ABSTRACT. This project aims to present the answers given by the work of C. Schafhauser in [30],
to the following two main questions. 1) If A is a separable, unital, exact C*-algebra, satisfying the
UCT, with a faithful, amenable trace, then does A admit a unital, trace-preserving embedding into a
simple, unital, AF-algebra B with unique trace and divisible Ko-group ?

2) If two such trace-preserving embeddings exist and have identical Kg-behaviour, then can they be

classified in terms of approximate unitary equivalence ?
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Introduction

The major influence of this thesis is from the work of C. Schafhauser about C*-subalgebras of
simple, unital AF-algebras in [30]. AF-algebras have been in the center of interest and have
been studied thoroughly since introduced and classified by Bratteli in 1972. One of the most
remarkable results about AF-algebras, was proved by Elliott in 1976, showing that all unital AF-
algebras can be classified by their ordered Kjy-group. Now, in this project we first emphasize on
whether a separable, unital, exact C*-algebra satisfying the universal coefficient theorem (UCT)
can be embedded in a trace-preserving way into a simple, unital AF-algebra with unique trace
and divisible Ky-group, and then we are asking if any two such embeddings can be classified by
their induced Kjy-group homomorphisms.

However, instead of developing our theory for simple, unital AF-algebras with unique trace, we
move our focus to the more general setting of a simple, unital, 2-stable C*-algebra, with unique
trace, trivial Kj-group and where every quasi-trace is a trace; 2 is the universal UHF-algebra.
Here comes the purpose of Chapter 1, where these conditions are examined, and necessary ar-
guments for addressing the embeddability problem are presented. The preliminary essence of the
first chapter, is that in the first three sections we take over a brief survey on different classes
of C*-algebras, staying focused on the simplicity and 2-stability conditions, while section 1.4
consists of methods for reducing a non-separable C*-algebraic setting to a separable one.

On the other hand, a major aspect in the approach of Schafhauser in [30], is the employment
of KK-theory and in particular the Cuntz picture of KK-theory. A central motivation for this, is
the universal coefficient theorem (UCT) for C*-algebras, and the strong relevance of KK-theory
with asymptotic and proper asymptotic unitary equivalence relations between *-homomorphisms,
as it will be evident in Chapter 2. Nevertheless, instead of embarking immediately to presenting
Cuntz picture of KK-theory, we choose first to introduce Hilbert C*-module theory, that enables
a broader understanding of the subject and facilitates the exposition in the following sections. Fi-
nally, section 2.4 contains a brief expository about admissible kernels and trace-kernel extensions,
while offers a first glimpse at the utility of Chapter 1. This section also serves as a forerunner
to the main core of this project.

Lastly, in Chapter 3, all the necessary steps for addressing the major claims at stake are
collected, and it mainly consists of a more detailed proof-presentation of the results in sections
4 and 5 in [30]. The primary idea of this chapter is that it starts by giving affirmative answers
to the main questions, when some mild extra conditions are satisfied, but for ultrapowers of
the C*-algebras under consideration. Then, it proceeds to reduce these results to the original
C*-algebras by using the local notions of Ky-triples and (¥, d)-multiplicative maps. Throughout
this last chapter we keep working in the general case of simple, unital C*-algebras with all the
conditions that we state above, and the result concerning unital, simple AF-algebras with unique
trace, will come up beautifully as a straightforward consequence.

This project cannot be considered as self-contained, since it assumes that the reader is familiar
with basic theory of C*-algebras and von Neumman Algebras, as demonstrated in [22] and [34],
for instance. Meanwhile, a familiarization with basic K-theory as presented for example in [20], is
considered as a prerequisite. However, an effort to have self-reliable proofs and to keep a detailed

track of the ideas and arguments that are used throughout the project, has been made.

Acknowledgements. First of all, I would like to thank my advisor, Mikael Rgrdam, for his
help during these last four months. Also, I would like to thank the people in my life for their

enduring support while writing this project.



1 Preliminaries on C*-algebras

The main purpose of this chapter is to present part of the purely C*-algebraic backround material
needed in the proofs of the main results of this project. In the first three sections, results
regarding the structure of a 2-stable C*-algerba are developed, where 2 is the universal UHF-
algbera. The last section is devoted in introducing methods for addressing issues that arise when

a C*-algebra is non-separable.
1.1 Strongly Self-Absorbing C*-algebras

In this section we will examine the class of strongly self-absorbing C*-algebras, mainly aiming to
harvest criteria for a C*-algebra being stable with respect to a strongly self-absorbing C*-algebra.
We start by introducing the notions of essential ideal, multiplier algebra and inner automorphism,
that they will all be needed in the rest of the chapter. Throughout this section, we denote the
minimal tensor product of C*-algebras using just ®, except otherwise is mentioned. The material
exposed in the sequel is mainly from [33].

Definition 1.1.1. Let A be a C*-algebra. An ideal I C A is called essential if it has "no orthogonal
complement” i.e

I"={acA:ar=xa=0, forall z€I}=0

Definition 1.1.2. Let I be a C*-algebra. Let I C B(H) be any non-degenerate(cyclic) representation
and define M(I) ={T € B(H): Tx €I and zT €1, forallxzeI}. We call M(I) the multiplier
algebra of I.

Note 1.1.3. M(I) is a unital C*-algebra and if I is unital then M (I) =I. Moreover, it is a fact
that M(I) has the property of being the largest C*-algebra containing I as an essential ideal
and that it is the unique (up to isomorphism) algebra with this property.

Definition 1.1.4. Let A be a C*-algebra and w € M(A). Then, the automorphism of the form
Ady(a) = u*au

18 called inner automorphism. Moreover, we say that an automorphism « is approximately inner if it
1s the point-norm limit of inner automorphisms.

Having these new notions in mind, we proceed to define the approximate unitary equivalence
between c.c.p. maps.

Definition 1.1.5. For i=0,1, let ¢;: A — B be a c.c.p map between separable C*- algebras. We say
that ¢1 and ¢2 are approzimately unitarily equivalent, @1 ~q . @2, if there is a sequence of unitaries
(un)n C M(B) such that

|y p1(a)un, — ¢p2(a)|] = 0, as n— oo, forall a € A

The following proposition is an immediate and rather useful result about approximate unitary
equivalence. The proof is omitted.



Proposition 1.1.6. Let A, B, C and D be separable C*-algebras, and C, D be unital. Suppose
¢: A— B, o,8,v: B— C and ¥: C — D are *-homomorphisms, 1 unital. Then

i) If gy Band B ~gyy, then ar~qy Y, Q€ ~qq 18 a transitive relation.
“) If a ~g.qy ﬁ then, woaNa.uwoﬂandao¢Na.uﬂo¢~
ii1) Suppose that o, B are pointwise limits of sequences of *-homomorphisms

Qp, Bn: B — CUIf auy ~q. Br for each n, then o ~g. 4 5.

In order to start working with strongly self-absorbing C*-algebras, we need first to coin the
terms of flip, approximately inner flip and approximately inner half flip, which we do in the

definition below.

Definition 1.1.7. Let D be a separable, unital C*-algebra.
i) By the flip on the minimal tensor product D @ D we mean the automorphism op
of D®D given by op(a®b)=b®a, a,beD
1) D is said to have approzimately inner flip, if op ~av tdpgp
iii) D is said to have approzimately inner half flip, if idp ® 1p ~q. 1p ®idp
i) D is strongly self-absorbing, if D # C and there is an isomorphism ¢: D — D ® D,
satisfying ¢ ~q. idp @ 1p

Example 1.1.8. In this project, the only strongly self-absorbing C*-algebra that we need is the
universal UHF-algebra 2. For this reason, let us now make a brief review on this special class
of AF-algebras, the UHF-algebras, and finally argue that 2 is indeed strongly self-absorbing.

A UHF-algebra is an inductive limit of

My, (C) =255 M, (C) =25 My, (C) =2 - (1)

where ¢,, are unital *~homomorphisms. It is fact that there is a unital *-homomorphism M, (C) —
M, (C) iff m is a multiple of n. An interesting fact about UHF-algebras is that they can
be classified using supernatural numbers. A supernatural number is a a sequence of numbers
n = (n;)32; in {0,1,2,...00}, where each n; can be interpreted as a power in a generalized
infinite prime factorization, i.e n = (n;)52; = Hj’;l p;”, where {p;: j > 1} is an increasing
order enumeration of the prime numbers. Now, we associate to the sequence (k;)52; of (1) a

supernatural number n = (n;)32; in the following way
n; = sup{r: pj|k; for some i}

On the other way around if n = (nj)‘;‘;l is a supernatural number, then if we associate to each
7 pmin{j,ni}

J the element k; = |];_;p; , it is straightforward to see that the supernatural number

o}
Jj=1

associated to (k;) is n = (n;)52;. Also we say that a natural or a supernatural number
m = H;’il p}nj divides a supernatural number n = (n;)72; if m; <n; for all j and moreover we

associate to each supernatural n = (n;)52; a subgroup of Q by

Qn)={z/m:z€Z,meN, zn}
Under these observations and taking motivation from Elliot’s classification of AF-algebras, the
first step in showing that UHF-algebras are classified by supernatural numbers is showing that
Ko(M,) = Q(n), where M, denotes the UHF-algebra associated to the supernatural number n as
above.



Now, the universal UHF-algebra, 2, is the one associated to the supernatural number n =
(n;)521, where n; = oo for all j. Thus, Q(n) = Q, and furthermore 2 can be viewed as
the inductive limit of (M(,-1)1(C),¢,), where ¢, is a unital *-homorphism with multiplicity n,
for each n > 1. So, using the fact that the tensor product of two UHF-algebras M,, M,, is
given by M, ® M,, = M,,,, we immediately see that 2 ® 2 = 2. Furthermore, employing
that the flip automorphism on M, (C) ® M,(C) is inner, for any n > 1, and that 2 @ 2 =
Un(M(n—11(C) ® M(,—11(C)), we see that the flip automorphism on 2 ® 2 is approximately
inner. Hence, |Proposition 1.1.15| below asserts that 2% is strongly self-absorbing. But, as

2= 99%° we conclude that 2 is a strongly self-absorbing C*-algebra.

Proposition 1.1.9. Any separable, unital and strongly self-absorbing C*-algebra D has approximately
inner half flip.

Proof. Let ¢: D — D®D be the given *-isomorphism satisfying that ¢ ~, , idp®1p. Then, define
a *-homomorphism ¢: D — D by 9 := ¢ 'o(lp®idp). Now, using repetitively [Proposition 1.1.6|

(ii) we firstly get
lp ®idp = ¢o¢~' o(lp ®idp)
=¢oy
~ay (Idp ® 1p) ot
=9y ®I1p
Also,

idp ®1p = op o (1p ®idp)
~au (0D o (P ®1p)
=1p®Y
Now, we are ready to get the conclusion, but first note that if (u,), C D® D are the unitaries

implementing the relation ¥ ® 1p ~4. 1p ®idp, then (u, ® 1p), € D® D ® D are unitaries that
exhibit the relation Y ® 1p @ 1p ~y.4 1p ®idp ® 1p. So,

Yp@1p=(idp®@¢ o ®1p®1p)
~au (idp @ ¢™1) 0 (1p @ idp ® 1p)
~au (idp ® ¢~1) 0 (1p @ 1p © 1))
~aw (idp @ ¢~ 1) o (idp ® 1p @ 1p)
=idp®1p

Therefore, by transitivity of ~,, we obtain that idp ® 1p ~gu 1p ® idp. Hence D has
approximately inner half flip.
O

Using this result, the following theorem asserts that strongly self-absorbing C*-algebras have a
rather interesting structure.

Theorem 1.1.10. If a separable, unital C*-algebra D has approximate inner half flip then it is simple
and nuclear.

Proof. For showing that is simple, let J be a proper closed two sided ideal in D, and let
J=J®D, Jo = D®J be the corresponding closed two-sided ideals in D ® D. That D



has approximately inner half flip, i.e idp ® 1p ~g.4 1p ® idp, implies that d® 1p € Jy, for any
d € J, and therefore J; = Jo. But we claim that this is not the case. Let d; € J and ds & J,
then by Hahn-Banach Theorem find f,g: D — C bounded linear functionals such that f(d;) # 0,
gl; =0 and g(d2) # 0. Then by proposition 5.1 in [16], f ® g: D® D — C is a bounded linear
functional and it satisfies that

f®g(J2) =0

and
f®g(dy®dy) #0

Hence, d; ® dy € Ji \ J2, which proves the claim. Thus, D does not contain any proper two-sided
closed ideal, hence is simple. For nuclearity see Proposition 2.8 in [IT] O

Now, we are going to focus our interest on D-stable C*-algebras, and our main goal is to show
that the following statement holds.

Theorem 1.1.11. Let A, D be separable C*-algebras, and D unital, strongly self-absorbing. If there

s an isomorphism ¢: A — D ® A then, there exists a x-homomorphism
oc: A® D — 2(A)

satisfying
cla®1lp)=a, forall ac€A

where, 2(A) =y A/>x A.

Note 1.1.12. In the above statement, if we further assume that D is K;i-injective, i.e the canon-
ical map U(D)/Uy(D) — K1(D) is injective, then it is a fact that the converse is also true. Also,
note that since M, (C) is Kj-injective, for any n € N, then any UHF-algebra is Kj-injective.

There is also an another version of the above result that will be useful in the following sections.

Theorem 1.1.13. Let A, D be separable C*-algebras and suppose that D is moreover unital and
strongly self-absorbing. Then, there exists a *-isomorphism ¢: A — A ® D if and only if there is a
unital *-homomorphism

o:D— 2(M(A)NA

where 2(M(A)) N A’ is the relative commutant of A in 2(M(A))

Moreover, in this case ¢ ~g. tda @ 1p.

Before embarking into proving eorem 1.1.11] some preparation is required. Firstly we show
that the tensor product of two separable, unital C*- algebras with approximate inner (half) flip,
has again an approximate inner (half) flip. Secondly, we prove a rather technical proposition that

will eventually provide us the main machinery for showing Theorem 1.1.11.

Proposition 1.1.14. Let A, B be separable, unital C*- algebras with approzimately inner (half) flip.
Then A ® B has approzimately inner (half) flip.

Proof. . Suppose first that A, B have approximately inner flip. Then, there exist (wp), € A® A,
(vn)n € B® B sequences of unitaries such that for all z€ A® A,ye BB

loa(e) — whzwn| === 0

los(y) — vnyvnll === 0



We aim to show that there is a sequence of unitaries (uy), € (A® B) ® (A® B) such that
n—oo

loaep(X) = upXun|| ——0

for all X € (A® B)®(A®B). But, since both cagp,Ad,, are linear isometries, under the natural
identification (A® B)® (A® B) 2 (A® A) ® (B® B) we may suppose that X is a simple tensor
of the form X = X; ® X5, where X; € A® A and Xs € B® B, while the same identification says
that ocagp corresponds to o4 ® 0p.

So, let u, = w, ® v, which are unitaries in (A® A) ® (B® B), then

loa@s(X) — up Xun|| = l0a(X1) ® 0(X2) — up (X1 @ Xo)ua | =
loa(X1) ® op(Xa2) — 0a(X1) @ v, Xov, +0a(X1) @ v Xov, — uy (X1 @ Xo)u,| <

n—oQ

loa(XD)[l los(X2) — vy Xovn|| + [loa(X1) — wy Xawa || oy, Xoval| —— 0

which implies that cagp ~a.u id(aeB)e(AoB), i-6 A® B has approximate inner flip.

To show that the same holds for the approximately inner half flips, we use exactly the same
argumentation, but instead of flips, we work with the (unital) embeddings of A and B, to A® A
and B ® B, respectively. O

Proposition 1.1.15. Let D be a separable, unital C*-algebra with approzimately inner half flip. Then
i) D®° has approximately inner flip
ii) D®> is strongly self-absorbing

i11) There is a sequence of *-homomorphisms
¢n: DP® @ D®>® — D>
satisfying
lpn(d ® 1pes)—d|| =0, as n— 0
Proof. i) We view D® as the inductive limit of
D % p®2 2, pet B,
where

pr: D — D% g, D — DP 0 p e N

are the unital-preserving *-homomorphisms idp ® 1p, idpg2n ® 1pe2. respectively, and the maps
t1: D — D% 19, D®2 — D®% are the inclusions (see [2], 11.9.8). In a similar manner we

can view D®® @ D®>® as an inductive limit with connecting maps
M:D®D— D®2g D% \,,: D" @ DO D& g D@in
given by
A1 = (idp ® 1p) @ (idp ® 1p)
Aop = (idD®2n & 1D®2n) (9 (idD®2n ® 1D®2n)
and ¢1,t2, be again the inclusions into D®>® @ D®>,
Now, since we want to show that
OpRx ~a.u idD®m®D®OO

using the inductive limits expressions, it suffices to show that Ax o oper ~q.u Mg, for all k € N,
where opee is the flip on D®® @ D¥>,
We denote the embedding of D®F into (D®*)®* at the i-th factor as ng), and similarly we get



the *- homomorphisms
i) (DR (DER)® i € {1,2,3,4)

where
(1)

LI(CZ7])|D®1€®1D®’“ = Lk
and we note that they are well defined since Lg)(D@)k) and Ll(cj)(D‘@k) commute. By identifying
(D®k)®2 with D®* @ D®* in the obvious way, we see that

Mo = (1) (3.1)

and A, ooper =1

Now, we use that since D has approximately inner half flip then D®F has also approximately

inner half flip by [Proposition 1.1.14] and so there is a sequence of unitaries

(Um)m C D®k ® D®k(’é (D®k)®2)

such that

n—oo

[um (d ® 1per)um — (1per @ d)| 0
and let 4,5, k,1 € {1,2,3,4} be pairwise distinct. Then, the unitaries

(1" (W) ) € (DFF)®

satisfy
|47 i) (@D () = k()| < Nt (A @ Lper i = (1por @ )| =50
which shows that L](CJ) ~au Lg), and in turn that L,(f’j) ~au L,(f’l), since L,(cj’l)(um) commute with

L,(j)(D®k). So, in particular we have

(1,3) (1,2) (3,2) (3,1)
Ly, ~a.u by, ~a.u by ~a.u by

which shows that
Ak © Opek ~a.u /\k, for all ke N

i) For k € N define
et D®k N D®k+1
d—d®1p
Then,
D% = li_1>n(D®k,ak) (1)
D®> = li_r>n(D®2k, Agkt1 © Gok) (2)
D% @ D®>® = li_>m(D®k @ D% ar ®@a)  (3)
Also, by (i) we have that
D®>® — li_r>n(D®2m,idD®zm ®1lpsem)  (4)

D®00®D®oo — 1i_II>1(D®2m ® D®2m7)\2m,) (5)

Now, consider the *-isomorphisms v, : D®?* — D®* @ D®F given by
Yp(di @dy,.ydpy @dy) =di da @ ... @ dj @ dy @ dfy... @ dj,

which satisfy ¥g41 0 agri1 © agr = (ar ® ag) o . Thus, by the universal property of (2) there is
a *-homomorphism
)i DP9 5 DE® g DO



such the diagram

D®~
L2k0'¢'kT /
Lok

D®2k

commutes, where o, t}, are the inclusions to D®" and D®” @ D®” | respectively. Since 1, are
isomorphisms, ¥ is an isomorphism as well.
Now, it remains to show that
1/} ~a.u ’L-dD®C>O (24 ]-D@’oo
But arguing as in (), it suffices to show that
M 0 g 0 (idper ® 1pekr) ~qu Ak 0 (idper ® 1per), for all k€N
First, define *-homomorphisms Sy : (D®*)* — (D®F)* by B = idper ® oper @ idper, where oper
is the flip on D®F and employing again the i-th factor embeddings L,(j ) from (i) we get that
Br o (r ® idpear) 0 1) = A, 0 Py, 0 (idper @ idper)
and
B o (4 @ idpen) o 1) = i
(9)

J
~a.u bl

)

Since by (i) we have that L,(f , 1,7 €{1,2,3,4}, then by using |Proposition 1.1.6| we obtain

that

A 0 Y o (idper @ 1per) = B o (Yr ® idpe2k) o L,(Cl)
~a.u Bk o (7/% X idD®2k) o L’(€3
— Lff)

)

~a.u by,

= A\

)

as required.

iii) Suppose that D has approximately inner half flip, then in (ii) we showed that D® is
strongly self-absorbing, so let ¢: D®~ — D®" ® D®" be the given isomorphism satifying that
@ ~qu tdpoe ® 1pes=. Hence, there is a sequence of unitaries (uy), C D®~ <§§>D®°°7 such that

[6(d) = un(d @ 1pe= )up| === 0
thus,
|67 (6(d) = un(d© Lpe=)up)|| = [|[d = 67" (un(d ® 1pe= uy)|| === 0

So, if we let ¢,: D®" @ D®” — D®” be a sequence of *-homomorphisms given by ¢, (d; ®dy) =
¢ H(un(dr @ d2)ul), then the above norm considerations give the desired result. O

Now, following the construction of sequences of *- homomorphisms in the proof of iii) above,

we are ready to harvest eorem 1.1.11] The proof follows.
Proof. (Theorem 1.1.11)) Suppose that A is D-stable, A® D = A, and consider the *- homomor-

phisms
Yn: ARD®D - A® D

given as ¢, = idg ® ¢, where ¢, are *-homomorphisms by [Proposition 1.1.15| (éi7). Now, take




the induced *-homomorphism ¢: (A® D)® D — 2(A® D) given by
(a®di) ®@dy— (Yn(a®@di @da))n
then,

n—oo

[tn(@®@d®1p) —a®d| = |la® (¢p(d @ 1p) — d)|| —— 0

which shows that (¢Yn(a®d® 1p)), =(a®d), in Z2(A® D), or equivalently, that
Y@®d®lp)=a®d for all a€ A, de D
Therefore, using D-stability of A we obtain a *-homomorphism ¢’: A® D — 2(A) satisfying
P (a®1p)=a, for all a€ A

as desired. 0

In the rest of this section, we continue working in the setting of strongly self-absorbing C*-

algebras, say D, but we move our focus to examining some permanence properties of D-stability.

Namely, how D-stability behaves with respect to hereditary subalgebras (see [Definition 1.4.9)),
quotients, inductive limits and extensions (see |[Definition 2.4.1)).

In the following propositions, we assume that D is a separable, unital, strongly self-absorbing
and Kj-injective C*-algebra

Lemma 1.1.16. Let A be a separable, D-stable C*-algebra. If B Cper A, then B is D-stable.

Proof. Let B Cper A and let (hy,), be an approximate unit of positive contractions for B. Also,
let t: B < A be the inclusion and h be the image of (h,), in 2(B) C 2(A). Now, define
B: 2(A) — 2(B) by p(x) = hah and we claim that it is a c.c.p map.

For this purpose, firstly let z € 2(A)*, then z = y*y for some y € 2(A) and so B(z) =
B(y*y) = (yh)*yh € 2(B)*. For contractivity, since ||h|| < sup{||h,| : n € N} <1 we get that
I18(x)]| = ||hzh|l < ||z||. So, it remains to show that S is completely positive. To this end, let
X € M, (2(A))*", then X = [z}x;];; for some z;,2; € 2(A). So, Bn(X) = [hx}z;h|(:= [Yij]i,;)
and it suffices to show that szzl byY;;b; > 0 for all by,bs,...b, € 2(B). So,

(3

D iYighy = Y bihajaihby = Y (wihb;)*xihb; =
i,j=1 i,j=1 i,j=1

n

7j=1 i=1 i=1

i=1

hence, B is a c.c.p map.

Since, A is D-stable by [Theorem 1.1.11| there is a *-homomorphism o: A®Q D — 2(A) such that
o(a®1p)=a for all a € A, and define a c.c.p map 6: B D — 2(B), as 6 :=fooco (t®idp).
Then, for b € B we have that

6(b®@1p)=pLoo(b®@1p)=pB(b) =hbh=10>
and if b€ B, d € DT then
6(b@d)=poo(b®d) =B/ @1p)o(b'/? @ d)o(b/* ® 1p))
_ 6(b1/40_(b1/2 ® d)/Bl/4) _ hb1/40_(b1/2 ® d)/Bl/4h _ b1/40_(b1/2 ® d)/Bl/4 _ U(b® d)
where the next to last equality holds because b'/*c(b'/2®d)5Y*(= z) € B and h,zh, LEN x, thus

hzh = z, in 2(B). Hence, we showed that & is multiplicative and in turn a *-homomorphism.

