ON THE K-THEORY OF HIGHER RANK GRAPH
C*-ALGEBRAS.

D. GWION EVANS

ABSTRACT. Given a row-finite k-graph A with no sources we investigate the
K-theory of the higher rank graph C*-algebra, C*(A). When k = 2 we are
able to give explicit formulae to calculate the K-groups of C*(A). The K-
groups of C*(A) for k > 2 can be calculated under certain circumstances. We
state that for all k, the torsion-free rank of Ko(C*(A)) and Ki(C*(A)) are
equal when C*(A) is unital, and we determine the position of the class of the
unit of C*(A) in Ko(C*(A)).

1. INTRODUCTION

In [23], Spielberg realised that a crossed product algebra C(Q) x ', where Q is
the boundary of a certain tree and I" is a free group, is isomorphic to a Cuntz-
Krieger algebra [5, 4]. Noticing that such a tree may be regarded as an affine
building of type fll, Robertson and Steger studied the situation when a group I
acts simply transitively on the verices of an affine building of type A, with boundary
2 [18]. They found that the corresponding crossed product algebra C(2) x T is
generated by two Cuntz-Krieger algebras. This led them to define a C*-algebra
A via a finite sequence of finite 0—1 matrices (i.e. matrices with entries in {0,1})
My, ..., M, satisfying certain conditions (H0)-(H3), such that A is generated by r
Cuntz-Krieger algebras, one for each Mj, ..., M,. Accordingly they named their
algebras higher rank Cuntz-Krieger algebras, the rank being 7.

Kumjian and Pask [11] noticed that Robertson and Steger had constructed their
algebras from a set, W of (higher rank) words in a finite alphabet A - the common
index set of the 0—1 matrices - and realised that W could be thought of as a special
case of a generalised directed graph - a higher rank graph. Subsequently, Kumjian
and Pask associated a C*-algebra, C*(A) to the higher rank graph A and showed
that A = C*(W) [11, Corollary 3.5 (ii)]. Moreover, they derived a number of
results elucidating the structure of higher rank graph C*-algebras. They show in
[11, Theorem 5.5] that a simple, purely infinite k-graph C*-algebra C*(A) may be
classified by its K-theory. This is a consequence of C*(A) satsifying the hypotheses
of the Kirchberg-Phillips classificaiton theorem ([10, 15]). Moreover, criteria on
the underlying k-graph A were found that decided when C*(A) was simple and
purely infinite (see [11, Proposition 4.8, Proposition 4.9]). Thus a step towards the
classification of k-graph C*-algebras is the computation of their K-groups.
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In [20, Proposition 4.1] Robertson and Steger proved that the K-groups of a
rank 2 Cuntz-Krieger algebra is given in terms of the homology of a certain chain
complex, whoose differentials are defined in terms of M, ..., M,.. Their proof relied
on the fact that a rank 2 Cuntz-Krieger algebra is stably isomorphic to a crossed
product of an AF-algebra by Z2. We will generalise their method to provide explicit
formulae for the K-groups of 2-graph C*-algebras and to gain information on the
K-groups of k-graph C*-algebras for k£ > 2.

The rest of this paper is organised as follows. We begin in §2 by recalling the
fundamental definitions we will need from [11]. In §3 we show that the C*-algebra
of a row-finite k-graph A with no sources is stably isomorphic to a crossed product
of an AF algebra B by Z*. This enables us to apply a theorem of Kasparov [9, 6.10
Theorem] to deduce that there is a homological spectral sequence ([25, Chapter
5]) converging to K,(C*(A)) with initial term E? = H,(Z", K,(B)) (see [3] for
the definition of the homology of a group G with coefficients in a left G-module
M, denoted by H,(G, M)). We will see that it suffices to compute H.(Z*, Ko(B)).
It transpires that H,.(ZF, Ko(B)) is given by the so called vertex matrices of A.
These are matrices over the non-negative integers that encode the structure of the
category A. Next we assemble the results of §3 and state them in our main theorem,
Theorem 1. We then specialise to the cases K = 2 and k£ = 3. For k = 2 a complete
description of the K-groups in terms of the vertex matrices can be given. For k = 3
we illustrate how Theorem 1 can be used to give a description of the K-groups of
3-graph C*-algebras under stronger hypotheses.

In section §4 we consider the K-theory of unital k-graph C*-algebras. We show
that the torsion-free rank of Ko(C*(A)) is equal to that of K (C*(A)) when C*(A)
is unital and give formulae for the torsion-free rank and torsion parts of the K-
groups of 2-graph C*-algebras. Finally, we determine the position of the class of the
unit of C*(A) in Ko(C*(A)) to facilitate the application of the Kirchberg-Phillips
classification theorem.

This paper was written while the author was an European Union Network in
Quantum Spaces — Non-Commutative Geometry funded post-doc at the University
of Copenhagen. The paper is based on a part of the author’s PhD thesis, which
was written under the supervision of David E. Evans at Cardiff University. I would
like to take this opportunity to thank David for his guidance and support, and
Johannes Kellendonk and Ryszard Nest for useful discussions on homological alge-
bra. Thanks are due to the operator algebra groups in both universities also, for
creating stimulating environments for research.

2. PRELIMINARIES

The following notation will be used throughout this paper. We let N denote
the abelian monoid of non-negative integers and we let Z be the group of integers.
Note that a monoid N (hence a group) can be considered as a category with one
object and morphism set equal to N, with composition given by multiplication in
the monoid. For a positive integer k, we let N*¥ be the product monoid viewed as a
category. Similarly, we let Z* be the product group viewed, where appropriate, as
a category. Let {ei}le be the canonical generators of N* as a monoid. Moreover,
we choose to endow N* and Z* with the coordinatewise order induced by the usual
order on N and Z, i.e. for all m,n € Z¥ m <n <= m —n € N*. By slight abuse
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of notation we shall let the set of morphisms of a small category C be denoted by
C and identify an object of C with its corresponding identity morphism.

