Valuation and Hedging of Life Insurance Liabilities
with Systematic Mortality Risk

Mikkel Dahl Thomas M ller

SEB Pension PFA Pension

Holmens kanal 9 Sundkrogsgade 4
DK-1060 Copenhagen K DK-2100 Copenhagen
Denmark Denmark

Phone: +45 33 28 26 02 Phone: +45 39 17 60 66
Fax: +45 33 28 27 41 Fax: +45 39 17 59 52
e-mail: dahl@math.ku.dk e-mail: thm@pfa.dk

Abstract.  This paper considers the problem of valuating and hedging fe insurance
contracts that are subject to systematic mortality risk in t he sense that the mortality

intensity of all policy-holders is a ected by some underlying stochastic processes. In
particular, this implies that the insurance risk cannot be eiminated by increasing the

size of the portfolio and appealing to the law of large numbes. We propose to apply
techniques from incomplete markets in order to hedge and valate these contracts. We
consider a special case of the a ne mortality structures corsidered by Dahl (2004), where
the underlying mortality process is driven by a time-inhomogeneous Cox-Ingersoll-Ross
(CIR) model. Within this model, we study a general set of equivalent martingale measures,
and determine market reserves by applying these measuresn laddition, we derive risk-

minimizing strategies and mean-variance indi erence pries and hedging strategies for the
life insurance liabilities considered. Numerical exampls are included, and the use of the
stochastic mortality model is compared with deterministic models.

Key words: Stochastic mortality, a ne mortality structure, equivale nt martingale mea-
sure, risk-minimization, mean-variance indi erence pricing, Thiele's di erential equation.

JEL Classi cation: G10.

Mathematics Subject Classi cation (2000): 62P05, 91B28.

This version: February 16, 2006



1 Introduction

During the past decades, the expected life length has incred considerably in many
countries. This has forced life insurers to adjust expectabns towards the underlying
mortality laws used to determine reserves. Since the futuremortality is unknown, a
correct description requires a stochastic model, as it hasleeady been proposed by several
authors, see e.g. Marocco and Pitacco (1998), Milevsky and®mislow (2001), Dahl (2004),
Cairns, Blake and Dowd (2004), Bi s and Millossovich (2004) and references therein. For
a survey of current developments in the literature and their relation to our results, we
refer the reader to Section 2 in Dahl (2004). The main contritution of the present paper is
not the introduction of a speci ¢ model for the mortality int ensity, but rather the study of
the problem of valuating and hedging life insurance liabilties that are subject to changes
in the underlying mortality intensity.

In Dahl (2004), a general class of Markov di usion models areconsidered for the mortality
intensity, and the a ne mortality structures are recognize d as a class with particularly
nice properties. Here we study a special case of the generalna mortality structures
and demonstrate how such models could be applied in practiceGiven an initial mortality
intensity curve, we assume that the mortality intensity at a given future point in time
at a given age is obtained by correcting the initial mortality intensity by the outcome of
some underlying process, which is modeled via a time-inhongeneous Cox-Ingersoll-Ross
(CIR) model. Our model implies that the mortality intensity is described by a time-
inhomogeneous CIR model as well. As noted by Dahl (2004), theurvival probability can
now be determined by using standard results for a ne term structures.

Within this setting, we consider an insurance portfolio and assume that the individual
lifetimes are a ected by the same stochastic mortality intensity. In particular, this implies
that the lifetimes are not stochastically independent. Herce, the insurance company is
exposed to systematic as well as unsystematic mortality ris. Here, as in Dahl (2004),
systematic mortality risk refers to the risk associated with changes in the underlying
mortality intensity, whereas unsystematic mortality risk refers to the risk associated with
the randomness of deaths in a portfolio with xed mortality i ntensity. The systematic
mortality risk is a non-diversi able risk, which does not di sappear when the size of the
portfolio is increased, whereas the unsystematic mortalig risk is diversi able. Since the
systematic mortality risk typically cannot be traded e cie ntly in the nancial markets or
in the reinsurance markets, this leaves open the problem of ficing insurance contracts.
We follow Dahl (2004) and apply nancial theories for pricin g the contracts. We work with
a simple nancial market consisting of a savings account anda zero coupon bond. For a
particularly simple class of equivalent martingale measues, we derive market reserves for
general life insurance liabilities. These market reserveslepend on the market's attitude
towards systematic and unsystematic mortality risk. Basedon an investigation of some
Danish mortality data, we propose some pragmatic parametervalues and calculate market
reserves by solving appropriate versions of Thiele's di eential equation.

Furthermore, we investigate methods for hedging and valuaing general insurance liabili-
ties in incomplete nancial markets. One possibility is to apply risk-minimization, which
has been suggested by Fellmer and Sondermann (1986) and aligd to insurance risk by
M ller (1998, 2001a, 2001c). We demonstrate how risk-mininizing hedging strategies may
be determined in the presence of systematic mortality risk.These results generalize the re-
sults in M ller (1998, 2001c), where risk-minimizing strategies were obtained for unsystem-
atic mortality risk. As a second possibility we apply utilit y indi erence valuation and hedg-



ing, which has gained considerable interest over the last y@s as a method for valuation
and hedging in incomplete markets, see e.g. Schweizer (208§)land Becherer (2003) and
references therein. For an application to insurance risk, e M ller (2001b, 2003a, 2003b).
We derive mean-variance indi erence prices within our modé thus extending the results
obtained in M ller (2001b). The hedging and valuation results in this paper are an exten-
sion of Dahl (2004), where market reserves were derived withut addressing the hedging
aspect.

The present paper is organized as follows. Section 2 contasma brief analysis of some Dan-
ish mortality data. The general framework is introduced in Section 3. Here, Section 3.1
contains the model for the underlying mortality intensity a nd the derivation of the cor-
responding survival probabilities and forward mortality i ntensities. The nancial market
used for the calculation of market reserves, hedging straggies and indi erence prices is
introduced in Section 3.2, and the insurance portfolio is decribed in Section 3.3. Section 4
presents the class of equivalent martingale measures codsired, the insurance payment
process and the associated market reserves. Risk-minimigj hedging strategies are de-
termined in Section 5, and mean-variance indi erence price and hedging strategies are
obtained in Section 6. Numerical examples are provided in Sgion 7, and the Appendix
contains proofs of some technical results.

2 Motivation and empirical evidence

We brie y describe typical empirical ndings related to the development in the mortality
during the last couple of decades. The results in this sectio are based on Danish mor-
tality data, which have been compiled and analyzed by Andreg (2002). A more detailed
statistical study is carried out in Fledelius and Nielsen (202), who applied kernel hazard
estimation. From the data material, we have determined the eposure timesW,., and
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Figure 1: To the left: Development of the expected lifetime of 30 year old females (dotted
line at the top) and 30 year old males (solid line at the bottom) from year 1960 to 2003.
To the right: Expected lifetimes for age 65. Estimates are based on the last 5 years of data
available at calendar time.

number of deathsN, ., for each calendar yeary, and agex, and calculated the occurrence-
exposure rates ., = Ny.,=W,.. For each xed y, we have used standard actuarial
methods to determine a smooth Gompertz-Makeham curvely.} = + y(c,)* based on

the last 5 years of data available at calendar time.

