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Abstract

The higher rank graphs and higher rank graph C*-algebras introduced by
Kumjian and Pask generalise row finite directed graphs and row finite di-
rected graph C*-algebras respectively. Higher rank graph C*-algebras pro-
vide even more examples of Kirchberg algebras (i.e. separable, nuclear, purely
infinite, unital C*-algebras), which are classified by their K-theory. Under
a mild condition we calculate the K-theory of rank 2 graph C*-algebras in

terms of the underlying rank 2 graph.

We also show that the representation of a Cuntz-Krieger-Toeplitz algebra on
a subspace of the full Fock space has a higher rank analogue and that a higher
rank graph C*-algebra is isomorphic to a Cuntz-Pimsner algebra, which may

prove useful in the analysis of more general Cuntz-Pimsner algebras.

A discussion on necessary and sufficient conditions on a higher rank graph
to ensure that its C*-algebra is approximately finite dimensional is included.
Some necessary conditions are proved and a number of increasingly ambi-
tious conjectures, with ideas of proofs, on sufficient conditions are proposed

culminating in a conjecture about a single necessary and sufficient condition.
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Chapter 1

Introduction

In this chapter we review the background and motivation of our study of

higher rank graph C*-algebras and state the organisation of the thesis.

1.1 Background

A class of C*-algebras, O 4, generated by a family of (non-zero) partial isome-

tries {9; |7 € ¥} satisfying

SiSy=0 ifi#j  SiSi=> A@i,5)S;S; (1.1)
jes
where A = (A(7,7))ijex is a matrix with no zero row nor column, ¥ a

finite set and A(i,j) € {0,1} for i,j € X, was introduced by Cuntz and
Krieger in [12, 11]. They generalised an earlier construction of Cuntz [10]
and had a close relationship to topological Markov chains - a key theory
in symbolic dynamics. These C*-algebras immediately became the focus of
considerable interest (see [19]) and were themselves, in time, generalised in

numerous ways. Cuntz-Krieger algebras have played a part in diverse fields
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of mathematics. Representations of the Cuntz algebra have appeared in
wavelet theory (see [6] and the references therein). Using Cuntz algebras,
Izumi [30] introduced a new technique to construct subfactors with finite
Jones-Watatani indices (see [20]). Another occurrence of the Cuntz algebras
is in the large-N matrix models for open strings [40]. Such models include

Quantum Chromodynamics and the M(atrix) theory of strings.

We refer the interested reader to Kumjian’s survey [34], on the generalisa-
tions of Cuntz-Krieger algebras concentrating mainly on the generalisations
relating to graphs. However, we state some relevant notions from Kumjian’s

survey and some of the many developments since its publication.

A directed graph E = (E° E' r s) consists of a countable vertex set E°,
a countable edge set E' and maps r,s : B! — E° that determine the
range and source of an edge, respectively. Thus we may picture a directed
graph as a collection of discrete points (the vertices) which may be connected
to each other by one or more arrows (the directed edges) (see [1, 37| for
more details). The graph C*-algebras introduced in [37], built on earlier
constructions [18, 44, 29, 38|, were based on row finite directed graphs -
those directected graphs whose vertices emitted a finite number of edges (i.e

s71(v) finite for all v € EY).

The class of directed graphs used to define C*-algebras has been extended
in recent years from row finite directed graphs to arbitrary directed graphs
[25, 14]. Moreover, in [60], Tomforde defines the notion of an ultragraph,
which is a generalisation of a directed graph, and associates a C*-algebra to
it. The class of ultragraph C*-algebras contains not only directed graph C*-
algebras but it also contains Exel-Laca algebras [21, 22, 23], which defined

by arbitrary infinite matrices with entries in {0, 1} and with no zero row nor



column, may be thought of as a more direct generalisation of Cuntz-Krieger
algebras. Much of the analysis on row finite graph C*-algebras carries over

to ultragraph C*-algebras.
Spielberg [58] has provided a nice functorial theory of graph C*-algebras.

An even larger class of C*-algebras generalising Cuntz-Krieger algebras, graph
C*-algebras and crossed products by Z [45, 48] is the class of Cuntz-Pimsner
algbebras introduced by Pimsner in [47]. It was shown in [59] that the class

of Cuntz-Pimsner algebras include Exel-Laca algebras.

In [57], Spielberg realised that a crossed product algebra C'(2) xI" where 2 is
the boundary of a tree and I is a free group, is isomorphic to a Cuntz-Krieger
algebra. Robertson and Steger generalised this observation in a series of pa-
pers [51, 52, 53]. Ultimately they defined a C*-algebra A via a finite sequence
of finite {0, 1}-matrices (i.e. a matrix with entriesin {0,1}) M, ..., M, made
to satisfy certain conditions (HO0)-(H3). The C*-algebra A is in fact gener-
ated by r Cuntz-Krieger algebras, one for each My, ..., M,. Accordingly they
named their algebras higher rank Cuntz-Krieger algebras, the rank being r.
Furthermore if B is an affine building of type A, [8, 54] and T' is a group of
type rotating automorphisms of B which acts freely on the vertex set with
finitely many orbits then there is a natural action of I' on the boundary € of
B so that the crossed product algebra C'(2) x I' can be formed. Robertson
and Steger show that C(Q2) x I' = A where A is a rank 2 Cuntz-Krieger
algebra - M, M, being defined in terms of the building B (see [52, §7]).

Kumjian and Pask [35] noticed that Robertson and Steger had constructed
their algebras from a set, W of (higher rank) words in a finite alphabet A
- the common index set of the {0, 1}-matrices - and realised that W could

be thought of as a generalised directed graph - a higher rank graph. Sub-



sequently, Kumjian and Pask associated a C*-algebra, C*(A) to the higher
rank graph A and showed that A = C*(W) [35, Corollary 3.5 (ii)]. They have
also shown that the original results of Cuntz and Krieger on the relationship
between Cuntz-Krieger algebras and topological Markov chains have a higher
dimensional analogue. In [36] they construct Ruelle algebras R, R, from a
higher dimensional two-sided path space of a k rank graph A on which there
is a Z* action and stable, unstable equivalence relations. They show that R,

is strongly Morita equivalent to C*(A) with a similar result for R,.

This brings us to our starting point. We shall continue Kumjian’s and Pask’s
investigation of their higher rank graph C*-algebras. The remainder of the

thesis is organised as follows.

1.2 Layout

In Chapter 2 we introduce the various concepts used throughout the thesis.
In Section 2.1 we recall the definition of a higher rank graph (or k-graph), a
k-graph C*-algebra and set some notation for the thesis. We also define the
notion of the skeleton of a k-graph to be a k-coloured directed graph. The
skeleton of a k-graph is useful as a visualisation of a k-graph and indeed in
the construction of examples. In Section 2.2 we recall the minimum amount
of information on Hilbert modules from [61, 50, 47]. Similarly in Section 2.3

we recall the bare essentials of homological algebra needed for Chapter 5.

In Chapter 3 we state two *-representations of a k-graph. Section 3.1 con-
tains a *-representation reminiscent of the construction of the Cuntz-Krieger
algebras from Fock space [18, 17]. More precisely, we define a concrete

C*-algebra 7, acting on a Hilbert space constructed from A and find that



there is a *-representation of A on a quotient of this C*-algebra. If A is a
row finite 1-graph with no sinks nor sources and A° finite then the iden-
tity *-homomorphisms on 75 and 7y, , as defined in [18], where Ay =

(A(X, 1)) penr is the edge matrix of A given by

ACh ) = 1 if s(A) =r(p) |

0 otherwise

are unitarily equivalent. In Section 3.2 we recall the definition of a Cuntz-
Pimsner algebra from [47] and present a *-representation of a k-graph A on a
Cuntz-Pimsner algebra, Ox. This time the *-representation is always faithful

in the sense that C*(A) = Ox.

In Chapter 4 we discuss the possibilities of when a k-graph C*-algebra is an
approximately finite dimensional (AF-)algebra [4, 15]. The AF-algebras are
a very important class of C*-algebras with uses in mathematical physics and
C*-algebra theory. Indeed the classification of C'*-algebras can be thought
to have begun with Elliott’s classification of AF-algebras via their ordered
K-theory [16]. Some necessary conditions for a k-graph C*-algebra to be
AF are given and sufficient conditions are conjectured. The situation is not

satisfactory.

In Chapter 5 we combine the methods of [36, 53] to calculate the K-theory
of 2-graph C*-algebras under a mild condition. Amongst other uses, the K-
theory will be useful in deciding on the possibility of a 2-graph being AF.
This is because it is often the case that the only obstruction towards being

an AF algebra is that its K group is trivial.

In Appendix A we give an alternative construction of a k-graph C*-algebra

as a Cuntz-Pimsner algebra that was inspired by [59].
In Appendix B we give an example of how to calculate the K-theory of a
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2-graph using our results from Chapter 5. The example we have chosen is

conjectured to be AF and we show that there is no obstruction from its K;
group.

Finally in Appendix C we give a list of possible developments of the thesis.



Chapter 2

Preliminaries

We recall some notions that are used throughout the thesis. First some

general conventions used throughout the thesis.

Unless otherwise stated, we let B(H) be the C*-algebra of all bounded lin-
ear operators on a Hilbert space H and K(H) the compact operators on H.
When a Hilbert space is not specified then B (respectively K) denotes the
bounded linear operators (respectively compact operators) on a separable
infinite dimensional Hilbert space H. We denote the multiplier algebra of
a C*-algebra A by M(A) [61, 50]. We let N be the set of non-negative
integers and {e;|i € {1,...,k}} be the canonical generators of N* (i.e.
e; = (0,...,0,1,0...,0) € N*¥ where 1 is in the i component). Where
appropriate we shall view N¥ as a category with a single object {0} and
morphisms n € N¥ with 7(n) = s(n) = 0 and composition defined by the
pointwise addition of N* or as an abelian monoid under addition with iden-
tity 0, which is the positive cone of Z* under the usual coordinatewise partial
order. Define a bilinear form (-,-) : N¥ x N* — N by (n,m) = Zle n;m;

for all n = (ny,...,n.),m = (my,...,my) € N¥.



2.1 Higher rank graphs

The concept of a higher rank graph or k-graph (k = 1,2, ... being the rank)
was introduced by A. Kumjian and D. Pask in [35]. We recall their definition

of a k-graph.

Definition 2.1 ([35, Definitions 1.1]) A k-graph (rank k graph or higher
rank graph) (A,d) consists of a countable small category A (with range and
source maps r and s respectively) together with a functor d : A — NF sat-
isfying the factorisation property: for every A € A and m,n € N¥ with
d(A\) = m + n, there are unique elements p,v € A such that A = pv and
d(u) = m, d(v) =n. Forn € N* and v € A° we write A" := d~*(n), A(v) :=
rL(v) and A*(v) == {\ € A"|r(\) =v}. Let ¥ :=Jl_, A%

We refer to [42] as an appropriate reference on category theory as we will be
interested more in the combinatorial graph-like nature of higher rank graphs.
As the name suggests a higher rank graph can be thought of as a higher rank
analogue of a directed graph. By [35, Remarks 1.2] we may identify the
objects of A with A°. Thus we will refer to elements of A° as vertices and
morphisms in A as paths. Moreover we will refer to paths of degree e; (for
some ¢ € {1,...,k}) as i-edges or just edges. We will let (A,d) (or more
succinctly A with the understanding that the degree functor will be denoted
by d) stand for a generic k-graph. As in [35] we will assume throughout the
thesis, unless otherwise stated (for example when A is a finite locally convex
k-graph - see Chapter 3), that all k-graphs A are row finite and have no

sources as defined below.

Definition 2.2 ([35, Definitions 1.4]) The k-graph A is row finite if for
each m € NF and v € A° the set A™(v) is finite. We say that A has no
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sources if A™(v) # 0 for all v € A° and m € N¥. Similarly we say that A
has no sinks if s71(v) VA" # 0 for all v € A° and n € NF.

A justification that k-graphs may be thought of as a higher rank analogue

to directed graphs is the following motivating example.

Let E = (E°, E',rg,sg) be a row finite directed graph with no sinks (as
defined in [37, 1] for example) where we denote the range and source maps
of E by rg to sg to distinguish them from the range and source maps of
the resulting category. Then the finite path space E* is a 1-graph where the
degree functor is merely the length function on E* and the range and source
maps r, s : BE* — EY are given by r = sg, s = rg. Note that the direction of
a path is inverted to agree with category theory notation. Consequently, the
sinks, sources of a directed graph become the source, sinks of the associated
1-graph respectively. It is clear that up to isomorphism (see Definition 2.5),

every 1-graph arises from a directed graph in the above way.

Loosely speaking, a k-graph can be thought of as a coloured directed graph,
in the following sense. First, recall the definition of the vertex matrices of A

from [35, §6].

Definition 2.3 Define the vertex matrices of A, M;, by the following: For
u,veNandi=1,2,....k

M;(u,v) := |{\ € A%

r(A) =u,s(A) =v}.

Let C' := {¢;}F_; be a finite set of colours. We may construct a coloured
directed graph E from a k-graph A by letting the vertices of E be E° := A°
and drawing M;(u,v) edges of colour ¢; from u to v. So an edge of colour

¢; represents an i-edge. In other words, a k-coloured directed graph E' is

9



a sextuple (E° E' r s, C,c) where (E° E' 7 s) is a directed graph, C is
a set (of colours) of cardinality k and ¢ : E' — C'is a colouring of the
edges. The same construction was noticed in [49] and we adopt their fitting
terminology for the directed graph E above but we choose to direct our edges
in the opposite direction to theirs so that the skeleton of a 1-graph is just
the underlying directed graph.

Definition 2.4 We call any coloured directed graph constructed from a k-
graph A as above, the skeleton of A. We adopt the convention that blue

edges represent 1-edges and red edges represent 2-edges.

Note that not every k-coloured directed graph (i.e. a directed graph with a
mapping from a finite set of k colours into the set of edges of the graph) is a
skeleton of a k-graph. There are compatability conditions that will be made

clear later.

We may now visualise how paths are composed in A. However, similar to the
fact that each Bratteli diagram gives rise to an unique AF-algebra but an
AF-algebra gives rise to many Bratteli diagrams (see [4, 15]), is the fact that
each k-graph gives rise to an unique skeleton but there may be more than one
k-graph with the same skeleton. This is a consequence of the factorisation
property on A. For example, we claim that the 2-coloured graph in Figure

2.1 is the skeleton of a 2-graph O, 9 say.

Consider the degree (1,1) path aa. By the factorisation property and com-
mutativity of N? we must have ac = \i for some \ € 0(622’2), € A, There
is a choice as to what A and p should be. The skeleton in Figure 2.1 gives us

no information as to what that choice is.
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B

Figure 2.1: The skeleton of O(s 2

For example, let O 9) be the 2-graph generated (as a category) by 0?272) =
{*}, O = {a,b} and 0@ = {a, B} satisfying the following so called
factorisations of the degree (1,1) paths (a more precise definition of O

will be made later):

ac = aa ba = fa

a =ab b3 = b

As well as being useful visualisation aids, skeletons can be used to construct
k-graphs. Using their notion of a product system over right-angled Artin
semigroups Fowler and Sims have shown that (up to isomorphism) every
k-graph arises from a collection of k£ directed graphs each with a common
vertex set, satisfying a certain compatability condition ([24, Theorem 2.1,
Theorem 2.2 Remark 2.3]). Therefore, given a k-coloured graph we may
form k directed graphs with a common vertex set in the obvious way and

check if the compatatability condition is satisfied.

The compatability condition is satisfied if the vertex matrices of the directed

graphs satisfy conditions (H0), (Hla), (H1b) and (Hlc) from [52].

