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Thesis statement

This thesis is based on the following manuscripts:
Part I is based on an article that has been published in The Quarterly Journal of Mathematics

76.4 (2025), pp. 1105–1157.
Part II has appeared in this form on the preprint server arXiv under arXiv:2510.23812.
Part III is based on a manuscript for which an earlier version has appeared on the preprint

server arXiv under arXiv:2510.23813.

Summary

This thesis is a synopsis consisting of three articles that study different aspects of string topology
– an area of research intersecting geometry and topology. The first article studies graded Frobenius
algebras. They are an algebraic structure that appears in, but not only in, string topology. We give
an algebraic gadget, a PROP, that encodes and explains this algebraic structure.

The second article studies the string topology coproduct on the subspace of based loop. We
prove that the coproduct is better behaved on this subspace. We use this understanding to give
explicit computations for certain manifolds.

The third and final article of this synopsis studies the string topology coproduct via Morse
homology with differential graded coefficients. Using this Morse theoretic framework, we reconstruct
the coproduct on the free loop space from the coproduct on the based loop space.

Sammenfatning

Denne afhandling er en synpose best̊aende af tre artikler, der undersøger forskellige aspekter
af strengtopologi – et forskningsomr̊ade, som krydser geometri og topologi. Den første artikel un-
dersøger graderede Frobenius-algebraer. Disse udgør en algebraisk struktur, der forekommer i, men
ikke udelukkende i, strengtopologi. Vi præsenterer et algebraisk redskab, et PROP, der kodificerer
og forklarer denne algebraiske struktur.

Den anden artikel undersøger strengtopologiens koprodukt p̊a det baserede løkkerum. Vi beviser,
at koproduktet opfører sig bedre p̊a underrummet af baserede løkker. Vi bruger denne indsigt til at
give eksplicitte beregninger for visse mangfoldigheder.

Den tredje og sidste artikel i denne synopse undersøger strengtopologiens koprodukt via Morse-
homologi med differentielt graderede koefficienter. Ved hjælp af denne Morse-teoretiske ramme
rekonstruerer vi koproduktet p̊a det frie løkkerum ud fra koproduktet p̊a det baserede løkkerum.
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Introduction



This thesis consists of three parts that provide different perspectives on string topology: an
operadic perspective in Part I, a perspective via the based loop space in Part II and a perspective
via Morse theory in Part III.

String topology was introduced by Chas and Sullivan in 1999 [CS99] as the study of certain
operations on the space of loops on a manifold – the free loop space. Despite the seemingly simple
geometric description in terms of cutting up and gluing together loops (see the cover image), it has
proven difficult to give an explicit description of the operations for most manifolds. This is especially
true for the Goresky-Hingston coproduct which is a key operation in string topology and constitutes
the main object of interest for Parts II and III.

The three articles making up the three parts of this thesis give tools to deepen our understanding
of these operations. Furthermore, they provide methods and results that we hope are of interest
beyond the context of string topology.

The first article takes an operadic approach to string topology. The operations in string topology
do in general not preserve homological degree. This can lead to surprising signs when studying the
relations that these operations satisfy. In Part I, we give an explanation for these signs by encoding
the operations of a graded Frobenius algebras in an algebraic gadget called a PROP. We obtain the
signs and relations that the operation of graded Frobenius algebra satisfy via a graphical calculus
as in Figure 1.

Figure 1. A graphical calculus of this form encodes the associativity of graded
Frobenius algebras.

Graded Frobenius algebras are a structure that the string topology product and coproduct have
in some settings. This algebraic structure also appears in other areas than string topology. Notably,
graded Frobenius algebras also describe certain 2-dimensional topological quantum field theories.

In the second article, we focus our attention on the based loop space. We show that the Goresky-
Hingston coproduct on the based loop space is much nicer behaved than its bigger brother on the
free loop space. The fact that we only allow for one fixed start and end point of our loops means that
to understand the behaviour around a self-intersection you only need to understand what happens
in an n-dimensional ball (see Figure 2). This is the simplest possible setting when working with
n-dimensional spaces. This simpler geometry allows us to prove invariance formulas for the based
coproduct that fail for the free loop space. We use these simpler invariance formulas to give concrete
computations of the coproduct on the based loop space.
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Figure 2. A family of loops that contain a loop with one self-intersection.

In the last article, we rebuild the coproduct on the free loop space from the coproduct on
the based loop space. We do this in the formalism of Morse homology with differential graded
coefficients. This formalism shows that given a Morse function on our manifold, we can understand
a class of loops in the free loop space as a sum of classes of based loops. These classes of based loops
are based at the critical points of the Morse functions. We show that under certain assumptions on
the manifold or coefficients, we can compute the coproduct on the free loop space via the coproduct
of the based loops (see Figure 3).

Figure 3. The loop at the top represents a family of loops. The coproduct of this
family is computed by cutting it up and flowing it down to the loops at the bottom.

The hope for future work is that we can combine Parts II and III: Part II shows that the
coproduct on the based loop space is computable and Part III shows that the coproduct on the free
loop space can be glued together from the coproduct on the based loop space. It thus seems doable
to transport insights and computations from the based loop space to the free loop space. At the
moment, this remains work in progress. The bottleneck has moved from understanding the string
topology of a manifold to understanding its Morse theory.



Part I

Graded Frobenius algebras



Abstract. We construct a PROP which encodes 2D-TQFTs with
a grading. This defines a graded Frobenius algebra as algebras over
this PROP. We also give a description of graded Frobenius algebras
in terms of maps and relations. This structure naturally arises as the
cohomology of manifolds, loop homology and Hochschild homology of
Frobenius algebras. In addition, we give a comprehensive description of
the signs that arise in suspending algebras over PROPs.
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1. Introduction

The goal of this paper is to clarify what is meant by a graded Frobenius algebra. To this end,
we introduce a PROP that describes a Frobenius algebra with multiplication in a fixed degree c and
comultiplication of a fixed degree d.

There is a need for such a definition, because the straight-forward attempt of considering Frobe-
nius algebras in graded abelian groups runs into problems. Defining a Frobenius algebra in graded
abelian groups is unproblematic if all maps are degree-preserving, i.e., they are maps in degree 0.
But this attempt fails to describe some non-trivial examples if maps of different degrees are consid-
ered: for example, we consider a graded abelian group A with a unital multiplication µ : A⊗A→ A
and a counital comultiplication ν : A→ A⊗A on it satisfying the usual Frobenius relation

(µ⊗ id) ◦ (id⊗ ν) = ν ◦ µ = (id⊗ µ) ◦ (ν ⊗ id).(1)

We now assume that µ and ν are of some degree |µ| = c and |ν| = d. If c + d is odd and we work
over a field where 1 ̸= −1, the only example that is described is the trivial algebra A = 0. We prove
this in Proposition 3.7.

Another attempt to describe examples of Frobenius algebras with maps in non-zero degree is
to suspend a Frobenius algebra. Suppose A is a Frobenius algebra in graded abelian groups with
multiplication µ and ν in degree 0. Suspending A gives an algebra ΣA with a multiplication Σµ in
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degree −1 and a comultiplication Σν in degree 1. Suspension and desuspension of algebras therefore
leaves the sum of the degree of the multiplication and the degree of the comultiplication invariant.
Thus an example of A with a multiplication µ in degree 0 and a comultiplication in degree d ̸= 0
cannot be described as the suspension of an algebra with only operations in degree 0.
Moreover, the canonical map

Σ: Hom(A⊗k, A⊗l)→ Hom((ΣA)⊗k, (ΣA)⊗l)(2)

is only functorial and symmetric monoidal up to sign. We compute these signs in Lemma 5.10.
These signs also illustrate why Frobenius algebras in graded abelian groups are not the natural
concept to consider. For example if µ and ν satisfy the Frobenius relation as in (1), the signs in the
functoriality and monoidality of Σ in (2) induce the following sign in the Frobenius relation:

(Σµ⊗ id) ◦ (id⊗ Σν) = (−1)Σν ◦ Σµ = (id⊗ Σµ) ◦ (Σν ⊗ id).

Therefore, the natural concept of graded Frobenius algebras will have signs appearing in the relations.

1.1. The graded Frobenius PROP. In this paper, we give a definition of graded Frobenius
algebras with a multiplication µ in degree c and a comultiplication ν in degree d for any choice
c, d ∈ Z (see Definition 4.4). This definition solves the two problems described above: we can
describe non-trivial examples for any choice of c, d ∈ Z and the signs that appear in this definition
are stable under suspending algebras. We make this second claim precise when we discuss the
relations in subsection 1.3.
We describe a category of graph cobordisms in Definition 2.12. This lets us model every cobordism
by an equivalence class of graphs.
For a graph G representing a cobordism, we consider a twisting by the determinant det(G, ∂in) of
the homology relative to the incoming boundary. The determinant det(G, ∂in) is a graded rank one
free abelian group concentrated in degree −χ(G, ∂in), the negative Euler characteristic. Analogously,
we consider det(G, ∂out).
This lets us define the categories of graded graph cobordism GCobc,d, fat graph cobordisms fGCobc,d
and planar graph cobordisms pGCobc,d in Definition 4.3. These categories have morphisms given
by elements in the following graded abelian groups

detc,d(G) := det(G, ∂in)
⊗c ⊗ det(G, ∂out)

⊗d.

In these categories, there is a morphism ∗ ⊔ ∗ → ∗. It models a multiplication of the graded Frobe-
nius algebra ∗. It is given by a generator ω( ) ∈ detc,d( ). Here is the graph with two inputs
to the left, one output to the right and one three-valent vertex in the middle. It has relative Euler
characteristic −χ( , ∂in) = 1 and −χ( , ∂out) = 0. Therefore detc,d( ) is concentrated in degree c
and the multiplication ω( ) is in degree c. Analogously, the comultiplication is given by a generator
ω( ) ∈ detc,d( ) in degree d.
The categories GCobc,d, fGCobc,d and pGCobc,d let us thus attain any combination in degrees c, d.
Moreover, GCobc,d is modelled by graphs and describes (c, d)-graded commutative Frobenius alge-
bras, fGCobc,d has morphisms given by fat graphs and describes (c, d)-graded symmetric Frobenius
algebras and pGCobc,d has morphisms given by planar graphs and describes (c, d)-graded Frobenius
algebras

This twisting was previously described by Godin in [God07] and by Wahl and Westerland in
[WW16]. However, in contrast to Godin who models commutative Frobenius algebras by closed
surfaces, we work with graphs. In particular, twisting a surface S by det(S, ∂in) corresponds to a
twisting by det(G, ∂in) ⊗ det(G, ∂out) where G is a graph modelling the cobordism S. We prove
this relation between the twistings in Proposition 6.4. In particular, working with graphs rather
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than closed surfaces for commutative graded Frobenius algebras allows us to describe examples of
algebras where c+ d is odd.

1.2. Suspending PROPs. Above we observed that suspending an algebra with multiplication
in degree 0 and comultiplication in degree 0 gives an algebra with multiplication in degree −1 and
a comultiplication in degree 1. These shifts in degree hold for any choice in degrees c, d.
This can be seen on the level of PROPs: we define the usual suspension PROP Σ in Definition 4.14.
This PROP has the following universal property: a graded abelian group A has the structure of an
algebra over a PROP P if and only if ΣA has the structure of an algebra over Σ⊗P (see Proposition
4.15). On the other hand, we give natural isomorphisms of PROPs

Σ⊗GCobc,d ∼= GCobc−1,d+1,

Σ⊗ fGCobc,d ∼= fGCobc−1,d+1,

Σ⊗ pGCobc,d
∼= pGCobc−1,d+1

in Proposition 4.17. This, in particular, shows that suspending a (c, d)-graded Frobenius algebra
gives a (c− 1, d+ 1)-graded Frobenius algebra.
This is in contrast to the relation between (c, d)-graded Frobenius algebras and (c + 1, d)-graded
Frobenius algebras. In Remark 4.19, we give a construction that produces a (c + 1, d)-graded
Frobenius algebra from a (c, d)-graded Frobenius algebra. This construction could be called a one-
sided suspension of graded Frobenius algebras as it only affects the degree of the multiplication and
not the coproduct. However in contrast to the usual suspension, this one-sided suspension is not an
equivalence of categories.

1.3. Maps, relations and signs. In the ungraded case, there are several equivalent descrip-
tions of a Frobenius algebra. We contrast two different types of definitions:

(1) Descriptions in terms of maps with relations: an object A together with a selection of
the following maps: a multiplication µ, a unit η, a comultiplication ν and a counit ε that
satisfy certain relations.

(2) Descriptions in terms of PROPs: a 2-dimensional topological quantum field theory (TQFT).
This is a (symmetric) monoidal functor out of a 2-dimensional cobordism category.

There is a myriad of different variants of the two flavours of definitions with optional commutativity,
unitality, counitality. The equivalence between these two types of definitions is described in [Abr96;
LP08; Koc04].
We explained above that we define a (c, d)-graded Frobenius algebra in terms of a PROP. In our main
theorem, we relate our definition to a description in terms of maps and a choice of signs appearing
in the relations:

Main Theorem (Theorem 5.1). Let c, d ∈ Z and let (C,⊗,1, τ) be a (strict) monoidal category
enriched over graded abelian groups and denote Cn(X,Y ) the abelian group of morphisms from X to
Y of degree n.
The data (A,µ, η, ν, ε) where

A ∈ C,
µ ∈ Cc(A⊗A,A), η ∈ C−c(1, A),

ν ∈ Cd(A,A⊗A), ε ∈ C−d(A,1)

a monoidal functor out of pGCobc,d into C uniquely up to isomorphism defines if and only if the
following relations are satisfied:

(i) graded associativity µ ◦ (µ⊗ id) = (−1)cµ ◦ (id⊗ µ);
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(ii) graded unitality (−1)cµ ◦ (η ⊗ id) = (−1)
c(c−1)

2 id = µ ◦ (id⊗ η);
(iii) graded coassociativity (id⊗ ν) ◦ ν = (−1)d(ν ⊗ id) ◦ ν;
(iv) graded counitality (−1)d(id⊗ ε) ◦ ν = (−1)

d(d−1)
2 id = (ε⊗ id) ◦ ν;

(v) graded Frobenius relation (µ⊗ id) ◦ (id⊗ ν) = (−1)cdν ◦ µ = (id⊗ µ) ◦ (ν ⊗ id).

If C is also symmetric, the data (A,µ, η, ν, ε) defines a symmetric monoidal functor out of GCobc,d
into C uniquely up to isomorphism if and only if the maps satisfy (i)-(v) and

(vi) graded commutativity µ ◦ τ = (−1)cµ
and it defines a symmetric monoidal functor out of fGCobc,d into C uniquely up to isomorphism if
and only if the maps satisfy (i)-(v) and

(vi’) graded symmetry ε ◦ µ ◦ τ = (−1)cε ◦ µ.

These signs are not canonical. They depend on choices of generators ω( ) ∈ detc,d( ) and
ω( ) ∈ detc,d( ). We explain in Remark 5.3 our choices. However, no choice can make the signs
disappear.
We remarked above that our signs are stable under suspending algebras. This means that our choices
of signs are such that if (A,µ, η, ν, ε) satisfies the relations of (c, d)-graded Frobenius algebra, then
(ΣA,Σµ,Ση,Σν,Σε) satisfies the relations of a (c−1, d+1)-graded Frobenius algebra. This is proved
in Proposition 5.11.
Our signs almost coincide with the signs found in the definition of a biunital coFrobenius bialgebra
as defined in [CO22b]. We compare this in Remark 5.4.

1.4. Examples. In the literature, graded Frobenius algebras appear with different character-
isations. Some have a more PROP-theoretic description and some have a description in terms of
maps and relations. Our main theorem lets us relate the two types of description. In section 6, we
discuss a selection of the examples found in the literature.
The first example we discuss is the cohomology ring of an oriented manifold M of dimension d (see
Example 6.1). The intersection coproduct defines a degree d comultiplication on cohomology. In
particular, we discuss different sign conventions for the intersection coproduct found in the litera-
ture.
A second example, we discuss, is the Hochschild homology of a graded Frobenius algebra A (see
Example 6.3). Wahl and Westerland give a description of a Frobenius algebra on HH∗(A) twisted
by det(S, ∂in)

⊗d. As discussed above, the twisting by the relative homology of the surface gives a
(d, d)-graded Frobenius algebra.
In a similar vein, we discuss the homology of the loop space with the Chas-Sullivan product and
the trivial coproduct. Godin gives operations which are twisted by det(S, ∂in)

⊗d in [God07]. By
our Proposition 6.4, this corresponds to a twisting by det(G, ∂in)

⊗d⊗det(G, ∂out)
⊗d (see Example

6.5).
Finally, we discuss the relation between the Chas-Sullivan product and the Goresky-Hingston co-
product in Rabinowitz loop homology as in the work by Cieliebak, Hingston and Oancea in [CHO20;
CO22b; CO22a; CHO23; CO24].
We discuss the language of Tate vector spaces as presented in [CO24]. Concretely for A a graded Tate

vector space, we show that the endomorphisms EndA(X,Y ) = Hom(A⊗̂∗
X , A⊗̂!

Y ) have a canonical
dioperad structure in Proposition 6.6.
On the other hand, we define the canonical subdioperad of GCobc,d in Definition 4.21. This diop-
erad has the same operations as the full PROP in the case of a field of characteristic ̸= 2. This is
a consequence of our description of the subdioperad in Proposition 4.22. We can thus describe the
Rabinowitz loop homology as an algebra over the subdioperad in Example 6.8.
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Organisation of the paper. In Section 2, we describe a category of graph cobordisms mod-
elling the category of 2-dimensional cobordisms. In Section 3, we recall the classical relations of
Frobenius algebras and show that they force algebras to be trivial in the odd dimensional graded
case. In Section 4, we construct the categories GCobc,d, fGCobc,d and pGCobc,d and study graded
Frobenius algebras in terms of PROPs. In section 5, we state the main theorem and use it to study
graded Frobenius algebras in terms of maps and relations. In Section 6, we review and relate exam-
ples from the literature of graded Frobenius algebras. In Section 7, we set up machinery that helps
us to prove the main theorem.

Conventions. Throughout this paper, we use the convention that maps act from the left. This
in particular implies that for maps of graded abelian f : A → A′ and g : B → B′ evaluated on
homogeneous elements a ∈ A and b ∈ B, we have the following signs

(f ⊗ g)(a⊗ b) = (−1)|g||a|f(a)⊗ g(b).
Moreover, that the canonical composition map on morphism spaces is order-reversing

Hom(Y,Z)⊗Hom(X,Y )→ Hom(X,Z),

f ⊗ g 7→ f ◦ g.
We define the suspension of a graded abelian A by ΣA. It is defined by (ΣA)i+1 = Ai.
We denote by 1 the unit of the category of graded abelian groups: Z concentrated in degree 0. We
denote the dual of a graded abelian group by A∨ defined as A∨

k := Hom•(A−k,1).
The natural isomorphism from the dual of a tensor product to the product of the duals is order-
reversing, we have

(A⊗B)∨ ∼= B∨ ⊗A∨,

(a⊗ b)∨ 7→ b∨ ⊗ a∨.

This can be seen as b∨⊗a∨ evaluated on a⊗b gives 1. But a∨⊗b∨ evaluated on a⊗b gives (−1)|a||b|.

Acknowledgments. I thank my PhD advisor Nathalie Wahl for suggesting the topic of signs in
Frobenius algebras, many interesting discussions and reading my various drafts. I also like to thank
Jan Steinebrunner for helpful discussions about operads, PROPs and Frobenius algebras. I further
like to thank Kai Cieliebak and Alexandru Oancea for sharing their draft of [CO22b] and their
insights on graded Frobenius algebras and its relation to string topology. Furthermore, I thank Alex
Takeda for explaining the relation of our conventions to pre-Calabi-Yau structures. I would also like
the referee for their insightful comments which helped clarify and extend this article. Finally, I thank
Isaac Moselle and Janine Roshardt for proof-reading and encouraging discussions. I was supported
by the Danish National Research Foundation through the Copenhagen Centre for Geometry and
Topology (DNRF151).

2. Cobordisms and graphs

In this section, we recall the definition of closed, open and planar 2D-cobordism categories.
Moreover, we describe an equivalent category coming from a 2-category of graph cobordism.

2.1. Cobordisms.

Definition 2.1. The category of closed 2D-cobordisms Cobclosed2 has objects

Ob(Cobclosed2 ) :=

{∐
X

S1

∣∣∣∣∣X is a finite set

}
.

A morphism between
∐

X S1 and
∐

Y S
1 is given by an equivalence class of pairs (S, φ) where
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• S is an oriented, compact topological 2-manifold possibly with boundary;
• φ is a homeomorphism

φ :
∐
X

S1 ⊔
∐
Y

S1 → ∂S

and (S, φ) and (S′, φ′) are equivalent if there exists a homeomorphisms ψ : S → S′ such that
ψ ◦ φ = φ′. See Figure 4.

Figure 4. An example of a closed cobordism from S1 ⊔ S1 ⊔ S1 to S1 ⊔ S1. We
use the convention of drawing the incoming boundary to the left and the outgoing
boundary to the right.

Definition 2.2. The category of open 2D-cobordisms Cobopen2 has objects

Ob(Cobopen2 ) =

{∐
X

[0, 1]

∣∣∣∣∣X is a finite set

}
.

A morphism between
∐

X [0, 1] and
∐

Y [0, 1] is given by an equivalence class of pairs (S, φ) where

• S is an oriented, compact topological 2-manifold such that every connected component has
non-empty boundary;

• φ is an embedding

φ :
∐
X

[0, 1] ⊔
∐
Y

[0, 1]→ ∂S.

The equivalence relation is given by (S, φ) ∼ (S′, φ) if there exists a homeomorphisms ψ : S → S′

such that ψ ◦ φ = φ′. We call ∂freeS = ∂S \ im(φ) the free part of the boundary. See Figure 5.

Figure 5. An example of an open cobordism from [0, 1] to ∅. The two surfaces
are homeomorphic as they both have one boundary and Euler characteristic −1.

We fix some orientation on [0, 1]× R.

Definition 2.3. The category of planar 2D-cobordisms Cobplanar2 has objects

Ob(Cobplanar2 ) =

{∐
X

[0, 1]

∣∣∣∣∣X is a finite set with linear ordering

}
.
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A morphism between
∐

X [0, 1] and
∐

Y [0, 1] is given by an open cobordisms

[(S, φ)] ∈ Cobopen2

(∐
X

[0, 1],
∐
Y

[0, 1]

)
such that there exists an oriented embedding ψ : S ↪→ [0, 1]× R satisfying that

• ψ ◦φ|∐
X [0,1] lands in {0}×R and the image of the connected components is ordered (with

respect to the canonical ordering on {0} × R) according to the linear ordering of X;
• ψ ◦ φ|∐

Y [0,1] lands in {1} × R and the image of the connected components is ordered in

{1} × R according to the linear ordering of Y .

See Figure 6.

Figure 6. A planar cobordism between [0, 1] and ∅.

2.2. Graphs. We later give a description of those three categories using graphs. For this, we
introduce what we mean by a graph.

Definition 2.4. A graph G = (V,H, σ, s, Lin, Lout) consists of the following data:

• a finite set V (G) := V called the vertices;
• a finite set H(G) := H called the half-edges;
• an involution σ : H → H with no fixed points, the orbits {h, σh} are called the edges and
we denote the set of orbits Hσ =: E =: E(G);

• a surjective map s : H → V , where for a vertex v ∈ V the cardinality |s−1(v)| is called its
arity ;

• subsets Lin(G) := Lin, Lout(G) := Lout ⊆ V (G) of the set of vertices of arity ≤ 1 such that
Lin ∩ Lout only contains vertices of arity 0.

A fat graph is a graph together with a cyclic ordering of the half-edges in s−1(v) for all v.

We call the vertices in Lin and Lout the external vertices. The other vertices are called the
internal vertices. In our conventions, we allow for internal vertices of arity ≤ 1.

A graph defines a 1-dimensional CW-complex, called the geometric realization, denoted |G|: the
zero-cells are the vertices and the one-cells are the edges. Choosing an orientation on each one-cell
corresponds to an ordering of the two half-edges making up the edge. Then the map s describes
how to glue the edges to the vertices.
We give some additional terminology which is useful, when talking about graphs.

Definition 2.5. Let G be a graph.

• The graph G is connected if |G| is connected.
• The graph G is a forest if π1(|G|) = 1 at every basepoint.
• An edge e = {h, σh} is called a tadpole if s(h) = s(σh).
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Definition 2.6. A morphism of graphs f : G → G′ is a cellular map of the underlying CW-
complexes |G| → |G′| which is on edges either the collapse or the identity and is a bijection on Lin

and Lout.

Remark 2.7. Our definition of morphism of graphs is such that every morphism of graph is
given by a sequence of edge collapses and a graph isomorphism. Importantly, the edges that are
collapsed are not tadpoles and are not adjacent to an external vertex.

Figure 7. A morphism of graphs sends Lin to Lin and Lout to Lout and possibly
collapses edges. Here the graph morphism collapses two edges.

Definition 2.8. A morphism of fat graphs is a morphism of graphs f : G → G′ that can be
written as a sequence of edge collapses of edges

G =: G0 → G/e1 =: G1 → G1/e2 =: G2 → · · · → Gk−1/ek =: Gk

and a graph isomorphism

φ : Gk → G′

such that

• if we have for ei = {hi, σhi} the cyclic orderings (hi a1 . . . am) = (a1 . . . am hi) on s
−1(s(hi))

and (σhi b1 . . . bn) on s
−1(s(σhi)), then the vertex in Gi−1/ei corresponding to ei has cyclic

ordering

(a1 . . . am b1 . . . bn);

• φ commutes with the cyclic ordering.

2.3. Graph cobordisms. We can now construct the 2-categories GCob, fGCob and pGCob.
This gives models for the cobordism categories.

Definition 2.9. The graph cobordism category GCob is a 2-category, i.e. a category enriched
over 1-categories with

Ob(GCob) = {finite sets},
and the morphism categories GCob(X,Y ) are given by the category of graphs G with labellings
Lin(G) ∼= X and Lout(G) ∼= Y and 2-morphisms graph morphisms which respect the labellings.
The fat graph cobordism category is a 2-category fGCob with

Ob(fGCob) = {finite sets},
and the morphism categories fGCob(X,Y ) are given by the analogous category of fat graphs with
labellings and morphisms are fat graph morphisms which respect the labellings.

Example 2.10. Let f : X ∼= Y be an isomorphism of finite sets. We define the graph Gf

V (Gf ) := X, H(Gf ) := ∅, Lin(Gf ) := V (Gf ) =: Lout(Gf ).

This has labellings Lin(G) ∼= X via the identity and Lout(G) ∼= Y via f . Moreover, Gf consists only
of vertices of valence zero and thus has a canonical fat structure.
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These categories are well-defined as the composition along objects is given as follows: let X,Y, Z
be finite. We define the composition as

GCob(Y, Z)×GCob(X,Y )→ GCob(X,Z)

which sends (G′, G) to the graph G′ ◦G := G′ ∪Y G. This is defined as the graph obtained from the
disjoint union of G and G′ where we associate the elements in Lout(G) with Lin(G

′) via the labelling
by Y . In more visual terms, we glue the outgoing legs of G to the incoming legs of G′ (as in Figure 8).

Figure 8. Composition of a graph cobordism between {a, b, c} and {x} and a graph
cobordism between {x} and {y}.

We note that this defines a functor as morphisms in GCob(X,Y ) and GCob(Y,Z) can be glued
together in a similar manner.
The unit idX ∈ GCob(X,X) is given by the graph Gid as defined in Example 2.10.
Analogously, we can define composition maps

fGCob(Y, Z)× fGCob(X,Y )→ fGCob(X,Z)

for fat graphs.
This works as the newly combined vertices coming from Lout(G) ∼= Lin(G

′) have arity ≤ 2 and thus
there is only one cyclic ordering of the half-edges at these vertices. The fat graph structure of G′ ◦G
is thus well-defined.
Moreover, the unit Gid is also a fat graph.

Lemma 2.11. Disjoint unions define a symmetric monoidal structure on GCob and fGCob.

Proof. We note that labellings

Lin(G) ∼= X, Lout(G) ∼= Y, Lin(G
′) ∼= X ′, Lout(G

′) ∼= Y ′

on (fat) graphs G,G′ induce labellings

Lin(G ⊔G′) ∼= X ⊔X ′, Lout(G ⊔G′) ∼= Y ⊔ Y ′.

This defines a coherent symmetric monoidal structure because of the following observation: the
category Fin

∼= of finite sets with bijections is a canonical subcategory of GCob and fGCob via
f 7→ Gf as in Example 2.10.
It is then a direct calculation that the unit, associator and twist map of the symmetric monoidal
structure on Fin

∼= thus also induce unit, associator and twist map on GCob and fGCob. □

In [Chi14][Section 1.3], it is described that the inclusion of 1-categories into 2-categories has a
left adjoint τι given on a 2-category C by

Ob(τι(C)) = Ob(C),
τι(C)(X,Y ) = π0(C(X,Y )).

Definition 2.12. The associated 1-categories are defined by GCob := τι(GCob) and fGCob :=
τι(fGCob).
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An analogous argument to Lemma 2.11 shows that disjoint union induces a symmetric monoidal
structure on GCob and fGCob.

We can now construct equivalences of categories GCob→ Cobclosed2 and fGCob→ Cobopen2 .
A morphism in GCob (or fGCob) is given by an equivalence class [G] of (fat) graphs up to zig-zags
of (fat) graph isomorphisms.
Let G ∈ GCob(X,Y ) be a graph cobordism. We construct the corresponding closed cobordism
Cob(G) as follows.
An internal vertex of arity 0 contributes a copy of S2 in Cob(G). A vertex of arity 0 which is only
incoming or outgoing contributes a copy of D2 in Cob(G) with its boundary labelled by the corre-
sponding element in X or Y . A vertex of arity 0 in Lin ∩Lout contributes a cylinder S1× [0, 1] with
its two boundary components labelled by the corresponding elements in X and Y . For a connected
component of G consisting of more than just one vertex, each edge gives a copy of the cylinder
S1 × [0, 1], each external vertex of arity 1 is labelled by an element in X or Y . This gives a labelled
copy of S1 which we glue to the corresponding cylinder. Finally, we can glue the edges at internal
vertices to copies of S2 \ (⊔s−1(v)D

2) (see Figure 9).
The homeomorphism type of this construction is invariant under edge collapses and graph isomor-
phisms. Therefore Cob(G) only depends on the class that G represents in π0(GCob(X,Y )). We
thus get a well defined map

GCob(X,Y ) = π0(GCob(X,Y ))→ Cobclosed2 (
∐
X

S1,
∐
Y

S1),

[G] 7→ Cob(G).

Figure 9. The closed cobordism Cob(G) corresponding to a graph G.

Similarly we can construct for a fat graph cobordism between X and Y an open cobordism
fCob(G) between

∐
X [0, 1] and

∐
Y [0, 1]. It is given by the following construction.

Vertices v of arity 0 contribute a copy of D2 with an embedding of copies of the [0, 1] labelled by
the elements in X,Y labelling v. For a connected component of G consisting of more than just one
vertex, each edge can be thickened to [0, 1]× [0, 1] and each external vertex corresponds to a closed
interval. This gives us copies of the interval [0, 1] labelled by X and Y . Finally, the cyclic ordering
at each internal vertex gives a way to glue the thick edges to a closed disc D2 (see Figure 10).
The homeomorphism type fCob(G) only depends on the equivalence class [G] ∈ π0(fGCob(X,Y )),
because the construction is invariant under fat edge collapses and graph isomorphisms.
We thus have defined a map:

fGCob(X,Y ) = π0(fGCob(X,Y ))→ Cobopen2

(∐
X

[0, 1],
∐
Y

[0, 1]

)
,

[G] 7→ fCob(G).
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Figure 10. The open cobordism fCob(G) corresponding to a fat graph G.

Proposition 2.13. There are equivalences of categories

GCob→ Cobclosed2 ,

X 7→
∐
X

S1,

[G] 7→ Cob(G)

and

fGCob→ Cobopen2 ,

X 7→
∐
X

[0, 1],

[G] 7→ fCob(G).

Proof. We first prove that this map commutes with composition: composition of graphs G ∈
GCob(X,Y ) and G′ ∈ GCob(Y, Z) is given by gluing the outgoing legs of G to the ingoing legs of
G′ according to the Y labelling. We do a case distinction for the vertices we glue together.

• If one of them is an arity zero vertex which is both incoming and outgoing, gluing the
vertex does not change (the isomorphism type of) G. Similarly after applying Cob this
corresponds to gluing a cylinder S1×[0, 1] to S1. This does not change the homeomorphism
type of Cob(G).

• If one of the vertices is an arity zero vertex v which is either incoming or outgoing, gluing
v to G corresponds to forgetting the label at the glued vertex. After applying Cob, this
gives S2 \ D2 glued along S1. This is homeomorphic to gluing Cob(v) = D2 ∼= S2 \ D2

along S1.
• If both glued vertices are of arity 1, gluing them gives a valence 2 vertex. Under our
construction a valence 2 gives S2 \(D2⊔D2) in Cob(G′ ◦G) to which we glue two cylinders.
This is homeomorphic to just gluing the two cylinders together along S1.

A similar argument to the closed case shows that fCob commutes with composition. For this we
note that [0, 1]× [0, 1] to a disk D2 along the boundary is homeomorphic to [0, 1]× [0, 1].
The unit in the graph categories are given by GidX

as in Example 2.10. We have

Cob (GidX
) =

∐
X

S1 × [0, 1] = idX ,

fCob (GidX
) =

∐
X

[0, 1]× [0, 1] = idX

and thus Cob and fCob are functors.
Moreover, the functors are surjective on objects.
It thus remains to show that Cob and fCob are bijective on the set of morphisms. For this, we
note that both functors are monoidal because the monoidal structure on the source and the target
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is given by disjoint union which commutes with our construction.
Kock shows in [Koc04] that Cobclosed2 is generated by

, , ,

as a symmetric monoidal category. These generators are in the image of Cob which shows fullness
of Cob.
Similarly, Lauda and Pfeiffer show in [LP08] that Cobopen2 are generated by

, , ,

which are in the image. This shows fullness of fCob.
For faithfulness of Cob, we assume that Cob(G) = Cob(G′). Without loss of generality, we may
assume that both graphs are connected and get sent to a surface of genus g. We know that G and
G′ have the same number of incoming and outgoing legs. We choose trees in T ⊆ G and T ⊆ G′

that contain exactly all internal vertices. Collapsing all edges in T and T ′ gives graphs G/T and
G′/T ′ with one internal vertex. Because [G] = [G/T ], we have Cob(G/T ) = Cob(G) is a surface
of genus g. In particular, G/T has g tadpoles. Similarly, we note that G′/T ′ has g tadpoles. This
shows G/T ∼= G′/T ′ and thus [G] = [G/T ] = [G′/T ′] = [G′] shows faithfulness of Cob.
For faithfulness of fCob, we use the category of open-closed fat graphs Fat oc as defined in [Ega15].
Egas shows in [Ega15, Theorem A]

Fat oc ≃
∐
S

BMod(S)

where the disjoint union runs over all topological types of open-closed cobordisms in which each
connected component has at least one boundary component which is not free. Restricting to the
open part and taking π0 shows that if fCob(G) = fCob(G′) implies [G] = [G′] for G and G′ where
all connected components have at least one external vertex.
For general G and G′ with fCob(G) = fCob(G′), we can add an edge and an external vertex to each
connected component and obtain graphs G+ and G′

+. We have fCob(G+) = fCob(G′
+) by the above

argument. We then have a zig-zag of fat graph morphisms connecting G+ and G′
+. This zig-zag

sends the added external vertices to each other. Thus we obtain by restriction a zig-zag connecting
G and G′ and thus [G] = [G′]. This shows faithfulness of fCob and concludes the proof. □

We can now define the planar graph cobordism category.

Definition 2.14. The planar graph cobordism category is a 2-category pGCob with

Ob(pGCob) = {finite sets with linear ordering},

and the morphism categories pGCob(X,Y ) are given by the full subcategory of fGCob(X,Y ) spanned

by all fat graphs G such that fCob(G) is a planar cobordism in Cobplanar2 (X,Y ).

We denote the associated 1-category pGCob := τι(pGCob) with

pGCob(X,Y ) = π0(pGCob(X,Y )).

The monoidal structure of Fin≤, the category of finite ordered sets with order preserving maps,
induces a monoidal structure on pGCob and pGCob. The argument is analogous to Lemma 2.11 as
for any isomorphism of finite ordered sets f : X ∼= Y , the graph Gf as in Example 2.10 is a planar
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graph.
However, the monoidal structure is not symmetric. This is because the monoidal structure on Fin≤
is also not symmetric.

We have a forgetful functor pGCob→ fGCob. The category pGCob is defined such that

pGCob fGCob Cobopen2
fCob

factors through Cobplanar2 → Cobopen2 . Moreover, the following Corollary is immediate from Propo-

sition 2.13 and the definitions of pGCob and Cobplanar2 .

Corollary 2.15. The functor

pGCob→ Cobplanar2 ,

X 7→
∐
X

[0, 1],

[G] 7→ fGCob(X)

is an equivalence of categories.

3. Frobenius algebras

In this section, we recall the definition of Frobenius algebras. We give definitions both in terms
of maps and generators and, on the other hand, as functors out of cobordism categories. Then in
3.1, we apply those definitions to the graded context and show in Proposition 3.7 that in the odd
dimensional case, there exist only trivial Frobenius algebras.

Definition 3.1. Let (C,⊗,1, τ) be a (strict) monoidal category.
A Frobenius algebra (A,µ, η, ν, ε) in C is an object A in C together with maps

µ : A⊗A→ A, η : 1→ A,

ν : A→ A⊗A, ε : A→ 1

satisfying the following relations:

(i) associativity µ ◦ (µ⊗ id) = µ ◦ (id⊗ µ);
(ii) unitality µ ◦ (η ⊗ id) = idA = µ ◦ (id⊗ η);
(iii) coassociativity (id⊗ ν) ◦ ν = (ν ⊗ id) ◦ ν;
(iv) counitality (id⊗ ε) ◦ ν = id = (ε⊗ id) ◦ ν;
(v) Frobenius relation (µ⊗ id) ◦ (id⊗ ν) = ν ◦ µ = (id⊗ µ) ◦ (ν ⊗ id).

If C is also symmetric with twist map τ , a commutative Frobenius algebra (A,µ, η, ν, ε) in C is an
object A in C together with maps as above satisfying the relations (i)-(v) and

(vi) commutativity ε ◦ µ ◦ τ = µ

and a symmetric Frobenius algebra (A,µ, η, ν, ε) in C is an object A in C together with maps as
above satisfying the relations (i)-(v) and

(vi’) symmetry ε ◦ µ ◦ τ = ε ◦ µ.
A morphism of Frobenius algebras (A,µ, η, ν, ε) → (A′, µ′, η′, ν′, ε′) is a morphism φ : A → A′ in C
such that

• µ ◦ (φ⊗ φ) = φ ◦ µ′;
• φ ◦ η = η′;
• ν ◦ φ = (φ⊗ φ) ◦ ν′;
• ε = ε′ ◦ φ.
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Denote by Frob(C) the category of Frobenius algebras in C with morphisms of Frobenius algebras, by
ComFrob(C) the full subcategory spanned by commutative Frobenius algebras and by SymmFrob(C)
the full subcategory spanned by symmetric Frobenius algebras.

It is a well-known fact that an equivalent description of commutative Frobenius algebras is as
symmetric monoidal functor out of a closed 2D-cobordism category (see [Abr96; Koc04]). Similarly,
a symmetric Frobenius algebra can be characterised as a symmetric monoidal functor out of a open
2D-cobordism category and a Frobenius algebra can be characterised as a monoidal functor out of
a planar 2D-cobordism category (see [LP08]).

Notation 3.2. For (strict) symmetric monoidal categories C,D, we denote Fun⊗(C,D) for the
category of (strict) symmetric monoidal functors from C to D and symmetric monoidal natural
transformations between them.
For (strict) monoidal categories C,D, we denote Funmon(C,D) for the category of (strict) monoidal
functors from C to D and monoidal natural transformations between them.

Proposition 3.3 ([LP08, Corollary 4.5, Corollary 4.6, Corollary 4.7.]). There are natural equiv-
alences of categories

Fun⊗(Cobclosed2 , C)→ ComFrob(C),

F 7→ (F
( )

, F


 , F

( )
, F


 , F

( )
),

Fun⊗(Cobopen2 , C)→ SymFrob(C),

F 7→ (F
()

, F


 , F

( )
, F


 , F

( )
)

and

Funmon(Cobplanar2 , C)→ Frob(C),

F 7→ (F
()

, F


 , F

( )
, F


 , F

( )
).

In particular, a natural transformation gives a morphism of Frobenius algebras.

We can also apply Proposition 2.13 and Corollary 2.15 to get a characterisation in terms of
graph cobordisms.

Corollary 3.4. Let C be a monoidal category. There exists an equivalence of categories

Funmon(pGCob, C)→ Frob(C),
F 7→ (F (∗) , F ( ) , F ( ) , F ( ) , F ( )).

If C is also symmetric, there are natural equivalences of categories

Fun⊗(GCob, C)→ ComFrob(C),
F 7→ (F (∗) , F ( ) , F ( ) , F ( ) , F ( ))
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and

Fun⊗(fGCob, C)→ SymFrob(C),
F 7→ (F (∗) , F ( ) , F ( ) , F ( ) , F ( )).

Here denotes the following graph

where we do not denote the external vertices. Similarly, denotes the following graph

without the external vertex. The graphs and are defined as their respective duals.
For a functor F out of GCob (or fGCob or pGCob), we define the following notation:

A := F (∗),
µ := F ( ), η := F ( ),

ν := F ( ), ε := F ( ),

p := ε ◦ µ, c := ν ◦ η.
One advantage of the graph models of cobordism categories GCob, fGCob and pGCob compared

to the geometric cobordism categories Cobclosed2 , Cobopen2 and Cobplanar2 is that it becomes convenient
to state that all commutative Frobenius algebras are symmetric and all symmetric Frobenius algebras
are Frobenius algebras.

Proposition 3.5. There is a canonical symmetric monoidal functor fGCob → GCob given by
forgetting the fat graph structure. Precomposition with this functor encodes the forgetful functor
ComFrob(C)→ SymFrob(C) for all symmetric monoidal categories C.
Moreover, there is a canonical monoidal functor pGCob → fGCob given by forgetting the linear
ordering on objects. Precomposition with this functor encodes the forgetful functor SymFrob(C) →
ComFrob(C) for all monoidal categories C.

3.1. Graded context. A first attempt to define a Frobenius algebra in a graded context may
be to give a functor out of the cobordism categories we described until now. This fails to describe
certain interesting examples in the graded context. We first specify what we mean by the graded
context.

Let R be a commutative ring and let A = {Ai}i∈Z, B = {Bi}i∈Z be two Z-graded R-modules.
We define the Z-graded R-module

RMod•(A,B) = {RModd(A,B)}d∈Z,

RModd(A,B) = {ϕ = (ϕi)i∈Z | ϕi : Ai → Bi+d R-linear}.
We consider two notions of categories of graded R-module. Firstly, RMod0 the category of Z-
graded R-modules with morphisms RMod0(A,B). Secondly, RMod• the category with morphisms
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RMod•(A,B).
We note that both categories RMod• and RMod0 can be enriched over RMod0 (or RMod•). Fur-
thermore, if R is an S-algebra, both are enriched over SMod0 (or SMod•).
Both are symmetric monoidal categories with unit

1d :=

{
Z if d = 0,

0 else,

and the tensor product:

(A⊗B)k =
⊕

i+j=k

Ai ⊗R Bj

with the twist induced by the Koszul sign

τ : Ai ⊗Bj → Bj ⊗Ai,

a⊗ b 7→ (−1)ijb⊗ a.

Recall that we denote the shift ΣA as the object with (ΣA)i+1 = Ai.

We fix a (symmetric) monoidal functor F : GCob → RMod• (or out of fGCob or pGCob)
enriched over sets. In particular, we allow all degrees for µ = F ( ) and ν = F ( ). We note that
unitality implies that |µ|+ |η| = |id| = 0 and counitality implies |ν|+ |ε| = |id| = 0.

Proposition 3.6. Let R be a principal ideal domain. Let F : pGCob→ RMod• be a monoidal
functor. Then A is free of finite rank.

Proof. A consequence of unitality, counitality and the Frobenius relation is that

(p⊗ id) ◦ (id⊗ c) = id = (id⊗ p) ◦ (c⊗ id).(3)

This means that A is dualizable which is equivalent to A being projective and finitely generated. As
R is a principal ideal domain, this is equivalent to A being free of finite rank. □

Proposition 3.7. Let R be a principal ideal domain of characteristic not 2.
Let F : GCob → RMod•, F : fGCob → RMod• or F : pGCob → RMod• be a monoidal functor. If
|µ| − |ν| is odd, then A is the zero module.

Proof. By Proposition 3.5, it suffices to show the statement for pGCob and, by Proposition
3.6, we can fix a basis α1, . . . , αk of A.
We note that n := |p| = |µ| + |ε| = |µ| − |ν| and |c| = |ν| + |η| = |ν| − |µ| = −n are both of odd
degree. We write

c(1) =
∑
j

αj ⊗ βj

for some βj ∈ A. By duality, β1, . . . , βk also defines a basis. The fact that |c| = −n shows that
|βi| = −|αi| − n for all i.
If A ̸= 0, we may assume that k > 0 and thus α1 ̸= 0. We want to exploit (3) for α1 and β1. We
first apply the right hand side to α1:

α1 = (id⊗ p) ◦ (c⊗ id)(α1) = (id⊗ p)

∑
j

αj ⊗ βj ⊗ α1

 =
∑
j

(−1)n|αj |αjp(βj ⊗ α1).
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As α1, . . . , αk is a basis, we must have

p(β1 ⊗ α1) = (−1)n|α1|.(4)

On the other hand, when we apply the left hand side of (3) to β1, we find

β1 = (p⊗ id) ◦ (id⊗ c)(β1) = (p⊗ id)

(−1)n|β1|β1 ⊗
∑
j

αj ⊗ βj

 = (−1)n|β1|
∑
j

p(β1 ⊗ αj)βj .

As β1, . . . , βk is a basis, we must have

p(β1 ⊗ α1) = (−1)n(−n−|α1|) = (−1)n+n|α1|.(5)

As n is odd and (−1)n = −1 ̸= 1 in R, we have the desired contradiction between (4) and (5).
Therefore there is no element α1 ̸= 0 and thus A = 0. □

In section 6, we give examples of structures that look like Frobenius algebras such that |µ| − |ν|
is odd and are non-zero. In other words, this characterisation of a Frobenius algebra misses key
examples.