In Figure 1 we have visualized the development in the total epected lifetime of 30- and 65-
year old males and females based on the historical observatis from the year 1960 to 2003.
These numbers are based on raw occurrence-exposure rateshel gure shows that this

method leads to an increase in the remaining lifetime from 180 to 2003 of approximately
2.5 years for males and 1.5 years for females aged 30. Usingsthmethod, the expected
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Figure 2: Estimated mortality intensities for males (to the left) and females (to the right).
Solid lines are 1970-estimates, dashed lines correspond to 1980, dotted lines 1990 and
dot-dashed lines 2003.

lifetime in 2003 is about 75.3 years for 30 year old males and975 for 30 year old females.
If we alternatively use only one year of data we see an increasrom 72.5 to 75.5 for males
and from 77.9 to 79.9 for females. Figure 2 contains the estiated Gompertz-Makeham
mortality intensities [y} for males and females, respectively, for 1970, 1980, 1990 dn
2003. These gures show how the mortality intensities have @creased during this period.
A study of the parameters ( y; y;Cy) indicates that  has decreased. The estimates
for y increase from 1960 to 1990, whereas the estimates foy decrease. In contrast, y
decreases and, increases from 1990 to 2003. This approach does not involve model
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Figure 3: Changes in the mortality intensity from 1980 to 2003 for males (solid lines)
and females (dotted lines) at fixed ages. The numbers have been normalized with the 1980
mortality intensities and are based directly on the occurrence-exposure rates.

that takes changes in the underlying mortality patterns into consideration. Another way
to look at the mortality intensities is to consider changes n the mortality intensities at
xed ages, for example age 30 and 65, see Figure 3. For both agjewe see periods where
the mortality increases and periods where it decreases. Hamver, the mortality seems
to have a decreasing trend. Moreover, we see that the mortalf behaves di erently for
di erent ages and for males and females.

3 The model

Let T be a xed nite time horizon and ( ;F;P) a probability space equipped with
a ltration F = (F(t)o ¢+ T, which contains all available information. We dene F
as the natural Itration generated by two independent standard Brownian motions W
and W' and a counting processN (x). Here, W and W' drive the mortality intensity
and the interest rate, respectively, whereasN (x) keeps track of the number of deaths
in an insurance portfolio. In addition to F, we consider the sub- Itrations &, | and



H generated byW'", W and N (x), respectively. We assume thatW' and (W ;N (x))
are stochastically independent, such thatG(T) and (1(T);H(T)) are independent. In
the subsequent sections, we introduce the three componentsf the model: The mortality
intensity, the nancial market and the insurance portfolio .

3.1 The mortality intensity
3.1.1 The general case

We take as starting point an initial curve for the mortality i ntensity (at all ages) 9(x)

for age x = 0 and genderg [{inale, femalg. It is assumed that '9(x) is continuously

di erentiable as a function of x. We neglect the gender aspect in the following, and simply

write  (x). For an individual aged x at time 0, the future mortality intensity is viewed as

a stochastic process (x) = ( (X;t))2[0;7] With the property that  (x;0) =  (x). Hence
(x;t) is the mortality intensity at time t for an individual of age x + t. One can view
=( (X))x o as an in nite dimensional process.

We model changes in the mortality intensity via a strictly positive in nite dimensional
process = ( (X))x o= ( (Xt))x or20:7] With the property that (x;0) = 1 for all x.
The mortality intensity process is then modeled via:

(xt)y= (x+1) (x;t): (3.1)

Thus, (x;t) describes the change in the mortality from time O tot for a person of age
X + t. The true survival probability is de ned by

] = % ] ] = @: ]
StT)=Ep e ¢ X E@M) =Ep e ¢ &) )4 gy (3.2)

and it is related to the martingale
D @ .
SM(x;tT)=Ep e o ) F@) =e o K gxt;T): (3.3)

In general, we can consider survival probabilities under vaous equivalent probability
measures. This is discussed in more detail in Section 4.1.

3.1.2 Deterministic changes in mortality intensities

As a special case, assume that(x;t) = e "™t where [[¥) is xed and constant. Thus,
the mortality intensity at time t of an x + t year old is de ned by changing the known
mortality intensity at time 0 of an x + t year old by the factor exp(— [(X)t). If [(X) > O,
this model implies that the mortality improves by the factor exp(— (X)) each year. In
particular, taking all [{X) equal to one xed [nheans that all intensities improve/increase
by the same factor.

If  corresponds to a Gompertz-Makeham mortality law, i.e.
(x+t)= + c* (3.4)

the mortality intensity  is given by
R
(x;t)= e ®4 X ce O (3.5)
which no longer is a Gompertz-Makeham mortality law.
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3.1.3 Time-inhomogeneous CIR models

The empirical ndings in Section 3.1.1 indicate that the deterministic type of model con-
sidered above is too simple to capture the true nature of the rortality. We propose instead
to model the underlying mortality improvement process via

1
d (xt)=( (xt)— (xt) (x))dt+ (xt)  (xt)dW (t); (3.6)

with (x; 0) = 1. This is similar to a so-called time-inhomogeneous CIRmodel, originally
proposed by Hull and White (1990) as an extension of the shortate model in Cox, Ingersoll
and Ross (1985), see also Rogers (1995). We assume that(2:t) = ( (x;t))? such that

is strictly positive, see Maghsoodi (1996). Here,, and are assumed to be known,
continuous functions. It now follows via Ité's formula that

1
d (x;t)=( xt)— (xt) (x;)dt+  (x;t)  (x;)dW (t); 3.7)
where
(xt)= (xt) (x+1); (3.8)
N gy ft (XD
(X!t) - (X!t) - dt(xi_*_t); (39)
C—1-
xt)y= (x;t) (x +1): (3.10)

This shows that (x) also follows a time-inhomogeneous CIR model, a property wich
was also noted by Rogers (1995). In particular, we note that (x;t)=( (x;t))? =
(x;t)=( (x;t))?, such that is strictly positive as well. If (x;t)=( (x;t))?, and conse-
quently also  (x;t)=( (x;t))?, is independent oft, numerical calculations can be simpli-
ed considerably, see Jamshidian (1995). The following prposition regarding the survival
probability follows e.g. from Bjrk (2004, Proposition 22.2); see also Dahl (2004).

Proposition 3.1 (A [nelmortality structure)
The survival probability S(x;t; T) is given by

S(X,t,T) — eA (X;t;T) B (X;I;T) (X;t);

where
o8 (KET)= (OB (GET)+ 3( (GO)2B (KETH? =1 (31D
@) tT1e (DB GcET)
Sh (CET)= (DB (Gt T); (3.12)

with B (x;T;T) =0 and A (x;T;T) =0. The dynamics of the survival probability are

given by
L]  — L]
as(x;t;T)= S(x;t;T) (x;t)dt— (x;t) (x;)B (x;t; T)dW (t)

Forward mortality intensities
Inspired by interest rate theory, Dahl (2004) introduced the concept of forward mortality
intensities. In an a ne setting, the forward mortality inte nsities are given by

f (xtT)= —@@Hogs(x;t;TF (X:t)@@P (x;t;T)—@@ﬁ (xtT): (3.13)

The importance of forward mortality intensities is underli ned by writing the survival prob-
ability as

S(tT)=e T (x;tu)du.



3.2 The nancial market

In this section, we introduce the nancial market used for the calculations in the following
sections. The nancial market is essentially assumed to ext of two traded assets: A
savings account and a zero coupon bond with maturityT. The price processes are given
by B and P (+; T), respectively. The uncertainty in the nancial market is d escribed via a
time-homogeneous a ne model for the short rate. Hence, the Bort rate dynamics under
P are

dr(t) = "(r())dt+ "(r(t))dwW'(t); r(0)= ro; (3.14)
where

(UOEREEIOF
(GO NI OF

and where " , » , " and " are constants.

We assume that
O o @Z .
PLT)=Eq e « "WUOF(Y) ;

where the measureQ' is de ned via

dQ" _
- = 6 (3.15)
with d ) = EdHhr (t)dw' (t), Y= 1, and where
1 1
h'(t) = — “ray T(r(t) (3.16)

Here, c and ¢are constants satisfying certain regularity conditions gven in Remark 3.2.
It now follows by Girsanov's theorem that the dynamics of r under Q" are given by

], » O L1 :
dr(t)= "R — FR () dt+ ¢ o+ ©or()dwR(t); (3.17)
with r(0) = ro, where W"Q is a standard Brownian motion under Q" and

nQ = n _—¢h — €1

N = n 4+¢f -

Thus, the parametrization (3.16) ensures that the model is &0 a ne under Q" and it is
well-known that

P(LT): eAr(t;T) Br(t;T)r(t);
where A" (t; T) and B'(t; T) solve
@

Rt - Q r(s. }r; r(s- 2_1.

