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Permutations and symmetric functions

1. The length function.

(1.1) Setup. Fix an alphabet A, that is, a finite totally ordered set; the elements of A are
called letters. The number n will always denote the size of the alphabet (the number of
letters), n := |A|. Every letter a which is not the last letter has a successor, denoted a’. It is
often convenient to enumerate the letters, say A = {aj, ..., a,}. Since A is assumed to be
totally ordered, there is a unique enumeration such that the a; are in increasing order. In this
enumeration, the successor of a; is alf =ajp1fori=1,...,n—1.

Unless otherwise specified, a permutation will mean a permutation of the letters, that is,
a bijective map from A onto itself. The group of all permutations will be denoted G(A).
The multiplication in the group is the usual composition of maps: ot maps x to o (t(x)).
The identity map is the unique order preserving permutation of A, denoted 14 or simply 1.
We denote by @ = w4 the unique order reversing permutation of A. Obviously, w is an
involution, that is, w?* = 1. Sometimes w is called the maximal permutation of A.

The transposition that interchanges two letters a and b will be denoted ¢, 5. Transpositions
that interchange two neighbors (with respect to the given order in A) are said to be simple.
So the simple transpositions are the transpositions &, := &, , Where a is not the last letter.
The number of simple transpositions is one less than the number of letters.

Assume that the letters are indexed ¢; in the natural order. It is easily seen that the product
€ai1€ay  * " €a,_, 15 the n-cycle (ay, ..., a,). It follows, for instance by an inductive argument,
that

wpA = (Sal te 8a,,,1) te (86118612)8611 .

(1.2) Definition. A pair (a, b) of letters will be called an inversion for the permutation p if
a < band pa > pb. The number of inversions of u is denoted by £(u) and called the length
of u.

(1.3) Lemma. For any permutation (i, the following six assertions hold:

(1) We have equality £(;) = 0 if and only if @ = 1. Moreover, if u # 1, then there is
an inversion for u of the form (a, a’).

(2) We have equality £(j) = 1 if and only if j is a simple transposition.

(3) For a simple transposition €, we have that

(ue) { L)+ 1 ifpa < pa,
& =
Hea L(w) —1 if pa > pa'.
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2 SYM: Permutations and symmetric functions

More precisely, if pa < pa’, then the inversions for pe, are the pairs (g,b, £,¢)
where (b, ¢) is an inversion for ju and the pair (a,a’), and if pa > wa’, then the
inversions for e, are the pairs (e,b, ¢,¢) where (b, c) is an inversion for u different
from (a, a’).

(4) We have the inequality £(u) < n(n — 1)/2, and equality holds if and only if © = w.

(5) We have that £() = £(u™1).

(6) We have that £(wpn) + £(n) = £(w).

Proof. The five first assertions are easily checked. The sixth follows from the equation
(w) = n(n — 1)/2, because each pair (a, b) of letters with a < b is an inversion for exactly
one of the permutations p and wu. 0

(1.4) Proposition. The group G(A) is generated by the simple transpositions. In fact, any
permutation u is a product of £(j) simple transpositions.

Proof. We prove the second assertion by induction on £(u). If £(u) = 0, then u = 1.
Hence the assertion holds when £(u) = 0. Assume that £(w) = [ > 0 and that the assertion
holds for permutations of length / — 1. Since p # 1, there is an inversion for u of the form
(a,d’). Tt follows from (1.3)(3) that £(ue,) = [ — 1. Hence ue, is a product of I — 1 simple
transpositions. Therefore u = (uey)e, 1s a product of [ simple transpositions. 0

(1.5) Note. The proof of Proposition (1.4) is constructive. Let u be a permutation, and
consider the direct representation of [:

w= (b1by...by). (1.5.1)

By definition, if A = {ay, ..., a,} with the letters g; in increasing order, then u is determined
from the sequence in (1.5.1) by pna; = b;. If the b; are in increasing order, then b; = a;
and u = 1. If  # 1, then there is an index j < n such that b; > b;11. Now interchange
in the sequence b; and b;+1. The new sequence represents the permutation je,;. Continue
the process until the b;’s appear in increasing order. The sequence obtained at the end
represents the identity permutation 1. Hence we have an equation 1 = WEaj, * - €a), - Thus
M= Eaj, - Eaj - It follows from the proof of Proposition (1.4) that r = £(u).

(1.6) Proposition. For any presentation . = 71 - - - T, of y as a product of r simple transpo-
sitions, we have that £(ju) < r and £(u) = r (mod 2).

Proof. We prove the Proposition by induction on the number r of factors in the presentation
of w. If r = 0, then u = 1 and the two assertions hold. Assume that » > 0 and that
the two assertions hold for all presentations with » — 1 factors. Consider the presentation
V= T1---T,—1. Since 4 = vT,, it follows from Lemma (1.3)(3) that £(n) = £(v) £ 1. In
particular, we have that £(u) < £(v) + 1 and £(u) = £(v) + 1 (mod 2). By the induction
hypothesis, we have that £(v) < r — 1 and £(v) = r — 1 (mod 2). Therefore, the two
assertions hold for the presentation of . 0
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(1.7) Corollary. For any two permutations u and v in S(A), we have the inequality €(jw) +
£(v) = £(uv).

Proof. The Corollary follows immediately from the two previous Propositions. 0

(1.8) Definition. The signature of a permutation w, denoted sign w, is the number

sign pu 1= (—DtW,

It follows from Proposition (1.6) that the signature is a homomorphism of groups,
S(A) — {£1}.
By (1.3), the signature of a simple transposition is equal to —1. It is easy to see that the

signature of any transposition is equal to —1. It follows that the map sign is independent of
the given order of the letters of A.
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2. The Coxeter—-Moore relations.

(2.1) Definition. A sequence (7, ..., 7,) of simple transpositions will be called a presentation
of the permutation © in G(A) if © = t1--- 1. By Proposition (1.6), for any presentation
(t1, ..., 1) of u, we have that r > £(u). The presentation is said to be minimal if r = €(w).

Minimal presentations of a given permutation p exist by Proposition (1.4).

(2.2) Lemma. Let (1, ..., T,) be a minimal presentation of a permutation . For s =
I,...,r, let by be the letter for which t; = ¢p,. Then the inversions for w are the pairs
(Tr e Tog 1 (bg), T - ts+1(b§)) fors =1,...,r.

In particular (when r > 1), the pair (b,, b.) is an inversion for (.

Proof. We shall prove the Lemma by induction on r = £(u). Clearly, the assertion holds for
r = 0. Assume that r > 1 and that the assertion holds for all permutations of length r — 1. It
follows from Lemma (1.3)(3) that v := ut, = 11 - - - 7,—1 has length r — 1. By the induction
hypothesis, we have that the inversions of v are the pairs (r,_l s Ty 1 (b)), Tr— -+ - Tyl (b;))
fors =1,...,r —1. Since £(vtp,) = £(u) = £(v) + 1, it follows from Lemma (1.3)(3) that
the assertion holds for . 0

(2.3) Lemma (The exchange property). Let (71, ..., 1) and (o1, ...,0,), forr > 1, be

two minimal presentations of the same permutation . Then, for someq = 1, ..., r, there is
a presentation of u of the form (o1, 11, ..., 1"21, ..., Tr), where the hat indicates an omitted
transposition.

Proof. Assume o1 = ¢, and 7; = ¢p, fori = 1, ..., r. By Lemma (2.2), we have that (a, a’)

1 1

is an inversion for u=' = o, ---01. By the same Lemma, since u~ = 1, --- 11, there is
agsuchthata = 71---75_1(by) anda’ = 7y - - - tq_l(b;). It follows that the permutation

T = (11 Tg-DTq(T1 -~ ‘L'q_l)_l interchanges a and a’. However, t is conjugate to the
transposition 7, and hence 7 is a transposition. Since 7 interchanges a and a’, it follows that
T = ¢, = 01. As a consequence, we have the equation,

o171 -‘Eq_l =T" --‘L'q_l‘L'q.

Clearly, the assertion of the Lemma is obtained after multiplication by 7,41 - - - 7. 0

(2.4) Remark. Every transposition t is an involution. In particular, for every simple transpo-
sition ¢, we have that 8621 = 1. Consider a second simple transposition &, with b # a. Then
we have the relations,

Eq€beq = €peq€p 1f a and b are neighbors,

€q€p = €p€q 1f a and b are not neighbors.
Indeed, if a and b are neighbors, we may assume that b = d’, and then g,epe, = €5y =

epeq€p. If a and b are not neighbors, then the permutations &, and &, are disjoint, and hence
they commute.

SYM 5



6 SYM: Permutations and symmetric functions

In general, an ordered set g1, ..., g,—1 of elements in a semi-group G are said to satisfy
the Coxeter—Moore relations if

(D) gjgk = grgj i |k—jl>1,
(2) gjgrgj = grgjgk 1if |k —jl=1.
In particular, the simple transpositions &,4;, with the letters a; in increasing order, satisfy
the Coxeter—Moore relations.

(2.5) Definition. Two presentations are said to be Coxeter—Moore equivalent if one can be
obtained from the other by a finite number (possibly none) of the following two allowable
replacements: Given a presentation (7, ..., 7). If two consecutive transpositions 7; and
7,41 are disjoint, then it is allowed to replace t;, tj+1 by 7i+1, 7;. If for three consecutive
transpositions t;, 7;+1, and 7;42, we have that t; = 1,42 = ¢, and 1,41 = &, where a and b
are neighboring letters, then it is allowed to replace t;, tj+1, Ti4+2 by Tit+1, Ti, Tit1-

Clearly, two Coxeter—Moore equivalent presentations contain the same number of simple
transpositions. As the simple transpositions satisfy the Coxeter—Moore relations, it follows
that two Coxeter—Moore equivalent presentations are presentations of the same permutation.

(2.6) Proposition. Any two minimal presentations of the same permutation are Coxeter—
Moore equivalent.

Any presentation which is not a minimal presentation is Coxeter—Moore equivalent to a
presentation in which two consecutive transpositions are equal.

Proof. To prove the first assertion, consider two minimal presentations, labelled « and 8, of
a permutation &,

o= (t1,...,7T), B =(o1,...,00).

Then r = £(). We have to prove that o and 8 are (Coxeter—Moore) equivalent.

Clearly, the equivalence holds when r = 1. Proceed by induction on r = £(i). Assume
that » > 2 and that the assertion holds for minimal presentations of permutations of length
r—1.

The following observation will be useful: The equivalence holds if o, = t,.. This follows
by applying the induction hypothesis to the two minimal presentations (tq, ..., t,—1) and
(o1, ...,0r—_1) of no,. Similarly, the equivalence holds if o1 = 1.

Now, by the exchange property, there is, for some g = 1, ..., r, a presentation of u of the
form (o1, 71, ..., %?], ..., Tr). By the observation, the new presentation is equivalent to B.
Hence we may assume that 8 is the new presentation, 8 = (o1, 71, . . ., %?], ..., Tr). Again,
by the observation, the equivalence of « and g holds if ¢ < r. Hence we may assume that
q =r, thatis,

Ol:(fl,...,‘fr), ,3:((71,T1,...,‘Er_1).

Again, by the exchange property, there is a presentation of p of the form (zy, ...) where the
dots indicate the transpositions of 8 with one omitted. If it was the first transposition, o, that
was omitted, then the new presentation would have the form (zq, 71, ...), contradicting the
minimality. Therefore, the new presentation is of the form (zy, o1, 71, ..., Ty, ..., T,—1) for
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somes = 1,...,r — 1. Again, by the observation, this new presentation is equivalent to «,
and hence we may assume that « is this new presentation, that is, forsome s =1,...,r — 1,
o = (Tla 017 Tl? e sy TSa L ] Tr—1)7 13 = (015 Tl? e ey Tr—l)-

The equivalence holds if r = 2. Indeed, if r = 2 then o = (71, 01) and 8 = (o1, 71) and
we have the equation u = 1101 = oy71. Since £(u) = 2, we have that 71 # o7. Clearly,
then the equation 7101 = o171 for transpositions implies that 7; and o are disjoint. Thus 8
is obtained from « by an allowable replacement, and hence « and 8 are equivalent.

Thus we may assume that » > 3. By the observation, if s < r — 1, then the equivalence
holds. So assume that s = r — 1. Then s > 2, and so the presentation « has the form
o = (11, 01, 71, ...). Since « is minimal, we have that 71 # o1 and 11071 # o111. Therefore,
the simple transpositions o1 and 77 are associated to neighboring letters. Thus with an
allowable replacement we may obtain from « a presentation of the form (o1, 71, 01, ...). By
the observation, the replaced presentation is equivalent to 8. Therefore « and 8 are equivalent
and the first assertion of the Proposition has been proved.

The second assertion is proved by induction on the number r of factors in the presentation.
Clearly, the number of factors of a non-minimal presentation is at least 2. Moreover, a
presentation (71, ) is minimal unless 1 = 72. Hence the assertion holds when r = 2.
Assume that r > 2 and that the assertion holds for presentations with » — 1 factors. Let o =
(t1, ..., 7r) be a non-minimal presentation of ;. Thenr > €(u). Now B := (71, ..., Tr—1)
is a presentation of v := ut,. Clearly, if 8 is non-minimal then, by the induction hypothesis,
the assertion holds for @. So assume that the presentation § is minimal. Then £(v) =r — 1.
Since © = vt, is not of length r, it follows from Lemma (1.3)(3) that £(n) = r — 2.
Hence there is a minimal presentation (o1, ..., 0,—2) of . Since v = ut,, it follows that
6 := (o1,...,0r,_2,T) 1s a presentation of v. Moreover, the presentation § is minimal
because £(v) = r — 1. Therefore, by the first part of the Proposition, the presentation
is Coxeter—-Moore equivalent to §. It follows that @ is Coxeter—Moore equivalent to the
presentation (o1, ..., 0,_2, Tr, 7). Hence the assertion holds for «.

Thus both assertions of the Proposition have been proved. 0
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3. The Bruhat—-Ehresman order.
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4. Young subgroups.
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5. Symmetric polynomials.

(5.1) Setup. Fix a commutative ring R. Consider the ring R[A] of polynomials with co-
efficients in R in the letters of A. With the letters of A in increasing order ay, ..., a,, the
monomials in R[A] are the products,

a{I cea
where (ji, ..., ju) is a sequence of n nonnegative integers. The monomials form an R-basis

of R[A] since, by definition, every polynomial f is an R-linear combination,

i
F=>fipwal -ay,

with uniquely determined coefficients fj, . ;, in R.
The notation is simplified through the use of multi indices. A multi index J of size n is a

sequence J = (Ji, ..., jn) of n nonnegative integers. Associate with J the monomial,
a’ = a{l ceeai

Then the coefficients of a polynomial f are the elements f; of R, for all multi indices J.
If f; # 0, then the monomial a” is said to appear in f. The degree of a multi index J is
the sum of the entries, ||J|| = ji + - - - + jn, and the degree of the monomial a” is the sum
of the exponents, ||J|. If f # 0 is a polynomial, then the degree and the order of f are,
respectively, the maximal and the minimal degree of the monomials appearing in f. The
polynomial f is said to be homogeneous of degree d if all monomials appearing in f are of
degree d. According to this definition, the zero polynomial is homogeneous of every degree
d.

Multi indices are ordered (graded lexicographically) as follows: we write I < J if either
|1l < [IJlor |[I]| =|J] and thereisa p =1, ...,nsuchthatiy = j, forg =1,..., p—1
and i, < j,. Clearly, the order is a total order, and there is only a finite number of multi
indices less than a given. The smallest multi index is (0, ..., 0). With respect to addition of
multi indices, we have thatif / < Jthen/ + K < J + K.

According to the order on the multi indices, there is a total order on the monomials:
a' < a’ if I < J. (Note that the order on the ¢;’s as monomials of degree 1 is the reverse
of the given order on the a;’s as letters.) The leading monomial of a non-zero polynomial
f is the biggest monomial a”’ appearing in f; the corresponding coefficient f; is called the
leading coefficient and fya’ is called the leading term. Addition of multi indices corresponds
to multiplication of monomials. Hence, if a! < a’ and at < aX and one of the inequalities
is strict, then a’a® < a’aX. It follows that if f and g are nonzero polynomials with leading
terms fra’ and ggaX, then every monomial appearing in the product fg is at most equal to
a’ X moreover, if fygx # 0, then f;gxa’ X is the leading term of fg.

A second (partial) order on multi indices of size n is defined as follows: We write [ < J
(or J > I)ifi, < j, for p = 1,...,n with at least one strict inequality. Clearly, for the

corresponding monomials we have I < J iff a'! divides a” .

SYM 13



14 SYM: Permutations and symmetric functions

(5.2) Note. The number of monomials of degree d in n > 0 variables is equal to the binomial

coefficient,
d+n-—1
n—1 '

Indeed, the number is equal to the number of multi indices J = (ji,..., j,) such that
\JIl = j1 + -+ j. = d. Now, there is a bijective map J +> J’ from the set of all multi
indices onto the set of all strictly increasing multi indices, defined by

hy=h+-Fjp+@-1 forp=1,....n

Under this map, we have that || J|| = d if and only if j, = d + n — 1. Hence, the number of
multi indices J such that ||J|| = d is equal to the number of strictly increasing multi indices
(k1,...,ky) such that k, = d + n — 1. Clearly, the latter number is equal to the number of
subsets with n — 1 elements of the d +n — 1 integers 0, 1, ...,d +n — 2.

(5.3) Remark. The algebra R[A] of polynomials has the following universal property: Given
a homomorphism R — S of commutative rings and a set « = («q, ..., oy) of n elements of
S. Then there is a unique homomorphism of R-algebras R[A] — S such that a; — «;. The
map is called evaluation of polynomials at «. The value of f under this map is denoted

fla) = flan, ..., an);
it is said to be obtained by the substitution a; — «; (ora; := ;) fori =1, ..., n.

(5.4) Definition. The symmetric group G(A) acts on the algebra R[A] of polynomials.
Indeed, any permutation o can be viewed as a permutation of the variables of R[A] and
as such it extends uniquely to an R-algebra automorphism of R[A], denoted f +— of.
It is given by the substitution of = f(oay,...,oa,). Obviously, we have the equation
(ot)f = o(rf) for permutations o and 7.
A polynomial f in R[A] is called symmetric if it is invariant under the action of G(A),
that is, if
o(f)= fforallo € G(A). (5.4.1)

The symmetric polynomials in R[A] form an R-subalgebra, denoted Symp[A].
A polynomial f is called anti-symmetric if it is semi-invariant under the action of G(A)
in the sense that
o(f) =-sign(o)f forallo € G(A). (5.4.2)

Clearly, the anti-symmetric polynomials in R[A] form a module over the ring Symy[A] of
symmetric polynomials. In particular, a product of a symmetric polynomial and an anti-
symmetric polynomial is an anti-symmetric polynomial. Similarly, a product of two anti-
symmetric polynomials is a symmetric polynomial.

The symmetric group is generated by the simple transpositions. It follows that a poly-
nomial is symmetric if it is unchanged whenever two neighbor variables are interchanged.
Similarly, a polynomial is anti-symmetric if it changes sign whenever two neighbor variables
are interchanged.
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(8.5). If o is a permutation in G(A), then o(a’) is the monomial a®”, where o J is the
multi index obtained from J by permuting the entries as follows: With the given enumeration
of A, we can identify G(A) with the symmetric group &,, of permutations of the numbers
1,2,...,n. Then o J is obtained from J by moving, for p =1, ..., n, the entry j, from its
position p to the position o (p). In other words,

U(]l’ a.]l’l) = (jgfllﬂ ""jo‘fln)'

Symmetry is detected on the coefficients: f is symmetric if and only if f,; = f; for all
J and all 0 € G(A); it suffices that f; is unchanged whenever two neighbor entries in J are
interchanged. Similarly, f is anti-symmetric if and only if f;; = sign(o’) f; it suffices that
f7 changes sign whenever two neighbor entries in J are interchanged.

(5.6) Example. Consider the following polynomial of R[A]:

Aar.....an) =[]0 —a)=]](ag —ap).

a<b rP<4q

The factor a; — ap is homogeneous of degree 1. It may be viewed as a monic polynomial in
the single variable a; over the polynomial ring generated by the variables different from a,,
and as such it is regular in R[A]. Consequently, A is regular, and homogeneous of degree
equal to the number, n(n — 1)/2, of factors. The leading monomial in A is a?_la;_z .- -a,?
and the leading coefficient is (— 1)r(=D/2,

Let o be a permutation. Then o A is the product of the factors ob —oa fora < b. Clearly,
if (a, b) 1s not an inversion for o, then b — oa is one of the factors of A and if (a, b) is an
inversion for o, then b — oca = —(0a — ob) is equal to —1 times a factor of A. It follows
that

oA = (=1)!DA.

Hence A is an anti-symmetric polynomial. As a consequence, the square A? is a symmetric
polynomial. The square AZ is called the discriminant.

(5.7) Definition. For each multi index J, define the monomial symmetric polynomial m’ =
m’ (A) as the following sum of monomials,

m’ = Z,a(aj),

where the sum is over all different monomials of the form o(a’) for o € S(A). In other
words, m” is the sum of all monomials a’ where I can be obtained from J by a permutation
of the entries. The polynomial m’ is obviously a symmetric polynomial, and homogeneous
of degree || J||.

Clearly, if the multi index / is a permutation of J, then m! = m’. Among the multi
indices that are permutations of J, the largest, K say, is characterized as being decreasing,
thatis, by the property thatk; > k» > --- > k,. Hence the monomial symmetric polynomials

1
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are naturally parametrized by the decreasing multi indices K. Note that if K is a decreasing
multi index, then the leading term in mX is the monomial aX .

In the notation mX for a decreasing multi index K, the trailing zeros in K are often
omitted. We may also omit the commas separating the entries of K, when the separation
is clear from the context. (However, for the smallest multi index K = (0, ..., 0) we write
m?® = m0-0 = 1.) For instance, for the alphabet with n = 3 letters a, b, ¢, we have that

m'=a+b+c,

m2:a2+b2+c2, m'! =ab +ac + bc,

m’ =a’ + b +c3, m?' = a®b + a*c + ab® + ac? +b2c+bc2, m" = abe.

(5.8) Lemma. The monomial symmetric polynomials mX, for all decreasing multi indices
K, form an R-basis for Symp[A].

Proof. The terms of the polynomial mX are the monomials a’ where J is a permutation of K.
Hence a polynomial f is an R-linear combination of the m X if and only if, for all decreasing
multi indices K we have that f; = fx when J is a permutation of K, that is, if and only if
f 1s a symmetric polynomial. 0

(5.9) Definition. The d’th elementary symmetric polynomial e; = ez(A) is the sum of all
products of d different letters. Thus eyg = 1 (the empty product is equal to 1) and e; = 0
when d > n. Clearly, ey = a; +---+a,,and e, = aj - - - a,. In general,

eq = E aj, - --4aj,.

I<ii<--<ig<n

Obviously, e; is a symmetric polynomial, and homogeneous of degree d. Note that e; for
d < n is the special monomial symmetric polynomial,

— 11020 1

ed m )

with d occurrences of 1.
Equivalently, the e; may be defined by the following expansion in the polynomial ring
R[A][T] in one variable T over R[A]:

H(T —a)=T"—e1T" '+ 4+ (=1)e,.

acA

(5.10) Theorem. The products el = e’f . -e;”, for all multi indices I, form an R-basis for
Symp[A].

Proof. The leading term in ey is the monomial a!19-0 Hence the leading term of e/ is the
monomial aX, where

K:(il+"'+in,i2+"'+in,...,in_l+in,in). (5.10.1)
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To prove the Theorem, we have to prove that any symmetric polynomial f has an expansion
f=>,r e! with uniquely determined coefficients r; € R. To prove the existence, assume
that f # 0, and consider the leading monomial, aX say, of f. Since f is symmetric, it
follows, for instance from (5.8), that K is a decreasing multi index. Hence there is a unique
multi index I such that (5.10.1) holds. Then the polynomial f and the polynomial fxe! have
the same leading term, namely fxaX. Consequently, the difference f — fxe! is either the
zero polynomial or its leading monomial is strictly less than the leading monomial of f. If
the difference f — fxe! is non-zero, repeat the argument. By induction, in a finite number
of steps, we obtain the required expansion of f.

By almost the same argument, unicity holds. Indeed, it follows for a sum ) 171 ¢! that the
non-zero terms have different leading monomials, and so a non-trivial sum is never the zero
polynomial. 0

(5.11) Remark. An important application of the theorem is the following: Consider a monic
polynomial P € R[T], say,

P=T"+nrnT" '+ 4r_ T +r,. (5.11.1)

Let S be a commutative ring containing R as a subring, and assume that P as a polynomial
in S[T] has an expansion as a product,

P=T—-oy) (T —ay). (5.11.2)
Evaluation at ¢ = (o1, . . ., @) 1s the homomorphism of R-algebras R[A] — S,
[ flag,...,an).

By expanding the product (5.11.2) it follows that

eq(ar, ... an) = (=1)ry.

So, up to a sign, evaluation of the elementary symmetric polynomials yield the coefficients of
P. It follows from the Theorem that if f is a symmetric polynomial in R[A], then the value

f(ay,...,ay) 1s an R-linear combination of products ri‘ .+, In other words, without
knowing the “roots” «; of P it is possible to express, for a symmetric polynomial f € R[A],
the value f (o1, ..., o) as a polynomial in the coefficients of P.

(5.12) Example. The polynomial e’ is obviously a sum of monomials a’. Hence, in the
notation of the proof of theorem (5.10), there is an equation,

el =mX + Z OtLLmL,
L<K

where the sum is over decreasing multi indices L less that K and the coefficients o ; are
non-negative integers. The equation expresses the basis e’ in terms of the basis mX, and it
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follows that the base change matrix is an upper triangular matrix with 1 in the diagonal. So
it is easy to invert the matrix and express the mX in terms of the basis e’ .

In degree 0, we have that %0 =1=mP and in degrees 1, 2, and 3,

el :ml,

e =mh, e% =m? +2m",
es =m' erer =m? +3m1, ef:m3+3m21+6m1“
By solving the equations, it follows that

ml =éeq,

mh! = e, m? = e% — 2e,

m!! = e3, m?! = erey — 3es, m> = e? — 3ejer + 3es.
(5.13) Definition. The d’th power sum pg; = ps(A), ford > 1, is the sum of the d’th powers
of the variables, that is, pg = > a a?. Equivalently,
pa =m-.
The complete symmetric polynomial s; = s4(A) is the sum of all monomials of degree d,
that is, s = Z||J||=d a’. Equivalently,
=Y mk.
1K ||=d

where the sum is over decreasing multi indices.

(5.14). The polynomials e;, s4, and pg appear naturally as coefficients of power series.
Indeed, in the power series ring R[A][[T]] in one variable, we have the equations,

e(T) = e(A)T) == [ [ +aT) = esT?. (5.14.1)
acA d=0
1 o0

s(T) = s(ANT) := ]_[ —— = stTd, (5.14.2)
acA d=0

P(T) = pANT) i= ) ——— = pariT". (5.14.3)
acA d=0

It follows from the equations that the power series s(7") is the inverse of the power series
e(—T), that is, we have the equation e(—7)s(7T) = 1. Hence, since ey = 1, the coefficients
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sq of s(T') are determined recursively from the coefficients (—1)?e, of e(—T). For instance,
in low degrees we obtain the formulas,
epso = 1; S0 = 1,
s1—e;=0; s;=ey,
52 —eys1 +ex =0; S2=e%—ez,
s3—e1sat e —e3=0; 53=e] —2ejes+e3,
S4—e153+exsp) —ess; +eq4=0; 54 = e‘f — 36%62 + 2eqe3 + e% — ey.
Similarly, it follows from the equations that the power series p(7T) is equal to the logarith-

mic derivative of s(7) and equal to —1 times the logarithmic derivative of e(—T), that is, we
have the equations p(T) = s(T)'/s(T) = —(e(—T))'/e(—T) or, equivalently,

s(T)p(T) = s'(T), e(=T)p(T) =€ (=T). (5.14.4)

Hence, the coefficients py4+1 of p(T) are determined recursively from the coefficients e; of
e(T). For instance, in low degrees we obtain the formulas,

eop1 =e1; p1=ey,
P2 —e1p1 = —2e3; pr=ef —2e,
p3—ei1p2+eapr =3e3; p3=ei —3ejen + 3es,

ps—e1p3 +expy —e3pr = —des; ps = e —4dejer +dejes + 2e5 — de.
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6. Alternating polynomials.

(6.1) Lemma. The following three conditions on a polynomial f =) _; f. 7a’ in R[A] are
equivalent:

(1) The coefficients f; are alternating in the multi index J, that is, f; changes sign when
two entries at different positions in J are interchanged and f; vanishes when two
entries of different position in J are equal.

(i1) The polynomial f is anti-symmetric and divisible by the product ]_[p <q (ag — ap).
(iii) The polynomial f is anti-symmetric and, for all ¢ > p, the substitution a; := a, in
f yields the zero polynomial.

Proof. As noted in (5.5), the polynomial f is anti-symmetric if and only if f; changes sign
when two entries of J are interchanged. Therefore, to prove the equivalence of the three
conditions, we may assume that f is anti-symmetric.

Let p < g be arbitrary integers between 1 and n, and let T be the transposition in G(A)
that interchanges a,, and a,. Then, to prove the equivalence of (i) and (ii1), it suffices to prove
the following assertion: the substitution a, := a, in f yields zero if and only if f; = 0 for
all multi indices J such that j, = j,. To prove the latter assertion, decompose f into two
sums of monomials,

£=Y fral + Y (fra’ + fesa™). (6.1.1)

Jp=Jq Ja<lp

Clearly, the substitution a; := a, in a’ and in a7’ yield the same result. Moreover, since f
is anti-symmetric, we have that f;; = — f;. Consequently, the substitution a, := a, in the
second sum of (6.1.1) yields zero. Therefore, the substitution a, := a, in f yields zero, if
and only if the substitution a, := a, in the first sum yields zero. Obviously, the substitution
ag = ap in the first sum yields zero if and only if all the coefficients f; in the first sum are
equal to zero. Hence the equivalence of (i) and (iii) holds.

To prove the equivalence of (ii) and (iii), note that the substitutiona, := a, in f yields zero
if and only if f is divisible by the difference a; —a,. Hence the equivalence is a consequence
of the following general observation (applied to the differences d; = a, — a, for p < ¢g):
Assume for finitely many elements d; in a commutative ring § that the class d; (mod d;) for
all i # j is regular in the residue ring S/d; S. Then an element f € § is divisible by every d;
iff f is divisible by the product of all the d;. 0

(6.2) Definition. A polynomial f is said to be alternating if it satisfies the equivalent con-
ditions in Lemma (6.1). Clearly, the alternating polynomials form an R-submodule Altg[A]
of R[A]. In fact, it follows from any of the characterizations (i1) or (iii) that Altgr[A] is a
Sympz[A]-submodule, that is, a product of a symmetric polynomial and an alternating poly-
nomial is alternating.

If2is aregularelement in R then the alternating polynomials are simply the anti-symmetric
polynomials. Indeed, if f is anti-symmetric and J is a multi-index with two equal entries,
then f; = — f; and hence 2 f; = 0.

SYM 21
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(6.3) Definition. Consider the oo x n matrix,

1 ... 1
al P an
V=V@i,...a):=] : . (6.3.1)
a, ... a,
whose rows are naturally indexed 0, 1, 2, . ... For any multi-index J = (ji, ..., ju), consider
the n x n matrix V/ = v/ (ay, ..., ay,) obtained by selecting from the matrix V the n rows
with indices ji, ..., ju, and denote by A’ = det V7 its determinant, that is,
A = ATvsdnay, L a) = . (6.3.2)
alj" ooal"
The special determinant obtained when J is the sequence 0, 1, ...,n — 1 will be called the
Vandermonde determinant and denoted A(ay, ..., a,), thatis,
1 ... 1
a ... a
Aay, ..., ay) = ) ) . (6.3.3)
al - an”_1

The determinants A’ are polynomials in R[A]. Clearly, they are homogeneous of degree
|| J||. It follows from usual properties of determinants, as functions of the columns, that the
condition (6.1)(iii) holds for A’. Hence A’ is an alternating polynomial. Moreover, the
determinants A’ are alternating in the entries of J, that s, if o is a permutation in G(A) then
A°’ = (signo)A’ and A’/ = 0 if the multi index J has two equal entries.

Note that, since A’ is an alternating polynomial, we have that A” is divisible by the
product [ | p<q (ag — ap). We prove in Corollary (6.7) that the notation A used for the latter
product in (SYM.5.6) is not in conflict with the notation used here.

(6.4) Example. For n = 3 and the alphabet with the letters a, b, ¢, we have that
a b
al bl ¢l

ak bk ok

Aijk(a, b,c) = = a'b/ck +d"bicl +albkt — albFel — albick — akbict

In particular,
A(a, b, c) = —a’b + a*c + ab® — ac®> — b*c + bc* = (b — a)(c — a)(c — b).

(6.5) Note. The Vandermonde determinant defined in (6.3) is the determinant used by Jacobi
[1]. Up to assign, the determinant is independent of the given ordering of the letters of A. Our
choice of sign differs from that used by Macdonald [2] and others. Indeed, the Vandermonde
determinant defined in [2] differs by the sign (— )*=D/2 from ours.
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(6.6) Proposition. The determinant A’ is given by the following formula,

A'= )" sign(o)o(a’). (6.6.1)
ceS(A)

Moreover, the determinants A”, for all strictly increasing multi indices J, form an R-basis
for the module Altg[A] of alternating polynomials in R[A].

Proof. The formula (6.6.1) is just the usual expression for the determinant (6.3.2).

