E(G/eo)) ™ @ Or(H(G/eg)) @ det(V(G/eg) \ L).
This isomorphism is given by the identifications

E(G) = {eo} UE(G/eq), H(G) = e UH(G/eq), ZYVONL 2= gro—v gy 7V (G/eo\L

and then permuting the factors. We recall that in our conventions for graded abelian groups, the
canonical isomorphism between the dual of the tensor product and the tensor product of the dual
is order reversing. Thus the map on edges is order reversing:

det(E(G))™! = det(E(G/eg)) @ det({eg})*,
(eo/\el/\---/\ea)_l»—>(el/\---/\ea)_1®egl.
Concretely on generators, we thus get the map
(coNer A Nea) P @hgAdhg Ahy A=+ Aohy @vg Avy A+ Aug
=(eoNet A Nea) P @hgAdhog ARy A= ANohy @ (Vg — V) Avp A=+ Avg
et A Aea) t@egt @hog Aohg @by A Aohy @ (Vg —v) @vp A~ Awg
—egl @hoAaho @ (g —v) @ (e1 A Aea) P @A A Aohy @v1 A+ Avg.

The isomorphism det(C) ® det(H.(G/eq,d)) = det(H.(G /ey, d)) is now given by applying (12).
Concretely on generators, we compute

eot @ho Aoho® (Vg —v) @ (e1 A-Aea) P @hi A Aoha @vi A+ Aug
= (e1 A ANea) PRI A Adha @vr A Aug.
Composing these two maps thus gives the equation we wanted to compute. ]
LEMMA 7.4. Let G,G’" be composable graphs in GCob. The composition map
comp: det(G', 0;,) ® det(G, 8;,) 2det(G’ o G, 0;y,)
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giwen in Lemmal[f.9 is computed via
det(E(G") ™' ® Or(H(G")) @ det(V(G') \ Lin(G"))
®det(E(G)) ™t ® Or(H(G)) @ det(V(G) \ Lin(Q))
> det(E(G' 0 () ' @ Or(H(G 0 Q) @ det(V (G’ 0 G) \ Lin(G' 0 Q))

where the map is given by the canonical identifications

E(G"YUE(G) 2 E(G - G),
(13) H(GYUH(G) = H(G' o G),

(V(G)\ Lin(G")) U (V(G) \ Lin(G)) 2 V(G' 0 G) \ Lin(G' 0 G).

Moreover, an analogous statement holds for det(G, Oput) after replacing L, by Loyt.

Proor. Weset L := L;, or L := L,,; and 0 := 0;,, or 0 := Opys-
We consider the cellular chain complexes C,(G, L), C.(G', L) and C,(G’' o G, L). The map comp is
given by Lemma @ applied to the short exact sequence of complexes
0— C.(G,L) - C.(G' oG, L) = C.(G',L) — 0.

One splitting of this short exact sequence is given by the maps on chains coming from the identifi-
cation of the generating sets as in . O

REMARK 7.5. We write E(G) = {e1,...,ex}, €; = {hi,0h;}, V(G)\ Lin(G) = {v1,..., v},
E(G) ={e},....e}, e = {hl,ohl} and V(G') \ Lin(G") = {v{,...,v,}. Then we compute the
following Koszul signs:

comp((ef A---Ael ) P@R Aohy A+ Aohl, @ Vi A AU,
(1A Nep) L @hiAohy A+~ ANahg @v1 A~ Ay)
= ()R AN Ner A Aer) L @B A Aahl, ARy A A ahy,
QU A AV, AV A Ay
in det(E(G' 0 Q)) 1 @ Or(H(G' 0 Q) @ det(V (G’ 0 G) \ Lin(G' 0 G)).

7.2. Proof. With the calculation tools in Proposition Lemma|[7.3| and Lemma [7.4] we are
in a position to prove Theorem 5.1

PROOF OF THEOREM [5.1l We recall that Theorem [5.1]gives a description of (c, d)-graded (com-

mutative or symmetric) Frobenius algebras in terms of maps and relations that those maps satisfy.
We defined a (¢, d)-graded (commutative or symmetric) Frobenius algebra as a (symmetric) monoidal
functor preserving degrees out of GCob, 4 (or fGCob, 4 or pGCob,. 4).
For the parts of the proof that apply to all three categories, we denote G 4 for the category GCoby 4,
fGCob, 4 or pGCob. This is a category enriched in graded abelian groups. We denote by G the
corresponding 2-category of graph cobordisms GCob, f{GCob or pGCob. Finally, we denote by G the
associated 1-categories GCob, f{GCob or pGCob where morphisms are equivalence classes of graph
cobordisms as in Definition 2.12]

We recall that Proposition [£.5 gives isomorphisms
(14) Gea(X, V)= P detea(G)r(gxy)c)-
[Gleg(X,Y)

An element [G] € G(X,Y) is an equivalence class of a graph cobordism up to zig-zag of graph
morphisms. Such an equivalence class can be represented by a graph that can be written as a
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composition of the four elementary graphs »-, e, <,- (and possibly the twist map if G is GCob or
fGCob). Indeed, expand the graph such that it has only graphs of valence < 3 and no two valence
3-vertex are next to each other. Direct the edges such that no vertex of valence 2 or 3 has only
incoming or only outgoing edges. To make this possible, one has to possibly introduce some units
or counits. See Figure [[2}

FIGURE 12. The graph on the bottom can be lifted to a graph which can be de-
composed into the four elementary graphs. This graph can for example be written
as (+®@)»)o(F®id®id)o (id®<®id) o ({®id) o (=®)) o< oro (»®id). (Note
the order-reversing convention for the composition o.)

This shows that pGCob, ;4 is generated under composition and monoidal product by chosen
generators

w(»-) € dete,a()r, (|G (xLis,0) po) w(s) € dete.a(>)x, (1g(2,%)] o)
OJ(—() S detc,d(_()m(\Q(*,*U*)I,—()’ Ld(-') S detc,d(-’)m(\g(*,z)L-.).

The categories GCob,. 4 and fGCob, 4 are also generated by those four elements but as a symmetric
monoidal category rather than just as a monoidal category.

We note that those four elements are non-trivial for all ¢,d € Z. This can be seen as there exists ex-
amples of (¢, d)-graded commutative Frobenius algebras with non-trivial u,n, v and & (see Example
5.8). However, our proof does not use this fact.

Any (symmetric) monoidal functor F': G, 4 — C is thus uniquely determined up to isomorphism by
the images 1 = F(w(r)), n = F(w(), v = F(w(<)) and £ = F(w(=)).

We now fix explicit orientations w(}-), w(*), w(<) and w(-): we label the graphs »-, -, < and -
as in Figures and [I6] We choose the convention that all half-edges named oh; are glued to
the internal vertex. This is convenient when we later apply Lemma [7.3] to compute edge collapses.



FiGure 13. The graph »
with v the lone internal ver-
tex, vy the lone outgoing
vertex and v; and vy the in-
coming vertices. The vertex
vy corresponding to the first
coordinate of the input and
v9 to the second coordinate.

® -0
hy
Ficure 15. The graph
with v the lone internal ver-

tex and vg the lone outgoing
vertex.

F1GURE 14. The graph <
with v the lone internal ver-
tex, vg the lone incoming
vertex and v; and vy the out-
going vertices. The vertex
vy corresponding to the first
coordinate of the output and
vy to the second coordinate.

-e
h’O

FiGURE 16. The graph -
with v the lone internal ver-
tex and vy the lone incoming
vertex.

Using the identification as in Proposition we define generators

al ® hog Nohy ®@v Awvg € det(o—,@in),

win(s) =¢
wout('- =1e€ det(*7 aout) =1,
Win(_'( =1e det(—(, aML) = ]]-a

The generator w;y,(+) is the canonical generators coming from the isomorphism

det(H, (=, 0in) ™28 det(Cu(o, 05n))  TRdet(E(+) ! @ Or(H(>)) @ det(V (=) \ Lin()),
Vg — (ho Aoho) P ®@v Avg— 60_1®h0/\0'h0®1)/\1}0.

An analogous statement holds for the chosen generator wy:(-).
We note that wout(>), wout (+), win (<) and w;, (=) all have degree zero. The generators w;, (») and
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wout (<) are in degree 1 while w;y,(+) and weyi(-) are in degree —1. Then we set for fixed ¢,d € Z
the orientations

w()") = Win ()")®c & Wout ()")®d € detc,d()‘)v w(") = Win (")®c & Wout (")®d € detc,d(")a
w(_() = Win ("()®C & Wout ('()®d S detc,d(_()v w(") = Win (_.)®c & Wout (")®d S detc,d(")-
We note that w()y-) is in degree ¢ and w(e) is in degree —c while w(<) is in degree d and w(-) is
in degree —d. As F' is enriched over ZMody, it preserves degrees of maps. We thus have |u| = ¢,
[n| = —¢, v| =d and |g| = —d.
We have proven so far that a (symmetric) monoidal functor F': G, 4 — C is uniquely determined up
to isomorphism by the data

A=F() e,
p=F(w() cC(A® A, A), n=F(w(=)) € C_(1,A),
v =F(w(<)) € Cq(A, A® A), e = F(w(=)) € C_q(A, 1).

The theorem we are proving states that this data defines a functor if and only if certain relations
are satisfied. We first argue the only if part of the statement assuming the following lemma:

LEMMA 7.6. In the category G. q, the following identities hold:
w) o (W) ®1) = (-1)wh)o(l@w))) € detca(>),
(—Dw0) o (w(s) ®1) = (-1) w)o (1@ w(s)) € detcq(—) =1,
(W) @ 1) ow(«) 1>d<1®w (<)) o w(«) € det.a(4),
(-1 @ wE) ow=) = (~1)TT = (w(=) ®1) 0 w(<) € deteg(=) =1,
(W) @1) o (1®@w() = (=) w(=) cw(r) = (1®w()) o (w(=) ® 1) € detc 4(>x).

Moreover in the category GCoby, 4, the automorphism of the graph y»- which switches the two incoming
edges acts by (—1)¢ on det. 4(»-) and, in the category {GCoby, 4, the fat graph automorphism of the
fat graph y which switches the two incoming edges acts by (—1)¢ on det. 4(»).

C(L 1)

AA/—\A

These identities are preserved under F' because F' is linear and monoidal. The lemma thus shows
that the relations are satisfied by u, 1, v and ¢ if they come from a functor F'. This thus concludes
the only if part.

Before proving the lemma, we show the if part of the statement that the data (A, u,n,v,¢)
satisfying the relations defines a functor:

Consider a morphism f € G(X,Y). As we have

Gea(X, V)= P detea(G)rqg(xv)1.C)s
(Gleg(X.Y)

we may assume that f is a homogeneous generator, i.e., it is given by the 7 (|G(X,Y)|, G)-orbit of
w(@G) for some generator w(G) € det, 4(G). We write [G] as a composition of the graphs »-, =, <
and - as in Figure We then define F'(w(G)) as the corresponding composition of y, 1, v and ¢.
The map F' is by definition linear and degree-preserving, i.e., it is enriched over ZMody. Moreover up
to choosing the right decomposition of G, this is functorial and (symmetric) monoidal. However, our
definition of F(f) depends on two choices: the decomposition of G and the choice of representative
of the m (|G(X,Y)], G)-orbit.

We first argue why the definition is independent of the choice of decomposition: in [Koc04} LP0§|,
Kock and Lauda and Pfeiffer describe a normal form for a decomposition of a closed or an open
surface. Moreover, they show that any decomposition can be brought into this normal form using the
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six generating relations: associativity, unitality, coassociativity, counitality, the Frobenius relation
and possibly commutativity or symmetry. Thus any two decompositions are related to each other
by a sequence of those six relations.

An analogous argument for (fat) graphs shows that any two decompositions into the four graphs »-,
~, < and - are related by a sequence of those six relations.

Therefore, any two decompositions are related by applying the relations in Lemma If the mor-
phisms p, 1, v and € satisfy the corresponding relation in C, the definition of F(w(G)) as above is
independent of the choice of decomposition.

It remains to show that our definition of F' is independent of choice of representative in the
m1(|G(X,Y)|, G)-orbit. This is equivalent to showing that our definition of F(w(G)) is invariant
under the m (|G(X,Y)], G)-action:

Any element in m (|G(X,Y)],G) is represented by a zig-zag of edge collapses and (fat) graph iso-
morphisms:

G = G() G1 GQ G3 e Gn,1 — Gn =G.

Applying one of the relations in Lemma [7.6] to a decomposition G produces a new decomposition
G’. The relation then specifies a zig-zag

G — G +—— G

where G and G’ are given by a different decomposition. We show that all zig-zags can be lifted to
a sequence of zig-zags coming from the relations in Lemma[7.6]

We can lift each graph Gg; to a decomposition into the four elementary graphs: Ga; — Go; where
égi has a decomposition into the four elementary graphs. We fix such a decomposition for all C~¥2i.
We thus have the following diagram:

Go G Gn
| | |
G G1 Gy Gs Gnoy +—— G.

Each égi — G2; = Ga;41 gives a decomposition of Go;41. We thus can rewrite the above diagram
suggestively as

Go Go Go Go Go G, —— G,
| | | |
G—— G —— Gy Go Gs Gn1 +— G.

The deCOHlpOblthIlb G2Z — Gaiy1 and G21+2 — G941 are two decompositions of Ga;y1. Therefore
Ggl and G21+2 are related by a sequence of the relations in Lemma |7 . Thus there exists a zig-zag
coming from those relations fitting into the lifting problem
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This lifts the whole zig-zag to a zig-zag coming from the relations in Lemma [7.6

The action of the element of 7 (|C(X,Y)|,G) can thus be computed by applying the relations in
Lemma [7.6l

Consequently, if u, n, v and ¢ satisfy the corresponding relations in C, our definition of F(w(G))
does not depend on the representative of the m(G(X,Y),G)-orbit as it is invariant under the
m(G(X,Y),G)-action.

This shows that the data u, 7, v and ¢ satisfying the relations lets us define a functor F' and thus
concludes the only if part of the statement. The only thing left to prove is Lemma The proof
makes up the rest of the paper.

Proor orF LEMMA [T.6l We prove the seven identities using Lemmas [7.3] and

Graded associativity. We show that
(15) w() o (wi-) ®1) = (-1)w() o 1 @ w(})) € dete,a()
holds in G, 4.
We start computing

W) o (W) ®1) = (win ()@ wout(*)(@d) 0 (Win()")®c & Wout (>‘)®d ®1)

comp (Win ()¢ @ win (»)®%) @ comp; (Wour ()2 @ Wour (-)=?)

= (=1) "7 comp (win () ® win(»)) 2 @ compy (Wout (»-) ® wour () 4.

Here comp; is the composition we get by gluing one copy of »- at vy to v1 of the other copy. The

sign (—1)$ comes from the fact that we have to reshuffle w;, (»)®¢ ® w;,(»)®¢ into ¢ pairs of
Win(») ® win () (via a riffle shuffle). For wyy:(>-) no such sign appears as they are in degree 0.
Analogously, we compute
c(e—1)
wi)o(l®w))) =(=1)"2 compy(win(>) @ win (>‘))®c ® compy (Wout (»-) ® Wout(*))(@d'

Here comp, is the composition we get by gluing one copy of »- at vg to v2 of the other copy because
vg is the vertex corresponding to the second input.
It remains to compare comp; (wi,(») @ win(>)) to comps(win(>) ® wir(>)) and comp; (Wout(>-) @

Wout (¥-)) t0 compy (Wout (») @ Wout(>-))-
We note that because of triviality of the wyy¢(»-) orientations, we have

compy (Wout () ® Wout () = comps (Wout (»-) @ wout (>-))-
Equation then follows from the following identity
(16) comp; (win (>-) @ win () = —compy (win () ® win (>-))-

To show this identity, we start with comp; (win(>) ® win(»-)). For this, we denote the edges, half-
edges and vertices of the left copy of » by e,eg,e1,es and so on, as before. This represents the
multiplication that is applied second. We denote the edges, half-edges and vertices of the right copy
of » by €, ¢, e}, e, and so on. This represents the multiplication that is applied first.

We compute using Lemma [7.4] and Remark

comp; (win (») @ win(»)) = comp, ((ea Aey Aeg) ™ @ hog Aohg Ahy Aohy Ahy Aohy @ v Awvg
® (eh Ney Aep) ™t @ hy Aahy AR Aohl Ahhy Aokl @ v Aup)
= —(eaNerNeg Neh Ael Nep) ™t
® ho A chg A hy Aahy Ahy Aaha Ahiy Aohi ARy Aohl ARy Aohh
®vAvg AV A
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FI1GURE 17. The two composition of two multiplications give the same graph after
collapsing two edges.

As we glued v, to vy, we can collapse e(, and e; to obtain the graph > (see top of Figure .
We recall the naming convention that s(ch;) is an internal vertex. Therefore when collapsing e, we
can apply Lemma using that s(ohy) = v is the vertex we want to delete from the orientation.
Thereafter deleting e;, we note that s(chy) = v is the vertex we delete in the process. Importantly
to apply Lemma we must reshuffle the edge and vertex, we want to delete to the first position.
This gives some signs. We do the reshuffle explicitly in the first computation and thereafter only
denote the corresponding sign after the edge collapse. We find:

—(eaNer Aeg AeyNey Aep)™?
® ho Aohg Ahi Aohy Ahg Aahg ARy Aahy ARy Aokl ARy Aohy @ v Avg Av' A
= (ef Nea Aep Aeg Aey Aeh)™?
® hy A ohy A hg Aahg Ahy Aahy Aha Aoha ARy Aokl Ay Aohy, v AvAvg A
— (eaANer Aeg Aey Ael)™t
® ho A ahg A hy Aohy Ahy Aahe ARy Aahiy Ay Aohhy @ v Avg Avg
 —(ea Aeg Aey Aey) ™ @ ho Acaho Ahy Aahy ARy Aahy ARy Aahly @ vy A v,

The edges of > are here labelled (from top to bottom) by €}, €, and e as in the top right of Figure
it

Analogously, we compute

compy (win () @ win(>-)) = — (€2 A compy (win () @ win(>-))
=—(eaANerNeg Neh Ael Nep) ™t
® hg Aohg A hi Aohy /\hg/\O’hg/\hé/\O’h{)/\hll /\O’hll /\h’2/\0h/2
®vAvg AV Awy.
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But as we glued v, to v, we can now collapse ef, and ey (see bottom of Figure . In this process,
we first delete the vertex s(oh{,) = v’ and then the vertex s(ochs) = v. We thus find

—(ea Nep Aeg Aey Nel Nep)™?
®ho A ahg A hy Aahy Ahy Aoha Ahi Aohy ARy Aahy Ak Aohy, @vAvg Av' Awvg
> (ea Aep Aeg Aey Ael)™?
® ho Aohg Ahy Aohy Ahy Aohe ARy Aahiy Ay Aohy @ v Avy Avg
(er Aeg Aey Aet) @ ho Aahg Ahy Aahy ARy Aahy Ahly Aohl ®vg Avp.

The edges of > are here labelled (from top to bottom) by e;, €} and e} as in the bottom right of
Figure This differs from the naming scheme of the other composition by an even permutation.
This shows that the two orientations differ by the sign —1. We have proved and thus .

Graded unitality. We want to compute

c(c—1)

(17) (=Dwh)o(w=)@1) =(-1)"7" =wk)o(l®w(~)) € detca(—=) = 1.

As for graded associativity, we compute the signs from the riffle shuffle

c(c—1)

W) o (w(=) ®1) = (=1)" 7 compy (win(>) ® win(+))® ® comp; (Wout (»-) ® wour (=)

and

c(e—1)

W) o (1@ w(s)) = (=1)" 7 compy(win () @ win(+))® ® comp, (Wout () @ wour (=) *.

We note that, by triviality of the w,,;-orientations, we have

compy (Wout () ® wout(+)) = 1 = compy(Wout(>-) ® wout(+)) € det(—=, Dout).
The equation then follows from the following identity
(18) —comp (win () @ win(+)) = 1 = compy(win(}-) © win(+)) € det(--, din) = 1.

To show this, we denote the edges, half-edges and vertices of « by ey and so on. On the other
hand, we denote the edges, half-edges and vertices of »- by e, €/, €5 and so on. We thus compute by
Lemma [T.4] and Remark [Z.5

comp; (win (») @ win(+)) = comp, ((eh Ay Aep) ™t @ hiy Aahy Ahy Aahly Ahy Aohl @ v Avj
® (e0) L @ ho A ohy @ v A 1g)
= —(ehAef NejNeg) ™t

® hi Aahy AWy Aokl ARy Aohy ANhg Aahy @V Avy AvAwvg.
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FIGURE 18. The two composition of a unit and a multiplications give the graph
with one vertex representing id after collapsing four edges.

Now we can collapse eg and ¢} as in the top of Figure We use Lemma and note that
when we collapse eg, we have to delete s(chy) = v. If we then collapse €/, we note that s(oh}) = v'.
We compute:

—(ey Ney Aey Neg) t @by Aahy AR Aokl ARGy Aahly Ahg Aahe @V A vy AvAvg
= (eh Ael Nep) Tt @by Aahy AR ARl ARy Aahly @v' A vy A
> — (eh Aep) " @ hy Aahy Ahly Aohly ®vh Avg.
Next we collapse e{, which deletes s(oh() = vo:
—(ey Aep) @ hy A ahy A hy Aahy @ vy Avg
= — (eh) 7' @ hly A ohly @ v,
Finally collapsing e}, we delete s(ohf) = v}, and find:
—(eb) "t @ hhy Aohh ®@v) s —1.

This shows the left equality in .
For the other equation, we compute:

compy (Win (») @ win(s)) = — (eh A€l Aey Aeg) ™
® hi A ahy ARy ANohl ARy Aohy ANhg Aahy @V Avy AvAwvg.
But now we collapse first ey and at the same time deleting s(chg) = v. Then we collapse €, and

delete s(ohh) = v'. Then we delete e and delete s(ch() = vo. Finally, we collapse €] and delete
s(oh}) = v} as in the bottom of Figure We thus find

—(eo Ney Ney Nep) T @ ho Aahg Ay Aahy AR Aohy Ahy Aahly @ v Avg Av' Avjy e 1.

One can see that by either doing the calculation explicitly. Or one can notice that we are deleting
the vertices in the same order as before but switched the order of the two edges €} and e} in which
we delete them (see bottom of Figure [I§)). This shows and thus (7).

Graded coassociativity. This computation is dual to the computation of graded associativity,
we thus obtain:

(W @) ow) = (1)1 ®w(X)) ow(~) € detca(<).
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Graded counitality. This computation is dual to the computation of graded unitality, we thus
obtain:
d(d—1)
(D1 wE)ow)=(-1)" 7 =(w(=)®1)ow(x) € det, (=) = 1.

We note that the dual term to w(}-) o (w(e) ® 1) is (1 ® w(-)) o w(=X).

The graded Frobenius relation. We want to show that
(19) (wp) @) o (1owv)) = (1) wv) ow(n) = (1@ w(k)) o (wv) ®1) € det ().
We start computing
(W(p) @ 1) o (1@ w®)) = (Win(1)®° © wour (1)® © 1) 0 (1 @ win (1) @ wou ()*?)
= (Win(1)® ®1) 0 (1@ win ()%) @ (Wour (1) ®? © 1) 0 (1 ® Woue (1) ®7)
= comp; 5(Win (1) ® win (1)) @ compy 5(Wour (1) @ Wour (1)) *7.

Here comp; , is the composition given by gluing together the first outgoing vertex of < to the second
incoming vertex of »-.
Analogously, we compute

(1@ w(n)) o (W) ® 1) = compy y (Win (1) @ win (1)®° © compy 1 (Wout (1) @ Wour (1)) .

Here comp, ; is the composition given by gluing together the second outgoing vertex of < to the
first incoming vertex of »-.
In contrast, we compute

w(v) ow(p) = (Win(1)®* ® Wour () ®?) © (Win (1) ®° ® Wour (1) *4)
= (_1)Cd(win(y)®c o win(ﬂ)@)c) ® (wout(l/)@)d o Wout(ﬂ)®d)~

The sign (—1)°? comes from the fact that we have to move wyy:(¥)®? which is in degree d past
win (p)®¢ which is in degree c. By definition, we have:

(=) (win (1) ® 0 win (1)) @ (Wout (1) ® © wWour (1) %)
= (=1)*comp(win () ® win (1£))®°¢ @ comp(Wout (V) @ Wour (11))
The equation now follows from the following identities It holds that

®d

COMD 5 (Win (1) ® win () = COMP(Win () © win (1)) = COMPs 3 (Wi (1) © Wi ()
and
compy 5 (Wout (1) @ wWout (V) = comp(Wout (V) ® Wour (1)) = compy 3 (Wout (1) @ Wout (V).

This can be seen either by doing the hands-on computation using Lemmas [7.3] and [7.4] or by noting
that w;y, (V) and wey(p) are trivial. Composition with them thus gives the trivial map.

Graded commutativity. We want to show that the automorphism of the graph » which
switches the two incoming edges acts by (—1)¢ on w(}-). For this, we note that this automorphism
acts trivially on det(»-, 0pyt) = 1. On the other hand, we compute the action det(»-, d;,) as

det ()'_7 azn) — det (>_a azn)a
(62 A\ €1 A\ 6())_1 ® h() AN O'h(] A\ hl/\O'hl A\ h2 A\ Jhg XRvA Vo
— (61/\62/\60)71®h0/\0h0/\h2/\0h2/\h1 ANohi ® v A vg.