When £ = 2 this construction reduces to Kumjian and Pask’s construction
of 2-graphs from two 1-graphs in [35, §6]. In this case the only requirements
of the directed graphs are that they are row finite directed graphs with no
sinks and their vertex matrices must commute. Let E, F' be directed graphs

and A, B be their associated 1-graphs respectively. If E, F satisfy the above
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requirements then there exist bijections from A' x B! := {(a,b) € A' x
B'|s(a) = r(b)} onto B! x A' := {(b,a) € B' x A'|s(b) =r(a)}. Let 6 be
such a bijection then we may form the 2-graph A ¢ B where (A %y B)? :=
A® = B? and we may identify (A *y B)** with A! and (A %y B)® with B!.
Paths in (A %9 B)\(A4 %9 B)? may be thought of as (non-empty) sequences
{\}, € A'U B! where s(\;) = r(Ajyq) for all i = 1,...,n — 1. We write
such a sequence as A\jAg---\,. The degree of A\jAy--- A, is (my, my) where
my is the number of )\;’s in A' and my is the number of \;’s in B'. The role
of the bijection 6 is to ensure that A xy B satisfies the factorisation property
as indicated by the following. For a € (A %y B)® and b € (A %y B)®> with
s(a) = r(b) we let ab = V'a’ in (A x9 B)MY if 0(a,b) = (V,a’). Henceforth
we will refer to the bijections such as # as factorisation rules. For a formal

definition of A %y B see [35, §6].

An example of a k-graph is € [35, Examples 1.7 (ii)], which has the skeleton
in Figure 2.2 when k = 2.

(0,1)

'

(0,0) (1,0)
Figure 2.2: The skeleton of €2,.

The k-graph €0 is the prototype for an infinite path in A. The following

definition makes the notion of an infinite path in A precise.

Definition 2.5 ([35, Definitions 2.1,4.1]) Let A be a k-graph, then
A* ={z:Qp — Az is a k-graph morphism}

12



is the infinite path space of A where by a k-graph morphism we mean a
map that respects concatenation, the range and source maps and the degree
functor. We shall refer to elements of A as infinite paths in A. For each
p € N* define o? : A° — A by oP(x)(m,n) = x(m +p,n + p) for v € A>
and (m,n) € Q. For x € A% and p € Z* we say that p is a period of x if
for every (m,n) € Qg with m +p > 0 we have x(m + p,n + p) = z(m,n).

We say that x is periodic if it has a nonzero period.

Motivated by their definition of a graph C*-algebra in [37], to each k-graph
A, Kumjian and Pask associated a C*-algebra, called a k-graph C*-algebra,
that is generated by a family of partial isometries satisfying, amongst other
relations, a Cuntz-Krieger type relation. Since we will be dealing with finite
k-graphs we make the following equivalent definition of a k-graph C*-algebra
(see [35, Definitions 1.5, Remarks 1.6 (iii)]).

Definition 2.6 Let A be a row finite k-graph. Then C*(A) is defined to
be the universal C*-algebra generated by a family {s\|\ € A} of partial
isometries satisfying:

(i) {s,|v € A} is a family of mutually orthogonal projections,

(1t) Sxu = sxsy, for all A\, ;€ A such that s(\) = (),

(iii) s3sx = ssn) for all X € A,

w) S, = sxsy foralli € {1,..., k} andv € A° such that A% (v) # 0.
A

acAi(v)

For X\ € A, define py := s\s} (note that p, = s, for allv € A°). A family of
partial isometries satisfying (i)-(iv) above is called a *-representation of

A.

13



See [2, Definition 1.2] for the definition of an universal C*-algebra.

Recall from [35, Lemma 3.1] that for A\, € A, s\s, = Z sasp for all

Aa=pupB
d(Aa)=q

q € NF such that d(\) < ¢ and d(u) < g. Consequently, to reduce notation

we make the following definition.

Definition 2.7 For \,u € A define E(\,u) = {(a,[) € A x Al da =
B, d(Aa) = sup{d(N),d(u)}} to be the set of (minimal) extensions of A
with respect to .

2.2 Hilbert modules

We take our notation and definitions from [61, Chapter 15] and [50, Chapter
2]. First we introduce the notion of a R-module, where R is a ring, taken

from [41].

Definition 2.8 Let R be a ring. A right R-module X is an additive abelian
group together with a function p: X x R — X, written p(z,r) = x-r, such

that

(i) x-(r+r)y=x-r+ax- -1 foralxe X, rr' €R,
(i) (x+y)-r=x-r+y-r foralz,yec X, reR,

(i) © - (rr’") = (x-r) -7 forallz € X, r,v" € R.
Similarly, one may define a left R-module.

Note that an abelian group is a left Z-module in the natural way.

14



Definition 2.9 Let A be a C*-algebra. A pre Hilbert A-module is a right
A-module X (which is at the same time a complex vector space) equipped
with an A-valued inner product (-,-): X x X — A that is sesquilinear,

positive definite, and respects the module action. In other words:

(i) (2,91 +y2) = (z,01) + (2,92) for z, 91,92 € X,
(ii) (x,ya) = (z,y)a for x,y € X, a € A,
(i11) (x,zy) = z(x,y) forx,y € X, z € C,
() (z,y) = (y,2)" for v,y € X,

(v) (x,z) >0 forx e X, and (z,z) < x=0.

Definition 2.10 The norm of an element x € X 1is defined as
2]l x = V/[{z, ).

If a pre Hilbert A-module is complete with respect to its norm, it is said to

be a Hilbert A-module.

Definition 2.11 We call X o full Hilbert A-module when

As the name suggests the norm on a Hilbert A-module behaves like the norm

on a Hilbert space, that is

(i) ||z||x > 0forall z € X and ||z||x =0 < z =0,
(ii) |lzz|lx = |#|[|z|/x for all z € X, 2z € C,

(it) [l + yllx < allx + lyllx for all 2,y € X.

15



The fact that (iii) holds follows from the Cauchy-Schwartz inequality satisfied
by the norm on a Hilbert A-module.

Definition 2.12 Let X be a Hilbert A-module. A map T : X — X s said
to be adjointable if there exists a map T : X — X satisfying

(z,Ty) = (T"z,y)
for all z,y € X. Such a map T is then called the adjoint of T'.

By B(X) we denote the set of all adjointable maps on X.

The adjoint of a map is unique. If a map T is adjointable then it is a module

map that is bounded with respect to the operator norm
1T := sup{[|Tz|x | =] x = 1}.
Equiped with the natural *-operation, norm, ring and vector space structure

B(X) is in fact a C*-algebra.

Definition 2.13 Ifz,y € X, definet,, : X — X by

01y (2) =2y, 2).

We let K(X) := span{f,,|x,y € X} be the set of compact adjointable

operators on X.

As the notation suggests, K(X) is a C*-algebra, which is an essential ideal

in B(X).

Let X be a Hilbert module over a C*-algebra A and Y be a Hilbert module

over a C*-algebra B. If ¥ : A — B(X) is a *-homomorphism then we may
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form the ¢-tensor product of X and Y denoted by X ®, Y [61, 15.M]. The
tensor product is also a Hilbert module in the natural way and has the inner

product given below

(11 @z |11 @ y2) = (22 [ ({21, 91))(52))
for all 1,9, € X, w9,y €Y.
If {X;}°, is a family of Hilbert modules over a C*-algebra A then we may
define their direct sum €P;-, X; to be the set of all sequences {z;}°, with

x; € X;, such that Zio@ia x;) converges in A endowed with coordinatewise

addition and module action. Define an inner product on @;°, X; by (z,y) =

Yoool@i, y) for all @ = {x;},y = {y;} € P2y Xi. Naturally @;°, X; is a
Hilbert module (see [39] for details).

2.3 Homology

Definition 2.14 For any ring R, a chain complex K of R — modules is
a family {K,,0,} of R-modules K,, and R-module maps 0, : K, — K,
called differentials, defined for all n € Z, such that 0,0,+1 = 0.

A chain complex appears as a doubly infinite sequence
o o 2
e— K — Kyp+— K; +— Ky +— -

Note that we may have K,, = 0 for all n < M, n > N for some N,M € 7Z
with M < N.

Definition 2.15 If K = {K,, 0,} is a chain complex of R-modules, then the
homology Hom(K) is the family of R-modules {H, (K)} where H,(K) :=
ker 0, /im 0,41 for all n € Z.
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Chapter 3

Representations of k-graphs

We construct a *-representation of a k-graph A in section 3.1 that generalises
the representation of Cuntz-Toeplitz algebras found in [17] and the represen-
tations on a subspace of the full Fock space found in [18] (c.f. [20, §2.10]). In
section 3.2 we construct a faithful *-representation of A on a Cuntz-Pimsner
algebra in the sense that C*(A) = Ox for an appropriate Hilbert bimodule
X.

3.1 Constructing k-graph C*-algebras as quo-

tients of concrete (C'*-algebras

Let (A, d) be a k-graph and form the Hilbert space H := CQ®?(A\A) where
Q) is a unit vector. We shall identify a path X in A\A" with its corresponding

canonical basis vector in H.
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Associate to each A € A\A? a partial isometry Ty € B(H) defined by

Q = A

A it r(p) = s(A
Ty = s () 9@ for all ;1 € A\A°,

0  otherwise

and to each v € A° a projection T, € B(H) defined by

7,22 = Q

if r(p) =v
T for all € A\AL,

0 otherwise

Furthermore, let @, := T\T} for all A € A. (Notice that @, = T, for all
v € A°) Define R,; := T, — Zﬁem(v) Qp and R, = Hle R,;. Then we

have the following simple consequences.

Lemma 3.1 Fizi € {1,2,...,k} then {R,; | v € A°} is a family of projec-

tions and R, is the rank 1 projection, R, onto CQ for any v € A°.

Proof.  We have that

R, Q = Q

if =uv,d :
Ry,ip = poifr(p) = v,dip) 2 e for all u € A\AO.

0 otherwise

From which we can clearly see that the first statement is true. Now

R,Q = Q
R poif r(p) =v,d(p) e foralie{l,2,... k}
ol =
0 otherwise
=0 for all € A\A°,
so that R, is indeed the projection onto CS for all v € A°. O
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Definition 3.1 Let ICy be the closed two sided ideal of Ty := C*(T\ | A € A)
generated by {R,; |ve A’ i=1,... k}.

In order to gain further insight on the structure of 7, and K, we list some

relations that are satisfied by their generators.

Lemma 3.2 The following relations are satisfied in Ty :

Letu,v e A’ Eme A i,j=1,2,....k, T C{1,2,... k} then

. Qu Zf u=v
(Z) QUQU = s
R otherwise
R,; ifu=v
(7'2) Ru,z’@v = 7 ;

R otherwise

(iii) RyiRyj; = Ry Ry,

(iv) Ry = HRW is a projection,

el

(v) for d(§) > 0 we have R, ;Te =0 if (&) # v or d(§) > e;,
(vi) TeR,; = TeR if s(€) # v,
(vit) Ree)ile = TeRoe) if d(§) Z €5,

Ten  if s(&) =r(n)
(vitr) TeTy = § TR if s(€§) #r(n), d(n) =0,
0 otherwise
(i) TETy = Y TaTj if sup{d(€), d(n)} # 0.

(e,B)€E(Em)
(The sum is taken to be zero if E(§,n) =0.)
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Proof. We shall prove these relations between the generating operators
of 7y and K, by showing that they hold when the operators act on the
canonical orthonormal basis of H. The results will follow by the linearity
and continuity of the operators involved. Let u,v € A% u € A\A° & n €
A i, g=1,2,... k I C{1,2,...,k} then

(i) clearly,

QuQv Q = Q
Q. ifu=wv
RO  otherwise

and

Qup ifr(p)=v

0 otherwise

QuQup =

p o ifr(p)=v=u

0 otherwise

Qup ifu=v
Ry otherwise .

The result follows.
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(iii)

(iv)

R,;Q ifu=w
Ru,in Q = Q= ,
R, otherwise

Ryip ifr(p)=v
Ru,in M
0 otherwise

poif r(p) =v=wuand d(u) 2 e
0 otherwise

R.p ifu=v
Ru  otherwise

Ru,iRv,j Q - Q - Rv,jRu,i Q
Ry;p ifr(p) =vand d(p) 2 e,

0 otherwise

pf () = v =, () # ¢; and d() % e
0 otherwise
Rv,jRu,i .

Ru,iRv,j no=

First, note that by (iii) it makes sense to write H R,,, since the order

el
of the factors does not matter. Furthermore, the commutativity of the

factors ensures that H R, is indeed a projection. Formely one can

el
prove this by induction on the cardinality of I.

R, T = R,;§=0ifr(§) #vord() >e
€ it () = 5(6), () = v d(E) # e,

0 otherwise

RoiTep =
= 0ifr(§) #vord) >e
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T¢R,,;

TERU,Z' M

(vii)
Ry6)iTe S

Ry)iTe po

— £=T.RQ
Tep ifr(pn) =vand d(p) 2 e

0 otherwise
= 0 since s(§) #v

= Q=TeRy
Ep i r(p) = s(§) and d(§p) 2 e

0 otherwise

Ep i r(p) = s(§) and d(p) 2 e;

0 otherwise

= TeRse),ipt

The second equality follows because d(§) # e;, therefore
d(§p) 2 e <= d(n) 2 e
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(viii)

ifd(n)=0
1T, = =93 & ifs()#rn) dn) =0
Tgn otherwise
0 otherwise
Te, 2 if 5(&) =7(n)
= TfRQ i (¢ #mm,d(n):o
otherwise
Twu if s(n) = r(u) Enp i s(§) =r(n), s(n) =r(w)
Tehyp = =
otherwise 0 otherwise

Tegp if s(§) =r(n)
= TeRp if s(§) #r(n), dln) =0

0 otherwise

(ix) If £,n € A with sup{d(£),d(n)} # 0 then for any p € A\A?,

Q if&E=n (1)
T;T,Q = n if np =&y for some i’ € A\A° (2)

0 otherwise

?

v if = ¢v for some v € A 3
T, nu = ¢ (3)
0 otherwise

and
Q if £(&,n) = {(a0, Bo)} for some ay, Fy € A° (4)
Z T, 150 = ag if E(&,n) = {(ap,Bo)} for some ag € A\AY, 3 € A® (5) ,
(o, B)EE(EM)

0  otherwise

) aop’ if pp = Pop’ for some (e, fo) € E(&;m), ' €A (6)
Y LI = .

(a,B)EE(EmM) 0 otherwise
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We claim that we have the following equivalence of statements:
(1) <= (4), (2) <= (5), 3) < (6)

(1) <= (4): If &£ = n then it is clear that £(£,n) = {s(£), s(n)} thus (4) holds.
Conversely, if £(&,n) = {(ao, 8o)} for some ay, By € A then Eay =
NGy = & = n thus (1) holds.

(2) < (5): If n = & for some 1 € A\A? then clearly £(¢,n) = {1/, s(n)}
thus (5) holds.
Conversely, if £(£,1) = {(ao, )} for some ag € A\A°, B, € A°
then £ag = 1By = 1 = £ap thus (2) holds.

(3) < (6): Ifnu = &v forsome v € A then d(u) = d(§v)—d(n) > sup{d(§),d(n)}—

d(n) since d({v) > d(§) and d(¢v) = d(nu) > d(n). Therefore
there exists an unique Gy € A such that u = Fop’ for some p' € A
and d(fh) = sup{d(€),d(n)} — d(n). Similarly, d(v) = d() —
d(&) > sup{d(§),d(n)} — d(§). So there exists an unique oy € A
such that v = aov’ for some v/ € A and d(ay) = sup{d(§),d(n)} —
d(§). Thus, nu = {v = nbop’ = Sagr’ with d(nfh) = d(§an) =
sup{d(£),d(n)} = npfo = £ap and ' = /. Hence, (6) holds.
Conversely, if u = fop for some ' € A, (ap, fo) € E(&,n) then

np = nPop’ = Eappt’ so that (3) holds with v = agp'.

