Preface

Ever since the birth of modern geometry more than 100 years ago topologists
have studied the relations between different structures on a manifold: topological
structures, piecewise linear structures and smooth structures. Which topological
manifolds admit smooth structures and if they do, how many? In the course of
the 1960s and ’70s many problems were solved existence and uniqueness of many
manifolds were proved, in particular of R™ for n # 4. However, in dimension 4
and partly in dimension 3 the answers to the questions above seemed to be con-
cealed behind some impenetrable barrier. Even for the simplest four-manifold,
R* this question of uniqueness of smooth structures was not so easily settled.
To phrase the problem in a popular way: for a four-manifold the dimension is
large enough for strange phenomena to occur but too small to allow us enough
room to tame them.

In the beginning of the ’80s, however, something happened when Freed-
man published his article [8] in which he revealed a deep connection between
four-manifolds and quadratic forms. More precisely, he showed that to a given
quadratic form @ of determinant +1 there exists a simply-connected topologi-
cal four-manifold whose intersection form equals (). Moreover, if ) is an even
form, then there exists exactly one manifold (up to homeomorphism) which has
Q as its intersection form, and if @ is not even, exactly 2 manifolds (up to
homeomorphism) have @Q as their intersection form.

The ball was rolling and shortly thereafter the young mathematician, Simon
Donaldson, published a pioneering article [5] showing that if M is a smooth
simply-connected manifold whose intersection form is positive definit, then the
intersection form is trivial, i.e. diagonalizable with eigenvalues 1. There are
many non-trivial intersection forms which means that many of the manifolds
constructed by Freedman do not admit smooth structures. The astounding fea-
ture of Donaldson’s article, however, was not so much the result (impressive
enough as it was) but rather the procedure of his proof for which he utilized
methods from gauge theories. Donaldson considered solutions (instantons) to
certain SU(2) Yang-Mills equations, and by mod’ing out gauge equivalence, he
obtained a moduli space, an orientable smooth 5-manifold with boundary and
a number of singularities corresponding to solutions to the equation Q(«a) = 1.
In 1990, following the path he himself had carved, he constructed what is now
known as the Donaldson invariant. It is the integral of a certain form over the
compactification of his moduli space. The Donaldson invariant became a valu-
able tool for topologists and geometers to distinguish 4-manifolds of the same
homotopy type.



However, the technical difficulties involved in these constructions and later de-
velopments were immense, with one of the worst problems being that the moduli
space was not compact and thus had to be compactified in a “smooth” way. The
whole theory seemed to be drowning in a technical swamp when Edward Wit-
ten intervened in 1994, [23]. Recent work on supersymmetric N = 2 Yang-Mills
theories which he had carried out jointly with N. Seiberg had lead him to the
realization that an entirely equivalent formulation of Donaldson’s theory could
be given within the frame of abelian gauge theories. The idea and procedure
were the same as Donaldson’s when he constructed his invariant 4 years earlier,
but replacing the non-abelian gauge group SU(2) with the abelian gauge group
U(1) lead to great simplifications in the theory. The detailed construction of
Seiberg’s and Witten'’s invariant is our scope.

The starting point of the thesis will be a compact oriented Riemannian 4-
manifold M. A famous theorem attributed to Hirzebruch and Hopf states that
any such manifold has a spin®-structure (and often quite many). The Seiberg-
Witten invariant, the definition of which is the goal of this thesis, is an invariant
of the manifold and of the spin®-structure.

In Chapter 1, we set out with the definition and elementary properties of
spin and spin®-structures. This material is supposed to be well-known so the
exposition given here is in no way meant to be self-contained but is rather
intended to give an overview and to introduce notation. Afterwards follows a
more detailed treatment of the spinor bundles, of connections on spinor bundles
and of the Dirac operator. Local expressions for the connections and for the
Dirac operator are given and elementary properties of the Dirac operator such
as formal self-adjointness, ellipticity and so on, are postulated. Next we will
prove some very important identities named after Bochner, Weitzenbtck and
Lichnerowicz, which reveal a quite deep relationship between the Dirac operator,
the spin connection and the curvature of the underlying Riemannian manifold.

This concludes the geometric preparations and we turn to analysis. Since
Chapter 2 necessitates considering infinite-dimensional manifolds and Fredholm
maps between them, an entire section is devoted to presenting some basic facts
about Fredholm operators. The classic results, like invariance of the index un-
der certain perturbations, are postulated, whereas some more exotic results are
proved. We conclude this chapter with a treatment of fields of Fredholm op-
erators, i.e. families of Fredholm operators parametrized by certain manifolds.
The main result (and the only fact about such fields which is relevant for our
purpose) is the existence of a certain line bundle, the determinant line bundle,
associated with such a field. The section ends by mentioning the Smale-Sard
Theorem, an extension of the classic Sard Theorem to the case of Fredholm
maps between infinite-dimensional manifolds.

In Chapter 2, the starting point will be the Seiberg-Witten equations. No
account of their physical/gauge theoretical origin is given, that would lead us
far astray. The solutions to the Seiberg-Witten equations will be pairs (i, A) of
a positive spinor field 1 (i.e. a section of the spinor bundle) and a connection A
on the determinant line bundle for the spin®-structure. We will define a gauge
group and an action of this gauge group on the space of solutions to the Seiberg-
Witten equations. The moduli space is defined to be the quotient of the solution
set modulo the action of the gauge group. This moduli space happens to be as
nice as one could possible imagine, namely a smooth, compact, oriented manifold
of a certain finite dimension which depends only on the spin®-structure and on
the topology of the underlying manifold. To be able to prove all these nice
features, however, we are forced to leave the safe haven of smooth structures
and venture into the realm of infinite-dimensional Hilbert/Banach manifolds
and Sobolev spaces. We give a very brief delineation of the theory of Sobolev
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spaces of sections as well as of elliptic differential operators among them. Then,
by “Sobolev completing” the moduli space we obtain a space to which we can
apply all our analytic tools: elliptic regularity, Fredholm theory, etc. Elliptic
regularity is very important when showing that the moduli space is in fact
compact (and also one of the curvature identities from Chapter 1 will be an
indispensable asset in this regard). Having shown compactness, we undertake
the next major task which is to give the moduli space a smooth structure. This
is where the Fredholm theory will come into play, simply because we are able to
show that the moduli space is a certain level set of a Fredholm map between two
(infinite-dimensional) manifolds. After proving that the moduli space is actually
a manifold, we show how we can return to the smooth setting by proving that
all the “Sobolev” moduli spaces are diffeomorphic to the original smooth moduli
space. As a final technical result we show that the moduli space is orientable.
To this end, our theory of Fredholm fields will be utilized.

All this hard work leaves us with a compact, smooth, orientable, finite-
dimensional manifold. We can integrate differential forms over such a manifold,
and that is exactly what we have in mind. Upon introducing the so-called slant
product we are able to define a certain cohomology class i, (1) on the moduli
space. The integral of (1 — . (1))™! over the moduli space is the famed Seiberg-
Witten invariant. By a cobordism argument we finish Chapter 2 by proving that
the Seiberg-Witten invariant depends on the spin®-structure only.

Finally, in Chapter 3 we give an example by calculating the Seiberg-Witten
invariant of K&hler manifolds. The result is due to Clifford Henry Taubes and
appeared in [22] in 1994 as one of the first applications of Witten’s new theory.
In the first section of Chapter 3, we sketch an overview of the basics of complex
and symplectic geometry. In the second section, we show how any almost Kéahler
manifold has a canonical spin®-structure and how we may write Dirac operators
in terms of so-called Cauchy-Riemann operators. Applying these formulas to
the Seiberg-Witten equations for the canonical spin®-structure allows us (after
a considerable amount of calculations) to show that the moduli space consists
of only one point and hence the Seiberg-Witten invariant must be +1.

A few words on my sources are probably in order: In Chapter 1, primarily
[13] and [12] have been used for Sections 1.1-1.3 although most of Section 1.2,
proving that the spinor bundle is a Dirac bundle, is work of my own. For Sections
1.4 and 1.5 as well as large parts of Chapter 2 my main sources are [1], [18] and
[17]. Section 3.1 is mostly inspired by [18] (Section 1.4) and [9] (Section 3.4)
and partly by [15] and [11] and Section 3.2 by [7] (the article by Hutchings and
Taubes).

Finally, thanks are due to my supervisor professor Bergfinnur Durhuus for
his aid throughout the past six months. Thanks are also due to my good friend
Mathias Dalhoff for proofreading parts of the manuscript.

Karlslunde, January 2009. Thomas Hjortgaard Danielsen.

Preface to the Second Edition

In this second edition of the master’s thesis, some more or less embarrassing ty-
pos have been corrected, the layout has been slightly modified and a paragraph
on deformation complexes has been added.

Karlslunde, March 2009. Thomas Hjortgaard Danielsen.
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CHAPTER 1

Preliminaries

1.1 Spin Structures

In this section let us recall/introduce the notions of spin and spin® structures
and fix some notation.

Definition 1.1 (Spin Structure). Let E — M be areal oriented Riemannian
vector bundle of rank n > 3 and 7 : Pso(E) — M its oriented orthonormal
frame bundle. A spin structure on E is a “lift” of Pso(E) to a principal Spin(n)-
bundle. More precisely, a spin structure is a pair (Pspin(E), ®) of a principal
Spin(n)-bundle 7 : Pgpin (E) — M and a bundle map ® : Pgpin (E) — Pso(E)
such that

®(p-g) =2(p)- Alg)

where A : Spin(n) — SO(n) is the double covering.

Often, the vector bundle in question will be the tangent bundle of some man-
ifold M (provided of course that this manifold is oriented and has been given
a metric). Then we will write Pso(M) and Pspin(M) for the oriented frame
bundle resp. the spin bundle. If TM has a spin structure we say that M is a
spin manifold.

Let’s try and see this from a local perspective. It is well-known that a principal
G-bundle over a manifold M can be (uniquely) described by the following data:
a cover (Uy)aca of open sets and for each pair (a,3) € A X A a smooth map
(the transition function) gag : Uag — G (where Uyp = Uy N Up) satistying
that gaa(z) =1 for all z € U, and satisfying the cocycle condition,

903(2)96~(T)gya(r) =1

for all triples (o, 3,7) € A x A x A and for all € U,g,. This collection of
data is called a gluing cocycle. So if we consider our principal SO(n)-bundle
Pso(E), then there exists a cover (U,) and transition functions gag : Uag —
SO(n) satisfying the cocycle condition. The existence of a spin structure is then
equivalent to the existence of lifts go3 : Uag — Spin(n) over A satisfying the
cocycle condition. It is well-known that such a set of lifts exists if and only if the
second Stiefel-Whitney class is zero. In fact this follows more or less by definition
of the second Stiefel-Whitney class (in the setting of Cech cohomology). In the
affirmative case the possible spin structures on M are parametrized by elements
of the first Cech cohomology group H'(M; Zy) which is, of course, isomorphic to
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the singular cohomology group H'(M;Zy) with coefficients in Z,. For instance
S™ for n > 3 admits a spin structure, since H2(S™; Zy) = 0, so the second Stiefel-
Whitney class can be nothing but 0. Since H'(S™;Zsy) = 0 the spin structure
must be unique.

The spin group Spin(n) has a distinguished complex representation, called the
spinor representation K, : Spin(n) — Aut(A,) where A, = C2?" and where
k = %], the integer part of §. This is a faithful representation (hence does
not descend to a representation of SO(n)) and when n is odd it is irreducible.
For n even, it decomposes into a direct sum of two irreducible representations
kn = K} @k, and the corresponding representation spaces are denoted A and
A7 respectively.

Given a principal Spin(n)-bundle 7 : @ — M (originating from a spin
structure, say) we can form the associated complex vector bundle w.r.t. the
spinor representation, namely S := @ X, A, which is the quotient of the direct
product Q x A, under the equivalence relation (p,v) = (p - g, kn(g~1)v) and
with projection g : S — M given by ¢([p,v]) = 7(p). This is called the spinor
bundle and sections of this bundle are called spinors or Dirac spinors. If n is
even this bundle splits, in the same way as the representation, into two bundles
S = S* @ S~ where in fact ST is the associated bundle Q X ok AE. Sections
of these vector bundles are called positive resp. negative Weyl spinors or even
resp. odd chiral spinors. We will discuss these vector bundles and some of their
properties in more detail in the next section when we define the Dirac operator.

Next, recall how the Lie group Spin®(n) is defined: It is the group inside
Clp,, ® C generated by Spin(n) ® 1 and 1 ® U(1). Equivalently, Spin®(n) =
Spin(n) x 11 U(1), the quotient where we collapse the subgroup {#(1, 1)}. Thus,
in Spin(n) x U(1) we identify (g, z) with (—g, —z). The equivalence class con-
taining (g, z) will be denoted [g, z]. This is usually how we will view Spin‘(n).

We can define a Lie group homomorphism p¢ : Spin°(n) — SO(n) by
l[g9,2] — A(g) (again, A : Spin(n) — SO(n) is the double covering). This
is well-defined, since A(—g) = A(g), however, contrary to A, this is no longer a
covering map, since its fibers are not discrete. Instead we may view this map as
an n-dimensional representation of Spin®(n).

Similarly, we define a Lie group homomorphism A : Spin®(n) — U(1) by
[g, 2] — 22. Again, this is well-defined since (—z)? = 22. We may view \ as a
1-dimensional unitary representation of Spin®(n).

Finally, Spin©(n) is a covering space, not of SO(n) as we saw above, but of
SO(n) x U(1). We simply define the homomorphism A€ : Spin®(n) — SO(n) x
U(1) by A¢([g, 2]) = (A(g),2?). One can then check that this is a smooth double
covering of SO(n) x U(1).

Definition 1.2 (Spin®-structure). Let £ — M be a real oriented Rie-
mannian vector bundle of rank n > 3 with oriented orthonormal frame bun-
dle 7 : Pso(E) — M. A spin®-structure on E is a principal Spin®(n)-bundle
T Pscpin(E) — M and a bundle map ®° : Pscpin(E> — Pso(E) such that
D(p - g) = P°(p) - p(g) where p¢ : Spin®(n) — SO(n) is the map defined
above.

Two spin“structures (P§,;,(E)", ®7) and (P§,;, (E)?, ®5) are said to isomor-
phic if there exists a bundle isomorphism P§; (E)" — P§;,(F)* making the
following diagram commutative:

PSCpin (E) ! PSCpin (E)2

o s
Pso(E)
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The set of isomorphism classes of spin®-structures on FE is denoted Spin®(E). In
the case where E happens to be the tangent bundle of an oriented Riemannian
manifold a manifold equipped with a spin®-structure is called a spin®-manifold.
The set of isomorphism classes of spin®-structures on M is denoted Spin®(M).

Assume that F is an oriented Riemannian vector bundle with a spin structure
7 ¢ Pgpin(E) — M and bundle map ® : Pspin(E) — Pso(E). Then E has a
canonical spin®-structure given in the following way: Define

Pé:pin(E) = PSpin(E) X41 U(l)

more precisely we take the product Pspi,(E) x U(1) and mod out by the equiv-
alence relation ~ given by (p, z) ~ (p/, ') iff 7(p) = n(p’) and (p’,2") = £(p, 2).
The space Pg;,(E) can then be equipped with a right Spin®(n) action

2] -[9,2] = [p-g,2%]

which in combination with the projection map 7 : ngin(E) — M given by
7([p, z]) = m(p) turns P§;, (F) into a principal Spin®(n)-bundle. Finally, define
¢ P§i(E) — Pso(E) by ®°([p, 2]) = ®(p). We see that

D°([p, 2] - [g,2]) = ®([p- 9,22']) = ®(p-g) = ®(p) - Alg)
= @°([p, 2]) - p°(lg, 2'])
and thus that (P§

Spin (£2), @) is a spin®-structure on E.

This shows that the concept of a spin®-structure is more general than that of a
spin structure. I will not go into a topological discussion of when spin®-structures
exist, except mentioning the following result

Theorem 1.3 (Hirzebruch-Hopf). Any oriented Riemannian 4-manifold is
a spin®-manifold.

A proof of this statement can be found in [17], Lemma 3.1.2.

Definition 1.4 (Determinant Line Bundle). Given a principal Spin®(n)-
bundle Q — M we can form the complex line bundle L := @ x C associated
to the 1-dimensional representation A\ defined above. This bundle is called the
determinant line bundle, det(Q) for the Spin®(n)-bundle Q. If the Spin®(n)-
bundle originates from a spin®-structure o, we will often write det(o) for the
determinant line bundle.

The determinant line bundle can be given a hermitian fiber metric by defining
{[p,w], [p,w']) := (w,w’)c = ww', we simply transfer the usual inner product
on C to L. This is well-defined since

(-9, M9)wl, [p- g, Mg)w']) = (Mg)w, \(g)w')c = (w,w)c

since A(g) € U(1) and we may therefore form the unitary frame bundle L° :=
Py(L), a principal U(1)-bundle over M.

Lemma 1.5. There is a bundle isomorphism L° = P§oin(E) x5 U(L).

ProOOF. We define the bundle map F§;, (F) x» U(1) — LY in the following
way: the element [p, 2] € P§;,(E) x U(1) should be mapped to the frame (i.e.
the isometric isomorphism C — Lz () given by w —— [p, zw]. Since z € U(1),
this is an isometric isomorphism, i.e. a frame at 7(p). Since any frame at 7(p)
must be of the form w +—— w(p, z] = [p, zw] for a unit vector [p, z] € Lz, i.e.
for z € U(1), we see that the bundle map is surjective. Its not hard to see that
it is injective also and hence a bundle isomorphism. O
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Let’s put a local perspective on this as we did for the spin structures. Our
starting point is again a principal SO(n)-bundle which is given in terms of a cover
(Uq) and transition functions gag : Uag — SO(n). Picking a spin®-structure
(if it exists) is then equivalent to picking lifts gos : Uas — Spin®(n) along p°
such that the cocycle condition is satisfied. We see that gog must be of the form
[has, zap] Where hog @ Uyg — Spin(n) and z4p : Usg — U(1) are such that
Ao hag = gap and such that the pair

(hap(T)hpy (T)hya (), 2ap(T) 28y (T) 2ya ()

is either (—1,—1) or (1,1), thus (hag) and (z43) need only satisfy the cocycle
condition up to a sign. However if the bundle admits a spin structure, we may
pick hqpg such that it does satisfy the cocycle condition, and then we can pick
Zqp = 1, this is the canonical spin®-structure of a spin structure.

Given the families of maps (hag) and (zap) we can define Aog := 225 which
maps U,p into U(1). This family of maps satisfies the cocycle condition and thus
represents a principal U(1)-bundle. This bundle is nothing but the unitary frame
bundle of the determinant line bundle. By the remarks above we then conclude
that the determinant line bundle of the canonical spin®-structure induced by a
spin structure has trivial determinant line bundle.

Let M be a spin®-manifold. How many different spin®-structures does this
manifold have? To shed some light on this question, let Pic® (M) denote the set
of complex Riemannian line bundles (i.e. bundles carrying a sesquilinear, conju-
gate symmetric, positive definit 2-form). This is a group under tensor product,
known as the Picard group. This group is in 1-1 correspondence with the set of
principal U(1)-bundles over M - the map from Pic® (M) to the set of principal
U(1)-bundles is simply given by forming the unitary frame bundle. Recall that
the first Chern class is a bijection

c1 : Pic™® (M) — H?*(M; 7). (1.1)

We can let Pic™ (M) act on Spin®(M) in the following way: If o € Spin®(M) is
a spin®-structure given by the gluing cocycle [hag, zas] and if L € Pic™ (M) is
given by the gluing cocycle ((n3) then we define the spin®-structure o ® L by
the gluing cocycle [hag, zaplasl- Since (2apCap)® = Aap(ls We see that

det(o ® L) = det(o) @ L=

Proposition 1.6. The action of Pic®™ (M) on Spin®(M) is free and transi-
tive. Thus for a fixed spin®-structure og the map L —— oo @ L is a bijection
Pic™ (M) — Spin®(M). Composing with (1.1) we obtain a bijection

Spin®(M) —— H?*(M;7Z).

Moreover, at most finitely many spin-structures have the same determinant line
bundle.

PROOF. First, the action is free: if 0 ® L = o, i.e. if [hag, 2aslas) = [Ras; Zas);
then we must have 2,303 = 2ag, i.¢. (o3 = 1 and since this is the gluing cocycle
for £, this bundle must be trivial.

The action is transitive: Assume we have two spin®-structures o; and oo
given by gluing cocycles [hg%, aﬁ] Since A(h (1)) = A(hfﬁ)) = gop We must have

h(alﬁ) = :l:h(2) By a change of sign if necessary we can thus assume h(l) = h(2)

Now put (a5 := zaﬁ /za Y Clearly Cap maps into U(1) and we see that

22
@ (2 (ORC) ORC)
[ha67 aﬁ] haﬁ’ af (1)] [haﬂ’ aﬁca ]

Zap
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and hence that 09 = 07 ® L.

At last, assume o7 and o9 are two spin®-structures having the same determi-
nant line bundle. By the first part of the proof, there exists a unique line bundle
L such that oo = 01 ® L. If L is given by the gluing cocycle ({,3), then the
requirement det(o) = det(o9) implies that Ciﬁ =1, i.e. (o3 maps into Z,. Thus
(Cap) determines an element of the Cech cohomology group H'(M:; Zs) which
is isomorphic to the singular cohomology group H'(M;Zs). Since this is finite,
L belongs to a finite set, hence the conclusion. O

In the same way we defined the spinor bundles associated to a principal
Spin(n)-bundle, we can form spinor bundles associated to a Spin®(n)-bundle.
Spin‘(n) sits inside CIS and the fundamental representation of this algebra
on the space A, of Dirac spinors restricts to a group representation x¢ :
Spin°(n) — Aut(A,). Thus if E is a real vector bundle carrying a spin®-
structure P§;, (E£) we define the complex spinor bundle:

S(E) i= PSn(E) Xue A

If the principal Spin®(n)-bundle is given by the gluing cocycle [hag, zag] then
S¢(E) is given by the gluing cocycle kS ([hag, 2ag])- If we change spin®-structure
from o to 0 ® L where L is a line bundle given by the gluing cocycle ((o3) then
the spinor bundle is given by the gluing cocycle

K ([hap, 2apCap] = Ky ([haps 2ap])Cas

and hence the “new” spinor bundle is just S¢(E) ® L.
As observed above k := dim¢ A,, = ranke S(F) is an even number. In the
representation theory of spin groups it is shown that the two representations

KN = Ky A A Ry, and A®F/2 are equivalent. This means that the associated

vector bundles are isomorphic, giving us the following relations between the
spinor bundles and determinant line bundle L:

AFSe(E) = LB*F/2, (1.2)
The same result holds for S¢(E)*:
AF/2(Se(E)F) == LBk/4, (1.3)

The formula (1.2) also explains the name determinant line bundle, since the top
exterior product of a vector space or a vector bundle traditionally is called the
determinant.

We also need to discuss the notion of connections on vector bundles and prin-
cipal bundles. First we recall the definitions

Definition 1.7 (Connection on a Vector Bundle). Let E be a smooth
K-vector bundle (K being either R or C) over M and let Q'(M, E) denote
the E-valued 1-forms, i.e. sections of T*"M ®gk E. By a connection on E we
understand a K-linear map

V:T(E) — QYM,E)
satisfying the “Leibniz rule”
V(fs)=df ® s+ fVs (1.4)

for f € C*°(M) and s € I'(E). Vs is called the covariant derivative of s.
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If F is a Riemannian vector bundle, we say that a connection V is compatible
with the metric (or just metric) if

X(s,8") =(Vxs,s)+(s,Vxs')
for all vector fields X and all sections s, s’ € I'(E).

One can show that any vector bundle can be equipped with a connection, and
that the space of connections is an affine space modeled on Q!(M, End(FE)), i.e.
any two connections differ by an element in Q' (M, End(E)).

Given a connection on T'M we define its torsion by

Tv(X,Y) = VXY — VYX — [X,Y]

This is an anti-symmetric 2-tensor. The Fundamental Theorem of Riemannian
Geometry states that on a Riemannian manifold, there exists a unique metric
connection whose torsion tensor vanishes identically. This is called the Levi-
Civita connection on M.

Let G — P -~ M be a smooth principal G-bundle over M. For each p € P
we have the so-called wvertical subspace V,P C T, P, namely the kernel of the
differential dm), : T, P — Ty, M. A connection on P is then loosely speaking
a smooth choice of an algebraic complement over each point. Formally

Definition 1.8 (Connection on a Principal Bundle). For the principal
G-bundle G — P — M a connection is a smooth tangent distribution H P
on P such that for each p € P we have T,P = H,P & V,P (H,P is called the
horizontal subspace) and such that H,.,P = (dog),HpP where o, : P — P is
the map p—p-g.

There are several equivalent definitions of a connection on a principal G-
bundle. One of them is given in terms of a connection 1-form: If g denotes the Lie
algebra of G, then a connection 1-form is a smooth g-valued 1-form w € Q' (P, g)
satisfying the following two axioms: (0y)*w = Ad,-1 ow and wy(A*(p)) = A for
all A € g where A? is the fundamental vector field on P determined by A.
Letting o, be the map G — P, g — p - g, then A¥ is given by

A(p) = doy(A) = 2

o (p-exp(tA)

t=0

so the second axiom could be phrased as w,, o do, = id.

A connection 1-form induces a connection on the principal bundle, simply by
H,P = kerw,, and vice versa.

Yet a third definition of a connection is via local gauge potentials satisfying
a compatibility conditions on the overlap of their local domains.

Now assume that 7 : P — M is a principal SO(n)-bundle over M and as-
sume it has a connection. Assume furthermore that the bundle lifts to a spin-
bundle 7 : S(P) — M. The map ® : S(P) — P is in fact a double covering
map: it is not hard to see that we can pick local trivializations of S(P) and
P on a common neighborhood U C M such that ® locally takes the form
(z,9) — (x,A(g)). Since A is a double covering map, ®|y is a double covering
map, and since being a covering map is a local property, ® itself is a dou-
ble covering map. In particular it is a local diffeomorphism and its differential
d®, : T,S(P) — Tgp) P is an isomorphism for all p € S(P). But then we can
lift the connection on P to a connection on S(P), simply by defining the hori-
zontal subspace H,S(P) := (d®,) ' (Hg) P). Defined in this way from a local
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diffeomorphism, it is obviously a smooth tangent distribution. The additional
requirement is also satisfied, as can be seen directly as follows:

Hp-gS(P) = (dq)p)_l(Hé(p-g)P) = (dq)p)_l(H{)(p)-A(g)P)
= (d®,)~" (doa(g)Ha(p)P) = doy(d®p) ™" (He() P)
— d5,H,5(P),

the fourth identity follows from the requirement ® o (7,) = o5(4) © ®. Thus, the
connection on P lifts to a connection on S(P). If P is the oriented orthonormal
frame bundle and the connection is the Levi-Civita connection, the lifted con-
nection is called the spin connection.

The situation for spin®-structures is somewhat more complicated. Assume again
Pso(F) is the frame bundle of a vector bundle E and assume it carries a spin®-
structure as well as a connection. Since the map ®° : PScpin(E) — Pso(FE) is
not a covering map (because p¢ : Spin®(n) — SO(n) is not a covering map),
we cannot simply lift a connection from Pso(E) to P§;,(E) as we did before.
To fix a connection on the Spin°(n)-bundle we need not only a connection on
the SO(n)-bundle but also a connection A on the frame bundle L of the de-
terminant line bundle L. Let’s spend a few moments to describe how this works
out. Consider the product bundle 7 x 7° : Psg(E) x L — M x M. This is
an SO(n) x U(1)-principal bundle over M x M. The connections on Pso(FE)
and L give a natural connection on Pso(E) x L°: namely choose in the tan-
gent space T, ) (Pso(E) x L°) = T,Pso(E) x T,L" the horizontal subspace
H,Pso(E) x H,L". Then we get a decomposition

Tip.q)(Pso(E) x L°) = (H,Pso(E) x HyL°) & (V,Pso(E) x V,L°).

It shouldn’t be hard to check that this is a connection on the product bundle.

Let A: M — M x M be the diagonal map z — (x,z) and consider the
pullback bundle @ := A*(Pso(E) x L°) (i.e. the restriction to M viewed as the
diagonal in M x M). @ is what we will call the fibered product or the spliced
bundle of P and L. Restrict the connection on Pso(E) x LY to this new bundle
(i.e. pull the connection back along A). Thus we have a principal SO(n) x
U(1)-bundle Q@ — M carrying a connection determined by the connections on
Pso(E) and L°. If 1 : Q — Pso(E) and 73 : Q — L° denote the obvious
projection maps, and if w is the connection 1-form for the connection on P
and A is the connection form for the connection on L one can show that the
connection on () is given by the connection 1-form

wh = (mtw) ® (m3A) (1.5)

which takes values in the Lie algebra spin®(n) & spin(n) @ iR.

In order to lift this connection to the Spin®(n)-bundle we need a covering of
Q. We know that A° : Spin°(n) — SO(n) x U(1) is a double covering, and
so inspired by this we seek a bundle map PSCpin(E) — @ which locally looks
like A°. Our candidate: Z(p) := (®°(p), [p, 1]). To see that it locally looks like
A¢, pick trivializations W¢ and ¥ for P§;, (F) resp. Pso(E) over a common
domain U C M such that ¥ o ®¢ o (¥¢)~1(x,[g,2]) = (z,A(g)) (remember that
[9,2] € Spin“(n) for g € Spin(n)). The trivialization ¥° for Pgpin(E) gives a

trivialization W of L° over U by (using the isomorphism from Lemma 1.5)

W([s(z), 2]) = (x,2)

(where s(z) := (¥¢)~!(z, e) is the local section of P§;, (E) corresponding to the
trivialization ¥ and e € Spin®(n) is the neutral element), and further ¥ and ¥
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give a trivialization of @ over U, denoted ¥ x ¥ (with a slight abuse of notation,
since the trivialization is only a “fiberwise” product). We want to show that

(O x W) o =0 (¥9)7H(z,[g,2]) = (x,A(g), 2%), (1.6)

and to see this put p := (¥¢)~!(z,[g, 2]). This is mapped to (®¢(p), [p,1]) by =
and ¥ maps the first component to (z, A(g)) as it should. Note that

p.1] = [s(2) - [9,2],1] = [s(2), Mg, 2])1] = [s(=), °]

which by ¥ is mapped to (z, 22), thus we have verified (1.6).

Now we have a double covering map = : Pscpin(E> — @ and thus we can re-
peat what we did before, lifting the connection on @ to a connection on P§; (E).
If F is the tangent bundle for a spin®-manifold M, the connection is called the

spin®-connection.

1.2 The Dirac Operator

In this section we let M denote an oriented Riemannian manifold. No compact-
ness condition is imposed unless specified.