The concept of a higher rank graph or k-graph (k = 1,2,... being the rank)
was introduced by A. Kumjian and D. Pask in [11]. We recall their definition of a
k-graph.

Definition 1 ([11, Definitions 1.1]). A k-graph (rank k graph or higher rank
graph) (A, d) consists of a countable small category A (with range and source maps
r and s respectively) together with a functor d : A — N* satisfying the factorisa-
tion property: for every A € A and m,n € N¥ with d(\) = m+n, there are unique
elements p,v € A such that A = pv and d(u) = m, d(v) = n. For n € N*¥ and
v € A® we write A" :=d~"1(n), A(v) :==r~1(v) and A"(v) := {\ € A" |r(\) = v}.

Definition 2 ([11, Definitions 1.4]). A k-graph A is row-finite if for each n € N*
and v € AY the set A" (v) is finite. We say that A has no sources if A" (v) # () for
all v € A and n € N

We refer to [12] as an appropriate reference on category theory. There is no
need for a detailed knowledge of category theory as we will be interested in the
combinatorial graph-like nature of higher rank graphs. As the name suggests a
higher rank graph can be thought of as a higher rank analogue of a directed graph.
Indeed, every 1-graph is isomorphic (in the natural sense) to the category of finite
paths of a directed graph ([11, Example 1.3]). For examples of k-graphs see [11].
By [11, Remarks 1.2] A is the set of identity morphisms of A. Indeed it is fruitful
to view A as a set of vertices and A as a set of (coloured) paths with composition
in A being concatention of paths. This viewpoint is discussed further in [6, 17]. We
will let (A, d) (or more succinctly A with the understanding that the degree functor
will be denoted by d) stand for a generic row-finite k-graph with no sources.

Given a countable group G, a k-graph A and a functor ¢ : A — G, Kumjian
and Pask defined the skew-product k-graph G x. A as follows [11, Definition 5.1]
the objects are identified with G x A° and the morphisms are identified with
G x A with the following structure maps: s(g,\) = (ge(A),s(A)) and r(g,\) =
(g,7(N)). If s(A\) = r(p) then (g, ) and (ge(X), u) are composable in G x. A and
(g, M) (gc(N), ) = (g, \t). The degree map is given by d(g, ) = d()).

3. THE K-GROUPS OF k-GRAPH C*-ALGEBRAS

We begin by noticing that C*(A) is stably isomorphic to a crossed product of an
AF-algebra by Z*. As observed by Kumjian and Pask [11, §5], given a k-graph A
with degree map d, we may form the skew-product graph Z* x4 A by considering
d as a functor from A into Z*. Kumjian and Pask showed that C*(Z* x4 A) is an
AF-algebra as follows.

Lemma 1 ([11, Lemma 5.4]). Let A be a k-graph and suppose there is a map
b: AO — ZF such that d(\) = b(s(\)) — b(r(X)) for all X € A, then C*(A) is AF.

In the proof of [11, Theorem 5.5] Kumjian and Pask noticed that the map b :
ZF x4 A : (n,\) — n satisfies the hypothesis of Lemma 1, and they deduced that
C*(ZF x4 A) is AF. Henceforth we denote C*(Z* x4 A) by B.

Moreover, by Remark 5.6 and its preceeding paragraph in [11], Z* acts freely
on Z* x4 A by n(m,\) = (m +n,\) for all m,n € Z* and A € A. Thus there
is an action 8 on B induced by the above action of Z* on Z* x4 A such that
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Brn(5(m,n)) = S(mtn,n) for all m,n € 7ZF and X\ € A. Furthermore, by [11, Theorem
5.7], we can see now that C*(A) is stably isomorphic to a crossed product of an
AF-algebra by Z*, namely

C*(A) ® K = B xg Z".
Hence, as in the proof of [20, Proposition 4.1], by [9, 6.10 Theorem], the K-groups

of C*(A) are given by a homological spectral sequence with E? term given by
E2 = H,(ZF, K,(B)). For future reference, we state this in the following Lemma.

Lemma 2 (c.f. [20, Proposition 4.1]). There exists a spectral sequence (E",d")
converging to K.(C*(A)) := B,,c,, Hn where

H = Ko(C*(A)) if n is even,
T K1(C*(A))  ifnois odd.

Moreover, for p,q € Z,

2~ H,(ZF,Ko(B)) ifpe{0,1,...,k} and q is even,
e 1 0 otherwise,

E*° = EMYand ENTY =0 if p € Z\{0,1,...,k} or q is odd.

Proof. The first assertion follows from [9, 6.10 Theorem] applied to B xg ZF =
C*(A) after noting that K, (B xg Z*) coincides with its “y-part” since the Baum-
Connes Conjecture with coefficients in an arbitrary C*-algebra is true for the
amenable group ZF for all k > 1.

By the proof of [9, 6.10 Theorem|, K, (B xz Z*) = K.(D) for some C*-algebra
D which has a finite filtration by ideals: 0 C Dy C D1 C --- C Dy = D since the
dimension of the universal covering space of the classifying space of Z* is k.