It follows that,

D pesen Laly it sup{d(£),d(n)} # 0
TT) =5 Qs if € =1

R otherwise
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Lemma 3.3 The *-algebras

span{Ty\T,;, TvRT, | A, i, N, i € A},

span{T¢ R, /T, [§,n € A, v € A T c{1,2,... k}}

are dense in Ty, ICx respectively.

Proof. Recall from, for example [55], that if for each n = 1,2,... we

set Wy, = {wiwa-w, |w; € {T\,T; |\, € A}} to be the set of all
words of length n in the generators of 7, and their adjoints, then 7, =
span W where W := [J.2, W,,. Now by repeated applications of Lemma

3.2 (i), (iii), (iv), (v), (viii) and (ix) we see that any word in W must be in
span{T\T;, T RT; | A, pu, N, " € A} thus Ty = span{ThT};, T RT, | A\, p, N, i €
A}

To see that Ky C span{T¢R, T, |&n € A, v e A% T C {1,2,... k}} first
note that K = span{zry|xz,y € Tp, r € C*(Ry; v € A, i € {1,2,...,k}}.
Thus it suffices to show that the set of monomials {zry|z,y € Ty, r €
C*(Ryilv € A% i € {1,2,...,k}) is a subset of {T:R,;T;|&n € A, v €
A° T c{1,2,...,k}}. Moreover, by Lemma 3.1, Lemma 3.2 (iii) we see that
C*(Ry;lve A ie{1,2,....k}} =span{R,;|v e A’ T C{1,2,...,k}}.
Therefore since Ty = span{1)\T};, TowRT};, | A, u, N', " € A} it suffices to show
that 2R, jy is in {TeR, /T [, n e A, v e A% T C{1,2,...,k}} forallz,y €
{T;, TvRT | N\ p, Ny € A}, v € A and T C {1,2,...,k}. But this
follows from the relations listed in Lemma 3.2. Clearly the reverse inclusion

holds, thus the result is proved. O

Lemma 3.4 Let w: Ty — T) /Ky be the quotient map then {m(T)) | X € A}

is a x-representation of A, i.e.
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(i) {n(T,) | v € A°} is a family of mutually orthogonal projections,

m(Ta) i r(p) = s(A)

0 otherwise

(i) m(Tx)m(Ty,) =

(iii} W(TA)*W(T)\) = W(Ts()\))

(v) 7(Ty) = X neanw) T(Qa) for alln € NF
Proof. Follows from the definition of R, ; and Lemma 3.2 (i), (viii). O

Proposition 3.1 With the notation as above
C*(A) 2 T)/Ka

if Qu & K for all v e A°.

Proof. For z € TF ~.(x) = F.oF?, where F, is the unitary defined by
F.Q =Qand F.u = 2%y, defines an automorphism of B(H) which leaves
Ty invariant (c.f. [18, §2]). Note that ;! = ~,-1 therefore v.(7p) = Tj
and 7, - is an automorphism of 75. Clearly, 7.(R,;) = Ry; s0 7.(xR,.y) =
Yo (x)Ryiv2(y) € Ky for all z,y € Ty. It follows that K, is invariant under
7., hence 7, is an automorphism of ICy also. If 7 : Ty — 7, /K, is the
quotient map then 3,7 = 7, defines an automorphism of 7, /K, for each
z € T*. By Lemma 3.4, the family of partial isometries {7(T)) |\ € A} is a
*_representation of A therefore there exists a homomorphism ¢ : C*(A) —
Tr/Kx such that ¢(sy) = T\. The map z +— 3, defines an action 3 : T* —
Aut(74/K,) which satisfies pa., = B.¢ for all z € T*, where « is the gauge
action on C*(A). Now if @, ¢ K for all v € A then ¢(p,) # 0. Hence by the

gauge invariant uniqueness theorem [35, Theorem 3.4] 7, /Ky = C*(A). O
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Remark 3.1

e [t s clear that Q), = ZaeA(v) T, RT> - the series converges strongly.

o If A is a 1-graph then ICy is isomorphic to the C*-algebra of compact
operators on an infinite dimensional separable Hilbert space. However
if A is a k-graph with k > 2 then R, ; is a projection of infinite rank
forallve A° andi=1,2,... k.

o Ifk=1 then Q, & Ky for allv € A°. It seems less straightforward to
show that Q, is not in K for all v € A° when A is a k-graph, k > 2.

e As noted in the proof of Lemma 3.3, C*(R,; v e A% i=1,2,... k) =
span{R,|v € A°, I C {1,2,...,k}}. Note also that the generators

R, ifu=v
satisfy Ry 1Ry = Y . Therefore C*(R,; |v € A% i =
R ifu#v

1,2,...,k) is a commutative C*-algebra.

o Another formulation of Ty as the closure of the linear span of a set of

monomials is

Ty =span{ T\, T | A\, € A, v € A°}.

3.2 Cuntz-Pimsner algebras and k-graph C*-

algebras

First recall the definition of a Cuntz-Pimsner algebra from [47].

Definition 3.2 A Hilbert bimodule (X, ¢) is a pair consisting of a Hilbert
module X over a C*-algebra A, together with an isometric *~homomorphism

¢ A— B(X) that provides the left A-module structure on X.
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Given a Hilbert bimodule (X, ¢) we denote by ®™ the m-fold tensor product
of the module X with itself over the *-homomorphism ¢ (with the convention

that @ = A). Let
8+ = @ ®nX
n=0
and by 7, € B(&,), the operator defined on an elementary tensor y € ®"X
by T.(y) = x @y € @ X. Let J(E,) be the C*-algebra generated in B(X)
by

N
B ®"X), N=01,..
n=0

and S, be the class of the operator 7, in the quotient algebra M (Ey)/J(E4),
where M (&, ) is the multiplier algebra of J(&).

Definition 3.3 The Cuntz-Pimsner algebra of the Hilbert bimodule X, de-
noted Ox, is the C*-algebra generated in M(E,)/J(EL) by all the operators
Sz, with x € X.

Before stating a proposed Hilbert bimodule whose Cuntz-Pimsner algebra is
isomorphic to a k-graph C*-algebra we state a few results that are needed

for the construction and which will be of use elsewhere.

Let ¢ : A — G be a functor from A into a discrete abelian group G. Then,
by [35, Corollary 5.3] there exists an action a® : G — Aut(C*(A)) such that
for y € G and )\ € A,

ay(sx) = (x, c(A))sa.

Unless otherwise stated we let G = Z" for some N = 1,2, ..., and identify
G with TV where z € TV is identified with the character n — 2", n € G.

Also note that TV = G where now we identify n € G with the character
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z—= 2"z € G = TV. With these conventions a simple calculation yields,

c *\ _ e(N)—c(p) *
as(sas),) = 2 SAS),-

It follows that o is a strongly continuous action.

Definition 3.4 ([44, Definition 3.1.2]) Let 3 be a (strongly continuous)
action of a compact abelian group H on a C*-algebra B, and BP its fized
point algebra. For a character x € H, we let BP(x) denote the spectral
subspace {b € B|pi(b) = x(t)b for allt € H}. We say that § has large
spectral subspaces sz = B” for each y € H.

Lemma 3.5 For eachn € G, ®,, : C*(A) — C*(A) defined by

o, (x) = /Gz_”ozc(m) dz for all x € C*(A)

z

(where dz is the normalized Haar measure on G) is a linear map of norm 1

which satisfies ®,(C*(A)) = C*(A)*(n) and @2 = ®,,.

nCc

o

Proof. These maps are well defined since z — z7"aS(x) is a continuous
function for all x € C*(A) and n € G. It is clear that @, is a linear map
of norm 1 for each n € G. To see that ®, maps onto C*(A)*(n) recall

that each z € C*(A) is the norm limit of a sequence of elements {z,,} in

span{sysy, | s(A) = s(u)}. Now
Dy (srsy) = /éz”*c()‘)c(“)s,\sz dz

_ sxasy, if ¢(A) —c(u) =n € (M) ().

0 otherwise

Therefore z,, € C*(A)*(n) for all m € N and

®,(r) = lim ®,(z,) € C*(A)*(n).

m—00
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Thus ®, maps into C*(A)*"(n). Now given z € C*(A)*(n) we see that
P, () = [5 2 "2"x dz = x which gives us that ®,(C*(A)) = C*(A)* (n) and
P2 =, O

Lemma 3.6 Let n € G then the linear span of {sxs}, |s(A) = s(u), c¢(A) —
c(u) = n} is dense in C*(A)*"(n).

Proof. It is clear that
span{sas;, | s(\) = s(u), c(A) = c(p) = n} € C*(A)* (n)

for all n € G. To prove the reverse inclusion, choose any z in C*(A)*(n)
then z = lim,, .o T, for some z,, € span{sxs} |\, pu € A, s(\) = s(u)}.

Then by the proof of Lemma 3.5
r=>o,(x) = lim ®,(x,)

m—00

so that z is in span{sysj, | s(A) = s(u), ¢(A) — c(p) = n}. 0

Lemma 3.7 If A has no sinks then the action o of G on C* (A) has large

spectral subspaces.

Proof: 1t is clear that

(C*(A)> (n))*C*(A)>* (n) € C*(A)™.
By Lemma 3.6 we have
C*(A)™ (n) = spam{srs7; | €(\) — e(j1) = n}

for all n € G. Now since A has no sinks, given n € G and &, € A with
c(§) = c(n) and s(€) = s(n) we may choose A € A such that s(\) = s(¢) and
c¢(A\) — ¢(n) =n. Then

» = (se53)(sasy) € (C*(AN)* (n)*C*(A)™ (n)

55877
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As C*(A)* is the closed linear span of monomials of the form s¢s) with

c(&) = ¢(n) it follows that

CH(A)™ C (C*(A)" (n)*C* (M) (n)

for each n € G. Thus the result has been proved. O

Definition 3.5 We define the length functor|-|: A — Z by |\ = Zle n;
if d(\) = S8 nie;. Also let 3 denote the action al*l of T on C*(A).

Note that 3. = a(..,. . (k 2’s) for all z € T.

Lemma 3.8 Let A := C*(A)? and X := C*(A)P(1) = {z € C*(A) | B.(x) =
z(x)}. If A has no sinks then X is a full Hilbert A-module with the right
action given by multiplication in C*(A) and inner product (x,y) = z*y for

all z,y € X.

Proof. It is clear that X is a vector space - indeed equipped with the norm
on C*(A), X is a Banach space. To see that the action is well-defined, let
z € X, a€ Athen 5,(z-a) = f.(xa) = zza = z(x-a) = z-a € X. Therefore
there exists a pairing (z,a) — x-a = xa : X x X — A. It is obviously
bilinear as multiplication is and x - (ab) = (z - a) - b for all x € X, a,b € A.
Therefore X is a right A-module.

To see that (-,) : X x X — A is an inner product on X we must first
check that (-,-) is well-defined i.e. maps into A. But this is clear since
B.(x*y) = zza*y = x*y for all x,y € X and z € T. A routine check shows
that (-, -) satisfies the axioms of an inner product. Thus X is a pre-Hilbert A-
module. Now for any = € X, ||z|x := /|[{z,z)] = ||z by the C*-equation.
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Therefore X is complete with respect to the inner product norm since it is

complete with respect to the C*-norm. Hence X is a Hilbert A-module.

Now, since 3 has large spectral subspaces by Lemma 3.4 we see that A =
C*(A)? = (C*(A)5(1))*C*(AN)P(1) = span{(x,y)|x,y € X} by definition.
Thus X is a full Hilbert module. O

Let ¢ : A — B(X) be defined by ¢(a)x = ax for all x € X. Then ¢ provides
X with a left action, a -z := ¢(a)r = az for all a € A, x € X. We will
show that ¢ is injective thus X is a Hilbert bimodule in the sense of [47].
The proof of the injectivity of ¢ is inspired by proofs of the gauge invariant
theorems [29, Theorem 2.3], [1, Theorem 2.1.1],[35, Theorem 3.4]. We prove

now that there exists a gauge invariant action on ¢(A).

Lemma 3.9 For all z € T*, we may define automorphisms, 7., of ¢(A) by
v.¢ = ¢a, which in turn define an action, vy, of T* on ¢(A).

Proof  First we must check that the maps 7, are well-defined for all z € T*.

To see this we note that,
$la)=0=ar=0Vr € X = a,(a)r =0Vzr € X = ¢(a(a)) = 0.

Therefore, if ¢(a) = ¢(b) then p(a—0b) =0 = ¢(a,(a—b)) =0 = ¢(a.(a)) =
od(a.(b)). Thus if ¢(a) = ¢(b) for some a,b € A then 7,(¢p(a)) = 7.(¢p(b)) for
all z € T*.

It is clear that (since a,(A) = A for all z € T*) ~, is a surjective *-

homomorphism for all 2 € T* and a routine check shows that v : T —
End(¢(A)) is a homomorphism. Therefore, it follows that v, is also injective

for all z € T*. Thus 7 is indeed an action of T* on ¢(A) as claimed. O
We repeat and prove our claim in the following Lemma.
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Lemma 3.10 Let X be the right Hilbert module over A as defined in Lemma
3.8. Then the *~homomorphism ¢ : A — B(X) defined by ¢(a) = ax for all
x € X is injective. Thus (X, ¢) is a Hilbert bimodule in the sense of [47].
Moreover ¢p(A) = K(X).

Proof.  First we claim that ¢ is injective on A*. Note that A* = C*(A)*.
By [35, Lemma 3.2}, C*(A)* = F := {J,,cnt Fn Where F, = @, p0 Fu(v), Fulv) =
span{sys’, | A, p € A%, s(A) = s(u) = v} = K(*(s~'(v) N A")). Thus by for

example [43, Lemma 1.3]

ker ¢|,. = U ker ¢, N Fy.

neNk

Thus it suffices to show that ker ¢, = {0} for all n € N*. But this follows
if ker, = {0} for all v € A°, n € N*. Now, for all v € A°, n € N¥, F,(v)
is a simple C*-algebra, therefore it is enough to show that ¢, # 0.

Let v € A%, n € NF. If n = 0 then F,,(v) = Cp,. Choose any i € {1,2,...,k}
and any A € A%(v) then s, is in X and

Dl o) (Po)Sx = Dusy = 83 # 0
Thus ¢, # 0. If n # 0 then since A has no sinks we may choose any
A € A" with s(A\) = v. Now, we may write A\ = M\ with [A| = 1, so sy, is
in X and
Dlr (5283)87, = Sx, 8w 8% # 0.
Thus ¢, , #0forallv e A n € N*. Hence ¢ is faithful on A% as claimed.
Let @ := @ and note that by [35, Lemma 3.3, ® is faithful (in the sense

that ®(a) # 0 if a is a non-zero positive element of C*(A)). Thus let a be

any non-zero positive element of A, then
07 6(8(0) = [ vala)dz = [ vola)dx
Tk TF
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Thus ¢(a) # 0. Hence ¢ is injective.

To see that ¢p(A) = K(X) let A\, u € A with s(\) = s(u) and |A| = |p|. Then
sasy, € A and x 1= s)8}, ¥ = 5,8y € X where A = AN, [A| = 1. Now, for

we X,
Ory = T{Yy,w) = xS\ SnS,W
= S\S,W
Thus ¢(srs) = 0., and it follows that ¢ maps into K(X).
Conversely, let z,y,w € X, then 0, ,(w) = z(y, 2) = zy*z. But §,(zy*) =
xy* for all z € T thus zy* € A. Therefore,
olzy")w =2y'w = 6,,w Vwe X

:>Qx,y - ¢(xy*)

Hence ¢ maps onto K(X). O

Definition 3.6 We let 7\ := S5, for all A € ¥ := {\ € A||N\ =1} =
Ule A% and 7, == Zaem(v) TaTs for allv e AY) i € {1,2,... k}.