@tB (tT)= BT+ 5" BET)H —L (3.18)
@ (4. — nQ r(4. _} r; (4. 2.

@tA (tT)= BIET)—5 » (BIET)S (3.19)



with B"(T;T)=0and A"(T;T) =0, see e.g. Bprk (2004, Proposition 22.2).

It follows by straight-forward calculations that the dynam ics under P of the zero coupon
bond process are

dP(T)=(r(t) —h"(tr () P(tr(1) P(ET)dt+ P(tr(t)P(tT)dW (1),
where

PEr®)= = "(r)B'(tT):
The dynamics under Q" of the price processes are
dB(t) = r(t)B(t)dt; B(0)=1;
dP(t;T) = r()P(t;T)dt+ P(tr (1))P(t; T)dW" R (t): (3.20)
We note that Q" is the unigue equivalent martingale measure for the nancid model.

Remark 3.2 We now address the problem of establishing necessary and sgient con-
ditions on ¢ and eto ensure that Q" actually is an equivalent martingale measure. First
consider the case where" £0. Recall that if
r I, I, 1

-+ W < 5; (3.22)
then P(r(t) = 0) > 0. Hence, we immediately get from (3.16) that a necessary calition
for h" to be well-de ned is that €3 0. Since the Novikov condition is satis ed for all
values ofc, see Cheridito, Filipovc and Kimmel (2003), €=10 is a su cient condition as
well. If (3.21) does not hold, the results of Cheridito et al. (2003) give that a necessary
and su cient condition is that

="+ - (3.22)

Now consider the case where” = 0. In this situation, the Novikov condition is satis ed
for all values of ¢c and ¢,_See Cheridito et al. (2003). Hence, no restrictions applyn this
case.

Remark 3.3 If " =0, the short rate is described by a Vastek model, see Vasiek
(1977). In this case the functionsA" and B" are given by

1 1
BI(tT)= —= 1-e "0 0T 0

' rn;Q ’
(B(ET)-T+1( "2 "Q -3 %) 5 (B(T)?
( Q)2 4 1:Q '

A'(tT)=

Letting " =0, we get a time-homogeneous CIR model (for the short rate)see Cox et al.
(1985), which gives the following expressions foA" and B'
1 1
2 e N1

B'"(t;T)= . ;
' n 4+ nQ (T ) —1)+2 rQ’
( o ez —
2 1iQ 2 gl "+ Q)
A"(t;T)= ——Iog : — - H—
, ("R+ Q) e H—-1 +2 1Q

1
where "Q = (©iQ )2+2 ' . For both models, the functions A" and B" depend ont
and T via the dierence T —t, only.



3.3 The insurance portfolio

Consider an insurance portfolio consisting oh insured lives of the same age. We assume
that the individual remaining lifetimes at time O of the insu red are described by a sequence

0
P(Ty>t|I(T))=e o X8 o<t <T;

and that the censored lifetimes

are i.i.d. given I(T). Thus, given the development of the underlying process , the mor-
tality intensity at time s is simply (X;s).

Now de ne a counting processN (x) = ( N (x;t))o ¢ T by

1
N(x;t) = L1 o
i=1
which keeps track of the number of deaths in the portfolio of nsured lives. It follows
that N (x) is an (H [I)-Markov process, and the stochastic intensity process (x) =
( (X;t))0 ¢ T of N(x) under P can be informally de ned by

(x;t)dt =Ep [dN(x;t)|H(t—) L) = (n —N(x;t—)) (x;t)dt; (3.23)

which is proportional to the product of the number of survivors and the mortality intensity.
It is well-known, that the process M (x) = (M (X;t))o ¢ T de ned by

dM(x;t) = dN(x;t) — (x;t)dt; O0=st<T,; (3.24)
is an (H LCLIP )-martingale.

4 Valuation and market reserves

The independence assumption between the nancial market ad the insurance risk implies
that the properties of the underlying processes are preseed in the combined Itration
F . For example, M (x) is also an (F; P )-martingale, and the (F;P )-intensity process is
identical to the (H [P )-intensity process (x). We note that the combined model is
on the general index-form studied in Ste ensen (2000). Howeer, Ste ensen (2000) did
not consider a stochastic mortality intensity.

4.1 A class of equivalent martingale measures

If we consider the nancial market only, i.e. if we restrict ourselves to the Itration G,

we found in Section 3.2 that (given some regularity conditims) there exists a unique
equivalent martingale measure. This is not the case when arigzing the combined model
of the nancial market and the insurance risk, see e.g. M ller (1998, 2001c) for a discussion
of this problem. In the present model, we can also perform a dinge of measure for the
counting processN (x) and for the underlying mortality intensity; we refer to Dah | (2004)

for a more detailed treatmengthese aspects. Consider akelihood prO(I:e:sls on the form

d(t)= ( t=) h (AW () + h ()dW (1) + g(t)dM (x:t) : (4.1)



with (0) = 1. We assume that Ep[( T)] = 1 and de ne an equivalent martingale
measureQ via g—P = ( T). In the following, we describe the terms in (4.1) in more deail.
The processh", which is de ned in (3.16), is related to the change of measus for the
underlying bond market. It is uniquely determined by requiring that the discounted bond
price process is &-martingale.

The term involving h leads to a change of measure for the Brownian motion which dves
the mortality intensity process . Hence,dW :Q (t) = dW (t)—h (t)dt de nes a standard
Brownian motion under Q. Here, we restrict ourselves toh 's of the form

1 |
N st) =~ 0o ) ¢ @2)

for some continuous functions and , since (x) in this case also follows a time-
inhomogeneous CIR model underQ. More precisely, the Q-dynamics of (x) are given
by

d (xt) = Eb(x;t)— Q(x;t) (x:t)Ed|t+ (Gt) (s t)dw @ (b);
where

Qx;t)= (xt)+  (xt); (4.3)
QUx;t) = (xt)+  (xt): (4.4)

A necessary condition for the equivalence betwee® and Q is that is strictly positive
under Q. Thus, we observe from (4.3) that (x;t) = ( (x;t))?=2— (x;t) is a necessary
condition. The Q-dynamics of (x) are now given by

d (xt)=( Qect)y— Qo) (xt)dt+  (xt)  (xt)dW I (b); (4.5)

where Q (x;t)and Q (x;t) are given by (3.8) and (3.9) with (x;t) and (x;t) replaced
by Q(x;t) and @(x;t), respectively. If h =0, i.e. if the dynamics of (and thus )
are identical under P and Q, we say the market is risk-neutral with respect to systematt
mortality risk.

The last term in (4.1) involves a predictable processg > —1. This term aects the
intensity for the counting process. More precisely, it can k& shown, see e.g. Andersen,
Borgan, Gill and Keiding (1993), that the intensity process under Q is given by ?(x;t) =
2+ g(t)) (x;t). Using (3.23), we see that

Qx;t) = (n=NGt=)2+ g(t)) (xt);

such that Q(x;t) = (L+ g(t)) (x;t) can be viewed as the mortality intensity under Q.
Hence the procesM Q(x) = (M Q(x;t))o ¢ T de ned by

dMQ(x;t) = dN(x;t) — Qx;t)dt; 0<t<T; (4.6)

is an (F; Q)-martingale. If g = 0, the market is said to be risk-neutral with respect to
unsystematic mortality risk. This choice of g can be motivated by the law of large numbers.
In this paper, we restrict the analysis to the case, whereay is a deterministic, continuously
di erentiable function. Combined with the de nition of h" in (3.16) and the restricted



form of h in (4.2), this implies that the independence betweenG(T) and (H(T); 1(T)) is
preserved underQ.

We note that the equivalent martingale measure Q" de ned by (3.15) is the so-called
minimal martingale measure for the model, i.e. the martingde measure which \disturbs
the structure of the model as little as possible”, see Schweer (1995).