Let E be a real oriented Riemannian vector bundle over M of rank n (often
we will take it to be the tangent bundle). Thus we can construct its oriented
frame bundle Pso(E). We want to construct the so-called Clifford bundle over
E, i.e. an algebra bundle over M whose fiber at z is isomorphic to the Clifford
algebra Cl(E,). The construction is accomplished as an associated bundle in
the following way: Consider Cly ,, the Clifford algebra over R"™ with the usual
negative definit inner product. We have a representation p of SO(n) on Clg ,:
any A € SO(n) viewed as a linear map R™ — R”™ preserves the inner prod-
uct, and hence induces an algebra homomorphism A: Clp,, — Clo,n, so the

representation is given as p(A) = A.

Definition 1.9 (Clifford Bundle). The Clifford bundle of E is the associated
bundle
CI(E) = Pso(E) Xp ClO,n .

Elements in CI(E) are equivalence classes [p, ], where p € Pso(FE) and £ €
Clp.,, and the equivalence relation on Pso(E) x Clg , is (p, &) ~ (p- A, p(A71H)E).
The projection map is 7 : CI(E) — M, [p,&] — 7(p) where 7 : Pso(F) — M
is the projection in the frame bundle. The vector space structure on the fibers
is given by

alp, ] + b[p, €'l = [p, ag + b¢']

(note, by transitivity of the right SO(n)-action on each fiber in Pso(F) we can
always assume the p’s to be equal). Similarly, the algebra structure is given by

[p7 5] ’ [pa gl] = [pv 65/]7

and the identity element is [p, 1]. It is easy to check that these operations are
well-defined. Since £2 = —||€]|2 - 1, we get

. €llp. €] = [p,€ - €] = [p, —lI€]1% - 1] = —[I€]1%[p, 1],

thus each fiber is indeed a Clifford algebra of type (0,n). Thus CI(F), (the
fiber in the Clifford bundle) is isomorphic to C1(E,) (the Clifford algebra of the
vector space E).

Observe that we have R™ C Cly ,, and that R" is a p-invariant subspace and
that p(A)|grn = A, so p restricted to this invariant subspace is just the defining
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representation of SO(n) on R™. We write it as id. But this means that we have
the subbundle Pso(F) xiq R™ 2 F sitting inside CI(E). Elements in E C CI(E)
are characterized by being of the form [p, v] where v € R™. In particular we may
view I'(E) as sitting inside I'(C1(E)).

For the purpose of studying spinor bundles, as we will do later in this section,
we need another description of the Clifford bundle. Assume that the oriented
Riemannian vector bundle E has a spin structure 7 : Pgpin(E) — M with dou-
ble covering bundle map ® : Pspin(E) — Pso(E). Consider the representation
Ad : Spin(n) — Aut(Cly,,) given by

Ad(g)¢ = g€

(recall that Spin(n) sits inside Cly ,,, so multiplication makes sense), then the
following diagram commutes (simply because Ad(g) is the unique extension of
A(g) to Clp):

Spin(n) A Aut(Clp )

N

SO(n)

>From the principal Spin(n)-bundle Pgpin(E) and the representation Ad, we
can form the associated bundle Pspin(E) X aq Clo p-

Analogously, define Ad® : Spin®(n) — Aut(Cly,,) by Ad([g,2]) = Ad(g).
This is well-defined since Ad(—g) = Ad(g).

Lemma 1.10. The map ¥ : Pspin(E) X aq Cly,, — CI(E) = Pso(E) x, Clgn
given by [p,&] — [®(p), &] is a well-defined smooth algebra bundle isomorphism.

Similarly, the map ¢ : P§; (E) xage Clon — CI(E) given by [p, €] —
[D¢(p),&] is a well-defined smooth algebra bundle isomorphism.

PROOF. It is well-defined, since

U([p-g~" Ad(g)é]) = [@(p- g~ "), Ad(9)¢] = [@(p) - A(g) ™", p(A(9))€]
= [®(p),&] = ¥([p,€]),

the third identity is a consequence of equivariance of ¥ and of the commut-
ing diagram just above. Restricted to the fiber over x, the map is an algebra
homomorphism (we skip checking linearity):

\IJI(LP, g][pv 5/]) = \I’m([pvg : 5/]) = [(I)(p),f : gl] = [(I)(p)vg] ’ [@(p),f/]

It is injective, for if 0 = ¥, ([p,&]) = [®(p), &], then £ must be 0, hence [p,£] = 0.
Moreover ¥, is surjective, since ® is. Thus ¥ is an algebra bundle isomorphism.
The verification that W€ is an algebra bundle isomorphism is completely similar
and so we skip it. O

Definition 1.11 (Dirac Bundle). Let E be a real Riemannian vector bundle
over M and V a metric connection. A complex vector bundle S over M, is
called a Cl(E)-module or a left Clifford module if for each © € M there is a
representation of the algebra C1(E), on S.

A left Cl(E)-module is called a Dirac bundle over E, provided it is equipped
with a fiber metric (, ) and a compatible connection v satisfying the two
additional conditions:
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1) Clifford multiplication is skew-adjoint, i.e. for each x € M and each V,, €
E, and 91,19 € S,:

<VT : 1/)1,1/)2> + <¢1, Vr : ’lp2> =0. (17)

2) The connection on S is compatible with the connection on E in the fol-
lowing sense:

Vx(V-9) = (VxV) -+ V- (Vxy) (18)
for X € X(M), V € T(F) and ¢ € T'(S).
The single most important example of a Dirac bundle is the spinor bundle
S(E) := Pspin(E) x4, Ay

as defined in the previous section. To show that it is a Dirac bundle we first equip
it with an action of the Clifford bundle CI(E) = Pspin(E) X ad Clo,,,. Consider
on the threefold product Pepin(E) % Cly , xA,, the equivalence relation ~

(p. &) ~ (p- g~ ", Ad(9)€, kn(g)v)

for any g € Spin(n). Elements in the quotient space Pgpin(E) X Clg , XA,/ ~
are denoted [p, &, v]. As in the proof of Lemma 1.10 one can show that the map

CI(E) x S(E) — Pspin(E) x Clg,, XA,/ ~

given by ([p,€&], [p,v]) — [p,&,v] is a well-defined bundle isomorphism. This
allows us to define the Clifford action in the following way: Define

ﬁ : PSpin(E) X ClO,n XAn — PSpin(E) X An

by 1i(q, &, v) == (g, pn(&)v) (Where p, : Cly,, — Aut(A,) is the spin representa-
tion of the Clifford algebra) and note that the following diagram is commutative

PSpin(-E) X Clo’n XAn PSpin(E) X An

.gi l

PSpin(E) X ClO,n XAn T —— PSpin(E) X An
n

where the first vertical map is (p,&,v) — (p- g1, Ad(9)¢, kn(g)v) and the
second is (p,v) — (p-g~ 1, kn(g)v). Thus i induces a map p : CI(E) x S(E) —
S(F) given explicitly by the formula

[p,&] - [p,v] = ullp, &l [p, v]) = [P, pn(€)0].

This is the desired Clifford action, turning S(F) into a left Cl(E)-module.
Next we want to give S(E) a metric. Inside Cly ,, we have the finite group

Gni={ey e, |1<k<n, 1<i<---<ip<n}

(where {e1,...,e,} is some orthonormal basis for R™). Restricting the spin
representation py, of Clg ,, to Gy, gives a representation of G, on A,,, also denoted
pn. By a well-known result from representation theory, there exists an inner
product (, )a, on A, relative to which p,, is a unitary representation, i.e.

<Pn(€i1 T eik)vv pn(eil T eik)w>An = <’U, w>An'
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(To make the notation in the following less cumbersome, we will simply write
the action of p,(§) on v as &-v.) If £ =" | a;e; is a unit vector in R™ C Cly ,,
then p,(e) is a unitary operator as well: First we observe

(ei-v,ej-w)a, = (e (ei-v), €5 -w)a, = —((eje;) - v,w)a,

= ((eie;) - v,w)a, = ((€]e;) - v, €; - w)A,
_<ej "V, €4 w>An7

and from this we get

€-v, & w <z:azez v Zajej w> N

fZa €+, e; w}AnJrZaiaj e - v,€ej - WA,
i=1 i#j
n
Z (v,w)A, +Zala] ei-v,ej-wia, + (e v, w)An)

/\
\/

Since Spin(n) is generated by unit vectors, we see immediately that k, is a
unitary representation w.r.t. this inner product.
Furthermore, for any £ € R™, unit vector or not, p, (&) is a skew-adjoint map:

(€ vwia, = {5 - (€-0), oy Wa, = T € 0,6 wia, = —(0,€ w)a,

L
1€12
Note that this implies that p,(£) is skew-adjoint, when ¢ is in Clém (the odd

part of Cly,) and that p, (&) is self-adjoint when & € Clgyn (the even part of
Clo,n). In particular, £, = pn|spin(n) is self-adjoint.
We can readily extend this inner product to a fiber metric on S(E), simply

by defining
([p,v], [p, w]) = (v, w)a,,.
This is well-defined by unitarity of k,(g):

([p-g7 " mn(@)0)[p- 971 mn(g)w]) = (kn(9)v, Kn(g)w)a, = (v, w)a,
= <[P> U]a [pa ’LU]>
Checking condition 1 in the definition of a Dirac bundle is not hard: Let V, €

E, C CI(E), and 1,1 € S;(E). We have presentations V, = [p,v] and v¢; =
[p, w;] where v € R® C Clgp,, p € Pspin(E) and w; € A,,, and hence:

<V3? 'w1’¢2> = <[pv U] : [pa wl}v [p7 w2]> = <[p,’U : w1]7 [p7 w2]>
= <U : w17w2>An = —<w1,v : w2>An = _<[ ’w]v[ ,’U] : [p,w2]>

_<¢17VI : 1p2>

In the previous section we equipped S(E) with a connection, namely the
lift of some connection on Pso(E). If w denotes the connection 1-form for the
connection on Pso(F), the connection 1-form of the lifted connection can be
constructed as follows: @ := (dA)~! o ®*w. This is a spin(n)-valued 1-form, and
to see that it is a connection form, we only have to check that the two axioms
are satisfied. The first one:

Gow = (dA)"loy®*w = (dA) ' P oy W
= (dA)~ 1<1>* Ad(A(g™ ) ow = (dA) " o Ad(A(g™ 1)) (*w)
= Ad(g7) o (dA)71®*w = Ad(g™ ") 0 @.
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For the second one let p € Pgpin(E) and recall 7, : Spin(n) — Pgpin(E) given
by g = p- g and note that ® o0 7, = 0¢(,) © A, where o4, is the similar map
on the bundle Pso(FE). Then:

@p o (Gp)x = (dA) "' o (®*w), 0 d5, = (dA)flwq)(p) od® o doy,
= (dA) " 'wa(p) © dop(p) 0 dA = (dA) ™" 0 dA = idgpin(n) -

This is the connection 1-form of the lifted connection, since one can easily check
that ker(@), = H,Pspin(E).

There is a standard procedure for transforming connections on principal bun-
dles to connections on the associated bundles. In general let 7 : P — M be
a principal G-bundle, p : G — Aut(V) a finite-dimensional representation of
G onV and E := P x, V the associated vector bundle. Recall that there is a
1-1 correspondence between sections of F and functions f : P — V satisfying
fp-g9) = p(g~1)f(p) (the so-called equivariant functions). If 1 € T'(E) we write
12; for the associated equivariant function.

The map V : X(M) x I'(E) — T'(F) given by (X, ) — Vx1 where Vx
is the section of E corresponding to the equivariant function p — Yp(zz;\) (here
X is the unique lift of X to a horizontal vector field on P) defines a connection
on F. In short - N

Txop) = X, (). (L.9)

We also have a local description of the situation. Given a set of trivializations
(Ua Po)aer and transition functions geg : Uss — GL(n,K) there is a 1-1
correspondence between smooth sections of F and collections (1), )ocr of smooth
functions 1, : Uy — R satisfying ¥ (z) = gap(z)ys(x) for z € U,p: Given a
section ¥ € T'(E), ¥q : Uy — R™ is the unique function satisfying ®, o (z) =
(z,%q(2)), ie.

¢a($) = Pry O(I)Oz(’(/}(‘r))'
So the question arises: how does the induced connection on E look locally?
Well, given a local section s, : U, — P of the principal bundle, the local
function of Vx1 relative to the corresponding trivialization of E is given by
(see L. Claessens “Field Theory from a Bundle Point of View”, Section 6.2, in
[3] Section 6.2)

(Vxt)a(z) = Xotha — pu(A%( X))o () (1.10)

where p, : g — End(V) is the induced Lie algebra representation of p and
A% = s} w is the so-called local gauge potential.
In the case of the Levi-Civita connection on £ = T'M, the formula reads

(VxY)al@) = X, Yo = (3 A2(X,)B;) Ya(e) (1.11)
il

where (B;);cr is some basis for the Lie algebra so(n) where m = dim M.

Getting back to the spin bundle case, the connection @ on Pgpin(E) induces
a connection V on the spinor bundle S(E). Let’s try to unveil (1.10) in this
particular setting. Let t, : Uy — Pspin(E) be a local section of the spin
bundle and put s, := ®ot,. This is a local section of the frame bundle Pso(E).
Let _

A% =t w and A% = stw

denote the local gauge potentials of the connection w, resp. the connection .
Then we have

A% = 25 = t5((dA) "' o ®*w) = (dA) ! ot P*w
= (dN\) ' osiw = (dA) "t o A%,
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so the gauge potentials are related in the nicest possible way.
Putting this into (1.10) we obtain

(Vx¥)a(®) = Xotba — (Kn) (A% (X)) tba(2)
= Xx¢a - pn((dA)il(Aa(Xz)))wa(x)

for x € U, (recall that the action of (k). is just p, itself). Now we pick the
usual basis (B;;)i<; for so(n) (where B;; is the n x n-matrix whose 7;’th entry
is —1, the ji’th entry is 1 and all other entries are 0) and write the so(n)-valued
I-form A% in terms of this basis: A% =37, . A% B;;. Then (remembering that
dA : spin(n) — so(n) maps e;e; to 2B;;, where (e;) is the standard basis for
R™) we get

(Fx0)a(0) = X0 = on (00 (S A50)B5) )l

i<j
= Xotha — ( ZA 6z€g)¢a()
i<j
:mea_ ZA e’bej T)Z)oa( ) (112)
z<j

Now, let us show compatibility of the connection V with the fiber metric. We
will use the local expression above. Locally ¢(z) = [sa(2), V()] (for some
section Sq : Uy — Pspin(F) defined around z) we get by definition of the fiber
metric

(@), 4 (2)) = (Ya (@), Yo () A,
for x € U,. Thus

<%Xw<x>,w'<x>>=<xwwa— > AG(Xa)eies balw) s vh(a))

1<J

n

_< =V, 7/) ZA ele] "/}a( ), "/Jéy(x»An'

Note that
(eiej - Ya(2), Yo (2)a, = —(€j - YalT), €i - ¥ (x))a, = Walz), ejei - Y, (2))A,
= —(ta(x), eiej - Yo (7)) A,

and therefore

(Vxi(), ¢/ (2)) + ((2), Vxt' (2)) = (Xoth, 9 (@), + ((2), Xat ),

As mentioned X 1, should be interpreted componentwise, i.e. pick a complex
n
basis {v1,...,un} for A, (of course N = 2L2)) and write

N
Yo = Z ﬂia,ﬂ)i
i=1

where 1), ;, the i’th component of 1, is a complex-valued function on U,, then

N

X:r'(/}a = Z(meaﬂ‘)vi €A,

i=1
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Since we have a metric in play, it would be wise of us to assume the basis
{v1,...,vn} to be orthonormal. Then

N

(Xota, (@) a, + (Val2), Xoth)a, = O (Xata) ¥, ,(z) + Zwm ) X2t

i=1
- X, (i Vit i) = Xo(as ¥h)a,
i=1

Thus we have proved that the spin connection is compatible with the metric.

Finally we need to check condition 2 in the definition of a Dirac bundle, that
is

Vx(Y - ¢)(z) = (VxY)(@) + Yz - (Vxo(2)) (1.13)

for each x € M. Again we use the local expressions, i.e. we consider a cover
(Uy) which are domains of trivializations of both TM and E. Let ®, denote
the trivializations of the tangent bundle (we may assume it to preserve the
metric on M, i.e. ®, : T,M -~ R™ is an isometry). Since Vx is C-linear and
satisfies the Leibniz rule, it is sufficient to verify the above condition for Y = Ej,
where Ej(z) = ®.!(z,ex) are local orthonormal vector fields.

But first, recall the following formula for the differential of the double covering

dA(X)v = Xv —vX

for X € spin(n) and v € R™ C Cly,, and replace in that X by >
spin(n) and v by e to get

(ZA eze])ek = e (ZA elej) + dA(ZA ezej)ek

i<j (Xm)eiej S

i<j i<j
(ZA Deies) + 230 AG(X,)Byger.  (114)
i<j 1<j

Note that concatenation here means multiplication inside the Clifford algebra,
and not the Clifford action. Recall also formula (1.11) for the local form of
the Levi-Civita connection. It will be used in the following calculations (for
explanations see below):

(Fx (B 9)ale) = Xalen o) = (5 3 AG(Xa)eie; e - vala)

= e (Xetha) — en(3 3 AT (Xa)eres ) - vala)
= 35 () Bigen) ()

= ep - (Vx¥)al®) + (VxEr)al(t) - Yalz)

and this is precisely the local form of the right-hand side of (1.13). For the first
identity we used that (E - ¥)s = ek - ¥ and in the second we used (1.14) as
well as the fact, that eg- is a linear map, and thus commutes with X, . This
verifies condition 2 and hence we have shown that the spinor bundle S(E) is a
Dirac bundle.

The second most important example of a Dirac bundle is the complex spinor
bundle S¢(E). We can proceed in almost the same way we did before and we
begin by giving S¢(F) a metric: On A,, we can, as before, find an inner product
(, )a, such that x¢(g) is unitary for each g € Spin®(n) and such that p,(v) is
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skew-adjoint for any v € R" C Cly,,. We transfer this inner product to a fiber
metric on S°(F) in the usual way by defining

<[p’ UL [pv w]> = <Uv w>An'

Unitarity of k¢ (g) guarantees that this is well-defined.
Thanks to the isomorphism Cl(E) = P§;, (E) xaqe Clo,, we can also define
a Clifford action Cl(E) x S¢(E) — S°(E) by

([p, &l [p; v]) = [p, pn(§)v].

Checking condition 1 in the definition of a Dirac bundle is done as above.

In the previous section we gave P§; (E) a connection depending on the choice
of connection A on L°. The corresponding connection 1-form is given in the same
way as for the spin bundle

Tt = (dA9) "o (BFw?)

where = : P, (F) — @ is the double covering and @ is the bundle is as

defined in the previous section. This connection induces a connection V4 on
S¢(E). We are interested in calculating its local expression from (1.10). Note
first that dA° : spin®(n) = spin(n) @ iR — so(n) @ iR (we identify the Lie
algebra of U(1) with 7R) is simply given by

(t,i0) — (dA(t),2i0). (1.15)

Consider trivializations of Pscpin(E) and Q over U,, let t, : U, — P§pin(E)
denote the corresponding local section and put s, := Z o t,. If

A% = stwh and A% ="

denote the local gauge potentials (local connection 1-forms), then we have A =
(dA°)~! o A®. Note also that since A® is an so(n) @ iR-valued 1-form, we may
split it: A = A2 @ AY where A2 is the gauge potential for the connection w
on Pso(E) and A% is the gauge potential for the connection A on L°. >From
(1.15) we get

(dA°) LA™ = (dA~1(A2), 1 A%)

and the induced Lie algebra representation of ¢ is just p, restricted to the
Lie algebra. r,(3A4%(X,)) is just multiplication with the imaginary number
1A% (X,) and (dA)~'A2 is already known to us from our discussion above.
Hence we get:

(F40)a(e) = Xata = 3 Y (AD s (Xa)ere; - ta(e) + 5AX(Xe)tia(o). (1.16)

With this local expression at our disposal we can show that the requirements
of Definition 1.11 are satisfied, and hence that S°(E) is a Dirac bundle. The
arguments are identical to the ones above for the spin bundle and so we skip
them.

Definition 1.12 (Dirac Operator). Let S be a Dirac bundle. The Dirac
operator @ is then defined as the composition

T(S) = T(T*M @ §) <= T(TM @ S) — T(S) (1.17)

where the last map is Clifford multiplication X(M) @ T'(S) — T'(S).
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Next follow three elementary facts about general Dirac operators. Proofs are
not included here, they can be found in any standard treatment of the subject,
for instance in [13] Part IL.5.

Lemma 1.13. The Dirac operator is a first order differential operator, and
given a local orthonormal frame {E1, ..., E,} for TM over U, the Dirac oper-
ator takes the local form

FplU = ZEj (V). (1.18)

As a differential operator, we can compute its symbol:

Proposition 1.14. For¢, € T) M, let &-: S, — S, be Clifford multiplication
with the metric dual &8 of &,. Then

. 2
o@)(&) =i and (@) (&) = &I
Thus both @ and §° (called the Dirac Laplacian) are elliptic.

Proposition 1.15. The Dirac operator is formally self-adjoint, i.e. for 1y and
Yo in T(S) (the set of sections of S with compact support) we have

(@112) = (1] @a). (1.19)

We augment this list of elementary properties of the Dirac operator with a
perhaps less renowned result. The proof may be found in [2] Theorem 8.2:

Theorem 1.16 (Unique Continuation Property). If ¢ € T'(S) is in the
kernel of the Dirac operator @ and 1) is 0 on some open set, then 1 is identically
equal to 0.

In the next example we present two of the most important Dirac operators.

Example 1.17. (Spin-Dirac operator). We consider the spinor bundle S(E)
associated to some oriented Riemannian vector bundle F carrying a spin struc-
ture. We saw earlier that this vector bundle is a Dirac bundle and thus it carries
a Dirac operator, I) called the spin-Dirac operator or just the Dirac operator
(in [13] it is called the Atiyah-Singer operator). Thanks to Lemma 1.13 and
the calculations done in the previous example, we arrive at the following local
description

NE

(B )a) = (3B Fw) @)= et (Vob)ale)
k=1

1

en - ((B)ate = 3 D0 A (Bu)eses - ta(s)

i<j

P”13r

=~
Il
—

M-

ek (Ek)ata — %ZA%((Ek)x)ekeiej “a(w) (1.20)

i<j

>
Il
—

where {E1,...,E,} is a local tangent frame (m = dim M) such that Ej(z) =
(I)(;l(xa ek) 1'

INote that often (Ej)zta is written as %T/T):‘(a:)
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(Geometric Dirac operator). The Dirac operator associated to a complex
spinor bundle of a principal Spin®(n)-bundle is called the geometric Dirac op-
erator. Inserting the local expression (1.16) of the connection into (1.18) we
get

(Pa)ale) = - (er - (B)atin — 3 S (AN (Be)a)excies -t
k=1 1<J
+ AL (B))er - a(e). (1.21)

where A is a choice of a connection on the determinant line bundle, and where
m is the dimension of the base manifold. If we replace the connection A on the
determinant line bundle by A + 8 for some 3 € iQ'(M) the local connection
1-forms change to from A% to A + 8 and from the local expression for the
Dirac operator we immediately deduce

1
JZ>A+ﬁw =D+ 5/3 1. (1.22)
We will make extensively use of this result. O

In the Clifford algebra Clg we have the volume form given unambiguously by
we = il e, - e, whenever {ej,...,e,} is an orthonormal basis for R™. In
the same manner we may define a volumne section (also denoted w¢) of the com-
plezified Clifford bundle C1(M)®C by the local formula we |y = il E---E,
when (Ey, ..., Ey) is a local orthonormal tangent frame over U.

Assume now that m = 2k, then we = i*Fy - - - Eop,. In this dimension it is well-
known that the volume form commutes with everything in (CI(ER)O - the even
part of the Clifford algebra. For a Dirac bundle S over E, V the connection and
1 a section of S, we get since X, (we - ¥)a = Xp(we - Ya) = we + (Xzte) (in the
first expression we denotes the volume section and in the two last expressions
it denotes the volume form) that

[Vx (we - P)]a() = Xo(we - $)a ZA z)eiej - (we - Ya(T))

1<J

= ( zwoz - ZA e’Lej 11@( )

c- (Vxt)a().

If F has a spin structure and S(E) is the associated spinor bundle, then we
have the sphttmg S = ST@® S~ induced by the decomposition Agy = A o DAL
The subspaces A% are the £1-eigenspaces of the action of wc on Asg. Therefore,
sections of S(E)* are exactly the spinor fields satisfying we -1 = . Therefore
the formula above implies that Vx maps I'(S*) — I'(S*). To see how the
Dirac operator reacts to this splitting, note the following:

Dlwc-¢) =Y Ei- Vi (we-v) =Y Bi-we- Vi, (1)
i=1

=1

= —wc - ZEl . %El(w) = —Wwc - IZ)¢
=1

(m = dim M). From this it is apparent, that ) maps I'(S(E)*) — ['(S(E)¥).
If lDi denotes the restriction of ) to I'(S(E)*) we may write the Dirac operator
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relative to the splitting as a matrix

(0 D
”‘(w* o)'

Exactly the same holds true for the geometric Dirac operator. Also the spin®-
representation x§, : Spin“(2k) — Aut(Agy) decomposes into irreducible rep-
resentation spaces Agy = A;k ® A5, and hence also the complex spinor bundle
S¢(E) exhibits a splitting S¢(F) = S¢(E)" & S¢(F)~, relative to which the
geometric Dirac operator P 4 takes the form

. < o ”j)
where 0 : T(S¢(E)*) — T(S¢(E)¥).

1.3 Curvature Identities

Originally, back in the 30’s, when Dirac set out to find his Dirac operator, his
goal was to find an operator which was a “square root” of the Laplacian. So
to justify the name “Dirac operator” for the operators defined above (and, not
least, to acquire some tools which will prove indispensable later on), lets see how
the Dirac Laplacian ('3 relates to the so-called connection Laplacian V*V where
V is the connection on the Dirac bundle and V* is its formal adjoint. What we
will eventually realize is that the difference between the Dirac Laplacian and the
connection Laplacian is an expression involving the curvature of the underlying
Riemannian manifold.

Let E be any Riemannian vector bundle (real or complex, that doesn’t mat-
ter) over a Riemannian manifold M and let V be a metric connection on E.
We will also let V denote the Levi-Civita connection on M, there should be
little possibility for confusion. Recall that the curvature transformation of the
connection V on F is defined to be the map R : X(M) x X(M)xI'(E) — T'(E)
given by

Rxye=VxVyp—VyVxe—Vixy)p

This is a tensor field, i.e. the value of Rx y ¢ at € M depends only on X, Y,
and ¢(x), thus for each € M we get a multilinear map T, M x T, M x E, —

E,.
For a connection V on the vector bundle F we define the local connection 1-
forms relative to some local frame {si,...,sy} for E over U, to be the unique

gl(V, K)-valued 1-forms wg over U, satisfying

N
VSj = Z(w%)ij X 8.

i=1

The frame (s1,...,sn) corresponds to a local section s of the frame bundle
Pg1,(E), defined over U. If w is the connection on the frame bundle correspond-
ing to V, then wg is just the pullback of w along s.

Similarly we define the local curvature 2-forms to be the gl(N,K)-valued 2-
form F§ defined over U, satisfying

N
Rs; =Y (F@)ij ®s;.

i=1
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The curvature 2-forms are related to the connection 1-forms by the formula

N

(FQ)ij = dw)ij + Y _(@&)ik A (w)kj- (1.23)
k=1

On the overlap U, NUg between two trivialization neighborhoods the curvature
2-forms are related by
Fg = g;é 0 Fg 0 gap

where gog are the transitions functions of the vector bundle E. From this we
see, in particular, that if the vector bundle E has rank 1 (in which case we will
often denote the connection on it by A) that the local curvature 2-forms piece
together to a globally defined 2-form F4 on M. If the connection is a metric
connection, one can show that the curvature 2-form is purely imaginary valued.

Assume that L is a Riemannian line bundle and A is a metric connection
on it (usually, we are only interested in metric connections). Adding to A an
a € iQ1 (M) gives again a metric connection on L (in fact this parametrizes all
possible metric connections on L). If wﬁ is the local connection 1-form of A over
some trivialization Ug then wfl + « is the local connection 1-form of A + a. By
(1.23) we see that Fu|y, = dwfl and hence that Fuyalu, = dwfl + daly, =
(Fa + da)|y,. Therefore we get the following important formula to be used
extensively in the calculations ahead:

Fpio =Fa+do. (124)
Now define the operator
V2 X(M) x X(M) xT'(E) — T'(E)

by Vi .y (¢) = VxVyp — Vy,ye. Since the Levi-Civita connection is torsion-
free: VxY — Vy X = [X,Y], we see

Viy® —Vixe=VxVyo—Vywe —VyVxe+ Vy,xe
=VxVyp—-VyVxp—Vvy,iv_vyxp
= Rx yo.

It is apparent from the definition and from the fact that Vx¢(x) only depends
on X at x, that V% y¢(z) depends only on X at x. The similar fact for ¥’
follows from the above formula. Hence for a given ¢ € I'(E) and « € M we have
bilinear map

V2 0 (Xe,Ya) — Vi, y, @

Taking the trace of this bilinear form and changing sign give us a map A :
I'(E) — T(E):
Ap(z) = = Tr(V? o).

In terms of a local orthonormal frame {E1,..., E,,} over U we get

m

Agly ==Y Vi 5o

i=1

In the following a proper tangent frame around some point x € M will mean
a local frame {Fy,...,E,,} for TM which is an orthonormal basis for T, M
and such that Vg, E;(z) = 0 where V is the Levi-Civita connection. The exis-
tence of such a local frame is guaranteed by the Normal Coordinate Theorem
of Riemannian geometry.
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Lemma 1.18. The map A equals the connection Laplacian, i.e.
V*Vp = — Tr(V? Q).

Locally in terms of a proper tangent frame around x we get

vV Ve(x ZvK,Ew ZVE V().

=1

PROOF. Pick z € M arbitrarily and let {E1, ..., E,,} be a proper tangent frame
for TM around z, then

m m m

=1

Hence if (, ) denotes the fiber metric on TM we get

(Ap(w). @) = ~(3 Vi, Vi) 012))

1

== (Bil(VEp,v) — (VE,0(@), ViE,i())) (1.25)

i=1

where ¢, 9 € T'.(E) are arbitrary (the last equation is just the condition for V
to be a metric connection).