Lemma 3.11 The following relations are satisfied in Ox. For all A\, u,&,n €
2,

1 * _ *
S TNy = TaT3,

Aa=pp
d(a)=d(n)
2. Ty is a partial isometry. Also, Tx7x = 1,7, if s(\) = s(),

3. ToiTa = Ta if 7(A) = v, foralli e {1,2,...,k},

4. TaTy = TeTy of M= &,
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5. Ty are projections and T,; = T,; for all i,j € {1,2,...,k},

Proof. First, following the convention set in [47], we identify A and B(X)
with their image in M(E,)/J(E,) given by

Az @ @1, = Pla)(r) @ @y

T @ Qx,) = T(11)®- - @y
foralln > 1, z1,...,2, € X,a € A and T € B(X). Under these iden-
tifications and by [47, Proposition 1.3] (or by direct calculations) we see
that Sy, = qb(s,\s;i) = Os5, = AT, for all \,u € . Therefore, for all
A, €sm € X

* *
L. 737, = (), Su) = S\Su = E SaSy = E TaTj)

Aa=pl Aa=p
d(a)=d(p) d(a)= d(u)

2. TSN = (Sx, 80) = Ds(x)- Therefore 737y is a projection and 7, is a partial

isometry. Also
k *
TATA = (Sx;82) = S3Sx = 8,5, = (S, Su) = T, Tu

if s(A) = s(u),

*
3. TpiTy = E TaTATy = E To(Sas Sa) = E TaSaSx = S erc (o) Sashoa

€A (v) a€A®i(v) a€A®i(v)
=5, =mif r(\) = v,

_ * _ *
4. T\T, = E TaTaTATy = E Ta E TBT, T

€AW (r(N)) Q€AW (r(N)) af=py

d(B)=d(n)
*
= E Ta E T6(Sy, Su) = TeTy Ty T, = TeTyTy Ty = TeTy,
d(u) af=py
ACATIEN) =i

5. Note that if A has no sinks then given v € A° we may choose any

A€ A% e A% such that s(A\) = s(u) = v and from 1. and 2.

* *
E TaTy = TaTA = g Ta = Tyj-

a€A (v) a€A(
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Therefore the result is proved. However if we do not assume that A has

no sinks then the following argument shows that the result holds.

It is clear that 7, is self-adjoint. Now

2 _ * * * *
Tv,i = E TaTaTﬂTg = E 7'0((901857'77

a,BeA% (v) a,BeA% (v)
= E Toﬂ' ToTa = E TaTy
o, €A ( a€Ni(v)

Tv,z

Thus 7,; is a projection for all v € A%, i € {1,2,...,k}. Fix v € A",

To see that 7,; = 7,; for all 7,57 € {1,2,...,k} consider

TviTvj — § Ty zTaT = § TaTy
a€AN®i (v) a€A (v)

= Tyj-

Therefore 7, ; = 7). = Ty jTp; = Tyiforallv € A°) 4,5 € {1,2,...,k}. O

7j

Following the above Lemma we are able to make the following definition.

Definition 3.7 For v € A° define 7, :==7,; for anyi=1,2,...k.
For A € A\A° define 75 := T, Ta, ==+ Ta, if A = Mo+ N\, for somen > 1
with \; €, j=1,2,...,n

Lemma 3.12 The family {7\ | A € A} is a *-representation of A. i.e

(1) {7o}veno are mutually orthogonal projections,
(11) Ta, = TaT, for all A\, € A,
(iii) TXT = Tsn) for all X € A,

(v) 1, = Z et foralli=1,2,... k.
£enci(v)
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Proof.

(i) For any u,v € A” we have

TuTo = E TeTe E Ty

£EA®i (u) neA®i(v)

E

= Y 7elsesy)T)
£eA%i(u)
neA®i(v)

T, Hfu=wv

0 ifus#v
(ii) Follows from Lemma 3.11 4.

(iii) For any A € A and 7 = 1,2, ..,k we have

TXTa = (8),8\) = S)3S\ = Z SaSh
a€Ai(s(N))
= Z TaTy = Ts(N)
€A% (s(1))

(iv) By definition.

Lemma 3.13

o0 o
If x = Zcisxis;i € X then S, = Z CiTA Tp,
i=1

=1

Proof.  As noted in the paragraph preceding [47, Definition 1.1], the norm

of S, is equal to the norm of = for all x € X. Therefore the map = — S,

is a continuous linear mapping from X into Ox. Thus it suffices to show

that Sgsx = ™7, if A, € A with [A] — [u] = 1 since the result follows

from the continuity and linearity of the map x — S,, and the fact that

Xo :=span{sys;, [[A\| — |u| = 1} is dense in X by Lemma 3.6.
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Let A\, € A with |A] — |¢| = 1. Then we may write A = Ay -+ A\pyq, g =
J ey for some Ay, ..o A1, f1y ..o by € 25, no > 1. Consider the action

of 7y, -+ - Ty, 17, -+~ T, on the elementary tensor vectors in &,. Let z =

n+1
1 @xy; € X, By noticing that sy, - - s,\n+13;n S8, Tyt Ty 1S 1N
Afor alli =3,...,n+ 1 and using the fact that w ® ¢(a)y = wa ® y for all

w,y € X and a € A we see that if m > n then

* * * *
'2')\1. . '7;\n+1,];n' . .'];11‘ f— S)\1®. . .®(s>\n+18un. . 'Sulxl' . ‘xn—l)fﬂn ® “ e ® l’m

_ *
—s)\s#@)x

= *
SAS],

and if m < n then 7, --- 7, 7:;’];*@:0
From this we see that 7y, s — 7y, - -+ Ty, ,, 7 -~ 7, is in J(&}). Indeed since

#(A) = K(X), by [47, Remark 1.2 (4)] J(&1) N Tx = K(&;) and the above

n+1

difference is 7, 5+ Qy, € K(&,) where @, is the orthogonal projection onto the

first n summands of &,. Thus S,sx = S, -++ S S* ... 8% m

S)‘nJrl Spn Sﬂl )

Proposition 3.2 If A is a k-graph with no sinks and (X, ¢) is the Hilbert
bimodule over A defined above then C*(A) = Ox.

Proof. We check that, for x € X, the elements t, := z € C*(A) and *-
homomorphism o := id4 satisfy relations (1)-(4) in [47, Theorem 3.12]. The
only relation that might be a little unclear is (4).

It suffices to show that the case a = sys}, with A, u € A\A? holds because
span{sxsy | A, € A, [A[ = ||} is dense in A by Lemma 3.6 and s,s; = s, =
D aenci(v) Sass forany i € {1,2,... k}. Let A, € A\A® with |\ = |ul, then

0'(1)¢(S)\SZ) = 0(1)(9%%) = ts,ty, = SaS, = o(srs},).
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Hence by [47, Theorem 3.12] there exists a *-homomorphism ¢ : Ox —
C*(A) such that 6(S,) = t, = z and 6(a) = o(a) = a for all x € X and

a € A.

Conversely, by Lemma 3.12, the family of partial isometries {7, | A € A%} is
a *-representation of A in Ox. Therefore by the universal property of C*(A)
([35, Remarks 1.6]) there exists a *-homomorphism 7 : C*(A) — Ox.

Now by Lemma 3.13 the family {7, | A € A} generates Ox therefore it is clear

that 67 = ide«(a) and 76 = idp, hence C*(A) is isomorphic to Ox. O

Proposition 3.3 The C*-algebra A, as defined above, is stably isomorphic
to O*(Z >4|‘| A)

Proof. By [33, Theorem 2], Lemma 3.4 and the fact that 3 is a strongly
continuous action of the compact abelian group T on C*(A), (C*(A) g
T) ® K = C*(A)° ® K. By [35, Corollary 5.3], C*(Z x|.| A) = C*(A) x5 T.

Therefore,

CHZ x| N)®K = (C*(A) %5T)®K

I

12

C* (A @ K.

Conjecture 3.1 If A satisfies (S) (as defined in Definition 4.3) then A is
an AF-algebra

Proof. By Proposition 3.3 A is stably isomorphic to C*(Z x| A). Thus it
is enough to show that C*(Z x|, A) is an AF-algebra if A satisfies (S).

Suppose that (n, ), (m, i) € Zx A withr(n, A) = r(m, ), (d(n,A),d(m, ) =
0 then (n,r(\)) = (m,r(p)) and (d(\),d(pn)) = 0 = r(A) = r(u) and
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(d(N),d(p)) = 0= s(\) # s(u) (since A satisfies (S)) = s(n, A) # s(m, p).
Therefore Z x| A satisfies (S).

If (n,

A) € Z x| A, d(n,X) > 0 then r(n,\) = (n,r(\)) and s(n,\) = (n +

IAl,s(A)). But n+ |A| > n therefore r(n, A) # s(n, A) for all (n,\) € Z x| A

with d(n,A) > 0. Hence, Z x| A does not have any loops.

Therefore if Conjecture 4.1 is true, C*(Z x| A) is an AF-algebra and hence
C*(A)P is also. O

If the above conjecture is true then we may use [47, Theorem 4.9] to calculate

the K-theory of C*(A) under condition (S):

Ko(C™(A)) = coker(fx)

K1(C7(A)) = ker(fx)

where fx = ®(id4 — [X]) in the notation of [47].

Remark 3.2

(1)

(2)

If A is a 1-graph then A is an AF-algebra since A = C*(A)* so the K-
theory can be recovered from the Cuntz-Pimsner siz term exact sequence

in [47, Theorem 4.9].

It was shown in [59] that for any infinite matriz, M, with no zero
row nor column and index set I, the Exel-Laca algebra Oy ([21]) is
isomorphic to the Cuntz-Pimsner algebra O ¢ where X is a Hilbert bi-
module over the C*-algebra D = C*(S*S;|i € I). The analogue of
this construction for k-graph C*-algebras is the Hilbert bimodule Y =
span{sya|A € £, a € D} over the C*-algbra D = C*(sis, | A\, € £}

~Y *

resulting in Oy = C*(A), the details of which are shown in Appendiz
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A. We do not need to assume that A has no sinks for this construction.

Also note that D C A.

(3) We require A to not have sinks so that A is stably isomorphic to a k-
graph C*-algebra and is therefore open to further analysis. If we allow
A to have sinks then by [47, Remark 1.2 (3)], all of the results hold if
we replace A by A = span{(z,y)|z,y € X} - an essential ideal in A
apart from Proposition 3.3 and Conjecture 3.1.
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Chapter 4

AF k-graph C*-algebras

In this chapter we investigate into which criteria should be put on a k-graph
A so that C*(A) is an AF-algebra [4, 15]. First we recall a Lemma from [35]
stating a sufficient condition for C*(A) to be AF.

Lemma 4.1 ([35, Lemma 5.4]) Let A be a k-graph and suppose there is
a map b : A — ZF such that d(\) = b(s(\)) — b(r(\)) for all X € A, then
C*(A) is AF.

The existence of such a map b : A° — Z* is a rather strong condition on A.
For example, there are many 1-graphs for which there is no such map, one
of which is shown in Figure 4.1, yet their C*-algebra is an AF-algebra (see
[35, Theorem 2.4], which says that a row-finite directed graph C*-algebra is

AF precisely when it contains no loops).

In the following section we explore the possibilities of other sufficient condi-

tions on A so that C*(A) is an AF-algebra.
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Figure 4.1: The skeleton of a 1-graph A with C*(A) AF.

4.1 Sufficient conditions

As an analogue to [37, Theorem 2.4], it might be reasonable to conjecture
that a k-graph C*-algebra C*(A) is an AF-algebra if and only if A has no
periodic infinite paths i.e. there does not exist a periodic x € A>*. However

we believe that there exists a counter example to:

if A has no infinite periodic paths then C*(A) is an AF-algebra.

Figure 4.2: The skeleton of A.

Figure 4.3: The skeleton of L.

Let A be the 1-graph with skeleton as depicted in Figure 4.2. So A° :=
Z, A' :={an, b, |n € Z} with r(a,) = r(b,) = n and s(a,) = s(b,) =n + 1.
Let (A% AY),, := {(an, @ni1); (@n, bpi1)s (bny @ns1), (bny bui1)}. A factorisation
rule ¢ : A x A1 — A! x A! may be defined in terms of its sections (i.e.

bijections ¢, on (A! x A),) by setting ¢(z) = ¢, () if z € (A x A1),,. Note
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that ¢ is well-defined since A' x A" = | ] (A" * A'),,, and that ¢, is a
member of the symmetric group Sy. It is conceivable that a careful choice
of ¢, will result in a 2-graph £ := A x4 A (see Figure 4.3) with no infinite
periodic paths.

Assuming that such a ¢ exists, one sees that £ is cofinal and satisfies the
aperiodicity condition. Therefore by [35, Proposition 4.8] C*(L£) is sim-
ple. Using Proposition 5.1 it is easy to calculate the K-theory as being
Ko(C*(L£)) & K1(C*(L£)) = Z[%]. Thus, in particular, C*(£) is not an AF-

algebra. However, £ does not have any infinite periodic paths.

Also note that C*(£) may not be purely infinite (i.e. every hereditary sub-
algebra contains an infinite projection). Consequently, the dichotomy sat-
isfied by simple 1-graph C*-algebras [37, Corollary 3.10] - simple 1-graph
C*-algebras are either AF or purely infinite - may not carry over to k-graph

C*-algebras, k > 2.

Definition 4.1 ([49, Definition 3.9]) A k-graph A is said to be locally
convex if whenever there is a A € A% (u) and a pu € A% (u) for some u € A°

then A% (s(N)) # 0 and A% (s(p)) # 0.

Remark 4.1 It is clear that a locally convex k-graph, A, is finite(i.e. |A| <
00) if and only if ¥ is finite and A has no loops.

Definition 4.2 We let A, := {v € A°|A%(v) = 0} be the set of i-sources
of A and AV := {v € A°| A(v) = 0} be the set of sources of A.

The following Lemma generalises [37, Corollary 2.3].
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Lemma 4.2 If A is a finite locally convex k-graph then C*(A) = @, o Mn,

where n, == |{\ € A|s(\) = u}| is the number of paths ending at u.

Proof. The Lemma has been proved for the case kK = 1 in [37, Corollary
2.3], therefore assume that & > 1. By [49, Propsition 3.11, Proposition 3.5,
Remarks 3.8] we see that C*(A) = span{sys}, |\, n € A, 5(\) = s(u)}. Thus

C*(A) is obviously finite dimensional.
Now given A\, € A with s(\) = s(u) € A2,

* _ * -
5)S), = g Sxan Sy for some iy € {1,2,...,k}

a1 €A (v)

— S)\Oéls,ual —+ 5Aa15ua1

a1 €A1 (v) a1 €A (v)
s(a1)gAd s(aq)€AY
_ * *
- § : S>\a1a2sua1a2+ E : S/\alsual
a1 €A% (v) aq €A% (v)
s(a)gA? s(ap)eAad

ag€A2 (s(a))

= Z sasy  forsome S C {A € Al, s(\) € AY}?
(a,8)€S

where all the sums are finite. Therefore, C*(A) = span{sys; |\, u € A, 5(\) =
(1) € A%},

If u& € A with s(p),s(¢) € AY, notice that u = !/, & = &€ where
d(n) = d(€2) = int{d(), d(€)} and (d(x), d(€) = 0. Therefore,

* _ *
SMS§ = 5#1,51 SM/S§/.

