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Abstract—For an ordered set consider the model of distribu- |. THE PROBLEM

tion

is considered the more significant one in the sense that the
implication a < b = P(a) > P(b) holds. It will be shown that

s P for which an element which precedes another element
We shall study finite co-trees, i.e. finite ordered sktéor

if the ordered set is a finite co-tree, then the universal preittor Which every non-maximal elementhas a unique immediate
for the model or, equivalently, the corresponding universacode, ~successor, denoted . Fora € A, a* denotes thdeft section

can
Nat!

on the determination of information projections are establshed.
More surprisingly, a direct connection to a problem of isotone

be determined exactly via an algorithm of low complexity of all b € A with b < a. The elements of a co-tree may be
ural relations to problems on the computation of capaciy and depicted as nodes of an oriented graph. If there is only one
maximal nodeg, the co-tree isuspendedvith a astop-node

. ) I _
regressionalso appears possible. Thena* = A.
Index terms— Universal code, universal predictor, isotone

regression.
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By M:(A) we denote the set of all distributions (always
References 16 understood to be probability distributions) ov&r The order
F. Topsge has been supported by the Danish Natural ScienseaiRb modelP = P-(A)., Wh|Ch is the (_)bJECt we will study, is the
Council and by INTAS, project 00-738 model of all distributionsP for which P(a) > P(b) whenever



a < bl By U, we denote the uniform distribution ovet. We define minimax redundancyassociated with the order
These distributions as well as their mixtures are all membanodel as the quantity

of P(A). Conversely, any’ € P(A) can be written in a unique .
Rumin = inf R(k)

way as a convex mixture REK(A)
P = Z wa U, . (1) with R(x) given by
a€A
R(k) = sup D(P||k); k € K(A).
In other words, as is easily proved (%) Peg (Pl) ()
Proposition 1.1: The order modelP(A) is a simplex with It may be seen directly, and also follows from our resultat th
the distributions(U/, ).ca as extremal elements. there exists a unique cod¢, the universal codesuch that

R(k*) = Rmin. The distribution which matches the universal
code is theuniversal predictor It is considered the most
unbiased representation of the mod@l The two universal
o(P) = {alws > 0} @ objects identified, are those we shall aim at characterizing
is the spectrumof P. by an algorithm of low complexity. In order to achieve this,
The setk(A) of codes oven is here identified with the set we appeal to a special instance of a result from optimization
of code-length functions : A — [0, cc], which are required theory, which is much used in information theory and there
to satisfyKraft's equality often identified by a reference to Kuhn and Tucker. We
Z N formulate the result in a way adapted to our needs:

ach Proposition 1.2 (Kuhn-Tucker criterion)Consider the or-

der modelP = P(A) associated with a finite co-tree. Let
1

For P € M(A) andx € K(A) we denote by(x, P’) the P* € P and lets* be the code adapted #*. ThenP* is the
average code-length

universal predictor (equivalently* is the universal code) if

The decomposition (1) is thiearycentric decomposition of
P and the set

(k,P) = Z k(a)P(a). and only if, for some constar®, the following two conditions
a€A hold:
The overall goal is to choose a code so as to minimize this D(U,||x*) = R for a € o(P*), (4)

quantity. If P is fixed, the minimum is attained for the code .
adapted toP, given by D(U,||s*) < Rforalla € A. (5)

1 When this is soR is the minimax redundancR i, = R.
k(a) =In——;a €A,

P(a) The role of the result for our approach, is further commented
and the minimum value is thentropyof P, on in the next section.
As one consequence, one may reduce the search for the
Z Pl(a 1n SYPRY universal objects associated with a general finite co-trebd
a€h search for suspended co-trees
When k is adapted taP, we also express this by saying that Objects P* and x* will from now on denote the universal
P is the distribution whichmatchess. predictor and the universal code of a co-treeinder discus-

The redundancyassociated with” and «, or, in more sion. Thespectrunof A is the spectrum oP*: o(A) = o(P*).
suggestive terms, theedundancy ofx with P as the “true” Nodes ino(A) are referred to aactive nodesf A. The co-tree
distribution is denotedD(P||x) and defined as the differenceA hasfull spectrumif all nodes are active.
between actual and minimal possible average code-length, i Consider the four examples of Figure 1. By Proposition

1.2 it is easy to check thaP* and R,,;, are as indicated
D(P[[r) = (s, P) — H(P). (3) in Table I. T¥1e universal code is the code adaptedPto
This quantity is nothing but the well knowkullback-Leibler Except for Case 3, whekg is inactive, the examples have full
divergencebetweenP and the distributior) which matches spectrum. Apparently, even simple co-trees can have ireacti

K, in standard notation, nodes. Offhand, there is little we can say:
D(P||Q) = Z Pla @ Proposition 1.3: Every maximal node of a co-tree is active.
acA We leave the simple proof to the reader. and add that less

1This model — and not the alternative choice of all ordernésg trivially, cf. Proposition 5.2, also the minimal nodes of a

distributions — is considered to be the natural one, a mainar being that
if a precedesh (a < b) this is taken as a sign that is more “significant”  >Indeed, ifA is the direct sum of (suspended) co-trées; v = 1,- -+, m
thanb, hence, for sensible distributions, one should h&e) > P(b) rather ~With associated minimax redundanciBs and universal predictor®; then
than the other way round. In terms of coding (see below) ooicehappears m R
even more natural as it reflects the good sense of assocthgnghorter code P = Z e p*
words to the more significant events. eR1 + ... 4 eBm

?please note that in order to facilitate a focus on essentiashall relegate
all proofs of results which are not either well known or colesed “easily is the universal predictor fo\ and In}", elv the associated minimax
proved” to an appendix. redundancy.



Case 1f Case 2| Case 3| Case 4 available only in inconclusive form resulting — not in the
o(A) A A A\ {a} A direct determination of their relative numbers — but only in
an ordering among the species, from the more frequent to the
Pao) | 2|l 2| %5 %2 | 5 % less frequent ones. Modelling as done here based on a co-tree
i - A is one possibility, though modelling based on trees rathan t
pr(a) 1z |2z | %z |27z co-trees appear just as interesting, or perhaps even more so
P*(a..) 1 2% L 2% L However, models with trees in place of co-trees are without
reach if you insist on expressing the universal objectsased
Rmin=InZ [ In 2% | In32 In 47 In 225979 form.

When you look back and consider the methods applied,
Table | further aspects appear which contribute to motivate thegme
UNIVERSAL PREDICTORS FOR THE COTREES INFIGURE 1 research. The reliance on Proposition 1.2 points to the-inte
esting connection between minimax redundancy and maximal
transmission ratecapacity i.e. theredundancy-capacity the-
orem of Gallager and Ryabko, see [7]. In our situation, the

intricate and one may view the algorithmic determination 6?Su“ involves the discrete memoryless channel witras

this set for any co-tree as the main problem to be solved. orpgut- as well as output alphabet and with the distributions

o(A) is determineds* (hence alsaP*) and Ru, can easily (Ua)aen as the con_ditional output distributions, giyen an input
be determined, cf. (15) and Corollary 5.1. letter (here a node iA). By the redundancy-capacity theorem,

the optimal distribution on the input side is given by the
barycentric coordinates of the universal predicksr and the
Il. MOTIVATION optimal distribution on the output side B* itself. We shall

The natural interpretations related to codes as well as @t exploit this connection in the sequel. Rather, the Sitna
significance of the problem outlined as onegeheral univer- is that the results which we shall develop can be used to show
sal prediction and codin¢general, because many other modelRoW to determine the optimal distributions and the capafity
than models related to order structure may be consideredf§ special discrete memoryless channels that can arisein t
recognized in the information theoretical literature sineng. Way described.