Now, let V be the unique vector field on M such that (V,W) = (Vi ¢, ¢) for
all W € X(M) and recall the local expression for the divergence:

divV:i(VEiV,EZ) :f: f: V,Vg, E;)
i=1 =1

i=1

(the first identity follows from [14], Problem 5-6, and the second identity is
just the metric condition). Since V is metric and since Vg, Ej(z) = 0, the
divergence at x just equals Y . | E;|.(Vg,p,v) (by definition of V). Plugging
this into (1.25) gives

(Ap(x), p(x)) = — divV(z) + (V(2), Vi (z))

and by integrating we get (A |¥) = (Vo | Vy) = (V*V¢ | 9) 2 and hence
A=V*V. O

With this local formula for the connection Laplacian we may investigate its
relations first to the Hodge Laplacian (Laplace-Beltrami operator) and later to
the Dirac Laplacian.

Proposition 1.19 (Kato’s Inequality). Let M be a spin®-manifold and let
S be the spinor bundle determined by a spin®-structure. Let ¢p € T'(S) be a
spinor field and V = V4 be the connection on S determined by the Levi-Civita
connection on M and a connection A on the determinant line bundle. Then the
following inequality holds

An[pf? < 2(V*VY, ) (1.26)

where Ay = dd* 4+ d*d is the Hodge Laplacian for M.

2We will adopt the convention that (, ) denotes the fiberwise inner product in a Riemannian
vector bundle E, and that (s1 | s2) fM (s1, $2)« denotes the inner product in I'(E) induced
from the metric.
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PROOF. Again, let us pick a proper local frame {E1,..., Ej} around a point x.
By (1.25) we get (by manipulations involving only the metric condition on V):

k

=1

k

= =3 (Bila (Bila (0, )) = Bilu (@, V0 — [Vi,5(0) )
=1
k

= =3 (Bila (Bilap 0) = (0, VB, V50 — 2V, 0() )
i=1

k
= = > (il (it 0) ~ 2V, 0(@)) — (6. V" V),

At x we can assume (by the Normal Coordinate Theorem) that E;|, = 0;|, and
therefore Apr|t?(z) = =3, _; Eilo(Ei(¥, 1)) by which we conclude

k
AP (z) = 2(V* VY, )e — 2 [V h(x)* < 2V V), ), O

i=1

To investigate the relation of V*V to the Dirac Laplacian, let S be a Dirac

bundle over TM (T'M equipped with the Levi-Civita connection), @ the Dirac
operator and V the connection on S. We define & : T'(S) — I'(S) by

1 ~
(Rp)(z) = 5 Y Ei@) - Ej(z) - (Rp, m,¢)(x) (1.27)
i,j=1
where {Fi,...,E,} is a local proper tangent frame around z, and R is the

curvature transformation of V.

Theorem 1.20 (The Bochner-Weitzenb6ck Identity). Let @ be the Dirac
operator of the Dirac bundle S with connection V. Then

P =V'V+n (1.28)

PROOF. Let # € M be given and pick a proper tangent frame {F1,..., FE,}
around z. Using the local expression for @ (Lemma 1.13) we get at

Py = ﬂ(zn:E] : ﬁij) = zn:Ez Vg, (Zn:Ey : ﬁEﬂ/J)
=1 i=1 i=1

=Y Ei Vg (E-Veg$)=> E-E;-Vp Vg

i,5=1 i,j=1
n o~
= Z Ei-Ej- V%fianw
i,j=1
n ~ o~ ~
==Y Vi et+Y Ei-Ej-(Vi g —Vh 5V
i=1 i<j

o= 1 & ~ ~ =
=V'Vy+ g > Ei-Ej-Rp, g,() = V'V + R,
i,j=1
Some of these manipulations require an explanation: Identity 3 is a consequence
of (1.8), since Vg, E;(x) = 0, identity 6 follows since E; - E; = —1 and finally 7
follows since Rg, g, = 0. O
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Given this result we immediately ask ourselves how this result manifests itself
in the case of the spin-Dirac operator and the geometric Dirac operator. Here
are the answers:

Corollary 1.21 (The Bochner-Lichnerowicz Identity I). Let M be a spin
manifold and S(M) the spinor bundle associated to a spin structure on M. The
spin-Dirac operator 1D and the spin connection V are related by

e 1
P =V 4+ " (1.29)

where K is the scalar curvature of M.

PROOF. Similarly to (1.12) one can prove the following local formula for the
curvature corresponding to the spin connection
53 1 i
(Bxy(¥))alz) = -3 D (FQ)i(Xa, Ya)eie; - tha(z)

i<j

where Fg is the curvature 2-form over U, of the Levi-Civita connection. If
{E1, ..., E,} is the local frame for TM over U, corresponding to the trivializa-
tion we get, since R is a tensor, that

Ryyt = —% Z(F%)é(X, Y)EE; 1.

1<j

With this formula at hand we can calculate R

1 ~
W)= > Bl Rp,pt

ig=1
1 1 .
=3 Z E;Ej - <_Z Z (F)i (Ei, E;)ExEy '¢>
ij—1 k=1

1
~3 Z (F)} (B, E;)E;E;ELE, - 9.
igkl

Recall that (F&)F = —(F2), and that it is given by the Riemann tensor R of
the Levi-Civita connection by

Riju := (Rp, 5, Er, B)) = (FQ),(Ei, Ej) = —(FQ)[ (B, E),

thus
R = (Y Rin Bl EeEr) - .
ikl
Thanks to the many symmetries (and anti-symmetries) of the Riemann tensor
R; ;11 as well as properties of the Clifford algebra (for instance that EyEy = —1)
one can show (but I will not go into the details) that the term in the parenthesis
above reduces to .
12 RijuEsEi.
0,550
i#]
i#l
Flipping 7 and [ would result in a change of sign, so all terms with j # [ will
cancel, so we are left with the terms where j =, i.e.
1 1 1
=7 > RijiEiE; = ~1 > Rijij = 1"
i#] 2%

where the second identity follows by R;;;; = 0. O]
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For the geometric Dirac operator we prove a similar formula

Corollary 1.22 (The Bochner-Lichnerowicz Identity II). Let M be a
spint-manifold and S¢(M) the spinor bundle associated to a spin®-structure on
M. The geometric Dirac operator ID 4 and the spin connection 6, given by some
connection A on the determinant line bundle, are related as follows

Do =V + im/z + %FA . (1.30)

PROOF. Again we just have to calculate S8 where R is the curvature of the
connection induced by A. From (1.16) one can calculate

Ryt = —3 SR (X, VIEE; 6+ 3 Fa(X, )y

i<j 1<j

where again Fg is the local curvature 2-form of the Levi-Civita connection and
F is the global curvature 2-form of the connection A on the determinant line
bundle. We plug this into the formula defining R. The first term was calculated
in the proof the the first Bochner-Lichnerowicz identity, that was just i/{. The
second term is )

3 > EE;- (Fa(Ei, E;)v)

i<j

which we recognize as a local expression for %FA - 1. O

1.4 Fredholm Operators

In this section we present some basic stuff on Fredholm operators. The first
couple of results are well-known and thus the proofs are omitted (for proofs in
the Hilbert space case the reader is referred to the excellent presentation in [4]).
After that follow some less renowned results the proofs of which are presented
in great detail. These results will be utilized in the study of the local structure
of the moduli space.

Definition 1.23. A linear operator A : Vi — V5 between vector spaces is

called a Fredholm operator if ker A and coker A := V/im A are finite-dimensional.

The Fredholm index of a Fredholm operator is then defined as
ind(A) := dimker A — dim coker A.

In most of what follows, it will be sufficient for us to work with Fredholm
operators on Hilbert spaces, except for Section 2.6.

Here some key features of Fredholm operators and their indices are presented.
First, the so-called Atkinson Theorem which gives some equivalent conditions
for a bounded operator to be Fredholm:

Theorem 1.24 (Atkinson). Let A: X — Y be a bounded operator between
Banach spaces. Then the following conditions are equivalent:

1) A is Fredholm.
2) im A is closed and ker A and coker A are finite-dimensional.

3) There exists a bounded operator B : Y — X (called a parametrix) such
that I — AB and I — BA are compact operators.
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The set of bounded Fredholm operators X — Y is denoted .%#(X,Y"). This
is an open set inside Z(X,Y), when the latter is given the norm-topology.

The Fredholm index turns out to be an impressively robust and well-behaved
quantity.

Proposition 1.25. Let A € #(X,Y). Then

1) If Be #(X,Y) is a Fredholm operator, then BA is a Fredholm operator
and ind(BA) = ind(A) + ind(B).

2) If K : X —Y s a compact operator, then A+ K is a bounded Fredholm
operator and ind(A + K) = ind(A).

3) The Fredholm index is a continuous map ind : . (X,Y) — Z. In partic-
ular it is constant on path components of F#(X,Y).

4) If X andY are Hilbert spaces, the adjoint A* is again a Fredholm operator
and ind A* = —ind A.

The next two lemmas will be used solely in Section 2.4.

Lemma 1.26. Assume A: X — Y is a surjective Fredholm operator between
Banach spaces, then there exists an € > 0 such that for any S € B(X,Y) with
|S]| < e the operator A+ S is surjective.

PROOF. Since ker A is finite-dimensional, it has a topological complement 3
which we call Z. The restriction of A to Z must be an isomorphism Z —— Y.
The set of isomorphisms is open in %B(Z,Y’), hence there exists an e such that
if the operator norm of S’ : Z — Y is less than e, then A|z + S’ is still an
isomorphism. For an operator S : X — Y it holds that ||S|z] < ||S|| and
hence if ||S|| < ¢ we must have that (A + S)|z is an isomorphism Z —— Y. In
particular A + S is surjective. O

Proposition 1.27. Let A: X — Z be Fredholm and T : Y — Z be bounded
(X,Y and Z are Banach spaces) and denote by A+T the operator X &Y — Z
given by

(A+T)(x,y) = Ax + Ty.

Assume that T is chosen such that A+ T is surjective, then ker(A + T) has a
topological complement in X @Y, and for the projection 7 : ker(A+T) — Y
we have canonical identifications

ker m = ker A and coker m = coker A,

thus m is Fredholm and ind ™ = ind A.

PROOF. The strategy is to find a continuous projection onto ker(A+1T), for then
we know that a topological complement exists. One way of finding continuous
projections is to find split-exact sequences, so this is what we seek.

Since ker A and im A are of finite dimension resp. finite codimension, they
have topological complements, i.e. there exist X’ and Z’ such that

kerAd X' =X and imAe Z =_Z.

3Recall that for a Banach space X, a complement or algebraic complement of a subspace
V is a subspace W such that V N W = {0} and such that V + W = X. A complement is
called a topological complement if the map V x W — X given by (v,w) — v+ w is a
homeomorphism. For a generic subspace V' the existence of a topological complement is not
& priori guaranteed. However, if V' is of finite dimension or finite codimension, one can show
that a topological complement always exists.



1.4 Fredholm Operators

25

Pick a basis {eq, ..., e,} for Z'. Since A+T was assumed surjective, we must nec-
essarily have Z’ C im T, i.e. there exists a linearly independent set {y1,...,y,} €
Y such that e; = T'y;. Define a map R: Z — X @Y in the following way: let
z € Z and decompose it z = 21 + 22 according to the splitting Z = im A ® Z'.
Let x be the unique element in X’ such that z; = Az and let aq,...,a, be the
unique real numbers such that zo = > a;Ty;, then the following is well-defined:

n
Rz .= (x, Zaiyi).
i=1
R is a right inverse for A 4+ T for if z is as above then
(A+T)Rz = (A+T)(z, Zaiyi) = Az + ZaiTyi =z
Note that this implies that the following sequence is split-exact:

, ALT
Oerr(A—l-T)(—)XEBY*)(T Z —0

and cf. [16], there exists a continuous projection P in X @Y whose image equals
ker(A + T). Then id —P is again a projection, and its image is the desired
complementary subspace.

Note that ker(A+T) = {(x,y)| Az = =Ty}, hence kerm = {(z,0) | Az = 0} =
ker A, thus ker 7 is finite-dimensional. To identify the cokernel of 7, first note
that im A Nim 7T = T'(im7), this is for the following reason: if z € im ANim T
then z = Az =Ty, i.e. (—z,y) € ker(A+T) and z = Ty = T(7(—=z,y)). And
vice versa. Thus we calculate (using a Noether Isomorphism Theorem, best
known from group theory)

Ler A Z imA+imT _ imT
O TIMAT T imA mAnimT
imT  Z/keeT  Z

— = = = k
T(im7) imw/kerT imm CORCET,

hence also coker 7 is finite-dimensional, and thus 7 is a Fredholm operator. [

Proposition 1.28. Let A : X — Z be Fredholm and let T : Y — Z be
a bounded operator such that A + T is surjective and Fredholm. Then for a
P : X — Z with sufficiently small operator norm the operator (A+ P)+ T is
surjective and ker((A + P) +T) admits a complement.

PROOF. If P: X ®Y — Z denotes the extension by 0 of P then ||P|| = || P||
and (A+ P)+T = (A4 T)+ P and the first claim now follows from Lemma
1.26.

For sufficiently small P, A + P is again Fredholm, and since (A + P) + T is
surjective ker((A + P) 4+ T') has a complement by Proposition 1.27. O

Proposition 1.29. If A: X — Z is Fredholm and T : R* — Z is chosen
such that A+ T is surjective, then A+ T is Fredholm and

ind(A4T) =ind A+ n.

Proor. A+ T is Fredholm since addition by T' can only change the kernel by
something finite-dimensional.
As A+ T is surjective we have coker(A + T') = {0}. Furthermore

cokerA=Z7/imA=(mA+imT)/imA=imT/(imANimT)
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in the last equation we invoked the Noether isomorphism theorem. Thus

dim coker A = dimim T — dim(im A Nim T)
=n —dimkerT — dim(im A Nim 7).

Next we recall that ker(A+T) = {(z,y)| Az = —Ty}, and we define A : ker(A+
T) — im ANim T by (z,y) — Ax. This is surjective onto im ANim T" (A clearly
maps into this space), for if v € im A Nim T then there exists (z,y) such that

v = Az = T'y, meaning that v = A(z, —y). Observe that ker A = ker A x ker T,
hence we get the isomorphism

ker(A+T) = (ker A x kerT) @ (im ANim7T)
and therefore

ind(A 4+ T) = dimker A + dimker T+ dim(im A Nim T')
= dimker A +n — dim coker A = ind A + n. O

1.5 Continuous Fields of Fredholm Operators

In the next chapter when we will study the smooth local structure of the moduli
space we will make extensively use of the properties of Fredholm operators.
However, when we have to orient the moduli space in Section 2.5 it will not be
sufficient for us to consider just one operator at a time. In fact, we will realize
that the moduli space will parametrize a family of Fredholm operators and that
the tangent space at each point is isomorphic to the kernel of the Fredholm
operator an that point. In this section we will introduce the theory necessary
to cope with this situation. It will not be presented in complete generality but
will rather be adapted to our specific needs.

First we let (M, g) denote a closed, oriented Riemannian manifold and let
Ei — M, i = 0,1 two real finite-rank vector bundles over M, and let Dy :
['(E°) — T['(E') be a first order elliptic differential operator. Let X (the para-
meter space) denote a (possibly infinite-dimensional) manifold. Via the projec-
tion map m : X x M — M we obtain pullback bundles: E% := 73 E? over the
space X x M. Let T be a section of the bundle Hom(E%, E%), thus for every
point (z,p) € X x M we have a linear map

T * By = Exlwp) — Exl@p) = Ep»

hence the section T' corresponds to a smooth family (7, ).ex of bundle maps
T, : E® — E. For each x € X we define D, : T'(E°) — T['(E') by D, :=
Do+ T,. Since T, is just a zeroth order perturbation, D, will still be an elliptic
differential operator, and since the index depends only on highest order part we
have

ind D,, = ind Dy. (1.31)

Defining H® := L?(E‘), we may view D, either as an unbounded Fredholm
operator D, : Hy — H; with domain L?(E"), or as a bounded Fredholm
operator D, : L?(E®) — L% _,(E").

Definition 1.30 (Field of Fredholm Operators). By a continuous field
of Fredholm operators Do we understand a map X > x — D, of the form
described above “.

4Even though it is a smooth field we still call it a continuous field, simply because continuity
is all we need for the proofs ahead.
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This definition is quite restrictive but it is sufficient for our purpose (for the
remainder of this thesis we will not encounter differential operators of order
higher than 1).

Definition 1.31 (Determinant). For a finite-dimensional vector space V' we
define the determinant det V of V' to be the top exterior power of V

det V := APV .= Ad VY,

For a Fredholm operator F' : Hy — H; (bounded or unbounded) between
Hilbert spaces we define the determinant of F to be the 1-dimensional vector
space

det F' := (det ker F') ® (det ker F*)*

where (det ker F*)* is the dual space of the kernel of F*.

Given a continuous field D, of Fredholm operators we would like to define
a line bundle det Do over X whose fiber over z is isomorphic to det D,. Con-
structing this bundle requires some work which will keep us occupied for most
of this section.

Definition 1.32 (Stabilizer). For every closed subspace V' C H; and for every
x € X we define the operator Dy, : Hy &V — H; with domain L3(E?) &V
by
DV,I(@; ’U) = Dz@ +v.

In the notation from the previous section we have Dy, = D, +idy.

A stabilizer for D, is a finite-dimensional subspace V' C H; such that Dy,
is surjective for any v € X. The map x —— Dy, defines a field of Fredholm
operators, denoted Dy,o. The set of stabilizers for D, is denoted Stab(D,).

Let V' € Stab(D,), then for any z € X we have a short-exact sequence (of
unbounded operators!):

Dy
OﬂkerDv’xC—>HOEBVi>H1 —0

and the sequence splits by the map Ry, : Hy — (ker DV@)L C Hy @V which
is just the inverse of the bijection Dv;|(ker Dy, )1 -

Proposition 1.33. Let D, be a field of Fredholm operators over X where X is
compact. Then the following elementary properties hold:

1) Stab(D,) is non-empty.
2) IfV € Stab(D,) and if V.C W, then W & Stab(D,).
3) ker Dy, is a smooth trivial vector bundle for every V € Stab(D,).

ProOF. First the existence of a stabilizer: Let zg € X be any point and pick
a finite-dimensional subspace V such that Dy, is surjective (we can take any
subspace which contains the cokernel of D,,). For any bounded operator T :
L3(E®) — H; with sufficiently small operator norm we know by Lemma 1.28
that (Dy, +7T) +idy is still surjective and Fredholm. Since the map x —— || 1% ||
is continuous, there exists an open set U around z( such that T, — T, (for
x € U) is small enough for (D, + T, — Ty, ) + idy to be surjective. Then

DV,I =D, + idy = (D() + Tzo =+ (Tx — Tz[))) + idy
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is surjective for any € U. Since X is compact we can cover X by a finite set
of open sets X = U,, U---UU;, and there exist finite-dimensional subspaces
Vi,...,V, such that Dy, , is surjective for each z € U,,. Then V := Vi +-.-+V],
is in Stab(Da,).

The second claim of the proposition is obviously true. For the third claim we
consider the following

Dy, = D, +idy = (Do +idy) + T,

where V € Stab(D,) and T : L2(E°) & V. — L2(EY) is just Typ(,v) = Thep.
Clearly Dg + idy is Fredholm and fw is just a compact perturbation, thus
Dy, is a surjective Fredholm operator for each x, implying that dim ker Dy, is
constant. To construct the global trivialization, pick x¢ and let A be the right
inverse for the surjective map Dy 4, i.e. Dy z,A = id. Define @y : ker Dy, —
X x ker Dy 4, by

D(vy) := (2,0, + A(Ty — Ty )z)

where v, € ker Dy ,. It is easy to check that v, + A(fm — fzo)vz is in fact in
ker Dy, and that the map v, — v, + A(T, — Ty, )v, is bijective, thus ®y is
a trivialization. L]

Assume we have V, W € Stab(D,) and that V' C W, then for every z € X we
obviously have ker Dy, C ker Dy, C Ho ® W. Letting V1 be the orthogonal
complement of V' in W:

Vi={weW|YveV: (v,w)=0}
we get a short-exact sequence

0 ——=ker Dy, C——=ker Dy y —=yL ——>0 (1.32)

where the second map is just the composition Hy @ W — W — V=+ of
orthogonal projections. The sequence splits by the map s : V+ — ker Dy,
given by

w— —Rw,(w) + (0, w)

for w € V- C W. This gives a vector space isomorphism
ker Dy 4 = ker Dy, @ v+
and letting x vary gives us a bundle isomorphism
ker Dyye — ker Dy.o & V*

where V' is shorthand notation for the trivial bundle X x V1. Since the deter-
minant sends direct sums to tensor products and since tensoring with the trivial
line bundle det V1 gives nothing new, we obtain a bundle isomorphism

detker Dy o —— detker Dyy,q

which shows that the following is well-defined:

Definition 1.34 (Determinant Line Bundle). Let D, be a continuous field
of Fredholm operators over a compact or connected manifold X. We define the
determinant line bundle det Dy of D4 by

det D, := detker Dy,

where V' € Stab(D,) is arbitrary.
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We only need to see that this is a reasonable definition, in the sense that
the fiber over x is in fact the determinant of D,, i.e. that we have a natural
isomorphism

Oy, 1 AP (ker D) @ AP (ker DX)* —— A*Pker(D, +idy).

We will define the isomorphism in the following way: let z € det D, be arbitrary
(but non-zero). It is of the form

2= A Av) @ (G A ANE)

where {v1,...,v,} is a basis for ker D, and {1,...,&,} is a basis for the dual
(ker D)*. We must necessarily have ker D* C V and therefore, if {wy,...,w;,}
denotes the dual system of {&1,...,&n}, 1.e &(w;) = d;5, we can extend it to an
oriented basis {w1, ..., Wn,...,wy} for V. The vectors w11, ..., wy will lie in
im D, and therefore we can find linearly independent vectors ym+1,...,yn € Ho
such that D,y = —wy (for £ > m + 1). Thus we see that (v1,0),..., (v,,0) as
well as (Ym+1, Wim+1),-- - (Yn, wn) are in ker Dy ;. For dimension reason, this
is a basis for ker Dy, . Thus we define

(I)V,z(z) = (1}170) ARERIA (’Un,O) A (ym+1awm+1) ANRREA (Z/I\th)-

Clearly this is an element of A*P ker(D, +idy ). One can check that the map is
independent of the choice of bases and thus that it gives a well-defined natural
bundle map

AP ker Dy @ A*P(ker D})* —— AP ker(Dy.,).

Assume now that 7°, 7' € Hom(E%, E%) are two families of bundle maps
EO — E' parametrized by X. We say 7° and T are homotopic if there exists
T e Hom(EﬁM]XX, E[10,1]><X) such that T'|p;yxx = T°.

Proposition 1.35. The fields of Fredholm operators corresponding to the ho-
motopic families T° and T have isomorphic determinant line bundles.

Proor. Let D, be the field of Fredholm operators corresponding to T and let
V € Stab(D,). Then it is easy to see that V & Stab(D?) N Stab(D}), i.e. this
intersection is non-empty. But then we have (by definition)

det D}, = det ker(Dy,,)

so in order to show det DY = det D}, it suffices to show that we have an iso-
morphism det ker DY,, —— det ker Dy, ,. But this follows since the two vector
bundles are homotopic: we consider the bundle ker lNDV,. over [0,1] x X, pick
a connection on this and let P, : ker 5‘/7(0;6) — ker 5‘/7(17_%) denote parallel
translation along the curve [0,1] 3 ¢t — (¢, z) € [0,1] x X. The family (Py)zecx
gives a smooth bundle map ker DY, , —— ker Dy, , which is fiberwise an isomor-
phism, hence a bundle isomorphism. It then induces an isomorphism between
the determinant line bundles. O

We end this section by stating the Smale-Sard Theorem, a generalization to
infinite-dimensional manifolds of the well-known Sard Theorem (which states
that the set of critical values of a smooth map between finite-dimensional man-
ifolds has measure 0). Even though this result is only remotely connected to
what we have just discussed in this section, I find that this is a proper place to
put it.
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Definition 1.36 (Fredholm Map). Let M and N be two Banach manifolds.
A Fredholm map is a smooth map F : M — N such that its differential
dFy : TyM — Tp)N is a bounded Fredholm operator.

A point y € Y is called a reqular value for the map F' if dF, is surjective for
all z € F~1(y).

Observe that if M is connected, then the Fredholm indices of the operators
dF, are independent of x, and hence it makes sense to talk about the Fredholm
inder ind F of F.

In the following theorem we will use the phrase “for most y”, to mean that
the y’s in question belong to some set which contains the intersection of at most
countably many dense open subsets. In some textbooks such sets are called
generic. The Baire Category Theorem states that generic subsets of complete
metric spaces or of locally compact Hausdorff spaces are always dense.

Theorem 1.37 (Smale-Sard). Let F': M — N be a Fredholm map between
smooth paracompact Banach manifolds M and N, and assume M 1is connected

such that F has a well-defined Fredholm index ind F'.
1) Ifind F <0, then F~(y) =0 for most y € N.

2) Ifind F > 0, then most y € Y are regular values for F, and for a regular
value y the fiber F~1(y) is a smooth embedded ind F-dimensional subman-
ifold of M.

The proof may be found in Smale’s original 1965-article [19] or in [6] Proposition
4.3.8.

If we want the set of regular values to be open as well, some further conditions
are required:

Proposition 1.38. Let F : M — N be a Fredholm map between Hilbert
manifolds. Then the set of reqular values of F' whose fibers are compact, is open
in N.

PROOF. Let R(F') denote the set of regular values of F'. Taking yo € R, we need
to find an open neighborhood around this point inside R. For each zg € F~1(yo)
we have that dFj, is surjective and hence there exists an open neighborhood
U,, around zg such that dF, is surjective for each x € U,,. In other words
Fly,, is a submersion and submersions are always open maps, hence F'(Us,) is
open. We can cover the fiber F~1(y,) by such open sets U,,, and since F~1(yg)
is compact we only need finitely many such sets, i.e. F~1(yo) CU,, U---UU,, .
Now put V := F(U,,)N---N F(Uy,,). This is an open set in N and since
F~YV)C U, U---UU,, we must have dF, surjective for each x € F~1(V),
ie yo € VCR(F). O
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The Seiberg-Witten Invariants

2.1 The Seiberg-Witten Equations

In this section we give a detailed description of the Seiberg-Witten equation and
the different entities entering them.

We begin with the setup. Let M be a connected closed oriented Riemannian
4-manifold and CI(M) its Clifford bundle. As mentioned in the previous chapter
we can define a global volume section w¢ which relative to some local ortho-
normal frame takes the form we = —F1FEsF3FE4. By Theorem 1.3, M can be
given a spin®-structure o and from the corresponding principal Spin®(4)-bundle
P§in (M) we can form the determinant line bundle L as well as the complex
spinor bundle S := S¢(M) which splits S = ST & S~. Of course, all these
bundles depend on the choice of spin®-structure!

Let A denote the set of metric connections on L. It is well-known that this is
an affine space, modeled on iQ! (M), the imaginary-valued 1-forms, i.e.

A=Ay +iQ (M)

for some fixed metric connection Ag called the reference connection which will
remain fixed for the rest of the thesis. Picking a connection A on L determines
(together with the Levi-Civita connection) a spin connection V* on S as well as
a geometric Dirac operator ID 4 : T'(S) — I['(S). These are the basic ingredients
in the Seiberg-Witten equations.

To describe the other we need to digress briefly to discuss some algebraic
features of the exterior algebra and Clifford algebra over R*. First we recall that
we have a canonical vector space isomorphism @ : A*R* —— Clg 4, called the
quantization map, given by e;, A---Ae;, — e;, -+ - e;, whenever (e, ea, e3,e4) is
an orthonormal basis for R*. We also recall the Hodge star operator  : AFR* —
A*=FR* defined by w A *n = (w,n)eieseses. On 2-forms the Hodge star is an
involution: *> = (—1)2(*=2) = 1, so * has two eigenvalues, +1 and A?R* splits
into the corresponding eigenspaces

A’R* = A2R* @ A2 R
£(1 £ %) are the corresponding projections onto AZR*. The elements of AZR*
are called self-dual 2-forms whereas elements of A2 R* are called anti-self-dual 2-

forms. We can perform these constructions pointwise on the bundle A2T* M, ob-
taining the subbundles AZ7* M. Sections of these bundles are denoted Q% (M).
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Finally, on the complexified Clifford algebra 0184 the volume form w¢ acts by
left multiplication (not by Clifford action), and again since w? = 1 it gives a
splitting of the Clifford algebra

Clg,4 = (Clé)c,4)+ D (Cl(g,4)f~
The same splitting pertains to the even and odd parts of the algebra:
(Cl5.a)° = (Cl5)S @ (Clg.)?  and  (Clgy)' = (Clga)} ® (Clg gt

The first result we record, is that wco@Q|azrs = Qo*|pzga i.e. that @ intertwines
#|p2r+ and the action of we restricted to Q(A?R*). For instance we can calculate

we(Q(er Aeg)) = —(e1eaeseq)eres = —ejes(eresesey) = 6%6%6364 = e3ey

= Q(e3 Nes) = Q(x(e1 Aea)).

Similarly, one can show that wc o Qpops = —Q 0 *|pore and we 0 Q|pags =
—@Q o *|paga. With this fact established we can prove

Lemma 2.1. There is an isomorphism of vector spaces

1+ we

DI =2 QAR @C)a C 5

PROOF. The proof is just a simple calculation:

(C1)% = 3(1 + we)(CIE)° = 1(1 + we)Q(A’R* @ A’R* @ A'R*) ® C
=1Q(1++)(AR*®C)) + 2Q((1 — ) (AR* @ A*R*)) ® C

1
—Q(A2R'®C)aC 4'2”@.

The last identity is a consequence of the fact that 3(1 + wc) is a basis for the
space $Q((1 — *)(A’R* & A'R*)) ® C. O

Thus any £ € (le)?Ir can be written as & + 3 (1 +wc). It is well-known that
the spin representation py : Cl(&4 — Endc(Ay4) restricts to an isomorphism
(le)i =~ End(A}) and then (since ps(3(1 + we)) = idAj{)

pa(€) = pa(€o) + 3pa(1 +w) = pa(&) + Aid+ -

In [18] Example 1.3.3 it is shown that p4(&o) is traceless. Thus py(§) is traceless
if and only if A = 0, in other words the composition p4 0 @ gives an isomorphism
A3R4®(C —— Endg(A]), the space being the space of traceless endomorphisms
of AF.

Now we can return to the manifold situation. The connection A on the deter-
minant line bundle gives a curvature 2-form F4 on M. Since M has dimension
4, we can split F4 it into self-dual and anti-self-dual parts: Fq = FX +F,.

Next, if 1 € T'(ST) is a positive Weyl spinor field, we get an endomorphism
Y @yY* :T(ST) — T(ST) by defining

(Y @ 97)(@)(x) := (p(x), Y(2))ath(x).