The spectral sequence we are considering is the spectral sequence {(E",d")} in
homology K, associated with the finite filtration 0 C Dy C Dy C --- C Dy, = D
of D (]21, §6]) which has E;q = K(pt+q mod 2)(Dp/Dp_1) where D,, = 0 for n < 0
and D,, = D for n > k. Tt follows easily that £} , =0 for p € Z\{0,1,...,k}, for
all ¢ € Z and for all 7 > 1 and E> = E**1 (see also [21, Theorem 2.1]). This
combined with Kasparov’s calculation in the proof of [9, 6.10 Theorem]|, giving
E? = H,(Z*, K,(B)), along with the observation that K,(B) = 0 for odd g, since
B is an AF-algebra, proves the second assertion. O

Now we will compute H,(ZF, Ko(B)). First, let us examine the structure of B
in a little more detail. As noted earlier, the map b : (ZF x4 A)° — Z* : (n,\) —n
satisfies b(s(n, A)) — b(r(n, ) = d(n,\) for all (n,\) € Z* x4 A. Also note that
for all n. € Z*, b=1(n) = {n} x A and we may identify s~!(n,v) with s~!(v) via
(n —d(X\),\) — X for all A € s71(v), v € A°. Thus, by the proof of [11, Lemma
5.4], B = U, czr Bn where B, = @, cpo Bn(v) and By, (v) := span{sys;, | A\, p €
ZE xq A, s(\) = s(u) = (n,v)} LK% (s71(v))) for all v € A® and n € Z*.

Definition 3. Let ZA° be the group of all maps from A° into Z that have finite
support under pointwise addition.

Definition 4 (c.f [11, §6]). Define the vertex matrices of A, M;, by the following.
For u,v € A and i = 1,2,...,k, M;(u,v) := [{\ € A% |r(\) = u,s(\) = v}|. Also,
let (M{,...,MH" = Hle(MJt)"J for all n = (nq,...,n) € N¥, where S* denotes
the transpose of a matix S.
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Lemma 3 (c.f. [20] Lemma 4.5 and [14] Proposition 4.1.2). For alln,m € Z* such
that m < n, the groups A,, := ZA° and homomorphisms Jnm : Am — A, defined
by Jnm = (M7, .. .,M}é)(”’m) form a direct system. Moreover the groups Ko(B)
and im_, (A.; Jnm) are isomorphic.

Proof. 1t is clear that (A.,;Jnm) is a direct system. Using the above notation
we see that Ko(B) = lim(Ko(By); Ko(tn,m)) where for m,n € ZF with m < n,

tn,m : Bm — By, are the inclusion maps [24, Proposition 6.2.9].

For v € A% Ky(B,(v)) is isomorphic to Z and is generated by the class of any
minimal projection in By (v). Therefore to get a set of generators for Ky(B,,) =
D,cro Ko(Bn(v)) it suffices to choose a minimal projection from each B, (v). We
will choose {[p(n,0)]n | v € A’} to be our generators of Ko(By,), where [-],, denotes
the equivalence classes of Ko(B,,) for all n € Z*. Thus the map 6,, : A,, — Ko(By)
given by f 3 ro f(W)[P(nu)ln is a group isomorphism for all n € Z*.

The embedding ¢y, p, : B, — B,, is given by

b (S(n-d) N S(m—d ) = D Sm—d(N)Ae)Sim—d() a0
aceAn—m(s(N))

for all A\, u € A. Therefore,

KO(Ln—Q—ei,n) ([p(n,v)]n) = [’/n-i-ei,,n (p(n,v))]nJrei = Z P(n,a)
a€Ni(v) nte;
- Z Mz (Ua u)[p(n—&-ei,u)}n-&-ei
ue A0
and
KO(Ln+€i,'VL) (Z f(v)[p(n,v)]n> = Z (Z Mz(”v“)f(”)) [p(n+ei7u)]n+61:
vEAO u€AO \veAO
= Z (Mztf) (u)[p(n-&-eri,u)}n-ﬁ-ei'
u€AO
Thus the following squares commute for all i € {1,2,...,k}.
K n €e;,n
KO(Bn) M KO(Bn+el)
QHT T9n+ei
A, Intein, Antes

The result follows. O

Henceforth, we shall follow the notation in Lemma 3.

Lemma 4 (c.f. [20] Lemma 4.10). Fiz i € {1,...,k} and let ¢;,, = M} for
all n € ZF. Let the homomorphism induced by the system of homomorphisms
{¢in: An — A, | n € ZF} be denoted by ¢; : im_, (A Jnm) — Hm, (Am; Jnm)-
Then Yo, = Ko(Be, ), where 1 : Um_, (Am; gnm) — Ko(B) is the isomorphism
constructed in Lemma 3.
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Proof. Fix i € {1,...,k} and let A :=lim_ (A,; Jnm). First we should check that
¢; is well-defined by showing that

(M., M)~
A, T4

M} l l M}

(M., M)~

Am n

is commutative for all ¢ € {1,...,k} and n,m € Z* such that n > m. However,
this is clear since composition of the maps involved is merely matrix multiplication
and the vertex matrices of A commute [11, §6].

Next, we let ¢ : A — lim_, (Ko(Bm); Ko(tn,m)) be the unique isomorphism
such that Ko(ip,) 0 6, = 1]) o g, for all n € ZF where 0,, : A, — Ko(B,) :
J =2 ueno J(W)[Pemuln (cf. proof of Lemma 3). Then ¢ : A — Ko(B) is the

composition of 1 with the canonical isomorphism of lim_, (Ko(By,); Ko(tn,m)) onto
Ky(B).
Finally we will prove that

Ko(B,) 2 Ky(B)
¢;1nl J{Kﬂ(ﬁez)
Ko(By) — Ko(B)
commutes for all i = 1,2,...,k and n € Z* where ¢, : B, — B is the inclusion

map for all n € Z* and éi,n = 0, 0 ¢in o0, . For then the Lemma follows from
the universal properties of direct limits.