Early works in this area include Fitingof [1] and Davissoh [2

The reader may also consult the survey article [3] by Fedﬁf]own problem of determiningnformation projections In

and Merhay. L ) ) fact, to any co-tree we can associate a probability didiobu
The original motivation behind our very special study repy - through simple calculations such that the soughtis

lated only to order models in co-trees consists basically §f, information projection ofi¥* on P(A) (for W* take
three parts. Firstly, to the best of our knowledge, this<ias the measure obtained by normalization1of from Theorem
the most comprehensive class for which an exact deterromath 1). This fact — or the connection to the problem related to

of universal objects can be provided either directly or via @apacity pointed to above — may be exploited to calcufte
reasonable algorithm. For the subclass of order modelsjba§13a standard numeric algorithms. However, we stress that th
on linearly ordered sets, a complete result already einStSWiII only lead to approximate determination,st. As we are
IS _due to Ryal_ako who developed a closed formula for trH?ere concerned with precise determinations, either viaerdi
umversgl pre(_jlctor, Cf. [4].' For the Iarger subclass of CGormula (possible only in special cases) or via an algorithm
trees with uniform branchlng, an algorithm was announc%ich stops with the exact result after finitely many steps, w
in Topsge [5] but th_e details were never published. shall not pursue this possibility. Another matter is thahskard
Secondly, our main results, Theorems 7.1, 8.1 and 9.1, mé\{‘;orithms may be useful anyhow in order to guess what the

also be considered as useful reservoirs of examples whigh r"%"iBectrum is, and then exact formulas are easy to derive, cf.
serve as test cases for future research. However, we remmrég discussion related to (15) in Section VI

that it appears very difficult, even theoretically impossijtio
develop exact results expressed in terms of standard funscti  Finally we comment on a connection to a problem of
for other desirable models than those here consideredreitisotone regressiowithin least squares analysis. This depends
based on order structures other than co-trees (e.g. trees) oon an observation of an anonymous referee who, based on the
other constructs (such as Bernoulli models). Thus, the tdeainformation projection formulation given above, encowdg
look into models based on sequences rather than individtie¢ authors to investigate connections to an algorithm for
observations from an order modgl is bound to fail. Severe isotone regression worked out by Pardalos and Xue, cf. [8].
obstacles to such a program exists as will be revealed by @oking into this has led to a conjecture involving the fuont
reference to Galois theory (details will be provided in ses & defined byk(a) = In ﬁ; a € A, viz. that the associated
by Harremoés and Topsge, in preparation). isotone regression coincides with the relativized unalerede

As a final basic motivation we note, as pointed out to us* defined in Section V. In other terms, the conjecture states
by Boris Ryabko, cf. also [6], that for certain applicationshat f = #* with f the unique isotone function oA (i.e.
to biology, information about biological species is somets o < b = f(a) < f(b)) which minimizesy",_, [f(a)—k(a)|>.

co-tree are active. In general, the structurecOf\) is quite

Another observation concerns a connection to the well



The two algorithms, ours and that of Pardalos and Xu

are different but similar in structure — e.g. both work with a
notion of “blocking”— and may essentially compute the same

objects. Regarding complexity, Pardalos and Xue demdestr

that their algorithm is in general very efficient whereas we

limit a detailed study of such issues to the case of co-tre
with uniform branching, see Section IX.

IIl. CO-TREES WITH FULL SPECTRUM

In this section we investigate when a given co-tfedas W

full spectrum. The criterion we shall find will be expressed i
terms of the numbers

N(a) =|a‘]; a € A

where| - - - | denotes the number of elements-in. We also
need the numbers

N(a) = N(a)InN(a); a € A.

Further, fora € A, we introduce the notation— for the set
of immediate predecessods a, i.e. the set of alb < a for
which no nodec satisfiesb < ¢ < a. If .g. a is a minimal
node,a* = {a}, N(a) =1, N(a) =0, anda™ = .

We associate the followingieightswith the nodes ofA:

_ Moea NOM®

W(a) = N@~@ a€cl (6)
and also introduce the resultimgprmalizing factor
Z=Y Wa). 7

a€A

Theorem 3.1:A co-tree A has full spectrum if and only
if, for every pair of nodegb, a) with b € o™, the inequality
W(b) > W(a) holds. And when this condition is satisfied,
the universal predictor is given by normalization Wf, i.e.
P*(a) = W(a)/Z for any a € A. FurthermoreRyin = InZ
and the universal code is given by

K*(a) = Rmin+(N(a) -y N(b)) :

bea—

[Proof in appendik

We remark that when the condition stated holds, the stri
inequalityW (b) > W (a) will actually hold for all nodes with
bea.

Note that the cases 1, 2, and 4 from Section | can be hand
based on this theorem.

If we conceive the result as an algorithm to check wheth

the co-tree in question has full spectrum or not, we note that
the algorithm is very efficient as the number of inequalities

nodes in leveb (v =0, - -
ecursively as follows:

NV:1—|—/€V+1N,,+1 forl/:n—l,"' ,O. (8)

,n). The N,’s may be calculated

N, =1,

a From Theorem 3.1 we derive the following corollary:

Corollary 3.1: The co-treeA = Afky,--- , k] has full
es , )
spectrum if and only if, for every =0,1,--- ,n — 2,
L\se/ 1 \1=%¢ 1
— 9
(NU) (NU+2) - NV+1 ’ ( )

here the numbergy, - - - , p,,_1 are given by

Pv = (1 + kl/+1)Nu+1 = Nl/ + Nl/+1 —1.
[Proof in appendik

Specializing further we obtain the following corollary whi
extends Ryabko’s theorem [4] in a natural way (Ryabko's
theorem corresponds to the case= --- = k, = 1 which
givesN,=n—v+1;v=0,1,---,n):

Corollary 3.2: Every co-tree\ = Alky,- - , k| with k1 >
ko > --- > k, has full spectrum and the universal predictor
P* is given by

P*(a) = N, ¥ (N 1)V /7

=N, M (Nyp)V 1)z

for all pointsa in level v (v = 0,1,---
normalization constant.

,n) with Z a

IV. PREVIEW OF THE ALGORITHM

For the preview in this section as well as for later usage we
introduce some special notation and concepts for an arpitra
co-treeA. A set B C A is hereditaryif b < a, a € B implies
b € B. A blocking seffor a nodea € A is a hereditary subset
B of a*\ {a} which contains every minimal node af \ {a}.

The largest such setis \ {a}. Theexterior of B in a, denoted
Sp(a), and theceiling of B in a, denotedl'z(a), are the sets

SB(Q) = al \ Ba (10)
Tg(a) = set of maximal nodes aB. (12)

The nodes iMl’s(a) are the first nodes il you meet on
paths froma to a minimal node. The exteridfz (a) is always
f¥bn-empty. The same is true for the s@sandTs(a) unless
a is a minimal node ofA, in which case only the empty set
is blocking fora.
legtor any function¢ on A, ¢° denotes theaccumulated
functiondefined as the set-function

er
INED )

beA

which need to be checked is at most the number of nodeswith A any subset ofA. Using this notation, we define the

the co-tree. bracket ofa in B, with B a blocking set fow, as the number
Let us have a closer look at Theorem 3.1 in the case of — —0 — —0
a co-treeA[ky, - , k,] with uniform branching. For such a [q, B] = N(a) =N (Tp(a)) _ N(a) - N (Ts(a)) ,

co-tree, we denote by, the common number oN(a) for

4Added in proof: The conjecture has now been settled. Detailsbe
published elsewhere.

|SB(a)l N(a) — N°(Tg(a)) 12)

By [a]max We denote the maximal value &, B] with B a
blocking set fora. It turns out that among the blocking sets



for a with maximal bracket, there exists a set-theoretically
largest one (Proposition 7.3). This uniquely defined set is
denotedB*(a) and the corresponding ceiling and exterior are
denoted respectively*(a) and S*(a).

Our algorithm is in two parts. Part | determines all tB&'s
and lists the corresponding maximal brackets. The result ca
be shown graphically for co-trees of moderate size, cf. fe@gu
2,3 and 4. There we have also indicated in black the top-nodes
as well as all nodes in ceilingg’{’s) for the B*’s constructed
during Part I. We remark that all nodes of the co-tree will be
black after Part | if and only if the co-tree has full spectrum
(and if and only if all tests introduced below are positive). 0

The search carried out during Part | starts from the bottogyyre 4. The algorithm for the previous co-tree with deletof one minimal
with the minimal nodes. The resulting brackets are all fibde.
and ceilings are empty. Then move up the co-tree you are
investigating. This is done incrementally so that when you . .
work with a specific node, say, you have already inspectedshortest co_de-length. Th_e calc_ulatlon of minimum re_zdung_ian
every node inet\ {a}. The first thing to test is i = o\ {a} and _the universal code is straight forward as explainedén th
could be the sought blocking sBt (a). This is done by testing S€ction to follow. o _
if the bracke{a, B] dominates all maximal brackets calculated 10 96t a feel for the numerical figures, we mention that for
for nodes inTs(a) (= a~ for this first attempt). If this is not the co-tree in Figure 3, Corollary 5.1 implies that
the case, you indicate the failure on the graph by adding a o ( -2 -3 Lr—5/2 -6
“dagger” after the valuéu, B]. And then you replacé by a Rmin =10 {84277 4377 +2. 5727+ 277
somewhat smaller set and repeat the procedure until the test 4+ 97103355 2183*155*5) ,
carried out is positive. For examples of moderate size as in
the figures shown, you can guess which replacements to maigich is approximately 2.12 measured in natural units,eorr
For the formal algorithm — to be developed rigorously in th&ponding to 3.06 bits. This may be compared with the 3 bits
sequel — this is done in a systematic way as indicated laterificessary to encode the 8 minimal nodes which are equally

the flow diagram in Figure 6, page 9. probable under the universal predictor.