4. Graded Frobenius algebras: PROPs

The goal of this section is to define graph cobordism categories which already encode the signs
and degrees. Concretely, we define categories GCobc,d, fGCobc,d and pGCob enriched over graded
abelian groups where the product has degree c and the coproduct degree d. This gives us a new
definition of graded Frobenius algebras as functors out of GCobc,d, fGCobc,d or pGCobc,d to a
category enriched over graded abelian groups ZMod0.
In Subsection 4.2, we prove some properties immediately from the definition: suspending an algebra
over GCobc,d gives an algebra in GCobc−1,d+1. Tensoring algebras over GCobc,d and GCobc′,d′ gives
an algebra over GCobc+c′,d+d′ . Analogous statements for fGCobc,d and pGCobc,d can be proved in
the same way.
In Subsection 4.3, we study the canonical subdioperad of GCobc,d which is generated by forests. If
c+ d is odd, then this subdioperad has 2-torsion cokernel in the full PROP. This dioperad naturally
shows up to describe an infinite-dimensional structure carrying a Frobenius relation as in 6.4.

4.1. Definition. In the following computations and definitions, we heavily use the concept of a
top exterior power of an abelian group. Unfortunately, we require multiple slightly different versions
of a top exterior power. We hope to ameliorate this situation by giving a clear overview of the
versions we use.

• Let M be a free abelian group of rank n, we denote
– Or(M) := ΛnM the top exterior power as a graded abelian group concentrated in

degree 0;
– det(M) := Σ−nOr(M) the top exterior power as a graded abelian group concentrated

in degree −n.
• Let A be a free graded abelian group of rank 1. It is invertible with respect to ⊗, the
tensor product of graded abelian groups, with its inverse A−1 := ZMod•(A,1).

• Let A = {Ai}i∈Z be a free graded abelian group of finite rank, we denote

det(A) :=
⊗
i∈Z

det(Ai)
(−1)i :=

n⊗
i=−n

det(Ai)
(−1)i

where n ≥ 0 is such that Ai = 0 for |i| > n.
• Let G be a graph and c, d ∈ Z, we denote
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– det(G, ∂in) := det(H∗(|G|, |Lin(G)|));
– det(G, ∂out) := det(H∗(|G|, |Lout(G)|));
– detc,d(G) := det(G, ∂in)

⊗c ⊗ det(G, ∂out)
⊗d.

Lemma 4.1. Let A,B,C ∈ ZMod• free of finite total rank. Then the following holds:

(a) the determinant det(A) is of rank 1 and concentrated in degree −χ(A), where χ(A) is the Euler
characteristic of A;

(b) there exists a natural isomorphism

det(A⊕B) ∼= det(A)⊗ det(B);

(c) there exists a natural isomorphism

det(A⊕ ΣA) ∼= 1.

This implies a natural isomorphism det(A)−1 ∼= det(ΣA);
(d) if 0 → A → B → C → 0 is a short exact sequence, there exists a canonical isomorphism

det(A)⊗ det(C) ∼= det(B);
(e) if ∂ a differential on A such that H∗(A) := H∗(A, ∂) and A are finitely generated free Z-modules,

then there exists a natural isomorphism:

det(A) ∼= det(H∗(A)).

Proof. Statements (a), (b) and (c) follow directly from the definition and the following facts
for finitely generated free Z-modules M1, . . . ,Mk:

det

(
k⊕

i=1

Mi

)
∼=

k⊗
i=1

det(Mi) and det(ΣMi) ∼= det(Mi)
−1.

For statement (d), we note that we can choose a splitting f : C → B because C is free. This gives
an isomorphism

det(A)⊗ det(C) ∼= det(A⊕ C) ∼= det(B).

This is independent of the choice of splitting because two splittings of B → C differ by elements in A
and thus the difference between the two induced isomorphisms is zero after tensoring with det(A).
For statement (e), the short exact sequence

0→ im(∂ : Ai+1 → Ai)→ ker(∂ : Ai → Ai−1)→ Hi(A)→ 0

gives

det(ker(∂ : Ai → Ai−1))
(d)∼= det(im(∂ : Ai+1 → Ai))⊗ det(Hi(A))

=⇒ det(Hi(A)) ∼= det(ker(∂ : Ai → Ai−1))⊗ det(im(∂ : Ai+1 → Ai))
−1

(c)∼= det(ker(∂ : Ai → Ai−1))⊗ det(Σ im(∂ : Ai+1 → Ai))

∼= det(ker(∂ : Ai → Ai−1))⊗ det(im(∂ : Ai → Ai−1))

for all i ∈ Z. On the other hand, the short exact sequence

0→ ker(∂ : Ai → Ai−1)→ Ai
∂→ im(∂ : Ai → Ai−1)→ 0

gives

det(A)
(c)∼= det(ker(∂ : Ai → Ai−1))⊗ det(im(∂ : Ai → Ai−1))

which concludes the proof. □
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We note that a morphism of graph cobordisms G→ G′ specifies homotopy equivalences

(|G|, |Lin(G)|)→ (|G′|, |Lin(G
′)|),

(|G|, |Lout(G)|)→ (|G′|, |Lout(G
′)|)

and thus isomorphisms

det(G, ∂in)→ det(G′, ∂in),

det(G, ∂out)→ det(G′, ∂out),

detc,d(G)→ detc,d(G
′).

Therefore detc,d : GCob(X,Y )→ ZMod0 defines a functor for all c, d ∈ Z and finite sets X,Y .
Moreover, we can glue orientations together:

Lemma 4.2. Let G,G′ be composable graphs in GCob, there is a natural isomorphism

comp: detc,d(G
′)⊗ detc,d(G) ∼= detc,d(G

′ ◦G).

Proof. We recall:

detc,d(G
′)⊗ detc,d(G) ∼= det(G′, ∂in)

⊗c ⊗ det(G′, ∂out)
⊗d ⊗ det(G, ∂in)

⊗c ⊗ det(G, ∂out)
⊗d

∼= det(G′, ∂in)
⊗c ⊗ det(G, ∂in)

⊗c ⊗ det(G′, ∂out)
⊗d ⊗ det(G, ∂out)

⊗d

and

detc,d(G
′ ◦G) ∼= det(G′ ◦G, ∂in)⊗c ⊗ det(G′ ◦G, ∂out)⊗d.

It thus suffices to give isomorphisms

det(G′, ∂in)⊗ det(G, ∂in) ∼= det(G′ ◦G, ∂in)
det(G′, ∂out)⊗ det(G, ∂out) ∼= det(G′ ◦G, ∂out)

We give the first isomorphism, the second one is constructed analogously.
We can canonically embed |G| ⊆ |G′ ◦ G|. Let C∗(|G|, |∂in|), C∗(|G′|, |∂in|), C∗(|G′ ◦ G|, |∂in|) and
C∗(|G′ ◦G|, |G|) be the cellular chain complexes of the pairs. We note that the inclusion

C∗(|G′ ◦G|, |G|)→ C∗(|G′|, |∂in|)
is an isomorphism.
The triple of spaces (|G′ ◦G|, |G|, |∂in|) gives a short exact sequence of chain complexes:

0 C∗(|G|, |∂in|) C∗(|G′ ◦G|, |∂in|)

C∗(|G′|,|∂in|)︷ ︸︸ ︷
C∗(|G′ ◦G|, |G|) 0.

Lemma 4.1 (d) and (e) now give the desired isomorphism. □

Definition 4.3. Let c, d ∈ Z.
The category GCobc,d is defined with objects finite sets and morphism spaces

GCobc,d(X,Y ) = colim
GCob(X,Y )

detc,d(G).

The category fGCobc,d is defined with objects finite sets and morphism spaces

fGCobc,d(X,Y ) = colim
fGCob(X,Y )

detc,d(G).

The category fGCobc,d is defined with objects finite sets and morphism spaces

pGCobc,d(X,Y ) = colim
pGCob(X,Y )

detc,d(G).
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Lemma 4.2 lets us define the composition in these categories.

We can now define a graded Frobenius algebra:

Definition 4.4. Let C be a monoidal category enriched over ZMod0 and let c, d ∈ Z.
A (c, d)-graded Frobenius algebra is a monoidal functor F : GCobc,d → C enriched over ZMod0, i.e.
degree-preserving on morphism spaces. The category is denoted by

grFrobc,d(C) = Funmon
ZMod0

(pGCobc,d, C).
If C is also symmetric, a (c, d)-graded commutative Frobenius algebra is a symmetric monoidal functor
F : GCobc,d → C and the category is denoted by

grComFrobc,d(C) = Fun⊗ZMod0
(GCobc,d, C).

and a (c, d)-graded symmetric Frobenius algebra is defined as such a functor F : GCobc,d → C and
the category is denoted by

grSymFrobc,d(C) = Fun⊗ZMod0
(fGCobc,d, C).

4.2. Properties. In this Subsection, we prove some first properties of these category. The
definitions of the categories GCobc,d, fGCobc,d and pGCobc,d we gave are admittedly hard to work
with. However, the morphism spaces can be described in a more convenient way.

Proposition 4.5. There exist isomorphisms

GCobc,d(X,Y ) ∼=
⊕

[G]∈GCob(X,Y )

detc,d(G)π1(|GCob(X,Y )|,G),

fGCobc,d(X,Y ) ∼=
⊕

[G]∈fGCob(X,Y )

detc,d(G)π1(|fGCob(X,Y )|,G).

and

pGCobc,d(X,Y ) ∼=
⊕

[G]∈pGCob(X,Y )

detc,d(G)π1(|pGCob(X,Y )|,G).

Proof. We note that the functor detc,d sends all maps in GCob(X,Y ) to isomorphisms. There-
fore, detc,d factors through the localisations GCob(X,Y ) → |GCob(X,Y )| and fGCob(X,Y ) →
|fGCob(X,Y )|. Here |C| is interpreted as the ∞-groupoid given by the category C with all mor-
phisms formally inverted.
We can thus compute the colimit giving the morphism space between finite sets X and Y as follows:

colim
G∈GCob(X,Y )

detc,d(G) = colim
G∈|GCob(X,Y )|

detc,d(G)

We denote by π1(|GCob(X,Y )|, G) the fundamental group of |GCob(X,Y )| based at the point cor-
responding to G. An element in π1(|GCob(X,Y )|, G) is represented by a zig-zag of graph morphisms
starting and ending at G:

G = G0 → G1 ← G2 → · · · ← Gk = G.

Such a zig-zag gives a zig-zag of maps

detc,d(G0)→ detc,d(G1)← detc,d(G2)→ · · · ← detc,d(Gk).

But all these maps are isomorphism and we thus obtain an action of π1(|GCob(X,Y )|, G) on
detc,d(G).
The functor detc,d lands in a 1-category. Therefore, we can compute the colimit on τ≤1GCob(X,Y ),
the 1-truncation of the ∞-groupoid |GCob(X,Y )|.
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Moreover, two graphs G,G′ ∈ GCob(X,Y ) are equivalent in |GCob(X,Y )| if and only if they repre-
sent the same element in GCob(X,Y ) = π0(GCob(X,Y )). We thus can compute the colimit defining
GCobc,d(X,Y ) by:

GCobc,d(X,Y ) ∼= colim
G∈τ≤1GCob(X,Y )

detc,d(G) ∼=
⊕

[G]∈GCob(X,Y )

detc,d(G)π1(|GCob(X,Y )|,G)

The proof for fGCob and pGCob is analogous. □

Remark 4.6. The group π1(|GCob(X,Y )|, G) is isomorphic to π0(hAut(|G|)): a zig-zag of
graphs morphisms is the same as a simple homotopy equivalence from the CW-complex |G| to it-
self. For the 1-dimensional CW complex |G|, any homotopy equivalence is homotopic to a simple
homotopy equivalence.
On the other hand, the group π1(|fGCob(X,Y )|, G) is isomorphic to the mapping class group
π0(Homeo+(fCob(G), ∂in(fCob(G)) ∪ ∂out(fCob(G))) that fixes the boundary point-wise. This can
be seen for example by the open part of Theorem A in [Ega15].
We note that pGCob(X,Y ) is a full subcategory of fGCob(X,Y ) where if G → G′ ∈ fGCob(X,Y )
and either G or G′ is a planar graph, then so is the other. Therefore, we find also

π1(|pGCob(X,Y )|, G) ∼= π0(Homeo+(fCob(G), ∂in(fCob(G)) ∪ ∂out(fCob(G))).

Example 4.7. In the case c = d = 0, we have det0,0(G) = 1 and the automorphisms of G act
trivially. We therefore compute:

GCob0,0(X,Y ) ∼=
⊕

[G]∈GCob(X,Y )

1,

fGCob0,0(X,Y ) ∼=
⊕

[G]∈fGCob(X,Y |

1

and

pGCob0,0(X,Y ) ∼=
⊕

[G]∈pGCob(X,Y |

1

We find

grComFrob0,0(RMod•) = Fun⊗ZMod0
(GCob0,0, RMod•)

∼= Fun⊗(GCob, RMod0)

∼= ComFrob(RMod0).

Therefore a (0, 0)-graded commutative Frobenius algebra coincides with the classical definition of a
commutative Frobenius algebras with maps in degree 0. An analogous statement holds for (sym-
metric) Frobenius algebras.

In the following, we study the relation between GCobc,d for different choices of c, d ∈ Z. For
this, we use the symmetric monoidal structure on PROPs.

Remark 4.8. Analogous statements hold for fGCob and pGCob with the caveat that pGCob
is not symmetric monoidal and thus not a PROP but a PRO. However, the construction for tensor
product of PROs and the suspension PRO is analogous to the PROP case.

Notation 4.9. We denote the tensor product of two PROPs in ZMod0 for the coordinate-wise
tensor product: for PROPs P,Q

(P ⊗Q)(X,Y ) := P (X,Y )⊗Q(X,Y )

for finite sets X,Y with the component-wise composition maps.
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Example 4.10. Let (C,⊗,1, τ) be a symmetric monoidal category enriched over ZMod0 and let
A,B ∈ C be objects. There is an isomorphism of PROPs

EndA ⊗ EndB ∼= EndA⊗B

given on maps f : A⊗k → A⊗l and g : B⊗k → B⊗l by

(A⊗B)⊗k → A⊗k ⊗B⊗k f⊗g→ A⊗l ⊗B⊗l → (A⊗B)⊗l.

Indeed, this map is equivariant and commutes with composition and the product ⊗.

Proposition 4.11. There exist canonical maps of PROPs or PROs

GCobc+c′,d+d′ → GCobc,d ⊗GCobc′,d′ ,

fGCobc+c′,d+d′ → fGCobc,d ⊗ fGCobc′,d′

and

pGCobc+c′,d+d′ → pGCobc,d ⊗ pGCobc′,d′

Proof. There are canonical maps

det(G, ∂in)
⊗c+c′ ⊗ det(G, ∂out)

⊗d+d′

∼=det(G, ∂in)
⊗c ⊗ det(G, ∂out)

⊗d ⊗ det(G, ∂in)
⊗c′ ⊗ det(G, ∂out)

⊗d′
.

(6)

This then gives maps

detc+c′,d+d′(G)→ colim
G′∈GCob(X,Y )

detc,d(G
′)⊗ colim

G′∈GCob(X,Y )
detc′,d′(G′)

for all G ∈ GCob(X,Y ). Taking the colimit over GCob(X,Y ) thus gives the desired map for the
GCob. The proof for fGCob and pGCob is analogous. □

Remark 4.12. Even though the map (6) used in the construction is an isomorphism, the re-
sulting map of PROPs is not a isomorphism in general. For example if c + d and c′ + d′ are odd,
Proposition 4.22 shows that GCobc,d and GCobc′,d′ is 2-torsion on summands coming from graphs
which are not forests. This is not true for GCobc+c′,d+d′ .

Corollary 4.13. Let A be an algebra over GCobc,d and B be an algebra over GCobc′,d′ . Then
A⊗B inherits the structure of an algebra over GCobc+c′,d+d′ . Analogous statements hold for fGCob
and pGCob.

Proof. We show the statement for GCobc,d. The proof for fGCob and pGCob is analogous.
Giving a GCobc,d-algebra structure on A is the same thing as giving a map of PROPs GCobc,d →
EndA (see [Mar08]). Similarly, we get a map of PROPs GCobc′,d′ → EndB . Precomposing with the
map from Proposition 4.11 and postcomposing with the map from Example 4.10, we thus get a map
of PROPs

GCobc+c′,d+d′ → GCobc,d ⊗GCobc′,d′ → EndA ⊗ EndB → EndA⊗B

and thus a GCobc+c′,d+d′ -algebra structure on A⊗B. □

Another relation between GCobc,d-algebras for different c, d comes from suspending algebras.
This operation has a corresponding operation on the level of PROPs:



25

Definition 4.14. The suspension PROP in ZMod0 is defined as the endomorphism PROP
EndΣ1 of Σ1 in ZMod•. Explicitly, it is given by

Σ(X,Y ) := ZMod•((Σ1)
⊗X , (Σ1)⊗Y )

for finite sets X,Y .
For a PROP P in ZMod0, the suspended PROP is defined as ΣP := Σ⊗ P .

Proposition 4.15. Let P be a PROP in ZMod0 and A ∈ ZMod•. Then giving a P -algebra
structure on A is equivalent to giving a ΣP -algebra structure on ΣA.

Proof. We again use the characterisation of A being a P -algebra as a PROP maps into EndA.
By definition, this is equivalent to giving for all finite sets X,Y equivariant maps

P (X,Y )→ C(A⊗X , A⊗Y )

which commute with composition ◦ and the symmetric monoidal product ⊗. This is equivalent to
giving equivariant maps

ZMod•((Σ1)
⊗X , (Σ1)⊗Y )⊗ P (X,Y )→ ZMod•((Σ1)

⊗X , (Σ1)⊗Y )⊗ ZMod•(A
⊗X , A⊗Y )

which commute with ◦ and ⊗. After postcomposing with the isomorphism from Example 4.10, we
get equivariant maps

ΣP (X,Y )→ ZMod•((ΣA)
⊗X , (ΣA)⊗Y )

which commute with ◦ and ⊗. This is by definition equivalent to giving a PROP morphism ΣP →
EndΣA, which is equivalent to giving a ΣP structure on ΣA. □

Remark 4.16. This construction is completely analogous as for PROs, operads, cyclic operads,
dioperads and properads. However in the category of modular operads, there exists no suspension
modular operad in ZMod0. Indeed there is a canonical pairing Σ1⊗ Σ1 → Σ1 in degree −1. This
lets us identify

EndΣ1(X) = ZMod•((Σ1)
⊗X ,Σ1) ∼= Σ1−|X|

1.

For any elements x ∈ X and y ∈ Y , this gives a map

EndΣ1(X)⊗ EndΣ1(Y )→ EndΣ1((X \ x) ⊔ (Y \ y))

in ZMod0. However, the map for elements x ̸= x′ ∈ X

EndΣ1(X)→ EndΣ1(X \ {x, x′})

is of degree −1 and thus not in ZMod0. One way to amend this is to work with the language of
twisted modular operads as introduced in [GK98].

Proposition 4.17. For integers c, d ∈ Z, there exist canonical isomorphisms

ΣGCobc,d ∼= GCobc−1,d+1,

ΣfGCobc,d ∼= fGCobc−1,d+1

and

ΣpGCobc,d
∼= pGCobc−1,d+1

Proof. We fix integers c, d ∈ Z and finite sets X,Y . The key observation is that for every
graph cobordism G between X and Y there is an isomorphism

detc−1,d+1(G) ∼= ZMod•((Σ1)
⊗X , (Σ1)⊗Y )⊗ detc,d(G)(7)
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which is natural in X and Y .
To see the isomorphism, we observe

detc−1,d+1(G) = det(G, ∂in)
⊗c−1 ⊗ det(G, ∂out)

⊗d+1

∼= det(G, ∂in)
−1 ⊗ det(G, ∂out)⊗ detc,d(G).

We consider the short exact sequences

0 C∗(|∂in|) C∗(|G|) C∗(|G|, |∂in) 0,

0 C∗(|∂out|) C∗(|G|) C∗(|G|, |∂out) 0.

Then Lemma 4.1 (d) gives the natural isomorphisms

det(G, ∂in)
−1 ⊗ det(G, ∂out) ∼= det(|∂in|)⊗ det(|G|)−1 ⊗ det(|G|)⊗ det(|∂out|)−1

∼= det(|∂in|)⊗ det(|∂out|)−1

∼=det(ZX)⊗ det(ZY )−1

∼= ((Σ1)⊗X)−1 ⊗ (Σ1)⊗Y

∼= ZMod•((Σ1)
⊗X , (Σ1)⊗Y ) = Σ(X,Y ).

We recall that, in our convention, the determinant lives in the degree equal to the negative rank.
Thus, we have for a finite set X a natural isomorphism det(ZX) ∼= ((Σ1)⊗X)−1.
This gives (7) and thus the proof. □

Combining Proposition 4.15 and Proposition 4.17, we obtain the following:

Corollary 4.18. Giving a (c, d)-graded (commutative or symmetric) Frobenius algebra struc-
ture on A := F (∗) ∈ ZMod• is equivalent to giving a (c−1, d+1)-graded (commutative or symmetric)
Frobenius algebra structure on ΣA.

Remark 4.19. We note that |µ| + |ν| = |Σ(µ)| + |Σ(ν)|. Therefore this defines an invariant
under suspension. In particular if |µ| + |ν| ̸= 0, the algebra is not a suspension of an algebra with
operations in degree 0. Adding a factor det(G, ∂in) (or det(G, ∂out)) in the definition of the PROP
GCobc,d helps us describe other algebras because this only changes the degree of the multiplication
and not the comultiplication (or vice-versa). However this is an operation on the PROP and contrary
to suspension does not have an obvious analogue on the level of algebras. See Remark 5.9.

4.3. Canonical dioperad. The PROP GCobc,d has a canonical subdioperad generated by
forests. In Subsection 6.4, we study an example where this dioperad shows up naturally rather than
the whole PROP. We study the structure of this canonical subdioperad.

For this, we recall the definition of a dioperad:

Definition 4.20. A dioperad consists of the following data a collection D(X,Y ) for all finite
sets X,Y with

• a (SX , SY )-bimodule structure on D(X,Y ) where SX and SY denote the symmetric group
of X and Y , respectively;

• a unit

1 : 1→ D(∗, ∗);
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• composition maps

y◦x : D(Y,Z)⊗D(W,X)→ D((Y \ {y}) ⊔W,Z ⊔ (X \ {x}))

for all finite sets W,X, Y, Z and elements x ∈ X, y ∈ Y .

This data has to satisfy some unitality, associativity and equivariance relations. See [Gan02] for the
precise formulation of those relations.

Definition 4.21. The forest dioperad GCobforestc,d of GCobc,d is given by the collections

GCobforestc,d (X,Y ) ⊆ GCobc,d(X,Y )(8)

generated by the graph cobordisms between X and Y which are forests with the restricted compo-
sition.

In general this dioperad carries less information than the PROP. But in some cases, we have
the following proposition:

Proposition 4.22. If c, d ∈ Z are of different parity, then the PROP GCobc,d is an extension

by Z/2 factors of dioperad GCobforestc,d . In explicit terms, the inclusion (8) finite sets X,Y

GCobforestc,d (X,Y )→ GCobc,d(X,Y )

has a cokernel which is 2-torsion, for all finite sets X,Y, Z.

Proof. We fix c, d ∈ Z of different parity. We use the description

GCobc,d(X,Y ) ∼=
⊕

[G]∈GCob(X,Y )

detc,d(G)π1(|GCob(X,Y )|,G)

as in Proposition 4.5. We have an analogous description:

GCobforestc,d (X,Y ) ∼=
⊕

[G]∈GCob(X,Y )
G a forest

detc,d(G)π1(|GCob(X,Y )|,G).

Let [G] ∈ GCob(X,Y ) be an equivalence class of graphs cobordisms between X and Y with G not
a forest. We want to show that the summand

detc,d(G)π1(|GCob(X,Y )|,G)

is Z/2.
After collapsing some edges, we can assume that G has a tadpole. Then there is a graph automor-
phism of G flipping the direction of the tadpole. This represents an element in π1(|GCob(X,Y )|, G).
This automorphism acts by (−1)c on det(G, ∂in)

⊗c and by (−1)d on det(G, ∂out)
⊗d. See Subsection

7.1 for a detailed explanation how to derive these signs.
It thus acts by (−1)c+d = −1 on detc,d(G) which is a free group of rank one. This shows
detc,d(G)π1(|GCob(X,Y )|,G) = Z/2 and thus concludes the proof. □

5. Graded Frobenius algebra: maps and relations

In this section, we state the main theorem which gives a description of graded Frobenius algebras
in terms of maps and relations. We will use this theorem to study some of the simplest examples of
graded Frobenius algebras. Moreover, we discuss the suspension of algebras from the perspective of
maps and relations.
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Theorem 5.1. Let c, d ∈ Z and let (C,⊗,1, τ) be a (strict) monoidal category enriched over
graded abelian groups.
The data (A,µ, η, ν, ε) where

A ∈ C,
µ ∈ Cc(A⊗A,A), η ∈ C−c(1, A),

ν ∈ Cd(A,A⊗A), ε ∈ C−d(A,1)

defines a monoidal functor out of pGCobc,d into C uniquely up to isomorphism if and only if the
following relations are satisfied:

(i) graded associativity µ ◦ (µ⊗ id) = (−1)cµ ◦ (id⊗ µ);
(ii) graded unitality (−1)cµ ◦ (η ⊗ id) = (−1)

c(c−1)
2 id = µ ◦ (id⊗ η);

(iii) graded coassociativity (id⊗ ν) ◦ ν = (−1)d(ν ⊗ id) ◦ ν;
(iv) graded counitality (−1)d(id⊗ ε) ◦ ν = (−1)

d(d−1)
2 id = (ε⊗ id) ◦ ν;

(v) graded Frobenius relation (µ⊗ id) ◦ (id⊗ ν) = (−1)cdν ◦ µ = (id⊗ µ) ◦ (ν ⊗ id).

If C is also symmetric, the data (A,µ, η, ν, ε) defines a symmetric monoidal functor out of GCobc,d
into C uniquely up to isomorphism if and only if the maps satisfy (i)-(v) and

(vi) graded commutativity µ ◦ τ = (−1)cµ
and it defines a symmetric monoidal functor out of fGCobc,d into C uniquely up to isomorphism if
and only if the maps satisfy (i)-(v) and

(vi’) graded symmetry ε ◦ µ ◦ τ = (−1)cε ◦ µ.

We postpone the proof of this theorem to section 7 as it involves a lot of technical details.
Instead we focus on what are the choices involved in those signs and what are the consequences.
The strategy for the theorem is to choose generators of the categories GCobc,d, fGCobc,d and
pGCobc,d and study the generating relations between them. For this, we choose generators in
detc,d(G) for a list of graphs G such that all other graphs can be decomposed into them.

Definition 5.2. A generator ω(G) ∈ detc,d(G) is called an orientation of the graph G.

Remark 5.3 (Choices of Orientations). The relations are not canonical. Namely, they depend
on a choice of orientations

ω( ) ∈ detc,d( ), ω( ) ∈ detc,d( ), ω( ) ∈ detc,d( ), ω( ) ∈ detc,d( ).

By definition, this depends on generators of

det( , ∂in)
⊗c ⊗ det( , ∂out)

⊗d, det( , ∂in)
⊗c ⊗ det( , ∂out)

⊗d,

det( , ∂in)
⊗c ⊗ det( , ∂out)

⊗d, det( , ∂in)
⊗c ⊗ det( , ∂out)

⊗d.

We thus choose generators ωin(G) ∈ det(G, ∂in) and ωout(G) ∈ det(G, ∂out) for those four graphs
and then define ω(G) := ωin(G)

⊗c ⊗ ωout(G)
⊗d.

We note that det( , ∂out) ∼= det( , ∂out) ∼= det( , ∂in) ∼= det( , ∂in) ∼= 1. We thus choose the
canonical generator 1. Moreover for det( , ∂in) and det( , ∂out), we choose the canonical generator
coming from the canonical generator of H0( , ∂in) and H0( , ∂out). However, there is no canonical
choice for generators

ωin( ) ∈ det( , ∂in), ωout( ) ∈ det( , ∂out).

Therefore, there exists no canonical choice of orientation

ω( ) := ωin( )⊗c ⊗ 1⊗d
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for c odd and no canonical choice of orientation

ω( ) := 1⊗c ⊗ ωout( )⊗d

for d odd. We make a choice in the proof in 7.2. A different choice would lead to different signs in
the unitality and counitality relation.

Remark 5.4. In [CO22b], Cieliebak and Oancea introduce a type of algebra called biunital
coFrobenius. In the finite dimensional case, this corresponds to our notion of graded Frobenius
algebra (see [CO22b, Proposition 5.14]). The infinite dimensional case is discussed in 6.4.
They define the graded unitality relation

µ ◦ (η ⊗ id) = id = (−1)cµ ◦ (id⊗ η)

compared to our graded unitality relation

(−1)cµ ◦ (η ⊗ id) = (−1)
c(c−1)

2 id = µ ◦ (id⊗ η).

The two relations agree for c ≡ 3, 4 (mod 4) and are different for c ≡ 1, 2 (mod 4).
Similarly, the signs in their graded counitality relation agree with our signs for d ≡ 3, 4 (mod 4) and
are different for d ≡ 1, 2 (mod 4).
For (A,µ, η, ν, ε) satisfying the signs in our relations, the product

µ′ := (−1)
c(c+1)

2 µ

and the coproduct

ν′ := (−1)
d(d+1)

2 ν

together with the same unit and counit satisfy the signs in their relations.

Corollary 5.5. Let (C,⊗,1, τ) be a monoidal category enriched over ZMod0 and let c, d ∈ Z.
Let the data (A,µ, η, ε) be as in Theorem 5.1. This data uniquely defines a (c, d)-graded Frobenius
algebra if and only if it satisfies graded associativity as in (i), graded unitality as in (ii) and the map

A⊗A µ→ A
ε→ 1

is a non-degenerate pairing.

Proof. The proof strategy is analogous to the ungraded situation as in [Koc04, Section 2.4]:
We first use Theorem 5.1. To show that a Frobenius algebra (A,µ, η, ν, ε) as in the theorem induces a

non-degenerate pairing p := ε◦µ, one can show that q := (−1)cd+
c(c+1)

2 +
d(d+1)

2 ν◦η is the corresponding
copairing that satisfies

(id⊗ p) ◦ (q ⊗ id) = id.

On the other hand, we assume that the data (A,µ, η, ε) is as in the statement. Let q : 1→ A⊗A be

the associated copairing. Then one can show that the comultiplication ν := (−1)
d(d+1)

2 (id⊗µ)◦(q⊗id)
satisfies coassociativity as in (iii) and counitality as in (iv). □

Remark 5.6. Another perspective on graded Frobenius algebras is the following. Assume, we
are given a degree 0 multiplication µ and a non-degenerate pairing p with associated copairing q in
degree −d and d. Then one can use the language of oriented marked ribbon quivers as in [KTV21,
Section 6]. In this language, one can define a coproduct as the following quiver with a 0-orientation:
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The signs in coassociativity and the Frobenius relation then come from permutations in the
orientations.

We can now study the simplest non-trivial GCobc,d-algebras. The simplest example is given for
c = d = 0:

Example 5.7. In C, the unit 1 has a canonical structure of a GCob0,0-algebra given by the
canonical maps

µ : 1⊗ 1→ 1, η : 1→ 1,

ν : 1→ 1⊗ 1, ε : 1→ 1.

Example 5.8. Let A be a GCobc,d-algebra in RMod• for some principal ideal domain R. We
have unit maps R → A−c and counit map Ad → R. If A is non-zero, non-degeneracy implies thus
that we have a factor R in degree −c generated by x := η(1) and a factor R in degree d generated
by y with ε(y) = 1R.
We distinguish between two cases: c+ d = 0 and c+ d ̸= 0.
For c+ d = 0, we apply Proposition 4.17 to Example 5.7 to find that Σd

1 inherits the structure of
a GCobc,d-algebra. This is thus the GCobc,d-algebra in RMod• of smallest rank which is not zero.
Moreover, it is the fGCobc,d-algebra of smallest rank bigger which is non-trivial.
For c+d ̸= 0, the algebra A is not the suspension of a GCob0,0-algebra. Moreover, every non-trivial
GCobc,d-algebra in RMod• thus contains at least Σ−cR ⊕ ΣdR. It turns out that we can define a
GCobc,d-algebra structure on Rc,d := Σ−cR⊕ ΣdR.
We denote the generator of Σ−cR by x and the generator of ΣdR by y. By assumption, we have
η(1) = x and ε(y) = 1. The multiplication µ is then uniquely defined by unitality

µ(x⊗ y) = (−1)
c(c+1)

2 y, µ(y ⊗ x) = (−1)cd+
c(c−1)

2 y, µ(x⊗ x) = (−1)
c(c+1)

2 x

and degree reasons

µ(y ⊗ y) = 0.

On the other hand, the comultiplication ν is defined by counitality as

ν(x) = (−1)cd+
d(d+1)

2 x⊗ y + (−1)
d(d−1)

2 y ⊗ x, ν(y) = (−1)
d(d−1)

2 y ⊗ y.

One can check that this satisfies graded associativity, graded coassociativity, the graded Frobenius
relation and graded commutativity.
This is also the fGCobc,d- and pGCobc,d-algebra of smallest rank which is non-trivial.

Remark 5.9. As discussed in Remark 4.19, twisting by det(G, ∂in) and det(G, ∂out) changes
only the degree of one operation, either multiplication or comultiplication while suspension changes
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degrees of both. On the level of algebras, suspension is simpler than twisting by det(G, ∂in).
We have an equivalence

grComFrobc,d(ZMod•) ∼= grComFrobc−1,d+1(ZMod•)

given by suspending the algebra. One can think of this in the following way. We tensor an algebra
A in grComFrobc,d(ZMod•) with Σ1 the GCob−1,1-algebra of smallest rank which is not zero. We
then apply Corollary 4.13 to get a GCobc−1,d+1-algebra structure on Σ⊗A ∼= ΣA.
We can do an analogous construction to get a functor

grComFrobc,d(ZMod•)→ grComFrobc,d+1(ZMod•).

For this we tensor a GCobc,d-algebra A with Z0,1 as defined in Example 5.8. This is the GCob0,1-
algebra of smallest rank which is not zero. By Corollary 4.13, this gives a GCobc,d+1-algebra
structure on Z0,1 ⊗A which has underlying module A⊕ ΣA.
In contrast to suspension, this functor is not an equivalence. This can be seen as Z0,1 is not ⊗-
invertible in contrast to GCob1,−1-algebra Σ1.

The suspension of Frobenius algebras in ZMod• can also be studied on the level of maps and
relations. Corollary 4.18 shows that a shifted GCobc,d-algebra is a GCobc−1,d+1-algebra. This can
also be stated in terms of maps and relations. However, it is a priori not clear that the suspended
maps Σµ,Ση,Σν and Ση satisfy the signs as in our main theorem because those signs depend on
choices of orientations. It turns out that our choices are stable under suspending algebras in this
sense.

To make this precise, we describe how a map ZMod•(A
⊗k, A⊗l) induces a suspended map in

ZMod•((ΣA)
⊗k, (ΣA)⊗l).

For this, we note that there is a canonical generator σk,l in ZMod•((Σ1)
⊗k, (Σ1)⊗l) which sends the

canonical generator s(1)⊗· · ·⊗ s(1) ∈ (Σ1)⊗k to the canonical generator s(1)⊗· · ·⊗ s(1) ∈ (Σ1)⊗l.
We thus get a map

Σ: ZMod•(A
⊗k, A⊗l)→ ZMod•((Σ1)

⊗k, (Σ1)⊗l)⊗ ZMod•(A
⊗k, A⊗l) ∼= ZMod•((ΣA)

⊗k, (ΣA)⊗l),

f 7→ σk,l ⊗ f.

We note that this is coherent with our choice that maps (here tensoring with σk,l) act from the left.
However, this map is functorial and monoidal only up to sign:

Lemma 5.10. Let f : A⊗k → A⊗l and g : A⊗m → A⊗n be maps in ZMod•. Then we have

(a) Σf ⊗ Σg = (−1)(n−m)(|f |+k)Σ(f ⊗ g);
(b) Σf ◦ Σg = (−1)(n−m)|f |Σ(f ◦ g) if n = k;
(c) ΣidA⊗k = id(ΣA)⊗k ;
(d) ΣτA = −τΣA for τA : A⊗A→ A⊗A the twist induced by the Koszul sign.

Proof. We first note that the maps σk,l are in degree l − k and satisfy

σk,l ⊗ σm,n(s(1)
⊗k ⊗ s(1)⊗m) = (−1)(n−m)ks(1)⊗l ⊗ s(1)⊗n = (−1)(n−m)kσk+m,l+n(s(1)

⊗k+m)

and

σk,l ◦ σm,k = σm,l.

We can thus compute

Σf ⊗ Σg = (σk,l ⊗ f)⊗ (σm,n ⊗ g) = (−1)(n−m)|f |(σk,l ⊗ σm,n)⊗ (f ⊗ g)

= (−1)(n−m)(|f |+k)(σk+m,l+n)⊗ (f ⊗ g) = (−1)(n−m)(|f |+k)Σ(f ⊗ g)
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and if n = k

Σf ◦ Σg = (σk,l ⊗ f) ◦ (σm,n ⊗ g) = (−1)|σm,n||f |(σk,l ◦ σm,n)⊗ (f ◦ g)

= (−1)(n−m)|f |σm,l ⊗ (f ◦ g) = (−1)(n−m)|f |Σ(f ◦ g).

The equation (c) follows directly from (b). For (d), we denote s(a) ∈ (ΣA)i+1 for the element coming
from a ∈ Ai and similarly s(b) ∈ (ΣA)j+1. The map ΣτA is defined as the composition

s(a)⊗ s(b) 7→ (−1)|a|s(1)⊗ s(1)⊗ a⊗ b
σ2,2⊗τA7→ (−1)|a||b|+|a|(s(1)⊗ s(1))⊗ (b⊗ a)
7→ (−1)|a||b|+|a|+|b|s(b)⊗ s(a)
= (−1)|s(a)||s(b)|−1s(b)⊗ s(a) = −τΣA(s(a)⊗ s(b)).

□

Proposition 5.11. Let (A,µ, η, ν, ε) in ZMod• be as in Theorem 5.1 and c, d ∈ Z.
This data satisfies the relations of a (c, d)-graded (commutative or symmetric) Frobenius algebra if
and only if (ΣA,Σµ,Ση,Σν,Σε) satisfies the relations of a (c − 1, d + 1)-graded (commutative or
symmetric) Frobenius algebra.

Proof. This is a direct application of Lemma 5.10. For example, if (A,µ, η, ν, ε) satisfies (c, d)-
graded left unitality, then we check compute (c−1, d+1)-graded left unitality for (ΣA,Σµ,Ση,Σν,Σε):

(−1)c−1Σµ ◦ (Ση ⊗ idΣA)
(c)
=(−1)c−1Σµ ◦ (Ση ⊗ ΣidA)

(a)
= (−1)c−1Σµ ◦ Σ(η ⊗ idA)

(b)
=(−1)c−1+cΣ(µ ◦ (η ⊗ idA)) = (−1)c−1+

c(c−1)
2 ΣidA

(c)
=(−1)

(c−1)(c−1−1)
2 idΣA.

□

6. Examples

In this section, we discuss different examples of graded Frobenius algebras found in the litera-
ture. Some of the examples have a description more akin to our Definition 4.4 in terms of PROPs,
while some of the examples have a description in terms of maps and relations similar to Theorem 5.1.

Throughout this section, we use Sweedler notation of a coproduct ν on an element a:

ν(a) =
∑
(a)

a′ ⊗ a′′.

6.1. Cohomology of an oriented manifold. Let M be a connected, closed manifold of
dimension d and let K be a field. Denote by H∗(M) the cohomology of M with coefficients in K.
Assume that M is K-orientable and fix an orientation [M ] ∈ Hd(M).
We denote

µ : H∗(M)⊗H∗(M)→ H∗(M),

α⊗ β 7→ α ∪ β
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and

ε : H∗(M)→ K,

α 7→

{
α([M ]) if ∗ = d;

0 else.

The multiplication µ has degree 0 and ε has degree −d. Moreover, µ is associative and has unit map

η : K → H∗(M),

1 7→ 1 ∈ H0(M).

Moreover, it is graded commutative as it satisfies µ◦τ = µ. Poincaré duality implies that the pairing
ε ◦ µ is non-degenerate. We can thus apply Corollary 5.5 and get the following example

Example 6.1. The data (H∗(M), µ, η, ε) defines a (0, d)-graded commutative Frobenius algebra

The associated comultiplication ν is the intersection coproduct. There are two common con-
structions of the intersection coproduct leading to different signs: we refer to them as the Poincaré
coproduct νP and the Thom coproduct νTh (see e.g. [HW17, Appendix B]).
We first define the Poincaré coproduct. As we work with field coefficients, the Künneth maps

× : H∗(M)⊗H∗(M)→ H∗(M
2),

× : H∗(M)⊗H∗(M)→ H∗(M2)

are isomorphisms. Denote by θ their inverses. We thus have a coproduct on homology given by

νHom := θ ◦∆∗ : H∗(M)→ H∗(M
2)→ H∗(M)⊗H∗(M).

We denote the Poincaré duality by

PD : H∗(M)
∼=→ Hd−∗(M),

α 7→ α ∩ [M ].

We then define the Poincaré coproduct as Poincaré dual to the homology coproduct νHom

νP (α) =
∑

(PD(α))

PD−1(PD(α)′)⊗ PD−1(PD(α)′′)

where the sum comes from νHom. This formula in terms of elements seems rather straight forward.
But if we describe it as a composition of maps, we need the tensor product without Koszul sign: for
graded maps f : V → V ′ and g : W →W ′ denote f⊗̃g as the as the map

(f⊗̃g)(a⊗ b) = f(a)⊗ g(b).
Then we write the Poincaré coproduct as

νP := (PD−1⊗̃PD−1) ◦ θ ◦∆∗ ◦ PD.

The Thom coproduct is defined via an orientation [M2] of the manifold M2. To get the signs

as in our main theorem, we define [M2] := (−1)
n(n−1)

2 [M ]× [M ].
This sign convention might seem surprising. It reflects the fact that we are shuffling the i-th dimen-
sion of the first copy of M to be the 2i− 1-th dimension of M2 and the i-th dimension of the second
copy of M to be the 2i-th dimension of M2. We call such a shuffle of two ordered sets of the same
size a riffle shuffle.
In terms of coordinates, take a ordered basis (v1, . . . , vn) of Rn. We then order the basis

{(v1, 0), . . . , (vn, 0), (0, v1), . . . , (0, vn)}
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of Rn ⊕ Rn as

((v1, 0), (0, v1), (v2, 0), . . . , (0, vn)).

This choice has the advantage that for two oriented manifolds M,N of dimension d, d′, we have
[(M ×N)2] = [M2] × [N2]. Corollary 4.13 then gives that H∗(M) ⊗H∗(N) inherits the structure
of a GCob0,d+d′ -algebra. Our choice of signs for νTh then ensures that

H∗(M)⊗H∗(N)→ H∗(M ×N)

is a map of coalgebras.
We consider the diagonal ∆: M →M ×M and fix a tubular neighbourhood U ⊆M ×M of ∆(M).
We denote j : M → U and i : U →M ×M for the canonical inclusions. We thus have ∆ = i ◦ j.
We define [U ] ∈ H2d(U, ∂U) as the image of [M2] under the map

H2d(M
2)→ H2d(M

2,∆(M)c)
(i∗)

−1

∼= H2d(U, ∂U).

Let τ ∈ Hd(U, ∂U) be the Thom class that satisfies

τ ∩ [U ] = j∗([M ]).

Now, we can define the Thom coproduct as the following composition

νTh : H
∗(M) ∼= H∗(U)

τ∪→ H∗+d(U, ∂U) ∼= H∗+d(M2,∆(M)c)→ H∗+d(M2) ∼= (H∗(M)⊗2)∗+d.

We point the readers attention to the fact that this is coherent with our convention that maps act
from the left as we are cupping with τ from the left in the second map.

To compare the signs that arise in the two definitions, we consider this diagram

Hk(M) Hk(U) Hk+d(U, ∂U) Hk+d(M2,∆(M)c)

Hd−k(M
2) Hk+d(M2)

Hd−k(M) Hd−k(U) Hd−k(M
2) Hk+d(M2)

(H∗(M)⊗2)d−k (H∗(M)⊗2)k+d.

∩[M ]

∩(j∗[M ])

j∗

∼=
∪τ

(−1)dk

τ∪

∩[U ]

∼=
i∗

(−1)
d(d−1)

2

∩[M2]

∼=

j∗ i∗

(−1)d+dk+di

∩([M ]×[M ])

∼=

× ∼=

∩[M ]⊗̃∩[M ]

∼=

× ∼=

• The composition along the bottom left gives the Poincaré coproduct νP .
• The composition along the top right gives the Thom coproduct νTh.
• The rectangle on the left hand side and the hexagon on the top right commute due to the
naturality of the cap product.

• The triangle in the centre commutes by the definition of the Thom class τ .
• The sign (−1)dk on top comes from graded commutativity of the cup product: α ∪ β =
(−1)|α||β|β ∪ α.

• The sign (−1)
d(d−1)

2 in the rectangle on the right in the middle comes from our definition
of [M2].
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• The sign in the bottom right rectangle means that, on elements in Hi(M)⊗Hd+k−i(M),
we have the sign (−1)d+dk+di because the cross product and the cap product commute:

(α ∩ [M ])× (β ∩ [M ]) = (−1)d|β|(α× β) ∩ ([M ]× [M ]).