It only changes the order of e; and ey and their half-edges. In other words, it acts by —1 on
det(»-, 9;,). This combines to a (—1)%-action on det. q(>-).
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Graded symmetry. We note that flipping the two incoming vertices of »- is not a fat graph
automorphism. As before, we call the edges, half-edges and vertices of » ey, e;,e2 and so on. On
the other hand, we call the edges, half-edges and vertices of - e, hg,ohg and v{,v’. We glue vy to
v}, then we can collapse the edge ey and ej. On the resulting graph ), flipping v; with vy is a fat
graph automorphism. This acts on det(y, 9;,) by —1 and on det(y, J,y¢) trivially. This combines to
a (—1)%action on det, 4(»).

Therefore, we have computed all signs appearing in the identities in Lemma[7.6] This concludes the
proof of Lemma the proof of Theorem and thus the paper. O

O






Part 11

The Goresky-Hingston coproduct on
based loop spaces



Abstract. We construct a lift of the Goresky-Hingston coprod-
uct on the based loop space. Using this lift, we produce formulas for
the interaction of the coproduct with the mj-action and with maps of
manifolds. These results lets us compute the torsion-free part of the
coproduct on the free loop space for manifolds of the form S™/G.
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1. Introduction

In this article, we study the Goresky-Hingston coproduct on the based loop space of a pointed,
closed, oriented, n-dimensional manifold (M, zo):
Vau: H* (QM, xo) — Hl_n+*((QM, 1}0) X (QM, l‘o))
This coproduct was defined in |[GHO09| and [Sul04].
In this article, we construct a slightly different coproduct, the avoiding-stick coproduct
Vam: He(QM) — Hi_pi o (QM x QM).

The avoiding-stick coproduct is a lift of the Goresky-Hingston coproduct (see Proposition .

Because this coproduct does not have any relative terms, it is easier to work with. We prove
an array of results for the avoiding-stick coproduct that directly descend to results for the Goresky-
Hingston coproduct. The first result is an invariance result under a my-action:

THEOREM A (Corollary |3.11)). Assume that the dimension is n > 1. The avoiding-stick coprod-
uct V' factors through the fized points H,(QM x QM)™(M:z0) where 1 (M, x0) acts on QM x QM
via

(7] (v,7) == (v 7).

This immediately implies that the avoiding-stick and thus the Goresky-Hingston coproduct both
are zero if 71 (M, z¢) is infinite (see Corollary [3.12).

Our second main result is a formula for how the avoiding-stick coproduct interacts with maps
between manifolds f: M — N. It generalizes a result in a note by Nancy Hingston Lemma
3] to the case where f is of any degree and N has arbitrary fundamental group:

THEOREM B (Corollary . Let f: (M,xz9) — (N,yo) be a map of closed, oriented, pointed
manifolds of dimension n > 1. Assume that yq is a reqular value with f=(yo) = {0, ...,z }. Let
T; be paths from x; to xo. For the avoiding-stick coproducts Vaop and Van, it holds

k
Van o fuo =Y deg(f)a, (i, () X Ug(rip-1) © (F X f)x © Vau
1=0
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where v, and L, denote right and left multiplication with an element v € w1 (N, yo).

This has as immediate consequence that the avoiding-stick and Goresky-Hingston coproduct on
the based loop space commute with degree 1 maps (see Corollary . This is in contrast to the
Goresky-Hingston coproduct on the free loop space (see [Nae21; NS24; Wah19; |KP24]).

Applying Theorem |B| to the case where f is a universal covering lets us describe the coproduct
fully in terms of its universal covering:

THEOREM C (Remark and Proposition . Let (M,xzg) be a pointed, closed, oriented

manifold with finite fundamental group and universal covering p: (M,yo) — (M, xo). Any element
a € H (QM) can be uniquely written as

a= > g-pBy)
gemi(M,xo)
for some By € H*(QM) If the avoiding-stick coproduct on H*(QM) is computed by
vgﬁ(ﬂg) = Z%’,g X 572,5]7
then it holds
Var(@) = Y > g pu(rig) - hx hh - p.(diy).
g,hem (M)

Because we can compute the coproduct on spheres (Example [3.14)), we get a full description of
the coproduct on M = S™/G where G is a finite group acting freely on S™:

THEOREM D (Propositionand Corollary. Let G be a finite group that acts on S™ freely
and orientation-preserving for some n > 2 and let M = S™/G. The Pontryagin ring on QM is
given by

H.(QM) = Z|G|[z]
where x is a central element of degree n — 1.

The avoiding-stick coproduct extends to a map Hp_14+(QM) — H.(QM) ® H.(QM) which is
computed as

V(gz*) = Z Z gh™ 'zt @ hal.
i+j=k—1heG
This coproduct helps us understand the Leray-Serre spectral sequence associated to the fibration:

QM —— AM
(20) J{evo
M

where AM := Map(S', M) denotes the free loop space. Theorem |§| lets us show that all differentials
on the E"-page for r > 2 are zero and we find the following result:

THEOREM E (Corollary . Let G be a non-trivial, finite group that acts on S™ freely and
orientation-preserving for some n > 2 and let M = S™/G. The homology of the free loop space
AM has connected components A M corresponding to conjugacy classes [g] in G. The homology of
A M fits in the following short exact sequence:

0 —— Hi n1(5"/Cc(9)) —— Hitrtn—1)(AgM) —— H;(S"/Ca(g)) —— 0
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for k>0 and 1 <i <mn. This short exact sequence splits for all i #n — 1.

In [Meill, Theorem 4.8], Meier gave a description of the Goresky-Hingston coproduct on the
Leray-Serre spectral sequence associated to in terms of the coproduct on the based loop space.

Together with Theorem @ we use this to give a formula for the coproduct on H,(AM;Q) for
M =5"/G:

THEOREM F (Theorem . Let G be a non-trivial, finite group acting freely and orientation-
preserving on S™ for n > 1. The relative homology of the free loop space of M = S™/G with rational
coefficients is given by

H,(AM;Q) = ED @@I[gl,k@@y[gl,k

[g]€ccl(G) k>0

with xg) , in degree k(n—1) and yig) 1 in degree k(n —1)+n. The homology H.(AM, M;Q) has the
same description except missing the [g] = [1] and k = 0 summand.
The Goresky-Hingston coproduct lifts to a map

V: H (AM;Q) — H.(AM;Q) ® H.(AM;Q)
computed by

Q(x[ng) - Z Z Tlgh-11i © Z[n),

i+j=k—1heq

and

VWige) = Y D (@gn-115 @Yy + Yigh-11i © Tn),5)-
i+j=k—1heG

We note that this description only depends on G and not on the action itself. This is in contrast
to the coproduct with integer coefficients which “knows” about the simple homotopy of S™/G: in
[Nae21], Naef computes part of the coproduct on the lens spaces which is an example of S®/(Z/7Z)
to give an example of a coproduct which does not commute with homotopy equivalences.

1.1. The avoiding-stick coproduct. We briefly sketch the idea behind the avoiding-stick co-
product and why it does not produce any relative terms. In Subsection this is done in full detail.

We first recall a sketch of the definition of the Goresky-Hingston coproduct (see Subsectionfor
more details). Roughly speaking, the coproduct on a € C,.(2M) is computed as follows: multiplying
with the fundamental class of the interval I = [0,1] gives a class I x a € Cyq1(I X QM,dI x QM).
We then “intersect” this class with the subspace of self-intersections: all pairs (¢,7) € I x QM with
~(t) = v(0). Finally we apply the cutting map on the space of self-intersections: a pair (v,t) gets
sent to the pair of loops (t,7) = (]j0,4), VIjt,1)) € QM.

All loops v € QM have trivial self-intersections for t = 0 and ¢t = 1. Cutting at a trivial self-
intersection gives a pair of loops (y1,72) € QM x QM where ~; or 7 is the constant loop xg. This
is why the Goresky-Hingston coproduct gives a map

C*(QM) — len+*(QM x QM, {:L‘()} x QM U QM x {l‘o})

The first advantage of the avoiding-stick coproduct is that it isolates any trivial self-intersection. It
is defined analogously to the Goresky-Hingston coproduct but only on a subspace of QM: we fix a
path o: [0,e] — M a stick such that o(t) # x¢ for ¢ > 0 and ¢(0) = z9. We consider the subspace
0°M C QM of all paths that follow o on [0,¢] and [1 — ¢,1] (see Figure [19). This subspace is
homotopic to the whole space QM. We define the avoiding-stick coproduct on Q7 M instead of QM.
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FIGURE 19. The space Q2° M consists of all loops that start and end with the path
.

Working with the space 2° M has the advantage that the trivial self-intersections are isolated
because for all t € (0,e]U[1—¢,1) and v € Q7 M, we have y(t) # xo. All non-trivial self-intersections
are at times t € (e,1 —¢). A cycle a € C.(I x Q7 M,0I x Q° M) which represents some non-trivial
self-intersections is thus also a non-relative cycle. Running the rest of the machinery of the Goresky-
Hingston coproduct then produces no relative terms.

The avoiding-stick coproduct thus gives a map

C QM) 2 C(Q7 M) — O (UM x QM)

which lifts the Goresky-Hingston coproduct.
Another advantage of the space 27 M is that we have time at both ends of the loop to manipulate
the loops. We can take advantage of this in the following way: let H: [0,e] x M — M be a 1-
parameter family of homeomorphisms such that H(0,2) = = and o(t) = H(¢t,0(t)) is also a stick
avoiding xy. We define the following homotopy equivalence:
d: QM — Q°M,
H(t,~(t)) if0<t<e;
(v:[0,1] = M) =t — < H(e,v(t)) ife<t<1l—eg;
H(1—-t~v((k) ifl—-e<t<1.

wd

F1GURE 20. In this picture, the 1-parameter family H is given by translation down-
wards. The blue loop 7 is in 27M and has a self-intersection at ¢. Its image D(y)
in yellow then is in QM and at ¢ it crosses x1 = ¢°(zp).

The map ® sends the non-trivial self-intersections (¢,v) € (e,1 —¢) x QM to all pairs (¢,7') €
(6,1 —¢) x Q°M with +/(t) = z1 := H(e,z0) (see Figure[20). In fact, it gives a bijection. Thus we
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can detect self-intersections at the point x;. This is the insight that lets us prove Proposition [3.7]
which is the key technical result unlocking the other statements of this article.

Organisation of the paper. In Section [2] we define and compare the trivial coproduct, the
Goresky-Hingston coproduct and the avoiding-sticks coproduct on the based loop space of a manifold.
In Section[3] we study what happens when we cut at a different point rather than the basepoint and
relate it to the coproducts from the previous section. In Section [, we describe how the different
coproducts interact with maps of manifold. We apply this to the example of S™/G in Section

Conventions. We denote by I the closed interval [0,1] and dI = {0,1}. For o: [a,b] — X a
path, we denote 7 (t) := o(b — t + a) for the path in reverse direction.

Let M be a closed, oriented topological manifold of dimension n and let g € M be a fixed
basepoint. We denote by

QM :={y: I = M | 7(0) = (1) = o}

the space of based loops in M. We denote by zy the constant path at z.
We use the convention that for topological spaces X, Y C Z, we write C\.(X,Y) := C.(X, X NY)
for the relative chains, leaving the intersection implicit.

Acknowledgements. I want to thank my supervisor Nathalie Wahl for suggesting this topic
and many enlightening conversation. I also want to thank Isaac Moselle for his helpful comments
about the introduction and Section bl I was supported by the Danish National Research Foundation
through the Copenhagen Centre for Geometry and Topology (DNRF151).

2. Various coproducts

In this section, we give several definitions of coproducts on the based loop space.

2.1. The trivial coproduct. We start with the so-called trivial coproduct on C,(QM).

We fix U a contractible neighbourhood of zy and a representative 7 € C™(U, {x(}¢) of the local
orientation. We define the map

e: QM — M,
7= (3)-
DEFINITION 2.1. The Figure 8 space is defined as
Fi=FM:=e"(20) ={y € QM | 7(3) = z0}.
The cutting map is given by
c: F— QM x QM,
s (W|[o,%]77|[%,1])~

The inclusion C, (e 1 (U), F¢) — C.(Q2M, F¢) is a homotopy equivalence by excision. By [Hat02,
Proposition 2.21], we can fix a map

p: CL(AM, F¢) — C.(e”H(U), F°)

that is an inverse on homology.
We fix a homotopy

Ry:IxU—=U

between idy and the constant map zg that fixes xg.
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REMARK 2.2. In [Hinl0|, this is induced by the Riemannian metric on M. For a generalization
to the topological case, we do not assume that M has a Riemannian metric. This in turn means,
we have to fix the above Ry .

The map
R: e Y (U) = F,
v(2t) if0<t<i,
Ry(3—4t(3)) ifz<t<i,
(2t — 1) if 2<t<1

defines a homotopy inverse to the inclusion F — e~ 1(U).
DEFINITION 2.3. The trivial coproduct is defined as the composition
Viriv: Co(QM) — CL(QM, F¢) B ¢, (e 1 (U), F°)
I O HU)) B O (F) S Oy (UM x QM).

REMARK 2.4. This is the restriction to the based loop space of (a chain level model of) the
loop coproduct studied by Tamanoi in [Tam10]. Tamanoi shows that the coproduct is zero except
on H,(M) C H.(AM). In particular, the trivial coproduct is zero on homology. However, the
coproduct on chains is still of interest as it gives rise to the following more interesting coproducts.

2.2. The Goresky-Hingston coproduct. We next turn our attention to the Goresky-Hingston
coproduct as introduced in [GH09|. We follow the description as in [HW17].

We define the reparametrization map

r: I x QM — QM,
v(2st) ifo<t<3;
, t
(s v)H( H{ L

o1
Y21 —=s)t —1+2s) if 5 <t <

that parametrizes  such that 7(v)(3) = 7(s).

We denote H as the space of half-constant loops
H:= {’V € | ’Y|[0,%} = Zo Or ’Y|[%’1] = !Bo}.

We note that r sends I x QM and I X {z} to H and Vyyy sends Cy(H) to C_p i (QM x {20} U
{zo} x QM). We therefore get the following definition

DEFINITION 2.5. The Goresky-Hingston coproduct is defined as the composition
Van: Co(QM, 20) 3 Cri (I x QM,0I x QM U T x {z0})
55 Crn (M, H) 58 Cy s ((QM, 20) X (UM, 1),

REMARK 2.6. This definition is indeed a chain-level model of the original definition as in |[GH09]
(see [HW17, Theorem 2.13]).
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2.3. The avoiding-stick definition. In this subsection, we define a coproduct using sticks
avoiding xg. This construction avoids self-intersections coming from 91 x QM and thus allows us to
lift this coproduct to a coproduct on C,(QM).

We fix 0 <& < ¢.

DEFINITION 2.7. Let z1,...,xx € M. A stick avoiding xo,x1,...,xk is a path o: [0,¢] = M
with 0(0) = z¢ and there exists a chart ¢: R™ = U C M such that {xg,z1,...,2x} NU = {z} and
o(t) = ¢(t,0,...,0).

For a stick o avoiding xg, x1, ..., Zk, we consider the subspace
(21) QM := {’Y €Q | IY|[0,E] = Ua’y|[1—e,1] = E} - QM
that look like o at the start and at the end. Here & denotes the inverse path to o.

LEMMA 2.8. Let o: [0,e] = M be a stick avoiding xo. Then the inclusion v: Q°M — QM has
homotopy inverse

Ty QM — Q7 M,
Y—o-G0-Y-0-0
where the composition is parametrized such that «y is followed on [g, €] in 1_—146—speed.

PROOF. We consider the homotopy

H(57 7) = 0|[O,s€] : U‘[O,se] Y U‘[O,se] ’ U|[O,sa]

1

where the composition is parametrized such that v is followed on [2se,1 — 2s¢] with ;——

This defines a homotopy between from idgas to ¢ o 7,.
On the other hand, we can write any element of 2 M uniquely as ¢ -3 -7 for some 3 € Qg () M.
Then

speed.

G(Sa o - /6 : 6) =0- U|[0,ss} : 0-|[0,sa] . B : 0-|[0,sa] . U|[0,s€] o
is a homotopy between idge s and m, o ¢. O
We therefore have a homotopic space Q27M ~ QM. This space has the advantage that we can
get rid off the half-constant loops ‘H because they are isolated from the non-trivial self-intersections

in FN (I x Q7M). Therefore we can apply excision to find that we can only study times (¢,1 — ¢)
to detect all non-trivial self-intersections. In precise terms, we have the following key lemma:

LEMMA 2.9. Let o be a stick avoiding xo. The inclusion
Ci(r((e,1 =) x Q° M), F¢) — C(r(I x Q° M), F¢ UH)
18 a quasi-isomorphism.
PROOF. We want to apply excision. We thus must check that the closure of
A=r(IxQM)\r((e,1—¢)x QM)

is contained in the interior of F¢ U H.
It thus suffices to show the following:
(1) A is closed;
(2) F¢U®H is open;
(3) AC FEUH.
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For 7 we check that r|;xq-p 18 a homeomorphism onto its image. We first consider (s,7) €
I x Q°M with s ¢ 0I. We note that r(s,y)(t) = o(2st) # xo for t € (0,5%) and r(s,7)(t) =
o(2(1 —s)t—142s) #xg fort € (ﬁ, 1). This shows that r(t,v) ¢ H.

Moreover if s’ € I is such that

r(s,7)(2s't) = o(t)
for t € [0,¢], we have s = s’. Therefore we can recover s from r(s,y) and we similarly recover

(1) = {r(s,v)(;s) fo<t<s;

r(s,’y)(';r(ll%f)s) ifs<t<l1.
On the other hand if r(s,y) € H, we find either r(s,7)|,1) = @0 or r(s,7)[2,1) = zo. Both
halves are not constant because otherwise 7 would have been constant but ~ is not in QM. If
7(8,7)|[0,1) = wo, we recover s = 0 and y(t) = r(s,7)[(2,1(2t—1) and, if r(s, )1 1] = @0, We recover
Y(t) = 7(s,7)]p,1(20).

This shows that r|;xqesas is a homeomorphism onto its image and thus
A=r(IxQ°M\ (6,1 —¢) x QM) =r(([0,e] U[1 —&,1]) x QM).

Therefore A is closed because ([0,e] U [1 —e,1]) x Q%M is closed in I x Q7M.

We now check that 7¢ U H is open. On the one hand, F¢ is an open set. On the other
hand, the above discussion shows that H = r(0I x Q7 M). This subspace has an open neighbourhood
r(([0,e)U(1—e,1]) x Q7 M) which is contained in HUF* because r(((0,e)U(1—¢,1)) x QM) C F°.
This shows that F°UH is open.

We finally have to check that A is contained in e(xg)¢ U H. This follows from the fact that

A=r0I xQ M)Ur(((0,e] x [1 —&,1)) x QM)
and that (01 x Q°M) CH and r (((0,e] x [1 —¢,1)) x Q°M) C F°.
Therefore excision implies that
Co(r(I x Q MY\ A, FUHN\A) = C(r(I x Q° M), FCUH)

is a homotopy equivalence. The observation

r(IxQM)\A=r((e,1—¢) x Q" M),

FCUH\NACF®

concludes the proof. O

We fix a map
pos Culr(I x Q7 M), F UH) = Cu(r((2,1 - £) x Q7 M), F°)

which is an inverse on homology to the above inclusion (e.g. see [Hat02, Proposition 2.21] for a
construction of such a map).

DEFINITION 2.10. Let o be a stick avoiding xo. The avoiding-stick coproduct is defined as the
composition

)

Vo: Co(QM) " (M) 15 O (T x Q7 M, 0T x Q7 M)

B Cra(r(I x QT M), FCUH)
28 Cri(r((e,1 =€) x Q7 M), F°)

Veri

Y O (QM x QM).
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REMARK 2.11. We note that because the first map in the definition of Vi, in Definition [2.3]is
C.(QM) — C.(QM, F°)
the avoiding-stick coproduct lands indeed in non-relative chains.
The avoiding-stick coproduct is a lift of the Goresky-Hingston coproduct:

PROPOSITION 2.12. The map i: (QM, &) — (QM, ) intertwines the Goresky-Hingston coprod-
uct and the avoiding-stick coproduct on homology, that is, the following diagram commutes:

H,(QM) ———=— H,(QM, x)

Jv- [ven

H. (M x QM) % 5 (M, 20) x (M, 20)).

PrROOF. We denote i, for the inclusion Q°M — QM and its induced maps. We consider the
diagram

C, (M)
ﬁ““*\
C.(Q°M) (ko) C.(QM, z0)

l]x l]x
Crn(I % QM. 0T x QM) —“2 Oy (I x QM, 0T x QM U T x {a})

Cran(r(I x Q7M), FCUH) — 2 0, (QM, F¢ UH)

lp” (to)«

Crix(r((e,1 =€) x Q" M), F°) Viriv

J{va

Ol—n+* (QM X QM)

D e (UM, 20) X (XM, 20)).
The top triangle commutes in homology because (7, ). and (i, ). are homotopy inverses (see Lemma
. The bottom triangle commutes in homology because p, is a homotopy inverse to an inclusion
of chain complexes and inclusions of chain complexes commute. The rest of the diagram commutes
because the maps from left to right are come from inclusions of spaces. Therefore the diagram
commutes in homology.

Composition along the bottom left computes (i x i), o V, and composition along the top left
computes Vg © tx- O

A natural question to ask is now the following;:
QUESTION 2.13. Does the absolute coproduct depend on the choice of stick o7
The answer is yes, if n = 1 (see Example , but no, if n > 1 (see Corollary .

EXAMPLE 2.14. For M = S*, the lift is not independent of choice of o. We consider S* C C.
We have

H,(QSY) = Z[zF!)
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as a Pontryagin algebra with = in degree 0. Because every group is free, the Kiinneth map H, (25! x
0SY) = H,(Q28') @ H.(QS!) is an isomorphism. We can therefore consider the avoiding-stick
coproduct as a map H,(QS') — H,(QS!) @ H.(QSh).
We make the choice that our basepoint is xg := 1 € C. Moreover, we choose
yi:1/0I — S,
t — exp(2mit)

as a representative of z € Hy(QS1).
We fix ¢ := %. Up to homotopy, there are two choices for o:

ot:[0,%] = S5,

t — exp(2mit);
o [0, é] — St

t — exp(—2mit).

We set 2 := o*(1) and 2~ := 0~ (§). We compute the coproduct VF 1= V,+:

e We first compute V¥ (1). The element 1 = 2° € H,(QS!) is represented by the constant
loop. It gets sent to o - -0t -+ € Q7" S under the map m,+. This loop is homotopic
toy:=o01-cy+ - 0T as an element in Q°" 51, Here ¢+ denotes the constant loop at z .
This loop has no ¢ € [§, £] such that (t) = 0. Therefore, r,.(I x 7) € C,(F°UH) and we
have V* (1) = 0.

e Next, we compute VT (¢¥) for k > 0. This element is represented by

Vi (t) = exp(2mikt).

It gets sent to ot -0t -7, -0t -0t € Q" St under the map 7,+. This is homotopic to the

map
at(t) ifo<t<g;
vi(t) = a+(1—;) 1 if 2 <t<1;
exp (2“18? n 2%) itl<t<I

. +
as an element in Q° ST,

There are k times ¢ € (%, &

) such that v (t) = z¢: concretely, define ¢; such that

2mi(ty — §)  2mi ‘
ﬁ + ? = 2mil
for I =1,...,k. These are transversal intersections of the basepoint. Therefore, they get
detected by capping with e*T € C%(e~1(U), F¢). o
Cutting at tx, we get the loop 7 in the first variable and ot ot ~ ¢, in the second
variable. After cutting at ¢; for [ < k, we get ot - 0% -5 ~ v in the first variable and
Vet 0T 0T 2y
We therefore find

k
v (b)) = le ®z* L
1=1
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e An analogous computation for k£ < 0 shows

0
\/+(xk) _ Z Y
I=k+1
The negative sign comes from the fact that all intersections pass zq in negative direction.
We summarize our results for VT as
0 if k= 0;
vtk = Zle zt @ k! if k> 0;
— e @atl ik <.

An analogous computation for o~ shows

0 if k= 0;

— (kY — k=1 1 k—1 ;
VT (z") = o T ®x if k> 0;
— Zl_:lk et ifk<o0.

REMARK 2.15. In [CHO23| Subsection 8.4], Cieliebak, Hingston and Oancea study four different
lifts of the Goresky-Hingston coproduct. Two of them correspond to an avoiding-stick coproduct:
it holds vVt =X, , and V™ = Aoy for Ay_,_ and Ay, o, asin [CHO23, Remark 8.8].

These coproducts are neither cocommutative or coassociative. In |[CHO23| Proposition 8.6],
Cieliebak, Hingston and Oancea also compute two coproducts which on the based loop space give

. S pat @kt if k> 0;
Ap(2¥) = et l k1 - .
Dk T @ if k < 0;
and
Ao(ah) = 4 Do @@ k>0
* —Y0 L adt@aht if k<o,
Such results can be obtained if one replaces Q7 M by
{y € QM |1y =0" iz = o~}
which gives Ay or by
{v € QM [7lp,1) =077z 1 =ot}

which gives A_.

In general there is no need to restrict to a subspace where v(t) = v(1 — t) = o(t) for small ¢
as we do in our definition of the avoiding-path coproduct. One can choose a path for the exit at
0 <t < e and another path for the entrance at 1 —e < ¢ < 1 and run the same machinery. However
if n > 1, we show in Corollary that the coproduct does not depend on the choice of the paths.
For convenience, we thus fix the same path for exit and entrance.