The sensitivity of the spectrum due to small changes of the

°® {z:%mw co-tree is illustrated by removing one minimal node from the

/2277 co-tree in Figure 3. This leads to the co-tree in Figure 4 for
which an extra inactive node emerges in a part of the co-tree
3~ 3.30 which has not been affected by the removal. Thus one cannot

decide “locally” if a node is active or not. For the co-tree

0@ ® in Figure 4 one findR,in = 2.01 natural unitsx 2.90 bits

— compared to the approximately 2.81 bits needed to encode
the 7 minimal nodes which have equal probabilities under the
universal predictor.

Figure 5. A co-tree with “overshadowing”.
Figure 3. The algorithm for a “general” co-tree . . . .
Our last concrete example is shown in Figure 5. For this
co-tree, Part | leads to the nodes in levels 0, 2 and 3 as
For the co-trees of figures 2, 3 and 4 you are done after cothe possible active nodes (the “black nodes”). However, the
pletion of Part I. In these cases the spectrum coincides witho nodes in level 2 are not active. This is seen by applying
the set of black nodes. The brackets calculated for theeact®art Il of the algorithm which runs from the top and down,
nodes are the universal code-lengths measured relativeeto dt each step turning a black node into an inactive node if



the corresponding exterior set, sdy(a), “overshadows” the  For each node € A, the left-sectiona* defines a co-tree
black node in question. In the case shown, the set consistingn its own right. As another corollary to Proposition 5.1 the
the 8 minimal nodes is the blocking set with maximal brackébllowing result is easily proved:

for the top-node, hence the two nodes in level 2 are “shadowed . i
away” and become inactive. For another example illustgatin Corollary 5.2: If “ < o(A), then the relativized universal
how Part | and Part Il of the algorithm play together, th8°de for the co-tree* is obtained by restricting the relativized

. L2 . i 1 i 1) — 1
reader may turn to the discussion in Section IX of the co-tréfiversal code for to a*. In particular,o(a’) = o(A) Nar.

Al1,1,1,4,5,1,2,3], cf. Table 2. The reader may also check e stress the importance of the assumption dhia¢ active.
that no black nodes are “shadowed away” during Part Il §fithout that assumption new active nodeszsinmay appear,

the algorithm for the co-trees in Figures 2, 3 and 4. _e.g.a itself, cf. Proposition 1.3 and Case 3 from Figure 1 (and
More details about the algorithm as well as a proof of itsigyre 2).

correctness will be given in the following sections.
For the further study, consider, for amye A, the control

of a, denoteds, defined as the closest active node greater than

. ) ) ) or equal toa (i.e.@ € o(A), @ > a and noc € o(A) satisfies
With this section we embark on the technical developmept. . @). By Proposition 1.37 is well defined for all € A.

leading to an algorithm. Clearly,@ = a if and only if a € o(A). The significance of

Experience tells us that for typical optimization problesfis he notion is summarized in the following simple facts:
the nature we are studying, “normalization” (via a “paotiti

function” or constant) is natural. This is for instance retbel Lemma 5.1:Let a € A. Then, for anyb with a < b < 7,
by the appearance of in Table 1. A natural idea then P*(b) = P*(a) and, therefore, alsa*(b) = ~*(a) holds,
is to facilitate the search for universal objects by a priovhereas, ifb > @, P*(b) < P*(a) and&*(b) > &*(a) hold.
normalization. We find it advantageous to work with codd#$roof in appendik
rather than with distributions. Then, rather than norniiagjz
via a division, we should normalize by a suitable subtractio
This leeds to objects measured relative to optimal perfaoaa
and we speak about a processrelfitivization Proposition 5.2: Every minimal node ofA is active. The
Relativization may be defined quite generally. Howevefelativized universal code is non-negative and vanishethen
we shall only have co-trees in mind for the present studyinimal nodes — and nowhere else. The universal predictor as
Therefore, letA denote a fixed co-tree and denote as usual Byimes its maximal value on every minimal node and any other
Rmin the minimax redundancy for the order mo@®k= P(A). node has a strictly smaller probabilityPrpof in appendik
Motivated by the considerations above, we introduce the

V. RELATIVIZATION

Together with other facts, the lemma is used for the proof
of the following useful result:

relativized universal codas the function The proposition illuminates the definition &f. Indeed, we
realize thatz* measures code-length relative to the shortest
£* = K" — Ruin - codeword. This property is specific to co-trees and need not

hold if relativization is considered more generally.
As a last application of the structure related to the notion
of control, we establish the following result:

We first characterize this function among aibnotonefunc-
tions ¢ : A — R. Here, monotonicity means thatb) < ¢(a)
wheneverb < a. A nodea € A is ¢-activeif either a is a
maximal node or elsé(a) < ¢(a™) (recall thata™ denotes  Proposition 5.3:For any node which is not active, the in-
the immediate successor aj. If a is not ¢-active,a is ¢-  equality of (14) is sharp, i.e. for such a node? (a) < N(a).
inactive If ¢ = £ (or if ¢ = £~), we regain the notion of [Proof in appendik

active and inactive nodes introduced in Section I.

Proposition 5.1: A real-valued functiong defined onA VI. IDEAS ON THE WAY TO AN ALGORITHM
coincides with the relativized universal co@é if and only

if it is monotone and satisfies the two requirements: Again, we consider the order modgl for a co-treed. We

aim at developing an efficient algorithm for the determioti

¢° (a*) = N(a) for every ¢-active nodeu (13) of the universal objects. Instead of going directly intcsthie
% (a*) < N(a) for every nodeu € A.. (14) shall take time in this section first to explain the ideas behi
First, in order to motivate the introduction of blocking set
[Proof in appendik and brackets, we observe that if, somehow, the spectru)

(i,j'ﬁ known, i* is easy to calculate. A8*(a) = £*(a) holds
generally, we need only worry about the valueg dfor active
nodes. So, lett € o(A). If a is minimal, &*(a) = 0. If a
is not minimal, denote byl" the set of maximal nodes in
Corollary 5.1: The minimum redundancy can be obtaineda*nco(A))\{a}. By Proposition 5.27" is a “cross-section” of
from the relativized universal code by the formia,;, = «' inthe sense that every path framo a minimal node meets
In>,cne ™ (@ and the universal code is given by = T in exactly one point. We puB = |, t* andS = a*\ B.
£* 4+ Rmin- Then &* assumes the same valu&;(a), on all nodes inS

Inspection of the proof shows how to obtain the univers
codex* from the relativized universal cod&* by a simple
process of de-relativization:



and, considering the decomposition @f in the two setsS height of A and the decompositioh = MU M; U---U M,

and B, we find from Proposition 5.1 that is obtained by successive removals of minimal nodes Mig.
— o . o is the set of minimal nodes of the co-tree
N(a) = (&*)7(a*) = |S| - &*(a) + (") (B) \
~ % ~%\O ~ % T M .
=181 @)+ S E)E) = 18] () + N U
teT teT sI<
— |S|-#*(a) + N°(T), . The reason why a construction from the bott.om is to prefer
is that when you work from the top, and consider candidates
and conclude that for the B*-,5*- and T*-sets without knowing these sets for
N N(a) = N°(T) N(a)-N°(T) nod_es furt_her down the co-tree, you risk that after some time
£ (a) = 5] = N@@) = N°(T)’ (15) an inconsistency occurs and this will force you to discard

] ) o revious work, and to start afresh. Quite differently, wiyen
recognizable as a bracket according to the definition (1%)qrk from the bottom, the sets concerned remain unchanged
Note that the formula holds for all active nodes, includingnce constructed as they are not influenced by the develdpmen
the minimal ones (for which” = B = ) and S = {a}). further up in the co-tree. It should, however, be remarked th

The further development depends on certain relations hesis aiready constructed may later turn out to be superfluous
tween blocking sets and their associated brackets. The prgp sets associated with nodes higher up in the co-tree, say

erties we need are derived from certéiansitivity identities oqesp > o may “overshadow” sets already constructed in
statgd in Lemma 7.1. Qf s_pecial i_nterest_are blocking sett$ Wipa sense thas*(b) D S*(a) may happen, cf. the discussion
maximal brackets. As indicated in Section 1V, for each nods A[1,2, 4] in Figure 5. The insight needed to see that Part | of

there exists a set-theoretically largest blocking setafovith 6 g1g0rithm works as intended will be developed in Section
maximal bracket. This is the sd8*(a) and the associated|.

exterior and ceiling are the sef§'(a) andT*(a).

