Sgren Johansen May 19, 2006
Afdelingen for Anvendt Matematisk og Statistik
University of Copenhagen

Exercise

This exercise is a guided tour through asymptotic inference for &(3), in the cointe-
gration model, when 5 is known. You should apply the Law of Large Numbers for an
ergodic and stationary process Z;, say, which states that if F(|Z;|*) < oo, then

T ET: Z, 5 B(2y). (1)

You should also check the conditions and apply Theorem B.3 page 241.
Consider therefore the cointegration model

AXt = Oéﬁ,Xt,1 +€t,t = 17...,T,

where ¢; are i.i.d. N,(0,9). In the following we assume that § is known and want
to make inference in a and §2. We assume that » = 1, so that o and 3 are vectors,
and hence that Yg5 = F('X;_1X,_,/) is a real number, not a matrix, to simplify the
notation. In the probability analysis below we assume that the I(1) condition: o/, 5
full rank is satisfied Hence the process X; is I(1) and (AX;, 8'X;_1,¢&;) is stationary
and ergodic.

Construction of the estimators
1. Show that for fixed /3, the maximum likelihood estimators are

(EY(B) = SuB(BSup)""
QB) = Soo— So1B(B'S1uB) B S

so that
a(B) —a = SaB(8'Sup) "

We have used the notation
T
SaB = T7'Y &X]
=1
Suf = T7'Y AX,X| 8

T
Bsnp = Ty BX, X[,
t=1

Properties of Moments



2. Show that

E(e, X[ Bler, . .ei-1,X0) = 0
Cov(e, X[ 18,esX._1Bler, .. g1, Xo) 0,8 >t
V(‘tht{715|€17 D) XO) - Q/BIXt—lthflﬁ

so that

E(e:X;,8) = 0
E(ﬁleflf?;&X;—lﬁ) = 07 s>1
VieX; 18) = E(eX, 188 Xi15;) = Qg

Consistency of &(5)
3. Show that it follows that

E(S&lﬁ) — 0
E(S.B83'S1.) = T‘12559—>0

and hence that
Selﬁ 5) 0.

This is also a consequence of (1).
4. Show that it follows from (1) that

35118 5 E(8'S118) = Sas,

so that &(/3) is consistent:

a(8) L a.

Consistency of Q(f)
5. Show that
SOO - 046/81160/ + 046/818 + Selﬁa/ + Sss
6. Find the probability limit of Spo and Sp, 3 (B'S118)71B'S10 and use those to show
that (/) is consistent.

Asymptotic distribution of &(5)
We have from above that

VT(&(B) — a) = VTS B(B SuB) ™"

Define the process (see page 240)

1 Q_1/2

!/

1B
X = — gt—17t:
YT t\/E_ﬁﬁ

1,....T



and the o—field
Fry = U(XO, €1y - ,€t)

7. Show that
E(Xpi|Fri—1)=0

8. Show that

/X _ X/ ,X_ X/
V(X1 Fri-1) = TIBE—HBE Tlﬁtzl—t—lﬁ[p
88 B

9. Apply these results to show that Conditions B.1 and B.3 are satisfied.

(Q Y2eQ71/?) =

Next we turn to Condition B.2. We define the squared norm by

L BXe X8

‘XT,t|2 = Xé“7tXT,t = 5;9 1€tTﬂtl.

10. Use Chebychev’s inequality to show that

E(| Xzl *|Fri-1)
52

E(é‘;Q_lgt)Q

E(|XT,t|21{|XT,t| > 0} Fri—1) <

(BlXt—lXéqﬁ)g
2
0?1?52,

and use that to show that Condition B.3 is satisfied.
There is a simpler argument. Can you see that?
Applying Theorem B.3 we then get that
1 1 a
—=Q725.48 = X7, % N,(0. 1),

VT V3 o

and hence that
T7125.,8 2% N,(0,Q2%55)

and finally
TY2(a(8) — ) = Ny(0,Q%5)).

For your information the same result holds even if » > 1 and [ is estimated, see
Theorem 13.3 last line. Note that then &(/3) is a matrix and the expression for the
variance involves the Kronecker product, that is,

T'2(a(8) — o) 5 N,(0, 555 ® Q).
This notation means that for A € R? and n € R" we have the limits
TN (@(B) — a)n = Ni(0,7/SganA'QN).
Please note that in the book I use the notation
TY2(&(8) — a) = Ny(0,Q @ X55),

for the same result.