Let f be an alternating polynomial. By (6.1)(i), the only monomials appearing in f are
of the form a! where all entries in the multi index I are different. If all the entries in a
multi index / are different, then they may be arranged into strictly increasing order by a
unique permutation, that is, we have that / = o J where o is a permutation and J is a strictly
increasing multi index, both uniquely determined by /. Moreover, since f is anti-symmetric,
we have that f; = (signo) f;, that is, the term flal is equal to f;(sign 0)a®’ . Tt follows
that polynomials on the right side of (6.6.1), for all strictly increasing multi indices J, form
an R-basis for Altg[A]. 0

(6.7) Corollary. For the Vandermonde determinant we have the equation,

A=A, ....a0) = [[(ag —ap). (6.7.1)
p<q

Moreover, multiplication by A is an isomorphism from the R-submodule Symy[A] of sym-
metric polynomials onto the R-submodule of Altg[A] of alternating polynomials. Finally,
the symmetric polynomials,

sT(A) .= AV /A,

for all strictly increasing multi indices J, form an R-basis for the module Symg[A] of sym-
metric polynomials.

Proof. In (6.7.1) the Vandermonde determinant is alternating and hence divisible by the right
side. Moreover, the two polynomials have the same degree, namely n(n — 1)/2, and the right
side is homogeneous and regular. Hence the left side is a constant times the right side. It is
easy to see that the coefficient to a(l)a% - ~a2‘1 in both polynomials is equal to 1. Therefore,
the two polynomials are equal.

By Lemma (6.1), every alternating polynomial is divisible by A. Clearly, if a polynomial f
is divisibleby A, say f = gA where g is unique since A is regular, then f is alternating if and
only if g is symmetric. Hence the second assertion of the Corollary holds. The final assertion
follows from the second and the description of the R-basis for Altg[A]in Proposition (6.6). [

(6.8) Definition. The symmetric polynomials s’/ = A’ /A of (6.7) are called Schur polyno-
mials. Since A’ is homogeneous of degree || J || and A is homogeneous of degree n(n —1)/2,
it follows that s is homogeneous of degree ||J|| —n(n — 1)/2.
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The polynomials s for strictly increasing multi indices J will be called proper Schur
polynomials. They form an R-basis for Symy[A]. For the smallest strictly increasing multi
index (0, 1,...,n — 1), we have that

GO Lon—1 _

The Schur polynomials s’ are alternating in the multi index J, that is, s7 = 0if J has two
equal entries and s changes sign when two entries at different position in J are interchanged.
In particular, any Schur polynomial s’ is either equal to O or, up to sign, equal to a proper
Schur polynomial.

In general, it is hard to compute the Schur polynomials directly as the determinants divided
by A, and later we will prove other relations involving the Schur polynomials. As an example,
let us prove here the following formulas, for p =0, ..., n:

GO Lo P en_p - (6.8.1)

Consider the polynomial D(T') in R[A][T] defined as the Vandermonde determinant

1 ... 1 1

Cl] “ e an
D(T) = A(a1,...,a,,T) =

al! ... a) T"

By (6.7.1), applied to the alphabet {a, ..., a,, T}, we have the product expansion D(T) =
AT, (T —ai). On the other hand, by developing the determinant D(7') along its last column,

we obtain the equation D(T') = Zp(—l)"_p AQ-Pn TP Hence we have the equation,

n

n
A H(T — al') = Z(_l)n_PAO,...,p,..‘,nTp.
i=l1

p=0
As noted in (5.9), the Formula (6.8.1) is a consequence.
(6.9) Definition. If f is any polynomial in R[A], then the sum,

Z (signo)of,

ogeG(A)

is an alternating polynomial. Indeed, the sum is R-linear as a function of f and if f is a
monomial a”, then, by (6.6.1), the sum is equal to the determinant A’ which is an alternating
polynomial. Therefore, it follows from Corollary (6.7) that the equation,

1
()= Y (signo)of . (6.9.1)

0eS(A)
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defines a map § = 84 R[A] — Symp[A]. Obviously, the map § is an R-linear operator. It
is called the symmetrization operator. As noted above, the Schur polynomial s is the result
of symmetrizing the monomial a”,

s? =8(@’). (6.9.2)

It is obvious from (6.9.1) that symmetrization is a Symp[A]-linear operator, that is, if f
and g are polynomials and g is symmetric, then

3(gf) =gdo(f). (6.9.2)

As a consequence, we obtain for a symmetric polynomial g and any multi index L the

formula,
gst = Zg;sHL. (6.9.3)
I

Indeed, the two sides of (6.9.3) are the results of symmetrizing ga’ = ) 1 & jal L

(6.10) Note. The formula (6.9.3) expresses the product gs* of a symmetric polynomial g
and a Schur polynomial s as an R-linear combination of Schur polynomials. To get the
expansion of gs” in the basis s’ consisting of proper Schur polynomials we have to consider
the non-zero terms in (6.9.3), that is, the terms for which the multi index I + L has all entries
different, and then, for the non-zero terms, we have to collect the coefficients for which 7 + L
is a permutation of a given strictly increasing multi index J. This collection of terms is often
of combinatorial nature.
For instance, let mX be the monomial symmetric polynomial. Then

mKsl = Z’I sI+L (6.10.1)

where the sum is over all different permutations I of the entries in K. Indeed, the formula
follows from (6.9.3) since mX =Y "a’.

In particular, since the d’th elementary symmetric polynomial ey, for 0 < d < n, is
the monomial symmetric polynomial m'-10-0 (with 1 occurring d times), it follows that
edsL is the sum (6.10.1) over all the (2) permutations / of (1,...,1,0,...,0). Take L :=
(0,1,...,n —1). Then s = 1 and the formula is the expansion of e4 in terms of Schur
polynomials. Clearly, I + L has two equal entries unless I = (0,...,0,1,...,1). So the
formula reduces to the formula of (6.8.1),

eq = SO ..... n—d—1,n—d+1,..., n (6.10.2)

Similarly, the d’th power sum pg4, for d > 1, is the monomial symmetric polynomial

m@0-0_ Hence pdsL is the sum (6.10.1) over the n permutations / of (4,0, ...,0). Take
L:=(0,1,...,n — 1) to obtain the following expansion of p; (over 0 <i < n):
pa = ZSO,I,...,i—l,d+i,i+1 ..... n—1 _ Z (_1)n—i—ISO,...,f,...,n—l,d—i-i. (6.10.3)

i>n—d
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(6.11) Note. Take as L in (6.10.1) the strictly increasing multi index E := (0, 1,...,n —1).
Then the left side is the monomial symmetric polynomial mX , and so, as noted above, from
(6.10.1) we may obtain the coefficients y, g in the expansion of mX in the basis of proper
Schur polynomials s”. Let us, for the moment, index the monomial symmetric polynomials
by increasing multi indices, and assume that K is increasing. Consider a term s’*% in
(6.10.1) where I is a permutation of K, and let J be an arbitratry permutation of [ + E.
Then J > K + E, and equality implies that / = K. Indeed, with permutations 7, o we have
I =tKandJ =0(tK + E) =01K + o E. Since K and FE are increasing, it follows that
0tK > KandoFE > E,and hence J > K + E. Moreover,if /] = K + E,thenotK = K
and 0 E = E. As E is strictly increasing, it follows first that o = 1, and next that 7K = K.

Consequently, the coefficients y; g are integers, they vanish when / < K + E, and
vk+E.k = 1. Hence the expansion has the form,

mK = sKHE 4 3"y ks, (6.11.1)
J>K+E

over strictly increasing multi indices J with ||J|| = ||[K|| 4+ |E|| (= | K|| + n(n — 1)/2).

The space of symmetric polynomials of degree d has two bases: The “monomial basis”,
formed by the monomial symmetric polynomials m X is indexed by increasing multi indices K
with || K || = d, and the “Schur basis”, formed by the proper Schur polynomials s/, is indexed
by strictly increasing multi indices J with ||J|| =d +n(n —1)/2. The map K — K + E
is a bijective order preserving map from the first index set to the second. According to this
bijection, Equation (6.11.1) describes the base change from the second basis to the first. By
(6.11.1) the base change matrix y; g is a lower triangular matrix with 1 in the diagonal,
convenient for obtaining expansions of the Schur polynomials s’ in terms of the basis mX .
For n = 4, we have in degrees 1, 2, and 3 the equations,

ml — S0124

mll = 0134 2 = (0125 _ (0134

m

11 _ S0234, m21 — S0135 _ 2S0234, 3 s0126 _ s0135 + S0234

m m

K

(in the notation for m™ we take again decreasing K), and in degree 4,

mllll — S1234, m211 — s0235 . ?,SIZ?A7 m22 — s0145 _ s0235 —I—S1234,

m31 — s0136 _ S0145 _ s0235 + 2S1234, m4 — S0127 _ s0136 +S0235 _ S1234.

By solving the equations, it follows in degrees 1, 2, and 3 that
(0124 _ 1

s0134 — m11’ S0125 — m2 +m11

s0234:m111, s0135:m21+2m111, s0126:m3+m21—|—m111,
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and in degree 4,

s1234:m1111 s0235:m211+3m1111, s0145 211 1111

= m?? +m*'" +2m ,

b

s0136:m31+m22+2m211+3m1111, s0127:m4+m31+m22+m211+m1111.

In fact, the coefficients of the proper Schur polynomials in terms of the basis mX are always

non-negative, and we will later give a combinatorial expression for the coefficients.

(6.12) Pieri’s Formula. Let s, be the d ’th complete symmetric polynomial. Then, for every
strictly increasing multi index L, we have the expansion,

sast =Y 57, (6.12.1)
where the sum is over all strictly increasing multi indices J = (jy, ..., jn) satisfying the
inequalities,

h=j<b=jp<-<lh-1=ju-1 <lp =< jn
and the equality ||J || = ||L|| + d. In particular, we have the equation,

Sg = SO ..... n—2,n—1—|—d. (6122)

Proof. Recall that J > L if j, > [, for p = 1, ..., n, or, equivalently, if / = I + L with
a multi index I of size n. Denote by J the set of multi indices J such that J > L and
IJIl = ILIl +d. Since sg = Y ;=4 @', it follows from (6.9.3) that sgs™ = Y~ ; _s s"*F,
or, equivalently,
sgst = Z s7. (6.12.3)
JeJ
In (6.12.1), the sum is over all J € J such that the following inequalities hold for p =
1,...,n—1:
Jp < lps1. (*)

Therefore, to prove the Formula (6.12.1), we have to prove that the sum of the s’ over those
J € J for which one of the inequalities (*) is false, is equal to zero.

Foreachq = 1,...,n — 1, let J, be the subset of 7 consisting of multi indices J such
that the inequality (*) holds for all p < g but not for p = ¢g. It suffices to prove that the sum
of the s/ for J € Jq 1s equal to zero.

To prove the latter assertion, let T be the simple transposition that interchanges in a multi
index J the ¢’th and the (¢ + 1)’st entry. If J belongs to 7, then j;, > I,41 by definition of
Jg»and jg11 > g4 since J > L. As L is increasing, the two inequalities imply first that
tJ > L, and next that TJ € J,. Hence 7 defines an involution of the set 7. If tJ = J,
then J has two equal entries, and then s/ =0. If tJ %+ J, then st 4+ 57/ =0, since 5”7 is
alternating in J. It follows that the sum 7 s’ is equal to zero.

Thus Formula (6.12.1) holds. Clearly, the Formula (6.12.2) is the special case obtained
when L = (0,1,...,n—1). 0



28 SYM: Permutations and symmetric functions

(6.13) Notation. Consider the three bases for the R-module Symz[A] of symmetric polyno-
mials: the monomial basis of monomial symmetric polynomials m X indexed by decreasing
multi indices K, the elementary basis of products e/ = e!' - - - " of the elementary symmet-
ric polynomials, indexed by arbitrary multi indices I, and the Schur basis of proper Schur
polynomials s/, indexed by strictly increasing multi indices J. In all three cases, the multi
indices are assumed to be of size equal to the number n of letters of A. It will be convenient
to introduce a notation where multi indices of arbitrary sizes are allowed.

First, as noted in (5.7), it is common for a decreasing multi index K to omit (some of)
the trailing zeros in the notation mX. More precisely, we define, for any decreasing multi

index K = (kq, ..., k), the polynomialmK as follows: If r < n, then mX := mki--4r.0.....0
with n — r trailing zeros. If r > n and k,41 = --- = k. = 0, then mK = mkkn
K

Finally, if » > n and some entry k; with g > n is positive, then m® := 0. In all cases,
mX is homogeneous of degree ||K||. In this notation, the monomial basis consists of the
polynomials mX where K is a decreasing multi index of size at most n and with no trailing
Zeros. . _

Next, for an arbitrary multi index I = (i, ..., i,) of size r, we define el = e’ll ...er.
The elementary symmetric polynomials e, are defined for all d, and they vanish when d > n.
So, e/ = 0 if and only if » > n and some entry iq for g > n is positive. In all cases, el is
homogeneous of degree equal to i1 + 2i2 4 - - - 4+ ri,. In this notation, the elementary basis
consists of the products e/ where I is a multi index of size at most n and with no trailing
Zeros.

Consider finally Schur polynomials. For a strictly increasing multiindex J = (j, ..., jr)
of size r, it will be convenient to say that multi indices of the following form, for some ¢ > 0,
are extensions of J:

Ji=(0,1,....0 = 1,04 j1,....1+ j).

Ifr < n,defines’ := s/, where J is the extension of J to amulti index of size n, obtained with
t :==n—r. Then s’ is a proper Schur polynmial, easily seen to have degree || J || —r (r — 1) /2.
Clearly, any strictly increasing multi index is the extension of a unique strictly increasing multi
index of smaller size with all entries positive. With this notation, the Schur basis consists of
the Schur polynomials s’ where J is a strictly increasing multi index of size at most # and
with all entries positive. For r > n we define s” as follows: If J is an extension of a strictly
increasing multi index Jy of size n, then s’ := s70; otherwise s’ := 0.

The empty sequence () is allowed in all three cases, and, according to the definitions,
mO =0 =50 = 1.

For instance, in degree 4, the elements of the three bases are the following:

mllll’ m211’ m22’ m317 m4;
eOOOl’ elOl’ 602, €21’ 64;
S1234, S124, S23, S14, S4;

except that, when the number n of variables is less than 4, the polynomials with a multi index
of size larger than n have to be discarded from the list.
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Note that, in the extended notation for the proper Schur polynomials, the formulas of
(6.10.2), (6.12.2), and (6.10.3), simplify to the following:

1,....d . .d _ i 1,...,j.d
e =S , Sqg=5% pa= Z (=1)/s" )4,

0<j<max(n,d)

(6.14) Notation. There is another natural way to index the products el = eill e e,i{’ of the
elementary basis. If L = (I, ..., [,) is multi index of any size r, let

€L :=¢) €.
Note that ey is homogeneous of degree ||L||. The products e; are symmetric in the entries
of L, and are often indexed by decreasing multi indices. If /; > n, thene; = 0.

Clearly, for every multi index I of size n we have e/ = e;, where

L=m,....,n, ...,2,...,2,1,...,1).

Hence the elementary basis consists of the products e; where L is a decreasing multi index
of integers in {1, ..., n}, and of arbitrary size (including the empty multi index).
For instance, in degree 4 we have that

V001 — eq, el = elez = e3q, V% = e% = e, el = e%ez =e211, et = e‘lt

=e1111.

(6.15) Remark. It is easy to express, for each decreasing multi index L of size r, the
coefficients a7, x in the expansionez = ) oy, xmX of e; in the monomial basis. Namely,
oy k 1s the number of r x n matrices with entries 0 or 1 and row sums!y, ..., I, and column
sums ky, ..., k,. Indeed, the terms of ¢; are the monomials af L. ..al" where the pj are 0
orland ) P = [. Hence each matrix of the said form corresponds to the selection of a

term in each ¢;, fori =1, ..., r such that the product of the selected terms is equal to ak.

Similarly, if we define sy := s;, - - - s5;,, then, in the expansion s;, = ZK ,BL,KmK, the
coefficient B g is the number of r x n matrices with non-negative integer entries and row
sums !y, ..., [, and column sums ky, ..., k,.

As a consequence, the matrix of the oy g, indexed by all decreasing multi indices of size
n and degree d, is a symmetric matrix. Consider, for d < n, the products e for all decreasing
multi indices L of size n and degree at most d. They are simply the elementary symmetric
polynomials e’ of degree at most d. Hence they form a basis for the R-module of symmetric
polynomials of degree at most d, and the matrix oy, g is the base change matrix from the
basis of the ey, to the basis of the m¥X for | K|| < d.
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7. Determinantal Methods.

(7.1) Setup. Work with matrices and power series over a given commutative ground ring.
We will follow a classical convention for matrices M. If I is an ordered set of row indices,
we denote by M the matrix obtained from M by selecting its rows with indices in 7, and
if J is an ordered set of column indices, we denote by M ; the matrix obtained from M by
selecting its columns with indices in J. In this notation, M i is the i’th row of M, and M ;18
the j’th column. In particular, M ]’ is the ij’th entry in M.

In general, if u is a power series we denote by u; the coefficient of T!, that is,
u:uo+u1T+u2T2+-~- .
If I = (iy,...,i,) is amulti index of size r, we denote by u; the product,

U ‘= Ujy - Uj,..
The products u; are symmetric in the entries of /. In particular, if K is the decreasing
permutation of 7, then ux = uj.
Note that the notation is in accordance with the definition of the series s(7") and e(7') in
(5.14), but in conflict with the definition of the series p(T') associated with power sums: The
d’th coefficient of p(T) is the power sum p;41.

(7.2) Notation. For a power series u, denote by (u) the infinite column of coefficients of u.
More generally, for any finite or infinite sequence of r (0 < r < oo) power series u, v, w, .. .,
denote by (u, v, w, ...) the co x r matrix with columns (u), (v), (w), ....

In this notation, associate with a given power series u the 0o X 0o matrix,

up 0 0 O
uy ug 0 O

M) = (u, Tu, T?u,...) = | u2 u1 uo O
Uz Uz Ul UQ

The rows and columns in M (u) are naturally indexed 0, 1, 2, .. .. In particular, the ij ’th entry
in M (u) is equal to u; _; where, by convention, uy = 0if k < 0.

Clearly, for power series u, v, and w, the equation uv = w is equivalent to any of the
following two matrix equations:

M(u){v) = (w), Mu)M () = M(w). (7.2.1)
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(7.3) Lemma. Let u be a power series with ug = 1. Assume for power series v and w that
uv = w. Then, ford =0, 1, ..., the following equation holds:

wo ) o ... 0
w1 ui uo ... 0
(—D%vg=| : S (7.3.1)
Wqg—1 Ug—1 UJ—2 ... UQ
wq Uuq Ug—1 ... UL
In particular, if uv = 1, then
Ui ug ... 0O
(—)vy = | N (7.3.2)
Ug—1 UJ—2 ... U
ug Ug—1 ... Ul

Proof. Let U be the (d 4+ 1) x (d + 1) matrix consisting of the first d 4 1 rows and columns
of M (u). The columns of U are Uy, ..., Uy. In particular, the column Uy consists of the first
(d + 1) coefficients uo, ..., ug of u. Define the columns Wy and V) similarly. The matrix
M (u) is a lower triangular matrix. Hence, from the first equation of (7.2.1), or directly, we
obtain the matrix equation U Vy = Wy. The latter equation, with the v; fori = 0,...,d as
unknowns, is solved by Cramer’s formula: Since det U = 1, it follows that v; is equal to the
determinant of the matrix obtained from U by replacing the column U; by Wy. In particular,

vg = det(Uo, . .., Ug—1, Wo) = (=1)* det(Wo, Uy, . .., Ua—1),

which is the asserted Formula (7.3.1). Clearly, Formula (7.3.2) is a special case. 0

(7.4) Definition. Let/ = (iy,...,i,)and J = (ji, ..., j) be multi indices of the same size
r. Then M (u)l , usually written M 1 (1), is an r x oo matrix, and, with similar conventions,
M j(u) is an oo X r matrix, and M 5 (u) is an r x r matrix. Denote by u{, the determinant of
MY (u), that is,

Uiy—jy -vv Uiy—jy

ul =
Uip—ji ove Uj—j,

Subsets with r elements of the non-negative integers will be identified with strictly in-
creasing multi indices of size r. In particular, the interval [r] := {0, 1, ..., r — 1} consisting
of the first r non-negative integers will be identified with the multi index (0, 1,...,r — 1).
For any multi index I of size r the matrix M[Ir] (u) is obtained by selecting from M (u) the
rows with indices in I and the first » columns, and we will sometimes use u’
for its determinant,

as a notation

Uiy Ujp—1 . Ujj—r+1
1 _ 1 ._
wo=up =

Wi, Wip—1 . Wip—rtl
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In this notation, the 1 x 1 determinant u’, where the superscript i is an index, is the i’th
coefficient u; of u.

Note that the determinant ug isalternating in / and alternating in J. In particular, the special
determinant u/ is alternating in the multi index 7. As a consequence, general properties of the
determinants u5 may be deduced from properties valid for strictly increasing multi indices /
and J.

The special determinants u’ should not be confused with the products u; defined in (7.1).

(7.5) Proposition. Letu be a power series and let I and J be strictly increasing multi indices
of the same sizer. View I and J as subsets of the interval [N] = {0, 1, ..., N — 1} for some
N > 0, and denote by x — x* = N — 1 — x the order reversing involution of [N]. Then:

(1) (Vanishing) The determinant ug is non-zero only when I > J, that is, when i, > j,
forp =1,...,r. If u is a polynomial of degree at most n, then u5 is non-zero only when
n+jp>ip=jpforp=1,...,r.

(2) (Extension) The determinant u{, is unchanged if the same number is subtracted from
all entriesin I andin J. Ifug = 1 andi, = j, forp = 1,...,1t, then u{, = uﬁ%, where

Ip = (il‘-i-la s lr) and Jo = (jl‘-i-la R ]r)
(3) (Homogeneity) If X is an element in the ground ring and w is the power series defined
by w(T) = u(AT), then
w5 = A=/l uﬁ. (7.5.1)

(4) (Symmetry) Let I* and J* be the images of I and J, as subsets of [N]. Then,
uh =ul.. (7.5.2)

(5) (Duality) Let [ and J be the complements of I and J, with respect to the interval [N ],
and denote by I' and J' the images I’ := I* and J' := J*, as subsets of [N]. If up = 1 and
v is the power series defined by the equation u(T)v(—T) = 1, then

uh =l (7.5.3)
(6) (Multiplication) If v and w are power series such that uv = w, then

wh= > ugvf, (7.5.4)
I1>K>J

where the sum is over strictly increasing multi indices K of sizer.

Proof. (1) Consider the matrix U := M 5 (u). By definition, the pg’th entry in U is the
coefficient Ucf = uy where k = i, — j,. Entries of U above Ucf and to the right of Uf are
coefficients u; with [ < k. Assume that i, < j, for some p. The diagonal element U[f 18
equal to ux with k < 0. It follows that the largest rectangular block of U with the diagonal
element U [f as its lower left corner is equal to zero. Hence the determinant u§ = detU
vanishes.
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Similarly, assume that u is a polynomial of degree at most n, and that i, > j, +n. Then
the diagonal element U ,f is equal to uy with k& > n. It follows that the largest rectangular
block of U with the diagonal element U If as its upper right corner is equal to zero. Hence the
determinant ug = det U vanishes.

(2) If the same number is subtracted from all entries of I and J, then the differences i, — j,
are unchanged. Hence the matrix U = M 5 (1) and its determinant are unchanged.

Ifi, = j, for p=1,...,1,then U is a block matrix,

T O
U_(* U())’

where T is a lower triangular ¢ x ¢ matrix with the element u( in the diagonal, and Uy :=
Mjg (u). Hence, if ug = 1, we have that det U = det Uy, and hence ug = uﬂ%

(3) Since w; = Alu;, it follows that if the pq’thentry in M 5 (w) 1s non-zero, then it is equal
to Al»~Ja times the pq’th entry of M 5 (u). Hence, in the usual expansion of a determinant
as a signed sum of products, any non-zero product in the expansion of det M 5 (w) 1s equal

to AI=1/1 times the corresponding product in the expansion of det M 5 (u). Thus Equation
(7.5.1) holds.

(4) Denote by U’ the matrix Ml.]*1 o (u). Then the matrix M IJ: (u) is obtained from U’
1 r

by reversing first the order of the rows and next the order of the columns. Hence the two

matrices have the same determinant, that is u{: =detU’. The pg’thentryin U’ isu iz As

j[’)" — i:; = iy — Jp, itfollows that U’ is the transpose of the matrix M} (). Hence det U’ = ug

Thus Equation (7.5.2) holds.

(5) Let w be the power series defined by w(7') = v(—T) so that, by hypothesis, uw = 1.
Let U be the matrix consisting of the first N rows and columns of M (u). Itis alower triangular
matrix with ug = 1 in the diagonal. In particular, det U = 1. Define W and V similarly from
M (w) and M (v).

First, from the equation uw = 1 of power series, we obtain the matrix equation,

.....

..... i

Uw =1;

Hence W = U~!. The determinant u§ is the minor det U 5 of U corresponding to the rows in

I and the columns in J. It is the complementary minor to the determinant det U ; Now, since
detU = 1, it follows from Jacobi’s Theorem, see Appendix (1.5), that the adjugate of U is

the inverse matrix W, and that the complementary minor ug is equal to the minor det WI! of

the inverse matrix W multiplied by the signatures of the permutations (/ i ) and (J J ), that
is,
uS — (=D Dt J)wl{_ (7.5.5)

The permutation (I I) of (0,1,..., N—1) may be brought into strictly increasing order
using i,—(r—1) +i,_1—(r—2) + --- +ip—1 + i1 simple transpositions. Hence ¢(I/]) =
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|| —r(r—1)/2,and £(1 f)-l—ﬁ(] f) = ||I||—||J]| (mod 2). Thus we obtain for the product
of the two signs in (7.5.5) the equation,

(=D DHI D — _plHI=11 = 1yl I=IT1

Therefore, by the homogeneity (7.5.1) with A := —1, it follows from (7.5.5) that

~ue,

ul = vl (7.5.6)

Finally, I” and J' are the images of I and J under the involution x — x*. So, by the symmetry
(7.5.2), the equation (7.5.3) follows from (7.5.6).

(6) Assume that an r x r matrix W is a product W = UV, where U is an r x N matrix
and V is an N x r matrix. By the Cauchy—Binet Formula, see Appendix (1.2), we have the
following equation for the determinant:

det W = > "det Uk det VK, (7.5.7)
K

where the sum is over all subsets K with r elements of the common set [ N] of indices for the
columns of U and the rows of V.

Since w = uv, we have by (7.2.1) the matrix equation M (w) = M (u) M (v). By extracting
the equations for the rows in / and the columns in J, it follows that M 5 (w) = MT(w)M; (v).
Moreover, in M (u) only the first N columns are non-zero since [ is a subset of [NV ]. It follows
that Mf (w) = M[IN] (u)MBN] (v). Apply (7.5.7). The equation (7.5.4) is a consequence, since
the product u%vf is only non-zero when I > K > J. 0

(7.6) Definition. Recall thatif I = (iy, ..., i) is a strictly increasing multi index of size r,
then the extensions of / are the multi indices of the form,

[:=,1,....t =1, t4i1,....t+iy).

Consider a second strictly increasing multi index J of the same size r, and the extension J
of J (with the same ¢). If u is a power series with ug = 1, then it follows from (7.5)(2) that

ul =u (7.6.1)

~> "~

A

In particular, since the extension of [r] is [t + r], it follows that ul =ul.

Assume that / is a subset of the interval [N]. The complement I of I is a subset of [N],
and corresponds to a strictly increasing multi index [ = (z~'1, e f,) with t := N — r. The
multi index I’ defined in (7.5)(5) is (i], ..., i) = (i,*,...,1;%). Itis said to be conjugate
to I. The conjugate of the multi index [r] is equal to [¢]. Hence, under the conditions of
(7.5)(5), we have the equation,

ul =o' (7.6.2)

Note that the definition of the conjugate depends on the choice of N. However, if N is
enlarged, then the new conjugate multi index is an extension of the old. In particular, if u is
. . . / . . .
a power series with ug = 1, then the determinant ! is independent of the choice of N.



36 SYM: Permutations and symmetric functions

(7.7) Notation. Let («q,..., o) be a set of n elements of the ground ring. Form, in the
notation of (7.2), the oo X n matrix,

1 ... 1

V =Vv( ) < ! ! > :

=V,...,ap) i ={————,..., ——— ) = . -

11—y T 1 —oa,T all Lo
The rows of V are naturally indexed O, 1, 2. ... The matrix V is the evaluation at («, ..., o)
of the matrix of (6.3.1). Hence, for any multiindex I = (i1, ..., i,) of size n, the determinant

det VI(ay, ..., a,) is the evaluation of the polynomial A/,

Ay, ... o) =det Vi, ..., o). (7.7.1)

In particular, the determinant of the matrix yin consisting of the first n rows of V is the
Vandermonde determinant A («q, ..., a,).
In addition, form the two power series,

s =s(ag,...,q,) = 1_[(1 —oziT)_l, e=e(ay,...,a,) = 1_[(1 +o;T)

(of which e is a polynomial of degree at most n). Finally, for multi indices / and J of the
same size r, form the determinants,

s5 = sf(oq, e, 0p) = deth(s(oq, .. .,ozn)),

65 = eg(ozl, o, 0y) = deth(e(oel, .. .,oen)).

Note that the determinants s 5 and e§ are alternating in / and J.
We show in (7.9) that the determinant s’ = s[lr], defined according to the general notation

in (7.4), is in fact equal to the Schur polynomial sT of (6.13), evaluated at («y, . .., &p).
Note that the similar notation cannot be used for the determinant e[Ir] since e/, forr = n,

was defined as the power product eli L., -e,’;” in (5.10).

(7.8) Corollary. Assume that I and J are strictly increasing multi indices of the same size
r, and view I and J as subsets of the interval [ N] for some N >> 0. Then:
(1) (Vanishing) The determinant 55 = s5 (o1, ..., qy) is non-zero only when I > J and
the following inequalities hold for all the entries in the conjugate multi indices I" and J':
ig < Jg +n (7.8.1)
In particular, if r > n, then s[lr] is non-zero only if I is an extension of a strictly increasing

multi index Iy of size n; moreover, if I is an extension of Iy, then s[lr] = s[lr(l’].
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(2) For n = 1, the determinant sf(oz) is non-zero only when the following inequalities
hold:
N=<ii<p=<ip<-=<ir—1 <Jjr<ir. (7.8.2)

Moreover, if the inequalities (7.8.2) hold, then sf (o) = oMI=11
(3) (Duality) The following equation holds,

shar, .. an) =eliar, ..., an), (7.8.3)

where I’ and J' are the conjugate multi indices.

(4) (Multiplication) If (By, ..., Bm) is a second set of elements of the ground ring, then
S§(a1’---aal’l’ﬁl’--"ﬂm): Z S}{(ala~~’05n)35{(,31’---a,8m)’ (784)
I=K>J

where the sum is over strictly increasing multi indices K of sizer.
(5) (Jacobi—Trudi’s Formula) If I is a multi index of size equal to the number n of the «;,
then

Shyer, ... an) A= Aar, ... ap), (7.8.5)
where A = A(ay, ..., ay) is the Vandermonde determinant.
Proof. The duality formula in (3) follows from (7.5)(5) since s(T)e(—T7) = 1. Similarly,
the multiplication formula in (4) follows from (7.5)(6) since s(ay, ..., oy, B1,---, Bm) =

s(ar, ..., a,)8(B1, .-, Bm).

Given the duality formula, the first vanishing statement in (1) follows by applying (7.5)(1)
to the left side and to the right side of (7.8.3), since e is a polynomial of degree at most n.
Consider the special case J = [r]. Then I > [r] since I is assumed to be strictly increasing.
Assume that / is a subset of the interval [N], where N = r +t. Then J' = [t]. So the
inequalities (7.8.1) are the inequalities i ;1 <qg—1l+4nforqg=1,...,t. Obviously, they hold
for all ¢ if and only if i; <t — 1 + n, that is, if and only if

r—n<ip, (7.8.6)

where 7; is the first entry in the complement I. The condition (7.8.6) is vacuous if r < n. If
r > n, then (7.8.6) holds if and only if / is an extension of a strictly increasing multi index
Iy of size n. Moreover, if I is an extension of I then s[Ir] = s[lg] by (7.6.1). Hence the special
vanishing assertion in (1) holds.

To prove (2) assume thatn = 1. Thens = s(a¢) =1+ aT + o«?T? + ... Hence M(s) is
the matrix whose ij’th entry is o’ =/ with the (strange) convention that o* = 0 if the exponent
k is negative. Assume that / > J and consider the matrix S := M 5 (s). Its pp’th diagonal
entry is the power '»?~/» since i p — Jp 1s non-negative. The inequalities (7.8.2) imply that
all entries above the diagonal are zero. Thus, if the inequalities (7.8.2) hold, then s f (o) is the
product of the diagonal entries and hence sf () = al/I=I/1II - Assume that the inequalities
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(7.8.2) do not hold, and let ¢ < r be the first index for which i; > j;11. Consider the
p’th entries in the ¢’th and the (¢ + 1)’st column in S. By the choice of ¢, both entries
vanish if p < ¢ and if p > ¢ then the entries are the powers «'? /2 and o> ~Ja+1. Hence the
¢’th column is equal to a/a+1 /4 times the (¢ + 1)’th column. Therefore, the determinant
s§ (o) = det S vanishes. Hence (2) has been proved.

Finally, to prove (5), consider for j = 1, ..., n the product dV) = ]_[i?éj(l —o;T).
Then d/) is a polynomial of degree at most n — 1, and we have the equation of power series
sd) = (1 -« i 7). Hence it follows from (7.2.1) that we have the matrix equation,

M(s){d?) = <1 - a,~T>'
Therefore, by definition (7.7) of the matrix V = V(«y, ..., o), we have the equation,
M)A, ..., dM) =V, (7.8.7)
Let D be the n x n matrix consisting of the first n rows of the co x n matrix (d(l), e d(”)).

