Sketch of solutions to the exam

Stochastic processes, June 2009

Problem 1
1. Transition matrix:
1 2 3 4 5 6 7

1 . - 1/5 1/10 - 7/10
9 . . . 1
3 . . 1

P= 4] . 1
514/5 1/5
ol - 174 - . 3/4
7\ - - 3/4 1/4

(elements in the transition matrix that are 0 have been represented by a dot).

Communication classes:

C; ={1,5,6} (1—-6—-5—1)
Cy = {2,4} (2 —4—2)
Cs = {3} (a closed set: p33 = 1)
Cy={7} (the chain cannot enter state 7)
Period:
di=ds=dg=3 since p11(3k) > 0but p11(3k+1) =p11(8k+2)=0
do=dy =2 since p92(2k) > 0 but p2(2k+1) =0
d3=1 since p33 > 0
d7 = 00 since p77(n) =0 for alln € N

2. Classification

(1 is transient as 1 — 4 but 4 /4 1 (since Cs is closed)
C5 and (3 are closed and finite and therefore positive recurrent
C, is transient as 7 — 4 but 4 /4 7 (since (5 is closed)

3. Starting in state 7, in the first step the chain will be absorped in C3 with probability
3/4 and in Cy with probability 1/4. If it is absorped in C5 it will be in state 4 for all
odd n, and it will be in state 2 for all even n. Thus

0 for n odd

P(X,=2|Xo=T7) = {1/4 for n even
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4. By first-step analysis

1
1) = - —u(d) + —
u(1) 5u(3)+ 10u( )+ 1Ou(6)
u(2) = 0
u(3) 1
u(4) = 0
4 1
1 3
3 1
with solution
10 8 6 3
= —u(2) = =1 4) = = — = —: = —
Problem 2
1. Let Z, be 1 if the n’th fish is untagged and 0 otherwise. Then
X, +1
P(Znsr = 0| Xoy- s Xos Z1rr s Zn) = ]\;r
N-X,—-1
P(Zn-l—l:1’XO,~--7Xn;ZI;---7Zn) - T
Then Z,, 1 is conditionally independent of 7Z,,,..., 71, X,,_1,..., Xy given X,, and

Xn+l - (Xn + ]-)Zn+l-
Thus, {X,,},>0 is a HMC by Thm 2.2.2.
Alternatively, order all N fish such that the tagged fish come first in the sequence. Let
Z,, be the number of the drawn fish, which are iid uniformly distributed on {1, ..., N}.
Then
Xpt1 = (Xn+Dlz,,,>x,11)
and {X,,},>0 is a HMC by Thm 2.2.1.

It has transition matrix

0 1 2 . N-2 N-1
0 1/N (N -1)/N
1 2/N . (N —-2)/N
2 3/N

P =
N-2| (N —-1)/N . . - 1/N
N—-1 1
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and transition graph

All states communicate, thus it is irreducible. Since it is finite, it is positive recurrent.
All states are aperiodic since it is irreducible (all states have the same period) and
do = 1 because pgg > 0.

. If T'= n then necessarily the chain has followed the path
0—-1—-2—---—>n—-1—-0

and thus
N—-1N-2 N—-n+1n
N N N N

PT'=n|Xo=0) = poip12-- Pn—2n—-1Pn-1,0 =

. For N = 3 we get

stz = Sorw-nize-0 - 33(3) () +3() ) 1 - 5

n=1

Alternatively, use first-step analysis:

m(0) = 1+§m(1)
m(1) = 1+ 5m()
m(2) = 1
We obtain
1 2 1 94642 17
m(0) = 1+3<1+3m(2)>—1—|—3<1 3>_ =5
Global balance equations:
©(0) = % (0) + gw(l) + 7(2)
x(1) = >x(0)
") = Zw(l)

and 7(0) + m(1) + 7(2) = 1. We obtain = = -(9,6,2).
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n—1 2
1 6 2 10
N'x, — — —_49° —
nz >_nw(n) TR TART:
7=0 n=0
Problem 3

. Reuters criterion for birth-and-death processes (Thm. 33): (X(¢)):>0 is non-explosive

since
o0

N 0 Ve

=1

. Since the clock of a uniform chain has a bounded jump rate, the jump rates of
(X (t))t>0 given by its generator () are bounded. But the generator uniquely deter-
mines the distribution of a HMC and in our case @ is unbounded (g; j—1 = §; := p-\/j).
Hence, (X (t)):>0 is not uniformisable.

. Kolmogorov backward equation for (X (¢)):>o:

p;,]( ) = —qipi ] ) + Z qi kpk,j
k#i

= ¢i,iDij(t) + Gii—1pi—1,;(t) + Gi,iv1Di+1,5()
_ {— <\/z/\Tl T \ﬁ) i () + - Vi pic1j(t) + ﬁ “piy1,i(t) ifi>0
—Apo,;(t) + A~ p1;(t) ifi =0

. Since the birth-and-death process is recurrent it is non-explosive and hence a regular
jump Process. For this reason the assumptions of Thm. 29 are fulfilled and we only
have to check if 7 x Q = 0. Let i > 1, then

(m*Q)i = Z TjQji = Ti—1Gi—1,i T Tidii + Tit1¢i+1, + 0

i=0
- ,8 i+1 ﬁ
k—1 k—1
= /31'—171— 11 5 + Bz | | + (514.17[_( ) klzll 5k .

If we divide the last term by 7(0) - [[;_} @“kl > 0 we get

. : Bi1 Bi-1 Bi
51—1 - (51 + ﬁz) 5Z + (524_1 51 5i+1 =0.
Hence (7 @Q); = 0 for all i > 1. But we also have
_ _ Bo .
(mx Q)o = m0qo,0 + T1q1,0 = —7(0)Fo + 7(0) - 5 251 =0
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5. Since the process is positive recurrent we know from Thm. 29 that the invariant
measure 7 which has the expression from above is finite. Hence we choose 7(0) > 0
such that > ;° 7 (i) = 1. By definition,  is strictly positive. Since @ is the generator
of a birth-and-death process, ¢; ; = 0 = %qj,i foralli>0and j >i+1lorj <i—1.

Moreover,

i+1 _
. P i e wit D)
= = , P G 20
o L a0 T, m@)

Hence ¢; j = %qﬂ for all 4, j > 0 which shows the reversibility.

6. Evidently, (X(¢)):>0 is irreducible and = is satisfying 7 « Q = 0 as computed above
and given by

i A i .
Do TT Y — o TTME gy )
(i) = m(0) gﬂ'ﬂ O I ; (0) =L

j=1

Since > .2, BY/) exp(A\/u) < oo we can just put 7(0) = exp(—\/u). Hence

(1) = exp(—=\/p) - ()\éiu)l, i>0

is the Poisson distribution with parameter (\/x). Thus Thm. 30 yields that (X (¢)):>0
is positive recurrent and Thm 29 shows that = is the unique invariant distribution
of (X (t))i>0. (Alternatively, one could argue with the reversibility equation shown
above and use Thm. 31.)
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