Thus, by [Note 1.1.12} B is D-stable. O



Note 1.1.17. Since closed two-sided ideals of C*-algebras are hereditary subalgebras (see
rem 1.4.13[), we obtain that D-stability is preserved by ideals.

Lemma 1.1.18. If A is a separable, D-stable C*-algebra, and J <1 A a closed ideal, then A/J is
D—stable.

Proof. Let m: A — A/J be the quotient map, and consider the well defined *-homomorphism
. 2(A) — 2(A/J), which is given by 7(ai,as,...) = (w(a1),n(az),...). Since, A is D-stable,
there exists a *- homomorphism o: A ® D — 2(A) such that o(a ® 1p) = a, for all a € A.
Then, #oo(a® 1p) = 7(a) = w(a), hence 7 oo induces a map 6: A/J ® D — 2(A/J), which
satisfies (m(a) ® d) = 7(o(a ® d)). Moreover, for a € J, 7(c(a ® 1p) = 7(a) = w(a) = 0, thus
foo(J® D) =0, which implies that ¢ is well defined. Finally, by surjectivity of m, we get that
& is a well defined *-homomorphism, and §(x® 1p) = =, for all z € A/J, by AlJ is
D-stable. O

Next, we see that D-stability is also preserved by inductive limits.

Lemma 1.1.19. If A = li_n>1Ai is an inductive limit of separable D-stable C*-algebras, then A is
D-stable.

Proof. Firstly, we note that if (A,1);) is the inductive limit of (A;, ¢;) , then it is a standard fact
for inductive limits of C*-algebras that li_I>nAi ~ li_>mAi/K ery;. So, knowing from the previous
lemma that D-stability is preserved by quotients, , we may assume that (A;); is an increasing
sequence of separable, D-stable C*-algebras, and that A = U;A;. Now, since A; D-stable, the
construction in the proof of provides a sequence of *-homomorphisms ¢;,: 4; ®
D — A;, satisfying that
loin(a®1p) —al| 22250,  Va€ A;,VieN

If F={a;:j€N} is a countable dense subset of A, then for any k € N, we can find (i,n) such
that {a1,...,ax} C A; and |lo;n(a; ® 1p) —aj;|| < 1/k, j€{1,2,..,k}. Thus, if we set o = 0y,
we get that

k
o (a; ®1p) — az]| === 0

for all a; € F', but since F' is dense in A, it follows that
k—o00

lox(a®1p) —al ——0

for all a € A. Since, o is a *-homomorphism for each k& € N, we obtain the induced *-
homomorphism ¢: A® D — [[A/>, A, which satisfies

cla®1p)=a
for all a € A. Hence, by [Theorem 1.1.11] and [Note 1.1.12] it follows that A is D-stable. O

As the last bit of permanence properties of D-stability in this section, we state that D-stability

is preserved by extensions. The proof is omitted.

Theorem 1.1.20. Let a short exact sequence of separable C*-algebras

0—IT—2sa4-2,B__ 4

If I and B are D-stable, then A is D-stable.
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1.2 Strict comparison of positive elements in a C*-algebra

The central purpose of this section, is to give an introduction to strict comparison of positive
elements in a C*-algebra, and finally to prove that the tensor product of a simple, unital, C*-
algebra with any UHF algebra, has the property of strict comparison. The material in this section

is from [28], except otherwise is mentioned.

In the following, A will always be a unital C*-algebra and AT its positive cone. Also, for
€ >0, we define f.: RT™ — R by

0, t<e
f)=4q ett—e), e<t<2e
1, t €

and
(t — €)1 = max{t — €0}

Now, let us start by creating the setting that we are going to work with.

Definition 1.2.1. Let z,y € AT, we write v Sy if Ir € A, such that x < ryr*. Also, we write
z Sy, if fe(x) Sy, for all e > 0. Finally, we write x ~y iff v Sy andy S z.

Note 1.2.2. Both $ and < define preorderings on A", z Sy implies z <y, ~ is an equivalence
relation and fe(z) ~ (z —€)4, for any x € A" and € > 0. For reflexivity of <, let a € AT. For
€ >0, we have that f.(a) < (el4)"'/2a(ela)™/? hence f.(a) S a, for any € >0 and so in turn
we get that a < a. Now, let us show that $ is a transitive relation. To this end, let z,y,z € AT
such that © Sy and y < 2, then 371,73 € A satisfying that = < riyr] and y < rqozri. Hence,
we obtain that z < riyr] < rirgzriry = (rir2)z(rire)*, which implies that = 5 z, as desired. The
reflexivity of < is obvious. Moreover, let us now show that < is a stronger relation than <. Let
z,y € AT such that = Ly. As we already showed, fc(z) <z, Ve >0, so by transitivity of T we
get that fe(z) Sy, Ve > 0, showing that = <y, as required.

Using these first assertions, we procced to show that f.(z) ~ (z —€)y, for any z € AT and
€ > 0. We may suppose that € Af, 0 < e <1 and ||z|| > e. Then, as e *(t —¢) > (t —¢),
for all t € o(x) and (z —€); < |[(x —e)4]] < |lz]] < 1, we see that (r —e€)y < fc(x). Hence,
(x —€)+ & fe(x), which implies that (z —€); < fe(x). For the other direction, observe that

fe(z) < (x— 6)11/2(3? —e)y(x— 6);1/2, which shows that f.(z) $ (x —€)+ and therefore fe(x) <
+ +
(x — €)4. Also, note that since (t —€)4 9, ¢ then (x —e)y 9, 2, by standard functional
calculus arguments.
Now, for tramsitivity of <, let z,y,2 € AT, such that x <y and y < 2. Then, for any € > 0,
fe(z) Ty and fo(y) S 2 and so (z —€) Sy and (y —€)+ < 2. Hence, z Ty and y S 2, using

t
that (v —e€)+ 20, 2. By transitivity of <, the desired result follows.

As a first result we show that the comparison theory defined above, when applied to projections,

is identical to the usual von Neumman-Murray comparison theory.

Proposition 1.2.3. Let p,q € A projections. Then p < q iff exists u € A such that p = uu* and
u*u < q.

Proof. Suppose that p < ¢, then for any € > 0 there is w € A, such that f.(p) < wqw*. Let

0<e<42, then f(0) =0 and f(1) = 1. Now, consider the function :(t) =t and we see that

Uop) = felo@p), hence fc(p) = 1(p) = p. Thus, if we set u = pwq, we get that wu* = pwquw*p = p,
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and u*u = qw*pwq < ¢q. For the other direction, since for any e, there is w € A such that
fe(p) < wpw* and by hypothesis p < uqu*, it follows that f.(p) < wwquw*u*. So, for z = uw, we
have that f.(p) < zga*, and since € was arbitrary, we conclude that p < gq. O

Proposition 1.2.4. Let z,y € A" and 6o = ||z — y||. Then, for § > o, fs(x) S y-

Proof. First note that x —y < ||z — y|| = do, implies that = — dpla < y. Moreover, observe that
fs(x)2(z — 6)fs(x)2 >0, and so we have

f3()* (8 = do) fo(@)¥ < fo()* (v = 8o} fs(2)* < folw) Fufs(a)’?
Hence, fs5(x) < ryr*, where r = (§ — (50)_%f5 (a:)% O

Moreover, it is the case that the preordering < generalizes the usual order < on AT. To show

this fact, we need first some preliminary results that we present right away.

Proposition 1.2.5 (|24], Proposition 1.4.4). Let x,y € A, a € A", such that x*x < a® and yy* <
a’, where a + B > 1. Then, the sequence (uy), = (z(: + a)~2y), is convergent to some u € A, such
that |lul| < ||a(“+6*1)/2||

Proof. Firstly, set dpm = (£ + a)"z — (L + a)~2, and see that,

2
ltn = wm* = |[21(1/n) + a] =% = [(1/m) + o] H]y||” = lodumyl?
a 2
= [[y" dnma" zdnmy| < |y dpma® dnmyl| = Ha2dnmy”
[e3 [e3 o (o3 @ 2
= Hafdnmyy*dnmafu < ||a§dnmaﬁdnma§“ = ‘ dnma%ﬁ

Now, the sequence aa;zrﬁ(l/n—i—a)_% is increasing, and so by spectral theory is (uniformly) con-
vergent to P et Hence, (dnmaQTw) converges to 0, when n,m — oo, which implies that (uy),

is a convergent sequence. Finally, using the same norm calculations as above, it follows that
lunll < [Ja#a® ((1/m) +0) 73] < lafafat] = [|ae#02], v nen

1
2

thus,
Jul < [[at 072

O

As a consequence, we can now obtain a rather useful proposition, that will be critical in showing

that < generalizes <.

Proposition 1.2.6 (|24], Proposition 1.4.5). Let x € A and a € AT, such that z*x < a. Then, for

0<p< %, there exists u € A satisfying that ||u|| < Ha%*B ,and = uad®.

Proof. Let u, = z[(1/n)+a]"2az~? and apply [Proposition 1.2.5, to get that u, is convergent to

To show that = = ua®, observe

some u, such that |jul| < Ha%—ﬁ )

H:z: — unaBH = Hx[l —((1/n) + a)féa%]

n—o00
—0

< Ha%u —((1/n) + a)"*a?]

by spectral theory. Thus, z = ua®, as desired. O
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Lemma 1.2.7. Let z,y € AT, such that x <y. Then
i) dr e A, suchthatx = ry%r*

1) 3 (rn)n C A, such that rpyr) — x

Proof. i) Since, 2z < y, let g = i, and apply |Proposition 1.2.6| to find » € A such that
z2 :ry%, and in turn x :ry%r*.
i) Let & > 0, and define gs5(t) = min{t~!,67'}. Moreover, if we define rs = z2gs(y)2, and

ol

ss =x2(1— gs(y)y), then it follows that

[N

" 1 1 11 1
sssy =22 (1—gs(y)y)2 (1 —gs(y)y)2 22 =z — x2g5(y)yz

= —Tr5yr;

and
siss = (1—gs(m)y)22(1 — gs(m)y)? < (1 — gs(¥)y)2y(L — gs(W)y)* = (1 — g5(v)y)y

1

Now, if § — 0, then gs(y) — y~', which shows that |z —rsyr}| = |[ssssl| = |lsiss] — 0, as

required. O

Note 1.2.8. We claim that if f,g € C(o(z))", such that supp(f) C supp(g), then f(z) < g(x).
To do so, first observe that, for € > 0, it suffices to find r € C(o(x)) such that || f —rgr*| <e,
since this implies that there is y € A satisfying, f(z) < yg(z)y*, hence f(z) < g(z). Now, to find
such an r, we proceed as follows. Let ¢ > 0, and set K = {t € o(x) : f(t) > €}, a compact set,
and note that K C supp(g). Since, ¢ is strictly positive, there is 6 > 0 such that g(t) > J, for all
te K, hence K C{tco(x):g(t) >d/2} =U. Moreover, U is an open set, and so by Uryshon’s
Lemma, we find s: o(z) — [0,1] continuous function, such that s =1 in K, and s =0 in U“.
Now, define h: o(x) — Ry by

h(t) =

Mst), teu
0, tg U

and we immediately see that ||f — hg| . <e. So, r= h%, has the desired properties.

Note 1.2.9. Let a € RT, and take f(t) =t, g(t) =t* defined on o(z), for some z € AT. Since,
supp(f) = supp(g), we obtain in a straightforward way from 1), that x ~ z®.

Having these initial insights into the preordering <, we can now show that there are various
(equivalent) ways of reformulating the condition x < y. This result will be of great importance
throughout the rest of this section.

Proposition 1.2.10. Let z,y € AT. The following are equivalent
i) TSy
i) Irp € Airpyr, > x

)
191) A1, $n € A rays, — @
) YVe>0, 30 >0, Ire A such that f(x)=rfs(y)r*

(3%

Proof. i) = i) For € >0, find h € A such that f.(x) < hyh*, therefore, by [Lemma 1.2.7| there
is s € A, so that

[shyh™s™ — fe(z)|| <€

Now, set K ={t€R;:t>¢} and U={t € R;:¢t>¢/2}. Then, K is a closed set, U is an open
set, and K C U, thus by Uryshon’s Lemma we find a continuous function p: Rt — [0,1], such

13



that p|x =1, and p|yec = 0. Moreover, set ¢': Ry — Ry by
i(t)
Jt =1 TPl tel
0, t¢ U

where ¢ is the identity map. Then g is a continuous map and if we set g = (¢ )1/ 2. then g
satisfies that

[l = g(x) fe(x)g(z)|| <€
Finally, set r = g(z)sh, and the conclusion follows.
i) = iii) Obvious

. 1 1 . .
i) = 1) Set ap, = TYZz, by, = yzs,, and since bfalanb, M‘% x*x =22, for € >0, we can find

large enough n such that

by ay anby, — x2H <e

Thus, by [Proposition 1.2.4] we get

fe(@®) S bEakanbn < |lan]*bibn Sy

~ ‘n’'n

hence, z? <y. But, [Note 1.2.9| asserts that 2% ~ z, concluding that = <.
i) = iv) Firstly, let € >0 and find s; € A such that

[l = s1ysill <e

Put, hs(t) = max{t — 6,0}, then by [Note 1.2.2] we know that hs(y) ~ fs(y) and moreover that
hs(y) =20, y. Hence,

|z — s1has(y)sil| < e

and s1hos(y)st = sofos(y)ss, for some § > 0 and sy, € A. Combining these two observations and

employing [Proposition 1.2.4] we can find s3 € A such that
fe(z) < s3fas(y)s3

Set z = 53f25(y)% € A, and let z = u|z|, be its polar decomposition. If s4 = u\z|%, then s, € A
and since faos5(y)f5(y) = fas(y), we get that s4fs(y) = s4, so it follows that

(safs(y)ss)® = (s453)> = 22" = safos(y)sh > fe(x)
Now, by there exists r € A satisfying
fel@) =rfs(y)r”

as desired.
iv) = i) Let € >0, and take 71 € A, § >0 such that fc(z) <rifs(y)rf. But, fs(y) <y implies
that we can find ro € A, such that fs5(y) < royrs, hence f.(z) < ryr*, where r = ror;. O

We finalize this first discussion about strict comparison of positive elements, with a useful
standard lemma in spectral theory of C*-algebras, that we will employ critically in the coming
up, and a proposition that will enable us to define the so called Cuntz Semigroup in the following

pages. The proof of the proposition is omitted.

Lemma 1.2.11 (J20], Lemma 1.2.5). Let K be a non-empty compact subset of R, and f: K — C be
a continuous function. Let A be a unital C*-algebra and Qg be the set of all self-adjoint elements in

A, whose spectra is contained in K. Then, the induced map
f:Qx — A, aw f(a)
18 continuous.

Proof. First note that since the multiplication is continuous in any C*-algebra, then the map
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a — a™ is continuous, for any n € N, obtaining that any polynomial induces a continuous map
A— A
Now, let f: K — C be a continuous function and e > 0, then by Stone-Weierstrass theorem we
find polynomial p such that
F) —p) <¢/3, VzeK

Also, for a € A, find § > 0 such that
Ip(a) — p(b)[| < ¢/3

when |la —b|| < §. Moreover, we observe that for ¢ € Qg

1£0) = 9]l = F — )@l = sup{I(f - 9)(=)| - = € o(c)} < ¢/3
hence, for a,b € Q, such that ||a —b|| < ¢ it follows that
1f(a) = fF®)Il = [ f(a) = p(a) + p(a) — p(b) + p(b) — F(B)]|
< |If(a) =pa)l + llp(a) = p(B) || + [Ip(0) — f(B)| < €/3+¢€/3+¢€/3=¢

concluding that f is continuous. O

Note 1.2.12. Let a,b € AT, and suppose that [a|| < [|b]| and consider f! = fc|jo,jo|], the restriction
of the continuous function that we defined in the introduction. Then, by the lemma above we
deduce that for any e > 0, we can find § > 0 so that, whenever |a — b|| <, then | fl(a) — fL(b)] <
€.

Proposition 1.2.13. Let x,2",y,y’ € AT such that x Sy, 2’ Sy andy'y =0. Then, x+2' Sy+y'.

As we mentioned in the beginning of this section, our main goal is to prove that the tensor
product of a simple, unital, C*-algebra with any UHF algebra, has the strict comparison property.
To do so, we have to introduce few new notions, starting by the almost unperforated partially

ordered abelian semigroup.

Definition 1.2.14. A partially ordered abelian semigroup (S, <) is an abelian semigroup equipped with
a partial order satisfying t1 +to < s1+ s2 , when t;,s; € S, and t; < s;. We further assume that S has
zero element 0, such that 0 < s, for all s € S. Also, an element t € S is called strong order unit, if for
all s € S, there is n € N such that s < nt.

In this setting, the term state is reserved for an order preserving, additive map d: S — R.

Meanwhile, we say that a partially ordered abelian semigroup (S,<) is almost unperforated if,
whenever k, k' € N, s,t € S, such that ks < k't and k' <k, then s <t.

The following propositions aim to show that if (S, <) is an almost unperforated partially ordered

abelian semigroup, then the state space on S, determines the order structure.

Proposition 1.2.15. Let (S, <) be a partially ordered abelian semigroup. If t,t' € S, t is a strong
order unit and d(t') < d(t) for all states d on S , then there is n € N and wuw € S satisfying
that nt' +u < nt+u.

Proof. Let G(S) be the Grothendieck group associated to S and let v: S — G(S) be the Grothendieck
map, which is additive and [s] = v(s) = v(¢t) = [t] if and only if s+ u =t + u for some u € S.
Also, let

GS)" ={[s]-[t]: s,t€S, s+u>t+u, for some ue S}

and it is straightforward to see that (G(S),G(S)T) is a partially ordered abelian group and that
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[t] is a strong order unit.
Now, suppose that nt’ +u £ nt +u, for all uw € S, n € N, then it follows that n[t'] £ n[t], for
all n € N. Moreover, set
") =inf{n/m: n,m >0, mt' <nt}

and
f«(t") =sup{n/m: n,m >0, nt <mt'}

and observe that f*(¢) > 1 and f.(t) < 1, hence by Lemma 4.1 in [I5], there is a state d on
G(S) such that d([t']) > 1 = d([t]). Since the map defined as d(t) = d([t]), for t € S, is a state
on S, and d(t') > d(t), we get a contradiction. O

Proposition 1.2.16. Let (S, <) be an almost unperforated partially ordered abelian semigroup. If
t,t' €S, tis a strong order unit and d(t') < d(t) for all states d on S, thent' <t

Proof. Let ¥ be the set of all states d on S such that d(f) =1 and we claim that ¥ is compact.
To see this, note that for any s € S, In, € N such that s < nyt, which implies that d(s) < ng,
for all d € X. Let (dy), be a sequence in %, then for each s € X, (d,(s))n) C [0,ns] and since
[0,ns] is compact there is (dg, (s)), convergent subsequence to some z,. If we define d by s+ xg,
we see that d € ¥ and that di, — d, concluding that ¥ is compact.

Now, we claim that due to compactness there is ¢ < 1, such that d(t') < ¢, for all d € . If
otherwise, we could find for any n € N, d, € ¥, such that d,(t') > 1— % Since ¥ is compact,
the sequence (d,), has a subsequence (dg, ), converging to some d € 3. So, we can find n, € N,
such that |d(t') —d(¢)| < ,%”, for all n > ng and by arranging k,, so that k, > k,,, when n > m,
we get that d(t') is arbitrarily close to d(t)(= 1), which contradicts that d(t") < d(t).

Furthermore, find m,m’ € N, m’ > m, such that = >c. Then, d(t') < I = d(m/t') <m =
md(t) = d(mt), for all d € ¥, and by observing that if 7 is any state on S, where 7(¢t) = k € Ry,
then d = 17 is again a state and d € X, we obtain that d(m’t') < d(mt), for any state d on S.

Now, let any k € N, then d(km't") < d(kmt), for all states on S, and so, by [Proposition 1.2.15|

there exists n € N and u € S satisfying,

nkm't' +u < nkmt +u
Since t is a strong order unit, we can find [ € N, such that uw <t, which shows that
knm/t’ < knm/t' +u < knmt +u < (knm + )t

and if k is large enough in order that knm’' > knm + [, the hypothesis that S is almost unper-
forated, yields that t' <, as required. O

Now, we are ready to present the so called Cuntz Semigroup. Also, it is essential for our
purposes to make a brief introduction to dimension functions and quasi-traces, that will be central

ingredients in the final results of this section.

Let A be a unital C*-algebra and denote by My, (A) the union of M, (A), for all n € N, with

0
inclusions = — g ol For x € M (A)T, we set (z) = {y € Mo(A): x ~ y}, where ~ is the

equivalence relation defined earlier. Moreover, we define addition by (z) + (y) = (2’ +¢’), where

¥ ~x, ¢y ~y and 2’ L ¢y (i.e 2’y = 0). By [Proposition 1.2.13] it is evident that this is well

defined. Finally, we define a partial order <, such that (z) < (y) if  Sv.
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Definition 1.2.17. For any unital C*-algebra A, the associated Cuntz semigroup is the abelian semi-

group
S(A) = {(z): x € Mo (AT}

which equipped with the partial order < becomes a partialy oredered abelian semigroup.

Definition 1.2.18. A state d on S(A), is called dimension function if d({14)) =1, and the set of all
such states is denoted by DF(A). Moreover, if d € DF(A) and d({(z)) < liminf, d({z,)), whenever

T, — x, then d is called lower semicontinuous. The set of all lower semicontinuous states is denoted
LDF(A).

Proposition 1.2.19. Let d € DF(A) and set
d({x)) = lim d((f.(x)))
Then, d € LDF(A), d<d, and d=d if d € LDF(A)

Proof. First we show that d is additive. Let x € M,(A)*, y € M,,(A)*, then observe that
x®0, ~x, 0,8y ~y and (v60,,)(0,Py) = 0. Thus, we have that (z)+(y) = (z£0,,)+(0,Py))
and so it suffices to show that f.((z @ 0,,) 4 (0, Dy)) = fe(x ®0pm) + fe(0, D y), since then, using
that fc(0, @ y)fe(x @ 0mm) =0, we get (fe(z @ 0m) + fe(0n DY) = (fe(z & 0)) + (fe(0, D y)) and
the conclusion follows by additivity of d.

To this end, we claim that for any real valued continuous function defined on some [0,c], ¢ € Ry,
such that f(0) =0, we have f(z+y)= f(z)+ f(y), whenever zy = 0. But, for any polynomial p,
we have that p(x +y) = p(z) + p(y), since zy = 0, which implies that (z +y)¥ = z* +y* for any
k € N. So, using Weirstrass approximation theorem we get that for e > 0 there exists polynomial
p such that the following holds

|f(x+y) = fl@)+ f)| = [fx+y) —plz+y) +plx) +ply) — flz) = fly)l

<|f(@+y) = ple+y)| +1f(@) ~p@)] +1f@) ~p)| < 5+ 5+ 5=

since € was arbitrary, we conclude that f(z+y) = f(x)+ f(y).
We now proceed to show that d((z)) < d((y)), whenever (z) < (y). Since z < ¥,
tion 1.2.10| (iv) shows that Ve >0 3§ such that f.(z) < f5(y), hence

d({fe(@))) < d({fs())) < d({y)), VYe>0
This implies that d({z)) < d((y)), as desired.

To show that d € LDF(A), let x,, — x. Then for € >0, find ng € N, such that |z, —z| < &,
for all n > ng, and by |[Proposition 1.2.4 we get that f¢(z) S 2. Moreover, by |Proposition 1.2.10]

(iv), there are &, for all n > ng, so that
fe(@) S fs(fs(@) S 5, (2n)
Hence,
d({fe(x))) < d((fs, (xn))) < d((zn))
Since ¢ was arbitrary, we conclude that
d({x)) < liminf d((z,))

thus d € LDF(A).
Now, since f.(z) Sz, for all € > 0, it follows that
d((fe(2))) < d({x)), Ve>0

and in turn that, d((z)) < d({z)).
Finally, suppose that d € LDF(A). For € > 0, consider as previously, the continuous function
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(t — €)4 = max{t —¢,0}, which satisfies that (x —€)y ~ fe(x), and (z —€)4 <29, 2. Then, using
that d € LDF(A) we obtain

d({z)) < liminf d({f1 (2))) = lim d(fe((z))) = d((z))

e—0

showing that d = d. O

Definition 1.2.20. A function 7: A — C is called (normalised) quasi-trace if
i) T(1a) =1
i) 0 <7(x*z) =71(z2")

111) 7(a+1ib) = 7(a) +i7(b) for all a,b € Asq

)
)
iv) T s linear on abelian C*-subalgebras of A
v)

T extends to a function from M, (A) to C satisfying all the above conditions.