We can now define setg;, 17, - - -, the ceiling hierarchy
by a construction “from the top”: We start witli, by
definition the set of maximal nodes df. Then, asT}, we
take the union of all sets of the forffi*(¢) with ¢t € T§. We
continue “down the co-tree”. Formally, far> 1, we put

A basic element of the algorithm is a subroutine, referred to
as thecentral subroutinelt is called several times during Part
I. The flow diagram is sketched in Figure 6. As input to the
subroutine one takes a node= A, and as output the subrou-
tine provides you withB*(a), T*(a) and[a|max = [a, B*(a)].
It is understood that the corresponding objects assocyaitid
T = U T*(t). (16) nodes_ ina* \ {a} are already known wh_en the subroutine

for a is called. When the central subroutine has been called

for all nodes in the co-tree as input, all ceilings(a) and
Clearly, the setd7" are eventually empty. By(A) we denote gl maximal bracketsja]max Will be known and Part | of

teTy_,

the union the overall algorithm is completed. For the final part of the
(A =17, (17)  algorithm, Part Il, we work “from the top” by appealing to
i>0 Theorem 7.1. This provides you directly with the relatidze

For any nodeu, the projection of a on &(A) is the unique universal code from which the universal code (hence also the

node pr(a) € o(A) for which a € S*(pr(t)). We do not universal predictor) may easily be constructed as expteine

know if this notion coincides with the notion of control, .i.e Section V.

if pr(a) = @ holds generally. Anyhow, it is sufficiently close

that we can argue with it in much the same way as in the VII. CONSTRUCTION FROM THE TOP

beginning of this section, thereby deriving a formula for. We start by developing some properties of blocking sets and
To any nodes € o(A) \ Tg we associate the unique nodebrackets.

wu(t) € (A) for which s € T*(u(t)) (it is the “mother” of

5) Proposition 7.1:Let B be a blocking set fon. Then the

Usi . S . : bracket[a, B] vanishes ifa is a minimal node and is positive
sing the notions just introduced, we can, in our first main . . .
result, Theorem 7.1, characterize the universal code ak waerwise. Proof in appendik
as the spectrunw(A). We point out that perhapg(A) = We shall show that the universal code can be constructed
o(A) holds generally, but we do not know this. In spite obased on the brackets alone. Proposition 5.1 is an important
this unsettled issue, Theorem 7.1 is satisfactory as nmtake step in this direction but there are obstacles to overcome
saving in efficiency seems to resulzifA) = o(A) was known in connection with the necessary checking of inequalities
to hold. related both to (14) and to the requirement of monotonicity.
The construction behind Theorem 7.1 depends on the blo¢kturns out that these problems can be overcome, based on
ing sets B*(a). During Part | of the algorithm all thesecertain identities which allows one to compare bracketsragno
blocking sets will be constructed. A naive search will requi each other. Two simple constructions are involvidting and
exponential time in the size of the problem. To develop aestriction Specifically, if B is a subset ofA, andb any node,
efficient algorithm, new ideas are needed. What we will do tee filing of B at b is the setB v b = B U b+ and the
to revert the construction and work “from the bottom” thrbugrestriction of B to b is the setB A b = B N b, Typically,
the minimality componentd/y, My, --- , M. Here,h is the these constructions are usedifis a blocking set for, b < a



andb ¢ B. ThenB Vb is a new blocking set for andBAb B*(a) and B.(a), characterized as, respectively the set-
is a blocking set fob. theoretically largest such set and the set-theoreticaligllest
such set. In particular, for every blocking sBt for a with
maximal bracket, the inclusion8,(a) C B C B*(a) hold.
[Proof in appendik

Lemma 7.1 (transitivity identities, basic casd)et a > b,
let B be a blocking set for. and assume thdt ¢ B. Put
BT = BvbandB~ = B Ab. Then the following identities
hold: We do not know ifo(A) = &(A). This will be the case if,

for a € A, there is a unique blocking set farwith maximal
|SB+((I)|([baB_] - [GaBJr]) = |SB(G)|([baB_] - [a,B]) » bracket, i.e. ifB,(a) = B*(a) holds generally.
(18) For the constructions to follow, we have chosen to focus on
_ the largest sets, thB*(a)'s. We denote byl (a) the ceiling
|SB(G)|([(I’B] B [G’B+]) - |SB*(b)|([b’B I- [G’B+]) " in a associated WithB(*()a) and by S*(a) thé éxterior ina
(19)  associated witlB*(a). These are the sets we shall use for the
-1_ _ _ + construction ofi*.
|95 (b)|([b’B ] [a’B]) |SB+(G)|([G’B] la, B (]2)0) Consider the ceiling hierarchf*);>¢ introduced in Sec-
tion VI. Here and below, the largest index wiffi* # 0 is
[Proof in appendik denoteds. Clearly,d < h, the heighth of A, but often it is

In order to ease the notation, we agree that if a set of t g1aller, e.g. for Case 3 of Figure 4,= 1 andh = 2. In

: . . : e extreme case when every maximal node is also a minimal
form B A b is blocking forb, we may say thaB is blocking . . .

: . . node, 7 is the only non-empty set in the hierarchy ane: 0.
for b and write S5 (b) in place ofiSpn(b) and[b, B] in place g ooy o the ceiling hierarchy we define a decomposition
of [b, B A b]. In the formulation of Lemma 7.1 we may thu 9 y P

S/ o .

write Sp(b) rather thanSg- (b) and|[b, B] rather tharlb, B~]. (57)osiss of A as follows:

As all terms of the formS.(-)| are positive, it is clear that S = U S*(a) = {a € Alpr(a) € T/} . (21)
we can use (18)-(20) for comparisons of brackets. We shall a€Ty?
soon see instances of this. For now we note that the lemm
implies that the numberi, B, [a, BT] and [b, B] are either
identical or elsda, B] lies strictly betweera, B*] and[b, B],
i.e. either[a, Bt] < [a,B] < [b,B] or [b,B] < [a,B] < Theorem 7.1:The relativized universal code is given by
[a, B] holds. _ 7*(a) = [pr(a))max for all a € A, (22)

The transitive nature of the lemma is best revealed by
generalizing the resilt and the spectrum of is the following subset of(A):

With reference to notions from Section 1V, a blocking set s — *
for a € A with maximal bracket isset-theoretically maximal o(A) =15 ULt € TN TG (1B max > (e} - (23)
(minimal)if it is not a proper subset (superset) of some othgProof in appendik
blocking set fora with maximal bracket.

Proposition 7.2:Let B* be a blocking set for. € A with VIII. T HE CENTRAL SUBROUTINE
maximal bracket. We continue the study of universal objects associated with
(i) (monotonicity): The inequalitya]max > [b]max holds for the modelP(A) over a co-tree\.
everyb € Tg-(a). If B* is set-theoretically minimal, the sharp The construction in Theorem 7.1 builds on the sBtga).
inequality [a]max > [b]max holds; As noted in Section VI, the theorem cannot be used directly
(i) (boundedness): The inequalif¢]nm.x < [b, B*] holds to obtain an algorithm of low complexity. Instead, we speed
for everyb € Sg-(a) \ {a}, and the inequality is sharp B* up the construction by working “from the bottom” based on
is set-theoretically maximalPfoof in appendik the decompositiol\ = My U M; U - -- U M}, in minimality
Exploiting these results we obtain a useful uniqueneggmponents. . .
property: We _sh_all o_le_termme th&*-sets for all _nod_es. For noc_ies in
M, this is trivial, and we start by considering nodes/ify,
Proposition 7.3: (uniqueness) For every nodethere exist continue with nodes id/>, and so on until we get at the nodes
two uniquely defined blocking sets fawith maximal bracket, in Mj,. We will assume that the decomposition in minimality
components is given off-hand and not be concerned with the
Swhat we have in mind is the following result, which can be pawy time it takes to determine this decomposition. Anyhow, this

Ruith reference to the ceiling hierarchy and associated
notions, we can now state the main result of this section:

induction: Letk > 2 and consider nodes;,--- ,ar With a; > --- > ay. - - . .
Assume thatf3 is a blocking set fom; and thatay ¢ B. PutB; = B v a;  CaN b_e achieved by an efflt_:lent algorithm based ona syskematl
fori=2,--- ,kand By, = B. Then indexing of the nodes as in the examples shown in Figure 1.
. The two propositions to follow are important technical ®ol
3 ‘SB‘((ll)‘Gaifl,Bi] - [ai,Biﬂ}) needed to develop an efficient algorithm.
=2