3. Cutting at other points

In this section, we study maps defined by cutting at points other than the basepoint. We relate
them to the coproducts we have defined so far. Cutting at other points naturally shows up when we
consider maps between manifolds.
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3.1. The trivial pre-coproduct. We fix some point x € M. We denote
Prose i={v: I = M |(0) = zo,7(1) = x},
Posay ={v: I = M [ 7(0) = z,7(1) = zo},
For=e H(w) = {y € QM | 7(3) = a}.
We fix some contractible neighbourhood U, of x. We can define a homotopy inverse
pa: Cu(QM, F5) — Ci(e M (Us), F°)
to the inclusion and a map
Ry: e N(Uy) = Fo
akin to R. Similarly, we can define a cutting map
Cz: Fo = Prooz X Possag-

The orientation of M gives us a local orientation 7, € C™(U,, {x}¢). Using this, we can define an
analogue of the trivial coproduct

DEFINITION 3.1. Let z € M. The trivial pre-coproduct at x is given as the composition
Vi Cu(QM) = C.(AM, FE) 2% Cu(e 1 (U,), FE)
e*r, _ Ry )« Ca)x
Jm C—n-{-*(@ 1(U£)) (‘Q C—n+*(fx) (42 C—n—i—*(Pxo—)x X Pr—mo)

REMARK 3.2. The definition of the trivial pre-coproduct at xg gives the definition of the trivial
coproduct as in Definition [2.3

We now want to relate different pre-coproducts to each other. First, we note that a path 7 from
1 to xo defines a homotopy equivalence

rr X l?: ,Px()*):rl X ,P:vlﬁxo — ,PI()*}CEQ X Pﬂ?z*}f{m
(71,72) = (71 -7, T - 72)-
We denote the simplest piece-wise linear map x: I — I such that
X(O) =0, X|[a,1—e] =1, X(l) =0.
We note that x(t) = x(1 —t). (See Figure 21} )

FicUure 21. The graph of the function x.
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LEMMA 3.3. Let x1,29 € M. Let ¢°: M — M for s € [0,1] be a 1l-parameter family of
homeomorphisms such that ¢'(x1) = xo.

Let T be the path 7(t) = ¢'(x1) and
D: OM — QM,

v (= X o y(1).
It holds

(rr xlz)o Vit =V o®

triv triv *

as maps H,(QM, F5 ) = H_nis(Pag—szs X Prosay)-

PRrROOF. The map @, sends C.(QM, Fg ) to Cx(2M, F; ). Indeed, ® sends Fy to Fg, . More-
over in homology, the maps p,, and R,, can be defined such that they are intertwined by ®.
The naturality of the cap product gives that the diagram

Cule™ (Usy)se(21)?) —2 Cule™ (Usy), el2)°)

l@*e*rmﬂ le*'rﬂ

— D, _
Conix(e 1(Ux1)) —— C_pia(e 1(Ux2))-
We set ¢ := ¢! and find in homology
D e* 1y, = " P 1y, = deg(@) g, € Ty -
Because ¢ is homotopic to the identity, we have that deg(¢),, = 1. Therefore ® intertwines the map
e Ty, N.
We have shown so far that ®, intertwines all but the last map in the definition of the trivial
pre-coproduct. We thus have:
vtmrin o (b* = (Cﬂlz)* o (b* © (Rwl)* ° (e*Tmlm) © Pxy
as maps H.(QM, Fg ) = H_py«(Prosay X Pryosay)-
Finally we note that ®: F,, — F,, is homotopic to the map
Far = Fas,
Y=g T Ty
through the homotopies

¢x(0 (y(2t)) ifO<t< g
[y = @] = |7 = 2V, 1) " Cor * Car V1) = | £ {6 (21) if 3 <t<2;
I X (y(2t - 1)) i § <t <1

¢°(v(2t)) if0<t<i;

4t—1 ifl << L.

=yt ¢3—4t(x1) ?lelitigy

¢ (56’1) 1f§ <t< 1’

I (2t —1)) if § <t <1

=~ ’Y|[o,%] ST
Therefore, ¢;, o ® is homotopic to (r; x l7) o ¢;;, and, on homology, we have

(ry X I7) o Vit = Vg, a4, 0 Do

triv
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3.2. The avoiding-stick pre-coproduct. In this subsection, we define and study an analo-
gous construction to the avoiding-stick coproduct where we cut at different points. We relate the
maps that arise from cutting at different points to each other. Using this, we can prove a mi-
invariance result in Corollary [3.11] and prove the Sullivan relation in Proposition between the
avoiding-stick coproduct and the Pontryagin product.

Analogous to Lemma [2.9) one proves the following lemma:
LEMMA 3.4. Let o be a stick avoiding xo,x. The inclusion
Cu(r((e,1—e) x Q" M), F5) = Cu(r(I x Q° M), FS UH)
18 a homotopy equivalence by excision.
We can thus fix a homotopy inverse
PS5 Cu(r(I x Q° M), Fe UH) = Cu(r((e,1 — ) x Q" M), Fy).

DEFINITION 3.5. Let o be a stick avoiding xg, . The avoiding-stick pre-coproduct at x is defined
as the composition

—~

7"0)

0 QM) S Oy (I x Q7 M, 0T x Q7 M)
5 Ol (r(I x Q°M), FEUH)

VE: CL (M)

P8 Crn(r((e,1 — €) X Q7M), FC)

Vv
— lenJr* (Pxoﬁx X Pz—)zo)

REMARK 3.6. The avoiding-stick pre-coproduct at g is the same as the avoiding-stick coproduct
as in Definition 2,10l

PropPOSITION 3.7. Let 1,22 € M and o1 be a stick avoiding xg,x1. Let ¢°: M — M be a
1-parameter family of homeomorphisms (see Figure@) such that

(i) ¢° =1id,
(i) ¢ (x1) = w2,

(iii) oa(t) := ¢X®) o o1 (t) # x4 is a stick avoiding x¢, To.
Let 7 be the path 7(t) = ¢*(x1), then in homology the following formula holds

(7"7— X l?) @] \/ii = \/iz

as maps from H,(QM) — H,(Pyy—zs X Pryuo)-
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FIGURE 22. The set up of Proposition for M = S? where the 1-parameter
family is given by a flow from the north pole to the south pole. The path o4 is then
given by a “bent version” of os.

PROOF. We again denote the map
D OM — QOM,

v (t e X o (1),

By Lemma we have V#2 o @, = (r; x l5), 0 Vi, We therefore need to show that @, intertwines
the other maps in Definition

We note that id x ® sends (I x Q7 M,0I x Q7 M) to (I x Q72 M,9I x Q°2M). In fact, we have
Pom,, =my,0®.

It thus remains to show that on homology it holds:

(22) D, 0Py, OT% = Pgy 07 0 (id X D),

as maps H,(I x Q71 M,0I x Q) — H,(Q°2M, e (z2)).

In the proof of Lemma [2.9] we showed that r is a homeomorphism onto its image. We define
"® := 7o (id x ®) or~!. By construction, we thus have r o (id x ®) = "® o r. It remains to show
that ®, 0 py, = pz, " P, on homology. The maps p,, were constructed as inverses to the inclusions

Cu(r((e,1 =) x Q7" M), Fy) = Cu(r(I x Q7" M), Fy UH)

These inclusions are intertwined by "®, and thus so are p,, on homology.
Finally, the square

Cu(r((e,1— &) x Q0 M), Fo ) 25 L (r((e,1 — ) x Qo2 M), )

l l

C.(QM, F2,) - C.(QM, F2)

commutes in homology because "®(v) and ®(v) are the same loop up to reparametrization.
This shows and thus concludes the proof. O

This result proves to be very powerful as we can often find a 1-parameter family ¢° satisfying
the assumptions and achieving some other conditions.
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COROLLARY 3.8. Let 01,09 be two paths avoiding xg,x1 in a manifold of dimension n > 1. The
two pre-coproducts Ve, 2, and Vg, », are the same in homology.

In particular for xo = x1, we have that Vs = Vs, in homology, that is that the avoiding-stick
coproduct is independent of the choice of the avoiding-stick in homology.

PRrooF. Our strategy to prove this corollary is to find a 1-parameter family ¢' that satisfies the
assumptions for Proposition such that 7(t) = ¢!(x1) is a contractible loop based at x.

By assumption, we can write, for i = 1,2, 0;(t) = ¢;(¢,0,...,0) for charts p;: R* 2 U; C M.

If 21 # w0, we have that z; ¢ U;,Us. Moreover, by applying Proposition to o9 and a
1-parameter family that shrinks Us, we can assume that Uy C U;.

We consider o1 (se) as an isotopy of topological embeddings (historically called locally flat maps)
of the point z( into M. By the isotopy extension theorem for topological manifolds [EK 71, Corollary
1.4], we can find an isotopy H;: M — M such that H;(xzo) = o1(se) that is supported in Uj.

Because U, is contractible, we can find a path p between y := H; '(x0) and 9. We then can
extend the isotopy

hs: {xo,y} = M,
xo — oa(es),
y = p(s)
to a isotopy H5: M — M.
The 1-parameter family ¢° := Hj o H; ° satisfies
(i) ¢° = H3 o HY = id;
(ii) ¢(21) = Hj o Hy *(21) = w1, if 21 # 20, or
¢! (1) = ¢! (w0) = Hy (Hy '(20)) = H3(y) = p(1) = 20 = 21,
if 1 = To;
(iii) for 0 <t < e, we set s :=t/e € I and compute
X (01(1)) = ¢*(01(se)) = H5 (H, *(01(s¢)) = H3 (o) = oa(se) = 0a(t).

We therefore can apply Proposition and find in homology that (r; x lz) o V& = VZ1 for 7(t) =

o' ().
If 21 # x0, we have ¢*(x1) = HY(H; "(z1)) = x1. If 21 = 20, then ¢! (1) is a loop in U and thus
contractible. In both cases, we deduce (r, X I7) = id in homology which shows the Corollary. O

This in particular answers Question whether or not the avoiding-stick coproduct depends
on the stick . We are therefore justified to use the following notation:

NOTATION 3.9. For n > 1, we denote the avoiding-stick coproduct
Vo: Ho(QM) — Hy_ i (QM x QM)

by V or Vayus. Corollary for zp = z1 shows that this is well-defined.
Similarly, we denote for x € M and o a stick avoiding xg,z, V¥ := VZ.

COROLLARY 3.10. Assume that the dimension is n > 1. For any path T from x1 to x2, it holds
in homology that

(rr X l7) o V71 = Vv¥2,
ProOF. We again want to apply Proposition
We note that for 71 a path from x; and x5 and 75 a path from x5 to z3, the statement for 7

and 7o implies it for 71 - 75. Therefore, we can decompose 7 and thus assume that 7 is contained in a
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contractible neighbourhood. Moreover, we note that the statement only depends on the homotopy
type (relative to OI) of 7. We can thus assume that 7 is the straight line from (0,0,...,0) to
(0,1,0,...,0) in some ¢: R* 2 U C M.

If ©g # 21,29, we can assume that xg ¢ U, we take o1 a stick avoiding xq,z1, 22 in M\ U. If
o = X1 Or Ty = T2, we can first assume that o = 1 = ¢(0) and we fix o1(t) := ¢(¢,0,...,0) (see

Figure ‘

To

%)
Ty=2
= hes

FiGURE 23. In the case xy = 1, the stick o7 is going to the right and the path 7
and the 1-parameter family is moving upwards in a local chart. Here we use the
assumption that n > 1.

We then fix a 1-parameter family supported in U with ¢° = id and that, in the ball o(B2(0)),
is given by

O (p(x1,. .. xn)) = (1,22 + 8, ..., Ty).
We then have that oy(t) := ¢X()(0y(t)) is a stick avoiding xg and zy. Therefore we can apply
Proposition [3.7] and find
(re X Ix)o Vgl = V2.
After dropping the dependence on o1 and o9, this gives the corollary. O
COROLLARY 3.11. Assume that the dimension is n > 1. The avoiding-stick coproduct \V factors

through the fized-points H,(QM x QM)™M:@o) where 11 (M, o) acts on QM x QM via

1

[T] ’ (73 7/) = (’Y ST, T 7,)‘

PRrROOF. This is the previous Corollary for the case xg = z1 = x». O

COROLLARY 3.12. Let M be a manifold with infinite fundamental group of dimension n > 1.

The avoiding-stick coproduct and the Goresky-Hingston coproduct and the avoiding stick coproduct
are zero on H,(QQM).

PROOF. By Proposition [2.12] it suffices to show that the avoiding-stick coproduct is zero.
For all manifolds, it holds

HQM)= & H.(Q,M),
yemL(M,z0)
HQM x QM) = @  H. QM x QM)
y,0€m1 (M,x0)
where Q.M is the connected component of QM of all loops that represent v € m(M,z¢). The
actions 7, X l.-1 permutes the summands where v are equal. Because w1 (M, xg) is infinite, there

are infinite pairs in each orbit. Therefore the action has no fixed points except 0. Corollary
now shows that the coproduct is zero. O
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ProposSITION 3.13. Let o be a stick avoiding xo. The Pontryagin product A and the avoiding-
stick coproduct V. satisfy the Sullivan relation:

Voo A= (id X A) o (Ve X id) 4+ (A x id) o (id X V).

PRrROOF. The strategy is to compute VZ o A(a x f3) for a point x # x¢ and then use Proposition
B.7

We fix a 1-parameter family of homeomorphisms ¢® such that
o:[0,e] = M,
s+ ¢°oo(s)

is a stick avoiding zo and z := (¢') ™ (x¢) # xo. Moreover, we fix a contractible neighbourhood U,
such that () ¢ U, for all ¢ € [0,¢]. We set 7(t) := ¢'(x). By Proposition [3.7} we have

(23) (rr Xlz) o VE = V,.
We define ¢/ (t) := o(2t) for t € [0, §]. We then have
Ao (g X T5) = 75 0 A
as maps QM x QM — 0% M. Moreover, the map
' i=ro(idx A): I x Q°M x Q°M — QM

SJUL—5,1]) x Q°M x Q7 M to FE because 6 avoids z. But because & avoids z, r’ sends

sends ([0,
also ([152, 1£2]) x Q"M x QM to F¢.

We therefore find that the inclusion
. (7"/ (((g, ey U (E 11— £)) x QM x QM ) ,f;) =0, (7'/ (I % Q7 M x QaM) ,f;)

is a homotopy equivalence by excision. We fix a homotopy inverse p”.
Because 7’ is the composition of two injective maps, it is injective and thus

c. (7”/ (((%, 155)U (1;6’1 _ %)) x Q° M x QEM) ,]:gg)

_C*( ((g =2} x QM x Q7 M );Ex)

l\’)

( ( 1-2) anMxQT’M),fI).
Our computations so far show that VZ, o A is computed via the composition
C.(QM x QM) "I 0, (M x QOM) 15 Oy (I x QFM x Q7 M, I x Q7 M x Q7 M)
SR ( (1 X Q7 M x Q7 M ) ,f;)

= e (7 (G647
@Cl+*( (i -5) anMngM)7}‘§>

)X Q°M x Q°M ),.7:;)

me
Cl n+*(7)mo—>z X Pr—)zo)~

The injectivity of 7/ also shows that for ;1,72 € H,. (27 M), we can represent I X v; X y3 € Hy . (I X
QM x Q°M,0I x Q°M x Q°M) by

[g 14¢
27

sl X X+l -5 xn xpeta
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for some
a e Cu((r")H(FS)-

Because definition of V{,;, is zero on C,(F%), we find Vi, (7 (a)) = 0.
We also have that

Vi (1 ([5, 155] < 71 x 92)) = (id X A)(VE(71) X 72)-
Indeed after reparametrisation, we find
Vi (1[5, 555 < 71 % 92)) = (id x A) (Vi (ri([e, 1 — €] x 71) X 72))

and Vi, (r«([e,1 — €] x 1)) computes VZ(y).
Similarly, we find

b (M (5,1 = 5] x 1 x 2)) = (=)Dl (A s id) (11 % VE(32))

T
triv

where the sign comes from the Koszul sign of moving the degree —n map V

Y1-
We thus have shown:

VE 0 Ay x 72) = (id x A)(VE(m1) x 72) + (=)@ IH(A xid) (1 x VE(12)).
After postcomposing with 7, x Iz, we find by

Vo 0 A3 X 92) = (id X A) (Ve (11) % 72) + (=1)"DMI(A < id) (11 % Vo (12)).

This is the Sullivan relation evaluated on v; X s. O

and the interval past

3.3. Higher dimensional spheres. In this subsection, we consider the example of spheres of
dimension n > 1.

EXAMPLE 3.14 (Spheres). We recall that
H,(QS™) = Z[u]

with v in degree n—1. The right hand side is a free associative algebras. In particular, the Pontryagin
product is not (graded) commutative for n even. The class u corresponds to the class au in [CJY04,
Theorem 2 (2)] and AU in |[CHO23, Subsection 8.2] for n odd.

The class u can be characterised as follows: we fix a vector vg € UT,,S™. We have

Dl = Kl i= (v € UT,,R™" 22 8" | (vg,v) = 0, (v, 29) < 0}.

Here we interpret UT,,R"*! = S" via the canonical embedding S™ — R"*!. This is the space of
all vectors pointing into the sphere which are perpendicular to vy.
A vector in v € K" ! and vy define a plane P, containing zo. There is (up to parametrization)
a unique loop 7, € QS™ in P, N S™ with start direction vg. For v € K"~ !, we have that P, is
tangential to S™ and thus P, N S™ = x3. We then define =, as the constant loop at . See Figure
The class u is represented byﬂ

Sttt K /OK™ T — Qs
UV Yy

IThe orientation on S™ induces an orientation on K"~1/0K™~1: we have natural homeomorphisms (vg)+NS™ =
gn—1 o~ Kn—l/aKn—l
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FIGURE 24. The vector vy pointing upward and a second perpendicular vector v
define a plane P, in bright blue. The plane P, intersects S™ in one circle 7, in dark
blue.

For our computations, we fix o = (1,0,...,0),21 = (=1,...,0,0) € S™. We choose the stick
o(t) = (t,1 —t%,0,...,0) avoiding x¢ and z1. Moreover, we fix vg = (0,...,0,1) € UT,,S™. Then
K"~ is given by

{(vo,...,0n-1,0) € S™ | vg < 0}.
For a v = (vg,...,vn_1,0) € K"~! we have
P, :={(1,0,..., ) + p(vo, ..., vp—1,0) | A\, u € R}.
In particular, solving
x; =(-1,...,0,0) = (1,0,..., ) + u(vo, ..., vp—_1,0)

we find A = 0, o = 2 and v = (—1,0,...,0) as the only solution. In other words, the only
(t,v) € I x K"~ such that e(r(t,067,00)) = z1 are t = § and v = (—1,0,...,0).

Moreover, this intersection is transversal because varying ¢t and varying v gives the tangent space
T,,S™. Additionally, the local degree of these intersection is 1.

Similarly, the only points (t,0™M), ... v*)) € I x (K" 1) with e(r(t, (6T(Vy) - - Yo )0T))) are

i— 1+ 1 .
t; = %(1 — 4¢) + 2¢, where vV = (=1,0,...,0)
fori=1,...,k.
We thus computed
koo ,
\/;pl(uk’) = ZUZ—I “Y(=1,0,..., o)|[07%] ® Y(-1,0,..., 0)|[%71] b e Ho(Pryse,) @ Ho(Poy a0)-
i=1

We fix a path 7 from z; to 9. By Corollary we find

k

vxo(uk) = (TT ® lq—*l) o Vg, (Uk) = Zuiil . 7(—1,0,..4,O)|[0
=1

17T ool ut
3] [5.1]
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Because all loops in S™ are contractible, so are the loops y(_1,0,...,0) |[0 1 .7 and 77! "Y(—l,O,...,O)|[l "
)2 27

Therefore we have

Vo (uF) = Zuifl ®ulr

4. Maps and the coproduct
In this section, we consider how our different coproducts interact with maps of manifolds. In

Subsection [4.1] we apply our results to the case of the universal covering map.

We start with the trivial coproduct and give a formula for it on chains. This lets us produce
more interesting formulas for the avoiding-stick coproduct in Proposition 4.2| and Corollaries

B4 A5

LEMMA 4.1. Let f: (M,x0) — (N,y0) be a map of closed, oriented, pointed manifolds. As-
sume that yo is a regular value with f~1(yo) = {xo,...,x1}. There exist chain level coproducts

Viriv,an: Co(QN) = CL (AN XQN) and Vi, : Co(QM) = C_ i (Pog—z; X Pay—ay) fori=0,....k
such that the following formula holds

k
Viriv,QN © f« = Zdeg(f)mi(f X f)* o \/friiv
i=0

as maps C (M) = C_ 1. (QAN x QN).

PROOF. Because y is a regular value, we can find a contractible neighbourhood yo € VC N

k
oy =1u
i=0
where
f‘Ui: Ul -V

is a homeomorphism and z; € U; for ¢+ = 0,... k.

We fix a trivial coproduct Visiv,aon: Co(QN) — C.(QN x QN). This in particular fixes a
homotopy retract Ry : I x V — V fixing yo, a local orientation 7,, € C™(V, {y0}¢) and a homotopy
equivalence

p¥: Cu(QN e~ (yo)) = Cule™ (V), e (30)°)-

We have that Ry, := (id x f\ﬁl) o Ry o (id x f) defines a homotopy retraction of Uj.
We note that

FHeH V), e yo)) = (e H(FH V) e (F T (o)) = u(e’l(Ui),e’l(xi)C)

We have
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for some local orientations 7,, € C™(U;, {z;}¢). This implies that

(24) e Ty, = Zdeg Vs € Ty -

Moreover, we can find homotopy equivalences p%i : C,(QM, e~ (x;)¢) — Ci(e 1(U;), e~ (x;)¢) such
that f, o p% = p¥ o f,.
Therefore the following diagram commutes:

C.(QM) - C.(QN)
BF , CL (M, e (2;)¢) —L—— CL(AN, e~ (o))
|z
D, Cule <Uz>,e*1<x1>6) s ce (V) e o))
lZ deg(f ;€ szﬂ e" TyoN
By Coniale (U3) ——— Coppule™ (V)
lR* R,
@f:o O—n+*(‘7_—azM) % C_7L+*(.FN)

(fxf)*

@f:o Cfn+*(7)xo%zi X ’Pmi%xo) Cfn+*(QN X QN)

The middle square commutes by naturality of the cap product and .
This square proves the statement because the composition along the top right computes Vv, on©

f« while composition along the bottom left computes Zf:o deg(f)a, (f X f)x o VL O

triv®

We next prove a formula for the avoiding-stick coproduct. This is a generalization of [Hinl0,
Lemma 3].

PROPOSITION 4.2. Let f: (M,x9) — (N,y0) be a map of closed, oriented, pointed manifolds of
dimension n > 1. Assume that yo is a regular value with f=1(yo) = {x0,...,2x}. The following
formula holds

Van o fu = Zdeg 2 (f X [)eo VT

as maps Ho (QAM) = Hyi_p+(QN x QN).

PROOF. We can fix ¢ a stick avoiding xg, ...,z such that f oo is a stick avoiding yg.
We have that f o7, = 7o, 0 f as maps QM — QF°? N. Moreover, f commutes with the map
Ix and intertwines the maps

r: (I x Q7M,0I x QM) — (r(I x Q°M), e ({zo,...,2:})  UH)
and
r: (I x QI°ON 0T x QP N) = (r(I x Q77 N), e (yo)  UH).
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Similarly, f. intertwines the map
Co(r((e,1 =€) x QM) e ({zo,..., 21 })%) = Cu(r(I x Q°M), e ({z0,...,2:})  UH)
and
Cu(r((e,1 =€) x QF°N), e H(yo)®) = Cu(r(I x QI°7M), e (yo)¢ UH).

Therefore their inverses in homology >, p%* and pf.., are intertwined by f, in homology.
We thus have shown that

Vfoo o fx = Viriv O Pfoo OTx O (IX) © <7rf00’> o fu

:\/trivof*o<zp >07"* )O( )*

Thus by Lemma we find

k
Vieo o f. = (Zdeg (F X £ v) (Zp ) or.o (Ix) o (ro)..
Finally, we observe that, if i # j, Vii, is zero on Ci(r((e,1 — &) x Q°M),e *(z;)¢) and thus

Vi o py’ = 0. This lets us compute:

trliv
Vfoaof*:<zdeg (Fx f)eo f:wox)?>or*o<fx>o<m>*

_Zdeg Ve (f X f)e 0 VT
Because we work in homology and dimension n > 1, we can drop the dependence on the stick which
gives the desired formula (see Corollary . |

Using the fact that we can relate pre-coproducts to the usual coproduct, we can find the following
clean formula.

COROLLARY 4.3. Let f: (M,z9) — (N,yo) be a map of closed, oriented, pointed manifolds of
dimension n > 1. Assume that yo is a reqular value with f~1(yo) = {zo,...,o}. Let 7; be paths
from xz; to xy. For the avoiding—stick coproducts, it holds

\/QN Of* Zdeg T; T[f* (14) X l[f* (14) ) (f X f) OVQM

as maps H.(QM) — Hl,nJr*(QN x QN)
PROOF. By Proposition [£.2] we have

Van of* Zdeg :1:1 f X f) o V¥,

By Corollary we have
V¥ = (1, X l7) o V™ = (1, X l7) o Vaum.
We further note that
(fi X fi) o (17, X Iz) = (T for, leo7—> (fe X fo)-
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Here f o7; is a loop and it thus represents an element in 1 (IV, y). In this group, it holds [f o 7;] =
[f o7;]~t. Therefore, we have

Van o fi = Zdeg Jai (f X f)s oV
—Zdeg wi(fx X ) 0 (rr, X 1) 0 Vanr

= Zdeg Tlfori] X lfor)-1) © (fx X fu) 0 Van.