Moreover, the set of all quasi-traces on A is denoted QT (A).

Note 1.2.21. Let 7 € QT(A) and define d,((z)) = im0 7(fe(x)). It is a fact that, for any
7 € QT(A), we can define d,((x)) = lim, o 7(x'/™), and that these two definitions are equivalent.
Blackadar and Handelman showed that d, is well defined and d, € LDF(A). In fact, there
is an isomorphism between QT(A) and LDF(A), which follows by the theorem below. Using
these observations, we can now rigorously say that a C*-algebra has strict comparison of positive
elements with respect to its traces if for any (x), (y) € S(A), (z) < (y) whenever d,((z)) < d,({y))
for all d, € LDF(A).

Theorem 1.2.22. Ifd € LDF(A), then there is 7 € QT(A) such that d =d..
With these tools in our disposal, we are just one step behind the main goal of this section.

But firstly, we make the following observations and we prove a rather useful lemma that will

be heavily employed in the process of this project. We observe, as in the proof of additivity in

0
Proposition 1.2.19) that whenever z € AT then (z)+ (z) = (z' +2"), where 2’ = g 0 (=z®0)
1 0 O 3 ! 1 / 1 1 0 4
and 7z’ = (= 0 x), since 2’2" = 0, and (1 0)3: =z = (O 1)90 , which
0 =z 0 1
0
implies that 2’ ~z and 2 ~ z. Hence, (z) + (z) = (z ® 13), where z ® 15 = N . Using this

0 =z
observation, let k, k' € N, and x,y € AT, then it follows that,

ki) <K(y) <= (2@1) <{y@1p) <= 201, Sy 1p

and by [Proposition 1.2.10| this is equivalent to the existence of a sequence (r;); C My 1 (A) such
that ’/‘j(y X lk/)’l“; - Q1.

Lemma 1.2.23 ([32], Lemma 2.2). Let A be a C*-algebra which admits strict comparison of positive
elements by bounded traces. Then, if a € AL and there exists m € N such that 7(a) > % for all

m
T € T(A), there are m? contractions by, ...., by,> such that

7”2

1A = Z bjab;
j=1
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Proof. Let 6 = 3 min,er(4)7(a). Then mé > 1 and for 7 € T(A) we have
dr(((a=8)3)) = lim 7((a=6)3") > 7((a=6)3) 2 7(a—8) =7(a) =5 2§

where the first inequality holds because (a —0)4 < (a — §)i/n for all n > 2, since ||(a —0)4| < 1.
So, we get that

d-({(a—38)2™)) >mé >1=d.((1a® 0™ D))

and by strict comparison of A, 14 ® 01 < (a — §)2)®™. Now, as 1a @0m=1 ~1,, , for any
e <1/2 we find by,....,b,, € A, by [Proposition 1.2.10| (iv) such that

( fe 1A Zb a—2§6

In fac, (550 — 8)s)(Bs(a— 8)s)" € S (y(a — 912 by(a - )2 = 1oy hemce [(Bsla— o)l < 1
Now, define h € C([0,1]) by

and note that h(t)?t = 1 for t > 4. Hence, (a — §)t+h(a)’a = (a — )4 and if we set ¢; =
m~Y2b;(a — &)1 h(a), then [c;|| < m~/2||h(a)|| < (md)~Y? < 1, since o(h(a)) C [0,67/?]. This

shows that c; is a contraction for all j =1,...,m. Moreover, c; satisfy that

cjac; = m~1b;(a — )4 h(a)?a(a — 8)4b; = m~b;(a— 6)ib;f

SO
chjac;f = ij(a - 5)2+b;7 =14
j=1 j=1
Therefore, if we set di,...,d,,2 € A such that ¢y =dy = ... =dy, ,...... s Cm = dim—1)ym = - = dpy2,
the desired result follows. O

After this slight digression, we are ready to exhibit the last two rather important results of this
section. Firstly, we show that all Cuntz semigroups associated to a tensor product of a unital
C*-algebra with any UH F-algebra, are almost unperforated.

Lemma 1.2.24. Let B be a UHF algebra and D a unital C*-algebra. Then, S(B ® D) is an almost

unperforated partially ordered abelian semigroup.

Proof. Set A = B® D a unital C*-algebra. Then, A = li_r>n(An,pn)7 where A, = My (D), and
pu: My, (D) = My,
the canonical embeddings, whence U,A,(A4,) is dense in A. We aim to show that if k,k’ € N,
z,y € M,(A)", n €N, such that k' < k and k(z) < k'(y), then (z) < (y). Upon changing B to
M,,(B), we may assume that z,y € AT.

(D) are unital *-homomorphisms, i.e k, | ky,+1. Also, denote by A,: A, = A

Assume first that z,y € A, (A, ), for some ng € N and take € > 0. Then, using the observation
above, k(x) < k'(y) implies that there is sequence (r;); C My s (A) such that

ri(y @ 1p)r; =z @1y

So, find jy such that ||rj0 (y® 1k/)r;f0 —® 1k” < €/2, and moreover by density of Up\,(4,) in
A, find n > ng and r € My 1 (An(Ar)) such that ||r —r;, || < min{e/4|yr*|,e/4||rj,yll}. Then, we
get that,

7(y @ L )r* — 2 @ 1l = ||r(y @ Le)r* =g (y @ L)1, + 15 (y © L)1, — 2 @ 1|
< ||r YR Ly )r* —rj(y @ 1y rjOH + Hrjo YR 1k/)rj0 ) 1kH <€
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By [Proposition 1.2.4] the above consideration implies that
fe(r@ 1) = fe(z) @ 1x Sr(y@ 1p)r* Sy 1y
in Mp(M.(4y)), hence k(f.(z)) < k'(y) in S(An(A,)). Furthermore, take m > n, such that [ =
km/kn > (& — £)7', then dk’ <1< dk for some d € N from which it follows that
{fe(x)) < dk{fe(x)) < dK'(y) < U(y)

Thus, fo(z)®1; Sy®1;, which in turn means that f.(z) Sy in A\ (A4,). Since € was arbitrary
and fe(z) ~ (x —€)4 =% 2, we conclude that z <.

For the general case, let x,y € AT and € > 0. Again, k(z) < k'(y), implies that 2 ® 1 Sy® 14
and by [Proposition 1.2.10 there is § > 0 and r € My (A) such that

Jeya(x) @ 1 = r(fs(y) @ L )r™

Using once more the density of U,\,(A,) in A, and the continuity of f./2, fs in the sense of
Lemma 1.2.11} we find n € N and 2/,y’ € \,,(4,,)" such that

ly—9'[l<d (1)

| feya(z) = fep2(a’)|| < 1/2 (2)
and
[fepa(a) @ 1 —r(fs(y) @ Le)r*|| <1/2 (3)

Before continuing, let us note that for any € > 0

0, t < 3e/4
f1/2(f5/2(t)) = 2(f6/2(t)_1/2)’ 36/4St§€
1, t>e€

which clearly implies that fc(z) < fi/2(fe/2(z)) for any z € AT, and in a similar way, we also
get that fc/o(x) < fi/2(fe/a(z)). So, using this observation and by applying Proposition 2.3 to
the inequality (3), it follows that
fep2(@") @ 1g < frpo(fepa(’) @ 1) Sr(fs(y') @ Le)r™ < f5(y') © Ly

Hence, from the first part of the proof, we obtain that

fep2(@') S f5(y)
Now, [Proposition 1.2.4] applied to inequalities (1) and (2), yields the following

fe(@) < fryo(fep2(®) S fep2(@') S f5(y') S

and since € was arbitrary, we conclude that

TSy

as required. O

At this point, we are ready to harvest the total goal of this section. The proof goes as follows.

Theorem 1.2.25. Let D be a simple, unital C*-algebra and B a UHF algebra. Set A= B® D, then
i) If 2,y € Mo (A)T, y #0 and d({(z)) < d({y)) for alld € LDF(A), then z < y.

i) If p,g € AQK, q# 0 are projections and 7(p) < 7(q) for all T € QT (A), then p < q.

Proof. i) Firstly, for € >0 and d € DF(A), there is d € LDF(A) by [Proposition 1.2.19| satisfying
that

d((fe(@))) < d((z)) <d({y) <d({y)) (1)
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Now, we claim that (1) is a stong order umit for S(A). To see this, let z € M,(A)", then
x = z*z for some z € M,,(A), and so z = 2*1,2z. Thus, (z) < (1,) = (14 PB0p_1+ -+ 0,_1 D 14a),
and since 0; @ 14 ® 0,—j—1 ~ 14 and are orthogonal to each other, for each j, it follows that
(1,) = n(la). Hence, (z) <n(la), which proves the claim.

So, using that (14) is a strong order unit for S(A), and since d({14)) =1, for all d € DF(A), we
get that any state on S(A) is proportional to some dimension function. Therefore, (1) holds for all
the states on S(A). Moreover, since A is simple and y € AT, y # 0, there are z1,...,x, € A such
that 14 = Y. z;yx} (see Exercise 4.9 in [20]), and because (z;yz}) < (y), for any i =0,1,...,n,
we get that

(1a) = (Z riyr;) < ny)

But, for any n € N, s € M,,(A)*, there is k € N, such that (s) < k(14), hence (s) < kn(y), which
shows that (y) is a strong order unit for S(A). Thus, due to [Proposition 1.2.16| and [Lemma 1.2.23|
it follows that (fe(z)) < (y) or equivalently that f.(x) <y for all € > 0, concluding that = <y,
as desired.

1) Because each projection in A® K is equivalent to a projection in My (A4), we may assume
that p,q € M (A). By [Note 1.2.21| and [Theorem 1.2.22| to each 7 € QT (A), corresponds a d, €
LDF(A), defined by d:((z)) = limeo7({(fe(z))) and for each d € LDF(A) there is 7 € QT (A4),
such that d, = d. But, since for every projection p, and 0 < e < 1/2, f.(p) = p, we see that
d,({p)) = 7({p)) which in turn shows that

d({p)) <d({q)),  VdeLDF(A)

Hence, by (i) we obtain that p < ¢, and in view of [Proposition 1.2.3] p < ¢ in the von Neumann-

Murray sense, finalizing the proof. O

1.3 Stable rank one C*-algebras

In this section, we focus on the class of C*-algebras having dense invertible group or equivalently,
C*-algebras with stable rank one. After presenting some basic facts about approximation by
invertible elements and constructing the essential background, we move forward to show that the
tensor product of a simple, stably finite C*-algebra with any UHF-algebra, has dense invertible
group, i.e has stable rank one. We start by shaping the setting that we are going to work with.

The material in this section is derived from [27].

Let A be a unital C*-algebra, and denote by GL(A) and U(A) the group of invertible and
unitary elements in A, respectively. Let, A C B(H) be a faithful representation of A on some
separable Hilbert space H, then each z € A has a polar decomposition = = u|z|, where u € B(H)
is a partial isometry, and |z| = (z*z)2. Moreover, set z. = u(|z| — €)4(= (|z] — €);u*) and note
that z. € A, since for any h € |z|Alz|, uh € A and (Jz| — €)+ € |z|Alz|. Lastly, for © € A, we set
a(z) = dist(z, GL(A)).

As a first result, we exhibit some natural obstructions, preventing x € A from belonging to the

norm closure of GL(A).

Proposition 1.3.1. Let ¢: A — B be a surjective *-homomorphism between unital C*-algebras and
let v € A, u € B such that ¢(z) = u. Then,
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i) If we GL(B), but u¢ ¢(GL(A)), we get that a(x) > Huiln_l
it) If w is left (or right) invertible but not two sided invertible, then there is w € B

such that wu = 1g(or vw =1p) and a(z) > ||lw|™".

Proof. i) Suppose in contradiction, that there is z € GL(A) such that

Iz — || < [lu] "

Then,
15 = w7 02| = [l (= 9= < [[u || = o) < fJa | flu"] " =1

Hence, u='¢(z) € GLo(B)), i.e u~'¢(z) belongs to the connected component of the identity in
GL(B), and we claim that u='¢(z) € ¢(GL(A)).

To see this, let w =u"'¢(z), and take its polar decomposition w = v|w|, where v € U(B) and
v ~p w e~y 1g. Hence, v € ¢(Up(A)), and so let v/ € Up(A4), such that ¢(v') = v. Now, it suffices
to find r € GL(A), such that ¢(r) = |w]|, since then w = ¢(v'r) and v'r € GL(A). Since |w| is
self-adjoint, we find r’ € A, 4, such that ¢(r') = |w|. Moreover, |w| is positive and invertible,

implying that o(Jw|) C [A1, A2], for some 0 < A; < Ay. Define a continuous map f: R — Ry, by

A, t<\
fA)=qt A<t
A2, t> A9

and observe that o(f(r'))

N
>
=
>~
>,
H
=
]
B

o(f(r) = f(o(r) = f(lw]) = i(Jw|) = [w]

where i: R+ — R, is the identity map. Hence, |w| € ¢(GL(A)), which proves the claim.

So, u=1¢(z) = ¢(r), for some r € GL(A), which implies that u = ¢(2r~1), where 2r~1 € GL(A),
reaching a contradiction.

1) Suppose in contrary that there is z € GL(A), such that

—1
[l = 2| < [lw]|

Then,
15 = wé(2)[| = w(u— ()| < |lw] [z = 2| < w] [w] ™" =1

Hence, w¢(z) € GL(B), which in turn implies that w € GL(B), having a contradiction. The case

of u being right invertible is identical. O

Note 1.3.2. If A in the proposition above is simple, then the obstruction (i), cannot occur.
This is because, simplicity of A implies that ¢ is injective and therefore, there is no such u €
GL(B)\ ¢(GL(A)). Additionally, if A is also finite then there are no one sided invertibles, hence
the obstruction (i¢) cannot occur as well. To see this, take a € A be left invertible and find b € A
such that ba = 14. Since, (ba)*ba is a self-adjoint element we have that 14 = (ba)*ba < ||b||* a*a,
so o(a*a) C [||b] "%, 00), which in turn implies that a*a is invertible. Set u = a(a*a)~/2, then
s*s = 14, and since A is finite, u is a unitary. But this clearly shows that a is invertible, since

a=u(a*a)1/2.

Now, for A unital C*-algebra, denote GL,(A), the invertible group of M, (A). Also, as previ-
ously, denote z®1,,, the matrix (z;;);; € M,(A), where z;; =z and z;; =0, when ¢ # j. Finally,
for each = € A set

as(z) = limsupdist(z ® 1,,, GL,(A))
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and under these considerations, we strive to show that the obstructions that keep a(x) away from

zero, keep ag(x) away from zero as well.

Proposition 1.3.3. Let ¢: A — B be a surjective *-homomorphism between unital C*-algebras and
for x € A, set ¢(x) = u. Then,

i) If u € GL(B) but [u] € Im(K1(¢)), then as(z) > Hu‘1||_1
it) If w is left(or right) invertible but not two-sided invertible, then there is w € B such that wu =
1p(or uw = 1g), and as(z) > ||lw| "

Proof. i) First note that ¢ induces a surjective *-homomorphism b: M, (A) —» M,(B), for all
n € N, satisfying that qz~5(a:® 1,) = u®1,. Now, assume that as(z) < ||u_1H_1, then 3 n € N,
such that dist(z ® 1, GLy,(B)) < ||u’1||71, vV m > n. Since,
17t 1 -1 _1-1
|Jwet) | =t o)™ =

we employ Proposition 1.3.1, to find w,, € GL,(A), such that ¢(w,) = u ® 1, for all m >
n. Set v = wyi1diag(la,w?). Then, v € GL,;1(A) and ¢(v) = diag(u,1,). But, in K;(A),
[diag(u, 1,] = [u], which shows that
[u] = [$(v)] = K1(9)(v)
fact that contradicts the assumption u & Im(K;(¢)).
i) If w is left invertible, and w € B such that wu = 1p, then u ® 1,, is left invertible and

(w®1,)(u®1l,)=1,. Hence, again by Proposition 1.3.1 we get that
dist(z ® 1,,, GL, (A)) > |Jw] ™"
for all n € N. Thus,

-1
as(z) = |w]

as desired. The case of right invertibility is identical. O

As already stated in such obstructions can occur but not always, thus it is natural
to ask under which conditions the invertible group can be dense. In the following lines, we will
try to prove that for a unital C*-algebra A, the condition as(x) =0, for all z € M, (A) and for
all n € N is necessary and sufficient for having dense invertible group in any tensor product C*-
algebra A® B, where B is a UHF-algebra. For this purpose, as usual, we need some preliminary
work.

Lemma 1.3.4. For any § > 0 the sets
I'(z,6) = {n € N: dist(z ® 1,, GL,(A)) < §}
Lo(z,6) = {n € N: dist(x ® 1,,, GL,(A)) < 6}

are additive.
Proof. Let ny,ng € Tg(z,d) and find 2y € GL,, (A), 22 € GLy,(A) such that

lz @1, — 21| <6

and
Hx® L, — 22” <9

Now, take z = diag(z1,22) € GLp,1n,(A), and we get that
Hl‘ ® lni4ny — Z” = Hdzag(x Qlp, — 21,2 ® 1y, — ZQ)H
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= max{Hx@ 1n, —21” , ||l‘® 1, — 22”} )

hence, ny + ng € Ty(z,d). But, since I'(z,0) = 6ﬂ51“0(3:,6’), it follows that I'(x,d) is additive as
>
well. O

Lemma 1.3.5. For any I' additive subset of N, there is k € N unique, such that ' C kN. Moreover,
there is ng € N such that

'n{neN:n>net=kNN{neN:n>ng}

Proof. Firstly, it is obvious that there is always k € N such that I' C kN, since if there is common
divisor of all the elements in I', say k, then I' C kN, where if I' contains coprime elements then
I' € N. Moreover, suppose that there are ki,ks € N, such that I' C k1N and T" C ksN, where
k1, ko are coprime. Then for any n € ', k1 | n and ko | n, hence kiks | n, which implies that
I' C k1koN. Since we can have only finitely many common divisors of the elements in I', there
is always a maximum k € N such that I' C kN. If k1, k; € N such that T' C k1N, T' C koN and
k1, ko are not coprime, then the conclusion is straightforward.

Now, suppose that there exist coprime elements in I', say aj,,a;,,...a;,,, then by Bezout’s

Lemma, there are n; ,n;,,...,n;, € Z, such that

m

E ajng, =1
i=1

Moreover, suppose that a; is the smallest element in I' and set b = a; 2111 aj, € I'. Then,
b+1=3"aj(ai|n;,|+n;,) €T and in fact b+k =" aj,(a1|n;;|+kn;,) €T, for all k =1,...,a;.
Using this fact, it is now easily verified that there exists ng € N such that I' coincides with N

nj;

for all n > ng. On the other hand, if the greatest common divisor of the elements in I' is k # 1,
then consider the subset IV = {a/k: a € T'}. Since the greatest common divisor of the elements
in IV is 1, by the argument above we find ng € N such that I coincides with N for all n > ng.
Hence I" = kI coincides with with kN for all n > kng, as desired. O

Proposition 1.3.6. Let A be a unital C*-algebra, and x € A. Then,
i) as(z) < a(z)
it) There is k € N, k > 2, such that dist(z ® 1, GL,(A)) > as(x), Yn € N\ kN

Proof. i) Observe that 1 € I'(z,a(x)), which in turn implies that I'(z,a(z)) = N, thus as(z) < a(x).
i1) Consider the additive sets T'(z,as(x) — %), I'(x,as(x)), and take the corresponding kp,k € N

by Lemma 6.5. Since,
1 1
F(IE,CLS(IE) - E) - F(m7a8(m) - ﬁ)
whenever m < n, the sequence k, is decreasing, and so for large n, k, = k. Moreover, 1 ¢
[(z,as(z) — L), because if so, then a(z) < as(x) which contradicts (i), thus k > 2 as desired.

n

O

Since the result that we are after incorporates UHF algebras, it is logical to develop some

arguments about inductive limits of C*-algebras, too. The following proposition fills this gap.

Proposition 1.3.7. Let A = li_1>n A,,, where A, are unital C*-algebras, with unital, injective connecting

*-homomorphisms ¢mn: An — Apm. Then, GL(A) is dense in A if, and only if, for each n € N and
T €A,

kh—>r£>lo diSt(¢n+k,n (), GL(Anyk)) =0 (*)
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Proof. Let A,: A, — A be the canonical embeddings, satisfying A\, = A\p1£0@ntkn, for all n,k € N
and UpAp(A4,) dense in A. Observe that A1(1a,) = An(1la, ), for all n € N, implies that A, are
unital for all n € N, which in turn shows that A\,(GL(A,)) C GL(A), YneN. Let n€ N, z € A,
and take any k € N and y € GL(A,4+%). Then,
[@ntkn(2) =yl = [Anth © Pnirn(€) = AW = dist( Atk © Pnihn () Ak (GL(Anyr))
> dist( Atk © Prpn(z), GL(A)) = dist(A,(z), GL(A))

Since y was arbitrary, we get that
diSt(¢n+k,n(x)v GL(ATLJF]C)) > dlbt()\n(ﬂf), GL(A))7 Vk eN
So, if (%) holds, then A,(z) € GL(A), for all n € N and z € A, ie A\, (A4,) € GL(A), for all

n € N, and so by density of U,A,(A4,) it follows that A = GL(A).

On the other hand, suppose that GL(A) is dense in A. For e¢ > 0, take any n € N and
x € A, and find z € GL(A) such that |A\,(z) — z|| < €/2. Also, by density of U,A,(Ay), there is
m €N and w € A, such that ||A,(w) —z| < min{”zlef1 ,€/2}. Hence, A\, (w) is invertible and
since Ay, is injective we have that 0 & o(\,(w)) = o(w), showing that w is invertible as well.

Therefore, for k > n,m, we get

dist(¢r,n(7), GL(AR)) < ||0k,n(7) = Prm(W)]| = [ Ak (Phn(2) — Pr,m (w))]]
= [An(@) = Am(w)| < e

showing that (%) holds. O

Theorem 1.3.8. Let A be a unital C*-algebra. Then, as(x) =0 for alln € N and z € M, (A) if and
only if GL(A® B) is dense in A® B for any B UHF-algebra.

Proof. As B is a UHF-algebra is isomorphic to some hll}l By, where B; = M,,(C), with connecting
*-homomorphisms ¢, ;: Bi — By, given by ¢(z) = 2 ® 1, ,, W, = nm/m. So, for A unital
C*-algebra, A ® B = h_II)lA ® By, where A ® B} = M,,(A), and connecting *-homomorphisms,
Ymi: A® By — A® B,y,, which are given by ¢, () =2® 1,,,,.

Now, assume that as(z) =0 for any n € N and =z € M, (A). Then, in fact as(xz) = 0 for all
x € My, (A), and m € N. Hence,

dist (1 (2), GL(A ® By,)) = dist(z © 1, ,, GLn, ,(A® By)) 22250

which shows that GL(A ® B) is dense in A ® B, by |[Proposition 1.3.7

On the other hand, assume that as(z) > 0, for some = € M,(A) and n € N. From
we find k£ € N, k£ > 2, such that

dist(z ® 1;, GLi(A4)) > as(z) >0, VIeN\EN

Now, choose p € N, p > 2, such that p™ € N\ kN, for all m € N and set n; = np!~!. Then, the
corresponding UHF-algebra li_n>1Bl is given by B; = M,,(C), with connecting *-homomorphisms

®m,i: By — By, defined as o — 2 ® 1y, ,, Npmy = nm/ni. As in the first part of the proof, we
obtain a unital C*-algebra A® B = 1i_n>1A®Bl, with connecting *-homomorphisms ¥, ;: A® B; —
A® By, given by ¥, (z) =2 ®1,, ,. Since p™ € N\ kN, for all m € N and n,,1 = p™ ', we
see that

dist(¢m,1 (), GL(A® By,)) = dist(z ® 1ym-1,GLym-1(My(A))) > as(x) >0

Thus, again by [Proposition 1.3.7, we conclude that GL(A® B) is not dense in A® B, as required.
O
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Before embarking for the last portion of this section and proving our main goal, we briefly
present the notion of two-sided zero divisors and we present a theorem that gives an affirmative
answer to the question: If A is a simple, unital C*-algebra and = is a two-sided zero divisor
can we find mg such that for all m > mg, u(zx ® 1,,) is nilpotent, i.e 3 n € N such that
[u(z ® 1,,)]™ = 0, where u € Up(A). The proof of this result is ommited and the reader is

encouraged to see Theorem 6.4 in [28] for a detailed exposition.