Proposition 8.1: (I'-structure) Leta € A. Then, for every
:|SB(“1)‘<[“1’B}_[%B]>' b € S*(a), the inclusionS*(b) C S*(a) or, equivalently,
B*(a) Ab C B*(b) holds. Proof in appendik



The name attached to the result lies in the shape of the [ | nput a]
letter ‘T and will appear natural when we specialize to co-

trees with uniform branching in the next section.
The stronger result actually proved in the appendix sugport
the view that “normally” B.(a) = B*(a).
" B :=a*\{a}
For our second auxiliary result, let us agree to say that |a b = Arg max[t]max
blocking setB for a nodea has themonotonicity propertyf T o teT
[a, B] > [t]max for everyt € Tg(a). ' = b]

Proposition 8.2: (Characterization): For any € A, B*(a) a:=la, B]
can be characterized as the largest blocking set foith the
monotonicity property.Proof in appendik

When applying this result we have a construction “from the Yes >>
No

bottom” in mind. Then the characterization makes good sense
since, when searching for the sBt(a), all setsB*(b) with
b € a*\ {a} will be known and thus the monotonicity property
can be checked for any candidate étve may suggest for
B*(a). Qut put
We emphasize that when estimating the complexity of the
algorithms under development, we will neglect any contrib B*(a) =B
tion from efforts to make basic information about co-tregs T*(a) =T
studied accessible to us in a convenient form. We shall tHus
talk aboutessential complexitpf the algorithms. The basic| [a]y.. =
information we will need can be listed as follows:
« the decomposition in minimality components = M, U
<o U My,
o the mapa ~ ¢~ which makes the immediate predeces-
sors of any node accessible to us,
« the mapa ~ a* which gives access to the left sections,
« the mapa ~ N(a) and, finally,
. the mapa ~ N(a). Figure 6. Flow diagram for the central subroutine
Of course, there is some redundancy in this list (espegially
N is given in terms ofN). However, the list is chosen for
convenience in view of the algorithm to follow. It is clear
that if we identify a co-tree using the standard repres@mat procedure chosen as nodes(if), My, --- , Mj, are called
the basic information can be provided by efficient algorishnin succession.
operating on the underlying set of finite sequences.
The algorithm we shall now describe is based on TheorerBWe use 5, T and a as place-holders for t_he sought key
7.1 which shows that if we know, for every nodethe ceiling objects as.socjated W'thi The Iargest blocklng. set fou
T*(a) as well as the maximal brack@t] .y, then it is easy altogether isa* \ {a}. This is the first set we will test and

o . S .
to determine the relativized universal code, and hence tﬁ\%;m:\fsliarﬁstlr?:r:en:ob?i);tzusfﬁt?nz q }h{ea}f; V\:E arliz(t)er:/%rlte
universal code and the universal predictor. The algorithfisc y 9 pprop pprop

several times theentral subroutingsee Figure 6, which, for 0 a.
a given inputa, calculates the key objects associated with ~ After the introductory assignments, we arrive at the céntra
taken to be the setB*(a) andT*(a) and the numbeja],,.x. bOX, the(b, 5)-box It is important that when we come to this
Note that we find it convenient to work with bofB*(a) and box, which may occur many times during the execution of the
T*(a), though the one may of course be determined from tisebroutine B, T, anda are known to have certain properties:
other. B must be a blocking set for, T = T(a) anda = [a, B|
For the minimal nodes € M, we already know what the must hold, and then we stress tt&it(a) C B must be known
key objects are and there is no reason to call any subrouttnehold. In order to carry out the calculations in tfte3)-box,
for these nodes. To determine the key objects associatéd viitis understood that there is a natural way to list the nodes
any node, we first call the central subroutine for nodes in the 7', say asty, - - - , t; (the standard representation dfmay
minimality component\M, then for nodes iM/, and so on be used for this purpose). For the calculation, we go through
until we get to the nodes inf, (with i the height ofA). all brackets[t]max With t € T, note the largest value and
Let us have a closer look at the central subroutine. Considken consider the first node among - - - , ¢, for which the
a particular inputa € A\ M,. When the subroutine is corresponding bracket attains this value. By definitiors th
called it is assumed that key objects about preceeding nodes Arg max-node. As place-holders for this node and for the
have already been determined. This will be the case by tberresponding maximal bracket we userespectivelys and

B := (B\b*) U B*(b)
T = (T\{b}) UT* ()
a = [a, B]

RETURN



thus carry out the assignments

b:= Argmax[t]max; B:= [b]max .
teT
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by step. First, putBy = B (the old setB) and then define

successive reductions by putting

B, = (By—1\b}) UB*(b,)

Concerning the calculation of brackets in the central bak afr ,, — 1, ... | k. Then the seB;, is equal to the set defined
elsewhere in the Subroutine, this is based on basic |nf(|mma.t|n (25) This relies on successive app"cations of (19) and o

about the co-tree’s and N's) and on output {*’s) from
previous calls of the subroutine according to the formula

N0) ~ Soere N 6)
N(t) = Yger-@m N(s)

After the central box comes the test-box > 5?”. We
realize that what is tested is really # has the monotonicity
property. If it does,B = B*(a) by Proposition 8.2 and we go
to the output box and then return to the algorithm.

Assume now that the test is negative, {@.B] < [b]max-

It is a key point of the algorithm that theln € S*(a) must

[t]max = (24)

monotonicity. Details are left to the reader. This remarK wi
be important for the special co-trees to be discussed in the
next section.

Other modifications may speed up the execution of the
subroutine, e.g. one may note that noded4in can also, just
as minimal nodes, be dealt with outside the subroutine and
that some of the information about calculated brackgts,.
at one stage may be reused for the next stage. We shall not be
concerned here with such fine-tunings for general co-trees.

The full algorithm for the calculation of*, and hence the
sought universal objects, consists of the following steps:

hold. Assume the contrary. Then, & (a) C B, b € T*(a)
and by monotonicity we then haye]ax > [b]max- CoOnsider
anyt € T and note that

initialization providing basic information about the co-
tree,

trivial assignment of key objects to nodes iy,

call of the central subroutine for all nodes id;,

[thmax < [Dlmax < [almax -

call of the central subroutine for all nodes id;,,
top-down construction of the ceiling hierarchy and simul-
taneous listing of the values @&f*, cf. Theorem 7.1.

By boundedness, we must conclude from this thatB*(a)
since, ift € S*(a), [almax < [t, B*(a)] < [t]max Would hold,
contradicting the inequalities above. THOSC B*(a). SinceT
is the ceiling ofB in @ and sinceB*(a) C B we conclude that
in fact B = B*(a) must hold. ThenB does after all have the The steps until the final step constitutes Part | of the
monotonicity property of Proposition 8.2. This contragitite algorithm. The final step is Part II.
result of the test. All in all we conclude that indelee 5*(a). By the foregoing discussion, it is clear that the algorithm
Knowing thiS, we can app]y the gamma structure, Propgpes |ndeed-Ca..|CU|ate- the QeSIred Obj?CtS.- It |$ also pretty
sition 8.1, and find thaB*(a) is a subset of the se(tB\ clear that this is achleve_d in pol_ynpmlal time in the size
{b}) U B*(b). This set is a blocking set far asb cannot be a of the problem. Let_ us discuss th|s_ in more detall but_only
minimal node (ther = 0 would hold and the test would have@m at a rough estimate of the efficiency of the allgorlthm.
been positive). We take this set as our new set to be tested &Hgtly: as remarked before, we shall neglect the time con-
make the proper assignments Bf 7 and « in the next box sqmed during mmahzapon. Also, we shall not be con_cefne
of the flow diagram. These possible key objects are then f&¢h the memory requirements of the algorithm or with the

into the (b, 3)-box and we continue until, eventually, the tesgXxtra cost incurred by administrative operations involued
for the monotonicity property is positive. the memory management. Further, we shall not discriminate

between various basic operations such as additions, subtra

Remarks. Naturally, if the test is negative and there ar@ions, multiplications, divisions and comparisons of nemsh
several nodes if" with [b, B*(b)] maximal, we may econo- as well as0, 1-tests (based on known entities). Tessential
mize and restrict the candidate set further. In more detall, complexityof the algorithm, denoted’(A), is then taken to
m = maxer[t/max and assume that there are several nodge the number of basic operations needed from start to end of
in T, sayby,--- ,bx with maximal bracketn. Then we may the algorithm with the reservations as indicated above.
as our new assigned key objects take We shall estimate&’(A) in terms of the numben of nodes
in A. Clearly, C(A) < n-max,ecp C(a) whereC(a) denotes

B .= (B\ LkJ bi) U LkJ B*(b,), (25) the essgntial complexity_of the central subroutine whers it i
e e called with the node: as input.
k For a fixed, we can estimat€’'(a). Regarding the initial
T:=(T)\ U b)) U U T*(b,), (26) assignments, only the calculation fof B] needs to be taken
et Bt} into account. A§a, B] = N(a) — >_,.,- N(t), at mostja™ |
o= [a, B]. (27) basic operations are needed, hence at masich operations.

