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Stationary autoregressive processes

yt = �yt�1 + "t; t = 1; : : : ; T

yt = �ty0 + "t + �"t�1 + : : : + �
t�1"1

For j�j < 1 de�ne

y�t =
1X
i=0

�i"t�i = "t + �"t�1 + �
2"t�2 + : : :

De�ne y�t as limN!1
PN

i=0 �
i"t�i = "t + �"t�1 + �

2"t�2 +
: : : + �N"t�N

in the sense of
1. Probability
2. Distribution
3 Almost surely
4. L2
THEOREM: If j�j < 1; the process y�t is a stationary linear

process
Solution of the AR equations is stationary if we choose

y0 = y
�
0 :

If y0 is not chosen this way yt is not stationary but V (yt �
y�t )! 0:
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MORE DIMENSIONS

Yt = �1Yt�1 + "t; t = 1; : : : ; T

Yt = �t1Y0 + "t + �1"t�1 + : : : + �
t�1
1 "1

THEOREM: If jeig(�1)j < 1; then �t1 ! 0 (exponentially)
"PROOF"

�1 = M

0BB@
�1 0 : : : 0
0 �2 : : : 0
... ... ... ...
0 0 : : : �p

1CCAM�1

�T1 = M

0BB@
�T1 0 : : : 0

0 �T2 : : : 0... ... ... ...
0 0 : : : �Tp

1CCAM�1 ! 0
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MORE LAGS

Xt = �1Xt�1 + �2Xt�2 + "t
Xt�1 = Xt�1

Companion form�
Xt
Xt�1

�
=

�
�1 �2
I 0

��
Xt�1
Xt�2

�
+

�
"t
0

�
~Xt = ~�1 ~Xt�1 + ~"t

THEOREM: ~X�
t =

P1
i=0
~�i1~"t�i is stationary if jeig(~�1)j < 1

What are the eigenvalues?�
�1 �2
I 0

��
v1
v2

�
= �

�
v1
v2

�
�1v1 + �2v2 = �v1

v1 = �v2

implies

��1v2 + �2v2 = �2v2
(�2Ip � ��1v2 � �2)v2 = 0

De�ne
�(z) = Ip � z�1 � z2�2

THEOREM: The eigenvalues of the companion form are the roots
of the equation j�(z)j = 0:
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If j�(z)j = 0 =) jzj > 1 the process ~X�
t =

P1
i=0
~�i1~"t�i is

stationary and so is

Xt =
1X
i=0

(I; 0)~�i1

�
I
0

�
"t�i =

1X
i=0

Ci"t�i

NOTE:

1X
i=0

zi(Ip; 0)~�
i
1

�
Ip
0

�
= (Ip; 0)[

1X
i=0

zi ~�i1]

�
Ip
0

�
= (Ip; 0)(I2p � z ~�1)�1

�
Ip
0

�
= (Ip; 0)

�
Ip � z�1 �z�2
�zIp Ip

��1�
I
0

�
= (Ip � z�1 � (�zIp)I�1p (�z�2))�1

= (Ip � z�1 � z2�2)�1 = �(z)�1

The coef�cients of the expansion of the solution are the coef�-
cients in
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Chapter 4
Assume throughout that

j�(z)j = 0 =) jzj > 1 or z = 1

ECM:

V AR : Xt = �1Xt�1 + �2Xt�2 + "t
Xt �Xt�1 = (�1 � Ip)Xt�1 + �2Xt�2 + "t
Xt �Xt�1 = (�1 � Ip + �2)Xt�1 + �2(Xt�2 �Xt�1) + "t

ECM : �Xt = �Xt�1 + �1�Xt�1 + "t

Note �(1) = �� is singular and hence � = ��0 if there is unit
root
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Question: What is the solution of the VAR equations, when
there is a unit root. One lag

�Xt = ��0Xt�1 + "t
�0?�Xt = �0?"t

�0?Xt = �0?X0 + �
0
?

tX
i=1

"i : Random walk

�0�Xt = �0��0Xt�1 + �
0"t

�0Xt = (Ir + �
0�)�0Xt�1 + �

0"t

�0Xt =
1X
i=0

(Ir + �
0�)i�0"t�i : IF jeig(Ir + �0�)j < 1

Xt = �?(�
0
?�?)