Combining this, we get on the (i, d+ k − i)-coordinate in the output the sign

νP = (−1)
d(d−1)

2 +d+diνTh.(9)

One can check that (A,µ, η, νTh, ε) satisfies the relations of a (0, d)-graded commutative Frobenius
algebra as in Theorem 5.1. Cieliebak and Oancea prove this with their slightly different sign con-
ventions in [CO22b, Proposition 7.1].
The signs of the Poincaré coproduct can be explained in the following way: as discussed in Proposi-
tion 4.17 if A has the structure of a (c, d)-graded commutative Frobenius algebra then ΣA inherits
the structure of a (c− 1, d+1)-graded commutative Frobenius algebra. In this example, this means
that

Σ−dH∗(M) = H∗+d(M)

inherits the structure of a (d, 0)-graded Frobenius algebra. Then the coproduct one obtains is given
on an element s−d(α) ∈ H∗+d(M) by:

ΣdνTh(s
−d(α)) = (σ⊗−d

1,2 ⊗ νTh)(s(1)
⊗−d ⊗ α)

= (−1)dσ⊗−d
1,2 (s(1)⊗−d)⊗ νTh(α)

= (−1)dσ1,2(s(1))⊗−d ⊗
∑
(α)

α′ ⊗ α′′

= (−1)d(s(1)⊗2)⊗−d ⊗
∑
(α)

α′ ⊗ α′′

=
∑
(α)

(−1)d+|α′|+|s(α′)|+···+|sd−1(α′)|s−d(α′)⊗ s−d(α′′)

=
∑
(α)

(−1)d+d|α′|+ d(d−1)
2 s−d(α′)⊗ s−d(α′′).

Here σ⊗−d
1,2 denotes the d-fold tensor product of the canonical map Σ−1

1→ Σ−1
1⊗ Σ−1

1.

These are precisely the signs, we observed in (9). We thus conclude Σ−dνTh = νP . Therefore, the
Poincaré coproduct is the suspended Thom coproduct on Σ−dH∗(M) ∼= H∗+d(M). In H∗+d(M),
the coproduct is a degree 0 map, which makes the signs appearing in the graded coassociativity and
counitality considerably more comfortable. One pays for this comfort by getting less appealing signs
for the associativity and unitality of the corresponding shifted multiplication.

6.2. Hochschild homology of a Frobenius algebra.

Definition 6.2. Let GCob∂out ̸=∅
c,d be the subcategory of GCobc,d which only has morphisms

coming from graphs G satisfying the plumber’s condition, i.e., all connected components of G have
at least one outgoing external vertex.

Let GCob∂in ̸=∅
c,d be the subcategory of GCobc,d which only has morphisms coming from graphs G

satisfying the reverse plumber’s condition, i.e., all connected components of G have at least one
incoming external vertex.

In [WW16], Wahl and Westerland show that if A is a (0, d)-graded symmetric Frobenius algebra,
then the normalized Hochschild homologyHH∗(A) and A has the structure of an open-closed TQFT.
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Isolating the closed part, we get a TQFT twisted by det(S, ∂outS)
⊗d. We can restate this in our

language.

Example 6.3. Let A be a (0, d)-graded symmetric Frobenius algebra. Then HH∗(A) has the

structure of a GCob∂in ̸=∅
d,d -algebra.

The key input for this is the following observation: the twisting det(Cob(G), ∂out(Cob(G)))
⊗d

corresponds to our (d, d)-twisting, det(G, ∂in)
⊗d ⊗ det(G, ∂out)

⊗d. (Recall that Cob(G) is the
corresponding closed surface cobordism represented by the graph G.)
To make this precise, we recall that det1,1 is a functor from GCob(X,Y ) which commutes with
composition along X and Y . This can be stated by saying that

det1,1 : GCob→ BPic(Z),
X 7→ ∗,
G 7→ det1,1(G)

is a functor of 2-categories. Here BPic(Z) denotes the 2-category with one object ∗ and morphism
category

BPic(Z)(∗, ∗) = Pic(Z)

the category of ⊗-invertible objects in ZMod0 with isomorphisms between them.
The twistings det(Cob(G), ∂in(Cob(G)))

⊗d and det(Cob(G), ∂out(Cob(G)))
⊗d satisfy analogous

functoriality and gluing properties as det1,1 and thus also define 2-functors.
That these twistings correspond to our twisting by det1,1 is thus described in the following propo-
sition:

Proposition 6.4. The three functors of 2-categories

det1,1,det(Cob(−), ∂in),det(Cob(−), ∂out) : GCob→ BPic(Z)

are isomorphic.
Explicitly, there exist natural isomorphisms

det(G, ∂in)⊗ det(G, ∂out) ∼= det(Cob(G), ∂in(Cob(G)))

det(G, ∂in)⊗ det(G, ∂out) ∼= det(Cob(G), ∂out(Cob(G)))
(10)

for all G ∈ GCob(X,Y ) which commute with gluing of graphs.

Proof. We only prove the first isomorphism. The second one is proved analogously.
Both the left and right hand side of (10) represent functors out of GCob(X,Y ):

det(−, ∂in)⊗ det(−, ∂out), det(Cob(−), ∂in(Cob(−))).

After precomposition with the forgetful functor fGCob(X,Y ) → GCob(X,Y ), they define functors
out of fGCob(X,Y ). What we construct in the following is a natural isomorphism of the two functors
out of fGCob(X,Y ).
This lifts to a natural transformation of functors out of GCob(X,Y ). This can be seen as all
edge collapses can be lifted to an edge collapse in a fat graph. It remains to check that graph
isomorphisms can be lifted. For this we note that all graph isomorphisms can be decomposed into
a graph isomorphism that can be lifted to a fat graph isomorphism and a graph automorphism.
Finally all graph automorphisms act trivially on the left and right hand side of (10). Therefore the
following isomorphism can be lifted to a natural transformation of functors out of GCob(X,Y ).
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Let G ∈ fGCob(X,Y ) be a fat graph. We construct isomorphisms which commute with gluing
of graphs:

fG : det(fCob(G), ∂out)
∼=→ det(fCob(G), ∂in ∪ ∂free);

gG : det(fCob(G), ∂in)⊗ det(fCob(G), ∂in ∪ ∂free)
∼=→ det(Cob(G), ∂in).

We recall that ∂free is the part of the boundary which is neither in the incoming boundary nor in
the outgoing boundary. Then the proposition follows by taking gG ◦ (id⊗ fG).
For fG, we first note that H∗(|G|, |Lout|) is a free graded Z-module. Therefore any isomorphism

H∗(|G|, |Lout|) ∼= (H∗(|G|, |Lout|))∨ ∼= H∗(|G|, |Lout|)

gives an isomorphism

det(G, ∂out) = det(H∗(|G|, |Lout|)) ∼= det(H∗(|G|, |Lout|)).

Next, we note that the homotopy equivalence of pairs

(|G|, |Lout|) ≃ (fCob(G), ∂out)

gives an isomorphism

det(H∗(|G|, |Lout|)) ∼= det(H∗(fCob(G), ∂out)).

All those isomorphisms so far give an isomorphism

det(G, ∂out) ∼= det(H∗(fCob(G), ∂out))

which commutes with gluing.
For the next step, we use generalized Lefschetz duality (see for example [Hat02, Theorem 3.43]).
This gives an isomorphism

H∗(fCob(G), ∂out) ∼= H2−∗(fCob(G), ∂in ∪ ∂free)

induced by capping with [fCob(G)], the orientation in H2(fCob(G), ∂fCob(G)). As the fat graphs
induce oriented open cobordisms, this isomorphism also commutes with gluing. We thus get an
isomorphism

det(H∗(fCob(G), ∂out)) ∼= det(H2−∗(fCob(G), ∂in ∪ ∂free)) ∼= det(H∗(fCob(G), ∂in ∪ ∂free))

which commutes with gluing. This gives fG.
For gG, we consider fCob(G) as a subspace of Cob(G). Figuratively speaking, we consider it as the
lower half. See Figure 11.

Figure 11. Embedding fCob(G) in grey as the bottom half of Cob(G).
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Consider the triple of spaces (Cob(G), fCob(G) ∪ ∂in(Cob(G)), ∂in(Cob(G))). We note that by
excision

H∗(fCob(G), ∂in(fCob(G))) ∼= H∗(fCob(G) ∪ ∂in(Cob(G)), ∂in(Cob(G)))
H∗(fCob(G), ∂in(fCob(G)) ∪ ∂free(fCob(G))) ∼= H∗(Cob(G), fCob(G) ∪ ∂in(Cob(G))).

We thus have

det(fCob(G), ∂in(fCob(G)))⊗ det(fCob(G), ∂in(fCob(G)) ∪ ∂free(fCob(G)))
∼=→ det(fCob(G) ∪ ∂in(Cob(G)), ∂in(Cob(G)))⊗ det(Cob(G), fCob(G) ∪ ∂in(Cob(G))).

We note that collapsing the incoming boundary and the lower half in Cob(G) is the same space as
collapsing the free and incoming boundary of the upper half. See Figure 11.
The short exact sequence of the triple of spaces and Lemma 4.1 (d) then gives

det(fCob(G) ∪ ∂in(Cob(G)), ∂in(Cob(G)))⊗ det(Cob(G), fCob(G) ∪ ∂in(Cob(G)))
∼=→ det(Cob(G), ∂in(Cob(G))).

This gives gG and thus concludes the proof. □

We note that the category GCob∂in ̸=∅
d,d is generated by ω( ), ω( ) and ω( ). A symmetric

monoidal functor F : GCob∂in ̸=∅
d,d → ZMod• is uniquely determined up to natural isomorphism by

an object F (∗) and
µHH := F (ω( )) ∈ ZModd(F (∗)⊗ F (∗), F (∗)),
νHH := F (ω( )) ∈ ZModd(F (∗), F (∗)⊗ F (∗)),
εHH := F (ω( )) ∈ ZMod−d(F (∗),1).

Those maps satisfy graded associativity, coassociativity, counitality and commutativity and the
graded Frobenius relation as in Theorem 5.1.
Following [WW16, Section 6.5] using our sign conventions that maps act from the left, we have the
description

µHH((a0 ⊗ · · · ⊗ ak)⊗ (b0 ⊗ · · · ⊗ bl)) =

{
0 if k > 0,∑

(a0)
(−1)(|a′

0|+d)|a′′
0 |a′′0a

′
0b0 ⊗ b1 ⊗ · · · ⊗ bl if k = 0,

νHH(a0 ⊗ · · · ⊗ ak) =
∑

i=0,...,k
(a0)

(−1)(|a
′
0|+k−i)(|a′′

0 |+|a1|+···+|ai|)

(a′′0 ⊗ a1 ⊗ · · · ⊗ ai)⊗ (a′0 ⊗ ai+1 ⊗ · · · ⊗ ak),

εHH(a0 ⊗ · · · ⊗ ak) =

{
0 if k > 0,

ε(a0) if k = 0.

We note that these are different signs compared to [WW16]. One reason is that they have a different
sign convention that maps act from the right. On the other hand, the signs in their coproducts are
missing the Koszul sign coming from moving a′0 past a′′0 ⊗ a1 ⊗ · · · ⊗ ai.

6.3. Homology of the loop space. Let M be a connected, closed, oriented manifold of
dimension d and let K be a field. Let LM = Map(S1,M) be its loop space.
In [CG04], Cohen and Godin define operations µS on H∗(LM) := H∗(LM ;K) for every closed
cobordism S such that each connected component has at least one outgoing boundary. In [God07],
Godin moreover explains that this fits into a positive boundary open-closed TQFT which is twisted
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by det(S, ∂inS)
⊗−d. This minus sign comes from our convention that the determinant is in negative

degree while Godin has the convention that the determinant is in positive degree.
We only focus on the closed underived part of this TQFT. Using the first isomorphism in Proposition
6.4, we can rephrase this in our language as the following example:

Example 6.5. The homology of the loop space H∗(LM) has the structure of a GCob∂out ̸=∅
−d,−d -

algebra with operations given by the Chas-Sullivan product and the trivial coproduct.

We thus get a multiplication on H∗(LM), that we denote by µGo, and a comultiplication on
H∗(LM), that we denote by νGo.
We can compare this to the results of Tamanoi in [Tam10]. Tamanoi defines a coproduct

Ψ: H∗+d(LM)→ H∗(LM × LM).

As we work over a field, we can assume that the Künneth map × : H∗(LM)⊗H∗(LM)→ H∗(LM ×
LM) is invertible. We therefore can denote νTa := ×−1 ◦Ψ a comultiplication in our sense. Tamanoi
moreover defines multiplications

µTa : H∗(LM)⊗H∗(LM)→ H∗(LM),

· : H∗(LM)⊗H∗(LM × LM)→ H∗(LM × LM),

· : H∗(LM × LM)⊗H∗(LM)→ H∗(LM × LM)

which are defined such that for a, b, c ∈ H∗(LM), we have

a · (b× c) = µTa(a⊗ b)× c
(a× b) · c = a× µTa(b⊗ c).

In [Tam10, Theorem 2.2], Tamanoi observes the following Frobenius relation

Ψ(µTa(a⊗ b)) = (−1)d(|a|−d)a ·Ψ(b) = Ψ(a) · b ∈ H∗(LM × LM).

We interpret everything as living in H∗+d(LM) and H∗+d(LM × LM). Then the Künneth map is
a degree d map and its inverse a degree −d map. We can thus rewrite the Frobenius relation as

νTa ◦ µTa = (µTa ⊗ id) ◦ (id⊗ νTa) = (id⊗ µTa) ◦ (νTa ⊗ id).

This is exactly the relation, we expect for a the GCob∂out ̸=∅
0,−2d -algebra structure on H∗+d(LM) =

Σ−dH∗(LM). This structure is predicted by shifting the GCob∂out ̸=∅
−d,−d -structure in Example 6.5 and

applying Proposition 4.17.

It is worth noting that the coproducts, νGo and its shifted version νTa, are the so called trivial
coproduct onH∗(LM). This is in contrast to the Goresky-Hingston coproduct constructed in [GH09;
HW17].
Explicitly, Hingston and Wahl give a definition for the Chas-Sullivan product and the Goresky-
Hingston product in [HW17].
Their definition of the product is graded associative, unital and commutative. This lifts from the
respective properties of the intersection product νTh discussed in 6.1 (see the proof of [HW17,
Theorem 2.5]). This is in line with Example 6.5.
For the coproduct, we slightly amend their definition. Hingston andWahl define in [HW17, Definition
1.4] the loop coproduct as the degree 1− n map given for a chain A ∈ C∗(LM,M) by

AW(cut(RGH([τGH∩](A× I)))).
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For a detailed explanation of this notation, see [HW17]. We note that the first map in this compo-
sition ×I acts from the right while the second map [τGH∩] acts from the left.
As we chose the convention that maps act from the left, we define the map as the composition

∨(A) := AW(cut(RGH([τGH∩](I ×A)))).

An analogous proof strategy as for [HW17, Theorem 2.14] shows that ∨ is a degree 1−n coproduct
that satisfies the graded coassociativity and cocommutativity relation as in Theorem 5.1.

However, the Chas-Sullivan product and the Goresky-Hingston coproduct do not satisfy a Frobe-
nius relation in this setting. In particular, the product is an operation on H∗(LM) while the co-
product is an operation on H∗(LM,M) the homology relative the constant loops.

6.4. Rabinowitz loop homology. In the series of articles [CHO20; CO22b; CO22a; CHO23;
CO24], Cieliebak, Hingston and Oancea give an interpretation where the Chas-Sullivan product and
the Goresky-Hingston coproduct can be interpreted in a Frobenius type structure, what Cieliebak
and Oancea call a biunital coFrobenius bialgebra. As discussed in Remark 5.4, the signs in Theorem
5.1 correspond to the signs appearing in the definition of biunital coFrobenius algebras. This gives
a correspondence of their notion of a biunital coFrobenius bialgebras and our graded Frobenius
algebras in the finite dimensional case. But for the key example of Rabinowitz loop homology,
Cieliebak and Oancea need infinite dimensional algebras. For this they use the language of graded
Tate vector spaces to get a Frobenius relation.

They give two tensor products on graded Tate vector spaces: ⊗̂∗
, ⊗̂!

. All maps that appear in their

relations have source A⊗̂∗
k and target A⊗̂!

l for some k, l ≥ 0. The framework of PROPs set up so
far fails to describe those algebras. Indeed for a graded Tate vector space A, the collection

EndA(X,Y ) := Hom(A⊗̂∗
X , A⊗̂!

Y )

for X,Y finite sets does not have a canonical structure of a PROP. This is because in general there

is no canonical map A⊗̂!
X → A⊗̂∗

X and thus no composition.
Our remedy for this problem is to work with dioperads and the following proposition:

Proposition 6.6. Let A be a graded Tate vector space. The collection EndA(X,Y ) has a
canonical structure of a dioperad in ZMod0.

Proof. We recall from Subsection 4.3 that a dioperad structure consists of a (SX , SY )-bimodule
structure, a unit and composition maps.
The objects EndA(X,Y ) have a canonical (SX , SY )-bimodule structure given by permuting the
coordinates.
The unit is given by idA ∈ EndA(∗, ∗) = Hom(A,A).
The composition map uses the map

α : A⊗̂∗
(B⊗̂!

C)→ (A⊗̂∗
B)⊗̂!

C

for graded Tate vector spaces A,B,C as described in [CO24, Proposition 5.5].
We fix some sets W,X, Y, Z and elements x ∈ X, y ∈ Y and an element f ∈ EndA(W,X) and
g ∈ EndA(Y,Z). We define gy◦xf ∈ EndA((Y \ {y}) ⊔W,Z ⊔ (X \ {x})) as the composition

A⊗̂∗
(Y \{y})⊔W ∼=(A⊗̂∗

Y \{y})⊗̂∗
(A⊗̂∗

W )
f→ (A⊗̂∗

Y \{y})⊗̂∗
(A⊗̂!

X)

α→(A⊗̂∗
Y )⊗̂!

(A⊗̂!
X\{x})

g→ (A⊗̂!
Z)⊗̂!

(A⊗̂!
X\{x}) ∼= A⊗̂!

Z⊔(X\{x}).
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Checking that this data satisfies the unitality, associativity and equivariance relations is analogous
to checking that the endomorphism dioperad of an object in any symmetric monoidal category is a
dioperad. □

This allows us to define a Tate vector space having the structure of an algebra over a dioperad:

Definition 6.7. Let D a dioperad in ZMod0 and let A be a Tate vector space. A D-algebra
structure on A is a morphism of dioperads

D → EndA

enriched over ZMod0, i.e. a morphism of dioperads which is linear and preserves degree.

We recall that Proposition 4.22 shows that if c, d are of different parity working with the forest
dioperad does not lose operations compared to the PROP in characteristic ̸= 2. The main example
of Rabinowitz loop homology is such a case. We can thus state the closed part of [CO22b, Corollary
9.3 (c)] in the following example.

Example 6.8. Let M be an oriented d-dimensional manifold. The Rabinowitz loop homology

Ĥ∗(LM) has the structure of a GCobforestd,d+1-algebra.

Remark 6.9 (Graded Open-Closed TQFTs). Cieliebak, Hingston and Oancea also use graded
open-closed TQFTs. See for example [CHO20, Theorem 1.3.]. As far as we are aware, there does
not exist a graph description of graded open-closed TQFTs which describes [CHO20, Theorem 1.3.].
One structure that describes some graded open-closed TQFTs is given in [WW16, Subsection 6.3.].
Taking the bottom homology of the PROP OCd describes graded open-closed TQFTs. However, it
has the two following restrictions:

• Hbot(OCd) does not describe a closed unit;
• the degree of the open multiplication is zero, while the degree of the open comultiplication,
the closed multiplication and the closed comultiplication are all equal to a fixed d ∈ Z.

Especially, the second restriction means that this PROP does not describe [CHO20, Theorem 1.3.]
even after possibly shifting the algebras.
This leaves the question open whether there is a graph cobordism category describing a PROP or
dioperad encoding the graded open-closed TQFTs as in [CHO20, Theorem 1.3.]. One promising

outline of a construction may be the following. One constructs a dioperad analogous to GCobforestc,d

but with two types of vertices. Vertices of open type, that have cyclic ordering on s−1(v), and vertices
of closed type, that do not have a cyclic ordering. Moreover to make this well-defined, one stipulates
that edges between vertices of different type may not be collapsed by graph morphisms. Such edges
correspond to zippers and cozippers in [LP08; CHO20; CO22b].
Then one can consider a twist by

det(G, ∂oin)
co ⊗ det(G, ∂cin)

cc ⊗ det(G, ∂oout)
do ⊗ det(G, ∂cout)

dc

where ∂oin is the in-coming boundary of vertices of open type, ∂cin is the in-coming boundary of
vertices of closed type and so on. This is a dioperad with open and closed part whose multiplication
and comultiplication may have any degree.
However, an open-closed TQFT as in [LP08; CHO20; CO22b] satisfies some relations involving the
zipper and cozipper. For example, the zipper is an algebra morphism and the cozipper is a coalgebra
morphism. These relations are not satisfied in the dioperad as we have described it. While it seems
possible to force these relations in the dioperad, making this precise is beyond the scope of this
article.
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7. Proof of main theorem

In this section, we introduce some computational tools which lets us more easily compute ori-
entations in detc,d(G). With this machinery we can prove the main theorem in Subsection 7.2.

7.1. Computational tools. We recall that a generator ω(G) ∈ detc,d(G) is called an orien-
tation. For the proof, we need to be able to do three things:

(I) compute how (fat) graph isomorphisms act on orientations;
(II) compute how edge collapses act on orientations;
(III) compute the composition of two orientations.

We recall that the composition in (III) was defined in Lemma 4.2 using a splitting of the short exact
sequence:

0 C∗(|G|, |∂in|) C∗(|G′ ◦G|, |∂in|) C∗(|G′|, |∂in|) 0.

To explicitly compute (I), (II) and (III), we use Proposition 7.1 inspired by [GK98, Proposition 4.14]
and [God07, Lemma 14]. This gives us an expression of orientations in terms of top exterior powers
of edges, half-edges and vertices:

For X a finite set, we use the following notation

• Or(X) := Or(ZX) the top exterior concentrated in degree 0;
• det(X) := det(ZX) the top exterior concentrated in degree −|X|.

Proposition 7.1. Let G be a graph. There is a natural isomorphism

det(G, ∂in)∼=det(E)−1 ⊗Or(H)⊗ det(V \ Lin).

Moreover, an analogous statement for det(G, ∂out) holds after replacing Lin by Lout.

Proof. We set L := Lin and ∂ := ∂in or L := Lout and ∂ := ∂out. Consider the cellular chain
complex C∗(|G|, |L|) for |G| relative |L|:

0
⊕

e∈E Or({he, σhe}) ZV /ZL 0,

he ∧ σhe s(σh)− s(h).

We have that the homology of this complex is H∗(|G|, |L|). By Lemma 4.1, we have a sequence of
natural isomorphisms

det(G, ∂)
(e)∼=det(C∗(G,L))

(b)∼=det

(
Σ
⊕
e∈E

Or({he, σhe})

)
⊗ det(ZV /ZL)

∼= det

(
Σ
⊕
e∈E

Or({he, σhe})

)
⊗ det(V \ L)

(c)∼= det

(⊕
e∈E

Or({he, σhe})

)−1

⊗ det(V \ L)

(b)∼=
⊗
e∈E

det(Or({he, σhe}))−1 ⊗ det(V \ L)



43

We note that det(Or({he, σhe}))−1 is a free group of rank 1 concentrated in degree 1. Choosing a
generator of this group is equivalent to choosing a generator in the degree 0 group Or({he, σhe}).
We thus find

det(Or({he, σhe})−1 ∼= det({e})−1 ⊗Or({he, σhe})

where tensoring with det({e})−1 ensures that the right hand side is in degree 1. We thus find

det(G, ∂) ∼=
⊗
e∈E

(det({e})−1 ⊗Or({he, σhe}))⊗ det(V \ L)

(b)∼= det(E)−1 ⊗Or(H)⊗ det(V \ L)
where the last isomorphism comes from the fact that H = ⊔e∈E{he, σhe}. □

Remark 7.2. Explicitly, for E(G) = {e1, . . . , eα}, ei = {hi, σhi} and V (G)\Lin(G) = {v1, . . . , vβ}
a generator of det(G, ∂in) can be written as

(e1 ∧ · · · ∧ eα)−1 ⊗ h1 ∧ σh1 ∧ · · · ∧ σhα ⊗ v1 ∧ · · · ∧ vβ .(11)

A graph isomorphism induces a map of edges, half-edges and vertices. This lets us compute
isomorphism on orientations which gives (I) on our wish list. For computing edge collapses as in
(II), we use Lemma 7.3 which lets us compute an edge collapse on an orientation expressed in terms
of edges, half-edges and vertices. For computing compositions as in (III), we use Lemma 7.4. The
proofs of both lemmas are quite technical. But once they are proven doing (I), (II) and (III) are
straight-forward computations.

Lemma 7.3. Let G be a graph and E = {e0, e1, . . . , eα}, ei = {hi, σhi} and V = {v0, v1, . . . , vβ}.
Assume that e0 is not a tadpole and s(σh0) = v0 /∈ Lin(G).
The canonical map c : |G| → |G|/e0 does the following to generators as in (11):

det(c) : det(E(G))−1 ⊗Or(H(G))⊗ det(V (G) \ Lin(G))

→ det(E(G/e0))
−1 ⊗Or(H(G/e0))⊗ det(V (G/e0) \ Lin(G/e0))

(e0 ∧ e1 ∧ · · · ∧ eα)−1 ⊗ h0 ∧ σh0 ∧ h1 ∧ · · · ∧ σhα ⊗ v0 ∧ v1 ∧ · · · ∧ vβ
7→ (e1 ∧ · · · ∧ eα)−1 ⊗ h1 ∧ · · · ∧ σhα ⊗ v1 ∧ · · · ∧ vβ .

Here we identify the newly created vertex in G/e0 with s(h0) which gives an identification

V (G) \ {v0} ∼= V (G/e0)

together with the canonical identification

E(G) \ {e0} ∼= E(G/e0), H(G) \ {h0, σh0} ∼= H(G/e0).

Moreover, an analogous statement for det(G, ∂out) holds after replacing Lin by Lout.

Proof. We set L := Lin or L := Lout and ∂ := ∂in or ∂ := ∂out. The map c induces a map of
CW-complexes. This in turn induces a map of cellular chain complexes

0
⊕

e∈E(G) Or(e) ZV (G)/ZL 0

0
⊕

e∈E(G/e0)
Or(e) ZV (G/e0)/ZL 0

c|E c|V

where c|E sends Or(e0) to zero and all other edges to themselves and c|V sends v0 to v := s(h0) and
all other vertices to themselves. This is a surjective map of chain complexes with kernel:
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0 Or({h0, σh0}) ⟨v0 − v⟩ 0

h0 ∧ σh0 v0 − v

we denote this complex by C. Because e0 is not a tadpole v0−v ̸= 0 and thus C has trivial homology.
Lemma 4.1 (e) gives the isomorphism

1 ∼= det(C) ∼= det({e0})−1 ⊗Or(e0)⊗ det(⟨v0 − v⟩)

given by

1 7→ e−1
0 ⊗ h0 ∧ σh0 ⊗ (v0 − v).(12)

The geometric map det(c) : det(G, ∂)→ det(G/e0, ∂) is given by the composition

det(H∗(G, ∂)) ∼= det(C)⊗ det(H∗(G/e0, ∂)) ∼= 1⊗ det(H∗(G/e0, ∂)) ∼= det(H∗(G/e0, ∂)).

The isomorphism det(H∗(G, ∂)) ∼= det(C)⊗ det(H∗(G/e0, ∂)) induces

det(E(G))−1 ⊗Or(H(G))⊗ det(V (G) \ L)
→ det(E(G/e0))

−1 ⊗ det({e0})−1 ⊗Or(e0)⊗Or(H(G/e0))⊗ det({v0 − v})⊗ det(V (G/e0) \ L)
→ det({e0})−1 ⊗Or(e0)⊗ det({v0 − v})⊗ det(E(G/e0))

−1 ⊗Or(H(G/e0))⊗ det(V (G/e0) \ L).

This isomorphism is given by the identifications

E(G) = {e0} ⊔ E(G/e0), H(G) = e0 ⊔H(G/e0), ZV (G)\L ∼= Zv0−v ⊕ ZV (G/e0)\L

and then permuting the factors. We recall that in our conventions for graded abelian groups, the
canonical isomorphism between the dual of the tensor product and the tensor product of the dual
is order reversing. Thus the map on edges is order reversing:

det(E(G))−1 → det(E(G/e0))⊗ det({e0})−1,

(e0 ∧ e1 ∧ · · · ∧ eα)−1 7→ (e1 ∧ · · · ∧ eα)−1 ⊗ e−1
0 .

Concretely on generators, we thus get the map

(e0 ∧ e1 ∧ · · · ∧ eα)−1 ⊗ h0 ∧ σh0 ∧ h1 ∧ · · · ∧ σhα ⊗ v0 ∧ v1 ∧ · · · ∧ vβ
= (e0 ∧ e1 ∧ · · · ∧ eα)−1 ⊗ h0 ∧ σh0 ∧ h1 ∧ · · · ∧ σhα ⊗ (v0 − v) ∧ v1 ∧ · · · ∧ vβ
7→ (e1 ∧ · · · ∧ eα)−1 ⊗ e−1

0 ⊗ h0 ∧ σh0 ⊗ h1 ∧ · · · ∧ σhα ⊗ (v0 − v)⊗ v1 ∧ · · · ∧ vβ
7→ e−1

0 ⊗ h0 ∧ σh0 ⊗ (v0 − v)⊗ (e1 ∧ · · · ∧ eα)−1 ⊗ h1 ∧ · · · ∧ σhα ⊗ v1 ∧ · · · ∧ vβ .

The isomorphism det(C) ⊗ det(H∗(G/e0, ∂)) ∼= det(H∗(G/e0, ∂)) is now given by applying (12).
Concretely on generators, we compute

e−1
0 ⊗ h0 ∧ σh0 ⊗ (v0 − v)⊗ (e1 ∧ · · · ∧ eα)−1 ⊗ h1 ∧ · · · ∧ σhα ⊗ v1 ∧ · · · ∧ vβ
7→ (e1 ∧ · · · ∧ eα)−1 ⊗ h1 ∧ · · · ∧ σhα ⊗ v1 ∧ · · · ∧ vβ .

Composing these two maps thus gives the equation we wanted to compute. □

Lemma 7.4. Let G,G′ be composable graphs in GCob. The composition map

comp: det(G′, ∂in)⊗ det(G, ∂in) ∼=det(G′ ◦G, ∂in)
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given in Lemma 4.2 is computed via

det(E(G′))−1 ⊗Or(H(G′))⊗ det(V (G′) \ Lin(G
′))

⊗ det(E(G))−1 ⊗Or(H(G))⊗ det(V (G) \ Lin(G))

∼= det(E(G′ ◦G))−1 ⊗Or(H(G′ ◦G))⊗ det(V (G′ ◦G) \ Lin(G
′ ◦G))

where the map is given by the canonical identifications

E(G′) ⊔ E(G) ∼= E(G′ ◦G),
H(G′) ⊔H(G) ∼= H(G′ ◦G),

(V (G′) \ Lin(G
′)) ⊔ (V (G) \ Lin(G)) ∼= V (G′ ◦G) \ Lin(G

′ ◦G).
(13)

Moreover, an analogous statement holds for det(G, ∂out) after replacing Lin by Lout.

Proof. We set L := Lin or L := Lout and ∂ := ∂in or ∂ := ∂out.
We consider the cellular chain complexes C∗(G,L), C∗(G

′, L) and C∗(G
′ ◦G,L). The map comp is

given by Lemma 4.1 (d) applied to the short exact sequence of complexes

0→ C∗(G,L)→ C∗(G
′ ◦G,L)→ C∗(G

′, L)→ 0.

One splitting of this short exact sequence is given by the maps on chains coming from the identifi-
cation of the generating sets as in (13). □

Remark 7.5. We write E(G) = {e1, . . . , ek}, ei = {hi, σhi}, V (G) \ Lin(G) = {v1, . . . , vl},
E(G′) = {e′1, . . . , e′m}, e′i = {h′i, σh′i} and V (G′) \ Lin(G

′) = {v′1, . . . , v′n}. Then we compute the
following Koszul signs:

comp((e′1 ∧ · · · ∧ e′m)−1 ⊗ h′1 ∧ σh′1 ∧ · · · ∧ σh′m ⊗ v′1 ∧ · · · ∧ v′n
⊗ (e1 ∧ · · · ∧ ek)−1 ⊗ h1 ∧ σh1 ∧ · · · ∧ σhk ⊗ v1 ∧ · · · ∧ vl)

= (−1)(m+n)k(e′1 ∧ · · · ∧ e′m ∧ e1 ∧ · · · ∧ ek)−1 ⊗ h′1 ∧ · · · ∧ σh′m ∧ h1 ∧ · · · ∧ σhk
⊗ v′1 ∧ · · · ∧ v′n ∧ v1 ∧ · · · ∧ vl

in det(E(G′ ◦G))−1 ⊗Or(H(G′ ◦G))⊗ det(V (G′ ◦G) \ Lin(G
′ ◦G)).

7.2. Proof. With the calculation tools in Proposition 7.1, Lemma 7.3 and Lemma 7.4, we are
in a position to prove Theorem 5.1.

Proof of Theorem 5.1. We recall that Theorem 5.1 gives a description of (c, d)-graded (com-
mutative or symmetric) Frobenius algebras in terms of maps and relations that those maps satisfy.
We defined a (c, d)-graded (commutative or symmetric) Frobenius algebra as a (symmetric) monoidal
functor preserving degrees out of GCobc,d (or fGCobc,d or pGCobc,d).
For the parts of the proof that apply to all three categories, we denote Gc,d for the category GCobc,d,
fGCobc,d or pGCob. This is a category enriched in graded abelian groups. We denote by G the
corresponding 2-category of graph cobordisms GCob, fGCob or pGCob. Finally, we denote by G the
associated 1-categories GCob, fGCob or pGCob where morphisms are equivalence classes of graph
cobordisms as in Definition 2.12.

We recall that Proposition 4.5 gives isomorphisms

Gc,d(X,Y ) ∼=
⊕

[G]∈G(X,Y )

detc,d(G)π1(|G(X,Y )|,G).(14)

An element [G] ∈ G(X,Y ) is an equivalence class of a graph cobordism up to zig-zag of graph
morphisms. Such an equivalence class can be represented by a graph that can be written as a
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composition of the four elementary graphs , , , (and possibly the twist map if G is GCob or
fGCob). Indeed, expand the graph such that it has only graphs of valence ≤ 3 and no two valence
3-vertex are next to each other. Direct the edges such that no vertex of valence 2 or 3 has only
incoming or only outgoing edges. To make this possible, one has to possibly introduce some units
or counits. See Figure 12.

Figure 12. The graph on the bottom can be lifted to a graph which can be de-
composed into the four elementary graphs. This graph can for example be written
as ( ⊗ ) ◦ ( ⊗ id⊗ id) ◦ (id⊗ ⊗ id) ◦ ( ⊗ id) ◦ ( ⊗ ) ◦ ◦ ◦ ( ⊗ id). (Note
the order-reversing convention for the composition ◦.)

This shows that pGCobc,d is generated under composition and monoidal product by chosen
generators

ω( ) ∈ detc,d( )π1(|G(∗⊔∗,∗)|, ), ω( ) ∈ detc,d( )π1(|G(∅,∗)|, ),

ω( ) ∈ detc,d( )π1(|G(∗,∗⊔∗)|, ), ω( ) ∈ detc,d( )π1(|G(∗,∅)|, ).

The categories GCobc,d and fGCobc,d are also generated by those four elements but as a symmetric
monoidal category rather than just as a monoidal category.
We note that those four elements are non-trivial for all c, d ∈ Z. This can be seen as there exists ex-
amples of (c, d)-graded commutative Frobenius algebras with non-trivial µ, η, ν and ε (see Example
5.8). However, our proof does not use this fact.
Any (symmetric) monoidal functor F : Gc,d → C is thus uniquely determined up to isomorphism by
the images µ = F (ω( )), η = F (ω( )), ν = F (ω( )) and ε = F (ω( )).

We now fix explicit orientations ω( ), ω( ), ω( ) and ω( ): we label the graphs , , and
as in Figures 13, 14, 15 and 16. We choose the convention that all half-edges named σhi are glued to
the internal vertex. This is convenient when we later apply Lemma 7.3 to compute edge collapses.



47

Figure 13. The graph
with v the lone internal ver-
tex, v0 the lone outgoing
vertex and v1 and v2 the in-
coming vertices. The vertex
v1 corresponding to the first
coordinate of the input and
v2 to the second coordinate.

Figure 14. The graph
with v the lone internal ver-
tex, v0 the lone incoming
vertex and v1 and v2 the out-
going vertices. The vertex
v1 corresponding to the first
coordinate of the output and
v2 to the second coordinate.

Figure 15. The graph
with v the lone internal ver-
tex and v0 the lone outgoing
vertex.

Figure 16. The graph
with v the lone internal ver-
tex and v0 the lone incoming
vertex.

Using the identification as in Proposition 7.1, we define generators

ωin( ) := (e2 ∧ e1 ∧ e0)−1 ⊗ h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h2 ∧ σh2 ⊗ v ∧ v0 ∈ det( , ∂in),

ωout( ) := 1 ∈ det( , ∂out) ∼= 1,

ωin( ) := e−1
0 ⊗ h0 ∧ σh0 ⊗ v ∧ v0 ∈ det( , ∂in),

ωout( ) := 1 ∈ det( , ∂out) ∼= 1,

ωin( ) := 1 ∈ det( , ∂in) ∼= 1,

ωout( ) := (e2 ∧ e1 ∧ e0)−1 ⊗ h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h2 ∧ σh2 ⊗ v ∧ v0 ∈ det( , ∂out),

ωin( ) := 1 ∈ det( , ∂in) ∼= 1,

ωout( ) := e−1
0 ⊗ h0 ∧ σh0 ⊗ v ∧ v0 ∈ det( , ∂out).

The generator ωin( ) is the canonical generators coming from the isomorphism

det(H∗( , ∂in))
4.1(e)→ det(C∗( , ∂in))

7.1→ det(E( ))−1 ⊗Or(H( ))⊗ det(V ( ) \ Lin( )),
v0 7→ (h0 ∧ σh0)−1 ⊗ v ∧ v0 7→ e−1

0 ⊗ h0 ∧ σh0 ⊗ v ∧ v0.

An analogous statement holds for the chosen generator ωout( ).
We note that ωout( ), ωout( ), ωin( ) and ωin( ) all have degree zero. The generators ωin( ) and
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ωout( ) are in degree 1 while ωin( ) and ωout( ) are in degree −1. Then we set for fixed c, d ∈ Z
the orientations

ω( ) := ωin( )⊗c ⊗ ωout( )⊗d ∈ detc,d( ), ω( ) := ωin( )⊗c ⊗ ωout( )⊗d ∈ detc,d( ),

ω( ) := ωin( )⊗c ⊗ ωout( )⊗d ∈ detc,d( ), ω( ) := ωin( )⊗c ⊗ ωout( )⊗d ∈ detc,d( ).

We note that ω( ) is in degree c and ω( ) is in degree −c while ω( ) is in degree d and ω( ) is
in degree −d. As F is enriched over ZMod0, it preserves degrees of maps. We thus have |µ| = c,
|η| = −c, |ν| = d and |ε| = −d.
We have proven so far that a (symmetric) monoidal functor F : Gc,d → C is uniquely determined up
to isomorphism by the data

A = F (∗) ∈ C,
µ = F (ω( )) ∈ Cc(A⊗A,A), η = F (ω( )) ∈ C−c(1, A),

ν = F (ω( )) ∈ Cd(A,A⊗A), ε = F (ω( )) ∈ C−d(A,1).

The theorem we are proving states that this data defines a functor if and only if certain relations
are satisfied. We first argue the only if part of the statement assuming the following lemma:

Lemma 7.6. In the category Gc,d, the following identities hold:

ω( ) ◦ (ω( )⊗ 1) = (−1)cω( ) ◦ (1⊗ ω( )) ∈ detc,d( ),

(−1)cω( ) ◦ (ω( )⊗ 1) = (−1)
c(c−1)

2 = ω( ) ◦ (1⊗ ω( )) ∈ detc,d( ) ∼= 1,

(ω( )⊗ 1) ◦ ω( ) = (−1)d(1⊗ ω( )) ◦ ω( ) ∈ detc,d( ),

(−1)d(1⊗ ω( )) ◦ ω( ) = (−1)
d(d−1)

2 = (ω( )⊗ 1) ◦ ω( ) ∈ detc,d( ) ∼= 1,

(ω( )⊗ 1) ◦ (1⊗ ω( )) = (−1)cdω( ) ◦ ω( ) = (1⊗ ω( )) ◦ (ω( )⊗ 1) ∈ detc,d( ).

Moreover in the category GCobc,d, the automorphism of the graph which switches the two incoming
edges acts by (−1)c on detc,d( ) and, in the category fGCobc,d, the fat graph automorphism of the
fat graph which switches the two incoming edges acts by (−1)c on detc,d( ).

These identities are preserved under F because F is linear and monoidal. The lemma thus shows
that the relations are satisfied by µ, η, ν and ε if they come from a functor F . This thus concludes
the only if part.

Before proving the lemma, we show the if part of the statement that the data (A,µ, η, ν, ε)
satisfying the relations defines a functor:
Consider a morphism f ∈ G(X,Y ). As we have

Gc,d(X,Y ) ∼=
⊕

[G]∈G(X,Y )

detc,d(G)π1(|G(X,Y )|,G),

we may assume that f is a homogeneous generator, i.e., it is given by the π1(|G(X,Y )|, G)-orbit of
ω(G) for some generator ω(G) ∈ detc,d(G). We write [G] as a composition of the graphs , ,
and as in Figure 12. We then define F (ω(G)) as the corresponding composition of µ, η, ν and ε.
The map F is by definition linear and degree-preserving, i.e., it is enriched over ZMod0. Moreover up
to choosing the right decomposition of G, this is functorial and (symmetric) monoidal. However, our
definition of F (f) depends on two choices: the decomposition of G and the choice of representative
of the π1(|G(X,Y )|, G)-orbit.
We first argue why the definition is independent of the choice of decomposition: in [Koc04; LP08],
Kock and Lauda and Pfeiffer describe a normal form for a decomposition of a closed or an open
surface. Moreover, they show that any decomposition can be brought into this normal form using the
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six generating relations: associativity, unitality, coassociativity, counitality, the Frobenius relation
and possibly commutativity or symmetry. Thus any two decompositions are related to each other
by a sequence of those six relations.
An analogous argument for (fat) graphs shows that any two decompositions into the four graphs ,
, and are related by a sequence of those six relations.

Therefore, any two decompositions are related by applying the relations in Lemma 7.6. If the mor-
phisms µ, η, ν and ε satisfy the corresponding relation in C, the definition of F (ω(G)) as above is
independent of the choice of decomposition.
It remains to show that our definition of F is independent of choice of representative in the
π1(|G(X,Y )|, G)-orbit. This is equivalent to showing that our definition of F (ω(G)) is invariant
under the π1(|G(X,Y )|, G)-action:
Any element in π1(|G(X,Y )|, G) is represented by a zig-zag of edge collapses and (fat) graph iso-
morphisms:

G = G0 G1 G2 G3 . . . Gn−1 Gn = G.

Applying one of the relations in Lemma 7.6 to a decomposition G produces a new decomposition
G′. The relation then specifies a zig-zag

G G′′ G′

where G and G′ are given by a different decomposition. We show that all zig-zags can be lifted to
a sequence of zig-zags coming from the relations in Lemma 7.6.

We can lift each graph G2i to a decomposition into the four elementary graphs: G̃2i → G2i where

G̃2i has a decomposition into the four elementary graphs. We fix such a decomposition for all G̃2i.
We thus have the following diagram:

G̃0 G̃2 . . . G̃n

G G1 G2 G3 . . . Gn−1 G.

Each G̃2i → G2i → G2i±1 gives a decomposition of G2i±1. We thus can rewrite the above diagram
suggestively as

G̃0 G̃0 G̃2 G̃2 G̃2 . . . G̃n G̃n

G G1 G1 G2 G3 . . . Gn−1 G.

The decompositions G̃2i → G2i+1 and G̃2i+2 → G2i+1 are two decompositions of G2i+1. Therefore

G̃2i and G̃2i+2 are related by a sequence of the relations in Lemma 7.6. Thus there exists a zig-zag
coming from those relations fitting into the lifting problem

G̃2i G̃2i+2

G2i+1 G2i+1.
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This lifts the whole zig-zag to a zig-zag coming from the relations in Lemma 7.6.
The action of the element of π1(|C(X,Y )|, G) can thus be computed by applying the relations in
Lemma 7.6.
Consequently, if µ, η, ν and ε satisfy the corresponding relations in C, our definition of F (ω(G))
does not depend on the representative of the π1(G(X,Y ), G)-orbit as it is invariant under the
π1(G(X,Y ), G)-action.
This shows that the data µ, η, ν and ε satisfying the relations lets us define a functor F and thus
concludes the only if part of the statement. The only thing left to prove is Lemma 7.6. The proof
makes up the rest of the paper.

Proof of Lemma 7.6. We prove the seven identities using Lemmas 7.3 and 7.4.

Graded associativity. We show that

ω( ) ◦ (ω( )⊗ 1) = (−1)cω( ) ◦ (1⊗ ω( )) ∈ detc,d( )(15)

holds in Gc,d.
We start computing

ω( ) ◦ (ω( )⊗ 1) = (ωin( )⊗c ⊗ ωout( )⊗d) ◦ (ωin( )⊗c ⊗ ωout( )⊗d ⊗ 1)

= comp1(ωin( )⊗c ⊗ ωin( )⊗c)⊗ comp1(ωout( )⊗d ⊗ ωout( )⊗d)

= (−1)
c(c−1)

2 comp1(ωin( )⊗ ωin( ))⊗c ⊗ comp1(ωout( )⊗ ωout( ))⊗d.

Here comp1 is the composition we get by gluing one copy of at v0 to v1 of the other copy. The

sign (−1)
c(c−1)

2 comes from the fact that we have to reshuffle ωin( )⊗c ⊗ ωin( )⊗c into c pairs of
ωin( )⊗ ωin( ) (via a riffle shuffle). For ωout( ) no such sign appears as they are in degree 0.
Analogously, we compute

ω( ) ◦ (1⊗ ω( )) = (−1)
c(c−1)

2 comp2(ωin( )⊗ ωin( ))⊗c ⊗ comp2(ωout( )⊗ ωout( ))⊗d.

Here comp2 is the composition we get by gluing one copy of at v0 to v2 of the other copy because
v2 is the vertex corresponding to the second input.
It remains to compare comp1(ωin( ) ⊗ ωin( )) to comp2(ωin( ) ⊗ ωin( )) and comp1(ωout( ) ⊗
ωout( )) to comp2(ωout( )⊗ ωout( )).
We note that because of triviality of the ωout( ) orientations, we have

comp1(ωout( )⊗ ωout( )) = comp2(ωout( )⊗ ωout( )).