Now de ne the Q-survival probability and the associated Q-martingale by
(I o @ ]
SP(x;t;T)= Eq e « )4 (1)

and

DEF‘Q

. _ % Lo,
SOM(;;T)=Eqg e o X)) =e o X)) gx:t;T):

Calculations similar to those in Section 3.1.3 give the folbwing Q-dynamics of Q(x)
1
d x;t)=( Q9 (xt)— Q9 (xt) Axt)dt+ QI (xt)  Qx;t)dw Q;

where
Q8 (x:t)=(1+ g(t) Q(x:t);
Ft)

1+ g(t)’
Q9 (x;t) = 1+g(t) (xt):

HOX| (x;t) = Q (x;t) —

Since the drift and squared di usion terms for Q(x;t) are anein  ?(x;t), we have the
following proposition.

Proposition 4.1 (A [nelmortality structure under Q)
The Q-survival probability SQ(x;t; T) is given by

St T) = A (tT) B (atT)(+ g(v) (xt),
where AR and B 'Q are determined from (3.11) and (3.12) with  (x;t), (x;t) and

(x;t) replaced by Q9 (x;t), ‘9 (x;t) and 29 (x;t), respectively. The dynamics of
the Q-martingale associated with the Q-survival probability are given by

—1
dSOM (it T)= —(1+g(t) (xt) (OB RtT)SOM (it T)dw 9 (1) (4.7)
Similarly to the forward mortality intensities, the Q-forward mortality intensities are given
by
Q fyete - _ ¥ Qv+ T)Y= Qiy-+)_ 2R iQ [yt _ YN0 (vt
f=tT) @_IJogS x;tT) (x,t)@_lB xtT) @‘IA (xtT): (4.8)
4.2 The payment process

The total bene ts less premiums on the insurance portfolio 5 described by a payment
processA. Thus, dA(t) are the net payments to the policy-holders during an in nit esimal
interval [t;t + dt). We take A of the form

dA(t) = —n (O)dlf; og+ (N =N T)) Ao(T)dl,
+ ap(t)(n — N (x;t))dt + a;(t)dN (x;t); (4.9
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forO=<t<T. The rstterm, n (0) is the single premium paid at time O by all policy-
holders. The second term involves a xed timeT < T, which represents the retirement
time of the insured lives. This term states that each of the suviving policy-holders receives
the xed amount  Ag(T) upon retirement. The third term involves a piecewise contiuous
function

ao(t) = — C(t)lfo t<fg+ ap(t)lff t Tgr

where ¢(t) are continuous premiums paid by the policy-holders (as log as they are alive)
and aP(t) corresponds to a life annuity bene t received by the policy-holders. Finally, the
last term in (4.9) represents payments immediately upon a dath, and we assume thata;
is some piecewise continuous function.

4.3 Market reserves

In the following we consider an arbitrary, but xed, equival ent martingale measureQ from
the class of measures introduced in Section 4.1 and de ne thprocess
=g 1

(]
V Q(t) = Eq e o "WdgAC YT (1) (4.10)
[0;T]

which is the conditional expected value, calculated at timet, of discounted bene ts less
premiums, where all payments are discounted to time 0. Usindhat the processesA and
r are adapted, and introducing the discounted payment procesA de ned by

(o
dA ()= e o"(Wduga(t);

we see that
1
| [ o =
\Vi ,Q(t) — [o.t]e o I’(u)dudA( )+ e oI’(u)duEQ (t.T]e ¢ I’(u)dudA( ) (t)
; o ;
= A (t)+ e o (WOt
where
= L]
V2t) = Eq ( T]e o MWAdUgA( YT (L) (4.11)
t

In the literature, the process V © is called the intrinsic value process, see Fellmer and
Sondermann (1986) and M ller (2001c). The process¥introduced in (4.11) represents
the conditional expected value of future payments. We shallrefer to this quantity as the
market reserve. We have the following result.

Proposition 4.2  The market reserve tQ is given by
VD) = (n =NV () (xt)); (4.12)

where

= = | =
Vetr®): ()= Pt )SCxt ) ao( )+ a()f P (xt; ) d
t

+ Pt T)St T) Ao(T)l o (4.13)
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This can be veri ed by using methods similar to the ones usedn M ller (2001c) and Dahl
(2004). A sketch of proof is given below.

Some comments on this results: The quantityV Q(t;r (t); (x;t)) is the market reserve at
time t for one policy-holder who is alive, given the current level ér the short rate and

the mortality intensity. The market reserve has the same stucture as standard reserves.
However, the usual discount factor has been replaced by a zeicoupon end priceP (t; T)

and the usual (deterministic) survival probability of the f orm exp(— ,  (x;u)du) has

been replaced by the termSQ(x;t; ). In addition, the Q-forward mortality intensity,

f *Q (x;t; ), now appears instead of the deterministic mortality intensity ~ (x; ) in con-

nection with the sum a;( ) payable upon a death.

Sketch of proof of Proposition 4.2: The proposition follows by exploiting the independence
between the nancial market and the insured lives. In addition, we use that for any
predictable, su ciently integrable process d,1

]
dE)(dN(x;s) — Q(x;s)ds) (4.14)
0

is an (F; Q)-martingale. For example, this implies that
O

o4 L1
Eo e g ()dN(x; )Et(t)

t

- 1
Eo e « Wdig () x; )d Et(t)
= t

t

| |
P(t; )au( )Eq (n—=N(x; )) *x; )Hf(t) d: (4.15)

Here, the second equality follows by changing the order of iegration and by using the
independence betweem and (N (x); ). By iterated expectations, we get that

Eql(n—=N(x NIF(MI= Eq[Epl(n=N(x NIF®) CIDIIEQ]
Eq (n—N(xt)e t “CudpgE()
(n=Nxt)S°x;t; ); (4.16)

where the second equality follows by using that, givenl (T), the lifetimes are i.i.d. under
Q with mortality intensity ~ 2(x), and the third equality is the de nition of the Q-survival
probability. Similarly, we have that
] ]
Eq (N=N(X ) Qx; )Hf(t)
] 0 H: [EE: ]
= Eo Bo (n=NG; ) “0¢ )HE(@) LHT) F(O)
O g, (I
=Eq (N—N(xt)) x; )e « ~CWNER(t)

=(n—N(x;t»@@sQ(x;t; )
=(n—=Nx1)S?xt ) 2 xt ): (4.17)

Here, the third equality follows by di erentiating S?(x;t; ) under the integral. The result
now follows by using (4.15){(4.17).
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We emphasize that the market reserve depends on the choice efquivalent martingale
measureQ.

In the remaining part of the paper we work under the following standing assumption

Assumption 4.3  VO(t;r; ) CA%%2?, i.e. VO(t;r; ) is continuously di [erentiable with
respect to t and twice continuously di Cerentiable with respect to r and

5 Risk-minimizing strategies

The discounted insurance payment proces# is subject to both nancial and mortality
risk. This implies that the insurance liabilities typicall y cannot be hedged and priced
uniquely by trading in the nancial market. M ller (1998) ap plied the criterion of risk-
minimization introduced by Felimer and Sondermann (1986) for the handling of this com-
bined risk for unit-linked life insurance contracts. This analysis led to so-called risk-
minimizing hedging strategies, that essentially minimizel the variance of the insurance
liabilities calculated with respect to some equivalent matingale measure. Here, we fol-
low M ller (2001c), who extended the approach of Felimer and Sondermann (1986) to the
case of a payment process. Further applications of the critéon of risk-minimization to
insurance contracts can be found in M ller (2001a, 2002).