Definition 1.3.9. Let A be a C*-algebra. Then, an element x € A is called two sided zero divisor
if ax = 0 = zb for some non zero elements a,b € A. The set of all two-sided zero divisors in A is
denoted by ZD(A).

Proposition 1.3.10. For each unital C*-algebra A, ZD(A) consists of all the elements in A that are
not one-sided invertible.

Proof. Firstly, let © € ZD(A) and suppose that it is left invertible. Then, there are y € A and
0 # b € A such that yzb =0 or b =0, while the case of right invertibility is identical. Hence there
is no one-sided invertible element in ZD(A). Now, if the set of one-sided invertible elements is
open, then it would be disjoint from m, as required. To show that the set of one-sided
invertible elements is open, let z € A be left invertible and find y € A such that yx = 14.
Then, set

-1
Up={z€A:llz =zl <y}

and if we show that U, is contained in the set of left invertible elements, we are done. But, if
z € U, then we get

-1
Iz =zl <yl = lyllllz =zl <1 = ly(z—2)l <1

= |lyz —14] <1

hence, yz is invertible, which in turn means that z is left invertible.

On the other hand, take = € A to be neither left nor right invertible. Then, the same holds
for |z| and |z*|, and for € >0 let g: Ry — R, be a continuous function, such that ¢g(0) =1 and
supp(g) C [0,€]. Furthermore, set a = g(|z*|) and b = g(Jz|) and see that ax. = 0 = x.b. Since
0 € o(|z]) and 0 € o(|]z*|), a and b are non zero, hence x. € ZD(A). But, owing to the fact that
lze — z|| < e, we obtain that z € ZD(A), as desired. O

Theorem 1.3.11. Let A be a unital, simple C*-algebra, and x € ZD(A). Then, there exists mg € N
such that for all m > mg, u(z ® 1,,) is nilpotent, for some u € Uy, (A). In particular, (z ® 1,,) €

GL,(A), for m > my.

Corollary 1.3.12. i) Let A be a simple, finite C*-algebra, then as(x) =0 for all x € A.

it) Let A be an infinite, simple C*-algebra, then as(x) > 0 if and only if = is one-sided but not
two-sided invertible.

Proof. i) By |Theorem 1.3.11} as(z) =0, for all z € ZD(A). Moreover, since the map x — aq(x)

is continuous, as(x) = 0 for all x € ZD(A), and by Proposition 3.10, it follows that as(z) = 0,
for all non one-sided invertible elements. But, A is finite, therefore has no one-sided invertible
elements, concluding that as(z) =0, for all = € A.

ii) If as(x) > 0, then by the same reasoning as in (i), = ¢ ZD(A), hence by [Proposition 1.3.10,
x is one-sided invertible. On the other hand, if x is one-sided invertible, then by taking the

identity map on A and applying [Proposition 1.3.3| (ii), we get that as(x) > 0, as desired. O
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Now, we have reached the point where the main goal of this section, can be immediately

deduced by combining aforementioned results.

Corollary 1.3.13. If A is a simple, stably finite C*-algebra, and B any UHF-algebra, then GL(A® B)
is dense in A® B.

Proof. Since M, (A) is a simple and finite C*-algebra, for all n € N, we get by [Corollary 1.3.12]

that as(x) =0, for any = € M, (A) and n € N. Therefore, by [Theorem 1.3.8, we conclude that
GL(A® B) is dense in A® B, for any B UHF-algebra.

O

1.4 Separability Issues

In the following of this project, a lot of the C*-algebras that will be used, are non-separable.
Hence, we need to demonstrate a way of addressing this issue. In this section, we are going to
present some general methods for reducing problems to the separable setting. The main source
of this section is [30)]

Definition 1.4.1 ([2], Section 11.8.5). A property (P) of C*-algebras is called separably inheritable if
i) whenever A is a C*-algebra satisfying (P) and Ag is a separable C*-subalgebra of A, there is a
separable C*-subalgebra A of A which satisfies (P) and contains Ag

it) whenever A1 — As — Az < - - - is an inductive system of separable C*-algebras with injective

connecting maps, if each A, satisfies (P), then 1il>n A, satisfies (P)
Also, a slightly different definition of separable inheritability will be useful.

Definition 1.4.2. Let (P) be a property of separable C*-algebras. A C*-algebra A separably satisfies
(P) if whenever Ay is a separable C*-subalgebra of A, there is a separable C*-subalgebra A of A which
satisfies (P) and contains Ag.

Note 1.4.3. If (P) is a separably inheritable property and A is a C*-algebra satifying (P),
then A separably satifies (P). Moreover, if (P) is a property for separable C*-algebras, which is
preserved under inductive limits with injective connecting maps, then separably (P) is a separably

inheritable property.

Proposition 1.4.4. Let (Py) be a countable family of properties of separable C*-algebras preserved un-
der sequential inductive limits with injective connecting maps. If A is a C*-algebra separably satisfying
(Py) for each i, then A separably satisfies the meet of the (Py).

Proof. Let B be a separable C*-subalgebra of A and using that A separably satisfies Py, for all
k, find a sequence
BCA1CA1C A CA31C---CA1C---CA,,, CAp11C -
where, A, j are C*-subalgebras of A satisfying P,. Now, set
T = Uy Upsk Apk

then, I' is a separable C*-subalgebra of A and observe that I' = U,>; A, for any k. Thus, I’

can be seen as the inductive limit, _1>irr;k Ay for any k, with the corresponding inclusions as
n

connecting maps. But, since the propertiﬁ_es (Px) respect inductive limits with injective connecting
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maps, we get that T' satisfies (Py) for all k, hence satisfies also the meet of all (Py). As B was
an arbitrary C*-subalgebra of A, we conclude that A separably satisfies the meet of all P,. [

Note 1.4.5. As it might be already evident, in the exact same fashion, it is shown that if (Py)
is a countable sequence of separably inheritable properties, then the meet of (Py) is separably
inheritable as well.

Many properties of C*-algebras are sebarably inheritable such as exactness, nuclearity, stable
rank one, among others. Below, we show that "stable rank one" is a separably inheritable
property.

Proposition 1.4.6 (J2], Proposition 11.8.5.4). The property "A has stable rank one" is separably
inheritable.

Proof. Assume that A is a unital C*-algebra, while the case of non-unitality is treated in the
same way. Suppose that A has stable rank one and let B C A be a separable C*-subalgebra.
Let {z,: n € N} be countable dense in B, and for each z,, find (z,,), C GL(A) converging to
xn. If Ay is the C*-subalgebra of A generated by (z,,), for all n € N, then B C A; and A;
is separable. In fact, B is contained in the norm closure of GL(A;). Now, proceed in the same
way to find A, separable C*-subalgebra of A containing A; and such that the norm closure of
GL(As) contains A;. Continuing inductively, a sequence (A,) of separable C*-subalgebras of A
is obtained satisfying the above conditions. Set I' = U, A,,, then I' is a separable C*-subalgebra
of A and we claim that has stable rank one. But this is evident, because if x € U,A,, then
x € Ay, for some ng € N, hence v € GL(Any+1) € GL(T"), which in turn shows I' C GL(T"), and
the conclusion follows.

Finally, we argue that the property "stable rank one" is preserved under inductive limits with
injective connecting maps. Let
A1 — A2 — A3 ‘—> .

where A, is a stable rank one C*-algebra, for each n € N and let A be its inductive limit. Also,
let A,: A, = A be the *- homomorphisms, such that A :m. Then for x € A and ¢ > 0,
there is ngp € N and z,, € A4,,, such that
[Ang (Zny) — || < €/2
Moreover, find y € GL(A,,) such that [y, (2n,) — Ao (V)| < €/2, then we have that A, (y) €
GL(A) and
2 = Ao DI < |2 = Ang (@no )| + 1 Ang (Tn0) — Ano ()] < €

Since e was arbitrary, GL(A) is dense A as required. O

As short exact sequences of C*-algebras have central role in chapter 3, the following result will
be crucial. Roughly speaking, the proposition below provides a way to pass from a non-separable
short exact sequence, whose parts separably satisfying some property, to a separable one, whose
parts satisfy the same property.

Proposition 1.4.7. Consider the short exact sequence of C*-algebras

0 I—5E—5D 0
and suppose that for each X € {I, E,D}, (Px) is a property of separable C*-algebras preserved under

inductive limits with injective connecting maps and that X separably satisfies (Px). If for each X €
{I,E, D}, a separable C*-subalgebra X is given, then there exist X separable C*-subalgebra of X that
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contains Xy, satisfies (Px) and there is the following commutative diagram

I
0 I

where the vertical rows are the inclusions.

0 0

J

H— &
O—

Proof. For X € {I,E,D}, and X, separable C*-subalgebra of X, we construct an increasing
sequence (X,,) of separable C*-subalgebras of X, that contain X, satisfy (Px) and

D, Cq(E,) CDpy1, ILna CiHE)CL (1)

Then, X = U,X,, is a separable C*-subalgebra of X, contains X, and satisfies (Px) since it
can be seen as the inductive limit of the sequence X; «— X5 — X3 < ..., Moreover, since
*-homomorphisms always have closed range (|34], Theorem 11.1), it is straightforward to see that
q(E’) =D, and j_l(E) = I, which immediately show that the first row of the diagram above is
indeed a short exact sequence, and in turn that the whole diagram is commutative.

We construct the desired sequence inductively. Assume that X, 1, n > 1 has been already
constructed, and we procceed to show that there exist X,,, satisfying all the aforementioned
conditions. Firstly, consider the C*-algebra generated by ¢(E,_1),D,—1. This C*-algebra is a
separable C*-subalgebra of D, hence there exists D, separable C*-subalgebra of D, containing
q(Fn-1), Dn—1 and satisfying (Pp). Let T, be the countable dense subset of D,, and find S, C E
countable such that ¢(S,) = T,,. Then, consider the C*-algebra generated by j(Il,—1),Fn—1 and
Sy, which is a separable C*-subalgebra of FE, thus there is F, separable C*-subalgebra of F,
containing j(I,—1), Fn—1 and S,, and satisfying (Pg). Now, since j is injective, j(I,—1) C E,
implies that I,,_; C j7'(E,), and since q has closed range, T;, dense in D,, and T, = ¢(S,) C
q(E,), we obtain that D, C ¢(FE,). Finally, as j~'(E,) is a separable C*-subalgebra of I, we
find I,, separable C*-subalgebra of I, containing j~1(E,) and satisfying (P).

We have constructed I,,FE,, D, separable C*-subalgebras of I, E and D, respectively, such
that all the required conditions are satisfied, hence by induction the proof is finished. O

One more useful observation is that the properties (P) and separably (P) tend to have the
same permanence properties. Here, we emphasize on the case of ideals, quotients and extensions

(see [Definition 2.4.1J).

Corollary 1.4.8. Let (P) be a property for separable C*-algebras, preserved under inducive limits
with injective connecting maps. If (P) is preserved by ideals, quotients or extensions of separable

C*-algebras, then separably (P) has the same permanennce properties among all C*-algebras.

Proof. we consider first the case of extensions. Let A be a C*-algebra, I < A be a closed to
sided ideal and A, a separable C*-subalgebra of A. Moreover, suppose that I and A/I separably
satisfy (P), where (P) a property given by hypothesis, and we aim to show that A separably
satisfies (P). By the previous proposition, there are I ,A,F, separable C*-subalgebras of I, A and
A/I respectively, where I,T satisfy (P), Ao C A, and the following diagram with inclusions as

vertical maps, commutes

o

~ e~

q

0 I 0

T
|
4/

Since, (P) is preserved by extensions, A satisfies (P), which in turn shows that A separably
satisfies (P).
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Now, the case of ideals and quotients is treated similarly, by employing again the commutative

diagram given in [Proposition 1.4.7] Therefore, the proof is omitted. O

Another instance of similar behaviour between separably (P) and (P), can be found in the
case of hereditary subalgebras. Since this class of subalgebras has its own particular interest, we
first prove some useful facts about it, before establishing the desired permanence property. For

the shake of completion we start by the definition.

Definition 1.4.9. A C*-subalgebra B of a C*-algebra A is said to be hereditary, if whenever a € AT,
b€ BT, such that a < b, thena € B

Note 1.4.10. Observe that if A is a unital C*-algebra and p € A is a projection, then pAp is a
hereditary subalgebra. Fisrtly, pAp is a C*-subalgebra of A, and let a € AT, pbp € (pAp)™, such
that a < pbp. Then, 0 < (1—p)a(l—p) < (1—p)pbp(1—p) = 0, which implies that Ha1/2(1 —p)“2 =0
and in turn that a(l —p) = 0. Hence, a = pap € pAp

Theorem 1.4.11 (|22], Theorem 3.2.1). Let A be a unital C*-algebra. Then,
i) If I is a closed left ideal in a unital C*-algebra A, then B = I N I* is a hereditary subalgebra of
A. Moreover, the map
I—=InI*

from the closed left ideals in A, to the hereditary subalgebras of A, is a bijection.
i) If I, Iy closed left ideals in A, then Iy C I if and only if L NI} C I, NI;
1) If B is a hereditary subalgebra of A, then the set
I(B)={a€ A: a*a € B}
1s the unique closed left ideal corresponding to B.

Proof. i) Firstly, B = I N I* is clearly a C*-subalgebra of A, so let a € AT and b € BT such
that @ < b. Since I is a closed left ideal , we can find an approximate unit (uy),, satisfying
x = limy zuy, for all z € I. Now, by the inequality, 0 < (1 —uy)a(l —wuy) < (1 — ur)b(l — uy),
we get that ||a1/2—a1/2u>\’|2 = (1 —ur)a(l —upn)|| < [|(1 —ur)b(l —uy)| < [|b—buy|. Hence,
a'/? =lima'/?u,y, implies that «'/2 € I, and so a € B.

ii) If I C Iy, then also I7 C I3, hence Iy NI7 C I, NI;. For the other direction, suppose that
ILiNnIy CIhbnI; and take a € I;. As a C*-algebra, I; NI admits an approximate unit, say
(ux)», and observe that

li;\n lla — au,\||2 = h)I\l’l (1 —wup)a®a(l —uy)| < li/I\n la*a(l —uy)||=0

since a*a € I) N If. Hence, a = limy auy, and using that uy € I NI C Iy, it follows, auy € Is,
but Iy is closed, concluding that a € I5, as desired.

iii) Let a,b € I(B), then (a+b)*(a+b) < (a+b)*(a+b)+ (a—b)*(a —b) = 2a*a + 20*b € B,
but B is hereditary subalgebra, hence (a 4+ b)*(a +b) € B, so (a+b) € I(B). Also, for x € A,
a € I(B), we have that (za)*(za) = a*z*za < ||z||*a*a € B, thus za € I(B). Moreover, I(B) is
obviously closed under multiplication by scalars, and is closed since B is closed, concluding that
I(B) is a closed left ideal in A.

To show that, B = I(B)* N I(B), first consider an element b € B, then b*b € B, hence
B C I(B), and similarly B = B* C I(B)*, so BC I(B)*NI(B). If 0 <b e I(B)* N I(B), then
b> = b*b € B, and by applying continuous functional calculus with f(t) = t%/2 to b?, we get that
b € B. Since, I(B)*NI(B) is spanned by its positive elements, we get that I(B)*NI(B) C B,
hence B = I(B)*NI(B). O
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Note 1.4.12. Actually, in the hypothesis of the theorem above, the condition for A to be unital
can be lifted, and instead work with the unitization A of A. This detail does not change anything
in the proof process.

As an easy consequence of Theorem 1.4.11, we can now harvest the following rather useful

theorem, which provides a versatile criterion for a C*-subalgebra to be hereditary.

Theorem 1.4.13 (|22], Theorem 3.2.2). Let B be a C*-subalgebra of a C*-algebra A. Then B is
hereditary if and only if bab’ € B, for any b,b' € B and a € A

Proof. Suppose first that B is hereditary and take a € A and b0’ € B. If I(B) is the (unique)
left closed ideal in A corresponding to B, then b,b' € I(B)NI(B)*, so babt' € I(B)NI1(B)* = B.

On the other hand, suppose that for any b,b’ € B and a € A, bab’ € B. Take a € AT and
be BT such that a <b and let (uy)x to be an approximate unit for B. Then, (15 —uy)a(l; —
ux) < (15—ux)b(1 ;4—uy) and so, Ha1/2 — a1/2u,\H < Hb1/2 — b1/2u>\H — 0. Thus, a'/? =limy a/?u,,
and therefore, a = limy uyauy. But, uyauy € B by hypothesis and B is closed, hence a € B,
which implies that B is hereditary. O

Proposition 1.4.14. If (P) is a property for separable C*-algebras preserved by hereditary subalgebras,
then separably (P) is preserved by hereditary subalgebras as well.

Proof. Let A be a C*-algebra and B C A a hereditary subalgebra. Suppose that A separably
satisfies (P) and let By C B be a separable subalgebra. Now, find A C A separable subalgebra
satisfying (P) and containing By. Set B = ByABy. Then, B is clearly a separable C*-subalgebra
of A and if a € A, biab, byyby, € B, we see that byab,abyyb, € B, since zbjaboy € A, hence by
B is a hereditary subalgebra of A.

Furthermore, since B is a hereditary subalgebra of A, using for any a € AcCA
and b, € By C B, it follows that bab’ € B, hence ByAB, C B.

Finally, let b € By, then b = b'/3p'/3p1/3 ¢ B, thus B C B. Since By is a C*-algebra, it is
spanned by its positive elements, hence By C B.

So, by combining these three facts about B and using that the property (P) passes to hered-
itary subalgebras, we conclude that separably (P) is preserved by hereditary subalgebras, as
desired. U

We end this section by proving one lemma and one proposition that combine facts from the
section devoted to strongly self-absorbing C'*-algebras and the present section. Both results will

be critical in the process of this project.

Lemma 1.4.15. For any D separable, unital, strongly self-absorbing C*-algebra a unital C*-algebra
A, is separably D-stable iff for any e > 0, FF C A, G C D finite sets there is a u.c.p map ¢: D — A
satisfying the following

[p(dd") — ¢(d'd)|| <€, lad(d) —¢(d)all <e ()
for every d,d’ € D, a € A.

Proof. For the fisrt implication, let € > 0 and FF C A, G C D finite sets, and denote by Ag the
C*-algebra generated by 14 anf F. Since A is separably D-stable, there is a unital, separable, D-

stable C*-subalgebra of A, say /1, such that Ay C A. Since A is D-stable, [Theorem 1.1.13] tells us

that there is a unital embedding ¢: D — £ (&/)N A’, while nuclearity of D (see [Theorem 1.1.10))
allows to employ Choi-Effros Lifting Theorem, to get a u.c.p map g?): D — HA, lifting ¥. Now,

consider the w.c.p maps ¢,: D — A, defined as ¢(d) = (¢n(d))n and observe that 7 o ¢(dd’) =
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rod(dd) and m(p(d)a) = w(agp(d)), where 7: [JA — [[A/ S A the quotient map, and d,d’ € D,
acA. Hence,
lim 6, (dd) — o(d'd)| = lim |ad,(d) — 6u(d)al] = 0

So, if we set ¢ = ¢,, for sufficiently large n, the first direction follows.

Now, suppose that the conditions (%) hold and let Ay be a separable, unital C*-subalgebra of
A. Since, Ap and D separable, we can find increasing sequences of finite subsets (Fp ), and
(Gn)n, whose union is dense in Ay and D, respectively. Using hypothesis, there is a u.c.p map
¢on: D — A, for each n, satisfying

[¢o.n(dd’) = do.n(d'd)l| <1/n, [lagon(d) = ¢on(d)all <1/n
for all d,d’ € Gy, a € Fy,,. If we denote by A; the C*-algebra generated by Ay and ¢, (D), for
each n € N, then A; is unital and separable C*-algebra, since Ag and D are unital and separable.

Now, following the same procedure, we construct an increasing sequence (Ag)r of unital, separable
C*-subalgebras of A, where for each k there is a sequence of u.c.p maps ¢ ,: D — A satisfying

lim (|95 (dd') — b1 (d) | = 0 = i |y (d) — D n(d)al

for all d,d" € D, a € Ay. Denote by A the separable, unital C*-subalgebra of A, defined as the
closed union of all A; and note that for sufficiently large k, we can pick u.c.p maps from the

sequence (¢gn)kn, to construct a new sequence ¥,,: A — A of w.c.p maps satisfying
117%11 ||1/}m(dd//) - 1pm(dld)n =0= hgln ||C“/1m(d) - ’@[Jm(d)an

for all d,d' € D, a€ A. So, if : D — H/i is the u.c.p map defined by ¥(d) = (¢¥n(d))n, we get
that 7 o1 is a *-homomorphism from D into J[JA/S. A whose image commutes with A. Thus,
Toth: D = 2(A)N A, is a *- homomorphism, and by [Theorem 1.1.13] we obtain that A is
D-stable. Since Ag C /l, and A separable, it follows that A is separably D-stable, as desired. [

Proposition 1.4.16. If D is a strongly self-absorbing C*-algebra then, hereditary subalgebras, quo-
tients and extensions of separably D-stable C*-algebras, are separably D-stable. Moreover, [°°-products

and ultraproducts of unital, separably D-stable C*-algebras, are separably D-stable.

Proof. From [Lemma 1.1.16] [Lemma 1.1.18 and [Theorem 1.1.20 we know that D-stability is pre-
served by hereditary subalgebras, quotients and extensions. Also, by [Lemma 1.1.19) D-stability is
preserved by inductive limits, and so we can apply [Corollary 1.4.8| and [Proposition 1.4.14] showing

that separably D-stability is preserved by hereditary subalgebras, quotients and extensions.
Now, let (A;,)m be a family of unital, separably D-stable C*-algebras, and take ¢ > 0, and
F C 1, Am, G C D finite sets. Then, F = {(am)L,, (am)2,, ..., (@)X}, for some k € N and

consider the corresponding finite sets in A,,
F™={al a2, ... a%}, m e N
Since, for each m € N, A,, is D-stable, by the previous lemma we find (¢*),: D — A,, sequence
of u.c.p maps satisfying
g (dd') = g (d'd)|| === 0, [lag}(d) — ¢}y (d)al| == 0

for all d,d" € G, a € F m € N. Next, define the u.c.p maps ®,: D — [],, A by,

@, (d) = (¢5,(d), 971(d), )
It follows that,
[@n(dd") — @p(d'd)|| = sup Iy (dd") = piy(d'd)|| === 0
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and
n— o0

la®n(d) — ®n(d)al = sup [|am¢y' (d) — ép' (d)am | ——0

for all d,d" € G, a € F hence, [Lemma 1.4.15| implies that [], A, is separably D-stable.

Finally, since separably D-stability is preserved by products and quotients, it follows that
ultraproducts of unital separably D-stable C*-algebras is again unital, separably D-stable. O
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2 Hilbert C*-modules and the Cuntz picture of KK-theory

Since Ky-behaviour of C*-algebras and *-homomorphisms plays a central role in both the exis-
tence and the classification result that we are after, the following sections aim to present KK-
theoretical arguments that will facilitate the analysis towards this direction. As KK-theory is a
vast area of independent interest, which admits several interpretations, except for establishing the
specific results that we need, an effort to give some insights into some preliminary concepts and

constructions concerning this subject, has been made.

2.1 Hilbert C*-modules

We start this chapter by establishing the fundamental notions in Hilbert C*-module theory. Al-
though in the following sections we will emphasize on specific Hilbert C*-modules, the exposition
here has a generic essence, aiming to achieve a broader understanding of the subject. Our starting
point is the definition of a pre-Hilbert C*-module. Throughout this section let B be a C*-algebra.

The main source of the following material is [I8].

Definition 2.1.1. A pre-Hilbert B-module E, is a complex vector space and a right B-module equipped
with a map (-,-): ExXE — B which is linear in the second variable and satisfies the following conditions
foranybe B, x,y € E:

i) (z,yb) = (z,y)b

i) (z,y)" = (y,2)

i) (x,x) >0

w)r#0 = (x,z) #0

Note 2.1.2. It is implied by Definition 1.1, that the scalar multiplication and the B-module
structure on E are compatible, in the sense that (Az)b = A(zb) = x(\b), for all A\e C,z € E,be B

In order to turn the pre-Hilbert B-module F into a Hilbert B-module, a norm structure is
needed. This work is done by the following lemma.