Equation (15) then follows from the following identity

comp1(ωin( )⊗ ωin( )) = −comp2(ωin( )⊗ ωin( )).(16)

To show this identity, we start with comp1(ωin( ) ⊗ ωin( )). For this, we denote the edges, half-
edges and vertices of the left copy of by e, e0, e1, e2 and so on, as before. This represents the
multiplication that is applied second. We denote the edges, half-edges and vertices of the right copy
of by e′, e′0, e

′
1, e

′
2 and so on. This represents the multiplication that is applied first.

We compute using Lemma 7.4 and Remark 7.5:

comp1(ωin( )⊗ ωin( )) = comp1((e2 ∧ e1 ∧ e0)−1 ⊗ h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h2 ∧ σh2 ⊗ v ∧ v0
⊗ (e′2 ∧ e′1 ∧ e′0)−1 ⊗ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v′ ∧ v′0)

= − (e2 ∧ e1 ∧ e0 ∧ e′2 ∧ e′1 ∧ e′0)−1

⊗ h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h2 ∧ σh2 ∧ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2
⊗ v ∧ v0 ∧ v′ ∧ v′0
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Figure 17. The two composition of two multiplications give the same graph after
collapsing two edges.

As we glued v′0 to v1, we can collapse e′0 and e1 to obtain the graph (see top of Figure 17).
We recall the naming convention that s(σhi) is an internal vertex. Therefore when collapsing e′0, we
can apply Lemma 7.3 using that s(σh′0) = v′ is the vertex we want to delete from the orientation.
Thereafter deleting e1, we note that s(σh1) = v is the vertex we delete in the process. Importantly
to apply Lemma 7.3, we must reshuffle the edge and vertex, we want to delete to the first position.
This gives some signs. We do the reshuffle explicitly in the first computation and thereafter only
denote the corresponding sign after the edge collapse. We find:

−(e2 ∧ e1 ∧ e0 ∧ e′2 ∧ e′1 ∧ e′0)−1

⊗ h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h2 ∧ σh2 ∧ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v ∧ v0 ∧ v′ ∧ v′0
= (e′0 ∧ e2 ∧ e1 ∧ e0 ∧ e′2 ∧ e′1)−1

⊗ h′0 ∧ σh′0 ∧ h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h2 ∧ σh2 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v′ ∧ v ∧ v0 ∧ v′0
7→ (e2 ∧ e1 ∧ e0 ∧ e′2 ∧ e′1)−1

⊗ h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h2 ∧ σh2 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v ∧ v0 ∧ v′0
7→ − (e2 ∧ e0 ∧ e′2 ∧ e′1)−1 ⊗ h0 ∧ σh0 ∧ h2 ∧ σh2 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v0 ∧ v′0.

The edges of are here labelled (from top to bottom) by e′1, e
′
2 and e2 as in the top right of Figure

17.
Analogously, we compute

comp2(ωin( )⊗ ωin( )) =− (e2 ∧ comp2(ωin( )⊗ ωin( ))

=− (e2 ∧ e1 ∧ e0 ∧ e′2 ∧ e′1 ∧ e′0)−1

⊗ h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h2 ∧ σh2 ∧ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2
⊗ v ∧ v0 ∧ v′ ∧ v′0.
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But as we glued v′0 to v2, we can now collapse e′0 and e2 (see bottom of Figure 17). In this process,
we first delete the vertex s(σh′0) = v′ and then the vertex s(σh2) = v. We thus find

−(e2 ∧ e1 ∧ e0 ∧ e′2 ∧ e′1 ∧ e′0)−1

⊗h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h2 ∧ σh2 ∧ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v ∧ v0 ∧ v′ ∧ v′0
7→(e2 ∧ e1 ∧ e0 ∧ e′2 ∧ e′1)−1

⊗ h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h2 ∧ σh2 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v ∧ v0 ∧ v′0
7→(e1 ∧ e0 ∧ e′2 ∧ e′1)−1 ⊗ h0 ∧ σh0 ∧ h1 ∧ σh1 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v0 ∧ v′0.

The edges of are here labelled (from top to bottom) by e1, e
′
1 and e′2 as in the bottom right of

Figure 17. This differs from the naming scheme of the other composition by an even permutation.
This shows that the two orientations differ by the sign −1. We have proved (16) and thus (15).

Graded unitality. We want to compute

(−1)cω( ) ◦ (ω( )⊗ 1) = (−1)
c(c−1)

2 = ω( ) ◦ (1⊗ ω( )) ∈ detc,d( ) ∼= 1.(17)

As for graded associativity, we compute the signs from the riffle shuffle

ω( ) ◦ (ω( )⊗ 1) = (−1)
c(c−1)

2 comp1(ωin( )⊗ ωin( ))⊗c ⊗ comp1(ωout( )⊗ ωout( ))⊗d

and

ω( ) ◦ (1⊗ ω( )) = (−1)
c(c−1)

2 comp2(ωin( )⊗ ωin( ))⊗c ⊗ comp2(ωout( )⊗ ωout( ))⊗d.

We note that, by triviality of the ωout-orientations, we have

comp1(ωout( )⊗ ωout( )) = 1 = comp2(ωout( )⊗ ωout( )) ∈ det( , ∂out).

The equation (17) then follows from the following identity

−comp1(ωin( )⊗ ωin( )) = 1 = comp2(ωin( )⊗ ωin( )) ∈ det( , ∂in) ∼= 1.(18)

To show this, we denote the edges, half-edges and vertices of by e0 and so on. On the other
hand, we denote the edges, half-edges and vertices of by e′0, e

′
1, e

′
2 and so on. We thus compute by

Lemma 7.4 and Remark 7.5:

comp1(ωin( )⊗ ωin( )) = comp1((e
′
2 ∧ e′1 ∧ e′0)−1 ⊗ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v′ ∧ v′0

⊗ (e0)
−1 ⊗ h0 ∧ σh0 ⊗ v ∧ v0)

= − (e′2 ∧ e′1 ∧ e′0 ∧ e0)−1

⊗ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ∧ h0 ∧ σh0 ⊗ v′ ∧ v′0 ∧ v ∧ v0.
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Figure 18. The two composition of a unit and a multiplications give the graph
with one vertex representing id after collapsing four edges.

Now we can collapse e0 and e′1 as in the top of Figure 18. We use Lemma 7.3 and note that
when we collapse e0, we have to delete s(σh0) = v. If we then collapse e′1, we note that s(σh

′
1) = v′.

We compute:

−(e′2 ∧ e′1 ∧ e′0 ∧ e0)−1 ⊗ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ∧ h0 ∧ σh0 ⊗ v′ ∧ v′0 ∧ v ∧ v0
7→ (e′2 ∧ e′1 ∧ e′0)−1 ⊗ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v′ ∧ v′0 ∧ v0
7→ − (e′2 ∧ e′0)−1 ⊗ h′0 ∧ σh′0 ∧ h′2 ∧ σh′2 ⊗ v′0 ∧ v0.

Next we collapse e′0 which deletes s(σh′0) = v0:

−(e′2 ∧ e′0)−1 ⊗ h′0 ∧ σh′0 ∧ h′2 ∧ σh′2 ⊗ v′0 ∧ v0
7→ − (e′2)

−1 ⊗ h′2 ∧ σh′2 ⊗ v′0.

Finally collapsing e′2, we delete s(σh′2) = v′0 and find:

−(e′2)−1 ⊗ h′2 ∧ σh′2 ⊗ v′0 7→ −1.

This shows the left equality in (18).
For the other equation, we compute:

comp2(ωin( )⊗ ωin( )) =− (e′2 ∧ e′1 ∧ e′0 ∧ e0)−1

⊗ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ∧ h0 ∧ σh0 ⊗ v′ ∧ v′0 ∧ v ∧ v0.

But now we collapse first e0 and at the same time deleting s(σh0) = v. Then we collapse e′2 and
delete s(σh′2) = v′. Then we delete e′0 and delete s(σh′0) = v0. Finally, we collapse e′1 and delete
s(σh′1) = v′0 as in the bottom of Figure 18. We thus find

−(e0 ∧ e′2 ∧ e′1 ∧ e′0)−1 ⊗ h0 ∧ σh0 ∧ h′0 ∧ σh′0 ∧ h′1 ∧ σh′1 ∧ h′2 ∧ σh′2 ⊗ v ∧ v0 ∧ v′ ∧ v′0 7→ 1.

One can see that by either doing the calculation explicitly. Or one can notice that we are deleting
the vertices in the same order as before but switched the order of the two edges e′1 and e′2 in which
we delete them (see bottom of Figure 18). This shows (18) and thus (17).

Graded coassociativity. This computation is dual to the computation of graded associativity,
we thus obtain:

(ω( )⊗ 1) ◦ ω( ) = (−1)d(1⊗ ω( )) ◦ ω( ) ∈ detc,d( ).
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Graded counitality. This computation is dual to the computation of graded unitality, we thus
obtain:

(−1)d(1⊗ ω( )) ◦ ω( ) = (−1)
d(d−1)

2 = (ω( )⊗ 1) ◦ ω( ) ∈ detc,d( ) ∼= 1.

We note that the dual term to ω( ) ◦ (ω( )⊗ 1) is (1⊗ ω( )) ◦ ω( ).

The graded Frobenius relation. We want to show that

(ω(µ)⊗ 1) ◦ (1⊗ ω(ν)) = (−1)cdω(ν) ◦ ω(µ) = (1⊗ ω(µ)) ◦ (ω(ν)⊗ 1) ∈ detc,d( ).(19)

We start computing

(ω(µ)⊗ 1) ◦ (1⊗ ω(ν)) = (ωin(µ)
⊗c ⊗ ωout(µ)

⊗d ⊗ 1) ◦ (1⊗ ωin(ν)
⊗c ⊗ ωout(ν)

⊗d)

= (ωin(µ)
⊗c ⊗ 1) ◦ (1⊗ ωin(ν)

⊗c)⊗ (ωout(µ)
⊗d ⊗ 1) ◦ (1⊗ ωout(ν)

⊗d)

= comp1,2(ωin(µ)⊗ ωin(ν))
⊗c ⊗ comp1,2(ωout(µ)⊗ ωout(ν))

⊗d.

Here comp1,2 is the composition given by gluing together the first outgoing vertex of to the second
incoming vertex of .
Analogously, we compute

(1⊗ ω(µ)) ◦ (ω(ν)⊗ 1) = comp2,1(ωin(µ)⊗ ωin(ν))
⊗c ⊗ comp2,1(ωout(µ)⊗ ωout(ν))

⊗d.

Here comp2,1 is the composition given by gluing together the second outgoing vertex of to the
first incoming vertex of .
In contrast, we compute

ω(ν) ◦ ω(µ) = (ωin(ν)
⊗c ⊗ ωout(ν)

⊗d) ◦ (ωin(µ)
⊗c ⊗ ωout(µ)

⊗d)

= (−1)cd(ωin(ν)
⊗c ◦ ωin(µ)

⊗c)⊗ (ωout(ν)
⊗d ◦ ωout(µ)

⊗d).

The sign (−1)cd comes from the fact that we have to move ωout(ν)
⊗d which is in degree d past

ωin(µ)
⊗c which is in degree c. By definition, we have:

(−1)cd(ωin(ν)
⊗c ◦ ωin(µ)

⊗c)⊗ (ωout(ν)
⊗d ◦ ωout(µ)

⊗d)

= (−1)cdcomp(ωin(ν)⊗ ωin(µ))
⊗c ⊗ comp(ωout(ν)⊗ ωout(µ))

⊗d.

The equation (19) now follows from the following identities It holds that

comp1,2(ωin(µ)⊗ ωin(ν)) = comp(ωin(ν)⊗ ωin(µ)) = comp2,1(ωin(µ)⊗ ωin(ν))

and

comp1,2(ωout(µ)⊗ ωout(ν)) = comp(ωout(ν)⊗ ωout(µ)) = comp2,1(ωout(µ)⊗ ωout(ν)).

This can be seen either by doing the hands-on computation using Lemmas 7.3 and 7.4 or by noting
that ωin(ν) and ωout(µ) are trivial. Composition with them thus gives the trivial map.

Graded commutativity. We want to show that the automorphism of the graph which
switches the two incoming edges acts by (−1)c on ω( ). For this, we note that this automorphism
acts trivially on det( , ∂out) ∼= 1. On the other hand, we compute the action det( , ∂in) as

det( , ∂in)→ det( , ∂in),

(e2 ∧ e1 ∧ e0)−1 ⊗ h0 ∧ σh0 ∧ h1∧σh1 ∧ h2 ∧ σh2 ⊗ v ∧ v0
7→ (e1 ∧ e2 ∧ e0)−1 ⊗ h0 ∧ σh0 ∧ h2 ∧ σh2 ∧ h1 ∧ σh1 ⊗ v ∧ v0.

It only changes the order of e1 and e2 and their half-edges. In other words, it acts by −1 on
det( , ∂in). This combines to a (−1)c-action on detc,d( ).
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Graded symmetry. We note that flipping the two incoming vertices of is not a fat graph
automorphism. As before, we call the edges, half-edges and vertices of e0, e1, e2 and so on. On
the other hand, we call the edges, half-edges and vertices of e′0, h0, σh0 and v′0, v

′. We glue v0 to
v′0, then we can collapse the edge e0 and e′0. On the resulting graph , flipping v1 with v2 is a fat
graph automorphism. This acts on det( , ∂in) by −1 and on det( , ∂out) trivially. This combines to
a (−1)c-action on detc,d( ).
Therefore, we have computed all signs appearing in the identities in Lemma 7.6. This concludes the
proof of Lemma 7.6, the proof of Theorem 5.1 and thus the paper. □

□





Part II

The Goresky-Hingston coproduct on
based loop spaces



Abstract. We construct a lift of the Goresky-Hingston coprod-
uct on the based loop space. Using this lift, we produce formulas for
the interaction of the coproduct with the π1-action and with maps of
manifolds. These results lets us compute the torsion-free part of the
coproduct on the free loop space for manifolds of the form Sn/G.
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1. Introduction

In this article, we study the Goresky-Hingston coproduct on the based loop space of a pointed,
closed, oriented, n-dimensional manifold (M,x0):

∨GH : H∗(ΩM,x0)→ H1−n+∗((ΩM,x0)× (ΩM,x0)).

This coproduct was defined in [GH09] and [Sul04].
In this article, we construct a slightly different coproduct, the avoiding-stick coproduct

∨ΩM : H∗(ΩM)→ H1−n+∗(ΩM × ΩM).

The avoiding-stick coproduct is a lift of the Goresky-Hingston coproduct (see Proposition 2.12).
Because this coproduct does not have any relative terms, it is easier to work with. We prove

an array of results for the avoiding-stick coproduct that directly descend to results for the Goresky-
Hingston coproduct. The first result is an invariance result under a π1-action:

Theorem A (Corollary 3.11). Assume that the dimension is n > 1. The avoiding-stick coprod-
uct ∨ factors through the fixed points H∗(ΩM × ΩM)π1(M,x0) where π1(M,x0) acts on ΩM × ΩM
via

[τ ] · (γ, γ′) := (γ · τ, τ−1 · γ′).

This immediately implies that the avoiding-stick and thus the Goresky-Hingston coproduct both
are zero if π1(M,x0) is infinite (see Corollary 3.12).

Our second main result is a formula for how the avoiding-stick coproduct interacts with maps
between manifolds f : M → N . It generalizes a result in a note by Nancy Hingston [Hin10, Lemma
3] to the case where f is of any degree and N has arbitrary fundamental group:

Theorem B (Corollary 4.3). Let f : (M,x0) → (N, y0) be a map of closed, oriented, pointed
manifolds of dimension n > 1. Assume that y0 is a regular value with f−1(y0) = {x0, . . . , xk}. Let
τi be paths from xi to x0. For the avoiding-stick coproducts ∨ΩM and ∨ΩN , it holds

∨ΩN ◦ f∗ =

k∑
i=0

deg(f)xi(r[f∗(τi)] × l[f∗(τi)]−1) ◦ (f × f)∗ ◦ ∨ΩM
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where rγ and lγ denote right and left multiplication with an element γ ∈ π1(N, y0).

This has as immediate consequence that the avoiding-stick and Goresky-Hingston coproduct on
the based loop space commute with degree 1 maps (see Corollary 4.4). This is in contrast to the
Goresky-Hingston coproduct on the free loop space (see [Nae21; NS24; Wah19; KP24]).

Applying Theorem B to the case where f is a universal covering lets us describe the coproduct
fully in terms of its universal covering:

Theorem C (Remark 4.7 and Proposition 4.8). Let (M,x0) be a pointed, closed, oriented

manifold with finite fundamental group and universal covering p : (M̃, y0) → (M,x0). Any element
α ∈ H∗(ΩM) can be uniquely written as

α =
∑

g∈π1(M,x0)

g · p∗(βg)

for some βg ∈ H∗(ΩM̃). If the avoiding-stick coproduct on H∗(ΩM̃) is computed by

∨
ΩM̃

(βg) =
∑
i

γi,g × δi,g,

then it holds

∨ΩM (α) =
∑

g,h∈π1(M)

∑
i

g · p∗(γi,g) · h× h−1 · p∗(δi,g).

Because we can compute the coproduct on spheres (Example 3.14), we get a full description of
the coproduct on M = Sn/G where G is a finite group acting freely on Sn:

Theorem D (Proposition 5.1 and Corollary 5.2). Let G be a finite group that acts on Sn freely
and orientation-preserving for some n ≥ 2 and let M = Sn/G. The Pontryagin ring on ΩM is
given by

H∗(ΩM) ∼= Z[G][x]

where x is a central element of degree n− 1.
The avoiding-stick coproduct extends to a map Hn−1+∗(ΩM) → H∗(ΩM) ⊗H∗(ΩM) which is

computed as

∨(gxk) =
∑

i+j=k−1

∑
h∈G

gh−1xi ⊗ hxj .

This coproduct helps us understand the Leray-Serre spectral sequence associated to the fibration:

(20)

ΩM ΛM

M

ev0

where ΛM := Map(S1,M) denotes the free loop space. Theorem D lets us show that all differentials
on the Er-page for r ≥ 2 are zero and we find the following result:

Theorem E (Corollary 5.4). Let G be a non-trivial, finite group that acts on Sn freely and
orientation-preserving for some n ≥ 2 and let M = Sn/G. The homology of the free loop space
ΛM has connected components Λ[g]M corresponding to conjugacy classes [g] in G. The homology of
Λ[g]M fits in the following short exact sequence:

0 Hi−n−1(S
n/CG(g)) Hi+k(n−1)(Λ[g]M) Hi(S

n/CG(g)) 0
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for k ≥ 0 and 1 ≤ i ≤ n. This short exact sequence splits for all i ̸= n− 1.

In [Mei11, Theorem 4.8], Meier gave a description of the Goresky-Hingston coproduct on the
Leray-Serre spectral sequence associated to (20) in terms of the coproduct on the based loop space.

Together with Theorem D, we use this to give a formula for the coproduct on H∗(ΛM ;Q) for
M = Sn/G:

Theorem F (Theorem 5.8). Let G be a non-trivial, finite group acting freely and orientation-
preserving on Sn for n > 1. The relative homology of the free loop space of M = Sn/G with rational
coefficients is given by

H∗(ΛM ;Q) ∼=
⊕

[g]∈ccl(G)

⊕
k≥0

Qx[g],k ⊕Qy[g],k

with x[g],k in degree k(n− 1) and y[g],k in degree k(n− 1)+n. The homology H∗(ΛM,M ;Q) has the
same description except missing the [g] = [1] and k = 0 summand.

The Goresky-Hingston coproduct lifts to a map

∨̂ : H∗(ΛM ;Q)→ H∗(ΛM ;Q)⊗H∗(ΛM ;Q)

computed by

∨̂(x[g],k) =
∑

i+j=k−1

∑
h∈G

x[gh−1],i ⊗ x[h],j

and

∨̂(y[g],k) =
∑

i+j=k−1

∑
h∈G

(x[gh−1],i ⊗ y[h],j + y[gh−1],i ⊗ x[h],j).

We note that this description only depends on G and not on the action itself. This is in contrast
to the coproduct with integer coefficients which “knows” about the simple homotopy of Sn/G: in
[Nae21], Naef computes part of the coproduct on the lens spaces which is an example of S3/(Z/7Z)
to give an example of a coproduct which does not commute with homotopy equivalences.

1.1. The avoiding-stick coproduct. We briefly sketch the idea behind the avoiding-stick co-
product and why it does not produce any relative terms. In Subsection 2.3, this is done in full detail.

We first recall a sketch of the definition of the Goresky-Hingston coproduct (see Subsection 2.2 for
more details). Roughly speaking, the coproduct on α ∈ C∗(ΩM) is computed as follows: multiplying
with the fundamental class of the interval I = [0, 1] gives a class I × α ∈ C∗+1(I × ΩM,∂I × ΩM).
We then “intersect” this class with the subspace of self-intersections: all pairs (t, γ) ∈ I ×ΩM with
γ(t) = γ(0). Finally we apply the cutting map on the space of self-intersections: a pair (γ, t) gets
sent to the pair of loops (t, γ) 7→ (γ|[0,t], γ|[t,1]) ∈ ΩM .

All loops γ ∈ ΩM have trivial self-intersections for t = 0 and t = 1. Cutting at a trivial self-
intersection gives a pair of loops (γ1, γ2) ∈ ΩM × ΩM where γ1 or γ2 is the constant loop x0. This
is why the Goresky-Hingston coproduct gives a map

C∗(ΩM)→ C1−n+∗(ΩM × ΩM, {x0} × ΩM ∪ ΩM × {x0}).

The first advantage of the avoiding-stick coproduct is that it isolates any trivial self-intersection. It
is defined analogously to the Goresky-Hingston coproduct but only on a subspace of ΩM : we fix a
path σ : [0, ε] → M a stick such that σ(t) ̸= x0 for t > 0 and σ(0) = x0. We consider the subspace
ΩσM ⊆ ΩM of all paths that follow σ on [0, ε] and [1 − ε, 1] (see Figure 19). This subspace is
homotopic to the whole space ΩM . We define the avoiding-stick coproduct on ΩσM instead of ΩM .
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Figure 19. The space ΩσM consists of all loops that start and end with the path
σ.

Working with the space ΩσM has the advantage that the trivial self-intersections are isolated
because for all t ∈ (0, ε]∪ [1−ε, 1) and γ ∈ ΩσM , we have γ(t) ̸= x0. All non-trivial self-intersections
are at times t ∈ (ε, 1− ε). A cycle α ∈ C∗(I × ΩσM,∂I × ΩσM) which represents some non-trivial
self-intersections is thus also a non-relative cycle. Running the rest of the machinery of the Goresky-
Hingston coproduct then produces no relative terms.

The avoiding-stick coproduct thus gives a map

C∗(ΩM) ∼= C∗(Ω
σM)→ C1−n+∗(ΩM × ΩM)

which lifts the Goresky-Hingston coproduct.
Another advantage of the space ΩσM is that we have time at both ends of the loop to manipulate

the loops. We can take advantage of this in the following way: let H : [0, ε] ×M → M be a 1-
parameter family of homeomorphisms such that H(0, x) = x and σ̃(t) = H(t, σ(t)) is also a stick
avoiding x0. We define the following homotopy equivalence:

Φ: ΩσM → Ωσ̃M,

(γ : [0, 1]→M) 7→ t 7→


H(t, γ(t)) if 0 ≤ t ≤ ε;
H(ε, γ(t)) if ε ≤ t ≤ 1− ε;
H(1− t, γ(t)) if 1− ε ≤ t ≤ 1.

Figure 20. In this picture, the 1-parameter family H is given by translation down-
wards. The blue loop γ is in ΩσM and has a self-intersection at t. Its image Φ(γ)
in yellow then is in Ωσ̃M and at t it crosses x1 = ϕε(x0).

The map Φ sends the non-trivial self-intersections (t, γ) ∈ (ε, 1− ε)×ΩσM to all pairs (t, γ′) ∈
(ε, 1− ε)× ΩσM with γ′(t) = x1 := H(ε, x0) (see Figure 20). In fact, it gives a bijection. Thus we
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can detect self-intersections at the point x1. This is the insight that lets us prove Proposition 3.7
which is the key technical result unlocking the other statements of this article.

Organisation of the paper. In Section 2, we define and compare the trivial coproduct, the
Goresky-Hingston coproduct and the avoiding-sticks coproduct on the based loop space of a manifold.
In Section 3, we study what happens when we cut at a different point rather than the basepoint and
relate it to the coproducts from the previous section. In Section 4, we describe how the different
coproducts interact with maps of manifold. We apply this to the example of Sn/G in Section 5.

Conventions. We denote by I the closed interval [0, 1] and ∂I = {0, 1}. For σ : [a, b] → X a
path, we denote σ(t) := σ(b− t+ a) for the path in reverse direction.

Let M be a closed, oriented topological manifold of dimension n and let x0 ∈ M be a fixed
basepoint. We denote by

ΩM := {γ : I →M | γ(0) = γ(1) = x0}
the space of based loops in M . We denote by x0 the constant path at x0.

We use the convention that for topological spaces X,Y ⊆ Z, we write C∗(X,Y ) := C∗(X,X∩Y )
for the relative chains, leaving the intersection implicit.

Acknowledgements. I want to thank my supervisor Nathalie Wahl for suggesting this topic
and many enlightening conversation. I also want to thank Isaac Moselle for his helpful comments
about the introduction and Section 5. I was supported by the Danish National Research Foundation
through the Copenhagen Centre for Geometry and Topology (DNRF151).

2. Various coproducts

In this section, we give several definitions of coproducts on the based loop space.

2.1. The trivial coproduct. We start with the so-called trivial coproduct on C∗(ΩM).

We fix U a contractible neighbourhood of x0 and a representative τ ∈ Cn(U, {x0}c) of the local
orientation. We define the map

e : ΩM →M,

γ 7→ γ( 12 ).

Definition 2.1. The Figure 8 space is defined as

F := FM := e−1(x0) = {γ ∈ ΩM | γ( 12 ) = x0}.
The cutting map is given by

c : F → ΩM × ΩM,

γ 7→ (γ|[0, 12 ], γ|[ 12 ,1]).

The inclusion C∗(e
−1(U),Fc)→ C∗(ΩM,Fc) is a homotopy equivalence by excision. By [Hat02,

Proposition 2.21], we can fix a map

ρ : C∗(ΩM,Fc)→ C∗(e
−1(U),Fc)

that is an inverse on homology.
We fix a homotopy

RU : I × U → U

between idU and the constant map x0 that fixes x0.
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Remark 2.2. In [Hin10], this is induced by the Riemannian metric on M . For a generalization
to the topological case, we do not assume that M has a Riemannian metric. This in turn means,
we have to fix the above RU .

The map

R : e−1(U)→ F ,

γ 7→


γ(2t) if 0 ≤ t ≤ 1

4 ,

RU (4t− 1, γ( 12 ))) if 1
4 ≤ t ≤

1
2 ,

RU (3− 4t, γ( 12 )) if 1
2 ≤ t ≤

3
4 ,

γ(2t− 1) if 3
4 ≤ t ≤ 1

defines a homotopy inverse to the inclusion F → e−1(U).

Definition 2.3. The trivial coproduct is defined as the composition

∨triv : C∗(ΩM)→ C∗(ΩM,Fc)
ρ→ C∗(e

−1(U),Fc)

e∗τ∩→ C−n+∗(e
−1(U))

R∗→ C−n+∗(F)
c∗→ C−n+∗(ΩM × ΩM).

Remark 2.4. This is the restriction to the based loop space of (a chain level model of) the
loop coproduct studied by Tamanoi in [Tam10]. Tamanoi shows that the coproduct is zero except
on Hn(M) ⊆ H∗(ΛM). In particular, the trivial coproduct is zero on homology. However, the
coproduct on chains is still of interest as it gives rise to the following more interesting coproducts.

2.2. The Goresky-Hingston coproduct. We next turn our attention to the Goresky-Hingston
coproduct as introduced in [GH09]. We follow the description as in [HW17].

We define the reparametrization map

r : I × ΩM → ΩM,

(s, γ) 7→

(
t 7→

{
γ(2st) if 0 ≤ t ≤ 1

2 ;

γ(2(1− s)t− 1 + 2s) if 1
2 ≤ t ≤ 1.

)

that parametrizes γ such that r(γ)( 12 ) = γ(s).
We denote H as the space of half-constant loops

H := {γ ∈ Ω | γ|[0, 12 ] ≡ x0 or γ|[ 12 ,1] ≡ x0}.

We note that r sends ∂I × ΩM and I × {x0} to H and ∨triv sends C∗(H) to C−n+∗(ΩM × {x0} ∪
{x0} × ΩM). We therefore get the following definition

Definition 2.5. The Goresky-Hingston coproduct is defined as the composition

∨GH : C∗(ΩM,x0)
I×→ C1+∗(I × ΩM,∂I × ΩM ∪ I × {x0})
r∗→ C1+∗(ΩM,H) ∨triv→ C1−n+∗((ΩM,x0)× (ΩM,x0)).

Remark 2.6. This definition is indeed a chain-level model of the original definition as in [GH09]
(see [HW17, Theorem 2.13]).
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2.3. The avoiding-stick definition. In this subsection, we define a coproduct using sticks
avoiding x0. This construction avoids self-intersections coming from ∂I ×ΩM and thus allows us to
lift this coproduct to a coproduct on C∗(ΩM).

We fix 0 < ε < 1
6 .

Definition 2.7. Let x1, . . . , xk ∈ M . A stick avoiding x0, x1, . . . , xk is a path σ : [0, ε] → M
with σ(0) = x0 and there exists a chart φ : Rn ∼= U ⊆M such that {x0, x1, . . . , xk} ∩ U = {x0} and
σ(t) = φ(t, 0, . . . , 0).

For a stick σ avoiding x0, x1, . . . , xk, we consider the subspace

ΩσM := {γ ∈ Ω | γ|[0,ε] = σ, γ|[1−ε,1] = σ} ⊆ ΩM(21)

that look like σ at the start and at the end. Here σ denotes the inverse path to σ.

Lemma 2.8. Let σ : [0, ε] → M be a stick avoiding x0. Then the inclusion ι : ΩσM ↪→ ΩM has
homotopy inverse

πσ : ΩM → ΩσM,

γ 7→ σ · σ · γ · σ · σ

where the composition is parametrized such that γ is followed on [ε, ε] in 1
1−4ε -speed.

Proof. We consider the homotopy

H(s, γ) = σ|[0,sε] · σ|[0,sε] · γ · σ|[0,sε] · σ|[0,sε]

where the composition is parametrized such that γ is followed on [2sε, 1 − 2sε] with 1
1−4sε speed.

This defines a homotopy between from idΩM to ι ◦ πσ.
On the other hand, we can write any element of ΩσM uniquely as σ ·β ·σ for some β ∈ Ωσ(ε)M .

Then

G(s, σ · β · σ) = σ · σ|[0,sε] · σ|[0,sε] · β · σ|[0,sε] · σ|[0,sε] · σ

is a homotopy between idΩσM and πσ ◦ ι. □

We therefore have a homotopic space ΩσM ≃ ΩM . This space has the advantage that we can
get rid off the half-constant loops H because they are isolated from the non-trivial self-intersections
in F ∩ (I × ΩσM). Therefore we can apply excision to find that we can only study times (ε, 1− ε)
to detect all non-trivial self-intersections. In precise terms, we have the following key lemma:

Lemma 2.9. Let σ be a stick avoiding x0. The inclusion

C∗(r((ε, 1− ε)× ΩσM),Fc)→ C∗(r(I × ΩσM),Fc ∪H)

is a quasi-isomorphism.

Proof. We want to apply excision. We thus must check that the closure of

A := r(I × ΩσM) \ r((ε, 1− ε)× ΩσM)

is contained in the interior of Fc ∪H.
It thus suffices to show the following:

(1) A is closed;
(2) Fc ∪H is open;
(3) A ⊆ Fc ∪H.
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For (1), we check that r|I×ΩσM is a homeomorphism onto its image. We first consider (s, γ) ∈
I × ΩσM with s /∈ ∂I. We note that r(s, γ)(t) = σ(2st) ̸= x0 for t ∈ (0, ε

2s ) and r(s, γ)(t) =

σ(2(1− s)t− 1 + 2s) ̸= x0 for t ∈ ( 1−ε
2(1−s) , 1). This shows that r(t, γ) /∈ H.

Moreover if s′ ∈ I is such that

r(s, γ)(2s′t) = σ(t)

for t ∈ [0, ε], we have s = s′. Therefore we can recover s from r(s, γ) and we similarly recover

γ(t) =

{
r(s, γ)( t

2s ) if 0 ≤ t ≤ s;
r(s, γ)( t+1−2s

2(1−s) ) if s ≤ t ≤ 1.

On the other hand if r(s, γ) ∈ H, we find either r(s, γ)|[0, 12 ] ≡ x0 or r(s, γ)|[ 12 ,1] ≡ x0. Both

halves are not constant because otherwise γ would have been constant but γ is not in ΩσM . If
r(s, γ)|[0, 12 ] ≡ x0, we recover s = 0 and γ(t) = r(s, γ)|[ 12 ,1](2t−1) and, if r(s, γ)|[ 12 ,1] ≡ x0, we recover
γ(t) = r(s, γ)|[1, 12 ](2t).

This shows that r|I×ΩσM is a homeomorphism onto its image and thus

A = r(I × ΩσM \ (ε, 1− ε)× ΩσM) = r(([0, ε] ∪ [1− ε, 1])× ΩσM).

Therefore A is closed because ([0, ε] ∪ [1− ε, 1])× ΩσM is closed in I × ΩσM .
We now check (2) that Fc ∪ H is open. On the one hand, Fc is an open set. On the other

hand, the above discussion shows that H = r(∂I×ΩσM). This subspace has an open neighbourhood
r(([0, ε)∪(1−ε, 1])×ΩσM) which is contained in H∪Fc because r(((0, ε)∪(1−ε, 1))×ΩσM) ⊆ Fc.
This shows that Fc ∪H is open.

We finally have to check (3) that A is contained in e(x0)
c ∪H. This follows from the fact that

A = r(∂I × ΩσM) ∪ r (((0, ε]× [1− ε, 1))× ΩσM)

and that r(∂I × ΩσM) ⊆ H and r (((0, ε]× [1− ε, 1))× ΩσM) ⊆ Fc.
Therefore excision implies that

C∗(r(I × ΩσM) \A,Fc ∪H \A)→ C∗(r(I × ΩσM),Fc ∪H)
is a homotopy equivalence. The observation

r(I × ΩσM) \A = r((ε, 1− ε)× ΩσM),

Fc ∪H \A ⊆ Fc

concludes the proof. □

We fix a map

ρσ : C∗(r(I × ΩσM),Fc ∪H)→ C∗(r((ε, 1− ε)× ΩσM),Fc)

which is an inverse on homology to the above inclusion (e.g. see [Hat02, Proposition 2.21] for a
construction of such a map).

Definition 2.10. Let σ be a stick avoiding x0. The avoiding-stick coproduct is defined as the
composition

∨σ : C∗(ΩM)
(πσ)∗→ C∗(Ω

σM)
I×→ C1+∗(I × ΩσM,∂I × ΩσM)

r∗→ C1+∗(r(I × ΩσM),Fc ∪H)
ρσ→ C1+∗(r((ε, 1− ε)× ΩσM),Fc)

∨triv→ C1−n+∗(ΩM × ΩM).
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Remark 2.11. We note that because the first map in the definition of ∨triv in Definition 2.3 is

C∗(ΩM)→ C∗(ΩM,Fc)

the avoiding-stick coproduct lands indeed in non-relative chains.

The avoiding-stick coproduct is a lift of the Goresky-Hingston coproduct:

Proposition 2.12. The map i : (ΩM,∅)→ (ΩM,x0) intertwines the Goresky-Hingston coprod-
uct and the avoiding-stick coproduct on homology, that is, the following diagram commutes:

H∗(ΩM) H∗(ΩM,x0)

H∗(ΩM × ΩM) H∗((ΩM,x0)× (ΩM,x0)).

∨σ

i∗

∨GH

(i×i)∗

Proof. We denote ισ for the inclusion ΩσM → ΩM and its induced maps. We consider the
diagram

C∗(ΩM)

C∗(Ω
σM) C∗(ΩM,x0)

C1+∗(I × ΩσM,∂I × ΩσM) C1+∗(I × ΩM,∂I × ΩM ∪ I × {x0})

C1+∗(r(I × ΩσM),Fc ∪H) C1+∗(ΩM,Fc ∪H)

C1+∗(r((ε, 1− ε)× ΩσM),Fc)

C1−n+∗(ΩM × ΩM) C1−n+∗((ΩM,x0)× (ΩM,x0)).

(πσ)∗
i∗

(ισ)∗

I× I×
(ισ)∗

r∗ r∗

(ισ)∗

ρσ

∨triv

∨triv

(ισ)∗

(i×i)∗

The top triangle commutes in homology because (πσ)∗ and (ισ)∗ are homotopy inverses (see Lemma
2.8). The bottom triangle commutes in homology because ρσ is a homotopy inverse to an inclusion
of chain complexes and inclusions of chain complexes commute. The rest of the diagram commutes
because the maps from left to right are come from inclusions of spaces. Therefore the diagram
commutes in homology.

Composition along the bottom left computes (i × i)∗ ◦ ∨σ and composition along the top left
computes ∨GH ◦ i∗. □

A natural question to ask is now the following:

Question 2.13. Does the absolute coproduct depend on the choice of stick σ?

The answer is yes, if n = 1 (see Example 2.14), but no, if n > 1 (see Corollary 3.8).

Example 2.14. For M = S1, the lift is not independent of choice of σ. We consider S1 ⊆ C.
We have

H∗(ΩS
1) = Z[x±1]
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as a Pontryagin algebra with x in degree 0. Because every group is free, the Künneth map H∗(ΩS
1×

ΩS1) ∼= H∗(ΩS
1) ⊗ H∗(ΩS

1) is an isomorphism. We can therefore consider the avoiding-stick
coproduct as a map H∗(ΩS

1)→ H∗(ΩS
1)⊗H∗(ΩS

1).
We make the choice that our basepoint is x0 := 1 ∈ C. Moreover, we choose

γ1 : I/∂I → S1,

t 7→ exp(2πit)

as a representative of x ∈ H0(ΩS
1).

We fix ε := 1
8 . Up to homotopy, there are two choices for σ:

σ+ : [0, 18 ]→ S1,

t 7→ exp(2πit);

σ− : [0, 18 ]→ S1,

t 7→ exp(−2πit).

We set x+ := σ+( 18 ) and x
− := σ−( 18 ). We compute the coproduct ∨+ := ∨σ+ :

• We first compute ∨+(1). The element 1 = x0 ∈ H∗(ΩS
1) is represented by the constant

loop. It gets sent to σ+ ·σ+ ·σ+ ·σ+ ∈ Ωσ+

S1 under the map πσ+ . This loop is homotopic

to γ := σ+ · cx+ · σ+ as an element in Ωσ+

S1. Here cx+ denotes the constant loop at x+.
This loop has no t ∈ [ 18 ,

7
8 ] such that γ(t) = 0. Therefore, r∗(I × γ) ∈ C∗(Fc ∪H) and we

have ∨+(1) = 0.
• Next, we compute ∨+(tk) for k > 0. This element is represented by

γk(t) = exp(2πikt).

It gets sent to σ+ · σ+ · γk · σ+ · σ+ ∈ Ωσ+

S1 under the map πσ+ . This is homotopic to the
map

γ′k(t) =


σ+(t) if 0 ≤ t ≤ 1

8 ;

σ+(1− t) if 7
8 ≤ t ≤ 1;

exp
(

2πi(t− 1
8 )

1− 1
4

+ 2πi
8

)
if 1

8 ≤ t ≤
7
8 ;

as an element in Ωσ+

S1.
There are k times t ∈ ( 18 ,

7
8 ) such that γk(t) = x0: concretely, define tl such that

2πi(tl − 1
8 )

1− 1
4

+
2πi

8
= 2πil

for l = 1, . . . , k. These are transversal intersections of the basepoint. Therefore, they get
detected by capping with e∗τ ∈ C0(e−1(U),Fc).

Cutting at tk, we get the loop γk in the first variable and σ+ · σ+ ≃ cx0
in the second

variable. After cutting at tl for l < k, we get σ+ · σ+ · γl ≃ γl in the first variable and
γk−l · σ+ · σ+ ≃ γk−l.

We therefore find

∨+(xk) =
k∑

l=1

xl ⊗ xk−l.
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• An analogous computation for k < 0 shows

∨+(xk) = −
0∑

l=k+1

xl ⊗ xk−l.

The negative sign comes from the fact that all intersections pass x0 in negative direction.

We summarize our results for ∨+ as

∨+(tk) =


0 if k = 0;∑k

l=1 x
l ⊗ xk−l if k > 0;

−
∑0

l=k+1 x
l ⊗ xk−l if k < 0.

An analogous computation for σ− shows

∨−(xk) =


0 if k = 0;∑k−1

l=0 x
l ⊗ xk−l if k > 0;

−
∑−1

l=k x
l ⊗ xk−l if k < 0.

Remark 2.15. In [CHO23, Subsection 8.4], Cieliebak, Hingston and Oancea study four different
lifts of the Goresky-Hingston coproduct. Two of them correspond to an avoiding-stick coproduct:
it holds ∨+ = λv−,v− and ∨− = λv+,v+ for λv−,v− and λv+,v+ as in [CHO23, Remark 8.8].

These coproducts are neither cocommutative or coassociative. In [CHO23, Proposition 8.6],
Cieliebak, Hingston and Oancea also compute two coproducts which on the based loop space give

λ+(x
k) =

{∑k
l=0 x

l ⊗ xk−l if k ≥ 0;

−
∑−1

l=k+1 x
l ⊗ xk−1 if k < 0;

and

λ+(x
k) =

{∑k−1
l=1 x

l ⊗ xk−l if k > 0;

−
∑0

l=k x
l ⊗ xk−1 if k ≤ 0.

Such results can be obtained if one replaces ΩσM by

{γ ∈ ΩM | γ|[0, 18 ] = σ+, γ|[ 78 ,1] = σ−}

which gives λ+ or by

{γ ∈ ΩM | γ|[0, 18 ] = σ−, γ|[ 78 ,1] = σ+}

which gives λ−.
In general there is no need to restrict to a subspace where γ(t) = γ(1 − t) = σ(t) for small t

as we do in our definition of the avoiding-path coproduct. One can choose a path for the exit at
0 ≤ t ≤ ε and another path for the entrance at 1− ε ≤ t ≤ 1 and run the same machinery. However
if n > 1, we show in Corollary 3.8 that the coproduct does not depend on the choice of the paths.
For convenience, we thus fix the same path for exit and entrance.

3. Cutting at other points

In this section, we study maps defined by cutting at points other than the basepoint. We relate
them to the coproducts we have defined so far. Cutting at other points naturally shows up when we
consider maps between manifolds.
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3.1. The trivial pre-coproduct. We fix some point x ∈M . We denote

Px0→x := {γ : I →M | γ(0) = x0, γ(1) = x},
Px→x0

:= {γ : I →M | γ(0) = x, γ(1) = x0},
Fx := e−1(x) := {γ ∈ ΩM | γ( 12 ) = x}.

We fix some contractible neighbourhood Ux of x. We can define a homotopy inverse

ρx : C∗(ΩM,Fc
x)→ C∗(e

−1(Ux),Fc)

to the inclusion and a map

Rx : e
−1(Ux)→ Fx

akin to R. Similarly, we can define a cutting map

cx : Fx → Px0→x × Px→x0
.

The orientation of M gives us a local orientation τx ∈ Cn(Ux, {x}c). Using this, we can define an
analogue of the trivial coproduct

Definition 3.1. Let x ∈M . The trivial pre-coproduct at x is given as the composition

∨xtriv : C∗(ΩM)→ C∗(ΩM,Fc
x)

ρx→ C∗(e
−1(Ux),Fc

x)

e∗τx∩→ C−n+∗(e
−1(Ux))

(Rx)∗→ C−n+∗(Fx)
(cx)∗→ C−n+∗(Px0→x × Px→x0

).

Remark 3.2. The definition of the trivial pre-coproduct at x0 gives the definition of the trivial
coproduct as in Definition 2.3.

We now want to relate different pre-coproducts to each other. First, we note that a path τ from
x1 to x2 defines a homotopy equivalence

rτ × lτ : Px0→x1 × Px1→x0 → Px0→x2 × Px2→x0 ,

(γ1, γ2) 7→ (γ1 · τ, τ · γ2).

We denote the simplest piece-wise linear map χ : I → I such that

χ(0) = 0, χ|[ε,1−ε] ≡ 1, χ(1) = 0.

We note that χ(t) = χ(1− t). (See Figure 21.)

" "1 10

0

1

Figure 21. The graph of the function χ.
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Lemma 3.3. Let x1, x2 ∈ M . Let ϕs : M → M for s ∈ [0, 1] be a 1-parameter family of
homeomorphisms such that ϕ1(x1) = x2.

Let τ be the path τ(t) = ϕt(x1) and

Φ: ΩM → ΩM,

γ 7→ (t 7→ ϕχ(t) ◦ γ(t)).
It holds

(rτ × lτ )∗ ◦ ∨x1

triv = ∨x2

triv ◦ Φ∗

as maps H∗(ΩM,Fc
x1
)→ H−n+∗(Px0→x2

× Px2→x0
).

Proof. The map Φ∗ sends C∗(ΩM,Fc
x1
) to C∗(ΩM,Fc

x2
). Indeed, Φ sends Fc

x1
to Fc

x2
. More-

over in homology, the maps ρxi and Rxi can be defined such that they are intertwined by Φ.
The naturality of the cap product gives that the diagram

C∗(e
−1(Ux1

), e(x1)
c) C∗(e

−1(Ux2
), e(x2)

c)

C−n+∗(e
−1(Ux1

)) C−n+∗(e
−1(Ux2

)).

Φ∗

Φ∗e∗τx2
∩ e∗τ∩

Φ∗

We set ϕ := ϕ1 and find in homology

Φ∗e∗τx2
= e∗ϕ∗τx2

= deg(ϕ)x1
e∗τx1

.

Because ϕ is homotopic to the identity, we have that deg(ϕ)x1
= 1. Therefore Φ intertwines the map

e∗τxi
∩.
We have shown so far that Φ∗ intertwines all but the last map in the definition of the trivial

pre-coproduct. We thus have:

∨x2

triv ◦ Φ∗ = (cx2
)∗ ◦ Φ∗ ◦ (Rx1

)∗ ◦ (e∗τx1
∩) ◦ ρx1

as maps H∗(ΩM,Fc
x1
)→ H−n+∗(Px0→x2 × Px2→x0).