�1�0?Xt + �(�
0�)�1�0Xt

= �?(�
0
?�?)

�1�0?

tX
i=1

"i + �(�
0�)�1

1X
i=0

(Ir + �
0�)i�0"t�i

+�?(�
0
?�?)

�1�0?X0

GRT : Xt = C
tX
i=1

"i + Yt + A

1 : �Xt and �0Xt stationary
2 : Xt is non stationary

3 : Common trends �0?
tX
i=1

"i
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Equivalent conditions to jeig(Ir + �0�)j < 1
�(z) = (1� z)Ip � ��0z�

�0

�0?

�
�(z)(�; �?)

=

�
Ir(1� z)�0�� (�0�)2z 0

0 (1� z)�0?�?

�
j
�
�0

�0?

�
jj�(z)jj(�; �?)j

= jIr(1� z)�0�� (�0�)2zj(1� z)p�rj�0?�?j
= j�0�jjIr � z(Ir + �0�)j(1� z)p�rj�0?�?j

The condition jeig(Ir + �0�)j < 1 implies j�0�j 6= 0

j
�
�0

�0?

�
jj(�; �?)j = j

�
�0� 0
�0?� �

0
?�?

�
j = j�0�jj�0?�?j

j(�; �?)j 6= 0() j�0�j 6= 0

j
�
�0

�0?

�
jj(�; �?)j = j

�
�0� �0�?
0 �0?�?

�
j = j�0�jj�0?�?j

j(�; �?)j 6= 0() j�0?�?j 6= 0
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j�(z)j = j�0�jjIr � z(Ir + �0�)j(1� z)p�rj�0?�?j
Under condition jeig(Ir + �0�)j < 1

j�(z)j = 0

() z = 1 or jIr � z(Ir + �0�)j = 0
The I(1) condition

�0?�? full rank
ensures that we only get I(1) variables.
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A simple model for I(2)

�X1t = "1t
�X2t = X1t�1 + "2t

� =

�
0
1

�
(1; 0) = ��0

�? =

�
1
0

�
; �? =

�
0
1

�
: �0?�? = 0

NOTE The matrix � cannot be diagonalized:

� =

�
0 0
1 0

�
j�I2 � �j = �2 = 0 =) The eigenvalue is � = 0�

0 0
1 0

��
v1
v2

�
= 0 =) The eigenvector is

�
0
1

�
ONLY one eigenvector!
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MORE LAGS

�Xt = ��0Xt�1 + �1�Xt�1 + "t�
�Xt
�Xt�1

�
=

�
��0 + �1 ��1
Ip �Ip

��
Xt�1
Xt�2

�
+

�
"t
0

�
=

�
� �1
0 Ip

��
�0 Ip
0 �Ip

��
Xt�1
Xt�2

�
+

�
"t
0

�
� ~Xt = ~�~�

0 ~Xt�1 + ~"t

~�? =

�
�?

��01�?

�
; ~�? =

�
�?
�?

�
~C = ~�?(~�

0
?
~�?)

�1~�0? =

�
Ip
Ip

�
�?[�

0
?(Ip � �1)�?]�1�0?(Ip;��1)

=

�
Ip
Ip

�
C(Ip;��1)

GRT : ~Xt = ~C
tX
i=1

~"i + ~Yt + ~A

Xt = (Ip; 0) ~Xt = (Ip; 0) ~C

�
Ip
0

� tX
i=1

"i + Yt + A

= C
tX
i=1

"i + Yt + A
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The coef�cients in the expansion of ~Xt are ~�(z)�1

The coef�cients in the expansion ofXt are (Ip; 0)~�(z)�1
�
Ip
0

�

(Ip; 0)~�(z)
�1
�
Ip
0

�
= (Ip; 0)

�
(1� z)I2p � ~�~�

0
z
��1� Ip

0

�
= (Ip; 0)

�
(1� z)I2p �

�
��0 + �1 ��1
Ip �Ip

�
z

��1�
Ip
0

�
= (Ip; 0)

�
(1� z)Ip � ��0z � �1z �1z

�Ipz Ip

��1�
Ip
0

�
= ((1� z)Ip � ��0z � �1z � (�Ipz)(Ip)�1(�1z))�1
= ((1� z)Ip � ��0z � �1z(1� z))�1 = �(z)�1