Define () : T(ST) — T'(S™) to be the 2-form corresponding to the traceless
part of this map:

d)(w) = (s @)~ [p © " (&) — § Trw © 4 (@) id
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(we need the constant % since S is of dimension 2). To determine the trace of

YRY*, let Y(x) = (ié Eg) be the representation of 1 (x) relative to some basis

for S;f. It is not hard to check that the matrix representation of ¢ @ 9*(x) is

( 11 (2)[? ¢1($)¢2($)).
PYa(x)r(z)  [a(z)?

>From this we see that Tr(¢) ® ¥*(z)) = |¢(z)|? and hence that

1 o,
a) = (1o Q) v @ v - ).
The matrix for 1) ® ¢ — 1[¢|?id is then given by

(éqwl(m? @B @@ ) | (22)

Yo (@)t (2) 312 (@)? = [t ()

Let {E1, Es, E5, E4} be a local orthonormal frame for TM over a neighborhood
which trivializes both TM and St and let {e!, 2, &3, &} be the dual orthonor-
mal frame for 7*M. From the theory of Clifford algebras it is known that the
isomorphism p4 o @ in the bundle setting is given by

-2t 0
1A 20 34 4y _
paoQe Ne“ +¢ /\E)—(O Qi)’
0 2
T3 2, 4y _
proQ(e" Ned —e /\z:‘)—(_2 0),
1o a2, 3_(0 =2
paoQe Ne* +¢ /\6)_<—2i N

Over this trivialization neighborhood we may view ¢ as just a map into AZ =
C2%, ¢ = (11,12). From the matrix representation (2.2) combined with the
appearance of py o @ we get the following local expression for ¢(v):
i ‘ _
q(y) = 5(\1/11|2 —a?) (e Ne® + ¥ Aet) +ilm(rig) (et Ae® —e? net)
+ i Re(P1a) (et A et + 2 A P). (2.3)

Lemma 2.2. For the pointwise operator norm |ps o Q(q(v0)(x))| it holds that

o1 0 Qa(¥) ()| = 51 (x) . (24)
For the 2-form q(¢) we only have a bound
la()(@)] < (). (2.5)

PROOF. Since ps0Q(q(¢)(x)) is self-adjoint we just have to find the eigenvalues.
Its matrix is given by

(le(fﬂ)I2 — glp()? Y1(2)ih2 () )
Yo (2)h1(z) |T/)2(~T)\2 - %W(x”z

and a routine calculations yields the eigenvalues £3|¢(z)|?, thus the operator
norm is as desired.

The proof of the inequality requires a careful analysis of the relations involving
p4 © (Q above. Details can be found in [1] in Section 1.4 and p. 44. O
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Definition 2.3 (The Seiberg-Witten Equations). Given the setup above,
the Seiberg- Witten Equations read

D=0 (2.6a)
Ff=q()—n (2.6D)

where 7 € zQﬁ_(M) is a perturbation parameter.

Solutions to these equations (also known as Seiberg- Witten monopoles) are
pairs (¢, A) where v is a complex positive Weyl spinor field and A is a connection
on L satistying the above equations. The set of solutions to (2.6) is denoted 8(n).

The set of all possible solutions, i.e. T'(ST)x 2 is called the configuration space,
G, and the elements configurations. We will often use the shorthand notation C
for a configuration.

>From (2.3) and the calculations there we can deduce a local version of the
second Seiberg-Witten equation: If we let Fj; := ij (E;, E;) be the components
of F;[ and 7;; := n(E;, E;) be the components of n, plugging in Ey,. .., E into
(2.3) would give us

Fio + Faqy = i(|¢1]* — [92]?) — m12 — 134 (2.7a)
Fi3 — Foq — i(Fia + Fb3) = 20192 — mi3 + Noa + i(14 + 123). (2.7b)

In fact this is how the Seiberg-Witten equation originally appeared in Witten’s
1994 article [23].

The basic idea is to consider the space of solution and then “mod out” some
excess degrees of freedom. These extra degrees of freedom are the ones which
are related to the part of the spin®-structure sitting “above” the orthonormal
frame bundle so to speak, i.e. the part of the principal Spin®(4)-bundle which
can be twisted and turned without effecting the underlying frame bundle. We
formalize it in the following definition:

Definition 2.4 (Gauge Group). Define § to be the set of automorphisms
¢ of the principal Spin®(4)-bundle P§; (M) which cover the identity on the
frame bundle Pso(M), i.e. automorphisms which make the following diagram
commutative

PScpin(M) z PScpin(M) (28)

Pso(M)

G is called the gauge group of the spin®-structure and elements in G are called
gauge transformations.

We will, shortly, provide a more handy description of this gauge group but
before we move on, let’s recall a basic result on principal bundle maps. If G ——
P " M is a principal G-bundle, (U,,®,) a set of trivializations and s, (z) =
®_1(z,e) the corresponding local sections, a bundle map ¢ : P — P produces
a system (i, ) of functions ¢, : U, — G by defining

Pa (1) = ma(Pa 0 p(sa(2)))- (2.9)

If Uy NUg # 0 and g,p is the transition function, it is easy to see that ¢, and
pp are related by

(1) = go5(2)pa()gap (@) (2.10)
for x € Uyg. In particular, if G is abelian, the local functions agree on their
overlap, and thus they piece together to a globally defined function M — G.
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Conversely, given a set () of functions U, — G satisfying (2.10), we can
construct a bundle map ¢ : P — P locally by

@‘w*l(Ua) = (I);l(idUa Xgpa) o d,.

One can check that this is well-defined, i.e. independent of the choice of trivial-
ization.
Over a local trivialization, ¢ just acts as left multiplication by ¢, (z):

Qo090 N (z,9) = @aop(® ' (2,6)) - g = Pa 0 @(sa(2) - g)
= [Pa 0 p(sa(2))] - 9 = (z,90a(x)) - g
= (2, pa(z)g)-
Assume ¢ € G. The requirement that ¢ covers the identity of the frame bundle
seriously limits how crazy the local functions ¢, can behave. Assume we have

an open set U, and trivializations ®,, of P§;, (M) and ¥, of Pso(M). By (2.8)
we must have

U,0d“0d  (z,g9) =T,0d0po0d  (z,9)

for (x, g) € U, x Spin®(4). The left-hand side is just (x, A°(g)) and by squeezing

® ! o @, in between ®° and ¢ we can calculate the right-hand side to be

(z, A°(va(x))A%(g)). Hence ¢, (x) must be in the kernel of A€, but this kernel is
(isomorphic to) U(1) C Spin®(4). Thus ¢, maps into U(1) and since this group
is abelian we can piece the local functions together to obtain a globally defined
function f, : M — U(1). Hence we have proved the following

Lemma 2.5. There is a natural group isomorphism § —— C>°(M,U(1)).

A gauge transformation, ¢, induces in a very natural way bundle automor-
phisms on the determinant line bundle as well as on the complex spinor bundle.
On the determinant line bundle a bundle map @ : L — L is defined by

[p, 2] — [(p), 2]
It is well-defined since
@([p- 9, X972 = lp(p-9): Mg~ 2] = [p(p) - 9, (g 7")7]
= [e(p), 2] = &([p, 2]),
and it is an automorphism since the map L — L, [p,z] — [p~1(p), 2] is an

inverse. It even preserves the metric on L:

(@([p, 2]), 2([p, 1)) = (le(p), 2l [e(p), 2]) = 22’
= (lp. 2], [p. #']),
and therefore the pullback of a metric connection on L is again a metric con-
nection.

In the same way, ¢ induces a bundle endomorphism @ : S — S by the same
formula as above:

[p, v] — l(p), vl.

Obviously, it maps ST — ST and hence gives a map on sections @ : I'(ST) —
['(S*).

Definition 2.6 (Action of the Gauge Group). A right action of the gauge
group § on the configuration space C is defined by

(Y, A) o= (&' (¥), T°A). (2.11)
We will denote by B := €/ the quotient of € under the action of G.
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Let’s spend some time on transforming this definition into something more
manageable in terms of the isomorphism in Lemma 2.5. We let ¢, denote the
local functions of ¢ corresponding to a set of sections sq : Uy — P&, (M).
The section s, gives a trivialization ®,, of L% = P§pin (M) xx U(1) over U, by
[sa(z),z] — (z, 2). Since U(1) is abelian, the local functions @, (z) = ma(P, 0
po®_ (z,1)) of P piece together to a globally defined function ?so M — U(1).
This is related to the function f, in the following way:

Fo(2) = ma(Pa 0o 71)(,1) = ma(Pa 0 Plsal(x), 1])
2(Palp(sa(2)), 1) = ma(Pa([sa(2) - pa(2), 1]))
2(Pasa (), Apa(@))]) = ma(z, A(fe ()
= Afio(2)).
Since @, () was in U(1) C Spin®(4), f(z) is really just the square of f,(x).

For the bundle automorphism @ of S¢(M)* we also have local functions,
Ba i Uy — Aut(A]) given uniquely by the equation

B, 0p0d  (z,v) = (2, P (1)v).

By a calculation as above we can show that

Gal@) = (K9) " (pa(@)) = (55) T (fo(@)).
Thus we see, again, that they can be pieced together to a global function
fo : M — Aut(Af). Moreover, the U(1)- -part_of Spin®(4) just acts as scalar

multiplication, i.e. (k§)"(f,(2)) = fo(x), thus f, = f,.

The claim is now that ¢(1)) is nothing but pointwise multiplication by f,, i.e.
o) (x) = fo(x)y(x). Assume x € U,, then there exists a v € A such that
Y(x) = [sa(z),v] and hence:

P(¥) () = e(¥(x)) = ¢([sa(x),v]) = [p(sa(z)), ]
= [sa(®) - va(r),v] = [5a(2), AM(pal®))v] = A(@a(r))[sa(2), v]
= fo(x)ib(x).

Thus, of course, g~ (¢) = f 11 = fo-11).

Next we investigate the effect of the action on the connection A, or rather on
the local connection 1-forms of A. If AS denotes the local connection 1-form of A
over some trivialization neighborhood U4 and A%, denotes the local connection
1-forms for the pullback connection A’ := B*A, it is well-known that the two
local connection 1-forms are related by

A% = A%+, 1D, = A% + Mo d(X o va) = AG + f52d(f2)
= AS +2f M dfp = AS = 2f,d(f;1).

The last identity follows since 0 = d(f,f;") = fod(f; ") + f,'df,. Hence we
have proved the following;:

3

3

Proposition 2.7. Let ¢ € G correspond to the function f, under the isomor-
phism in Lemma 2.5. Then

(W, A) - o= (£, 0, A+ 2fpdf,).
We are then ready to prove:

Lemma 2.8. The set of solutions to the Seiberg- Witten equations is invariant
under the action of the gauge group.
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PROOF. Observe, using (1.21), that

(B a5 0) = £ Ba) (@) = D (en - [(Br)a S ha (@)

k=1

+ lAg*A(Ek)ek . (f;lzﬂa(x)) — %f;lAi(Ek)ek . Q/Ja(l’))
= >~ (@ aE)er - alw) = £ Foldf; e Er)er - Ya (@)
k=1

=0.

Thus if (1, A) satisfies (2.6a), then clearly also (f !4, 7*A) = (¢, A)- ¢ satisfies
(2.6a).

Under the gauge transformation ¢ the field strength Fj transforms into
fo YFaf, = Fa, ie. it is unaffected by the gauge transformation. Similarly

1
a(fg ') = (pac Q)T (f ) @ (£ 9)" = SIf UL = £ Pa(¥) = a(¥).
Hence also (2.6b) is invariant under gauge transformations. O

Definition 2.9 (Moduli Space). The quotient M(n) := 8(n)/G is called the
moduli space of the Seiberg-Witten equations.

Definition 2.10 (Stabilizer). Given a configuration C we define the stabilizer
Stab(C) to be the set of all elements in § which, under the action defined above,
map C to itself, i.e.

Stab(C) ={p € G| C-p=C}

(there should be no risk of confusing this with the set of stabilizers for a field of
Fredholm operators).

A configuration C is called irreducible if Stab(C) = {1}. Otherwise it is called
reducible. The set of irreducible configurations is denoted C*.

We note that C* is gauge invariant: assume C € C* and let ¢ € G. If ¢ €
Stab(C - ) then, since G is abelian

C-p=(C-p)-¢'=(C-¢) g,
ie. C=C- ¢ and thus ¢’ € Stab(C), hence ¢’ = 1. Therefore it makes sense to
define
B* .= C€"/G.
This is of course just a subset of B = C/G.

In a similar fashion the irreducible solution space 8*(n) is gauge invariant and
hence we can define the irreducible moduli space

M*(n) := 8"(n)/$-

Lemma 2.11. A configuration C = (¢, A) is reducible, if and only if v = 0,
and in this case we have under the canonical bijection § —— C>°(M,U(1)) that

Stab(C) = U(1).

PROOF. If v = 0 then all gauge transformations corresponding to constant
functions in C*°(M, U(1)) are in Stab(C), hence C is reducible.

Conversely, if C = (¢, A) is reducible, and ¢ € Stab(C) then in particular
A=A+ 2(df¢) , i.e. we must have df, = 0 and hence f, is locally constant.
Since M was assumed to be connected, f, is globally constant. If also f Lap =
should be satisfied for some (constant) fo # 1, we must have ¢ = 0. O
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2.2 The Sobolev Setting

Up till now we have been working exclusively within the smooth category: all
functions, sections, connections etc. have been smooth. It turns out, however,
that this setting is not well-tailored for the work we are about to undertake:
investigating the topology of the moduli space. We are forced to leave the smooth
world and enter the realm of Sobolev spaces.

If F — M is a Riemannian vector bundle, it makes sense to talk about
LP-sections of E: they are the measurable sections ¢ : M — FE for which the
integral

| wapdute)

is finite (here p is the unique measure on M given by the metric on M). The
space of LP-sections of E is denoted LP(M, E) or just LP(E). One can show that
this is a Banach space, and, in the case p = 2, a Hilbert space. Similarly, we can
define Sobolev spaces of sections of E. Assume that V is a metric connection on
E. The tangent bundle T'M has the Levi-Civita connection, and via the bundle
isomorphism TM —— T*M we can turn it into a connection on T*M simply
by defining Vxw := (Vxw!)?. The tensor product of these two connections is
a connection on T*M ® E, and we denote it by V also. It maps into T*M ®
T*M ® E. Again, taking the tensor product with the Levi-Civita connection
yields a connection V on T*M ® T*M ® E and so on. Hence we have maps

I'E) Y T(T"M®E) —~—T(T*"M@T*M @ E) —> - --

We let V¥ := Vo--.0V denote the composition of the first k of these maps.

We also have a fiber metric on 7*M ® E, namely the tensor product of the
fiber metrics on T*"M = T'M and E. Explicitly, if w, ® 55,0, ® 35, € Ty M Q Ey,
then

<w:r & Sa:;a}x & §93> = <wajawz><3x;§w>;

which gives the fiberwise norm
|lwe ® 85| = |wa|ss]

on T M ® E,. Similarly, we obtain metrics on the higher bundles (7*M)®*  E.
Define for each 1 < p < oo and each k € Ny the Sobolev norm || - |[L» on I'c(E)

by
k . 1/p k ‘ 1/p
lullzp = (anip) (Z / ||VJu|%dug> |
j=0 j=0“M

The notation can be a bit misleading, for as a matter of fact, the Sobolev spaces
depend not only on M and E but also on the metric on M as well as on
the metric and connection on F. Thus d priori there is no canonical choice of
norm! However, one can show that if M is compact, the above norm is indeed
independent of all these choices, in the sense that any two norms defined in this
way will be equivalent. We will be content with compact base manifolds and for
that reason, on compact manifolds the following definition is well-posed (up to
norm equivalence).

Definition 2.12 (Sobolev Space). Let 1 < p < oo and k € Ny and assume
that F is a Riemannian vector bundle over a compact, orientable Riemannian
manifold M. Then define the Sobolev space L} (M, E) (or just LY(E)) as the
completion of I'(E) in the Sobolev norm || - [[r.
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There is another approach to defining Sobolev spaces, one that relates to
the “classical” Sobolev spaces and norms over R™. Continue to let M denote a
compact oriented Riemannian manifold and E a smooth rank N vector bundle
over M. Pick a finite atlas (U;, ¢;);_; for M for which each open set U; is a
trivialization neighborhood of E and let (p;) be a partition of unity with compact
support subordinate to this cover. For any ¢ € I'(E) we have that (p;1)) o<pi_1 is
a smooth map R"” — F with compact support in p;(U;). Since E is trivial over
the support of p;1, we may view (p;1)) o %—1 as a smooth compactly supported
map R" — CV. Thus for any k € N it is an element of L?(R") x - -- x LZ(R"),
and we define the Sobolev norm by

J
-1
1 =Y l(pit) 0 @7 Ml Lz
i=1

where of course the norm on the right-hand side is the product norm. One can
show that this norm is equivalent to the previously defined norm thus showing
that being in a Sobolev space is a local condition.

The next theorem, which we state without proof, comprises all we need to

know about elliptic differential operators (see for instance [18] Theorem 1.2.18
and/or [13] Theorem 5.2):

Theorem 2.13. Let E — M and F — M be smooth vector bundles over a
compact manifold and let A : T(E) — T'(F) be an elliptic differential operator
of order k. Then the following hold:

1) The minimal and mazimal realization of the differential operator is iden-
tical, they are both unbounded operators L*(E) — L*(F) with domain
L3(E). We call it the analytic realization, Ay, of A.

2) The Hilbert space adjoint of Ay, equals the analytic realization of the formal
adjoint.

3) For an integer m > k the restriction of Ay to L2 (E) is a bounded Fredholm
operator Ap, : L2(E) — L2 _,(F), and there exist finite-dimensional
subspaces V C T'(E) and W C T'(F) such thatker A,,, =V and (im A,,)*+ =
W for all m.

4) (Elliptic Estimate). For each m > k there exists a constant Cy, such that
[ullm < Con(llullm—r + [[Aullm—r) (2.12)
for allu € L2,(E).

5) (Elliptic Regularity). If Au € L% (F) then v € L}, (E), in particular, if
Au is smooth, then u is smooth.

5) Let P: L?(E) — L?(E) be the orthogonal projection onto ker Ay. For all
1 <p<ooand m €N there exists a constant C > 0 (depending on A, p,
m) such that

Ju— Pulliy, < CllAuly,. (2.13)

By Holder’s inequality we deduce that if p, ¢ and r are real numbers in [1, 0o [

satisfying % + % < % then pointwise multiplication gives a map

LP(M) x LI(M) — L7 (M).

This is an example of Sobolev multiplication. We will need a more advanced
version of this, involving Sobolev spaces. This can be proved quite generally
by use of the Holder inequality and the Sobolev Embedding Theorem. Here we
restrict to the special cases of our interests:
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Theorem 2.14 (Sobolev multiplication). Let dim M = 4 and ky > 3 and
ko > 2 be integers satisfying k1 > ko, then there exists a continuous map, the
Sobolev multiplication:

Ly (M) x L; (M) — L (M).

In particular, LE(M) is a Banach algebra for k > 3. Moreover, if k > 3 is an
integer then there exists a Sobolev multiplication

Ly n (M) x Li(M) — Ly= 03 (M)
for each m € {1,...,k}.

The proofs of these statements may be found in [1] Corollary 1.53 and 1.54.
Assume we have two vector bundles Fq and FEs. Does there exist a Sobolev
multiplication
Ly (Ey) x L2 (Bg) — Ly(E1 @ Es)

under proper requirements on the constants? Yes, for since we are over a compact
manifold, being in a Sobolev space is a local property, and thus over some local
neighborhood we can pick trivializations and then the tensor product reduces
to plain pointwise multiplication. Hence in the theorem above we can replace
M by vector bundles and product by tensor product or wedge product.

For the Sobolev multiplication to work and for L7 to be an algebra under
Sobolev multiplication we had to require that k& > 3. Often one of the factors
will be the differential of something and for this reason we have to require
k > 4. This is also sufficient to ensure that the elements in the Sobolev spaces
are continuous. Therefore we apply the following convention: When nothing else
is mentioned, k is an integer at least 4! Later in this chapter we will show that
k really doesn’t matter.

Given a k > 4 we want to “Sobolev-complete” the configuration space € =
['(S™) x 2. There is no problem in completing I'(S™) we simply take the Sobolev
space L3 (ST). To complete 2 recall that 2 = Ag + Q' (M) where Ay was the
fixed reference connection Ag. Q'(M) can be Sobolev-completed to LZ(T*M)
and thus we define

Ay = Ao+ LI(T*M)  and € := L3(ST) x 2.

The space Ci is called the configuration space.

It still makes sense to talk about )4, and F, even for A € ;. Inspired by
(1.22) we define for A = Ag + « € Ay the Dirac operator D4 : L2(S) —
Lifl(s ) by

D= B)AOI// + %Oé 1.

By Sobolev multiplication, ¢ — %a-d) is continuous as a map L3 (S) — Li(9),
and thus as a map L2(S) — L% _,(9) it is compact, i.e. the only difference
between P, and P A, 18 a compact perturbation. Thus I 4 is still Fredholm.
One can show (and this is done in [1]) that for this “new” Dirac operator the
elliptic estimate, the elliptic regularity and the unique continuation property
still hold.

Inspired by (1.24) we define for A = Ap + o € A the curvature Fy :=
Fy, + do. Furthermore we can define g(¢) for ¢ € L?(ST) in the following
way: take a representative for ¢ and apply the pointwise operations on this
representative (recall that ¢(v¢) was defined pointwise) and then take its Sobolev
class. By Sobolev multiplication we still have q(v) € L2 (iA?*T*M).

Hence it makes sense to talk about the Seiberg- Witten equations in this set-
ting. The space of solutions to these equations among the configurations in G
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(where we perturb by a 2-form n € L_,(A2T*M)) is denoted 8 (n). If we for
n e Li_,(iATT*M) define the map

F": @y — Lj_(S7) x Ly _,(iA3T*M)

by

F'(1,A) = ( Ft _ﬁqf(‘z) N n) : (2.14)

it should be clear that 8y (n) = (F7)~1(0).

Proposition 2.15. The map F" is a differentiable map and its differential at
the point C = (¢, A) is given by

1,.
dFY (z) - (ﬁf:ﬁ; f:f) (2.15)

where
dqy(p) = (pao Q)" {w QY+ PR YT — %((% V) + (¥, ) id} : (2.16)

In particular 8x(n) is a closed subset of Cy.

ProoOF. To calculate the differential, first note that if FF : M x N — K is
a differentiable map between manifolds, then for (X,Y) € T(z,yM x N =
Ty M x T, N

AF(4,40)(X,Y) = dFy, (X) + dFy (V) (2.17)

where F'(z) = F(z,y0) and F?(y) = F(xo,y).

Accordingly we may calculate the differential componentwise. First we com-
pute the differential of the map (¥, A) — ) 41, and again we use (2.17): For
a fixed A, the map ¢ — I 49 is C-linear and hence is its own differential,
and for a fixed 1) we have P49 = Iﬁﬂow + %04 -1 but here lDAOw is just a
constant and in « - ¢ the dependence on « is again linear and is thus also its
own differential. Hence the differential of the first component is just the map
(p, ) — wﬂ@ + %a 1.

For the second component note that Fa,+o = Fa, + do and thus F;{M_a =
F;{O +d*a, and since o — dta depends linearly on « this is its own differential.
For a fixed A, the only 1)-dependence is on ¢ (7 is just a constant) and thus we
get the term dgy (). The identity (2.16) can be proved in a manner analogous
to calculating the derivative of a product of functions. O

The equation dF{ = 0 is the linearized version of the Seiberg-Witten equation
near C. Solutions to this equation may approximate solutions to the real Seiberg-
Witten equations.

In the same spirit as above we complete the gauge group:

Definition 2.16 (Gauge Group). Define the gauge group G := L3 (M, U(1)),
to be the set of functions in L2 (M) mapping into U(1) almost everywhere.

This is a closed subset of L?(M) since a sequence (f,) C L(M,U(1)) con-
verging in the Sobolev norm will converge pointwise almost everywhere. As U(1)
is a closed subset of C, the claim follows.

Lemma 2.17. The gauge group Gy is a Hilbert-Lie group for k > 3. The Lie
algebra of Gy, is g, = iL2 (M) with the zero bracket and the exponential map
exp : iL? (M) — Gy, is just the usual exponential map exp(f)(x) = e/@.
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PRrOOF. Consider the map Li(M,C) — L2(M) given by f —— |f|?. This
is a smooth map between the Hilbert manifolds L7 (M, C) and L7 (M) and its
differential L?(M,C) — L%(M) is given by fi + ifs — 2(f1 + f2). Thus
the map is a submersion ' and therefore the level set corresponding to the
constant function 1, which equals Gy, is an embedded submanifold of L (M, C),
in particular a manifold in its own right. Sobolev multiplication L?(M,C) —
L% (M, C) is continuous and bilinear, and therefore smooth, and it restricts to a
smooth product in Gj. Likewise with inversion. Hence G, is a Hilbert-Lie group.

The Lie algebra is just the tangent space at the identity. Let ¢, = e/* be a
smooth curve in Gy, with gy equal to the identity element, i.e. f; € iL}(M,R)
and fo = 0. Then we see

d

= a ft~

t=0

gt

dt|,_,

Any element in iL?(M) can be obtained as the derivative %| 1o Jt of some
smooth curve f; and therefore

Ty G, = iLi(M).
Since the group Gy is abelian, the bracket [, ] is trivial. O

Definition 2.18 (Gauge Group Action). On the configuration space C; we
define for k£ > 3 an action p of the gauge group Gx4+1 by

(1, A) - A= (A1, A+ 207 dN).

By Proposition 2.7 this definition is consistent with our previous definition in
the smooth setting. The presence of the differential operator d lowers the degree
of regularity of A by 1 (that’s why we had to require extra regularity of the gauge
transformation) and therefore d\ € L3 (iA'T*M). The Sobolev multiplication

L2 x L} — L2
guarantees that 2A71d\ € L? since A™! = X is of course also in Gx1 C .

Lemma 2.19. The action p : Cx X Gxy1 — C is differentiable and its differ-
ential at the point (C,1) = ((v,A), 1)

dp(w.a)1) + Li(ST) x LY GA'T* M) x iLi 1 (M) — Lp(S™) x Ly (iA'T*M)

18 given by

¥»
= fv
dp((y,a).1) ? = <a—|—2df) .

PROOF. As noted above, we just have to calculate the differentials of the maps
pt, C'+— C'-1=C and p€ given by A — C - \. Since p' is just the identity,
its differential is also just the identity. To calculate the differential dp$ we use
the exponential map. Let f € Li+1(M, iR), then

d

Wi = | _ r“ets)
t=
t=0
_ % (exp(—tf), A + 2tdf) = (—f1b, 2df). (2.18)
t=0

1When dealing with Banach manifolds, showing that a map is a submersion also requires
verifying that the kernel of the differential has a complement, but in this case we are dealing
with Hilbert manifolds and in Hilbert spaces any subspace has a complement, and thus this
requirement is superfluous.



2.2 The Sobolev Setting

43

Adding the two contributions gives the desired result. O

Definition 2.20 (Stabilizer). For a given configuration C € G we define its
stabilizer Stab(C) to be the subgroup of elements of Gj11 which fix C.

A configuration C is called irreducible if Stab(C) = {1}. The set of irreducible
configurations is denoted ;. A configuration which is not irreducible is called
reducible.

Lemma 2.21. The configuration C = (¢, A) € Cy is reducible if and only if
¥ =0 and in this case Stab(C) = U(1) C G41.

Proor. If C = (¢, A) is a reducible configuration and A € Stab(C), then we
must have dA = 0 and then by elliptic regularity, the function A will be smooth,
and the argument is exactly identical to the one in the smooth case above
(Lemma 2.11). O

In accordance with the notation in the previous section we define
B := Cr/Gk11 as well as By :=Cr/Gk11-

We put 8;(n) := 8x(n) N €}, (the irreducible solutions to the Seiberg-Witten
equations) and define the moduli spaces

Mi(n) :==8k(1n)/Gk+1  and  Mi(n) = 8;(n)/Gk+1-

But wait a minute, originally we set out to study the moduli space of smooth
solutions, it seems now that we have extended this space dramatically? Yes, the
space of solutions has been extended, but so has the gauge group and these
two increments are, as we shall soon realize, perfectly balanced. A first step on
this path to enlightenment is Proposition 2.23. At the end of Section 2.3, when
we have shown that the moduli spaces are compact, we will undertake a more
detailed study of the relations of the different moduli spaces among each other

A major player in the proofs ahead is the operator d™ + 2d* where d* :
QY (M) — Q3 (M) denote the self-dual part of d, explicitly:

dtw:= (dw)t = %(1 + *)dw.

The formula of the index of this operator contains some entities which we have
not yet defined. First we recall that the Hodge star operator maps the space of
harmonic forms to itself, thus  : J#2%(M) — S#%(M) is an involution and we
can split the space of harmonic 2-forms into eigenspaces

HP(M) = M) © HM)
where #Z2(M) = (1 + %) #2(M). Now define
by = dimg #2(M) and  o(M):=b —b;,.

The integer (M) is called the signature of the manifold. Writing only o (M)
and not o(M, g) indicates that o(M) is independent of the metric, but how?
The Betti numbers b3 and hence (M) were defined in terms of the Hodge
star, which is certainly metric-dependent? Luckily there is an equivalent and
entirely topological definition of the signature. Define the intersection form of
the manifold I : H?(M;R) x H?(M;R) — R by

1((a]. [8) =/ anp

M
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(here the singular cohomology group H?(M;R) is identified with the de Rham
cohomology group). This is obviously bilinear and symmetric, so it is repre-
sented by a symmetric by X by matrix. Furthermore I is non-degenerate: given a
non-zero 2-form «, we let (U, z1,x2,x3,24) be a coordinate patch on which « is
everywhere non-zero. « is a linear combination of dxy A dxo, dxy A dxs, dri A
dxy, dxe A dxs, drs A dry and drs A dry and we may assume (by shrinking
U if necessary) that the coeflicient function aio of dxy A dxo is strictly posi-
tive on U. Then if f denotes a positive bump function supported in U we put
08 = fdxs A dxy (this is now a globally defined 2-form) and then we see that
I(a, B) # 0, since a A 8 = fajadry Adeg Adrs Adry. Thus I is non-degenerate
and hence the diagonalization of its matrix contains only non-zero eigenvalues.
Then it turns out (I will not prove that) that b equals the number of posi-
tive eigenvalues (counted with multiplicity) and b5 is the number of negative
eigenvalues (counted with multiplicity). I was defined without reference to the
metric and therefore bét and o(M) depend only on the manifold M and not the
metric.