Finally we note that Φ: Fx1 → Fx2 is homotopic to the map

Fx1
→ Fx2

,

γ 7→ γ|[0, 12 ] · τ · τ · γ

through the homotopies

[γ 7→ Φ(γ)] ≃

γ 7→ Φ(γ|[0, 12 ] · cx1
· cx1

· γ|[ 12 ,1]) =

t 7→

ϕχ(2t)(γ(2t)) if 0 ≤ t ≤ 1

4 ;

ϕ1(x1) if 1
4 ≤ t ≤

3
4 ;

ϕχ(2t−1)(γ(2t− 1)) if 3
4 ≤ t ≤ 1;




≃

γ 7→
t 7→


ϕ0(γ(2t)) if 0 ≤ t ≤ 1

4 ;

ϕ4t−1(x1) if 1
4 ≤ t ≤

1
2 ;

ϕ3−4t(x1) if 1
2 ≤ t ≤

3
4 ;

ϕ0(γ(2t− 1)) if 3
4 ≤ t ≤ 1;




= [γ 7→ γ|[0, 12 ] · τ · τ · γ].

Therefore, cx2
◦ Φ is homotopic to (rτ × lτ ) ◦ cx1

and, on homology, we have

(rτ × lτ ) ◦ ∨x1

triv = ∨σ2,x2 ◦ Φ∗.

□
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3.2. The avoiding-stick pre-coproduct. In this subsection, we define and study an analo-
gous construction to the avoiding-stick coproduct where we cut at different points. We relate the
maps that arise from cutting at different points to each other. Using this, we can prove a π1-
invariance result in Corollary 3.11 and prove the Sullivan relation in Proposition 3.13 between the
avoiding-stick coproduct and the Pontryagin product.

Analogous to Lemma 2.9, one proves the following lemma:

Lemma 3.4. Let σ be a stick avoiding x0, x. The inclusion

C∗(r((ε, 1− ε)× ΩσM),Fc
x)→ C∗(r(I × ΩσM),Fc

x ∪H)

is a homotopy equivalence by excision.

We can thus fix a homotopy inverse

ρxσ : C∗(r(I × ΩσM),Fc
x ∪H)→ C∗(r((ε, 1− ε)× ΩσM),Fc

x).

Definition 3.5. Let σ be a stick avoiding x0, x. The avoiding-stick pre-coproduct at x is defined
as the composition

∨xσ : C∗(ΩM)
(πσ)∗→ C∗(Ω

σM)
I×→ C1+∗(I × ΩσM,∂I × ΩσM)

r∗→ C1+∗(r(I × ΩσM),Fc
x ∪H)

ρx
σ→ C1+∗(r((ε, 1− ε)× ΩσM),Fc

x)

∨x
triv→ C1−n+∗(Px0→x × Px→x0

).

Remark 3.6. The avoiding-stick pre-coproduct at x0 is the same as the avoiding-stick coproduct
as in Definition 2.10.

Proposition 3.7. Let x1, x2 ∈ M and σ1 be a stick avoiding x0, x1. Let ϕs : M → M be a
1-parameter family of homeomorphisms (see Figure 22) such that

(i) ϕ0 = id,
(ii) ϕ1(x1) = x2,
(iii) σ2(t) := ϕχ(t) ◦ σ1(t) ̸= x2 is a stick avoiding x0, x2.

Let τ be the path τ(t) = ϕt(x1), then in homology the following formula holds

(rτ × lτ ) ◦ ∨x1
σ1

= ∨x2
σ2

as maps from H∗(ΩM)→ H∗(Px0→x2
× Px2→x0

).
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Figure 22. The set up of Proposition 3.7 for M = S2 where the 1-parameter
family is given by a flow from the north pole to the south pole. The path σ2 is then
given by a “bent version” of σ2.

Proof. We again denote the map

Φ: ΩM → ΩM,

γ 7→ (t 7→ ϕχ(t) ◦ γ(t)).

By Lemma 3.3, we have ∨x2 ◦Φ∗ = (rτ × lτ )∗ ◦∨x1

triv. We therefore need to show that Φ∗ intertwines
the other maps in Definition 3.5.

We note that id×Φ sends (I ×Ωσ1M,∂I ×Ωσ1M) to (I ×Ωσ2M,∂I ×Ωσ2M). In fact, we have
Φ ◦ πσ1 = πσ2 ◦ Φ.

It thus remains to show that on homology it holds:

Φ∗ ◦ ρσ1 ◦ r∗ = ρσ2 ◦ r∗ ◦ (id× Φ)∗(22)

as maps H∗(I × Ωσ1M,∂I × Ωσ1)→ H∗(Ω
σ2M, e−1(x2)).

In the proof of Lemma 2.9, we showed that r is a homeomorphism onto its image. We define
rΦ := r ◦ (id × Φ) ◦ r−1. By construction, we thus have r ◦ (id × Φ) = rΦ ◦ r. It remains to show
that Φ∗ ◦ ρx1

= ρx2
◦ rΦ∗ on homology. The maps ρσi

were constructed as inverses to the inclusions

C∗(r((ε, 1− ε)× ΩσiM),Fc
xi
)→ C∗(r(I × ΩσiM),Fc

xi
∪H)

These inclusions are intertwined by rΦ∗ and thus so are ρσi
on homology.

Finally, the square

C∗(r((ε, 1− ε)× Ωσ1M),Fc
x1
) C∗(r((ε, 1− ε)× Ωσ2M),Fc

x2
)

C∗(ΩM,Fc
x1
) C∗(ΩM,Fc

x2
)

(rΦ)∗

Φ∗

commutes in homology because rΦ(γ) and Φ(γ) are the same loop up to reparametrization.
This shows (22) and thus concludes the proof. □

This result proves to be very powerful as we can often find a 1-parameter family ϕs satisfying
the assumptions and achieving some other conditions.
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Corollary 3.8. Let σ1, σ2 be two paths avoiding x0, x1 in a manifold of dimension n > 1. The
two pre-coproducts ∨σ1,x1

and ∨σ2,x1
are the same in homology.

In particular for x0 = x1, we have that ∨σ1
= ∨σ2

in homology, that is that the avoiding-stick
coproduct is independent of the choice of the avoiding-stick in homology.

Proof. Our strategy to prove this corollary is to find a 1-parameter family ϕt that satisfies the
assumptions for Proposition 3.7 such that τ(t) = ϕt(x1) is a contractible loop based at x1.

By assumption, we can write, for i = 1, 2, σi(t) = φi(t, 0, . . . , 0) for charts φi : Rn ∼= Ui ⊆M .
If x1 ̸= x0, we have that x1 /∈ U1, U2. Moreover, by applying Proposition 3.7 to σ2 and a

1-parameter family that shrinks U2, we can assume that U2 ⊆ U1.
We consider σ1(sε) as an isotopy of topological embeddings (historically called locally flat maps)

of the point x0 intoM . By the isotopy extension theorem for topological manifolds [EK71, Corollary
1.4], we can find an isotopy Hs

1 : M →M such that Hs
1(x0) = σ1(sε) that is supported in U1.

Because U1 is contractible, we can find a path ρ between y := H−1
1 (x0) and x0. We then can

extend the isotopy

hs2 : {x0, y} →M,

x0 7→ σ2(εs),

y 7→ ρ(s)

to a isotopy Hs
2 : M →M .

The 1-parameter family ϕs := Hs
2 ◦H−s

1 satisfies

(i) ϕ0 = H0
2 ◦H0

1 = id;
(ii) ϕ1(x1) = H1

2 ◦H−1
1 (x1) = x1, if x1 ̸= x0, or

ϕ1(x1) = ϕ1(x0) = H1
2 (H

−1
1 (x0)) = H1

2 (y) = ρ(1) = x0 = x1,

if x1 = x0;
(iii) for 0 ≤ t ≤ ε, we set s := t/ε ∈ I and compute

ϕχ(t)(σ1(t)) = ϕs(σ1(sε)) = Hs
2(H

−s
1 (σ1(sε)) = Hs

2(x0) = σ2(sε) = σ2(t).

We therefore can apply Proposition 3.7 and find in homology that (rτ × lτ ) ◦ ∨x1
σ1

= ∨x1
σ2

for τ(t) =
ϕt(x1).

If x1 ̸= x0, we have ϕ
t(x1) = Ht

2(H
−t
1 (x1)) ≡ x1. If x1 = x0, then ϕ

t(x1) is a loop in U1 and thus
contractible. In both cases, we deduce (rτ × lτ ) = id in homology which shows the Corollary. □

This in particular answers Question 2.13 whether or not the avoiding-stick coproduct depends
on the stick σ. We are therefore justified to use the following notation:

Notation 3.9. For n > 1, we denote the avoiding-stick coproduct

∨σ : H∗(ΩM)→ H1−n+∗(ΩM × ΩM)

by ∨ or ∨ΩM . Corollary 3.8 for x0 = x1 shows that this is well-defined.
Similarly, we denote for x ∈M and σ a stick avoiding x0, x, ∨x := ∨xσ.

Corollary 3.10. Assume that the dimension is n > 1. For any path τ from x1 to x2, it holds
in homology that

(rτ × lτ ) ◦ ∨x1 = ∨x2 .

Proof. We again want to apply Proposition 3.7.
We note that for τ1 a path from x1 and x2 and τ2 a path from x2 to x3, the statement for τ1

and τ2 implies it for τ1 · τ2. Therefore, we can decompose τ and thus assume that τ is contained in a
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contractible neighbourhood. Moreover, we note that the statement only depends on the homotopy
type (relative to ∂I) of τ . We can thus assume that τ is the straight line from (0, 0, . . . , 0) to
(0, 1, 0, . . . , 0) in some φ : Rn ∼= U ⊆M .

If x0 ̸= x1, x2, we can assume that x0 /∈ U , we take σ1 a stick avoiding x0, x1, x2 in M \ U . If
x0 = x1 or x0 = x2, we can first assume that x0 = x1 = φ(0) and we fix σ1(t) := φ(t, 0, . . . , 0) (see
Figure 23).

Figure 23. In the case x0 = x1, the stick σ1 is going to the right and the path τ
and the 1-parameter family is moving upwards in a local chart. Here we use the
assumption that n > 1.

We then fix a 1-parameter family supported in U with ϕ0 = id and that, in the ball φ(B2(0)),
is given by

ϕs(φ(x1, . . . , xn)) = φ(x1, x2 + s, . . . , xn).

We then have that σ2(t) := ϕχ(t)(σ1(t)) is a stick avoiding x0 and x2. Therefore we can apply
Proposition 3.7 and find

(rτ × lτ ) ◦ ∨x1
σ1

= ∨x2
σ2
.

After dropping the dependence on σ1 and σ2, this gives the corollary. □

Corollary 3.11. Assume that the dimension is n > 1. The avoiding-stick coproduct ∨ factors
through the fixed-points H∗(ΩM × ΩM)π1(M,x0) where π1(M,x0) acts on ΩM × ΩM via

[τ ] · (γ, γ′) := (γ · τ, τ−1 · γ′).

Proof. This is the previous Corollary for the case x0 = x1 = x2. □

Corollary 3.12. Let M be a manifold with infinite fundamental group of dimension n > 1.
The avoiding-stick coproduct and the Goresky-Hingston coproduct and the avoiding stick coproduct
are zero on H∗(ΩM).

Proof. By Proposition 2.12, it suffices to show that the avoiding-stick coproduct is zero.
For all manifolds, it holds

H∗(ΩM) =
⊕

γ∈π1(M,x0)

H∗(ΩγM),

H∗(ΩM × ΩM) =
⊕

γ,δ∈π1(M,x0)

H∗(ΩγM × ΩδM)

where ΩγM is the connected component of ΩM of all loops that represent γ ∈ π1(M,x0). The
actions rτ × lτ−1 permutes the summands where γδ are equal. Because π1(M,x0) is infinite, there
are infinite pairs in each orbit. Therefore the action has no fixed points except 0. Corollary 3.11
now shows that the coproduct is zero. □
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Proposition 3.13. Let σ be a stick avoiding x0. The Pontryagin product ∧ and the avoiding-
stick coproduct ∨σ satisfy the Sullivan relation:

∨σ ◦ ∧ = (id× ∧) ◦ (∨σ × id) + (∧ × id) ◦ (id× ∨σ).

Proof. The strategy is to compute ∨xσ̃ ◦ ∧(α× β) for a point x ̸= x0 and then use Proposition
3.7.

We fix a 1-parameter family of homeomorphisms ϕs such that

σ̃ : [0, ε]→M,

s 7→ ϕs ◦ σ(s)

is a stick avoiding x0 and x := (ϕ1)−1(x0) ̸= x0. Moreover, we fix a contractible neighbourhood Ux

such that σ̃(t) /∈ Ux for all t ∈ [0, ε]. We set τ(t) := ϕt(x). By Proposition 3.7, we have

(rτ × lτ ) ◦ ∨xσ̃ = ∨σ.(23)

We define σ̃′(t) := σ̃(2t) for t ∈ [0, ε2 ]. We then have

∧ ◦ (πσ̃ × πσ̃) = πσ̃′ ◦ ∧

as maps ΩM × ΩM → Ωσ̃′
M . Moreover, the map

r′ := r ◦ (id× ∧) : I × Ωσ̃M × Ωσ̃M → ΩM

sends ([0, ε2 ]∪ [1−
ε
2 , 1])×Ωσ̃M ×Ωσ̃M to Fc

x because σ̃′ avoids x. But because σ̃ avoids x, r′ sends

also ([ 1−ε
2 , 1+ε

2 ])× Ωσ̃M × Ωσ̃M to Fc
x.

We therefore find that the inclusion

C∗

(
r′
(
(( ε2 ,

1−ε
2 ) ∪ ( 1+ε

2 , 1− ε
2 ))× Ωσ̃M × Ωσ̃M

)
,Fc

x

)
→ C∗

(
r′
(
I × Ωσ̃M × Ωσ̃M

)
,Fc

x

)
is a homotopy equivalence by excision. We fix a homotopy inverse ρ′′.

Because r′ is the composition of two injective maps, it is injective and thus

C∗

(
r′
(
(( ε2 ,

1−ε
2 ) ∪ ( 1+ε

2 , 1− ε
2 ))× Ωσ̃M × Ωσ̃M

)
,Fx

)
= C∗

(
r′
(
( ε2 ,

1−ε
2 )× Ωσ̃M × Ωσ̃M

)
,Fx

)
⊕ C∗

(
r′
(
( 1+ε

2 , 1− ε
2 )× Ωσ̃M × Ωσ̃M

)
,Fx

)
.

Our computations so far show that ∨xσ̃′ ◦ ∧ is computed via the composition

C∗(ΩM × ΩM)
(πσ̃×πσ̃)∗→ C∗ (Ω

σM × ΩσM)
I×→ C1+∗(I × ΩσM × ΩσM,∂I × ΩσM × ΩσM)

r′∗→ C1+∗

(
r′
(
I × Ωσ̃M × Ωσ̃M

)
,Fc

x

)
ρ′′

→ C1+∗

(
r′
(
( ε2 ,

1−ε
2 )× Ωσ̃M × Ωσ̃M

)
,Fc

x

)
⊕ C1+∗

(
r′
(
( 1+ε

2 , 1− ε
2 )× Ωσ̃M × Ωσ̃M

)
,Fc

x

)
∨x

triv→ C1−n+∗(Px0→x × Px→x0).

The injectivity of r′ also shows that for γ1, γ2 ∈ H∗(Ω
σM), we can represent I×γ1×γ2 ∈ H1+∗(I×

ΩσM × ΩσM,∂I × ΩσM × ΩσM) by

[ ε2 ,
1−ε
2 ]× γ1 × γ2 + [ 1+ε

2 , 1− ε
2 ]× γ1 × γ2 + α
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for some

α ∈ C∗((r
′)−1(Fc

x)).

Because definition of ∨xtriv is zero on C∗(Fc
x), we find ∨xtriv(r′(α)) = 0.

We also have that

∨xtriv(r′∗([ ε2 ,
1−ε
2 ]× γ1 × γ2)) = (id× ∧)(∨xσ̃(γ1)× γ2).

Indeed after reparametrisation, we find

∨xtriv(r′∗([ ε2 ,
1−ε
2 ]× γ1 × γ2)) = (id× ∧)(∨xtriv(r∗([ε, 1− ε]× γ1)× γ2))

and ∨xtriv(r∗([ε, 1− ε]× γ1)) computes ∨xσ̃(γ1).
Similarly, we find

∨xtriv(r′∗([ 1+ε
2 , 1− ε

2 ]× γ1 × γ2)) = (−1)(n−1)|γ1|(∧ × id)(γ1 × ∨xσ̃(γ2))

where the sign comes from the Koszul sign of moving the degree −n map ∨xtriv and the interval past
γ1.

We thus have shown:

∨xσ̃′ ◦ ∧(γ1 × γ2) = (id× ∧)(∨xσ̃(γ1)× γ2) + (−1)(n−1)|γ1|(∧ × id)(γ1 × ∨xσ̃(γ2)).

After postcomposing with rτ × lτ , we find by (23)

∨σ ◦ ∧(γ1 × γ2) = (id× ∧)(∨σ(γ1)× γ2) + (−1)(n−1)|γ1|(∧ × id)(γ1 × ∨σ(γ2)).

This is the Sullivan relation evaluated on γ1 × γ2. □

3.3. Higher dimensional spheres. In this subsection, we consider the example of spheres of
dimension n > 1.

Example 3.14 (Spheres). We recall that

H∗(ΩS
n) ∼= Z[u]

with u in degree n−1. The right hand side is a free associative algebras. In particular, the Pontryagin
product is not (graded) commutative for n even. The class u corresponds to the class au in [CJY04,
Theorem 2 (2)] and AU in [CHO23, Subsection 8.2] for n odd.

The class u can be characterised as follows: we fix a vector v0 ∈ UTx0S
n. We have

Dn−1 ∼= Kn−1 := {v ∈ UTx0
Rn+1 ∼= Sn | ⟨v0, v⟩ = 0, ⟨v, x0⟩ ≤ 0}.

Here we interpret UTx0
Rn+1 ∼= Sn via the canonical embedding Sn → Rn+1. This is the space of

all vectors pointing into the sphere which are perpendicular to v0.
A vector in v ∈ Kn−1 and v0 define a plane Pv containing x0. There is (up to parametrization)

a unique loop γv ∈ ΩSn in Pv ∩ Sn with start direction v0. For v ∈ ∂Kn−1, we have that Pv is
tangential to Sn and thus Pv ∩ Sn = x0. We then define γv as the constant loop at x0. See Figure
24.

The class u is represented by1:

Sn−1 ∼= Kn−1/∂Kn−1 → ΩSn,

v 7→ γv.

1The orientation on Sn induces an orientation on Kn−1/∂Kn−1: we have natural homeomorphisms ⟨v0⟩⊥∩Sn ∼=
Sn−1 ∼= Kn−1/∂Kn−1
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Figure 24. The vector v0 pointing upward and a second perpendicular vector v
define a plane Pv in bright blue. The plane Pv intersects Sn in one circle γv in dark
blue.

For our computations, we fix x0 = (1, 0, . . . , 0), x1 = (−1, . . . , 0, 0) ∈ Sn. We choose the stick
σ(t) = (t, 1 − t2, 0, . . . , 0) avoiding x0 and x1. Moreover, we fix v0 = (0, . . . , 0, 1) ∈ UTx0

Sn. Then
Kn−1 is given by

{(v0, . . . , vn−1, 0) ∈ Sn | v0 ≤ 0}.

For a v = (v0, . . . , vn−1, 0) ∈ Kn−1, we have

Pv := {(1, 0, . . . , λ) + µ(v0, . . . , vn−1, 0) | λ, µ ∈ R}.

In particular, solving

x1 = (−1, . . . , 0, 0) = (1, 0, . . . , λ) + µ(v0, . . . , vn−1, 0)

we find λ = 0, µ = 2 and v = (−1, 0, . . . , 0) as the only solution. In other words, the only
(t, v) ∈ I ×Kn−1 such that e(r(t, σσγvσσ)) = x1 are t = 1

2 and v = (−1, 0, . . . , 0).
Moreover, this intersection is transversal because varying t and varying v gives the tangent space

Tx1S
n. Additionally, the local degree of these intersection is 1.
Similarly, the only points (t, v(1), . . . , v(k)) ∈ I× (Kn−1)k with e(r(t, (σσ(γv(1) · · · γv(k))σσ))) are

ti =
i− 1 + 1

2

k
(1− 4ε) + 2ε, where v(i) = (−1, 0, . . . , 0)

for i = 1, . . . , k.
We thus computed

∨x1
(uk) =

k∑
i=1

ui−1 · γ(−1,0,...,0)|[0, 12 ]
⊗ γ(−1,0,...,0)|[ 12 ,1]

· uk−i ∈ H∗(Px0→x1
)⊗H∗(Px1→x0

).

We fix a path τ from x1 to x0. By Corollary 3.10, we find

∨x0
(uk) = (rτ ⊗ lτ−1) ◦ ∨x1

(uk) =

k∑
i=1

ui−1 · γ(−1,0,...,0)|[0, 12 ]
· τ ⊗ τ−1 · γ(−1,0,...,0)|[ 12 ,1]

· uk−i.
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Because all loops in Sn are contractible, so are the loops γ(−1,0,...,0)|[0, 12 ]
·τ and τ−1 ·γ(−1,0,...,0)|[ 12 ,1]

.

Therefore we have

∨x0(u
k) =

k∑
i=1

ui−1 ⊗ uk−i.

4. Maps and the coproduct

In this section, we consider how our different coproducts interact with maps of manifolds. In
Subsection 4.1, we apply our results to the case of the universal covering map.

We start with the trivial coproduct and give a formula for it on chains. This lets us produce
more interesting formulas for the avoiding-stick coproduct in Proposition 4.2 and Corollaries 4.3,
4.4, 4.5.

Lemma 4.1. Let f : (M,x0) → (N, y0) be a map of closed, oriented, pointed manifolds. As-
sume that y0 is a regular value with f−1(y0) = {x0, . . . , xk}. There exist chain level coproducts
∨triv,ΩN : C∗(ΩN)→ C∗(ΩN×ΩN) and ∨xi

triv : C∗(ΩM)→ C−n+∗(Px0→xi
×Pxi→x0

) for i = 0, . . . , k
such that the following formula holds

∨triv,ΩN ◦ f∗ =

k∑
i=0

deg(f)xi(f × f)∗ ◦ ∨
xi

triv

as maps C∗(ΩM)→ C−n+∗(ΩN × ΩN).

Proof. Because y0 is a regular value, we can find a contractible neighbourhood y0 ∈ V ⊆ N

f−1(V ) =

k⊔
i=0

Ui

where

f |Ui
: Ui → V

is a homeomorphism and xi ∈ Ui for i = 0, . . . k.
We fix a trivial coproduct ∨triv,ΩN : C∗(ΩN) → C∗(ΩN × ΩN). This in particular fixes a

homotopy retract RV : I × V → V fixing y0, a local orientation τy0
∈ Cn(V, {y0}c) and a homotopy

equivalence

ρy : C∗(ΩN, e
−1(y0)

c)→ C∗(e
−1(V ), e−1(y0)

c).

We have that RUi
:= (id× f |−1

Ui
) ◦RV ◦ (id× f) defines a homotopy retraction of Ui.

We note that

f−1(e−1(V ), e−1(y0)
c) = (e−1(f−1(V )), e−1(f−1(y0))

c) =

k⊔
i=0

(e−1(Ui), e
−1(xi)

c).

We have

f∗τy0
=

k∑
i=0

deg(f)xi
τxi
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for some local orientations τxi ∈ Cn(Ui, {xi}c). This implies that

f∗e∗τy0 =

k∑
i=0

deg(f)xie
∗τxi .(24)

Moreover, we can find homotopy equivalences ρxi : C∗(ΩM, e−1(xi)
c)→ C∗(e

−1(Ui), e
−1(xi)

c) such
that f∗ ◦ ρxi = ρy0 ◦ f∗.

Therefore the following diagram commutes:

C∗(ΩM) C∗(ΩN)

⊕k
i=0 C∗(ΩM, e−1(xi)

c) C∗(ΩN, e
−1(y0)

c)

⊕k
i=0 C∗(e

−1(Ui), e
−1(xi)

c) C∗(e
−1(V ), e−1(y0)

c)

⊕k
i=0 C−n+∗(e

−1(Ui)) C−n+∗(e
−1(V ))

⊕k
i=0 C−n+∗(Fxi

M) C−n+∗(FN)

⊕k
i=0 C−n+∗(Px0→xi

× Pxi→x0
) C−n+∗(ΩN × ΩN).

f∗

f∗

∑
ρxi ρy0

f∗

∑
deg(f)xi

e∗τxi
∩ e∗τy0∩

f∗

R∗ R∗

f∗

c∗ c∗

(f×f)∗

The middle square commutes by naturality of the cap product and (24).
This square proves the statement because the composition along the top right computes ∨triv,ΩN◦

f∗ while composition along the bottom left computes
∑k

i=0 deg(f)xi
(f × f)∗ ◦ ∨xi

triv. □

We next prove a formula for the avoiding-stick coproduct. This is a generalization of [Hin10,
Lemma 3].

Proposition 4.2. Let f : (M,x0)→ (N, y0) be a map of closed, oriented, pointed manifolds of
dimension n > 1. Assume that y0 is a regular value with f−1(y0) = {x0, . . . , xk}. The following
formula holds

∨ΩN ◦ f∗ =

k∑
i=0

deg(f)xi
(f × f)∗ ◦ ∨xi

as maps H∗(ΩM)→ H1−n+∗(ΩN × ΩN).

Proof. We can fix σ a stick avoiding x0, . . . , xk such that f ◦ σ is a stick avoiding y0.
We have that f ◦ πσ = πf◦σ ◦ f as maps ΩM → Ωf◦σN . Moreover, f commutes with the map

I× and intertwines the maps

r : (I × ΩσM,∂I × ΩσM)→ (r(I × ΩσM), e−1({x0, . . . , xk})c ∪H)

and

r : (I × Ωf◦σN, ∂I × Ωf◦σN)→ (r(I × Ωf◦σN), e−1(y0)
c ∪H).
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Similarly, f∗ intertwines the map

C∗(r((ε, 1− ε)× ΩσM), e−1({x0, . . . , xk})c)→ C∗(r(I × ΩσM), e−1({x0, . . . , xk})c ∪H)
and

C∗(r((ε, 1− ε)× Ωf◦σN), e−1(y0)
c)→ C∗(r(I × Ωf◦σM), e−1(y0)

c ∪H).

Therefore their inverses in homology
∑

i ρ
xi
σ and ρf◦σ are intertwined by f∗ in homology.

We thus have shown that

∨f◦σ ◦ f∗ = ∨triv ◦ ρf◦σ ◦ r∗ ◦ (I×) ◦ (πf◦σ)∗ ◦ f∗

= ∨triv ◦ f∗ ◦

(
k∑

i=0

ρxi
σ

)
◦ r∗ ◦ (I×) ◦ (πσ)∗.

Thus by Lemma 4.1, we find

∨f◦σ ◦ f∗ =

(
k∑

i=0

deg(f)xi
(f × f)∗ ◦ ∨xi

triv

)
◦

(
k∑

i=0

ρxi
σ

)
◦ r∗ ◦ (I×) ◦ (πσ)∗.

Finally, we observe that, if i ̸= j, ∨xi

triv is zero on C∗(r((ε, 1 − ε) × ΩσM), e−1(xj)
c) and thus

∨xi

triv ◦ ρ
xj
σ = 0. This lets us compute:

∨f◦σ ◦ f∗ =

(
k∑

i=0

deg(f)xi
(f × f)∗ ◦ ∨xi

triv ◦ ρ
xi
σ

)
◦ r∗ ◦ (I×) ◦ (πσ)∗

=

k∑
i=0

deg(f)xi
(f × f)∗ ◦ ∨xi

σ .

Because we work in homology and dimension n > 1, we can drop the dependence on the stick which
gives the desired formula (see Corollary 3.8). □

Using the fact that we can relate pre-coproducts to the usual coproduct, we can find the following
clean formula.

Corollary 4.3. Let f : (M,x0) → (N, y0) be a map of closed, oriented, pointed manifolds of
dimension n > 1. Assume that y0 is a regular value with f−1(y0) = {x0, . . . , xk}. Let τi be paths
from xi to x0. For the avoiding-stick coproducts, it holds

∨ΩN ◦ f∗ =

k∑
i=0

deg(f)xi
(r[f∗(τi)] × l[f∗(τi)]−1) ◦ (f × f)∗ ◦ ∨ΩM

as maps H∗(ΩM)→ H1−n+∗(ΩN × ΩN)

Proof. By Proposition 4.2, we have

∨ΩN ◦ f∗ =

k∑
i=0

deg(f)xi(f × f)∗ ◦ ∨xi .

By Corollary 3.10, we have

∨xi = (rτi × lτi) ◦ ∨x0 = (rτi × lτi) ◦ ∨ΩM .

We further note that

(f∗ × f∗) ◦ (rτi × lτi) = (rf◦τi × lf◦τi) ◦ (f∗ × f∗).
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Here f ◦ τi is a loop and it thus represents an element in π1(N, y0). In this group, it holds [f ◦ τi] =
[f ◦ τi]−1. Therefore, we have

∨ΩN ◦ f∗ =

k∑
i=0

deg(f)xi
(f × f)∗ ◦ ∨xi

=

k∑
i=0

deg(f)xi(f∗ × f∗) ◦ (rτi × lτi) ◦ ∨ΩM

=

k∑
i=0

deg(f)xi
(r[f◦τi] × l[f◦τi]−1) ◦ (f∗ × f∗) ◦ ∨ΩM .

□

In particular, for degree 1 maps we get that the Goresky-Hingston coproduct commutes with
them:

Corollary 4.4. Let f : (M,x0)→ (N, y0) be a degree 1 map of closed, oriented, pointed man-
ifolds which preserves orientation. Then (f × f)∗ ◦ ∨ΩM = ∨ΩN ◦ f∗ holds.

Proof. If n = 1, then f is homotopic to a homeomorphism and we are done.
If n > 1, we can replace f with a homotopic map g such that g−1(y0) = {x0} (see [Hop30] for

the case n > 2 and [Kne28] for n = 2). We thus have deg(g)x0
= 1. We then choose τ0 the constant

path at x0 and apply Corollary 4.3 which concludes the proof. □

Corollary 4.5. Let (M,x0) and (N, y0) be closed, oriented, pointed manifolds of dimension
n > 1 and N simply connected. Let f : (M,x0)→ (N, y0) be a map of degree d. It holds ∨ΩN ◦ f∗ =
d · (f × f)∗ ◦ ∨ΩM .

Proof. Because N is simply connected, we have that f∗(τi) ∈ π1(N, y0) is trivial for all choices
τi. We apply Corollary 4.3 and find

∨ΩN ◦ f∗ =

(
k∑

i=0

deg(f)xi

)
(f × f)∗ ◦ ∨ΩN = d · (f × f)∗ ◦ ∨ΩN .

□

4.1. Universal covering. In this subsection, we study the case where the map p : M̃ → M
we consider is the universal covering. In this special case, we can describe the coproduct on M in

terms of the coproduct of M̃ and vice-versa.

We first recall that, as chain complexes, the chains on the based loop space of a space is described
by the chains of the based loop space of the universal covering.

Lemma 4.6. Let (X,x0) be a pointed, connected CW complex with universal covering p : (X̃, x̃0)→
(X,x0). The chains of the based loop space of X has the following description:

C∗(Ωx0X) ≃
⊕

l∈π(X,x0)

C∗(Ωx̃0
X̃).

Proof. We know that ΩX has connected components corresponding to l ∈ π1(X):

ΩlX := {γ ∈ ΩX | [γ] = l ∈ π1(X)}.

Because ΩX is group-like, we have that ΩlX ≃ Ω1X for 1 ∈ π1(X) the neutral element.
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On the other hand, we know that the map p∗ : πk(X̃) → πk(X) is an isomorphism for k ≥ 2.

Thus for k ≥ 1, the map that p induces on πk(ΩX̃) is given by the isomorphism

πk(ΩX̃, x̃0) ∼= πk+1(X̃, x̃0)
πk+1(p)∼= πk+1(X,x0) ∼= πk(ΩX,x0) ∼= πk(Ω1X).

Therefore p induces a homotopy equivalence ΩX̃ ∼= Ω1X. This concludes the proof. □

Remark 4.7. The proof of Lemma 4.6 gives a description of H∗(ΩX) in the above setting: any
element α ∈ H∗(ΩX) can be uniquely written as

α =
∑

g∈π1X

g · p∗(αg)

for some αg ∈ H∗(ΩX̃) only finitely many non-zero.

We now turn our attention back to f : M̃ →M , the universal covering of a closed manifold. We

want to understand the Goresky-Hingston coproduct on ΩM in terms of the coproduct on ΩM̃ . We
recall that by Corollary 3.12 the coproduct is trivial if π1(M,x0) is infinite. We can thus assume

that π1(M,x0) is finite. Therefore the covering space M̃ is itself a closed manifold and has indeed
a Goresky-Hingston coproduct on its based loop space. We get the following description of the
coproduct on ΩM :

Proposition 4.8. Let (M,x0) be a pointed, closed, oriented manifold with finite fundamental

group and universal covering p : (M̃, y0) → (M,x0). Let α = g · p∗(β) for some g ∈ π1(M,x0) and

β ∈ H∗(ΩM̃) with avoiding-stick coproduct:

∨
ΩM̃

(β) =
∑
i

γi × δi

The avoiding-stick coproduct on α is computed as

∨ΩM (α) =
∑

h∈π1(M,x0)

∑
i

g · p∗(γi) · h× h−1 · p∗(δi).

Proof. By the Sullivan relation as in Proposition 3.13, we have

∨ΩM (g · p∗(β)) = ∨ΩM (g) · p∗(β) + g · ∨ΩM (p∗(β)) = 0 + g · ∨ΩM (p∗(β)).

We now apply the formula from Corollary 4.3 to compute ∨ΩM (p∗(β)):

∨ΩM ◦ p∗ =
∑

xi∈p−1(y0)

deg(p)xi
(r[p∗(τi)] × l[p∗(τi)]−1) ◦ (p× p)∗ ◦ ∨ΩM̃

,

where τi are paths connecting x0 and xi. We note that in our case all xi have local degree +1 and
the loops [p∗(τi)] correspond to all elements h ∈ π1(M). Therefore, we find

∨ΩM (p∗(β)) =
∑

h∈π1(M)

∑
i

p∗(γi) · h× h−1 · p∗(δi)

which concludes the proof. □
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5. Spheres modulo a group action

In this section, we apply our methods to M = Sn/G for a finite group G. We can fully de-
scribe the Goresky-Hingston coproduct on ΩM . This also helps us describe the homology of the free
loop space because the coproduct gives non-vanishing results on the relevant Leray-Serre spectral
sequence.

Let G be a non-trivial, finite group that acts freely and orientation-preserving on Sn for some
n ≥ 2. We note that p : Sn → Sn/G is the universal covering of the oriented manifold M := Sn/G.

We have the following description of the Pontryagin ring:

Proposition 5.1. Let G be a non-trivial, finite group that acts on Sn freely and orientation-
preserving for some n ≥ 2 and let M = Sn/G. The Pontryagin ring on ΩM is given by

H∗(ΩM) ∼= Z[G][x]

where Z[G] is the group ring and x is a central element of degree n− 1.

Proof. By Lemma 4.6, we find that as abelian groups

H∗(ΩM) ∼=
⊕
G

H∗(S
n).

We recall that H∗(S
n) ∼= Z[u] for u a class of dimension n−1. We thus set x := p∗(u) ∈ Hn−1(Ω1M)

and find

H∗(ΩM) ∼= Z[G][x]

as abelian groups.
Because n is odd, u ∈ H∗(S

n) commutes with itself and therefore so does x. It thus remains to
show that x and g ∈ G commute. Because conjugation by g is a G-action on Hn−1(Ω1M) ∼= Z, we
have g−1xg = ±x.

We thus have to show that the sign is +1. Morally this is due to the fact that the class u comes
from the orientation of Sn and g acts trivially on the orientation. We spell this argument out in
more detail.

We have that

Hn−1(Ωx0S
n) ∼= Hn(ΣΩx0S

n) Hn(S
n)ev

sends u to the orientation [Sn] ∈ Hn(S
n).

The diagram

ΣΩx0
Sn Sn

ΣΩM M

ev

p p

ev

commutes. Because we have p∗(S
n) = |G| · [M ], we find ev∗(x) = |G| · [M ]. It thus suffice to show

that ev∗(g
−1xg) = |G| · [M ].

The commuting diagram

ΣΩx0
Sn Sn

ΣΩg·x0S
n Sn

g g
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shows that ev∗ sends g∗(u) ∈ Hn−1(Ωg·x0S
n) to (φg)∗([S

n]) = [Sn].
We now give a different description of g∗(u). Let α ∈ Cn−1(Ωx0

Sn) be a representative of u and
let τg be a path from x0 to g · x0. Then τ−1

g · α · τg represents g∗(u). We thus have

p∗(g∗(u)) = p∗(τ
−1
g ) · p∗([α]) · p∗(τg) = |G|g−1 · x · g.

Now the commuting diagram

ΣΩg·x0
Sn Sn

ΣΩM M

ev

p p

ev

shows that

ev∗(g
−1ug) = ev∗(p∗(g∗(u))) = p∗(ev∗(g∗(u))) = p∗([S

n]) = |G| · [M ].

This in particular shows that g−1xg = x and thus concludes the proof. □

Corollary 5.2. Let G be a non-trivial, finite group that acts on Sn freely and orientation-
preserving for some n ≥ 2 and let M = Sn/G. Let gxk ∈ H∗(ΩM). The avoiding-stick coproduct
extends to a map Hn−1+∗(ΩM)→ H∗(ΩM)⊗H∗(ΩM) which is computed as

∨(gxk) =
∑

i+j=k−1

∑
h∈G

gh−1xi ⊗ hxj .

Proof. Because all homology groups are free, the Künneth map H∗(ΩM) ⊗ H∗(ΩM) →
H∗(ΩM × ΩM) is an isomorphism and we can thus postcompose the avoiding-stick coproduct
Hn−1+∗(ΩM)→ H∗(ΩM×ΩM) with the inverse of the Künneth map and get a mapHn−1+∗(ΩM)→
H∗(ΩM)⊗H∗(ΩM).

The formula then follows from the coproduct on H∗(ΩS
n) as described in Example 3.14 trans-

ported to H∗(ΩM) using Proposition 4.8 and Proposition 5.1. □

5.1. Homology of the free loop space. We now turn our attention to the homology of the
free loop space ΛM . We show that the Leray-Serre spectral sequence associated to the fibration
ev0 : ΛM →M is such that the E2-page corresponds to the E∞-page. We do this using the descrip-
tion of the coproduct on H∗(ΩM) as in Corollary 5.2.

We first compute H∗(M): we consider the fibration

Sn M

BG.

The associated Leray-Serre spectral sequence collapses to the long exact sequence:

. . . Hi+1(G) Hi+1−n(G) Hi(M) Hi(G) Hi−n(G) . . .

We know that H0(M) = Hn(M) = Z. The above long exact sequence then additionally implies
Hi(M) ∼= Hi(G) for 1 ≤ i ≤ n− 1.

Now we can study the space ΛM . It has connected components corresponding to conjugacy
classes in G. For [γ] ∈ ccl(G), we denote Λ[g]M ⊆ ΛM for the corresponding connected component.
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It has associated the following fibration:

(25)

⊔
h∈[g] ΩhM Λ[g]M

M.

ev0

We note that as G-modules, we have

H∗

 ⊔
h∈[g]

ΩhM

 ∼= ⊕
h∈[g]

H∗(ΩhM) ∼=

{
Z[G/CG(g)] if ∗ = m(n− 1), m ≥ 0;

0 else.

Therefore, the E2-page of the associated Leray-Serre spectral sequence thus reads as

E2
p,q([g]) :=

{
Hp(M ;Z[G/CG(g)]) if q = m(n− 1), m ≥ 0;

0 else.

We denote the corresponding higher pages of the spectral sequence by Er
p,q([g]).

By [Hat02, Example 3H.2] and our previous computations, we find

Hp(M ;Z[G/CG(g)]) ∼= Hp(S
n/CG(g)) ∼=


Z if p = 0, n;

Hp(CG(g)) if 1 ≤ p ≤ n− 1;

0 else.

We thus have found that the E2-page of Leray-Serre of Er
p,q([g]) looks like this.

...
...

...
...

...
...

...

n− 1 Z H1(CG(g)) · · · Hn−1(CG(g)) Z 0

n− 2 0 0 0 0 0 0

...
...

...
...

...
...

...

1 0 0 0 0 0 0

0 Z H1(CG(g)) · · · Hn−1(CG(g)) Z 0

0 1 . . . n− 1 n > n

Proposition 5.3. For all g ∈ G it holds that E2
∗,∗([g])

∼= E∞
∗,∗([g]).

Proof. For degree reasons, the only differential that may be non-zero is dn : En
n,2k([g]) →

En
0,(n−1)k([g]). Thus it suffices to show that E∞

0,(n−1)k([g])
∼= E2

0,(n−1)k([g]) for k > 0. By our

computations, we have E2
0,(n−1)k([g])

∼= Z. Moreover because all other groups of total degree of

(n − 1)k are torsion, it suffices to show that ι∗ : H(n−1)k(ΩgM) → H(n−1)k(Λ[g]M,M) is injective
for g ̸= 1 or k > 0.

We do this by induction on k. The statement holds for k = 0 and g ̸= 1 because H0(Λ[g]M) ∼= Z.
For the induction step, we use the Goresky-Hingston coproduct onH∗(ΛM,M) and the avoiding-

stick coproduct on H∗(ΩM). The avoiding-stick coproduct is a lift of the Goresky-Hingston coprod-
uct on the based loop space, which is a restriction of the Goresky-Hingston coproduct on the free
loop space. We thus have the commuting diagram
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Hk(n−1)(ΩgM) Hk(n−1)(Λ[g]M,M)

H(k−1)(n−1)(ΩM × ΩM) H(k−1)(n−1)((ΛM,M)× (ΛM,M)).

ι∗

∨Ω ∨GH

(ι×ι)∗

Our strategy is to find an element in Hk(n−1)(ΩgM) that gets send to a non-torsion element in
H(k−1)(n−1)((ΛM,M) × (ΛM,M)) under composition on the bottom left. This then shows that
there exists a non-torsion element in the image of the top map which is what we want to show.

By induction, we can assume that, for k1 + k2 = k − 1, the map

Hk1(n−1)(Ωg1M)⊗Hk2(n−1)(Ωg2M)→ H(k−1)(n−1)((ΛM,M)× (ΛM,M))

is injective if kj ≥ 1 or gj ̸= 1 for j = 1, 2.
Corollary 5.2 then gives on gxk ∈ Hk(n−1)(ΩgM)

(ι× ι)∗ ◦ ∨ΩM (gxk) =
∑

g1·g2=g

∑
k1+k2=k−1

ι∗(g1x
k1−1)× ι∗(g2xk2−1)

which is non-zero if there exists g1, g2 ̸= 1 with g1g2 = g or k1, k2 > 1. This is satisfied except in
the case where G = {±1}, g = −1 and k = 1.

The remaining case is for the manifoldM = RPn. We thus need to show thatHn−1(Λ[−1]RPn,Rn)
has a non-torsion summand. This can be seen from the fact that the Chas-Sullivan product with x
gives an isomorphism H∗(ΛRPn,RPn) ∼= Hn−1+∗(ΛRPn,RPn) [GH09, p. 1.11] and our computa-
tion that shows that H2(n−1)(Λ[−1]RPn,Rn) has a non-torsion summand. □

Corollary 5.4. The homology of the free loop space of M = Sn/G fits in the following short
exact sequence:

0 Hi−n−1(S
n/CG(g)) Hi+k(n−1)(Λ[g]M) Hi(S

n/CG(g)) 0

for k ≥ 0 and 1 ≤ i ≤ n. This short exact sequence splits for all i ̸= n− 1.

Proof. The short exact sequence comes immediately from the description E∞
∗,∗([g]) as in

Proposition 5.3. Moreover, for i < n − 1 we have Hi−n−1(S
n/CG(g)) ∼= 0. For i = n, we have

Hi(S
n/CG(g)) ∼= Z is projective and thus the short exact sequence splits. □

5.2. Coproduct on the free loop space. We conclude this article by computing the Goresky-
Hingston coproduct on the free loop space with rational coefficients for M = Sn/G. This can be
done because the coproduct has a description on the Leray-Serre spectral sequence and the rational
homology of H∗(ΛM) is sparse enough such that there are no extension issues.

We use the following description of the Goresky-Hingston coproduct on the Leray-Serre spectral
sequence.

Proposition 5.5 ([Mei11, Theorem 4.8]). Let F be a field and M be a F -oriented manifold.
The Goresky-Hingston coproduct gives a map of spectral sequences with F -coefficients. Moreover,
the coproduct is computed on the E2-page H∗(M ;H∗(ΩM,x0;F )) as ∆∗ ◦ νΩ where νΩ denotes the
Goresky-Hingston coproduct on the coefficients.

Remark 5.6. Because the statment uses field coefficients, H∗(ΛM,M) := H∗(ΛM,M ; k) is
determined by its dimension. In particular, we get a non-canonical isomorphism:

H∗(ΛM,M) ∼=
⊕

p+q=∗
E∞

p,q
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where E∞
p,q is the E∞-page of the Leray-Serre spectral with E2-page Hp(M,Hq(ΩM,x0; k)).

In particular, we get a filtration

F p
∗ =

⊕
i+j=∗
j≤p

E∞
i,j(26)

of H∗(ΛM,M).
Proposition 5.5 implies that the Goresky-Hingston coproduct preserves the filtration (26). In

particular, the coproduct on E∞
p,q lands in⊕
p1+p2+q1+q2=p+q+1−n

p1+p2≤p

E∞
p1,q1 ⊗ E

∞
p2,q2 .

The description of the coproduct on the spectral sequence as in Proposition 5.5 only lets us compute
the image of the coproduct in ⊕

p1+p2+q1+q2=p+q+1−n
p1+p2=p

E∞
p1,q1 ⊗ E

∞
p2,q2 .

In the case where M = Sn/G, this is enough (see Theorem 5.8). In other cases such as Example
5.7, this description is missing all information.

Example 5.7. We consider the case for M = Σg of a surface of genus g ≥ 2.
Because M has contractible universal covering, we have π∗(ΩM) ∼= π1+∗(M) ∼= 0 for all ∗ ≥ 1.