For the cycle {b, )-box to test-box to new assignments”,
It follows from our analysis above that the new sBt this will be visited at mosfa*| many times, hence at most
still contains B*(a). Further, thea's increase through the n times. And for one run through the cycle we need at most
subroutine. One way to see this when multiple reductiofif| < n basic operations for the determination @f 5) (as
are performed as in (25) -(27) is to make the reductions stdye numberst] ... with ¢t € T are already known). We permit
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ourselves to ignore the minimal requirement needed to carryGiven v, define[v]y.x andr, by

out thea > S test. But we have to consider the requirement

related to the new assignments Bf T" and a. RegardingB,
we need to know, for each node, whether the node is in the

or not. This can be decided by checking membership for each

of the three sets3, b* and B*(b). As the sets* and B*(b)
are known, we only need to test membership Byrand this
requires at most tests. Similarly forl". And regardingy, we
realize from (15) that at mosgt: |T'| < 2n basic operations are
needed. The new assignments thus require at mhodtasic
operations.

The rough estimates above show tiiata) < n + n(n +
4n) < 6n?.

We have now completed all elements in the proof of our

second main theorem:

: . 1
Theorem 8.1:The algorithm described above calculates therr

ceiling hierarchy and thereby the universal objects assedi

with a co-treeA in polynomial time. The essential complexity

as defined above is at most n® wheren is the number of
nodes inA.

Remark. By studying “worst possible scenarios” regardinc{l:’I

the possibilities for the geometric locations of the cei$in

calculated by the central subroutine it should be possible £

bring down the estimatén? quite significantly. We shall look

into this in Section IX, but only for co-trees with uniform

branching.

IX. CO-TREES WITH UNIFORM BRANCHING

Consider a co-tred. of heightn with uniform branching.
Let (k1,---, k) be the branching pattern. Denote Ay the
set of all nodes in level. Put K, = |A,| and, for a node
a € Ay, put N, = N(a) and N, = N(a). Clearly, K, =
k1---ky,, thus, recursively,

KO = 11

K,=kK,yforv=1,--- n. (28)

[Vlmax = max{v, u] (31)
u>v
set T, = Argmax(v, u] . (32)

p>v

Then, for a nodex € A, T*(a) = a* N A;,°. The numbers
[V]max are themaximal bracket@nd ther,’s are theceiling
numbers

0.00

8 [12.62] 12.69] 12.76] 12.84] 9.55|5.76|6.59]5.55 8|
7 |18.51] 18.77| 19.04] 19.32/13.19/5.97|8.68] 7
6 [25.53 26.24] 27.00] 27.83]16.94/3.25] 6
5 [81.21] 91.91]106.17/126.1485.39] 5
4 [77.03/100.59147.73289.1 4
31633 633 633 3
2| 6.33 6.33] 2

6.34] 1

0

Table 2. Bracket diagram fok[1,1,1,4,5,1,2, 3]

The ceiling numbers can be determined directly from the
bracket diagram. For instance, far1,1,1,4,5,1,2, 3], we
nd from the column in Table 2 withy = 2 that = 4 and
at [2]max ~ 147.73. Then, by Theorem 7.1, the nodes in
levels 0, 5, 7 and 8 are the active nodes. Further, the values
of #* for nodes in levels 0,1,2,3 and 4 is 81.21 and the values
of #* for nodes in levels 5,6,7 and 8 are, respectively 5.97,
5.97, 5.55 and 0.

Using the strategy as exemplified above for the calculation
of &*, the full bracket diagram must be calculated and this
amounts to abouti?/2 basic computations. This can be
improved considerably by appeal to the algorithm developed
in Section VIII. ForA[1,1,1,4,5,1,2, 3] one may for instance
reduce the number of calculations of brackets from 36 (eorre
sponding to Table 2) to 13 (will follow from results below).
The basic facts we need are Propositions 8.1 and 8.2. The
algorithm dictates that the bracket diagram is calculated f
descending values ofand ascending values pf To initialize,
one setdn|max = 0 andr,, = n + 1. Then one calculates in

Regarding the convenient calculation of thg's, see (8). successionn — 1|ymax and 7,1, then [n — 2|, and 7,2

For the determination of*, we shall specialize the algo-and so on unti[0],,.x andr, are calculated. On the way, the
rithm of the previous section to the present situation of @nly tests that are performed are of the type fi] > 1, 7,]?”
co-tree with uniform branching. For reasons of symmetry and, in fact, not all these tests have to be performed as the
see also the discussion related to (25)-(27) — we need ondysult is bound to be negative (and henge> ) in case,
work with certain special blocking sets. By, u] we denote for a value of¢ with v < ¢ < p, one has already found that
the bracketla, B] for a nodea € A, with the blocking set 7. > p. This follows by Proposition 8.1.
B =a'n Uis,, Ai for which thenT's(a) = atNA,. These In order to study more closely which tests can be neglected
brackets are well-defined for points, ) with 0 <» <n—1 and which not, we introduce the abstract notion off'a
andv + 1 < p < n. We extend the definition by adding thediagram These diagrams are first discussed in their own right.
point (n,n+1). This point represents a minimal node and thafter having developed a main property, Lemma 9.1 below,
empty blocking set. Therefore, we plut,» + 1] = 0. For all we return to the actual problem concerning co-trees.

other brackets we find that Given are natural numbets, - - - , t,, with n > 1 such that:
N, —kyi1-- -k, N _
vkl = ¥ (29) t =n+1, (33)
v = Rugr e BNy v+1<t, <nforal0<v<n-1, (34)
_ KN, - KNy (30) if v<p<t,, thent, <t,. (35)
K,N, - K,N,

6to be sure, theArgmaz in (32) has to be understood as the first index
r which the maximum is reached, since we have not been abéxdlude
the possibility that the maximum is reached for several eslaf 1.

The bracket diagramconsists of all these brackets. A numerg,
ical example is shown in Table 2.



Then thel-diagramG = G(to, - - - , t,) consists of all points
(v,pu) with 0 < v < n for whichv +1 < u < t,. More
precisely,G is aT',,-diagramsand n is the heightof G. As I nput v
a singular case we allow that = 0. There is only ond’-
diagram, therivial diagram consisting only of the poini0, 1).
By (35), if you consider the column fronw,v + 1) to
(v,t,) and place a horizontal bar on top of and to the right # =V + 1
of (v,t,) then you meet no points it until you reach the
diagonal elementt,,t, + 1). Having the shape of the letter
“I" in mind, this property accounts for the terminology/-

diagram”. For a possibly more illuminating way of expregsin Yes o Z>
No

=™

= [/1,} max

a = [v, Y]

the key property, see below.
A site (1o, o) € G = G(to,--- ,t,) is atest sitefor G,
if v < n andG(sg,---,s,) is also al',-diagram where

all the s; are equal tot; excepts, which is set tou. For =Ty

example, all sitegv, 7)) and (v,v + 1) with v < n are test

sites. For thd';p-diagram displayed in Figure 8, we have 1 a:= [v, ]
(6%

test sites, corresponding to the marked positions. For argén
I'-diagramG, we denote by G) the number of test sites.

Two operations orf’-diagrams are considered: Thestric-
tion of G(tg,---,t,) to {v,---,n} is the I',,_,-diagram
G(t, — v, -+ ,t, — v) and thedirect sumof the two I'- @
diagrams G(tg, - ,t,) and G(sg, - ,Sm) IS the Ty i,-
diagramG(tg,- -+ ,tn—1,80+mn, -, $m+n). Figure 10, page
15 provides an example of a direct sum.

For a I',-structure G = G(to, - ,t,) we define the
spectral levelsr, - - - , 0., by og = 0, 0; = t,,_, for all values
of ¢ > 1 until you reach the index with o, = n. We call
v = 7v(G) the spectral indexof G. The spectral index of [ ]
the trivial I'-structure is0, all otherI'-structures have positive
spectral indices.