5.1 A review of risk-minimization

Consider the nancial market introduced in Section 3.2 conssting of a zero coupon bond
expiring at T and a savings account. We denote by (t) = P (t;T) the discounted price
process of the zero coupon bond. A strategy is a process=( ; ), where is the number
of zero coupon bonds held and is the discounted deposit in the savings account. The
discounted value procesd/ (' ) associated with' isdened by V(t;' )= (1) X(t)+ (1),
and the cost proces<C(' ) is de ned by

Cd

Cit;")Y=V({') - (WdX (u) + A (t): (5.2)
0

The accumulated costsC(t;" ) at time t are the discounted valueV (t;' ) of the portfolio
reduced by discounted trading gains (the integral) and adde discounted net payments to
the policy-holders. A strategy is called risk-minimizing, if it minimizes

1

% 1
R(t' )= Eq (C(T;")—C(t;" ))2F(t) (5.2)

for all t with respect to all strategies, and a strategy' with V(T;') = 0 is called 0-
admissible. The procesR(' ) is called the risk process. Felimer and Sondermann (1986)
realized that the risk-minimizing strategies are related o the so-called Galtchouk-Kunita-
Watanabe decomposition,

V Q(t) = Eq[A (T)|F(t)] = V (0) + QuydX (u) + L(1); (5.3)
0
where @ is a predictable process and where @ is a zero-meanQ-martingale orthogonal to

X. It now follows by M ller (2001c, Theorem 2.1) that there exists a unique 0-admissible
risk-minimizing strategy ' =( ; ) given by

: [
Cm=C M @)= Iqg(t):V Qty— ADX M) —A (1) (5.4)
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In particular, it follows that the cost process associated vith the risk-minimizing strategy
is given by
C(t;' )=V Q)+ L91): (5.5)
The risk process associated with the risk-minimizing strakegy, the so-called intrinsic risk
process, is given by
C] 1

R(t" )= Eq (L%T)— LQ(t))ZEE(t) : (5.6)

It follows from (5.4) that V(t;' ) = V Q) — A (1), i.e. the discounted value process

associated with the risk-minimizing strategy coincides wih the intrinsic value process
reduced by the discounted payments.

Note that the risk-minimizing strategy depends on the choie of martingale measureQ.
In the literature, the minimal martingale measure has been a@plied for determining risk-
minimizing strategies because this essentially correspais to the criterion of local risk-
minimization, which is a criterion in terms of P, see Schweizer (2001a).

5.2 Risk-minimizing strategies for the insurance payment p rocess

As noted in Section 4.3, the intrinsic value processV Q associated with the payment
processA is given by

VR)= A (1)+(n—NEt)B() Vetr(t); (xt); (5.7)

where VQ(t;r (t); (x;t)) is de ned by (4.13). The Galtchouk-Kunita-Watanabe decom-
position of V Q is determined by the following lemma.

Lemma 5.1 The Galtchouk-Kunita-Watanabe decomposition of V 9 is given by

vV Q(t)= vV R(0) + Q()dP (;T)+ LOt); (5.8)
0
where
V i) = =n (0)+ nV(0;r(0); (x;0)); (5.9)
) =
LO(t) = QU )AMQ(x; )+ QU )ASM (x; ;T ); (5.10)
0 0
and

= B"(t; )P (t; )

B'(T)P (tT)

Qt)y=(n—N(xt=)) S9x; t; )%Io( )+ ar( )f R (xt; )EdI
L BIGT)P (tT)
B'(T)P (tT)
Aty= B(t) * a(®) —VO(tLr (1) (1) T (5.12)
e N L Bt )Sext )
“0=(n NGt R E T ST )
- 1 05 2 )IZIZIZI
x a( )+ a( ) FQxt; )—W d
o 1

St T) Ao(T)lf Tg (5.11)

B (x;t; T)S?x;t; T)

*P(t T)B Q(x;t; T)SQAM (x;t;T)

(5.13)

AO(T) I ft<Tg
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Proof of Lemma 5.1: See Appendix A.1.

In the decomposition obtained in Lemma 5.1, the integrals wih respect to the compensated
counting processM ?(x) and the Q-martingale S®M (x; -; T) associated with the Q-survival
probability comprise the non-hedgeable part of the paymentprocess. The factor <(t)
appearing in the integral with respect to M Q(x) in (5.10) represents the discounted extra
cost for the insurer associated with a death within the portfolio of insured lives. It consists
of the discounted value of the amounta;(t) to be paid out immediately upon death,
reduced by the discounted market reserve of one policy-holet B (t) 1V OQ(t;r (t); (x;t)).
In traditional life insurance, Q(t) is known as the (discounted) sum at risk associated
with a death in the insured portfolio at time t, see e.g. Norberg (2001); in M ller (1998),
a similar result is obtained with deterministic mortality i ntensities.

Changes in the mortality intensity lead to new Q-survival probabilities, and this a ects the
expected present value undeQ of future payments. This dependence is described by the
term Q(t) appearing in (5.10), which can be interpreted as the changén the discounted
value of expected future payments associated with a changa ithe Q-martingale associated
with the Q-survival probability. It follows from (5.6) that the intri nsic risk process is given

b
y I__Elga | —
R(t' )= Egq t Quu)dM(x;u) + Qu)dS®M (x;u; T) (1)
i -
Eo Eb(U) I1’_L|0|QEGI<;U)+ Eb(U) 2 e @;U;T)@(t)
69

Eq Izb(U) @(n —Nu=) @+ g(u)) (x;u)du

' 1 (.
+ Q)L+ gu)  (xu) (X;U)B;Q(x;u;T)SQ;M(x;u;T)%ué(t):

Here, we have used the square bracket processes, thist?(x) is an adapted process with
nite variation, and that SM (x; ; T) is continuous (hence predictable), such that the
martingales are orthogonal.

Using the general results on risk-minimization and Lemma 51, we get the following result.

Theorem 5.2 The unique 0-admissible risk-minimizing strategy for the payment process
(4.9) is

]
(O @)= 20-NEDBO VoEr©v; (i) — COP ©T)
where @ is given by (5.11).

This result is similar to the risk-minimizing hedging strat egy obtained in M ller (2001c,
Theorem 3.4). However, our result di ers from the one obtaired there in that the market
reserve depend on the current value of the mortality intensfy. The fact that the strategies
are similar is reasonable, since we are essentially addingstéochastic mortality to the model
of M ller, and this does not change the market in which the hedger is allowed to trade.
As in Mller (2001c), the discounted value process associad with the risk-minimizing
strategy ' is

V(' )=(n=Nt)B(t) VO(tr(t); (x1)):; (5.14)
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where VQ(t;r (t); (x;t)) is given by (4.13). This shows that the portfolio is currently
adjusted, such that the value at any time t is exactly the market reserve. Inserting (5.9)
and (5.10) in (5.5) gives

C(t' )=nVeO;r(0); (x0)—n 0+ 2 )dM(x; )+  ()dsS¥™M(x; ;T):
0 0

Hence the hedger's loss is driven b Q(x) and S®M (x; -; T). The rst three terms are
similar to the ones obtained by M ller (2001c). The last term, which accounts for costs
associated with changes in the mortality intensity, did not appear in his model, since he
worked with deterministic mortality intensities.

Example 5.3 Consider the case wherél = T, and where alln insured purchase a pure
endowment of Ag(T) paid by a single premium at time 0. In this case, the Galtchok-
Kunita-Watanabe decomposition (5.8) of V :Q is determined via

Q) =(n=N:t=)S°UtT) Ao(T);

)= =P (£ET)SC(tT) Ao(T);

Lo,

Qt) = (n=N(Gt=)P (5T)eo "M Aq(T);

sinceVO(t;r (t); (x;t))= P(tT)SQUX;t;T) Ao(T), and

SQ(X;t;T) — e? Q(x;u)du:
SAM (x;t;T)

This gives the 0-admissible risk-minimizing strategy

M =(n=NEt=)SUAGET) Ao(T);
O =(NXt=) =N))P (ET)SUXGET) Ao(T):

The risk-minimizing strategy has the following interpretation: The number of bonds held
at time t is equal to the Q-expected number of bonds needed in order to cover the benest
at time T, conditional on the information available at time t—. The investments in the
savings account only di er from O if a death occurs at timet, and in this case it consists
of a withdrawal (loan) equal to the market reserve for one insired individual who is alive.

6 Mean-variance indi erence pricing

Methods developed for incomplete markets have been appliefibr the management of the

combined risk inherent in a life insurance contract in M ller (2001b, 2002, 2003a, 2003b)
with focus on the mean-variance indi erence pricing principles of Schweizer (2001b). In
this section, these results are reviewed and indi erence peces and optimal hedging strate-

gies are derived.