Therefore ΩM has contractible path components and H∗(ΩM) is concentrated in degree 0. In
particular, the Goresky-Hingston coproduct on H∗(ΩM,x0) is of degree n− 1 = 1 and thus zero.

Therefore Proposition 5.5 shows that the coproduct is zero on the Leray-Serre spectral sequence.
This is in contrast to the fact that the coproduct on H∗(ΛM,M) is not zero (see [HS25]).

Theorem 5.8. Let G be a non-trivial, finite group acting orientation-preserving on Sn for n > 1.
The homology of the free loop space of M = Sn/G with rational coefficients is given by

H∗(ΛM ;Q) ∼=
⊕

[g]∈ccl(G)

⊕
k≥0

Qx[g],k ⊕Qy[g],k

with |x[g],k| = k(n − 1) and |y[g],k| = k(n − 1) + n. The relative homology H∗(ΛM,M ;Q) has the
same description except missing the [g] = [1] and k = 0 summand.

The Goresky-Hingston coproduct lifts to a map

∨̂ : H∗(ΛM ;Q)→ H∗(ΛM ;Q)⊗H∗(ΛM ;Q)

computed by

∨̂(x[g],k) =
∑

i+j=k−1

∑
h∈G

x[gh−1],i ⊗ x[h],j

and

∨̂(y[g],k) =
∑

i+j=k−1

∑
h∈G

(x[gh−1],i ⊗ y[h],j + y[gh−1],i ⊗ x[h],j).

Proof. Considering the spectral sequence associated to the fibration

Sn Sn/CG(g)

B(CG(g)),
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we note that Hi(S
n/CG(g)) ∼= Hi(CG(g)) for all 0 < i < n. Thus the groups Hi(S

n/CG(g)) for
0 < i < n, appearing in Corollary 5.4, are finite groups and thus disappear after we tensor with Q.
This shows the description as vector space.

For the coproduct, we note that Hn(k−1)(Λ[g]M) ∼= E∞
0,n(k−1). By Remark 5.6 the image of

E∞
0,n(k−1) under ∨̂ lands in ⊕

p1+p2+q1+q2=k(n−1)+1−n
p1+p2≤0

E∞
p1,q1 ⊗ E

∞
p2,q2 .

Because E∞
p,q
∼= 0 for p < 0, we have that the image of E∞

0,n(k−1) under ∨̂ lands in⊕
p1+p2+q1+q2=k(n−1)+1−n

p1+p2=0

E∞
p1,q1 ⊗ E

∞
p2,q2

and as argued in Remark 5.6 is determined by the map it induces on the E∞-page.
Similarly, Hk(n−1)+n(ΛM) ∼= E∞

n,k(n−1) lands in⊕
p1+p2+q1+q2=k(n−1)+n+1−n

p1+p2≤n

E∞
p1,q1 ⊗ E

∞
p2,q2 .(27)

But H∗(ΛM) is concentrated in degree ∗ ≡ 0, 1 (mod n − 1). Therefore (27) is concentrated in
degrees where p1 + q1 ≡ 1 (mod n − 1) and p2 + q2 ≡ 0 (mod n − 1) or vice-versa. But E∞

p,q is
concentrated in degrees where q ≡ 0 (mod n− 1). This shows that p1 + p2 ≡ 1 (mod n− 1) which
in turn shows p1 + p2 = n.

This finally shows that ∨̂ sends Hk(n−1)+n(ΛM) to⊕
p1+p2+q1+q2=k(n−1)+n+1−n

p1+p2=n

E∞
p1,q1 ⊗ E

∞
p2,q2 .

and as argued in Remark 5.6 is determined by the map it induces on the E∞-page.
We now compute what ∨̂ := ∆∗ ◦ ν̂ does on E∞

p,q
∼= E2

p,q. Here ν̂ denotes the avoiding stick

coproduct on the coefficients H∗(ΩM). On the E2-page we have that E2
0,k(n−1)([g]) is gener-

ated by x0 ⊗ g · xk ∈ H0(M ;Hk(n−1)(ΩM)) and E2
n,k(n−1)([g]) is generated by [M ] ⊗ g · xk ∈

Hn(M ;Hk(n−1)(ΩM)). We call the corresponding elements in H∗(ΛM) x[g],k and y[g],k, respec-
tively.

Using Corollary 5.2, ∆∗(x0) = x0 ⊗ x0 and ∆∗([M ]) = x0 ⊗ [M ] + [M ]⊗ x0, we compute

∨̂(x[g],k) = ∆∗(x0 ⊗ ∨Ω(gtk)) = ∆∗

x0 ⊗
 ∑

i+j=k−1

∑
h∈H

gh−1xi ⊗ hxj


=
∑

i+j=k−1

∑
h∈H

(x0 ⊗ gh−1xi⊗)⊗ (x0 ⊗ hxj)

=
∑

i+j=k−1

∑
h∈G

x[gh−1],i ⊗ x[h],j
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and

∨̂(y[g],k) = ∆∗([M ]⊗ ∨Ω(gxk))

= ∆∗

[M ]⊗

 ∑
i+j=k−1

∑
h∈H

gh−1xi ⊗ hxj


=
∑

i+j=k−1

∑
h∈H

(
(x0 ⊗ gh−1xi)⊗ ([M ]⊗ htj) + ([M ]⊗ gh−1xi)⊗ (x0 ⊗ htj)

)
=

∑
i+j=k−1

∑
h∈G

(x[gh−1],i ⊗ y[h],j + y[gh−1],i ⊗ x[h],j).

□



Part III

The Goresky-Hingston coproduct in
Morse homology with DG coefficients



Abstract. We describe the Goresky-Hingston coproduct on the free
loop space via Morse homology with DG coefficients. To this end, we
study the Goresky-Hingston coproduct on the based loop space and its
invariance under changing the basepoint.
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1. Introduction

In this article, we give a description of the Goresky-Hingston coproduct

νΛ : H∗(ΛM,M)→ H1−n+∗((ΛM,M)2)

via the framework of Morse homology with differential graded coefficients as defined in [Bar+23].
Here, ΛM denotes the free loop space of a smooth manifold M of dimension n. It contains M as
the constant loops.

The Goresky-Hingston coproduct or string topology coproduct is a coproduct on H∗(ΛM,M)
of degree 1− n, introduced by Goresky and Hingston in [GH09] and Sullivan in [Sul04].

Morse homology with DG coefficients gives a quasi-isomorphism

C∗(M,C∗(ΩM,x0)) ≃ C∗(ΛM,M),

where C∗(M,C∗(ΩM,x0)) denotes Morse homology with DG coefficients C∗(ΩM,x0) chains of the
based loop space. It is generated by chains of the form α ⊗ x where x is a critical point of a fixed
Morse function and α ∈ C∗(ΩM,x0). It has a differential that encodes how we move a loop from
one critical point to another critical point via conjugation with paths.

The Goresky-Hingston coproduct restricts to an operation on the based loop space

C∗(ΩM,x0)→ C1−n+∗((ΩM,x0)
2).
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We show that in Morse homology with DG coefficients the coproduct νΛ can be expressed in terms
of the coproduct νΩ.

Theorem A (Theorem 7.14). Let A be a ring and let (M,x0) be a smooth, pointed manifold of
dimension n. Assume that M is parallelizable or R ⊆ A. For any class [α] ∈ H∗(ΛM,M ;A), there
exists a representative ∑

x

αx ⊗ x ∈ C∗(M,C∗(ΩM,x0;A))

and a chain-level model ∨Ω : C∗(ΩM,x0;A) → C1−n+∗((ΩM,x0)
2;A) of the Goresky-Hingston co-

product on the based loop space νΩ such that∑
x

∨Ω(αx)⊗ x

computes the Goresky-Hingston coproduct.

The chain-level model ∨Ω in the above statement depends on the chain representative chosen.
The underlying reason for this is that we give a filtration of C∗(M,C∗(ΩM)). This filtration is
exhaustive on homology and, on each level of the filtration, there exists a different chain-level model
that does the trick. We sketch in §1.2 how the different stages of the filtration arise.

To give a description of νΛ in Morse homology with DG coefficients that works for all chains,
we use the extension of the Morse homology framework by Riegel in [Rie24] that uses morphisms of
A∞-modules.

This allows us to prove the following:

Theorem B (Theorem 7.3). Let A be a field and let (M,x0) be a smooth, pointed manifold of
dimension n. If M is parallelizable or R ⊆ A, there exists a morphism of A∞-modules over C∗(ΩM)

(νk)k≥1 : C∗(ΩM,x0;A)→ C1−n+∗((ΩM,x0)
2;A),

where ν1 computes the Goresky-Hingston coproduct on the based loop space.
It holds moreover that

C∗(ΛM,M ;A) ≃ C∗(M,C∗(ΩM,x0;A))
ν̃→ C∗(M,C1−n+∗((ΩM,x0)

2;A))

∆∗→ C∗(M ×M,C1−n+∗((ΩM,x0)
2;A))

≃ C1−n+∗((ΛM,M)2;A)

computes νΛ, the Goresky-Hingston coproduct on homology of the free loop space. Here ν̃ denotes the
morphism in Morse homology with DG coefficients induced by (νk)k≥1 by the work of Riegel [Rie24].

Morally, both statements work by showing that the Goresky-Hingston coproduct on the based
loop space νΩ has a chain-level model that is equivariant under the ΩM -action given by conjugation.
In the following, we sketch how we construct such an equivariant chain-level model.

The Goresky-Hingston coproduct on a class α ∈ H∗(ΩM,x0) is computed as follows:

(I) multiply with the unit interval I := [0, 1] and obtain a class I×α ∈ H∗(I×Ω, I×{x0}∪∂I×Ω);
(II) “intersect” I × α with the subspace of loops with self-intersections:

FΩM := {(t, γ) ∈ I × ΩM | γ(t) = γ(0)};

(III) cut using the map FΩM → ΩM × ΩM, (t, γ) 7→ (γ|[0,t], γ|[t,1]).
While it is straightforward to give an equivariant model for steps (I) and (III), step (II) needs more
work.
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We follow the description in [HW17]. In this setup, Step (II) is done by fixing open balls

x0 ∈ Vx0
:= {x ∈M | dM (x, x0) <

ε
2} ⊊ Ux0

:= {x ∈M | dM (x, x0) < ε} ⊆M

Picking a homotopy inverse to excision gives a map

C∗(I × ΩM,∂I × ΩM)
≃→ C∗(e

−1
t (Ux0), I × {x0} ∪ ∂I × ΩM ∪ e−1

t (V c
x0
)).(28)

Here et : I × ΩM → M denotes the evaluation at time t. The “intersection” is done by the cap
product

e∗t τx0
∩ : C∗(e

−1
t (Ux0

), I × {x0} ∪ ∂I × ΩM ∪ e−1
t (V c

x0
))→ C−n+∗(e

−1
t (Ux0

), I × {x0} ∪ ∂I × ΩM),

(29)

where τx0 ∈ Cn(Ux0 , V
c
x0
) is a local orientation or Thom class at x0. We explain this in further detail

in Subsection 2.2.
The space e−1

t (Ux0
) can be described as all times t and loops γ such that γ(t) is close to being

a self-intersection. In particular, we have a homotopy equivalence R : e−1
t (Ux0

) ≃ FΩM .
Step (II) is thus given by the excision (28), the cap product (29) and the homotopy equivalence

R.

1.1. Equivariance of the cap product. The question that occupies us for the most part in
this article is the following:

Question 1.1. Is the cap product in (29) ΩM -equivariant?

To make sense of this, we need to specify an ΩM -action on all the spaces appearing in (29).
For this, we construct an action of ΩM on itself that is homotopic to conjugation and such that,
when we extend it trivially to an action on I × ΩM , it sends the subspaces e−1

t (Ux0) and e
−1
t (V c

x0
)

to themselves.
To construct such an action, we introduce the notion of a transitive isotopy extension in Section

3. The idea is that we define for any path λ : [0, a]→M a diffeomorphism

Θ(λ) : M ∼=M

that

(i) is compatible with composition of paths, that is, for composable paths λ, µ, we have Θ(λ ·µ) =
Θ(µ) ◦Θ(λ);

(ii) for λ ∈ ΩM , the diffeomorphism Θ(λ) acts via parallel transport on Ux0
via the isomorphism

expx0
: {v ∈ Tx0

M | ∥v∥ < ε} ∼= Ux0
.

This defines via

Φ: ΩM × ΩM → ΩM,

(γ, λ) 7→ Θ(λ)∗(γ),

the desired ΩM -action on itself making Question 1.1 well-posed.
1.1.1. Real coefficients. In Section 5, we construct a local orientation τx0

∈ Cn(Ux0
, V c

x0
;R) that

is invariant under the SO(n)-action on the n-dimensional ball Ux0
. This SO(n)-invariance comes

from an explicit class in de Rham cohomology and thus requires real coefficients.
The transitive isotopy extension Θ(λ)|Ux0

acts via parallel transport and hence defines an element

in SO(n). Therefore, the Thom class is invariant under the ΩM -action. This in turn shows that the
cap product (29) is ΩM -equivariant (see Proposition 4.6). This gives a positive answer to Question
1.1 for R ⊆ A.
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1.1.2. Parallelizable manifolds. In the case where M is parallelizable, we have that parallel
transport Tx0

M → Tx0
M along a loop is trivial. Hence, any Thom class τx0

∈ Cn(Ux0
, V c

x0
) is

invariant under the action given by Θ(λ)|Ux0
.

This in particular shows that the cap product (29) is ΩM -equivariant for any Thom class if M
is parallelizable.

1.2. Equivariance of the excision map. The remaining question is whether the inverse to
the excision map (28) can be chosen to be ΩM -equivariant. We note that the wrong-way map

C∗(e
−1
t (Ux0

), I × {x0} ∪ ∂I × ΩM ∪ e−1
t (V c

x0
))→ C∗(I × ΩM,∂I × ΩM ∪ e−1

t (V c
x0
))(30)

is ΩM -equivariant as the actions are given by restricting the action on I×ΩM . Hence, it is an issue
of inverting an ΩM -equivariant map.

We propose two solutions for establishing equivariance for (28). Each solution corresponds to
one of the two Theorems A and B.

The first solution is to work with small simplices, which gives us the explicit formula in Theorem
A. The strategy is to model a class in H∗(ΛM,M) via chains of loops that move slowly enough close
to the base point and then multiply these chains by a cut-up interval

∑
i=0[

i
k+1 ,

i+1
k+1 ].

For any class in H∗(ΛM,M), there exists a k such that the above strategy gives a chain rep-
resentative in C∗(I × ΩM,∂I × ΩM ∪ e−1

t (V c
x0
)) that is in the image of the wrong-way excision

map (30). But there is no k, that works for all classes in H∗(ΛM,M) at once. This explains the
dependence of the chain-level model on the homology class in Theorem A.

The second solution is to find an inverse of the equivariant map (30) via A∞-theory. This
requires field coefficients and does not produce a strictly equivariant map but only a morphism of
A∞-modules. Hence, we use A∞-modules in Theorem B.

Organisation of the paper. In Section 2, we recall the necessary background on Morse ho-
mology with DG coefficients, fix the definition of the Goresky-Hingston coproduct of this article and
specify our sign conventions. In Section 3, we define and construct transitive isotopy extensions. In
Section 4, we exhibit the Goresky-Hingston coproduct as a morphism of A∞-modules. In Section 5,
we explain how to construct the invariant Thom classes that we need. In Section 6, we define and
study coherent chain homotopies. They are an algebraic gadget that lets us prove that the map ν̃
in Morse homology with DG coefficient indeed models the desired map. In Section 7, we prove our
main theorems. Finally, the appendix contains a section about inverting morphisms of A∞-modules.

Conventions. Throughout this article M denotes a smooth, closed, oriented manifold of di-
mension n with a Riemannian metric. The Riemannian metric induces the Riemannian distance, a
metric on M . We denote it by dM : M ×M → R. We fix a basepoint x0 ∈M .

For A,B smooth manifolds, we denote by Emb(A,B) the space of smooth embeddings.
The free loop space on M is defined as

Λ := ΛM := {γ : [0, a]→M | a ≥ 0, γ(0) = γ(a), γ is piecewise smooth}
and the based loop space is defined as

Ω := ΩM := {γ : [0, a]→M | a ≥ 0, γ(0) = γ(a) = x0, γ is piecewise smooth}.
We denote µ : ΩM × ΩM → ΩM, (λ, ν) 7→ λ · ν for the concatenation.

The path space on a smooth manifold X is denoted by

PX := {γ : [0, a]→ X | γ is piecewise smooth}
and for subspaces A,B ⊆ X, we denote

PA→BX := {(γ : [0, a]→ X) ∈ PX | γ(0) ∈ A, γ(a) ∈ B}.
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In this article, we work with cubical chains. A cubical chain σ : Ik → X is degenerate if there exists
1 ≤ i ≤ k such that

σ(v1, . . . , vi, . . . , vk) = σ(v1, . . . , v
′
i, . . . , vk)

for all v1, . . . , vk, v
′
i ∈ I.

We denote by Ck(X) the cubical chains on a topological space. It is the free group generated
by continuous maps σ : Ik → X relative to the subspace generated by all degenerate chains. For a
ring A, we denote Ck(X;A) := Ck(X)⊗A.
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2. Background

In this section, we recall the machinery of Morse homology with DG coefficients as introduced
in [Bar+23]. Moreover, we recall the definition of the Goresky-Hingston coproduct on the free loop
space and based loop space of a manifold as first introduced in [GH09] and [Sul04]. Finally in this
section, we fix the sign conventions we use in this article for maps of chain complexes which do not
preserve degree.

2.1. Morse homology with DG coefficients. In [Bar+23], Barraud, Damian, Humilière
and Oancea describe the framework of Morse homology with differential graded coefficients. We
recall in this subsection the parts we need in this article. In particular for a fibration

F E

M,

π

we construct a complex C∗(M,C∗(F )) with a quasi-isomorphism

Ψ: C∗(M,C∗(F ))→ C∗(E).

2.1.1. Data and choices. For this, we choose the following data:

• a basepoint x0 ∈M ;
• a Morse-Smale pair (f, ξ) on M ;
• an orientation on the unstable manifolds Wu(x) of (f, ξ);
• a tree T ⊆M containing x0 and the critical points of f ;
• a homotopy inverse θ to the projection p : M →M/T ;
• a representing chain system {sx,y} (see Definition 2.1);
• a compatible representing system {sx} (see Definition 2.4);
• a transitive lifting function Φ: E π×e0 PM → E (see Definition 2.5).
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For any pair of critical points x, y ∈ Crit(f), we denote the space of Morse trajectories of ξ
between x and y by L(x, y) and define the moduli space of broken Morse trajectories

L(x, y) := L(x, y) ∪
⋃

z1,...,zk∈Crit(f)

L(x, z1)× L(z1, z2)× · · · × L(zk, y).

The space L(x, y) admits the structure of a manifold with corners of dimension |x| − |y| − 1
with interior L(x, y) (see e.g. [Lat94, Proposition 2.15]). Moreover, the orientations on the unstable
manifolds induce an orientation [L(x, y)] ∈ H|x|−|y|−1(L(x, y), ∂L(x, y)).

Definition 2.1. A representing chain system of the moduli space of broken Morse trajectories
is a collection {sx,y ∈ C|x|−|y|−1(L(x, y)) | x, y ∈ Crit(f)} such that

(i) sx,y represents a cycle in C|x|−|y|−1(L(x, y), ∂L(x, y)) and [sx,y] = [L(x, y)] in homology;
(ii) the following equation holds

dsx,y =
∑

z∈Crit(f)

(−1)|x|−|z|sx,z × sz,y.

A representing chain system always exists (see [Bar+23, Proposition 5.2.6]).
Following [Bar+23, Lemma 5.2.10] we denote Γ: L(x, y) → Px→yM the map that sends a

trajectory to the path from x to y parametrised by f . We note that this is well-defined as this
parametrisation produces smooth paths. We set

mx,y := (θ ◦ p)∗ ◦ Γ∗(sx,y) ∈ C|x|−|y|−1(ΩM).

Remark 2.2. This assumes that θ ◦ p sends piecewise smooth paths to piecewise smooth paths.
For simplicity, we may assume that θ ◦ p is smooth. This can be done by a standard smoothing
argument. Indeed for any θ′, the map θ′ ◦ p|T is constant and hence smooth. Hence, there exists a

smooth map θ̃′ ◦ p homotopic to θ′ ◦ p that extends θ′ ◦ p|T . This map is constant on T and thus

factors as θ̃′ ◦ p = θ ◦ p for some θ.
It is convenient in the proof of Proposition 6.2 to assume that θ is also a homeomorphism. This

is possible to assume but requires more work that we omit here.

By [Bar+23, Definition 5.2.11], the collection {mx,y | x, y ∈ Crit(f)} is a twisting cocycle
meaning that they satisfy the equation

d(mx,y) =
∑

z∈Crit(f)

(−1)|x|−|z|µ(mx,z ⊗mz,y).

Definition 2.3. For x ∈ Crit(f), the Latour cell is defined as

Wu(x) :=Wu(x) ∪
⋃

y∈Crit(f)

L(x, y)×Wu(y).

The natural topology on the Latour cell makes it into a compact manifold with corners which
is homeomorphic to the disk D|x| (see [Lat94, Proposition 2.11]).

Definition 2.4. A compatible representing chain system is a collection {sx ∈ C|x|(Wu(x)) |
x ∈ Crit(f)} such that

(i) sx represents a cycle in C|x|(Wu(x), ∂Wu(x)) and [sx] = [Wu(x)];
(ii) the following equation holds

dsx =
∑

y∈Crit(f)

sx × sx,y.
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A compatible representing chain system always exists [Bar+23, Lemma 7.3.2]. We denote mx :=
θ∗ ◦ p∗ ◦ Γ∗(sx) ∈ C|x|(Px0→MM).

Definition 2.5. A transitive lifting function is a map

Φ: E π×e0 PM → E

such that

(i) π ◦ Φ = e1 ◦ pr2;
(ii) for all e ∈ E, we have Φ(e, cπ(e)) = e, where cπ(e) ∈ PM is the constant path at π(e) ∈M ;
(iii) for all e ∈ E and composable γ, δ ∈ PM with γ(0) = π(e), we have

Φ(Φ(e, γ), δ) = Φ(e, γ · δ).

Any fibration is fibre homotopy equivalent to a fibration that admits a transitive lifting function
[DK69, Proposition 5.5].

A transitive lifting function in particular defines a right ΩM -action on F .
2.1.2. Construction. We now describe the complex C∗(M,C∗(F )) and the quasi-isomorphism

Ψ: C∗(M,C∗(F ))→ C∗(E): the complex C∗(M,C∗(F )) has underlying graded abelian group

C∗(F )⊗ ZCrit(f)

with differential given by

dF (α⊗ x) = dα+ (−1)|α|
∑

y∈Crit(f)

Φ∗(α⊗mx,y)⊗ y.

We denote the degree −1 map

m : ZCrit(f)→ C∗(ΩM)⊗ ZCrit(f),

x 7→
∑
y

mx,y ⊗ y.(31)

Then the differential can be written as

dF = d⊗ id + (Φ⊗ id) ◦ (id⊗m)

and the above sign (−1)|α| comes from a Koszul sign.

For the map Ψ: C∗(M,C∗(F )) → C∗(E), we consider the fibration π′ : E′ → M/T given by
the pullback of π : E → M along θ : M/T → M . We can assume that θ is a homeomorphism.
Thus Φ(−, θ(−)) defines also a transitive lifting function on π′ : E′ → M/T . This also induces a
construction for C∗(M/T,C∗(F )).

The map Ψ is given by the composition

C∗(M,C∗(F ))→ C∗(M/T,C∗(F ))
Ψ′

→ C∗(E
′)→ C∗(E).

The first map is an isomorphism. The third map above is given by the homotopy equivalence θ and
is thus a quasi-isomorphism. Thus the only map of interest is the middle map Ψ′. This is given by

Ψ′(α⊗ x) = Φ∗(α⊗mx).

Barraud, Damian, Humilière and Oancea prove that Ψ′ is a quasi-isomorphism and therefore so
is Ψ [Bar+23, Theorem 7.2.1].

We use an immediate corollary of this statement for relative fibrations:
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Corollary 2.6. Let π : E′ ⊆ E →M be fibrations with fibres F ′ ⊆ F with Φ a transitive lifting
function of π : E →M that restricts to a transitive lifting function on E′. The map

Ψ: C∗(M,C∗(F, F
′))→ C∗(E,E

′)

defines a quasi-isomorphism.

Proof. The fact that Φ is a transitive lifting function for E and E′ means that the inclusion

C∗(M,C∗(F
′))→ C∗(M,C∗(F ))

is a chain map. Moreover, the following diagram commutes

C∗(M,C∗(F
′)) C∗(M,C∗(F ))

C∗(E
′) C∗(E).

ΨE′ ΨE

The five lemma now concludes the proof. □

2.1.3. Maps. In this article, we need two different types of maps one can define in a Morse
complex with DG coefficients.

In [Bar+23, Section 9], a direct map is defined for a smooth map of based manifolds φ : (N, y0)→
(M,x0) and a fibration π : E →M

C∗(N,φ
∗C∗(F ))→ C∗(M,C∗(F )).

On the other hand, Riegel developed in [Rie24] a theory to construct maps on the Morse complex with
DG coefficients for maps C∗(F )→ C∗(F

′) which are morphisms of A∞-modules. We are interested
in A∞-morphisms between strict C∗(ΩM)-modules. We recall that ΩM denotes (piecewise smooth)
Moore loops and thus C∗(ΩM) is indeed strictly associative.

Definition 2.7. A morphism of A∞-modules η : F∗ → G∗ where (F∗, dF ) and (G∗, dG) are strict
right C∗(ΩM)-modules with action µF and µG is given by a collection of maps for k ≥ 1

ηk : F∗ ⊗ C∗(ΩM)⊗k−1 → Gk−1+∗

such that for all N ≥ 0, it holds:

ηN+1 ◦ dF⊗C∗(Ω)⊗N−1 + (−1)N+1dG ◦ ηN+1

= (−1)N+1ηN (µF ⊗ id⊗N−1)− µG(ηN ⊗ id) +

N−1∑
r=1

(−1)N+1+rηN (id⊗r ⊗ µ⊗ id⊗N−1−r).

We denote m̃ for the degree −1 map on T (C∗(ΩM)) ⊗ ZCrit(f) → T (C∗(ΩM)) ⊗ ZCrit(f)
defined on C∗(ΩM)⊗k ⊗ ZCrit(f) by id⊗k ⊗m for m as in (31).

Proposition 2.8 ([Rie24, Proposition 5.1]). Let η : C∗(F1) → C∗(F2) be a morphism of A∞-
modules over C∗(ΩM). The map η̃ : C∗(M,C∗(F1))→ C∗(M,C∗(F2)) defined by∑

k≥0

(ηk+1 ⊗ id) ◦ (id⊗ m̃
k
)

is a chain map.

Remark 2.9. The sum in the definition of η̃ is in fact a finite sum because m̃
n+1

= 0.
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The goal of this article is to apply Proposition 2.8 to a morphism of A∞-modules

ν : C∗(ΩM,x0)→ C1−n+∗((ΩM,x0)
2)

such that ν1 is the Goresky-Hingston coproduct on the based loop space.

2.2. The Goresky-Hingston coproduct. In this subsection, we recall the definition of the
Goresky-Hingston coproduct following [HW17].

We fix ε > 0 such that 2ε is strictly smaller than the injectivity radius of M . We denote the
following tubular neighbourhoods of the diagonal ∆ ⊆M ×M

U∆ := {(x, y) ∈M ×M | dM (x, y) < ε}, V∆ := {(x, y) ∈M ×M | dM (x, y) < ε
2}.

A Thom class of the diagonal τ∆ ∈ Cn(U∆, V
c
∆) is a cochain such that

ι∗τ∆ ∩ [M ×M ] = ∆∗[M ] ∈ H∗(M ×M),

where ι denotes inclusion U∆ ↪→M ×M .
We denote the map

eΛ : I × Λ→M ×M,

(t, (γ : [0, a]→M)) 7→ (γ(0), γ(ta)).

We define the free figure 8 space as

FΛ := FΛM := e−1
Λ (∆(M)) = {(t, γ) ∈ I × Λ | γ(0) = γ(ta)}

and define the map

R : e−1
Λ (U∆)→ FΛ

sending (t, γ) with (γ(0), γ(ta)) = (x, y) ∈ U∆ to (t′, γ|[0,ta] ·λx,y ·λx,y ·γ|[ta,a]), where λx,y is the unit

speed, geodesic path from x to y and t′ is such that eΛ evaluates (t′, γ|[0,ta] · λx,y · λx,y · γ|[ta,a]) at
the tip of the two geodesics paths. This map is a homotopy inverse of the inclusion FΛ ↪→ e−1

Λ (U∆).
Finally on the figure 8 space, we can define a cut map

c: FΛ→ Λ× Λ,

(t, γ) 7→ (γ|[0,ta], γ|[ta,a]).

Definition 2.10. A chain-level description of the Goresky-Hingston νΛ coproduct is given by
the composition

C∗(Λ,M)
I×→ C1+∗(I × Λ, ∂I × Λ ∪ I ×M)

→ C1+∗(I × Λ, ∂I × Λ ∪ I ×M ∪ e−1
Λ (V c

∆))

≃ C1+∗(e
−1
Λ (U∆), ∂I × Λ ∪ I ×M ∪ e−1

Λ (V c
∆))

e∗Λτ∆∩→ C1−n+∗(e
−1
Λ (U∆), ∂I × Λ ∪ I ×M)

R∗→ C1−n+∗(FΛ, ∂I × Λ ∪ I × Λ)
c∗→ C1−n+∗((Λ,M)2).

(32)

Remark 2.11. This definition agrees with the definition of the Goresky-Hingston coproduct in
[HW17, Definition 1.4] up to the sign (−1)k on Ck(Λ,M). We choose these sign conventions because
we have the convention that maps act from the left. In particular, we multiply by the interval I
from the left while Hingston and Wahl multiply by I on the right in their definition. Our convention
leads to slightly neater signs (see [Cli25a, Section 6.3]).
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Moreover, we define it as a map with target C1−n+∗((Λ,M)2) rather than C1−n+∗(Λ,M)⊗2.
These two definitions are equivalent after post-composing our definition with a diagonal approxima-
tion. For us, it is however more convenient to consider the above map as the coproduct.

2.2.1. Based loop space. The Goresky-Hingston coproduct restricts to a coproduct on C∗(Ω, x0).
We describe it here explicitly. We denote the following open sets

Ux0
:= {x ∈M | dM (x, x0) < ε}, Vx0

:= {x ∈M | dM (x, x0) <
ε
2}.

Because ε is smaller than the injectivity radius, we have

expx : (Tx0M)<ε := {v ∈ Tx0M | ∥v∥ < ε} ∼= Ux0 .

We denote the inclusion

ιx0 : (Ux0 , Vx0)→ (U∆, V∆),

x 7→ (x0, x).

A Thom class of the basepoint or simply a local orientation is given by τx0
:= ι∗x0

τ∆ ∈ Cn(Ux0
, V c

x0
).

We denote the map

et : I × Ω→M,

(t, (γ : [0, a]→M)) 7→ γ(ta)

and define the based figure 8 space as

FΩ := FΩM := e−1
t ({x0}) = {(t, γ) ∈ I × Ω | γ(ta) = x0}.

A chain model of the Goresky-Hingston coproduct as in (32) can be computed on C∗(Ω, x0) by

C∗(Ω, x0)
I×→ C1+∗(I × Ω, ∂I × Ω ∪ I × {x0})
→ C1+∗(I × Ω, ∂I × Ω ∪ I × {x0} ∪ e−1

t (V c
x0
))

≃ C1+∗(e
−1
t (Ux0

), ∂I × Ω ∪ I × {x0} ∪ e−1
t (V c

x0
))

e∗t τx0
∩

→ C1−n+∗(e
−1
t (Ux0

), ∂I × Ω ∪ I × {x0})
R∗→ C1−n+∗(FΩ, ∂I × Ω ∪ I × Ω)
c∗→ C1−n+∗((Ω, x0)

2).

2.3. Sign conventions. In this article, we heavily use maps of chain complexes that do not
preserve degree. For such maps, the signs are delicate. In this subsection, we specify what conven-
tion we use.

Let C∗ denote a chain complex with differential d. Then Ck+∗ := Σ−kC∗ denotes the chain
complex C∗ with the differential Σ−kd := (−1)kd.

Thus a degree-shifting map f : C∗ → D|f |+∗ is a chain map if on α ∈ C∗, we have

f(dα) = (−1)|f |df(α).

Example 2.12. The chain-level Goresky-Hingston coproduct as in (32) is a chain map with this
sign convention. Indeed, in the composition (32) the maps

C1+∗(I × Λ, ∂I × Λ ∪ I ×M)→ C1+∗(I × Λ, ∂I × Λ ∪ I ×M ∪ e−1
Λ (V c

∆))

≃ C1+∗(e
−1
Λ (U∆), ∂I × Λ ∪ I ×M ∪ e−1

Λ (V c
∆))
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and

C1−n+∗(e
−1
Λ (U∆), ∂I × Λ ∪ I ×M)

R∗→ C1−n+∗(FΛ, ∂I × Λ ∪ I × Λ)
c∗→ C1−n+∗((Λ,M)2)

are degree-preserving chain maps.
We compute for α ∈ C∗(Λ,M):

d(I × α) = (dI)× α− I × (dα) = 0− I × (dα)(33)

For α ∈ C1+∗(e
−1
Λ (U∆), ∂I × Λ ∪ I ×M ∪ e−1

Λ (V c
∆)), we compute:2

d(e∗Λτ∆ ∩ α) = (−1)n(e∗Λτ∆ ∩ dα−
=0︷ ︸︸ ︷

δ(e∗Λτ∆) ∩ α) = (−1)ne∗Λτ∆ ∩ dα.(34)

Combining (33) and (34), we find

νΛ(dα) = (−1)1−ndνΛ(α)

and thus νΛ is a chain map with our sign conventions.

This sign convention has moreover the following consequence for DG coefficients: let F,G be
fibres of fibrations over M . We write the differential on C∗(M,C∗(F )) and C∗(M,C∗(G)) as

dF = d⊗ id + (ΦF ⊗ id) ◦ (id⊗m),

dG = d⊗ id + (ΦG ⊗ id) ◦ (id⊗m).

Let f : C∗(F )→ C|f |+∗(G) be a chain map which is equivariant under the Ω-action. Then f ⊗ id is

a chain map with respect to dF and Σ−|f |dG:

(f ⊗ id) ◦ dF = (f ⊗ id) ◦ (d⊗ id) + (f ⊗ id) ◦ (ΦF ⊗ id) ◦ (id⊗m)

= (fd⊗ id) + (ΦG ⊗ id) ◦ (f ⊗m)

= (−1)|f |df ⊗ id + (−1)|f |(ΦG ⊗ id) ◦ (id⊗m) ◦ (f ⊗ id)

= Σ−|f |dG ◦ (f ⊗ id).

3. Transitive isotopy extensions

In this section, we turn our attention to constructing particularly nice transitive lifting functions
on the fibration e0 : ΛM → M . These transitive lifting functions are constructed such that they
send the spaces e−1

Λ (U∆), e
−1
Λ (V c

∆),FΛ to themselves. These are the spaces that appear in a chain-
level description of the Goresky-Hingston coproduct as in (32). We construct these better-behaved
transitive lifting functions by defining and constructing transitive isotopy extensions.

3.1. Definition.

Notation 3.1. For λ : [0, a] → M and t, s ∈ [0, a], we denote by Γ(λ)ts : Tλ(s)M → Tλ(t)M the
parallel transport along λ with respect to the Levi-Civita connection.

Moreover, we denote Ux := {expx(v) | v ∈ TxM, ∥v∥ < ε} for all x ∈M , extending the notation
Ux0 .

2The signs in [Bre13, Proposition VI.5.1. (v)] are computed as d(f ∩ c) = δ(f)∩ c+ (−1)|f |f ∩ dc. This is a sign

mistake in [Bre13, Page 335, Line -2]. The signs that we use are d(f ∩ c) = (−1)|f |(f ∩ dc− δ(f) ∩ c).
The signs in [Hat02, Section 3.3] are correct. However, we have the opposite convention that in the cap product the

cochain acts from the left on the chain.
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Definition 3.2. A transitive isotopy extension is a map

Θ: PM → Diff(M)

such that

(i) for composable λ, δ ∈ PM , it holds

Θ(λ · δ) = Θ(δ) ◦Θ(λ);

(ii) for all x, y ∈M and (λ : [0, a]→M) ∈ Px→yM , it holds exp−1
y ◦Θ(λ)|Ux

◦ expx = Γ(λ)a0 .

We recall that expx : (TxM)<ε ∼= Ux by definition of Ux. The second property thus implies that
Θ(λ)|Ux

: Ux
∼= Uy and Θ(λ)(x) = y.

Remark 3.3. A transitive isotopy extension is obtained as the endpoint of an isotopy extension.
Indeed, Property (ii) means that Θ(λ)|Ux is the endpoint of the isotopy

[0, a]× Ux →M,

(t, z) 7→ expλ(t) ◦Γ(λ)t0 ◦ expx(z).
This isotopy is extended to all of M by the isotopy

[0, a]×M →M,

(t, z) 7→ Θ(λ|[0,t])(z).
Property (i) that Θ works well with composition explains why we call Θ a transitive isotopy extension.

Before we prove that such a transitive isotopy extension always exists in Proposition 3.6, we
prove that, given such a function, we can construct a particularly nice transitive lifting function.

Definition 3.4. Let Θ: PM → Diff(M) be a transitive isotopy extension. The associated
transitive lifting function is defined by

Φ: ΛM × PM → ΛM,

(γ, λ) 7→ Θ(λ)∗(γ).

Lemma 3.5. Let Θ: PM → Diff(M) be a transitive isotopy extension and Φ: ΛM×PM → ΛM
its associated transitive lifting function. Then the following holds:

(a) the restriction of Φ to ΛM e0×e0 PM and the map

Φ: (I × ΛM) e0×e0 PM → I × ΛM,

((t, γ), λ) 7→ (t,Φ(γ, λ))
(35)

are transitive lifting functions;
(b) for (t, γ, λ) ∈ I × ΛM × PM →M

et ◦ Φ((t, γ), λ) = Θ(λ) ◦ et(t, γ);
(c) for λ ∈ Px→yM and z ∈ Ux, it holds:

dM (x, z) = dM (y,Φ(z, λ));

(d) the map (35) restricts to a transitive lifting function on e−1
Λ (U∆), e

−1
Λ (V c

∆),FΛ ⊆ I × Λ.

Proof. We first prove (a) for the fibration e0 : ΛM → M . Property (i) of Θ implies Θ(cx) =
id. This in turn ensures that Φ(γ, cγ(0)) = γ. Property (i) also gives that for composable paths
λ, δ ∈ PM , we have

Φ(γ, λ · δ) = Φ(Φ(γ, λ), δ).
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Finally, the fact that Θ(λ) sends λ(0) to λ(a) ensures that e0 ◦ Φ = e1 ◦ pr2.
It is immediate that for any transitive lifting function Φ: ΛM e0×e0 PM → Λ the map id ×

Φ: (I × ΛM) e0×e0 PM → I × ΛM is a transitive lifting function. This shows (a).
For (b), we compute for (t, γ) ∈ I × Λ and λ ∈ P

et ◦ Φ((t, γ), λ) = et(t,Φ(γ, λ)) = et(t,Θ(λ)∗(γ)) = Θ(λ)(et(t, γ)).

For (c), we note that z ∈ Ux implies that dM (x, z) < ε is smaller than the injectivity radius.
Therefore, there exists a unique smallest vector v ∈ TxM with expx(v) = z and dM (x, z) = ∥v∥. By
Property (ii), we have

Θ(λ)(z) = expy(Γ(λ)
a
0(v)).

The parallel transport Γ(λ)a0 is an isometry because the Levi-Civita connection is metric. We thus
find ∥Γ(λ)a0(v)∥ = ∥v∥ < ε is smaller than the injectivity radius. This shows dM (y,Γ(λ)a0(v)) =
∥Γ(λ)a0(v)∥ = dM (x, z).

For (d), we need to check that, for ((t, γ), λ) ∈ (I × ΛM) e0×e0 PM , it holds

Φ((t, γ), λ) ∈


e−1
Λ (U∆) if (t, γ) ∈ e−1

Λ (U∆),

e−1
Λ (V c

∆) if (t, γ) ∈ e−1
Λ (V c

∆),

FΛ if (t, γ) ∈ FΛ;

Let λ ∈ Px→yM be a path and z ∈ Ux. If (t, γ) ∈ e−1
Λ (U∆), we have et(t, γ) ∈ Ux. We compute

dM (Φ(γ(0), λ), et ◦ Φ((t, γ), λ))
(b)
= dM (y,Θ(λ)(et(t, γ)))

(c)
= dM (x, et(t, γ)) = dM (γ(0), et(t.γ)).

All three spaces e−1
Λ (U∆), e

−1
Λ (V c

∆) and FΛ = eΛ(∆(M)) are characterised by the distance of et(t, γ)
to γ(0) which is invariant under Φ(−, λ). This shows (d). □

3.2. Construction. In this subsection, we construct a transitive isotopy extension for M .

As explained in Remark 3.3, we want to extend the isotopy

Hλ(t,−) := expλ(t) ◦Γ(λ)t0 ◦ exp−1
x(36)

to an isotopy defined on all of M that works well with concatenation of paths.
We do this via a standard strategy to construct isotopy extension being careful that the con-

structed isotopy only depends on λ(t) and λ̇(t):

(1) we realise Hλ(t,−) as the flow of a time-dependent vector field Vλ that is defined for all
(t, z) ∈ [0, a]×M with dM (λ(t), z) < ε;

(2) we extend the vector field Vλ to a vector field Ṽλ defined on all of [0, a]×M ;

(3) we define Θ(λ) as the flow along Ṽλ.

For (t, z) ∈ [0, a]× Ux, we denote

Vλ(t,Hλ(t, z)) :=
d

ds

∣∣∣∣
s=t

Hλ(s, z).(37)

This is a time-dependent vector field that is defined on all (t, z′) ∈ [0, a]×M if dM (λ(t), z′) < ε. We
note that Hλ(t, z) is the flow from 0 to t along this vector field.

The formula (36) in fact is well-defined for all (t, z) ∈ [0, a]×B2ε(x) because 2ε is smaller than
the injectivity radius. Similarly, the formula (37) is well-defined for all (t, z) ∈ [0, a]×M such that
dM (λ(t), z) ≤ 2ε. This induces a time-dependent vector field

Vλ : {(t, z) ∈ [0, a]×M | dM (λ(t), z) ≤ 2ε} → TM.
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We fix a smooth bump function χ : R≥0 → R≥0 such that χ|[0,ε] ≡ 1 and χ[2ε,∞) ≡ 0. We can
now define Vλ on all (t, z) ∈ [0, a]×M :

Ṽλ(t, z) :=

{
χ(dM (λ(t), z)) · Vλ(t, z) if dM (λ(t), z) ≤ 2ε;

0 if dM (λ(t), z) ≥ 2ε.

The two cases agree for dM (λ(t), z) = 2ε because χ(2ε) = 0.
This vector field is smooth. Therefore, the flow

ψλ
t0,t : M →M

is a well-defined diffeomorphism for all t0, t ∈ [0, a]. We define Θ(λ) := ψλ
0,a.

For a general piecewise smooth (λ : [0, a]→M) ∈ PM , we fix 0 = a0 < · · · < ak = a for minimal
k ≥ 0 such that λ|[ai,ai+1] is smooth. We then define

Θ(λ) := Θ(λ|[ak−1,ak]) ◦ · · · ◦Θ(λ|[a0,a1]).(38)

Proposition 3.6. The map Θ: PM → Diff(M) as constructed above is a transitive isotopy
extension.

Proof. Property (i) states that Θ commutes with composition. That means that for λ1 : [0, a1]→
M and λ2 : [0, a2] composable paths, we have Θ(λ1 · λ2) = Θ(λ2) ◦Θ(λ1). If the composition is not
smooth, then this property holds directly from the definition as in (38). If the composition is smooth,

it suffices to show that the vector Ṽλ1·λ2
(t+ a1,−) equals Ṽλ2

(t,−) for t ∈ [0, a2]. We thus compute

Hλ1·λ2
(t+ a1,−) = expλ2(t) ◦Γ(λ1 · λ2)

a1+t
0 ◦ exp−1

λ1(0)

= expλ2(t) ◦Γ(λ2)
t
0 ◦ Γ(λ1)

a1
0 ◦ exp

−1
λ1(0)

= expλ2(t) ◦Γ(λ2)
t
0 ◦ exp−1

λ2(0)
◦ expλ1(a1) ◦Γ(λ1)

a1
0 ◦ exp

−1
λ1(0)

= Hλ2
(t,Hλ1

(a1,−)).

We therefore have

Vλ1·λ2(t+ a1, Hλ2(t,Hλ1(a1, z))) = Vλ1·λ2(t+ a1, Hλ1·λ2(t+ a1, z))

=
d

ds

∣∣∣∣
s=t+a1

Hλ1·λ2
(s, z)

=
d

ds

∣∣∣∣
s=t

Hλ2
(s,Hλ1

(a1, z))

which we recognize as formula (37) for λ := λ2 and z := Hλ1
(a1, z). In particular, we have Vλ1·λ2

(t+

a1,−) = Vλ2
(t,−) and thus Ṽλ1·λ2

(t+ a1,−) = Ṽλ2
(t,−). This shows that

Θ(λ1 · λ2) = ψλ1·λ2
0,a2+a1

= ψλ2
0,a2
◦ ψλ2

0,a1
= Θ(λ2) ◦Θ(λ1)

which is Property (i).
Property (ii) follows from the observation that for z ∈ Ux, we have

Ṽλ(t, z) = Vλ(t, z)

for all t ∈ [0, a]. Therefore, we find that Θ(λ)(z) = ψλ
0,a(z) = Hλ(a, z) for Hλ as in (36) which is

what we wanted to show. □
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4. Goresky-Hingston coproduct as A∞-morphism

In this section, we construct an A∞-morphism ν : C∗(ΩM,x0) → C1−n+∗((ΩM,x0)
2). The

map ν1 will be the Goresky-Hingston coproduct on the based loop space. This lets us define a map
ν̃ : C∗(M,C∗(ΩM,x0))→ C∗(M,C1−n+∗((ΩM,x0)

2)) on Morse homology with DG coefficients. Our
construction requires a suitably invariant Thom class that only exists for certain manifolds or coef-
ficients (see Section 5).