(]

In particular, for degree 1 maps we get that the Goresky-Hingston coproduct commutes with
them:

COROLLARY 4.4. Let f: (M,z9) = (N,yo0) be a degree 1 map of closed, oriented, pointed man-
ifolds which preserves orientation. Then (f X f). o Vam = Van o f« holds.

PRrROOF. If n =1, then f is homotopic to a homeomorphism and we are done.

If n > 1, we can replace f with a homotopic map g such that ¢g=!(yo) = {zo} (see [Hop30| for
the case n > 2 and [Kne28| for n = 2). We thus have deg(g),, = 1. We then choose 7y the constant
path at xg and apply Corollary which concludes the proof. 0

COROLLARY 4.5. Let (M, xq) and (N,yo) be closed, oriented, pointed manifolds of dimension
n>1 and N simply connected. Let f: (M,x9) — (N,y0) be a map of degree d. It holds Von o f« =

d-(f x f)«oVam-

PROOF. Because N is simply connected, we have that f.(7;) € m1 (N, yo) is trivial for all choices
7;. We apply Corollary and find

VQNOf*:<Zdeg ) (fx flsovan =d-(f X f)«oVan.

O

4.1. Universal covering. In this subsection, we study the case where the map p: M — M
we consider is the universal covering. In this special case, we can describe the coproduct on M in
terms of the coproduct of M and vice-versa.

We first recall that, as chain complexes, the chains on the based loop space of a space is described
by the chains of the based loop space of the universal covering.

LEMMA 4.6. Let (X, xo) be a pointed, connected CW complex with universal coveringp: (X, To) —
(X, z0). The chains of the based loop space of X has the following description:

Cu(QX)~ P Cu(95,X).
len(X,z0)
PROOF. We know that QX has connected components corresponding to I € 1 (X):
X ={yeQX |y =lem(X)}.
Because QX is group-like, we have that ;X ~ QX for 1 € 71(X) the neutral element.
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On the other hand, we know that the map p.: m;(X) — 7 (X) is an isomorphism for k& > 2.
Thus for k£ > 1, the map that p induces on 7, (2X) is given by the isomorphism

~ ~ _  Te+1(p)
T (QX,Z0) 2 mp1(X,To) = w1 (X, z0) 2 m(QX, 20) 2 (0 X).

Therefore p induces a homotopy equivalence QX =~ O, X. This concludes the proof. O

REMARK 4.7. The proof of Lemma[4.6] gives a description of H,(2X) in the above setting: any
element o € H,(Q2X) can be uniquely written as

Q= Z g'p*(ag)

gem X
for some oy € H. .(QX) only finitely many non-zero.

We now turn our attention back to f: M— M , the universal covering of a closed manifo/l\(i. We
want to understand the Goresky-Hingston coproduct on QM in terms of the coproduct on QM. We
recall that by Corollary the coproduct is trivial if 71 (M, zg) is infinite. We can thus assume
that 71 (M, o) is finite. Therefore the covering space M is itself a closed manifold and has indeed
a Goresky-Hingston coproduct on its based loop space. We get the following description of the
coproduct on QM:

PROPOSITION 4.8. Let (M, xg) be a pointed, closed, oriented manifold with finite fundamental

group and universal covering p: (M,yo) — (M, xq). Let o = g - p«(B) for some g € m (M, xo) and
B € H.(QM) with avoiding-stick coproduct:

Voar(B) = Z%‘ X 0

The avoiding-stick coproduct on « is computed as

Vam(a) = D Y g p()-hx bt pa(8).

hemy(M,zo) 1

PROOF. By the Sullivan relation as in Proposition we have

Van (g - p«(8)) = Van(9) - p«(B) + g Varm (p«(8)) =0+ g Vau (p«(B))-
We now apply the formula from Corollary to compute Vo (p«(8)):
Vomope = Y. deg(p)a, (Mp.(r)) X lp. (ri)1-1) © (P X P)x 0 Vo7
z;€p~*(yo)

where 7; are paths connecting xy and x;. We note that in our case all z; have local degree +1 and
the loops [p«(7;)] correspond to all elements h € w1 (M). Therefore, we find

Vau(@«(8)) = D> D pa(r) - hx h7h e pa(6)

hem (M) i

which concludes the proof. (Il
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5. Spheres modulo a group action

In this section, we apply our methods to M = S™/G for a finite group G. We can fully de-
scribe the Goresky-Hingston coproduct on 2M. This also helps us describe the homology of the free
loop space because the coproduct gives non-vanishing results on the relevant Leray-Serre spectral
sequence.

Let G be a non-trivial, finite group that acts freely and orientation-preserving on S™ for some
n > 2. We note that p: S™ — S™/G is the universal covering of the oriented manifold M := S™/G.
We have the following description of the Pontryagin ring:

PROPOSITION 5.1. Let G be a non-trivial, finite group that acts on S™ freely and orientation-
preserving for some n > 2 and let M = S™/G. The Pontryagin ring on QM is given by
H.(QM) = Z|G|[z]
where Z[G] is the group ring and x is a central element of degree n — 1.

PROOF. By Lemma we find that as abelian groups
H.(QM) = P H.(S™).
G

We recall that H,(S™) = Z[u] for u a class of dimension n—1. We thus set z := p,(u) € H,—1(Q1M)
and find

H.(QOM) =2 Z|G|[z]
as abelian groups.

Because n is odd, u € H,(S™) commutes with itself and therefore so does z. It thus remains to
show that z and g € G commute. Because conjugation by g is a G-action on H,_1 (21 M) 2 Z, we
have g lzg = +x.

We thus have to show that the sign is +1. Morally this is due to the fact that the class u comes
from the orientation of S™ and g acts trivially on the orientation. We spell this argument out in

more detail.
We have that

Hp1(Q0,S™) 2 H,, (8Q,,5) —< H,(S™)

sends u to the orientation [S"] € H,(S™).
The diagram

20, 8" —= §n
I
SOM — s M

commutes. Because we have p,(S™) = |G| - [M], we find ev,.(x) = |G| - [M]. Tt thus suffice to show
that ev. (g~ lzg) = |G| - [M].
The commuting diagram

20, 8" — Sn

bk

Yy S —— ST
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We now give a different description of g.(u). Let o € C,—1(€5,5™) be a representative of u and

let 7, be a path from zq to g - zo. Then 7! - a- 7, represents g.(u). We thus have

g

shows that ev, sends g.(u) € Hp—1(Qg.2,5™) to (g)«([S"]) = [S™].

P(gx(w)) = pu(7, 1) - pull@]) - pulry) = |Glg™" -z - g.

Now the commuting diagram

YQg.po ST — S

P b

YOM —~— M

shows that
v (97 ug) = eva(p. (g« (1)) = pulevi(ga(w))) = p.([S™]) = |G| - [M].

This in particular shows that ¢ 'zg = x and thus concludes the proof. O

COROLLARY 5.2. Let G be a non-trivial, finite group that acts on S™ freely and orientation-
preserving for some n > 2 and let M = S"/G. Let g2* € H.(QM). The avoiding-stick coproduct
extends to a map Hy,_14.(QM) — H.(QM) @ H.(QM) which is computed as

V(ga®) = Z Zghilxi@)hzj.

i+j=k—1heq

PROOF. Because all homology groups are free, the Kiinneth map H.(QM) @ H,.(QM) —
H,.(QM x QM) is an isomorphism and we can thus postcompose the avoiding-stick coproduct
H,_11.(QM) — H.(QM xQM) with the inverse of the Kiinneth map and get a map H,,_14++(QM) —

The formula then follows from the coproduct on H,(S™) as described in Example trans-
ported to H, (M) using Proposition [4.§] and Proposition O

5.1. Homology of the free loop space. We now turn our attention to the homology of the
free loop space AM. We show that the Leray-Serre spectral sequence associated to the fibration
evo: AM — M is such that the E2-page corresponds to the E>-page. We do this using the descrip-
tion of the coproduct on H,(2M) as in Corollary

We first compute H,.(M): we consider the fibration
ST —— M

|

BG.
The associated Leray-Serre spectral sequence collapses to the long exact sequence:
We know that Ho(M) = H,(M) = Z. The above long exact sequence then additionally implies
H,(M)=H;(G)for1<i<n-—1

Now we can study the space AM. It has connected components corresponding to conjugacy
classes in G. For [7] € ccl(G), we denote AjgjM C AM for the corresponding connected component.



86

It has associated the following fibration:
Llhe[g] QhM — A[Q]M
(25) J{CVQ
M.

We note that as G-modules, we have

e B “o
m ] M| 2 @ Haouan = {AC/C@] i =min =1),m =0
0 else.
helg] helg]

Therefore, the E%-page of the associated Leray-Serre spectral sequence thus reads as

2 (lg) = {Hp(M;Z[G/CG(g)]) if g = m(n— 1), m > 0:
" 0 else.

We denote the corresponding higher pages of the spectral sequence by Ej, ([g])-
By [Hat02, Example 3H.2] and our previous computations, we find

Z if p=0,n;
Hy(M;Z[G/Cc(g)]) = Hy(S"/Ca(g)) = { Hp(Calg)) if1<p<n—1;
0 else.

We thus have found that the E*-page of Leray-Serre of EJ ([g]) looks like this.

n—12 H,(Cs(9)) H, 1(Cc(9)) Z 0
n—210 0 0 0 0 0
1 0 0 0 0 0 0
0 |z Hi(Cal(g)) H, 1(Cca(g)) Z 0

1 n—1 n >n

PROPOSITION 5.3. For all g € G it holds that EZ ([g]) = EX,([g])-

PROOF. For degree reasons, the only differential that may be non-zero is d": E} 5, ([g9]) —
E§ (n-1yx([g])- Thus it suffices to show that Eg<, ;). ([g]) = Eg,(nq)k([g]) for k > 0. By our
computations, we have Eg)(n_l)k([g}) =~ 7. Moreover because all other groups of total degree of
(n — 1)k are torsion, it suffices to show that v.: H,_1),(QgM) — Hp_1)i(Ajg) M, M) is injective
for g # 1 or k > 0.

We do this by induction on k. The statement holds for k = 0 and g # 1 because Ho(A g M) = Z.

For the induction step, we use the Goresky-Hingston coproduct on H,(AM, M) and the avoiding-
stick coproduct on H,(Q2M). The avoiding-stick coproduct is a lift of the Goresky-Hingston coprod-
uct on the based loop space, which is a restriction of the Goresky-Hingston coproduct on the free
loop space. We thus have the commuting diagram
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Hy(n—1)(Qg M) - Hiy(n—1)(Ag M, M)

[y [

Hoe 1y (@M x QM) 295 Ho 0 ((AM, M) x (AM, M)).

Our strategy is to find an element in Hy(,—1)(2,M) that gets send to a non-torsion element in
H—1y(n—1)((AM, M) x (AM, M)) under composition on the bottom left. This then shows that
there exists a non-torsion element in the image of the top map which is what we want to show.

By induction, we can assume that, for k1 4+ ko = k — 1, the map

Hkl(n—l)(leM) Y sz(n—l)(ng»M) — H(k—l)(n—l)((AM7 M) X (AMa M))

is injective if k; > 1 or g; # 1 for j = 1,2.
Corollary then gives on gz* € H), (n—1)(Qg M)

(1% 1) 0 Vanr(gz®) Z Z L (g12"1 7YY X 1y (goa®2 ™Y
91-92=9g k1+k2=k—1
which is non-zero if there exists g1,g2 # 1 with g1go = g or ki, ke > 1. This is satisfied except in
the case where G = {1}, g=—1 and k = 1.
The remaining case is for the manifold M = RP"™. We thus need to show that H,,_1(A_yRP",R")

has a non-torsion summand. This can be seen from the fact that the Chas-Sullivan product with x
gives an isomorphism H,(ARP™,RP™) = H,_1,.(ARP",RP") [GHO09, p. 1.11] and our computa-
tion that shows that Hy(,—1)(A—;jRP",R") has a non-torsion summand. |

COROLLARY 5.4. The homology of the free loop space of M = S™/G fits in the following short
exact sequence:

0 —— H;—p—1(5"/Cc(9)) — Hi+k(n—1)(A[g]M) — H;(5"/Cq(g9)) —— 0
for k>0 and 1 <i <n. This short exact sequence splits for all i #n — 1.

ProOF. The short exact sequence comes immediately from the description EZ%([g]) as in
Proposition Moreover, for i < n — 1 we have H;_,,_1(S™/Cg(g)) = 0. For i = n, we have
H;(5"/Cq(g)) 2 Z is projective and thus the short exact sequence splits. O

5.2. Coproduct on the free loop space. We conclude this article by computing the Goresky-
Hingston coproduct on the free loop space with rational coefficients for M = S™/G. This can be
done because the coproduct has a description on the Leray-Serre spectral sequence and the rational
homology of H.(AM) is sparse enough such that there are no extension issues.

We use the following description of the Goresky-Hingston coproduct on the Leray-Serre spectral
sequence.

PROPOSITION 5.5 (|Meill, Theorem 4.8]). Let F be a field and M be a F-oriented manifold.
The Goresky-Hingston coproduct gives a map of spectral sequences with F'-coefficients. Moreover,
the coproduct is computed on the E*-page H,(M; H,(QM, zo; F)) as A, o vo where vg denotes the
Goresky-Hingston coproduct on the coefficients.

REMARK 5.6. Because the statment uses field coefficients, H,(AM, M) := H.(AM,M;k) is
determined by its dimension. In particular, we get a non-canonical isomorphism:

(AMM)= P E

ptq=x*
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where EP< is the E*-page of the Leray-Serre spectral with E%-page H,(M, Hy,(QM, z0; k).
In particular, we get a filtration
(26) =@ B

i4j=x%
J<p

of H.(AM, M).
Proposition implies that the Goresky-Hingston coproduct preserves the filtration . In
particular, the coproduct on EJ%, lands in

D B, ®EX,.

p1+p2+q1+g2=p+g+1—n
p1+p2<p

The description of the coproduct on the spectral sequence as in Proposition [5.5 only lets us compute
the image of the coproduct in

o0 (o)
@ EPI)QI ® Epz,qz'

p1+p2+q1+g2=p+q+l—n
p1+p2=p

In the case where M = S™/G, this is enough (see Theorem 5.8)). In other cases such as Example
[6.7] this description is missing all information.

EXAMPLE 5.7. We consider the case for M = X, of a surface of genus g > 2.

Because M has contractible universal covering, we have m,(QM) = w14, (M) =2 0 for all « > 1.
Therefore QM has contractible path components and H,(2M) is concentrated in degree 0. In
particular, the Goresky-Hingston coproduct on H,(QQM, x¢) is of degree n — 1 =1 and thus zero.

Therefore Proposition [6.5|shows that the coproduct is zero on the Leray-Serre spectral sequence.
This is in contrast to the fact that the coproduct on H.(AM, M) is not zero (see [HS25|).

THEOREM 5.8. Let G be a non-trivial, finite group acting orientation-preserving on S™ forn > 1.
The homology of the free loop space of M = S™/G with rational coefficients is given by

HAMQ = B PQryre Qg
[g)€ccl(G) k>0

with |z x| = k(n — 1) and |yig k| = k(n — 1) +n. The relative homology H.(AM,M;Q) has the
same description except missing the [g] = [1] and k = 0 summand.
The Goresky-Hingston coproduct lifts to a map

Vi Ho (AM;Q) — H.(AM;Q) ® H.(AM;Q)
computed by
Vage) = D D Ten-11: @ Tny
i+j=k—1heG
and
Vwgm) = D D (@en-11: @Yl + Yigh-11 © Tpul5).
i+j=k—1heG
PRrOOF. Considering the spectral sequence associated to the fibration

S —— S /Cal(g)

|

B(Cal(g)),
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we note that H;(S"/Cq(g)) = Hi(Cg(g)) for all 0 < ¢ < n. Thus the groups H;(S™/Cq(g)) for
0 < i < n, appearing in Corollary are finite groups and thus disappear after we tensor with Q.
This shows the description as vector space.

For the coproduct, we note that H,_1)(AjgM) = ng’n(k_l). By Remark the image of

ng’n(k_l) under V lands in

oo oo
@ EPlJIl ® EPQ#Iz'
p1+p2+q1+ge=k(n—1)+1-n
p1+p2<0

Because EJ5, = 0 for p < 0, we have that the image of Eg,on(kq) under V lands in

o0 (o]
@ EPlan ® Epz,th

p1+p2+qi+ge=k(n—1)+1-n
p1+p2=0

and as argued in Remark [5.6]is determined by the map it induces on the E>°-page.
Similarly, Hy(n—1)4n(AM) = B 1) lands in

oo o0
(27) @ Eph‘h ® Epqu'
p1+p2+qi+qe=k(n—1)+n+1-n
p1+p2<n

But H.(AM) is concentrated in degree * = 0,1 (mod n — 1). Therefore is concentrated in
degrees where p; +¢1 = 1 (mod n — 1) and pa + g2 = 0 (mod n — 1) or vice-versa. But E, is
concentrated in degrees where ¢ = 0 (mod n — 1). This shows that p; + p2 = 1 (mod n — 1) which
in turn shows p; + p2 = n.

This finally shows that V sends Hy(n—1)4n(AM) to

o0 o0
@ Epl#h ® Epqu'

p1+p2+qi+ge=k(n—1)+n+1—n
p1+p2=n

and as argued in Remark is determined by the map it induces on the E*°-page.

We now compute what V := A, o 7 does on EX, = Eg’q. Here 7 denotes the avoiding stick
coproduct on the coefficients H,(Q2M). On the E2-page we have that Eg’k(nfl)([g]) is gener-
ated by g ® g - 2% € Ho(M;Hy(n—1)(QM)) and E2’k(n71)([g]) is generated by [M] ® g - z* €

Hy(M; Hy(—1)(2M)). We call the corresponding elements in H.(AM) x4, and gk, respec-
tively.

Using Corollary Ay (x0) =z ® o and A, ([M]) = 2o ® [M] + [M] ® x¢, we compute

v(I[g],k) =A(z0 ® \/Q(gtk)) =0, |20 ® Z Z gh 'z’ ® ha?
i+j=k—1heH

= Y Yo lrie)® (@ o ha)

i+j=k—1heH

= Z Zx[gh*],i@)x[hm

itj=k—1heG
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and

\/(y[g],k) = A, ([M] @ Vgl gI

( ( Z Zgh lxl®hx3>)

> ) (@woegh™a') @ (M@ ht?) + ((M]® gh™'2") @ (zo @ ht?))

i+j=k—1heH

= D (@lgn-11.6 @ Ypulj + Yigh-11 © T(n) 5)-
itj=k—1heC



Part 111

The Goresky-Hingston coproduct in
Morse homology with DG coefficients



Abstract. We describe the Goresky-Hingston coproduct on the free
loop space via Morse homology with DG coefficients. To this end, we
study the Goresky-Hingston coproduct on the based loop space and its
invariance under changing the basepoint.
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1. Introduction
In this article, we give a description of the Goresky-Hingston coproduct
vpn: Ho(AM, M) = Hi_ . ((AM, M)?)

via the framework of Morse homology with differential graded coefficients as defined in .
Here, AM denotes the free loop space of a smooth manifold M of dimension n. It contains M as
the constant loops.

The Goresky-Hingston coproduct or string topology coproduct is a coproduct on H,(AM, M)
of degree 1 — n, introduced by Goresky and Hingston in and Sullivan in .

Morse homology with DG coefficients gives a quasi-isomorphism

C.(M, C,.(QM, z0)) ~ C,(AM, M),

where C.(M, C.(Q2M, z()) denotes Morse homology with DG coefficients C.(2M, z¢) chains of the
based loop space. It is generated by chains of the form o ® x where x is a critical point of a fixed
Morse function and a € C,(Q2M,xo). It has a differential that encodes how we move a loop from
one critical point to another critical point via conjugation with paths.

The Goresky-Hingston coproduct restricts to an operation on the based loop space

C* (QM, IEQ) — Cl_n+*((QM, .7,‘0)2).
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We show that in Morse homology with DG coefficients the coproduct v, can be expressed in terms
of the coproduct vq.

THEOREM A (Theorem [7.14)). Let A be a ring and let (M, xy) be a smooth, pointed manifold of
dimension n. Assume that M is parallelizable or R C A. For any class [o] € H.(AM,M; A), there
exists a representative

> aw @ € C.(M, C.(QM,30; A))

and a chain-level model Vg : Cy(QM, x0; A) — C1_pnis((QM,20)%; A) of the Goresky-Hingston co-
product on the based loop space vq such that

Z Va(ag) ® x

computes the Goresky-Hingston coproduct.

The chain-level model Vg in the above statement depends on the chain representative chosen.
The underlying reason for this is that we give a filtration of C.(M,C.(2M)). This filtration is
exhaustive on homology and, on each level of the filtration, there exists a different chain-level model
that does the trick. We sketch in how the different stages of the filtration arise.

To give a description of v in Morse homology with DG coefficients that works for all chains,
we use the extension of the Morse homology framework by Riegel in |[Rie24] that uses morphisms of
Aso-modules.

This allows us to prove the following:

THEOREM B (Theorem [7.3). Let A be a field and let (M, xq) be a smooth, pointed manifold of
dimension n. If M is parallelizable or R C A, there exists a morphism of Aso-modules over C.(QM)

(Vk)k21 : C*(QM, Zo; A) — len+*((QM, xo)z; A)7

where v1 computes the Goresky-Hingston coproduct on the based loop space.
It holds moreover that

C (AM, M; A) = C\. (M, Cy(QM, 20; A)) 2 Co(M, 1y s (UM, 20)2; A))
25 Cu(M X M, Cy_pys (UM, 20)% A))
~ C1_ s (AM, M)?; A)

computes vy, the Goresky-Hingston coproduct on homology of the free loop space. Here v denotes the
morphism in Morse homology with DG coefficients induced by (vg)r>1 by the work of Riegel [Rie24).

Morally, both statements work by showing that the Goresky-Hingston coproduct on the based
loop space vg has a chain-level model that is equivariant under the QM -action given by conjugation.
In the following, we sketch how we construct such an equivariant chain-level model.

The Goresky-Hingston coproduct on a class a € H,(Q2M, z) is computed as follows:

(I) multiply with the unit interval I := [0, 1] and obtain a class I xa € H. (I xQ, I x{xc}UII xQ);
(IT) “intersect” I x « with the subspace of loops with self-intersections:
FOM = {(t,7) € I x QM [~(t) = 7(0)};

(IIT) cut using the map FQM — QM x QM, (t,v) — (Y|j0,6 VI ,11)-

While it is straightforward to give an equivariant model for steps (I) and (LLI), step needs more
work.
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We follow the description in [HW17]. In this setup, Step is done by fixing open balls
xg € Voo ={x € M |dy(z,20) < 5§} C Uy ={r €M |[dy(2,20) <} C M
Picking a homotopy inverse to excision gives a map
(28) Ci(I x QM, 01 x QM) = C.(e; (Uyy), I x {zo} UOI x QM Ue; (V).

Here e;: I x QM — M denotes the evaluation at time ¢. The “intersection” is done by the cap
product

(29)
€ TaoN: Culey "(Usy), I % {20} UOI x QM Ue; N(VE)) = Copyuley "(Usy), I x {20} UOI x QM),

where 7., € C"(Usy,, V) is a local orientation or Thom class at zo. We explain this in further detail
in Subsection

The space e; '(U,,) can be described as all times ¢ and loops y such that ~(t) is close to being
a self-intersection. In particular, we have a homotopy equivalence R: e, 1(Um0) ~ FQM.

Step is thus given by the excision , the cap product and the homotopy equivalence
R.

1.1. Equivariance of the cap product. The question that occupies us for the most part in
this article is the following:

QUESTION 1.1. Is the cap product in QM-equivariant?

To make sense of this, we need to specify an QM-action on all the spaces appearing in .
For this, we construct an action of QM on itself that is homotopic to conjugation and such that,
when we extend it trivially to an action on I x QM, it sends the subspaces e; ' (Uy,) and e; ' (V,S)
to themselves.

To construct such an action, we introduce the notion of a transitive isotopy extension in Section
The idea is that we define for any path A: [0,a] = M a diffeomorphism

ON): M=M
that

(i) is compatible with composition of paths, that is, for composable paths A, i, we have O(A\-p) =
O(n) 0 O(N);

(ii) for A € QM, the diffeomorphism O(\) acts via parallel transport on U,, via the isomorphism
exp,,: {v € Ty M | ||v|| < e} = Us,.

This defines via
D: OM x QM — QM,
(7 A) = O(N)x(7),

the desired QM-action on itself making Question [I.1] well-posed.

1.1.1. Real coefficients. In Section we construct a local orientation 7., € C"(Us,, V5, ; R) that
is invariant under the SO(n)-action on the n-dimensional ball U,,. This SO(n)-invariance comes
from an explicit class in de Rham cohomology and thus requires real coefficients.

