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Exercise

This exercise is a guided tour through asymptotic inference for �̂(�); in the cointe-
gration model, when � is known. You should apply the Law of Large Numbers for an
ergodic and stationary process Zt; say, which states that if E(jZ1j2) <1; then

T�1
TX
t=1

Zt
P! E(Z1): (1)

You should also check the conditions and apply Theorem B.3 page 241.
Consider therefore the cointegration model

�Xt = ��
0Xt�1 + "t; t = 1; : : : ; T;

where "t are i.i.d. Np(0;
): In the following we assume that � is known and want
to make inference in � and 
. We assume that r = 1; so that � and � are vectors,
and hence that ��� = E(�

0Xt�1X
0
t�1�) is a real number, not a matrix, to simplify the

notation. In the probability analysis below we assume that the I(1) condition: �0?�?
full rank is satis�ed Hence the process Xt is I(1) and (�Xt; �

0Xt�1; "t) is stationary
and ergodic.

Construction of the estimators
1. Show that for �xed �; the maximum likelihood estimators are

�̂(�) = S01�(�
0S11�)

�1


̂(�) = S00 � S01�(�0S11�)�1�0S10

so that
�̂(�)� � = S"1�(�0S11�)�1:

We have used the notation

S"1� = T�1
TX
t=1

"tX
0
t�1�

S01� = T�1
TX
t=1

�XtX
0
t�1�

�0S11� = T�1
TX
t=1

�0Xt�1X
0
t�1�

Properties of Moments
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2. Show that

E("tX
0
t�1�j"1; : : : "t�1; X0) = 0

Cov("tX
0
t�1�; "sX

0
s�1�j"1; : : : "t�1; X0) = 0; s > t

V ("tX
0
t�1�j"1; : : : "t�1; X0) = 
�0Xt�1X

0
t�1�

so that

E("tX
0
t�1�) = 0

E(�0Xs�1"
0
s"tX

0
t�1�) = 0; s > t

V ("tX
0
t�1�) = E("tX

0
t�1��

0Xt�1"
0
t) = 
���

Consistency of �̂(�)
3. Show that it follows that

E(S"1�) = 0

E(S"1��
0S1") = T�1���
! 0

and hence that
S"1�

P! 0:

This is also a consequence of (1).
4. Show that it follows from (1) that

�0S11�
P! E(�0S11�) = ���;

so that �̂(�) is consistent:

�̂(�)
P! �:

Consistency of 
̂(�)
5. Show that

S00 = ��
0S11��

0 + ��0S1" + S"1��
0 + S""

6. Find the probability limit of S00 and S01�(�
0S11�)

�1�0S10 and use those to show
that 
̂(�) is consistent.
Asymptotic distribution of �̂(�)
We have from above that

p
T (�̂(�)� �) =

p
TS"1�(�

0S11�)
�1:

De�ne the process (see page 240)

XT;t =
1p
T

�1=2"t

X 0
t�1�p
���

; t = 1; : : : ; T
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and the ���eld
FT;t = �(X0; "1; : : : ; "t)

7. Show that
E(XT;tjFT;t�1) = 0

8. Show that

V (XT;tjFT;t�1) = T�1
�0Xt�1X

0
t�1�

���
E(
�1=2"t"

0
t


�1=2) = T�1
�0Xt�1X

0
t�1�

���
Ip

9. Apply these results to show that Conditions B.1 and B.3 are satis�ed.

Next we turn to Condition B.2. We de�ne the squared norm by

jXT;tj2 = X 0
T;tXT;t = "

0
t


�1"t
�0Xt�1X

0
t�1�

T���
:

10. Use Chebychev�s inequality to show that

E(jXT;tj2IfjXT;tj > �gjFT;t�1) �
E(jXT;tj4jFT;t�1)

�2

=
(�0Xt�1X

0
t�1�)

2

�2T 2�2��
E("0t


�1"t)
2

and use that to show that Condition B.3 is satis�ed.
There is a simpler argument. Can you see that?
Applying Theorem B.3 we then get that

1p
T

�1=2S"1�

1p
���

=
TX
t=1

XT;t
w! Np(0; Ip);

and hence that
T�1=2S"1�

w! Np(0;
���)

and �nally
T 1=2(�̂(�)� �) w! Np(0;
�

�1
�� ):

For your information the same result holds even if r > 1 and � is estimated, see
Theorem 13.3 last line. Note that then �̂(�) is a matrix and the expression for the
variance involves the Kronecker product, that is,

T 1=2(�̂(�)� �) w! Np(0;�
�1
�� 
 
):

This notation means that for � 2 Rp and � 2 Rr we have the limits

T 1=2�0(�̂(�)� �)� w! N1(0; �
0�����

0
�):

Please note that in the book I use the notation

T 1=2(�̂(�)� �) w! Np(0;

 ��1�� );

for the same result.
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