The matrix D contains all the non-zero rows, since each polynomial d*/) is of degree at most
n — 1. Therefore, from (7.8.7) we obtain the matrix equation,

Mp(s)D = V. (7.8.8)

In (7.8.8), extract the equation corresponding to the rows in / and take determinants. Since
det VI = Al by (7.7.1), we obtain the equation,

s[In](cxl, ..., 0y)detD = Al(cxl, e, Op). (7.8.9)

Take I := [n] in (7.8.9). On the left the determinant s[[Z]] is equal to 1, and on the right the
determinant is the Vandermonde determinant A = A(«q, ..., o). Itfollowsthatdet D = A.
Now (7.8.5), for any multi index I of size n, follows from (7.8.9). 0

(7.9) Corollary. For any strictly increasing multi index J of size r contained in an interval
[r + t], we have the equalities,

sT (o1, an) = sy, ... o) = e (e, ... ), (7.9.1)

where the left side is the Schur polynomial of (6.13) evaluated at « and the right sides are
the determinants of (7.7).

Proof. The second equation is the duality formula of (7.8.3) for J = (0, 1,...,r — 1).
Clearly, to prove the first equation, we may assume that the ground ring is the polynomial
ring R[A] and o; = a;. When the size r is equal to n, the equation follows from Jacobi—
Trudi’s formula, since s/ = A’ /A by definition of the Schur polynomials. If » < n, then
J has an extension J to a multi index of size n, and it follows from (7.6.1) and (6.13) that

~ A

J J

s[Jr] =S =57 = s’. The argument is similar for » > n, using the last part of (7.8)(1). [
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(7.10) Application. Assume that the base ring is the polynomial ring R[A] = R[ay, ..., a,]
over the alphabet A. The definitions of (7.7) and the results of (7.8) apply to any set of
polynomials «;, and not necessarily with the number of «; equal to the number n of letters
of A. However, a natural choice is («y,...,®,) := (ai,...,a,). Then the power series
s(ai,...,ap) and e(ay, ..., a,) of (7.7) are the power series s(A) and e(A) of (5.14). Their
d’th coefficients are, respectively, the complete symmetric polynomial s; = s4(A) and the

elementary symmetric polynomial e; = e4(A). Consequently, the matrix M (s (ay, ..., an))
has as ij’th entry the complete symmetric polynomial s;_; (equal to zero if i < j), and the
matrix M (e(a Iy eens an)) has as ij’th entry the elementary symmetric polynomial e; _ ; (equal

tozeroifi < jori > j+ n). It follows that the determinants s§ = sf(A) and e§ = e§ (A),
for multi indices I and J of the same size r, are symmetric polynomials in the letters of A.
They are alternating in / and in J. Moreover, since s; and e4 are homogeneous of degree d,
it follows that the polynomials s 5 and eﬁ are homogeneous of degree ||I] — || /]|

The polynomials s 5 are called skew Schur polynomials. By (7.9.1), the skew Schur poly-
nomial s[lr], for a strictly increasing multi index / of size r, is equal to the Schur polynomial
s’ of (6.13).

Note finally that the notation u of (7.1) for a product of the coefficients of a power series

u in the cases u = ¢ and u = s is in accordance with the notations e;, and s, of (6.14) and
(6.15).

The duality formula of (7.8) is an explicit expression of the skew Schur polynomial s 5 as
a determinant in the elementary symmetric polynomials e;4. In particular, with J = [r] and
with the conjugate I’ of size ¢, duality is the following formula for the Schur polynomial s’

€ir Ci—1 - Cil—r4l
1 I . . .
S = e[t] == : : : . (7.10.1)
€l Cil—1 .-+ Cilty]
(7.11) Note. As noted above, the determinant sf(oq, ..., apy) of (7.7) is defined for any set

of polynomials tj in R[A]. Of course, for an arbitrary set of polynomials «;, the determinant
is not a symmetric polynomial.

As an example, consider an alphabet (A, B) = {a1, ..., ay, b1, ..., by} obtained as the
union of A and the letters b; of asecond alphabet B. Take R[A, B] = R[A][B]as ground ring.
Consider for strictly increasing multi indices I and J of size r the skew Schur polynomial
s § (A, B). Itis a symmetric polynomial in the letters of (A, B). In particular, it is symmetric
in the letters of A and in the letters of B. By (7.8)(4), we have the formula,

sT(A, B) = Z sk(A)sK(B), (7.11.1)
I1=K>J

where the sum is over strictly increasing multi indices K of size r. For J := [r], it follows
that

s'"(A,B) =) si(A)s¥(B). (7.11.2)
1K
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Take as r the number m of letters of B. View the two sides of (7.11.2) as polynomials in
R[A][B]. They are symmetric polynomials in the letters of B, with coefficients that are
polynomials in the letters of A. The polynomials sX (B) on the right side are the proper Schur
polynomials, and they form an R[A]-basis for Symp4;[B]. Therefore, the equation (7.11.2)
is the expansion of s'(A, B) in terms of the Schur basis. In other words, the skew Schur
polynomials s[I< (A) may be defined as the coefficients of the Schur polynomial s’(A, B)
expanded in the basis sK(B).

As a second example, consider for a fixed letter a; of A the polynomial s § (ax). It follows
from (7.8)(2) that s f(ak) is non-zero only if the following inequalities hold,

i <jp<ia<-<ip—1 <jr Zir. (7.11.3)
Moreover, if the inequalities (7.11.3) hold, then sf(ak) = a,!I”_”J”. For reasons that will
become more transparent later we will say that //J is a horizontal strip if the inequalities
(7.11.3) hold.
Clearly, for strictly increasing multi indices / and J of the same size r, we obtain by
repeated application of (7.11.1) the formula,

shea) = 3 sgl(a) s (an), (7.11.4)
I=Ko=K1==Ky,=J

where the sum is over strictly increasing multi indices K, of size r. As just observed, the
sum is unchanged if we restrict it by the condition that each K,,_1/K, is a horizontal strip,
and then the corresponding term in the sum is the monomial,

alkl ~-~a,{<" where k), := |K,—1 — Kp| [ forp=1,...,n. (7.11.5)
If I > J are multi indices of the same size r, then a tableau of shape 1/J and biggest entry
n is a sequence 7' = (Ko, ..., K,;) of strictly increasing multi indices such that I = K¢ >
Ky > --- > K, = J and such that K,,_1/K), is a horizontal strip for p = 1, ..., n. With
each tableau T there is an associated monomial a’ defined as the monomial (7.11.5). The
following formula is simply a fancy rewriting of (7.11.4):

sp(A) =Y "a", (7.11.6)
T

where the sum is over all tableaux T of shape //J and biggest entry n. It is a consequence
of the formula that the skew Schur polynomial s 5 is a sum of monomials. Equivalently, if s 5
is expanded in the basis of monomial symmetric polynomials mX, then the coefficients are
non-negative integers. More precisely, the coefficient to mX is the number of tableaux T for
which a” = aX.
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(7.12) Special cases.
Consider for the complete symmetric polynomial s; = s4(A) the following two equations:

n—2,n—14+d — Sd.
The first was proved in (SYM.6.12.2), as a consequence of Pieri’s Formula, the second was
taken as a definition in (SYM.6.13). On the other hand, if the two sides of the second
equation are interpreted as Schur polynomials via the determinantal definition, then their
equality results from a trivial determinant consideration, and, obviously, s = s[dl] = 5.

To obtain an expression in terms of the elementary symmetric polynomials note that the
multi index / := (d) is contained in the interval [d + 1] = {0, 1, ..., d}, and the conjugate
multi index is I’ = (1, ..., d). Hence, by duality,

el 1 0

e el 1 ... 0

12..d | . ) . .

Sd =€y1,..d-1=| : : : S (7.12.1)
ed—1 ed—y eq—3 ... 1
eqd €e4d—1 ej—2 ... €]
For instance,
eqe 1 0 O
ex e 1 0
sS4 = 2l :e?—3€%62—|—2€163—|—€%—e4,

e3 ep e 1

eq ez ey e

Similarly, since I” = I, we obtain the formula, equivalent to the formula in (6.13),
eq = shd, (7.12.2)

Since s(T)e(—T) = 1, the formulas (7.12.1) and (7.12.2) could have been deduced directly
from (7.3). As a direct application of (7.3), consider the power series p = p(A) defined in
(5.14). The d’th coefficient is the power sum pg+1 = pg+1(A). Since e(T)p(—T) = €/ (T),
we obtain from (7.3.1) the formula,

el 1 o ... 0
2e> el 1 ... 0
Pd = : : : IEUEEE (7.12.3)
d—Deg_1 eq—o ej—3 ... 1
dey ed—1 €e4—r ... €]
For instance,
ee 1 0 O
. 2€2 €1 1 0 _ 4 2 2
P4 = 3es ey e 1| e] —4ejer +4ejez + 2e; — 4dey.

deq e3 er e
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8. Base change.

(8.1) Setup. Several identities of symmetric polynomials are most easily expressed as equa-
tions in the power series ring R[[A]] over the n letters of the alphabet A. Recall that an
element f of R[[A]] is an infinite sequence f = (fo, f1,...) such that f; is a homogeneous
polynomial of degree i in R[A]. The polynomial f; is the i’th term in f. If f; = O for all
i <d,then f is said to have order at least d. A formal series,

ZF“ (8.1.1)

over any set of indices ¢, of elements F, in R[[A]] is called convergent if, for any d, all but a
finite number of F, have order greater than d. When the series is convergent, we may view
the sum (8.1.1) as the element in R[[A]] whose d’th term is the sum of the d’th terms in the
FL-

We will often use that two series in R[[A]] are equal iff for all N > 0O they are equal
modulo the ideal (A)N = (ay, ..., a,)" of series of order at least N.

(8.2) Proposition. Let u be a power series in R[[T]]. For decreasing multi indices K of
size n and strictly increasing multi indices I of size n consider the monomial symmetric
polynomials mX (A) and the proper Schur polynomials s’ (A). Let J be any multi index of
size n. Then the following two formulas hold in R[[A]]:

[Tu@ =) uxm®a), (8.2.1)
acA K

sT(A) [Tu@ =) uls'(A). (8.2.2)
acA 1

Proof. The two right sides are well-defined since the polynomials mX and s’ are homoge-
neous of degrees, respectively, | K || and || /|| —n(n — 1)/2.
The first formula is obtained by a simple multiplication of series,

n oo
Hu(a) = qulaé :Z”ll "'Ml,,alll "‘a,l{’ )

acA qg=11=0

where the last sum is over all multi indices L = ({1, ...,[,) of size n. Each multi index L
is a permutation of a unique decreasing multi index K, and u; = ug. Hence the last sum is
the right hand side of (8.2.1). Thus the first formula holds.

To prove the second formula, consider an element « in R[[A]] without constant term.

Then the evaluation u(«) = Z]?io u jcxi can be obtained by multiplying the infinite row

(u)" = (ug, uy, ua, ...) and the infinite column V () with entries 1, o, al, ... Applied

with u := T'u, it follows that u(x)a! = (T'u)"V («). Hence, in the notation of (7.2), we
have the matrix equation,
u(@)V) = M)V ().

SYM 43
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Applied with o := a, forg = 1, ..., n, we obtain the matrix equation,
Viay,...,a,) diag(u(al), e, u(an)) =Mw)'"Vay,..., a,).
Extract the equations corresponding to the rows in J to obtain the matrix equation,
Vi, ... a)diag(u(ar), ... u(an)) = My)*Viai, ..., ap). (8.2.3)

Now it suffices to prove the following equation for the determinant of the right side of (8.2.3):

det(M; @) Viar,....a) =Y ujal @, ... an. (8.2.4)
Indeed, if (8.2.4) holds, then (8.2.3) yields the following equation of determinants,
Aj(ala s a}’l) Hq u(aq) = Zl ugAI(a17 R} a}’l)7

and, clearly, the latter equation implies (8.2.2) after division by A(ay, ..., a,).

It remains to verify equation (8.2.4). It suffices to show that the equation holds modulo the
ideal (A)N for N > 0. Take N larger than every coordinate of J. In the matrix V (ay, ..., a,)
the k’th row consists of the powers al.k . So the class modulo (A)V of the matrix is unchanged
if we replace all rows of index k > N with zeros. It follows easily that we have the following
congruence of matrices:

My@)"V(ai, ... a) = (MM @) VIV, ... a,) mod (A)Y.

Take determinants, and apply the Cauchy—Binet Formula, see Appendix (1.2), to the product
on the right side to obtain the congruence,

det(M; @) Viar,....an) =3 ujA @ a) mod (Y. (82.5)

Finally, the sum on the right side of (8.2.5) is, modulo (AN, equal to the sum in (8.2.4), since
the extra terms, for I Z [N], vanish modulo (A)N .
Thus (8.2.4) has been verified modulo (A)", and the proof is complete. 0

(8.3) Corollary. Let B be a second alphabet with m letters. Let J be a multi index of size n.
Then the following two formulas hold in R[B][[A]]:

I1 - > sk (BymK(A), (8.3.1)
acA,beB I —ab X
1
SJ(A)QQHEB = ;#(B)SI(A), (8.3.2)
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where the first sum is over all decreasing multi indices K of size n and the second sum is
over all strictly increasing multi indices I of size n. In addition, the following formula holds
in R[A, B]:

[T @rpy=Y s'@s'®. (8.3.3)

acA, beB 1C[n+m]

where the sum is over size-n subsets I and [ C [n + m] is the complement of I.

Proof. Replacein (8.2) R by R[B]. Clearly, the first two formulas follow from the Proposition
by taking u := s(B) = [[pep(l — bT)".

To prove the third formula, take u := [[,c (T +b)and J := (0, 1,...,n—1)in (8.2.2).
We obtain the equation,

[T @+b=> uls'a. (8.3.4)

acA, beB 1

The series u is a polynomial of degree m. In particular, if / is not contained in [n 4 m],
then the last row in M[In] (1) vanishes, and thus u[In] = 0. Hence in (8.3.4) we may assume
that the sum is over subsets I C [n + m] with n elements.

Consider the series e := e(B)(T) associated with the alphabet B, see (5.14.1). The
i’th coefficient e; is the i’th elementary symmetric polynomial in the letters of B. Clearly,
u; = ey—; for all i, and both sides vanish unless 0 < i < m. As a consequence, if the order of
the rows and the order of the columns in the matrix M, [[2]4' m] (u) are reversed, then the matrix

M[%Jr”] (e) is the result. The reversions change M[In](u) into M[In*] (e), where I* is the image

of I under the involutioni — m+n—1 — i of [m + n]. The two reversions do not change the
determinant, and so u[In] = e[I;]. Finally, by Duality (7.5)(5) applied to the series e(B) and

s(B), we have e[\ (B) = s, (B) = s'(B). Thus (8.3.3) follows from (8.3.4). 0
(8.4) Definition. Define in Symg[A] an R-bilinear form, denoted (g, #) — (g | h), by the
equations, for strictly increasing multi indices / and J of size n,

" 15y =61,

where §;_; is Kronecker’s §. In other words, if symmetric polynomials g and 4 are expanded
in the basis of proper Schur polynomials s/, say g = Y ays’/ and h = Y B;s’, then

1=, aBs

Clearly, the bilinear form is symmetric. Itis called the inner product in Sympg[A]. It follows
from the definition that the inner product (g | s”) is equal to the coefficient to s/ when the
symmetric polynomial g is expanded in the Schur basis.

(8.5) Proposition. (1) If K and L are decreasing multi indices of size n, then

(s, | mX) =68L k. (8.5.1)
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(2) If I, J, and K are strictly increasing multi indices of size n, then

(sh 1%y = (T | s7s5). (8.5.2)

Proof. (1) Consider the expansions of s7 (A) and mX (A) in the basis of proper Schur poly-
nomials,

sL(A) =) s’ (), mK@A) =" kst (). (8.5.3)

Then (s;, | mX) = Y ;AL suk,s. In other words, if A and w denote the matrices of the
Ar.s and pp g, for all L, J, then (1) holds if and only if the product matrix A" is the unit
matrix 1. It is easy to prove the equivalence of the two equations Au"™ = 1 and A = 1.
Indeed, this assertion would have been trivial if the matrices had finite order. To reduce this
assertion, and assertions in the following paragraphs, to the case of finite order, it suffices
to note that the bases consist of homogeneous polynomials, with a finite number of base
elements of each degree. Each assertion may be reduced to a, possibly infinite, number
of assertions each involving only a finite number of terms; in particular, to an assertion
involving only polynomials with a given bound, say d, of the degree: so we may assume here
that || K[|, [[L]] < d, |I]l, /]l = d +n(n —1)/2, etc.

With this note in mind, it suffices to prove that u"A = 1, that is, for all strictly increasing
I and J,

ZK MK, IAK,J =081,7. (8.5.4)

To prove (8.5.4), let B be a second alphabet with n letters. Take J := [n] in (8.3). It
follows from the two equations (8.3.1) and (8.3.2) that

ZK sk (BymX(A) = Zl sL(B)s!(A). (8.5.5)

The expansions (8.5.3) hold when A is replaced by B. Insert the expansions of sx (B) and
mX(A) in (8.5.5). The result is the equation in R[[B, Al]],

>y ankas’ (BT () =3 5T (B)s (A). (8.5.6)

It follows from (8.5.6), since the Schur polynomials s’ (A) form a basis for the polynomials
that are symmetric in the letters of A, that for any fixed strictly increasing multi index I we
have the equation in R[[B]],

ZK,J rxapkrs’ (B) =s'(B). (8.5.7)

Again, since the s’ (B) form a basis for the polynomials that are symmetric in the letters of
B, it follows from (8.5.7) that (8.5.4) holds. Hence (1) has been proved.

(2) The proof of (8.5.2) is similar. Consider the expansions of s 5 and s’ sX in the basis of
proper Schur polynomials,

S§ = ZK )»17]7KSK, SJSK = Zl ,U,LKJSI, (8.5.8)
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where both sums are over strictly increasing multi indices of size n. Theni; j g = (s 5 | sK)
and (s' | s7sK) = mr.k.1- Thus (8.5.2) is the equation Aj j k = Wy K.1-
From the equation (8.3.2) and the same equation applied with J := [r] and multiplied by

s7(A) it follows that
D siBst ) =57y sK B,

Insert the expansions (8.5.8) to obtain the equation,
Dok raksK B A =) uskasK(B)s(A). (8.5.9)

As in the proof of (1), it follows from (8.5.9) that A; ; k = @y k.7, which is the asserted
equation (8.5.2). 0

(8.6) Note. It follows from (8.5.2) that the problem of determining in “the Schur basis”
(basis of proper Schur polynomials) the coefficients in the expansions of the skew Schur
polynomials s 5 is the same as the problem of determining the coefficients in the expansions
of all products s’ sX. The coefficients are in fact non-negative, and given by a combinatorial
rule, called the Littlewood—Richardson rule.

(8.7) Corollary. The products s; = s (A), for all decreasing multi indices L of size n, form
an R-basis for Sympy[A].

Proof. The assertion follows from (8.5.1) since the mX form a basis. More precisely, if a
symmetric polynomial g is an R-linear combination of the products sz, say

8= ZL OLSL, (8.7.1)

then it follows from (8.5.1) thata g = (g | mX). Hence the coefficients in (8.7.1) are uniquely
determined by g. To prove the existence, consider the inner products ax := (g | m%) for
decreasing multi indices K of size n. The expansion of g in the basis of Schur polynomials
involves only Schur polynomials s’ of degree at most equal to the degree of g. The expansion
of mX involves only Schur polynomials s’ of degree equal to the degree || K||. Hence the
inner product o vanishes when || K || is bigger than the degree of g. In particular, only a finite
number of ag are non-zero. We claim that the equation (8.7.1) holds. To prove it, consider
the difference, g := g — Y _; arsr. It follows from (8.5.1) that (g | mX) = 0 for all mX.
Since the mX form an R-basis for Sym r[A], it follows that (g | A1) = 0 for all symmetric
polynomials /4. In particular (g | s”) = 0 for all Schur polynomials s’. As a consequence,
g = 0. Hence the equation (8.7.1) holds. 0

(8.8) Definition. It follows from Theorem (5.10) that the R-algebra Symg[A] of symmetric
polynomials is the free polynomial ring over R in the elementary symmetric polynomials
e, ..., e,. In particular, there is a unique R-algebra endomorphism of Sympy[A] such that
eq > sqford =1,..., n. By definition, if / is a multi index of size n, we have that

I 0 in i
e =e; e) s, s

in (8.8.1)

n
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Note that s is the notation of a Schur polynomial, and hence it can not be used as a notation
for the right hand side of (8.8.1). In this context, it is common to denote, ford =0, 1, ...,
the d’th complete symmetric polynomial s4 also by A4. Accordingly, we define, for a multi
index I of arbitrary size r,

W' = nl ki hp =Ry by (8.8.2)

With this notation, the endomorphism of Sym[A] is given by e/ > A! for multi indices 7
of size n. The endomorphism is denoted g — g*. Note that ¢/ and e; are defined for multi
indices of any size r, but the equation,

(e =n', (8.8.3)

holds only if i, = 0 forn < p < r (empty condition when r < n). In particular, e = hy
for1 <d <n(infact, foralld <n, sinceeg =hg=1andey; = hy = 0ford < 0).

(8.9) Lemma. Theendomorphismg +— g* isaninvolution of the graded R -algebraSymg[A].
Let K be a decreasing multi index and let J be a strictly increasing multi index, both of size
r. Consider the following two equations:

(ex)* =hg, (s)) =57 (8.9.1)

(1) It k, < n for all entries in K, then the first equation holds.

(2) I j, < n for all entries in J, then the second equation holds.

(3) In particular, both equations hold in degree at most n.

(4) Moreover, if f and g are symmetric polynomials of degree at most n, then

(f7 189 =018. (8.9.2)

Proof. The endomorphism is graded as e4 and e); = s4 are homogeneous of the same degree.
To prove that it is an involution, use that the power series ¢ = [[,(1 + aT) and s =
[1,(1 — aT)~! are related by the equation e(T)s(—7T) = 1. In particular, the complete
symmetric polynomials s4, ford = 1, ..., n, are determined from the elementary symmetric
polynomials e; by the congruence,

A+e T+ +epTHA+51(=T)+ -+ s,(=T)") =1 (mod T"1.

Substitute 7 := —T in the congruence, and apply the endomorphism g > g*. On the left,
the first factor is changed to the second. Therefore, since the constant 1 on the right side of
the congruence is unchanged, the second factor is changed to the first. Hence we have, for
d =1,...,n, the equation 5 ; = ey, thatis, e;* = ey. Since Symy[A] is generated as an
R-algebrabyey, ..., e, and g — g*is an R-algebra endomorphism, it follows that g** = g.
Thus the endomorphism is an involution.
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The two equations in (8.9.1) hold trivially if r = 0, so assume that r > 1. For Assertion
(1), assume that k,, < n for all p. Then each factor in ek is of the form e, with 1 < k < n,
and hence e;" = s; = hy by definition. Clearly, the first equation is a consequence.

For Assertion (2), the multi index J is strictly increasing, and j, < n. Thus J is a subset
of the interval [n + 1]. As J' may be determined with respect to this interval, the size of J’
ist witht +r =n + 1, and j; < n. By Duality (7.5)(5), we have the equation,

s/ = det M[{j (e). (8.9.3)

For any power series u the matrix M[{i (u) has as its pg’th entry the coefficient uy for d =
j[’) — (¢ — 1) (where ugs = 0 when d < 0). The largest possible d is d = j/, obtained for
p =tand g = 1. As j/ < n it follows that every entry in the matrix equals u, for some
d < n. For these values of d we have e} = s4. Therefore, the involution g > g* maps
M[{i (e) to M[{i (s). Consequently, by applying the involution g — g™ to (8.9.3), we obtain
the asserted second equation,

(sj)* = det M[{i(s) -

For Assertion (3), assume that the left sides of (8.9.1) are non-zero of degree at most n.
For the first equation, note that, obviously, if the product ey, - - - e, is non-zero, then k, < n
for all p (independent of the degree of ex). In particular, the first equation holds by (1).
Consider the second equation. If J is an extension of a smaller multi index, then the two
sides are unchanged if J is replaced by the smaller multi index. Hence we may assume that
J is not an extension of a smaller multi index, that is, we may assume that j; > 0. Since J

is strictly increasing, it follows that j, > p for p =1, ..., r. The degree of s’ is at most n,
thatis, n > || J|| — r(r — 1)/2. Hence, by the inequalities j, > pforp =1,...,r — 1it
follows that

nz|J-rec-1n2=3"

pzl(jp —(p=D) = =D+ jr— =1 = j.

Hence j, < n. As J is increasing, the asserted equality is now a consequence of (2).
Finally, to prove Assertion (4), note that the proper Schur polynomials s’ of degree at
most n form a basis for the module of symmetric polynomials of degree at most n. It follows
from the second equation of (8.9.1) that in this basis, the involution g + g* is a permutation
of the basis elements. By definition, the proper Schur polynomials form an orthonormal basis
with respect to the inner product. Therefore (8.9.2) holds, and (4) has been proved. 0

(8.10) Definition. Up to now we have found several bases for the R-module Symp[A] of
symmetric polynomials. The bases m* = {mX} of (5.8) and h, = {hx} = {sk} of (8.7) are
indexed by decreasing multi indices K of size n. The basis e* = {e'} of (5.10) is indexed
by arbitrary multi indices I of size n. The basis s* = {s’} of (6.7) is indexed by strictly
increasing multi indices of size n. Since g + g™ is an automorphism of Symy[A], it follows
that the products h! = (eI )*, for multi indices I of size n, form a basis A°.
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Consider an arbitrary basis g* = {g’} (where I runs through some suitable index set) of
Symp[A]. For any symmetric polynomial f, denote by C(f, g*) the row of coefficients in
the expansion of f in the basis g°. In a similar notation, denote by (f | g*) the row of inner
products (f | g7). For instance, with respect to the basis s* of proper Schur polynomials we
have, as noted in (8.4),

C(f,s) =(f15%). (8.10.1)

Similarly, if f* = { X} is a second basis, denote by C(f*, g*) the matrix whose K ’th row is
C(fX, g*), and denote by (f* | g*) the matrix whose K ’th row is (fX | g*). For instance,
it follows from (8.10.1) that

C(f* s =f"1s%. (8.10.2)

Moreover, it follows from (8.5.1) that

C(f*m®)=(f"1h), C(f* h)=(f"|m). (8.10.3)

The matrices C(f*, g°*) are infinite matrices. In general, it is assumed that the symmetric
polynomials of a basis are homogeneous. Then the part of the basis consisting of polynomials
of fixed degree d is a finite basis for the R-module of homogeneous symmetric polynomials
of degree d. Accordingly, the matrix C(f*, g*) may be viewed as a sequence of quadratic
matrices where the part in degree d is obtained from the parts of f* and g* in degree d.

Note that the two bases, h, = {hg} indexed by decreasing multi indices K of size n and
h* = {h'} indexed by arbitrary multi indices of size n, agree in degree at most 7, but not in
degree bigger than n. For instance, &, is part of the first basis and not of the second, and
h’f“ is part of the second and not of the first.

Note also that the products ek, for decreasing multi indices K of size n, do not form a
basis, since ex = 0 if k1 > n. However, the products ek, for decreasing multi indices K
of size n and || K || < n, form a basis e, for the symmetric polynomials of degree at most n,
equal to the part of degree at most n of the basis e*.

(8.11) Definition. Consider in particular the matrix C := C(s*, m*). Its I L’thentry Cy,, for
a strictly increasing multi index / and a decreasing multi index L, both of size n, is determined
by the expansion,

sl = ZL C;imt, (8.11.1)

of the Schur polynomial s’ in terms of the basis of monomial symmetric functions. It follows
from (7.10) that the entries Cj;, are non-negative integers, determined combinatorically as a
number of tableaux with certain properties. The numbers C; are called the Kostka numbers.
The Kostkanumber Cy ;, and, more generally, the coefficient C; 1 in the expansion (8.11.1)
of s for a strictly increasing multi index I of any size r, may be determined as follows:
There is a bijective correspondence between strictly increasing multi indices of size r and
weakly decreasing multi indices of size r, given by J +— J,where J = (j,—(r—1),..., jo—
1, j1). Hence a sequence K, . .., K, of strictly increasing multi indices of size r corresponds
to an r x (n 4+ 1) matrix 7' of non-negative integers whose ¢g’th column, forqg =0, ..., n,
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is the weakly decreasing sequence Kq. The relations Ko > --- > K, correspond to the
condition that the entries in each row of T are weakly decreasing. The condition that each
K, 1/Kg is a horizontal strip corresponds to the condition that the entries in each skew
diagonal of 7' (southwest to northeast) are weakly decreasing. The two conditions on 7', on
the rows and on the skew diagonals, are called the tableau conditions. Note that the tableau
conditions imply that the entries in each column of 7', which is not the last column, are
weakly increasing. Hence a tableau of shape I/[r], as defined in (7.11), can be identified
with a matrix 7 satisfying the tableau conditions and such that the first column of 7 is equal
to I and the last column consists of zeros. For each tableau, let 14 denote the sum of the
entries in the ¢’th column of the matrix. Clearly, |K;—1 — K| = 1,1 — ;. Hence it follows

from (7.11.1) that
! = ZT allo—tl '_'a’l,lnfl_ln.

In particular, the coefficient Cjy is equal to the number of matrices 7' satisfying the above
conditions and the equation

(to—t1,...,th—1 —ty) = L. (8.11.2)

(8.12) Lemma. Let I = (iy,...,i,) be a strictly increasing multi index and let L =
(I, ...,1,) be a decreasing multi index. Form the decreasing multi index [ = (i, —(n—
1),...,i»—1,i1). Thenthe KostkanumberC;; vanishes unless ||I| = ||L| and the following
inequalities hold:

i+ +ig>=li+---+1l;, forg=1,...,n. (8.12.1)
Moreover, if all the inequalities are equalities, that is, if L = I, then C;p = 1.

Proof. The Kostka number C;y is the number of n x (n 4+ 1) matrices T satisfying the
conditions of (8.11).

Assume that C;; # 0. Then there is a matrix T = () satisfying the conditions. The
first column Ty of T is I, and the last column 7}, of T consists of zeros. Clearly, the tableau
conditions on the skew diagonals of 7" imply that the last g entries in the ¢’th column are
equal to 0. The column sum ¢y is equal to || I||. Hence it follows from (8.11.2) that

Lt ot =to—t, zzzzlfp_zg tpg- (8.12.2)

Since the entries along the skew diagonal are weakly increasing, it follows for a term 7, in
the last sum that

tpg Z Iptlg—1 =+ = lpiq.0 = ipiq. (8.12.3)
Hence the inequalities (8.12.1) follow from (8.12.2) and (8.12.3).

Clearly, if the inequalities are equalities, then 7 is unique and determined by equalities in
(8.12.3). Hence the last assertion of the Lemma holds. 0
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(8.13) Proposition. Let C = C(s*, m*) be the matrix of Kostka numbers. Let S be the
quadratic matrix indexed by strictly increasing multi indices I, J of size n given by

S { 1 if I and J' are extensions of the same multi index,
1J =

0 otherwise.

Then S is a symmetric matrix. Moreover, the following formulas hold:

C(s*,m*) = C, (8.13.1)
C(h.,s*) =C", (8.13.2)
C(h,,m*) = C"C, (8.13.3)
and, in degree at most n,
C(e.,s*) = C"S, (8.13.4)
C(e,,m*) = C"SC. (8.13.5)

In particular, in degree at most n, the matrices C (h,, m*) and C(e,, m*) are symmetric.

Proof. The matrix S is symmetric because conjugation J — J' is an involution. The formula
(8.13.1) is the definition of the matrix C. As noted in (8.10), we have that

C(he,s*) = (ha | 5°) = (s* | h)" = C(s*, m")".

Hence (8.13.2) holds.

Clearly, C(h,, m*) = C(h,,s*)C(s*,m*). Hence (8.13.3) follows from (8.13.1) and
(8.13.2).

Restrict to the parts of degree at most n. Then it follows from (8.9)(3) that § = C(s°*, (s°)*).
Therefore, by (8.9), (4) and (3), we have that

C(e.,s) = C((e)", (s = C((e)*, s°) C(s*, (s7)") = C(h,, 5°)S.

Hence (8.13.4) follows from (8.13.2). Finally, (8.13.5) follows from (8.13.1) and (8.13.4)
since C(e,, m*) = C(e,, s*) C(s°*, m®). 0

(8.14) Remark. The R-bases found for Symy[A] are independent of R. For instance, if
R C S is asubring, then Symz[A] € Symg[A] is a subring, and the basis of, say, monomial
symmetric polynomials is an R-basis for Symy[A] and an S-basis for Symg[A]. It follows
from standard linear algebra, that if a family (fj);cs of symmetric polynomials in Symg[A]
is an R-basis, then the family is also an S-basis for Symg[A].



9. Partitions.

(9.1) Definition. A partition is a decreasing sequence A = (A1, A2, ...) of non-negative
integers containing only a finite number of positive terms. The term A; is called the i 'th part
of the partition A.

The number of positive parts is called the length of the partition, the sum of the parts is
called the degree of the partition and denoted ||A||. The biggest part of the partition is the
first part A1, since the sequence is decreasing.

There are several convenient notations for partitions. First, we may indicate a partition by
giving any finite subsequence containing all the positive parts, in particular the finite sequence
containing only the positive parts. For instance, each of the sequences (7, 7, 3, 3, 3, 1) and
(7,7,3,3,3,1, 0, 0) represent the partition,

A=1(7,7,3,3,3,1,0,...). 9.1.1)

The length of A is 6, the degree of A is 24, and the biggest part of A is 7.
In this notation, the zero-partition (0, 0, . . .), also called the empty partition, is represented
by any finite sequence of zeros, in particular by the empty sequence ( ).

Next, a partition A may be given by its type, that is, by the numbers m, = m, (1) counting,
for p =1, 2, ..., the number of parts of A that are equal to p. The type is often indicated by
the “formal” product 1”122 ... For instance, the partition A of (9.1.1) may be given by its
type 113372 (or 723311).