Lemma 2.1.3. Let E be a pre-Hilbert B-module, and define |le|| = ||<e,e>|\1/2

this norm, becomes a normed vector space, and the following inequalities hold,

. Then E equipped with

i) lledll < el [[bll, e E,beB

i) [(e, I < llelllf, e feE

Proof. Let us start by proving the inequalities. For the first one, it is straightforward to see that

2 *

l[ebll™ = [I{eb, eb)|| = [|(eb, e)bl| = [[b" (e, €)b]|
2 2 (1112
< [l<e; e[ Iol]™ = el [|b]]

For the second inequality, observe that the map ¢ given by ¢((e, f)* (e, f)) = (e, /)II?, e f €
E is a state on B. Also, we may assume that (e, f) # 0, fact that allows us to set a =
(e, )Y |I{e, )", Note that ||al| =1 and that ¢((e, f)ar) = ||(e, f)]|. So, under these considerations

we get

||<e> f>||2 = ¢(<67 f>a)2 = ¢(<e> fa>)2

but as ¢ composed with the "inner product" defined above, yields to an inner product on E, we

can apply Cauchy-Swartz Inequality to obtain that
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${e, fa))? < d{e, ))d((fa, fa) < (e e)ll [ fev, fa)ll < llel* 1 FI* el = flel® 1£11°

where in the second inequality it is employed that ¢ is a state, hence contractive.

Now, it remains to show that the norm at hand satisfies the triangular inequality, since the
other three norm conditions are satisfied by conditions (iii), (iv) in Definition 1.1, and by com-
patibility of scalar multiplication. So, let e, f € E, and get the following

le+ FI° =lle + fre+ Al = [le.e) + (e, ) + (Fre) + {F £
< lell® + UAP + 2 el 151 = el + 1£11)?

as desired.
O

Definition 2.1.4. A Hilbert B-module is a pre-Hilbert B-module E which is complete with respect to
the norm
1/2
lell = ll{e.e)I'*,  ecE

Note 2.1.5. The first inequality given in Lemma 1.3 guarantees that the B-module structure on
FE extends by continuity to the completion of E, while the second inequality asserts that the
"inner product" on E extends also by continuity, to turn the completion of E into a Hilbert
B-module.

As a first result about Hilbert B-modules, we show that an approximate unit of a suitable
ideal in B can be seen as an "approximate identity" for FE itself. But firstly, for £ Hilbert
B-module, define (E, E) = span{{e, f): e, f € E} and note that (F,E) is a closed two-sided ideal
in B.

Lemma 2.1.6. Let E be a Hilbert B-module and let (uy)x be an approzimate unit of positive contrac-
tions for (E,E). Then, limy euy = e, for alle € E.

Proof. Let e € E, then
leus = ell* = {eur — e, eun = e)|| = [[(eun, eun) — {e, eun) = {eur.e) + (e, )|
= [[ux(e, e)ux — (e, eyux —ux(e, e) + (e, )| < [lux((e, )ux — (e, €))l| + [[{e; €) — (e, eJunrl| — 0
Hence, limy euy = e, for any e € E O

Note 2.1.7. There is a an elegant way to the change the module structure on a Hilbert B-
module E, while keeping the same "inner product" structure. For this, let A be a C*-algebra
which contains (E, E) as a closed two sided ideal and for a € A, e € E and (uy), approximate

unit for (F, E), observe the following
(eupra — euyra, euya — euy a)
= a*ux (e, e)ura + a*uy (e, e)uya — a*ux(e, e)uya — a*uy (e, e)ura LN

which shows that the sequence (euya)y is Cauchy, hence convergent in E, for any e € E, a € A.
So, we may define the A-module structure on E by ea = lim) eupa and we see that condition (i)
in Definition 1.1 is satisfied, since

(e, fa)y = <e,li§n funa = li{n(e,fm\@
= 1i/1\rn<e,f>u>\a = (e, fla

while the rest of the conditions are satisfied a priori. Thus, by completing this pre-Hilbert
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A-module using Lemma 1.3, F turns into a Hilbert A-module with the same "inner product"
structure.

Let us now see some first examples of Hilbert B-modules.

Example 2.1.8. i) B is a Hilbert B-module with "inner product" given by (b1by) = bjba. Also,
note that any closed two sided ideal in B is a Hilbert B-module with the same "inner product".

ii) Let, E =", B, be the C*-algebra of sequences in B converging to 0, and define the "inner
product" on E by ((b1,b2,...), (b],b5,...)) = >, b;b;,. The completion of E with respect to the
norm on y. B, is denoted Hp. Note that if B = C, then Hp = [*(N) which we will regularly
denote it by H.

After defining Hilbert B-modules, it is natural to ask how the morphisms between Hilbert
B-modules look like. In the following lines, an effort to address this question appears.

Let Ey, Es be two Hilbert B-modules and denote by Lg(F1, E2) the space of all maps T: E; —
E5 for which exist an adjoint counterpart T*: Ey — Ey, satisfying (Tx,y) = (x,T*y), and trivially
we see that T* € Lg(FEy, E1), and T** = T. Now, this condition on T implies that 7" is a linear
and B-module map. Let us see first that T is linear:

Let e1, f1 € E1 and ey € Ey then,

(T(e1+ f1),e2) = (e1 + f1,T"e2) = (e1, T"e2 + (f1, T"e2)
= (Tey,e2) + (T'f1,e2) = (Texr + T f1, e2)

concluding that T(ey + f1) =Te1 — T/
T is a B-module map: let b € B, e; € Fy, es € Es then,

<T(€1b), €2> = <€1b, T*62> = b*<61,T*62> = b*<T61, 62>
= ((Te1)b, e2)

hence, T'(e1b) = (Te1)b. In a similar one can show that T* € Lg(Fs, E1) is a linear, B-module
map.
Moreover, let any f € Fy and T € Lg(E1, E2), and consider the set B’ = {(Te, f): |le|| < 1}.
Since,
1{Te, Yl = e, T* NI < Mlel I1T™fI] < [T fI| < o0

we see that B’ is a bounded subset of B. In fact, |[(Te,Te)| = ||Te|® < oo, for any T €
Lp(E1,Es) and e € Ei. Hence, suprer, (g, p,) |Tell < oo, for any e € Ei, and by Uniform

Boundedness Principle we get that

sup 1T < o0
TeLp(E1,Es)

which shows that any T € Lp(Ei, E3) is bounded. Thus, Lg(E1,E2) is a linear subspace of
the Banach space of bounded linear maps from Fj to Es. Therefore, Lg(E7, Es) inherits the
operator norm from the ambient Banach space, and it is evident that | 7| = ||T|. In particular,

if (T,,)n € Lp(E1,Es), a convergent sequence, say T, M‘» T, then (7)), is also a convergent
Il

sequence, say 1, — S, and so
(Te, f) =lim(Tye, f) =lim(e, T, f) = (e, Sf), e€E, f€E,
which implies that T € Lg(E1, E2). Hence, Lg(E1, F2) is a closed linear space.

Lemma 2.1.9. For any E Hilbert B-module, Lp(E)(= Lp(E,E)) is a C*-algebra.

Proof. Using the discusion above, it is straightforward to see that Lp(E) is a closed *-algebra
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and that |70 S|| < ||T|||S||, for any T,S € Lp(E). So it remains to show that |T||* = ||T*T||.
For this, let e € E, |le]| < 1. Then,

[{Te, Te)|| = |[{e, T*Te|| <|[T"Te| < |T*T]|

hence ||T|* < |T*T||, and the other direction is clear since the *-operation is isometric. O

Taking motivation by we aim to construct a space of maps between Hilbert
B-modules which generalizes the concept of compact operators on a Hilbert space.

Let E1, E2, be two Hilbert B-modules. Take e; € Ej, ez € Ey, and define a map O, ., : Eq —
Es, by O, ., (z) = ez{e1,x). Firstly, we see that O, ., € Lg(E1,Es): Let y € Ey, then
<®€2,e1 (x),y) = <62<61,$>,y> = <$,€1><€2,y> = <$,€1<€2,y>>
thus, the map O, ¢,: B2 — Eq is the adjoint map of O, .,, hence O, ., € Lp(E1, Es).

Now, denote by Kp(FEi,E;), the closed linear span of {O¢, ¢, : €1 € E1,e5 € Ex}. As a first
result, we show that Kp(E) is a closed two sided ideal in Lp(E).

Lemma 2.1.10. For any E Hilbert B-module, Kg(FE) is a closed two-sided ideal in Lp(E).

Proof. Firstly, Kp(E) is closed by construction. Now, let T € Lg(FE) and e, f € E. Then
To0O. r(z)=T(ef,x)) = Ore,r(x), rekE

Hence, To0©, ; € Kg(E).
That Kg(FE) is a right ideal of Lg(F), is clear. O

Lemma 2.1.11. KB(El,EQ) = {T € LB(El,EQ): TT* € KB(EQ)}

Proof. For showing that Kg(E1, E2) C{T € Lg(E1,Es): TT* € Kp(E2)} it suffices to show it for
the generators of Kp(Eq,Es). So, let O, ., € Kg(E1,Es), x,e1 € E1,e3 € Eo, then

862,61 © 661762 (1‘) = 662761 (61 <€2,1‘>) = 662761 (61)<627$>

= ez(e1, e1)(e2, ) = ea({e1, e1)ez, ) = 962,(e1,e1)e2 (z)

which shows that O, ., 0O}, ., € Kp(E>).

For the other direction, first note that for any T € L(Ey, Ey), |TT*| = |T||* and similarly to
Lemma 2.1.10, we get that Kg(F>)Lg(F1,Es) C Kp(FE1, Es). Now, since Kp(FEs) is a separable,
closed two-sided ideal in Lp(FE), admits an approximate unit (u,), and we we observe that

unT = T||* = |(unT — T)(unT — TV || = |lunTT*up — unTT* — TT*u,, + TT*|| — 0

hence, T = lim,u,T, and since u,T € Kp(Fi,E;) for all n € N, we conclude that T €
Kg(FE, Es), as desired. O

Note 2.1.12. In continuation of [Example 2.1.8] consider the Hilbert C-module H = H¢ = [*(N),
and let ©,, € Kc(H). Then, for any z € H, O,,(2) = z(y,z), hence a rank one operator.

So, span{©,,: x,y € H} consists of all finite rank operators, which implies that K¢(H) =

span{©,: x,y € H} = K, where K are the compact operators on H.

Lemma 2.1.13. Let B be a C*-algebra. Then, if we consider B as a Hilbert B-module, then the map
I': 0,y — ay*

is a *-isomorphism from Kg(B) onto B.

Proof. We start by showing that T' is a *-homomorphism.
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Let z1,29,y1,y2 € B, then for any b € B we have

611»y1 o 6962,92 = @96171/2(1117932)*

hence,
F(@Il,yl o @wmyz) = F(®$17y2<y1,952>*)

= ‘T1<y17 $2>y; = xlyrxﬂ/; = F(@mhyl )F(®I2,y2)

Now, let (ux)x be an approximate unit for B and let x1,z2,y1,y2 € B. Set w = lim) uy, and
obtain that,
@1‘17’!}1 + @wzny (Z) = <y137>1k + Y275, Z>

= u{y12] + Y223, 2) = 9u7y1x’{+y2z§ (2)

thus,
F(@whm + 61271/2) = F(@u,ywi‘-i-yzw;)

= u(y12] +y275)" = (127 + y275)" = T1Y] + T2y
= P(Qwhyl) + F(®$2’y2)

Moreover, for any z,y,z € B,
102,y (2)|| = llzy” 2] < [lzy™| l|=]]

and since ||O, ,(u)|| = ||zy*||, we get that ||©,,] = ||zy*||. Hence, I' is contractive, which means
that can be extended continuously to Kp(B). To finalize that T' is indeed a *-homomorphism,
we have to show that respects the *-operation, but this is trivial.

Finally, let us argue that I' is a bijection. For injectivity, let x,y € B, and suppose that
['(©s,y) = zy* = 0. It follows that, 0 = ||zy*|| = ||©, |, hence Oy, = 0. Now, let z € B, then
['(©y+) = limyuprz = z, concluding that I' is also surjective, and in turn a *-isomorphism as

required. O

Note 2.1.14. Using [Lemma 2.1.10| and [Lemma 2.1.13] we can consider that a C*-algebra B lies
as a closed two-sided ideal inside Lp(B). This amounts to the identification of an element b € B
with the left multiplication map by b in Lp(B). Under this identification T'(b) =Tb, T € Lp(B),

b € B, where Tb is the usual composition.

In the following, we define the multiplier algebra of a C*-algebra B, as M(B) = Lp(B). It is
a fact that Lp(B) is actually isomorphic to the multiplier algebra of B as defined in Section 1/
Chapter 1.

Definition 2.1.15. Let E be a Hilbert B-module. The semi-norms |-||., e € E on Lp(E), given by
\T||, = |Tx|| + || T*e|l, T € L(E) define a locally convex topology on Lg(E), which we call the strict

topology.

Note 2.1.16. It is not hard to see that for F Hilbert B-module, Lg(F) is complete with respect
to the strict topology. Let T, € Lp(FE) be a strictly Cauchy sequence. Then, for each e € E,
\Tn — Toll, = || The — Tmell + ||Tyye — Trel| — 0. Thus, for each e € E, (The)n, (Tye)n, are
Cauchy sequences in F, and since E is complete, they are convergent. If we set T,S be the
maps given by e +— lim, T,e, and e — lim, T)*e and use the continuity of the "inner product"
on E, we get that (Te, f) = lim,(Tye, f) = lim,{e, T f) = (e, Sf). Hence, T € Lp(E), and
|T, — T||, — 0, for each z € E.
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Definition 2.1.17. Let E be a Hilbert A-module and F a Hilbert B-module. Then, a map p: L4(E) —
Lp(F) is called strictly continuous, if it is continuous with respect to the strict topologies of La(E)
and LB(F)

Proposition 2.1.18. Let A be a C*-algebra, E a Hilbert B-module, and ¢: A — Lp(FE) a *-
homomorphism. Then the following are equivalent:
i) there is a projection p € Lg(E), such that p(E) = span{¢(a)e: a € A,e € E}

ii) there is a (unique)strictly continuous *-homomorphism ¢: M(A) — Lp(E), extending ¢

Proof. We argue first that if such an extension ¢ exists, then is unique. For this, let (ux)x be
an approximate unit for A and take any T € M(A). Then, (Tuy), is a sequence in A satisfying
that

Tuy(z) = T(upz) — Tz, Ve e A

and,
(Tuy)"z = up Tz — Tz, Vee A

Hence, |Tuy|, = ||Turz| + [|[(Tux)*z| — || Tz| + ||T*z| = ||T||,, for all # € A. This shows
that Twy — T in strict topology of M(A). So, if ¢ is the given extension of ¢, then for any
T e M(A), ¢(T) = limy ¢(Tuy) = limy ¢(Twy), which clearly means that ¢ is unique.

(1) = (i4): First note that pg(a) = ¢(a)p = ¢(a), for all a € A. Now, we claim that for any
T € M(A), e € E, the sequences (¢(Tuy)e)y and (¢(urT)e)y converge to the same point in F.
Let €e>0, e€ B, T € M(A) and find finite sequences (ax) C A, (ex) C E, such that
ple) =Y dlar)ex

k

27| <e€

Then, using that,
[o(Tux)e — (Tux el

= "(¢(TUA) — ¢(Tux))p(e) = ($(Tur) — 6(Tuxn)) Y dlar)er + ($(Tur) — d(Tux)) Y dlax)ex
k

k

< + Z d)(Tu;\ak)ek — (b(TuXak)ek

k

$(Tuy) — ¢(Tun ) (ple) — Y _ dlar)er)
k

< 2|7 ||p(e) — 3 dlar)e

k

+ ) llé(Turar)ex — ¢(Turar)er| < €
k

since ¢(Tupar) — ¢(Tay), for all k. So (¢(Tuy)e)x is Cauchy in E, hence convergent, while in
exactly the same fashion we obtain that ((¢(uxT)e)y is convergent in E. Moreover, note that
using the same norm considerations as above, it follows that

lo(Tuy)e — dp(urTe|| <

<2|T| (p(e) = D dlar)er|| + ||> d(Turar)er — d(urTay)ex
k

k

<€

concluding that, indeed (¢(Tuy)e)y and (¢(Tuy)e)n has the same limit point.
This fact, enables us to define for any 7' € M(A) a map ¢(T): E — E, by ¢(T)e = limy ¢(Tuy)e =
limy ¢(urT')e, for all e € E. Since,
((T)e, f) = lim{o(Tuse, )
= lim(e, p(urT") f) = (e, o(T7) f)

\ =
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it follows that ¢(T) € Lp(E), and that ¢(T*) = ¢"(T'), for any T € M(A). Moreover, it obvious
that ¢: M(A) — Lp(E) is linear, and so it remains to show that it is multiplicative. Let
T,5 € M(A), e € E, then,

o(TS)e = li)r\n d(urT'S)e = liin li/\rln P(urTSuy)e
= limlim ¢(urnT)$(Sur e = $(T)$(S)e

hence ¢ is *-homomorphism. To show that ¢ extends ¢, let a € A, e € E, then

gla)e = lim o(am)e = d(a)e
which means that ¢ extends ¢.

Finally, we argue that ¢ is strictly continuous. Let (7\)x be a mnet in M(A), such that
Ty — T in the strict topology and we aim to show that ¢(7)) — ¢(T') in the strict topology
on Lp(E). Since, sup, |[|[(Th —T)e|| < oo for all e € E, by Uniform Boundedness Principle there
is 0 < M < oo, such that sup||Th — T < M. Moreover, for € > 0 , e € E, find (ax)r C A4,
(ex)r C E, so that

M ||p(e) — Zd)(ak)ek <€
%
Since,
[(6(T) = ¢(T))e]| = Tiam [[(¢(Tux) — &(Thun))p(e)|
= lim ||(¢(Tur) — (Taun))p(e) — (9(Tun) = d(Thux)) > dlan)er + (¢(Tux) — d(Taun)) Y dlar)ex
k %

< |7 -1l |ple) - 3 dlar)en

k

R

li/\Iln((ﬁ(TU)\/ ak) — ¢(T,\u>\/ ak))ek

<M

p(e) = Y dlar)e
k

+ > [1(¢(Tar) — ¢(Trar))ex|| < €
k

because ¢(Thar)er — ¢(T'ax)ey, for all k. Hence, ¢(T))e — ¢(T)e, for all e € E, and similarly
we show that ¢(Th)*e — @(T)*e, for all e € E. Combining these two facts, we conclude that
¢(T\) — ¢(T) in strict topology, which in turn implies that ¢ is strictly continuous, as desired.

(i) == (i) : Set p = ¢(1ap(a)) and observe that if (ux)y is an approximate unit for A,
then uy — 1p7(4) in strict topology. Thus, for each a € A, e € E, we have that p(¢(a)e) =
limy ¢p(ux)p(a)e = limy ¢p(ura)e = P(a)e, hence span{p(a)e: a € A,e € E} C p(E). On the other
hand, if e € p(F), then e = p(e) = limy ¢(unr)e € span{p(a)e: a € A,e € E}, and the proof is
complete. O

Taking as a starting point this rather useful proposition, we pursue to show that for any F
Hilbert B-module, there is a *- isomorphism from M(Kg(E)) onto Lp(FE). Actually, we first
show a more general result, from which the statement above will come up as a straightforward
application. For the shake of convenience, in the following we use the overline to refer to "closed

linear span".

Lemma 2.1.19. Let A be C*-algebra and E a Hilbert B-module. If there is a *-isomorphism ¢: A —

Kp(E), then ¢(A)(E) = E and its strictly continuous extension ¢: M(A) — Lp(FE) is a *-isomorphism.

Proof. Firstly, by the construction of Kg(FE), we get that E(E, E) C Kg(E)(E). Also, by Lemma

1.6 it is straightforward that F C E(E,E), hence E = E(E,E). So, ¢(A)(E) = Kp(F)(E) =E.
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To show that ¢ is injective, let T € M(A) and suppose that ¢(T) = 0. If (uy)x is an

approximate unit for A, then
O(Tur) = ¢(Tux) = ¢T'p(ur) =0

shows that Tuy =0 for all \. But Tuy — T in strict topology on M(A), hence T = 0.

For surjectivity, let T' € Lg(E) and define a map : A — A by v(a) = ¢~ (T¢(a)). Then
satisfies the following for all a,a’ € A,

(¥(a),d’) =(a)*a’ = a*¢” (T*)d' = a*¢~ (T $(d')) = (a, ¢~ (T*¢(a")))

hence, if o: A — A is given by o(a) = ¢~ (T*¢(a)), then o = *, showing that ¢ € M(A). Now,
since

d(¥)¢(a) = ¢((a)) = ¢(¢~ ' (T'¢(a))) = T$(a)  Va€ A

and as ¢(A)(E) = E, we conclude that ¢(¢)) = T, showing that ¢ is surjective. As we already

know from [Proposition 2.1.18| that ¢ is *-homomorphism, the proof is over. O

Before showing that M(Kpg(FE)) = Lp(E), for any E Hilbert B-module, we can’t resist from

applying the last two results to get the following interesting corollary.

Corollary 2.1.20. Let A, B be C*-algebras and ¢: A — M(B) a *-homomorphism. Then, the follow-
g are equivalent,

i) there is a projection p € M(B), such that p(B) = ¢(A)(B),

ii) there exists a (unique)strictly continuous *-homomorphism ¢: M(A) — M(B), extending .

In fact, when ¢ is *-isomorphism from A onto B, then ¢ is *-isomorphism as well.

Proof. For the equivalence (i) <= (ii), we apply [Proposition 2.1.18 to B seen as a Hilbert
B-module. Now, let ¢: A — B be a *-isomorphism. Since [Lemma 2.1.13] asserts that B =
Kg(B), then [Lemma 2.1.19| applied again for B seen as a Hilbert B-module offers the desired

*-isomorphism. O

Corollary 2.1.21. Let E be a Hilbert B-module. Then, there is *-isomorphism ¢: M (Kp(E)) —
Lp(FE) such that the following diagram commutes

M(Kp(E)) — Lp(E)

I ]

Kp(E) Kp(E)
Proof. Consider the identity map id: Kg(E) — Kg(F) and apply |Lemma 2.1.19 O

We now present a powerful criterion for a net in Lp(E) to be strictly convergent. This is a

fact that will emerge and be used critically in the rest of this project.

Lemma 2.1.22. Let E be a Hilbert B-module. Then, a net (T\)x € Lp(FE) is strictly convergent if
and only if (T\k)x, and (T5k)x are norm convergent sequences, for any k € Kg(E).

Proof. Suppose that (7)) is a strictly convergent net. Then, there exists T € Lp(E) such that
for any e € E, sup, |[[(Th —T)e|| < co. Hence, Uniform Boundedness Principle provides a global
boundary 0 < M < oo, satisfying sup, [|[T» — T'|| < M. So, since any k € Kg(FE) is a limit point
of elements of the form >}, O, 4., where zx,y; € E, in order to show that ((Tn — T)k)x,
(T —T*)k)x are norm convergent to zero, it suffices to show it only for k = ©,,, z,y € E.
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But, for any e € E, |le]| <1, we have that

(Tx = T)Oay(e)|| = [(Tx = T)a(y, )| < [[(Th = T)| [lyl| — 0
which implies that ||[(Th\ —T)O, || — 0. Similarly, we get that [[(Tx —T7)O, || — 0 for any
z,y € E, so the conclusion follows.

For the other direction, assume that there is T' € Lg(E) such that Thk — Tk and Tk —
T*k, for any k € Kg(F), in the strict topology. Now, employ the *-isomorphism 1 from Corollary
121, then [T\ —T| = |[v " (Tx —=T)|, and (T — T) € M(Kp(F)). Since, by hypothesis
supy |(Th = T)(k)| < oo, for any k € Kp(E), we also have that supy |[v = ((Th — T)(k))|| =
sup, H’(/)_I(T)\ — T)k:” < 00, for any k € Kg(F). Thus, employing again the Uniform Boundedness
Principle we get that Hw_l(TA - T)H is uniformly bounded, hence ||T\ — T'|| is uniformly bounded.
So, since Kp(E)(E) = E, we get that |[(T\ —T)el| — 0 and |[(T§ —T*)e|| — 0, for all e € E,
hence T, — T in the strict topology. O

We continue our wandering in Hilbert C*-module theory, by showing some results that are
very closely connected to the construction of Cuntz picture of KK-theory and hence they will be
critical for the next section. One of the most interesting results in this last portion, will be that

for any B stable C*-algebra, Hp and B are isomorphic as Hilbert B-modules.