We fix the following data and notation. Let A be a ring of coefficients. We also fix a transitive
isotopy extension Θ: PM → Diff(M) and its associated transitive lifting functions Φ: ΛM e0×e0

PM → ΛM and Φ: (I × ΛM) e0×e0 PM → I × ΛM . By Lemma 3.5, this restricts to a right
ΩM -action on ΩM , I × ΩM , e−1

t (Ux0
), e−1

t (V c
x0
), FΩ and H := ∂I × Ω ∪ I × {x0} ⊆ I × Ω. It also

acts on ΩM × ΩM via the diagonal action.
The based loop space ΩM thus plays a double role: it is the monoid acting but also the space

that is acted on. To minimize the resulting confusion, we use the convention that we denote a loop
λ or µ if it is acting and γ or δ if it is acted on.

In this section, we study the (failure of) commutativity of the following diagram

C∗(Ω, x0;A)⊗ C∗(Ω) C∗(Ω, x0;A)

C1+∗(I × Ω,H;A)⊗ C∗(Ω) C1+∗(I × Ω,H;A)

C1+∗(I × Ω,H ∪ e−1
t (V c

x0
);A)⊗ C∗(Ω) C1+∗(I × Ω,H ∪ e−1

t (V c
x0
);A)

C1+∗(e
−1
t (Ux0),H ∪ e−1

t (V c
x0
);A)⊗ C∗(Ω) C1+∗(e

−1
t (Ux0),H ∪ e−1

t (V c
x0
);A)

C1−n+∗(e
−1
t (Ux0),H;A)⊗ C∗(Ω) C1−n+∗(e

−1
t (Ux0),H;A)

C1−n+∗(FΩ,H;A)⊗ C∗(Ω) C1−n+∗(FΩ,H;A)

C1−n+∗((Ω, x0)
2;A)⊗ C∗(Ω) C1−n+∗((Ω, x0)

2;A).

(I×)⊗id

Φ∗

(1) I×

Φ∗

(2)

≃ (3)

Φ∗

≃

e∗t τx0
∩⊗id

Φ∗

(4) e∗t τx0
∩

R∗⊗id

Φ∗

(5) R∗

c⊗id

Φ∗

(6) c

Φ∗

(1) This square commutes because the transitive lifting function on I × Ω is defined by id× Φ.
(2) This square commutes because it is given by a map of pairs of topological spaces with a com-

patible action.
(3) In Lemma 4.1, we prove that there exists a morphism of A∞-modules making this square

commute for field coefficients.
(4) This square commutes if there exists a suitably invariant Thom class τx0

∈ Cn(Ux0
, V c

x0
;A).

(5) This square commutes by Lemma 4.2.
(6) This square commutes at the level of spaces.
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The only two squares that commute only under certain assumptions are (3) and (4). If the
conditions are satisfied, we denote their composition by

ν : C∗(Ω, x0;A)→ C1−n+∗((Ω, x0)
2;A).(39)

This morphism ν is such that ν1 computes the Goresky-Hingston coproduct on the based loop
space. We prove in Section 7 that the induced morphism on Morse homology with DG coefficients
ν̃ : C∗(M,C∗(ΩM,x0);A) → C1−n+∗(M,C∗((ΩM,x0)

2);A) actually models the Goresky-Hingston
coproduct on C∗(ΛM,M ;A).

In this section, we construct the remaining morphism of A∞-modules for square (3) and show
that squares (4) and (5) commute.

Giving a morphism for (3) is done by the following lemma. The proof uses some general A∞-
theory. It can be found in Appendix A.

Lemma 4.1. For coefficients in a field A, there exists a morphism of A∞-modules

ρ : C∗(I × Ω,H ∪ e−1
t (V c

x0
);A)→ C∗(e

−1
t (Ux0

),H ∪ e−1
t (V c

x0
);A)

such that ρ1 is an inverse to the inclusion C∗(e
−1
t (Ux0),H∪e−1

t (V c
x0
);A)→ C∗(I×Ω,H∪e−1

t (V c
x0
);A)

on homology.

Proof. The inclusion C∗(e
−1
t (Ux0

),H ∪ e−1
t (V c

x0
);A)→ C∗(I × Ω,H ∪ e−1

t (V c
x0
);A) is a quasi-

isomorphism by excision. Moreover, it is C∗(Ω)-equivariant. Therefore, the inclusion defines an ∞-
quasi-isomorphism (see Definition A.1). In the appendix in Corollary A.6, we show that over a field
we can find for∞-quasi-isomorphism an∞-quasi-isomorphism which is the inverse in homology. □

To prove that square (5) commutes, we show the following more general lemma that R is Φ(−, λ)-
equivariant for all λ ∈ PM . Commutativity of square (5) then follows from the case where λ ∈ ΩM .
We prove this more general statement because the proof is not harder and we use the more general
statement in Section 7.

Lemma 4.2. Let x, y ∈M and λ ∈ Px→yM . For (t, γ) ∈ I×ΛM with γ(0) = x and et(t, γ) ∈ Ux,
it holds:

Φ(R(t, γ), λ) = R(Φ((t, γ), λ))).

Proof. We fix (t, γ : [0, a]→M) ∈ I×ΛM as in the statement. We denote z := et(t, γ) and λx,z
for the unit speed, geodesic path from x to y. In particular, we have the formula λxz(t) = expx(tv)
where v is the unit tangent vector with expx(dM (x, z) · v) = z.

We recall from Subsection 2.2 the definition of R that

R(t, γ) = (t′, γ|[0,ta] · λzx · λzx · γ|[ta,a])

where t′ := t′(t, γ) is such that the evaluation at t′ is at the tip of the two geodesics.
Let z′ := et(Φ(t, γ), λ) ∈ Uy. The unit speed, geodesic path λyz′ from z′ to y coincides with

Φ(−, λ)∗(λxz). Indeed, we compute

Φ(λxz(t), λ) = expy ◦Γ(λ)a0 ◦ exp−1
x (λxz(t)) = expy ◦Γ(λ)a0(tv) = expy(tΓ(λ)

a
0(v)).

Because v is a unit tangent vector and parallel transport Γ(λ)a0 is an isometry, this indeed defines
a unit speed geodesic from y to z′. Because Uy has radius smaller than the injectivity radius, this
geodesic is unique and shows λyz′ = Φ(−, λ)∗(λxz).
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To show the claim, we note that t′(t, γ) only depends on t and dM (x, z). Both are invariant
under Φ(−, λ) and thus t′(t, γ) = t′(Φ((t, γ), λ) =: t′. We now compute

Φ(R(t, γ), λ) = Φ((t′, γ|[0,ta] · λxz · λxz · γ|[ta,a]), λ)
= (t′,Φ(γ|[0,ta], λ) · Φ(λxz, λ) · Φ(λxz, λ) · Φ(γ|[ta,a], λ))
= (t′,Φ(γ, λ)|[0,ta] · λyz′ · λyz′ · Φ(γ, λ)|[ta,a])
= R(Φ((t, γ), λ)).

□

It thus remains to show that

e∗t τx0∩ : C∗(e
−1
t (Ux0),H ∪ e−1

t (V c
x0
);A)→ C−n+∗(e

−1
t (Ux0),H;A)(40)

is ΩM -equivariant.

Notation 4.3. We denote the evaluation

ηΩ : Ux0 ×Diff(Ux0)→ Ux0 ,

(z, φ) 7→ φ(z).

A transitive isotopy extension defines an ΩM -action on Ux0 by

ηΩ ◦ (id×Θ): Ux0
× ΩM → Ux0

.

The key input to make (40) ΩM -equivariant is a Thom class that is invariant under the above action:

Definition 4.4. Let M be a manifold with a transitive isotopy extension and let A be a ring.
A Thom class τx0 ∈ Cn(Ux0 , V

c
x0
;A) is Θ-invariant if it holds as maps C∗(Ux0 , V

c
x0
;A)⊗C∗(Ω)→ A

that

τx0
◦ ηΩ ◦ (id×Θ) ◦ × = τx0

◦ pr1 ◦ ×.(41)

Remark 4.5. In Section 5, we give conditions on A and M when a Θ-invariant Thom class
exists.

Proposition 4.6. Let A be a ring. Let τx0
∈ Cn(Ux0

, V c
x0
;A) be a Θ-invariant Thom class. The

cap product e∗t τx0∩ is ΩM -invariant, that is, on α⊗ λ ∈ C∗(e
−1
t (Ux0),H∪ e−1

t (x0)
c;A)⊗C∗(Ω;A),

it holds

e∗t τx0
∩ (Φ∗(α× λ)) = Φ∗((e

∗
t τx0

∩ α)× λ) ∈ C−n+∗(e
−1
t (Ux0

),H;A).

Proof. We recall that the map e∗t τx0
∩ on α ∈ C∗(e

−1
t (Ux0

),H ∪ e−1
t (V c

x0
)) is defined as the

composition

((τx0 ◦ et)⊗ id) ◦∆∗(α).

Here τx0
is interpreted as a degree −nmap Cn(Ux0

, V c
x0
;A)→ A and ∆∗ is a diagonal approximation.

We fix the Serre diagonal as defined in [Ser51] given by

∆∗ : Cn(X)→ C∗(X)⊗ C∗(X),

σ 7→
∑

J⊔K={1,...,n}

sgn(J,K)σ|IJ×{0}K ⊗ σ|{1}J×IK
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for sgn(J,K) = (−1)|{j>k|j∈J,k∈K}|. We compute for α ⊗ λ ∈ Ca(e
−1
t (Ux0),H ∪ e−1

t (x0)
c;A) ⊗

Cl(Ω;A)

e∗t τx0 ∩ (Φ∗(α× λ)) = ((τx0 ◦ et)⊗ id) ◦∆∗(Φ∗(α× λ))
= ((τx0 ◦ et ◦ Φ∗)⊗ Φ∗) ◦∆∗(α× λ).

By Lemma 3.5 (b), we find et ◦ Φ = ηΩ ◦ (et ×Θ). We thus continue

e∗t τx0
∩ (Φ∗(α× λ)) = ((τx0

◦ ηΩ ◦ (et ×Θ))⊗ Φ∗) ◦∆∗(α× λ)
(41)
= ((τx0

◦ pr1 ◦ (et ×Θ))⊗ Φ∗) ◦∆∗(α× λ)
= ((τx0 ◦ et ◦ pr1)⊗ Φ∗) ◦∆∗(α× λ)

=
∑

J⊔K={1,...a+l}

sgn(J,K)τx0
(et(pr1((α× λ)|IJ×{0}K )))(Φ(α⊗ λ))|{1}J×IK .

We note that pr1((α× λ)|IJ×{0}K ) is a degenerate chain if J ∩ {a+1, . . . , a+ l} ̸= ∅. We thus have

e∗t τx0
∩ (Φ∗(α× λ)) =

∑
J⊔K={1,...a+l}

J⊆{1,...,a}

sgn(J,K)τx0
(et(pr1((α× λ)|IJ×{0}K )))(Φ(α⊗ λ))|{1}J×IK

= Φ

 ∑
J⊔K={1,...a}

sgn(J,K)τx0
(et(α|IJ×{0}K ))α|{1}J×IK

⊗ λ


= Φ ◦ ((τx0
◦ et)⊗ id)∆∗)⊗ id)(α⊗ λ)

= Φ∗((e
∗
t τx0

∩ α)× λ)

which is what we wanted to show. □

5. Invariant Thom classes

In this section, we construct explicit Thom classes that are equivariant under the action given by
a transitive isotopy extension. This is the key input to make the cap product equivariant. We give
two alternative constructions. In Subsection 5.1, we give a Thom class for parallelizable manifolds
and any coefficient ring. In Subsection 5.2, we construct a Thom class that works for any manifold
but requires real coefficients.

In Section 7, we prove that the cap product on Morse homology with DG coefficients actually
computes the cap product on the free loop space. For this, we need a Thom class that is not just
invariant under the ΩM -action but equivariant under the PM -action. To write the PM -action, we
use the notation

ηΛ : Ux0
×Diff(M)→M ×M,

(z, φ) 7→ (z, φ(z)).

In showing that the cap product is ΩM -invariant, we used Θ-invariant Thom classes (Definition
4.4). The analogous property for paths is the following:

Definition 5.1. Let (M,x0) be a pointed manifold with transitive isotopy extension Θ and let
A be a ring. A Thom class τ∆ ∈ Cn(U∆, V

c
∆;A) is Θ-equivariant if it holds that

τ∆ ◦ ηΛ ◦ (id×Θ) ◦ × = τx0 ◦ pr1 ◦ ×

as maps C∗(Ux0
, V c

x0
;A)⊗ C∗(Px0→MM ;A)→ A.
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Remark 5.2. For a Θ-equivariant Thom class τ∆, the restriction ι
∗
x0
τ∆ =: τx0 gives a Θ-invariant

Thom class.

5.1. Parallelizable manifolds. In this subsection, we restrict our attention to parallelizable
manifolds. This setting makes transitive isotopy extensions simpler and a Θ-equivariant Thom class
can be produced for any coefficient ring A.

Definition 5.3. A manifold M together with a bundle isomorphism TM ∼= Rn ×M is called
a parallelized manifold.

A parallelized manifold has a canonical identification TxM ∼= Rn ∼= TyM for all x, y ∈ M . We
henceforth drop this identification in the notation. Moreover, it has a canonical Riemannian metric
given by the standard inner product on Rn.

Lemma 5.4. Let M be a parallelized manifold. The transitive isotopy extension Θ: PM →
Diff(M) satisfies that

Θ(λ)|Uλ(0)
= expλ(a) ◦ exp−1

λ(0)

for all λ : [0, a]→M .

Proof. The parallel transport along λ ∈ Px→yM has the following formula:

Γ(λ)a0 : TxM → TyM,

(x, v) 7→ (y, v).

We recall that by Property (ii) of the transitive isotopy extension, we have

Θ(λ)|Ux = expy ◦Γ(λ)a0 ◦ exp−1
x

which gives the above formula under the fixed identification TxM ∼= TyM . □

The map

exp: TM →M ×M,

(x, v) 7→ (x, expx(v))

identifies (TM)<ε := {(x, v) ∈ TM | ∥v∥ < ε} with U∆. For a parallelized manifold, we thus inherit
an identification

α : U∆
∼= Bε(0)×M

expx0
×id
→ Ux0

×M
of bundles over M .

Proposition 5.5. Let M be a parallelized manifold and τx ∈ Cn(Ux0
, V c

x0
) be a Thom class.

The formula τ∆ := α∗(τx0
× 1) ∈ Cn(U∆, V

c
∆) defines a Θ-equivariant Thom class.

Proof. We note that τx0
× 1 defines a Thom class in Cn(M × Ux0

,M × {x0}c). Because the
map α is an isomorphism of bundles that sends M × V c

x0
to V c

∆, the above formula indeed defines a
Thom class for U∆.

It remains to check that τ∆ is Θ-equivariant. We recall that we need to check that

τ∆ ◦ ηΛ ◦ (id×Θ) ◦ × = τx0
◦ pr1 ◦ ×

as maps C∗(Ux0
, {x0}c)⊗ C∗(Px0→MM)→ Z.

For any σ ∈ C∗(Ux0 , {x0}c) and λ ∈ Px0→MM :

τ∆ ◦ ηΛ ◦ (id×Θ)(σ × λ) = τ∆(Θ(λ)(σ)) = (τx0
× 1)(α(Θ(λ)(σ)))

= (τx0 × 1)(exp−1 ◦ expx0
◦Θ(λ)(σ)).
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By Lemma 5.4, we find that expx0
◦Θ = expλ(a). This shows exp−1 ◦ expx0

◦Θ(λ)(σ) = (λ(a), σ).
Evaluating on τx0

× 1, we find:

τ∆ ◦ ηΛ ◦ (id×Θ)(σ × λ) = τx0
(σ) = τx0

◦ pr1(σ × λ).

This shows the for σ1 ⊗ σ2 ∈ C∗(Ux0
, {x0}c) ⊗ C∗(Px0→MM) for |σ2| = 0. If |σ2| > 0, the above

computation shows that both sides evaluate to a degenerate chain and thus both sides are zero. □

5.2. Real coefficients. In this subsection we construct an explicit Θ-equivariant Thom class
for real coefficients and any manifold. We review the construction of the Mathai-Quillen Thom class
in §5.2.1. This gives a Thom class in de Rham cohomology. In §5.2.2, we discuss how to smooth
singular chains such that evaluating the Mathai-Quillen Thom class is well-defined and satisfies the
desired equivariance.

A Θ-invariant Thom class for a general manifold is given by a Thom class τx0
∈ Cn(Ux0

, V c
x0
)

that is invariant under the canonical SO(n)-action on Ux0
. To produce a Θ-equivariant Thom class,

we first isolate the maps that play an analogous role for the path action Ux0
× Px0→MM → U∆.

Notation 5.6. For x ∈M , we recall that Ux = {y ∈M | dM (x, y) < ε} and we denote

ιx : Ux ↪→ U∆,

y 7→ (x, y).

The exponential map expx identifies (TxM)<ε with Ux and thus the Riemannian metric induces a
scalar product on Ux.

Definition 5.7. An embedding φ : Ux0 → U∆ is an orthogonal half-constant embedding if it
factors as φ = ιx ◦ψ and ψ : Ux0 → Ux commutes with the scalar product on Ux0 and Ux. The space
of all orthogonal half-constant embeddings is denoted by SOEmb(Ux0

, U∆).

Extending the previous notations, we denote the map

ηΛ : (Ux0
, V c

x0
)× SOEmb(Ux0

, U∆)→ (U∆, V
c
∆),

(x, φ) 7→ φ(x).

The goal of this subsection is to prove the following proposition:

Proposition 5.8. There exists a Thom class with real coefficients τ∆ ∈ Cn(U∆, V
c
∆;R) such

that

τ∆ ◦ ηΛ ◦ × = τ∆ ◦ pr1 ◦ ×

holds as maps
⊕

i+j=n Ci(Ux0
, Vx0

;R)⊗ Cj(SOEmb(Ux0
, U∆);R)→ R.

Remark 5.9. We use de Rham cohomology in the construction of such a Thom class. This is
the bottleneck that forces us to work with real coefficients.

In fact if such an invariant Thom class exists, the coefficient ring A must contain Q as the
following proposition shows.

Proposition 5.10. Let A be a ring and assume that n > 1. If τx0
∈ Cn(Ux0

, V c
x0
;A) is a Thom

class that satisfies that τx0
◦ηΛ◦× = τx0

◦pr1◦× as maps Cn(Ux0
, V c

x0
;A)⊗C0(SOEmb(Ux0

, U∆);A)→
A, then A contains Q.

Proof. After intersecting Ux0
with a plane containing the origin, we can reduce to the statement

for n = 2. Moreover, we restrict our attention to φ ∈ SOEmb(Ux0
, U∆) that land in Ux0

. We can
identify such a half-constant orthogonal embedding with an element in SO(n).
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Figure 25. A cycle that cuts out a fifth of the Vx0
.

In dimension 2, there exists a cycle σ0 which cuts out 2π
m of the circle (see Figure 25). Acting

on it by φ := exp( 2πijm ) ∈ SO(2) for j = 0, . . . ,m− 1 closes the circle. Let σ1 be the chain obtained
by gluing together the m rotated copies of σ0. Then there exists a 3-chain σ̂ such that

dσ̂ = σ1 −
m−1∑
i=0

ηΛ(σ0 × φi).

Moreover, σ1 is a cycle that generates H2(Ux0
, V c

x0
;Z).

For such σ0, σ1, σ̂ and φ, we find

1 = τx0
(σ1) = τx0

(dσ̂) +

m−1∑
i=0

τx0
(ηΛ(σ0 × φi)) = 0 +

m−1∑
i=0

τx0
(pr1(σ0 × φi)) = m · τx0

(σ0).

This shows that the element m ∈ A× and thus Q ⊆ A. □

5.2.1. Mathai-Quillen Thom class. We recall the construction of the Mathai-Quillen Thom class.
This is a de Rham cocycle ω∆ ∈ Cn

dR(U∆, V
c
∆). This class was originally introduced in [MQ86]. We

follow the construction as in [Get91, Section 1.6].

We denote π : U∆ →M the projection to the first coordinate on U∆ ⊆M ×M . This is a vector
bundle. We denote for i, j ≥ 0, the following space of sections

Ai,j := Γ(U∆,Λ
iT ∗U∆ ⊗ Λjπ∗U∆).

The orientation on M defines an orientation on U∆. This thus defines a map

B : ΛnU∆ →M × R

called the Berezin integral. The Berezin integral can be extended to a function

B : Ai,j → Γ(U∆,Λ
iT ∗U∆) = Ci

dR(U∆),

χ⊗ ξ 7→ χ ·B(π∗ξ).

This map is zero if j ̸= n.
The Riemannian metric defines a metric on the bundle π : U∆ → M . We fix some connection

∇ : Γ(M,ΛiT ∗M ⊗U∆)→ Γ(M,Λi+1T ∗M ⊗U∆) that is compatible with the metric. The curvature
R := ∇2 can be interpreted as an element in

Γ(M,Λ2T ∗M ⊗ Λ2U∆).
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Therefore π∗R can be interpreted as an element in A2,2.
The canonical section

ζ : U∆ → π∗U∆,

x 7→ (x, x)

defines an element in Γ(U∆,Λ
0T ∗U∆ ⊗ U∆). We can thus interpret (π∗∇)(ζ) ∈ Γ(U∆,Λ

1T ∗M ⊗
U∆) ⊆ A1,1. Finally, we interpret ∥ · ∥ : U∆ → R as an element in A0,0.

We define ω0 := π∗R+ (π∗∇)(ζ) + ∥ · ∥ ∈ A2,2 ⊕A1,1 ⊕A0,0.
For f : R→ R, we define

f(ω0) ∈ A∗,∗,

f(ω0)(x) :=

n∑
k=0

f (k)(∥x∥)
k!

((π∗∇)(ζ)π(x) + π∗Rπ(x))
k.

We fix some f : R→ R smooth such that f |
[
ε
2 ,∞)

≡ 0 and
∫
Rn f

(n)(∥x∥2 )dx = 1.

Definition 5.11. The Mathai-Quillen Thom class is defined as

ω∆ := (−1)
n(n+1)

2 B(f(ω0)) ∈ C∗
dR(U∆, V

c
∆).

Proposition 5.12 ([Get91, Proposition 1.3]). The Mathai-Quillen Thom class ω∆ satisfies

(i) ω∆ ∈ Cn
dR(U∆, V

c
∆) is a cocycle;

(ii) for any x ∈M , we have
∫
Bε(x)

ι∗xω∆ = 1.

Remark 5.13. On a fibre Ux, the class ι
∗
xω∆ can be described explicitly. We fix some coordinates

on Bε(x) ∼= Bε(0) ⊆ Rn such that the Riemannian metric is given by the standard scalar product
on Rn. Then ι∗xω∆ is given by

ι∗xω∆(v) = f (n)(∥v∥)dv1 · · · dvn(42)

for v ∈ Rn.
Indeed the term π∗Rπ(x) is zero on T ∗Ux. Moreover, we have (π∗∇)(ζ) =

∑n
i=1 vi ⊗ dvi. We

therefore have on Ux that

ιxω0(v) =

n∑
k=0

f (k)(∥v∥)
k!

(
n∑

i=1

vi ⊗ dvi

)k

.

The term (
∑m

i=1 vi ⊗ dvi)
k
lives in Ak,k. Thus the only term that survives after evaluating it under

the Berezin integral B is when k = n. We thus have

ι∗xω∆ = (−1)
n(n+1)

2
f (n)(∥v∥)

n!
B

((
m∑
i=1

vi ⊗ dvi

)n)

= (−1)
n(n+1)

2
f (n)(∥v∥)

n!
B
(
(−1)

n(n+1)
2 n!v1 ∧ · · · ∧ wn ⊗ dv1 · · · dvn

)
= f (n)(∥v∥)dv1 · · · dvn.

A consequence of this description is that the Mathai-Quillen Thom class is invariant under orthogonal
half-constant maps φ = ιx ◦ ψ. Because Dx0φ preserves the Riemannian metric, it follows that

ι∗x0
ω∆ = ψ∗ι∗xω∆ = φ∗ω∆.(43)
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5.2.2. Smoothing chains. The problem with using the Mathai-Quillen Thom class is that we
can only evaluate ω∆ on smooth chains in Cn(U∆, V

c
∆;R). To solve this issue we smooth chains in

Cn(U∆, V
c
∆;R). To keep the invariance of the Mathai-Quillen Thom class, we smooth chains in a

suitably equivariant way.

We fix the following terminology:

Definition 5.14. A map σ : Ik → X is independent of J ⊆ {1, . . . , k} if the composition

Ik ↠ I{1,...,k}\J ∼= I{1,...,k}\J × {0}J σ→ X

equals σ.

For 1 ≤ i ≤ n and v ∈ I, we denote

λvi : I
n−1 → In,

(v1, . . . , vn−1) 7→ (v1, . . . , vi−1, v, vi, . . . , vn).

We use the notation

µ : SOEmb(Ux0
, Ux0

)× SOEmb(Ux0
, U∆)→ SOEmb(Ux0

, U∆),

(φ1, φ2) 7→ φ2 ◦ φ1.

We first smooth the chains on SOEmb(Ux0
, U∆). This makes sense because SOEmb(Ux0

, U∆) is
itself a manifold with a canonical smooth structure. Indeed, SOEmb(Ux0

, U∆) is a smooth SO(n)
fibre bundle over M .

Lemma 5.15. For all continuous maps σ : Ik → SOEmb(Ux0 , U∆) there exists a homotopy

Hσ : I × Ik → SOEmb(Ux0
, U∆)

such that

(i) Hσ(0, v) = σ(v);
(ii) Hσ(1, v) =: s(σ)(v) is smooth in v;
(iii) for k = 0, it holds Hσ(t) ≡ σ;
(iv) the homotopies commute with face maps, that is, for all i = 1, . . . , k, it holds Hσ ◦ (id× λ0i ) =

Hσ◦λ0
i
and Hσ ◦ (id× λ1i ) = Hσ◦λ1

i
as maps from I × Ik−1;

(v) if J ⊆ {1, . . . , k} is such that for σ(v) is independent of J , then Hσ(t, x) is independent of J
for all t ∈ I;

(vi) for σ : Ik → SOEmb(Ux0
, Ux0

) ⊆ SOEmb(Ux0
, U∆), it holds Hσ(t, v) ∈ SOEmb(Ux0

, Ux0
) for

all (t, v) ∈ I × Ik;
(vii) if σ := µ ◦ (φ× σ0) for some σ0 : I

k → SOEmb(Ux0 , U∆) and φ ∈ SOEmb(Ux0 , Ux0), we have
Hσ = µ ◦ (φ×Hσ0

).

Proof. The proof follows the idea of smoothing singular chains on a smooth manifold in a way
that commutes with faces. This is a standard result from smoothing theory (see for example [Lee03,
Lemma 18.8]).

We prove this statement by induction over k. For k = 0, we define Hσ(t, v) := σ(v).

Assume we have constructed Hσ as above for all σ : Ik
′ → X for k′ < k. We fix some σ : Ik → X.

If σ is smooth Hσ(t, v) := σ(v) does the trick.

Let J ⊆ {1, . . . , k} be the maximal subset such that σ is independent of J . Up to renaming the
coordinates we may assume that J = {1, . . . , j} for some j ≤ k.
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If J ̸= ∅, we set σ′ := σ|{0}J×I{j+1,...,k} : Ik−j → U . By induction Hσ′ is defined and

Hσ(t, v1, . . . , vk) = Hσ′(t, vj+1, . . . , vk)

does the trick.

From now on, we can thus assume that σ is not smooth and is not independent of any ∅ ̸= J ⊆
{1, . . . , k}.

We note that SOEmb(Ux0
, Ux0

) acts freely (via µ) on all such σ. We can thus fix a system of
representatives X among all such σ.

If σ ∈ X and σ(Ik) ⊆ SOEmb(Ux0
, Ux0

), we do a construction of Hσ that commutes with face
maps as in [Lee03, Lemma 18.8] for the manifold SOEmb(Ux0 , Ux0). This ensures (vi).

If σ ∈ X and σ(Ik) ̸⊆ SOEmb(Ux0 , Ux0), we do a construction of Hσ that commutes with face
maps as in [Lee03, Lemma 18.8] for the manifold SOEmb(Ux0

, U∆).
If σ /∈ X , there exists a unique φ ∈ SOEmb(Ux0

, Ux0
) and σ′ ∈ X such that σ = µ(φ× σ′). We

then define Hσ := µ(φ×Hσ′). This construction thus ensures (vii). □

We now turn our attention to smoothing the chains in C∗(U∆, V
c
∆). For this, we need the

following definition.

Definition 5.16. A chain σ : Ik → U∆ has a cutting at 0 ≤ i < k if there exist chains
σ0 : I

i → Ux0
and φ1 : I

k−i → SOEmb(Ux0
, U∆) with σ = ηΛ ◦ (σ0 × φ1).

The following lemma shows that we can exhibit all cuttings of a chain at once:

Lemma 5.17. Let σ : Ik → U∆ be a chain with cuttings at 0 ≤ i1 < · · · < il ≤ k. There exist
σ0 : I

i1 → Ux0
, φj : I

ij+1−ij → SOEmb(Ux0
, Ux0

) for 1 ≤ j < l and φl : I
k−il → SOEmb(Ux0

, U∆)
with

σ = ηΛ ◦ (σ0 × µ ◦ (φ1 × µ(σ2 × · · · × µ(φl−1 × φl) . . . ))).

Proof. We prove this by induction on l. The statement is the definition of cutting when l = 1.
We can thus assume that we have constructed σ0, φ1, . . . , φl−1 as in the statement for l − 1. After
composing φ1, . . . , φl−1, the induction step reduces to the statement for l = 2.

We thus assume that σ = ηΛ(σ
′
0 × φ′

1) = ηΛ(σ
′′
0 × φ′′

1).
We can thus compute

ηΛ ◦ (σ′
0(v1, . . . , vi1)× φ′

1(vi1+1, . . . , vi2 , 0, . . . , 0)) = ηΛ ◦ (σ′′
0 (v1, . . . , vi2)× φ′′

1(0, . . . , 0)).

We note that the maps in SOEmb(Ux0
, U∆) have the property that their images agree if and only if

their images intersect. This calculation thus shows im(φ′′
1(0, . . . , 0)) = im(φ′

1(vi1+1, . . . , vi2 , 0, . . . , 0)
for all vi1+1, . . . , vi2 . Moreover, we have by injectivity of maps in SOEmb(Ux0 , U∆):

σ′′
0 (v1, . . . , vi2) = ηΛ(σ

′
0(v1, . . . , vi1)× (φ′′

1(0, . . . , 0)
−1 ◦ φ′

1(vi1+1, . . . , vi2 , 0, . . . , 0))).

We therefore find that σ0 := σ′
0, φ1(vi1+1, . . . , vi2) := φ′

1(vi1+1, . . . , vi2 , 0, . . . , 0) and φ2 := φ′′
1 does

the trick. □

We are now in a position to prove and state how we smooth chains in C∗(U∆, V
c
∆):

Lemma 5.18. For all continuous maps σ : Ik → U∆ there exists a homotopy

Hσ : I × Ik → U∆

such that

(i) Hσ(0, v) = σ(v);
(ii) Hσ(1, v) =: s(σ)(v) is smooth in v;
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(iii) if σ is smooth Hσ(t, v) = σ(v) for all (t, v) ∈ I × Ik;
(iv) the homotopies commute with face maps, that is, for all i = 1, . . . , k, it holds Hσ ◦ (id× λ0i ) =

Hσ◦λ0
i
and Hσ ◦ (id× λ1i ) = Hσ◦λ1

i
as maps from I × Ik−1;

(v) if σ is independent of J ⊆ {1, . . . , k}, then Hσ(t, x) is independent of J for all t ∈ I;
(vi) if σ(Ik) ⊆ V c

∆, then Hσ(t, v) ∈ V c
∆ for all (t, v) ∈ I × Ik;

(vii) if σ = ηΛ(σ0 ×φ) for some σ0 : I
k → Ux0

and φ ∈ SOEmb(Ux0
, U∆), then Hσ = ηΛ(Hσ0

×φ);
(viii) if σ has a cutting at i, then so does Hσ(t, v) for all t ∈ I.

Proof. The proof follows similar lines as the proof of Lemma 5.15. We do induction on k and
can thus assume it is proven for all k′ < k. Moreover we may assume that σ : Ik → U∆ is not smooth
and not independent for any ∅ ̸= J ⊆ {1, . . . , k}.

We identify α : Ux0
∼= Bε(0) via orthonormal coordinates.

We make a case distinction, according to the criteria:

(1) whether or not σ has a cutting;
(2) whether or not σ(Ik) ⊆ Ux0

;
(3) whether or not σ(Ik) ⊆ V c

∆;
(4) if there exists σ0 : I

k → Ux0
and φ ∈ SOEmb(Ux0

, U∆) with σ = ηΛ(σ0 × φ).

We first consider σ with no cuttings and σ(Ik) ⊆ Ux0 . In particular, there always exist σ0 and
φ as in (4).

We define Tσ ⊆ Rn the linear subspace spanned by the image of α ◦ σ and set Wσ := α−1(Tσ).
We note that SOEmb(Ux0

, Ux0
) acts on all such σ. We fix X a representation system under this

action. For such a σ, its stabilizer is all φ ∈ SOEmb(Ux0
, Ux0

) that are the identity on Wσ.

We now assume that additionally σ(Ik) ⊆ V c
∆. If σ ∈ X , we construct Hσ as in [Lee03, Lemma

18.8] for the manifold Wσ ∩ V c
x0
. We note that if φ is in the stabilizer of σ, then it also leaves Hσ

invariant.
If σ /∈ X , there exists a σ0 ∈ X and φ ∈ SOEmb(Ux0

, Ux0
) such that σ = ηΛ(σ0 × φ). We

define Hσ := µ(Hσ0
× φ). While σ0 is unique, φ is not. In fact two different φ may exist but their

difference is in the stabilizer of σ0 and thus leaves Hσ0 invariant. Therefore our definition of Hσ is
independent of our choice of φ and (vii) is satisfied. This concludes with the first case.

We now assume that σ has no cuttings and σ(Ik) ⊆ Ux0
, but not σ(Ik) ⊆ V c

∆. If σ ∈ X , we do
a construction for Hσ as in [Lee03, Lemma 18.8] for the manifold Wσ. If σ ∈ X , we find σ0 ∈ X
and φ ∈ SOEmb(Ux0

, Ux0
) such that ηΛ(σ0 × φ). We define Hσ := µ(Hσ0

× φ). As before this is
independent of our choices and ensures (vii).

We now assume that σ has no cuttings, σ(Ik) ̸⊆ Ux0 , σ(I
k) ⊆ V c

∆ and there exists no σ0 and φ
as in (4). We then construct Hσ as in [Lee03, Lemma 18.8] for the manifold V c

∆.

We now assume that σ has no cuttings, σ(Ik) ̸⊆ Ux0
, σ(Ik) ̸⊆ V c

∆ and there exists no σ0 and φ
as in (4). We then construct Hσ as in [Lee03, Lemma 18.8] for the manifold U∆.

We now assume that σ has no cuttings and that we can write σ = ηΛ(σ0×φ) for some σ0 : I
k →

Ux0 and φ ∈ SOEmb(Ux0 , U∆). We note that if σ(Ik) ⊆ V c
∆, then also σ0(I

k) ⊆ V c
x0
. We define

Hσ := µ(Hσ0
×φ). By (vii) for chains with image in Ux0

, this definition is independent of our choice
of σ0 and φ.

Finally we assume that σ has cuttings. In particular we assume that it has precisely cuttings at
0 ≤ i1 < · · · < il < k. We then choose σ0 and φj as in Lemma 5.17 for 1 ≤ j ≤ l.



118

We then define

Hσ := ηΛ(Hσ0
× µ(Hφ1

× µ(Hφ2
× · · · × µ(Hφl−1

×Hφl
) . . . ))),

where Hφj is as in Lemma 5.15.
This ensures (viii) and the Conditions (i)-(vii) are inherited from σ0 and φi by Lemma 5.15.

Moreover equivariance for σ0 and φi ensures that this definition is independent of choice. □

We can now define the following Thom class:

Definition 5.19. The class τ∆ ∈ Cn(U∆, V
c
∆;R) is defined as s∗ω∆ and τx0

is defined as ι∗x0
τ∆.

This construction gives a Thom class as described in Proposition 5.8:

Proof of Proposition 5.8. We recall that Proposition 5.8 states that τx0
is a Thom class

and

τ∆ ◦ ηΛ ◦ × = τx0
◦ pr1 ◦ ×(44)

holds as maps Ci(Ux0
, Vx0

;R)⊗ Cj(SOEmb(Ux0
, U∆);R)→ R.

We first proof that τx0
is a Thom class. We recall that ω∆ is a Thom class of smooth chains

(see e.g. [BGV03, Proposition 1.48]).
Next, we note that the map s∗ : C∗(U∆)→ C∗(U∆) is a well-defined map as it sends degenerate

chains to degenerate chains by Lemma 5.18 (v). Because smoothing commutes with face maps as in
Lemma 5.18 (iv), s∗ is a chain map and it lands in the image of all smooth chains. Moreover, the
map

h : C∗(U∆)→ C1+∗(U∆),

σ 7→ Hσ(I ⊗−)

defines a chain homotopy between s∗ and id. On the other hand for σ ∈ Csm
∗ (U c

∆), we have s∗(σ) =
σ by Lemma 5.18 (iii), where Csm

∗ denotes the smooth chains. We therefore have s : C∗(U∆) ≃
Csm

∗ (U∆).
By Lemma 5.18 (vi), the map s sends C∗(V

c
∆) to Csm

∗ (V c
∆) and it is also a quasi-isomorphism.

Therefore, by the five lemma s : C∗(U∆, V
c
∆) → Csm

∗ (U∆, V
c
∆) is also a quasi-isomorphism. This

proves that τ∆ = s∗ω∆ is a Thom class.
It remains to check (44). Because pr1 ◦ × is degenerate if j > 0, we note that (44) entails two

statements:

(a) on Ci(Ux0
, Vx0

;R)⊗Cj(SOEmb(Ux0
, U∆);R) with j > 0 and i+ j = n, we have τ∆ ◦ ηΛ ◦× = 0;

(b) for σ ⊗ φ ∈ Cn(Ux0
, Vx0

;R)⊗ C0(SOEmb(Ux0
, U∆);R), we have τ∆(ηΛ(σ × φ)) = τx0

(σ).

For (a) we fix σ0⊗φ1 ∈ Ci(Ux0
, Vx0

;R)⊗Cj(SOEmb(Ux0
, U∆);R). By Definition 5.16, ηΛ(σ0×φ1)

has a cutting at i < n. By Lemma 5.18 (viii), s(ηΛ(σ0×φ1)) has a cutting at i < n. That means that
there exist σ′

0⊗φ′
1 ∈ Csm

i (Ux0 , Vx0 ;R)⊗Csm
j (SOEmb(Ux0 , U∆);R) with s(ηΛ(σ0×φ1)) = ηΛ(σ

′
0×φ′

1).
We therefore compute:

τ∆ ◦ ηΛ(σ0 × φ1) = ω∆ ◦ s ◦ ηΛ(σ0 × φ1) = ω∆ ◦ ηΛ(σ′
0 × φ′

1) = ω∆ ◦ pr1(σ′
0 × φ′

1),

where we used that ω∆ is invariant in the sense of (43). But φ′
1 is not a zero chain, therefore

pr1(σ
′
0 × σ′

1) is degenerate and the above equation evaluates to zero. This shows (a).
For (b) we note that, by Lemma 5.18 (vii), we have s(ηΛ(σ × φ)) = ηΛ(s(σ)× φ). Using again

the invariance of ω∆ as in (43), we compute:

τ∆(ηΛ(σ × φ)) = ω∆ ◦ s ◦ ηΛ(σ × φ) = ω∆ ◦ ηΛ(s(σ)× φ) = φ∗ω∆(s(σ))
(43)
= ι∗x0

ω∆(s(σ)) = τx0(σ)

which is what we wanted to proof. □
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6. Coherent chain homotopies

In this section, we give a proof strategy how one can prove that a map η̃ : C∗(M,C∗(F1, F
′
1))→

C∗(M,Cm+∗(F2, F
′
2)) models a certain map η : C∗(E1, E

′
1) → C∗(E2, E

′
2). The main applica-

tion that we have in mind is that the map constructed in Section 4 ν̃ : C∗(M,C∗(ΩM,x0;A)) →
C∗(M,C1−n+∗((ΩM,x0)

2);A) actually models the coproduct on the free loop space.

We follow the proof strategy from [Rie24, Theorem 5.8]. Riegel constructs a collection of maps
called coherent homotopies ([Rie24, Definition 5.10]) that witness that a map φ̃ : C∗(M,C∗(F1))→
C∗(M,C∗(F2)) coming from a morphism of fibration φ : E1 → E2 models φ∗ : C∗(E1) → C∗(E2).
This is in contrast to our case where we are interested in maps that do not come from maps of
fibrations. We thus isolate the algebraic part of his argument: we define in Definition 6.1 coherent
chain homotopies as an algebraic version of Riegel’s coherent homotopies. In Proposition 6.2, we
show that given a coherent chain homotopy, η̃ models η on C∗(M,C∗(F1, F

′
1)). Finally in Subsection

6.2, we outline how to invert certain coherent chain homotopies. The main application is for inverting
the excision map.

6.1. Definition.

Definition 6.1. For i = 1, 2, let πi : Ei → M be two fibrations with fibres Fi and transitive
lifting functions Φi. Let η1 := η : C∗(E1)→ Cm+∗(E2) be a chain map of degree m ∈ Z.

A coherent chain homotopy η : C∗(E1)→ Cm+∗(E2) for η is a collection of maps

ηk : C∗(F1)⊗ C∗(Ω)
⊗(k−2) ⊗ C∗(Px0→MM)→ Ck−1+m+∗(E2)

for k ≥ 2 that satisfy the A∞-equations

ηN+1 ◦ d+ (−1)N+1+md ◦ ηN+1

= (−1)N+1ηN ◦ (Φ1 ⊗ id⊗N−1)− Φ2 ◦ (ηN ⊗ id) +

N−1∑
r=1

(−1)N+1+rηN ◦ (id⊗r ⊗ µ⊗ id⊗N−1−r)

(45)

for all N ≥ 1 and restrict to maps

ηk : C∗(F1)⊗ C∗(Ω)
⊗k−1 → Ck−1+m+∗(F2).

The following proposition makes precise that a coherent chain homotopy is a witness that a map
η̃ : C∗(M,C∗(F1))→ C∗(M,Cm+∗(F2)) models the map η : C∗(E1)→ C∗(E2).

Proposition 6.2. If there exists a coherent chain homotopy ηk for η : C∗(E1) → Cm+∗(E2),
the restrictions

ηk : C∗(F1)⊗ C∗(ΩM)⊗(k−1) → Ck−1+m+∗(F2)

define a morphism of A∞-modules and the following diagram commutes

H∗(M,C∗(F1)) H∗(M,Cm+∗(F2)

H∗(E1) H∗(E2).

η̃

Ψ1 Ψ2

η

Proof. Because the equation for morphisms of A∞-modules in Definition 2.7 is simply a re-
striction of the A∞-equation in Definition 6.1, it is immediate that the restrictions

ηk : C∗(F1)⊗ C∗(ΩM)k−1 → Ck−1+m+∗(F2)
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define a morphism of A∞-modules. It remains to prove that the induced map η̃ models η, that is,
the above diagram commutes.

We recall that the quasi-isomorphisms Ψi : C∗(M,C∗(Fi))→ C∗(Ei) are given by compositions

C∗(M,C∗(Fi))→ C∗(M/T,C∗(F
′
i ))

Ψ′
i→ C∗(E

′
i)

θ∗→ C∗(Ei),

where E′
i is the pullback of Ei along the homotopy equivalence θ : M/T →M as in Subsection 2.1.

We may identify Fi
∼= F ′

i and then the first map becomes an isomorphism.
We now consider the following diagram:

C∗(M,C∗(F1)) C∗(M/T,C∗(F
′
1)) C∗(E

′
1) C∗(E1)

C∗(M,Cm+∗(F2)) C∗(M/T,Cm+∗(F
′
2)) Cm+∗(E

′
2) Cm+∗(E2).

η̃

Ψ′
1

θ∗η̃

θ∗

θ∗η η

Ψ′
2 θ∗

The first square commutes as the horizontal maps are given by isomorphisms and the vertical maps
commute with these identifications. The third square commutes by definition of θ∗η.

It thus remains to give a chain homotopy making the middle square commute. If we assume
that θ is a homeomorphism,3 we may interpret ηk as maps

C∗(F
′
1)⊗ C∗(Ω(M/T ))⊗(k−2) ⊗ C∗(Px0→M/T (M/T ))→ Ck−1+m+∗(E

′
2)

and η1 as a map C∗(E
′
1)→ C∗(E

′
2).

We recall some notation from Subsection 2.1. We have for x, y ∈ Crit(f) the chains mx ∈
C∗(Px0→MM) and mx,y ∈ C∗(ΩM). Moreover, m denotes the degree −1 map

ZCrit(f)→ C∗(ΩM ⊗ ZCrit(f),

x 7→
∑
y

mx,y ⊗ y

which we extend to a map

m̃ : C∗(F
′
1)⊗ T (C∗(ΩM)⊗ ZCrit(f)→ C∗(F

′
1)⊗ T (C∗(ΩM)⊗ ZCrit(f)

by id⊗ id⊗m.
We also denote

l̃ : C∗(F
′
1)⊗ T (C∗(Ω(M/T )))⊗ ZCrit(f)→ C∗(F

′
1)⊗ T (C∗(Ω(M/T )))⊗ C∗(Px0→M/T (M/T )),

α⊗ λ1 ⊗ · · · ⊗ λk ⊗ x 7→ α⊗ λ1 ⊗ · · · ⊗ λk ⊗mx.

Then we define

v :=
∑
N≥1

(−1)N+1ηN+1 ◦ l̃ ◦ m̃N−1
: C∗(M,C∗(F1))→ Cm+1+∗(E2).

This is well-defined because m̃
n+1

= 0. The proposition now follows from the following lemma:

Lemma 6.3. It holds

vd+ (−1)mdv = (θ∗η) ◦Ψ′
1 −Ψ′

2 ◦ (θ∗η̃).