Lemma 2.22. The operator
dt 4 2d* - QY (M) — Q*(M) & C°°(M)

is elliptic and ker(dt + 2d*) = 1 (M) (the space of harmonic 1-forms on M)
and coker(dt +2d*) = 0 (M)dAZ(M). Furthermore the index of the operator
is given by

indg(dt +2d*) =b; — 1 —b]. (2.19)

PROOF. It is a well-known result from the theory of differential operators that
the differential operator in question is elliptic if and only if the complex

2d

0 —= 0®(M) —22> (M) —L= 02 (M) ——0

(which we will call Q*) is elliptic, i.e. if and only if the corresponding symbol
complex

0——C 2 A Y AT M (2.20)

is exact for any 0 # £ € T Mc (the complexified tangent space) for all z € M.
The first map in (2.20) is clearly injective. Pick a complex basis {&1,&2, 3,84}
for T, M¢ such that & = i£. Then one can check that AiT; Mc is spanned by

G NE+EN=2(GNE)y,
NG +HENL=2(GNE)y,
SN+ NEGE=2(6NEa)
This shows that (i§ A )4 is surjective and that the kernel of the map exactly is
the span of & = i, i.e. that the complex (2.20) is exact.
To show the identity ker(d* + 2d*) = (M) note first that the inclusion

“D” is obvious since a form w is harmonic if and only if it satisfies dw = d*w = 0.
To show the converse inclusion note the following for w € Q' (M)

0:/ d(w A dw) :/ dw/\dw:/ dw A (% * dw)
M M M

= (dw | ¥ dw) = (dTw+d w|dtw —d w)

= [ld*wl* — |d"w|* + (d"w | d*w) — (d*w | d"w)

= [ld*wl* = ld"w]?,
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thus d™w = 0 if and only if d~w = 0. If w € ker(d™ + 2d*) we must have w €
kerd* and w € ker(2d*) = ker(d*) (since the two operators map into different
spaces), and then by the calculations above, w € ker d™ implies w € ker d, thus
w is harmonic.

By the theory of elliptic complexes the index of the operator d*+2d* originat-
ing from the complex Q* is just the Euler characteristic of this complex, i.e. the
alternating sum of the dimensions of the cohomology groups. First, the zeroth
cohomology HY(2*) is just ker d, and since M is, by assumption, connected, we
know that kerd is just the constant functions on M, i.e. H°(Q*) = kerd = R
and thus dim H°(2*) = 1. The cohomology group H'(Q*) = kerd*/imd is
by a generalized version of the Hodge decomposition theorem isomorphic to
ker(d™) N ker(2d*) = ker(d™ + 2d*) = ker(d* + d*) = (M), and thus
dim H(Q*) = by.

Finally, let’s calculate H?(Q*). Take 8 € Q3 (M), then by Hodge decomposi-
tion

B8 =h+dag + *dos

(to be perfectly honest, Hodge says that 8 = h + day + d*@s but then we can
just take ag 1= — * an). We act by * to get

B = *xh + dag + *da;.

By uniqueness of the Hodge decomposition we get xh = h and da; = das and
therefore

ﬂ =h+ da1 + *dOél =h+ %(1 —+ *)d(20[1) =h+ d+(2041).

This formula states that any self-dual 2-form, § is cohomologous to a self-dual
harmonic 2-form h and hence that the natural map

HEM) — H* () = Q3 (M)/imd " (2.21)

(the composition of the inclusion into Q2 (M) and of the quotient map) is sur-
jective. Injectivity is assured by the uniqueness of the Hodge decomposition.
Thus dim H2(Q*) = bJ and the alternating sum of the Betti numbers gives the
stated index. O

Proposition 2.23. Consider the Seiberg- Witten equations perturbed by n €
Li(iAZT*M) where k > 4. For every solution C € 83(n) there exists a gauge
transformation A € Gy such that C-A € 8gy1. If C happens to be in 8,,(n) C 83(n)
for some m < k then we can choose A € Gy,11. In particular, if n is a smooth
2-form (e.g. if n = 0), any solution in 83(n) is gauge equivalent to a smooth
solution.

PRrOOF. First assume (¢, B) € 83(n). AUs is affine, translated by Ag, and thus
ib:=B — A
is in LZ(¢T*M). Hodge decomposition states that
L3(T*M) = " (M) @ d(L3(M)) @ d*(L3(A*T*M))

and therefore we can write b = by + df + d*3 for some by € (M), f € L3(M)
and 3 € L2(A2T*M) (f and 3, however, need not be uniquely determined). Put

A:=exp(—%f) € Ga and a :=1iby +id* (.
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As bg is harmonic and since d* o d* = 0, we have d*« = 0. Now, put (¢, A) :=
(p,B) - A, ie. = A1y and

A=B+2exp(Lf)dexp(—5f) = B+ 2exp(Lf)exp(—Lf)(—35)df
=B —idf = Ao +ib—idf = Ao +iby +id* 8 = Ay + a.

Because we have I 41) = lDAOw—F%ia%/) and Fq = Fq,+do we get the following
slightly modified version of the Seiberg-Witten equations for (¢, A):

Dap = —%a “ap, (2.22a)
dta=q(p)—n—Fy . (2.22Db)

Since (¢, B) € C3 and A € G4 we have (¥, A) = (p,B) - A € C3, in particular we
have ¢ € LZ(ST) and o € L3(iT*M). By the Sobolev multiplication L3 x L3 —
L3 we obtain that %a -9 is in L3(ST) as well. By elliptic regularity of D 4, we
then get 1 € L3(S™T).
We can to the left-hand side of the second equation add the term 2d*a = 0
thus
(d* +2d%)a = q(4) — 1 — F, (2.23)

and the right-hand side is in L3(iA2T*M) since ¢(¢) is in L3(iA2T*M) and
F; is smooth. By (2.23) we have (dt + 2d*)a € L3(iA3T*M) and since the
operator d* + 2d* is elliptic (Lemma 2.22) we get o € L3(¢7*M). This in
turn implies that o -4 is in L3(ST) which then implies (by (2.22a)) that
¥ € LZ(ST) which then implies that ¢(¢)) (and thus also the right-hand side of
(2.22b)) is in L3(iA2T*M) which implies that o € LZ(iT*M) and so on. We
can continue this process until ¢(¢) reaches the regularity of n, which happens
exactly when ¢ € L7, (S™). Elliptic regularity on (2.22b) then says that also
o€ L7 (iT*M) and hence that (¢, A) € Cyy1. If 1) happens to be smooth we
can continue this bootstrapping process indefinitely and by Sobolev embedding,
(1, A) must be a smooth configuration. O

2.3 Topology of the Moduli Space

In this section we will equip €, and M with natural topologies (induced by
metrics) and we will show that My, in this topology is a compact Hausdorff space.
In the section to follow we will investigate the local structure of the moduli
space and eventually realize, that it is a smooth compact finite-dimensional(!)
manifold.

It is not hard to guess which metric we want to equip C; with, namely the
following

A (0, A), @A) = ([ = ¢/ [72 + 4 = A|[32)2.

In order to show that this metric descends to a metric on the quotient By we
will need the following technical lemma

Lemma 2.24. Assumek > 3 and Cy, 3 (Y, An) — (¥, A) and C 3 (¢, A;,) —
(W', A") (in the metric di, of course) and that there exists A, € Gxy1 such that
(Wh, ALY = (Y, An) - An. Then Ay, has a convergent subsequence A, — A and

(wlv"q'l) = (’l/),.A) A

PROOF. By definition of the action we see that

1
A (AL = An) = A (2.24)
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Since M is compact and |\, (x)] = 1 we obviously have A\, € LP(M) for all
p > 1, in particular \, € L¥*2(M). Since A!, — A,, € Li(iT*M) and since
we have a Sobolev product LF™2 x L2 — LF2 we see that \,(A], — A,) €
LEF2(4T*M). As d)\, = (d + d*)\, and as d + d* is elliptic, elliptic regularity
gives \, € L’f+2(M ). The elliptic estimate for the sequence ()\,,) says that

[Anll a2 < CldAn]| prve + [[An]lpr+2)
= C(”%)‘n(‘A;z _*An)HLk“ + H)‘n”Lk“)-

(An) is LF*2-bounded and (A, — A,,) is L?-bounded (the last one because it
converges to A’ —A) and by the continuous Sobolev multiplication L**2x L2 —
L*2 we get that 2\, (A], —A,) is L*"2-bounded. Consequently, by the estimate
above, (An) is L¥"2-bounded.

By the Rellich lemma the embedding L¥*?(M) —— LFt2(M) is compact,
hence the L’f+2—bounded sequence (\,) has an L*T2-convergent subsequence
An,.- This is our desired subsequence. However, L¥*2-convergence is not suffi-
cient, we need it to converge in Spy1 = L7, (M, U(1)). By (2.24) and Sobolev
multiplication we see that d),, converges in L**! and by the elliptic estimate
we see that A, converges in L]f‘H. Thus by “elliptic bootstrapping” we obtain
L} . -convergence of (A, ). Since the action of Gpy1 is differentiable and thus
in particular continuous we get

(W, A) = Tim (), A7) = Bim (P, Any) - A, = (,4) A
and this proves the lemma. O

Now define a metric di, on By, = Cx/SGk+1 by

di([v, Al [V, A]) = inf{di (¥, A) - X, (@', A)) [ A € Gy} (2.25)

The only condition which is nontrivial to check is that it is positive definit. For
this we need the lemma above. Assume dj, ([0, Al, [0/, A']) = 0, then by definition
of dj, we can find a sequence \,, € Gx41 such that

i (9, 4) - Ap, (1, A7) = 0.

Lemma 2.24 applied to the situation where (¢, A,) := (¢, A) and (¢],, Al,) :=
(1, A) - A\, yields the existence of a converging subsequence A,, — A € Ggi41
such that (¢, A’) = (¢, A) - \. But this just means that [¢, A] = [¢)/,.A']. Thus

we have shown:

Theorem 2.25. The pair (By,dy) is a metric space, in particular its topology
is Hausdorff and paracompact. Moreover, the metric topology equals the quotient
topology induced from Cj.

Since the moduli space My (n) is a subset of By, this is a metric space as well.
But for this space we can do even better, in fact it is a compact metric space.
One of the keys to the proof is the estimate in the next lemma, the proof of
which relies on the 2nd Bochner-Lichnerowicz identity:

Lemma 2.26. Let n € Li(AZT*M) where k is at least 4 and assume C =
(¢, A) € 85(n), then

1% < max{0, — mint £(z) + 4[7lloc } (2.26)

where Kk is the scalar curvature of M and || - ||oo is the supremum norm.



48

Chapter 2 — The Seiberg-Witten Invariants

PROOF. First, note that by Sobolev embedding ¢ and A are twice continu-
ously differentiable and 7 is continuous, thus it makes sense to talk about the
supremum norm. Letting Aj,; denote the Laplace-Beltrami operator on M we
get by application of first the Kato inequality (1.26) followed by the second
Bochner-Lichnerowicz identity and finally the Seiberg-Witten equations that

Aupl*(z) < 2((V4) V4, ),
= APaBath ¥} — @@ — (Fa 6,0
= R @) — () )+ (0, Ve

First, let’s deal with the term (g(¢) - ©,%),. A 2-form acts on a spinor by the
Clifford action of the Clifford elements corresponding to the 2-form under the

quantization map. In other works q(¢) - ¥ = ps 0 Q(q(v0))y and pg o Q(q(v))) is
well-known to us. By plugging in the definition of ps o Q(q(v)) we get

(a) - 8} = {pa 0 Q) 8)s = S W@

Furthermore, it is well-known that the operator norm of 7, is 2|1, | and hence

1 1
(Au[e*)(@) < =5r@) @) = Slv@)]* + 2@,
Put u(z) := |[¢(z)|?. Since v is C?, so is u and u satisfies the differential in-

equality
Apu+ tu(u+ K —4|n]) <O0.
If 2 is a local maximum for u then Apru(zg) > 0 (for locally Aps is just

—0/0x1 — -+ — 3/0x4 and if z( is a maximum, the double derivatives are neg-
ative) and hence if the inequality should be satisfied we must have

su(zo)(u(zo) + k(o) — 4l|7llos) < 0.
This gives the desired inequality. O
The key estimate in this lemma has the following immediate corollary:

Corollary 2.27. Assume that the scalar curvature k of M is non-negative, and
that n € L3(iAZT*M) is such that ||| < §mingen r(z), then any Seiberg-
Witten monopole C € 85(n) is reducible.

We are now able to prove compactness of the moduli space.

Theorem 2.28. Let k > 3 be a fized integer and m = max{k — 1,4} as well as
n € L2, (iA2T*M), then the moduli space My(n) is a compact metric space.

PROOF. We show it only in the case where k = 3. Assume [C,] is a bounded
sequence in Mz(n). If we can find a C € 83 and a sequence A, € G4 such that
there exists a subsequence (C,,, - A, ) for which limy_ o d3(C,, - An,., C) = 0 for
k — oo, then

ds3([Cy, ], [C]) = /\ing d3(Cp, - N, C) < d3(Cpy, - Any, ©) — 0,
€54
and we would have proved that [C,, ] is a convergent subsequence of [C,] and
hence that the moduli space is compact.
We let H*(M; R) denote the k’th singular cohomology group of M with co-
efficients in a certain commutative ring R. Consider the string of maps

H*(M;7Z) — H*(M;R) == "% (M)
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where the first map is just tensoring with R and the second is the isomorphism
given by the de Rham Theorem and Hodge Decomposition. The first maps kills
all torsion in H*(M;Z) and maps a Z-basis for the free part of H*(M;Z) to an
R-basis for H¥(M;R). Thus the image of H*(M;Z) inside s#*(M) consists of
integer linear combinations of a certain basis. This is called a lattice in % (M)
and is denoted by % (M; 7). We will also need the lattice 47.5#%(M; Z) (which
is just the set of linear combinations with coefficients in 47Z). Define d; to be
the greatest possible L2-distance that any point in .#%(M) can have to the
lattice 5% (M;Z). Formally

Sy := supinf{|ju — v||p2 |u € " (M), v € H*(M;Z)}.

Obviously, the corresponding number for the lattice 4w % (M;Z) is just 4mwdy,.

We have C,, = (¢, Ay) € 85(n) and n € L2, (iA2T*M) where m is at least 4.
By Proposition 2.23 we can boost regularity of C,, by a gauge transformation
An € G4 such that C, - A\, € 85(n). Since we only care about the C,’s up to
gauge equivalence, we might as well assume from now on, that C,, € 85(n). In
particular 1, and A,, will be two times continuously differentiable.

Write A, = Ag + ia,, where a,, € L2(T*M). Again we use the Hodge decom-
position to get

Gn = hp + dfp, + d* By

for h, € #Y(M), f, € LEM) and B, € LZ(A*T*M). Since the maximal
distance to the lattice 471 (M;Z) was 4md;, we can find x,, € 4r 1 (M;Z)
such that ||h, + xnllr2 < 47d;.

We will show that there exists A, € G such that iy, = 2)\;1d)\n. Let ¢ :
M — M denote the universal cover of M (this exists since M is assumed to
be connected) and put ¥, := ¢*xn. This is a 1-form on M and can thus be

integrated along curves. Let mo € M be a fixed point and define a function
fn: M — R by

fﬁmw:[;n

where ¢: [0,1] — M is an arbitrary curve from mg to m. Obviously, ﬁl depends
on mg but not on the choice of curve (this is because M is simply connected so
the integral along a closed curve is always 0). Now define \,, : M — U(1) by

A () := exp(L fo ().

This induces a map A, : M — U(1) by A\,(m) = A, (m) where m is some
arbitrary element in the fiber ¢~!(m). This is well-defined: Assume o(m;) =
p(ms) = m, let ¢; be a curve from my to My and ce a curve from mg to Mo
and let ¢ be the composite curve, traversing ¢; backwards from m; to mg and
traversing co from mg to ms. Then

M%%ﬁﬁm:A%—L%=lh=fﬁ%
=/01(<p06)*xn=/mxn-

pocis a closed curve, i.e. a singular 1-cycle and thus represents a homology
class in H1(M;Z). x, can be identified with an element in 47 H'(M;Z) and the
identification is (by the theorem of de Rham) that it should act on cycles by
integration:

/’m:mme



50

Chapter 2 — The Seiberg-Witten Invariants

and this is an element of 47Z. Thus Xn (my) = Xn(ﬁlg), hence )\, is well-defined.
Furthermore, one can calculate

N YN, = idfn = iXn. (2.27)

Since Ay, = Ay 0 ¢ we get dA,(X) = dA,(de(X)) = ¢*(dAn)(X). Therefore
(2.27) may be written as

©*(ixn) = " (2A, 1 dXy). (2.28)

For a smooth covering map ¢, the differential dpz, : T,;,]T/[/ — TymyM is a
bijection, and hence also the dual map ¢* : T;(m)M — T= M is a bijection
and by (2.28) we learn that

iXn = 2\, d\,

as desired.
Let P : L*(T*M) — L?*(T*M) denote the orthogonal projection onto
A1 (M). Define

Cl = Cp-e 25\, = (1), Ap + 2X71dN, + 2d(e~ 3 1n)ed )
= (%»An +ixn — 'Ldfn)
= (), Ag + ihy + ixn + idfy — idfy +id" B)
= (Y, Ao +i(hpn + Xn) +id* Bn).

Since h,, € #*(M) and x,, € A1 (M,Z) C A1 (M) we have h,, +x,, € (M)
and by assumption ||hy, + Xnllrz < 47d. If we put al, := h,, + xn + d* B, we see
2d*al, =0  and |Pa.,| = < 4md.

n

Since C,, and C/, are related by an element in G, they represent the same class
in the moduli space Ma(n), so from the beginning we could just as well have
chosen C!, instead of C,. Hence our achievements thus far can be summarized
as follows: there exists a sequence C,, = (¥, An) = (¥n, Ao + ia,) € 85(n) of
representatives for the sequence in the moduli space which satisfy the following

1

Da,thn = —5ian Un (2.29a)
i(d™ +2d")an = q(n) —n — F (2.29b)
|Pay| 2 < 4mé. (2.29¢)

The sequence [[i(d" + 2d*)ay|lcc = ||¢(¥n) — 0 — F;{OHOO is bounded, simply
because |q(vn)(x)| < [¢n(2)]? < ||t |2, which is bounded by Lemma 2.26.
By Theorem 2.13 5) we get

lan — Pan|lry < Cll(d" + 2d")an|| s

for all 1 < p < oo. Since (d* + 2d*)a,, is uniformly bounded and M is compact,
then of course ||(d* +2d*)a, ||+ is bounded and thus ||a, — Pay|| L is bounded.
(M) is finite-dimensional, and thus all norms on this space are equivalent.
(2.29¢) says that the sequence (Pa,) is bounded in the L?-norm, hence the
sequence is bounded in any norm. In particular it is bounded in the L{-norm.
This combined with the Lf-bound on a,, — Pa,, shows that a,, is L{-bounded.
llarn - ¥n ||o is bounded for the following reason: For p > 4 we have a continuous
Sobolev embedding L} — C° and therefore, since (a,,) was L{-bounded, it is
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uniformly bounded. Likewise (1)) is uniformly bounded by Lemma 2.26 and
since Clifford multiplication is continuous, (a, %) is uniformly bounded as well.
Compactness of M guarantees that 3 ||a, - ¢ r = [ 4,¢n| > is bounded. By
the elliptic estimate we get

[¥nllze < CUIPaynllLe + [1nllze)-

and since |9y | L» is bounded by the estimate in Lemma 2.26, ||, || .» is bounded.

Since we have a continuous Sobolev multiplication L} x L} — L the sequence

(Yiay - 1y,) is also LY-bounded.

Applying the elliptic estimate to (2.29a) we obtain

[nlley < CUDagnllLy + 1nll)
= C(5llan - ¥alle + [¥nllLr),

and hence that [|¢b, [z is bounded. But now we can use (2.29b) and the bound
lg(1)[> < [1h|* from Lemma 2.2 to conclude that |[(d* + 2d*)an| ,r is bounded
and it follows from Theorem 2.13 5) that [la, — Pay|[zz is bounded. Since
[Pan|| Lz is bounded (recall that this sequence in S (M) was bounded in any
norm) we have that [a,|[,r is bounded.

We can take one more turn in the merry-go-round and show that the sequences
(an) and (1) are actually LE-bounded. Because of the Sobolev multiplication
(%ian -1y, is Lh-bounded and then by the elliptic estimate we get that

[9nlle < CUDayullLy + 1¥nllLy)
= C(%Han ‘ qunHLg + ”djnHLg)»

thus (¢,) is L-bounded. But then it follows from (2.29b) that i(d* + 2d*)a,
is L5-bounded and by Theorem 2.13 5) it once again follows that (a, — Pay,)
is LE-bounded, and since (Pa,) was bounded in any norm, we must have that
(an) is LE-bounded. At this point it should be obvious that we could in principle
continue this process indefinitely to obtain boundedness in any Sobolev norm
Lr.

We have a compact inclusion L} —— L% (the Rellich lemma) and hence the
LY-bounded sequences (a,) and (¢,,) will have LE-convergent subsequences. In
other words, there is a subsequence C,,, which is convergent in C3(n). Since the
solution space 83(n) is closed, this subsequence converges inside 83(n) and this
proves the statement. O

This proves compactness of the “Sobolev” moduli spaces My(n). But what
about the smooth moduli space M(n)? Well, first of all we have to give it a
topology which is somehow compatible with the topologies on My () and to ac-
complish this we have to investigate how the different moduli spaces are related.

Assume 7 is a smooth perturbation parameter. If we let g : 85 () — M (n)
denote the quotient map, we can define @y : My(n) — My_1(n) by the com-
muting diagram

8k (n)—————8k_1(n)
M(n) o My—1(n)

i.e. D, ([Clx) = [Clk—1. It is easy to see that it is well-defined: If [C]; = [C']; then
C'=C- A for some X\ € Gpr1 C Gg, so [Clek—1 = [C']k—1. It is surjective: Given
C € 8k_1(n) we can, according to Proposition 2.23, for any C € 8;_1(n) find
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A € G such that C- X € 8k(n), i.e. [Clr—1 = Pr([C-A]). Injectivity: If §([Clx) =
Dk ([C'k), ie. if [Clg—1 = [C']k—1, there exists A € Gy, such that C' = C- A. Let
C = (¥,A) and C' = (¢, A’) then we have A’ — A = 2X\~1d\. The right-hand
side can be written locally as d(log \) and since A’ — A € L2(iT*M) it follows
from elliptic regularity that X is in L7 +1- Being an element of a Sobolev space
over a compact manifold is a local property, and hence A € Gy11,i.e. [C]x = [C']x
and thus @y is injective. By the properties of the quotient topology, @y is also
continuous, and since Mg (n) is compact, it is automatically a homeomorphism.
Thus we have shown

Corollary 2.29. The moduli spaces My(n) are mutually homeomorphic and a
homeomorphism @y : My(n) — Mi_1(n) is given by the commuting diagram
above.

In the same way we can define a map ® : M(n) — Mgz(n) (or indeed into
Mg (n) for any k > 3) and use Proposition 2.23 to show that this is a bijection.
We can then give M(n) the unique topology which turns ® into a homeomor-
phism. Thus we have

Corollary 2.30. The moduli space M(n) has a natural topology in which the
space is compact and homeomorphic to Mg (n) for any k.

2.4 Local Structure of the Moduli Space

We begin by showing that Bj is a smooth manifold. This space was the quotient
space of €} under the action of the Hilbert-Lie group G511, and it is a well-known
fact that the quotient of a manifold by the action of a Lie group is a manifold
if the action is smooth, free and proper 2. We have already shown smoothness
(Lemma 2.19) and by definition of Bj the action is free. So it only remains to
show that the action is proper. This is a consequence of the following lemma:

Lemma 2.31 (Local Slice Lemma). Let C = (¢,A) € C} and consider the
map p¢ : Gry1 — Cy given by A — C- X as well as its differential at the
identity of Gx41:

dp§ : Ty Gpr1 = iL7 (M) — LE(ST @iT*M).

There exists a neighborhood U C €}, around C which is diffeomorphic to V x Gy 1
where V' C ker(dp$)* C L(S* @ iT*M) is some open neighborhood of 0 in
ker(dp$)*. The diffeomorphism H : V x Gp1 — U is given by

H((ap,a),)\) :(1/}+<Pa*A+C¥)->\.

This map is Gg41-equivariant 3 w.r.t. the action on U and the natural action
onV x Ggi1.

PROOF. >From Lemma 2.19, we already know the differential of p¢ at 1, namely

dp$(f) = (—fv, 2df).

This differential operator has closed range: First note, that its principal symbol
o(dp$)(€,) i R — SF @ iT* M is given by t — (0,it,) and is thus injective.

2Recall that an action of a Lie group G on a manifold M is called proper if the map
M x G — M x M given by (z,g) — (z - g,z) is a proper map, i.e. the preimage of compact
sets is compact.

3If M and N are two manifolds carrying actions of a Lie group then a smooth map F :
M — N is called equivariant w.r.t. these actions if F(z-g) = F(z) - g for all z € M and
g €aqG.
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Thus the operator is injectively elliptic, i.e. there exists a left parametrix @ such
that Q o dp$ = id +R where R is compact. By Theorem 2.3 of [4] it has closed
image.

Let (dp$)* denote the formal adjoint of dp$. This is a first order differential
operator I'(ST @ iT*M) — C°°(M), and hence we can extend it to L (ST &
iT*M). This extended operator is also denoted (dp$)*.

Now put K := ker(dp$)* C L?(S*T @4T*M). The claim is that if just V C K
is small enough, then the map H : V x G411 — C} given by

H((g,0),A) == (¥ +¢,A+a) A= A" +9),A+a+21"d))

is a diffeomorphism onto its image, and we may therefore pick U to be this
image. In the same fashion as in the proof of Lemma 2.19 we can calculate the
differential of H at ((0,0),1)

dH 01y : K ®iL3 (M) — L3(ST @ iT*M)
and it is given by

dH0,0),1)((0, ), f) = (¢, a) + (= f1, 2df).

Observe that this is exactly equal to dp((y 4),1) (cf. Lemma 2.19, although the
domain has changed). We want to show that this map is bijective. Since dp$
has closed range we get

L3(ST @iT*M) = K & im(dp$)

and we see that dH(,0),1) = idk ®dp$, and thus dH(0,0),1) is surjective. Why
is it injective? Well we just have to show that dp§ is injective. But if

(0,0) = dp$(f) = (2df, — f1),

then df = 0, i.e. f is constant. Since fi = 0 and ¢ # 0 (by assumption the
configuration (1, A) was irreducible) we must have f = 0.

So H is a smooth map, whose differential at the point ((0,0), 1) is bijective. By
the Inverse Function Theorem, there exists a neighborhood V- x W C K x G 41
such that H|y xw is a diffeomorphism onto its image. We want to show that we
(perhaps by shrinking V') may choose W to be the entire group Gx41. To show
this, assume for contradiction that the map

HZ‘?XSk+1 —>H(‘7X9k+1)

is not bijective (i.e. not injective) no matter how small we choose an open 1% cV.
Let (V,,) be a descending sequence of open sets in V' such that (| V,, = {0}. By
assumption, H restricted to V), x Gx41 is not injective, meaning that we can

find two non-equal elements (v, uy,), (v}, 1)) € Vi, X Gpiq such that

((%A) + Un) “Un = H(’Unvun) = H(’U;wu;z) = (W,A) + U:z) uiz

By multiplying this equation by (u/,)~! we may just as well assume u/, = 1. We
now use Lemma 2.24 with (¢, Ay) = (¢, A) + v, and (), AL) := (¥, A) + v),
and A\, = u, to obtain a converging subsequence u,, — u such that (¢, A) -
u = (¢, A) (note that both v, and v}, must converge to 0). But as (¢, A) is
irreducible, we must have u = 1, i.e. (v, ,un,,) — (0,1) and (v),,1) — (0,1).
But then from a certain step (vy,,,un,, ) and (v, ,1) must be inside V x W,
but here H was injective, and so we have achieved our contradiction, showing
that there exists an open set V such that H|yxg,., is bijective onto its image.

It is easily checked that the map H is indeed Gj1-equivariant. O
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From the Slice Lemma we easily deduce the following

Proposition 2.32. The space B}, is a smooth infinite-dimensional Hilbert mani-
fold. In fact, given [C] = [¢, A] € B}, there exists a neighborhood Uc By around
[C] and an open neighborhood V' C ker(dp$)* C L2(S+ @ iT*M) of O such that
the map H:V —U given by

~

H(p,a) =[¢+ ¢, A+ (2.30)
s a diffeomorphism.

ProOOF. The natural Gjq-action on V' x G4 is proper and by equivariance
of the diffeomorphism H, the Gxi1-action on U must also be proper. Being a
proper action is a local property, and hence the gauge group action on Cj is
proper and therefore the quotient space Bj, is a manifold.

Let [] : €t — B denote the quotient map and put U = [U]. Since the
quotient map of a smooth Lie group action is always open in the quotient topol-
ogy, U C B} is open. Since H is equivariant and since V is just the quotient
of V' x Gg41 under the natural group action, we get the following commutative
diagram

VX9k+14i{>U

o] lu

~

V ps
H

the induced diffeomorphism His clearly given by (2.30). O

In the next lemma we will introduce an extremely important operator, or
rather field of operators. It will be the cornerstone of practically everything
treated in in coming sections, simply because the kernel at each point of this
field of operators is the tangent space of the moduli space. In other words it is
a key player in proving smoothness of the moduli space.

Before rushing to the lemma, we recall the signature o(M) of the manifold
which we defined in Section 2.2. We also recall the Fuler characteristic of M
which is just the alternating sum of the Betti numbers

X(M) = Z<_1)kbk
k=0

where by, := dimg H*(M;R) = dimg 2% (M).
Lemma 2.33. Let C = (¢, A) € €}, (i.e. ¥ # 0) and consider the map
Fc = dFY + (dp§)* : LE(ST @iT* M) — Li_(iAN2T*M @ S~ @ iR)

given by
Fi(p,q) d*a — dgy(p)
(5)— |mtee) | = | da-wsag (2:31)
Fs(p, a) 2d*a — i Im (), )

where (1, @) is just the fiber-wise inner product on S*. The map is Fredholm
and its real indez is
1 3

inds () = e (DA(M)) — gx(M) — (M),

Furthermore the map (¢, a) — (gjgg: Zg) is surjective.
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PRrROOF. Note that the map

(¢, ) — (—dqy(p), 5a - ¥, —i Im(, @)

is linear and bounded as a map Li — Li, hence compact as a map into Li71
(because of the compact inclusion L? — L2 | by Rellich’s Lemma). Thus we
see that Fc is nothing but ) 4 @ (d* + 2d*) plus some compact perturbation.
Hence F¢ is again Fredholm and its Fredholm index is the sum of the Fredholm
indices of )4 and dt + 2d*. By the Atiyah-Singer Index Theorem we get the
complex index of the Dirac operator

1

< (er(L)*([M]) = o (M)).

ll’ld@(.lD_A) = 8

The index of d* + 2d* is known from Lemma 2.22 and adding the two (multi-
plying the complex index of D4 to get its real index) gives
indg(Fc) = 2indc P 4 + indr(dt + 2d*)
= fer(L)(IM)) 4+ by — 1+ $b; — 5b3.
We need to show that this equals $c1(L)?([M]) — 1x(M) — 25(M). Invoking

Poincaré Duality, which states that by = by, as well as the simple topological
fact that by = by = 1 * we get

sX(M) + Jo(M) =

5 b+—b) (bo—b1+bz—b3+b4)

(
by —%b2_+1—b1

e

NS

and the desired identity is proved.