We claim that
se it d(p') =0, r(&) =/
S;/Sﬁl - SZ/ if d(fl) - 07 r(l’bl) = 5/

0  otherwise
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The first two cases above are clear, but the case d(¢') # 0, d(i') # 0 deserves
some explanation. Since (d(u'),d(£’)) = 0, there exists a j € {1,2,...,k}
such that d(£') > e; but d(p') 2 e;. If r(p') # r(¢') then sj,s0 = 0. If
() =r(&) let @ = py---pl,, for some pf,...,pu €3, ne{l,2,...}, and
¢ =& & with d(§]) = e;. Then

r(pun) = (&), dpy) = e, (&) = ej, iv 7§ = A9 (s(1y)) # 0

since A is locally convex by hypothesis. Choose 1 € A% (s(p})) then a similar
argument shows that A% (s(u)) # (0 and so on until we come to A% (s(ul,)) #
0 a contradiction since s(u!) = s(u) € A% Thus we cannot have a pair

W', & € A% such that (d(u'),d(&)) = 0, r(¢') = r(¢) unless d(¢') = d(u') = 0.

If in addition A\, n € AY with s(\) = s(u) and s(n) = s(£), it follows that

S\, if u=¢

sxsesy, if & = pg’ for some & € A\A°

s\s”

*_
HSgS =

! sast,st if p= & for some p’ € A\AY .

0 otherwise
But since s()),s(n) € A we cannot have that & = u&’, u = &y’ for some

& ' € A\A®. Hence,

* 3 B
. sasy ifpu=¢
S)S}, 8¢S, =

1 n .
0 otherwise

therefore {sxs7 | A, € A, s(A) = s(u) € AJ} is a complete system of matrix

units. In particular sysysesy = 0 if s(\) # s(§) therefore it follows that

C*(A) = @ span{sxs, | A, € A, s(A) = s(p) = u}

u€eA?
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where n, := [{A € A|s(\) = u}| as claimed. O

Consequently if we can ensure that given any finite subset, Ag, of a k-graph
A, there exists a finite locally convex sub-k-graph A containing A, then we
may show that C*(A) is AF. For example, note that the coloured directed
graph depicted in Figure 4.4 is the skeleton of an unique 2-graph, which we
will call C,.

AN

AN

///(_\\\
J

Figure 4.4: The skeleton of Cy

Also note that there is no map b : C§ — Z?* such that d(\) = b(s()\)) —
b(r(A)) for all A € Cy so we cannot apply Lemma 4.1. However, C*(Cy) is
the inductive limit of a sequence of finite dimensional C*-algebras as shown

below.

By applications of the gauge invariant theorem [35, Theorem 3.4] it is clear
that C*(Cy) = lim_,(C*(C{™), tn), where {C{"}22, is the sequence of finite
locally convex sub-2-graphs depicted in Figure 4.5 and ¢, : C*(C(n)) —
C* (€YY are the connecting maps defined by ¢, (s (s\7)*) = s{"*V (s

where {s} |\ € C2 } is the universal *-representation of C’*(C2 )).
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N\
N\
AN

g
L

cs?
Figure 4.5: Sequence of finite locally convex 2-graphs

Definition 4.3 Say that A satisfies condition (S) if given any A\, u € A\A°
such that r(X) = r(p) and (d(N),d(un)) =0 then s(\) # s(u).

Definition 4.4 For a subsetT" of a k-graph A we let X(T') :={a € X |In,v €
A, £ € T such that & = nav} be the edges of T and V(T') :== {v € A | v =
r(a) orv = s(a) for some a € L(I') UT'} be the vertices of T'. We also let

[ be the subcategory of A generated by I.

Definition 4.5 Let I' be a subset of the edges, X2, of a k-graph A. Then a
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vertex v € V(I') is said to be open in T if there exists \ € A“NT, p € A“NT,
for somei,j e {1,...,k},i# j, withr(\) =r(u) =u and EA\,pu) ¢ T x T
Denote the set of open vertices in I' by O(T").

Conjecture 4.1 If A is a k-graph that satisfies (S) and has no loops then
C*(A) is an AF-algebra.

Strategy of proof. Since every element in C*(A) can be approximated by
a finite linear combination of monomials in {sxsy |\, u € A, s(A) = s(u)}
it is enough to show that given any finite set of monomials, {s)s}}, there
exists a finite dimensional C*-algebra of C*(A) that contains {sysy}. Thus
it is enough to show that given any finite subset, F', of A there exists a finite
sub-category, A, of A such that ¥ C A and £\, ) € A x A whenever
A € AN, For then € := span{sysy |\, x € A} is a finite dimensional

C*-subalgebra of C*(A) that contains {sxs } uer, as shown in the following.

It is clear that C' is self-adjoint. To see that C' is closed under multiplication,

first note that if A\, u, &, 7 € AN X then

SAS,SeS, = Z sxsaszs; = Z s,\as;;ﬁ eC
(a,B)€E(1:E) (a,8)€E(1:€)

since £(p, ) € A x A and A is a subcategory of A. Now let A\, u,&,n €

A\A® then p = pg - pin, &€ = & -+ &y for some puy, ... pin, &1y & €
ANY, n,me{1,2,...}. Thus

* f— * . .. * .« .. p— DY * DY *
S.S¢ = Sy ccr S8 86 Se, = E Sai " SamSs, " Sp,
where aq,...,Qm, 01, .., 0, € ANX. Therefore
* * *
SASMS§877 = E smsnﬁ
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where the sum is finite and every «, 8 and thus every Aa,ng is in A. It
follows that C'is closed under multiplication and is a finite dimensional C*-

subalgebra of C*(A) that clearly contains {s\s}; }x uer-
Moreover, if we also insist that whenever A € ANY. then AY™(7()\)) C A then

wea, My, where A, = {v € Ald(v) =0, A%(v)NA =
) for alli € {1,...,k}} and n, := |{\ € A | s(\) = u}|; the proof of which

C' is isomorphic to

is similar to the proof of Lemma 4.2.

To construct a required A from a finite subset, F', of A we must, in some
sense, close the open vertices of X(F'). Thus a likely candidate for A is given

below.

Let Ao := U,ex(r A (r(a)), V := V(F) and

A= U S
ucO(Aj)
where p = (1,1,...,1) € N¥ and j = 0,1,.... Then set A := (AU V)*
where A = UjZo Q. We claim that A satisfies (i) if A\,u € A NY then
E\ ) CAx A, and (ii) if A € AN then AV (r())) C A.

To prove (i), note that if \, x € ANY then A, € A and thus X,y € A; for
large enough j. If r(\) # r(p) then EA\,pu) =0 C A x A, If r(A) = r(u)
and d()\) = d(p) then either A # = EA\u) =0 C AXAor A =p=
EA ) = {(s(N),s(p)} € A x A. Finally, if r(A\) = r(u) and d(X) # d(p)
then E(\, ) C X(AP(r(N))) x Z(AP(r(N)) € A x A. Hence, in all cases
AMpeAnX=EN\pn) CAxA.

To prove (ii), note that if A € ANY. then A € A and thus A € A; for some 3.
Let jo = min{j [ A € A;}. If jo = 0 then A € Ag = U,exp AN (r(a)) =
A (r(N\)) C A. If jop > 0 then \ € Uneoa, ) S(AP(u)) thus A C A as

jo—l)
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required.

Since A satisfies (S) we expect A to be finite. If this is true then since A has

no loops A will be a suitable finite subcategory of A as described above. O

Consider the coloured directed graph in Figure 4.6, which is the skeleton of
an unique 2-graph X.

v+ (0,1) St (L, 1)

' v\v+(1,0)
o+ (1,—1)

Figure 4.6: The skeleton of X.
The edges, along with their respective sources, emitted by a typical vertex

v e X%:=72 are shown.

Note that X satisfies (S) but there exists a finite subset, F', of X for which
there is no finite locally convex sub-2-graph that contains F. We give an
example that shows that given a finite subset, F, of X then A, as defined in
the strategy of proof of Conjecture 4.1, is finite.

We may assume that F' = Ag. The sequence {AO}?ZO, with A = A, is
illustrated in Figure 4.7 where an open circle represents an open vertex in

the corresponding A;.
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The sequence

Figure 4.7:
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Consider the condition (I') defined below, which is weaker than (S).

Definition 4.6 The k-graph A is said to satisfy condition (T') if given any
A€ A\A° such that r(\) = r(w), s(\) = s(u) and (d(\),d(un)) = 0 then
E p) = {a, B Aa = pf, d(da) = sup{d(\), d(u)}} = 0.

Conjecture 4.2 If the k-graph A satisfies condition (I') then C*(A) is an
AF-algebra.

Strategy of proof. As in the strategy of proof of Conjecture 4.1, given
any finite subset, Ay, of A we hope to find a finite spanning set S such that
C*(sa| A € Ay) is a subalgebra of C' := spanS when A satisfies (I'). However
we do not expect that S will be a subset of monomials as was the case in the

strategy of proof of Conjecture 4.1. a
An intriguing example of a 2-graph satisfying (I') but not (S) is the following.
Let A, B be 1-graphs with V = A% = B := 2N x 2NJU[(2N + 1) x (2N +1)]

Al = {a(m),b(n) | m,n € A’} B':={a(m),B(n)| m,n € B°}

Al«BY = {(a(m),a(m+ (1,1)
(b(m), B(m + (2,0)))

B« Al = {(a(m),a(m + (1,1))), (a(m), b(m + (1,1))), (B(m), a(m + (0,2))),
(B(m),b(m +(0,2))) [ m € V'}

), (a(m), B(m + (1,1)), (b(m), a(m + (2,0))),
|m eV}

Define Py to be the 2-graph A %9 B where 6 ranges over all the possible

factorisation rules. The skeleton of Py is shown in Figure 4.8.
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v+ (0,2)

vt (L1)

v v+ (2,0)

Figure 4.8: The skeleton of Py.
The edges, along with their respective sources, emitted by a typical vertex

v E Pg are shown.

Define a particular factorisation rule 0, : A + B! — Bl x Al by

(a(u), a(u+ (1,1))) = (B(u), b(u+(0,2)))
(b(w), a(u +(2,0))) = (a(w), b(u + (1,1)))
(a(u), B(u+ (1,1))) = (B(u), a(u + (0, 2)))
(b(w), B(u+(2,0))) = (e(u), a(u + (1,1)))

for all w € V. Then one checks that Py, satisfies (I') but not (S). Now,
K1(Ps,) = {0} (see Appendix B) in keeping with Conjecture 4.2. Also note
that P, is cofinal and satisfies the aperiodicity condition therefore C*(Py,)
is simple by [35, Proposition 4.8].

4.2 Necessary conditions

By [37, Theorem 2.4] a 1-graph C*-algebra is an AF-algebra if and only if
the 1-graph has no loops, i.e. a morphism whose source is equal to its range.
In stark contrast, there exists a k-graph A with no loops such that C*(A)

is not an AF-algebra. Indeed there are an abundance of such examples, one
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of which is constructed from the 1-graph K* where K is the directed graph

shown in Figure 4.9.

Figure 4.9: The directed graph K.

XXX I I XD

Figure 4.10: The skeleton of K;.

Let K1 = f*(K*) (as defined in [35, Definition 1.9]) where f : N> — N is
defined by f(m,n) = m+n. Since [ is surjective we see that an application

of [35, Corollary 3.5] yields that C*(A) = C*(K*) @ C(T) = K& C(T).
The following Lemma is a further confirmation that a k-graph C*-algebra

need not contain a loop in order for its C*-algebra to be AF.

Definition 4.7 Given \,u € A and ¢ € N* ¢ > d()\) define the following to
be the set of all extensions of A of degree ¢ — d(\) with respect to u

B, ={a € N[ a=pp for some B € A and d(\a) = q}.
Lemma 4.3 If there are A\, € A\A® with r(\) = r(p), s(\) = s(u) =:

v
and if EY , # AT (v), B = A=W (v) for some g € N* with ¢ > d(\)
and q > d(p) then C*(A) is not an AF-algebra.
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Proof.  Let s := sys;,. Then

s's = pu= Z Pus = Z Pus

BeAT—dw) (v) BEES

= ZPM< Z Pra =Pr = s

a€EY a€AI=d) (v)
Thus C*(A) contains an infinite projection, p,, and so cannot be an AF-

algebra. O

As one would expect, the presence (at least of a certain type) of loop in a

k-graph A ensures that C*(A) is not an AF algebra.

Definition 4.8 Call o a n-loop in A where n € NF\{0} if a € A™ and
s(a) =r(a) (i.e. a is a loop of degree n in A). If a is a n-loop then we say

that o« has no n-exit if A"(r(a)) = {a}.

Lemma 4.4 If A contains a n-loop with a n-exit, for some n € NF\{0},

then C*(A) is not an AF-algebra.

Proof.  Let a be a n-loop in A with n-exit 3. Then

sta = Ps(w) > Da +p,@ > SQSZ.
Thus ps() is an infinite projection in C*(A), therefore C*(A) cannot be an

AF-algebra. O

We suspect that if a k-graph A contains a simple loop, i.e a loop « such that
a=0q0y. .. 0y, for some m € N\{0}, a; € A% for some fixed i € {1,...,k}
with r(a;) pairwise distinct for all j = 1,...,m, then C*(A) is not an AF-
algebra. We show that this is indeed the case when « is an e;-loop for some

ie{l,... k}.
Until further notice we assume the following.
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Assumption 4.1 Fizie€ {1,2,... k}

e Fvery me;-loop in A has no me;-exit.
o « is a e;-loop in A with r(a) = v.
Definition 4.9 Let N, := {Z?Zl njej|n; € N, n; = 0}. For m € N&; let

B, = A"(v), Ty, :== A% (s (By,)) and for B € B, let f.(5) be the (unique)
element of B,, such that

af = fm(B)y for some v € Ty,
The factorisation property of A ensures that f,, is a well-defined mapping on
Bi.

Lemma 4.5 The map f,, : B,, — B,, defined above is a bijection

Proof.  Let 8 € B,, then choose any v € I, with 7(y) = s(8). Then there

exists a (unique) B’ € B,, such that

af = By
Thus f,,(0') = B and f,, is surjective. Furthermore, since B,, is a finite set,

fm is a bijection. O

Remark 4.2 Given 8 € B,, there is exactly one v € ', such that By € A

otherwise if v were another such edge of Iy, then we would have
by = By

afy = 57/

for some By, Bs € B, B1 # (2 contradicting the injectivity of fo,.
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Lemma 4.6 FEvery v € I',, is part of a ne;-loop for some n € N.

Proof. Let v, := v € I',,. Then there exists a g € B,, such that af =
fm(B)y. As f, is a permutation on the finite set ,,, there is an n € N such
that fr(,f)(ﬁ) = (. If n = 0 then v = 7, is a loop. If not then we have the

following situation

Oéﬁ = fm(ﬁ)ﬁ)/l
afu(B) = f2B)7

afr B = B
aﬁ = fm(ﬁ)’%z-&-l

for some v; € T',,. From this we see that 7(v;) = s(vi+1) and v,11 = 7.

Therefore v,v,_1--- 71 is a loop. Hence v = ~; is part of a loop. O

Definition 4.10 Let A7 := UmeN’;. A™ and A (v) = UmeN;;_ A™(v). De-
fine the following C*-subalgebras of C*(A):

A = p,C*(N)p,
= va*<S/\ | A€ A#i)pv

= span{sys; |\, p € A (v), s(A) = s(u)}

Lemma 4.7 The map 7: B — B defined by
7(b) = sabs), be B

s an automorphism of B.
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Proof.  Let A\, € A7 (v) with s(\) = s(u). Then

*\ % * *
T(S)\SH) = SaSASuSa = SarSap = Sy (VS g ()72

for some mq,my € N’;i, v1 € 'y, 72 € I'm,. Therefore 74 is a part of
a nie;-loop and 7, is a part of a nge;-loop by Lemma 4.6. The fact that

s(71) = s(72) coupled with our standing assumption forces v; = 5. Thus

T(SASD = Sfml(A)SW1S:1$;m2(u)
= Sy NPr)S oy (1)
= Sfml(’\)s}mg(.“') €B

It follows that 7 maps B into B. Clearly 7 is a *-homomorphism and it is

easy to check that 7 is surjective. O

Proposition 4.1 With T defined above we have the following *-isomorphism

A= B X, Z

Proof.  Now A =span{ss; | A, u € A(v),s(A) = s(u)}. If A\, p € A(v) with
s(A\) = s(p) then

/

A=al\N w=amu

for some I,m € N, X, i/ € A7, Therefore

«

SAS,, = sl snsy(sy)™ € C7(B, sa) C C*(A)

Therefore A C C*(B,s,). Clearly C*(B,s,) C A. Thus A = C*(B, s4).
Now, by consruction, s, is an unitary in A which implements 7, therefore
there exists a *-homomorphism 7 of B %, Z onto A such that 7(b) = b for

all b € B and 7(u) = s, where u is the universal unitary implementing 7.
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There is an action p of T on B x, Z such that p,(b) = b, p,(u) = zu which

induces a faithful conditional expectaion ® of A onto B by the equation

®@ = [ pula)dz.