Note that a positive integer d, both as the sequence (d) and as the type d', represents the
partition (d, 0,0, ...).

Third, a partition A may be given by its Ferrers diagram D). The diagram D, is the set
of points with integer coordinates (i, j) such that 1 <iand 1 < j < X;. The diagram will
always be pictured in a system of matrix coordinates where the first index i is a row index
and the second j is a column index. Moreover, the point (i, j) will be pictured as the unit
box with (i, j) as the lower right vertex.

For instance, the diagram of the partition in (9.1.1) is the following:

I

i

(9.2) Definition. There are several natural orders among partitions. First, we write & < u
if A # u and if either ||A]| < ||u]|| or if ||| = ||| and, for the first i for which A; # u; we
have that A; < ;. The relation is a total order on the set of partitions.

Next, we write A < u if A; < u; for all i with strict inequality for at least one i. The
relation is a partial order. With respect to the Ferrers diagrams, we have that A < p if and
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only D, C D,. If A < p, then the difference set D, — D, (of boxes) is called the skew
diagram of w/A.
Finally, we write A < p if ||A|| = ||| and, forg = 1,2, ...,

Clearly, if A < u, then A < . The relation “<” is a reflexive (partial) order on the set of
partitions; it is called the dominance order or the majorization order.

(9.3) Definition. For any partition A, define the conjugate partition )" by
k= #i | M = ph.

For instance, for the partition A of (9.1.1), the conjugate is the partition A" = (6, 5, 5, 2, 2, 2, 2)
= 245%6!.

Note that the Ferrers diagram of 1 is obtained by reflecting the diagram of A in the diagonal
i = j, that is, the diagram D), is the transpose, DY, of D;.

Clearly, we have that A = A. The biggest part of A is the length of A, and the length of
A’ is the biggest part of A.

(9.4). There are several natural ways to associate partitions with multi indices.

(1) To a decreasing multi index K of size r, associate a partition according to the map,
kiy....k)— (k1,...,k-,0,0,...). (D)

Clearly, the map (1) defines a bijective correspondence between decreasing multi indices of
size r and partitions of length at most . Moreover, two decreasing multi indices of different
size define the same partition if and only if the longer is obtained from the shorter by adding
a trailing sequence of zeros.

Obviously, if A and k are the partitions associated via the map (1) to decreasing multi
indices L and K of the same size, then A < « if and only if L < K and A < « if and only if
L < K.

(2) To any multi index I of size r, associate a partition according to the map,
(i19'~~air) = (i1+"'+ii’""9ir—l +ir’ii’90909"')' (2)

Clearly, the map (2) defines a bijective correspondence between multi indices of size r and
partitions of length at most r. Moreover, two multi indices of different size define the same
partition if and only if the longer is obtained from the shorter by adding a trailing sequence
of zeros.

(2°) To any multi index I of size r, associate a partition according to the map,

iy i i

1, eeyip) >y oooyr, o0, 2,000,2,1,0..,1,0,.00). (2)
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In other words, the associated partition is given by the type 1'! - - - . Clearly, the map (2°)
defines a bijective correspondence between multi indices of size r and partitions of biggest
part at most . Moreover, two multi indices of different size define the same partition if and
only if the longer is obtained from the shorter by adding a trailing sequence of zeros.

Clearly, if 7 is a multi index, then the two partitions associated with / via the maps (2)
and (2°) are conjugate.

(3) To a strictly increasing multi index J of size r, associate a partition according to the
map,

Utsoeos )= Gr = (=D, ..., 2= 1,j1,0,0,...). 3)

Clearly, the map (3) defines a bijective correspondence between strictly increasing multi
indices of size r and partitions of length at most r. Moreover, two strictly increasing multi
indices of different size define the same partition if and only if the longer is an extension of
the shorter.

(9.5) Lemma. If X is the partition associated to a strictly increasing multi index J of size r
via the map (3), then )" is associated to the conjugate strictly increasing multi index J'.

Proof. Indeed, assume that J is a subsequence of [r + ¢]. Then the complement J and the
conjugate J' are strictly increasing subsequences of [r + ] of size 7. Clearly, the conjugate
of the partition A is given by the equation,

A, =#g ell,rl|j; —(g—1) = p}.
Since j;, —q < jr —r §r+t—1—r:t—l,itfollowsthatk;) = 0 for p > t. Fix p with

Il <p<t Clearly,for]l <g <randg —1<1i <t+ g — 1 the following relations are
equivalent:

Jg =i, #IN[1<qg—1, #JN[1>i—(@G—1), ji—g-1) <i.

It follows in particular, withi := p+gq —1, that j, —(g—1) > pifandonlyiffp < p+qg-—1.
Hence k}, is the number of integers ¢ such that fp —(p—1) < g <r. Here jp —(p—1) <r,
since fp —p < ft —t<r+t—1—t=r—1. Thus )»}, is the difference,

x,=r—(jp, — (p—1). (9.5.1)

Clearly, the right hand side of (9.5.1) is the partition associated to (j { ces J)- 0

(9.6) Definition. For any partition A of length at most n, define

where K is the decreasing multi index of size n corresponding to A via the map (1). In other
words,
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Define m; := 0 if the length of X is bigger than n. Note that my = p, is the d’th power sum,
and m; 1 = ey, or, in the type notation, m s = ey.
For any partition A, define
e), = e, //L)L = h[{

where K is a decreasing multi index corresponding to A via the map (1). In other words,
e)":e)"le)“Z'.' h)\.:h)hlh)\.z.'.

Note that the products are finite since eg = hg = 1. The products are defined for arbitrary
partitions A. The product e, vanishes if the biggest part of A is strictly greater than n, since
eq = O0whend > n. Clearly, if I is any multi index and X is associated to / via the map (2°),
then e/ = e,.

For any partition A of length at most n, define
A)L = AJ, Sy = SJ,

where J is the strictly increasing multi index of size n corresponding to A via the map (3). In
other words,

A)\ — Aknv)\n—l‘i‘l ~~~~~ )\1+(”_1). — s)\'nv)\'n—l_i_l 77777 )\1"‘("_1).

S
Note that the empty partition ( ) corresponds to the sequence (0, 1,...,n — 1). Hence A,
is the Vandermonde determinant, and sy = s%!+"=!1 = 1. Under the correspondence, the
partition d corresponds to the sequence (0, 1,...,n —2,n — 1 4+ d). Hence it follows that,
with d as partition, we have that s, is the d’th complete symmetric polynomial.

Consider finally any two partitions A and p of length at most n, and strictly increasing
multi indices I and J of the same size associated to A and p via the map (3). To any power
series u € R[A][[T]] we associated in (7.4) a determinant uﬂ. Indexed by partitions the
determinant is sometimes denoted by u; /.. For instance, the skew Schur polynomial 55 1s
also denoted sy /.

(9.7). In the language of partitions, the notion of a tableau is the following: Denote by J — J
the bijection (3) from strictly increasing multi indices of size r to partitions of length at most
r. Under this correspondence, we have that I > J if and only if Dy © Dj. Moreover, if
I > J, then I/J is a horizontal strip as defined in (7.11) if and only if the skew diagram
Dj — Dj has no more than one box in each column.

Let I > J be strictly increasing multi indices of size r corresponding, via the map (3), to
partitions A and p. Then a sequence I = Ko > K1 > --- > K, = J of strictly increasing
multi indices K, corresponds to a sequence of partitions, A = kg > k1 > --+ > k = .
The sequence of partitions may be represented by the skew diagrams D, of «,1/«, for
g = 1,...,n. The skew diagram D, is a subdiagram of the skew diagram D of A/u, and
it may be visualized by inserting the number ¢ in all boxes of D,. Note that the inserted
numbers increase along the rows and along the columns of D. Moreover, the condition that
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each «,_1/Kq is a horizontal strip means that no number g can occur more than once in each
column. In other words, the condition means that the inserted numbers are strictly increasing
in each column of D. It follows that a tableau of shape //J and biggest entry n, as defined
in (7.11), can be identified with an insertion of numbers from {1, ..., n} in the boxes of the
diagram of A/ such that the inserted numbers increase weakly in each row and increase
strictly in each column.

Under the identifications, the degree || K, 1 — K || is equal to the degree ||k, 1 — k4|, and
hence equal to the number of boxes in the skew diagram D,. Hence the degree || K, 1 — K, ||
is equal to the number, denoted &, (T'), of times the number g occurs in the tableau 7. The
following formula is therefore a rewriting of (7.11.6):

k(T
T

where the sum is over all tableaux 7T of shape A/u and biggest entry n. In particular, if K is a
given decreasing multi index of size n, then the coefficient to mX in the expansion of sy /1IN
the basis of monomial symmetric polynomials is equal to the number of tableaux 7" of shape
A/ for which

K=k (T),..., k,(T)).
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10. Applications of Determinantal Methods.

(10.1). Let n be a nonnegative integer. Let («1, ..., ;) be a sequence of n elements of
the ground ring. Let notations be as in (7.7). Set Sp,)(aq, ..., o) = My (s), where s =
s(ay, ...,ay) as in (7.7). In the proof of Jacobi-Trudi’s formula (7.8)(5), we proved the
formula (7.8.8):

Simp(at, oo, an)D =V, ..., o), (10.1.1)
where D = D(«ay, ..., ay,) 1s an n X n matrix with determinant equal to the Vandermonde
determinant A = A(«y, ..., «,). The formula has far reaching consequences.

Consider first a power series # which is a polynomial. Then, for every element « in the
ground ring, the value u(«) is a well defined. Recall that V («) = ((1 — ch)_l) is the infinite

column with entries 1, «, 052, .... Hence, if the column V («) is multiplied from the left by
the infinite row whose entries are the coefficients of 7" u, the result is o' u(cr). In other words,
we have the following matrix equation,

MW"V (x) = V(e)u(w).

As a consequence, by multiplying (10.1.1) from the left by the matrix M (u)"" we obtain the
equation,

M(u)trS[n](ozl, o ap)D =V(ay, ..., ap)diag(u(ay), ..., u(ay)). (10.1.2)

Let J be a strictly increasing multi index of size n, and extract from (10.1.2) the equations
corresponding to the rows in J. The result is the equation,

M](l/l)trS[n](Oll, coan)D = Vj(oq, oo ap)diag(u(ay), ..., u(ay)). (10.1.3)

Finally, take determinants in the equation (10.1.3). The determinant of D is the Vandermonde
determinant A. The determinant of the product M (u)" S, is developed as in the proof of
the multiplication formula (7.5)(6). The result is the equation,

AN ulshen e = A (L a) [ Jule). (10.1.4)
I>J i

From (10.1.4) it follows, since A’ = As”’ by definition of the Schur polynomials, that

Y uhst@rn ) =57 (@) [ Jule). (10.1.5)

I1>J

Indeed, the equation follows from (10.1.4) when the ground ring is the polynomial ring R[A]
and «; := a;, because then the Vandermonde determinant is a regular element. Therefore,
since (10.1.5) is of universal nature, it holds for general ground rings.
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Equation (10.1.5) holds when u is a polynomial. For some ground rings, the equation
holds even when u is a power series. Assume for simplicity that the ground ring is the power
series ring R[[A]] over the alphabet A. If « is an element of R[[A]] of positive order (that is,
without constant term), then evaluation u(c) is the element of R[[A]] defined formally by

u(a) ::uo+u1a+u2a2+...,

In fact, in the sum only finitely many terms have order less than a given number, and so the
infinite sum is a well defined element of R[[A]].

In this setup, if oy, . . ., o, are power series in R[[ A]] without constant terms, then (10.1.5)
holds. Indeed, (10.1.5) is an equation of power series in R[[A]], and so it suffices to show
that its two sides agree in every degree. However, in a fixed degree, the equation involves
only finitely many terms of u. Hence, since the equation holds for polynomials u, it holds
for arbitrary power series.

As a standard application, replace R by a power series ring R[[B]] over a second alphabet
B. Take u := s(B) and «; := a;. Then formula (10.1.5), for a strictly increasing multi
index J of size n equal to the number of letters of A, is the following equation in R[[A, B]],

identical to (8.3.2):
> siBys’A) =5y ]
1>J acA, beB

_ 10.1.6
1—ab ( )

where the sum is over strictly increasing multi indices I of size n. In particular, with J = [n],

we obtain the formula,
1
I I
B A) = . 10.1.7
§I:s<)s<> [ — (10.1.7)
acA, beB




Difference operators

1. Operators on rational functions.

(1.1) Setup. Fix a commutative ring R and a finite alphabet A = {a;,...,a,} of n > 0
letters. Denote by R(A) the ring of rational functions in the letters of A, that is, the ring of
all fractions f/g where f and g are polynomials in R[A] and g is a regular element in R[A].

Clearly, the action of the symmetric group G(A) on R[A] extends to an action on R(A).
A rational function f in R(A) is called symmetric if it is invariant under the action of G(A),
that is, if

o(f) = fforallo € G(A). (1.1.1)

The symmetric rational functions in R(A) form an R-subalgebra, denoted Sym(A).
A rational function f is called anti-symmetric if it is semi-invariant under the action of
G (A) in the sense that

o(f) =sign(o)f forallo € G(A). (1.1.2)

Clearly, the anti-symmetric rational functions in R(A) form a module over the ring Symy (A)
of symmetric rational functions. In particular, a product of a symmetric rational function
and an anti-symmetric rational function is an anti-symmetric rational function. Similarly, a
product of two anti-symmetric rational functions is a symmetric rational function.

It follows that if 4 is an anti-symmetric polynomial and regular in R[A] (for instance,
h could be the Vandermonde determinant A = [],_,(b — a)), then multiplication by £
defines an isomorphism from the R-module Symg(A) of symmetric rational functions onto
the R-module of anti-symmetric rational functions.

(1.2) Remark. If g is any polynomial in R[A], then by multiplying g by the product of
the polynomials o (g) for all permutations o # 1, we obtain a symmetric polynomial. It
follows easily that any rational function in R(A) can be written as a fraction f/h where h is
a symmetric polynomial, and regular in R[A]. A symmetric polynomial regular in R[A] is
of course also regular in Symz[A]. Conversely, a symmetric polynomial regular in Symy[A]
is also regular in R[A], since, by the following Proposition (1.3), R[A] is a free Symp[A]-
module.

It follows that the ring of symmetric functions Sympg(A) is the total fraction ring of its
subring Symp[A], that is, the symmetric functions are the fractions of the form f/g where
f and g are symmetric polynomials and g is regular in Symp[A].
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(1.3) Proposition. Let E be the sequence (0, 1,...,n — 1). Then the monomials a’ for
J < E form a basis both for the algebra R(A) of rational functions as a module over its
subring Sympy(A) of symmetric functions, and for the algebra R[A] of polynomials as a
module over its subring Symp[A] of symmetric polynomials.

Proof. As noted in (1.2), every rational function in R(A) is a fraction f/g where g is a
symmetric polynomial. As a consequence, the first assertion of the Lemma follows from the
second.

The second assertion will be proved by induction on the number n of letters of A.
Clearly, the assertion holds when n = 1. Assume that » > 1 and consider the alphabet
A= {ai,...,ay—1}. Then R[A] = R[a,][A]. The subring SymR[an][A] consists of the
polynomials of R[A] that are symmetric in the first n — 1 letters. By induction, R[A] s a free
module over its subring Sym Rla,] [A], with a basis formed by the monomials a’ forJ < E,
where E = (0,1, ...,n — 2). Therefore, it suffices to prove that the ring Sym R[a,,][A] is a
free module over its subring Symp[A], with a basis formed by the powers 1, a,, . .. a' !

- > Tn
In other words, it suffices to prove that any polynomial p in Symg, {[A] has a unique
expansion,
p=qo+qiay,+ -+ qu1al", (1)
where g; € Symg[A].
Assume that p is a polynomial in SymR[an][A]. Fori =1,...,n,let p; := u(p) where
w is any permutation in G(A) such that w(a,) = a;. The polynomial p; is independent of
the choice of w, because p is symmetric in the letters ay, . .., a,—1. Consider the following
system of n equations,

U fori=1,....n, )

pi=qo+qiai+---+qu_1a;
with unknown functions ¢g; in R(A). The determinant of the matrix of coefficients is the
Vandermonde determinant A. Hence the system (2) has a unique solution (qo, - .., gn—1)
with g; in R(A).

The n’th equation in (2) is the equation (1), because p, = p. Clearly, if the equation
(1) holds with polynomials g; that are symmetric in the letters of A, then the equations (2)
hold. Hence it suffices to prove for the solutions g; to the system of equations (2) that each
gi 1s a polynomial and symmetric in the letters of A. By Cramer’s rule, the solution g; is the
fraction Q;/A, where the denominator is the Vandermonde determinant and the numerator
is the determinant,

i—1 i+1 n—1

1 ... q Pl a; co.oag

Qi = SR :
1 ... a ' p, att ... a!

Let T := &4 4, be the transposition that interchanges two different letters a; and ay of A. It
follows from the definition of the polynomials p; that 7(p;) = p; when i is different from
k and j and t(py) = pj. Hence, when 7 is applied to the determinant Q;, the k’th and the
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J throw of the determinant are interchanged, and if we substitute a; = a; in the determinant
then its j’th and k’th row become equal. Therefore, the determinant Q; is an alternating

polynomial. As a consequence, the quotient g; = Q;/A is a polynomial and symmetric in
the letters of A.
Thus the Proposition has been proved. I

(1.4) Corollary. Letgp: R[A] — R[A] beaSymg[A]-linear map. Then for every polynomial
f € R[A] we have the inequality for the orders of f and ¢(f),

ordo(f) >ord f —n(n—1)/2. (1.4.1)

Proof. Clearly, we may assume that f is homogeneous of, say, degree d. By the Proposi-
tion, f is a sum of terms gya’ where J < E and with uniquely determined coefficients
qs € Symp[A]. As Symy[A] € R[A] is a homogeneous subring, the coefficient g is ho-
mogeneous of degree d — ||J||. Hence ¢( f) is the sum of the terms ¢ J9(a’), and the order of
QJ(/)(CIJ) is at least d — || J||. So all the terms have order at leastd — ||E|| =d —n(n — 1)/2.
Clearly, the inequality (1.4.1) is a consequence. 0

(1.5) Note. The relevance of the previous result, and its proof, was pointed out by Darij
Grinberg. The inequality in (1.4.1) is best possible since for instance the symmetrization
operator 84 of 2.3) is a homogeneous Symg[A]-linear map R[A] — R[A] lowering the
degree by n(n — 1)/2. It follows also that any homogeneous Sympz[A]-basis for R[A]
contains a basis element of degree at least n(n — 1)/2.
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2. The simple difference operators.

(2.1) Definition. Consider the (twisted) group algebra R(A)[G(A)] of the ring of ratio-
nal functions R(A). As a left-R(A)-module, the group algebra is freely generated by the
permutations in G(A), that is, the elements of the algebra are R(A)-linear combinations of
permutations,

o = ngo, (2.1.1)
o
and the multiplication in the algebra is given by the rule, for f € R(A), o € G(A),

o-f=0(f)o. (2.1.2)

The twisted group algebra R(A)[G(A)] contains the ring of rational functions R(A), and it
contains the group G(A). Note that o f, for 0 € G(A) and f € R(A), can be interpreted
both as the product of ¢ and f in the group algebra and as the function obtained from f be
the action of 0. When the interpretation is not clear from the context, we write o - f for the
product in the group algebra (defined by (2.1.2)) and o ( f) for the function obtained from the
action.

A permutation p in G(A) is invertible in the group algebra. Hence it induces an inner
automorphism o — popu~! of the group algebra, called conjugation by p. On the subring
of rational functions, conjugation is the map f — w(f).

In addition, the group algebra has a canonical involution @ + «o™*. It is the anti-
automorphism of the group algebra defined by

(fo)* :=sign(o)o ' f = sign(o)o " (fo L. (2.1.3)

Note that the involution is an anti-automorphism, that is, it reverses the order of the factors in
a product. It is equal to the identity on the subring R(A) of rational functions. In particular,

(of)* = fo* =sign(o) fo~ L.

(2.2) Definition. In these notes, actions are assumed to be left actions, and modules are
assumed to be left modules unless the contrary is explicitly stated. The group algebra
R(A)[G(A)] acts naturally on the R-module R(A). More precisely, to the element o €
R(A)[G(A)] with the expansion (2.1.1) we associate the operator on R(A) defined by

a(g) =) fr0(2), g€R(A). @2.1)

The action is faithful, that is, if an element o of the group algebra operates as the zero
map on R(A), then « = 0. Equivalently, if a sum o = Zle fioi, where the o; are k
different permutations, defines the zero operator (2.2.1), then the functions f; are equal to
zero. Indeed, by a standard argument of Galois theory, the assertion is proved by induction
on k. It holds when k = 1. Assume that k > 1 and that « defines the zero operator. Then,
for every function f € R(A), we have that oy (f )« and «- f defines the zero operator. Hence
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the difference o (f)a — «- f defines the zero operator. Clearly, the difference is the sum
Zf‘;ll lox (f) — oi(f)] fioi. Hence, by induction, we have fori = 1, ..., k — 1 the equation
(ok(f) — i (f)) f; = 0. The equation, for all f € R(A), implies that f; = 0, since we may
take as f alettera € A such that oy (a) and o; (a) are two different letters of A. Hence f; =0
fori =1,...,k — 1. Clearly, then also f; = 0.

The algebra of all operators on R(A) of the form g — «(g) where « is an element of
the twisted group algebra will be denoted £x(A). The elements of the algebra Eg(A) will
simply be called operators on R(A). By the result just proved, operators can be identified
with elements of the twisted group algebra. Note that all operators are Symp(A)-linear.
The subalgebra of Eg(A) consisting of operators that map the subring R[A] into itself will
be denoted Eg[A]. Obviously, the algebra Eg[A] contains the ring of polynomials R[A]
and the group of permutations G(A), that is, the algebra contains the twisted group algebra
R[A][S(A)].

It will be proved in Chapter SCHUB that the algebra of operators Eg(A) is the full ring of
all Sympg (A)-linear endomorphisms of R(A).

Clearly, the subalgebra Eg[A] is invariant under the conjugations. It will be proved in
Chapter SCHUB that £g[A] is invariant under the canonical involution.

(2.3) Definition. The symmetrization operator § = 84 of R(A) is the following operator:

§4 = Z o-%z% Z (signo)o.

0eG(A) 0e6(A)

The two expressions are equal, because o (A) = (—D!@ A, 1t is clear from the first ex-
pression that the values of the operator 84 are symmetric functions. When the sum in the
second expression is applied to a polynomial, the result is an alternating polynomial and
hence divisible by A. Therefore the operator & A belongs to Eg[A].

Clearly, the first sum is transformed into the second by the canonical involution. Hence
the operator 8 is invariant under the canonical involution. Moreover, for any permutation
n € G(A) we have u84 = 84 and 84 = (sign ) 84; in particular, under conjugation by
we have us4pu=1 = (sign p) §4.

(2.4) Definition. For 1 < p < n, let ¢, be the simple transposition that interchanges a, and
ap+1. Define the simple difference operator,

1
0 = ——— (1 — £p). 2.4.1)
dp+1 — dp

Clearly, for each polynomial f in R[A] we have that the difference f —&,(f) vanishes when
we substitute a, 1 = a,. Hence the difference is divisible by a,1 — a,. Therefore the
operator 97 belongs to the subring Eg[A]. Moreover, the operator 97 is invariant under the
canonical involution:

(0aP)* = aP. (2.4.2)
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Indeed, if we let A, := a,41 — ap, then 07 = 1/A, — (1/A,)e,. Under the canonical
involution, the function 1/A, is invariant and ¢, is changed into —¢&;,. Hence (1/A))¢, is
changed to —¢,-(1/A,) = (1/Ap)¢p, and consequently the equation (2.4.2) holds.

It will be convenient to define d,, := —d”. In addition, define operators 77 and ¥”, and
mp and ¥, by the equations,

Clearly, under conjugation by ¢, the function 1/A, changes sign and the operator 1 — ¢, is
invariant. Therefore, under conjugation by ¢, the three operators 97, w” and ¥ # are changed
into d,,, 7, and V¥,. Similarly, under conjugation by  the functipns ap and ap | are mapped
to a,—p+1 and a,—,, and &, is mapped to &,_,,. Hence we obtain the formulas,

wdPw=09,_,, orfo=m,_, oY’o="1y,_p. 2.4.4)

Since the canonical involution reverses the order of the factors, we obtain from (2.4.2) and
(2.4.3) the following formulas:

@) =—-03,, () '=—y,, W =-—-m, (2.4.5)

Finally, by combining the previous two sets of formulas we obtain the following:
w@)Y'0o=-9"" o@x’V'o=-—yv"" oW’)V'o=-g""". (2.4.6)
(2.5) Observation. It is immediate from the definition that 07 (a,41) = 1 and 9”(a,) = —1.

As a consequence, w7 (1) = 1. Note that the operator 97 is of degree —1 and 7” and ¢/” are
of degree 0 in the variables of A.

(2.6) Lemma. The operators of (2.4) are linear with respect to polynomials that are symmetric
in the variables a,, and a, . Moreover, the image of 37 is symmetric in these variables, and
d? vanishes on polynomials that are symmetric in these variables. Finally, the image of w?
is symmetric in the variables a,, and ap 11 and w? (1) = 1.

Proof. All assertions result directly from the definition. 0

(2.7) The Leibnitz Formula. The operator d” is a & ,-derivation, that is, for rational functions
f and g in R(A) we have that

a7 (gf) =3P (e) f +&p(8)d” (f).

Proof. The assertion follows by a direct calculation. 0

(2.8) Lemma. The following equations hold:

l=al —yP, 9P9P? =0, nPrP =nP, YPyP = —yP.

Proof. Tt follows from the Leibnitz formula that 07 (a,+1 f) = f +a,d”(f). Hence the first
equation of the Lemma holds. The second equation follows from the second assertion of
Lemma (2.6). The third equation follows from the third assertion of Lemma (2.6). Finally,
the last equation is a consequence of the first and the third. 0
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(29) Lemma. Let E := (0,1,2,...,n — 1) and E; := (0,0,1,...,n — 2). Then the
following equation of operators holds:

aElj-[l . .nn_l = 81 e an_l.aE.

Proof. The monomial a£1 is equal toak /(ay - - - ay). Define more generally, forp =1, ..., n,
the monomial a®r := af/ (a@p41 -+ - ap). Then the following equation holds for p < n:

abraP = 9P.aFr, (1)
Indeed, the left side of the equation is equal to 77 - ar because af» is symmetric in the
variables a, and a, 1, and w? a®r is equal to the right side by definition of 7” and a®».
Clearly, the equations (1) for p < n imply that the following product of operators, for
p =1,...,n,is independent of p:

81 e ap_laEﬂn-p .. .7-["_1_

Finally, the asserted equation of the Lemma is the equality of the latter products for p = 1
and p = n. 0



3. General difference operators.

(3.1) Definition. Define, by induction on the number of letters n of the alphabet A, two
operators 0 = 9“4 and m® = 7“4 as follows. If n = 1, then both operators are equal to 1.
If n > 1, define

0% = 9@ gl ... 9" land 7@ = g@ig!l. . g1

where A is the alphabet with the n — 1 letters ay, . .., a,. In addition, define the operator
Y = Y by the equation,

1//a) — (_1)n(n—1)/2w(n,a))*w.

The appearence of the maximal permutation @ = wy as an exponent in the operators 0“, 7
and ¢ will be explained in (3.5) where we give a more flexible definition of all three operators;
we show in particular that the operator ¥ satisfies the equation Yy = Y1y l... =1
analogous to the formulas used for the inductive definition of 0“ and 7.

(3.2) Example. If n = 3, then
99 — 525192 g — 2,12 Yo = wlewl.

Indeed, the first two equations follow from the inductive definition in (3.1). As w(7?)*w =
—y"~ P, see (DIFF.2.4.6), the third asserted equation follows by applying the involution
a — wa*w to the second equation.

(3.3) Theorem. Consider the symmetrization operator & A of (DIFF.2.3),

sh= 3 0-%:% > (signo)o. (3.3.1)

oG (A) 0eG(A)
Then, for any monomial a’ we have that
4@’y =A7/A. (3.3.2)

In particular, if E = (0,1,...,n — 1), then §4(af) = 1 and 84(a’) = 0 when J < E.
Finally, the following three operator equations hold:

30 =84, 79 =0%af, ¥®=wa")s". (3.3.3)

Proof. The equality of the expressions in (3.3.1) was observed in the definition (DIFF.2.3)
of 84. Clearly, when the second sum in (3.3.1) is applied to a monomial a” the result is
the determinant A7, see (SYM.6.6). Hence the equation (3.3.2) follows from the second
expression for 84.

DIFF 69
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By definition of the Vandermonde determinant we have that A® = A. Moreover, if
J < E, then J has two equal entries, and consequently A’ = 0. Hence we have obtained
for 84(a”’) the special values given in the Theorem.

Consider the three operator equations of (3.3.3). The second equation follows by induction
on the number of letters of A from Lemma (DIFF.2.9) and the recursive definitions of 9* and
7% in (3.1). Indeed, let A| := A — {a} be the alphabet of (3.1), and let E be the sequence
of (DIFF.2.9). Clearly, by induction, we may assume that 741 = 34141, Hence, by the
recursive definitions of 9 and 7 ®, it suffices to prove the following equation,

8wAlaE17T1 .. ‘7Tn_1 — aa)Alal . '8n—1aE.

The latter equation follows immediately from Lemma (DIFFE.2.9).

Consider next the first equation of (3.3.3). The two sides are operators of Eg(A). In par-
ticular, they are Sym g (A)-linear operators. Therefore, by Proposition (DIFF.1.3), it suffices
to prove that the two operators yield the same value when they are evaluated on a monomial
a’, where J < E. The values § A(aJ ) were found in the first part of the Theorem. The other
operator 9 is a product of n(n — 1) /2 simple operators d” and each operator 9” lowers the
degree by 1. Therefore, if / < E, then 8‘”(41] ) = 0, because the degree of a’ is strictly
less than n(n — 1)/2. Moreover, for J = E we have that 3°(af) = 7®(1) by the second
equation of (3.3.3), and 7 (1) = 1, because 7 is a composition of simple operators 7 ” and
w?7(1) = 1 for all p. Hence, the equality 3°(a’) = 84(a’) holds for J < E. Consequently,
the two operators are equal and the first equation of (3.3.3) has been proved.

It remains to prove the third equation of (3.3.3). The following equation holds:

w (@) o ! = (=1)r=D/2ge, (3.3.4)

Indeed, it follows from the observations in the last two lines of Definition (2.3) that the
equation holds for the operator 84 and we have proved that 3 = §4. Apply the involution
o (=)= D20~ to the second equation of (3.3.3). We obtain the equation,

(_1)?[(}’[—1)/2&)(7_[60)*0)—1 — (_1)n(n—1)/2w(aE)w(aw)*w—l'

The left hand side is 1 by definition and the right hand side is @ (aF)a® by (3.3.4). Therefore
the third equation of (3.3.3) holds.
Thus all the assertions of the Theorem have been proved. 0

(3.4) Corollary. Each of the three sets of operators,

@, Lo el e

satisfies the Coxeter—Moore relations.

Proof. The first of the Coxeter—Moore relations, for any of the three sets, are satisfied because
the operator 3” commutes with 09 and with a, and a, 11 when |p — g| > 1.
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Clearly, to verify the second Coxeter—Moore relation, it suffices to consider an alphabet
A with 3 letters ay, az, az. The equations, for the three sets of operators, are the following:

229192 = 0'9%0", lr'n?=x'nlx!, w2yly? = ylylyl, (1)

Consider the first equation. The left side is equal to 0. Hence, by (3.3.3), we obtain the
equation 32992 = 84. Now apply the involution « — wa*w to the latter equation. On
the left, the result is —3'8%3! by the first equation of (DIFF.2.4.6), and on the right the
result is —84 as observed in the last paragraph of (DIFF.2.3). Hence we obtain the equation
3'9%29! = 4. So we have proved that both sides of the first equation of (1) are equal to §4.
In particular, the first equation holds.

Consider the second equation in (1). The left side is the operator 7 and hence, by (3.3.3),
the left side is equal to the operator 329! 82a2a§. So, by the Coxeter relations proved for 97,
the left side is equal to the operator 818281a2a§. Hence it suffices to prove that the latter
operator is equal to the right side, that is, it suffices to prove the following equation:

319201 apa3 = 8'a0%a38' ay.

The latter equation is easily verified. Indeed, on the right side, a3 commutes with 0 I Next
apply the equation 3> = 3%a3 — 1 from the proof of Lemma (DIFF.2.8). Finally, use the
equation 9'd! = 0 of Lemma (DIFF.2.8) to obtain the left hand side. Hence the second
equation in (1) has been proved.

Finally, the third equation in (1) follows by applying the involution & — wa*w ™! to the
second equation, since w (7 ”)*w~! = —"~P by Formula (DIFF.2.4.6).

Thus the second set of relations have been verified for all three sets of operators, and the
proof is completed. I

(3.5) Definition. Let i be a permutation of A. Define the corresponding difference operator
d* by the following equation: . .
ot =09 ...9", (3.5.1)

where (g;,, ..., ¢;,) is any minimal presentation of . Since the operators 07 satisfy the
Coxeter-Moore relations by Corollary (3.4), it follows from Proposition (SYM.2.6) that the
operator 9" is well defined, that is, the right hand side of the equation is independent of the
choice of the minimal presentation of j.

Define similarly operators 7 and ¥* by the equations,

gl =gt and Y= gl

Again, it follows from Corollary (3.4) that the operators are well defined. Finally, using
the equations (DIFF.2.4.4), it follows from Corollary (3.4) that also each of the three sets of
operators, {01, ..., Oy—1}, {71, ..., Tn—1}, and {1, ..., ¥, _1}, satisfies the Coxeter-Moore
relations. Hence we obtain operators 9, 7;,, and ¥, defined by the equations,

Oy :=0; ---0;,, my:=m; -7, and Y, =Y Y.
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With p := w4, we obtain the operators defined in (3.1):
aa) — aa)A’ j_[a) — n,a)A’ 1//a) — ,l//a)A’

where the left sides are the operators of (3.1). Indeed, a minimal presentation of wy is obtained
recursively from ws = w4, €1 ---&,—1. Using this, the first two equations follow from the
recursive definitions in (3.1). The third equation is a consequence of the definition of ¥ in

(3.1) and the general formula o (7#)*w = (— 1)t W“)’flw proved in the following Lemma.