6.1 A review of mean-variance indi erence pricing

Denote by K the discounted wealth of the insurer at time T and consider the mean-
variance utility functions

ui(K )= Epl[K ]—a(Varp[K ]) '; (6.1)
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i =1;2, wherea; > 0 are so-called risk-loading parameters and where we take; = 1 and
2= 1=2.
Schweizer (2001b) proposes to apply the mean-variance uity functions (6.1) in an indif-
ference argument which takes into consideration the possilities for trading in the nancial
market. Denote by the space of admissible strategies aﬂ:c]i & Gt () be the space of
discounted trading gains, i.e. random variables of the form ; (u)dX (u), where X is the
price process associated with the discounted traded asseDenote by c the insurer's initial
capital at time 0. The u;-indi erence price v; associated with the liability H is de ned via
1 3 1 I 1

supu; c+ v+  #U)dX(u)—H =supu c+  HdHdX () ; (6.2)
#2 0 421 0

whereH is the discounted liability. The strategy # which maximizes the left side of (6.2)
will be called the optimal strategy for H. In order to formulate the main result, some
more notation is needed. We denote by?-the variance optimal martingale measure and let
) = g—ﬁj. In addition, we let (-) be the projection in L2(P) on the spaceGrt() ? and

write1— (1) = I@‘)dx (u). It follows via the projection theorem that any discounted

liability H has a unique decomposition on the form

-
H =cd'+  #7WwdX(u)+ N"; (6.3)
0

=

where ) #7dX is an element ofGr() and where N" is in the space R + Gr()) °.

From Schweizer (2001b) and M ller (2001b) we have that the irdi erence prices for H are:

vi(H) = Eq4fi 1+ alvlngINH]; S (6.4)
Vo(H) = Egfil 1+ @ 1—Varp[(F)]=28 Varp[NH]; (6.5)

where (6.5) is only de ned if a3 = Varp[[¥)]. The optimal strategies associated with
these two principles are:

w()= # s Vel (6
1
—1
bt = # (0 + —E=arelEDl o e (6.7)

a; 1—Varp[¥)]=23

where (6.7) is only well-de ned if a3 > Varp [ F)]. For more details, see M ller (2001b,
2003a, 2003b).

6.2 The variance optimal martingale measure

In order to determine the variance optimal martingale measue B—ve rst note that in
the considered model, the traded assets are independent ohé insurance risk. Hence,
we can apply M ller (2003a, Proposition 3.9), which states that the variance optimal
martingale measure is the product measure of the variance djmal martingale measure
for the nancial model and the original measure P for the insurance risk. In this case
of a complete nancial model, the variance optimal martingale measure for the nancial
model is simply given by the unique equivalent martingale masure for the nancial model.
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Hence, the Radon-Nikodym derivative F) for the variance optimal martingale measure
is given by
- 1
(h"(u)?du ;
0

NI

) =exp h"(u)dW" (u) —
0

where h' is de ned by (3.16). Hence, underP—he dynamics of the mortality intensity
and the intensity of the counting processN (x) are unaltered. For later use, we introduce

the P-rhartingale
() = EgHET)IF ()] = ExtEDIGO)]:

Note that F) = ). It follows from the martingale representation theorem that )
has the following representation

4
1) = o)+ ; lehdP (u; T):

If h" is constant, calculations similar to those in M ller (2003b) for the Black-Scholes case
give that

B _ e (2T 1),
=

We end this section by noting that in our case the variance opimal martingale measure
coincides with the minimal martingale measure.

6.3 Mean-variance indi erence pricing for pure endowments

Let T = T and consider a portfolio ofn individuals of the same agex each purchasing a
pure endowment of Ag(T) paid by a single premium at time 0. Thus, the discounted
liability is given by

H =(n=NT)B(T) ¥ Ay(T):

Explicit expressions for the mean-variance indi erence pices can now be obtained un-
der additional integrability conditions. More precisely, we need that certain local B—
martingales considered in the calculation of Vap[NH] are (true) P-rhartingales. In this
case the indi erence prices are given by inserting the follwing expressions forE sfif ] and
Varp (NH) in (6.4) and (6.5):

Egfd 1=nP(O;T)S(X;0;T) Ao(T); (6.8)
and
O o B9 -
Varp N =n 1(t) 2(t)dt + n? 1(t) s(t)dt; (6.9)
0 0
where
1

L1
1(t) = Ep @(P (tT) Ao(T)? ;

40 =

A= Ep (SKET)Ze & 60W (1) 1+( (KB (qET)HL—e § C0N)

1 L
s®=Ep  (x) (DB (GET)S(tT)e o ()
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The independence betweem and (N (x); ) under B-itnmediately gives (6.8). The expres-
sion for the variance of N" in (6.9) follows from calculations similar to those in M lle r
(2001b). For completeness the calculations are carried ouh Appendix A.2.

We see from (6.9) that the variance ofN 1 can be split into two terms. The rst term, which

is proportional to the number of insured, stems from both thesystematic and unsystematic
mortality risk. M ller (2001b) also obtained a term proport ional to the number of insured
in the case with a deterministic mortality intensity and hen ce only unsystematic mortality
risk. The second term which is proportional to the squared number of survivors stems
solely from the systematic mortality risk. Hence, the uncetainty associated with the future
mortality intensity becomes increasingly important, when determining indi erence prices
for a portfolio of pure endowments, as the size of the portfab increases. There are two
reasons for this. Firstly, changes in the mortality intensity, as opposed to the randomness
associated with the deaths within the portfolio, are non-diversi able; in particular they
a ect all insured individuals in the same way. Secondly, this risk is non-hedgeable in the
market.

In this case the optimal strategies are given by inserting (8) and the following expression

for #7 in (6.6) and (6.7):

[ ]

M= - @ ﬁ M ocu)+ FldsM uT)  (6.10)
0

where

Pt =(n=N@t=)SEtT) Ao(T);
Fdy= =P (£ T)S(:ET) Ao(T); (6.11)
Fiﬂ) =(n—N(xt—-)P (t;T)egrI (Guldu Ao (T): (6.12)

Here, expression (6.10) follows from Schweizer (2001a, Theem 4.6) (Theorem A.1), which
relates the decomposition in (6.3) to the Galtchouk-Kunita-Watanabe decomposition of

the P-rhartingale V () = E4fi |F(t)] given in Example 5.3.

6.4 Mean-variance hedging

We now brie y mention the principle of mean-variance hedging used for hedging and
pricing in incomplete nancial markets. This short review follows a similar review in
M ller (2001b). With mean-variance hedging, the aim is to determine the self- nancing

strategy " = (#; ~) which minimizes

C .
Ep (H —V(T;" )%

The main idea is thus to approximate the discounted claimH as closely as possible in
L2(P) by the discounted terminal value of a self- nancing portfolio ' . Since we consider
self- nancing portfolios only, the optimal portfolio is un iquely determined by the pair
(V(0;");#), where V (0;") is known as the approximation price forH and # is the mean-
variance optimal hedging strategy. Schweizer (2001a, Theem 4.6) gives thatV (0;") =
Esfid ] and # = #H. Thus, we recognize the approximation price and the mean-vaance
hedging strategy as the rst part of the mean-variance indi erence prices and optimal
hedging strategies, respectively. Note that even though tle minimization criterion is in
terms of P, the solution is given (partly) in terms of B
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7 Numerical examples

In this section, we present some numerical examples with calilations of the market re-
serves of Proposition 4.2. Furthermore, we investigate twodi erent parameterizations

within the class of time-inhomogeneous CIR models and compa these to the 2003 mor-
tality intensities and a deterministic projection for the m ortality intensities.