Now the gauge action w on C*(A) induces an action 6 of T on A by 0, =
W, 1,21.,.,1) (2 in the i'h place, 1’s everywhere else) with 70, = p..

Clearly 7 is faithful on B = ®(A), so let a be a non-zero positive element of

B x. Z then
0 #7(@(a) == ( [ o)) = [mpu(a s = [ b.n(a))ds
Hence m(a) # 0 and 7 is faithful on B %, Z. O

We thank Prof. George A. Elliott for informing us of [5, Proposition 4.4.1].

As a consequence we have the following Corollary.

Corollary 4.1 If a k-graph A satisfies Assumption 4.1 above then C*(A) is

not an AF-algebra.

Proof. By Proposition 4.1 C*(A) has a corner sub-algebra isomorphic to a
unital crossed product by the integers which cannot be AF by [5, Proposition
4.4.1]. Thus C*(A) is not AF. O

We close this section by listing some necessary conditions on a k-graph so

that its C*-algebra is an AF-algebra.

Corollary 4.2 If A is a k-graph with C*(A) AF then

(i) if A € A\A® with r(X) = r(pn), s(A) = s(u) and EY , # AT~V (5()\))
for some g € N¥, ¢ > d(N), q > d(u) then EY, # AT (s()),
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(i1) A does not contain an n-loop with n-exit for all n € NF\{0} and

(i1i) A does not contain an e;-loop.

Proof. Conditions (i) and (ii) follow from Lemma 4.3 and Lemma 4.6
respectively. To prove (iii) we shall prove its negation. Suppose that A
contains an e;-loop «. Then either o has an e;-exit or it does not. If it
does then C*(A) is not an AF-algebra by Lemma 4.4. If a does not have
an e;-exit then we may assume that every me;-loop in A does not have an
me;-exit for all m € N\{0} thus Assumption 4.1 is satisfied and C*(A) is not
an AF-algebra by Corollary 4.1. a

4.3 A necessary and sufficient condition

In this section we propose a single necessary and sufficient condition on a

k-graph A so that C*(A) is an AF-algebra.

Definition 4.11 An infinite path x € A* is eventually injective if o”(x)

is injective for some p € N¥ (see Definition 2.5).

If there are no eventually injective infinite paths in A then it is likely that
there exists a finite number of elements in C*(A) that cannot be approxi-
mated by elements that lie in a common finite dimensional sub-C*-algebra

of C*(A).

For example, we conjectured in Section 4.1 that there exists a 2-graph £
which does not have any infinite periodic paths. However it is clear that £
must have an eventually injective infinite path (since e.g. x((1,0),(1,0)) =

z((0,1),(0,1)) for all z € L>®).
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Let sg := 8584, 81 := 55Sp, S2 i= sgsa, S3 1= sEsb where a,b are the blue
edges with range 0 and «, 3 are the red edges with range 0 in Figure 4.3.

Then it is conceivable that we may choose £ such that the sequence, {w,, },en,

n+1

of words in F' := {so, 51, S2, s3} defined by wy := so, Wy, = Wnp_15) "0a

PRER:)
sequence of distinct, non-zero partial isometries in C*(A). Furthermore, it is
easy to show that any finite sub-sequence of F' is linearly independent, thus
F' cannot be contained in any finite dimensional sub-C*-algebra of C*(A).

Moreover, we believe that the elements in F' cannot be approximated by

elements that lie in a common finite dimensional sub-C*-algebra of C*(A).

Conversely, if A has no eventually injective infinite paths then it is reasonable
to believe that given a finite set F' := {s,, s} | A € A} with A a finite subset
of A, then the set of words in F' is finite. Since otherwise we may recover
an eventually injective infinite path from the infinite set of words. It then

follows that C*(A) is an AF-algebra.

Hence we propose the following Conjecture.

Conjecture 4.3 Let A be a k-graph. Then C*(A) is an AF-algebra if and

only if every x € A is eventually injective.
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Chapter 5

K-theory of 2-graph
(C*-algebras

Let A be a row finite k-graph with no sinks nor sources. We aim to calculate

the K-groups of C*(A) solely in terms of A.

By [35, Theorem 5.5 and Theorem 5.7] (or Takesaki-Takai duality), C*(A) is
stably isomorphic to a crossed product of an AF-algebra by Z*:

C*(A) ® K 2 (C*(A) %, TF) x4 ZF

For the rest of this chapter we let G := C*(A) x, T*.

The K-theory [61, 2, 43] of a particular kind of 2-graph C*-algebra, A, is
calculated in [53] by means of realising A ® K as a crossed product of an

AF-algebra, F, by Z* and considering the chain complex [62]:
0 — Ko(F) <= Ko(F) & Ko(F) <% Ko(F) — 0
where the differential maps d;, d> depend on the action of Z? on F. In fact
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the K-theory of A is given by the homology groups of the chain complex

above.

We aim to take a similar approach. When k = 2, we can define an analogous

chain complex:
0 — Ko(G) 2= Ko(G) @ Ko(G) <= Ko(G) «— 0 (5.1)

where the differential maps 4, 9 depend on the action of Z* on G (the dual
action of a). Let H;, (7 = 0,1,2) denote the 7B homology group of the
chain complex (5.1). If Hy if free abelian then, by [53, Proposition 4.1] , the
K-theory of C*(A) (when k = 2) is as follows:

Ko(C*(A)) = Ho @ Ha
Ki(C*(AN)) = Hy

We shall combine the methods found in [53] and [44] to calculate the K-
theory of C*(A) in terms of the 2-graph A alone. Since it is conceivable that
the following method will generalise to k-graphs (k > 2) we shall work with

k-graphs until the restriction to k = 2 is necessary.

Note that the gauge action « is of the form a? (see section 2.1), thus by
Lemma 3.4, o has large spectral subspaces. Therefore by a result of Kishi-
moto and Takai [33, Theorem 2] it follows that C*(A)* ® K @ K(L*(T*))
is isomorphic to (C*(A) x4 T¥) ® K. Thus there exists an isomorphism

1 Ko(C7(A)*) — Ko(9).

The Kishimoto-Takai isomorphism B° ® K@ K(L*(G)) — (B®K) X, G
is implemented by unitaries v, € M(B ® K)? (3 := 3®1), x € G such that

(BoK)(x) = (BEK)v,.
Here we will construct these unitaries explicitly for B = C*(A).
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Let 7 be a faithful, non-degenerate representation of C*(A) on a Hilbert
space K (sy — Sy, px — Py) and let H be an infinite dimensional sep-
arable Hilbert space. Let e;;, 4,7 € N be a complete system of matrix
units for K = K(H) the compact operators on H. For N € N\{0} and
i = (i1,i2,...,in), 3 = (J1,72,---,Jn) € N denote by e;; the partial
isometry @, e, € @, K. Fori,j € Nand n € {1,2,...,k} let
ez(?) =10 010e,;®1® -1 € ®"_ K (e in the n™ factor).

Fix injective maps, f; : A“ — N fort=1,2,... k.

Note that for each A € A% the operators S, ® e%(/\) are partial isometries in

m(C*(A)) ® (®§:1 K) with mutually orthogonal initial spaces and mutually
orthogonal range spaces. Hence the (finite or infinite) sum ), ., Sx ®e§i}i )’

converges strongly to a partial isometry v;.

We will apply the following lemma (taken from [61, Lemma 2.3.6]) to show
that the partial isometries v; (i = 1,...,k) are in fact in M(n(C*(A)) ®

(®]- K)).

Lemma 5.1 Let A be a C*-algebra and let {x,}nen be a norm bounded se-
quence in M(A). Let B be a total subset of A, i.e. a set with dense linear
span. If {x,b}n and {bx,}n are norm convergent in A for all b € B, then

{zp}n is strictly convergent in M(A).

Now By := {SeS; @ es51&,m € A, 4,5 € NF} is a total subset of 7(C*(A)) ®
(®*_,K). For each n € Nlet A, := f7({1,2,...,n}) and notice that:

j=1
o A, CA, 1, foralln eN

o Upern A = A%

66



We wish to prove that {3, S,\®e§i}iw}n converges strictly in M(m(C*(A))®

k
(®;-1K)).
Now, the sequence {d ., ShH ® egi}im}n is norm bounded since it is a se-
quence of partial isometries with norm 1. Let b = S¢S ® €y for some

&,n €N, I,meNF. Then, for A € A,

SxeSy @ eym i s(A) =7(8), li = fi(N)

S)\ &® €(i), A b
L) 0 otherwise

(i) _
=) Si@eb = .
AEA, 0 otherwise

where ' = (Iy,lo, ..., li_1, 1,111, ..., 1y). Clearly, (1) is equivalent to s(\) =
r(§) and n > [; so for large enough n,

Z S,\ ® 6(11}1_0\) b = S)\gs;; Q erm

XA
if s(\o) = (&), where \g := f; '(I;). Thus D osen, S,\®6§i}i(/\)}n is eventually
constant and therefore trivially norm convergent.

Now consider,
SgS;S)\ Q €y Um; =1

b (S)\ X B(i). > =
R 0 otherwise

But,

SeSpSh=" > S
(a,8)€E(M,N)

a finite sum. Also since A is row finite, there are only a finite number of edges

A € A% such that S;Sy is non-zero. In fact, SySy = 0 if A € A®“\A%(r(n)).
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Consequently,

" SeSiON @ €pmy if my =1 and X € A“\A“(r(n))
b(Sr@elhn) = i
0 otherwise

Y SSS @ ey ifmy=1

=0 (Z 5\ ® 6%(») = ACAanAi(r(m)

AE€AR 0 otherwise

where m’ = (mq,ma, ..., m;_1, fi(A),mi1,...,my). Thus {b (ZAGA” S\ ® 6&%()\)) 1,
is eventually constant and therefore norm convergent. Hence, by Lemma 5.1,

D osen, SH® egi;i(k)}n is strictly convergent in M(mw(C*(A)) ® ®f:1 K).

Notice that as the sequences {b <ZA6A” S\ ® 6%(,\» }, and {(Z)\eAn Sy ® e%(x)) b}n
are eventually constant for all b € By, it follows that the strict limit of

D osen, H® e%(x)}n does not depend on the choice of maps f;.

J=1 J=1

Choose isometries z; : @1 H — (eﬁ) ® 1) (@kﬂ H) such that

*
TiC(1,1,..,1) (1,1,.., )T = €(1,1,..,1) (1,1,...,1)

Next for A € A% choose isometries

k+1 k+1
A (i)
@i — | 3 et | (@)
j=1 HEACI j=1
s(w)=r(\)
where the (finite or infinite) sum is a strong operator limit of projections and
so the sum converges in the strict topology in M(@f;l K). (Notice that we
require A not to have a sink here to ensure that V; ) is an isometry for all

A.) We will now check that the following strict limit (denoted by f—lim) of

partial isometries exists:

yi= Y (PA@Viy) = f—lim > (P @Vin).

AEAC AEA,
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Notice that {Py ® V; }reae: is a family of partial isometries with mutually
orthogonal initial spaces and mutually orthogonal range spaces. Therefore
any finite sum of these partial isometries is itself a partial isometry. Thus

{2osea, Pr @ Viakn is norm bounded.

Let By := {S¢ Sy @emm |§,n € Al,m € N1 Now let b = S¢Sy @ eim € Ba,

then
(Z P ® VM> b = Y PSS @ Vixeun
AEA, AEA,
= ZE: f&EES?(X)V;AGhn
AnNA(r(£))
= SgS; ® Z Vi €im for large enough n.
AEAC(r(£))

Thus {(ZAeAn P\ ® Vi’,\) b}, converges in norm for all b € Bs.

Also,

b < Z P\ ® V},,\) = Z Se Sy Py ® €1m Vix

AEA, AEA,

= Z S¢Sy P @ erm Vix

AEALNAS(r(n))

= SgS;; R €im Z Vi for large enough n.
AEAC(1())

Thus {b (ZAeAn P\ ® Vi,)\) }n converges in norm for all b € By. Hence, —
lim, Y yen, PA®@Vix € M(m(C*(A)) @ ®§:11 K) exists and does not depend
on the choice of f;, i =1,2,... k.

We can now claim that u,, := (1®27)(v;®1)y; is an unitary in M(7(C*(A))®
®j:11 K)¥(e;) (where@:=a®:®---® ¢ (k+ 1 ’s) and a also denotes the
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extension of v to the multiplier algebra) so that

(€N & @K (er) = (€7 (1) & QK w,
fori=1,...,k.

Clearly u,, is in M(C*(A) ® ®f;1 K) for all i = 1,2,..., k. To see that u,,

is unitary for all ¢ = 1,2, ...,k consider the following.

* _ * (@) (@)
v @1 = ( Z S)\S“(X)@lfi()\) efi(ﬂ)l) ®1

A, €N

- |(Zn)eu
AEACL

= 1®e§?®1:1®xix’[

®1

and
vy = Y, PAB.@Vi,V,
A UEANCL
= ) BV,
AEAC
_ (@)
- ZPA@ Z efi(u)fi(/i)@l
AEACL HEAC
s(p)=r(X)

= > Y B ®nm®l

HEA® \ AEA®: (s(1))

_ ) (i)
= ) SiSu®es g ®1

HEAS

HyAEAC

= vy ®1
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Thus,
ug e, = Y (v ©1)(1 @ x;) (1@ x7)(v; @ 1)y,
= y; (v ® (1 @ zz7) (v; ® 1)y
= y; (Vv ® D)y,
= VY
= Z PAP# ® Vi:kwi

and
Uetty, = (1@7)(v; @ Dyy; (v ® 1)(1 ® ;)
= (1®z])(v;,®1)(v; @ 1)(1® x;)
= 1®zjz;, =1
Clearly, a,(ue,) = 2%u,, for all z € T*.

In order to express the K-groups of C*(A) in terms of A we will construct
another chain complex whose homology groups will agree with those of chain

complex (5.1).

Let ¢; and ¢y be chosen to make the following diagram commute:

1—(Geq )*

1= (e ) o (Giey )o—1 (:Z(ackys)
0 —— Ko(g) L2l poy 0 Ko(G) 2l K(G) —— 0
| [k [ [ |
0 —— Ko(Fy) & Ko(Fr) © Ko(Fy) <2~ Ko(Fp) —— 0

Ko(C*(A)) = coker ¢y @ ker ¢y
K (C*(A)) = ker ¢1/im ¢y
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To express the K-groups in terms of A we need to know what Ky(Fy) and

o1, Py are.

Definition 5.1 Let ZA° = D, cr0 Z which is the group of all maps from A°

into 7Z that have finite support with pointwise addition.
Recall that M; are the vertex matrices of A as defined in Definition 2.3.

Lemma 5.2 (c.f. [53] Lemma 4.5 and [44] Proposition 4.1.2) Let A; =
7N for all j € N then

Ko(C(A)%) = lim(A;, k)

where Jjie,; Aj — Ajie, is given by M.