(3.6) Lemma. Let u be a permutation of A. Then
9" = (=1)*®W3, and (3")* = a". 3.6.1)
Moreover, the following nine formulas hold:
(3M)* = (—1)““)8“71, 0 0 = B, @ (0" 0 = (_1)g(u)awu—lw’
1

@ = (=D Wy, onho = Teuw. 0@ o = (1) W yer e,

W) = (—1)““)77,,1, OYH 0 = Yopw, o) o = (_1)ﬁ(u)nwu‘1w.

Proof. The first equation in (3.6.1) follows from the definition of 9# and 9, because 37 =
—0,. The second equation in (3.6.1) follows from the first equation and the first of the nine
formulas.
To prove the nine formulas, let (&;,, .. ., &, ) be a minimal presentation of x. Consider the
equation of Definition (3.5):
=9 ... 90 (1)

Apply the canonical involution « — «*. The canonical involution reverses the order of the
factors in a product, and (d”)* = —d, by the first equation of (DIFF.2.4.5). Hence, from
Equation (1) we obtain the equation,

()" = (=1)"8;, -+~ 9. 2)

As the reversed sequence (¢;, , ..., &) is a minimal presentation of w !, it follows that the
right side (2) is equal to (— ISR au_l. Hence the first of the nine formulas holds.

To prove the second of the nine formulas, apply the conjugation « — waw to Equation (1).
Conjugation is a homomorphism, and wd”w = 9,_, by the first equation of (DIFF.2.4.4).
Hence from Equation (1) we obtain the equation,

Wt w = Bp—_j, - Iy, . (3)

As the sequence (&,—;,, .. ., &,—i,) 1s a minimal presentation of wuw, it follows that the right
side of (3) is equal to d,,». Hence the second of the nine formulas holds.

Clearly, the third of the nine formulas is consequence of the first two formulas. Finally,
the proofs of remaining two sets of three formulas are entirely analogous to the proof of the
first three formulas. 0
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(3.7) Proposition. Let ;v and v be permutations. Then:

(1) If ¢() + £(v) = €(uv), then 0*0Y = o*Y, tha¥ = a*¥ and YV = Y1V,
(2) If () + £(v) > £(uv), then 99"V = 0.

Proof. Let (&;y, ..., ;) and (g, ..., &;) be minimal presentations of x and v. Then the
concatenated sequence (&;,, ..., &,, &, - - - , €j;) 1s a presentation of pv. Moreover, the latter
presentation is minimal if and only if £(u) + €(v) = £(uv). Hence assertion (1) follows from
the Definition (3.5).

If the concatenated sequence is not minimal, then, by Proposition (SYM.2.6), it is Coxeter—
Moore equivalent to a sequence (&, , . . ., £, ) Where two consecutive k;’s are equal. It follows
from Corollary (3.4) that 39" is equal to the product %! - - - 3% . The latter product vanishes
by the second equation of Lemma (DIFF.2.8). Therefore assertion (2) holds. 0

(3.8) Corollary. For all i in ©G(A) we have that

v = g¥r i = gigr @,

-1 -1 -1 -1
TP = g g = gl O @ OUT

Proof. Tt follows from assertions (5) and (6) in Lemma (SYM.1.3) that £(w) = £(wpn™ ") +
£(w). Hence the formulas of the Corollary follow from the first assertion of the Proposition.
ad

(3.9) Lemma. For a multi index K = (ky, ..., k), let R[A]<k denote the R-submodule of
R[A] generated by the monomialsa”’ for J < K. Assume that lkp1—kp| < 1forall p < n.

Then the R-submodule R[A]<k is invariant under the operators 0" for all permutations (4 in
G(A).

Proof. The operator 9* is a composition of the simple difference operators d”. Therefore we
may assume that 4 = ¢, for some p < n. It suffices to prove for a given multi index J < K
that the value 87 (a”) is an R-linear combination of monomials a’ for I < K. Moreover,
since 97 is linear with respect to polynomials that do not depend on the variables a;,, and
ap41, we may assume that a, and a, are the only letters of the alphabet, that is, we may
assume that n = 2 and.u =e. Then K = (k1, k2), and J = (1, j2) < K, and we consider
the monomials a’ = a'a3 occurring in the value 3'(a”).

Let k denote the larger of k; and k>, and let j denote the larger of j; and j,. By the
hypothesis on K, we have that (k — 1, kK — 1) < K, and by the assumption on J we have that
Jj <k. Hence (j — 1, j — 1) < K. Therefore, to prove the assertion, it suffices to prove for
any of the monomials a’ occurring in dl(a’) that I < (G—1,j—1).

Clearly, the expansion of d 1 (aJ ) 1s given by the formula,

J1_J2 J1_J2

a; a —ds a /g ;
ala]: 1 72 2 71 ::tE alllaIZZ’
a; —daj

i1,i2
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where the sum is over all pairs I = (i1, i2) such that i; and i, are less than or equal to j — 1,
and i1 4+ i = j1 + j» — 1. In particular, for each of the occurring monomials a! we have that
I <(j—1,j—1),as asserted.

Thus we have proved the Lemma. 0
(3.10) Lemma. Given invertible rational functions fi, ..., f,—1 and g1, ..., g,—1 of R(A).
Define operators &; fori = 1,...,n—1inEg(A) by & = f;(1 —¢&;)gi. Then, for every per-
mutation . in G(A) and every minimal presentation (g;,, .. ., €;,) of u we have an expansion
of operators,

g & =huu+ Y hy,

L) <t(p)

with rational functions h,. Moreover, the coefficient h, to jv in the expansion is an invertible
function in R(A).

As a consequence, each of the three sets of operators, {d"}, {w "}, and {{y*} for u in G(A),
is an R(A)-basis for the algebra Eg (A) of all operators as a left module over its subring R(A).

Proof. Use the rule 7-g = t(g)t in the algebra Eg(A) to develop the expression &;, - - - & =

r

fii(A—¢&i)gi, - fi,(1—¢;,)gi, asan R(A)-linear combination of monomialsiney, ..., &,—-1.
Clearly, each occurring monomial is of the form¢j, - - - €, where (ji, ..., jq) 1S asubsequence
of (i1, ..., ir). In particular, the product ¢;, - - - ¢, is either equal to u or it has length strictly

less than £(w). [In fact, the product is less than or equal to  in the Bruhat—Ehresman order by
Proposition (SYM.3.7?).] Moreover, the coefficient 4, is equal to the sign (—1)" multiplied
by a product of functions obtained by applying suitable permutations to the f; and g;. Hence
h,, is invertible in R(A). Thus the first two assertions of the Lemma hold.

Since the operators 9#, w* and * are all of the form §&;, - - - &; for particular choices of
invertible f; and g;, it follows from the expansion, by induction on the length, that every per-
mutation u belongs to the R(A)-module generated by any of these sets of operators. However,
the R(A)-module of operators can be identified with the twisted group algebra R(A)[GS(A)]
and so the permutations i in &(A) form a basis for Eg(A) as an R(A)-module. Moreover,
the number of operators in any of the three sets is equal to the number of permutations. Hence
any of the three sets is a basis. I

(3.11) Note. We will prove in Section (SCHUB.2.4) that the operators 0/ for i in G(A) form
a basis for the algebra of operators Eg[A] as a module over the ring of polynomials R[A].

(3.12) Lemma. Let i be a permutation in S(A) and let g be a rational function which is

symmetricinthelettersay, . . ., a,. Then the derivative 3" (g) vanishesunlessju = e4_1 - - - €1
for some g = 1, ..., n. Moreover, the derivative ga—1... Bl(g) is symmetric in the letters
ai, ..., aq and in the letters ag 11, . . ., a.

Proof. Clearly, a function f is symmetric if and only if 0”(f) =0forp=1,...,n — 1.
Consider, for g = 1, ..., n, the permutation o, := &4 - - - £1. [Thus oy is the identity if
q = 1 and the g-cycle (¢, ...,2,1)forqg > 1.] Then,forp =1,...,n—1land p #q — 1,
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we have the equation,
04€p if p>gq,
Ep0g = 1 O+l if p=gq, (3.12.1)
ogéptr1 ifp <qg—1
The equations are easily verified. For instance, the equation ¢,0, = 0441 follows from the
definition of the o, and the remaining equations follow from the Coxeter-Moore relations.
Consider a minimal presentation of . If 1 is not of the form oy, then there is a unique
q > 1 so that the presentation is of the form,

L= Ep - EpEg—1-""El
where py # ¢g. Since the presentation is minimal, it follows that p; # g — 1. Hence, by
Equation (3.12.1), there is a second minimal presentation of the form u = ¢4, - - - &5, where
qr > 2. Therefore, since g is symmetric in the letters ay, . . ., a,, it follows that 3 (g) = 0.

To prove the second assertion of the Lemma, let 7 := 9% (g). Consider, for1 < p <n-—1,
the derivative 37 (h). For p = g — 1 we have that 3~ (h) = 0, since 377199~ = 0. For
p < g—1,itfollows from Equation (3.12.1) that 37 (h) = 3% 37+ (g),and 37! (g) = Osince

gissymmetricinay, ..., a,. Thusd?(h) = Oforp =1, ..., g—1,and hence h is symmetric
in the letters ay, ..., ay. Similarly, if p > g, it follows that 97 (h) = 0%9”(g) = 0, and
hence & is symmetric in the letters ag 11, ..., a,. O

(3.13) Definition. Consider an operator « € Eg[A]. As an element of Eg(A) it defines a
Symp(A)-linear map R(A) — R(A). By definition, « induces a Symy[A]-linear action on
polynomials, also denoted o: R[A] — R[A]. The former « is the unique extension of the
latter o to a Sym (A)-linear action on rational functions.

In addition & acts naturally on the power series: If f = ) f; is a power series in R[[A]],
with f; homogeneous of degree i, then there is a well defined power series «( f) given as the
convergent series,

a(f):= Zcx(fi).

Indeed, since a: R[A] — R[A]is Symp[A]-linear, it follows from Corollary (1.4) that a( f;)
is of order at leasti — n(n — 1) /2.

In particular, the difference operators 0* act on the power series ring R[[A]]. Note that the
operator 0* is homogeneous and lowers the degree by d = £(u), that is, the homogeneous
term of degree i in 0" ( f) is equal to 0" ( fi1q).

Clearly, the Leibnitz Formula of (2.7) holds for power series f, g in R[[A]].

(3.14) Example. For 1 < g < n, we have in R(A) and in R[[A]] the equations,
1 1
a ( ) (3.14.1)

I—a;) ~ (—ap(I—ag1)’

) 0 ! = ! 3.14.2
e 1(1_a1>‘(1—a1>-~-(1—aq+1>' (3.14.2)

Indeed, the first formula is obtained by applying the Leibnitz rule to the equation (1 —
aq)_1 (I —ay) = 1, and the second formula follows by induction on g from the first.
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(3.15) Example. For a polynomial g depending only on the first letter ay, it follows from
(3.12) that the derivatives 9,,(g) vanish unless u = ¢, ---¢; forsomeg =1, ...,n. Fora
polynomial g of the form,

g :=(ay —by)---(a1 — bp), (3.15.1)

a formula for the derivative 9, - - - 91(g) may be obtained as follows:
Assume first that the b; are variables, thatis, let B = {by, ..., b;;} be asecond alphabet with
m letters, and replace the ground ring with the polynomial ring R[ B]. Form, forg =1, ..., n,

the power series in R[[A, B]],
(I —=b)---(A—bw)

$9 = S(ay,...,a,; B) := , (3.15.2)
K (1—ap)- (1 —ay)
and denote by sq(ay, ..., agz; B) the homogeneous term of degree d in § @) Then
8g—1-+01(8) = Sm—q+1(al. ..., ag: B). (3.15.3)

Indeed, the numerator in S@ is the polynomial,
I=b)-(A=by)=1—-e1+---+(=D"en,
where ¢; := ¢;(B). Hence, for ¢ = 1, we have the equation,
SO ==er+ -+ D"ew)A+ar+aj +--).
It follows that the homogeneous term of degree d in § M ford > m, is the polynomial,
ail — elaf_l + -+ (—l)memaf_m = af_m(al —by) - (a1 — by).

In particular, for d = m, it follows that g is the homogeneous term of degree m in SV, It
follows from (3.14.2) that
g1 - - 315(1) — @

Therefore, by taking the homogeneous terms of degree m — g + 1, we obtain the asserted
formula (3.15.3).

In (3.15.3), the b; are assumed to be variables. The formula for the general case when the
b; are arbitrary elements of R is obtained by specializing. Note however, that in the collection
of the homogeneous terms in the $@), the b; have to be considered as homogeneous of degree
1.

For instance, let by = --- = by, = 0. Then g = a{" and the power series S@ of (3.15.2)
specializes to the series,

1
(I—ap)--- (1 —ag)’

S(ay,...,aq) =

It follows that
aq—l ce 81(01”) = Sm—q—{—l(ah cees aq)

is the (m — g + 1)’th complete symmetric polynomial in the letters ay, ..., aq.



4. The bilinear form.

(4.1) Definition. Define a bilinear form on the algebra R(A) of rational functions by the
following equation:

1

(fig) = > o(%) =~ ) Gigno)o(fo). (4.1.1)
cEG(A) oeG(A)

By Definition (DIFF.2.3) of the symmetrization operator §4, the two sums are equal, and

equal to the value 84( fg). Moreover, by Theorem (DIFF.3.3) and Definition (DIFE.3.5), the

following equation holds:

(f.g) =0°(fg). (4.1.2)
The bilinear form is called the inner product on R(A).

(4.2) Lemma. The values of the inner product (4.1) are symmetric functions in R(A). More-
over, the inner product is symmetric and Sym p (A)-bilinear. Furthermore, if « is any operator
inER(A), then

(a(f), g) = (f, " (9)), (4.2.1)

where o +— «* is the canonical involution of (DIFF.2.1). In particular, for any permutation
w in S(A), we have that

(w(f). ) = Gign ) (f. = (g)) and (3"(f). g) = (£, 9" (9)). (4.2.2)

Finally, if f and g are polynomials in R[A], then (f, g) belongs to Symp[A].

Proof. We have observed in (DIFF.2.3) the value (f, g) = 84(fg) is a symmetric function.
Moreover, it is clear that the inner product is symmetric in f and g, and Sympy (A)-bilinear.

By additivity of the inner product it suffices to prove equation (4.2.1) when «vis a product 2
of afunction 4 in R(A) and a permutation u in S(A). Moreover, since the canonical involution
reverses the orders of the factors in a product, it suffices to treat separately the two cases:
o = h and o = . In the first case the equation is obvious: (hf, g) = §4(hfg) = (f, hg).
In the second case the equation is the first equation of (4.2.2), and it follows immediately by
rearranging the terms in second sum in (4.1.1).

By the second equation in (DIFFE.3.6.1), we have that (9/)* = 9%~". Hence the second
equation of (4.2.2) is a special case of the general equation (4.2.1).

The final assertion of the Lemma is a consequence of the equation ( f, g) = 84 (fg), since
the symmetrization operator 84 belongs to Eg[A], see Definition (DIFF.2.3). 0

(4.3) Note. The inner product is non-degenerate, that is, if ( f, g) = 0 for all g, then f = 0.
Indeed, it follows from Equation (4.1.1) that (f, g) is the result of evaluating the operator
Y o0f =Y ,0(f)o on the function g/A. If the result is O for all g, then the operator
is zero and consequently, by (DIFE.2.2), zero as an element in the twisted group algebra
R(A)[G(A)]. Hence f = 0.

We prove in (SCHUB.2.4) that if ( f, g) is a polynomial for all polynomials g, then f is a
polynomial.
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(4.4) Lemma. Let I and J be multi indices of sizen such that I < (n —1,...,1,0) and
J <(,1,...,n—1). Then the inner product (al, aj) is equal to O unless all entries in the
sequence I 4 J are different. In the exceptional case, the sequence I + J is a permutation of
the sequence (0, 1, ...,n—1), and (al, aJ) is equal to the signature of the latter permutation.

Proof. By definition we have that (al,a’y = 84(a’+’). Moreover, as observed in Theorem
(DIFE.3.3), we have that §4(aX) = AK /A. From the assumptions on / and J it follows
that all entries in the sequence /I 4 J are non-negative integers between 0 and n — 1. The
assertion of the Lemma is a consequence, because AX is alternating in K and equal to A
when K = (0,1,...,n—1). O



5. The Mobius transformation.

DIFF
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Schubert polynomials

1. Double Schubert polynomials.

(1.1) Setup. Fix an alphabet A = {ay, ..., a,} with n > 0 letters, and consider the algebras
R[A] of polynomials and R(A) of rational functions in the letters of A. For a multi index /
of size n, we denote by R[A]<; the R-module of polynomials generated by the monomials
a’ for J < I. Tt follows from Lemma (DIFF.3.9) that the two R-modules, R[Al<o0.1...n—
and R[A]<,—1,..1,0, are invariant under the operators 0 for u € G(A). Recall that 9, =
(sign w)o*.

Fix aset B = (by, ..., b,) of n elements in the ground ring R. If f is a polynomial in
R[A], we denote by f(B) the value obtained by specializing the letters of A to the elements
of B.

Consider the following two polynomials in R[A]:

xB:= T] @ —by) and Y®:=]](a,-by. (L.1D)
pt+q=n p>q

Note that Y2 = w(X?).
When the ground ring is a ring of polynomials over an alphabet B with the n letters b;, we
write X (A, B) := X® and Y(A, B) :=Y5.

(1.2) Lemma. The following assertions hold:

(1) The value Y B(B) is equal to A(B). Moreover, for a permutation 1 # 1 in G(A), the
value (Y B)(B) is equal to 0.

(2) The polynomials 0“ (Y BY and 9, (XB) are equal to 1. Moreover, for a permutation
u # win G(A), the value 8M(XB)(B) is equal to 0.

(3) If f is a polynomial in R[A]<,—1,....1.0, then

(Y2, f) = f(B).

Proof. In (3) we may, by linearity of the inner product, assume that f is a monomial a’ for
I < (n—1,...,1,0) in which case the equation asserts that (Y8 aly = b!. It suffices to
prove the latter equation and the equations of (1) and (2) in the special case where the ground
ring is a polynomial ring R[B] over an alphabet B with n letters. Indeed, if the equations hold
in the special case, then the equations in the general case follow by specializing the letters of
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B to the given sequence of elements in R. In the polynomial ring R[B], the Vandermonde
determinant A (B) is not a zero divisor. Therefore, in the remaining part of the proof we may
assume that the value A(B) is a not a zero divisor in R.

Consider the assertions of (1). It is obvious from the definition (1.1.1) of Y& that Y8 (B) =
A(B). The polynomial (Y ) for a permutation u is the product of the factors 1 (a p) — by for
p > q. Assume that  # 1. Then there exist indices p > ¢ such that u(a,) = a4. Clearly,
the corresponding factor w(a,) — b, specializes to 0, and consequently w(YB)YB) = 0.
Hence the assertions of (1) have been proved.

Consider the first assertion of (2). The operator 3% is the symmetrization operator 4.
Hence 9 = (signw)d®w = d,w. As XB = w(YB), it follows that 3, (X5B) = a(YB).
Hence it suffices to prove that 3“(Y 8) = 1. Let E := (0, 1, ..., n—1). Clearly, by expanding
the product defining Y2 we obtain an R-linear combination of monomials a’ where J < E,
and the coefficient of aZ is equal to 1. The values of the operator 3 = 84 on the monomials
a’ for J < E were determined in Theorem (DIFF.3.3). It follows that 3 (Y 8) = 1.

To prove the second assertion of (2), assume that © # w. It follows from Lemma
(DIFE.3.10) that there is an expansion of operators,

oy = Z hyv,
Lv)=<l(w)

with rational functions 4,,. Since 1 # w, it follows that all permutations v in the expansion are
different from w. Clearly, the denominators in the rational functions #,, are products of factors
of the form a, — a4 for p # g. Therefore, when N is sufficiently big, the operator AN 0y 18
an R[A]-linear combination of permutations v # w. It follows from part (1) that if v # w,
then v(X8)(B) = v (YB)(B) = 0. Consequently, when the operator ANEJM is applied to
X8 and A is specialized to B, we obtain the equation AN(B)EJM (XB)(B) = 0. Since A(B)
is assumed to be a non-zero divisor, the latter equation implies that 9, (X BY(B) = 0. Hence
the assertions of (2) have been proved.

Consider assertion (3). The polynomial Y # is an R-linear combination of monomials a”,
where J < (0,1,...,n — 1), and f is an R-linear combination of monomials a!, where
I < (n—1,...,1,0). From the latter conditions on / and J, it follows from Lemma
(DIFF.4.4) that the inner product <a1 cal ) is either 0 or £1. As a consequence, the inner
product (Y8, f) belongs to R.

On the other hand, from the definition of the inner product we obtain the equation,

AYE fy= > (signwu¥®f).

neS(A)

Specialize A to B in the latter equation. On the left hand side, the first factor A specializes to
A(B) and the second factor is left unchanged since it belongs to R. On the right hand side,
by (1), the terms (Y8 f) = n(YB)u(f) corresponding to o # 1 specialize to 0 and the
term corresponding to u = 1 specializes to A(B) f (B). Hence the specialization yields the
following equation:

ABNYE, f) = AB)f(B).
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As A(B) is assumed to be a non-zero divisor in R, the latter equation implies the equation of
Assertion (3).
Hence all assertions of the Lemma have been proved. 0

(1.3) Definition. In the setup of (1.1), define a family of polynomials X g indexed by permu-
tations i in G(A), by the equation,

XF=0,-1,X"). (1.3.1)

When the ground ring is of the form R[B], where B is a second alphabet with n letters, the
resulting polynomials are called double Schubert polynomials, and they are often denoted
X, (A, B). The double Schubert polynomials belong to the ring of polynomials R[A, B].

It will be convenient to define an auxiliary family of polynomials,

Y2 =0,.1(Y%)=0,.1(0X"). (13.2)

By Lemma (DIFF.3.6) we have that wd,, @ = (sign j1)d,u. Use this equation for p := w!
and the definitions to transform the right side of (1.3.2) into the right side of the following

equation:

Y7 = (signpw(X5,). (1.3.3)

Clearly, Xg = X8 and YIB = YB. Moreover, X f = 1 by Lemma (1.2)(2), and then
YB = (-1)r»=D/2 by (1.3.3).

(1.4) Remark. Note the following rule for the calculation of X 5 : represent w as the sequence
of indices (iy ... iy) where u(ap) = a;,. Rearrange by simple transpositions the elements
in sequence so that the sequence becomes strictly decreasing, that is, solve the equation
MEp, - - - €y, = w With a minimal number r. Then Xﬁ = 0p, -+ O, (XB).

(1.5) Example. For n = 3 we obtain, omitting the superscript B, the following polynomials:

(321) = o, X321 = X = (a1 — b1)(a1 — by)(az — by),
(312)e; = w, X312 = 0 X = (a1 — by)(a1 — b),
(231)e1 = w, X231 = 01X = (a1 — b1)(ax — by),

(132)e182 = w, X132 = 010X =a1 — by +ax — ba,
(213)e261 = w, X213 = 201X = a1 — by,
(123)828182 = w, X123 = 323132X =1.

(1.6) Lemma. The polynomial Xﬁ belongs to the R-module R[A]<,—1,..1,0. Its degree is
equal to £(ju). Moreover, the polynomial ng is equal to 1, and if u # 1, then the value
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Xﬁ (B) is equal to 0. Finally, if pu and v are any permutations in G(A), then the following

equation holds:

B . _ -1
. 08) — { XE . ife(n) = e +e), .
’ 0 otherwise.

Proof. Tt is obvious from the definition that the polynomial X? belongs to the submodule
R[A]<n—1.....1,0- Asnoted in (1.1), the submodule is invariant under the operators 9,. There-
fore, the first assertion of the Lemma holds.

The polynomial X? has degree equal to £(w) and the difference operator 9, lowers the
degree by £(v). Therefore the degree of X 5 is at most equal to £(w) — L lw) = e(p). Tt
follows from the last equation of the Lemma, applied with v = u, that 9, (X 5) =X f =1.
Hence, when the last equation of the Lemma has been proved, it follows that 9, X 5 # 0 and
therefore, the degree of X 5 is equal to £(w).

The equation X 5 (B) = 0 for u # 1 follows from the definition of X 5 and Lemma
(1.2)(2).

Consider finally Equation (1.6.1). By definition, the left hand side is equal to the result of

applying the operator 9,,9,,-1,, to the polynomial X B By Proposition (DIFF.3.7), the latter
operator is equal to zero unless the following condition holds:

W)+ o) = Lo w). (1.6.2)
When condition (1.6.2) holds, the operator is equal to 9, ,-1,,, and consequently, when applied
to X & the result is the polynomial X 51), .- Moreover, the condition for the first case in Equation

(1.6.1) is equivalent to the condition (1.6.2), as it follows from Lemma (SYM.1.3). Hence
the final equation of the Lemma holds. 0

(1.7) Theorem. The polynomials X 5 for permutations . in G(A) form a basis for the ring
R[A] of polynomials as a module over the subring Symy[A] of symmetric polynomials, and
a basis for the ring R(A) of rational functions as a module over the subring Sympy(A) of
symmetric functions. In the expansion of a function f in the latter basis, the coefficient to
X[ is given by the inner products,

(Y2, f)=(0,-1Y"), f) = (Y®.0,(/)). (1.7.1)
Moreover, if 1 and v are permutations in S(A), then we have the equation,
1 ifu=v
YB xBy = ’ 1.7.2
i X0 { 0 otherwise. ( )

Finally, the polynomials Xﬁ form a basis for the R-module R[A]<,—1,. 1,0 and, for every
polynomial f in the latter module, the coefficient (1.7.1) of X 5 satisfies the equation,

(Y2, f) =0,(f)(B), (1.7.3)
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that is, we have the Newton interpolation formula,

f= Y au(HBXE (1.7.4)

ne&(A)

Proof. In(1.7.1), the first equation follows from the definition (1.3.2), and the second equation
holds, because the operators 9,1 and 9, are adjoint with respect to the inner product by
Lemma (DIFF.4.2). Hence the inner products in (1.7.1) are equal.

Let N be the R-submodule N := R[A]<,—1...1,0 of R[A]. If f belongs to N, then it
follows from Lemma (1.2)(3) and the equations of (1.7.1) that (Y/f, f) = (YB, 0.(f)) =
0, (f)(B). Hence Equation (1.7.3) holds.

By Lemma (1.6) we can apply Equation (1.7.3) with f := XB. As a consequence,

(Y2 xP) =0,x)B). (1.7.5)

Assume first that 4 = v. Then, by Lemma (1.6), the polynomial 9, (X By isequal to 1. In
particular, the value on the right hand side of (1.7.5) is equal to 1. Assume next that u # v.
Then, again by Lemma (1.6), the polynomial 9, (X B is either equal to 0 or it is of the form
X f, with T # 1. In the latter case, the value X f (B) is equal to 0 by Lemma (1.6). Therefore,
for u # v, the value on the right side of (1.7.5) is equal to 0. Hence Equation (1.7.2) follows
from (1.7.5).

By a standard argument of linear algebra, the remaining assertions of the Theorem are
consequences of the equations (1.7.2). Indeed, let d = n! be the cardinality of G(A). Let
M denote the algebra of rational functions R(A) as a module over the ring S := Symy(A).
Define, for each of the d elements v in G(A), an S-linear form X » on the module M:

Xu(f) = (YE, £).

Now, the d elements X 5 of the S-module M define an S-linear map X: ¢ — M, and the

d linear forms X, define an S-linear map X: M — S?. The equation (1.7.2) asserts that
XX =1. By Proposition (DIFF.1.3), the S-module M can be identified with S via the basis
formed by the d monomials al for I < (n—1,...,1,0). Under the latter identification, the
linear maps X and X are d x d matrices. Consequently, the equation XX =1 implies that
the matrix X is invertible. Hence the polynomials X 5 form an S-basis for M. Moreover, the

linear forms X » form the dual basis.
Clearly, in the expansion of a rational function f of R(A) in terms of the basis X 5 , the

coefficient of X 5 is given by evaluation of the linear form X x on f. In other words, the
coefficient is given by the expressions of (1.7.1). Hence we have proved the second assertion
of the Theorem.

By the same standard argument, applied to the ring of polynomials R[A] as a module over
the subring Symg[A], it follows that the polynomials X g form a Symgz[A]-basis for R[A].
Hence the first assertion of the Theorem has been proved.
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Consider finally the R-module N. It contains the polynomials X2, as noted in Lemma

(1.6). Moreover, on the module N the forms )V(v take values in R, by (1.7.3). Therefore,
again by the same standard argument, the polynomials X 5 form an R-basis for N and, in

the expansion of a polynomial f of N, the coefficient to X 5 is given by the value (1.7.3).
Therefore, the interpolation formula of Newton holds. O

(1.8) Example. For 1 < p < n we have the equation,
Xe,(A,B)=ai+---+ap—by—---—bp. (1.8.1)

The equation follows by applying the interpolation formula to the polynomial f on the right
hand side. Clearly, f(B) = 0. If u # 1, then 9, f is equal to O unless u = &, in which case

de, (f) = 1.

(1.9) Example. For 0 < p < n we have the following equation,
Xe,e1 (A, B) = (a1 — b1)(a1 — b2) - - (a1 — bp). (1.9.1)

Indeed, we may assume that the ground ring is a polynomial ring R[B], and that by, ..., b,
are the letters of B. Denote by g the polynomial in R[A, B] on the right hand side of (1.9.1).

It follows from Example (DIFE.3.15) that 9,,(g) = O unless u is of the form ¢, - - - ;.
Moreover, 9, - - - 31(g) is the (p — g)’th homogeneous term in the power series in R[[A, B]],

(I1—=b1)---(A=by)
(I—ap)--- (1 —ag+1)

S(ai, ..., ag11; B) = (1.9.2)

If g > p, then p — ¢ is negative, and the homogeneous term vanishes. If ¢ = p, then the
term is equal to 1. Assume that ¢ < p. Then it follows that the value 9, - - - 91(g)(B) is the
(p — q)’th homogeneous term in the series obtained from (1.9.2) by substituting a; := b;.
The series obtained is the polynomial,

(I =bg+2) -+ - (1 = bp),

which is of degree p — ¢ — 1. In particular, its term of degree p — g vanishes.
Hence, the value 9,,(g)(B) is equal to 1 for u = ¢, - - - €1, and equal to zero otherwise.
Therefore, the asserted equation g = X ,...;, (A, B) follows from (1.7.4).

(1.10) Note. The Newton interpolation in one variable. The monomial af ,for p < n,is
obtained from the polynomial g of (1.9) by specializing the letters of B to 0. The power series
(1.9.2) specializes to the series S(ay, ..., az+1). It follows from (1.9) that 9, (af) vanishes
unless u is of the form ¢, - - - 1. Moreover,

g ---01(al) = sp—qlai, ..., ag1)

is the (p — ¢)’th complete symmetric function in the letters ay, ..., ag1.
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Now, let f be a polynomial in the variable a; only, and of degree at most n — 1. Then,
by R-linearity of 9,,, it follows that 9,,( /) vanishes unless the permutation w is of the form
m=¢eq---&1 forsomeqg =0,...,n— 1. Therefore, for any sequence B of elements in the
ground ring, we obtain from the Newton interpolation formula (1.7.4) and Equation (1.9.1)
the following formula,

n—1

f=) 09 0(f)B) (@ — b)) (a1 — by). (1.10.1)

q=0

(1.11) Note. This note presupposes knowledge of multi Schur polynomials, see SCHUR.2.
Assume that the ground ring is R[B], where B = {by, ..., b,} is a second alphabet. Then
the polynomials X (A, B) and Y (A, B) can be expressed as multi Schur functions. In fact,
with the words A, :==aj +---+apand B, :=by+---+b, forp=1,...,n, we have the
formulas,

Sb32n=3(A | —By.....A; — B,_1) = X(A, B), (1.11.1)
sr=ln=lA B, | ... Ay— By, A}) = Y(A, B). (1.11.2)

Indeed, from the Factorization formula (SCHUR.2.8), applied withr := n— 1 to the sequence
a,_1, ...,a,a of letters, we obtain for the left side of (1.11.1) the factorization,

S1(@n-1—B1) S2(@n-2—B2) -+~ Sy—1(@—Bu-1) = [] (ap —by),

p+q=n
and, by the same formula, applied with » := n to the sequence a,, ..., aj of letters and
the sequence B,_1, ..., By, Bp := 0 of words, we obtain for the left side of (1.11.2) the

factorization,

Su1(@n—Bn-1) -+ Si(aa—B1)So(ar) = [ [ (ap — by).
pP>q
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2. Simple Schubert polynomials.

(2.1) Definition. We denote by X, and Y, the polynomials X g and Yf corresponding to the
sequence B = (0, ..., 0). We call the polynomials X, the Schubert polynomials.

By Definition (SCHUB.1.3) we have that X, = 01X = sign(uw)w(Y,,), where X
and Y are the monomials,

X = 1_[ a; :a?_l ag and Y = Hal' = a?---ag_l. (211)
i+j<n i>]

(2.2) Example. Forn = 3, it follows from the computation in (SCHUB.1.5) that X33; = a%az,
X312 = af, X231 = a1az, X132 = a1 +az, X213 = a1, and X123 = 1.

