Extra Exercise 3

Letm : R — Mat(n, R) be continuous. Consider the differential equation
y=my (1)
(@) Assumer = 1. Show that
RSt cehm™@ds  (ccR) )
Is a maximal solution to (1) and that all maximal solutions af this form.

In the remainder of this exercise we will show that the nameagalization of (2) is in general
not a solution to (1). For a continuous functipn R — Mat(n, R), we definefcf’ f(s)dsto
be the matrix with coefficients

( / “f(s) ds)m -/ fuls)ds,

(b) Assumen = 2. Consider the matrices

1 0 01
A_(O _1> and B_(O 0).
Letm : R — Mat(2, R) be given bym(t) = A+ tB for t € R. Show that
SJim(s)ds _ < e Lsinh(t) ) .

0 et

Prove that there exist € R2 such thalR > ¢ — e/o ™) 4y, is not a solution of (1).

(c) Letn > 1. Use (b) to construct continuous functions: R — Mat(n, R) with the
property that there exist € R" such thaR, > ¢ — /o ™) 45 is not a solution.

The reason that the functions considered in (b) and (c) d@reatations to (1) is that x n-
matrices do not always commute for> 1.

(d) Let A and B be commuting matrices and let : R — Mat(n, R) be given bym(t) =
A+tBfort € R. Show thalR 5 ¢ — /o ™) sy is a solution of (1) for alh € R".