Proof. Recall from [35, Lemma 3.2 and Lemma 3.3] that C*(A)* =
Fr = U, cox Fn where F, = @, p0 Fn(v) with Fp,(v) = span{sysy |\, pu €
A" s(N\) = s(p) = v} 2 KN € A|s(\) =v)). By for example [61, Propo-
sition 6.2.9], Ko(C*(A)*) = lim_, (Ko(F,), (inm),), where iy, : Fpy — F, s
the inclusion map for m,n € N¥, n > m. For n € N¥ and v € A°, Ko(F,(v))
is generated by any minimal projection in F,,(v). Therefore, to get a set of
generators for Ky(F),) it suffices to write down a minimal projection from
each F,,(v). So choose any p(v) € A™ such that s(u(v)) = v and take [pu)ln
to be the generator of K(F,(v)), where [-],, denotes the equivalence classes
of Ko(F,) for n € N*. Thus the map 0 : Z\" — Ko(F,) given by
Fe= >0 )b

u€eA0

is an isomorphism. We will now compute the maps (inm), @ Ko(Fm) —

Ko(F,). The embedding iy, : F,,, — F, is given by

inm(828},) = Z SxaSpa

acAn=m(s(N))
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for all A\, u € A™. Therefore,

(imtem)e (Puln) = [imiem (500 55w))] e,
- Z SM(U)QSZ(v)a
a€cNi(v) mte;
= Z M;(v,u) [pﬂ(u)]m+€i
u€eA0
and
Z f(v)[p#(v)]m = Z <Z MAU,U)f(U)) [p,u(u)]m+e¢ = Z (Mztf)(u) [pu(u)]erei'
veAD ueA® \veAo ueA0

Thus the following squares commute for all i € {1,2,... k}.

(in+ei,n)*
KO(}_n) KO("Tn+ez-)
A I
2/\0 M} 21\0
The result follows. O

Let ¢; = n '(G¢,)«n, i = 1,...k and decompose the isomorphism 7 :
Ko(Fr) — Ko(G) according to the diagram below.

)

Ko(9) — Ko(G)
®e ®e
(a.51d).

Ky(G ® K) _ Ky(G ® K)

KO(}"A®K®K(L2(T’“))) KO(]-"A®K®K(L2(T’“)))
Ko(F») SN Ko(Fy)
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The isomorphisms ® e,, ®2e, are induced by the homomorphism a +— a ® e
where e is any rank 1 projection. The isomorphism o, is induced by the
isomorphism of (C*(A) ® K) x4 T* onto G ® K and & is the Kishimoto-Takai
isomorphism. Following, for example [48, Proposition 5], the dual action of
a is denoted by @& so that @, is an automorphism of C*(A) x, T* for all
i=1,2,..., k. We denote by @ the product action a ® ¢ of T* on C*(A) @ K
and @ its dual action, where ¢ is the trivial action of T* on K. Reading from
top to bottom; the commutativity of the first square is clear, the second
square commutes because of the functorality of Ky and therefore it follows

by the definition of 1; that the third square commutes.

Lemma 5.3 (c.f. [53] Lemma 4.10)

t

(Ko (F,) = Ko(F,) = Ko(Fa) = Ko(F»)

Proof.  First we should check that the direct limit of maps is well defined

by proving that
(Moo, M) ™™

| E

Ko(F) St (7,
is commutative for all 7 = 1,2,...,k and m,n € N* such that n > m. In
fact we need only prove the cases n = m +e; for all j =1,2,..., k. But this

is obvious since M; and M; commute for all 4,5 = 1,2,...,k by [35]. Finally

we must prove that

Ko(F) 0 Ko(Fa)
Ko(F) % Ko(Fa)
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commutes for all i = 1,2,...,k and n € N*. In fact, since Ky(F,) is gen-
erated by [py(u)]n, where for each u € A° we fix a degree n path, p(u) with

source u, we need only apply our homomorphisms to these generators.

Now (tn)«([Puw)ln) = [Pu]- We may choose the rank 1 projection e = e;; ®
A(z9) € KQK(L?(T*)) to induce the isomorphism ®? e,, where 29 : T# — T
denotes the function z — 27 for ¢ € ZF and A(x) = [ x(2)A. dz, A being

the left regular representation of T* on L?*(T*). Thus we have

®” eu([Puqw)) = [Pu(u) ® en @ A(29)]

By the proof of [44, Theorem 3.2.2] the Kishimoto-Takai isomorphism x has

the following effect on the projections.

K(Du(w) ® €11 @ AM(27)) = ic-(a)ek (Ug (Pu(w) @ €11)uq)irr(279)

where u, are unitaries implementing the grading and we are using the nota-

tion of [48]. (Recall from [48] that
(C*(A) ®K) x, TF = span{ic(ayex (v)im(2) |2 € C*(A) @K, z € C.(T")}.)
Taking ¢ = 0 with ug = 1 we have

For @ u[Pu)]) = Ful[Putw @ €11 @ M(2°)))

= [iC*(A)@;K(pu(u) ® 611)%'@(20)]-

Now by, for example [48, Proposition 5]

~

A, (ic+(myek (Putw) ® en)ire(2°) = ook (Pu) ® en)ip(22°)

= o (0)eK (Puw) ® e )irs(2°)
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Notice that u_., := u; implements the —e; grading of C*(A) ® K (by iden-
tifying ®f;1 K with K) therefore

k(g (Pu) @ €11)ue, @ AN(277)) = o yex (Ul e, ur, (Puw) @ e11)Ue,U—e,)ips (27)

= o)k (Pu(u) ® e11)ipe(27)
Consequently,
K (Ge)erie @ eal[pue]) = [l (P ® €11)tue, @ A(2%)]

In order to calculate u}, () ® €11)u,, we must expand K to ®f;1 K by
identifying e;; with e;; ® e;; where 1 := (1,1,...,1) € N*. To ease the
calculation, we make the assumption that d(u(u)) > 2e;, which we are able

to do because Ky(Fy) = U (tn)eFn-

neNk
n>2e;

Now

U (Pu) ® ent ® enn)ue, = yi (v @ 1) (P @ €11 @ enn)(v; @ 1)y;

(Since xiellx;‘ = 611)

o (@)
= Ui (Pt @ €5 ) @ €11)Yi

(where p(u) = pyp/ (w) with d(p) = €;)

- Z PP wPe ® Vi (e Zz(m)f () ® e11)Vig
v,EEN

= P ® ‘/;*“2( filpa) fi(p) ® 611)%’“2

(where ' (u) = pop” (w) with d(ps) = ;)

Now V;* (

o Vi )®611)V; 4, is arank 1 projection in ®fill K which we will

(m
denote by f. Under the identification ®k+1 K — K the rank 1 projection

76



f is sent to a rank 1 projection f’ in K. Thus

[, (P ® e1)ue, ® A2 = [y @ f © M=z)]
= [P ®en @ A(z7)]
= [ Puwws ® e ®A(z7%)]

BEAC
= > Mi(w,0)[puey ® en © A(27)

veAD
since, if # € A% with s(5) = v then s,/(u)5S}, is a partial isometry (in F,)

implementing the equivalence of p,/ ()5 and p,(,). Hence,

wl(( ) p,uu) ZM u, U p,u(v

veAO
for all i« = 1,2,...,k since ®?e, is independent of the choice of rank 1
projection.
But

()« (M Pu]n)) = D Mi(0,0)[puiw)] = ¢il(tn)< (Prtu])

veAO

hence, ¥;(tn)s = (1) M} for all i = 1,2,...,k, n € N¥ such that n > 2¢;. O

Lemma 5.4 (c.f. [53, Lemma 4.9]) Fori=1,2, the map induced on the

ollowing complex by M} acts as the identity on the homology groups.
g i

1-m}
(1-MEMI-1) =0 ~ (14%5)
-—- - - —

0 «— 7ZA° 7A @ZAO /A —

Proof.  Virtually identical to the proof of [53, Lemma 4.9]. O
As in [53] it follows that
HOH](O — Ko(f/\) <— Ko(fA) ) Ko(f/\) <— Ko(f/\) — 0)
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1—Mf)
1—Mt

e 7N 0)

= Hom(0 /s S

ZAO @ ZAO

From this we see that Hsy is free abelian so we have proved the following

Proposition.

Proposition 5.1 If A is a row-finite 2-graph with no sinks nor sources, with

vertex matrices My, My then

1— M
Ko(C*(A)) = coker(1 — ML M!—1)® ker (1 Mlt)
— My

- . (1= My
Ki(C*(A)) = ker(1— My, Mj—1)/im .

N N N 1— Mt N
where (1 — ML, M!—1) : ZV @ ZY — ZM and (1 MO LI —
— My

ZN @ 77 (see Definition 5.1).

Note that the K-theory of C*(A) depends soley on the vertex matrices of A

so that we have the following Corollary.

Corollary 5.1 If A and A are row-finite 2-graphs with no sinks nor sources

and with the same skeleton then

Ki(C*(A)) = Ki(C*(A)) fori=1,2.

Definition 5.2 A k-graph A is said to satify condition (P) if for every v €
A° there are A, € A with d(u) # 0 such that r(\) = v and s(\) = r(u) =

s(p).

Corollary 5.2 Suppose that A and A are both row-finite, cofinal 2-graphs
satisfying (A), with no sinks nor sources and with the same skeleton. Fur-

thermore suppose that A and A satisfy condition (P). Then C*(A) = C*(A).
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Proof. It is clear that k-graph C*-algebras are always separable. If the
above hypotheses above hold then both C*(A) and C*(A) are simple (by
[35, Proposition 4.8]), purely infinite (by [35, Proposition 4.9]), nuclear and
satisfies the Universal Coefficient Theorem ([46, Definition 4.2.3]) (by [35,
Theorem 5.5] and [56, Theorem 1.17]). Moreover, since A and A have the
same skeleton, there is a graded isomorphism K,(C*(A)) — K,.(C*(A)) by
Corollary 5.1. Therefore, by the Kirchberg-Phillips classification theorem
(e.g. [46, Theorem 4.2.4]) C*(A) = C*(A). O

Remark 5.1 If condition (P) (respectively cofinality) is satisfied by a k-

graph A then condtion (P) (respectively cofinality) is satisfied by any other
k-graph with the same skeleton as A.
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Appendix A

Alternative Cuntz-Pimsner

*-representation

Here we give the details of an alternative *-representation of A in a Cuntz-
Pimsner algebra. Unlike the construction in Section 2.2, we impose no re-
striction on the k-graph A apart from insisting the usual row-finiteness and

no sources constraints. The construction was inspired by [59].

Let (A, d) be a k-graph and {s) | A € A} be the canonical generating partial
isometries of C*(A). Define:

k
D= A% A=C(sisu | A peX) CCH(A)
=1

X :=span{s,a | a € A,a e X} C C*(A).
Then X is a A-bimodule with both actions given by multiplication in C*(A).

The right action is obviously well defined.
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The left action is well defined because for A, u,y € X

* _ *
5\SuSy = E SaSpSy € X
Aa=pp
d()\&):&i+8j

as a, 3,7 € X, sps, € A

Therefore agr € X for all ag € Ay, x € X where Ay is the dense *-subalgebra
of A generated algebraically by {sis, | A\, € £}. Hence ax € X for all

a€ A.

Furthermore, one can define a A valued inner product (-, -) on X by (z,y) = z*y

which makes X into a Hilbert A-bimodule.

This inner product is well defined since:
(saa,sgb) =a"sisgbe A Va,B €, abe A

It is easy to check that X is full, i.e. A =span{(z,y) |z,y € X}

Let By := span{(z,y) | #,y € X}. Then given a monomial w = [];"_, s} s, €
Ay it is clear that w = (sy,, sy, w). It follows that Ay = By.

The left action is clearly given by adjointable operators on X therefore the
left action on X defines a homomorphism ¢ : A — B(X) where B(X) :=

the adjointable operators on X.

Actually ¢ maps into the compact adjointable operators on X, K(X) :=
span{f,, | ,y € X}, where 6, ,(z) = x(y, z) for all z € X.

For A\, u € ¥ we have
P(s3su)r = sysx = ZSQSEI = Z Sa(sg, x) = Z@smsﬁ(x) € K(X)

for all z € X. So ¢(s3su) = >_ 0,5, Where all the sums are over E(\, ).
Thus ¢ sends the generators of A into K(X') and it follows that ¢(A) C K(X).
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We will now show that ¢ is injective.

Definition A.1 For V C A°, v € A and m € N* define
A"(V) :={a e A" | r(a) € V} and A™(V,v) == {a € A™(V) | s(a) = v}.
Fiz an enumeration of A° = {v;}$2, and set VI = s (Am({vl}le)) where

i=1,2,...

Define the following subset of A to be the set of homogeneous monomials of

degree m

n

Wii={w|w= Hsiisui = Zsasg n=12,... N, €3, a,0 € A"({v; le)}
i=1
For v € VI define
Fl(v) := spani{sasy | a, € A" ({v; gzl,v)}

Fl, = span{sqsh | a, 8 € A" ({v; )

G), == span{ W} Gm:=JGh G:= ) G
j=1

meNk
Remark A.1 It is assumed that A is row finite therefore A™({v;})_,) is
finite for allm € N¥, j =1,2,...

Lemma A.1 For m € N* j € N\{0} and v € VJ

(1) FJ.(v) is isomorphic to a full matriz algebra. In fact

J o j
Fin(0) = My oy o)

2)
Fi= D7)

veVﬂl
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Proof (1) is a direct generalisation of [1, Lemma 2.1.7].

(2)if a, B € A™({v;}¥_;,v1) and v, 6 € A™({v;}]_,, vs) for distinct vy, vy € A

then (8 # v and the matrix units s,s%, s,sj are orthogonal.

Corollary A.1 For m € N¥, j € N\{0}, G/, is a finite dimensional C*-
algebra. Hence G,, is an AF-algebra and so is G.

Proof  Clearly W7 is closed under multiplication and G/ is a *-subalgebra
of FJ . Therefore as G, is the closure of an increasing union of finite di-
mensional algebras, it is AF. For the last assertion it suffices to show that
G C G, if n > m. This follows from
Gm D Z SaSp = Z SMSEV €qg,. O
yeAn—m)(s(a)

Let a : T — Aut(C*(A)) be the gauge action on C*(A) (a.(sy) = 2¢Vs,y,
for all A € A, z € T*) and ® : C*(A) — C*(A)“ the faithful conditional
expectation onto C*(A)® defined by

®(a) = / a,(a)dz
'I[*k
where dz is the normalised Haar measure on T¥. Also define
A :={a€ Ala.(a) =a}=ANC*(A)"
Then ®(A) = A® (because a,(A) = A for all z € T*).

Lemma A.2 We have the following identification of the fized point algebra
A® with the AF-core of A.

n

g = SpT”L{w = Hsiisﬂi n < N\{O}’ Ais i € X, Zd(AZ) = Zd(:ul)}

i=1 i=1 =1
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Proof Define W := {w | w = []'_, $3,5m = 2_ SaSh}, Bo = span(W) and
B = By. Then a typical element b of By is of the form b = Zizl b,w, where
b € Cand w, € W for r = 1,2,...1, | some posive integer. In particular
w, = E(a,ﬂ)ESr Sa,5p, for some S, C A x A with d(a,) = d(B,) =: d, for
all (o, 8) € S,, 7 =1,2,...,1. Now choose m € N*¥ and j € N\{0} so that
d- <mforallr =1,2,...,land {r(e,) | (., 3;) €S,, r=1,2,...,1} C V3.
Then b € GJ, C G. Tt follows that B C G.

Conversely, GI C B for all j € N\{0}, m € N* because W7 C W. It follows
that G C B. Hence G = B.