Definition 2.1.23. Two Hilbert B-modules E, F' are isomorphic if there is a linear bijection¢: E — F
such that,

(Y(e1),P(e2)) = (e1,ea)

for all ey, eq € E.

Lemma 2.1.24. Let¢: E — F be an isomorphism of Hilbert B-modules. Then, the map I': Lg(E) —
Lg(F), given by T(T) = 4T~ is a *-isomorphism, which also maps Kg(E) onto Kg(F).

Proof. That T" is linear, multiplicative and continuous is obvious. Now, we argue that it is
*-preserving. Let f,g € F, and T € Lg(E) then

WTY=(f),9) = (T~ (), 07 g) = (W (), T} (g))
= ([T (9))
hence, (T~ 1)* =T*yp~1, which in turn implies that T'(T*) = T'(T)*.
T is injective: Let T € Lg(E) such that T'(T) = 0, and some e € E, where ¢)~!(f) = e then
(Te,Te) = (YTe,pTe) = Ty (f), Ty ' (f)) =0
hence, Te =0 for any e € F, concluding that 7" = 0.
For surjectivity, take S € Lg(F), and set T =1~1Sy, then T € Lp(E), and the result folllows.

Finally, to see that I' maps Kp(F) onto Kp(F), it suffices to show it for the generators. So
take e;,eo € E and f € F, then

¢9e1,ez¢_l(f) = '(/}(61 <627’¢)_1(f)>) = ¢(61)<62’w_1(f)>
=Y(e1)(¥(e2), f) = Ouy(er) (e (f)

hence, I'(Oc, c,) = Ouy(er),v(es) € KB(F), while the other direction is clear. O

Now, we momentarily turn to a construction that is essential for the development of this expo-
sistion. Namely, we devote the following lines to introduce the internal tensor product construction
in the Hilbert modules setting.
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Let A and B be (C*-algebras. Suppose that E is a Hilbert B-module and F a Hilbert A-
module, and let ¢: B — La(F) be a *-homomorphism. Then, we can equip F with a left B-
module structure by bf = ¢(b)f, b € B, f € F. Thus, we can form the algebraic tensor product
E ®p F, which we consider as a right A-module by (e®p f)a:=e® fa. Also, we equip E®p F
with a (unique) right-linear and left-conjugate linear map (- ,-): EQp F'x E®Qp F — A, satisfying
(e1®p f1,e2®p fa) == (f1, p((e1, e2)) f2). So far so good, now set Ngp={xr € EQpF: (z,z) =0},
and it is straightforward to see that Ng r is an A-submodule of E®pF', therefore we can consider
the quotient E®pF/Ng r and the corresponding quotient map g. Then, EQpF/Ng r has a right
A-module structure by ¢(z)a = q(za), * € E®p F, a € A and an A-valued "inner product” is
defined by (¢(x),q(y)) = (z,y), x,y € EQpF. One easily checks that this map turns EQpF/Ng
into a pre-Hilbert A-module. So, after completing it, we get a Hilbert A-module, which we denote

as E®gy F. This Hilbert A-module is called the internal tensor product of E and F' with respect
to ¢.

After this quite brief discussion about internal tensor product of Hilbert C*-modules, we im-
mediately start to use these preparation to get some rather useful and interesting results. We

continue to regard B as a (C*-algebra in the following.

Lemma 2.1.25. Let s: C — M (B) be the *-homomorphism given by s(z)b = zb, z € C, b € B. Then
Hp = H®;B.

Proof. Define U: H c B — Hp, given on simple tensors by U(z ®c b) = (z1b, 22b,...), where
2z = (21,292,...) € H(=1*(N), b € B. Let us see that U preserves the "inner products". Let
21,22 € H, by,by € B, then

(U(z' ®c b, 2* @c ba)) = Z biz}zibs

while,
<Zl ®s b17z2 ®s b2> = <Z1 ®(C b1,252 ®C b2> = <b1,8(<21722>)b2>

= <b17 <Zlaz2>b2> = <b1722’721212b2> = Z ngbe

hence, U indeed preserves the "inner products", and therefore we can extend it to a map, say
U, U: H®, B — Hp. Moreover, U is clearly linear and injective, and since U has already dense
range, we find that U is the desired "inner product"-preserving linear bijection between Hp and
H ®, B. O

Lemma 2.1.26. There is a *-isomorphism Lg(Hp) = M (B ® K), mapping Kg(Hpg) onto B ® K.

Proof. By |[Lemma 2.1.19| it suffices to show that Kp(Hp) = B ® K, and by additionally using
[Lemma 2.1.24] and [Lemma 2.1.25] it suffices to show that Kp(H ®s; B) 2 B® K.

So, consider the *-homorphisms 71: B — Lg(H ®; B), m: K — Lp(H ®; B), given by
m1(c)(z2 @5 b) = 2 @5 ¢ch, m2(k)(2®sb) =k(2) ®sb, b,ce€ B,z€ HkeK

since their ranges commute, they induce a *-homomorphism A: B ® K — Lg(H ®, B) which
satisfies that A(©,, ., ® bc*) = O, gb.200c, 21,72 € H, b,c € B. Hence, A\ maps onto Kp(H ®; B).

To see that A is injective, let ¢ be a state on B, and consider the representation of Lg(H ®4B),
Tyt Lp(H ®s B) — B(Hy)(see Remark 1.1.8 in [I8]). Note that, if 7): B — B(H}) is the usual
GNS-representation of B, then the linear map Hy — H ® H), given by [z ®,b] — 2 ® [b], is a
Hilbert space isomorphism. Moreover, 740\ = 7 ®idx, and if 7=}, mg, 7' =3, my, it follows
that 7 o A unitary equivalent to 7’ ® idg. But, the latter is a faithful representation of B ® K,
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implying that A is injective. O

Recall that a C*-algebra B is called stable if B® K = B.

Lemma 2.1.27. If B is stable then Hg = B as Hilbert B-modules.

Proof. Firstly, we consruct a sequence of isometries (V;); C Lg(Hp), satisfying that ) V;V;* =1,
and V;*V; =0, whenever ¢ # j. To do so, let (IV;); be a partition of N into infinite subsets and
let the ¢;: N; = N be linear bijections. Then define V; € Hg — Hp by

‘/;(blabZ,...)k = bi(k)
0, else

Then V; € Lg(Hp), with adjoint given by V(by,bs,...)r = byp-1(k), k €N, and it straightforward
to check that V*Vi(bi,bo,...)r = by, for all k€ N, V*V; =0 and moreover that,

bk, keN;

0, else

%Vi*(bl7 b27 )k = {

Hence, (V;); is the desired sequence of isometries.

Now, employing [Lemma 2.1.22 and [Lemma 2.1.26] we obtain a sequence of isometries (U;); C

M (B ®K) satisfying the same conditions, while since B stable, using |Corollary 2.1.20f we get a

sequence of isometries (W;); C M (B) satisfying the same conditions. Define now p: Hgp — B by
p(bi,ba,...) = >, W;b;, and firstly we note that p is well defined since the sequence (Z? Wibi)n
is square summable, hence convergent in B. Also, p preserves "inner products" since

(p(b1, ba, ...), p(b, b, .. = (O Wibi)* (O Wibl) = > br W Wib)
i 7 i
= b7t} = (b1, b, ..), (b], b, ...)

This fact, also shows that p is injective, while for surjectivity, let b € B, then the sequence
(Wb, Wb, ...) belongs to Hpg, since

ST Wby (W) = S bW Wb = b < oo

and p(W;b, Wib,...) =b. So, we conclude that p is a Hilbert B-module isomorphism, as required.
O

In order to be fully prepared for the next section, we state few more results and definitions.
The proof of the first result consists of a combination of arguments that we have already presented
in this section, while the second result is more involved. The last proof is omitted and can be
found in the relevant reference.

Lemma 2.1.28. Let B be a stable C*-algebra, then there is a path of isometries {ve: t € (0,1]} in
M(B) such that

i) t vy is a strictly continuous map
i) vp =1

191) vv) 290 in the strict topology.

Lemma 2.1.29. Let B be a stable C*-algebra and let w € M(B) be an isometry. Then, there exists

a strictly continuous path (w¢); in M(B), such that wo =1 and w; = w.
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Proof. Let (v:); be the strictly continuous path given the previous lemma. Set w; = viwvy+1—vvf
and wg = 1. Then, for ¢t € (0,1], t — w; is a strictly continuous map, while if b € B observe that

lorwvibl|* = (b vew* v viwug || = b upupbl| < 167 llupupb]] = 0

hence, wy 200 = wp, which implies that ¢ +— w; is a strictly continuous maps for all ¢ € [0, 1].

Moreover, trivially w; = w and the proof is complete. O

Definition 2.1.30. A Hilbert B-module E is called countably generated if there exists a countable set
{en} in E such that span{enb: b € B} is dense in E.

Recall that a positive element h in a C*-algebra B is strictly positive iff ¢(h) > 0 for all states
¢ on B.

Definition 2.1.31. A C*-algebra B is called o-unital if it contains a strictly positive element

Proposition 2.1.32 (|24], Propositions 3.10.4-3.10.5). Let B be a C*-algebra. Then the following

are equivalent.
i) There is a is strictly positive element h € B

1) B has a countable approximate unit

2.2 Cuntz picture of KK-theory and absorbing representations

Let A be a C*-algebra. Throughout the first results of this section we reserve the term rep-
resentation for a *-homomorphism A — Lp(FE), where B is a o-unital C*-algebra and E is a
Hilbert B-module. We start by defining the equivalence relations ~g., ~qsymp, in the context
of Hilbert C*-modules and we then proceed to give some interesting insights into these relations.
Afterwards, by emphasizing on specific Hilbert C*-modules and on weakly nuclear representations,
which we define later, we introduce the notion of absorbing representations and the Cuntz picture
of KK-theory, K K,.,., for which we establish its main traits.

Definition 2.2.1. Fiz B a o-unital C*-algebra and let v: A — Lg(E), v': A — Lp(E’) be two
representations. We say that v, and v are approrimately unitarily equivalent and write v ~q. ', if

there exist a sequence of unitaries (un), C Lg(E’, E) such that for any a € A:

i) (@) = uny (@)uy ]| ===+ 0
it) y(a) —upy (a)u), € Kg(E), forallneN
Moreover, we say that v and v are asymptotically unitarily equivalent, v ~gsymp ', if there exists a

norm-continuous path of unitaries u: [0,00) = Lp(E’, E), u = (ut): such that for any a € A:

iii) |v(a) — uy (a)uf] 250

iw) v(a) —uwy (a)uy € Kg(E), for all t € [0,00)

Also, if 0: A — Lp(F), a representation, we define its "infinite repeat", oo: A — Lp(Fx),
where Foy = FOF®---. Moreover, define wy: Foo = FB Foo, by woo(£1,82,E3,...) = &1 (&2,E3,...)

As a first result, we state the following lemma but without embarking into it’s proof.

Lemma 2.2.2 ([9], Lemma 2.2). Let 7: A — Lg(E) and 0: A — Lp(F) be two representations.
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Then for any isometry v: Foo — E, the unitary u = (1p ®v)weov* +1g —vv* € Lp(E, F® E) satisfies
lo(a) & m(a) — ur(a)u’|] < 6 |lvos(a) — w(a)v]| + 4 [lvow(a®) — w(a®)v|
Moreover, if vos(a) — m(a)v € Kp(Foo, E), for all a € A, then o(a) ® w(a) — ur(a)u* € Kp(F & E).

Lemma 2.2.3 ([9], Lemma 2.3). Let m: A — Lg(E) and 0: A — Lg(F) be two representations.
Suppose that there exists a sequence of isometries v;: Foo — E satisfying for all a € A,
vi0o0(a) — m(a)v; € Kp(Fao, E), |vi0so(a) — m(a)v]] —2 0

and viv; = 0 whenever i # j. Then ™ ® 0 ~qsymp T
Proof. For t € [0,1], set v;y; = (1 —t)Y/?v; +tY/%v;11: Foo — E. Then, Ui Vige = 1, and

Vi410s0(a) — T(a)vist € Kp(Foo, B), [[vig1000(a) — m(a)vipel| —— 0
for any ¢ € [0,1], by hypothesis. Hence, we obtain a continuous path of isometries v;: Foo — E,
t € [0,00), satisfying the above conditions, and so, by the previous lemma there is a continuous
path of unitaries (u:): C Lp(E,F@® FE) , t € [0,00), such that

lo(a) @ 7(a) —wm(a)u; || < 6llvioos(a) = m(a)ve]| + 4|00 (a”) = m(a®)vy

and
o(a) ® m(a) —wm(a)uf € Kg(F®E) Vace At e0,00)
Hence,
llo(a) ® m(a) — ugm(a)uy|| LimicN 0, o(a)®n(a) —wm(a)u; € Kg(F®E)
for all a € A, t € [0,00), which implies that ¢ ® 7 ~qeymp T O

Lemma 2.2.4 ([9], Lemma 2.4). Let 7: A — Lp(E) and 0: A — Lp(F) be two representations. If

DT ~vgy T, then 0 © Tog ~asymp Too-

Proof. Suppose that oc@®m ~,.,, 7, and find a sequence of unitaries (u,), C Lg(F@®E, E) satisfying

the conditions (7), (i4) in [Definition 2.2.1] Then, define u2® = (uy,uy,...) and it is straightforward
that u® € Lp(Foo @ Eoo, Foo), are unitaries for each n € N, satisfying

n—oo

U O & Too(a)un ™ — To(a) € Kp(Ex),  |un 0o @ meo(a)uy”™ — moo(a)|| —— 0

for all a € A. Hence, 0o ® Too ~au Too- Now, using that (Eu)eo = Foo @ Es ® - -+ = Foo, we
find out from (ul’), isometries v,: Foo @ Eow = E7 (= Ex), taking values in "disjoint" copies of
E(i.e v} v, =0, when n# m) and satisfying

UnOoo B Moo (@) — oo (@), € Kp(Eow ® Fooy Ex),  ||[Un0co ® Moo (@) — Moo (@)vy || 1700

for all @ € A. Now, let W: Fy, = Foo ® E be given by f — f@®0g_. Then, W is a linear
isometry, and [0o0 @ Too(a)]W = Wo(a), for all a € A. Thus,

VW oeo(a) — Too (@), W = (03,000 ® Too (@) — oo (@)vp)W € Kp(Foo, Exo)

and

[0aW oo (a) = Moo (@)vn W | < [[Un0oc ® oo (@) — Too (@) vn| =0

Thus, if we set v, = v,W, then v),: Foo — FE are isometries satisfying v/*v], = 0, n # m,
and by the previous considerations, v), finally satisfy all the conditions of [Lemma 2.2.3| for the
representations o and 7. Hence, we conclude that o ® To ~asymp Too, as desired.

O

Now, we move forward to introduce some related notions to approximately unitarily equivalent
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and asymptotically unitarily equivalent representations.

Definition 2.2.5. Let A, B be C*-algebras, A separable, B c-unital, and let ®: A — Lg(F) be a
representation and ¢: A — Lp(F) a c.p map, where E, F are countably generated Hilbert B-modules.
We say that ® approzimately dominates ¢ if there is a bounded sequence (u,)n, C Lp(F, E) such that,

i) up®(a)u, — ¢(a) € Kp(E)
i) [|uy, ®(a)un — $(a)|| == 0
Furthermore, we say that ® strongly approzimately dominates ¢, if there is sequence (uy), as above,
satisfying also that
i) ||uf Tu, || 2=220, ¥V T e Kg(E)

Moreover, if we may find a norm-continuous bounded path (us)ic(0,00) Satisfying the obvious analogues
of (i),(ii)(and (iii)) above, then we say that ® (strongly) asymptotically dominates ¢.

We are interested in these notions of dominant representations, mainly due to the next theorem,
that we will use critically in the rest of this section.

Theorem 2.2.6 ([I2], Theorem 3.4). Let A, B be C*-algebras, A separable, unital and B o-unital.
Also, let ©,9: A — Lp(Hp) be unital representations and Yoo : A — Lp(HE) the "infinite repeat” of
W. The following are equivalent,

i) ® strongly approximately dominates T*V(=)T, for any T € Kp(Hp)
it) © strongly approrimately dominates ¥

)
1i1) @ strongly asymptotically dominates W
iv) There is a unitary U € Lg(Hp ® HZ, Hp) such that
UP(a)U —P®dV(a) € Kp(Hp® HY), YacA
V) DB TUog ~vgy O
Vi) B Voo ~asymp P
Proof. We will prove v) = iv) = iii) = i) — i) — v), and i) = vi) = v).
v) = iv): Follows from the definition of ~ .
iw) = iii): Let U € Lp(Hp ® HY,Hp) be the unitary given in 4v), and let V,: Hp —
Hp & HY be an isometry defined as the inclusion into the n-th coordinate. Now, define V; =
(n+1—-t)Y2V, + (t —n)/2V,41, t € [n,n+ 1], and since V5 ,V,, =0, we get that V;*V; =1, for
all t € [n,n+ 1], n € N. Hence, (V3)e[0,00) is @ norm-continuous path of isometries and since for

n—00 t—o0

any T € Kp(Hp ® HY), we have that V)T —— 0, we get that V)TV, —— 0. Set W; = UV,
and since by the construction of V; we have that V*(®(a) ® VUuo(a))Vi = ¥(a), for all a € A, it
follows
Wi (®(a))W; — ¥(a) = VU ®(a)UV; — ¥(a)
C VT B(@UV; — Vi (B(a) U 0)Vi
=V (U @(a)U - ®(a) @ Voo (a)) Vs
where, U*®(a)U — ®(a) ® ¥oo(a) € Kp(Hp ® HY) by hypothesis, so we conclude that
Wi (®(a))W: — ¥(a) € Kp(Hp), VacA

and
W7 (@(a))W; — ¥(a)|| =250
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Hence, ® strongly asymptotically dominates W.

#4i) == i): If there is a norm-continuous bounded path satisfying conditions %),4i),4ii) in
the definition above, then trivially we find a bounded sequence that satisfies the same conditions.
Hence, ® strongly approximately dominates W.

i) = 1i): Let (un)n C Lp(Hp) be a bounded sequence satisfying i),ii),4ii) in the definition
above, and let T' € Kg(Hpg). Then, it is straightforward that W,, = w,, T, n € N, define a bounded
sequence in Lp(Hp), satisfying the same conditions, but now for ® and T*¥(—)T. Since T was
arbitrary the conclusion follows.

i) = wv): This follows from Theorem 2.13 in [9].

i) = wi): Since dit) <= ), we can find a unitary U by iv), and follow the same
procedure as in the direction i) = iii). But, using that U, = (¥ )oo, this time we get

(Wt)te[0,00) mOrm-continuous bounded path of isometries satisfying
W (2(a))Wi — ¥us(a) € Kp(HE)

and
Wy (@ (a)) Wy — Woo(a)]| 22 0

thus @ strongly asymptotically dominates ¥o,. Now, let V; € Lg(HZ,Hp) be a bounded con-
tinuous family of elements such that V;*®(a)V; — Uo(a) is compact and tends to zero for every
a € A. By a trick of Arveson (see proof of Corollary 1 in [I]), it follows that V¥ (a) — ®(a)V;
is compact and tends to zero for all a € A. So, if we identify Vo, and (Voo)oo, it follows from
Lemma 2.16 in [9] that ® & ¥ ~aeymp P.
vi) = v): Similarly to i) = 7).
O

Another important aspect of the theory under examination is the concept of absorbing repre-
sentations. In the following, we slightly modify our setting, as we start working with A sepa-
rable C*-algebra, B o-unital C*-algebra and we regard B ® K as a Hilbert B ® K-module. By
Lp(Hp) 2 M(B®K) and Kg(Hp) 2 B® K and in the following we reserve
the term representation for any *-homomorphism ¢: A — M(B ® K). Moreover, we call such a
representation, weakly nuclear, if the c¢.p map A - B®K, given by a — b*¢(a)b is nuclear, for
all be BoK.

Definition 2.2.7. A representation ¢: A — M (B ® K) is called absorbing if ¢ ® 1) ~q.u @, for any
representation ¢: A — M(B QK). If moreover, A is unital, then a representation ¢: A — M (B ® K)
is called unitally absorbing if ¢ ® 1 ~q. @, for any unital representation ¥: A — M (B ® K).

Note 2.2.8. Suppose that ¢: A — M (B ®K) unital representation, ¥: A - M (B ®K) non unital
representation, and assume that ¢ ® ¢ ~g, ¢. Then, there exist (u,), C M(B ® K) such that

n— oo

lo & p(a) — und(a)ul|] —— 0, for all a € A. Hence,

n—oo

0# [v(1a) —1al = | DY(1a) — upd(la)ul|| —— 0, which is a contradiction, concluding that
a unital representation cannot absorb a non-unital representation.

Definition 2.2.9. A representation ¢: A — M(B Q K) is called (unitally) nuclearly absorbing if
O DY ~qu @, for any (unital) weakly nuclear representation ¥: A — M (B ® K).

An alternative definition of the "infinite repeat" of a representation, will be also rather useful

in the process of this section.

Definition 2.2.10. Let ¢: A — M(B ® K) be a representation and let a sequence of isometries
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Sn)n € M(B®K) satisfyin spst =1, and s s,, =0, when n % m. Then, we define the "infinite
(sn) ying -, Snsh, "

repeat” of ¢ by
boo(a) =Y sui(a)s), a€A

n

where the convergence s in the strict topology.

Note 2.2.11. It is straightforward to check that the "infinite repeat" ¢,, of a representation
¢: A— M(B®K) is linear and *-preserving. Using that s’s,, =0, whenever n # m, we also see
that

n m n
hence multiplicative. Moreover, that the convergence is in strict topology, implies that for any
be BQK and a € A,

n
sup || Y~ sed(a)si,(b) = dos(a) (B)|| < o0
" lk=1
and now Uniform Boundedness Principle shows that
sup || Y sk(a)si — ¢oo(a)|| < o0
k=1

n

which clearly implies that ¢, is continuous. Furthermore, if (s,)n, (An)n C M(B ® K) are two
sequences of isometries defining ¢, then uw =73 s,\} is a unitary in M (B ® K) satisfying

u(d Andl@)\p)u =Y sud(a)sy,

This shows that ¢ (up to unitary equivalence) is independent from the selection of isometries.
As a consequence, note that if we select our isometries to be the the n-th factor inclusions
S$n: B®K — (B®K)®°, then this definition coincides with the definition of the "infinite repeat"
at the beginning of this section. Another consequence is that ¢.. ® ¢ is unitarily equivalent to
¥oo. To see this, take a suitable sequence of isometries (s,), € M (B ® K) such that ¢oo(—) =
Yoo snd(—)sk and let vy,ve € M(B®K) isometries such that ¢oo ® ¢ = v1¢00(—)v] + v2¢(—)v3.
Then, if we set w; = ve, and w, = v18,_1, for n > 2, we easily verify that (w,), C M(B®K) is
a sequence of isometries, satisfying the conditions in the definition of ¢.,, while

S wad()u, = v1(S sa(=)s5)0F + va$(—)05 = Poe ® &
n=1 n=1

Hence, ¢oo ® ¢ is indeed unitarily equivalent to ¢
Lastly, we claim that the "infinite repeat" is weakly nuclear whenever ¢ is weakly nuclear. To
this end, assume that ¢ is weakly nuclear, then for any b € B®K, there are c.c.p maps p,: A —
My (C), ph: My, (C) - BRK satisfying
¢ (@)b* — pr, © pu(a)|| === 0
Now, for each n € N we find sufficiently large K, € N and we consider the c.c.p maps P,: A —
Mg, (C), P.: Mg (C) - B®K defined by
Po(a) = pn(a) ® pn(a) & - -+ Pp(a) = pp(a) @ py(a) ® - -
Then,
[bthoc ()" = Py, 0 Po(a)|| = sup{[|bg(a)b™ — p, © p(a)|[} ==+ 0

and since b was arbitrary, it follows that ¢., is a weakly nuclear representation.

Having these new notions in our possession, we proceed to prove the following interesting result,
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namely that nuclear absorbing representations satisfy an even stronger asymptotic absorption
property.

Proposition 2.2.12 (|30], Proposition 2.4). Suppose that ¢: A — M(B®XK) is a nuclearly absorbing
representation. If ¥: A — M (B ® K) is a weakly nuclear representation, then ¢ & ¢ ~qsymp @.