(2.3) Remark. Note that Theorem (SCHUB.1.7) applies to the special sequence B =
(0,...,0). In particular, the Schubert polynomials X, for u in G(A) form a basis for
the algebra of rational functions R(A) as a module over the ring of symmetric functions
Symp(A), they form a basis for the algebra of polynomials R[A] as a module over the ring of
symmetric polynomials Symy[A], and they form an R-basis for the R-submodule generated
by the monomials al forl < (n—1,...,1,0). Asit follows from the proofs of the following
results, the basis of Schubert polynomials has extremely good properties with respect to the
general difference operators d,, and with respect to the inner product in R(A).

(2.4) Proposition. The algebra Eg(A) of operators on R(A) is the full ring of endomorphisms
of R(A) as amodule over the ring of symmetric functions Sympy (A). Similarly, the subalgebra
ER[A] is the tull ring of endomorphisms of R[A] as a module over the ring of symmetric
polynomials Symg[A]. Moreover, the general difference operators d,, for p in &(A) form
a basis of Eg(A) as a module over R(A), and a basis for Eg[A] as a module over R[A].
Furthermore, if f is a rational function in R(A) such that the inner product (g, f) is a
polynomial for every polynomial g in R[A], then f is a polynomial in R[A]. Finally, the
subring Eg[A] of Eg(A) is invariant under the canonical involution of (DIFE.2.1).

Proof. Let M denote the algebra of rational functions R(A) as a module over the ring § :=
Symg(A). The Schubert polynomials X, form an S-basis for M. Hence, if {)V( u} denotes
the dual basis for the module of S-linear forms on M, every S-linear endomorphism of M is
of the form f +— ) u X w(f)h,, for rational functions £, in M. Therefore, to prove the first
assertion of the Proposition, it suffices to prove for every permutation © and every rational
function 4 that the map f +— hX 1 (f) belongs to the ring Eg(A). Now, by the equation
(SCHUB.1.7.2), for the dual basis X x we have the equation,

Xu(f) = Yy, f).

Moreover, by Definition (DIFF.4.1) of the inner product, (Y,, f) = (SA(YM f). Hence the

map f +— hX n(f) 1s the operator hé4.Y, . belonging to Eg(A). Thus the first assertion of
the Proposition has been proved. The proof of the second assertion is entirely similar.
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Consider the general difference operators d,,. It was proved in Lemma (DIFF.3.10) that the
0, form an R(A)-basis for £ (A). Hence, every operator @ € Eg(A) has a unique expansion,

o= Z a0y,

HEG(A)

with uniquely determined coefficients «,, in R(A). If @ € Eg[A], then the coefficients o,
are polynomials. Indeed, to prove that o, € R[A] we may, by induction on £(v), assume
that o, € R[A] for all permutations u with £(u) < £(v). By subtracting from « the
sum of the o0, for £(1) < £(v), we may assume that o, = O for £(u) < £(v). By
(SCHUB.1.6), if £(u) > £(v) and p # v, then 9, (X,) = 0; moreover, 9, (X,) = 1. Hence
a(Xy) = a,0,(X,) = «a,. Consequently, the coefficient «,, is a polynomial. Thus the third
assertion of the proposition holds.

Let f be a rational function in R(A) such that the inner product (g, f) is a polynomial
for every polynomial g in R[A]. Expand f in terms of the Schubert polynomials, f =
> u JuXy, where the coefficients f;, are symmetric rational functions. Now, by Theorem
(SCHUB.1.7), the coefficient f, is equal to the inner product (¥, f), and hence the coefficient
is a polynomial. Therefore, the function f is a polynomial.

Finally, the last assertion of the Proposition follows from the expansion of an operator « in
terms of the 9,,. Indeed, if @ = ) @Oy where the o, are rational functions in R(A), then
oF = Zu(au)*au. By Lemma (DIFF.3.6), we have that (3,)* = 9,,-1. As proved above,
if o belongs to Eg[A] then the functions «,, are polynomials, and hence it follows from the
expression for o™ that «* belongs to Eg[A].

Hence all assertions of the Proposition have been proved. 0

(2.5) The Cauchy Formula. Assume that B and C are two sequences with n elements in the
ground ring R. Then, for every permutation u in S(A) we have the equation of values,
Xﬁ(C) = (sign ,u)XE_1 (B). (2.5.1)

Moreover, the expansion of X 5 in terms of the basis X VC is given by the formula,

X) = > X2, (O)Xy. (2.5.2)
veEG(A)
(™ +HEW)=L ()

Proof.
Consider Equation (2.5.1). By Lemma (1.2)(3), the left side is equal to (Y € x 5 ). On the

right side, we have X/f_l = 8,w(XC). Hence, by (1.7.3), the right side of (2.5.1) is equal to
(sign u)(Y /fw, X€). Consequently, Equation (2.5.1) is equivalent to the following equation:

(YC,X2) = (signu) Yy, X). (2.5.3)
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On the right side, X¢ = o(Y©), and (sign)Y2, = (sign w)o(X2) by (1.3.3). In general,
(w(f), w(g)) = (signw)(f, g) by Lemma (DIFF4.2), and (f, g) = (g, f). Therefore the
right side of Equation (2.5.3) is equal to the left side. Hence Equation (2.5.1) holds.

To prove (2.5.2), we apply Newton’s interpolation formula (1.7.4) to the function f := X 5
and obtain the equation,

xg= 3" axhHo)xf.
veS(A)

It follows from (1.6.1) that the polynomial 9,, (X 5 ) is equal to zero unless the condition for
the summation index in (2.5.2) is satisfied; moreover, if the latter condition is satisfied, then
the polynomial is equal to X 5\;—1' Therefore Equation (2.5.2) holds. 0

(2.6) Corollary. Let B be a set of n elements in R. Then the following formula holds:

xB= 3" (sign) X, (B)X o (2.6.1)
HES(A)

Proof. Apply the Cauchy formula (2.5.2) with u := w and C := (0, ...,0). In the sum
on the right hand side, the condition 2(wv™!) + £(v) = ¢(w) on the summation index v is
satisfied for all permutations v, by (SYM.1.3). Hence we obtain the equation,

x5= 3" x2 _(0x,. (2.6.2)

CL)U71
veS(A)

In the terms of the sum on the right hand side, let v = pw and form the summation over pu.
By Equation (2.5.1), we have that Xﬁ,l (0) = (sign )X, (B). Therefore, Equation (2.6.1)
follows from Equation (2.6.2). 0

(2.7) Example. Let n = 3. The right side of (2.6.1) is the sum,

Xw(A)Xl(B) - X8281 (A)Xé‘] (B) - X8182X82 (B)
+ Xey (A) Xe 16, (B) + X (A) Xeye, (B) — X1(A) X w(B)
= a%az —ajax(by + by) — a%b1 + alb% + (a1 +ax)b1by — b%bz.

The formula is the reduction of this sum to

X(A, B) = (a1 — bi)(a1 — b2)(az — by).
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Partially symmetric functions

1. Partially symmetric functions.

(1.1) Setup. Assume in this chapter that the alphabet A is partitioned, that is, assume that
A is the union of a set A = (A{]...|A,) of r disjoint alphabets A; such that, for alli < j,
ifa € Ajand b € Aj, thena < b. The A; are often called the infervals. The partitioning

may be given by listing, fori =1, ..., r, the size n; of the i’th interval A;, or by listing, for
i=1,...,r — 1, the index p; of the last letter in A;:
Ay As Ay
A={ay,....ap,0p 41, ..., Apys . Ap,_ 141, ..., Ay},

With pg := 0 and p, := n, we have |A;| =n; = p; — pi—1.

The Young subgroup G(A) = G(Ay]...|A,) corresponding to A is the subgroup of
permutations in G(A) that leave every A; invariant. The group G(A;) will be identified with
the subgroup of G(A) consisting of the permutations that are equal to the identity on letters
outside A;. Clearly, any permutation p in G(A) is a product © = 1 - - - u, with uniquely
determined factors u; € G(A;). Moreover, as different factors ©; commute, it follows that
the Young subgroup is the product,

S(A) =6(A1) x--- x B(A)).

Obviously, the Young subgroup G(A) is generated by the simple transpositions ¢, for p
different from the p;. In fact, if © = @y ..., with u; € G(A;) then the length of p is the
sum of the lengths of the u;, and a (minimal) presentation of p is obtained by concatenating
(minimal) presentations of the ;.

Denote by T(A) the subset of G(A) consisting of the permutations that are increasing on
every interval A;. The subset T(A) is a system of representatives for the set S(A)/S(A) of
left cosets modulo the Young subgroup since, obviously, for every permutation p there are
unique permutations p; in G(A;) such that uuq - - - 4, is increasing on each interval A;. By
a simple count of inversions, if o € T(A) and v € G(A), then

Lov) =£L(o) + £(v). (1.1.1)
Note that the simple transpositions &, belong to T(A).
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Clearly, the Young subgroup G(A) hasordern! - - - n,!, where n; is the number of letters in
the interval A;. It follows that the subset ‘€(A) is of order equal to the multinomial coefficient,

n n!
ni,...,nN, ny!---nl

Denote by @ = wj4 the order reversing permutation of A and by w; = wy, the order
reversing permutation of A;. It is obvious that a permutation o in G(A) belongs to T(A)
if and only if wow; - - - w, belongs to T(A). Clearly, the permutation wa defined by the
equation,

W = WAW] - Wy,

or equivalently, wp := wwy - - - w,, belongs to T(A). The map w defines an order reversing
bijection A; — wA; and wa defines an order preserving bijection A; — wA;.
In connection with difference operators we shall often use the equations,

9%V = 899", 9Y° =3"9°  foro € T(A), v € S(A), (1.1.2)

and similar equations for d,, w#, and . The first equation follows from (1.1.1) and
(DIFE.3.7), the second similarly noting that (1.1.1) remains valid for the inverses. Forinstance,
we have

0¥ = 99¥1r  and ¥V = 9“1 ...0"r. (1.1.3)

Note that there is a second partitioning wA := (wA,|...|wA1) of A, and that S(wA) =
oS (A)w~'. Moreover, a permutation o in G(A) belongs to T(wA) if and only if wow
belongs to T(A).

(1.2) Definition. A rational function of R(A) invariant under the Young subgroup G(A)
will be called partially symmetric. We denote by Symg(A) and Symg[A] the subalgebras of
R(A) of functions and polynomials respectively that are partially symmetric.

Clearly, a function f is partially symmetric if and only if ¢,(f) = f for all p different
from the p;.

(1.3) Lemma. A function f of R(A) is partially symmetric if and only if 9,(f) = 0 for
all p different from the p;. In addition, if f is partially symmetric, then 9,,(f) = O for all
permutations j¢ outside the subset T(A).

Proof. Since (a, — ap4+1)9,(f) = f — &,(f), we have that 9,(f) = 0 if and only if
ep(f) = f. The first assertion is a consequence, because the Young group G(A) is generated
by the transpositions ¢, for p different from the p;.

To prove the second assertion, assume that f is partially symmetric. Then clearly 9, (f) =
0 for every v # 1 in G(A). Consider for any permutation u outside T(A) the factorization
w = ov witho € T(A), v € &(A). Then v # 1. Whence, using (1.1.2), 9, (f) =
0o av(f )=0. I
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(1.4) Lemma. Let o be a permutation in G(A). Then, for any of the three polynomials
Xo, Yoo, and Y5, ...r, defined in (SCHUB.2.1), we have that the polynomial is partially
symmetric if and only if o belongs to T(A).

Proof. We use Equation (SCHUB.1.6.1) of Lemma (SCHUB.1.6). Consider first the Schubert
polynomial X,. By (SCHUB.1.6.1) we have that 9, (X,) = 1. Hence it follows from Lemma
(1.3) that if X is partially symmetric, then o belongs to T(A). Assume conversely that o
belongs to ¥(A). To prove that X, is partially symmetric, we have to show that 9, X, = 0
for p different from the p;. The polynomial 8,X, = 9.,X, is determined by Lemma
(SCHUB.1.6). If p is different from the p;, then, by (1.1.1), £(oep) = £(0) + £(gp). In
particular, 6(08;1) # (o) — L(ep). Therefore, it follows (SCHUR.1.6.1) that 9, (X;) = 0.
Hence X, is partially symmetric.

By (SCHUB.1.3.3), we have that Y,, = sign(wo)w(Xysw). Hence Y,, 1s partially
symmetric if and only if @ (X4 ) is partially symmetric. Moreover, w (X 04) 1s partially
symmetric if and only if X4 is invariant under the conjugate Young group oS (A)w ™! =
S (wA). So, by the assertion for the Schubert polynomials X, we have that Y, is partially
symmetric, if and only if wow € T(wA), that is, if and only if 0 € T(A).

Finally, the assertion about the polynomials Y5, ..., follows from the assertion about the
polynomials Y., since o belongs to T(A) if and only if wowy - - - @, belongs to T(A). 0

(1.5) Proposition. The Schubert polynomials X, for o € ¥(A) form a basis for the algebra
Symp(A) of partially symmetric functions as a module of the ring Symg(A) of symmetric
functions, and a basis for the algebra Sympg[A] of partially symmetric polynomials as a
module over the ring Symg[A] of symmetric polynomials.

Proof. By Theorem (SCHUB.1.7), the Schubert polynomials X, for u in G(A) form a
Symp(A)-basis for R(A). Moreover, in the expansion of a function f in the basis the
coefficient to X, is equal to the inner product,

(Y,0,(1)) . (1.5.1D)

The polynomials X, for o in ‘T(A) are partially symmetric by Lemma (1.4). Therefore, to
prove the assertion of the Proposition, it suffices to prove that if f is partially symmetric
and u does not belong to T(A), then the inner product (1.5.1) vanishes. The latter assertion
follows immediately from the second assertion of Lemma (1.3). 0
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2. Partial symmetrization.

(2.1) Definition. Keep the setup of (1.1). Consider the following special polynomial:

AA) =] [] e¢-w.

i>jbeA;, acA;

Clearly, the polynomial A(A) is partially symmetric. Moreover, we have the following
factorization of the Vandermonde determinant:

A(A) = AAA(A)) -+ A(A)). (2.1.1)
Define the partial symmetrization operator §* as the following sum,
1
h= Y o (2.1.2)
oceT(A) A(A)

By definition, we have that 8Aisan operator, and as such it is defined on functions f of R(A),
and linear with respect to symmetric functions. Most often, we will consider values of oA
on partially symmetric functions f. Assume that f is partially symmetric. Then, clearly, to
obtain the value 84 ( f), the summation over T (A) in (2.1.2) can be replaced by the summation
over any set of representatives for the set of left cosets G(A)/GS(A). In particular, if © is a
given permutation in G(A), we may replace o in the terms of (2.1.2) by no. It follows that
the value 82 (f) is a symmetric function. Hence the partial symmetrization operator may be
viewed as a Symg (A)-linear map,

58 Symp(A) — Sympg(A).
(2.2) Proposition. The total symmetrization operator 84 = 8¢ satisfies the equations,

99 = §UAYPL ... gor A = gAsAL . gAr (2.2.1)

Proof. The equation 84 = 3“ is the fundamental equation in (DIFF.3.3.3), and the first
equation in (2.2.1) follows from (1.1.3).

The second equation follows from a direct computation. Recall that 84 is the total sym-
metrization operator, defined in (DIFF.2.3) as the sum ) M u-(1/A(A)) where the sum is over
all permutations p in G(A), and 84i is defined similarly using A(A;) and permutations in
S(A)).

In the summation defining 84, each permutation s is uniquely a product 1 = o' gy - - - fur
where o belongs to T(A) and p; belongs to &(A;). From the factorization (2.1.1) we obtain
the equation of operators,

1 1 1 1 1 1 1
A(A) TUAM) AAD) A T AR AN T A
because A(A) and A(A;) for j # i are symmetric with respect to the letters of A;. Therefore,

by forming the sum over i we obtain, using the definitions of 4 and 84/ the second equation
in (2.2.1). I
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(2.3) Corollary. Assume that g; € R(A;) fori =1, ..., r depends only on the letters in A;,
and let f be a partially symmetric function. Then we have the equations,

I (fgr---g) = f0°(g1) -0 (&), (2.3.D
S (fa1 - gr) =84 (F 8M(g1) -8 (g))). (2.3.2)

In particular, let n; be the cardinality of A;, and let aki (with an abuse of notation) be the
monomial in R[ A] defined as the product of the letters of A; raised to the powersO0, 1, ..., n;—

1. Then, on the subalgebra of partially symmetric functions, the operator 3°“r.af1 . .. gr
is the identity and the following three operators are equal:
sAafr...afr, sA gen, (2.3.3)

Finally, on the subalgebra, the values taken by the three operators are symmetric functions,
and the values taken on partially symmetric polynomials are symmetric polynomials.

Proof. To verify (2.3.1), use that 9“1 = 9®!...9“r and that 0“ = 84i is linear with
respect to functions that are symmetric in the letters of A;. So, when 0 is applied to the
product fgi---g, all the factors except g, are scalars. Hence the result is the product
fg1---gr—10“(gr). Again, in the latter product, all the factors except g,_; are scalars with
respect to 0“7, and so only g,_1 is changed when 0“7 is applied. Thus (2.3.1) is obtained
by applying successively 0“7, ..., 3“! to the product fg;--- g,.

Next, apply 84 to (2.3.1). It follows from the second equation in (2.2.1) that the result is
(2.3.2).

In particular, to obtain the value of the operator 9“!"“r-a
(2.3.1). As 3% (afi) =1 by (DIFFE.3.3), the result is the equation,

Ey ., E

-af on f set g; = af in

9 (afrealr f) = f.

From the latter equation and (2.2.1) it follows that the three operators in (2.3.3) have the same
value on f.

Finally, the assertion about the values holds for the first operator in (2.3.3), since it holds
for 4. Hence the assertion holds for all three operators. 0

(2.4) Definition. Define for partially symmetric functions f and g their partial inner product

as the sum: 7
AL 8 \_sA
(f g)t = UE;(A)o( sg) =809, 24.1)

Although the right hand side is defined for all rational functions f and g in R(A), we will
always assume that f and g are partially symmetric. It follows from Corollary (2.3) that

(f, g/ = 3”2 (fg). (2.4.2)
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(2.5) Lemma. The values of the partial inner product (2.4) are symmetric functions. More-
over, the inner product is symmetric, and Sympg (A)-bilinear. Finally, if f and g are partially
symmetric polynomials, then their inner product ( f, g isa polynomial.

Proof. The assertions follow immediately from the last sentence of Corollary (2.3). 0

(2.6) Proposition. Let f be a partially symmetric function. Then, in the expansion of f in
the basis of Schubert polynomials X, for o € T(A) (see Proposition (1.5)), the coefficient
to X, is given by the formula,

(Yo, f) = sign(@i - @) Yowpo, [ (2.6.1)
In particular, if o and t are permutations in ‘€(A), then

1 ifo =r1,

sign(wy « - @) (Yo -y » X‘L'>A = { 0 otherwise (2.6.2)

Proof. By Theorem (SCHUB.1.7), the coefficient is indeed the left side of Equation (2.6.1).
To prove the equation, recall that ¥, = 9,,-1Y. For p = ow; - - - w;, it follows from (1.1.2)
that 81171 = Ogy.e, 0y—1. Thus

e er (Yy) = sign(w1 tee wr)awl---wr 30—1 Y) = Sign(wl o 'w'”)Yle"'wr' (2.6.3)

Multiply by f in (2.6.3) and apply 8*. The operator 3”!""®r commutes with multiplication
by f since f is partially symmetric. So the result is the equation,

§AYPT O (Y, f) = sign(@ - - - 0,)8 Voyoaoy £ (2.6.4)

On the left side we have §49¢1“r = §4 by Proposition (2.2). Hence, by definition of the
inner products, Equation (2.6.4) is the required equation.
Clearly, the second assertion of the Proposition is a particular case of the first. 0

(2.7) Note. The total symmetrization operator 84 vanishes on the partially symmetric func-
tions except for the trivial partitioning A where each interval A; consists of a single letter.
Indeed, assume that f is partially symmetric. Take g; = 1 in (2.3.2) to obtain the equation,

SA(F) =82 (F 8 ) -84 (D).

The operator 84i lovers the degree by ¢(w;). Hence 84i(1) = 0 unless A; consists of a
single letter. Thus 84 (f) = 0 unless the partitioning is trivial.

Assume that the partitioning A is non-trivial. It follows in particular that the total inner
product of (DIFF.4.1) vanishes identically on the module of partially symmetric functions.
Note also that the polynomial Y, in (2.6.2) is not partially symmetric. Indeed, by Lemma
(1.4), the polynomial Y, is partially symmetric if and only if w 1s increasing on each interval,
and if o € T(A), then wo is decreasing on each A;.
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(2.8) Note. Lagrange interpolation in one variable. Let x be an additional letter. Consider
the alphabet {ai, ..., a,, x} and the partitioning (A|x). Then A(Alx) = [[,(x —a)isa
polynomial of degree n, and the partial symmetrization operator lowers the degree by n.

Let f be a polynomial depending only on x, and of degree strictly less than . Since §4*
lowers the degree by n, it follows that partial symmetrization of f yields zero, that is, we
obtain the following equation:

2 G(A(ﬁlx)) =0

oceT(Alx)

Consider the terms in the sum. The permutations o in ¥(A|x) are determined by the value
o(x). Ifo(x) = x,then o = 1 and the corresponding term in the sum is the rational function
f/A(Alx). If o(x) = b is a letter of A then, in the corresponding term, the numerator is
f(b) and the denominator is given by

JNCEDESCEEY | [CREOP
a#b

Therefore, by separating in the equation the terms corresponding to 0 = 1 and o # 1 and
multiplying by A(A|x) we obtain the equation in R(A)[x],

f=Y rof] g:z; , (2.8.1)

beA a#b

which is the usual form of Lagrange interpolation.

Note that (2.8.1) holds if the n letters a; of A are replaced by any sequence of n elements
a; of R such that the differences o, — o, for p # g are invertible in R. In particular, replacing
R by R(A) we may apply the formula to the difference f := ]_[a (x —ta) — ]_[a (x —a) for
t € R. Then f(b) = (1 —1)b ]_[a#b (b — ta) and we obtain the formula in R(A)(x),

X —ta b b—ta
=1 1—1 . 2.8.2
Ux—a +( )Xb:x—b};[bb—a ( )




3. The Gysin formula.

(3.1) Setup. In the setup of (1.1), with the partitioned alphabet A = (A{]...|A,), the ring of
partially symmetric polynomials Symy[A] = Symp[A1]...|A,] fits into a chain of subrings
of R[A]:

R=RoC R C--- C R, = Symg[A],

where R; is the ring Symp[A1]...|A;] of partially symmetric polynomials in the letters of

A1 U---U A;. Inductively, R; = SymRF1 [A;] fori = 1,...,r is the ring of symmetric
polynomials in the polynomial ring R; _1[A;].
Assume there is given, foreachi = 1,...,r, an R-basis (f; j)jes; for Symp[A;] (as an

R-module). Then (f; j);ecy; 18 also an R; _-basis for R; (see Remark (SYM.8.14)). Conse-
quently, the set of all products fi j, - - - fr,j, is an R-basis for the module Symg[A] of partially
symmetric polynomials. For instance, the set of all products of monomial symmetric poly-

nomials,
m& (A ---mFr (A,

where K; is a weakly decreasing multi index of size n; equal to the number of letters in A;,
is a basis. Similarly, the set of all products of Schur polynomials,

sT(AY) 57 (A,

where J; is a strictly increasing multi index of size n;, is a basis.

(3.2) Example. Consider a partitioning A = (A1|A>) into two subalphabets. Then we have

the equation, i
[[ @+b)= )" s'ADs’ (A2,
ac€Ai,beAy JC[n]

where the sum is over subsets J of size ny, and J C [n] is the complement of J. More
generally, for d > 0, we have the equation,

[12 [ @+bor=) sT(ADs? (A9), (3.2.1)

beAy acAy,beA; JC[n]

where the sum is over subsets J of size nq, J is the extension (see (SYM.6.13)) of J to a
subset of size n; +d of [n +d], and J ~C [n + d] is the complement of J.
Indeed, the first equation is the equation (SYM.8.3.3) with A := A and B := A,. To

prove (3.2.1), extend A to an alphabet Al = {ar, ..., an,, a1, ..., aq} with ny + d letters.

Apply the first equation to the partitioning (A1]A2) and substitute @; := O fori = 1,...,d.
It follows that the left side of (3.2.1) is equal to the sum,

3 sT(AL O, ... 0)s(Ay).

I1<[n+d]

PARTL 101



102 PARTL: Partially symmetric functions

over subsets / of size n +d. Clearly, using the determinantal description of s’ from Section
(SYM.7), we have s’ (A1, 0, ...,0) = s’ (A;) since the corresponding equation holds for the
complete symmetric functions s;. Moreover, by the last sentence in Corollary (SYM.7.8)(1),
if I is an extension of a size-n; multi index J, that is, I = J, then sT(A)) = s7(A)), and if
[ is not an extension, then s’ (A;) = 0. Hence Equation (3.2.1) holds.

(3.3) Bott’s Formula. Fori = 1,...,r, let J; be a strictly increasing multi index of size
equal to the number of letters of A;. Then the following equation holds:

5A<sf1 (Ap)---s” (Ar)) = s/ (A), (3.3.1)

where J; ... J, denotes the concatenated multi index.

Proof. With an abuse of notation, denote by a” the monomial of R[A] where the ¢’th letter
of A; appears with the exponent given by the g th entry in J; and all other letters appear with
exponent zero.

In this notation, we have the equations,

sTUAY) s (A = 841 @y -8 (@) = 841 ... 84 (a1 ). (3.3.2)

Indeed, by the definition in (SYM.6.9.2) or by Jacobi—Trudi’s Formula (SYM.7.8.5) or
(SCHUR.1.11), we have the equation s7(A) = 84(a’) for the Schur polynomial. Hence
the first equation in (3.3.2) holds. The polynomials a’i and §4i (a”) depend only on the
letters of A;. Hence they are scalars with respect to the operator 84/ for j # i. Moreover,
alt-Ir = q’i ... g% Hence the second equation in (3.3.2) holds.

By Proposition (2.2), the equation (3.3.1) follows by applying the operator §* to the
equation (3.3.2). 0

(3.4) Setup. Assume that the number r of subalphabets is equal to 2. For convenience, set
B := Aj and C := A,. Let m and k be the number of letters in B and C, sothatn = m + k
is the number of letters of A. By definition of the partial inner product, the formula (3.3.1) is
equivalent to the following Gysin formula:

(s'(B), s”(O)* =517 (A), (3.4.1)

where I and J are strictly increasing multi indices of sizes m and k.

(3.5) Corollary. Consider the set of Schubert polynomials X, and the set of polynomials
Yow0, for o € T(B|C). In addition, consider the set of Schur polynomials s (B) for all
strictly increasing multi indices I of size m with entries in the interval [n] = [m + k], and the
set of Schur polynomials s’ (C) for all strictly increasing multi indices J of size k with entries
in the same interval. Then any of the four sets is a basis for the algebraSym g [ B|C] of partially
symmetric polynomials as a module over its subring Symg[A] of symmetric polynomials.
Moreover, for Schur polynomials of the two bases we have that

(s'(B), s” (C)* = sign(1J), (3.5.1)
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where the right hand side is equal to the signature of I J when the concatenated multi index
1J is a permutation of [m + k] and equal to zero otherwise.

Finally, for any partially symmetric polynomial f, the expansion of f in the basis s’ (B)
is given by the formula,

f=" signHs*(fs'(©0)s' (B),
1

where I denotes the complementary sequence of I with respect to the interval [m + kJ.
Similarly, the expansion of f in the basis s’ (C) is given by the formula,

£=Y sign(@ N3 (fs7 (B))s”(C).
J

Proof. The equation (3.5.1) follows from (3.4.1) because the Schur polynomial sK(A) is
alternating in K and equal to 1 when K is the sequence (0, 1,...,n — 1).

Clearly, the four sets have the same number d of elements, namely d = (;‘l ) That the X
form a basis was proved in (1.5). The remaining assertions of the Corollary follow, by the
standard argument used in the proof of Theorem (SCHUB.1.7), from the equations (2.6.2) and
(3.5.1). Indeed, since the X, form a basis with d elements for the module M := Symy[B|C]
as the module over S, it follows from (3.5.1) that the d polynomials s!(B) form an S-basis
for M and the dual basis is given by the d linear forms,

f s sign(ID(f, sTO)A.

By the same argument, the s7(C) form a basis, and by (2.6.2) the Y50, form a basis.
Since (f, g)A = 8A(fg), the first expansion of f given in the Corollary follows from

the description of the basis dual to the s’ (B). The proof of the second expansion is entirely

similar. 0
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4. Hall-Littlewood polynomials.

(4.1) Setup. Fix an element ¢t € R. Consider the following polynomial of R[A]:
Ar(A) =[] ~1a).
a<b
where the product is over letters a and b of A. Clearly, A;(A) has the same degree, n(n—1)/2,
as the Vandermonde determinant A(A). For ¢t = 1, we have that A{(A) = A(A). Fort =0,
we have that Ag(A) = a®, where E = (0,1,...,n—1).
If a partitioning A = (Aq]...|A,) is given, we write a < b if a < b and a and b belong
to different intervals. In this notation, let
AA) =]k -1a).
akb
Clearly, A;(A) is a homogeneous partially symmetric polynomial. Moreover, we have the
factorization,
Ar(A) = A (A)A(AD) -+ - Ar(Ap). (4.1.1)
For t = 1, the factorization is the factorization (2.1.1) of the Vandermonde determinant. For
t = 0, we have in the notion of (2.3) that Ay(A) is the monomial determined by the equation,

at = Ag(A)aft . aFr. (4.1.2)
(4.2) Example. Consider the partitioning (B | x) where B = {by, ..., by} is the interval

consisting of the first m = n — 1 letters of A and x = q,, is the last letter of A. By definition,
we have that A;(B | x) = ]_[’q”=1 (x — tby). Moreover, we have the equation,

5Bl (A,(B |x)) - i’j - t:__ll . 4.2.1)

j=0

Indeed, by expanding the product ]_[Z; 1(x —tby), we obtain the equation,

m
A:(B|x) = Z(—1)m—f;m—fem_,-(3)xf.
j=0
By (SYM.6.8.1), we have that e,,_; (B) = s%=+J=~"(B). As x/ = 5/ (x), it follows from
Bott’s Formula (3.3) that
8B|x (em—j (B)X]) — SO,...,},...,m,j (B, X) — (_1)1’)1—] )

Therefore, partial symmetrization of A;(B|x) yields the sum in (4.2.1).

Note that A(B |x) = Aj(B|x) is the polynomial appearing as the denominator in the
definition of 881, As in (2.8), a permutation o in ¥ (B | x) is determined by the value o (x).
In terms of the original names of the letters, with A := (B | x), we have T(B | x) = T(A),

and o is determined by the index p = 1, ..., n such thato (a,) = a,. If 0 (a,) = a, we have
o(Ar(A) =T] asp (ap — tag). Hence the formula (4.2.1) is equivalent to the following:

p=lq¢pa”_a‘1_t—1. ;
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(4.3) Lemma. The total symmetrization of the polynomial A;(A) is the constant given by

the equations,
nooi
A it e(u)
5 (A,(A)) _1_[ — = Yo, 4.3.1)
i=1 HEG(A)

Proof. The first equation in (4.3.1) is proved by induction on the number of n of letters of
A. The two sides of the equation reduce to 1 when n = 1. If n > 1, then, in the notation of
Example (4.2), we may assume that the equation holds for the alphabet B. Now apply (2.3)
with r = 2 to the partitioning (B | x). Note that §* is the identity. Hence, by Equation (2.3.2)
applied to the factorization A;(A) = A,(B|x) A;(B), we obtain the first of the following two
equations:

54 (Ai(a)) = 87 (A8 1) 85 (A (B))) = 6" (1B 1)) 67 (A1(B)).

The second equation holds because 8B (A;(B)) is an element of R. In fact, by the induction
hypothesis, this element is the product of the first » — 1 factors in the product in (4.3.1). By
4.2.1), 88 (A, (B |x)) is the last of the n factors. Thus the first equation in (4.3.1) holds.
To obtain the alternative expression for §4(A,(A)) in (4.3.1), recall that 84 (A; (A)) is the
quotient obtained by dividing the following sum by the Vandermonde determinant A(A):

D (sign ) (A (A)). (4.3.2)

neS(A)

The sum (4.3.2) has the same degree, n(n — 1)/2, as the Vandermonde determinant A(A).
Therefore, to obtain the quotient, it suffices to compare, with respect to the total order “<”
on monomials, the smallest terms of the two polynomials. For A(A), the smallest term is
obtained as the product of the smallest terms of each factor b — a for a < b. So the smallest
term in A(A) is the monomial a® obtained as the product of the letters b for all pairs (a, b)
with a < b. Consider similarly the smallest term in ;£ (A;(A)). The factors of u(A;(A)) are
of the form,

b—ta or —th+ a, for all pairs of letters a < l;,

where the factors of the first form correspond to factors b — ta of A;(A) such that (a, b)
is not an inversion for w, and the factors of the second form correspond to factors b — ta
such that (a, b) is an inversion for w. It follows that the smallest term in w(A;(A)) is equal
to (—1)*™WqaE . Hence the smallest term in the sum (4.3.2) is equal to the sum on the right
hand side of (4.3.1) multiplied by a®. Therefore, the alternative expression for 84 (A, (A))
holds. 0

(4.4) Example. Consider, for a partially symmetric polynomial f, the partial symmetrization,

o)=Y o(rT] l;__t;’). (4.4.1)

ceT(A) akb
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The partial symmetrization is a polynomial, symmetric in the letters of A, with coefficients
depending on ¢. The fraction in (4.4.1) is the fraction A;(A)/A(A) of two homogeneous poly-
nomials of the same degree. Hence, if f is homogeneous, then §4 ( fA; (A)) 1s homogeneous
of the same degree.