3:2(905 a)
93(@) a)

First, we want to show the inclusion (ker F3)* C ker F; and in order to do so we
first have to calculate the formal L2-adjoint of F3: let ¢ € T'(S+), a € iQ (M)
and f € iC°°(M) be arbitrary and let (-|-) denote the L2-inner product ®, then

((=f.2df), (¢, ) = Re(—fv [ ) + (2df | )
(f]2d* ) / Re(— (x), p(x))dVy.

Verifying surjectivity of the map (¢, a) — ( ) is the hardest part.

f is imaginary-valued, so if is real-valued and hence

In conclusion we get

((— o6, 2dF). (9 0) = (f | 24 0) + / —if Im{y, )V,
M
= (f | 2d% o — Zlm@/% <)0>)7

i.e. that the formal L2-adjoint of 5 is

F3f = (= [, 2df).

4pg = 1 since M is connected, and by = 1 since M is compact and orientable.

SNote that the Sobolev spaces L% (iA3T*M), L?(iT*M) and iL?(M) are real Hilbert
spaces, whereas L2 (S*) is Concelved as a complex Hllbert space. In order for direct sums
like L2 (iT*M) & L2(S+) to make sense, we have to turn L?(S™) into a real Hilbert space,
and we simply do that by first forgetting the complex vector space structure, and second by
taking the real part of the inner product.
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This formal adjoint is again a first order differential operator, and thus it can
be extended to the various Sobolev spaces.
We then get
FIFf = d* (2df) — dau(—f0).

The first term is obviously 0 and so is the second term (this is seen simply by
plugging in — f1 in the formula for dg,). This shows that im F5 C ker F;. Since
ker J; is closed we also have imJF5 C ker F;. Recalling finally that imJ5 =
(ker F3)* (which holds for any map A : H; — Hj between Hilbert spaces) the
inclusion is proved.

Now assume that C = (10, A) € C} solves the Seiberg-Witten equations per-
turbed by 7. Then

F2T5(f) = Fo(=fo, 2df) = df - + P a(=f1)
=df - —df b~ fDa=0.

This shows that im F5 C ker F5 and by im F5 = (ker F3)* we get the inclusion
(ker F3)+ C ker .
We use these inclusions to check that the ma Fa(p, ) . _
p (p,a) — Fo(p0) is sur
jective. First we note that even though it need no longer be an elliptic differential
operator, it is still a surjectively elliptic differential operator, i.e. its principal
symbol is surjective off the zero section of T*M. Examining the proof of the
result that an elliptic differential operator is Fredholm (e.g. [10] Theorem 8.11)
we see that a surjectively elliptic differential operator has closed range and that
there exists a finite-dimensional subspace W C T'(S™ @ iR) such that for any
realization

(Fo, F3) : L2(ST @iT*M) — L2 (S~ @iR)

we have that (im(ffg,ffg))l = W, where the orthogonal complement is with
respect to the inner product in Li_l! In particular this means that if just one
of the realizations of (F3,JF3) is surjective, then any realization is surjective.
In this case, we show that the maximal realization, i.e. (F2,F3) with domain
L3(ST @iT*M), is surjective, i.e. that im(Fa, F3) = W where L now refers to
the L2-inner product (and we know how this behaves, cf. our discussion in the
beginning of this proof). So for the rest of this proof L refers to the orthogonal
complement in the L?-inner product.
Assume that (o, f) € im(Fy, F3)*, ie.

0= ((07 f) | (3~2(@7a)73~3(907a)))L2 = (07 3:2(50’04))1/2 + (fv 3:3(9@04))[/2 (232)

for all  and ¢. By the inclusion (ker F3)* C ker F5 we see that
imFs = {Fa(p, @) | (p,a) € ker F3}

and using this with (2.32) we see that o € (imJ2)t. Thus to show o = 0
it suffices to prove that (imJs)* = {0}. We may view F» and ), as un-
bounded operators in L? with domain L2. As such we note that im I ; C im F
since D40 = Fo(0,¢), and therefore (imJFp)t C (imP4)*+. We know that
even for an unbounded operator T : H; — Hs between Hilbert spaces we
have Hy = (imT) @ ker T*, i.e. (im7T)* = ker T*. Thus, in our case, we have
(im P 4)* = ker lﬁ*ﬂ where ID*A is the Hilbert space adjoint of ID, as an un-
bounded operator L?(S*) — L?(S~). However, cf. Theorem 2.13 2) this ad-
joint is simply the L2-realization of the formal adjoint of Ip 4 : T'(ST) — T'(S™),
which is just the Dirac operator itself mapping I'(S™) — T'(S™). In conclu-
sion we get (imFo)t = ker P = ker(D4|s-), and thus o € ker P, C I'(S™).
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We also have 1) € ker D4 C I'(ST). The Unique Continuation Property of 0 4
(Theorem 1.16) then says that there exists a neighborhood U in which both o
and 1 are everywhere nonzero, and this is for the following reason: Since they
are in the kernel of the elliptic operator Q 4 they are automatically smooth,
thus we must be able to find an open set U on which ¢ is everywhere nonzero
since ¢ # 0 by irreducibility of (i, A). By the Unique Continuation Property,
we cannot have 0|5 = 0 and therefore we can find an open set U C U such that
oy is everywhere nonzero.

Pick z¢p € U and pick a neighborhood V' around xy above which the spinor
bundle S — M is trivial. Over V' we may then view o and v as smooth
functions V' — A} . Now recall the isomorphism

CI%(Ty M)} = (CI)} = Hom(A}, A7)

where the latter isomorphism is the Clifford action. We have o(z¢) € A and
Y(zo) € Af and we can find a map in Hom(AJ,A}) which maps 9(z¢) to
o(z0). This map corresponds to an element &c € C1(T,, M), hence

(c - ¥(@o), 0(x0)) = |o(wo)|* > 0

where (, ) is the inner product in Ay. Let £ be the real part of ¢ (i.e. the
image of ¢ under the obvious projection map CIC(TQEO M) =Cl(T,,M)®C —
Cl(T,,M)). Then, upon writing ¢ = £ + i’ we get

Re(¢ - ¥(x0),0(xg)) > 0.

We can extend ¢ to a smooth section of the Clifford bundle £ over V and then
by continuity we can find a neighborhood zy € V' C V such that

Re(¢(z) - ¢(x),0(x)) > 0

for all z € V'. Pick a smooth function h € C°°(M) which satisfies supph C V'
and h(xzo) = 1 and put o := h&. Then

Re(F2(0,a) | o)

1 1
FRe(a-0]a) = 3Re [ (a@) - v(@). o(@)a

5 [ Relh@)E(a) - vi(o) o)t >0,

contrasting the assumption that o € (im F)*.

To finish the proof we only need to show that f = 0. But since 0 = 0, the
condition (2.32) reduces to (f | F3(p,)) = 0, i.e. that f is orthogonal to the
image of F3, hence we just need to show that the orthogonal complement to
this image is 0. F5 maps into L3 (M,iR) and since d* maps L3 ,(iT*M) —
L%(M,iR) we get

L7 (M,iR) = d* (L, (iT*M)) @ ker d

where the orthogonal direct sum is with respect to the L2-inner product. But
since M is connected the kernel of d just consists of the constant functions, in
particular ker d is a 1-dimensional space. From the explicit form of the map F3 we
see that at least the space d* (L, (iT*M)) gets hit. To see that Fs is surjective
we thus only need to find a single function in the image of F3 which is not
orthogonal to the constant function 4, i.e. a function h satisfying fM ihdVy # 0.
But why not take the function F3 (i1, 0) = —i Im(ivp, 1)) = —i Re(t), ) = —i[)|?.
The integral over M of ¢ times this is just ||[¢||2, which is certainly nonzero,
since the configuration is assumed irreducible. This shows that F3 is surjective
and hence that f must be 0. O
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We can put the considerations of the preceding lemma into a more streamlined
form. Namely, consider the following string of maps

C n

dp§ dF, )
O TeCp — = L2(S™ @iN2T"M) —>0  (2.33)

0 ——T19k+1

This is the so-called deformation complex. It is an elliptic complex, and if C
is a Seiberg-Witten monopole, it is in fact a complex. The elliptic operator
originating from this complex is indeed the map Fc.

As it appears from Lemma 2.33, the index of F¢ depends not on the choice
of C, neither on k but only on M and on L, i.e. on the spin®-structure.

Definition 2.34 (Virtual Dimension). For a choice of spin®-structure o on
M the integer d(o) = indr(Fc) is called the virtual dimension of the moduli
space Mj (n). A spin®-structure o is called feasible if d(o) > 0.

The reason for this terminology is that in case of a feasible spin®-structure
the virtual dimension is in fact equal to the manifold-dimension of the moduli
space. We will prove this shortly. The strategy employed is to show that the
moduli space is the level set of a smooth Fredholm map defined on some smooth
manifold and whose differential has the same index as Fc. Then the Implicit
Function Theorem tells us that the moduli space is a smooth submanifold whose
dimension equals this index.

The smooth manifold on which this map is to be defined is the parametrized
moduli space defined below:

Definition 2.35 (Parametrized Moduli Space). Define the irreducible para-
metrized configuration space by

PCy == Cr x Li_(iA3T*M)
and define an action of Gy 1 on this space by

PCL % Gkt1 2 ((C,n),y) — (C -, m).

We define the space PBj, to be the quotient space under this action
PBj := PC/SGkt1 = By, x Li_1(iAN3T*M).

Finally, define the parametrized moduli space PMj, to be the set of equivalence
classes [, A,n] € PB;, for which F"(y),A) = 0, i.e. where (¢, A) solves the
Seiberg-Witten equations perturbed by 7.

Note that the parametrized moduli space is well-defined since the solution
space to the Seiberg-Witten equations is gauge-invariant.

As shown above, the space B} is a smooth manifold, hence also PBj is a
smooth manifold. As we will now show the parametrized moduli space is a
submanifold of PB}:

Lemma 2.36. The parametrized moduli space PM, is a smooth separable Hilbert
manifold and the tangent space at a point [, A,n] can be identified with the ker-
nel of the map

Fpoa) + T LR(iT*M & St @ iA3T*M) — Lj_(iNAT*M & S~ @ iR)

where Fy 4y is the map defined in (2.31) and where T is the map given by
C — (_Ca 07 O)
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PROOF. Let [¢, A, (] € PM}, and let C := (¢, A) € Cf and ¢ be fixed repre-
sentatives for this class. Let V be the open neighborhood around 0 € ker dp$
whose existence is guaranteed by the Local Slice Lemma. Since V' is open in
kerdp§ C L2, (iT*M @ S*) we can find an open set V C L | (iT*M & S+)
such that V = V N ker dp$. Then define

F:Vx L} GA2T*M) — L}_,(iA2T*M © S~ @ iR)

by
_ Fr —a+e)—C—n
F(QOvOZvC) = Eﬂ+a(w+w)
2d*a — i Im(1, )

By Proposition 2.32 we see that the map

(p,0,Q) — [+ ¢, A+a,n+(]

is a diffeomorphism from V x Li_,(iA2T*M) to a neighborhood of [¢, A, 7]
in PB} and that this maps F~1(0) to a neighborhood of [1),.A, 5] in PM}. If
we can show that F~1(0) has a smooth structure, then by the diffeomorphism
above, this structure will be transferred to a smooth structure on PMj, around
the point [¢, A, n] and thus the parametrized moduli space will be a manifold.

So we consider the space F1 (0). We want to show that this is a manifold and
for this we use the Implicit Function Theorem, for then we only need to show
that dF(, o) is surjective (again, since we are working with Hilbert manifolds
the requirement that the kernel of the differential should have a complement is
automatically satisfied). Since we can continuously deform dFi, o ¢) to dF(g,0,0)
within the space of Fredholm operators we need only (cf. Lemma 1.26) check
surjectivity of dﬁ(07070), and as before one can calculate that

) d*a —day(p) — ¢
dF(o,o,o) (p,a,¢) = (?(w,A) +T)(p,a,¢) = %04 <+ wA‘P
2d*a — ¢ Im{v, )

F(p,a) + T is surjective on the two last components (cf. Lemma 2.33), so given
(a,b,c) we can find (¢, a) such that Fa(p, ) = b and F3(p, a) = ¢. Then pick
C =% (@7 O() —a and we get (gj(w,ﬂ) + T)(‘)Ov a, C) = (CL, ba C)' O

Now we are almost at the end. From the parametrized moduli space we can
deduce properties of the actual moduli space

Theorem 2.37. There exists a dense subset 2,7, C L%_l(iAiT*M) which
consist of the n’s for which Fc is surjective for all C € 85(n). For such an n it
holds that the moduli space M(n) is a smooth manifold of dimension

1 1 3

dim(MG(n)) = e (L)*([M]) = 5x(M) = Jo(M). (2.34)

Furthermore the tangent space Tic)M;,(n) can be identified with ker Fc.

Note that the dimension of the moduli space is independent of 1 and of k!

—reg

PRrROOF. Let =, >, be the space mentioned above and assume we have an element
7o in here (we don’t know yet, that this space is non-empty, but we will remedy
this shortly). We consider the projection map

T PCr =By x Li_ 1 (iALT*M) — Li_,(iAN2T*M)
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which is, of course, smooth. Let 7 denote the restriction of 7 to PMj, then 7 is
also smooth, and we have M} (n9) = 7~ (n). The differential of 7

dﬁ[ww‘hﬂo] . ﬂw7ﬂ7ﬁ0]TMz = ker(ff(w’A) + T) e Li_l(ZAiT*M)
at a point [1, A, 9] € m(no) is given by

(¢, 0,¢) — ¢

(the differential of a projection is a projection). Cf. Proposition 1.27 this map
is Fredholm and its index equals the index of F, 4) which is exactly (2.34).
Furthermore the proposition also says that coker dmy, 4, = coker(F(y a)+T),
in particular (since both maps have closed range, being Fredholm operators)
ATy, Ao is surjective if and only if F(y 4) is surjective. But the latter is sur-
jective by the assumption on 7y since (1,.A) is a solution. Thus M*(ng) is the
level set of a regular value, hence by the Implicit Function Theorem it is an em-
bedded submanifold of the parametrized moduli space, in particular it is itself
a manifold. The dimension equals the index of dm[y 4,,,] = indgr Fy, 1) which
equals ¢1(L)?([M]) — $x(M) — 2(M) as desired. One further consequence of
the Implicit Function Theorem is that the tangent space Tj, 41 M*(10) equals
the kernel of dm(y, 4.y, Which, by Proposition 1.27 is identified with ker F(y 4).

>From the discussion above we see that the space =%, is the set of regular
values for 7, and by the Smale-Sard Theorem (Theorem 1.37) this set is generic
in L?_,(iA2T*M). Hence it is dense, in particular non-empty. O

It seems we can say an awful lot about the irreducible moduli spaces M} (),
but originally we set out to study the space My (n). Thus we look for pertur-
bation parameters n for which these two spaces are identical, or rather, where
85 (n) = 8x(n), i.e. for which there are no reducible solutions.

To this end define the space Efcefl C Li_l(iAiT*M) (not to be confused
with Z;°8,1) to be the set of parameters 7 for which reducible solutions exist,
i.e. for which 8} (n) # Sk(n). Similarly we define =22 C iQ2% (M) to be the set
of smooth perturbation parameters for which 8*(n) # 8(n). Obviously we have
the following string of inclusions

El{ed 2 Egcd 2...D red

— [o ol

[1]

The point of introducing this space is that it is, fortunately, rather small and
that its size depends only on the topology of M:

Proposition 2.38. For all k € NgU{oo} it holds that Effd s an affine subspace
of L3 (iALT*M) © of codimension by modeled over d* (L2, (iT*M)).
PROOF. We do the smooth case first. Obviously the space Z%¢ is non-empty,
for if we pick an arbitrary smooth connection A on the determinant line bundle
L and put n := F/T, then (0,.A) is obviously a reducible solutions to the Seiberg-
Witten equations perturbed by 7, i.e. n € =4

Let 1,12 € 254 and let (0,.A;) € 8(n;) be corresponding reducible solutions.
We know that F4, and Fj4, represent the same cohomology class, namely —2m¢
times the first Chern class of the line bundle L. Thus there exists a € iQ(M)
such that

FA27FA1 = do.

Since by the Seiberg-Witten equations we have 7; = F/t we see that

ne—m = (Fa, — FA1)+ =d'a

6In the case k = oo this, of course, means just lQi (M).
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hence =54 is indeed an affine space modeled over d* (iQ2}(M)). The codimension
of Zr¢d is, by definition, the codimension of the model space d*(iQ!(M)). Cf.

—oo
(2.21) the cokernel of d* : iQ* (M) — iQ2 (M) equals #2(M) and its dimen-
sion is exactly equal to b;r. Upon completing we prove the general case. O

Thus we see that by which is a topological invariant of M determines how
many of the perturbation parameters which will allow reducible solutions. The
greater the number b;r the easier it is to find perturbation parameters which do
not allow reducible solutions. Combining this proposition with Theorem 2.37 as
well as Proposition 1.38 we obtain
Theorem 2.39. If b > 1, then for any k € Ny the space Z,® \ 24 is open
and dense in LE(iA2T*M) and for every n € =% \ Eied the moduli space
Mi11(n) = My, 1(n) is a compact smooth manifold of dimension

. 1 1 3
dim (Mg () = g (DA(M]) = Sx(M) = Jo(M). (235)
Furthermore for any point in the moduli space the tangent space TicyMy(n) can
be identified with ker Fc.

At the end of the previous section we saw that for different & the moduli spaces
Mi (n) were mutually homeomorphic. A natural question to ask is whether they
are also mutually diffeomorphic. Here it is important to be very precise about
which spaces we are talking about. We have only showed compactness for the
full moduli spaces My(n), whereas only the irreducible moduli spaces M (n)
have been given smooth structures. Thus, to properly ask the question, we have
to define yet another space: Let

iQ% (M) = (278 \ 22 niQ3 (M).

Since iQ2 (M) is dense in L3 (iA2T* M) and E;°8\ Zi*d is open in L} (iA2T* M),
i (M);°® is non-empty, and since the inclusion Q2 (M) «—— L2 (iAZT*M)
is continuous, Q3 (M),;’® is open in iQ3 (M). One can show moreover that
i3 (M), is also dense in iQ% (M), (see [1] Corollary 2.37) and since i3 (M)
is a Fréchet space, in particular a complete metric space, the Baire Category
Theorem states that

i3 (M52 = ()03 (M)
k=1

is dense in Q% (M), in particular (and that’s the only thing we need) it is
non-empty.

Now let 1 € iQ% (M)5e8. Then for all k& we have My (1) = Mj(n) and Mj(n)
is a manifold. Now it makes sense to ask whether the moduli spaces are diffeo-
morphic, and the answer is affirmative:

Corollary 2.40. For 1 € iQ3 (M)%® the map ®p : Mi(n) — My_1(n) de-
scribed in Section 2.3 is a diffeomorphism.

PRrROOF. The map @, can be described as the restriction to My (n) of the smooth
inclusion ¢ : PM;, — PM;j,_,. Being an inclusion ¢; must have injective dif-
ferential, and since the differential of ®j is then just the restriction of diy, this
differential must be injective as well. But ®; maps between manifolds of equal
(finite) dimension and hence its differential must be an isomorphism. By the
Inverse Function Theorem, ®; is a diffeomorphism. O

Considering again the map ® : M(n) — Ms(n) (recall that this was, by
definition of the topology on M(n), a homeomorphism). We use this map to
give M(n) a smooth structure: we simply declare ® to be a diffeomorphism.
Then we may conclude:
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Corollary 2.41. For n € iQ3 (M)X® the moduli space M(n) can be given a
structure of a compact smooth manifold of dimension
. 1 1 3
aim(M(n)) = e (L(M]) ~ Sx(M) — So(ar). (2.36)
With this smooth structure M(n) is diffeomorphic to My(n) = M (n) for any
k> 3.

2.5 Orienting the Moduli Space

Recall that our purpose is to define the Seiberg-Witten invariant as an integral
over the moduli space of a certain differential form. To be able to integrate over
the moduli space we have to show that it is orientable, and that is the goal of
this section.

That is we have to show that we can “continuously” orient each of the tangent
spaces Tic)Mj(n) = ker Fc. Choosing an orientation of ker Ic is the same as
choosing a nonzero element of A'P(ker Fc). Choose n in =, \ Zi°d,, then
My(n) = Mj(n) and according to Theorem 2.37 Fc is surjective for any solution
C € 85(n), meaning that cokerFc = kerFE = 0. Then we have (since, by
definition, A*P(0) = R) that:

AP (ker Fc) = AP (ker Fc) @ AP (ker Fg)* = det Fc.

This is where the determinant line bundle (as discussed in Section 1.5) enters
the stage: picking an orientation for Tic;Mj (1) = ker F¢ is the same as picking a
nonzero element of det Fc. However, there are two problems here: first the fact
that the determinant line bundles in Section 1.5 were only defined over compact
or connected manifolds and secondly how to pick orientations on ker F¢ such
that the orientations agree under gauge equivalence. We will answer these two
questions simultaneously by reducing the Fredholm field F¢ over Gy to a field
over the moduli space (which is compact but not necessarily connected).

Recall that the tangent bundle to Cy is just Cx x L2 (ST @ ¢T*M). Let V=
(TCk)|sp(n) = Sk(n) x L (ST @ iT*M) denote the restriction of this tangent
bundle to the solution space. Furthermore, define the Hilbert bundle

Wi =8k(n) x Li_(iAIT*M @ S~ @iR).

Note how these vector bundles are tailored to match the domain and target
spaces of F,. Indeed this map is a bundle map between the two Hilbert bundles.

—k
We give the total space V' an action of the gauge group, Gx1, in the following
way

(C7 2 Oé) A= (C : /\7 )‘_1410) Oé).
Then the map Vk/ng — My (n) given by
[C, ¢, 0] — [C]

is well-defined and defines a vector bundle over My(n) with vector space oper-
ations

alC,¢,a] +b[C,¢", 0] = [Cap + by, acx + ba/]
This vector bundle over My (n) we call V.

Similarly with the vector bundle Wk. The total space of this bundle is equipped
with the Gi41-action

(C>Ca§07f)'>‘:(C')‘>Ca>‘71907f)
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and in the same way as before we have a well-defined map w" /Gk+1 — Mi(n)
by [C,¢, ¢, f] — [C] and this is again a vector bundle, denoted W*.

. L —k —k .
So the big question is now: does the bundle map F, : V' — W induce a
bundle map between V* and W*? The answer is “yes”. Showing this requires
some calculations, first

Do-rgparon-tanA o) = DA o)+ AN (A )
—dA Yo+ A Dae— AT - (A L)
=A"'Dap

from which it is easy to deduce that
gC-A((¢7 Ot) : >‘) = (HTC(()%O[)) A

where (p,a) - A = (A"1p, a) is just the restriction of the action on V" to the
fiber over C. This shows that we have a well-defined map JFc; : V[’é] — W[’E]
given by

Fale, o] = [Felp, o).

Moreover, since
Fealp,a) = Feal(, ) - AN =Fc((p,a) - A7h),
we see that (o, ) - A1 € ker F¢ if and only if (¢, a) € (ker Fc) - A hence
ker(Fc.n) = (ker Fe) - A (2.37)
and similarly for the cokernel:
coker(JFc.x) = (coker Fc) - A. (2.38)

This shows that the map Fc) is a Fredholm operator which has the same index
as Fc.

The upshot of all this is that we have a continuous field of Fredholm operators
parametrized by the compact manifold M(n) and so we may invoke the theory
of Section 1.5, i.e. we can form the determinant line bundle det Fic). By the
remarks above, orienting this determinant line bundle is the same as orienting
the manifold My (n), so showing orientability of det Fj¢) is the last step.

Define maps (when C = (3, A)):

d*a
9:2(9070[) = mﬁ@
2d* o

and Pc = Fc — 358 They are bundle maps
—k —k
P, TV — W
and one can check, by the calculations above, that they are Gj1-equivariant

and thus also descend to maps ?FC]’ P V[’é] — W[kc’] between the fibers of the

vector bundles V¥ and W*. Note how 2 is just a direct sum P4 & (d+ + 2d*)
and hence
det FE = det P 4 @ det(d™ + 2d*),

(that is just a small calculation involving commutativity of the tensor prod-
uct). The Dirac operator is a complex linear operator and therefore ker 0 4
and coker D 4 are realifications of (finite-dimensional) complex vector spaces,
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thus they have canonical orientations. Another way to formulate it, is that the
determinant line bundle det D 4 is canonically orientable. The other part of
the operator 3"2, namely d* + 2d* does not depend on C at all, so to orient
det 3"8 we just have to pick some orientation on the vector space det(d™ + 2d*).
Recall from Lemma 2.22 that ker(d™ + 2d*) = (M) and coker(dt + 2d*) =
AV (M) @ AE(M). Since #°(M) is canonically isomorphic to R, this space has
a canonical orientation. Thus once we have chosen orientations on the vector
spaces 1 (M) and S2(M) we get an orientation on det F2. By its canonical
nature, it descends to a well-defined orientation on det 3"2 and hence to the line
bundle det 3"?.].

To transfer this to the determinant line bundle of F, we just need a homotopy
between the two. But this is provided by

\rffc] = SF[OC] + tf@[c].

It now follows by Proposition 1.35 that the determinant line bundles det 9 and
det F, are isomorphic, and since the first one is orientable so is the latter. This
proves

Theorem 2.42 (Orientability of Moduli Space). Forn € =8 \ Zi°d, | the
moduli space My(n) = Mj.(n) is an orientable manifold. A choice of orientations
on (M) and H2(M) determines a specific orientation on M(n).

2.6 The Seiberg-Witten Invariant

Finally we have reached a stage where we are able to define the renowned
Seiberg-Witten Invariant. It is the integral over the moduli space of a certain
cohomology class. The definition of this cohomology class is what will concern
us at first (although for the calculations later the precise definition is really not
important).

The definition utilizes the so-called slant product which we now define. First,
let us briefly recall some definitions from homological algebra: In general we let
C. and C” be to chain complexes over a commutative ring R:

o1 02

0 Co o) %

Co e

93

6/
0 cl Cl<=2-0C}

We can form the tensor product of these two complexes obtaining a new chain
complex C, @ C, where

(C.®rCLn=EPCrorC,_,
k=0

and with a boundary map 0 : (C ® C"),, — (C. ®g C’),,_1 given by
cad)=0cad + (-1) e d'd

whenever ¢ € Cy and ¢ € C! _, (one can check that it satisfies 99 = 0).
We can form the homology H.(C ®pg C’) of this complex. If C\, = C,(X) and
Cl = C,(Y) are the singular chain complexes of two topological spaces X and
Y, then the tensor product complex corresponds to the singular chain complex
of the product space X x Y.

Now let G be an abelian group. We can dualize any complex C, w.r.t. the
group G by defining C* := Homgz(Cy,G) and define & : C* — CF*1 by
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Se(p)(c) := @(Iry1(c)) (whenever ¢ € C* and ¢ € Ciy 1), thus obtaining the
co-complex

0 CO % Cl o 02 d2

The (co)homology of this complex, is denoted H*(C,; G). We can also form the
complex C, ®7 G

01 ®id O ®id I3®id
0<;Co®zG<1®;Gcl®ZG<2®;GCQ®ZG<3®;G“'

and the homology of this complex is denoted H,(Cy; G).
For ¢ € Homz((C ®r C')pn,G) and ¢/ =Y. ¢, ® g; € C}, ®z G' we can define
the slant product ¢/c’ € Homz(C),_,,G ®z G') by

n

(p/cc) =Y (pcod) gl (2.39)

7

when ¢ € C,,_j, (here (, ) denotes the duality pairing).
Observe the following identity

5(p/c) = bp/c — (=1)"Fp/oc

which is verifiable by a direct calculation. This identity is the key for the slant
product to descend to the homology level, for if ¢ is a cocycle and ¢’ is a cycle,
then obviously §(¢/c’) = 0, thus ¢/c’ represents a cohomology class. One can
check by direct verification that the cohomology class [p/c'] is zero when either ¢
or ¢’ is a boundary. Thus we wrap up our construction in the following definition:

Definition 2.43 (Slant Product). Given two chain complexes C, and C, as
well as two abelian groups G and G’ we define the slant product

/ : Hom((Cy ®@g CL)pn, G) x (Cf, @7 G') — Hom(C),_,.,G ®7 G")

by the formula (2.39) above. It descends to the homology level to a well-defined
slant product

/ H"(C, @ CL;G) x Hi(CL;G") — H" *(C,;G 27 G")
defined by the formula
([el, [e]) ¥ [)/le] := [ /c].

For much more information about slant products, one should consult Chapter
6 of [20].
Next consider the trivial complex line bundle

MxC*xC— MxC*
and equip it with the a G-action by
(2,C,2) - A= (2,C- \ A\ (x) " L2).
This gives a line bundle
(M xC* xC)/§ — M x B*

by defining [x,C, 2] — (z,[C]). Obviously this is well-defined, and one can
check that this is, indeed, a complex line bundle over M x B*, the vector space
operations given by

alz,C, 2] + b[x, C, 2] = [z,C,az + bZ'].
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We call this line bundle U, (where o emphasizes that it depends on the spin®-
structure) the Seiberg-Witten bundle. This has a first Chern class ¢;(Uy) €
H?(M x B*;Z). Define the y-map

fio : Hy(M x B*;Z) — H**(B*;7)

by ps(a) = ¢1(Usy)/a - the slant product of ¢;1(Uy,) with a. Since Ho(M x
B*;Z) =2 Z (because M x B* is connected) it makes sense to define the Seiberg-
Witten class 7 p,(1) € H*(B*; Z).

We will now define the Seiberg-Witten invariant of the spin®-manifold M.
Above all we assume that by > 1. Recall that the space =54 of perturbation
parameters 7 for which 8(n) contains reducible solutions, is an affine subspace
of iQ2 (M) of codimension b; . Requiring b5 > 1 implies that iQ2 (M) \ 224 is
connected. This will be important later when showing that the Seiberg-Witten
invariant is independent of the perturbation parameter 7.