3The assumption that θ : M/T → M makes the argument simpler here. But one has to be careful that it does not

contradict our running assumption that θ ◦ p : M → M is smooth. We only give the argument under this assumption
here.
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Proof of Lemma 6.3. We compute by (45)

(−1)mdv =
∑
N≥1

(−1)N+1+mdηN+1l̃m̃
N−1

=−
∑
N≥1

ηN+1d̃lm̃
N−1

+
∑
N≥1

(−1)N+1ηN (Φ1 ⊗ id⊗N−1)̃lm̃
N−1

−
∑
N≥1

Φ2(ηN ⊗ id)̃lm̃
N−1

+
∑
N≥1

N−1∑
r=1

(−1)N+1+rηN (id⊗r ⊗ µ⊗ id⊗N−1−r )̃lm̃
N−1

.

We turn our attention to the first term:

ηN+1d̃lm̃
N−1

=

N∑
r=0

ηN+1(id
⊗r ⊗ d⊗ id⊗N−r )̃lm̃

N−1
.

Because l̃ and m̃ are the identity on all components except the last, we have

ηN+1(d⊗ id⊗N )̃lm̃
N−1

= (−1)N−1ηN+1l̃m̃
N−1

(d⊗ id)

and, for 0 < r < N ,

ηN+1(id
⊗r ⊗ d⊗ id⊗N−r )̃lm̃

N−1
= (−1)N−1−rηN+1l̃m̃

N−1−r
(id⊗r ⊗ d⊗ id)m̃

r

= (−1)N+rηN+1l̃m̃
N−1−r

(id⊗r ⊗ µ⊗ id)m̃
r+1

= (−1)N+rηN+1(id
⊗r ⊗ µ⊗ id⊗N−r )̃lm̃

N
,

where the second equality follows from the compatibility of the mx,y:

d(mx,y) =
∑
z

(−1)|x|−|z|µ(mx,z ⊗mz,y)

(see [Rie24, Lemma 4.4] for a detailed treatment of the signs). Similarly, we have d(mx) =∑
y µ(mx,y ⊗my) and thus

ηN+1(id
⊗N ⊗ d)̃lm̃N−1

= ηN+1(id
⊗N ⊗ µ)̃lm̃N

.

We therefore have:∑
N≥1

ηN+1d̃lm̃
N−1

=
∑
N≥1

ηN+1l̃m̃
N−1

(d⊗ id)

+
∑
N≥1

N−1∑
r=1

(−1)N+rηN+1(id
⊗r ⊗ µ⊗ id⊗N−r )̃lm̃

N

+
∑
N≥1

ηN+1(id
⊗N ⊗ µ)̃lm̃N

= v(d⊗ id) +
∑
N≥1

N∑
r=1

(−1)N+rηN+1(id
⊗r ⊗ µ⊗ id⊗N−r )̃lm̃

N
.
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We therefore compute

(−1)mdv =− v(d⊗ id)

−
∑
N≥1

N∑
r=1

(−1)N+rηN+1(id
⊗r ⊗ µ⊗ id⊗N−r )̃lm̃

N

+
∑
N≥1

(−1)N+1ηN (Φ1 ⊗ id⊗N−1)̃lm̃
N−1

−
∑
N≥1

Φ2(ηN ⊗ id)̃lm̃
N−1

+
∑
N≥1

N−1∑
r=1

(−1)N+1+rηN (id⊗r ⊗ µ⊗ id⊗N−1−r )̃lm̃
N−1

.

The second and last term cancel. Moreover by the fact that l̃ and m̃ are the identity on all
components except the last, we find that:∑

N≥1

(−1)N+1ηN (Φ1 ⊗ id⊗N−1)̃lm̃
N−1

= η1Φ1l̃+
∑
N≥2

(−1)N+1ηN l̃m̃
N−2

(Φ1 ⊗ id)m̃

= (θ∗η1)Ψ
′
1 − v(Φ1 ⊗ id)m̃

and ∑
N≥1

Φ2(ηN ⊗ id)̃lm̃
N−1

=
∑
N≥1

Φ2l̃(ηN ⊗ id)m̃
N−1

=
∑
N≥1

Ψ2(ηN ⊗ id)m̃
N−1

= Ψ′
2(θ

∗η̃).

We thus have

(−1)mdv =− v(dF1
⊗ id) + (θ∗η1)Ψ

′
1 − v(Φ1 ⊗ id)m̃−Ψ2(θ

∗η̃)

= − vd+ (θ∗η1)Ψ
′
1 −Ψ′

2(θ
∗η̃).

This proves Lemma 6.3 and thus Proposition 6.2 □

□

Corollary 6.4. For i = 1, 2, let πi : E
′
i ⊆ Ei → M be fibrations with fibres Fi and F ′

i .
Let Φi be transitive lifting functions on Ei that restrict to transitive lifting functions on E′

i. Let
η : C∗(E1)→ Cm+∗(E2) be a map of degree m ∈ Z that restricts to a map C∗(E

′
1)→ Cm+∗(E

′
2).

If there exists a coherent chain homotopy η : C∗(E1) → Cm+∗(E2) for η that restricts to a co-
herent chain homotopy η : C∗(E

′
1)→ Cm+∗(E

′
2), then there exists a η : C∗(E1, E

′
1)→ Cm+∗(E2, E

′
2)

a relative coherent chain homotopy and the following square commutes

H∗(M,C∗(F1, F
′
1)) H∗(M,Cm+∗(F2, F

′
2))

H∗(E1, E
′
1) Hm+∗(E2, E

′
2).

Ψ1

η̃

Ψ2

η

Proof. This follows from Proposition 6.2 and the five lemma. □
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6.2. Inverting coherent chain homotopies. In this subsection, we construct inverses to
coherent chain homotopies when η1 is an isomorphism or a quasi-isomorphism. This follows an
analogous strategy to Appendix A.

To achieve this, we replace the topological context of ΩM and Px0→MM with an algebra A∗
and a left module P∗:

Definition 6.5. Let (A∗, dA, µ) be a strict differential graded algebra and (P∗, dP , µ) a strict
left A∗-module and A∗ ⊆ P∗ as A∗-modules. A path module over the pair (A∗, P∗) is given by

• a complex (E∗, dE);
• a subcomplex F∗ ⊆ E∗;
• a collection of maps

mE
k : F∗ ⊗A⊗k−2

∗ ⊗ P∗ → Ek−2+∗,

for k ≥ 2;

such that mE
2 is a chain map and for N ≥ 3, the following A∞-equation is satisfied:

(−1)N+1mE
Nd+ dmE

N =

N−3∑
r=0

(−1)rmE
N−1(id

⊗r+1 ⊗ µ⊗ id⊗N−r−3)

−
N−1∑
s=2

(−1)s(N−s)mE
N−s+1(m

F
s ⊗ id⊗N−s)

as maps F∗ ⊗A⊗N−2
∗ ⊗ P∗ → EN−3+∗ and mE

k restricts to maps

F∗ ⊗A⊗k−1
∗ → Fk−2+∗

A path module over (A∗, P∗) is strict if mE
k = 0 for k ≥ 3.

Remark 6.6. In particular, mE
k makes F∗ into a right A∞-module over A∗.

Definition 6.7. Let (E1∗ ,F1
∗ ,m

E1

k ) and (E2∗ ,F2
∗ ,m

E2

k ) be path modules over (A∗, P∗). A mor-
phism of path modules η : E1∗ → E2m+∗ of degree m ∈ Z is given by a chain map η1 : E1∗ → E2m+∗
and

ηk : F1
∗ ⊗A

⊗(k−2)
∗ ⊗ P∗ → E2k−1+m+∗,

for k ≥ 2, that satisfy the A∞-equations for N ≥ 1:

ηN+1 ◦ d+ (−1)N+1+md ◦ ηN+1 =

N∑
s=1

(−1)s(N−s)ηN−s+1(m
E1
s+1 ⊗ idN−s)

+ (−1)N
N∑

k=1

(−1)k(N−k)mE2

k+1(ηN−k ⊗ id⊗k)

+

N−1∑
r=1

(−1)N+1+rηN (id⊗r ⊗ µ⊗ id⊗N−1−r)

and restrict to maps

F1
∗ ⊗Ak−1

∗ → F2
m+k−1+∗.

The identity morphism is given by η1 = id and ηk = 0 for k ≥ 2.

Remark 6.8. On F1
∗ , the map η defines a morphism of A∞-modules.
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Example 6.9. Let π : E′ ⊆ E → M be fibrations with fibre F ′ ⊆ F and transitive lifting
function Φ. The data E∗ = C∗(E,E

′), F∗ := C∗(F, F
′) and mE

2 := Φ∗ defines a strict path module
over (C∗(Ω), C∗(Px0→M )).

A coherent chain homotopy defines a morphism of path modules.

Lemma 6.10. For i = 1, 2, 3, let (E i∗,F i
∗,m

Ei

k ) be path modules over (A∗, P∗). Let η : E1∗ → E2m1+∗
and η′ : E2∗ → E3m2+∗ be morphisms of path modules of degree m1 and m2, respectively. The maps
(η′ ◦ η)1 := η′1 ◦ η1 and

(η′ ◦ η)k :=

k∑
r=1

(−1)(r−1)(k−r)η′k−r+1 ◦ (ηr ⊗ id⊗k−r),

for k ≥ 2, define a morphism of path modules η′ ◦ η : E1∗ → E3m1+m2+∗ of degree m1 +m2.

Proof. This is a computation analogous to the proof that the above formulas defines compo-
sition for morphisms of A∞-modules. □

Remark 6.11. By Example 6.9, the previous lemma shows that we can compose coherent chain
homotopies.

On this level of algebraic abstraction, we can now invert certain morphisms of path modules.

Proposition 6.12. For i = 1, 2, let (E i∗,F i
∗,m

Ei

k ) be path modules over (A∗, P∗). Let η : E1∗ →
E2m+∗ be a morphism of path modules of degree m such that η1 is an isomorphism and η1(F1

∗ ) = F2
∗ .

The map ζ : E2∗ → E1∗ given by ζ1 := η−1 and

ζN+1 := −η−1
1 ◦

(
N−1∑
r=0

(−1)r(N−r)ηN−r+1 ◦
(
ζr+1 ⊗ id⊗N−r

))
,

for k ≥ 2 is an inverse to η.

Proof. By our assumptions, this map is well-defined and restricts to a map

F2
∗ ⊗Ak−1

∗ → F1
−m+k−1+∗.

It is a computation analogous to Proposition A.2 to check that ζN satisfy the relevant A∞-equations
and that η ◦ ζ = id and ζ ◦ η = id. □

The next step in finding an inverse to morphisms of path modules such that η1 is a proposition
akin to the homotopy transfer theorem.

Proposition 6.13. For j = 1, 2, let F j
∗ ⊆ Ej∗ be chain complexes. Let (i, p, h) exhibit E1∗ as

a homotopy retract of E2∗ (see Definition A.3) such that their restrictions to F i
∗ exhibit F1

∗ as a
homotopy retract of F2

∗ . If E1 is a strict path module over (A∗, P∗), then there exists a path module

structure mE2

k on E2∗ such that i and p can be extended to morphisms of path modules.

Proof. The path module structure and the higher maps are given analogous to Proposition
A.4. The proof is also an analogous computation. □

Proposition 6.14. For i = 1, 2, let (E i∗,F i
∗,m

Ei

k ) be strict path modules over (A∗, P∗). Let

η : E1∗ → E2∗ be a morphism of path modules such that η1 is a quasi-isomorphism. If (iE
i

, pE
i

, hE
i

)
exhibits (E i∗, dEi) and (F i

∗, dEi) as a homotopy retract of (H∗(E i), 0) and (H∗(F i), 0), respectively,
then there exists a morphism of path modules ζ : E2∗ → E1∗ such that H∗(ζ1) = H∗(η1)

−1.

Proof. By Proposition 6.13, we can define the composition ε as
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H∗(E1) E1∗ E2∗ H∗(E2).i1 η p2

This is such that ε1 = H∗(η1) is an isomorphism. By Proposition 6.12, we can invert ε and can thus
define ζ as the composition

E2∗ H∗(E2) H∗(E1) E1∗ .
p2

ε−1 i1

□

This lets us prove the following statement that lets us invert the excision map for field coefficients.

Corollary 6.15. Let A be a field. If there exists a coherent chain homotopy η : C∗(E1, E
′
1;A)→

C∗(E2, E
′
2;A) for a quasi-isomorphism η, then there exists a coherent chain homotopy

ζ : C∗(E2, E
′
2;A)→ C∗(E1, E

′
1;A)

for a map ζ where H∗(ζ) = H∗(η)
−1.

Proof. By [LV12, Lemma 9.4.4], we can exhibit H∗(Ei, E
′
i;A) as a homotopy retract of the

chain complex C∗(Ei, E
′
i;A) over field coefficients. Then Example 6.9 and Proposition 6.14 conclude

the proof. □

7. Main theorems

In this section, we prove the main theorems of this article. In Subsection 7.1, we show that
the map ν̃ : C∗(M,C∗(ΩM,x0)) → C∗(M,C1−n+∗((ΩM,x0)

2)) from Section 4 indeed models the
Goresky-Hingston coproduct. In Subsection 7.2, we show that for explicit classes α ∈ H∗(ΛM,M ;A),
there exist strict formulas for the Goresky-Hingston coproduct.

The bottle neck for both results is the existence of a Θ-equivariant Thom class which exists if
M is parallelizable or if R ⊆ A.

7.1. Chain model. In this subsection, we construct a coherent chain homotopy ν for the map
ν : C∗(ΛM,M ;A) → C1−n+∗(FΛ,H;A) such that c ◦ ν : C∗(ΛM,M ;A) → C1−n+∗((ΛM,M)2;A)
computes the Goresky-Hingston coproduct. This gives an explicit chain model for the Goresky-
Hingston coproduct on Morse homology with DG coefficients.

We recall that a coherent chain homotopy η : C∗(E1) → Cm+∗(E2) is trivial if ηk = 0 for all
k ≥ 2.

We use the notation that A is a ring, P := Px0→MM , HΩ := ∂I × Ω ∪ I × {x0} and HΛ :=
∂I × Λ ∪ I ×M . We consider the following diagram:
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C∗(Ω, x0;A)⊗ C∗(P) C∗(Λ,M ;A)

C1+∗(I × Ω,HΩ;A)⊗ C∗(P) C1+∗(I × Λ,HΛ;A)

C1+∗(I × Ω,HΩ ∪ e−1
t (V c

x0
);A)⊗ C∗(P) C1+∗(I × Λ,HΛ ∪ e−1

Λ (V c
∆);A)

C1+∗(e
−1
t (Ux0),HΩ ∪ e−1

t (V c
x0
);A)⊗ C∗(P) C1+∗(e

−1
Λ (U∆),HΛ ∪ e−1

Λ (V c
∆);A)

C1−n+∗(e
−1
t (Ux0),HΩ;A)⊗ C∗(P) C1−n+∗(e

−1
Λ (Ux0),HΛ;A)

C1−n+∗(FΩ,HΩ;A)⊗ C∗(P) C1−n+∗(FΛ,HΛ;A)

C1−n+∗((Ω, x0)
2;A)⊗ C∗(P) C1−n+∗((Λ,M)2;A).

(I×)⊗id

Φ∗

(1) I×

Φ∗

(2)

≃ (3)

Φ∗

≃

e∗t τx0
∩⊗id

Φ∗

(4) e∗ΛτΛ∩

R∗⊗id

Φ∗

(5) R∗

c⊗id

Φ∗

(6) c

Φ∗

(1) This square commutes strictly thus the trivial coherent chain homotopy does the trick.
(2) This square commutes strictly thus the trivial coherent chain homotopy does the trick.
(3) A coherent chain homotopy exists for this square because if A is a field: by Corollary 6.15, we

can invert the trivial coherent chain homotopy for the inclusion

C∗(e
−1
Λ (U∆),H ∪ e−1

Λ (V c
∆);A)

≃
↪→ C∗(I × Λ,H ∪ e−1

Λ (V c
∆);A).

(4) This square commutes if there exists a Θ-equivariant Thom class (Proposition 7.1).
(5) This square commutes at the level of topological spaces by Lemma 4.2 and thus the trivial

coherent chain homotopy does the trick.
(6) This square commutes strictly thus the trivial coherent chain homotopy does the trick.

The two squares that impose certain conditions are (3) and (4).
It remains to prove that the cap product is PM -equivariant. We recall some notation:

η : Ux0
× SOEmb(Ux0

, U∆)→ U∆,

(x, φ) 7→ φ(x)

By Property (ii), we have a map

Θ: Px0→MM → SOEmb(Ux0 , U∆) ⊆ Emb(Ux0 , U∆),

λ 7→ Θ(λ)|Ux0
.

Proposition 7.1. Let A be a ring. Let τ∆ ∈ Cn(U∆, V
c
∆;A) be a Θ-equivariant Thom class.

The cap product e∗t τx0∩ is PM -equivariant, that is, it holds

e∗t τx0 ∩ (Φ∗(α× λ)) = Φ∗((e
∗
t τx0 ∩ α)× λ) ∈ C−n+∗(e

−1
t (Ux0),H;A)

for α⊗ λ ∈ C∗(e
−1
t (Ux0

),H ∪ e−1
t (x0)

c;A)⊗ C∗(Px0→MM).

Proof. This proof follows from an analogous computation as in the proof of Proposition 4.6. □

We can now compose the coherent chain homotopies of the above squares by Remark 6.11:
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Corollary 7.2. The composition of the coherent chain homotopies of the above squares (1)-(6)
define a coherent chain homotopy

ν : C∗(ΛM,M ;A)→ C1−n+∗(FΛ,HΛ;A)

for a map ν : C∗(ΛM,M) → C1−n+∗(FΛ,HΛ) such that c ◦ ν : C∗(ΛM,M) → C1−n+∗((ΛM,M)2)
computes the Goresky-Hingston coproduct.

Theorem 7.3. Let A be a field. Let (M,x0) be a smooth, pointed manifold of dimension n. If
M is parallelizable or R ⊆ A, there exists a morphism of A∞-modules

ν : C∗(ΩM,x0;A)→ C1−n+∗((ΩM,x0)
2;A)

such that ν1 computes the Goresky-Hingston coproduct on ΩM and the following diagram commutes

H∗(M,C∗(ΩM,x0;A)) H∗(ΛM,M ;A)

H∗(M,∆∗C1−n+∗((ΩM,x0;A)
2) H1−n+∗(FΛ,H;A)

H∗(M ×M,C1−n+∗((ΩM,x0;A)
2) H1−n+∗((ΛM,M ;A)2).

ν̃

Ψ

νΛ

∆∗

Ψ

c∗

Ψ

Proof. By Proposition 5.5 for the case where M is parallelizable and by Proposition 5.8 for
the case where R ⊆ A, there exists a transitive isotopy extension Θ and a Θ-equivariant Thom
class τ∆ ∈ Cn(U∆, V

c
∆;A). The statement then follows from Corollary 6.4 and the fact that the

coherent chain homotopy defined in Corollary 7.2 restricts to the morphism of A∞-module defined
in (39). □

7.2. Strict formula. We show that for “enough” chains α ⊗ x ∈ C∗(M ;C∗(ΩM,x0)) the
Goresky-Hingston coproduct is computed as ∨(α) ⊗ x where ∨ is a chain model for the Goresky-
Hingston coproduct on C∗(ΩM,x0). This gives a strict formula to compute the Goresky-Hingston
coproduct on the free loop space ΛM .

The construction in the previous subsection does not provide such a strict formula because the
inversion of the excision map is not strictly ΩM -equivariant. In this subsection, we restrict our
operation to small simplices where the excision map is an isomorphism and thus can be inverted
equivariantly.

7.2.1. Slow loops.

Definition 7.4. For k ≥ 0, the k-slow loops are given by

ΩMk :=
{
γ ∈ ΩM | if et(t, γ) ∈ Vx0

, then ∀t′ ∈ I with |t− t′| < 1
k : dM (et(t

′, γ), x0) <
3ε
4

}
.

Intuitively speaking, ΩMk contains all loops γ that move slowly enough around times t where
et(t, γ) is close to x0.

Remark 7.5. We note that ⋃
k∈N

ΩMk = ΩM.

Indeed by uniform continuity, for any loop γ ∈ ΩM , there exists a k such that |t − t′| < 1
k implies

dM (et(t, γ), et(t
′, γ)) < ε

4 . This in turn implies γ ∈ ΩMk.

Proposition 7.6. Let M be a manifold with a transitive isotopy extension Θ: PM → Diff(M).
The ΩM -action induced by the transitive isotopy extension sends ΩMk to itself for all k.
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Proof. We fix k ∈ N, λ ∈ ΩM and γ ∈ ΩMk. We check that Θ(λ)(γ) is also in ΩMk. For any
t ∈ I, we have dM (et(t, γ), x0) ≥ ε

2 or dM (et(t, γ), et(t
′, γ)) < ε

4 for all t′ with |t− t′| < 1
k .

We first assume that dM (et(t, γ), x0) ≥ ε
2 . If et(t, γ) /∈ Ux0

, then so is

et(t,Φ(γ, λ)) = et(t,Θ(λ)(γ)) = Θ(λ)(et(t, γ)).

In particular, we have dM (et(t,Φ(γ, λ)), x0) ≥ ε. If et(t, γ) ∈ Ux0
holds, then Lemma 3.5 (c) shows

that

dM (et(t,Φ(γ, λ)), x0) = dM (et(t, γ), x0) ≥ ε
2 .

We now assume that dM (et(t, γ), x0) <
ε
2 . This implies that dM (x0, et(t

′, γ)) < 3ε
4 for all t′ with

|t− t′| < 1
k . In particular, we have et(t

′, γ) ∈ Ux0
. Lemma 3.5 (c) implies that the distance to x0 is

preserved by Φ(−, λ). We thus have by Lemma 3.5 (b)

dM (et(t
′,Φ(γ, λ)), x0) = dM (Φ(et(t

′, γ), λ), x0) = dM (Φ(dM (et(t
′, γ), x0) <

3ε
4

which is what we wanted to show. □

Notation 7.7. For k ≥ 1, we denote Uk as the covering of ΩMk consisting of all U ⊆ ΩMk

satisfying the condition that if γ, δ ∈ U and t ∈ I is such that dM (et(t, γ), x0) <
3ε
4 then it holds

et(t, δ) ∈ Ux0
.

We denote CUk
∗ (ΩMk) for the subcomplex of all small simplices σ : Ii → ΩMk that has its image

contained in one U ∈ Uk.

Lemma 7.8. The inclusion CUk
∗ (ΩMk) ⊆ C∗(ΩMk) is a quasi-isomorphism.

Proof. This is a standard argument using barycentric subdivision (see for example [Hat02,
Proposition 2.21]). We only need to check that the interiors of U ∈ Uk cover ΩMk. This is true
because for any γ ∈ ΩMk the following open neighbourhood{

δ ∈ ΩMk

∣∣∣∣ sup
t∈I

dM (γ(t), δ(t)) < ε
8

}
is in Uk. □

Lemma 7.9. Let M be a manifold with a transitive isotopy extension Θ: PM → Diff(M). For
any σ ∈ CUk

∗ (ΩMk) and λ ∈ C∗(ΩM), it holds Φ∗(σ × λ) ∈ CUk
∗ (ΩMk).

Proof. We fix σ : (Ii → ΩMk) ∈ CUk
∗ (ΩMk) and (λ : Ij → ΩM) ∈ C∗(ΩM). It suffices to

check that if t ∈ I and u ∈ Ii and v ∈ Ij are such that

dM (et(t,Φ(σ(u), λ(v))), x0) <
3ε
4(46)

then

et(t,Φ(σ(u
′), λ(v′))) ∈ Ux0

for all u′ ∈ Ii and v′ ∈ Ij .
By (46) and Lemma 3.5 (b), we have that

Θ(λ(v))(et(t, σ(u))) = et(t,Φ(σ(u), λ(v))) ∈ Ux0 .

By Lemma 3.5 (c), Φ(−, λ(v)) preserves the distance to x0 for points in Ux0
. This implies that

dM (et(t, σ(u)), x0) <
3ε
4 .(47)

By the fact that σ is contained in a U ∈ Uk, it follows for all u
′ ∈ Ii that

et(t, σ(u
′)) ∈ Ux0

.(48)

By Lemma 3.5 (d), we thus have et(t,Φ(σ(u
′), λ(v′))) ∈ Ux0

which is what we wanted to show. □
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Corollary 7.10. Let M be a manifold with a transitive isotopy extension Θ: PM → Diff(M).
The Morse homology with coefficients in CUk

∗ (ΩMk, x0) is well-defined. Moreover, the inclusion
C∗(M,CUk

∗ (ΩMk, x0)) ⊆ C∗(M,C∗(ΩM,x0)) is a map of complexes.

Proof. By Lemma 7.9, the differential on C∗(M,CUk
∗ (ΩMk, x0)) is well-defined. The inclusion

C∗(M,CUk
∗ (ΩMk, x0)) ⊆ C∗(M,C∗(ΩM,x0)) is a map of complexes because the differential is given

by the same transitive lifting function. □

7.2.2. Small intervals.

Notation 7.11. We denote U the covering of I×ΩM by e−1
Λ (Ux0

) and e−1
Λ (V c

x0
). The associated

chain complex with small simplices is denoted by CU
∗ (I × ΛM) := C∗(e

−1
Λ (V c

x0
)) + C∗(e

−1
Λ (Ux0

)).

The relevant excision map is given by the observing that the inclusion CU
∗ (I × ΩM)→ C∗(I ×

ΩM) is a quasi-isomorphism and the fact that CU
∗ (I × ΩM)/(C∗(∂I × ΛI × M ∪ e−1

Λ (V c
x0
))) ∼=

C∗(e
−1(Ux0

), ∂I × ΛI ×M ∪ e−1
Λ (V c

x0
)).

Notation 7.12. For k ≥ 1, we denote I(k) ∈ C1(I, ∂I) the chain given by

k∑
i=0

[ i
k+1 ,

i+1
k+1 ],

where [ i
k+1 ,

i+1
k+1 ] is considered as a 1-chain via the unique linear, orientation-preserving homeomor-

phism I → [ i
k+1 ,

i+1
k+1 ].

We note that I(k) represents the fundamental class in H1(I, ∂I).
The relevance of this representative is that I(k)× sends CUk

∗ (ΩMk) to C
U
∗ (I × ΩM,∂I × ΩM).

Lemma 7.13. For any α ∈ CUk
∗ (ΩMk), it holds that I(k) × α is in CU

∗ (I × ΩM).

Proof. We fix a simplex σ ∈ CUk
∗ (ΛM<εk). To show the statement it suffices to check that

[ i
k+1 ,

i+1
k+1 ]× σ is in e−1

Λ (Ux0
) or e−1

Λ (V c
x0
) for all 0 ≤ i ≤ k.

We assume that [ i
k+1 ,

i+1
k+1 ]× σ is not in e−1

Λ (V c
∆). We thus need to show that [ i

k+1 ,
i+1
k+1 ]× σ is

contained in e−1(Ux0). By assumption, there exists a t ∈ [ i
k+1 ,

i+1
k+1 ] and a γ the image of σ such

that eΛ(t, γ) ∈ V∆. We want to show that for all t′ ∈ [ i
k+1 ,

i+1
k+1 ] and δ in the image of σ, it holds

et(t
′, δ) ∈ Ux0 .
We thus fix t′ ∈ [ i

k+1 ,
i+1
k+1 ] and δ in the image of σ. By assumption, we have |t − t′| < 1

k . By
the definition of ΩMk, we thus have that

dM (x0, et(t
′, γ)) < 3ε

4 .

Because σ is a small simplex, both γ and δ are in the same U ∈ Uk. We thus find:

et(t
′, δ) ∈ Ux0

,

which is what we wanted to show. □

We are now in a position to prove an explicit formula.

Theorem 7.14. Let A be a ring. Let (M,x0) be a smooth, pointed manifold of dimension n.
Assume that M is parallelizable or R ⊆ A. For any k ≥ 0, there exists a chain-level model of the
based Goresky-Hingston coproduct ∨k : CUk

∗ (ΩMk, x0;A)→ C1−n+∗((ΩM,x0)
2;A) such that

C∗(M,CUk
∗ (ΩMk, x0);A)→ C∗(M,C1−n+∗((ΩM,x0)

2);A),

α⊗ x 7→ ∨k(α)⊗ x
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computes the Goresky-Hingston coproduct.
Moreover, for any homology class in [α] ∈ H∗(ΛM,M ;A), there exists a k such that [α] can be

represented by a cycle in C∗(M,CUk
∗ (ΩMk, x0);A).

Proof. By assumption, there exists a Θ-equivariant Thom class τ∆ ∈ Cn(U∆, V
c
∆;A). For

convenience, we drop A from the notation throughout the proof.
We define ∨k as the composition

CUk
∗ (ΩMk, x0)

I(k)

→ CU
1+∗(I × ΩM,HΩ)

→ CU
1+∗(I × ΩM,HΩ)/C∗(e

−1
t (V c

x0
))

(∗)∼= C1+∗(e
−1
t (Ux0

),HΩ ∪ e−1
t (V c

x0
))

e∗t τx0
∩

→ C1−n+∗(e
−1
t (Ux0

),H)
R∗→ C1−n+∗(FΩ,HΩ)
c∗→ C1−n+∗((Ω, x0)

2).

By Lemma 7.13, the first map is well-defined. Moreover, all maps in the composition are ΩM -
equivariant. Indeed, the previous discussion shows that all maps except the excision map (∗) are
ΩM -equivariant. The excision map in this case is an isomorphism that identifies the two chain
complexes. As its inverse is an inclusion and thus ΩM -equivariant, the excision map (∗) is also
ΩM -equivariant.

This shows that the formula

C∗(M,CUk
∗ (ΩMk, x0))→ C∗(M,C1−n+∗((ΩM,x0)

2)),

α⊗ x 7→ ∨k(α)⊗ x

indeed defines a map of chain complexes.
We now want to show that this formula computes the Goresky-Hingston coproduct, that is, we

want to show that the following diagram commutes

H∗(M,CUk
∗ (ΩMk, x0)) H∗(M,C∗(ΩM,x0)) H∗(ΛM,M)

H∗(M,C1−n+∗((ΩM,x0)
2)) H∗(M,C1−n+∗((ΩM,x0)

2)) H1−n+∗((ΛM,M)2)

∨k⊗id

∼=

∨Λ

By Corollary 7.10, the first horizontal map is indeed well-defined.
Both Goresky-Hingston coproducts are given by analogous compositions. We only need to show

that the excision map on the left hand side actually models the excision map on the right hand
side. The excision map is given on the chain-level by inverting an inclusion which goes in the wrong
direction. However in homology, the excision map is invertible thus the fact, that the “wrong-way”
diagram

H∗(M,CU
∗ (I × ΩM,HΩ)/C∗(e

−1
t (V c

x0
))) H∗(I × ΛM,HΛ ∪ e−1

Λ (V c
∆))

H∗(M,C∗(e
−1
t (Ux0

),HΩ ∪ e−1
t (V c

x0
))) H∗(e

−1
Λ (U∆),HΛ ∪ e−1

Λ (V c
∆))

∼= ∼=

commutes, shows that the “right-way” diagram commutes.
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Finally, we want to show that any homology class in H∗(ΛM,M) can be represented by a cycle
in C∗(M,CUk

∗ (ΩMk, x0)) for some k. Any homology class in H∗(ΛM,M) can be represented by a
cycle

∑
x αx ⊗ x ∈ C∗(M,C∗(ΩM,x0)) by the relative version of the Fibration Theorem (Corollary

2.6).
By Remark 7.5, any α ∈ C∗(ΩM) is contained in C∗(ΩMk) for a k = k(α) large enough. We

thus can pick k such that all αx are in C∗(ΩMk). We therefore find∑
x

αx ⊗ x ∈ C∗(M,C∗(ΩMk, x0)).

Finally, we note that C∗(M,CUk
∗ (ΩMk, x0)) ≃ C∗(M,C∗(ΩMk, x0)). This can be seen for example

by observing that the map on the second page of the associated Leray-Serre spectral sequence

H∗(M,H∗(C
Uk
∗ (ΩMk, x0)))→ H∗(M,H∗(ΩMk, x0))

is an isomorphism by Lemma 7.8. We can thus represent
∑

x αx ⊗ x by some
∑

x α
′
x ⊗ x ∈

C∗(M,CUk
∗ (ΩMk, x0)) which is what we wanted to show. □

Example 7.15. We consider the example M = L(p, q) for a 3-dimensional lens space. By
Stiefel’s parallelizability theorem for orientable 3-manifold [Sti35], L(p, q) is parallelizable. We can
therefore apply our theorem for A = Z.

We can pick a Morse function on L(p, q) that has four critical points x0, . . . , x3 such that xi has
index xi. Any class in H∗(ΛL(p, q), L(p, q)) can be represented by a chain

3∑
i=0

αi ⊗ xi ∈ C∗(L(p, q), C
Uk
∗ (ΩL(p, q)k, x0))

for some k and the coproduct is computed as

3∑
i=0

∨k(αi)⊗ xi ∈ C∗(L(p, q), C1−n+∗((ΩL(p, q), x0)
2)) ≃ C1−n+∗(FΛL(p, q)).

Computing ∨k(αi) is often achievable for explicit chains by our work in [Cli25b]. The difficulty
comes in finding the explicit chains αi. This is work in progress.

Appendix

A. Inverting quasi-isomorphisms of A∞-Modules

In this section, we prove that, for an ∞-quasi-isomorphism of A∞-modules f :M∗ → N∗, we
can find a morphism g : N∗ → M∗ where g1 is an inverse to f1 on homology. This is a well-
known result for A∞-algebras (see [Lef03] and [LV12, Theorem 10.4.4] for algebras over any Koszul
operad). However, the statement for A∞-modules, while known to experts, does not have a proof
in the literature to our knowledge.

Definition A.1. Let (A∗, d) be a (strict) differential graded algebra. A morphism of A∞-
modules f : M∗ → N∗ given by fk : M∗ ⊗ A⊗k−1

∗ → Nk−1+∗ is an ∞-isomorphism if f1 is an
isomorphism and an ∞-quasi-isomorphism if f1 is a quasi-isomorphism.

The goal of this section is to find for an∞-quasi-isomorphism f :M∗ → N∗ a map g : N∗ →M∗
such that H∗(g1) is an inverse to H∗(f1). Our strategy is a classical strategy of A∞-morphisms as
for example in [LV12, Theorem 10.4.4]:

(1) invert ∞-isomorphisms;
(2) prove a version of the Homotopy Transfer Theorem for A∞-modules.
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A.1. Inverting ∞-isomorphisms.

Proposition A.2. Let (A∗, d) be a (strict) differential graded algebra. Let f :M∗ → N∗ be an
∞-isomorphism of A-modules given by

fk :M∗ ⊗A⊗k−1
∗ → Nk−1+∗.

The map g : N∗ →M∗ given by g1 := f−1
1 and for k ≥ 2:

gN+1 := −f−1
1 ◦

(
N−1∑
r=0

(−1)r(N−r)fN−r+1 ◦
(
gr+1 ⊗ id⊗N−r

))
defines an inverse to f . In other words, it holds g ◦ f = idM∗ and f ◦ g = idN∗ .

Proof. We have to check that the above formulas define a morphism of A∞-modules and that
g ◦f = idM∗ and f ◦g = idN∗ holds. We denote mM

k and mN
k for the A∞-module structure onM∗

and N∗, respectively.
We first check that g ◦ f = idM∗ and f ◦ g = idN∗ . We recall that composition on morphisms

of A∞-modules is defined via

(η ◦ ζ)N+1 =

N∑
k=0

(−1)k(N−k)ηk+1(ζN−k+1 ⊗ id⊗k).

We have g1 ◦ f1 = id and f1 ◦ g1 = id and for N ≥ 1

(f ◦ g)N+1 = f1 ◦ gN+1 +

N−1∑
r=0

(−1)r(N−r)fN−r+1 ◦
(
gr+1 ⊗ id⊗N−r

)
= 0

by construction. To show that (g ◦ f)N+1 = 0, we define for k1, . . . , kl ≥ 1:

φk1,...,kl
:= f−1

1 fk1+1(f
−1
1 fk2+1 ⊗ id⊗k1) . . . (f−1

1 fkl+1 ⊗ id⊗k1+···+kl−1)(f−1
1 ⊗ id⊗k1+···+kl)

as in Figure 26.

Figure 26. The map φk1,...,kl
.

We then find, by induction on N , the formula

gN+1 =
∑

k1+···+kl=N

(−1)l+
∑

i<j kikjφk1,...,kl

=

N∑
kl=1

(−1)kl(N−kl)
∑

k1+···+kl−1=N−kl

(−1)l+
∑

i<j<l kikjφk1,...,kl

=

(
N∑

kl=1

(−1)kl(N−kl)gN−kl+1(fkl+1 ⊗ id⊗N−kl)

)
(f−1

1 ⊗ id⊗N ).
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From this, it follows that (g ◦ f)N+1 = 0.
We now check the A∞-equation which reads for N ≥ 0 as:

dgN+1 =−
N∑
r=1

(−1)(N−r)rmM
r+1(gN−r+1 ⊗ id⊗r)

+

N∑
r=1

(−1)(N−r)(r+1)gN−r+1(m
N
r+1 ⊗ id⊗N−r)

+ (−1)NgN+1d

+

N−1∑
r=1

(−1)rgN (id⊗r ⊗ µ⊗ id⊗N−1−r).

(49)

We prove it by induction on N . For N = 0, the statement is that g1 = f−1
1 is a chain map. This is

true because f1 is a chain map.
Because f is a morphism of A∞-modules, we find:

(−f−1
1 )dfN−k+1 =−mM

N−k+1

+

N−k∑
r=1

(−1)r(N−k−r)f−1
1 mN

r+1(fN−k−r+1 ⊗ id⊗r)

−
N−k−1∑
r=1

(−1)r(N−k−r+1)f−1
1 fr+1(m

M
N−k−r+1 ⊗ id⊗r)

− (−1)N−kf−1
1 fN−k+1d

−
N−k−1∑
r=1

(−1)rf−1
1 fN−k(id

⊗r ⊗ µ⊗ id⊗N−k−r−1)

and thus

dgN+1 =−
N−1∑
k=0

(−1)k(N−k)mM
N−k+1(gk+1 ⊗ id⊗N−k)

+

N−1∑
k=0

(−1)k(N−k)
N−k∑
r=1

(−1)r(N−k−r)f−1
1 mN

r+1(fN−k−r+1 ⊗ id⊗r)(gk+1 ⊗ id⊗N−k)

−
N−1∑
k=0

(−1)k(N−k)
N−k−1∑
r=1

(−1)r(N−k−r+1)f−1
1 fr+1(m

M
N−k−r+1 ⊗ id⊗r)(gk+1 ⊗ id⊗N−k)

−
N−1∑
k=0

(−1)(k+1)(N−k)f−1
1 fN−k+1(dgk+1 ⊗ id⊗N−k)

+ (−1)N
N−1∑
k=0

(−1)k(N−k)(−f−1
1 )fN−k+1(gk+1 ⊗ id⊗N−k)(id⊗k+1 ⊗ d)

+

N−1∑
r=k+1

(−1)rgN (id⊗r ⊗ µ⊗ id⊗N−r−1)

(50)
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The second term can be rewritten as
N∑
r=1

(−1)r(N−r)f−1
1 mN

r+1((f ◦ g)N−r+1 ⊗ id⊗r) = g1m
N
N+1

because f ◦ g = id.
The third and fourth term in (50) evaluate to

−
N−1∑
k=0

(−1)(k+1)(N−k)f−1
1 fN−k+1

((
k∑

r=1

(−1)(k−r)rmM
r+1(gk−r+1 ⊗ id⊗k) + dgk+1

)
⊗ id⊗N−k

)
.

We can apply the induction hypothesis and find:

−
N−1∑
k=0

(−1)(k+1)(N−k)f−1
1 fN−k+1

((
k∑

r=1

(−1)(k−r)rmM
r+1(gk−r+1 ⊗ id⊗k) + dgk+1

)
⊗ id⊗N−k

)

=

N−1∑
r=1

(−1)N(N−r)(−f−1
1 )((f ◦ g)N−r+1 − f1gN−r+1) ◦ (mN

r+1 ◦ id
⊗N−r)

+ (−1)N
N−1∑
k=0

(−1)k(N−k)(−f−1
1 )fN−k+1(gk+1 ⊗ id⊗N−k)(d⊗ id⊗N−k)

+

N−k−1∑
r=1

(−1)rgN (id⊗r ⊗ µ⊗ id⊗N−r−1).

Plugging this into (50), we find:

dgN+1 =−
N−1∑
k=0

(−1)k(N−k)mM
N−k+1(gk+1 ⊗ id⊗N−k)

+

N∑
r=1

(−1)N(N−r)gN−r+1 ◦ (mN
r+1 ◦ id

⊗N−r)

+ (−1)N
N−1∑
k=0

(−1)k(N−k)(−f−1
1 )fN−k+1(gk+1 ⊗ id⊗N−k)(d⊗ id⊗N−k + id⊗k+1 ⊗ d)

+

N−k−1∑
r=1

(−1)rgN (id⊗r ⊗ µ⊗ id⊗N−r−1) +

N−1∑
r=k+1

(−1)rgN (id⊗r ⊗ µ⊗ id⊗N−r−1)

which simplifies to (49). □

A.2. Homotopy transfer theorem for A∞-modules. In this subsection, we prove that we
can transport a (right) module structure along a homotopy retract to an A∞-module structure.

Definition A.3. The data (i, p, h) as in

M∗ N∗
p

h
i

exhibits (N∗, dN ) as a homotopy retract of (M∗, dM) if i and p are chain maps, i is a quasi-
isomorphism and dMh+ hdM = idM − ip.

Proposition A.4 (Homotopy Transfer Theorem for A∞-modules). Let (i, p, h) exhibit (N∗, dN )
as a homotopy retract of (M∗, dM). Let (A∗, dA, µA) be a (strict) differential graded algebra such
that µM :M∗ ⊗A∗ →M∗ exhibitsM∗ as a right A∗-module.
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The maps m1 := dN , m2 := p ◦ µM(i⊗ id) and

mk := (−1)
k(k−1)

2 pµM(

k−2︷ ︸︸ ︷
hµM(. . . (hµM(i⊗ id)⊗ id)⊗ . . . )⊗ id),

for k ≥ 2, define a A∞-module structure on N∗.
Moreover, the maps p :M∗ → N∗ and i : N∗ →M∗ given by p1 := p, i1 := i

pk := (−1)
(k−1)(k−2)

2 pµM(

k−1︷ ︸︸ ︷
hµM(. . . (hµM(h⊗ id)⊗ id)⊗ . . . )⊗ id),

ik := (−1)
k(k−1)

2

k−1︷ ︸︸ ︷
hµM(hµM(. . . (hµM(i⊗ id)⊗ id)⊗ . . . )⊗ id),

for k ≥ 2, define morphisms of A∞-modules.

Figure 27. The map
mk.

Figure 28. The map ik. Figure 29. The map pk.

Proof. We need to check the A∞-equation for mk, which reads as:

dmN + (−1)N+1mNd+

N−2∑
t=1

(−1)(N−t)tmt+1(mN−t ⊗ id⊗t)

+

N−2∑
r=1

(−1)rmN−1(id
⊗r ⊗ µ⊗ id⊗N−r−2) = 0.

Using that dh = idM − ip− hd, we compute as in Figure 30

pµM(hµM(. . . dhµM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id) · · · ⊗ id)⊗ id)

= pµM(hµM(. . . µM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id) · · · ⊗ id)⊗ id)

− pµM(hµM(. . . ipµM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id) · · · ⊗ id)⊗ id)

− pµM(hµM(. . . hdµM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id) · · · ⊗ id)⊗ id).
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Figure 30. Putting a dh on an edge in the tree gives the same tree with idM −
ip− hd at the edge.

It therefore follows that

(−1)
N(N−1)

2 dmN = dpµM(hµM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id)⊗ id)

= pµM(dhµM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id)⊗ id)

+ (−1)N−2pµM(hµM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id)⊗ d)
= pµM(µM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id)⊗ id)

− pµM(ipµM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id)⊗ id)

− pµM(hdµM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id)⊗ id)

− (−1)
N(N−1)

2 (−1)N+1mN (id⊗N ⊗ d)

= (−1)
(N−1)(N−2)

2 mN−1(id
⊗N−2 ⊗ µM)

− (−1)
(N−1)(N−2)

2 m2(mN−1 ⊗ id)

− pµM(hdµM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id)⊗ id)

+ (−1)N−2pµM(hµM(. . . (hµM(i⊗ id)⊗ id) · · · ⊗ id)⊗ d)
= . . .

=− (−1)
N(N−1)

2

N−2∑
r=1

(−1)rmN−1(id
⊗r ⊗ µM ⊗ id⊗N−r−2)

− (−1)
N(N−1)

2

N−2∑
t=1

(−1)(N−t)tmt+1(mN−t ⊗ id⊗t)

− (−1)
N(N−1)

2 (−1)N+1mNd.
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This shows that mk defines a A∞-structure on N∗.
Analogous computations show that the above formulas for pk and ik define morphism of A∞-

modules. □

Proposition A.5. Let (A∗, dA) be a (strict) differential graded algebra. Let (M∗, dM) and
(N∗, dN ) be strict right A∗-modules with an ∞-quasi-isomorphism f :M∗ → N∗.

If (iM, pM, hM) and (iN , pN , hN ) exhibit (M∗, dM) and (N∗, dN ) as a homotopy retract of
(H∗(M), 0) and (H∗(N ), 0), respectively, then there exists an ∞-quasi-isomorphism g : N∗ → M∗
such that H∗(g1) = H∗(f1)

−1.

Proof. By Proposition A.4, we can define the following composition of morphisms of A∞-
modules as j:

H∗(M) M∗ N∗ H∗(N ).iM f pN

This morphism is such that j1 = H∗(f1) is an isomorphism. Therefore, we can invert it by Proposi-
tion A.2. We now define g as the composition

N∗ H∗(N ) H∗(M) M∗.
pN j−1

iM

□

Corollary A.6. Let (A∗, dA) be a (strict) differential graded algebra over a field. Let (M∗, dM)
and (N∗, dN ) be strict right A∗-modules with an ∞-quasi-isomorphism f :M∗ → N∗.

There exists an ∞-quasi-isomorphism g : N∗ →M∗ such that H∗(g1) = H∗(f1)
−1.

Proof. By [LV12, Lemma 9.4.4] any complex over a field admits its homology as a homotopy
retract. Together with Proposition A.5, this shows the corollary. □
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