The transitive isotopy extension ©(A)|u,, acts via parallel transport and hence defines an element
in SO(n). Therefore, the Thom class is invariant under the QM-action. This in turn shows that the
cap product is QM-equivariant (see Proposition . This gives a positive answer to Question

[ for R C A.
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1.1.2. Parallelizable manifolds. In the case where M is parallelizable, we have that parallel
transport T, M — T,,M along a loop is trivial. Hence, any Thom class 7., € C"(Uyg,, V) is
invariant under the action given by ©(\)|v,, -

This in particular shows that the cap product is QM -equivariant for any Thom class if M
is parallelizable.

1.2. Equivariance of the excision map. The remaining question is whether the inverse to
the excision map can be chosen to be Q2M-equivariant. We note that the wrong-way map

(30) Culer '(Usy), I x {mo} UOI x QM Ue; 1(VE)) = C(I x QM,9I x QM Ue; ' (V)

is QM-equivariant as the actions are given by restricting the action on I x QM. Hence, it is an issue
of inverting an QQM-equivariant map.

We propose two solutions for establishing equivariance for . Each solution corresponds to
one of the two Theorems [A] and

The first solution is to work with small simplices, which gives us the explicit formula in Theorem
E The strategy is to model a class in H,(AM, M) via chains of loops that move slowly enough close
to the base point and then multiply these chains by a cut-up interval Eizdﬁ’ %]

For any class in H.(AM, M), there exists a k such that the above strategy gives a chain rep-
resentative in C,(I x QM,0I x QM U e; '(V.)) that is in the image of the wrong-way excision
map . But there is no k, that works for all classes in H,(AM, M) at once. This explains the
dependence of the chain-level model on the homology class in Theorem [A]

The second solution is to find an inverse of the equivariant map via Ago-theory. This
requires field coefficients and does not produce a strictly equivariant map but only a morphism of
A..-modules. Hence, we use A,.-modules in Theorem E

Organisation of the paper. In Section [2] we recall the necessary background on Morse ho-
mology with DG coefficients, fix the definition of the Goresky-Hingston coproduct of this article and
specify our sign conventions. In Section [3] we define and construct transitive isotopy extensions. In
Section 4] we exhibit the Goresky-Hingston coproduct as a morphism of A.,-modules. In Section
we explain how to construct the invariant Thom classes that we need. In Section [6] we define and
study coherent chain homotopies. They are an algebraic gadget that lets us prove that the map v
in Morse homology with DG coefficient indeed models the desired map. In Section [7], we prove our
main theorems. Finally, the appendix contains a section about inverting morphisms of A,.-modules.

Conventions. Throughout this article M denotes a smooth, closed, oriented manifold of di-
mension n with a Riemannian metric. The Riemannian metric induces the Riemannian distance, a
metric on M. We denote it by dps: M x M — R. We fix a basepoint xg € M.

For A, B smooth manifolds, we denote by Emb(A, B) the space of smooth embeddings.

The free loop space on M is defined as

A=AM = {v:[0,a] = M | a>0,7(0) =~(a), is piecewise smooth}
and the based loop space is defined as
Q:=QM = {y:[0,a] = M | a>0,7(0) = ~vy(a) = xg,7 is piecewise smooth}.

We denote p: QM x QM — QM, (A, v) — A - v for the concatenation.
The path space on a smooth manifold X is denoted by

PX :={v:[0,a] = X | v is piecewise smooth}
and for subspaces A, B C X, we denote
PaspX ={(v:[0,a] = X) € PX | v(0) € A,v(a) € B}.
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In this article, we work with cubical chains. A cubical chain o: I* — X is degenerate if there exists
1 <4 < k such that

T(V1y ey iy V) = 0 (V1,0 ULy, UE)

for all vy,..., v, v, € 1.

We denote by Cx(X) the cubical chains on a topological space. It is the free group generated
by continuous maps o: I* — X relative to the subspace generated by all degenerate chains. For a
ring A, we denote Cr(X; A) == Cp(X) ® A.
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2. Background

In this section, we recall the machinery of Morse homology with DG coefficients as introduced
in [Bar+23]. Moreover, we recall the definition of the Goresky-Hingston coproduct on the free loop
space and based loop space of a manifold as first introduced in [GH09| and [Sul04]. Finally in this
section, we fix the sign conventions we use in this article for maps of chain complexes which do not
preserve degree.

2.1. Morse homology with DG coefficients. In [Bar+23|, Barraud, Damian, Humiliere
and Oancea describe the framework of Morse homology with differential graded coefficients. We
recall in this subsection the parts we need in this article. In particular for a fibration

r——FE

|7

M

)

we construct a complex C, (M, C,(F)) with a quasi-isomorphism
U: Cu(M,C(F)) = Ci(E).

2.1.1. Data and choices. For this, we choose the following data:

a basepoint x¢ € M,

a Morse-Smale pair (f,£) on M;

an orientation on the unstable manifolds W*(z) of (f,&);

a tree T'C M containing xy and the critical points of f;

a homotopy inverse 6 to the projection p: M — M/T;

a representing chain system {s;,} (see Definition [2.1));

a compatible representing system {s,} (see Definition [2.4));

a transitive lifting function ®: E ; X., PM — E (see Definition .
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For any pair of critical points z,y € Crit(f), we denote the space of Morse trajectories of £
between z and y by L£(z,y) and define the moduli space of broken Morse trajectories

L(z,y) = L(z,y) U U L(x,z1) X L(z1,22) X -+ X L(2k,Y).
21,...,2, €Crit(f)
The space L(x,y) admits the structure of a manifold with corners of dimension |z| — |y| — 1
with interior L(x,y) (see e.g. [Lat94, Proposition 2.15]). Moreover, the orientations on the unstable
manifolds induce an orientation [£(x,y)] € Hg|—y—1(L(x,y), OL(z,y)).

DEFINITION 2.1. A representing chain system of the moduli space of broken Morse trajectories

is a collection {s;, € C|y|—|y—1(L(z,y)) | z,y € Crit(f)} such that
(i) Sa,y represents a cycle in Clyj_jy—1(L(z,y),0L(x,y)) and [s4,y] = [L(z,y)] in homology;
(i) the following equation holds

dszy = Z (*1)‘z‘7lzlsx,z X Szy-
z€Crit(f)

A representing chain system always exists (see [Bar+23, Proposition 5.2.6]).

Following [Bar+23, Lemma 5.2.10] we denote I': £(x,y) — Py, M the map that sends a
trajectory to the path from x to y parametrised by f. We note that this is well-defined as this
parametrisation produces smooth paths. We set

Mgy = (00p)s 0 Tu(52,y) € Claj—jy—1(QM).

REMARK 2.2. This assumes that 6 o p sends piecewise smooth paths to piecewise smooth paths.
For simplicity, we may assume that 6 o p is smooth. This can be done by a standard smoothing
argument. Indeed for any ¢, the map 6’ o p|r is constant and hence smooth. Hence, there exists a

smooth map m homotopic to 6" o p that extends 6’ o p|p. This map is constant on T and thus
factors as 6’ o p = 6 o p for some 6.

It is convenient in the proof of Proposition to assume that 6 is also a homeomorphism. This
is possible to assume but requires more work that we omit here.

By [Bar+23, Definition 5.2.11], the collection {mgs, | x,y € Crit(f)} is a twisting cocycle
meaning that they satisfy the equation

d(mg.,y) = Z (_1)‘z‘7lzlﬂ(mx,z ® My ).
z€Crit(f)
DEFINITION 2.3. For x € Crit(f), the Latour cell is defined as
We(a) =W @)U |J  Lz,y) x W(y).
yeCrit(f)
The natural topology on the Latour cell makes it into a compact manifold with corners which
is homeomorphic to the disk DI*l (see [Lat94, Proposition 2.11]).
DEFINITION 2.4. A compatible representing chain system is a collection {s, € Cj,|(W*(z)) |
x € Crit(f)} such that

(i) s» represents a cycle in Cj,(W*(z),0W*(z)) and [s,] = [W*(x)];
(ii) the following equation holds
ds, = Z Sg X Sg.y-

y€eCrit(f)
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A compatible representing chain system always exists [Bar+23, Lemma 7.3.2]. We denote m,, :=
0. opso0 F*(Sz) € C|x|(lpm0~>MM>~

DEFINITION 2.5. A transitive lifting function is a map
®: E %o, PM - E
such that
(i) mo® = e o pry;

(ii) for all e € E, we have ®(e, c()) = €, where cr () € PM is the constant path at m(e) € M;
(iii) for all e € E' and composable v, € PM with v(0) = 7(e), we have

@(@(6,’}/)7 6) = @(67’}/ ' 6)
Any fibration is fibre homotopy equivalent to a fibration that admits a transitive lifting function
IDK69, Proposition 5.5].
A transitive lifting function in particular defines a right QM-action on F.

2.1.2. Construction. We now describe the complex C.(M,C.(F)) and the quasi-isomorphism
U: C.(M,C.(F)) = Ci«(E): the complex C.(M,C,(F)) has underlying graded abelian group

C.(F) ® ZCrit(f)
with differential given by
dp(a ® z) = da + (=1) Z Q. (a®@mg,y) Y.
y€eCrit(f)
We denote the degree —1 map
m: ZCrit(f) — C.(QM) & ZCrit(f),
(31) T Zm%y X y.
Yy

Then the differential can be written as
dp =d®id+ (? ®id) o (id @ m)
and the above sign (—1)®l comes from a Koszul sign.
For the map ¥: C,(M,C.(F)) — C.(F), we consider the fibration n’: B/ — M/T given by
the pullback of 7: E — M along 0: M/T — M. We can assume that 6 is a homeomorphism.
Thus ®(—,0(—)) defines also a transitive lifting function on 7’: B — M/T. This also induces a

construction for C.(M/T, C.(F)).
The map ¥ is given by the composition

C(M,CL(F)) = Co(M/T,Co(F)) % CL(E') = C.(E).

The first map is an isomorphism. The third map above is given by the homotopy equivalence 6 and
is thus a quasi-isomorphism. Thus the only map of interest is the middle map ¥’. This is given by

V(ia@z)=®(a®my).

Barraud, Damian, Humiliere and Oancea prove that ¥’ is a quasi-isomorphism and therefore so
is ¥ [Bar+23, Theorem 7.2.1].

We use an immediate corollary of this statement for relative fibrations:
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COROLLARY 2.6. Let w: B/ C E — M be fibrations with fibres F' C F with ® a transitive lifting
function of m: E — M that restricts to a transitive lifting function on E'. The map

U: Co(M,Cu(F, F")) — C.(E,E)
defines a quasi-isomorphism.

PROOF. The fact that ® is a transitive lifting function for E and E’ means that the inclusion
Ci(M,C.(F")) — Co(M,C(F))

is a chain map. Moreover, the following diagram commutes

C(M,C.(F")) —— C.(M,C.(F))

|ws |ws

C.(F) — C.(E).
The five lemma now concludes the proof. ([l

2.1.3. Maps. In this article, we need two different types of maps one can define in a Morse
complex with DG coefficients.

In [Bar+23, Section 9], a direct map is defined for a smooth map of based manifolds ¢: (N, yo) —
(M, z9) and a fibration 7: £ — M

Co(N,o*Cu(F)) = Co(M, C(F)).

On the other hand, Riegel developed in [Rie24] a theory to construct maps on the Morse complex with
DG coefficients for maps C,(F) — C.(F’) which are morphisms of A.-modules. We are interested
in As-morphisms between strict C (@M )-modules. We recall that QM denotes (piecewise smooth)
Moore loops and thus C,(2M) is indeed strictly associative.

DEFINITION 2.7. A morphism of As-modules n: F. — G, where (Fy,dx) and (G, dg) are strict
right C, (2M)-modules with action pr and ug is given by a collection of maps for k > 1

Mk - ]:* ® C*(QM)®k_1 — gk—1+*
such that for all N > 0, it holds:

Nn+1 0 drge.@yen-1 + (—1)V T dg o nyg
N-1
= ()M (r @1d®NV ) = pg(py @) + Y (DN TN (AT @ pe id®N T,

r=1

We denote m for the degree —1 map on T(C.(QM)) ® ZCrit(f) — T(C.(QM)) @ ZCrit(f)
defined on C.(QM)®* @ ZCrit(f) by id®* @ m for m as in (3I).

PRrROPOSITION 2.8 (|Rie24, Proposition 5.1]). Let n: C.(F1) — C.(F3) be a morphism of Aco-
modules over C.(QM). The map 7: Co(M,Ci(F1)) = Cu(M, Ci(Fy)) defined by

> (nes1 ®id) o (id @ m")
£>0
s a chain map.

REMARK 2.9. The sum in the definition of 7 is in fact a finite sum because m"t =o.
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The goal of this article is to apply Proposition to a morphism of A,,-modules
v: Co(QM, 20) — C1_pir (UM, 20)?)
such that v; is the Goresky-Hingston coproduct on the based loop space.

2.2. The Goresky-Hingston coproduct. In this subsection, we recall the definition of the
Goresky-Hingston coproduct following [HW17].

We fix € > 0 such that 2¢ is strictly smaller than the injectivity radius of M. We denote the
following tubular neighbourhoods of the diagonal A C M x M

Uar ={(z,y) € M x M | dp(z,y) < €}, Va ={(z,y) e M x M | dy(2,y) < §}.
A Thom class of the diagonal Ta € C™(Ua,Vf) is a cochain such that
VA N[M x M] = A [M] € Ho(M x M),

where ¢ denotes inclusion Up < M x M.
We denote the map

ex: I xA— M x M,
(t, (y: [0,a] = M)) — ((0),~(ta)).
We define the free figure 8 space as
FA = FAM = e '(A(M)) = {(t,y) € I x A | ~(0) =~(ta)}
and define the map
R: e (Up) — FA

sending (t,7) with (v(0),v(ta)) = (z,y) € Ua to (t',7][0,ta] " Az,y - Ae,y * V[ta,a))s Where Ay, is the unit
speed, geodesic path from x to y and t' is such that e, evaluates (t',7j0.ta] - A2y * A2y = V[tasa]) 2t

the tip of the two geodesics paths. This map is a homotopy inverse of the inclusion FA — exl (Un).
Finally on the figure 8 space, we can define a cut map

i FA = A x A,
(t77) = (7|[O,ta]77|[ta,a])'

DEFINITION 2.10. A chain-level description of the Goresky-Hingston vy coproduct is given by
the composition

Co(A, M) Cras(I x A, 8T x AUT x M)
— O (I x A,OI x AUT x M Uey ' (VR))
~ Criv(ex (Ua),0I x AUT x M Uey (VR))

exTan

5 Cropnax(ey(Ua),0I x AUT x M)
B O i (FAOT x AUT x A)
5 O (A, M)?).

REMARK 2.11. This definition agrees with the definition of the Goresky-Hingston coproduct in
[HW17, Definition 1.4] up to the sign (—1)¥ on Cx(A, M). We choose these sign conventions because
we have the convention that maps act from the left. In particular, we multiply by the interval I
from the left while Hingston and Wahl multiply by I on the right in their definition. Our convention
leads to slightly neater signs (see [Cli25al, Section 6.3]).
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Moreover, we define it as a map with target Cj_,.((A, M)?) rather than Cy_,1.(A, M)®2.
These two definitions are equivalent after post-composing our definition with a diagonal approxima-
tion. For us, it is however more convenient to consider the above map as the coproduct.

2.2.1. Based loop space. The Goresky-Hingston coproduct restricts to a coproduct on C, (€2, o).
We describe it here explicitly. We denote the following open sets

Uso = {z €M |dy(z,20) < €}, Vio ={x € M | dpy(x,20) < 5}
Because € is smaller than the injectivity radius, we have
expy: (Toy M) :={v €T, M | ||v| < e} = U,,.
We denote the inclusion
tag: Uzgs Vo) = (Ua, Va),
z — (zo, ).
A Thom class of the basepoint or simply a local orientation is given by 7., = v} 7Ta € C"(Uy,, V).
We denote the map
er: I xQ— M,
(t, (v: [0,a] = M)) — ~(ta)
and define the based figure 8 space as
FQi=FQM =e; ' ({xo}) = {(t,7) € I x Q| y(ta) = o}
A chain model of the Goresky-Hingston coproduct as in can be computed on C,(Q,zg) by

C(Q,20) 5 Crin (I x Q,0I x QU T x {zo})
— Cr(I x Q0T x QU T x {zo} Ue; H(VE))

Zo

~ Cryul(e; 1 (Upy), 01 x QUI x {zo} Ue; 1 (V)

Zo

*
€y Tag

00 O (e (Uyy ), 01 x QU x {0})
B Oy i (FLOI x QUT x Q)
5 Cron (2, 20)?).
2.3. Sign conventions. In this article, we heavily use maps of chain complexes that do not

preserve degree. For such maps, the signs are delicate. In this subsection, we specify what conven-
tion we use.

Let C, denote a chain complex with differential d. Then Cjy, = Yk, denotes the chain
complex C, with the differential £=%d := (—1)*d.
Thus a degree-shifting map f: Cx — D|f|4. is a chain map if on a € C,, we have

f(da) = (~1)1ldf ().

ExaMpPLE 2.12. The chain-level Goresky-Hingston coproduct as in is a chain map with this
sign convention. Indeed, in the composition the maps

Criw(I x A,OI x AUT x M) — Cry(I x A,OI x AUT x M Ue (VE))
~ Cryw(ex (Ua),0I x AUT x M Uey (VR))
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and

C1—pan(exN(UA), 0T x AUT x M) %5 Cy_py o (FA,OI x AUT x A)

= Cron (A, M)?)
are degree-preserving chain maps.
We compute for a € C,.(A, M):
(33) dIxa)=(dl) xa—1Ix (do)=0—-1 x (da)
For o € Cry.(ey (Ua), 0 x AUT x M UeH(VE)), we computeﬂ
=0
(34) dlexta Na) = (=1)"(ej7a Nda — d(ej7a) Na) = (—1)"ej7a Nda.
Combining and , we find
va(da) = (=1) " "dvy ()

and thus v, is a chain map with our sign conventions.

This sign convention has moreover the following consequence for DG coefficients: let F,G be
fibres of fibrations over M. We write the differential on C.(M, C.(F')) and C.(M, C.(G)) as
dp = d®id + (¢p ®id) o (id ® m),
dg =d®id + (Pg ®id) o (id ® m).
Let f: Ci(F) — C|¢++(G) be a chain map which is equivariant under the Q-action. Then f ® id is
a chain map with respect to dp and L~ fldg:
(f®id)odr = (f®id) o (d®id) + (f ®id) o (Pp ®1id) o (id ® m)
= (fd®id) + (Pg ®id) o (f ® m)
= (-D)Vldf @ id + (-1)F(®g @ id) o (id ® m) o (f ®id)
=y Wdg o (f ®id).

3. Transitive isotopy extensions

In this section, we turn our attention to constructing particularly nice transitive lifting functions
on the fibration ey: AM — M. These transitive lifting functions are constructed such that they
send the spaces e, ' (Ua), e (VE), FA to themselves. These are the spaces that appear in a chain-
level description of the Goresky-Hingston coproduct as in . We construct these better-behaved
transitive lifting functions by defining and constructing transitive isotopy extensions.

3.1. Definition.

NOTATION 3.1. For A: [0,a] = M and t,s € [0,a], we denote by T'(A\)%: Ty)M — Ty M the
parallel transport along A with respect to the Levi-Civita connection.

Moreover, we denote Uy, = {exp,(v) | v € T, M,|v| < e} for all x € M, extending the notation
Ug,-

2The signs in [Brel3, Proposition VI.5.1. (v)] are computed as d(f N¢c) = 6(f) Nec+ (—1)1 f Nde. This is a sign
mistake in |Brel3| Page 335, Line -2]. The signs that we use are d(f N¢) = (=D)FI(f Nnde—8(f) Nc).
The signs in [Hat02}, Section 3.3] are correct. However, we have the opposite convention that in the cap product the
cochain acts from the left on the chain.



104

DEFINITION 3.2. A transitive isotopy extension is a map
©: PM — Diff(M)
such that
(i) for composable \,§ € PM, it holds
O(A-d) =06(0) o O(N);
(i) for all 2,y € M and (X: [0,a] = M) € Py, M, it holds exp, ' 0©(X)|v, o exp, = (A)§.
We recall that exp, : (T, M)<¢ = U, by definition of U,. The second property thus implies that
ON)|y, : Uz = Uy and O(N)(z) = y.
REMARK 3.3. A transitive isotopy extension is obtained as the endpoint of an isotopy extension.
Indeed, Property means that O(\)|y, is the endpoint of the isotopy
[0,a] x U, — M,
(t,2) — expy ol'(\)§ o exp,(2).
This isotopy is extended to all of M by the isotopy
[0,a] x M — M,
(£ 2) = O 0.)(2):
Property ({il) that © works well with composition explains why we call © a transitive isotopy extension.

Before we prove that such a transitive isotopy extension always exists in Proposition we
prove that, given such a function, we can construct a particularly nice transitive lifting function.

DEFINITION 3.4. Let ©: PM — Diff(M) be a transitive isotopy extension. The associated
transitive lifting function is defined by
®: AM x PM — AM,
(7, A) = O(A):(7)-

LEMMA 3.5. Let ©: PM — Diff (M) be a transitive isotopy extension and ®: AM x PM — AM
its associated transitive lifting function. Then the following holds:

(a) the restriction of ® to AM ., X, PM and the map

O: (I x AM) oy ey PM — I x AM,
) (1.7, 0) = (1,207, )
are transitive lifting functions;
(b) for (t,v,A\) € I x AM xPM — M

et 0 ®((t,7),A) = O(A) o ex(t,7);
(c) for X € PpyyM and z € Uy, it holds:
dy(z,2) = du(y, @(z, A));

(d) the map restricts to a transitive lifting function on ex*(Ua),ex (VE), FA C T x A.

PRrROOF. We first prove @ for the fibration eg: AM — M. Property (i) of © implies O(c,) =
id. This in turn ensures that ®(v,c,)) = 7. Property also gives that for composable paths
A0 € PM, we have

D(y,A-0) = D(D(v,A),d).
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Finally, the fact that ©(X) sends A(0) to A(a) ensures that eg o & = e; o pr,.

It is immediate that for any transitive lifting function ®: AM ., x¢, PM — A the map id X
D: (I X AM) ¢y Xeqg PM — I x AM is a transitive lifting function. This shows (ED

For (b)), we compute for (¢,7) € I x A and A € P

er 0 O((t,7),A) = et ®(7,A)) = er(t, O(N)«(7)) = ON)(ex(t,7))-

For , we note that z € U, implies that djs(x,2) < ¢ is smaller than the injectivity radius.
Therefore, there exists a unique smallest vector v € T, M with exp,(v) = z and dy(x, z) = ||v||. By
Property , we have

O(A)(2) = exp, (T(A)5(v))-

The parallel transport I'(A)& is an isometry because the Levi-Civita connection is metric. We thus
find [[T(AN)&(v)|| = |lv|l < € is smaller than the injectivity radius. This shows das(y,T'(A)§(v)) =
IPONE ()] = dar (a, 2):

For (d), we need to check that, for ((£,7), ) € (I x AM) ¢, X¢, PM, it holds
ex'(Ua) if (t,7) € ey (Ua),
ex (V) if (t,7) € ey (VK),
FA if (t,v) € FA;

B((t,7), M) €

Let A € Py—yyM be a path and z € U,. If (¢,7) € eXI(UA), we have e;(t,7) € U,. We compute

dar(®(1(0), 1), e 0 ®((t,7), 1) 2 dar (5, 0 (er(t7))) B das (@, e4(t,7)) = dar(4(0), 0 ().

All three spaces e} " (Una), ey (VX) and FA = ex(A(M)) are characterised by the distance of e;(t,7)
to ¥(0) which is invariant under ®(—, ). This shows (d). O

3.2. Construction. In this subsection, we construct a transitive isotopy extension for M.

As explained in Remark we want to extend the isotopy
(36) H(t,—) = expy) oT'(A)g o exp, !
to an isotopy defined on all of M that works well with concatenation of paths.
We do this via a standard strategy to construct isotopy extension being careful that the con-
structed isotopy only depends on A(t) and A(t):
(1) we realise Hy(t,—) as the flow of a time-dependent vector field V) that is defined for all
(t,z) € [0,a] x M with dpr(A(2), 2) < &;
(2) we extend the vector field V) to a vector field V) defined on all of [0,a] x M;
(3) we define ©(\) as the flow along V.
For (t,z) € [0,a] x Uy, we denote
d
(37) Wa(t, Ha(t, 2)) = s Hy(s,z).
o s=t
This is a time-dependent vector field that is defined on all (¢, 2') € [0,a] x M if dpr(A(t),2") <e. We
note that Hy(t,z) is the flow from 0 to ¢ along this vector field.
The formula in fact is well-defined for all (¢, z) € [0, a] x Ba-(x) because 2¢ is smaller than

the injectivity radius. Similarly, the formula is well-defined for all (¢,z) € [0,a] x M such that
dpr(A(t), z) < 2e. This induces a time-dependent vector field

Wa: {(t,2) € [0,a] x M | dp(A(t),2) < 2e} — TM.
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We fix a smooth bump function y: RZ% — RZ% such that Xlj0,e] = 1 and x(2¢,00) = 0. We can
now define Vy on all (¢, 2) € [0,a] x M:

Va(t, 2) = x(dar (A1), 2)) - Valt, 2)  if dar (A1), 2) < 2¢;
B if dpr(A(t), 2) > 2e.