With this requirement fixed we define the Seiberg-Witten invariant in different

cases, depending on the sign of the virtual dimension d(o).

Definition 2.44 (Seiberg-Witten Invariant I). If d(o) happens to be neg-
ative, then we define the Seiberg-Witten invariant to be 0:

SW(M,o):=0. (2.40)

The second case is where d(o) > 0. We pick n € iQ2 (M), then 8(n) = 8*(n)
and M(n) = M*(n) is a compact, orientable manifold of dimension d(o). Now
it’s po(1)’s time to shine: Let [M(n)] € Hg()(M(n); Z) denote the orientation
class of M(n). Define

(1= (D) =14 po (1) + po (1) 4 -+ € H*(M(n); Z).
Since M(n) has finite dimension, this series terminates after finitely many terms.

Definition 2.45 (Seiberg-Witten Invariant II). In the case where d(c) > 0
we define the Seiberg- Witten invariant of M by

SW (M, 0) = (1 — 1y (1))~ [M(n)] = /M s

Since all the terms in (1 — p,(1))~! are of even degree (since y,(1) is repre-

sented by a 2-form), we see that SW (M, o) = 0 if d(o) is odd and that

SW(M.0) = o (VM) = [ paal)” (242)
M(n)

if d(o) = 2k. Furthermore, if d(o) = 0, then the moduli space is just a finite
collection of discrete points. The orientation is just an assignment of + or — to
each point, and p,(1)? is just the constant function 1. If £ : M(n) — {%1}
is the function which satisfies that ¢([C]) = 1 if the orientation at [C] is + and
e([C]) = —1 if the orientation at [C] is —, we see (by definition of integration
over a discrete manifold) that

SW(M,o)= > &([C]).
[CleM(n)

Sometimes this is the definition of the Seiberg-Witten invariant.
Note how the requirement that b prevents us from defining the Seiberg-
Witten invariant in the simplest case of a compact four-manifold, namely the

"My own terminology.
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four-sphere S*. We all know that H2(S*; Z) = 0 and hence b = b; = 0. How-
ever, at the end of this chapter we indicate how we can remedy this.

Inherent in the our construction of the invariant (or indeed in the construction
of the moduli space) there were quite a few choices: we had to choose a metric,
g, then a spin®-structure, o, and finally a perturbation parameter, n. Our final
goal in this chapter is to show that our new invariant is independent of the met-
ric and of the perturbation parameter, and thus only depends on the manifold
M and on the spin®-structure. But wait a minute, one may object, doesn’t the
spin‘-structure depend on the metric? After all isn’t the spin®-structure defined
as some bundle which sits “on top of” the oriented orthonormal frame bundle,
which depends on the metric? True, but the matter of fact is that the frame bun-
dles Pso (M, go) and Pso(M, g1) corresponding to two different metrics gg and gq
are canonically isomorphic (this follows from [21] Theorem 12.9 on p. 57). Thus
given a spin‘-structure op on Pso(M, go), i.e. a map Pscpin(M) — Pso(M, go)
we can compose it with the isomorphism Pso (M, go) — Pso(M, g1) to obtain
a spin‘-structure Pg;, (M ) — Pso(M, g1). One can check that the conditions
for a spin®-structure are fulfilled, thus, formally, we have inferred:

Lemma 2.46. Let Spin®(M, gg) and Spin®(M,g1) be the set of isomorphism
classes of spin®-structures on M relative to gg resp. g1. Then there is a canon-
ical bijection Spin®(M,go) —— Spin®(M, g1) and this bijection preserves the
principal Spin®(4)-bundle and hence also the spinor spaces S and ST as well as
the determinant line bundle.

Thus the spin®-structure depends only vaguely on the metric. Something
which, however, does depend on the metric is the Hodge star operator * and
thus also the spaces Q% (M) and LZ(iA2T*M). Describing how these spaces
are related is the first task to undertake. Assume we have two metrics go and
g1 and a curve g; of metrics joining them (for instance a straight line - after
all the space of metrics is affine). Let us by *; denote the Hodge star operator
corresponding to the metric ¢g; and let Qﬁ_t(M ) denote the corresponding space
of #-self-dual 2-forms. Similarly we define P! := (1 + %), the projection onto
03 (M) as well as d := §(1 4 #;) od and Z}° and E,7}, and so on.

Lemma 2.47. The space

i (M) =[] 92 ()
tefo,1]

is a trivial (infinite rank) vector bundle over [0,1], i.e. we have a family of
isomorphisms

@, 1 i3 (M) —— i3 ((M)
and under the isomorphism ®; the affine subspace Ere‘?t C zQit(M) 18 mapped

oo

isomorphically to Eroz% .

Similarly
Li(A3 ,7°M) = [] Li(A%,T°M)
t€(0,1]
is a trivial Hilbert bundle 8.

PROOF. First, let x € M be arbitrary. Since M was assumed to be oriented, we
have an orientation preserving isomorphism AT} M = R, the explicit form of

8 Admittedly, this notation might be a bit misleading: This is the bundle of L% spaces, not
the space of Li-section of a bundle.
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which would depend on a choice of metric, (having chosen such a metric we could
define the map by sending the oriented volume form to 1) however the sign will
remain unchanged under a change of metric. Thus the wedge product becomes
a real bilinear form on AT M and composing with the orientation preserving
isomorphism it makes sense to talk about the sign of w A 1 (independently of
the metric). For a 2-form w which is self-dual w.r.t. some arbitrary metric g, the
wedge w A w is always positive, simply because

WAw=wA*w = (w,w)y >0,

and when it is positive relative to one metric, it is positive relative to all metrics.
Now let (g¢) be the curve of metrics, let w € A?T M and assume that it is
gi self-dual for some ¢t # 0, i.e. x;w = w. Hence w A w is positive. w need no
longer be self-dual relative to the metric gg, but then we split it into self-dual
and anti-self-dual parts
w=wy +w_

relative to *g. We see that

0<wAw=(wy+w_)A(wy+w_)
=wir ANwyrtw_Aw_ +twy ANw_ +w_ Awy
= wq N *owy — w_ A *ow— — wy A *ow—_ +w_ A *ow4
= wifg = lw-[5 + (w-swi)o = (wWr,w-)o

= w3 = |w-15,
i.e. |wy|2 > |w_|2. We can define an embedding
v AL TEM — A3 (TrM x A? (T M

by w +— (wy,w_). The image of this map is the graph of a linear operator
A% (TyM — A2 (T M because it is a linear subspace and if (wi,w_) € im ¢
satisfies wy = 0 then by the inequality above we have w_ = 0. For a graph, the
projection down to the domain is an isomorphism, and since the projection in
this case is the map (1 + o) we define

1 ~
Py = 5(1 +#0) : AT TuM —— A% (TyM,
in other words ®; = 1(1+ *0)\1\1 .(ar)- Obviously the inverse map
O AT (TEM — A% TiM

is just %(1 + *¢). Putting all these maps together for all x gives us a smooth

bundle isomorphism A% ,7*M —— A% (T*M which induces a bijection on the
spaces of sections
@, 0 O3 (M) == Q3 ((M).

—red
—o0,t

—red
—o0,t

We just have to show that it maps to Eg‘f}%. But remember that

was an affine space modeled on d; (iQ2}(M)), i.e.

2ok = e+ df (i1 (M)

—oo,t T

where 7; is a fixed element. Note that P{P) = PL. If g € 29, there exists

a reducible solution (0,A) to the go-Seiberg-Witten equations perturbed by 7y,
in particular PEF 4 = no. Act by Pi to get

F‘Zt — Pj_FA = Pj_P_?_FA = Pj_ﬂo = q);l(UO)a
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( ,A) is a reducible solution to the g;-Seiberg-Witten equations, so that
(o) € =i, Therefore we may pick 7; such that ®;(n;) = 1o and then:
<1>t<zf;zft> Dy + di (191 (M)))
= 1o + @4 (df (11 (M))) = o PYPL(d(i2' (M)))
= 1o + PL(d(i2' (M))) = no + dg (i (M)) = EXy.

By completion the claims hold also on the level of Sobolev spaces. O

Assume 7, € Hfglj \ Eted 1; for j = 0,1. Let Ky (no,m) denote the set of
C'-sections of the bundle L7, (iA3 ;7" M) such that v(0) = no and (1) =
®4(11). Since this Hilbert bundle is trivial, the space of sections is an affine

space modeled over the Banach space X of C'-curves I — Li_, (iA3 (T*M)
with 4(0) = v(1) = 0. Then define

PPC, := € x Ki(no,m) x [0,1].

This is a Banach manifold with boundary (the boundary being €} x X (5o, m) X
{0,1}) whose tangent space at an arbitrary point is (isomorphic to) L2 (iT*M x
ST) x K x R. Define an action of the gauge group Gp4+1 on PPC; by letting
A € Gk41 act on the first component only:

(C7 (775)715) A= (C ' )‘7 (ns)at)
and then define
PPB = PPC;/Sk+1 = Bf x Ki(no,m) x [0,1].

Let furthermore V — [0, 1] be the Hilbert bundle whose fiber over ¢ € [0, 1]
is V; = L _((iA3 ,T*M @& S~) (use the trivialization ®; above to see that v
is indeed a vector bundle). If 73 : PPC; — [0,1] denotes the projection onto
the third component, we can pull back V along 73 to obtain a Hilbert bundle
V := 73V over PPC;. Above the point (C,(ns),t) € PPC; we have the fiber
Lj_,(iA% ,T*M @ S™). Define a section G of this bundle by

by
G, A, (), 1) = (FA l;tﬂ‘j) +m) |

The section, of course, just represents the Seiberg-Witten equations for the
various metrics g; and various 1;’s, more precisely, if G(¢, A, (ns),t) = 0 then
(¥, A) solves the Seiberg-Witten equations with metric g; and perturbation
parameter 7;.

Then we define

PPMG, = {[¥, A, (ns), t] | G(h, A, (1), ) = 0} € PPBy.

This is well-defined since the solution space to the Seiberg-Witten equations is
gauge invariant.

Proposition 2.48. The space PPM;, is a smooth Banach manifold with bound-
ary and by choosing a representative (¢, A, (ns),t) for the point [, A, (ns),t] €
PPM;, we may identify the tangent space of PPM;, at that point with the kernel
of the map

Flyay T+ Ay L(T*M e ST o X) @R — Li_(iN;T*M & S~ & iR)
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where ?fw A) is just the map defined in Lemma 2.33 in the g;-setting, where T*
is the map: Tt(n,) := (=, 0,0), and where A, for

F+s _|_775
d A s 2 A2 — .
w = — ]rDA’l/) c Lk—1(2A+T M@S EBZR)
ds|,_, 0

is the map R 3 7 — Tw.

Proor. We will proceed in much the same way we did, when we proved that
the parametrized moduli space was a manifold, namely given a point in PPM;,
we can identify a neighborhood of that point with a level set and show that this
level set is a manifold.

Let’s consider the point (¢, A, (ns),t) mentioned in the statement of the
proposition and put C := (¢, A). Around the point [C] € M} (n;) we have the
neighborhood U C By, as constructed in Proposition 2.32. Since the question of
smoothness is a local one, it is enough to give

PPM; N (T? x K (no,m) x [0,1])

(which is an open neighborhood of [C, (75), ¢] in PPM}) a smooth structure.
Define G on LZ(iT*M & ST) x Kx(no,m) x [0,1] by

Fil,—d'(W+@) +mn
(@, (), 1) — | Lo+ By pa (0 + )
2d* o — i Im{1), p);

(this is just a section of the Hilbert bundle obtained by pulling back V to
Li(lT*M D S+) X Kk(novnl) X [07 1] along the map (¢7 Q, (Cs)>7—) — (wa‘AO +
¢, (¢s),7) and taking the direct sum with the trivial vector bundle iL?_,(R)).
Again by Proposition 2.32 we have a diffeomorphism V' x Ky (1o, 71) x [0,1] —

U x Ki(10,m) % [0,1] given by

((p, @), (ns), 1) = ([ + o, A+, (ns), 1)

(where V' C ker(dp®)* C L2(S* @ iT*M) is an open neighborhood of 0) and
since (p,a) € V C ker(dp$)* = ker F3 it is not hard to see that PPN N ((7 X
Ki(no,m) x [0,1]) under the inverse of the diffeomorphism above is mapped
to G=1(0) N (V x Ki(no,m) x [0,1]) so (just as in the proof of smoothness of
PM}) we will show that this intersection has a smooth structure. But since
G=H0)N (V x Ky (o, m) x [0,1] is open in G~1(0), it is enough to consider just
G1(0).

Since the pullback of V to L2 (iT* M & S™) x K. (9, m) % [0, 1] is (still) a trivial
Hilbert bundle, we can identify the section G with a map from L(iT*M &
ST) x Ki(no,m) x [0,1] into a fixed fiber. If we view it as such, we just need
to show that 0 is a regular value in order to prove smoothness of G~1(0). If &
denotes the projection in the Hilbert bundle 'V, this is just the same as showing
that dm o dG, a,(n,),r) 18 surjective. It is enough to show this for points at
the form (0,0, (ns),t) (since we can continuously deform dr o dé(%a’(ns)’t) to
dm o dé(070,(ns)7t) within the space of Fredholm operators) and over this point

dm o dG takes the form

dfc — dgy,(¢) gl [FaFs 54
(@, 6, (05),T) = %d‘l/J-FwASb +7 s ]pﬁ¢ + 0 )
2d*t & — i Im (e, @) s=t 0 0
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i.e.

dm o dé(0,0,(ns),t) = :}é + Aw + Tt.

The map T is bounded (since it is just the evaluation map defined on a space
with the supremum norm) and F¢ + A,, is Fredholm of index d(o)+1 (for if w in
the image of F¢ then A,, contributes with an extra dimension to the kernel, and
if w is not in the image, A,, reduces the codimension of the image by 1, in both
cases adding 1 to the index). If we can show that FE+ A, +T" is surjective, then
it follows from Proposition 1.27 that ker(dr o dé(0,0,(ns),t)) has a complement.

—reg

The cases t = 0 and ¢ = 1 follows obviously from the fact that n; € &, j (so
that f}% is surjective). For an arbitrary 0 < ¢ < 1 it need not be true that F¢ is

surjective (we have not necessarily chosen the curve n; such that n, € 7%, ).
But we always know that F¢ is surjective on the last two components of the
target space. But then the map T? yields surjectivity on the first component.

This shows that G~1(0) has a smooth structure. O

So now the space PPM;, has been given a smooth structure, hence we can talk
about smooth maps to and from PPM;j. Denote by w3 : PPM;, — Ky (10, 71)
the natural projection. This is a smooth map. For certain curves, the preimage
is a submanifold (with boundary) of PPM;, and if we are lucky (and we are!)
the boundary will be equal to the disjoint union of the moduli spaces M (go, 70)
and Mk(gh ’171)

Theorem 2.49 (Existence of a Cobordism). There exists a dense subset
K8 C K (no,m) of sections (ns) for which the preimage Mg ({ns}) == 3 [(ns)]
is a smooth manifold with boundary of dimension d(c) 4+ 1 whose tangent space
at a point [C,t] = [C, (ns),t] € M;({ns}) € PPM;; can be identified with

T[C,t]M;:({ns}) = ker(?/é + Aw)

and such that the boundary is diffeomorphic to the disjoint union of Mg (go,no) =
M (go,m0) and My(g1,m) = Mj(g1,m). For each such curve (ns) there is a
canonical orientation on w3 *[(ns)] such that the boundary orientation is identical
to the orientation on My(g1,m) and opposite to the orientation on My(go, o).
If the section (ns) has been chosen in such a way that ns ¢ 528:11,5 for all
€ [0,1], then M} (gs,ns) = Mi(gs,ns) is compact and consequently M ({ns})
18 compact.

PROOF. Since the differential of a projection is a projection, then at the point
[C, (ns),t] € PPM;, the differential of 3 is

(d73)ic,tn).8) * Tic, (o). PPMG = ker(F¢ + T + Ay) — Ki(no, m)

is given by (¢, &, (¢s),7) — ((s). Since Ft + A,, has index d(o) 4+ 1 as shown
in the preceding proof, it follows from Proposition 1.27 that (dms3)c (.).s is &
Fredholm operator with index d(c) 4 1, i.e. w3 is a Fredholm map. Then the
Smale-Sard Theorem tells us that the set of regular values for w3 is dense in
K (no,m) and for such a regular value, the preimage M} ({ns}) = 73 '[(ns)] is a
smooth manifold with boundary of dimension d(o) + 1 and that we can identify
the tangent space Tic yMj ({ns}) with ker(F¢ + Ay).

Define 74 : PPM;, — [0,1] and let T4 : Mj({ns}) — [0,1] be its restriction
to M3 ({ns}). It’s easy to see that 74 is a submersion and hence that 7, ' (0) and
7, *(1) are submanifolds of M} ({n;}). The union of these two fibers equals the
boundary of Mj ({#,}). Furthermore

731 (0) =7 (0) N ({ms})
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in other words this submanifold consists of the points ([C], (ns),0) in PPM;,
which satisfy F7°(C) = 0, i.e. 7, 1(0) = My (no). Similarly we have 7, *(1) =
My (m). Thus we have seen that the boundary of M} ({n,}) is equal to the
disjoint union of My (1) and My (n1).

So what about orientations? Well, first of all M} ({n,}) is orientable for the
following reason: The tangent space at a point [C,t] can be identified with
ker(F¢ 4+ A,) but then the determinant of this space is, in a canonical way,
isomorphic to det F¢ (since FE + A,, is surjective, as is shown in Section 1.5
right after Definition 1.34). But det F¢ has been given a gauge-invariant ori-
entation, so this determines a gauge-invariant orientation on det ker(F¢ + A,,)
which then gives an orientation on the tangent space Tic,yMj({ns}). Hence
M;({ns}) can be given an orientation and the orientation induces a canoni-
cal orientation on the boundary: Any manifold with boundary has an outward
pointing vector field N (defined on the boundary OM; ({ns})) and given a point
x on the boundary, we declare a basis {v1, ..., v4()} for T,0OMj ({ns}) to be ori-
ented, if {v1,...,v4(s), N} is an oriented basis for T, Mj ({ns}). We just have
to determine the induced boundary orientation. Again we will make use of the
isomorphism

det F& — A*Pker(Ft + A,)

from Section 1.5. By the choices of 1 and 7, F& is surjective when ¢ = 0, 1. By
Lemma 1.26 F£ must also be surjective, whenever [C,¢] is chosen close enough
to the boundary. Therefore

det F& = AP ker F¢ =2 AP ker(F¢ + Ay)

and the latter isomorphism is by the construction in Section 1.5 given by the
following: If {y1,...,%a(r)} is an oriented basis for ker F¢ and v in the domain
of F¢ is chosen such that FE(v) = A, (1) then the isomorphism is given by

yl/\"'/\yd(a) — (yho)/\/\(yd(o’)vo)/\(vﬂl)

When ¢ = 0, the vector (v,1) points inward, and when ¢t = 1 the vector (v, 1)
points outward. Thus for ¢ = 0 we see that the basis {y1,...,%a)} is not
oriented in the induced boundary orientation, whereas it is oriented when ¢ = 0.

The last claim about compactness of M} ({n,}) is a standard topology argu-
ment which is left to the reader. O

This cobordism result is the cornerstone in showing independence of metric

and perturbation parameter. However, one last question remains: can we find

sections (1) € K® such that n, ¢ =}, (7 Yes, we can! Finding a section start-

ing at 1y and ending at 7; corresponds, under the trivialization ®;, to finding
a curve in L, (iA3 (T*M) Effw from 79 to ®1(n1). Since, by assumption,

bf = codim E}ffl o > 1, such curves exist, no matter what 7y and n; are (if the

codimension of Efff‘l o was equal to 1, there would be no such curves if 79 and

» —red

11 were at either side of the “barrier “kfl,O)’ and the space of such curves is
open in the space of curves in Lj_ (iA% (T*M). Since X is dense, we can
find sections of K™ which avoids Effle o

Theorem 2.50. The Seiberg-Witten invariant is a well-defined invariant of
(M, o) independent of the metric on g and on the perturbation parameter 1.

PROOF. Assume we have a fixed spin®-structure ¢ on M. Pick two metrics gg
and g1 on M and pick no € Q% (M)5%, and n; € iQ3 (M)2), then we know

that M} (o) = My(no) and M} (m) = Mg(m) for all k are smooth compact
manifolds of dimension d(o) and that they are diffeomorphic to M(go,n0) and
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M(g1,m1) respectively (we will just write M(ng) and M(n;) for now). If this
dimension is odd we have nothing to show (in this case SW(M,o) = 0 no
matter how the moduli spaces look). So assume d(o) = 2k for some k > 1. We

have to show that
T R
M(no) M(n1)

Choose a curve gs; between the metrics (if could be the line between them for
instance) and a section (1) € X} such that 7, ¢ Z;°9, . Then My ({ns})
is a smooth compact manifold with boundary of dimension d(c) + 1. Pick a
representative (), for the cohomology class s (1). £, is a form over B} and
we can extend Q, to PPM}, (by pullback along the projection) and restrict to
M ({ns}). We still call it Q. This is an extension of the original Q,, it is closed
and hence by Stokes theorem (for which we need M} ({ns}) to be compact) we

get
0= / aQp) = / Q= / Qr — / Qn
Mi;({ns}) OM5; ({ns}) M(n1) M(no)

(the last minus follows because of the reverse orientation on the boundary com-
pared to that of M(79)). The integral of the representation is (by definition) the
integral of the cohomology class, hence the two integrals are equal. O

So after a lot of work we have obtained the result that the Seiberg-Witten
invariant SW depends only on the manifold M and on the choice of spin®-
structure, 0. Thus we get a map

SWy, : Spin“(M) — Z

(it maps into Z since the Seiberg-Witten class is an integer cohomology class).
Denote by By = {0 € Spin®(M) | SW (o) # 0} the support of SW s then:

Theorem 2.51. B,; is a finite set, i.e. for a given manifold at most finitely
many spin®-structures give a non-zero Seiberg- Witten invariant.

PrROOF. First a preliminary calculation: if A is a connection on the determinant
line bundle and F4 its curvature, then we may split it Fg = FX + I, and thus

FANFoa=FfNFf+F NFy
=FIANFF — Fy AN«F = (|[Ff1? = |F |?)dVy.

Fix for the rest of the proof a perturbation parameter 7. Assume that o is a
spin‘-structure on M such that SW (M, o) # 0. That implies d(o) > 0, i.e.

0 < ¢ (L)*[M] —2x(M) — 30 (M).

We want to show that the first Chern class of such a spin®-structure must
belong to a finite set. Combining with Proposition 1.6, where we showed that
only finitely many spin®-structures have the same determinant line bundle, we
see that only finitely many feasible spin®-structures exist.

The first Chern class of L is represented by the curvature of any connection
A on L, thus ¢; (L) = [5=F4] and hence (recall that Fy4 is imaginary-valued)

4m?ey (L) M) = / iEa NiFgy :/ (E41? = [Fx[})dVy
M M

= IF4 172 = 1F 122
>From this it follows that

1F5 |72 = —4m?cr(L)*[M] + || Fallz> < |1 F7 1172 — 87*x(M) — 1270 (M).
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If (¢, A) is a solution to the Seiberg-Witten equations perturbed by 1 we get
from the second equation

[F3 (@)] < lg@)(@)] + In(2)] < (@) + In(2)].

7 is at least continuous, so it is bounded, and by the estimate in Lemma 2.26
1 is bounded by a constant which depends on n but not on A. Thus we get a
uniform L2-bound on F;. Combined with the L?-bound on F; we obtain an
L2-bound on F,4 which depends only on 7, but is independent of the line bundle
L! This implies that the first Chern classes of these line bundles must belong to
a bounded (hence finite) subset of H2(M;Z). Since the first Chern class is an
isomorphism Pic> (M) —— H?(M;Z), L must belong to a finite set as well. [

Thus as seen from a Seiberg-Witten point of view only finitely many of the
possible spin®-structures are interesting. One might then ask, what are the di-
mensions of the moduli spaces in the interesting cases? This problem has not
yet been fully resolved, although the following conjecture is strong believed to
be true:

Conjecture 2.52. Given a manifold M, then for all o € By we have d(o) = 0.

Theorem 2.53. Let M be a manifold on which we may choose a metric g whose
scalar curvature satisfies k(x) > 0 for all x € M, then By = 0, i.e. for any
choice of spin®-structure, the Seiberg- Witten invariant is 0.

PROOF. Pick an arbitrary spin®-structure o. Since M is compact and & is con-
tinuous (smooth) we must have mingeps £(z) > 0. Since Q3 (M)58 is dense,
we can pick an 7 in this space as close to 0 as we like, in particular we can
find 7 such that |||/ < +mingep r(z). Then it is a consequence of Lemma
2.26 that all solutions in 8(n) are reducible. But since n ¢ =24 there are no
reducible solutions, hence no solutions at all. Then M(n) = M*(n) = 0 and thus

the Seiberg-Witten invariant must be 0. O

As mentioned earlier, we can not formally define the Seiberg-Witten invariant
for S* since b;‘ = 0, but on the other hand, S* does comply with the requirement
that its scalar curvature should be strictly positive (indeed for the standard
metric, the scalar curvature is just 1). We can then use the theorem to simply
define the Seiberg-Witten invariant of S* to be 0 (although that might not be
of very much interest).



CHAPTER 3

Seiberg-Witten Invariants on
Symplectic Manifolds

3.1 Survey of Symplectic and Complex Structures

Here we will briefly and without too many proofs introduce the notion of a
symplectic manifold. Since symplectic manifolds are closely related to (almost)
complex manifolds these will naturally enter our discussion. Then we will dis-
cuss spin®-structures on these manifolds and finally give an expression of the
corresponding Dirac operator in terms of Cauchy-Riemann operators (to be
defined).

Definition 3.1. A symplectic vector space is a pair (V,w) of a real vector space
V and a non-degenerate 2-form w € A2V*,

In the following proposition some elementary properties of symplectic vectors
space are stated. The results should be well-known so proofs are omitted.

Proposition 3.2. Let (V,w) be a symplectic vector space. Then the following
hold:

1) The vector space V is of even dimension.

2) If dimV = 2n, then the n-times wedge product w A -+ A w is a nonzero
2n-form. In other words, a symplectic vector space has a canonical orien-
tation.

3) There exists a basis {Ay, By,..., Ay, Bn} for V with corresponding dual
basis {at, B, ..., a", 3"} such that

n
w = Zai A B
i=1

4) The map @, : V — V* given by &, (v)(w) = w(v,w) is an isomorphism.

The last part says that one can “raise” and “lower” indices, just as one can if
one has a metric. For brevity we will write v” instead of ®,(v) and ¢* instead
of 2,1 ().

In a geometric setting a symplectic structure is then just a “smooth choice”
of symplectic forms on each fiber:
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Definition 3.3 (Symplectic Manifold). A symplectic manifold is a pair
(M, w) of a smooth manifold M and a closed 2-form w such that for each x € M
the 2-form w, on T, M is non-degenerate.

The properties above translate into similar results in the manifold case. The
only non-trivial part is the translation of point 3, which is by no means trivial, in
fact it is one of the corner stones of symplectic geometry, known as the Darbouz
Theorem.

Proposition 3.4. Let (M,w) be a symplectic manifold. Then the following hold:
1) The manifold M is of even dimension.

2) If dimV = 2n, then the n-times wedge product w A -+ A w is a nowhere
vanishing 2n-form. Thus the manifold is orientable and carries a canonical
orientation.

3) Around each point x € M there exists coordinates (called Darboux coor-
dinates) (U, z1,Y1,...,%n,Yn) such that w on U takes the local form

w= zn:dxi A dy;.

=1

4) The map (M) — QY(M) given by X — X” where X*(Y) = w(X,Y)
is an isomorphism.

To introduce spin and spin®-structures we need a metric. But it turns out that
a natural setting in which to discuss simultaneously symplectic and metric struc-
tures is the setting of almost complex manifolds. Therefore we will take some
time to familiarize ourselves with such structures. First the linear structure:

Definition 3.5. Let V be a real finite-dimensional vector space. J € Autg(V)
is called a complex structure on V provided J? = —idy .

Vi may view (V,J) as a complex vector space upon defining complex scalar
multiplication CxV — V by (a+ib)v := av+bJv. Thus we might contemplate
that the dimension of V' is even, and this is indeed true: taking the determinant
of the defining relation J? = —idy gives

(det J)2 _ (_l)dimV

and since the number on the left hand side is positive (J was a real linear map)
we must have dim V' even.

Now let us consider the complexification Vg :=V Qg C =2V @iV of V. This
is a complex vector space when given the complex scalar multiplication

2(v® ) =v®(27).
If V has a complex structure J we can extend it to V¢, simply by defining
J(v +iw) = Jv +iJw.
Obviously, this extension is a complex linear map and it satisfies J? = —idy:
T2 (v +iw) = J2v +iJ?w = —v — iw = —(v + iw).

It is easy to check that 4 are the only possible eigenvalues for J on V¢. Let
V& = ker(I +iJ) and Vi := ker(I —iJ) denote the eigenspaces for i resp.
—i. It is a consequence of the following lemma that both ¢ and —i are in fact
eigenvalues:
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Lemma 3.6. Given the situation above, the following hold:
1) VFE =im(IFiJ).
2) Vi decomposes as a direct sum of the eigenspaces: Vg = V(CJr e VL.
3) dimg VF& = n/2, thus both i and —i are eigenvalues.

PROOF. For 1) we need to show ker(I +iJ) = im(I — ¢J). Observe that

(I+iJ)I —iJ)=1+iJ —iJ —i*J* =0,
which gives im(I — iJ) C ker(I + iJ). Conversely, if v € ker(I + i.J), then
(I~ iT)(bv) = (I = iT)(bo) + (I + i) (ko) = v,

ie. v €im(l —4J). Thus ker(I +iJ) = im(I —J).
For 2) we see that

v=(I+iJ)(3v)+ I —iJ)(3v)

hence we may write v as a sum of elements from im(/ +J) = V7 and from
im(I —iJ) = V.