Fix i € {l1,...,k} and n € ZF. Let [-],[-], denote the equivalence classes
in Ko(B), Ko(By) respectively. Now Ky(B,,) is generated by {[pm,)ln | v €
A%}, therefore it is enough to show that Ko(fe,) © Ko(tn)([Pnv)ln) = Ko(tn) ©
Qgi,n([p(n,v)]n) for all v € A°. To see that this holds let v € A, then

Ko(Be,;) o KO(Ln)([p(n,v)]n) = KO(ﬁEi)([p(n,v)]) = [p(n-&-ew))}'
While

KO(LTL) © éz,n([p(n,v)]n) = Z M'L(’Uvu)[p(n,u)] = Z [p(n+ei,a)] = [p(nJrei,v)]'
u€A0 acNi(v)

O

We are now in a position to commence the computation of H,(Z*, Ko(B)). It will
be convenient to use multiplicative notation for the free abelian group Z*, generated
by k generators. Thus we set G := (s; | s;8; = s;s; forall ¢,5 € {1,...,k}) and
R := ZG the group ring of G [3]. An efficient way of computing the homology
groups H;(Z*, K,(B)) is by means of a Koszul resolution [25, Corollary 4.5.5].

Definition 5. For any non-negative integer n, let £"(R*) denote the n'® term of
the exterior algebra [2] of the free R-module R* := @Ll R;, over R, where R, = R
for i = 1,...,k. Moreover, for any negative integer n, let £"(R*) = {0}.
{(:u’h"'a/u'l) € {17"'7k}l ‘ pp < <,u'l} ifl e {]‘""ﬂk}7
Forl € Zlet Ny := ¢ {*} ifi =0,
0

otherwise.
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Forle{l,...,k} and p= (p1,..., ) € Njyi=1,...,1 we let

i (paspe e i1y i1y g2 - ) € N1 if 1 # 1,
AN if 1 =1.

Forn=1,2,... and r € Z, let

(n> :{ #T'),T, if0<r<n,
r)’ 0 ifr<Oorr>n.
Thus, for | € Z, E'(R*) is generated as a free R-module by the set N; and has rank
()-

One checks that for any basis {t1,...,tx} of G, the subset * = {z;}F_,, where
x; = 1—1t; for i = 1,...k, is a regular sequence on R (for the definition of a
regular sequence see [8, §3.1]). Let K (x) be the chain complex

0 EO(RF) e« EYRF) — -+ — EF(RF) — 0

where the differentials £/(R*) — E!-1(RF) are given by sending

uHZ(—l)j“xM,uj for all p = (p1,...,u) € Ny,

if I € {1,...,k} and the zero map otherwise. By [25, Corollary 4.5.5] K () is a free
resolution of R/I over R where I is the ideal of R generated by x. It is well known
(see e.g. [25, Chapter 6],[3, §1.2]) that I = kere where e : R — Z : g — 1 is the
augmentation map of the group ring R = ZG. Thus we have a free resolution of Z
over ZG, which we may use to compute H,.(G, Ko(B)).

If we choose t; = s; ! fori = 1,...,k, it follows that H,(G, Ko(B)) is isomorphic
to the homology of the chain complex

(1) C:O<—K0(B)<—---<—@KO(B)<—-~-<—K0(B)<—0,

where the differentials @y, Ko(B) — Dy, , Ko(B) (I € {1,...,k}) are defined
by

@mu'_’ @ ZZ )05 s (M = s, ).
HEN; AEN;_1 pEN; i=1
Recall that the G-action on Ky(B) is given by s; - m = Ko(8,,)(m) for all m €
Ko(B), i=1,....k
For m,n € Z* with m < n, let C™ be the chain complex

0<—An<_""—@An<_"'<_An<_07

with A, = ZA® and differentials, 9" : @y, Ay — Dy, , An (€ {1,...,k}),
defined by

@ my, — @ Z Z z+15)\u M/t”)m“.

HEN; AEN;_1 pEN; i=1

Furthermore, let 7% = {(7), | p € Z} : C™ — C(") be the chain map defined
by (77)p(Duen, mu) = EBueN,,(MU" M) m,, for all p € Z (cf. Lemma

3). By Lemma 3 and Lemma 4, (C(™);7") is a direct system of chain complexes
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([22, Chapter 4, §1]) isomorphic to C. Note that the chain complexes C(™ do not
actually depend on n € ZF, thus we let D denote this common chain complex with
differentials 0, := 8,(;”) for all p € Z.

Proposition 1. Using the above notation we have H.(G, Ko(B)) = Hom(D), where
Hom s the homology functor.

Proof. The homology functor commutes with direct limits ([22, Chapter 4, §1,

Theorem 7)), therefore it follows that H, (G, Ko(B)) 2 lim_, (Hom(C™), Hom(77?)).
Thus, it suffices to prove that Hom(7pm, mes )p is the identity map for all p € Z, m €
7k, j € {1,...,k}. To see that this is indeed true we need to show that @#GN (1-

M})(y) € im8p+1 for all y € kerd,,, p € Z, j € {1,...,k}. Indeed, we claim that

given y = ®ueNp Yu € ker 9, we have

@ (1- M;)yu = Opt1 @ Zx

HEN, AENp 11

where z) = Zf:ll(—l)i“é)mjyy for all A € Np41.

Fix j € {1,...,k}. For any p € {1,...,k} and p = (p1,...,4p) € N, let
Jp) == D% 1 8 4,4, ie. if j is a component of 4, then j(u) denotes the unique
i €{1,...,k} such that y; = j, otherwise j(1) = 0. Now fix ap € {1,...,k} and a
po= (g, pp,) € Np and let y = ®ueNp Y, be in ker J,,.