Proof. Since 1 weakly nuclear, the previous note says that ., is also weakly nuclear, hence

DYoo ~a.u . Note that in view of [Lemma 2.1.26] we can employ [Theorem 2.2.6| ((v) < (vi)),
to obtain that ¢ @ Yoo ~asymp @-
Now, since 1., is unitary equivalent to ¥ ® 1.,, we obtain

(b S w ~asymp ¢ S?) woo S 'L/) ~asymp (b 5> 77boo ~asymp (b

as desired. ]

At this point, we are ready to introduce Cuntz picture of KK-theory. Keeping exactly the

same setting as in the previous pages, we start by defining the notion of a Cuntz pair.

Definition 2.2.13. A pair (¢,v) of representations ¢,v: A — M(B®K), is called Cuntz pair if ¢,
are weakly nuclear and ¢(a) —Y(a) € BRXK, for all a € A. The set of all Cuntz pairs is denoted by
éanuc(Aa B)

The central relation in constructing the K K,,,~group of &,,.(A, B) is the homotopy equivalence

between Cuntz pairs, which is defined right below.

Definition 2.2.14. Two Cuntz pairs (¢o, o), (¢1,%1) are called homotopic if there is a path (A, \;) €
Enuc(A, B) such that
i) the maps t— \(a), t— N(a), from [0,1] to M(B ®K) are strictly continuous, for all a € A

i1) the map t v M\(a) — N(a) from [0,1] to B®K is norm continuous, for all a € A.

iii) (Mo, Ag) = (¢0,%0), (A1, X}) = (b1, ¢1)
When these conditions are satisfied, we write (¢g, o) ~ (¢1,%1). Furthermore, we denote by
KK,uo(A, B) the set of homotopy classes of Cuntz pairs in &(A,B), and by [¢,v] the homo-
topy class of (¢,v) in KKnu(A, B)

Lemma 2.2.15. Let ¢: A — M(B ® K) be a representation, then (¢, $) ~ (0,0).

Proof. Let (s:)t, t € (0,1] be the path of isometries in M (B ® K) given in [Lemma 2.1.28] Then,

set A\e(—) = sed(—)s;y = A(—), t € (0,1] and A\g =0 = Aj. To see that ¢t — A¢(a) strictly continuous
at 0, for any a € A, note that as for any h € B®K, |/s:s;(h)]] 29,0, then

t—0

[sep(a)si (W)l = l[se¢(a)sisesihll < llsid(a)s; | Isesihl] — 0

Since, the rest of the conditions of [Definition 2.2.14] are easily verified, we get that (A A}) is an
homotopty path between (Ao, Aj) = (0,0) and (A1, \]) = (¢, ¢). Hence, (¢, ) ~ (0,0) O

In order to turn K K,,.(A, B) into a group, we need a group operation. This operation is
provided by the so called Cuntz sum.

Definition 2.2.16. Let s1,s2 € M(B ® K) be isometries such that sis} + s2s5 = 1 and sis; = 0,
when i # j. If ¢,7p: A — M(B ®K) representations, then the representation ¢ @s, s, ¥ = s1¢(—)s; +
sotp(—)sd is called the Cuntz sum of ¢ and v, with respect to s1 and ss.
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Note 2.2.17. If 51,82, A1, 2 € M(B ® C) are two pairs of isometries as in the definition above,
then if we set u = s1A\] +s2A3, u € M(B®K) unitary satisfying that u(¢ D, r, V)u* = ¢ Ds, s, ¥
for any two representations ¢,1: A — M (B ® K). Hence, (up to unitary equivalence) the Cuntz
sum is independent from the choice of isometries.

Another way of expressing the Cuntz sum will also be useful, and it will create an immediate
connection with the first section. First we need the following.

Definition 2.2.18. Let B be a C*-algebra. Then, a *-isomorphism ©: M, (B) — B is called inner if

there are isometries si, 2, .., $p in M(B) such that sfs; =0, i # j, Zl s;s; =1 and

O((bij)ij) = ) sibijs}
i

Note 2.2.19. If ©: M,,(B) — B is an inner *-isomorphism given by some isometries wi,ws, ..., wy,
then the same formula of the definition above gives a *-isomorphism from M, (M (B)) onto M (B).
Also note that, always provides isometries in M (B ® K) satisfying the conditions
of Definition 2.2.18, and it is straightforward to check that the map given by these isometries as
above, is a *-isomorphism from M, (M (B ® K)) onto M(B®K), n € N.

Now, if ¢,9: A — M(B ®K) two representations, find si,ss € M (B ®K) by the previous note

*

and set Oy, ,, the inner *-isomorphism expressed by these isometries as in definiton above. Then,
@ Dsy .5, ¥ = Oy 5, © (d’(o_) w((i)) and therefore we see that both ways of expressing Cuntz sum,
coincide.
Now, we are ready to define the the group operation on KK,,.(A, B). Let [¢1,%1],

[p2,12] € KKpue(A, B) and define their addition as [¢1, 1]+ [d2, 2] = [1 Bs, s, P2, 1 Bs, s V2] =
[Os,.55 © (d’l((;) ¢2(()7)),®Sl,52 o (wléf) w2(()7))]. It is a fact that the unitary group of M(B ®K) is
path connected in the operator norm topology (See [7]), hence the class [p1 Bs, s, P2, 1 Bsy .55 V2]
in KK,..(A, B) is independent of the choice of isometries, thus by abusing notation this element
will be written as [¢1 ® @2, Y1 D). Also, for any ¢: A — B nuclear *-homomorphism and p € K
rank one projection, we define the representation ¢,: A — M(B ® K) by ¢,(a) = ¢(a) @ p, for
all a € A. Then, it is not hard to see that (¢,,0) is a Cuntz pair, and we denote it’s class
in KKpyu.(A,B) by [¢]. It is a fact that [¢] is independent from the choice of the rank one

projection.
Now, we partly establish that K K,,.(A, B) is an abelian group.

Lemma 2.2.20. KK,,.(A, B) is an abelian group, where [(0,0)] represents the zero element and

[¢a w] = —W7¢]
Proof. We see first that [(0,0)] is the zero element in KK,,.(A, B). Let (¢,v) be a Cuntz pair,

then for any isometry v € M(B ® K) it suffices to show that (Ads o ¢, Ads o) ~ (¢,%). But
from there is a strictly continuous path ¢ — v; in M (B ® K), such that vy = 1
and vy =v. Set M(—) = ved(—)vy and N, (—) = v0(—)vf. Then, t — A(a), t — N(a) are strictly
continuous maps, t — Ai(a) — Ai(a) is in B®K and is norm continuous for all a € A. Finally,
(hos Ag) = (6, ), (1, X)) = (Ady 0 6, Ad, 0 9, concluding that [, %] = [6,¢] + [0,0].

Now, we argue that the inverse of [¢,v] is [¢, ¢]. First, consider the rotational matrix

Et ; Et
Ro=| %20 72N e ap(M(B)), te0,1]
—smft cosgt

(4

0 0
Then, set \; = ©o (ﬁ w), A, = ©oAdg, o (0 ¢>, and observe that all conditions of Definition
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2.2.14 are satisfied and moreover (Ag,A)) = (¢ B Y, ® ¢), (A1, ;) = (¢ D ¥, B ). Thus by

we obtain that [¢p @ ¢, @ ¢] =0, hence [p,¥] = —[), #] as desired.
Commutativity of KK,,.(A, B) is proven in same manner and for associativity look up to

Lemma 1.3.12 in [I8]. O

We end this first discussion about K K,,. with some functorial properties followed by a rather
interesting result. Let p: B — C be a *-homomorphism between c-unital C*-algebras, then there

is an induced group homomorphism
ps: KKpue(A, B) = KKpue(A,C)

In this way, KK,,.(4,—) becomes a covariant functor from the category of o-unital C*-algebras
to the category of groups; see Chapter 4 in [I8] for details. The proof of the following proposition

is omitted.

Proposition 2.2.21 ([30], Proposition 2.1). Let A, E be separable C*-algebras, I a closed two sided
ideal in E, such that IQK 2 I and ¢,1p: A — E two nuclear x-homomorphisms. Alsolet \: E — M(I)
be the canonical x-homomorhphism and note that (A, M) € Enuc(A,I).

If j: I — E is the inclusion, then j.[Ap, \p] = [¢] — [¢] in KKpyue(A, E)

2.3 Destabilizing KK-theory

The main concern of this section is to prove one theorem and two propositions that will be
critical towards the end of this project. We keep in mind the theory already presented and we
proceed to define a new equivalence relation for representations. Also, we briefly introduce a
picture of KK-theory, which is equivalent to Cuntz picture, and offers some extra information,
expanding our capacity of tackling KK-theoretical problems.

Again, throughout this section A is a separable C*-algebra and B is a o-unital C*-algebra,

except otherwise is mentioned.

Definition 2.3.1. Two representations ¢,v: A — M(B ® K) are called properly asymptotically
unitarily equivalent, written ¢ = 1, if there exists a norm-continuous path of unitaries (uy)i>o0 n
B @K + Cly gk satisfying that

t—o00

i) [|o(a) — wp(a)uz|]| —— 0
i) ¢(a) —wy(a)u; € BOQK, forall t>0, ac A

Lemma 2.3.2 ([10], Lemma 3.2). Let ¢,¢: A — M(B ® K) be representations such that (¢,v) €
Enuc(A, B). If (ut)i>0 s a norm continuous path of unitaries such that w¢(a)u; —¥(a) € BQK, and

lusd(a)u; — v(a)]| === 0, then [¢, 9] = [¢, w1 duj].
Proof. Set

)\t(a) = ¢(a)7 Va € A
and

N(a) = wp(a)uy, t>0, Vae A
Ao(a) =¢(a), Yae A

Then (A, A}) € Snuc(A, B) for all ¢t > 0, t — M(a), t — A(a) are strictly continuous maps for
all @ € A and ¢t — M(a) — Nj(a) is norm-continuous map in B ® K. Since, (Ao, \j) = (¢, v),
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(A1, M) = (¢, ur¢ut), we obtain that [¢, ] = [¢, uipui]. O

Now, as we promised, we introduce an another picture of KK-theory, namely the Fredholm
picture, using general Hilbert modules, that will enable us to prove the following lemmas. The
source of the following lines is [I0].

Let A be a separable C*-algebra, B a o-unital C*-algebra and Ej, E1 some countably generated
Hilbert B-modules. The Fredholm picture of K K-theory is described in terms of triples (¢, 1, v),
where ¢: A — Lg(Fy), ¥: A — Lg(E;) are *-homomorphisms, v € Lg(FEy, E;), satisfying for all
a € A the following

vgp(a) —Y(a)v € Kg(Eoy, Er)

and
¢(a)(v'v —1) € Kp(Ep), ¢(a)(vv” —1) € Kp(Er)
Moreover, a cycle (¢,1,v) is called degenerate if
vp(a) —p(a)v =0, ¢(a)(v'v —1) =0, ¥(a)(vv* —1) =0
for all a € A.

An operatorial homotopy of cycles is a homotopy (¢, %, v:), where (v4)¢>0 is a norm continuous
path. Now, if we denote by E(A, B) the set of these cycles, then it is fact shown by Kasparov
that KK(A, B) is isomorphic to the quotient of E(A, B) with respect to the equivalence rela-
tion generated by unitary equivalence, operatorial homotopy and addition of degenerate cycles.
In order to become more acquainted with Fredholm picture, we state the fact that the map

[, Y] = [¢, %, 1p(Bexk)] defines an isomorphism between Cuntz and Fredholm picture, where here
¢,: A— M(B®K) are some representations.

Lemma 2.3.3 ([10], Lemma 3.3). If ¢,9: A - M (B ®K) are representations such that ¢ = 1, then
¢(a) —(a) € BRK, for all a € A, and moreover [¢p, ), 1] = 0.

Proof. Let (us)i>0 € B ® KClypgk) be the norm continuous path of unitaries witnessing the
relation ¢ = . If uy = wy + 2¢1p(BgKk), then as
wd(a)u} — Y(a) € Bo K
and z:z; = 1, we immediately see that ¢(a) — 1 (a) € B® K, for all a € A. Moreover, using the
isomorphism between the two pictures of K K-theory and we get that
(6,0, Ly (Bek)] = ¢, u10ul, 1ar(Bak)]
Now, it is straightforward to see that (¢,¢,u}) satisfies all the conditions for being a cycle

and moreover as wu; is unitary the cycle (¢,ui1¢uj, 1y (pgk)) is unitarily equivalent to the cycle

(¢, ¢,u7). Also, as uy = w1 + 21p(Bek), we define a norm continous path by
)\t:t»—>tw1‘+z*1M(3®K), tE[O,l]

and therefore (¢,¢,\;) is an operatorial homotopy between (¢, ¢,u}) and (¢, d, 2" 1y (BgK)). As,
the latter cycle is unitarily equivalent to (¢, 2¢2z*, 1y (Bgk)) and zz* =1, we get that

[}, ¢, ul] = [}, 202", Lpr(BeK)] = (@) & Lar(BoK)]
and since we already showed that [¢, v, 1y (Bgk)] = [@, u1du], 1a(BeK)], it follows that

[0, %, Lar(Box)] = [ ¢, Lm(BeK)]

By employing again the isomorphism between the two KK-pictures and we obtain
that [¢, ¢, 1y (per)] =0, thus [¢, ¥, 1y (pek)] =0, as desired. O
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Lemma 2.3.4 ([I0], Lemma 3.4). Let ¢,1¢,v,0: A — M(B®K) be representations such that ¢ &y =

Y&y and ¥ ~gssymp 0. Then, O =Y S0

Proof. Let (u¢)i>0 € Ma(B®K)+Cly,m(Bek)) be a norm continuous path of unitaries such that
u (¢ ®y(a))uy — v ®v(a) € M2(BK) (1)

t—o0

[u(¢ ® v(a))ui — ¢ ©(a)] —=0

for all a € A. Moreover, let (w;)i>0 € M(B®K) be a norm cotinuous path of unitaries satisfying
that
wy(a)w; —6(a) € BRK (2)

t—o0
—0

[wiy(a)w; —6(a)|
for all a € A. Now, if we set v; = (1 @ wy)w (1 @ wy), it is easily verified that (vi);>0 is a norm
continuous path of unitaries in My(B ® K) + Clz, (v (Bgr)) Which satisfies the following

[vi(¢ ® 0(a))v; — ¢ @ O(a)| < [lue(d ® wib(a)w)u; —(a) ® wib(a)w|
< [lus((a) ® v(a))u; — ¢ & v(a)]| +2 [[wfb(a)w, —y(a)| =0
Also, (1) and (2) imply that in M(M2(B ®K))/M2(B ® K) the following holds
[us(d(a) ®v(a))u; = ©v(a)l| = 0 = [lw;b(a)w: — y(a)
So, by the inequality above, we get that
[ve(¢ @ 0(a))vy — ¢ @ 6(a)]| =0
in M(My(B®XK))/M>(B ®XK), which shows that
ve(¢ ® O(a))v; — 1 ®0(a) € My(B ®K)
for all a € A. Thus, ¢ ® 0 = ® 0, as required.
O

We now turn to the main results of this section. Taking motivation by we firstly
aim to show that the relevance of proper asymptotic unitary equivalence in K K-theory is even

stronger than what we have already seen. All the following results are derived from [30].

Theorem 2.3.5. Let (¢,¢) € Enuc(A, B). Then the following are equivalent
i) [¢,9] =0
i1) there exists weakly nuclear representation 0: A — M (B ® K) such that ¢ 0=y Do
1it) for any weakly nuclear, nuclearly absorbing representation 0: A —- M(B®K), ¢®O=1p DO

Proof.
i) = i) ([I0], Theorem 3.6)
i) = 1) Since ¢ ® 0 = ¢ & 0, by[Lemma 2.3.3|we get that [¢ & 6,v ® 6] =0,
hence [¢, 1] 4 [0,6] = 0, and therefore [Lemma 2.2.15|implies that [¢, 1] = 0.
Now, Theorem 3.8 in [I0] asserts that éi) is equivalent to
i7i') for any weakly nuclear, nuclearly absorbing representation §: A — M (B ® K),
Db B YD O

hence it suffices to show that i) <= 4ii’). To this end, let 6: A - M(B ® K) be a weakly
nuclear, nuclearly absorbing representation, then by |[Note 2.2.11| 6., is weakly nuclear, and there-

fore 0 @® O ~qsymp 0 by [Proposition 2.2.12] So, 0o ~asymp ¢ and by the desired
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result folllows. O

Proposition 2.3.6. Let A and B be C*-algebras such that A is separable and B o-unital. If x €
KKpu(A,B) and ¢: A — M(B ® K) is a weakly nuclear, nuclearly absorbing representation, then
there exists weakly nuclear, nuclearly absorbing representation ¢: A — M (B ® K) such that x = [¢, Y]

Proof. Let (0,p) € énuc(A, B) such that z = [0,p]. Then by [Proposition 2.2.12| there is a norm

continuous path of unitaries (u¢)i>0 C M(B ® K) witnessing p @ ¢ ~qsymp . Now, since

urp ®Yu; —P(a) € BK for all ¢t >0

it follows that
up B Yu; —ugp ®Yuy € BK for all £t >0

Moreover, since (6, p) is a Cuntz pair we get that
0DY(a)—p®y(a) e BK, forall ac A

hence Ad,, (0 ® ¢¥(a) — p @ ¥(a)) € BRK, for all a € A. So, if we set Az = Ad,, (0 @ ),
A = Ady, (p @ ), by the observations above we have that Ai(a) — Ai(a) € BQK, for all a € A,
t > 0, while both A\; and )\, are weakly nuclear representations, for any t > 0, since 6,p,1

are weakly nuclear representations. Thus, (A, A}) € &huc(A4, B) and since all the conditions of

[Definition 2.2.14| are satisfied, we obtain an homotopy(defined in [0,00), instead of [0,1])between
(Ady, (0 ® ), Ady,(p B ) and (Ady, (0 ®),?). Hence,

[Adu, (0 @ 1), Adu, (p @ )] = [Ady, (6 ® ), 9]
and using the fact that homotopy classes in KK,,.(A4,B) are independent of the selection of

isometries, it follows that

and in turn that

[0, p] = [Adu, (0 © ), Y]

So, = [Ady, (0B Y), ], and if we set ¢ = Ad,, (0B 1), then ¢ is a weakly nuclear representation
and since v is nuclearly absorbing representation, it follows that ¢ is nucleraly absorbing , as
required. O

Proposition 2.3.7. Let A be a separable C*-algebras and E a separable, unital, 2-stable C*-algebra.
Also, let ¢,1p: A — E be two nuclear *-homomorphisms, A\: E — M(I) the canonical *-homorphism
and note that (A, \) € Enuc(A,I).

If Ap, M) are nuclearly absorbing representations and [Ad, \p] = 0 in K K,.(A, I), then there exists
(un)n C E sequence of unitaries such that

1p(a) = unt(a)up||

n—roo

— 0

for alla € A.

Proof. Since [Ap, \p] = 0 and A¢, A\ nuclearly absorbing representations, by [Theorem 2.3.5[ we
get that A\ @AY = M) @ MY and AP D Ap = \p @ A¢p. In particular, since there is a unitary

u € My(I 4+ Clyypy) such that Ady o (A @ M) = X @ Mg, then there is a sequence of unitaries
(un)n © Ma(I 4+ Clyy(py) satisfying

A6 & Ab(a) — un(\ & Mp(a))us | “2250, Vae A

Now, since A is unital, there are u] € My(I + Clg) unitaries, such that Aq(ul) = u,, for each
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n € N. Thus,
1A @ Ap(a) — un (M) @ Ap(a))uyp|| = [|A2ld © d(a) — uy, (¢ ® (a))uy]||

and since the restriction of Ay to Ms(I + Clg) is injective we obtain that
¢ & (a) —up, (¥ @ P(a))uy || = [A¢ @ Ap(a) — un(Xp & Mp(a))uy || === 0
ie ¢ @ ¢ and ¢ @Y are apprroximately unitarily equivalent as *-homomorphisms A — My (E).
Now, consider a unital embedding M5(C) — 2, which induces a unital embedding F® My(C) —
E® 2, and if we apply this embedding to the approximate unitary equivalence above we get
that ¢ ® 19 is approximately unitarily equivalent to ¢ ® 19 as *-homorphisms A - E® 2. So,
let € >0 and employ the sequence of *-homomorphisms 6,: EF® 2 — E constructed in the proof

of which satisfy that
[On(z®10) —z|| =250, VzekE
Then, there exist unitaries (wy), C F® 2 and N € N such that
[¢(a) — On(d(a) @ 12)|| < €/3
[6(a) @ 1o —wn(¥(a) @ Lo)wy| < €/3
[¥(a) = On(¢(a) @ 12)]| < €/3
from which relations it follows that,

l¢(a) = On (wn)¥(a)fn (wi)]| <€

where Oy (wy)) unitary in E, as desired. O

2.4 Trace-kernel extensions

In this section we introduce the notion of a trace-kernel extension and the class of admissible
kernel C*-algebras. Again, as in the previous section, we will emphasize on specific results that
will be rather important in the proofs of the following chapter. But before entering the main
core of this section, we digress momentarily to define some notions that emerge in the sequel of

the project.

Definition 2.4.1. Let B, I be two C*-algebras. An extension of B by I is a short exact sequence
0 I——~F "B 0

of C*-algebras. When A and B are fized we refer to the above extension by the triple (v, E,q). More-

over, E is called the extension algebra.

Note 2.4.2. An interesting fact about extensions is that there is a way to transform them into
*-homomorphisms without losing any essential information. The *-homorphism that does this

work, is called Busby invariant. For details see chapter 3 in [I§].

There are plenty of types of extensions. Below we give the definition for a portion of them.
Recall, that an element in a C*-algebra is called full, if it is not contained to any proper two-
sided ideal of the C*-algebra. Moreover, a *-homomorphism ¢: A — B is called full, if ¢(a) is a
full element, for any a € A, while if B is unital then ¢ is called unitizably full if the unitization
¢: A — B is full. It is a fact that if both A, B are unital, then ¢ is unitizably full if, and only
if, ¢ is full and 1 — ¢(14) is full.
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Definition 2.4.3. Let B, I be two C*-algebras and let
0 I+ E-—-'5B 0
bé Stheecstunidioh the Brbgnsiomhsdrivial if the short exact sequence above splits,

1) we say that the extension is full if the corresponding Busby invariant is full * — homomorphism,

iii) we say that is weakly nuclear, if the splitting map is weakly nuclear and that is nuclearly absorbing,
if it is equivalent to its own sum with any trivial weakly nuclear extension,

iv) we say that the extension algebra E has the purely large property if: for every e € ET that is not
contained in I, the hereditary subalgebra that it generates, ele, contains a stable subalgebra that

18 mot contained to any proper two-sided ideal in I, i.e it is full in 1

One more notion that we will need is the one of corona factorization property. Below, we collect

equivalent conditions for a C* algebra having the corona factorization property.

Definition 2.4.4 ([19], Definition 2.1). Let B be a separable C*-algebra. We say that B has the

corona factorization property if it satisfies one of the following equivalent conditions:
1) every full extension of B is nuclearly absorbing,

i1) every full trivial extension of B is nuclearly absorbing,

ii1) for every projection p which is full in M(B) there is an element x in M(B) such that xpx™ = 1y p)

iv) for every projection q which is full in M(B)/B there is an element

y in M(B)/B such that yqy* = 1yi(p)/ B

We end this brief discussion about extensions and the corona factorization property with a
result that incorporates these new notions and which will be employed in the last chapter. The

proof is ommited and it can be found in [30].

Theorem 2.4.5. If A is a separable C*-algebra and B is a o-unital C*-algebra with the corona
factorization property, then every unitizably full representation A — M (B ® K) is nuclearly absorbing.

Now, we get back to the main scope of this section and in the following lines we set up the

environment that we are going to work with.

Let B be a simple, unital C*-algebra, with unique tracial state 7p and define the 2-norm on
B by |bll, = T(b*b)1/2, for all b € B. Moreover, denote by [*°(B) the C*-algebra of bounded
sequences in B and for a free ultrafilter w on the natural numbers, we define

By, =17(B)/{b = (bn)n € I*(B): lim |[b]| = 0}
BY =1%(B)/{b = (bn)n €1(B): lim ||b]|, = 0}
Since Tp is contractive, [|b]| < ||b]|, and therefore we can define the following extension

0 Jg 224 B, 95, B 0

where ¢p is the quotient map, Jg = Ker(qp) and jp the inclusion map. The C*-algebra Jp is
referred to as the trace-kernel ideal associated to B, while the extension defined above is called

the trace-kernel extension associated to B.