To show 3) we observe that Vi N Ve = {0}. Now let v = vy + v € V.
We define the conjugate of v of v to be v = vy — ivy. The map v —— v is
clearly linear and injective. It is easily seen that conjugation maps V(Ci — VF
and injectivity assures that the two spaces must have the same dimension. And
since the two spaces sum to give V¢, their common dimension must be n. [

We can take exterior powers of the spaces V(ci, resulting in the spaces
APV = APV(CJr ®c ATV .
It is not hard to check that

M= @ Arv.
p+aq=k

The complex conjugation mentioned in the proof of the lemma above maps V(CjE
to V& and gives rise to a conjugation in A”?V by requiring

61/\.../\6?@771/\.../\7711:ﬁl/\..-/\ﬁq(g)gl/\.../\gp'

This is an isomorphism AP4V —~— ATPYV.
Now, let’s introduce metrics. A real inner product g on V is said to be com-
patible with the complex structure .J if

g(U, Jw) = —g(Jv,w),

i.e. if J is skew-adjoint w.r.t. g. From this we can define a symplectic form by
w(v,w) = g(Jv,w) and it is easily checked that this is alternating and non-
degenerate. It satisfies w(Jv, Jw) = w(v, w) - we say that w is compatible with
the complex structure. Conversely, a symplectic form w which is compatible
with the complex structure gives rise to a metric by g(v, w) := w(v, Jw). Again
this is easily checked to be a (real) metric compatible with J. In other words
picking a J-compatible metric or a J-compatible symplectic form are just two
ways of doing the same.

Definition 3.7 (K#hler Vector Space). A real vector space V carrying a
complex structure J and a compatible metric g is called a Kdhler vector space.
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By our remarks above, a Kéhler vector space is automatically a symplectic
vector space.

Our first goal is two-fold: assuming V' is 4-dimensional we want (1) to produce
an orthogonal basis for A2 V¢ and (2) to show that w is a self-dual 2-form. To this
end we are lead to some considerations on bases for the Kéhler vector spaces.
The first part can be carried out in general, so we might just as well assume
that V is of dimension 2n. Later we will restrict to dimension 4.

First, we note that v is orthogonal to Jv, simply because

g(Ju,v) = g(v, Jv) = —g(Jv,v)

(first we applied symmetry and second we applied compatibility with J). Fur-
thermore J preserves lengths, since

g(Ju, Jv) = —g(v, J*v) = g(v,v).

That means that we can find a real orthonormal basis {vy, w1, ..., v, w,} for
V where wy, = Jog. Let {at, 3,...,a™, 3"} be the dual basis. Upon extending
J to the dual by defining

(Ja)(v) := a(Jv)

it follows that 3% = —Ja*. Now, we complexify V and define (for 1 < k < n)
1 ) _ 1 .
2 = §(vk —qwy) and Zp = i(vk + jwg).

This is an orthogonal basis for V¢ w.r.t. the complex extension g¢ of the metric
g. Similarly we define

& = ok +igk and £ = ok —igk
and this is a complex basis for V&. We see that
J&k = J(oF +ipF) = =" +iJp" = —pF +iak = i(aF +ipF) = i,

ie. & € Vg. Similarly one calculates that £, € Vi . Thus we see that APV * is
spanned by elements of the form

§in N NG, ®E; N g,

where i1 < -+ <4, and j; < --- < jg. Granted this state of affairs, it is very
easy to see that we can write w as

w=a' AL+ +a" A B, (3.1)

simply apply both sides to some arbitrary vector, which is written in terms of
the orthonormal basis {vy,wy, ..., Up, Wy }.

The Hodge star * : A*V* — A?"~FV* can be extended by complex linearity
to AkVC*. It satisfies the following formula

a A8 = gela, B)dVy, (3.2)

and is given as the unique element satisfying this.

Now, let us restrict to dimension 4 where we have bases {v1, w1, v2, w2} and
{at, B, a2, 32} as well as {21,721, 22, 22} and {&1,&;, &, &5} Then it is not hard
to calculate that

AN =atna® =B AR +ilat AB% 4B Aa?)
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and

N =a'Na? =B AR —i(ar AP+ B AP
and that both 2-forms are self-dual w.r.t. *. Then remains the symplectic form.
From its appearance in terms of the basis (3.1) we get by formula (3.2) that
w A w = 2dVj. Since furthermore @ = w and gc(w,w) = 2 we get that *w = w,
ie. that w is self-dual. Since A2V has dimension 3, we conclude that {& A

€9,€, NEy,w} is a ge-orthogonal basis for Ai V¢ or, in other words, that we have
an orthogonal splitting

ALVE = APV 2 APV @ Cw. (3.3)

This completes our treatment of the linear theory. Now we “just” have to trans-
form all this into a manifold setting by applying our linear theory to the tangent
spaces.

Definition 3.8 (Almost Complex Manifold). Let M be a smooth manifold.
An almost complex structure on M is a bundle endomorphism on the tangent
bundle J : TM — TM satisfying J? = —ids. The pair (M, J) is called an
almost complex manifold.

The last requirement pertains to each fiber, so Jf, = —idy, p, thus T, M must
be of even dimension as mentioned above. Since each tangent space is given a
complex structure by J, the tangent spaces have canonical orientations, and
hence M is orientable.

Extend J to the complexification of the tangent bundle: J : TM @ C —
TM®C ! simply by defining .J on each fiber T, M @C by J,(v®2) = J,(v)®z. It
can be checked that this is again a smooth bundle map and that J? = —idryec.
As above, J, : T,M @ C — T, M ® C has two eigenvalues, namely +i and we
can decompose the complexified tangent space into eigenspaces:

T.M ®C = (T,M)"° @ (T, M)"!

where (T, M)'0 is the i-eigenspace and (T, M)%! is the —i-eigenspace. Define
the bundles

(@)= [T (@M and  (TM)"' = ] (TaM)™".
xeM €M

It is not hard to check that these are smooth complex vector bundles over M
of complex rank % dim M and that

TM ®C = (TM)"° & (TM)*'.

An almost complex structure J on M induces a dual bundle map J* :
T*M — T*M: it maps a covector w € Ty M to the covector J*w € T M given
by (J*w)(v) = w(Jv). This is again a smooth bundle map satisfying (J*)? =
—idp«ps and it extends to the complexification J* : T*M @ C — T*M ® C.
Thus we have a decomposition

T*M ® (C — (T*M)l,() @ (T*M)O,l

of the complexified cotangent bundle of J*.

Sections of T*M ® C are complex-valued 1-forms on M, and sections of the
k’th exterior power over T*M ® C are complex-valued k-forms on M. The usual
exterior derivative dy : QF(M) — QF*1(M) extends by complex linearity to a

IFormally, it should have been noted that this is the tensor product over R, but carrying
this notation along all the way would be too cumbersome.
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map QF(M,C) — QF+1(M,C). On the other hand, we have according to the
eigenbundle decomposition:

MIT*MeC)= P AT M) @c AY(T*M)"!
p+q=k
and upon denoting

APAT* M := AP(T* M) @c AYT*M)%Y  and  QP9(M) := T(AP9T* M)

we get

OF(m,C)= @ (M)

p+q=Fk

The bundle A™%T*M plays an important role in algebraic geometry where it
is usually denoted Kp;. AY"T*M is usually denoted K]\_/[1 (the reason for this
inverse-notation is that the bundles A™9T*M and A%"T*M are dual of each
other). Any form in QP9(M) can be written as

C=8 A NEMA-- Ay

where §; are (1,0)-forms and n; are (0,1)-forms. The (p,0)-part & A--- A&, is
traditionally called the holomorphic part of ¢ whereas the (0, ¢)-part is called
the anti-holomorphic part of (.

When restricting the exterior derivative dj, : QF(M,C) — Q*1(M,C) to
QPa(M) C QF(M) (when p + q = k), it turns out that dz maps into at most
four of the subspaces of QFt1 namely

di(QP1(M)) C Qp+27q—1<M) o) Qp+1,q(M) ey Qp,q-s-l(M) o Qp—1,q+2(M)
(provided of course that p,q > 1). Thus we may write
dilarapny =dy @ d )’ @ d) @ d
Having done so we quickly rename two of the terms, namely
O :=dy°  and Gy :=d), (3.4)

thus 0y, increases the degree of the holomorphic part by 1 whereas 0), increases
the degree of the anti-holomorphic part by 1.

Proposition 3.9. Given an almost complex manifold (M, J) the following are
equivalent:

1) For all p,q > 1, the maps difql and d;i’qQ above are identically 0.

2) O2f = Dof =0 for all f € C=(M).

3) The Nijenhuis tensor N; € Q*(M) given by

Ny (X,Y) =~ ([JX,JY] - [X,Y] - J[X,JY]| - J[JX,Y])

o~ =

vanishes identically.

Definition 3.10 (Complex Structure). An almost complex structure J on
M is called integrable or a complex structure if one (hence all) of the above
conditions is satisfied.
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The reason for the name “complex structure” is that a manifold with a com-
plex structure is in fact a complex manifold in the sense that it carries an atlas of
holomorphic charts, i.e. a collection of homeomorphism ¢, : U, — V,,, where
V, C C™ is some open set, such that ¢z o ¢ ! is holomorphic where defined.
This result is known as the Newlander-Nirenberg Theorem.

Next we will discuss metric structures on almost-complex and symplectic man-
ifolds.

Definition 3.11 (Almost Hermitian Structure). Let (M, J) be an almost
complex manifold. By an almost hermitian structure we understand a Rie-
mannian metric g on M which is compatible with J in the sense that

9(JX,)Y) = —g(X,JY) (3.5)
for X,Y € X(M).

Given an almost hermitian structure on M, we can define a 2-form w by
w(X,Y):=g(JX,Y). Just as above, this is an anti-symmetric, non-degenerate
2-form, satisfying w(JX,JY) = w(X,Y), i.e. w is compatible with J. But note
that w is not guaranteed to be closed, so w is not necessarily a symplectic form!

Conversely, given a non-degenerate 2-form compatible with J we define a real
metric g by

9(X,)Y) =w(X,JY).

A triple (J, g,w) where g and w are related in this way is called a compatible
triple. Given such a triple, we can define a hermitian metric (i.e. a fiberwise
sesquilinear, conjugate-symmetric, positive definit form) h on TM by

MX,Y) :=g(X,Y) —iw(X,Y).
This is easily checked to be a hermitian metric.

Definition 3.12 (Kdhler Manifold). Let (J, g,w) be a compatible triple on a
manifold M. This triple is called an almost Kdhler structure and M an almost
Kahler manifold if w is closed, i.e. if w is a symplectic form.

An almost Kéhler structure is called a Kdhler structure and M a Kdhler
manifold if the almost complex structure J is integrable.

Thus an almost Kéhler manifold is both a symplectic manifold, a (real) Rie-
mannian manifold and a hermitian manifold, and a Kéahler manifold is, addi-
tionally, a complex manifold. This is such a rich structure that one might worry
if such objects exist at all. But they do: the complex spaces C" (or rather R?"
when viewed as real manifolds) with the obvious complex structure and the usual
metric are Kéhler manifolds. Also the complex projective spaces CP™ with the
Fubini-Study metric are (compact) Ké&hler manifolds.

To be able to discuss Dirac operators we first have to say something about
connections. It turns out that they are related to what is known as Cauchy-
Riemann operators.

For a vector bundle E we define QP9(M, E) or just QP4(FE) to be the space
of E-valued (p, ¢)-forms, i.e. smooth sections of the bundle (AP9T*M) ® E.

Definition 3.13 (Cauchy-Riemann Operator). A holomorphic Cauchy-
Riemann operator on a complex Riemannian 2 vector bundle E is a first order
differential operator D : I'(E) — QY0(E) satisfying

D(f) = (0f)¢ + fDy

2By hermitian vector bundle we mean a complex vector bundle equipped with a hermitian
i.e. sesquilinear, conjugate symmetric) metric.
i ili jugate sy tri tri
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for all f € C*°(M) and ¢ € T'(E) where 0 is the holomorphic part of d.
Similarly, an anti-holomorphic Cauchy-Riemann operator is a first order dif-
ferential operator D : T'(E) — Q%1(E) such that

D(f¢) = (0f)y + [Dy

for all f € C°°(M) and ¢ € T'(E) where 0 is the anti-holomorphic part of d as
defined in (3.4).

A holomorphic Cauchy-Riemann operator D : I'(E) — QY%(E) can be ex-
tended to Q*(E) by defining D : QP4(E) — QPFTL4(E) in the following way:

D(n®@1) := (0n) @ Y + (=1)PTn A Dy

where n € QP9(M) and ¢ € I'(E). Similarly an anti-holomorphic Cauchy-
Riemann operator D : I'(E) — Q%!(E) can be extended to Q*(E) upon defin-
ing D : QP4(E) — QP9TL(E) by

D(n®1) = (dn) @ + (=1)P* I A Dyp.

So what has this got to do with connections? Assuming V to be a metric
connection on E, we know that V is a differential operator I'(E) — Q!(E).
Projecting to the (1,0)’s component of Q' (E) yields a new differential operator

O =70V
and similarly, projecting to the (0,1)’s component of Q!(E) gives
Oy :=7"to V.

If E = M x C is the trivial complex line bundle on M, then T'(E) = C*(M)
and QY(M, E) = QY(M,C) and picking the flat connection d on E would give
us exactly the operators @ and 0 defined in (3.4).

It’s easy to show that Oy is in fact a holomorphic Cauchy-Riemann operator:

Ov(f) =" (V(fy)) = 7(df @ ¥) + 7O (fVY)
= 0(df) @ ¥ + fr (V) = 0f @ ¥ + fovy

and similarly, dv is an anti-holomorphic Cauchy-Riemann operator. One can
show (cf. [18] Proposition 1.4.13) that any Cauchy-Riemann operator happens
to be on one of these forms for some connection, but we will not make use of
this fact.

Finally we need to introduce the so-called Chern-connection. It is a fundamental
fact of Riemannian geometry that the Levi-Civita connection is the unique met-
ric connection on T'M which is torsion-free. Recall that we defined the torsion
of a connection V on T'M by

v(X,Y)=VxY - VyX — [X,Y].

Analogous to the existence of the Levi-Civita connection in real Riemannian
geometry, we have the following result in the complex case:

Proposition 3.14. Let (M, J,g) be an almost Kdihler manifold and let N
denote its Nijenhuis tensor. There exists a unique metric connection, called the
Chern connection on T'M whose torsion is equal to Nj.

For a proof of this fact see [18] Proposition 1.4.4. Since M is, in particular, a
Riemannian manifold, it carries the Levi-Civita connection. If M happens to be
Kahler, i.e. if Ny = 0, then the Chern connection and the Levi-Civita connection
coincide.
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3.2 Spin Structures on Almost Kahler Manifolds

Let (M, J, g) be an almost Kéhler manifold. This implies, as we have seen, that
the tangent bundle T'M carries a hermitian metric h. We can therefore form
the unitary frame bundle Py(M) of M. If dimg M = 2n, this is a principal
U(n)-bundle. From the standard identification C" = R?" we obtain a natural
inclusion homomorphism ¢ : U(n) — SO(2n)

Lemma 3.15. There exists a unique homomorphism f : U(n) — Spin®(2n)
which renders the following diagram commutative

Spin®(2n)

L

U(n) SO(2n) x U(1)

txdet

PROOF. Let A € U(n) and let v : [0,1] — U(n) be a continuous curve with
v(0) = 1 and (1) = A (exists since U(n) is connected). Then consider the
curve t — (¢(y(t)),detv(t)) in SO(2n) x U(1). Since A° is a double covering
we have a unique lift of this curve to a curve 5 : I — Spin®(2n) which satisfies
7(0) = 1. Now define f(A) := 5(1), then one can check that this is a well-defined
homomorphism which lifts ¢ x det. O

We can use this lemma to show that the almost Kdhler manifold always has
a spin®-structure: We will define the principal Spin©(2n)-bundle of such a spin®-
structure as the associated bundle of Py (M) relative to f:

PSCpin(M) = Py(M) % Spin®(2n),

then observe that Pso (M) = Py(M) x,SO(2n) and finally define a bundle map
®: PS,. (M) — Pso(M) by

([¢,9]) = [§, p°(9)]

where we recall that p¢ : Spin®(2n) — SO(2n) is given by p°([g, 2z]) = A(g).
® is well-defined, for if [£,g] = [¢/,¢'], i.e. if (¢',¢") = (£ - h, f(h™1)g) for some
h € U(n) then

D¢ g1 =& 0°(gN) =6 h.p°(f(RN)g)] = [€ - hy (B~ 1)p(9)]
= [§,p°(9)] = @[, 9]

Hence (Fg;, (M), ®) is a spin‘-structure on M. Thus we have shown
Proposition 3.16. An almost Kihler manifold is a spin®-manifold.

The explicit spin®-structure constructed above is called the canonical spin-
structure on the almost Ké&hler manifold.

Notice, that if the principal U(n)-bundle is given by the gluing cocycle (ga3),
then the canonical spin®-structure is given by the gluing cocycle f(gas). This is
of the form [hag, zog] Where z,3 = det g3, in other words the determinant line
bundle for the canonical spin®-structure is given by the cocycle (det gag)?.

Associated with a choice of spin®-structure ¢ is the spinor bundle S = ST @
S7. The symplectic form w acts by Clifford multiplication on the spinor bundle
S thus giving a bundle map w- : S — S. The following proposition is a special
feature of symplectic manifolds and absolutely fundamental for the rest of this
chapter (for a proof the reader is referred to [9] Section 3.4)
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Proposition 3.17. Let 0 = g9 ® L be a spin®-structure on an almost Kdihler
manifold (M, J, g) of dimension 2n (where oq is the canonical spin-structure),
and let S be the associated spinor bundle. Then S splits into eigenbundles S =
So® - ® S, for the map w-: S — S, where Sk, 0 < k < n is the eigenbundle
corresponding to the eigenvalue i(n — 2k).

Moreover the bundle map AOF*T*M®S,, — Sp_ given by n®@) — ﬁ’]'i/)
(where the dot is Clifford multiplication) is an isometric bundle isomorphism,

and hence
n

S = (@ AO”“T*M) ® Sp. (3.6)
k=0
Finally, L = S,,, in particular for the canonical spin®-structure on M, the bundle
Sy is the trivial complex line bundle, and therefore

S= AT M. (3.7)
k=0

This decomposition pertains to the plus/minus spinor bundles, i.e. for the canon-
ical spin®-structure we have

—

n

~

2
AOZET N p and 8™
0

—

n

~

2]
AOZR=LTH AL, (3.8)
1

S+

Il
I

S
I
£l
Il

>From now on and throughout this chapter we will restrict out attention to
4-manifolds, i.e. n = 2 in the notation of the above proposition. In this case the
formulas for the spinor bundles for a spin®-structure og ® L read

St (MxC) @A T*M)@L  and S~ =AMT*M)eL. (3.9)

Associated to a spin®-structure ¢ we have the determinant line bundle L. In
case of the canonical spin®-structure, combining (1.3) (in this formula & should
be 4) with (3.8) gives

L=A%(S7)=A(A"'T*M) = A®*T*M = K,

Any connection on T'M will, by duality, give rise to a connection on T*M and
hence also on AP?T*M for all p and ¢. In particular it gives rise to a connection
A on K]T/[l = L and thus to a Dirac operator I)4! On an almost complex
manifold M we have, as explained earlier, a “canonical” connection, namely the
Chern connection. The associated connection on L then determines a Dirac
operator, called the canonical Dirac operator on the almost complex manifold,
denoted ID.. We are fortunate that this Dirac operator has a particularly simple
appearance (see [18] Proposition 1.4.23):

Proposition 3.18. Let D). be the canonical Dirac operator for the canonical
spint-structure on the almost complex manifold (M, J,g). Then under the iso-
morphisms (3.9) the Dirac operator equals

P.=V2(0+0)
as a map P : T(ST) — T(S™) where 8 is the formal adjoint of 9.
Let’s be a bit more precise: As we have seen above, (3.8) we have
[(ST) = C™(M) @ Q% (M) (3.10)

and

(S™) = Q% (M).
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We know that 8 maps Q00(M) = C>(M) to Q%1 (M) and 8" maps Q%2(M) —>
Q%1 (M), so what the formula really means is the following

Do(¥) = Po(thr,02) = V201 + 0 1) (3.11)

where 1 = (11, 12) is the decomposition of the positive spinor field ¢ according
to (3.10).

How does this look in general? Well assume we have a general spin®-structure
0 =09 @ L. Then det(o) = det(op) ® LZ2. On det(og) = K}, we still have the
(connection induced by the) Chern connection, Ag. If we pick a connection B on
L we get a connection A := Ay ® B2 on det(c) ® and any connection is of this
form. Hence we get a Dirac operator ) 4. Fortunately we are able to express this
Dirac operator in terms of the anti-holomorphic Cauchy-Riemann operators Op
and Op as before. Recall that these were defined on Q%F(M, L) = QOF (M) ®
['(L) mapping into QOF+1 (M, L) =2 QOF+1(M) @ T'(L). From Proposition 3.18
one can derive:

Proposition 3.19. Let 0 = 0o®L be a spin®-structure on M and A = AyRBD?
be a connection on det(c). Under the isomorphism (3.6) the Dirac operator ID 4
is given by

Da=V200s +5;>-

Again this formula should be interpreted properly as in (3.11).

In addition to the Dirac operator, also the curvature 2-form F4 enters the
Seiberg-Witten equations. With A = Ay ® £L92 what does this curvature 2-form
look like? The answer is surprisingly simple:

Fu :FAO + 2F3. (312)

This is a general result: if A; and A, are two connections on line bundles L4
and Lo over M we can form the tensor product connection

.Al ®.A2 = .Al ®1d+1d®ﬂ2

on L1 ® Ly and ask what its curvature is. The tricky part is to express the
local connection 1-forms of the tensor product in terms of the local connection
1-forms of A; and As. After some fuzzy calculations they turn out to be just
the sum of the connection 1-forms of A; and As. Then the curvature 2-forms
of the tensor product are just sums of the curvature 2-forms of A; and A5 and
they patch together to form Fl4, g4, which is then just the sum Fyu, + Fla,.

3.3 Taubes’ Theorem

The theorem by Taubes we are going to prove, is about the canonical spin®-
structure, og. On the determinant line bundle det(cg) we have the Chern connec-
tion A and any connection on det(ay) is of the form Ag+ a where o € iQ! (M).
To bring this in line with our previous discussion we note that we can write the
determinant line bundle of oy as

det(oq) = det(op) ® (M x C)®? (3.13)

corresponding to og = oo ® (M x C) (tensoring with the trivial line bundle
yields nothing new). Any connection on the trivial line bundle M x C is of the
foorm B = d + 3 for B € iQY(M). One can easily check that the connection

3In the article by Michael Hutchings and Clifford Henry Taubes in [7] they write this
connection as A + 2B.
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A = A ® B®? corresponds to Ag + 28 under the isomorphism (3.13) above.
Furthermore, the curvature of B is just Fg = df and hence

FA0®E®2 = FAO + 2dﬂ

which is in accordance with (1.24).
We are now ready to state and prove the promised result:

Theorem 3.20 (Taubes). Let (M,w) be a smooth, compact, symplectic four-
manifold with w-compatible complex structure J and which satisfies b;‘ > 1.
Then

SW(M,o0p) = £1,

i.e. the Seiberg-Witten invariant of the manifold M and the canonical spin®-
structure g equals +1.

ProoOF. We will simply show that the moduli space consists of only one element
and so we investigate the Seiberg-Witten equations for the pair (i, A) where
A= Ay ® B®? = A+ 28 is an arbitrary connection. We are free to use any
perturbation parameter that suit our needs, and we will choose 1 := —irw — FXO
(this makes sense, since w is a self-dual 2-form as shown above) where r is some
fixed, sufficiently great real number (to be specified later) and where Aq is our
reference connection. For ¢ € T'(ST) we let 11 € C*°(M) and 1o € Q%2(M) be
such that ¢ = \/r(¢1,12) (note the rescaling by /r!). Then by the formula for
the Dirac operator above, the first Seiberg-Witten equation can be written as

Opthy = —Opiho. (3.14)

>From the local expressions in (2.7) we can deduce the following alternative
global version of the second Seiberg-Witten equation:

Ff = ir([al® = [2)w + 2(1tb — vrdh2) — 1.
With the 7 chosen above the second Seiberg-Witten equation reads
Fjf = Fiy = —ir(L= g1 + 2w — 2r (1002 — $re2)

and since F)f — F{ =2F; = 2(df)" we get

ir — —
Ff =dp)*" = —5 (1= [1]? + [92*)w — (1102 — Yr¢ha) (3.15)
By (3.3) we have the orthogonal decomposition
NT*M=Cwe Ky & K;}' =Cwa A2'T*M & A"*T*M

where Cw is the trivial complex line bundle whose fiber over z € M is just Cw,.
Therefore by (3.15) we have

FO% =rhphy  and  (w, Fy) = —ir(1 — [ih]? + [1h]?)

where (, ) refers to the fiber metric on A2T*M induced by g (in verifying the
second formula one recalls that (w,w) = 2). We have at least one obvious solution
to the equations (3.14) and (3.15), namely A = Ag and ¢ = 1 and ¢y = 0. We
will show that, up to gauge equivalence, this is the only solution, provided r is
great enough.

Define the map N : Q49(M) — Q%2(M) in the following way: the exterior
derivative maps

d: Q"0 (M) — Q¥ (M) @ QY (M) @ Q°2(M)
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and therefore we can define N := 7%2 o d (note that for a Kihler manifold this
is identically 0). This is a tensor field, i.e. for any smooth (complex-valued)
function f we have N(fa) = fN(«a). This can be shown in the following way:
For o € QVO(M) we get

d(fa)=df Na+ fda.

Since QY (M) = QM9 (M) @ Q%L (M), we can split df accordingly: df = (df)>0 +
(df)%!. Now since the wedge product maps QP4(M)x Q™5(M) — QPTTTs (M)
we see that df A a € Q20(M) @ QY1(M) and thus this term is killed by the
projection 7%2. Therefore

N(fa) = (da)*? = (fda)*? = f(da)*? = fN(a).

Thus N is induced by a bundle map AT*M — A%2T*M and hence over
each = we have a linear map N, : AbOT* M — A%2T7 M. This is bounded, i.e.
N (az)| < Cplag|. Since M is compact and C, depends continuously on x we
can find a maximum C such that

‘Nw(aw)l < é|O‘JC|

for all z.

Additionally we need the following complex version of the Bochner-Lichnerowicz

identity (in this formula B maps C°*°(M) — Q(M) and B* maps opposite)):
20503 = B*B — i(w, Fp) (3.16)

(a proof may be found in [6], p. 212). ~
Now take the first Seiberg-Witten equation (3.14) and act with g on both
sides to obtain (see below for explanations)

Dp0phy = —0pdpihr = —Fy 1 + N(Opth1)
= [ P2 + N(9p11). (3.17)

The second identity here is not quite obvious, so let’s spend some time proving
it. This is an instructive exercise in the rules of calculation for Cauchy-Riemann
operators. We calculate each side separately and compare:

Fyy = (dB)*?¢r = [d(B"°) + d(871)] 24
(B + 9 [d(B0))*2.
Next we calculate N(dg1)1):
N(Oaw) = (d o dpyn)*? = (d(dpr + 1 8)10)"?
= (d(0y1))*? + (d(¥1 5°))*2
= —0"yr + (i A B0)02 + [Y1d(5)] 02
= —8"1 + [Yad(50)2.

Finally we just need to calculate 9,404, and this is just and application of the
extension rule for Cauchy-Riemann operators to higher exterior powers:

0505 = Op(dib1 + 1 8%") = 521/)1 + 01 A BYT + (8% )y — BN A Osin
= 521/)1 + 0y A B +9(B% — O A DY — BOT A B0
= 521/)1 +0(8 ).
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Comparing these terms we obtain the desired formula: Op0p) = F%21/)1 —

N(Op1p1)
Now we return to (3.17) and take the (pointwise) inner product with 15 and
obtain

(02,0305 1b) = —r|vn[*t2]? + (2, N(D5¢h1)).
The left-hand side is just |5;31/12|2 and by integration we get

[ Bty = [ (N}~ rln PP, (3.9
M M
Observe the inequality
r 2 c 2
/M<¢2,N(83¢1)>dvg < B /M ARAES " /M |Baps |2dV, (3.19)

where C' > 0 is some constant, independent of r. It can be proved as follows
(recall that (, ) and |- | denote pointwise inner products and norms):

< (/52 = EN@swn), /502 - EN@s00)
= L9l - N@s ) — V(o (@)

and therefore using the boundedness property of N we get

AR VART B
2\/?‘¢2| +\f IN(Onp1)* <

r
§|7/)2\2 =+ *\B¢1|2-
r

~2
(2, N(0p91)) < 2|2+07\393¢1\2

< |y
2

IN

Putting C := C? and integrating we get (3.19).
Combining (3.19) with (3.18) gives

/ (1082 + 7l |2 [12])dV, =/ (Y2, N(Op91))dV,
M M
C
<3 [ waPav,+ 5 [ Beipa,
M M
Rearranging yields

[ @aval s Pliaf? = St < § [ Binfa,
M

By applying the complex version of the Bochner-Lichnerowicz identity we can
estimate this last integral:

1B |? = (B, Bypr) = (¥1, B*Behy)
= (¢1,20505¢%1) + (a,i(w, Fg))
=2|05¢1]> + (1 — [91]* + [1h2]*)[e]?

so upon integration we get
[ 1BnPav, = [ nenP 4o 0P+ WP P)av,. (320
M M

Since B is the connection on the trivial line bundle L = det(op) we have

0 =ci1(L) = 5 [F3), i.e. Fz is cohomological to 0. Thus

0 =2mi[w] — ¢1(L) = [w A Fp]
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and therefore [ @A Fgz =0. But since w is self-dual we get

wWAFp =FpAw=FpA*w=(Fg,w)dVy = (w, Fp)dV, = (w,Fg)qu
= —ir(1 — |1 > + [a]?)dV, (3.21)

from which we conclude that [, r(1—[¢1]? + [1)2]*)dV, = 0. Adding this to the
right-hand side of (3.20) we obtain

[ 1Baav, = [ owin = o+ aP) (- DV, (322)
Let’s work on the right-hand side of this equation. First we can, by (3.14) replace

8511 |2 by |05 12|? then we can calculate the second term and estimate by using
(3.20) (times 2):

RHS = / 200 nl® = (L= [1 ) + rlun P2l — iyl dV,
M

IN

20
x / By [PV, — 1 / (1 [a[?)2dV, —r / o Pl PV,
" Jm M M

2
2 / By [2dV, — / (1 = [ P)2av,.
T Jm M

IN

Hence we can rearrange (3.22) to obtain
2C
[ (=2 ol - av, <o
M r

Choose r so large that 1 — 2C/r > 0, then for this inequality to be satisfied we
must have |¢1| = 1 and |B+;| = 0. By integrating (3.21) we see that 13 = 0. By
a gauge transformation we can assume v; = 1 and hence B must be the trivial
connection, i.e. A = Ag. Thus up to gauge transformation we only have the
solution (1,Ap) and hence the moduli space M(7n) consists of only one point. [J
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self-dual 2-form, 31
signature, 43, 54
slant product, 64, 65
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spin manifold, 1

spin representation, 10, 32
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spin-Dirac operator, 16, 22

spinor, 2
spinor bundle, 2, 10
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is a Dirac bundle, 10
spinor representation, 2
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7
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