First, suppose that j(x/) > 0 and let n = (1/)?*). Then

0 = Z i Z+16 Mf”)y#

HEN, i=1
p
- Z( D6, (i (1= M )z
1=1
b3 S et
RENp =1
pu#u!
— (O MY+ S Z D)0, (1= M, )y,
MENp =1
u#Ep!
so that
p
(1- M;)xu’ = Z Z(_l)lﬂ(# )H‘Sn,ui(l - Mfm)xu
HENp =1

n#n!
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Now

D =

)\GNP+1

Fp+1

since for every A € Npii
1I{j(A)} we have

(1) (Su’,)\j(A) =0,

oy a1
@ im={ )

@ w=x = q={
and if p € N, then j(u) =0,

for some i € {1,...,k}.
Hence,

D =

)\ENP+1

i1

w

p+1

DD (D)6, b, (1= M yar

AENp 1 i,7=1

p+1

S I VE (= MYy

XEN, 11 =1
i(x)>0

2.

XENp 41
F(N)>0

JN)-1 o,
Z (1) WS e (1= MYy
=1

p+1 o
>0 (=)Es, w1 = MYy
=41

p
Z Z(_l)H_](H )—H(Sn,/ﬂ'(l - M;th)yu

pRENp =1
J(n)=0

such that j(A\) > 0 and for every i € {1,...,p +

if 4/ = M\ with i < j(A),
if 4/ = N with j(A) < i,
()\j(k))i

)\j(z\))i—l

ifi < j(\),
if j(A) < 4,
n = p' for some i € {1,...,k} < p# ', n=yu

P

Z Z(_l)iﬂ(u )‘*16,7,“7;(1 - Mﬁ)y#

HENp =1
n#p

(1- M;)yuu

Now suppose that j(u') = 0. Then

D =

)\GNP+1

Dpi1

14

where £ is the unique element

p+1

Do D (U nida (1= MY Jyar

AENp41 4,r=1
(—1)F©O+I©O+2(1 — M¢, )i
(1- M;)yu’v

of N, satisfying j(£) > 0 and &7(8) = p//.

Combining the results of this section we get the following theorem.
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Theorem 1. Let A be a row-finite k-graph with no sources. Then there exists a
spectral sequence {(E",d")} converging to K.(C*(A)) with EZ%, = EXt and

52 o Hom, D ifpe{0,1,...,k} and q is even,
Pq 0 otherwise,

where D is the chain complex with D, trivial for p € Z\{0,1,...,k}, D, =
D,cn, ZA° for p € {0,1,...,k} and differentials

0p: Dy —Dpr: P mu— P ZZ 176y e (1= ML ymy,

HEN, AENp_1 pEN, i=1
forpe{1,...,k}.

Specialising Theorem 1 to the case when k = 2 gives us explicit formulae to
compute the K-groups of 2-graph C'*-algebras under mild assumptions.

Proposition 2. Given a row-finite 2-graph A with no sources, the K-groups of
C*(A) are given by

Ko(C*(A)) = coker(l — M{,1— M%) @ ker <i\4 ;;)
M -
K (C*(N)) = ker(1Mf,1M§)/im( 2 t>
1— M}
t 3 0 0 0 M§ -1 0
where we regard (1 — M{,1 — M%) : ZA® ® ZA® — ZA° and Lot ZN® —
— My

ZA° & ZA® as group homorphisms defined in the natural way.

Proof. The Kasparov spectral sequence converging to K,(C*(A)) of Proposition 1
has E5, = E;q for all p, ¢ € Z. However, it follows from Eg’q = 0 for odd ¢ that the
differential d? is the zero map and EJ = E2? = Hom, (D) for all p € {0,1,...,k}
and even ¢, where D is the chain complex

0 — ZA® Lo ZA0 @ ZA® 2 700 — 0
M —
1— M

Convergence of the spectral sequence to K,(C*(A)) means that (c.f. proof of
Proposition 4)

with 91 = (1 — M},1 — M%) and 9> = for a suitable choice of bases.

Ki(C* (M) = Ef
and there exists the following short exact sequence of groups
0— Ego — Ko(C"(A)) — Ego — 0.
However, E3 0 = ker 0 is a free abelian group, thus the short exact sequence splits

and the result follows. O

Evidently complications arise when k > 2, however it is worth noting that under
some extra assumptions on the vertex matrices it is possible to say a fair amount
about the K-groups of higher rank graph C*-algebras. For example, the case k = 3
is considered below.
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Suppose that A is a row-finite 3-graph with no sources. By Theorem 1, there
exist short exact sequences

0 — Ejo — Ko(C*(A)) — By,
0 — Efy — Ki(C*(A)) — Ej.

However, since E;l,q = 0if p € Z\{0,1,2,3} the only non-zero component of the
differential d® is d3 o : E5, — Ej,, thus we have B} = Ef; = Hom; D and
Eé,o >~ E%,o =~ Homgy D. Moreover, as in the proof of Proposition 2, the differential
d? is the zero map, thus B3, = E3  and Ej , = Ej . Also note that E§‘70 = kerdj
is a free group, thus the exact sequence for K;(C*(A)) splits. Therefore there are
two obvious cases for immediate consideration, namely when ker d3 = 0, and when
imd; = ZA°. Thus, writing 9,, p = 1,2,3 in matrix form yields the following
proposition.

Proposition 3. Let A be a row-finite 3-graph with no sources. Consider the fol-
lowing group homomorphisms defined by block matrices:

3
o = (1-M} 1-M;1-M): Pz — ZA°,
i=1
Mi—1 Mi-1 0 3 3
9 = [1-Mt 0 Mi—1 ;@ZA‘)_{BZAO,
0 1-M 1-M) =1 i=1

1— M 3
95 = | Mi-1 :ZAO—>@ZAO.
1— M i=1

If 01 is surjective then
Ko(C*(A)) = ker0y/im0s,
Ki(C*(A) = kerd;/imd; @ ker 05.
If N3_ ker(1 — M}) =0 then
K (C*(A)) = kerd;/imd,
and there exists a short exact sequence
0 — coker 9y — Ko(C*(A)) — ker 93/im d;5 — 0.

