
Extra Exercise 3

Letm : R → Mat(n,R) be continuous. Consider the differential equation

ẏ = my (1)

(a) Assumen = 1. Show that

R ∋ t 7→ ce
∫
t

0
m(s) ds (c ∈ R) (2)

is a maximal solution to (1) and that all maximal solutions are of this form.

In the remainder of this exercise we will show that the naive generalization of (2) is in general
not a solution to (1). For a continuous functionf : R → Mat(n,R), we define

∫ b

a
f(s) ds to

be the matrix with coefficients
(
∫ b

a

f(s) ds

)

i,j

=

∫ b

a

fi,j(s) ds.

(b) Assumen = 2. Consider the matrices

A =

(

1 0
0 −1

)

and B =

(

0 1
0 0

)

.

Letm : R → Mat(2,R) be given bym(t) = A+ tB for t ∈ R. Show that

e
∫
t

0
m(s) ds =

(

et t
2
sinh(t)

0 e−t

)

.

Prove that there existη ∈ R
2 such thatR ∋ t 7→ e

∫
t

0
m(s) dsη is not a solution of (1).

(c) Let n > 1. Use (b) to construct continuous functionsm : R → Mat(n,R) with the
property that there existη ∈ R

n such thatR ∋ t 7→ e
∫
t

0
m(s) dsη is not a solution.

The reason that the functions considered in (b) and (c) are not solutions to (1) is thatn× n-
matrices do not always commute forn > 1.

(d) LetA andB be commuting matrices and letm : R → Mat(n,R) be given bym(t) =

A+ tB for t ∈ R. Show thatR ∋ t 7→ e
∫
t

0
m(s) dsη is a solution of (1) for allη ∈ R

n.