Calculation method
A useful way of evaluating the expression (4.13) is to de ne axiliary functions

[
VG = e (@ Gt o )4 ay()f @ (t® ) d
t

+ e lT_-FI (fr (to;U)"' fQ (x;t O;U)) du AO(T), (71)

where the zero coupon bond price and th&-survival probabilities are expressed in terms
of the relevant forward rates and Q-forward mortality intensities. Note moreover, that we

have introduced the additional parametert® We note that VQ(t;r (t); (x;t)) = VAt t),

whereas these two quantities dier if t & t% It follows immediately that for xed t°we
have the following di erential equation for Vt;t9:

@@}@kt;t% = (%0 + £ 206tV Y —ao(t) —au(t)f © (%t (7.2)
on the set (0 T) L(T;T) subject to the terminal condition F{(T:t% = 0 and with
VAT -t = Ag(T) + VAT tY:

Alternatively, the expression (4.13) can be determined by slving the following partial
di erential equation on (0;T) [{XT;T) xR xR

@, q Qe ty — Q (ety ) @\ pe 1 2
@V (tr, )+( (x;t) (x;t) )@V (t;r; )+2( (x;1))

+ Moo _ ro I:@\ﬂ?(tr )+ %( Lot b r)%VQ(t;r; )—rVQ(t;r; )
+ag(t) + (1 + g(t)) (al(t)—VQ(t; ro);

with terminal condition VQ(T; r;, ) =0 and with

VO(T—ir; )= Ao(T)+ V(T:r; ):

@

0= — VOt )

The partial di erential equation follows either as a byprod uct from the proof of Lemma
5.1 in Appendix A.1 or as a special case of the generalized Téle's di erential equation
in Ste ensen (2000). A similar partial di erential equatio n can be found in Dahl (2004).

Parameters for nancial market

We now present the parameters which will be used in the numedal examples. The
nancial market will be described via a standard Vascek model with parameters " =
0:008, " =0:2, " =0:0001, " =0, €3 —0:003 andrg = 0:025. Given these
parameters, the mean reversion level for the short rate is™ =" = 0:04 under P and
(" —&3" =0:055underQ. The short rate volatility is given by =~ = =0:01 and the
speed of mean reversion is” = 0:2. The parameter —¢=I° = 0:015 can be interpreted
as the typical di erence between the long and short term zerocoupon yield, see Poulsen
(2003) for more details. The initial short rate is given by ro = 0:025, which corresponds
to the present short rate level. The forward rate curvef "(0; ) is depicted in Figure 4.
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Figure 4: Forward rate curve for the Vasitek model.

Parameters for insurance portfolio

We have tted the parameters for the underlying Gompertz-Makeham distributions at

various times. In Table 1 below, we present the numbers for 180 and 2003 which have
been obtained by standard actuarial methods. We now list sora parameters for the

Males Females
Year c c
1980 0.000233 0.0000658 1.0959 0.000220 0.0000197 1.1063
2003 0.000134 0.0000353 1.1020 0.000080 0.0000163 1.1074

Table 1: Estimated Gompertz-Makeham parameters for 1980 and 2003.

underlying mortality improvement process de ned by (3.6), which is supposed to capture
the variation present in the considered data. We consider tw di erent parameterizations,
Case | and Case |l, see Table 2. Case I: We take(x;t) = L ebnstant and assume that

(xt)  (xt)  (xt)
Case | L1 1D |
Casell [ i[2] ]

Table 2: Parametrization for the underlying process

(x;t) = 1™ where log(1 + DTepresents the expected yearly relative decline in the
mortality intensity. Thus, e s the (time-dependent) level to which the process reverts
and [dontrols how fast it reverts to this level. Finally, we propose to let (x;t) =
[Wwhich describes the \noise". Case II: Here, we let (x;t) = L1 (x;t) = %Ii‘land

(x;t) = [CThis means that we expect a relative yearly decline in of approximately
[_INote that Case Il has one parameter less than Case I. The chogé (x;t) = %Ii‘lin
Case |l ensures that remains strictly positive. In Case Il, the mean reversion leel is

(t;x)=(t;x) = %IEI:I\Nith [3 0:008 and 32 0:02, this leads to the mean reversion
level of 0025, which is negligible. Quantiles for the mortality improvement process for
the two parameterizations can be found in Table 3. A comparisn of the mortality for 2003
for males and the corresponding forward mortality intensities in Case | with parameters
(L4 = (0:2;0:0080:02) can be found at the top of Figure 5. The gure shows a
rather limited di erence between the forward mortality int ensities and the exponentially
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L1 O [0 5% 25% 50% 75% 95%
Casel 0.2 0.008 0.02 0.838 0.867 0.887 0.907 0.937
1 0.008 0.02 0.837 0.850 0.859 0.868 0.881
0.2 0.008 0.03 0.814 0.856 0.886 0.917 0.962
1 0.008 0.03 0.827 0.846 0.859 0.872 0.892
Case Il 0.008 0.02 0.726 0.801 0.854 0.909 0.990

Table 3: Quantiles for the mortality improvement process for time horizon 20 years.
(Numbers are based on 100000 simulations with 100 steps per year in an Euler scheme.
The results are indistinguishable if we altenatively use a Milstein scheme).
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40 60 80 100 120 40 60 80 100 120

Figure 5: Top pictures are Case | and bottom pictures are Case Il. To the left: Mortality
intensity curve for 30 year old males for 2003 (solid line), exponentially corrected with
factor exp(— )l (dashed line) and forward mortality intensities (dotted line). To the right:
The corresponding survival probabilities.
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corrected intensities (they essentially coincide), wheras there is a big di erence between
these two curves and the 2003 estimate for the mortality intasities. For Case Il, there is a
more substantial di erence between the forward mortality i ntensities and the exponentially
corrected mortality intensities at very high ages.

Expected lifetimes

Figure 6(a) shows the histogram for the expected lifetime ofa policyholder aged 30 for
Case | with parameters (Q2; 0:008 0:03). As a comparison, the expected lifetime for a male
policyholder aged 30 is 75.8, 79.0 and 78.6 if we use the 200&timate, the exponentially
corrected mortality and the forward mortality intensities , respectively. The variability in
the gure re ects the uncertainty related to changes in the future mortality intensities.
The histogram shows that there is a relatively small uncertanty associated with the ex-
pected lifetime in Case I. This is explained by the fact that the model for the mortality
improvement process is mean-reverting with a relatively small volatility. If we instead

1.0
0.15 0.30

0.0

0.00

I T T T T T ! I T T T !
77.0 775 78.0 78.5 79.0 79.5 80.0 76 78 80 82 84

(® (b)

Figure 6: Histograms for the expected lifetime for a policy-holder aged 30 for Case | with
parameters (0:2;0:008 0:03) (figure a) and Case Il (figure b). (Histograms are based on
10000 simulations with 100 steps per year in an Euler scheme.)

consider Case Il, the expected lifetime changes to 79.2, ande now get substantially big-
ger variation into the expected lifetimes, see the histogren for the expected lifetime in
Figure 6(b).

Market reserves

In Figure 7, we have plotted the functions \E2t; t9x) for xed t = t°=0 as a function of
agex in the case whereQ is the minimal martingale measure. (Here, we have added an
x to the function ' in order to underline its dependence on the initial agex.) We have
considered Case | with parameters (2; 0:008 0:03) and studied a life annuity starting at
age 65. Moreover, we have compared this with the reserves daihed by using the 2003
estimate without any correction for future mortality impro vements, and the mortality
intensities obtained by reducing the mortality intensitie s exponentially. For each initial age
X, we have calculated the relevant forward mortalities and stved the di erential equation
for Qkt;t9. We see only very little di erence between the reserves otained by using the
forward mortality intensities and the exponentially corre cted mortality intensities.

