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Stationary autoregressive processes

Yy = pYp—1tent=1,...,1T
yr = plyo+er+pe1+ ...+ p e

For |p| < 1 define

50
Y = Z Pié“t—z' = &t T PEt—1 T ,025t—2 T ..
i=0

Define y; as limy_, Zﬁo pié‘t_i =&+ pg—1 + ,025t_2 +
R ,ONét_N

in the sense of

1. Probability

2. Distribution

3 Almost surely

4. Lo

THEOREM: If |p| < 1, the process ¥ is a stationary linear
process

Solution of the AR equations is stationary if we choose
Yo =Y -

If y is not chosen this way 1 is not stationary but V' (1, —
y;) — 0.



MORE DIMENSIONS

Y;g = Hl}/t_l—l—ét,t:l,...,T
Y;g = HﬁYb—FF:t—FHlEt_l—l—...—FHg_lgl

THEOREM: If |eig(I1;)| < 1, then [T} — 0 (exponentially)

"PROOF"
M O ... 0
| 9 L
0 0 ...\
A0 .0
T
] I EA
0 0 ...\

p



MORE LAGS

Xy = 1hXy g + 11Xy o+ &
Xio1 = Xy

Companion form
X _ [Ty 11y X1 X €t
X1 I 0 Xi_o 0
Xi = IhXy 1+ &
THEOREM: X; = > >° 118, , is stationary if |eig(I1;)| < 1
What are the eigenvalues?
Hl H2 U1 — )\ U1
I 0 (%) B (%)

Hl’Ul + HQ”UQ — )\7}1

V1 = AUy
implies
M 0o + Tavs = Nuyg
(NI, — MIjvg — ITy)vy = 0
Define

[I(z) =1, — 2II; — 2211,
THEOREM: The eigenvalues of the companion form are the roots
of the equation |I1(z)| = 0.
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If |TI(2)] = 0 = |z| > 1 the process X = S 2 I'&;_; is

stationary and so is

Xt = Z([, O)ﬁzl ( é) Et—j — ZO Cl'gt_@'

i=0
NOTE:

o () - nors: ()

1= 1=

= (I, 0)(Ip, — 2II1) ™ ( % )

1
B I, — 21} —zIl,
o <]p70>< _le Ip ) (
= (I, — =II; — (—zlp)lp_l(—zﬂg))_l

= (I, — 2} — 2°Ily) ' =T1(2) "}

The coefficients of the expansion of the solution are the coeffi-

cients in



Chapter 4
Assume throughout that

I(z)] =0=|z| >1lorz=1

ECM:

VAR : X;=1L1X;,_1+1LX; 5 +¢

X=X = (Il = L) Xy + 1o X0 + &

Xi—Xp 1 = (I — L+ 1) Xy + To( Xy 0 — Xyq) + &4
ECM  AX;, =1IX;,_1+11AX,_1 + ¢

Note I1(1) = —II is singular and hence IT = o’ if there is unit
root
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Question: What 1s the solution of the VAR equations, when
there 1s a unit root. One lag
AXt = OéﬁlXt_l + &¢
o AX; = o\ g

o\ Xy = o Xo+ o) Z e; - Random walk
i=1

BAX, = faf X1+ (e
X, = (I + 8'a)f' X1 + B'ey
BX; =Y (I +Ba)Be;: IF |eig(l, + Ba)| < 1

i=0
X = ﬁL(O/J_BL)_l /XtJrOé(ﬁ/ ) 18X,
= B.(a )" Z i + a8 Z(Ir + Ba)Be
+5¢(Cﬂ5ﬁ J_XO
/

GRT : X;=C) &+Y,+A
i—1
1 : AX,and 38X, stationary

2 . X;1s non stationary
t

3 : Common trends o/} g £
i=1



Equivalent conditions to |eig(I, + 'a)| < 1
(z) = (1—2),— af'z

(0 )neias)

<( o) ||H<j>|<a,m>| =)

= 1(1 - 2)B'a — (Fa)e|(l - 2], B, |
= |Balll, - 2L, + Ba)l(l - 2P|/ B

The condition |eig(I, + §'a)| < 1 implies |3'a| # 0

6/ o 5,05 0 At /
| (5l> [(a, B,)] = | (ﬁﬁa 5l5¢) | =|8al|B.8,
(a,3,)] # 0<=|8'al #0

(o )Mol =1( %" 9% ) I=laallas.
(08| # 0= |B,a1] £0




1(2)| = [Bal| L = 2(L + Fa)|(1 — 2)" |/ B |
Under condition |eig(l, + 8'a)| < 1
T(z)] = 0
< z=1lor|l, — z(I,+ Ba)| =0
The I(1) condition

o'\ B, full rank

ensures that we only get /(1) variables.



A simple model for 7(2)

AXy = E1t
AXoy = Xijp—1 + e

I = (?)@0):@5’
| = <é>75L: (2) o) B =0

NOTE The matrix II cannot be diagonalized:

"= (7o)

My —TI| = A =0 = The eigenvalue is A\ = 0

00 v\ : : 0
(1 O) (U2) = (0 = The eigenvector is (1)

ONLY one eigenvector!
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MORE LAGS

AXt = OéﬁlXt_l + FlAXt_l + &¢
AXt o &5/ + Fl —Fl Xt—l i Et
AX, 1)~ L, -1, )\ X 0
() (0 5) () (0)
05, )\0—1,)\ X 0

~ ~~/~ .
AXt = 045 Xt—l + &¢

o ] Ho_ BL
- () 2= (50)

1y

- BB = () Bl - T8l 0 T
“(p)ew o

t
GRT Xt:ézc%i+ﬁ+£1
=1

t
~ ~ (I
X, = ([p,O)Xt:(]p,())C( 60) ;gi—l-Y]g—l—A

t
=CZEZ~+Yt+A

1=1



12

The coefficients in the expansion of Xt are f[(z)_1

The coefficients in the expansion of X, are (I, O)f[( z) ! ( Ly )

0
(1, 0)11(z)" (I )
- tro (0= am -7 ()
/ —1
= (1,,0) ( 2) 1o, — (aﬁ ;r b :1;1 ) z>
1—2[—0452—1]2 ['1z ! I,
—1I)z I, 0
)Ip —af'z -T2z — (— ]pZ)([p)_l(Flz))
), —af'z—T12(1 —2))” e H(z)_1

=((

— Z
— Z