The two cases agree for dps(A(t), z) = 2¢ because x(2¢) = 0.
This vector field is smooth. Therefore, the flow

Y o M — M

is a well-defined diffeomorphism for all to,¢ € [0,a]. We define () == ¢ ,.
For a general piecewise smooth (A: [0,a] = M) € PM, we fix 0 = ag < --- < a = a for minimal
k > 0 such that \ ] is smooth. We then define

[a17a1+1
(38) @()‘) = @()‘hak_hak]) ©---0 e()\ha(),al])'

PROPOSITION 3.6. The map ©: PM — Diff (M) as constructed above is a transitive isotopy
extension.

PROOF. Property ({i)) states that © commutes with composition. That means that for A : [0,a1] —
M and Az: [0, az] composable paths, we have (A1 - A2) = ©(A2) 0 ©(A1). If the composition is not
smooth, then this property holds directly from the definition as in . If the composition is smooth,

—_~—

it suffices to show that the vector Vy, .5, (t + a1, —) equals f/;(t, —) for ¢ € [0, az]. We thus compute
I{)\1.>\2 (t +ay, 7) = eXp>\2(t) OF()\l . )\2)a1+t o G‘Xp;l(o)
= exp), ;) ol A2)h ol"()\l)o1 oexp/\ ©)

(
= eXPy, (1) ol'(A2)h oexp)\ (0) © €XPA, (a1) ol'(A1)g" o expy g ( )
= H)\z(t H)\l(a‘la ))

We therefore have

Vs (t + a1, H, (t7 Hy, (ah Z))) =V (t +ai, Hy, o, (t + ax, Z))

d
= — H,,.
ds i A1 /\2<57Z)
d
= % H)\Q(Skal(alvz))

which we recognize as formula 7) for A :== Ay and z == HA1 (a1, 2). In particular, we have V,.», (t+
a1, —) = Vi, (t,—) and thus V,\1 s (t +ay,—) = V,\Q( —). This shows that

O(M - Az) = ¥anta, = Yo%, © Yok, = O(A2) 0 O(A1)

which is Property .
Property follows from the observation that for z € U,, we have

Va(t,z) = Vi(t, 2)

for all ¢ € [0,a]. Therefore, we find that ©(\)(z) = ¥g ,(2) = Hx(a, 2) for Hy as in which is
what we wanted to show. O
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4. Goresky-Hingston coproduct as A.,-morphism

In this section, we construct an As-morphism v: Cy(QM,x0) — C1_pni«((QM,10)?). The
map v; will be the Goresky-Hingston coproduct on the based loop space. This lets us define a map
v: Co(M,Cu(QM, 20)) — Co(M, C1— iy« ((2M, 20)?)) on Morse homology with DG coefficients. Our
construction requires a suitably invariant Thom class that only exists for certain manifolds or coef-
ficients (see Section [f]).

We fix the following data and notation. Let A be a ring of coefficients. We also fix a transitive
isotopy extension ©: PM — Diff(M) and its associated transitive lifting functions ®: AM ., X,
PM — AM and ®: (I X AM) ., Xeo PM — I x AM. By Lemma this restricts to a right
QM-action on QM, I x QM, e; " (Uy,), e '(VE,), FQand H =9I x QUI x {zo} C I x Q. It also
acts on QM x QM via the diagonal action.

The based loop space QM thus plays a double role: it is the monoid acting but also the space
that is acted on. To minimize the resulting confusion, we use the convention that we denote a loop
A or p if it is acting and ~ or ¢ if it is acted on.

In this section, we study the (failure of) commutativity of the following diagram

D,

Ci(Q,x0; A) @ C () Cy(Q, 205 A)
J{(Ix)@id (1) J{Ix
Crae(I x Q,H; A) @ C.(Q) - Chas (I x Q,H; A)

| @) |

Cran(I x QH U HVE); A) ® Cu(Q) — 2 Cry(I x QH U e (VE); A)
E @) E
Crs (e (Ung) H U 71 (VE)); A) @ C(Q) — Crpale ' (Uny ), HU e (V,); A)
leZTIO N®id l@?fzoﬂ
Cronga(er ' (Uny), Hi A) @ CL(Q) = Cronpa(er (Usy), Hs A)
lR*®id (5) lR*
O (FOH; A) @ CL () 2 Clonss (FQH; A)
l6®id @ lc

Cion i+ (2, 0)% A) @ C.(Q) 2 C—nts (2, 20)% A).

(1) This square commutes because the transitive lifting function on I x € is defined by id x ®.

(2) This square commutes because it is given by a map of pairs of topological spaces with a com-
patible action.

(3) In Lemma we prove that there exists a morphism of A,-modules making this square
commute for field coefficients.

(4) This square commutes if there exists a suitably invariant Thom class 7., € C"(Usy,, Vy,; A).

(5) This square commutes by Lemma

(6) This square commutes at the level of spaces.
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The only two squares that commute only under certain assumptions are and . If the
conditions are satisfied, we denote their composition by

(39) v: Co(Q,20; A) = Oyt ((Q,20)% A).

This morphism v is such that vy computes the Goresky-Hingston coproduct on the based loop
space. We prove in Section [7] that the induced morphism on Morse homology with DG coefficients
v: Co(M,Co(QM,20); A) — C1_pys(M,Ci((QM, 20)?); A) actually models the Goresky-Hingston
coproduct on C.(AM, M; A).

In this section, we construct the remaining morphism of A..-modules for square and show
that squares and commute.

Giving a morphism for is done by the following lemma. The proof uses some general A..-
theory. It can be found in Appendix [A]

LEMMA 4.1. For coefficients in a field A, there exists a morphism of As-modules
p: Cu(I x QHU e (Vi); A) = Culey (Usy), HU e (Vy)); A)

such that py is an inverse to the inclusion Cy(e; *(Us,), "HUet_l(V;D); A) — C (IxQ, HUet_l(V;O); A)
on homology.

Proo¥. The inclusion C,(e; ' (Uyo ), HU ey '(VE )i A) = Cu(I x U H U e, (V) A) is a quasi-
isomorphism by excision. Moreover, it is C(2)-equivariant. Therefore, the inclusion defines an oo-
quasi-isomorphism (see Definition |[A.1)). In the appendix in Corollary we show that over a field

we can find for co-quasi-isomorphism an co-quasi-isomorphism which is the inverse in homology. [

To prove that square (|5)) commutes, we show the following more general lemma that R is ®(—, \)-
equivariant for all A € PM. Commutativity of square then follows from the case where A € QM.
We prove this more general statement because the proof is not harder and we use the more general
statement in Section [

LEMMA 4.2. Letx,y € M and A\ € Py, M. For (t,v) € IxAM withv(0) = x and e;(t,7) € U,
it holds:

O(R(t,7),A) = R(®((£,7), A)))-

PRrROOF. We fix (¢,7: [0,a] = M) € I xAM as in the statement. We denote z == ¢e;(¢,7y) and A, .
for the unit speed, geodesic path from z to y. In particular, we have the formula A\, (t) = exp, (tv)
where v is the unit tangent vector with exp,,(das(z, 2) - v) = z.

We recall from Subsection 2.2l the definition of R that

R(ta ’Y) = (t/a ’7|[O,ta] : E Az 7|[ta,a])

where ¢ := ¢/(t,~) is such that the evaluation at ¢’ is at the tip of the two geodesics.
Let 2z’ == e;(®(t,7),\) € Uy. The unit speed, geodesic path A, from 2’ to y coincides with
D(—, A)«(Az2). Indeed, we compute

D(Ag2(t), A) = exp,, oL'(A)§ 0 exp; ' (Aaz(t)) = exp, oL'(A)§(tv) = exp, (LT (A)§(v)).

Because v is a unit tangent vector and parallel transport I'(A)$ is an isometry, this indeed defines
a unit speed geodesic from y to z’. Because U, has radius smaller than the injectivity radius, this
geodesic is unique and shows Ay.r = ®(—, A)«(Azz).
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To show the claim, we note that t'(¢,) only depends on ¢ and dps(z,z). Both are invariant
under ®(—, A) and thus ¢'(t,y) = t/(®((t,y), \) = t'. We now compute

D(R(t,7),A) = ®((t',V]j0,ta] - Awz * Awz = V[ta,a))s V)

= (", 2(Y|p,ta> A) - P(Azzs A) - @(Agzs A) - @(Vta,a)> A))
(', @(v, Mljo,ta] - Ayzr - Ayzr - (75 A asa])
R(2((t,7), ).

It thus remains to show that
(40) €; oo Culey  (Uao ), HU e ' (VE )i A) = C_ppa (e ' (Usy ), Hs A)
is QM-equivariant.
NOTATION 4.3. We denote the evaluation
na: Uz X DIff (Uy,) = Us,,
(2,0) = p(2).
A transitive isotopy extension defines an QM-action on Uy, by
No o (id X ©): Uy, x QM — Uy,.
The key input to make Q M-equivariant is a Thom class that is invariant under the above action:

DEFINITION 4.4. Let M be a manifold with a transitive isotopy extension and let A be a ring.
A Thom class 7., € C™(Uy,, V5 ; A) is O-invariant if it holds as maps Cy(Uy,, V.S ; A) @ Cu(Q) — A

oo xo? oo o)
that
(41) Tao 0N 0 (id X ©) 0 X = 7,, 0 pry o X.

REMARK 4.5. In Section [f] we give conditions on A and M when a O-invariant Thom class
exists.

PROPOSITION 4.6. Let A be a ring. Let m,, € C™(Uy,, V. ; A) be a O-invariant Thom class. The

oo o
cap product €7.,N is QM -invariant, that is, on a @ X € Cy(e; " (Usy ), H U e; H(10)%; A) ®@ C.(Q; A),
it holds

€1 g N (Ruler X X)) = (€7 7y N ) X A) € Cona(ey " (Uno), H; A).

PROOF. We recall that the map e}7,,N on a € Ci(e; (Uy,),H Ue; "(VS)) is defined as the
composition

(2o 0 €¢) ®id) 0 Ay ().

Here 7, is interpreted as a degree —n map C"(Uy,, V5 ; A) — A and A, is a diagonal approximation.

We fix the Serre diagonal as defined in [Ser51| given by
Ay Cr(X) = Cu(X) @ O (X)),

o= Z Sgl’l(J, K)O’|]JX{0}K ®O"{1}./'XIK
JUK={1,..,n}
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for sgn(J, K) = (—1){7>kl7€JReRY  We compute for a @ A € Cule; (Uy, ), H U e; *(20)% A) ®
C1(9; A)

€5 Tag N (Pu(a X N)) = (T2, 0 1) ®id) 0 Ay (Pu(a X N))
= ((Tzg 0t 0Py) @ D) 0 Ay X A).
By Lemma (]E[), we find e; 0 @ = g o (e x ©). We thus continue
€5 oy N (Pul(a x X)) = (T4 0 M 0 (61 X ©)) @ Py) 0 A X A)

o ((Teg opryo(e; x ©)) @ @) o Ay(ar x A)

= ((Tzg 0 €t 0opr;) @ ®,) o Ay x A)
- Z sgn(J, K)o, (e (pry (@ x A)[r7x 103 ))) (P(a @ A)) | (137 15
JUK={1,...a+l}

We note that pry ((a x A)|77x (o3 ) is a degenerate chain if JN{a+1,...,a+1} # @. We thus have

€ ey N (e X A)) = Yo s Ky (e(pri((@ X Al rgoye )@@ ® A))|rys s
JUK={1,...a+1}
JCA1,...,a}
=0 Z Sgn(JvK)Tzo(et(a|IJ><{O}K))a‘{1}J><IK ® A
JUK={1,...a}

=® o ((1g 0€r) ®1d)A,) ®id)(a @ N)
— & (€570 Na) X A)

which is what we wanted to show. O

5. Invariant Thom classes

In this section, we construct explicit Thom classes that are equivariant under the action given by
a transitive isotopy extension. This is the key input to make the cap product equivariant. We give
two alternative constructions. In Subsection [5.1] we give a Thom class for parallelizable manifolds
and any coefficient ring. In Subsection we construct a Thom class that works for any manifold
but requires real coeflicients.

In Section [7, we prove that the cap product on Morse homology with DG coefficients actually
computes the cap product on the free loop space. For this, we need a Thom class that is not just
invariant under the 2M-action but equivariant under the PM-action. To write the P M-action, we
use the notation

na: Ugy x DIff(M) — M x M,
(2,9) = (2,¢(2))-

In showing that the cap product is QM-invariant, we used ©-invariant Thom classes (Definition
. The analogous property for paths is the following:

DEFINITION 5.1. Let (M, zo) be a pointed manifold with transitive isotopy extension © and let
A be aring. A Thom class 7o € C"™(Ua, VK; A) is ©-equivariant if it holds that

Ta om0 (id X ©) 0 X = 7, opry o X

as maps Cy(Uygy, Vi€ A) @ Cr(Prg—rM; A) — A.

o To?
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REMARK 5.2. For a ©-equivariant Thom class 7, the restriction L;OTA =: T, gives a O-invariant
Thom class.

5.1. Parallelizable manifolds. In this subsection, we restrict our attention to parallelizable
manifolds. This setting makes transitive isotopy extensions simpler and a @-equivariant Thom class
can be produced for any coefficient ring A.

DEFINITION 5.3. A manifold M together with a bundle isomorphism T'M = R"™ x M is called
a parallelized manifold.

A parallelized manifold has a canonical identification T, M = R"™ = T, M for all z,y € M. We
henceforth drop this identification in the notation. Moreover, it has a canonical Riemannian metric
given by the standard inner product on R™.

LEMMA 5.4. Let M be a parallelized manifold. The transitive isotopy extension ©: PM —
Diff (M) satisfies that
ON)|Uy (o) = €XPa(a) © eXPX(lo)
for all \: [0,a] — M.
ProOF. The parallel transport along A € P,_,,M has the following formula:
L(A)g: ToeM — T, M,
(z,0) = (y,v).
We recall that by Property of the transitive isotopy extension, we have
Oy, = exp,, oI'(A)§ o exp;1
which gives the above formula under the fixed identification 7, M = T, M. O
The map
exp: TM — M x M,
(z,v) = (z,exp,(v))

identifies (T'M)<¢ = {(z,v) € TM | ||v|| < e} with Ua. For a parallelized manifold, we thus inherit
an identification

€xpy, xid

a: Upx 2 B(0) x M Uy x M

of bundles over M.

PROPOSITION 5.5. Let M be a parallelized manifold and 7, € C™(Ug,, V.S) be a Thom class.

oy Y xo

The formula Ta == o* (7, X 1) € C™(Ua, V{) defines a ©-equivariant Thom class.

PROOF. We note that 7,, x 1 defines a Thom class in C"(M x Uy,,, M x {x¢}¢). Because the
map « is an isomorphism of bundles that sends M x V7 to VX, the above formula indeed defines a
Thom class for Ua.

It remains to check that 7a is ©-equivariant. We recall that we need to check that

Taonp o (id X ©) 0 X = 7,, opry o X

as maps Cy(Uzy, {20}°) ® Cu(Prosmr M) — Z.
For any o € Cy(Uyy, {x0}°) and X € Pyyspy M:

Ta om0 (id x ©)(o x A) = 7a(O(A)(0)) = (T2, x 1)(a(O(A)(0)))
= (T X 1)(exp* oexp,, 0O(N\)(0)).



112

By Lemma we find that exp, 0© = exp,(,). This shows exp~ ! oexp,, ©O(N)(0) = (A(a),0).
Evaluating on 7., x 1, we find:

Ta onp o (id X ©) (0 X A) = Ty (0) = To 0 DIy (0 X A).

This shows the for 01 ® o3 € Cy(Uyy, {20}°) @ Cu(Pyy—rs M) for |oa| = 0. If |oz]| > 0, the above
computation shows that both sides evaluate to a degenerate chain and thus both sides are zero. [

5.2. Real coefficients. In this subsection we construct an explicit ©-equivariant Thom class
for real coefficients and any manifold. We review the construction of the Mathai-Quillen Thom class
in This gives a Thom class in de Rham cohomology. In we discuss how to smooth
singular chains such that evaluating the Mathai-Quillen Thom class is well-defined and satisfies the
desired equivariance.

A O-invariant Thom class for a general manifold is given by a Thom class 7., € C™(Us,, Vy,)
that is invariant under the canonical SO(n)-action on U,,. To produce a ©-equivariant Thom class,

we first isolate the maps that play an analogous role for the path action Uy, X Pyy—mM — Ua.
NOTATION 5.6. For x € M, we recall that U, = {y € M | dp(z,y) < €} and we denote
tg: Uy <= Un,
y = (,y).

¢ with U, and thus the Riemannian metric induces a

The exponential map exp, identifies (T, M)<
scalar product on U,.

DEFINITION 5.7. An embedding ¢: U,, — Ua is an orthogonal half-constant embedding if it
factors as ¢ = 1z 09 and ¢: Uy, — U, commutes with the scalar product on U,, and U,. The space
of all orthogonal half-constant embeddings is denoted by SOEmb(U,,, Ua).

Extending the previous notations, we denote the map
na: (Usy, Vi) X SOEmMb(Uy,, Ua) — (Ua, VA),
(@) = @().

The goal of this subsection is to prove the following proposition:

PROPOSITION 5.8. There exists a Thom class with real coefficients Ta € C™(Una,VE;R) such
that

TAONA O X =TAOPr; 0 X

holds as maps €@ Ci(Ugys Vs R) @ Cj(SOEmb(Uy,, Ua); R) — R.

i+j=n
REMARK 5.9. We use de Rham cohomology in the construction of such a Thom class. This is
the bottleneck that forces us to work with real coefficients.
In fact if such an invariant Thom class exists, the coefficient ring A must contain Q as the
following proposition shows.

PROPOSITION 5.10. Let A be a ring and assume that n > 1. If 7, € C"(Uyg,, Vi, ; A) is a Thom

class that satisfies that T, onaox = Ty,0priox as maps Cp(Us,, Vi, ; A)@Co(SOEmMb(Uy,, Ua); A) —
A, then A contains Q.

PRrROOF. After intersecting U,, with a plane containing the origin, we can reduce to the statement
for n = 2. Moreover, we restrict our attention to ¢ € SOEmb(U,,,Ua) that land in U,,. We can
identify such a half-constant orthogonal embedding with an element in SO(n).



113

FIGURE 25. A cycle that cuts out a fifth of the V.

In dimension 2, there exists a cycle og which cuts out %’r of the circle (see Figure . Acting

on it by ¢ = exp(%”) € SO(2) for j =0,...,m — 1 closes the circle. Let o1 be the chain obtained
by gluing together the m rotated copies of og. Then there exists a 3-chain & such that

do =01 — ZUA (00 % ¢")

Moreover, o1 is a cycle that generates Ha(U,,, VanZ)
For such 0, 01,0 and ¢, we find

m—1 m—
1 =7y,(01) = Ty (dO) + ZTIO (na (o0 x ")) Z o (pry (00 x ©%)) = m - 74, (00).
1=0 1=0
This shows that the element m € A* and thus Q C A. O

5.2.1. Mathai-Quillen Thom class. We recall the construction of the Mathai-Quillen Thom class.
This is a de Rham cocycle wa € Clg(Ua, VK). This class was originally introduced in [MQ86]. We
follow the construction as in [Get91, Section 1.6].

We denote m: Un — M the projection to the first coordinate on Un € M x M. This is a vector
bundle. We denote for ¢, j > 0, the following space of sections

AbT =T (Upa, N'T*Ur @ N7 UA).
The orientation on M defines an orientation on Ua. This thus defines a map
B: A"Ua > M xR
called the Berezin integral. The Berezin integral can be extended to a function
B: A% — T(Ua, N'T*Un) = Cig(Ua),
X® &= x - B(mg).

This map is zero if j # n.

The Riemannian metric defines a metric on the bundle 7: Un — M. We fix some connection
V:T(M,ANT*M @Up) — T'(M, NH1T* M ®U,) that is compatible with the metric. The curvature
R := V? can be interpreted as an element in

D(M, A*T*M @ A*Un).
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Therefore 7* R can be interpreted as an element in A%2.
The canonical section

C: Up — mUp,
z— (z,x)
defines an element in ['(Ua, A°T*Ua ® Ua). We can thus interpret (7*V)(¢) € T'(Ua, A'T*M ®
Ua) C AbL. Finally, we interpret || - |: Ua — R as an element in A%0.

We define wg == m* R+ (m*V)(¢) + || - || € A*? & AL @ AO.
For f: R — R, we define

f(o.)o) S A*’*
(k)
o)) = 3 I (290 4 7 B
k=0
We fix some f: R — R smooth such that f| € o0y =0and Jgn f( |T)da: =1

l\')

DEFINITION 5.11. The Mathai-Quillen Thom class is defined as
n(nt1) . .
wa = (=1)"27 B(f(wo)) € Car(Ua, VR)-
PROPOSITION 5.12 (|Get91, Proposition 1.3]). The Mathai-Quillen Thom class wa satisfies
(i) wa € CIr(Ua,VRK) is a cocycle;
(ii) for any x € M, we have fBE(w) tiwa = 1.

REMARK 5.13. On a fibre Uy, the class tiwa can be described explicitly. We fix some coordinates
on B.(x) = B.(0) € R™ such that the Riemannian metric is given by the standard scalar product
on R™. Then tjwa is given by
(42) wa(v) = f(ol)dor - - - do,

for v € R™.
Indeed the term 7m* Ry, is zero on T*U,. Moreover, we have (7*V)(¢) = Y1 | v; ® dv;. We
therefore have on U, that

LIWO(U) i f(k) H'UH (Z v ® dvl>

k=0

The term (3", v; ® dvi)k lives in A®*. Thus the only term that survives after evaluating it under
the Berezin integral B is when k = n. We thus have

Lrwa = (—1)n("+” f(n) ||U|| ((Zv ® dv;) )

gy 0 ><||v||>
=)

= [ (lol)dvr - - dv,

(( 1)n(n2+])n!v1 AN ANw, @doy -+ dvn)

A consequence of this description is that the Mathai-Quillen Thom class is invariant under orthogonal
half-constant maps ¢ = ¢, 0 9. Because D, ¢ preserves the Riemannian metric, it follows that

(43) LpoWa = P iwA = @ wA.
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5.2.2. Smoothing chains. The problem with using the Mathai-Quillen Thom class is that we
can only evaluate wa on smooth chains in C, (Ua, V{;R). To solve this issue we smooth chains in
Cr(Ua,VE;R). To keep the invariance of the Mathai-Quillen Thom class, we smooth chains in a
suitably equivariant way.

We fix the following terminology:
DEFINITION 5.14. A map o: I* — X is independent of J C {1,...,k} if the composition
T = Tk o LI (1) % x
equals o.
For 1 <i<n and v € I, we denote
DYEN AL L5
(V1 ey Une1) = (U1, V=1, V, U4y« o, Up).
We use the notation
p: SOEmb(Uy,, Uy,) X SOEmb(U,,,Ua) — SOEmb(U,,, Un),
(01, p2) > 2 0 1.

We first smooth the chains on SOEmb(U,,,,Ua). This makes sense because SOEmb(U,,, Ua) is
itself a manifold with a canonical smooth structure. Indeed, SOEmb(U,,,Ua) is a smooth SO(n)
fibre bundle over M.

LEMMA 5.15. For all continuous maps o: I¥ — SOEmb(U,,,Ua) there exists a homotopy
H,: I x I* = SOEmb(U,,,Un)

such that
(i) Hy(0,v) = o(v);
(ii) H,(1,v) =: s(o)(v) is smooth in v;
(iii) for k =0, it holds H,(t) = o;
(iv) the homotopies commute with face maps, that is, for all i =1,...,k, it holds H, o (id x \}) =
H,ono and Hy o (id X A = Hgox1 as maps from I x I*1;
(v) if J CA{1,...,k} is such that for o(v) is independent of J, then H,(t,z) is independent of J
forallt e I;
(vi) for o: I* — SOEmb(U,,,U,,) € SOEmb(U,,,Ux), it holds H,(t,v) € SOEmb(U,,,U,,) for
all (t,v) € I x I*;
(vii) if o = po (¢ x ag) for some og: I* — SOEmMb(U,,,Ua) and ¢ € SOEmb(Uy,, U, ), we have
H, =po(px Hyy).

PROOF. The proof follows the idea of smoothing singular chains on a smooth manifold in a way
that commutes with faces. This is a standard result from smoothing theory (see for example [Lee03),
Lemma 18.8]).

We prove this statement by induction over k. For k = 0, we define H,(t,v) := o(v).

Assume we have constructed H, as above for all o: I¥ — X for k' < k. We fix some o: I¥ — X.
If o is smooth H,(t,v) :== o(v) does the trick.

Let J C {1,...,k} be the maximal subset such that o is independent of .J. Up to renaming the
coordinates we may assume that J = {1,...,j} for some j < k.
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If J # &, we set o/ = O'|{0}J><]{j+1 ,,,,, w: I S UL By induction H,- is defined and
Hy(t,v1,...,0%) = Hor(t, 0541, ..., Uk)
does the trick.

From now on, we can thus assume that ¢ is not smooth and is not independent of any @ # J C
{1,...,k}.

We note that SOEmb(U,,, U, ) acts freely (via p) on all such 0. We can thus fix a system of
representatives X among all such o.

If 0 € X and o(I*) C SOEmb(U,,,U,,), we do a construction of H, that commutes with face
maps as in [Lee03] Lemma 18.8] for the manifold SOEmb(Uy,, Uy, ). This ensures ([vi).