Risk-minimizing strategies and mean-variance indi erenc e pricing

The risk-minimizing strategies and mean-variance indi erence hedging strategies obtained
in Section 5 and 6 can also be determined numerically. M ller(2001b) contains a section
with numerical examples for a similar contract (without systematic mortality risk), where
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Figure 7: Reserves for a life annuity starting at age 65. Reserve based on 2003-estimate for
males (solid line), exponentially corrected mortality intensities (dashed line) and forward
mortalities (dotted line).

the strategies have been determined for a couple of simulains. In addition, the methods
listed there may be used for determining the mean-variancenidi erence prices.
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A Appendix

A.1 Proof of Lemma 5.1

Recall from (5.7) that the Q-martingale V ‘9 can be written as
VO =A@+ (n=N)BE) VOEr(); (xt):

Di erentiating under the integral gives

4
@@r\/Q(t;r; )= —  B'(t P(t )SUxt; )%Io( )+ a( ) R (it )EolI
t
=Bt TPETISPGET) Aol 7 (A.1)
and
@ %
@Votn )= —Arg®) P Bt ISt )
—1 N SN == =
< a()ra() 100t ) - B HE) g
+ P(t;T)B Q (x:t; T)SQUX; t; T) Ao(Mlfety (A.2)
where we have used
D100t )=+ g0) 2B (xt )
Integration by parts used on (n — N (x;t))B(t) TVR(t;r(t); (x;t)) yields
vV iRty = A gf nV ?(0;r(0); (x; 0))
+  (n=NEcu)Vu;r(u); (x;u))dB(u) *
+  B(u) Y(n—=N(u=)dv(u;r(u); (x;u))
= B(u) Ve(ur(u); (xu))dN(x;u): (A3)
0

In order to calculate the fourth term in (A.3), we need to nd dV®(u;r(u); (x;u)). Recall
from (3.17) and (4.5) that the dynamics of r and (x) under Q are given by

dr(ty= "Q(r(t)dt+ "(r(t))dw"(t);
d (xt)= Q@ (xt)dt+ (& (xt)  (xt)dw i (1);
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where
”Q(r(t))z nQ _— nQ r(t);
QU ()= Q) = Q) ()
In the rest of the proof we use the shorthand notation VQ(u) = VQ(u;r(u); (x;u)).

Furthermore we only include explicitly the time argument in the coe cient functions.
The assumption VQ(t) CT%%2 allows us to apply It6's formula. We obtain

1 1 @
dvO(u) = @@vQ(u)+ Q (u)—@vQ(u)+—< ()2 (0) 25V O(W)
1
+ 8 vQ(u) = (»Z@V%) du+ (u) @vQ(u)deQw)
|:|_ _

R (x:u)@v‘?(u)dw'Q (u)

1 1 @
- @@vQ(u)+ Q (u)—@vQ(u)+—< ()2 (0) 57V O(W)

- Ve (! (u»z@v%) du— @NQ(“) P (u;T)

B'(u;T)P (u;T)
_ 2vQ(u)
(1+ g(u)B R (x;u; T)SM (x;u; T)
In the rst equality we have used the dynamics of r and (x) and that the Brownian
motions W"Q and W :Q are independent, such that we do not get any mixed second
order terms. In the second equality we use (A.1) and (A.2) togther with the dynamics of
SOM (x; . T) and P (;T) given in (4.7) and (3.20), respectively. Rewriting A in terms
of the Q-martingale M Q(x) we get
L 1 1 Q ]
A (t)= —n (0)+ . B() = a( )(n=N(x )+ a( )(n=N(x; —)) ~(x; ) d
Ld _ _ Ll
+ B 'n=N(xT) AdMdl; w,+ B() a( )dMx; ):
0 0

dsSOM (x;u; T):

Collecting the terms from (A.3) involving integrals with re specttoP (:;T), S@M (x; -: T)
and M Q(x), respectively, we get the last three terms in (5.8). Since hese three terms and
V Q are Q-martingales, the remaining terms constitute aQ-martingale as well. Since this
process is continuous (hence predictable) and of nite vartion, it is constant. Inserting
t = 0 we immediately get that V ‘2(0) = —n (0) + nV2(0;r(0); (x;0)). Thus, we have
proved the decomposition in (5.8).

A.2 Calculation of Var p[N"]

The following theorem due to Schweizer (2001a, Theorem 4.&elates the decomposition
in (6.3) to the Galtchouk-Kunita-Watanabe decomposition of the B-fhartingale V ?F‘ﬂ) =
Esfid |F(1)]; see also M ller (2000).

Theorem A.1 Assume that H [IP(F(T);P) and consider the Galtchouk-Kunita-Wa-
tanabe decomposition of V ?F‘ﬂ) given by

"
vtz Edn 1+ Flyde (uT)+ L) os=t=T: (A.4)
0
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We can now express ¢, #7 and N" from (6.3) in terms of decomposition (A.4) by

" = Eufl J;
#Hn= - @ - LY
o ) ’

=
H _ .
NH = ) i —Q)dLF‘?‘u).

Since

- Cd
L#ﬂ) = Fb%‘u)dM (x;u) + F‘%‘u)dS(x; u;T);
0 0

where F-and Pare given by (6.11) and (6.12), respectively, Theorem A.1 gies the
following expression forN " :

-
N B St B

L4 1 & 1
— Phamxt)+ PhdsM ot T) -
o 9

SinceEp[NH]=0, we rst note that
1]

1
Varp[NH]= Ep[(N")2] = Exq EF) 1K) + ReT
] ]
= Ego ()2 +2 EDHEDHRE) + ENHRE)? 1 (A
where we have de nedIL) = Q Fi%‘)dM (x;u) and R = - g”ds'\" (x;u;T). The

three terms appearing in (A.5) can be rewritten using Ito's formula For the rst term we
get

= - N
) (Lah)? = i (L-)2d ) + 2 i EHILal-)dibe + ; =) = dN (x; t);

and for the last term we nd that

= = =

hH(RE)?= RAdED+2 FHRGIRE + . () dEHE)
%3 3
= F@Zd@)w R dred)
@ '%'ﬂ -
—) (x;t) (xt)B xtT)SM(x:t;T) dt

The mixed term becomes

- - -
EhHRA)ILA) = i R diCed) + . (L R ) + i ) (eeh drk )
=
t L -
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Assuming all the local martingales are martingales, and usig that the Brownian motions
driving r and are independent, we get

Leh L]
Varp %IH = Ep ( Fiﬂ))zdm(x;t)
o B
I - 1 1
L ™) () (DB (xtT)SM(tT)
+E atbd ae)
0 4
We now investigate the two terms in (A.6) separately. The rstterm can be rewritten as
Le L]
E ( F‘%{))ZdN(X't)
B
S w) Ay O |
= Ex ’ 0 Eca(SGETN2(n—N(xt=) (xt) dt
0 9
L3 ng M5 [
= Ep Q(P (tGT) Ao(T)? Ep (S(KETH?*(N—=N(xt=) (xt) dt
0

where we have used the expression for‘jﬂ) from (6.11) and the independence betweem
and (N (x); ). The second term is given by

1 1 —1
L A xt) (x0B (x;t;T)SM(x;t;T)@
E at
0 o
L1 7 1 [P -
L3 (n=Nt=)P (tT) (xt) (GDB (ET)SOGET) Ao(T)
= E th
0 =)
1 1
_ — (1) . 2
= Ep —-(P (tT) Ao(T))

© &

1
xEp (n=N(Xt=) (xt)  (xt)B (xtT)StT)  dt

where we have used the expression for‘dﬂ) from (6.12) and once again the independence
betweenr and (N (x); ). Using that conditioned I (t) the number of survivors at time

t is binomially distributed with parameters (n;e o 44Uy ynder P, we get

Len —1
Ep (n—=NXt=) (xt) (xt)B (XtT)S(XtT)

A —T Eﬁ =
EPEp (nN—N(Xt-)) (xt) (xt)B (xtT)S(tT) (t)

= I e B 1 O A
Ep (xt) (B (KET)SKET) Ep (n—N(xt—)2H (1)

Len —i1
Ep (x;t)  (xt)B (Xt T)S(xtT)

o O g [ I w7 AT

x ne o (x;u)du 1—e o (x;u)du +n2 e o (X;u)du

’
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and

] 1 ] Q ]
Ep (SOGET)?(N—=N(t=)) (xt) = EpEp (SOGET)2(N—N(xt=)) (xt)d(t)
1 1

Ep (SOGET)? (xt)Ep [n—N(xt=)| 1(1)]
] J ]
= nEp (S(tT)? (xit)e o G

Collecting the terms proportional to n and n?, respectively, we arrive at (6.9).
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