Remarks 1. (i) One may recover [13, Theorem 3.1] from Theorem 1 by set-
ting k equal to 1.

(ii) By [11, Corollary 3.5 (ii)] a rank k Cuntz-Krieger algebra ([19, 20]) is
isomorphic to a k-graph C*-algebra. Thus, Propsition 2 generalises [20,
Proposition 4.1], the proof of which inspired the methods used throughout
this paper.

(iii) By showing that the C*-algebra of a row-finite 2-graph, A, with no sources
and finite vertex set, satisfying some further conditions, is isomorphic to a
rank 2 Cuntz-Krieger algebra, Allen, Pask and Sims used Robertson and
Steger’s [20, Proposition 4.1] result to calculate the K-groups of C*(A) [1,
Theorem 4.1]. Moreover, in [1, Remark 4.7. (1)] they note that their formu-
lae for the K-groups holds for more general 2-graph C*-algebras, namely
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the C*-algebras of row-finite 2-graphs, A, with no sinks (i.e. s7!(v)NA™ # ()
for all n € N* v € A%) nor sources and finite vertex set.

4. THE K-GROUPS OF UNITAL k-GRAPH C*-ALGEBRAS

Recall that if A is a row-finite higher rank graph with no sources then A° finite
is equivalent to C*(A) being unital ([11, Remarks 1.6 (v)]). Thus in this section
we specialise in the case where the vertex set of our higher rank graph, hence each
vertex matrix, is finite. We will continue to denote the Kasparov spectral sequence
converging to K, (C*(A)) of the previous section by {(E",d")} and we shall denote
the torsion-free rank of an abelian group G by 7(G) (see e.g. [7]).

Proposition 4. If A is a row-finite higher rank graph with no sources and A° finite
then Ko(C*(A)) and K1(C*(A)) have equal torsion-free rank.

Proof. Let the rank of the given higher rank graph A be k and let |A°| = n.

Since, E2%, = ENFY for all p,q € Z and Eft = 0if p € Z\{0,1,...,k} or ¢ odd
by Lemma 2, it follows from the definition of convergence of {(E",d")} ([25, 5.2.5])
that there exists finite filtrations,

0= F_1(Ho) C E(’)“El = Fo(Hy) € Fi(Hy) € --- C Fp_1(Hy) C Fix(Ho) = Ho,
and
0=Fo(Hy) C Ef§' = Fi(Hy) C Fa(Hy) C -+ C Fpoy(Hy) C Fi(Hy) = Hy
of Hy = Ko(C*(A)) and Hy = K1(C*(A)) respectively, such that
E;I:,ng =F ( p+q)/Fp 1( p+q)

Thus,
ro(Ko(C*(A))) = ro(Fi(Ho)) = ro(Fe-1(Ho)) + ro(Ey ) = -+
= 10(Fo(Ho)) + > ro(BETY) = ro(ELTY),
s>1 SEZL
and
ro(K1(C*(A))) = Tl(Fk(H )) :TO(kal(HO))+T0(EI]§+1k+1)
= + ZTO Efte—i—l ZTO(Ef,t%‘H—l)'
s>2 SEZL
Now we claim that
Zro Eftls s —s+1 ZTO s, 75 - TO(E§,75+1)'
SEZ SEZ

To see that this holds it is sufficient to prove that for all » > 2 we have
Z To —To E:tlerl Z TO s, 75 - (E§775+1).
SEZ SEZL
Recall that for all » > 1, p,q € Z, Eyt' = Z(E"), 4/ B(E")p,q where Z(E"), , =
kerdy . and B(E"), , = und ot g1 Thus
TO(Eﬂl) = 10(Z(E")pq) +10o(B(E")p,q)
= 10(Z(E")p.q) +10(Epirgeri1) = T0(Z(E" ) ptrg—r+1)
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for all » > 1, p,q € Z. Moreover, it follows from the definition of the Kasparov
spectral sequence that given any r > 1 and p,q,¢ € Z with ¢ = ¢’ mod 2 there
exist isomorphisms p : Ef , — EJ ,, o By 0. — E} 1 such that
dy o ©p=ood,,. Therefore,

Z TO(E;,tls) - TO(Estla+1) Z {TO(Z(ET)S,—S) - TO(Z(ET)S+T,—S—T+2)
SEZL SEL

— 10(Z(E")s,—s+1) + 10(Z(E")s4r,—s—r+1)
+ TO(E;+T,—S—T+2) - TO(E:+T,—S—T+1)}
= ZTO(E.:,—S) 7T0(E£,—s+1)

SEZ

—r,q' +r—

for all » > 1. Combining the above gives
ro(Ko(C* (M) = ro(K1(C*(A) = ro(E2_,) — ro(E2_,11).
SEZ
Now, recall that for all p € Z and ¢q € 2Z, Equ =~ H,(Z*, Ko(B)) = ker 9,/ im 041
by Proposition 1. Therefore,

ro(Ko(C(A))) = ro(KL(C* (M) = D ro( B3, _s,) = ro(E3u i1 _2.)

