Extra Exercise 4

The following differential equation is encountered in te®metry of surfaces as tigeodesic
eguation,

2
7,k=1
The eight functionfé.k (called theChristoffel symbols for the given surface) are indexed by
numbersi, j, k € {1,2}. They are defined on an open ¢étc R? and they are smooth
U—R.

The theorem of existence of geodesics asserts that for ewvegy R? there exists a
solutionu(s) = (uy(s), us(s)), defined fors in some interval arounds = 0, with «(0) =
(0,0) andu(0) = w. It also asserts that this solution is unique, in the serseiftlanother
solution satisfying the same condition is defined on anvalef > 0, then it will agree with
u in the intersectiod N J.

1. Reformulate to a first order equation and verify the theorem

2. For the Euclidean plarié = R? and all theF;'.k are(. Solve the equation in this case.
Which curvess — u(s) are obtained in this case?

3. In another case (the sphere with spherical coordinatesjave
™
U= (— -z
and
[, =15 =0, Tiy(up,ug) =—2tanuy

and
2, =T% =0, I? (uy,us) = sinugcosus

Without solving the equations, show that(s) cos?(u»(s)) is constant for every solu-
tionu = (uy,uz), s € I.