Denote by ¢ the following polynomial in #:

-1
o(t) == ]_[]_[ = Y "™ wheren; = |4A;l. (4.4.2)

i=1lj= HES(A)

The second equation in (4.4.2) follows from the second equation in (4.3.1) since any permu-
tation u© € G(A) is a product 4 = 1 - - - u with uniquely determined factors u; € S(A;)

and €(p) = £(pu1) + - -+ €(pr).
Then we have the equations,

aA(fA,(A)) -y

UEG(A) a<b

) — () aA( fA,(A)). (4.4.3)

Indeed, the first equation follows from the definition of the symmetrization operator 84.
For the alternative expression, apply (2.3.2) to the factorization of (4.1.1): fA;(A) =
SA(A)gr---gr with g; := A;(A;). The result is the equation,

() =M rana) 84 (g - 8Y (g0).

On the right, §4i (gi) 1s determined in Lemma (4.3). The result is a scalar, equal to the i’th
factor in ¢(¢). Hence (4.4.3) follows from the linearity of 5A.

(4.5) Definition. Let J be a strictly increasing multi index of size n. Associate with J the
partitioning A = A defined by the sequence p; < --- < p,_1 of indices p < n such that
Jp+1 < jpy1,cf. (1.1). Set E := (0,1, ...,n — 1). Then the sequence J — E is weakly
increasing. In fact, by the choice of the p;, the sequence of exponents in the monomial a’ ~£
is constant exactly at the letters of the intervals A;. Hence G(A) € G(A) is the subgroup of
permutations fixing ¢’ ¥, and the different permutations o (a’ ~F) of a’ ~F correspond to
the elements o € T(A).

Define the Hall-Littlewood symmetric polynomial P’ (A; t) as the partial symmetrization,
forA = Ay,

Pl(A; 1) :=8Ma!EAA)) = J-g B A) 4.5.1)
(a ’ ) UE;A)G( A(A))

Since a’ ~F and A;(A) are partially symmetric polynomials, it follows that P7(A; 1), as the
partial symmetrization of their product, is indeed a symmetric polynomial.
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By the equality of the operators in (2.3.3), the polynomial P’ (A; t) is equal to the total

symmetrization,
J Eqp E

P/ (A: 1) = aA(% At(A)>. (4.5.2)
a
By the factorization (4.1.2) we have that
Eq E,
a®'-..a At (A) b—ta
—AA) = —==]] :
a Ao(A) ah b
Hence it follows from (4.5.2) that

P’ (A: 1) :8A<aJ ]_[<1 —z‘—’)). (4.5.3)

akb b

On the other side, by (4.4.3) we have the equations,

Joa. oy — sA(, J—E _ JETTb—ta
01 (t) P (A1) = 5% (a A,(A))_M;A)M(a Eb_a>, (4.5.4)

where ¢ (t) is the polynomial ¢(¢) determined by (4.4.2) for A = A ;.
For + = 0 we have the equation, afr...afr Ag(A) = af. Hence it follows from (4.5.2)
that P’ (A; 0) = §4(a’), thatis, P’ (A; 0) is the Schur polynomial,
P7(A;0) =57 (A). (4.5.5)
Fort = 1, we have that A{(A) = A(A). Hence it follows from (4.5.1) that

Pl(A: 1) = Z o(a’ 7).

oc€T(A)

The monomials o (a’ ~F) foro € T(A) are exactly the different permutation of the monomial
a’~E. Hence P’ (A; 1) is the monomial symmetric polynomial,

Pl(A; 1) =m’E(A). (4.5.6)

(4.6) Proposition. In the basis of proper Schur polynomials, the expansion of the Hall-
Littlewood polynomial P/ (A;t) is of the form,

PlAiD =) s’ (A), (4.6.1)
>J
where the sum is over strictly increasing multi indices I of size n such that ||I| = || J| and

i1+---+ig>j1+---+jsfors =1,...,n. Moreover, the coefficient oy j (t) is equal to 1.
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Proof. By (4.5.3), the polynomial P’ (A; 1) is the total symmetrization,

P (A1) = 8A(TT) where TT:=a’ [[(1-:2).
(IT) where al;[b( b)

The product IT is a polynomial, homogeneous of degree equal to || J||. Consider a monomial
aX occuring in I1. Fix s < n and a subset {/1, ..., [;} of s different indices. We claim that

the following inequality holds:
ki 4k = g s (4.6.2)

Indeed, to prove (4.6.2), we may assume that the [, are strictly increasing. The left side of
(4.6.2) is the sum of the exponents in ak corresponding to the indices /1, ..., [;. This sum
of exponents is defined for every monomial. For a’ it is equal to jj, + - - - + ji,. Clearly, if a
monomial is multiplied by a factor a /b for a < b, then the sum of the exponents is decreased
by 1 if b is one of the g; . and a is not, it is increased by 1 if a is one of the g; . and b is not, and
it is unchanged otherwise. Therefore, when a” is multiplied by a number of different such
factors a/b, the sum j;, + - - - + ji, is decreased at most by the number of factors a/b such
that ¢ < b and b is one of the ¢;, and a is not. As the [, are strictly increasing, the latter
number of factors is at most equal to Z;z 1y — q). Hence we have the inequality,

s

ki + - +k, > gy 4+ _Z(lq —q). (4.6.3)
q=1

Since the [, were strictly increasing, we have that [, > g. Moreover, the multi index J was
strictly increasing. Hence, we have the inequalities,

jlq—lqzjq—q forg=1,...,s. (4.6.4)

Clearly (4.6.2) follows from the inequalities (4.6.3) and (4.6.4).

It follows from (4.6.2) that the expansion of P’ (A; t) has the form asserted in (4.6.1).
Indeed, from the expansion of IT as an R-linear combination of monomials aX we obtain the
expansion of P7(A; 1) as the corresponding R-linear combination of 8§4(aX) = sK(A). The
polynomial sX (A) is alternating in K. Hence a monomial aX contributes with zero if two
entries in K are equal. If all entries in K are different, then sX (A) is up to sign equal to the
proper Schur polynomial s’ (A), where [ is the strictly increasing permutation of K. Here
|1l = |IK|| = ||/l and, obviously, the inequality

i dig> 4+ s, (4.6.5)

for the strictly increasing permutation / of K, holds iff (4.6.2) holds for any s indices /1, . . ., [;.
As s =1, ..., n was arbitrary, it follows that I > J.
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Obviously, the monomial a’ occurs with coefficient 1 in the expansion of I1. Therefore,
to prove the last assertion of the Proposition, it suffices to prove that if the monomial aX
occurs in the expansion of IT and K is a permutation of J, then K = J. By an inductive
argument, it suffices to prove that if ki, = j, forg =1,...,5s — 1, then ky = j;. Letl > s
be the index such that k; = j;. Apply the reasoning leading to (4.6.2) with the set of /; equal
to{l,...,s —1,1}. As (4.6.2) is an equality, it follows in particular that the last inequality
in (4.6.4) is an equality, that is, j; — [ = j; — s. This equality shows that @; and a; belong
to the same interval in the partitioning A ;. Therefore, there are no factors a/b where a < b
and b is one of the a;, and a is not. Hence we obtain instead of (4.6.3) the inequality,

ki 4+ -+ ks +k > j1+- 4 Js—1+ Ji.

Since kg = j, forg =1, ..., s — 1, it follows from the inequality that k; > j;. As k; = j;
and / > s, we conclude that [ = s.
Hence both assertions of the Proposition have been proved. 0

(4.7) Corollary. For any t € R, the Hall-Littlewood polynomials P’ (A; t), for all strictly
increasing multi indices J of size n, form an R-basis of Symp[A].

Proof. Tt follows from the Proposition that the matrix expressing the P/ (A; t) in terms of the
basis s’ (A) is a lower triangular matrix with 1 in the diagonal. In particular, the matrix is
invertible. Hence the P’ (A; r) form a basis. 0

(4.8) Example. For d > 0 we have the equations,
Pd,d+1 ..... d‘H’l—l(A’ t) — sd,d+1 ..... d+l’l—1(A) — en(A)d (481)

Indeed, let J := (d,d + 1, ...,d +n — 1). Then, in the notation of (4.5), the corresponding
partitioning is the trivial partitioning A = (A) with r = 1. As a’~F = (a1 ---a,)?, the
asserted equation follows from (4.5.1).

(4.9) Example. For d > 1 we have the equations,

b—t
PO,I,...,n—Z,n—l-{-d(A; l') — Zbd 1_[ a (491)
5 aup D@

— Z (_t)n—l—jSO,1,...,},...,n—l,d+j(A)’ (492)

n—d<j<n-—1

where a, b in the middle expression are letters of A. Indeed, let J := (0, 1,...,n—2,n—1+
d). Then, in the notation of (4.5), the corresponding partitioning is A = (ay, ..., ay—1la,).
Clearly, we have thata’ —F = a,‘;l and A;(A) = ]_[q <plan—tag). In(4.5.1), the permutations
o are determined by the index p such that o(a,) = a,. Hence the first expression for
P7(A; 1) is obtained from (4.5.1).
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To obtain the second expression of P/ (A; 1), note that the monomials aX occurring in the
expansion of the product in (4.5.3) either have two equal exponents or appear as terms,

—1=j,J —(n—1—}) —1—j 0.1,.0jrn—1,d+j
(=0)"""a'(ajs1 - an—1)ay D= (=)= 1T g0 s =1id ]

The second expression for P/(A;t)isa consequence, since 84Xy = sK(A).

It is customary to extend the notation P’ (A; 1) to strictly increasing multi indices J of
arbitrary size in exactly the same way as the extension was defined in (SYM.6.13) for the
Schur polynomials s’ (A). In this extended notation, the second expression is the following:

d—1
PYA:t) = Z(—t)ksl’“"k’d (A). (4.9.3)
k=0

By replacing x by 1/7T in the Lagrange interpolation formula (2.8.2), we obtain the equation

in R(A)[[T]], . . T )
P ta - ta
A RRTR) peta y LS
g 1—aT > l—bTa#bb—a
Therefore, by (4.9.1), it follows that
1 —taT
I1 Y 1t a-p > Pl T, (4.9.4)
1—aT
acA d>1

(4.10) Example. Assume thatd > 1and 1 < j < n — 1. Consider the polynomial P’ (A; t)
for/ :=@©,...,j—1,j4+d,...,n—1+d) . In the notation of (4.5), the corresponding
partitioning is A = (A1]|Az), where Ay := {ay,...,qa;} and Ay := {aj41,...,a,}). By
(4.5.1) we have that P1(A; 1) is the partial symmetrization of the product,

a’—EA,(A)zl_[bd ]_[ (b — ta).

beA; acAy,beAy

The product is given by the expansion obtained from (3.2.1) after the substitution a; := —taq;
fori =1,..., j, thatis, we have the equation,

a'EA ) = Y (=l FilsT (s (4y),
J<n]

where the sum is over subsets J of size j, J is the extension (see (SYM.6.13)) of J to a subset
of size j + d of [n + d], and J- C [n + d] is the complement of J. The multi index E 1,
corresponding to the interval Ay,is E; :=[j]=(0,1,...,j —1).
Therefore, by Bott’s Formula, we obtain the following expression for the partial sym-
metrization, )
Pl(Arty= )" (—plV=Bilg/ T (a), (4.10.1)
JC[n]
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where the sum is over size-j subsets J as in the previous equation.
Consider the special case d = 1. If J # Ej, then there exists an index g = 1,...,j
such that j, > 1 and j;, — 1 ¢ J. It follows that j, belongs to the complement of J. Hence

s/ J ~(A) = (. Therefore, the sum in (4.10.1) reduces to the term corresponding to J = Ej.
Thus we obtain the first of the equations,

PO,I,...,},...,H(A; t) — SO,...,f,...,n(A) — en_](A) (4102)

The second equation is (SYM.6.8.1). Note that the equations hold for j = 0 by (4.8) and
trivially for j = n. Note also that the first equation in (4.10.2) follows directly from (4.6):
ForJ =(,1,..., f, ..., n) there is only one term in the sum (4.6.1).

In the extended notation of Example (4.9), the polynomial P/ (A; t) is equal to the polyno-
mial P4-d+1d+n=1=j(A: 1) Inparticular, (4.10.2)is the following equation, for0 < k < n:

Pl ..... k(A, t) — Sl ..... k(A) — €k(A)- (4103)

(4.11) Proposition. Let A be an alphabet obtained by adding a single letter to A. For a
strictly increasing multi index I of size n + 1, denote by P’ (A, 0; t) the polynomial obtained
from P!(A; 1) by specializing the additional letter of A t0 0. If I is not an extension of a
multi index of size n, then PI(A, 0; t) = 0. Moreover, for an extension I = J of a strictly
increasing multi index J of size n, we have the equation,

PI(A,0:1) = P'(A: D). @.11.1)

Proof. Note that, since P! (/i; t) is symmetric in the letters of A, we obtain the same poly-
nomial P/(A,0;t) by specializing any letter of A to zero and specializing the remaining
letters to the letters of A. So we assume that the addtional letter is the smallest in A de-
noted ag. Coordinates in size-(n + 1) multi indices are indexed with 0, 1,...,n. We let
E:=(0,...,n).

Let A be the partitioning corresponding to /. Set K=1—FE.ThenK = (kg, K), where

K is a weakly increasing multi index of size n and kg < k1. As &12 = agoaK , it follows from
(4.5.1) that

. Ar(A)
PL(A: 1) = ko K 220 4112
o ae%s)o(aoa @) R

It follows that the polynomial P’ (A, 0; t) is the sum of the rational functions obtained by
the substitution ag := 0 in each term of (4.11.2) (since the factors o (a;) — o(a;) of the

denominators o (A(A)) remain regular under the substitution).
Assume that / is not an extension of a multi index of size n. Then ky > 1. Hence all

exponents of the monomial X are at least equal to 1. It follows that substitution ap := 0 in
o (ap’aX), for any o € G(A), yields 0. Hence P!(A,0;1) = 0.
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Assume that / is an extension, say I = J. Thenko = 0and J —E = K. Let A; be the first
1nterval in the partitioning A correspondmg to J, that is, the interval of letters with exponent
0in aX. Then, in the monomial aX, the letter ¢ has exponent 0 if and only if a € Aj.

Consider a permutation o € I(A) and the corresponding term in (4.11.2). If o (ag) # ao
then ag = o (a;) for somei > 0. As o is assumed to be increasing on Al, it is excluded that
a; € Al. Hence k; > 0. Thus the term contains the factor o(af" ) = agi , and so the term
vanishes after the substitution ag := 0.

Therefore, to determine the result of the substitution, it suffices in (4.11.2) to consider
terms for o € ‘S(A) for which o (ag) = ag. Clearly, the latter set of permutations correspond
to the permutations in ‘€(A), where A is the partitioning of A corresponding to J. Moreover,
since o (ag) = ao, it follows that all factors of o (A, (A) / A(A)) containing ag are of the form
(b —tag)/(b — ap), and they yield 1 after the substitution ag := 0. It follows that the result
of the substitution ag := 0 in (4.11.2) is the sum
> o3 )

A(A)

oc€T(A)

and hence equal to P7(A; 1), as asserted. 0

(4.12) Example. It is often convenient to consider together with P’ (A; t) asecond polyno-
mial Rk (A; t) defined for an arbitrary size-n multi index K as the total symmetrization,

Ri(A: 1) = 8A(aKA,(A)). 4.12.1)

If K is weakly increasing, then K + E is strictly increasing, and, by (4.5.4), we have the
equation,

ok+e(t) PXTE(A 1) = Rk (A ). (4.12.2)
Consider an arbitrary partitioning A = (Ap|---|A,) of A. Write K as a concatenation
K = K 1 -- K,, where each K; is a multi index of size |A;|. Foreachi = 1,...,r,

we let a®i denote (with an abuse of notation) the monomial in the letters of A; whose
exponents are the coordinates of K;; thus, aX = aX1...4K Consider the factorization
ak A, (A) = A/(A)g - - - gr where g; := aXiA;(A;). Then 64 (g;) = Rk, (A;;t). Hence

the following formula results from (2.3.3):

Rk (A1) = 8A<A,(A) Rk, (A1:1) - Ry (A z)). 4.12.3)
As an example, consider the partitioning (A | a,,) where A= (al, ...,0a,_1)1s theinverval
of the first n — 1 letters. Let K denote the truncated multi index K = (k1,...,ky_1),and use

a similar notation for all size-n multi indices. In the notation of (4.12.3) we have K; = K
and K, = (k). In particular, Rk, (A2;t) = an Then (4.12.3) is the following formula:

A(A | ay .
Rx(Ain= Y a<A’((A_7||:))R,5(A; t)a,’gn). (4.12.4)
ceT(Alay) n
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The notation in (4.12.4) is sometimes simplified by introducing the following rational function
[T, = 1 (A), for any letter b € A:

b—ta
I, = .
v=115=
a#b
The sum in (4.12.4) is essentially a sum over p = 1, ..., n since there is for every p a unique

permutation o € T(A | a,) such that o (a,) = a,. Moreover, we have A,(A|a,,)/A(A|an) =
I1,,. Thus,

n
Ri(As0) = Y (T, Rg(@r, ooy as D al?). (4.12.5)
p=1
For a strictly increasing multi index J, Equation (4.12.5) for K := J — E implies the
following equation for P’ (A; 1) (connected to Ry_g(A; t) via (4.12.2)):

ny n

— JA. J -~ . in—(n—1)
—— P (A,z):;(napp @y an a7 V). (4.12.6)

Indeed, according to the definitionin (4.4) and (4.5), we have ¢ 7 (t) (""" — 1) /(t — 1) = ¢, (1),
as is seen by checking the two cases n, > 1 and n, = 1. Hence, when ¢ () is regular in R,
(4.12.6) follows from (4.12.5) after division by ¢ ;(¢). In particular, Equation (4.12.6) holds
when the ground ring R is replaced by the polynomial ring R[T] and t by T. Then the case
of an arbitrary element r € R follows after the substitution 7' := .



Schur functions

1. Schur functions.

(1.1) Setup. Fix a finite alphabet A = {ay, ..., a,} of n > 0 letters. In addition to the ring
R[A] of polynomials and the ring R(A) of rational functions we consider the ring of formal
power series R[[A]]. Clearly, the action of G(A) on the polynomials extends canonically to
an action on the power series. More generally, as explained in (DIFFE.3.13), the action of the
ring Eg[A] on R[A] extends canonically to an action on R[[A]].

For a power series p in R[[A]], we denote by p; its homogeneous term of degree j. By
convention, p; = 0 for j < 0.

(1.2) Definition. In the sequel we will consider matrices with coefficients in R[A], possibly
with an infinite number of rows or columns. Let s be a power series in R[[A]]. For any
integer i we denote by s[i] the infinite row of homogeneous terms of s shifted i places to the

right, that is, s[i] is the row whose j’th entry, for j = 0,1, ..., is equal to s;_;. For any
integer j we denote by s/= the infinite column whose i’th entry, fori = 0, 1, ..., is equal
to sj_;. The infinite matrix S whose rows are s[i] fori = 0, 1, ..., or equivalently, whose
columns are s/= for j = 0, 1, ..., is an upper triangular matrix,
S0 S1 S2
s[0
L0] 0 so s

s = [ sll] === 0) =10 o 50

If1 = (,...,i)and J = (ji1,..., jr) are sequences with the same number r of non-
negative integers, we denote by S/ the determinant of the » x r matrix obtained from § by
selecting the rows with indices from / and the columns with indices from J, that is,

Sp—ir Sjp—iy -+ Sjr—i)
Sji—ia Sjpp—iy -+ Sjr—ip
sl — 7" _ _ (1.2.1)
Sjl—ir sj2_ir e sjr—ir
Clearly, if p is a second power series, then, fori > 0,
plils’= = (ps)j—i, (1.2.2)
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where the left hand side is the product of a row and a column. In particular,
pli1S = (ps)[i] and Sp/= = (sp)/=. (1.2.3)

(1.3) Definition. Let W be a (commutative) word in the letters of A, that is, W is an element
in the free abelian group generated by the letters of A. In more concrete terms, W is a formal
sum,

W=Z1a1 + -+ Zpap,

where the z;’s are integers. The degree of the word W is the sum of the coefficients, |W| =
71 + - - - + z». Associate with W the following power series in R[[A]]:

son =T1(+5)"

k=1

and denote by S; (W) = §(W); the homogeneous term of degree j in S(W). Obviously, the
map W +— S(W) is a homomorphism from the group of words to the multiplicative group of
series in R[[A]] with constant term 1. If the word W is positive, that is, if the coefficients zj
are non-negative, then S(—W) = [](1 — ax)* is a polynomial of degree equal to the degree
of W. In particular, if W is positive, then S;(—W) = 0 for j > |[W].

The special word a; + - - - + a, will be denoted A. As a word, the degree of A is the
cardinality of the alphabet A. Clearly S;(A) is the j’th complete symmetric function in the
letters of A. The power series S(—A) is the polynomial szl (1 —ay), and (—1)ij (—A)is
the j’th elementary symmetric function in the letters of A.

(1.4) Remark. Enlarge the alphabet A with a single letter x, and consider the word x — A in
the letters of the enlarged alphabet. The power series S(x — A) is the product of (I — x)~!
and []{_; (1 — ax). For j > n we thus obtain the equation Sj(x — A) = x/ 7" [[}{_, (x — ax)
for the j’th homogeneous term. The latter equation, with a zero on both sides, holds also if
x is one of the a.

(1.5) Definition. Let W be a commutative word in the letters of A. For any two multi indices

I and J of size r, we define the associated skew Schur function /7 (W) as the determinant

S/ of (1.2.1) associated with the power series s := S(W). In other words, if we consider
the matrices,

SW)lir]

: and (SW)=,.., S(W)F=), (15.1)

S(W)lir]

then the skew Schur function S/7(W) is equal to the determinant of the matrix that is
obtained either from the first matrix in (1.5.1) by selecting its columns from J (assuming that
all entries in J are nonnegative), or from the second matrix in (1.5.1) by selecting its rows
from / (assuming that all entries in / are nonnegative).

The Schur function is a polynomial in R[A]. When [ is the sequence O, 1,...,r — 1 we
write 7 (W) := S//(W). The polynomial S’ (W) is the ordinary Schur function S’ (W).
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(1.6) Observation. Several properties of the skew Schur functions S1/J (W) are obvious
from their definition as determinants. Clearly, the function is alternating in /, that is, if the
entries in / are permuted, then the function is changed by the signature of the permutation
and the function vanishes if two entries of I are equal. Similarly, the function is alternating
in J.

The Schur function S’/ (W) is the determinant of an r x r matrix whose (p, ¢)’th entry
is the homogeneous part of degree j, — i), of the power series S(W). In particular, the entry
vanishes if j, < i,. As a consequence, if both sequences I and J are strictly increasing,
then S7// (W) vanishes unless iy < j; fork =1, ..., r. Note that under the latter condition,
each product in the expansion of the determinant S’// (W) is homogeneous of degree > Jk—
> ix = |IJ]l = /1] in the letters of A. In particular, the ordinary Schur function S T (W) is
homogeneous of degree ||J|| —r(r — 1)/2.

(1.7) Remark.

Clearly, the Schur function § 1/J (W), defined as the determinant of a matrix of the form
{sj,—i, }, 1s unchanged if the same integer is added to all entries of / and J. As a consequence,
we may often assume that all entries in / and J are nonnegative. If all entries in / are
nonnegative and a single entry in J is negative then S’/ (W) = 0 since the column S(W)/=
vanishes when j < 0.

Consider the Schur function S/ (W) corresponding to two sequences I = (i1, ..., i)
and J = (ji,..., jr) where [ is strictly increasing. Assume that i1 = j;. Then the first
column in the matrix defining the Schur function has 1 as its first entry and 0 as the remaining
entries. Therefore, the Schur function is unchanged if the sequences I and J are replaced by
(i2,...,ir) and (Jo, ..., jr). Clearly, the argument can be repeated if the first p entries in /
and J agree. In particular, §/// (W) = §0/0(W) = 1 for any strictly increasing J.

These observations show for the ordinary Schur function S7 (W) that SY (W) = 0 if an
entry in J is negative. Moreover, S’ (W) is unchanged if J is replaced for some p > 1 by
the extended sequence, of length p + r,

J=0,1,....p=1,p+j1,.cc.p+ jr).

(1.8) Additivity Formula. In the setup of (1.5), with sequences I, J of nonnegative integers,
let W’ be a second word in the letters of A. Then,

K

where the sum is over all strictly increasing sequences K = (ki, ..., k).

Proof. Tt is clear from the definition of power series associated to words that S(W' + W) =
S(W')S(W). Therefore, the first formula of (1.2.3) yields the following matrix equation:

S(W' + W)li] S(W)li1]
: = : (som=, sawy'=,...).
SW' + W)li,] SWHli,]
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From the matrix equation, extract the equation corresponding to the columns in J. The
asserted additivity formula follows from the formula for the determinant of a product of
matrices (the Cauchy—Binet Formula, see Appendix (1.2)). 0

(1.9) Duality Formula. Let W be a word in the letters of A, and let I and J be strictly
increasing sequences of r nonnegative integers. Then

ST (WY = (—DI=MISI (. (1.9.1)

where the primes indicate the dual sequences, defined as follows: Choose an integer N greater
than all entries of I and J. Identify I with a subset of {0, 1, ..., N — 1}, and denote by I¢
the complement of I in {0, 1,..., N — 1}. Then I, as a strictly increasing sequence, is the
image of the complement under the reflectioni — N — 1 —i.

Proof. Consider the power series s := S(W) and ¢ := S(—W). Asts = 1, the following
matrix equation results from the Equations (1.2.2) fori, j =0,..., N — 1:

1[0]
: (soz,...,sN_lz)zl,

t[N — 1]
where the right hand side is the N x N unit matrix. In the second factor on the left hand side,
only the first N rows are nonzero. Therefore, if § denotes the N x N matrix consisting of the
first N rows of the second factor, and 7" denotes the N x N matrix consisting of the first N
columns of the first factor, then we obtain the matrix equation 7S = 1. Moreover, the matrix
T has determinant 1, since it is an upper triangular matrix with 79 = 1 in the diagonal.

Clearly, the two Schur functions S /7 (W) and S’ ' /(—W) of the Duality Formula are
minors in the matrices S and 7. Now, sincedet T = 1, itis well known that the matrix equation
TS = 1 implies that the (7, J)’th minor S'// in S is equal to the algebraic complement of
the (J, I)’th minor in 7, that is,

S = sign(11°) sign(J J) T/, (1.9.2)

where I /¢ and J J € denote the concatenated sequences viewed as permutations of the sequence
O,...,N—1). Indeed, from TS = 1 and det T = 1 it follows, see (APP.1.5.1), that S is the
adjugate of 7. Hence (1.9.2) follows from (APP.1.5.2).

Clearly, the left side of Equation (1.9.2) is the Schur function on the left side of the Duality
formula. The right hand side of Equation (1.9.2) is easily transformed to the right hand side
of the Duality Formula. Indeed, if I = (i1, ..., i;), then the permutation /¢ of the integers
0,...,N — 1 has length equal to i} +i — 1+ ---4+1i, — (r — 1). Hence the product of
the two signs on the right hand side of (1.9.2) is equal to (—1)I7I=Ill Moreover, the minor
T7°/1° on the right hand side of (1.9.2) is a minor in the matrix {z;_;}. Therefore, T/
is equal T77"/7" where I* and J* denote the images of the sequences /¢ and J¢ under the
reflection i — N — 1 — i. Finally, the sequences I” and J’ are obtained from I* and J* by
reversing the order of the elements. The reversion of rows and columns does not change the
determinant. Hence 7'"//" is equal to the minor T/ T of T Finally, since T was defined
from the power series t = S(— W), the minor T1'/7" is the Schur function S*'//’ (—=W). Thus
the Duality Formula has been proved. 0
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(1.10) Example. Take / = (0,...,r —1)and J = (1,...,r) (and N := r + 1). Then
I' = (0) and J' = (r). Hence S///(W) = (—=1)"S"(—W) by the Duality Formula, and
clearly S" (—W) = S,(—W). In particular, when W = A, we obtain that the Schur function
SLT(A) is equal to the r’th elementary symmetric function in the letters of A, see (1.3).

(1.11) Jacobi-Trudi’s Formula. Letay, ..., a, be the n letters of A, and let J be a sequence
of n non-negative integers. Then,

Aay, ..., ay) = Aay, ..., a,)S” (A). (1.11.1)

Moreover, if D is the n x n matrix whose k ’th row is the ordered set of the n first homogeneous
terms in the polynomial ]_[i;ék(l —a;j), thendet D = A(ay, ..., a,).

Proof. Fork =1, ...,n,wehavethatay = (ap—A)+ A, and hence S(ay) = S(ar—A)S(A).
Consequently, the first equation in (1.2.3), applied with p = S(ay — A) fork =1,...,n,
yields the following matrix equation:

S(ap)[0] S(a; — A)[0]
: = : (S(A)OZ, s(A)'=, .. )
S(an)[0] S(an — A)[0]

In the first matrix on the right, the power series S(a;y — A) is the polynomial ]_[i#(l —a;)
of degree n — 1. Hence, in the first matrix on the right, the first n columns form the matrix
D and the remaining columns are equal to zero. Therefore, the product on the right side is
unchanged if the first matrix is replaced by D and the second matrix is replaced by its first n
rows. Now, from the replaced equation select the columns corresponding to the elements of
J, and take determinants. On the left side we obtain the determinant A’ = A’/ (ai,...,an),
and on the right side we obtain the product (det D)S 7(A). Hence we obtain the equation,

A’ = (det D)S” (A). (1.11.2)

Take J = (0,1, ..., n—1)in(1.11.2). The left side becomes the Vandermonde determinant
A. On the right side we have that § 7(A) = 1. Therefore, Equation (1.11.2) implies first that
A = det D and next that the Jacobi—Trudi Formula (1.11.1) holds. 0

(1.12) Corollary. The Schur functions S T(A), for all strictly increasing sequences J of n
non-negative integers, form an R-basis for the algebra Symy[A] of symmetric polynomials.

Proof. By Jacobi-Trudi’s formula, S’ = A’ /A, and the polynomials A’ /A form an R-basis
by Corollary (SYM.6.7). 0

(1.13) Remark. Every ordinary Schur function S K(A),where K = (ki, ..., k.)isasequence
with an arbitrary number r of entries, is either equal to zero or up to a sign equal to one of
the Schur functions S’ (A) of Corollary (1.12), that is, a Schur function defined by a strictly
increasing sequence J with n entries. Indeed, since sK (A) is alternating in K, we may
assume that the sequence K is strictly increasing. If r < n, we have that S Kw) =5/(w),
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where J = K is the sequence obtained by extending K as in Remark (1.7). Assume that
r > n. If K is an extension in the sense of Remark (1.7) of a sequence J with n entries, then
SK(A) = S7(A).

If K is not an extension of a sequence with n entries, then § K (A) = 0. Indeed, proceeding
by induction on r, we may assume that K is not an extension of a sequence with r — 1 entries,
that is, we may assume that k1 > 0. Consider an alphabet A with r letters obtained by adding
r — n letters a,+1,...,a, to A. Clearly, the Schur function SK(A) is obtained from the
Schur function SX (A) by specializing the additional variables a,+1, .. ., a, to 0. Now, if the
last variable a, is specialized to 0, then the Vandermonde determinant A(A) specializes to a
regular element in the polynomial ring R[ay, ..., a,—1], and, since k; > 0, the determinant
AK (A) specializes to 0. Therefore, by Jacobi—Trudi’s Formula, the Schur function § K (A)
specializes to 0. Consequently SX (A) = 0.

(1.14) Remark. Consider the symmetrization operator 84 of Section (DIFFE.2.3),

f 1 .
=3 o(xm) = am L GEmee(),

ceG(A) ceG(A)

The operator 84 is Sym rlA]-linear. Let a’ be a monomial. It is elementary, see Theorem
(DIFE.3.3), to prove that §4@al) = A7 /A. Hence it follows from Jacobi—Trudi’s Formula
that 84(a’) = S/ (A). Asa consequence, if f is a symmetric polynomial, then f S7(A) =
84(fa’). In particular, if a symmetric polynomial f is given as a sum of monomials,
f =Yg fxa¥X, then we obtain the formula

£87(a) =" fr K (A).
K

(1.15) Example. Pieri’s Formula. (1) Let I be a sequence of n non-negative integers, and
denote by m! the monomial symmetric polynomial corresponding to I, that is,

where the sum is over all different permutations o I of the sequence I of exponents. Then,
for every sequence J of n non-negative integers, we obtain from (1.14) the formula,

m! S’/ (A) = Z/ s (A), (1.15.1)

where the sum is over all different permutations o I of 1. In particular, when J is the sequence
(0,1,...,n — 1) we have that S’ (4) = 1, and we obtain an explicit formula for m! as a
linear combination of Schur functions.

For the sequence I = (1,...,1,0,...,0) with r < n entries equal to 1, the polynomial

m! is the r’th elementary symmetric function (—1)" S,(—A), and we obtain Pieri’s formula,

(—1)' S, (—A)S’ (A) = ZSK“(A), (1.15.2)
K
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where the sum is over all sequences K of n integers where r entries are equal to 1 and the
remaining entries are equal to 0. For J = (0,1,...,n — 1), we recover the formula of
Example (1.10),

(=18, (—A) = St (A). (1.15.3)

Indeed, let J = (0, 1, ..., n — 1). Then the left hand side of (1.15.2) is equal to the r’th ele-
mentary symmetric function since S (A) = 1. Onthe right hand side of (1.15.2), the sequence
K + J has two equal entries unless K = (0, ...,0, 1, ..., 1). Hence the only non-vanishing
term on the right hand is the Schur function SK+7(A) where K = (0,...,0,1,...,1).
Moreover, for K = (0,...,0,1,..., 1) the sequence K + J is an extension in the sense
of (1.7) of the sequence (1, ...,r). Therefore, the right hand side of (1.15.2) is the Schur
function S’ (A).