To show that B = A® pick a monomial w € W, then a,(w) = w because
w =) 8,55 for some o, F € A™ some m € N¥. It follows from linearity and

strong continuity of o that B C A“.

Conversely, note that for b € A% b = ®(a) for some a € A. Now given
Aispi € B let w =[], 83 50, = Z(a,ﬁ)es S5 some finite S C A™ x A™.
Therefore ®(w) = §pmw and ®(w) € B. Now as A is the closure of the span
of monomials of the same form as w it follows by the continuity and linearity

of ® that ®(A) C B. Hence A* = B. O

Lemma A.3 For all z € T*, we may define automorphisms, 3., of ¢(A) by
B.¢ = ¢, which in turn define an action, 3, of T* on ¢(A).

Proof  First we must check that the maps 3, are well-defined for all z € T*.
To see this we note that,
$la)=0=ar=0Vr e X = a,(a)r =0V2r € X = ¢(a(a)) =0.

Therefore, if ¢(a) = ¢(b) then p(a—b) =0 = ¢(a.(a—b)) =0 = ¢(a.(a)) =
¢(a(b)). Thus if ¢(a) = ¢(b) for some a,b € A then (3,(¢(a)) = B.(¢p(b)) for
all z € T*.
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Its clear that (since a,(A) = A for all z € T¥) £, is a surjective *-homomorphism
for all z € T* and a routine check shows that 3 : T — End(#(A)) is a ho-
momorphism. Therefore, it follows that 3, is also injective for all z € T*.

Thus 3 is indeed an action of T* on ¢(A) as claimed. O

The injectivity of the left action can now be proved (c.f. [1]).

Lemma A.4 The left action on X is faithful i.e. ¢ : A — B(X) is injec-

tive.

Proof  First we claim that ¢ is faithful on A% Now by Lemma A.2 A* =
U,nent Gm therefore by [43, Lemma 1.3]

kerg . = U kerg| . N Gp.

meNFk

Thus it will be enough to show that kerg,, N G, = {0} for all m € N¥.
Moreover G, = U;‘;l Gh, s0 a similar argument to the above shows that it

will be enough to show that

kerg), =kergy;, N g, = {0}
forallm e N¥, j=1,2,....
Let t = >, c;w; € GJ, where ¢; € C, w; € WJ,. Then

t = Z Z Ci Sa;Sp, for some S; C A™ x A™

i (a,B:)€S;

= Z Z Cita ) Sasy for some S C A™ x A™
(@,8)€S \i(a,8)

For each (o, 3y) € S write ap = agad---af and By = 303 57 where

ah, By e X forl=1,2,...,nand n=3r m; (m= (my,my,...,m)).
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Then

. o* ' "
Z Citag.ag) | Ps(@) = Sag E: § Cita,) | SaS8| SBo

i(ao,ﬂo) (Ot,ﬁ)ES i(aﬁ)

= <sag <sagf1,--- , <sa%,t5ﬂ5>sﬁg>--->553>

Therefore if ¢(t) = 0 then tz = 0 for all z € X so that tsg = 0 in particular,

and

Z Citag.pe) | Ps(e) = 0 = Z Citny o) = 0 for all (g, By) € S

i(ao,ﬁo) 7:(ao,ﬁo)

= t=0

Hence kergb‘ggn = {0}.
Using the faithful conditional expectation & we can show now that ¢ is

faithful. Choose a non-zero positive element a € A. Then

07 6@(@) = [ santa)az = [ sota)a:
Tk Tk
Thus ¢(a) # 0. Hence ¢ is faithful. O

Let 7x be the universal Toeplitz algebra associated to X generated by copies

tx(X) of X and t4(A) of A subject to
tx(x)a(a) = tx(za)

tala)ix(z) = tx(p(a)r) = tx(ax)
ex (@) ex (y) = eal{z, )

where 1y : X — 7Tx is a right Hilbert module map, 1y : A — 7Tx is a

s-monomorphism and « : K(X) — Ty is the *-homomorphism defined by

K(0zy) = tx(x)x(y)" forallz e X.
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Let Jx be the 2-sided closed ideal of 7x generated by {t4(a) — k(¢(a)) | a €
A}. Tt follows that Ox = Tx /Jx-

Definition A.2 Define 7y := tx(s))+Tx forall\ € ¥ and 1,; == deAei(v) TeTd
forallve A° i=1,2,... k.

We are nearly in a position to show that C*(A) = Ox but first a couple of

lemmas concerning the relations that 7y, 7, ; satisty in Ox.

Lemma A.5 The following relations are satisfied in Ox.

For all o, 3,7,6 € &

(1)
TATR = Z Ty Ty

ay=36
d(y)=d(B)

(2)

TaTa = 7575 if s(a) = s(0)

(3)

Z TngTa:Ta Zf ?"(Oé):’l},jzl,2---,k
EEA®I (v)

(4)

ToaTy = TgTs if ay =30

(5) Ty are projections and 1,,; = 7, for alli,j =1,2,... k.
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Proof.

Tats = ix(sa) ix(ss) + Tx = ta(shss) + Tx =1l Y s485) + Jx

ay=046
d(y)=d(B)
= wo( ) s+ Tx=r( D O+ Ix)
ay=B4§ ay=348
d(v)=d(B) d(v)=d(B)
= Z Lx(sy)ex(ss) + Ix = Z T Ty
ay=pB4 ay=pB4
d(v)=d(B) d(v)=d(B)

TaTo = ta({8as8a)) + Ix = ta(ps(a)) + Ix

= ta{sg;88)) + Ix = m5m5  if s(a) = 5(5)

Yo T = Y ix(seix(s) +Ix = Y ex(TeriTa) + Ix

£EA®I (v) £EN%T (v) EEANT (v)

= ux( Z TeTiTa) + Ix = tx(8a) + Ix = Ta

EEAT (v)

(4) If ay = 36 then

ToaTy = Z TeTe TaTy = Z Te Z TAT, Ty
£€AI0) (r(a) €EAIOI(r(@) ST

— * —
= TRTT Ty = TRTs
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(5) Clearly 7, is self-adjoint. Now

2
Toi = Z TeTe TyTy

EmEN®i(v)

= > 7e(eal(se, s0)) + Tx)7s
EmEN®i(v)

= Z TeTe TeTy = Z TeTe
€€ (v) £EA® (v)

= Ty

Hence 7,; is a projection for allv € A%, i =1,2,... k. Fix v e A°. To

see that 7,; = 7, ; consider

TviTvj = E TeTe E TnTy

£€A®i(v) neAI (v)

= Z Z TéTng

nEAI (v) EEA% (v

= § : Tn = To,j

nEA®I (v)
Therefore
—_ * —_— —_
Tvg = Ty = To,jTvi = Toyi-

Now we are able to make the following definition.

Definition A.3 Forv € A° define 7, = 7,; for anyi=1,2,...k.
For A € A\A® define 75 := T, Ta, ==+ Ta, if A = Mo+ N, for somen > 1
with \; €%, j=1,2,...,n

Lemma A.6 The family {7\ | A\ € A} is a *representation of A. i.e

(1) {7v}veno are mutually orthogonal projections
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(it) Ta, =TT, for all A\, p e A
(iii) TXTx = Tsn) Jor all X € A

() Ty =D cepeiw) TeTe Joralli=1,2,... k
Proof.

(i) For any u,v € A® we have

TuTo = E TeT E Ty

£eN®i(u) neAi(v)

= > Teleal(se sy) + Tx)7,
£€A%i (u)
n€Ai (v)

T, fu=v

0 ifu#v
(ii) Obvious.
(iii) For any A € A and 7 = 1,2, ..,k we have

T = ta((sx,80) +Ix
= Z sesg) + Tx
£eAci(s(N))
= ko( Z sesg) + Jx

£EA®i(s(N))

= & Z Ose.se) + Tx

cEn“i(s(V)

= > x(sx(se)” + Ix

geni(s(N))

= Z TeTE =Ty

£eA®i(s(A))

(iv) By definition.
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Theorem A.1 k-graph C*-algebras are isomorphic to Cuntz-Pimsner alge-

bras.

Proof ~ The natural inclusions of X and A into C*(A) give a Toeplitz rep-
resentation of X. Therefore there exists a homomorphism f : Ty — C*(A)

such that
fux(z) =z and f(iala))=a foralze X, ac A.

Now ta(a) — ké(a) € ker f for all a € A. Therefore there exists a *-
homomorphism f : Ox — C*(A) such that

flx(x)+TIx) =2 and f(uala)+Tx)=a forallze X, ac A

By the previous lemma {7, | A € A} is a *-representation of A therefore
there exists a *-homomorphism g : C*(A) — Ox such that g(sy) = 7, for

all A € A. f, g are inverses of each other, hence C*(A) = Ox. O
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Appendix B

K-theory calculation

It is conjectured that an example which shows that a k-graph A does not
necessarily have to satisfy condition (S) in order for C*(A) to be an AF-
algebra is the 2-graph Py, .

To support the claim that C*(Py,) is an AF-algebra we will show that
K1 (C*(Py,)) is the trivial group. Now

Ky(C*(Py,)) = ker(By, —By)/ im (Bl)

By
where B; := 1 — M! and M, are the vertex matrices of Py, for i = 1,2.
~ PO 1 ifu=vw
For u € Py let 6, € Z % be defined by d,(v) = for all
0 ifu#v

v € Pg. Then for i = 1,2, M;(u,v) = (dus2e, + dur1,))(v) for all u,v €
Py Therefore B;(u,v) = (0, — du—2e, — Ou—(1,1))(v) for allu,v € PY. If
(z) € ker(By, —Bj) then there exists some N € N such that z(u) = y(u) =0
for all u € PY\[(—2N,—2N),(2N,2N)] and Box = Byy. Define a map
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0 if w# (2N, —2N)
z(u) — z(u —2e1) — z(u — (1,1)) if u > (—2N,—2N) '

We claim that
(i) Biz==
(ii) Bez =y

(iii) z has finite support

B
Thus ker(By, —B;) = im (Bl

2

) and so I (C*(Py,)) = 0.

It is clear that (i) is true by definition of z. To prove (ii) we need the following

result.

Lemma B.1 If (Z) € ker(By, —By) then
m lofl l1 lanl
n n—1 n—2 0
y(—=2N +2m, 2N +2n) = > {a/” + Y {4 {al P+ + Y a3}
lo=0 11=0 l5=0 lon
and
llfl l2n

m lo
Y(—2N +1+2m,—2N +1+2n) = > {57+ {a” + Y {0+ + D all }eo

lo=0 11=0 l2=0 lon+1=0
for all m,n € N where N is chosen so that x(u) = y(u) = 0 for all u €
Po\[(—=2N,—2N), (2N,2N)] and

a; = x(=2N +2l,—-2N +2n) — x(—2N + 2], —2N + 2n — 2)

= (2N +1+42[,-2N +1+2n) —2(—2N +1+2[,-2N — 1+ 2n)

- X

(_

— (2N +20—1,-2N +2n—1)
(-
(-

ON + 21, —2N + 2n).
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Proof. By induction since

Y(=2N + 1+ 2m, —2N + 1+ 2n) = Y_{0" +y(=2N + 21, 2N + 2n)}
=0

and y(—2N, —2N) = z(—2N, —2N) etc.

Proof of Claim (ii). By induction
m lo—1 lom—1
A=2N+2m,—2N+2n) = > & + 3 50w+ Yy
lo=0 11=0 l2n=0
and

l2n71_1

m lo
7(n ~(n 7(0
22N +1+2m,—2N +1+2n0) = Y 7+ {a ++ > {B)

lo=0 11=0 1o, =0
l2n
~(0)
+ § a12n+1} }
lon4+1=0

for all m,n € N where dl(n) = x(—2N + 2], —2N + 2n) and Bl(") =xz(—2N +
1+ 2y, —2N + 1+ 2n). Now
Byz(—2N +2m, —2N +2n) = z(—2N +2m,—2N + 2n)
— 2(=2N +2m,—2N +2(n — 1))
— 2(2N+142(m —1), 2N +1+2(n—1))
and
() _ a1 jn)

a = 1 -1

l
B = B D gl

Therefore by substituting the above in this equation and using Lemma B.1
we see that Byz(—2N +2m, —2N +2n) = y(—2N +2m, —2N +2n). Similarly
Byz(—2N 4+ 1+42m, —2N + 1+ 2n) = y(—2N + 1 +2m, —2N + 1+ 2n). It
is clear that Boz(u) = y(u) if u 2 (—2N,—2N), hence Byz = y as claimed.

It is easy to prove that (i),(ii) = (iii).
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Appendix C

Outlook

We discuss some possible future developments of the thesis.

e The concept of a graph trace as defined in [28] might be of use in proving
that, for example, C*(L) and C*(Py) (see Chapter 4) are finite, for all
factorisation rules 6 (a C*-algebra A is said to be finite if there are no
infinite projections in A i.e. a projection p for which there is a partial
isometry s such that s*s = p and ss* < p). Note that all AF-algebras
are finite. Therefore C*(£) may be an example of a simple k-graph C*-
algebra that is neither AF nor purely infinite (in the sense that every
heredetary subalgebra contains an infinite projection) in contrast to

the 1-graph case (see [37, Corollary 3.10]).

Another such example might be Py, where 05 : A! x B* — B! % Al is
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defined by

(a(u), au+ (1,1))) = (e(u), a(u + (1,1)))
(b(w), au + (2,0))) = (a(u), b(u + (2,0)))
(a(u), B(u+ (1,1))) = (B(u), a(u + (0,2)))
(b(w), B(u +(2,0))) = (B(u),b(u +(0,2)))

for all w € V. We strongly suspect that Py, is not an AF-algebra,
primarily because Py, contains infinite periodic paths. By the above
argument C*(Py,) may not be purely infinite. It is certainly true that

C*(Pg,) is simple.

If C*(Py,) is indeed AF we have the curious situation of a skeleton
giving rise to two 2-graphs Py,, Ps,; one with an associated AF al-
gebra, the other with an associated non AF algebra. Note also that
K.(C*(Py,)) = K.(C*(Pg,)) by Corollary 5.1.

e Consider the 2-graph O,, %9 O,, (n,m € N\{0}) constructed from two 1-
graphs O, O,, and a factorisation rule ¢ in the usual way (see Section
2.1) where 0% = 0% = {x} and O] = {a;]i = 1,...,n}, O}
{a;|i=1,...,m} (see Figure C.1).

Figure C.1: The skeleton of O, %4 O,,.

Note that C*(0O,,) is isomorphic to the Cuntz algebra O,, (n > 2),
thus we call C*(O,, % O,,) a coloured Cuntz algebra. Also note that
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Oy, *¢ Oy, is cofinal and satisfies the hypothesis of [35, Proposition 4.9]
if Oy, %9 Oy, satisfies the aperiodicity condition (A) [35, Definition 4.3]
for n,m € N\{0} such that max{n, m} > 2.

It would be interesting to know which factorisation rules gives rise to
O *¢ Oy, satisfying (A), for then we may use Proposition 5.1 with
the classification theory of Kirchberg and Phillips [32, 46] to determine
which C*(O,, %9 O,,) are isomorphic to O, ® O,,.

Is there a way of embedding a 2-graph A with sinks into a 2-graph A
without sinks such that C*(A) is isomorphic to a full corner of C*(A)?
The answer is yes for 1-graphs however it is unclear whether a method
will work in general for 2-graphs. There are obvious ad hoc methods

for some 2-graphs.

If such a construction is possible then we may us Proposition 5.1 and
[9, Theorem 2.8] to calculate the K-theory of A since stably isomorphic
C*-algebras have the same K-theory.

The study of AF k-graph C*-algebras may be useful for the study of
AF C*-systems [7, 26, 27].

A natural problem would be to calculate the K-theory of k-graph C*-
algebras for k > 2.
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