SEZL
= Z ro(ker Oas) — ro(im Oas41) — ro(ker O2s41) + ro(im asy2)
SEZL
= Zro (ker Og5) — ( 1>n + ro(ker O2541) — 1o (ker Oosy1)
SEZL
+ F (ker D254 2)
25 +2 n — ro(Ker 02542

> (ARENE
(R RER N

SEZ
(Il

Corollary 1. If A is a row-finite higher rank graph with no sources and A° is finite
then there exists a non-negative integer v such that for i =1,2,

K, (C"(A)=2Z" T,
for some finite group Ty, where Z° := {0}.
Proof. 1t is well-known that if B is a finitely generated subgroup of an abelian

group A such that A/B is also finitely generated then A must be finitely generated
too [7]. Now, for all p,q € Z, Eg;l is isomorphic to a sub-quotient of the finitely

generated abelian group E2 ~ H,(Z*,K,(B)), therefore E£+p is also finitely

generated Moreover, E’H'1 = Fo(K;(C*(A))) and for p € {1,2,...,k}, Ektlp =
Fy (K (C*(A)))/ Fypr (K (€ ())), which implies that K,(C*(A)) = Fi (&, (C7(4)))

is ﬁnitely generated. The result follows from Proposition 4 by noting that every
finitely generated abelian group A is isomorphic to the direct sum of a finite group
with Z", where r = ro(A) (see e.g. [7, Theorem 15.5]). O
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Under mild assumptions, formulae for the torsion-free rank and torsion parts of
the K-groups of unital 2-graph C*-algebras can be given in terms of the vertex
matrices (c.f. [20, Proposition 4.13]). This we do in Proposition 5 below. Similar
formulae may be given for higher rank graph C*-algebras if we impose extra con-
ditions on the vertex matrices, (c.f. Proposition 3). However, since at present we
must compute these on a case by case basis we leave the details to the interested
reader.

Proposition 5 (c.f. [20, Proposition 4.13]). Let A be a row-finite 2-graph with no
sources and finite vertex set. Then

ro(Ko(C™(A))) = ro(K1(C7(A))

= ro(coker(1 — M{, 1 — ML) + ro(coker(1 — My, 1 — My)),
tor(coker(1 — M}, 1 — M?)),
tor(coker(1 — My, 1 — My)).

tor(Ko(C*(A)))
tor(K1(C*(A)))

1%

1%

Proof. We have already seen in Proposition 4 that the torsion-free rank of the
Kop-group and Kj-group of a k-graph are equal so it is sufficient to calculate the
torsion-free rank of Ko(C*(A)). Let n := |A°|. By Proposition 2 we have

_
ro(Ko(C*(A))) = ro(coker(l — Mf, 1-— M2t)) + 7o (ker <1 ]\]V;))
— My
= rg(coker(1 — M}, 1 — ML) +n —ro(im(1 — My, 1 — My))
= ro(coker(1 — M}, 1 — M})) + ro(coker(1 — My, 1 — My)).

Furthermore, the assertion about the torsion part of Ko(C*(A)) is obvious. The
torsion part of Kj(C*(A)) is given by tor(K;(C*(A))) = tor(ker(l — M}, 1 —
Mi-1

M%)/ im (Mzt*l), which is clearly isomorphic to tor(coker (72,
1

1 )) However, by

t
reduction to Smith normal forms, coker (iw_?];[}) is isomorphic to coker(l — My, 1 —
1

My). O

As already stated earlier, by [11, Theorem 5.7] C*(A) ® K is isomorphic to
B x5 Z*. The proof of [11, Theorem 5.7] relies on groupoid techniques and is
rather convoluted. We note that in our special case an isomorphism can be derived
fairly easily using the universal property of k-graph C*-algbebras as follows.

First note that given any ki-graph, (A1,d;), and any ke-graph, (As,ds), such
that both are row-finite and have no sources a (k1 + k2)-graph may be formed as
in [11, Proposition 1.8], which is denoted by (A; X As2,d; X d3). The structure of
(A1 x Ag,dy X dg) is given by saying that Ay x Ag is the product category and
di Xdg : A X Ay — NF1tkz g given by dy X dg()\l,)\g) = (dl(/\l),dg()\g)) S
NF x N*2 for all Ay € Ay and Ay € Ay. Furthermore, by [11, Corollary 3.5 (iv)],
C*(Al X Ag) = C*(Al) (9 C*(Ag)

Lemma 5. Let A := {(m,n) € Z¥xZ* | m < n} be the k-graph with structure maps
defined by r(m,n) = m, s(m,n) = n, composition defined by (m,l)(l,n) = (m,n)
and degree functor da : A — N¥ defined by da(m,n) =n —m. Then

C*(ZF x g A) x5 ZF = C*(A x A) = C*(A) @ K.

Proof. Let (B xg 7k, ip, izx) be a crossed product for the dynamical system
(B, Z*, 3) in the sense of [16]. One checks that {t(x (m.n)) | (A, (m,n)) € A x A}
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is a *-representation of A x A, where for (A, (m,n)) € A x A we let t(x (m,n)) =
iB(S(m,x))ize (M + d(X) —n). Moreover C*(t¢ | £ € Ax A) = B xgZ*. Thus by the
universal property of C*(A x A), there exists a *-homomorphism 7 : C*(Ax A) —
B x5 ZF such that m(s¢) = t¢ for all € € A x A. Let o : TF — Aut(B) denote
the canonical gauge action on B and let B : TF — Aut(B x 3 7Z¥) denote the dual
action of 3. There exists an action & of T on B X3 Z* such that iga, = G,ip for
all z € TF. It is clear that setting (., .,) = dzlzﬁzgl for all (z1,22) € TF x T*

defines an action vy of T?* on B x5 Z*. Moreover, it satisfies maX = 7,7 for all
z € T?* where o is the canonical gauge action on A x A. Clearly m(p,) = 0 for
all v € A x A, hence by the gauge-invariant uniquness theorem [11, Theorem 3.4]
we see that C*(A x A) = B x5 Z*.