If ¢ € X and o(I¥) € SOEmb(U,,,Us,,), we do a construction of H, that commutes with face
maps as in [Lee03, Lemma 18.8] for the manifold SOEmb(U,,, Ua).

If o ¢ X, there exists a unique ¢ € SOEmb(U,,,U,,) and ¢’ € X such that o = u(¢ x o’). We
then define H, := u(p X H,/). This construction thus ensures . g

We now turn our attention to smoothing the chains in C,(Ua,VX). For this, we need the
following definition.

DEFINITION 5.16. A _chain o: I* — U has a cutting at 0 < i < k if there exist chains
og: I' = Uy, and @1 : I¥7% — SOEmb(U,,,Ua) with o = na o (g9 X ¢1).
The following lemma shows that we can exhibit all cuttings of a chain at once:

LEMMA 5.17. Let o: I*¥ — Ua be a chain with cuttings at 0 < i1 < --- < 4y < k. There exist
oo: I — Uy, @i I'i+17% — SOEmb(Uy,, Uy,) for 1 < j <1 and ¢;: I¥=% — SOEmb(Uy,, Ua)
with

o=mnao (o0 x po(prxploz X X plpr—1 X @1)...))).

PROOF. We prove this by induction on [. The statement is the definition of cutting when [ = 1.
We can thus assume that we have constructed og, @1, ...,¢;—1 as in the statement for [ — 1. After
composing 1, ...,¢;—1, the induction step reduces to the statement for | = 2.

We thus assume that o = na(of x 1) = na(of x ¢f).

We can thus compute

nA © (0—6(@17 s 7Ui1) X (P/l(vi1+17” . avizvov s 70)) =TA0 (O—g(/ulw e 7Ui2) X 80/1/(0’ . 70))
We note that the maps in SOEmb(U,,,,Ua) have the property that their images agree if and only if
their images intersect. This calculation thus shows im(¢%(0,...,0)) = im(¢} (Vi; 41, - - - Viy, 0,...,0)
for all v;,41,...,v;,. Moreover, we have by injectivity of maps in SOEmb(U,,,Ua):
a6 (1, -, viy) = 1a(0p (V1 vi) X (970,007 0 9 (Vi 41, -+, 0ig, 0, 0))).

We therefore find that o¢ = o{, ©1(Vi;+1,---,0iy) = 1 (Viy 41, -+ 0iy,0,...,0) and ¢y = ¢} does
the trick. g

We are now in a position to prove and state how we smooth chains in C(Ua, VX):

LEMMA 5.18. For all continuous maps o: I*¥ — Ua there exists a homotopy
Hy: Ix I - Ua
such that

(i) Hy(0,v) = o(v);
(i1) Hy(1,v) = s(o)(v) is smooth in v;
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(i4i) if o is smooth H,(t,v) = o(v) for all (t,v) € I x I*;
(iv) the homotopies commute with face maps, that is, for all i =1,... k, it holds Hy o (id x )\?) =
Hgono and Hy 0 (id x A\}) = Hgon1 as maps from I x Ik=1;
(v) if o is independent of J C {1,...,k}, then H,(t,x) is independent of J for allt € I;
(vi) if o(I¥) C V¥, then H,(t,v) € V§ for all (t,v) € I x I*;
(vii) if o = na(og X @) for some o¢: I¥ — U,, and ¢ € SOEmb(U,,,Ua), then Hy = na(H,, X ¢);
(viti) if o has a cutting at i, then so does Hy(t,v) for allt € I.

PRrROOF. The proof follows similar lines as the proof of Lemma We do induction on k and
can thus assume it is proven for all &’ < k. Moreover we may assume that o: I¥ — Ua is not smooth
and not independent for any & # J C {1,...,k}.

We identify a: Uy, = B.(0) via orthonormal coordinates.
We make a case distinction, according to the criteria:

) whether or not ¢ has a cutting;
2) whether or not o(I¥) C U,,;
) whether or not o(I*) C V§;
) if there exists og: I* — U,, and ¢ € SOEmb(U,,,Ux) with o = 1 (09 X ©).

We first consider o with no cuttings and o(I*) C U,,. In particular, there always exist o and
¢ as in (4).

We define T, C R™ the linear subspace spanned by the image of o o o and set W, :== a=1(T,).
We note that SOEmb(Uy,, Uy, ) acts on all such 0. We fix X' a representation system under this
action. For such a o, its stabilizer is all ¢ € SOEmb(U,,,,U,,) that are the identity on W,.

We now assume that additionally o(I¥) C V. If o € X, we construct H, as in [Lee03, Lemma
18.8] for the manifold W, N V5. We note that if ¢ is in the stabilizer of o, then it also leaves H,
invariant.

If o ¢ X, there exists a 09 € X and ¢ € SOEmb(U,,,Us,) such that ¢ = np(oo x ¢). We
define H, = pu(Hy, X ). While oq is unique, ¢ is not. In fact two different ¢ may exist but their
difference is in the stabilizer of o¢ and thus leaves H,, invariant. Therefore our definition of H, is
independent of our choice of ¢ and is satisfied. This concludes with the first case.

We now assume that o has no cuttings and o(I*) C U,,, but not o(I¥) CV§. If 0 € X, we do
a construction for H, as in |Lee03, Lemma 18.8] for the manifold W,. If 0 € X, we find oy € X
and ¢ € SOEmb(Uy,,Us,) such that na(oo X ). We define H, = u(Hy, X ¢). As before this is
independent of our choices and ensures .

We now assume that o has no cuttings, o(I*) € U,,, o(I*) C V£ and there exists no op and ¢
as in . We then construct H, as in [Lee03, Lemma 18.8] for the manifold V.

We now assume that o has no cuttings, o(I*) € U,,, o(I*) € V§ and there exists no oy and ¢
as in (). We then construct H, as in [Lee03, Lemma 18.8] for the manifold Ux.

We now assume that o has no cuttings and that we can write o = 1 (0¢ X ¢) for some o¢: I* —
Uz, and ¢ € SOEmb(Uy,,Ua). We note that if o(I*) C V£, then also oo(1¥) C V. We define
H, = u(Hy, X ¢). By for chains with image in Uy, , this definition is independent of our choice
of o¢ and ¢.

Finally we assume that ¢ has cuttings. In particular we assume that it has precisely cuttings at
0<i; <---<i; <k. We then choose oy and ¢; as in Lemmafor 1<5<1.



118

We then define
Hy :=na(Hgy X p(Hyy X pi(Hy, X -+ x p(H.

pio1 X Hyy) o)),
where H, is as in Lemma
This ensures and the Conditions — are inherited from o and ¢; by Lemma
Moreover equivariance for oy and ¢; ensures that this definition is independent of choice. (Il

We can now define the following Thom class:
DEFINITION 5.19. The class 7a € C"(Ua, VX;R) is defined as s*wa and 74, is defined as ¢ 7a.
This construction gives a Thom class as described in Proposition [5.8

PROOF OF PROPOSITION [5.8l We recall that Proposition states that 7,, is a Thom class
and

(44) TA OTA O X = Ty, 0PIy o X

holds as maps C;(Uy,, Vao; R) @ C;(SOEmb(Us,,, UA); R) — R.

We first proof that 7., is a Thom class. We recall that wa is a Thom class of smooth chains
(see e.g. Proposition 1.48]).

Next, we note that the map s.: C,(Ua) — C.(Ua) is a well-defined map as it sends degenerate
chains to degenerate chains by Lemma . Because smoothing commutes with face maps as in
Lemma , S, 18 a chain map and it lands in the image of all smooth chains. Moreover, the
map

h: C*(UA) — Cl-‘,—*(UA)a
o~ H,(I®-)

defines a chain homotopy between s, and id. On the other hand for o € C§™(UY), we have s,(0) =
o by Lemma (iii), where C$™ denotes the smooth chains. We therefore have s: C\.(Ua) =~
Cim(Ua).

By Lemma ([vi), the map s sends C, (V%) to C5™ (V) and it is also a quasi-isomorphism.
Therefore, by the five lemma s: Cy(Ua, VL) — C™(Ua, V{) is also a quasi-isomorphism. This
proves that 7o = s*wa is a Thom class.

It remains to check . Because pr; o x is degenerate if j > 0, we note that entails two
statements:

(a) on Cy;(Uy,, Vs R) ® C; (SOEmb(Uy,, Ua); R) with j > 0 and i +j = n, we have 7ao ony o X = 0;
(b) for 0 ® ¢ € Cp(Usyy, Vao; R) ® Co(SOEmMb(Uy,, Ua); R), we have Ta(na(o x ¢)) = 7o, (0).

For (&) we fix 00 ® ¢1 € C;(Usy, Viry; R) ® C;(SOEmb(Uy,, Ua); R). By Definition na(oo X ¢1)
has a cutting at i < n. By Lemmal[5.18| (viil), s(na (oo x ¢1)) has a cutting at i < n. That means that
there exist 0@ ¢ € O™ (Uyy, Viy; R)@CF™ (SOEmb(Uy,, Ua); R) with s(na (o0 x 1)) = na(ogx ¢1).
We therefore compute:

Ta 000 X 1) = wa 0 s01a(00 X P1) = wa 0 N0 X ¥)) = wa o pri(og X ©Y),

where we used that wa is invariant in the sense of (43). But ¢} is not a zero chain, therefore
pry (o) x o}) is degenerate and the above equation evaluates to zero. This shows (a]).

For (b) we note that, by Lemma (vil), we have s(na(o x ¢)) = na(s(o) X ¢). Using again
the invariance of wa as in , we compute:

Ta(na(o X ¢)) =waosona(o x ) =waona(s(o) x ¢) = ¢ wals(o)) = 1,wals(0)) = Tay(0)

which is what we wanted to proof. ([l
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6. Coherent chain homotopies

In this section, we give a proof strategy how one can prove that a map 77: C.(M, C(Fy, F])) —
Cy(M, Cpyys(Fa, F})) models a certain map n: Cu(F1,E]) — C.(F2,E}). The main applica-
tion that we have in mind is that the map constructed in Section 4| v: Ci(M, C (M, zo; A)) —
Co(M, C1 i (UM, 29)?); A) actually models the coproduct on the free loop space.

We follow the proof strategy from |[Rie24, Theorem 5.8]. Riegel constructs a collection of maps
called coherent homotopies (|[Rie24] Definition 5.10]) that witness that a map ¢: C\. (M, Cy(F1)) —
C.(M,C.(F3)) coming from a morphism of fibration ¢: E; — E2 models p,: Ci,(E;) — C.(Es).
This is in contrast to our case where we are interested in maps that do not come from maps of
fibrations. We thus isolate the algebraic part of his argument: we define in Definition [6.1] coherent
chain homotopies as an algebraic version of Riegel’s coherent homotopies. In Proposition we
show that given a coherent chain homotopy, 77 models n on C(M, C.(F1, FYy)). Finally in Subsection
[6-2] we outline how to invert certain coherent chain homotopies. The main application is for inverting
the excision map.

6.1. Definition.

DEFINITION 6.1. For ¢ = 1,2, let m;: E; — M be two fibrations with fibres F; and transitive
lifting functions ®;. Let n; :=n: Cx(F1) = Cptx(E2) be a chain map of degree m € Z.
A coherent chain homotopy 1: Ci(E1) — Cpyys(E2) for 1 is a collection of maps
s Co(F1) @ Cu()®F2) @ Cu(Pagost M) = Citmes(B2)
for k > 2 that satisfy the A, -equations
(45)
v+ od+ (=) d oy
N-1
= ()" My o (B3 @1d®N ) = @y 0 (ny ®@id) + Y (=N Ty 0 (1[d®" @ p@id®N )
r=1

for all N > 1 and restrict to maps
Nk : C*(Fl) oy C*(Q)®k71 — Ck—l+m+>k(F2)-

The following proposition makes precise that a coherent chain homotopy is a witness that a map
N: Cu(M,C(F1)) = Ciu(M, Crptr (F2)) models the map n: Ci(E1) — Ci(Es).

PROPOSITION 6.2. If there exists a coherent chain homotopy ny for n: C.(E1) — Chys(Ea2),
the restrictions

Mkt Co(F1) @ Co(QM)®F™Y 5 Gy gy (F)
define a morphism of Ao-modules and the following diagram commutes
Ho(M,C(F)) —1 H, (M, Cy(Fy)
H,(B)) ——— H,(E,).

PRrROOF. Because the equation for morphisms of A.,-modules in Definition is simply a re-
striction of the A.-equation in Definition it is immediate that the restrictions

Ure C*(Fl) ® C*(QM)kil — Ck—1+7n+*(F2)
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define a morphism of A4,-modules. It remains to prove that the induced map 1 models 7, that is,
the above diagram commutes.

We recall that the quasi-isomorphisms ¥;: C, (M, Ci(F;)) — C.(E;) are given by compositions

C.(M,C.(Fy)) = Co(M/T, Co(F)) % C(ED) 5 Cu(Ey),

where E! is the pullback of E; along the homotopy equivalence 6: M/T — M as in Subsection
We may identify F; = F/ and then the first map becomes an isomorphism.
We now consider the following diagram:

Co (M, Cu(F1)) —— C(MJT,Co(Fl)) —5 s CL(E}) — s C.(Ey)

I b D

‘IIQ *
Co(M, Cryo(Fp)) —— Co(M/T, Cryu(F§)) —2 Conyu(EBg) = Conyu(Es).

The first square commutes as the horizontal maps are given by isomorphisms and the vertical maps
commute with these identifications. The third square commutes by definition of 6*n.

It thus remains to give a chain homotopy making the middle square commute. If we assume
that 0 is a homeomorphismﬂ we may interpret 7 as maps

C.(F) @ Cu(QM/T)** ™ @ Co(Payntyr(M/T)) = Cr—1mn(E5)

and 71 as a map C.(E]) — C.(E%).
We recall some notation from Subsection We have for x,y € Crit(f) the chains m, €
Cy(Pyy—smM) and my,, € C.(Q2M). Moreover, m denotes the degree —1 map

ZCrit(f) — Cu(QM ® ZCrit(f),
T — me,y Ky
Yy
which we extend to a map
m: C.(F)) @ T(Cx(QM) @ ZCrit(f) — Cu(F}]) @ T(Cy(Q2M) @ ZCrit(f)
by id ® id ® m.
We also denote
T: C.(F)) @ T(C.(M/T))) & ZCxit(f) — C.(F}) & T(CL(QM/T))) & C(Paysa1yr(M/T)),

ARQAN Q- QMR AR Q- A @M.

Then we define
vi= 3 (DN s oTom™ ' CU(M, Cu(F)) = Crugrsa(B2).
N>1

1= 0. The proposition now follows from the following lemma;

This is well-defined because m"
LEMMA 6.3. It holds
vd + (=1)™dv = (0*n) o ¥ — U} 0 (077)).
3The assumption that 6: M/T — M makes the argument simpler here. But one has to be careful that it does not

contradict our running assumption that 0 op: M — M is smooth. We only give the argument under this assumption
here.
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PROOF OF LEMMA [6:3. We compute by (45

(—D)mdv = Y (=) 1lmN !
N>1

= Y gy di !
N2>1

+Z N+1 ®ld®N l)lmN 1
N2>1

> By(py @id)im™ !
N>1

N-1
+ Z Z (_1)N+1+T77N(id®7“ Qu® id®N717r)l7n‘iN71.
N>1 r=1

We turn our attention to the first term:
N
nnprdim™ Tt =3 "y (id¥ @ d @ d®N T im
r=0

Because I and m are the identity on all components except the last, we have
~N-1

N1 (d®@id®mN ! = ()N Uy dmY T d ®id)
and, for 0 <r < N,
nn41(d® @ d @ id®VImN T = ()N gy dm T (S @ d @ id)m”
= (DN lm Y T (0% @ p @ id)ym T
= (=) N (Id®" @ p @ 1d® V) ImY,

where the second equality follows from the compatibility of the m, ,:

d(may) = > (=) u(m, . @ m.,)

z

(see |Rie24, Lemma 4.4] for a detailed treatment of the signs). Similarly, we have d(ms;) =
>y H(ma,y ® my) and thus

Mn1(id®N @ ™ ! = gy (1d®N @ p)lm

We therefore have:

> nvdim™ T = Y gyvalm T (d@id)
N>1 N>1
N—-1 N
+ 3 DN (d® @ p @ id® YT im Y
N>1 r=1
+ Z nn1(id®N @ pyim ™
N>1

N
=v(d®id)+ Y Y ()N yn 0 (d® @ peid® N )im Y
N>1r=1
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We therefore compute

(—1)™dv =—v(d®id)

N
3 )M (T @ pw 1N
N>1r=1

+ Z N+1 ®ld®N 1) NN 1
N>1

—Z(PQ’I]N(X)IC{)I mi !
N>1
N-1 _
+ Z Z (_1)N+1+7’,’7N(id®7“ ® U ® id®N717T)lmN71.

N>1 r=1

The second and last term cancel. Moreover by the fact that 1 and m are the identity on all
components except the last, we find that:

ST DNy (@ @id®N I T = @l + ) ()Y pydm ™ (@) @ id)m
N>1 N>2

= (0*m)¥V| —v(®; ®id)m
and

D oy @id)lmT T = Y @l @ id)m

N>1 N>1

= Wy @id)m"

N>1
— Wy(077).
We thus have
(—1)™dv = — v(dp, ®id) + (0" m)P] — v(P @ id)m — U5(6%7)
= —wvd+ (0"m)¥) — UL(0*7).
This proves Lemma and thus Proposition (Il
|

COROLLARY 6.4. For i = 1,2, let m;: E C E; — M be fibrations with fibres F; and F}.
Let ®; be transitive lifting functions on E; that restrict to transitive lifting functions on E.. Let
n: Cu(E1) = Cpgs(E2) be a map of degree m € Z that restricts to a map Cy(E{) — Crytr(ES).

If there exists a coherent chain homotopy n: Cy(E1) = Cpis(F2) for n that restricts to a co-
herent chain homotopy n: Cy(E}) = Chvi(Fb), then there exists a n: Cyu(E1, E]) — Chpas(Eo, Eb)
a relative coherent chain homotopy and the following square commutes

H.(M,C.(Fi, F})) —— H,(M,Cypy.(Fs, F}))

H.(E1,B}) ———— Hyyu(E2, BY).

PROOF. This follows from Proposition [6.2] and the five lemma. U
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6.2. Inverting coherent chain homotopies. In this subsection, we construct inverses to
coherent chain homotopies when 7; is an isomorphism or a quasi-isomorphism. This follows an
analogous strategy to Appendix [A]

To achieve this, we replace the topological context of QM and P,,_,ps M with an algebra A,
and a left module P,:

DEFINITION 6.5. Let (A, da, 1) be a strict differential graded algebra and (Py,dp, i) a strict
left A,-module and A, C P, as A,-modules. A path module over the pair (A, Py) is given by

e a complex (&, dg);
e a subcomplex F, C &,;
e a collection of maps

mi: JT"* ® A§k_2 X P* — gk—2+*,

for k > 2;
such that m§ is a chain map and for N > 3, the following .A..-equation is satisfied:
N-3
(_1)N+1m§'vd+ dm}c"v _ Z (_1)rm.}€v_1(id®r+1 Qu® id®N77‘73)
r=0
N-1
Y O 0102
s=2

as maps Fi ® APV 2 ® P, — En_34. and m{ restricts to maps
Fo@ AP o Fr ot
A path module over (A, Py) is strict if m‘,i =0 for k > 3.

REMARK 6.6. In particular, mi makes F into a right A..-module over A,.

DEFINITION 6.7. Let (€1, F1,m&') and (€2, F2,m¢’) be path modules over (A, P,). A mor-
phism of path modules n: £} — €2, of degree m € Z is given by a chain map n;: £} — £,
and

Me: Fi @ A¢ g P, — 51371+m+*»
for k > 2, that satisfy the A, -equations for N > 1:

N
nnirod+ (DN Aoy =Y (1) Ny (méL, @idV )
s=1
N
+ (DN ST ImEL (ny ok @ 1d®)
k=1
N—-1
+ ) (DN (AT ® p @ id N )
r=1

and restrict to maps
Fr@AT = Fl ik 1t
The identity morphism is given by n; = id and 1 = 0 for k£ > 2.

REMARK 6.8. On F}, the map 1 defines a morphism of A.-modules.
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EXAMPLE 6.9. Let n: B/ C E — M be fibrations with fibre F/ C F and transitive lifting
function ®. The data & = C.(E, E'), F. = C.(F, F') and m§ := ®, defines a strict path module
over (Cy(Q),Ci(Pry—nr))-

A coherent chain homotopy defines a morphism of path modules.

LEMMA 6.10. Fori=1,2,3, let (§1, F:,mE") be path modules over (A, P,). Letn: E} — 572n1+*
and n': €2 — Sf’nQ+* be morphisms of path modules of degree my and mg, respectively. The maps
(n" om)1 :=mniom and

k
(' om == S (=)TDEp o (e @id®H ),

r=1

for k > 2, define a morphism of path modules ' om: E} — £3

i +mats Of degree my +ma.

PROOF. This is a computation analogous to the proof that the above formulas defines compo-
sition for morphisms of A..-modules. |

REMARK 6.11. By Example[6.9] the previous lemma shows that we can compose coherent chain
homotopies.

On this level of algebraic abstraction, we can now invert certain morphisms of path modules.

PROPOSITION 6.12. Fori = 1,2, let (Ei,fi,mii) be path modules over (A, P,). Let n: &} —
5,2n+* be a morphism of path modules of degree m such that 1y is an isomorphism and ny(FL) = F2.
The map ¢: E2 — &L given by ¢ =n~! and

N-1
CN41 1= =1 O (Z (1) Ny o (Cr+1 ® id@N_T)) ’

r=0
for k > 2 is an inverse to n.

PROOF. By our assumptions, this map is well-defined and restricts to a map

It is a computation analogous to Proposition [A.2] to check that (y satisfy the relevant A -equations
and that no ¢ =id and ( onp =id. (]

The next step in finding an inverse to morphisms of path modules such that 7, is a proposition
akin to the homotopy transfer theorem.

PROPOSITION 6.13. For j = 1,2, let F! C & be chain complezes. Let (i,p, h) exhibit E! as
a homotopy retract of £ (see Definition such that their restrictions to F:! exhibit F. as a

homotopy retract of F2. If & is a strict path module over (A, P.), then there exists a path module

structure miz on £2 such that i and p can be extended to morphisms of path modules.

PrROOF. The path module structure and the higher maps are given analogous to Proposition
[A74] The proof is also an analogous computation. (Il

PROPOSITION 6.14. For i = 1,2, let (¢, Fi,m{’) be strict path modules over (A, P.). Let
n: EL — €2 be a morphism of path modules such that 0, is a quasi-isomorphism. If (i€, pS  hE")
exhibits (£¢,dgi) and (Fi,de:) as a homotopy retract of (H.(£'),0) and (H.(F?),0), respectively,
then there exists a morphism of path modules ¢: £2 — E} such that H.(¢1) = H.(n1) ™.

PROOF. By Proposition we can define the composition € as
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H(E) —2y gl Mgz P g2y,

*

This is such that ey = H.(n1) is an isomorphism. By Proposition [6.12} we can invert e and can thus
define ¢ as the composition

—1 -1

€2 P, (62 = H.(eY) — gl
0

This lets us prove the following statement that lets us invert the excision map for field coefficients.

COROLLARY 6.15. Let A be a field. If there exists a coherent chain homotopyn: Cy(Ey, Ej; A) —
Cy(F2, EL; A) for a quasi-isomorphism 1), then there exists a coherent chain homotopy

¢: Cu(Eq, By A) — Cu(Eq, B A)

for a map ¢ where H,(¢) = Hy(n)™L.

PROOF. By |[LV12, Lemma 9.4.4], we can exhibit H,(FE;, E/; A) as a homotopy retract of the
chain complex C,(E;, E!; A) over field coefficients. Then Example|6.9/and Proposition conclude
the proof. O

7. Main theorems

In this section, we prove the main theorems of this article. In Subsection we show that
the map v: C.(M,C.(QM,x0)) — Co(M,C1_pni+((2M,10)?)) from Section 4] indeed models the
Goresky-Hingston coproduct. In Subsection we show that for explicit classes a € H,(AM, M; A),
there exist strict formulas for the Goresky-Hingston coproduct.

The bottle neck for both results is the existence of a ©-equivariant Thom class which exists if
M is parallelizable or if R C A.

7.1. Chain model. In this subsection, we construct a coherent chain homotopy v for the map
v: Co(AM, M; A) — C1_pyi(FA, H; A) such that cov: Co(AM, M; A) — C1_pnis((AM, M)?; A)
computes the Goresky-Hingston coproduct. This gives an explicit chain model for the Goresky-
Hingston coproduct on Morse homology with DG coefficients.

We recall that a coherent chain homotopy 1n: C.(E1) — Chts(E2) is trivial if n, = 0 for all
k> 2.

We use the notation that A is a ring, P = PposmM, HQ =9I x QU I x {xo} and HA =
01 x AUT x M. We consider the following diagram:
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.

C(Q,20; A) @ C.(P) Cy(A, M; A)
J{([x)@id (1) J{Ix
Cri(I x Q,HQ; A) ® C.(P) = Cri(I x A, HA; A)

| @ |

Crpa(I X QHQU e, (VE); A) @ Cu(P) —=— Crpa(I x A, HAU e (VE); A)
|= B) |=
Cra(ey  (Usy) HQU € (VE)): A) @ Cu(P) =2 Crpalex (Ua) HAU ex (VE): A)
L—;;no N®id (14) leZTAﬂ
Clonte (€7 (Usy), HO; A) © CL(P) = Cronsler (Us,), HA; A)

lR*@)id (1) lR*

Clongn (FQUHQ A) @ C.(P) Clonix(FA HA; A)
J{C@id @ J{c

Cront (2, 20)% A) @ C.(P) 2 Cronts (A, M) A).