Note that the spectral levels), - - - , o, can be constructed
geometrically as indicated in Figure 9 by “letting the sumsh
from the left” and noting the column numbers of the sunlit
columns. The spectral index(G) is the number of sunlit
columns minusl. Using the “sunshine terminology” we can VIV
also express the essentialstructure, formally given by the vV
requirement (35), by saying that when the sun illuminatet pa vV
of a column, it illuminates the entire column. And this praye
must also hold for restrictions of tHe-diagram.

The combinatorial result we need is the following:

Figure 7. The central subroutine for co-trees with uniforrariching

<L

<
<1 <K

<I<

Figure 8. AT'jo-diagram with test sites

Lemma 9.1:For anyT,-structureG, (G) = 2n — v(G), in
particular,(G) < 2n. [Proof in appendik

After this excursion into combinatorics we return to the
study of a given co-tree\ = Alky,---,k,] with ceiling /
numbersr,, - - - , 7,,. TheT'-diagram associated with is the —
diagramG = G(m, - - , 7). That this is indeed &-diagram ~
follows from Proposition 8.1. N
The algorithm we shall discuss consists of three parts:
« initialization, [ ]
« construction of tha'-diagram,
« determination of the spectral levels, final output. ]

7In passing, we conjecture that evefydiagram can arise in this way. To
illustrate the conjecture, observe that there ailé;&diagrams and these may . ) ) .
be realized a&-diagrams associated with the co-trees with branchingpet  Higure 9. Sunlit culumns for the diagram in Figure 8
respectively (1,1, 1), (1,1,2), (1,2,3), (2,1,2) and (1,2,4) (regarding
the last pattern, see also Figure 5).

12
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The initialization consists of the calculation of the numshe to codes. This concept is believed to be of interest alsddmits
N,, K,, K,N, and K,N, for v = 0,---,n. For this, the scope of the present paper.
the formulas (8), (28) and (30) are used. In tothat, basic Theorem 7.1 provides basic insight into the structure of the
operations are needed for the calculations. You may alsniversal objects, but quite some extra work is involvedbef
consider as part of the initialization the assignment oftstaa reasonable algorithm, presented in Theorem 8.1 is in house
valuest,, = n + 1 and [n]y.x = 0 for the next step in the Only a crude estimate of the complexity of that algorithm
algorithm. is discussed. For the special case of co-trees with uniform
The key part of the algorithm is the calculation of the branching this is much refined. The main result is Theorem
diagram, i.e. the numbers, as well as the calculation of the9.1.
associated maximal brackets, fm,.x's. This is achieved by  The key to the results are purely combinatorial facts, iso-
successive calls of theentral subroutineThough basically the lated in the transitivity identities in Lemma 7.1 for the geal
same as for general co-trees, there are essential simgidifisa algorithm and supplied with a count of test sites in Lemma
as also indicated earlier. This is partly achieved by symyne9.1 for the special case of co-trees with uniform brancBing.
considerations, partly by our focus only on those sites & th It is a curious feature of the technical analysis that the log
I'-diagram where we really have to make a test. The floarithmic function only appears rather sporadicly. Accogty,
diagram is sketched in Figure 7. The subroutine is called fother functions may be considered. Without going into dgtai
all v, starting with the highest value, — 1, and ending with this may result in computations of universal objects tied to
the valuer = 0. When all these calls have been made yoother notions of entropy and divergence than the standard
realize that you only have to calculate a bracket (followingotions of pure Shannon theory.
(30)) and to perform a test corresponding to test sites of theFinally we note that the interesting connection to a problem
I'-diagram. Therefore, referring to Lemma 9.1, no more thaif isotone regression which was pointed out by a referee, cf.
4n basic operations are involved in the calls of the subroutiiee end of Section Il, deserves a closer investigation.
(for this, a test & > 5?” as well as a calculation := [v, ]
is counted as a basic operation).
The final part of the algorithm is a “top-down” de-
termination of the output of the algorithm, understood to  Proof of Theorem 3.1: Assume thatA has full spec-
be the spectral levelsy = 0,01 = 7y, --,0, = n trum. A straightforward analysis shows that the Kuhn-Tucke
and the associated maximal brackets. We suggest that thegeditions of Proposition 1.2 can only be fulfilled with*
data are listed in the form(og, [0o]max) (= (0,[0lmax), @iven via W as described. AsP* € P(A), the stated
(01, [01]max), (04, [04]max) (= (n,0)). Each such pair is inequalities must hold. That, conversely/; is as stated when
considered to involve only one basic operation, thus addingthe inequalities hold amounts to simple checking based on
mostn such operations. If you also want to calcul®tg;, as Proposition 1.2. The formul®,,;, = InZ follows e.g. by
part of the final output, another basic operations are needednoting thatD(U,||P*) = In Z whena is a minimal node. m
Considering the above discussion, we have proved our last
main result which may be summarized as follows:

XI. APPENDIX WITH PROOFS

Proof of Corollary 3.2: Once we have proved that (9)
holds whenk; > --- > k,, the formula forP* follows from

Theorem 9.1:Consider a co-treé = A[ky,--- , k,]. Ap- Theorem 3.1and (6). Note that the left hand side of (9), ¢all i
ply the modification of the algorithm from Section VIII asG: IS & geometric mean and that the corresponding arithmetic
described above. Then the number of tests performed durfi§an 1S

execution of the algorithm is at mo&t and the essential 1  p—-N, 14 kyio 1
complgxity of the entire algorithm, unders.tqoq as the numbe T puNusz  Nyga(T+kygq) ~ Ny

of basic operations needed to carry out initializationgdet- L _

nation of thel'-diagram and the listing of all pairs of spectrahence alsaz < z~— i.e. (9) does indeed hold. u
levels and associated maximal brackets is at rAastProof

Proof of Proposition 5.1: We start with some pre-
liminary observations related to any functi@n on A. Put
R=InY,., e % and definex as the code obtained from

X. CONCLUSIONS AND FINAL COMMENTS ¢ by “de-relativization”, i.e.x = ¢ + R. Thenk € K(A). Let

_ P denote the matching distribution. We claim that, for every
The paper offers a reasonably complete study of algorithigge,, the equivalences

for the precise determination of universal objects assedia

with the model of all distributions over a co-tree for which D(U,||P) =R < ¢°(a*) = N(a), (36)
the implicationa < b = P(a) > P(b) holds. A relatively D(U,||P) < R < ¢°(a*) < N(a) (37)
simple situation corresponds to the case when the universal B o

predictor satisfies the implication above with strict in@ly.  stjere may well be simpler, more direct proofs of Lemma 9.letiasn
The key result here is Theorem 3.1 with Corollary 3.2 as liéks to other combinatorial structures. As an indicatidithis we note that the

natural extension of Ryabko’s result from 1979. number ofl",,-structures is thé_:atala_n number_n% (2:), which appears in
many other contexts of combinatorial analysis. The fornfalathe number

However, the ma'_n results Conce.m ger!e_ral f:o'tree$' It T, -structures may be proved by noting that these numbersfysatie
pears convenient to introduce a notiorrelfativizationapplied  recursion relationv, = 37 10—

in appendik
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hold. These equivalences are proved in a similar manner algpealing also to the definition of brackets, we find that
we only give the details regarding (37). Add N (a) to the

inequality on the left hand side and appeal to the identity |SB(a)|([b B7]—a B])
(3), and you realize that this inequality is equivalent te th Y
inequality x° (a*) < N(a) + N(a)R, hence also, as claimed, = |Sp(a)llb, B7] = N(a) + N" (T (a))
to the inequality¢” (a*) < N(a). — (ISB+( W+ 1S5 (b |) b, B~
Now assume that the conditions stated in the lemma hold _N(a) + (TB+( ) = N(b) + ~° (T (b))

for a functiong on A. By monotonicity of¢, P € P. Then,
by the assumptions (13) and (14), we see from (36) and (37) = |Sz+(a) |([b,B*] — [a, BY]
that the conditions of the Kuhn-Tucker criterion, Propiosit
1.2, are fulfilled. ThereforeP is the universal predictor andthus (18) holds. u
hence¢ = &*. N . S

Necessity of the conditions of the lemma follow in a similar . Proof of Proposition 7.2:(i): If b is minimal,a cannot be
way from necessity of the Kuhn-Tucker conditions. m Minimal and the result follows from Proposition 7.1. Assume

then thatb is not minimal and denote b§g any blocking set

Proof of Lemma 5.1:We may assume thate A\ o(A). for b with maximal bracket. The sdi, = (B*\ {b})UB is a
Let P* = Y., w.U. be the barycentric decomposition ofProper subset oB3* which is blocking fora. Then [a}max >