As discussed above C*(A x A) = C*(A) ® C*(A) therefore it suffices to show
that C*(A) 2 K. To see that this holds note that {e,,., | m,n € Z*} is a complete
system of matrix units if ey, , = 3(m7q)5?n,q) where ¢ := sup{m,n} (c.f. [11,
Examples 1.7 (ii)]). O

Consider the image of the class of the unit of C*(A) in Ko(C*(A)) under the
isomorphism induced by the above isomorphism.

For the identity element 0 € Z*, we see that P(0,0) = $(0,0) 1S @ minimal projection
in C*(A). Therefore the homomorphism x — = ® p(g,g) induces an isomorphism
between Ko(C*(A)) and Ko(C*(A) @ C*(A)) (= Ko(C*(A) ® K)) which in turn is
isomorphic to Ko(C*(A) x A) and Ko(B xg Z*). The action of the above isomor-
phism,

Ko(C*(A)) — Ko(C*(A) ® C*(A)) — Ko(C*(A x &) — Ko(B x Z¥),
on the class of the unit of C*(A) in Ko(C*(A)) is as follows:

A = D > [pe®@poo)] — > [Ipwoonl = . lis(pow)-

veEAO AO AO veEAO

Proposition 6. Let A be a row-finite k-graph with no sources and finite vertex
set. Then there ezists a group homomorphism ® : coker 9 — Ko(C*(A)). When
k=2, ® coincides with the embedding Homo (D) — Ko(C*(A)) of Proposition 2.
Moreover, if the Kg-class of the unit of C*(A) is denoted by [1], then ®(e+im Jy) =
[1] where e(v) =1 for all v € A°.
Proof. By Proposition 1 cokerdy & Ko(B)/im(l — 01,...,1 — o)) where o; =
Ko(Be,) for all i € {1,...,k}. The isomorphism, ®; say, sends e + imdy to
Zver[p(O,v)] + im(l —01,...,1— O’k).

For j € {1,...,k} let i; be the natural embedding of B into Bxg, ZX 3 AR

- A o

Z where for j € {2,...,k}, (¢, is the automorphism on B x5, 7Z M., MG Z
satisfying i;_10.; = Bejij_l. Moreover, let ¢; := Ko(/éej) for all j € {1,...,k}.
Note that Ko(ijfl)(]. — O’j) = (]. — 5’j)K0(Z’j,1).

For j € {2,...,k} let f; be the natural embedding of B x5, Z x5 T Z

€ Ej_

into Bxg, Zxéez X, Z and let fy :=iy. Theni; = fji;_q forall j € {2,...,k}.

Applying the Pimsner-Voiculescu exact sequence in succession we see that

ker Ko(f;) =im(1 —&;) for all j € {1,...,k}.
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We claim that im(1—o4,...,1—0y) C ker Ko(i). Let g € im(1—o01,...,1—0y)
then

k
g = Z(l —oj)xz; for some z; € Ko(B)
k-1
= Ko(ir)(9) = Ko(i1)(1—o1)z1+ ZKo(fk o fi)Ko(ij—1)(1 = 0j)z;

+ Ko(fu)Ko(ik—1)(1 — ox)zs
k—1

= Y Ko(fr-- fi+0) Kol fj)(1 = 65) Kolij—1)z;
=2

+ Ko(fe)(1 —65)Ko(ig—1)zr = 0.

Therefore, g € ker Ko(ig).

Thus we may define @5 : Ko(B)/im(l—o01,...,1—0x) — Ko(B)/ker Ko(ix) to
be the natural homomorphism i.e. ®o(g+im(l —o1,...,1—0k)) = g+ ker Ko (ig).

Let ip : B — B Xg ZF be the natural embedding. Clearly ker Ko(ig) =
ker Ko (i). Let m : Ko(B) — Ko(B)/ker Ky(ip) be the natural homomorphism
and define ®3 : Ko(B)/ker Ko(iy) — Ko(B x5 ZF) by ®37 = Ko(ip). Finally
let &, : Ko(B xg ZF) — Ko(C*(A)) be the inverse of the composition of the
isomorphisms stated earlier. Then ® := ®,$3P5®P, is the required homomorphism.

Moreover, when k = 2 we claim that im(1 — o1,1 — 03) = ker Kq(i2). To see
that this holds, first note that Ky(i1) is surjective since K1(B) = 0. Now let
g € ker K(iz), then

Ko(f2)Ko(i1)(g) = 0
= Ko(i1)(g) = (1—052)Ko(i1)(z) for some y € Ko(B)
= Ko(i1)(g) = Ko(ir)(l—o2)y
= g = (1—o1)z+ (1 —o02)y forsome z,y € Ko(B).

Therefore g € im(1 — 01,1 — 03). It follows that ® coincides with the embedding
Homg (D) — Ko(C*(A)) of Proposition 2 in this case (c.f. [20, Remark 4.3]). O

Remarks 2. Recall that there exists a pair of 2-graphs A, Ay both sharing the
same vertex matrices but having very different C*-algebras (e.g. [11, Example 6.1]
in which the Cuntz algebra, Oz, and C(T) ® O are seen to be 2-graph C*-algebras
with their underlying 2-graphs sharing common vertex matrices). However, by
Proposition 2 and Proposition 6 they share isomorphic K-groups with the isomor-
phism sending the class of the unit (if any) in Ko(C*(A1)) onto that of Ko(C*(Az)).
Moreover, if C*(A;) and C*(Ag) are simple and purely infinite (e.g. if A; and
Ay satisfy the hypotheses of [11, Proposition 4.8, Proposition 4.9]) then by [11,
Theorem 5.5] and the Kirchberg-Phillips classification theorem ([10, 15]) we have
C* (A1) = C*(Aa).
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