(2) Similarly, the j’th complete symmetric function is the sum,

Sj(A) =) a~,

IKll=j
where the sum is over size-n multi indices K. Hence we obtain from (1.14) the formula,

Sj(A)sT Ay = Y sk (A, (1.15.3)
IKII=j

(1.16) Notation. Most of the results in this section may also be found in (SYM.7) with a
slightly different notation and a slightly different point of view.
Objects associated in this section to a positive word,

W =zia1 + -+ zpan,

like the series S(W), the skew Schur function S'// (W), the ordinary Schur function st(w),
etc., correspond to objects associated in (SYM.7) to the set of | W| coordinates,

a=(l,...,a1,...,0y, ... ,04y).
| —

Z] times Z, times

Via the natural inclusion R[[A]] € R[A][[T]] (identifying the series ) fy where f; is
homogeneous of degree d with the series ) ded) the series S(W) € R[[A]] of (1.3) is
equal to the series s(«) € R[A][[T]] of (SYM.7.7). The skew Schur function ST (w)
equals the skew Schur polynomial s }’ (ov) (the switch from 7, J to J, I is due to the fact that
the underlying matrix S of (1.2) is the transpose of the underlying matrix M (s) of (SYM.7.2)).
Finally, for the ordinary Schur functions/polynomials we have S T(w) = s/ (@).
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2. Multi Schur functions.

(2.1) Setup. In this section we consider simultaneously several alphabets. All alphabets are
assumed to be subalphabets of a fixed (universal) alphabet. Letters and (commutative) words
will be taken from the universal alphabet. As in (1.3), if A is an alphabet, the word defined
as the sum of the letters of A will also be denoted by A. If {ay, ..., a,} are the letters of A,
we write A<, :=aj +---+ ap, and we define A_ ), A>,, and A, similarly.

(2.2) Definition. Let VW = {W,,} be an r x r matrix of words W),,. Let I and J be sequences
of r integers. Define the associated multi skew Schur function S /7 (W) as the determinant
of the r x r matrix whose (p, ¢)’th entry is qu_ip(qu), that is,
Wi ... Wy, Sii—iyWi) ... Sj—i; (Wy)
A D = : : : (2.2.1)
Wit oo Wiy Sii—i, Wr1) oo Sj—i, (W)

As in Definition (1.5), when I = (0, 1, ..., 7 — 1) we write S/ (W) := S!// (V) and obtain
the ordinary multi Schur function S’ (V). When all the words W4 are equal to the same
word W, we recover the Schur function S'// (W) of (1.5).

Clearly, the multi skew Schur function is unchanged if the same integer is added to all
entries of the two sequences / and J. In particular we will usually assume that the entries of the
two sequences / and J are non-negative. Note also that the function S// ()V) is alternating
with respect to J and the columns of the matrix V, and with respect to I and the rows of W.
Note finally, that the function is symmetric in the following sense: choose an integer N (say,
greater than all elements in the two sequences I and J). Consider the sequences I™* and J*
obtained from 7 and J by the reflection x +— N — 1 — x. Then ST owy = AZ WY,
where WY denotes the transposed matrix of W.

Let (Wq, ..., W,) be a sequence of r words in the letters of A. Then we denote by
Wi
el and ST (Wy,..., W) (2.2.2)
Wr

the two special functions defined as follows: The first function is the Schur function S’ o)
obtained from the matrix {W,,} where W,, = W), and the second function is defined similarly
by the matrix where W, = W, . Note that the two special Schur functions are maximal minors
of the two matrices,
S(W)li1]
; and (S(W)/'=, ..., S(W,)=). (2.2.3)
S(We)lir]
The first function is the minor of the first matrix corresponding to the column indices in J
(assuming that all entries in J are nonnegative), the second function is the minor of the second
matrix corresponding to the row indices in / (assuming that all entries in / are nonnegative).
When I = (0,1,...,r — 1) we write S/ (W, ..., W,) and SY(Wy, ..., W,)" for the
functions S/ (Wy, ..., W,) and ST/ (Wy, ..., W,)U.
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(2.3) Additivity Formula. Let (W, ..., W))and (W1, ..., W,) be two sequences of r words,
and let I and J be two sequences of r non-negative integers. Then,

Wi+W ... W4W, W/
st : : =Y SUEL | sK L W),
W +W ... W+W, K W/

where the summation is over all strictly increasing sequences K of r non-negative integers.

Proof. The argument is analogous to the proof of (1.8), once it is noted that the left side of
the formula is the determinant of the matrix obtained as the product of the two matrices in
(2.2.3), the first taken with W), := W/, I

(2.4) Duality Formula. Let Wy, Wy, ... be a sequence of words such that, for j > 0, the
word W;_| — W; is either equal to O or equal to a word formed by a single letter. Let I and J
be strictly increasing sequences of r nonnegative integers. Finally, let N be an integer greater
than all entries in the two sequences I and J. Then

S Wy W) = (=T (W =Wy,

where the primes indicate the dual sequences with respect to N as in (1.9) and J¢ =
(J{s---»Jf) is the complement of J in {0, 1,..., N — 1}.

Proof. The proof is similar to the proof of Duality (1.9). Consider the following product of
matrices:

S(—=wWnIo]

; (Swo)*=,.... SWy—)V=12), M

S(—=Wn)IN — 1]

It follows from Formula (1.2.2) that the (i, j)’thentry in the product, fori, j =0, 1,..., N—1,
isequal to §;_;(W; — W;11). Clearly, the entry S;_;(W; — W;1) is equal to O for j < i and
equal to 1 for j = i. Moreover, the entry is equal to O for j > i, because, by hypothesis, the
word —(W; — W; 1) is a positive word of degree at most j — i — 1. Hence the product of
matrices (1) is the N x N unit matrix 1.

From the two matrices in the product (1), let 7 be the submatrix of the first factor formed
by the first N columns, and let S be the submatrix of the second factor formed by the first N
rows. As in the proof of the Duality Formula (1.9), it follows that TS = 1 and det7 = 1.
It is a consequence, as we saw in the proof of the Duality Formula (1.9), that the (1, J)’th
minor S/ in S is equal to the algebraic complement of the (J, I)’th minor in 7', that is,

S/ — (_1)||J||—||1||TJC/IC. )

Clearly, the left side of Equation (2) is the Schur function on the left side of the asserted
Duality Formula. The right hand side of Equation (2) is easily transformed to the right hand



SCHUR 2: Multi Schur functions 125

side of the Duality Formula. Indeed, the minor 77/ “/I° on the right hand side of (2) is the
Schur function,
—Wiet
GIe/I¢
—Wijent
To obtain the Schur function on the right side of the Duality Formula, apply the reflection
i~ N—1—itol€and J¢ and transpose the matrix, and then reverse the order of rows and

columns.
Hence the Duality Formula is a consequence of Equation (2). 0

(2.5) Corollary. Let A = {ay, ..., a,} be an alphabet with n letters, and denote by A< the
sum of the letters a, for p < j (in particular, A<; = A for j > n). Moreover, let I and J
be strictly increasing sequences of r nonnegative integers, and set A, := j, — (p — 1) for
p=1,...,r. Finally, let N be an integer greater than all entries of the two sequences I and
J. Then, for any word W,

ST W=Acy,, ..., W=Azy) = (=DWI=MIGIIT (AW, . A —W),

where the primes indicate the dual sequences with respect to N, and wheret = N —r.

Proof. For any integer j, denote by w(j) the number of elements in the complement J€ that
are strictly less than j. Then the following equations hold:

n(jk) = A and w(jy +1) =k ey

Indeed, the first equation holds because there are j; nonnegative integers strictly less than ji
and of these exactly k — 1 belong to J. The second equation holds, because the nonnegative
integers in J¢ that are strictly less than j; + 1 are the k integers j{, ..., j;.

Now apply Duality (2.4) with W; := W — A,(;). It follows from the equations (1) that
Wi, =W —- A, and _Wj,f+1 = A< — W. Hence the asserted formula follows from the
Duality Formula. 0

(2.6) Jacobi’s Lemma. Let (W, ..., W,) be a sequence of r words, and let (Cy, ..., C})
be a sequence of r positive words. Moreover, let I and J be sequences of r non-negative

integers. If |Cp| + i, < r forall p =1, ..., r, then the following formula holds:
wi-Cy ... W,—C; —C
SI/J : : — SI/O,I,...J’—I : SJ(WI, el Wr)
Wl_Cr PR Wr_Cr _Cr
In particular, if |C,| <r — pforallp =1, ...,r, then
wi-Cy ... W,—C;
s’ ; ; =ST(Wi,..., W,).

Wl_Cr .« e Wr_Cr
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Proof. To prove the first assertion, assume that |C,,| +i, < r for all p. Apply the Additivity
Formula (2.3) with W[/) := —C,. The Schur functions § /K in the sum on the right hand side
of the Additivity Formula are the maximal minors of the matrix whose p’throw is S(—C))[i]
for p = 1,...,r. It follows from the hypothesis on the degree of C, that only the first r
entries in the p’th row can be nonzero. Hence the sum on the right hand side of (2.3) reduces
to its single term corresponding to K = (0, 1,...,r — 1). Clearly, the latter term is the
product on the right hand side of the asserted formula. Thus the first assertion holds.
Assume in particular that / = (0, ..., r — 1). Then the first factor on the right side of the
first formula is the determinant of an upper triangular matrix with 1 in the diagonal. Hence
the first assertion implies the second. 0

(2.7) Example. The Jacobi-Trudi Formula. When I = (0, ..., 0), the condition for Lemma
(2.6) is that |C),| < r for all p. For example, let A = {ay, ..., a,} be an alphabet with n
letters, and let r = n. Take W), := A and C), := A —a,, in Jacobi’s Lemma. Then we obtain
the formula,

ai ar — A
SO ..... 0/1 : — SO ..... 0/0,1,...,]’1—1 : SJ(A . A)
an a, — A
The Schur function on the left side is the determinant A” (ay, ...,an). On the right side, the

second Schur function is the simple Schur function SY (A), and the first Schur function is the
determinant det D from Jacobi-Trudi’s Formula (1.11). Hence we recover Jacobi—-Trudi’s
Formula (or, more precisely, (1.11.2)) from (2.6) (and we recover the proof from the proof of

(2.6)).

(2.8) Factorization Formula. Let (ay, ..., a,) be a sequence of r letters, and set A~ :=
ap+---+a, forp=1,...,r. Moreover, let J be a sequence of r non-negative integers,
and set A, := j, — (p — 1) for p = 1,...,r. Finally, let By, ..., B, be a sequence of r
positive words. Assume that |B,| < A, forp =1, ...,r. Then
r
ST (Az1=B1..... Asy—B) = [ | S, (ap—B)). 2.8.1)
p=1

Proof. Apply the second assertion in Jacobi’s Lemma (2.6) with W, := A-, — B, and
Cp := A . It follows that the Schur function on the left hand side of (2.8.1) is equal to the
following Schur function:

AEI_A>1_B1 “ . Azr_A>1_Br
s’ ; ; : (1)
AZI_A>r_B1 . e AZV_A>V_BV

The latter Schur function is the determinant of a matrix whose (p, g)’th entry is equal to

qu—(P—l)(AZq_A>p_Bq)- (2)
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Consider an entry above the diagonal, that is, for p < ¢. Clearly, the word A>;—A- ,— By
is equal to — B, where B, the sum of the g — p — 1 letters a; for p < k < g and the word
B,. Thus B, is a positive word, and since |B;| < A, the degree of B, is strictly less than
Ag + (g — p) = jg — (p — 1). Hence the entry (2) vanishes above the diagonal.

Therefore the determinant (1) is the product of its diagonal entries. Clearly the p’th
diagonal word is a,— B, and so the diagonal entry is S;,—(p—1)(ap—Bp) = S,,(ap—B)).
Thus the asserted formula has been proved. 0

(2.9) Remark. In the setup of Lemma (2.8), assume that B), is the word of an alphabet with
By letters. Then B, < A, by assumption. Therefore, by Remark (1.4), the p’th factor on the
right hand side of (2.8.1) is the product,

a;""" TT (ap — b).

beB,

In particular, if all the alphabets B, are empty, then the right hand side of (2.8.1) is the product,

A A .
a* = all ---a,”, and we obtain the formula,

i1 jo—1 jr—(r—1
S (A1, ..., Asp) =al'al ™ Y,

(2.10) Example. Let A = {ay, ..., a,} be an alphabet. Then the determinant Ay, ..., ay)
defined in (SYM.6.3) is the multi Schur function,

aj
Aar, ... ap) =807 ], (1)

dp
AssumethatJ = (0, 1, ..., n—1). Thenthe determinant A’ is the Vandermonde determinant
A(ay, ..., ay). It follows by the symmetry of (2.2), or directly, that the Schur function in (1)

is equal to gn—b.n=lg = . ay), and hence,

Aar,....ap) = 8" " WA —Ay, ..., Aci—AL) . 2)
Thus, from the Factorization Formula (2.8), applied to the reversed sequence (a,, ..., ay)

and B; := A_,_i+1, we obtain the factorization,
Aag, ...,ay) = Sp—1(an—A<p) -+~ S1(axy — A2)So(ay).
By Remark (1.4), the latter factorization is the equation of (SYM.6.7),

A(ay,...,ay) = H(ap —ay).

p=>q
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(2.11) Lemma. Let (Wy, ..., W,) be a sequence of r words, and let I and J be sequences
of r non-negative integers. Assume for integers 0 < d < k < r that the following holds:
Wi—g = Wrand jx—4 = jx—q forq =1, ..., d. Thenthe Schur function SI/J(WI, LW
is unchanged if Wy is replaced by Wy — B, where B is any positive word of degree at mostd.

Proof. Set j = jr_q. Set W := Wi and s := S(W). By hypothesis, W, = W and
Jg=J+(@—k+d)fork—d <gq <k

By definition, the Schur function ST (wy, ..., W,) is the maximal minor with the row
numbers in / in the matrix,

(SWD/'=, ..., S(W,)7r=). (1)
The following submatrix of (1), formed by the d + 1 columns with indicesg = k—d, ..., k:
(SJ.E’sj—{—lZ’_”’Sj—FdE)’ )

is also a submatrix with consecutive columns of the matrix S in (1.2). If the k’th word
W is replaced by W — B, then the series s = S(W) in the last column in (2) is replaced
by S(W — B) = sp, where p := S(—B). By the second equation of (1.2.3) we have
(sp)/t4= = § pit4= and since p = S(—B) is a polynomial of degree at most d (with
po = 1), it follows that

(Sl9)j+dZ = Pde2 + pd_1sj+1Z 4o g/ T

Therefore, the replacement results in the following change in (2): to the last column is added
a linear combination of the first d columns. For (1), the result is that to the k’th column is
added a linear combination of the previous d columns. Consequently, the replacement does
not change the maximal minors of (1). 0

(2.12) Example. Let A = {a;,...,a,} and B = {by, ..., by} be alphabets with n and m
letters. As an application of Lemma (2.11) we will prove the formula,

gmmtlomtn=lA — By = [ [y — by). (2.12.1)

P4
Set A; := a; + ---+ a;, and let W be any word. Consider for r = n and J = (m,m +
1, ..., m+n—1) the Schurfunction SY (W) = S/ (W, ..., W). Then, by repeated application

of Lemma (2.11), it follows that we can replace in the Schur function ST (W, ..., W), for
k=n,...,2,the k’thword W by W — A;_. Hence we obtain the equation (where Ay = 0),

Sm,m—i—l ..... m+n—1(W) — Sm,m—i—l ..... m+n_l(W—A0, W—Al, o W_An—l)

Sm,m—|—1 ..... m—i—n—l(A . B) — Sm,m+1 ,,,,, m+n_1(A21 _ B’ e AZ}’[ _ B)

Finally, by applying the Factorization Formula to the Schur function on the right hand side,
cf. Remark (2.9), we obtain the formula (2.12.1).



3. Differenciation of Schur functions.

(3.1) Setup. Keep the setup of (2.1). In particular, the alphabet A with n letters ay, ..., a,
and the words in the following are taken from the fixed (universal) alphabet. The series
S(W) associated to a word is considered in the power series ring over the universal alphabet.
Consider, with respect to the alphabet A, the simple operators 07, 7 and the general operators
0, t, d,, and m,, of Section (DIFF.3) where w = w4 is the maximal permutation of A. By
(DIFE.3.6), 0, = w0®w and 7, = wn®w.

(3.2) Note. We proved in (DIFE.3.4) that the simple operators satisfy the Coxeter-Moore
relations, and in (DIFE.3.5) that the general operators can be defined by any reduced pre-
sentation of w. The two following equations are consequences since @ = ¢ - - - &, and
{(w) = n—1+ £(w) (w is the maximal permutation of A := {ay, ..., a,—1}). Here we may
take the two equations as inductive definitions:

860:81"'8"_18@ nw:N1-~-7Tn_17Tw.
(3.3) Lemma. Fix an integer p such that1 < p < n. Let W be a word which is symmetric

with respect to the letters a, and a, 1. Then we have the following two identities of power
series:

IPS(W —ap) = S(W),
nPS(W —ap) = S(W).

Proof. Clearly, S(W — a,) = S(W)(1 — ap), and the power series S(W) is symmetric in
the letters a,, and ap 1. The operators 7 and 77 are linear with respect to polynomials and
series symmetric in a, and a, 1. Therefore the two equations of the Lemma result from the
following equations,

P —ap) =1, 7wl —ap =1

The latter equations result immediately from the definitions of 07 and 7. 0

(3.4) Lemma. Consider a Schur function S’ (Wy, ..., W,), where J is a sequence of r
integers. Fix positive integersk < r and p < n. Assume that all the words W, are symmetric
with respect to the letters a, and a, 1. Then,

PST (Wi, ..., Wi—ap, ..., W) = S/ndt= bt (W W, o, W), (3.4.1)
P ST (Wi, ..o, We—ayp, ..., W) = SImdbesdr (Wi Wi, oo, W), (3.4.2)

Proof. The Schur function on the left hand sides of the equations is the determinant of a matrix
whose k’th column is the sequence of homogeneous terms Sj, _; (Wi —a,) fori =0, ..., r—1
and where the entries of the remaining columns are symmetric in a, and a,41. Since the
operators 07 and ¥ are linear with respect to polynomials symmetric in a;, and a,1, the
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left sides are therefore equal to the determinants obtained by applying the operators to the
entries of the k’th column.

Consider the first equation. Since 97 lowers the degree of polynomials by 1, it follows
from Lemma (3.3) that 075, (Wi —ap) = S;—1(Wy). Clearly, the first equation of the Lemma
is a consequence.

Similarly, it follows from Lemma (3.3) that 7w 7.S;(Wy — a,) = S;(Wy), and consequently
the second equation of the Lemma holds. 0

(3.5) Differenciation Lemma. Consider for n < r the Schur function S7(Wy, ..., W,),
where J is a sequence of r integers. Assume that all the words W, are symmetric in the
letters of A. Then the following two formulas hold:

ST (Wi—Act, ..., Wo—Acn, Wyt ..., W) = ST E(Wy, ..., Wy,
anJ(Wl_A<1’ L] WI’l_A<na Wn—i—l’ crty W}") = Sj(Wla MR WI‘)’

where J — E is the sequence obtained from J by subtracting k — 1 from ji fork =1, ..., n.

Proof. The assertion will be proved by induction on n. The formulas have no content when
n = 1. So we may assume that n > 1 and that the assertion holds for the alphabet A :=
{ai, ..., an—1}.

In the Schur functions on the left sides of the equations, the n’th word W,, — A_,, is
symmetric with respect to the letters of A. Therefore, by the inductive hypothesis and the
inductive definition of 9 in (3.2), the left hand side of the first equation is equal to the
expression,

Ol 9 ST E (W Wl Wy — A, Wt .o W), (1)
where J — E is the sequence obtained from J by subtracting k — 1 from ji fork =1, ...,n—1.
Next, apply to the expression (1) n—1 times the equation (3.4.1) fork =nforp =n—1,...,1
and, successively, W, —a; — --- — a, as the n’th word on the left side of (3.4.1). As a

consequence, the expression (1) is equal to the right hand side of the first formula. Hence the
first formula holds.
The proof of the second formula is entirely similar. 0

(3.6) Remark. Conjugation by w yields 9, = w0“w and 7, = wn®w, see (3.1). As a
consequence, we obtain from (3.5):

8wSJ(W1_A>n, ey Wn_A>1a Wn—{—ly R Wr) = SJ_E(le ) Wr),
oS! (Wi—Asp, ..., Wy—Ast, Wogt, ..., W) = ST (Wi, ..., W)).

Indeed, apply the permutation w to the first equation of (3.5). The right side is unchanged,
becauseitis symmetric in the letters of A. On the left side, the resultis the operator wd“ = 9,
applied to the Schur function SJ(Wl—A<1, ey Wp—A_p, Wygt, ..., W), As w changes
the word Wy — A _ into the word Wy — A~ ,,_r+1, we obtain the first formula asserted above.
The verification of the second formula is completely analogous.
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Using the fact that the Schur function s/ (W1, ..., W,) is alternating in J and the words
W, we get analogous formulas when the n words Ay, ..., A, are subtracted from any n
different words in the sequence (Wy, ..., W,). For example, from the formulas for 7¢ in
(3.5) and &, above, we obtain the formulas (where t :=r — n),

TSI (Wi, o W, Wepi—Act, ... We — Aly) = 87 (Wi, ..., W), (3.6.1)
TS (Wi, ..., Wi, Wep1—Asns ..., We — Asy) = ST (W1, ..., W), (3.6.2)
(3.7) Note. Let J be a sequence of n non-negative integers and set £ := (0, 1,...,n — 1).

Then the following two formulas hold:

3°@’) = §7(A), (3.7.1)
7®@’) = S'TEA). (3.7.2)

Indeed, we have that A~, = A — A_,. Therefore, it follows from the Factorization Formula
(2.8), applied to the sequence J + E and the words B, := 0, that

SHEA—A_,...,A—A_,) =a’.

Hence the two asserted formulas follow from the Differenciation Lemma (3.5).

Note that, by the formulas of Theorem (DIFF.3.3), the left side of (3.7.1) is equal to AT /A.
Hence the formula (3.7.1) also follows from Theorem (DIFF.3.3) and Jacobi—Trudi’s Lemma
(1.11). The formula (3.7.2) also follows from the (3.7.1) and the second operator equation of
(DIFE.3.3.3).

(3.8) Sergeev-Pragacz’s Formula. Let B = {by, ..., b,,} be a second alphabet, disjoint
from A. Let J be a strictly increasing sequence of r non-negative integers. Set Ay :=
Jjr—(k—1)fork =1,...,r. Assume thatr > n, where n is the number of letters of A, and
sett :=r — n. Then the following formula holds,

! t+n
§7(A = B) = 70y ([T S =B) [ ] St = Bw).
k=1 k=t+1

Proof. Form the dual sequence J’ with respect to an integer N, see (1.9). By choosing N
large we may assume that the dual sequence J' has at least m elements. Consider the Schur
function S’ (A— B) on the left side of the asserted formula. By Duality (1.9),

ST(A—B) = S” (B—A) =S’ (B—A, ..., B—A), (1)

where ¢ = (—1)IV1=7¢=D/2 ‘Now apply the Differenciation Lemma, in the form of Equation
(3.6.2), to the alphabet B and the sequence of equal words W, := B—A. We obtain the
formula,

S"(B—A,...,B—A) =71,,S" (B—A,...,B—A, Bey—A, ..., B1—A). ()
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By Duality (2.5), applied to the letters of B and W := A (note that N —r > m),
eSY(B—A,...,B—A,B<y—A,...,B<i—A) = 8" (A=B<,,,...,A=B<;,), ()

with € as before. Apply again the Differenciation Lemma, in the form of (3.6.1), to the
alphabet A and the words W, := A—B<, . We obtain the equation,

ST(A-B<,,..., A—B<y,)
=74 S"(A=B<,, ..., A=B<y,, As1—B<i,,,, ..., Asp—B<,).  (4)

Finally, the Schur function on the right hand side of (4) is equal to the product on the right
hand side of Sergeev—Pragacz’s Formula, as it follows by applying the Factorization Formula,
see Remark (2.9), to a sequence of letters (a’l, R a;, ai, ..., ap) and then specializing the
additional letters a; to zero. Therefore, the asserted formula follows from Equations (1)—(4).

ad

(3.9) Note. The condition for the Schur function S’ (A—B) that the sequence J has at least
n elements can always be obtained by extending the sequence J, cf. (1.7).

Clearly, the factor S, (—B<j,) in the first product on the right hand side is only non-
zero if the word B<;, has A letters, that is, if Ay is less than or equal to the number m
of letters of B. Hence the Schur function S”/ (A—B) is only non-zero if A; < m, that is,
if j; < m 4t — 1. Sequences J satisfying the latter condition correspond to partitions
w1 > >y (Ui = Ap—jy1) “contained in the (n, m)-hook: u; < m fori > n.

Assume that A; | > m, thatis, j;11 > ¢t + m. Then the last product in Sergeev—Pragacz’s
formula is equal to the following product,

n

a;’ﬂ’_m 1_[ (a—D).

p=1 acA, beB

In particular, when J = (m,m + 1,...,m + n — 1), we recover the formula of Example
(2.12),
Sm,m-H ..... m+n—1 (A—B) — 1_[ (a_b)7
acA, beB

since 74(1) = 1 and 7y, (1) = 1.



Appendix

1. On determinants.

(1.1) Setup. Work with square matrices, of size n > 1 if not otherwise specified. The unit
matrix is denoted 1,,. Fix an n x n matrix U = (u;). Its determinant is the signed sum,

detU = Y (=D Wu, ---uf, . (1.1.1)
neSy
In the products, the superscripts refer to the n row indices, assumedin (1.1.1)tobe 1, 2, ..., n.

The sum is over the set of bijective maps from the set of the n row indices to the set of the n
column indices, indicated by the appearence of the symmetric group G,,.

The i’th row of U is denoted U', the j’th column is denoted Uj. It J = (ji,..., jr)isany
sequence of column indices, of length r, we denote by U the n x r matrix with the columns
Uj,, ..., U;. Asubset J of r of the column indices will be identified with the corresponding
strictly increasing sequence, but in general the sequence J is not assumed to be increasing
and its entries are not assumed to be different. We use a parallel notation U’ for a sequence
I of row indices. In particular, for two sequences I and J of the same length r the matrix
U 5 1s a square matrix of size r. An r-minor of U is a determinant det U } given by strictly
increasing sequences (or subsets) I and J of size r of, respectively, row and column indices.
The complement of the minor is the (n — r)-minor det U } where I and J, respectively, denote
the complements of / and J in the sets of row indices and column indices.

Usually, row and column indices are taken from the same finite totally ordered set of
indices, of cardinality n, in fact from the set {1, .. ., n}. For any subset I of indices we denote
by I the complementary set of indices. For 0 < r < n we denote by [r] the subset of the first
r indices, and thus [r]” is the subset of the last n — r indices.

(1.2) The Cauchy-Binet Formula. Let U and V be matrices of size, respectively, r x n and
n x r, where r < n. Then we have the formula,

de(UV) =) detUy detV’, (1.2.1)

where the sum is over subsets J C [n].

Proof. We use two well known facts about the characteristic polynomial. For an n x n matrix
A, set
xA(t) :=det(A +1t1,) € R[t].
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Then x4 (¢) is, up to the substitution ¢ := —¢, the characteristic polynomial of A.
Fact 1. If ¢, (A) denotes the coefficient to t"~" in x4(t), then c,(A) is the sum of the
principal r-minors of A:

(A=) detAj.

Fact 2. If A and B are square matrices of size n, then xop(t) = xpa(t).

Fact 1 follows easily from the definition of the determinant. The equation in Fact 2 follows
easily when B is invertible, since AB+t1, and BA+t1, = B(AB+t 1,) B~ ! have the same
determinant. Next, when the determinant b := det B is regular, the equation holds since it
holds for the ring R[b~']. Finally, to verify the equation in general, consider the polynomial
ring R[X] as an extension of R. The determinant of B 4 X 1,, is the monic polynomial x g (X)
which is regular in R[X]. Hence the equation holds for the matrices A and B + X1, over
R[X]. The substitution X := 0 in the latter equation yields the equation for A and B.

To prove the Cauchy—Binet formula, add n — r zero columns to the matrix V to obtain an
n x n matrix denoted (V 0). Use a similar notation for the n x n matrix obtained from U by
adding n — r zero rows. Then we have the two equations of n X n matrices:

U uvo U
(O)(V O):<O 0), (VO)(O):VU.

By Fact 2, the two right sides have the same ‘“‘characteristic” polynomial. In particular, by
Fact 1, the two sums of principal r-minors are the same. For the right side of the first equation,
the only non-trivial r-minor is det(U V). Hence det(U V') is equal to the sum of the principal
r-minors of the right side of the second equation, that is,

det(UV) =) det(VU)7.

As det(VU)f =det(V/ Uy) =detV’/ detU; = detU; det V’, the asserted formula (1.2.1)
is a consequence. 0

(1.3) Laplace development. For the given n x n matrix U and 0 < r < n we have the
equation,
_ D) [r] [r]”
detU = I; (D detU]” detU], (1.3.1)
=r

where the sum is over all size-r subsets J C [n].

Proof. For any subset J C [n] of r indices denote by G ; the subset of permutations u € G,
for which u([r]) = J. Then G, is the disjoint union of the subsets & ;. Accordingly, the
expression for det U is a sum of partial sums,

(=)Wl oy (1.3.2)

detU = Z Py, where Py := Z Uy, Lin

neSy
|J|=r
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Sets :=n—r, andletfbethecomplementof], say J = (ji,..., jr)and J = k1, ..., k).
Clearly, every permutation u € G is of the form,

M:(Ml""’ﬂn):(jO‘]""’j(Tr7k‘E]7""k75)7

with uniquely determined permutations 0 € &, and T € &;. By a simple count of inversions,
) = €(JJ) +L(0) + £(1).

Consequently,

P] — (_1)€(Jf) Z(_l)e(a)(_l)ﬁ(f)u}gl e M;or MZII .. MZTX . (133)
0,7

Clearly, the sum over o, t is the product of two determinants,

DD D O il gt = detU)! det U] (1.3.4)
o,T
Obviously, the asserted formula (1.3.1) follows from (1.3.2), (1.3.3), and (1.3.4). 0

(1.4) Corollary. For any size-r subset I  [n] we have the development,

detU = ) (=D (=" detU] det UL (1.4.1)
|J|=r

More generally, if K C [n] is a second size-r subset, then (with Kronecker’s delta),

(detU) g = Y (=D F D)V detU] detUX. (1.4.2)
|J|=r

Proof. For any two size-r subsets I, K C [n] consider the n X n matrix U IK whose rows are
the rows of U with the indices of the concatenated sequence / K. The concatenated sequence
has two equal entries unless K is the complement of 7, that is, unless I = K.

Consider Laplace development of the matrix U’ K , and multiply by (—1)4K K) o obtain
the following equation:

(—D'KE) et 7K = 37 (— 1) KB (—1){ D) det U der UK. (1.4.3)
|J|=r

Consider the left side of (1.4.3). If I # K then the matrix U 1K has two equal rows, and hence
det U'K = 0. If I = K, then the rows of the matrix U/X = UXX form a permutation of the

rows of U, and (—1)3(1”6) det UKK — det U. Hence the left sides of (1.4.3) and (1.4.2) are
equal. As the right sides are the same, the equality in (1.4.2) is a consequence.
Equation (1.4.1) is the special case K = [ of (1.4.2). 0
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(1.5) Jacobi’s Theorem on the adjugate. For the givenn x n matrix U let U be the adjugate
of U (the transposed cofactor matrix), with the entries,

Tl = (1) det U}
Then the following equations hold:
WU =UU = (detU)1,. (1.5.1)

Moreover, for 1 < r < n, we have the formula for the r-minors of the adjugate matrix, for
any two size-r subsets I, J C [n],

det("0), = (=D (=)D det Uy ! det U (15.2)

Proof. Define, for any two size-r subsets I, J C [n]:
i} = (=DM (=)D et v
With this notation, Equation (1.4.2) is the following, for size-r subsets I, K C [n]:

(detU) 8k = Zm:r detUT g, (1.5.3)

The size-r subsets of [n] form a finite, totally ordered set with N = (;’) elements. Hence
the determinants det l{; and the family 115 may be viewed as N x N matrices, denoted,

respectively, ‘U and "U. As such the set of Equations (1.5.3) for all size-r subsets /, K is
equivalent to the following equation of N x N matrices:

(detU)ly ='U U, (1.5.4)

where 1y is the identity N x N matrix.
Applied with r = 1, the construction results in n X n matrices, and U = U; moreover, an
easy count of inversions in the permutations (i ") and (j j~) shows that that ft; =T u}; hence

10 = TU is the adjugate matrix. Thus (1.5.4) for r = 1 is the second equation of (1.5.1).
The similar equation for Tvu may be proved similarly, or by applying the first equation to
the transpose of U'.

To prove Equation (1.5.2), consider the r-minors of the equation of n x n matrices U U =
(detU)1, just proved. Clearly, we have det (1,,)5 = 85 and hence for the scalar matrix
(detU) 1,,

det((detU)(1,)}) = (detU)"8%.

The corresponding r-minor of U TU is the determinant of U U )5 =UlTu 7. Hence, by the
Cauchy—Binet Formula,

(det0)'8) = det(U' TUy) =) detUg det U (1.5.5)
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Therefore, if "TU is the N x N matrix with entries det TU }, we have, by (1.5.5) and (1.5.4),
the matrix equations,

"W = (detU) 1y, "0 = (detU)1y. (1.5.6)

Clearly, (1.5.2) is equivalent to the matrix equation "TU = (detU)"~! " U, and we verify the
latter.

First, the matrix equation follows immediately from (1.5.6), if det U is invertible.

Next, if u = det U is regular, then the matrix equation holds, since we have just seen that
it holds over the ring R[u~1].

Finally, to verify the equation in general, embed R in the polynomial ring R[X]. Then
the matrix equation holds for the matrix U 4+ X1,,. So the substitution X := 0 in the latter
equation yields the equation for U'. 0
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