N—

)

P* Then, for every: with a < ¢ < @, w, = 0, henceP*(a) = [a, Bo] with sharp inequality ifB* is set-theoretically minimal.
P*@). If b > @, P*(b) < P*@) = P*(a) aswy > 0. The By (19) applled to the seBj it then follows that[a, B* ] _
stated properties follow. m [0, B, e [a]max > [b]max, With sharp inequality ifB* i
set-theoretically minimal.
Proof of Proposition 5.2: Let a be a minimal node and  (ii): This follows by applying (20) withB = B*. ]
tb = a. Thenk R B tonicity ofk*, *(b
Psubounged bi?:w(b))/ the a(v;rag);%Tono Or;)'f)l %/hﬂ: by (5_3)) Proof of Proposition 7.3: Let B* be a set-theoretically

maximal blocking set forn with maximal bracket. Le3* be
any blocking set fow with maximal bracket. We shall prove
that B* C B*. Assume the contrary. Then there exists B*\
B*, hence there also exigise T*\ B* whereT* denotes the
ceiling of B* in a. By monotonicity,[a, B*] > [b', B*]. And,
and N(b) = 1, henceb = a follows. We conclude that is by houndednes$’, B*] > [a, B*]. The two inequalities show
active. Thus minimal nodes are indeed active. We leave theyt  [a, B*] > [a, B*] which is a contradiction ag, B =
proof of the remaining parts of the proposition to the readgy, B*] = [a],... We conclude, as desired, th&* C B*.
referring to the fact just established and to Propositidn ®  The reverse inclusion is proved in a similar way when also
- B* is set-theoretically maximal. As any two set-theoreticall
Proof of Proposition 5.3:1f a ¢ o(A) thena > a and  maximal blocking sets for with maximal brackets are equal,
"7 (a) = £*7(a) = N(a) > N(a) follows. B the largest such set, denot&t (a), is well defined.
The facts needed to establish the results pertaining to
minimal blocking sets are proved in a similar way. Details

E*(b) > In N(b). Now,

0="N(a) > (&) (a") = &*(a) = &*(b) > LN (b)

Proof of Proposition 7.1: If a is minimal, B = () and
the definition giveda, §] = 0. If a is not minimal, putM =

Yty N(t) and note thatN(a) > M > 1, hence the are left to the reader. "
positivity of [a, B] follows from the manipulations Proof of Theorem 7.1:Denote by¢ the function onA
defined by¢(a) = [pr(a)lmax-
|SB(a)|la, B] We shall verify the conditions of Proposition 5.1.
t First, to prove monotonicity op, consider any path from a
= N(a)InN(a Z N(t ( ) - MInM maximal node to a minimal node. L&t > ¢1 > --- >t be
t€Tp(a) the nodes irF(A) on the path (thus; is a minimal node of\).
= N(a)lnN(a) = MInM >0. Then, by monotonicity, cf. Proposition 7.2(ty) > ¢(t,) >
- > ¢(t) and, by the definition of, ¢(a) = ¢(¢;) for nodes
B on the path witht;_; < a < t; (here,0 < i < k). This proves
monotonicity along any path connecting a maximal node with
Proof of Lemma 7.1:In view of the equality a minimal node. Clearly therj is monotone on all ofA. The
argument above also shows that all nobdlegth ¢; > b > ¢,
|Sg(a)| = |Sg+(a)| + |Sp-(b)], are inactive, thus
o(A) Ca(A). (38)

each of the three identities can be derived from any of theroth

two. It therefore suffices to verify (18). For this, we exploi Next, we consider a nodec 7(A), saya € T;*, and show
the equality above and the fact th@i+ (a) is the disjoint that (13) holds. Put/; = Tjﬁai andV; = Sij for j > i.
union of {b} and the proper set-differens(a) \ Ts-(b). Let k be the largest integer such tha} # (. Then (13) for



the nodea follows from the string of equalities:

¢7(@) = D dlb)= > IS (®)e(t)

Jj=i beV; j=i teU;

»> (N -N"(@w))

Q
I
1
o
m

&

(N ;) - N (U11)) = N(a).

By (38), the validity of (13) for alla € o(A) follows.

Finally, consider a nodé € A \ (A). To finish the proof,
we need only establish the inequality (14) forln fact, we
shall show that the sharp inequalig (b*) < N(b) holds.
To this end, puta = pr(b) and B = B*(a) N b* and use

results already established and the boundedness profertyigure 10.

Proposition 7.2, to find that
¢7(b") = [S5O)o(b) + Y ¢7(t)

teTs(b)
= |SB(b)|[a]max + Z N(t)
teTs(b)
< [Sp(b)|[b, B] + N’ (T5(b)) = N(b).
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lllustration of last part of the proof of Lemma 9.1

implication G € T',,, v(G) = 1 = (G) = 2n — 1. This is
proved by induction om. The induction start is easy. Then
assume that the implication holds for indices smaller than
Let G e T, satisfyy(G) =1, i.e. (0,n) € G. Consider

G =G\ {(n,n+1)}\{(ry,n) |0<v<n-2}

We have now seen that = #*, hence (22) holds. As the ThenG™ € I', 1 andy(G”) = 1. Thus(G™) = 2n—3 by the

spectrum consists of the points of increasé&tf(23) follows.
|

induction hypothesis.
In order to computdG) and (G*), first remark that for a
point (v, 1) with p < n — 2, the equivalencér, u) € G <

Proof of Proposition 8.1: We shall actually prove a (,, ;) € G* holds and the point is a test site 16tif and only if

formally stronger result, viz. that, fdre S*(a) \ {a},

B*(a) AbC By(b). (39)

it is a test site foiG*. It remains to consider pointg, 1) with
p=norp=n—1Llet{v <n—-1lt, =n}={r, - ,r}
with 71 < --- < r,. Thenk > 1 andr; = 0. Likewise, let

Assume, for the purpose of an indirect proof, that this is ngt < n —2|t, =n— 1} = {s1,---, s} with s1 < --- < s;.

the case. Then, for sontec S*(a) \ {a}, there existst €
(T*(a) Ab) \ B.(b). We find that

[@]max > [t]max > [t, B«(b)] > [b, Bx(b)]
= [b]max > [b,B*(a)] > [a]max-

Indeed, the first inequality follows by monotonicity as
T*(a), the second follows aB..(b) is blocking fort, the third
follows by boundedness s b\ B..(b), the equality is trivial,
the next inequality follows a®*(a) is blocking forb and the
last one follows by boundednessias S*(a)\ {a}. From the
resulting contradiction we conclude that (39) holds. =

Here,! = 0 may happen corresponding to the case with no
sites of the form requested. Note that by thstructure ofG,
s1 > ri. All k+ 1 sites(v, u) € G with = n are test sites
for G, whereas7* only has one site withh = n and this site
((n—1,n)) is not a test site. Among thie+ [ + 1 sites(v, u)
with © =n—11in G as well as inG*, there arel +1+ 1 test
sites inG (the sites(ry,n—1), (s1,n—1),---,(s;,n—1) and
(n—2,n— 1)), whereas all these sites are test sitesdor It
follows that there arg(k+1)+(1+2)) — (0+ (k+1+1)) =2
more test sites ik than inG*, hence(G) = 2n—1 as desired.
We now go back to the main induction proof and assume
that the claimed result holds for dlkstructures with a spectral

Proof of Proposition 8.2: Let B be the largest blocking index less than some fixed number> 2. Consider al'-

set fora with the monotonicity property. A8*(a) is a block-
ing set fora and has the monotonicity propert*(a) C B.

diagramG = G(to,- - ,t,) with v(G) = 7. Note thatG is
the direct sum o&x’ = G(to, - - - , t4,,t0+1) and the restriction

To prove the reverse inclusion, assume, for the purpose @f of G to {tc,--- ,n} as indicated in Figure 10. Ag(G’) =
an indirect proof, that this is not the case. Then there &xigt, (G’) = 2t, — 1 by the first part of the proof and by the

t € Tp(a) N S*(a) and we find that
[a, B] > [t]max > [t, B*(a)] > [a]max > [a, B].

This is a contradiction and we conclude thdt C B*(a),
henceB = B*(a) as claimed. [ |

Proof of Lemma 9.1: The proof is by induction on the

induction hypothesis(G”’) = 2(n — ty) — (y — 1). Clearly,
(G) = (G")+(G"). Therefore, we find thatG) = 2n—~(G).
This is the desired result and the induction is completem
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