(1) This square commutes strictly thus the trivial coherent chain homotopy does the trick.

(2) This square commutes strictly thus the trivial coherent chain homotopy does the trick.

(3) A coherent chain homotopy exists for this square because if A is a field: by Corollary we
can invert the trivial coherent chain homotopy for the inclusion

Colex (Un), HU e H(VE); A) S Cu(I x A, HU e L(VE); A).

(4) This square commutes if there exists a ©-equivariant Thom class (Proposition .

(5) This square commutes at the level of topological spaces by Lemma and thus the trivial
coherent chain homotopy does the trick.

(6) This square commutes strictly thus the trivial coherent chain homotopy does the trick.

The two squares that impose certain conditions are and .
It remains to prove that the cap product is PM-equivariant. We recall some notation:

0 Usy X SOEmb(Usy, Un) — Ua,
(z,0) = (x)
By Property (i), we have a map
O: PuysntM — SOEmb(Uyy, Un) € Eb(Us,, Un),
A= Oy, -

PROPOSITION 7.1. Let A be a ring. Let Ta € C™(Ua, VK3 A) be a O-equivariant Thom class.
The cap product ef7,,N s PM -equivariant, that is, it holds

€iTao N (Pu(a x N)) = Du((€f T, N ) X A) € Cpaley ' (Us, ), Hs A)
fora®@\ e Cule; {(Us,), HU ey H(20)¢ A) @ Cu(Prysn M).
PROOF. This proof follows from an analogous computation as in the proof of Proposition[d.6] O

We can now compose the coherent chain homotopies of the above squares by Remark
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COROLLARY 7.2. The composition of the coherent chain homotopies of the above squares —@

define a coherent chain homotopy
v: Co(AM,M; A) = C_pys(FA,HA; A)

for a map v: C.(AM, M) — C1_pyo(FA,HA) such that cov: C.(AM, M) — C1_py.((AM, M)?)
computes the Goresky-Hingston coproduct.

THEOREM 7.3. Let A be a field. Let (M,xo) be a smooth, pointed manifold of dimension n. If
M is parallelizable or R C A, there exists a morphism of As-modules

v: C*(QM, Zo; A) — len+*((QM, $0)2; A)

such that vy computes the Goresky-Hingston coproduct on QM and the following diagram commutes

H.(M,C,(QM, x¢; A)) ————— H,(AM, M; A)
H. (M, A,Cy g2 (QM, 20; A)?) —— Hy_pyu(FA, H; A
lA* lc*
H*(M X Ma lenJr*((QMv ZEO;A)Q) L) H17n+*((AMaM;A)2)'

Proor. By Proposition for the case where M is parallelizable and by Proposition for
the case where R C A, there exists a transitive isotopy extension © and a ©-equivariant Thom
class 7a € C™(Ua,V£; A). The statement then follows from Corollary and the fact that the
coherent chain homotopy defined in Corollary restricts to the morphism of A.,-module defined

in . |

7.2. Strict formula. We show that for “enough” chains a ® x € C.(M;C.(Q2M,x0)) the
Goresky-Hingston coproduct is computed as V(a) ® x where V is a chain model for the Goresky-
Hingston coproduct on C, (XM, xp). This gives a strict formula to compute the Goresky-Hingston
coproduct on the free loop space AM.

The construction in the previous subsection does not provide such a strict formula because the
inversion of the excision map is not strictly QM-equivariant. In this subsection, we restrict our
operation to small simplices where the excision map is an isomorphism and thus can be inverted
equivariantly.

7.2.1. Slow loops.

DEFINITION 7.4. For k > 0, the k-slow loops are given by

QM == {y € QM | if e;(t, ) € Vi, then V&' € I with [t — '] < £ dar(e(t', ), z0) < 3

Intuitively speaking, QM contains all loops v that move slowly enough around times ¢ where
et(t,7) is close to xy.

REMARK 7.5. We note that

U QM,, = QM.

keN
Indeed by uniform continuity, for any loop v € QM, there exists a k such that [t — /| < + implies
dar(es(t,y), e (t’,y)) < §. This in turn implies v € QM.

PROPOSITION 7.6. Let M be a manifold with a transitive isotopy extension ©: PM — Diff (M).
The QM -action induced by the transitive isotopy extension sends QQMy, to itself for all k.
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PrOOF. We fix k € N, A € QM and v € QM. We check that O(X)(7y) is also in QM}. For any
t € I, we have dar(ei(t,7),z0) = 5 or dar(es(t, ), er(t',7)) < £ for all ¢/ with [t —¢/| < 4.

We first assume that das(e:(t,7),0) > 5. If es(t,y) ¢ Uy,, then so is
er(t, 2(7, A) = ex(t, O(N)(7)) = ©(N)(ex(t, 7))
In particular, we have das(e¢(t, ®(7,A)), o) > . If e4(t, ) € Uy, holds, then Lemma [3.5 (d) shows
that
dM(et(ta (I)(’% )‘))7 l'()) = dM(et(t7’Y)7 .’L'()) 2 %

We now assume that das(e;(t,7), zo) < . This implies that dar (o, e;(t',7)) < 3 for all ¢’ with
[t —¢| < % In particular, we have e;(t',v) € Uy,. Lemma implies that the distance to zq is
preserved by ®(—, ). We thus have by Lemma (]ED

dM(et(t/7 (I)(’Yv )‘))7 xO) = dM((I)(et(t/’ 7)7 )‘)7 xO) = dM((I)(dM(et(tla 7), 1’0) < %TE
which is what we wanted to show. O
NoOTATION 7.7. For k > 1, we denote Ll as the covering of QQM}, consisting of all U C QM
satisfying the condition that if v,5 € U and ¢ € I is such that das(ei(t, ), z0) < i—a then it holds
et(t,5) € Ug;o.
We denote C¥**(QMj,) for the subcomplex of all small simplices o: I* — QM), that has its image
contained in one U € L.

LEMMA 7.8. The inclusion C2(QM;,) C C.(Q2My) is a quasi-isomorphism.

Proor. This is a standard argument using barycentric subdivision (see for example [Hat02,
Proposition 2.21]). We only need to check that the interiors of U € 4 cover QM. This is true
because for any v € QM. the following open neighbourhood

sup (1 5(4) < £

tel
is in $lg. O

LEMMA 7.9. Let M be a manifold with a transitive isotopy extension ©: PM — Diff (M). For
any o € CH(QMy,) and X € C.(QM), it holds ®. (o x \) € C¥*(QMy,).

PrOOF. We fix o: (I' — QM) € C*(QMy) and (\: I — QM) € C.(QM). It suffices to
check that if £ € I and v € I? and v € I7 are such that

(46) dar(ex(t, @(o(u), A(v))), o) < 5
then

{(5 € QM,,

e(t, @(o(u'), A(v))) € Us,
for all v/ € I* and v’ € I7.
By and Lemma (]ED, we have that
O(A(v))(ee(t, o(u))) = er(t, D(o(u), AM(v))) € Ug-
By Lemma, , ®(—, A(v)) preserves the distance to z¢ for points in Uy,. This implies that

(47) du(ec(t, o(u)), z0) < 2.
By the fact that o is contained in a U € iy, it follows for all v’ € I* that
(48) ec(t,o(u')) € Uy,.

By Lemma (d), we thus have e,(t, ®(o(u'), A(v))) € Uy, which is what we wanted to show. [
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COROLLARY 7.10. Let M be a manifold with a transitive isotopy extension ©: PM — Diff (M).

The Morse homology with coefficients in C2x(QMy,x0) is well-defined. Moreover, the inclusion
C.(M,C% (QMy,, 20)) C Cu(M,Ci(QM, z0)) is a map of complexes.

PrOOF. By Lemma the differential on C, (M, C2* (QMj, z0)) is well-defined. The inclusion
Co(M, C¥ (QMy, z0)) C C\(M,C.(QM,0)) is a map of complexes because the differential is given
by the same transitive lifting function. O

7.2.2. Small intervals.
NOTATION 7.11. We denote $f the covering of I x QM by ey (U, ) and e (V). The associated

Zo

chain complex with small simplices is denoted by C*(I x AM) = C’*(exl(V;O)) + Cu(ex  (Usy)).

The relevant excision map is given by the observing that the inclusion C¥*(I x QM) — C. (I x
QM) is a quasi-isomorphism and the fact that C¥*(I x QM)/(C.(dI x AI x M U ey (VZ))) =
Ciu(e N (Usy),0I x AI x M Uey (VE)).

NOTATION 7.12. For k > 1, we denote I*) € Cy(I,0I) the chain given by

k
[ 1 z+1]
§ : k417 k1l
i=0
where [ kfrl, ,’cfl] is considered as a 1-chain via the unique linear, orientation-preserving homeomor-
phism [ — [, 1],

k+17 k+1

We note that I(*) represents the fundamental class in H; (I, 01).
The relevance of this representative is that 1(*) x sends C* (QMj},) to C*(I x QM,dI x QM).

LEMMA 7.13. For any o € C¥*(QMy,), it holds that I*) x o is in C*(I x QM).

PrOOF. We fix a simplex o € C*+(AM<¢¥). To show the statement it suffices to check that
(i, H ) x o is in ey (Uy,) or ey (V) for all 0 < i < k.

R+l k1 W o
We assume that [, ,Zfill} x o is not in e, (V). We thus need to show that (51 }iill] X o is
contained in e~!(U,,). By assumption, there exists a t € [k%_l, ,%_11] and a -y the image of ¢ such

that ex(t,7) € Va. We want to show that for all ¢ € [kil, ,Zcill] and 4 in the image of o, it holds
et(t/,é) S Uw0~

We thus fix t' € [kiv ,Z:rll] and ¢ in the image of 0. By assumption, we have |t — /| < +. By

the definition of QMy, we thus have that
du (o, er(t', 7)) < 2.
Because o is a small simplex, both v and § are in the same U € ;. We thus find:
er(t',0) € Uy,

which is what we wanted to show. O

We are now in a position to prove an explicit formula.

THEOREM 7.14. Let A be a ring. Let (M,xqg) be a smooth, pointed manifold of dimension n.
Assume that M is parallelizable or R C A. For any k > 0, there exists a chain-level model of the
based Goresky-Hingston coproduct Vi : C3* (QMy, z0; A) — C1—_pis ((QM, 20)%; A) such that

Co(M,C* (UM}, 20); A) — Co( M, C1 i (UM, 20)?); A),
a®x— V(o) @z
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computes the Goresky-Hingston coproduct.
Moreover, for any homology class in (o] € H.(AM, M; A), there exists a k such that [o] can be
represented by a cycle in C. (M, C¥*(QMy,, x0); A).

PROOF. By assumption, there exists a O-equivariant Thom class 7o € C™(Ua,VE; A). For
convenience, we drop A from the notation throughout the proof.
We define Vj, as the composition

CUE (Mg, 20) 5 O (1 x QM, HQ)
— CYL (I x QM HQ) /Cule; ' (Vi)

(*) _ —1/1rc
= Cl+*(6t 1(U9€0)7HQ Uey 1(V$o))

O (e (Uny) H)
B O (FQLH)
3) Ol—n+* ((Q, ,120)2).

By Lemma [7.13] the first map is well-defined. Moreover, all maps in the composition are QM-
equivariant. Indeed, the previous discussion shows that all maps except the excision map (*) are
QM-equivariant. The excision map in this case is an isomorphism that identifies the two chain
complexes. As its inverse is an inclusion and thus QM-equivariant, the excision map (x) is also
QM-equivariant.

This shows that the formula

C*(Ma Cilk (QMka l‘o)) — Oy (Mv Cl—n+*((QMa xo)z))v
a®r— Vi(la) @z

indeed defines a map of chain complexes.
We now want to show that this formula computes the Goresky-Hingston coproduct, that is, we
want to show that the following diagram commutes

H,(M,C*% (QMy, x0)) —— H,(M,C, (M, 0)) ————— H,(AM, M)

lv L ®id J{VA

Ho (M, Crons(QM, 20)?)) —— Hi(M, Crons (M, 70)%)) —— Hinii(AM, M)?)

By Corollary [7.10} the first horizontal map is indeed well-defined.

Both Goresky-Hingston coproducts are given by analogous compositions. We only need to show
that the excision map on the left hand side actually models the excision map on the right hand
side. The excision map is given on the chain-level by inverting an inclusion which goes in the wrong
direction. However in homology, the excision map is invertible thus the fact, that the “wrong-way”
diagram

H, (M, CHI x QM,HQ)/Ci(e; ' (VE))) —— Ho(I x AM,HAUey (VX))

1 1

Ho (M, Cu(ey ' (Usy) HQU (Vi) — Hiley (Ua), HAU ;' (VX))

commutes, shows that the “right-way” diagram commutes.
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Finally, we want to show that any homology class in H,(AM, M) can be represented by a cycle
in O, (M, C* (QMy, z0)) for some k. Any homology class in H,(AM, M) can be represented by a
cycle Y° o, @ x € C (M, C(QM,x0)) by the relative version of the Fibration Theorem (Corollary

2.9).
By Remark any o € C.(QM) is contained in C,(Q2M}) for a k = k(a) large enough. We
thus can pick k such that all a, are in C,(Q2M},). We therefore find

> . @z € Cu(M, C(QMy, 30)).

Finally, we note that C,(M,CH (QMy, z0)) ~ Ci(M, C(QMy,z0)). This can be seen for example
by observing that the map on the second page of the associated Leray-Serre spectral sequence

H, (M, H,(C* (QMy, 20))) — Ho (M, H,(QMy, x0))

is an isomorphism by Lemma We can thus represent ). o, ® by some ) o, @ x €
C.(M, C*+(QMj, z0)) which is what we wanted to show. O

EXAMPLE 7.15. We consider the example M = L(p,q) for a 3-dimensional lens space. By
Stiefel’s parallelizability theorem for orientable 3-manifold [Sti35], L(p, q) is parallelizable. We can
therefore apply our theorem for A = Z.

We can pick a Morse function on L(p, q) that has four critical points x, ..., xs such that x; has
index x;. Any class in H.(AL(p,q), L(p,q)) can be represented by a chain

3
Zai ® Ty S C*(L(pa q)7 ka (QL(pa Q)k; Z‘O))
=0

for some k and the coproduct is computed as

3
> Vilai) @ 2 € Cu(L(p, q), Cront«(QL(p, @), 0)%)) = C1 g+ (FAL(D, q))-
i=0
Computing Vi («;) is often achievable for explicit chains by our work in [Cli25b]. The difficulty
comes in finding the explicit chains «;. This is work in progress.

Appendix
A. Inverting quasi-isomorphisms of A..-Modules

In this section, we prove that, for an co-quasi-isomorphism of A.-modules f: M, — N, we
can find a morphism g: NV, — M, where g; is an inverse to f; on homology. This is a well-
known result for A-algebras (see |Lef03] and [LV12, Theorem 10.4.4] for algebras over any Koszul
operad). However, the statement for A.-modules, while known to experts, does not have a proof
in the literature to our knowledge.

DEFINITION A.l. Let (As,d) be a (strict) differential graded algebra. A morphism of A-
modules f: M, — N, given by fi: M, ® A®*=1 — N,_1,, is an oco-isomorphism if f, is an
isomorphism and an co-quasi-isomorphism if fi is a quasi-isomorphism.

The goal of this section is to find for an co-quasi-isomorphism f: M, — N, amap g: N, — M,
such that H,(g1) is an inverse to H,(f;). Our strategy is a classical strategy of A,,-morphisms as
for example in [LV12, Theorem 10.4.4]:

(1) invert oo-isomorphisms;
(2) prove a version of the Homotopy Transfer Theorem for A..-modules.
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A.1. Inverting co-isomorphisms.
PROPOSITION A.2. Let (A, d) be a (strict) differential graded algebra. Let f: M, — N be an
oco-isomorphism of A-modules given by
fr: M, @ A®FL S N,

The map g: N, — M, given by g1 = fl_1 and for k > 2:

N-1
gny1=—fr o <Z (=)™ N0 (9r+1 ® id®NT)>

r=0
defines an inverse to f. In other words, it holds go f =idpy, and fog =idy,.

PROOF. We have to check that the above formulas deﬁne a morphism of A.,-modules and that
gof =idum, and fog = idy, holds. We denote mi ! and mk for the As.-module structure on M,
and N, respectively.

We first check that go f =idy, and f o g = idar,. We recall that composition on morphisms
of As-modules is defined via

N
(Mo Q)nt1 = Z PN (Cv g ©1d®).

Wehaveglofl:idandfloglzldandforN21
N-1

(.f Og)N+1 f1 O gN+1 t+ Z r(N r)fN r41 O (ngrl ® 1d®N r) -0
r=0

by construction. To show that (g o f)n4+1 = 0, we define for kq, ...,k > 1:

Phyvoky = 1 it (F7 fran @1d25) L (f fr @ 1@ HRmn ) (£t g g @Rt
as in Figure 20]

FIGURE 26. The map @i, ...

We then find, by induction on N, the formula

gN+1 = Z (-t ziciMhig g
ki+-+ki=N
N
= Z(—l)kl(N—kl) Z (—1)l+zi<j<l kikj(?kl,...,kl
k=1 kit t+ki—1=N—k

N
= <Z(_1)kl(N_kl)gNkl+1(fkl+1 ®id®N_k’)> (fit ®id®N).

k=1
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From this, it follows that (g o f)n+1 = 0.
We now check the A.-equation which reads for N > 0 as:

N
dgn+1 ==Y (DN "m (gn -1 ©1d°T)

r=1

(49) + Z YN gy (i, @1d®N )

_|_

/—\

1) gn41d
-1
(=1)"gn (id®" @ p @ id®N 7177,

=

+
)l

s

We prove it by induction on N. For N = 0, the statement is that g; = f; ! is a chain map. This is
true because fi is a chain map.
Because f is a morphism of A,,-modules, we find:

(=i DN ki1 =— m% k1

+ Z T(N k= T)fl r+1(fN7kfr+1 & id®r)
r=1

N—k—1
_ (_I)T(N—k—r+l)f1—1fr+l (m’JQfA—k—r—i-l ® id®r)

ﬁ
I

1
DNF T N jgad

- (=
N—k—1
— Y (D vk (id®T @ p@id®N TR
r=1
and thus
(50)
N-1
dgn+1 > (D)FNRmt L (ge @ 1dONTF)

k=0
N-1 N—k

+ 3 ()TN () N N (P ke @177 (g @ 1dFNT)
k=0 r=1
N-1 N—k—1

= > (=R (=)D A (g @477 (g ©1dPNTF)
k=0 r=1
N-1

_ (_1)(k+1)(N_k)f171fN7k:+l (d9k+1 ® id®N7k)
k=0

N-1
+ (=Y Z (=D ) g (g @ A2V ) (1d®M @ d)
k=0

N-1

+ > ()TN (d®T @ p@id®N )
r=k+1
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The second term can be rewritten as
N

D) N (F o @)y ®1d%T) = i,
r=1

because f o g =id.
The third and fourth term in evaluate to
k

N—1
— Z(—l)(k“)(ka)fflfN—kH ((Z(—l)(kr)rmﬁﬂgk—rﬂ ®id®k) 4 dgk+1> ®id®N—k> .
k=0

r=1
We can apply the induction hypothesis and find:

K
- Z DN =R) p=l ey ((Z(—l)(k M (Gh—pr1 ©1d® )+d9k+1> ®id®N_k>

r=1
N-1
= ()N (f 0 g)N—r41 — frgN—r+1) © (mjrvﬂ 0id®N ")
r=1
N-1
"N RN=R) (_ £o1) iy st (gor ® 12N %) (d @ 1d®VF)
k:O
N—k—1
+ ) ()N (d® @ p@id®N T,
r=1

Plugging this into , we find:
N-1

dgn1 ==Y (D" P (g @12V
k=0

+ Z DNWN=gy i10 (mﬁ_1 01d®N™")

N-1
W MR (— ) vk (grr ®@1d2V ) (d @ id®V % +id®M @ d)
k:O
N—k-1 N—1
+ Z gN d®r ®,u®ld®N r— 1) + Z (_l)rgN(id(X)r ®/J®id®N_T_1)
r=k+1
which simplifies to (49). O

A.2. Homotopy transfer theorem for A.,-modules. In this subsection, we prove that we
can transport a (right) module structure along a homotopy retract to an A.-module structure.

DEFINITION A.3. The data (4,p, h) as in
P
exhibits (N, dnr) as a homotopy retract of (M,,da) if i and p are chain maps, i is a quasi-
isomorphism and daih + hdag = idag — ip.

PROPOSITION A.4 (Homotopy Transfer Theorem for As.-modules). Let (i, p, h) exhibit (N, dy)
as a homotopy retract of (Mu,dpnm). Let (Ax,da,pa) be a (strict) differential graded algebra such
that pag: My ® Ay — M, exhibits M. as a right A.-module.



The maps mq = dpr, mo =po up(i ®id) and

k—2
k(k—1)

——
mi = (=1)"7 pupm(hpm(.. - (hupm(i®id) @id) ®@ ...) @ id),

for k > 2, define a Aso-module structure on N..
Moreover, the maps p: M, — N, and i: N, — M, given by p1 :=p, i1 =1
k—1
(k—1)(k—2) —_—— . .
pe= (=1 purmlhpm(... (hppm(h®id) ®id) ® ...) @ id),
k—1

k(k—1)

ir=(=1)"7 humhpum(...(hpm(i®id) ®@id) ® ...) ® id),

for k > 2, define morphisms of As-modules.

Ficure 27. The map
mi.

PROOF. We need to check the A, .-equation for my, which reads as:

N-—-2
dmy + (-1)Nrmyd + Z ()N (my—y @ 1d®)
t=1
N-—-2
+ 3 (=1)'my_1(id®" @ p @ id®N %) = 0.

r=1

Using that dh = idaq — ip — hd, we compute as in Figure [30]

e (hpian (.. dhpipa(. .. (hpp(i ®id) @ id) - -~ ©id) - - ® id) ® id)
= pat(hipn (oo pipa (o (hppm (i ®id) ®id) - - @ id) - -~ ® id) ® id)
—ppipm (b (- cippp (e (hppm (i ®@id) @1d) - - ®id) - - - ® id) ® id)
— pip (Ppeaqa (- hdppa (- (hpeam (G ®1d) ®1d) -+ - ®@1d) - - - @ 1d) @ id).
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FIGURE 28. The map iy. FI1GURE 29. The map py.
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FicURE 30. Putting a dh on an edge in the tree gives the same tree with idys —
ip — hd at the edge.

It therefore follows that

N(N-1)

(1) dmy = dpp(hpp(. . . (b (i ®1d) ®id) - - © id) ® id)
= ppr(dhpp(. .. (R (i ®id) @id) - - @ id) ® id)
+ (=D pppa(hp (.- (hpa (i ©1d) @1d) - - @ id) ® d)
= ppm(pm( - (hum (i @id) @id) - - - @ id) @ id)
— pum (ippm (.. (hppm(i®id) ®id) - - - ®id) ® id)
— (i (. . . (b (i ®id) @id) - - @ id) ® id)

N(N-1)

—(=1)" 7 (=DN T 'my (id®Y ® d)
(N—1)(N—-2)
= (—1 2 mN*l(

- (—1)wm2(m1\771 & ld)
— pim(hdppa(. .. (hpm (i ®@1d) ®1d) -+ @ id) ® id)
+ (D" Zpppa (hpa (- . (hpupm (i ®id) @ id) - - - ®@ id) ® d)

d*N 72 @ )

=—(-1)" = (—=1)"mn—1(d®" @ pp ®@id®N2)

_ (_1) 3 (_1)(N_t)tmt+1(mN—t ®id®t)

(—1)N+1mNd.
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This shows that mj, defines a Aqo-structure on N.
Analogous computations show that the above formulas for p; and i define morphism of A..-
modules. 0

PROPOSITION A.5. Let (A.,da) be a (strict) differential graded algebra. Let (M.,dnm) and
(Ni, dnr) be strict right A.-modules with an oco-quasi-isomorphism f: My — N..

If (M, pM M) and (N, pN BN) exhibit (M., dap) and (Ny,dy) as a homotopy retract of
(H.(M),0) and (H.(N),0), respectively, then there exists an oo-quasi-isomorphism g: N, — M,
such that H.(g1) = H.(f1)7 L.

PROOF. By Proposition [A4] we can define the following composition of morphisms of A..-
modules as j3:

H(M) =25 My s N2 1w,

This morphism is such that j; = H,(f1) is an isomorphism. Therefore, we can invert it by Proposi-
tion [A2] We now define g as the composition
pV it iM
N, — H.(N) — H, (M) — M.,.
|

COROLLARY A.6. Let (Ay,da) be a (strict) differential graded algebra over a field. Let (M, d )
and (N, dy) be strict right A.-modules with an oco-quasi-isomorphism f: M, — N,.
There exists an oo-quasi-isomorphism g: N, — M, such that H,(g1) = H.(f1)~ .

PROOF. By |LV12, Lemma 9.4.4] any complex over a field admits its homology as a homotopy
retract. Together with Proposition [A75] this shows the corollary. O
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