Definition 2.4.6. A C*-algebra I is called admissible kernel if it has real rank zero and stable rank
one, Ko(I) is divisible, K1(I) = 0, the von Neumann - Murray semigroup D(I) = P (I)/~, is almost
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unpreforated, and every projection in I @ K is von Neumann - Murray equivalent to a projection in I.
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Our main goal is to prove the following result, which collects important characteristics of trace-

kernel extensions and it will be used extensively in the sequel.

Proposition 2.4.7 ([30], Proposition 3.2). Let B be a simple, unital, 2-stable C*-algebra with unique

tracial state T, such that every quasi-trace on B is a trace and K1(B) =0, then
i) B* is a II-factor
11) B, has real rank zero and stable rank one, has unique tracial state Tp_,
has strict comparison of positive elements with respect to its trace, is separably
2-stable and has trivial Ky-group

iii) Jp is an admissible kernel

Proof. i) Firstly we claim that if n.,: B — B(H,,) is the GNS-representation of B with respect
to its unique tracial state 7p, then (7,,(B)")* = B, /Jp. To this end, set N = 7,(B)", and
consider the *-homomorphism

®: B, — N¥

given by
(ﬁ([(bla an b3a )]) - [(WTB (bl)a Trp (bQ)a Trp (b3)7 )}

® is well defined: let b € B, such that b =0, since B is simple, m,, is a faithful representation
and therefore lim,_,, ||b,|| = 0 implies that lim,_, |75 (b,)|| = 0 and since 7p is contractive it
follows that ||, (bn)|ly = [|bnlly < ||bn]] = [|775 (bn)]], for all n € N, hence limy, ., ||7-5(by)]|5 = 0,
which shows that ®(b) = 0.

Now, we aim to show that ® is surjective. So, let x € N, self-adjoint, ||z|| < 1, then by
Kaplansky’s Density Theorem, there are b, € B, n € N, such that 7., (b,) € (7, (B))1, self-adjoint
and 7., (by) 29 2. Furhermore, we want to restrict the norm of b,, such that 1bn]l < ||z, for
all n € N. To do so, define a continuous function f: R — R by

£ = { too sl
)™/t [t = (]|

sot

since 1., (by) -2 x, Proposition 19.2 in [34] implies that f (7, (bn)) -2 f(z) = = and moreover
we observe that [|f(mr, (b)) = r(f (75 (bn))) = f (7 (775 (bn))) =

177 (b | 1707 ()|
[ A N ][ SN (]

which shows that | f(7,,(bn))|| < ||z| for all n € N. Hence, if we set ¢, = f(b,), we have that
en 225 2 and eal = 1mry (FO) = [If (7 0u))]| < ||z, for all n € N, as desired. Since any
element in N is a linear combination of self-adjoint elements, we get that for any x € N we can
find such a sequence ¢, in B satisfying these conditions.

Before continuing, consider the quotient maps
pp: 1¥(B) = B,

and
pn: I(N) — N¥

and let =z = pn(z1,20,23,...), zn, € N, n = 1,2,3,.... Then, for each & € N we find by
the previous observation an element by € B such that ||bx|| < ||zx|| and moreover such that

|7r(bi) — k|l < 1/k. Then, ®(pp(b1,b2,bs,...)) = pn((7rp(b1), Try (b2), 77y (b3), ...)), and since
limy, |77 (br) — zkl|, = 0, it follows that pn((7r,(b1), 7y (b2), 77y (b3),...)) = x. Hence ®(b) = z,
where b= pg((b1,b2,bs,...)) € By, showing that ® is surjective.
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At this point, in order to establish the desired isomorphism (7., (B)")* = B, /Jp, it remains
to show that Jp = Ker®. So, let b= pp(b1,b2,bs,...) € Jp, then lim,_,, ||by||, =0, and if &, is

a cyclic vector for the GNS-representation (m,,,H,,), we obtain that

(Trs (000)&rs &) = T (Bbn) == 0
Hence, lim,_,, ||77, (bn|l, = 0, or equivalently ®(b) = pn (77, (b1), 7rp (b2), 77y (b3),...) = 0. On the
other hand, if b = pg(b1,bs,bs,...) € Ker®, then
T [ ()l = 0 = Tim (5500 Erp) =0 = [, =0

hence b € Jp, concluding that Jp = Ker®. Thus, since ¢ is also surjective, we obtain our first
claim, namely that (7., (B)")* = B,,/Jp. Moreover, since by consrtuction B, /Jp = B“, in order
to show that B“ is a II; - factor, it is enough to show that (m.,(B)”)¥ is a II; - factor.

To this end, let us first observe that since (m,,(b1)7 5 (02)Erps,&r5) = (Trg (b2)Trs (01)&rs, Ers ),
for any by1,bs € B, then weak density of 7, (B) in N, implies that the following map

w: N —C

given by
TN(I) = <x(§TB )7 57'13>

is a normal tracial state on N, TN|7T_,_B (B) = 7, and we claim that it is faithful. To show this,
it suffices for &;, to be a separating vector for V. So, let T'€ N such that T¢,, =0, then for
any b € B,

(T 77 (0)ers |* = T (T (0)T* Ty (B) = 7 (s ()7, (0°)TT) = O

Thus, T is zero in w,,(B)&r,, and since &, is cyclic, we obtain that 7= 0, and in turn that

&, 18 a separating vector of N, as claimed. Now, let p € m,,(B) NN and define the function
0: N—->C

by
O(xz) =7n(pr) €N

Then, 6 is a weakly continuous, positive linear functional, and so if we restrict it to m.,(B) it
is constant ¢ times the unique tracial state on m,,(B). Thus, by weak continuity of ¢ and weak
density of m,,(B) in N we get that 0(x) = try(z), for any = € N. Therefore, 7n(p) = ¢, and
0=001-p) =trn(l —p) = 7n(p)T8v(1 —p). But, as p, 1 —p are positive and 7y is faithful,
it follows that p = 0 or 1 —p = 0, thus in any case p is a trivial projection. Since p was
arbitrary and m,,(B)' NN as a von Neumann algebra is the closed linear span of its projections,
we conclude that 7m,,(B)' NN = C, which shows that N is a factor. Now, the existence of a
faithful, tracial state on N immediately implies that N is a finite factor, and that N is infinite
dimensional, implies that N is a Il - factor (See [29], Corollary 12). Then, the ultrapower of N,
N¥ is again a II - factor by Theorem 17 in [29]. Hence, we conclude that B is a II - factor,
as desired.

ii) That B has strict comparison of positive elements with respect to its trace follows from

[Theorem 1.2.22| and [I'heorem 1.2.25] and the assumption that any quasi-trace on B is a trace.

Furthermore, since 7p is faithful tracial state, then the induced trace on M, (B) is again faithful,

for any n € N, and so B is stably finite. Hence, by |[Corollary 1.3.13] B has stable rank one,

while B has real rank zero by Theorem 7.2 in [28]. Now, it is a fact that all three properties are
preserved by ultraproducts; for strict comparison see Lemma 1.23 in [3] and for real rank zero
see Proposition 3.2 in [31]. To see that B, has stable rank one, let € > 0 and b = (b,), € [*°(B),
then density of the invertible group in B, implies that for each b, we can find ¢, € GL(B) to

be e-close to b,. But, since we have to be able to control the norm of these invertible elements,
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we employ the fact that we can select these ¢, € B such that
llen — bnll < €
and
le ][ < 2¢7
Then, ¢ = (¢,,) € [°°(B) invertible and
|b —c|| = sup{||bn, —cn| : mn €N} <€

Hence, [°°(B) has stable rank one. Now, for ¢ > 0, let the quotient map np: [(*°(B) — B, and
take x = wp(b), b € [°°(B). Then, there exists ¢ € GL(I*°(B)) such that ||b—c¢| < ¢, and since
mp(c) € GL(B,) and

I75(c) —l| = |[r5(c) = mp(B)[| < [[c bl < e

we deduce that B, has stable rank one as well. Now, since B is Z-stable, that B, is separably

Q-stable follows from |[Proposition 1.4.16] Hence it remains to show that B, admits unique tracial
state and that K;(B,) = 0. For the uniquensess of the tracial state on B,, firstly let T(B,) to
be the set of all traces on B,, and

T.(B,) = {gl_r)r‘lu Tn: Tn tracial state on B, = B}
If 75 is the unique tracial state on B, then the map 7 defined by
7(b) = 7}1_1)% 78(bn), b€ By,
belongs in T,(B,) and in fact uniqueness of 75 shows that
T,(Bw) = {7}

Now, it is a fact that T(B,) = mw* (see [23], Theorem 8), hence T'(B,) = {7}, as required.

Finally, we embark to show that K;(B,) = 0. Since B, has stable rank one Theorem 2.10
in [25], asserts that K;(B,) = GL(B,)/GLo(B,), where GLo(B,,) is the connected component
of the identity in GL(B,). So, by using the well known map GL(B,) — U(B.,), given by
z + z|z| 7} (= u), and assuming that U(B,) is path connected, we get that for any = € GL(B,),
x is homotopic to u(i.e x ~p u), and since u ~j, 1, it follows that = ~p 1 in GL(B,). Thus, if
we show that U(B,) is path connected then K;(B,) = GL(B,)/GLy(B,) = 0. To this end, let
u € U(B,) and let (uy), € I°°(B) representing u. Since B has stable rank one and K;(B) =0,
by employing again Theorem 2.10 in [25], we get that w, ~p 1, for all n € N. Moreover, since
B has real rank zero it is a fact that B has the weak (FU) property, i.e the set of unitaries in
B, with finite spectrum is dense in U(B,,) (see main result in [21I]). Hence, for any w, we find
wy, € U(B) with finite spectrum such that ||u, —w,|| < 1/n, and moreover we can find h, € B
self-adjoint, ||h,|| < m such that w, = expih, (See Lemma 2.1.3 and Proposition 2.1.6 in [20]).
Set h = wp(hi, ha, hs,...) € B, and w = expih, then since

n—w

—0

[[un — wy|
it follows that u = w = expih in B,, thus again by Proposition 2.1.6 in [20], v € Uy(B,,). Since
u was an arbitrary element in U(B,), we get that U(B,) is path connected, hence K;(B,) =0

iii) Let us show first that any projection in Jg ® K is von Neumann-Murray equivalent to a
projection in Jg. Since considering projections in Jp ® K is the same as considering projections
in Mu(Jp), let d > 1 and p € My(Jp) a projection. Then p = (pi;)ij, where p;; = (p}})n € JB,
which implies that

0= lim []p|, = Tim 75((p5;)"piy) = 7B (Pipis); Vi, 5 =1,2,....d

n—w
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In particular, 75, (p;;) =0, for all ¢ =1,2,...,d, hence
(5, ©Tra)(p) =0
where T'rq is the usual normalised trace on My(C). Now, observe that

(B, ®Try)(p) =0< 1= (5, ® Trq)(1B,00,_,)

and since B, has strict comparison, there is a partial isometry w € My(B,) such that w*w =p
and ww* < 1, @ 04-1. As w*w € My(Jp), then ww* = ww*ww* € My(Jp), and therefore
ww* = q®04_1, for some projection g € Jg. Since ¢P04_1 is von Neumann-Murray equivalent to
q, we obtain that p is von Neumann-Murray equivalent to ¢q. Thus, every projection in Jp ® K
is von Neumann-Murray equivalent to a projection in Jpg.

Now, we argue that Ki(Jg)=0. Firstly, the trace-kernel extension induce the following exact
sequence in K-groups (See Proposition 10.2.4 in [20])

Ko(B.) 52U2) ko(B2) = K, (J5) Y Kk (B,

and since K;(B,) =0, to prove that K;(Jg) = 0, it suffices to show that Ker(dy) = Im(Ko(¢p)) =
Ky(B*¥), or equivalently that Ky(qp) is a surjective group homomorphism. So, let ¢t € [0,1] and
find ¢, € QNJ0,1] such that lim, ,,t, = t. Since B is Z-stable we find a unital embedding
2 — 2® B B, given by the map x — x® 1. Then, for each n € N, we can find a projection
pn € B such that 75(p,) = t,. Let p be the projection in B, defined by the sequence (pp)n,
and we see that

T8, (P) = lim 75(p,) =t

n—w

hence, for any ¢ € [0,1] and n € N we can select a projection p € M, (B,) such that 7p,(pi;) =t,
i =1,2,..,n. Thus, the induced trace 7p, = 75, ® Try: Ko(B,) — R, is surjective. Moreover,
since B¥ is a IIj-factor, Tpw is faithful, and so 7p~ is faithful, and by Proposition E in [29], we
get that

{r=(p): p € Proj(B*)} = [0,1]

so arguing as above we obtain that 7p. is also surjective. Now, since by construction 7p, =
Tpw © qp, it follows that 75, = 7B~ o Ko(gp), hence Ky(gp) is a surjective group homomorphism,
as desired.

Let us now show that Ky(Jp) is a divisible group. Since B, is separably 2-stable, then

also Jp is separably 2-stable by [Proposition 1.4.16] Thus, we can find an increasing sequence
(J;)i of 2-stable, separable C*-subalgebras of Jp, such that U;J; = Jg. Now, since each J; is

2-stable, we can view it as the inductive limit of the inductive sequence (M, (J;),¢;), where

¢j: My, (J;) = My,,,(J;), are injective, unital *-homomorphisms with multiplicity k;i1/k;, j € N.
By continuity of Koy, we see Ko(J;), as the inductive limit of (Ko(My,(s,)), Ko(¢;)), and let
g € Ko(Ji), n € N. Suppose that g € Ko(My,(J;)), for some j € N, and if we select m € N
such that k,,/k; = n, it follows that Ko(ér,, k;)(9) = ng. But, Ko(¢r,, x;)(9) and g represent
the same element in Ky(J;), hence ng =g in Ky(J;), and since g,n were arbitrary, we conclude

that Ko(J;) is a divisible group, for any ¢ € N. Now, since U;J; = Jp, we can view Jp as the
inductive limit of (J;,v;), where 1; are the inclusions, and using continuity of Ky along the fact
that inductive limits preserve divisibility, we obtain that Ky(Jg) is a divisible group.

For proving that D(Jg) is almost unperforated, we find again the increasing sequence (J;); and
we see each J; as an inductive limit exactly in the same fashion as above. Now, by continuity
of D(—), we can see D(J;) as the inductive limit of (D(My,(J;), D(¢;)) and let m,m’ € N,
x; € D(My,(J;)), j=1,2, such that m’ <m and mz; < m’zs. Then, there exists y € D(J;) such

that mxz; =y and y < m/z,, and observe that since mzy = x1 @1 ® - - - ® x1, then if j1,js € N,
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such that kj, /ki =m and kj,/ko =m’, we get that
may = D(G(dr;, k1)) (21)

and
m'zy = D(A(¢r;, k) (22)

But, D(¢(¢kh,k1))(9€1) represents the same element as z; in D(J;) and similarly for z,. Hence,
x1 =y < m'xg = xo, showing that D(J;) is an almost unperforated semigroup for all ¢ € N. So,
by regarding again Jp as an inductive limit, using continuity of D(—) and the fact that the
property "almost unperforated" is preserved by inductive limits, we conclude that D(Jg) is an
almost unperforated semigroup.
Finally, that Jp has stable rank one and real rank zero follows from Corollary 2.8 in [5] and
Theorem 4.3 in [26], respectively.
O

We end this chapter by introducing the UCT class of C*-algebras without delving into details,
and by stating one more result about admissible kernels that will be critical in the sequel. The

proof is ommited and can be found in [30].

Definition 2.4.8 ([32], Definition 1.7). A separable C*-algebra is said to satisfy the universal coeffi-
cient theorem (UCT) if

0 —— Batg(K.(A), Ko1(B)) —— KK(A, B) —— Homz(K,(A), Kys1(B)) — 0

is an exact sequence, for any o-unital C*-algebra B.

Proposition 2.4.9.
i) The property of being admissible kernel is separably inheritable.
it) If I is an admissible kernel, then M, (I) is an admissible kernel for all n € N.
i) If I is a separable admissible kernel, then it is stable and has the corona factorization property.
w) If A is a separable C* — algebra satisfying the UCT and I is a separable admissible kernel, then

the canonical homomorphism KK ,.(A,I) = Homz(Ko(A), Ko(I)) is an isomorphism.
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3 Main results

3.1 An existence and a classification result

In this chapter we present the main outcomes of this project. We will start with a preliminary
result, an then we proceed to show one existence and one classification result. As a last step
we will embark in improving these results, finally reaching to a rather interesting theorem about
unital, simple AF-algebras with unique trace and divisible Ky-group. This will be the ending
point of this project. All the material of this chapter is from [30].

Lemma 3.1.1. Let the following commuting diagram

0 125 p-2,p 0
|
0 I-2,B, % ,p 0

of C*-algebras with exact rows. If A is a C*-algebra and ¢;: A — B;, i = 1,2 are *-homomorphisms
satisfying that By o ¢1 = B2 o ¢o, then there exists a unique *-homomorphism ¢: A — P such that

a; 0 ¢ = ¢, i =1,2. Moreover, ¢ is nuclear if, and only if, 1 and ¢2 are nuclear.

Proof. Let @ be the pullback C*-algebra of
By
Js

B, - D

ie. Q = {(b1,b2) € By ® Ba: B1(b1) = Ba(b2)} and define a *-homomorphism 7: P — Q by
7m(p) = (a1(p), az2(p)). We claim that = is an *-isomorphism. For injectivity, let p € P such that
a1(p) = az(p) =0, then Fz € I such that j;(r) = p, but since 0 = az(p) = az(j1(x)) = j2(x) and
Jjo injective, we get that £ =0 and in turn that p = 0. Now, let ¢ = (b1,b2) € @, and see that
dp € P, such that ay(p) = b1, which implies that S2(az(p) — be) = 0. Hence, ja(z) = az(p) — ba
for some x € I and therefore as(p — j1(z)) = ba, but since a1(p — j1(z)) = a1(p) = b1, we conclude
that m is surjective.

So, if we set ¢(—) = 7 (d1(—), p2(—)): A — P, then ¢ is a well defined *-homomorphism, since
b1¢1 = bago, and it is trivially checked that a;¢p = ¢;, i = 1,2. This ¢ is unique, since if there
exists ¢': A — P such that a;¢' = ¢;, i = 1,2, then ¢(a)—¢'(a) € Ker(a1)NKer(az) = Ker(mw) =0,
for all a € A.

Now, if ¢ is nuclear then it is obvious that ¢; and ¢, are nuclear. On the other hand, suppose
that ¢1,¢s are nuclear *-homomorphisms and we claim that ¢ is nuclear as well. To this end,

fix a C*-algebra C' and consider the canonical map
p: A®max C— A ®min C
Moreover, using the fact that maximal tensor product respects exact sequences we get the fol-

lowing commuting diagram

04)I®mamCL®id>P®mamCM31®maazC*>o

H lcw@id lﬁ1®id

0 —— T ®pee C 224 B, 022 Do 0 — 50

of C*-algebras with exact rows. Since ¢; is nuclear, there is a *-homomorphism v;: A @y, C —
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B; ®max C such that 1; 0 p = ¢; @max idc, for each i =1,2 by Corollary 3.8.8 in [6]. Then,

(B1 Bmax idc) 0 h1 = (B2 Omax idc) © P2
and so by the first part of the proof, there exists unique *-homomorphism ¢: A®uinC — PQ®uaxC
satisfying that (a;®idc)o) = 1b;, for each i =1,2. But then a; ®idc (¢ @maxidc(x) —1pop(x)) =0,
for all © € A ®max C, i =1,2, and since Ker(a; ® idc) N Ker(as ® idc) =0, we get that
¢ Omax tdc =1 op
Hence, ¢ ®maxido factors through A ®p;, C and since C' was arbitrary, ¢ is nuclear by Corollary
3.8.8 in [6]. O

Before proceeding to the proof of the first major result of this section, let us collect some
*-homomorphisms that are going to be employed without further explanation. First, recall from

the previous chapter that for B simple, unital C*-algebra we have the trace-kernel extension

0 Jg 225 B, 2 Bv 0

Moreover, for any C*-algebra C, ta: C — M3(C) denotes the inclusion into the (1,1)-corner and
for any *-homomorphism f: A — B we denote the induced map M, (A4) — M, (B), again by f.

Proposition 3.1.2. Suppose A is a separabe, unital, exact C*-algebra satisfying the UCT and B
simple, unital, 2-stable C*-algebra with unique trace Tg such that every quasi trace on B is a trace
and K1(B) =0.

If 74 is a faithful, amenable trace on A and o: Ko(A) = Ko(B,,) is a group homomorphism such that
o([lalo) = [l o and T o = Ta, then there is a full, unital, nuclear *-homomorphism ¢: A — B,
such that Ko(¢) = o and 1,6 = Ta.

Proof. Since B is Z-stable there is a unital embedding 2 < B, which is also trace-preserving due
to the uniqueness of the trace in 2 and B. Moreover consider the induced map t,: 2, — B,

which makes the following diagram commutative

Hence, ¢, is a unital embedding *-homomorphism, and we observe that it is also trace-preserving,
since if * = 7o((xn)n) € L, then ¢, (z) = 7p((xn),) and therefore
B, tw(x) = lim 75(x,) = lim T79(z,) = 7o, (z)
n—w n—w
Then, we compose i, with the unital, full, nuclear, trace-preserving *-homomorphism A — 2,

given in we get a unital, full, nuclear, *-homomorphism ¢: A — B, satisfying
TB,¥ = Ta. From these conditions on % the only non-trivial is that ¢ is full, but this follows in

the exact same fashion as in the proof of

Note that since 7p, = 7« Ko(¢p), and 7p_ o =74 , it follows that

7B Ko(qpv) = 7o Ko(gB)o

but, by [Proposition 2.4.7, B“ is a IIj-factor, which entails that 7g. is an isomorphism, hence

Ko(gY) = Ko(qB)o
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So the image of o — Ky(v) lies inside Ker(Ko(gp)) = ImKy(jg). Now, by the long exact
sequence of K-groups induced by the trace-kernel extension and the fact that Kj;(B“) =0 (see

[Proposition A.0.12) it follows that K(j5) is injective. Using injectivity of Ky(jg), we can define

a group homomorphism x: Ko(A4) — Ko(Jp) by

k([afo) = [ylo
where Ko(jg)([y]o) = 0 — Ko(¥)([a]o), and note that Ky(jp)k =0 — Ko(¢).
Furthermore, @ satisfies the conditions of [Proposition A.0.9| and therefore there is Ey C B,

separable C*-subalgebra such that the corestriction of i to Ejy is again unital, full and nuclear,
while by [Proposition A.0.11| we find Iy C Jp separable C*-subalgebra and ko: Ko(A) — Ko(lp)
group homomorphism such that, & = K(w9)ko, where ug: Iy — Jp is the inclusion map. As

Jp is an admissible kernel and being an admissible kernel is a separably inheritable property by

[Proposition 2.4.7] and [Proposition 2.4.9] respectively, we can then find I C Jg separable admissible

kernel containing Iy, E C B, separable C*-algebra containing Fy; and D C B“ separable C*-

algebra by [Proposition 2.4.7] such that the following diagram

0 I— v Fp—%4D 0
[
0 Jg 22, B, 9, pv 0

commutes, and the vertical maps are the inclusions. Let 7,/}: A — E be the corestriction of
to E and Ro: Ko(A) — Ko(I) the group homomorphism which factors through Ky(ly). As the
corestriction of ¢ to Eg C F is unital, full and nuclear then 1/3 is unital, full and nuclear and we
now claim that s9h: A — My(E) is unitizably full and nuclear.

Nuclearity of LQQZJ is immediate, and for being unitizably full it suffices to show that qu[; is full
and the element 1pz,g) — 1oh(14) is full in My(E). Let us observe first that if we denote by .J
the ideal in M, (E) containing ('#J) then, if v = (,°§) it follows that v*v = (1#{) € J and
so v* = v*vv* € J, which in turn implies that vv* = (8 10E) € J. Hence, J contains the identity
La,(m), and therefore J = My(E). Now, let a € A then that 1[)(a) is full implies that there is
n €N and z1,z9,...,z, € E such that

> w(a)z; = 1p
i—1

1EO_”:piO 113(@)0:1:;*0 .
<0 0>_i_1<0 0)( 0 0)(0 0>€<Z2¢(a)>

and by the previous argument we get that (is¢)(a)) = My(E), hence iy is a full *~homomorphism.

thus,

Moreover, since 1,(g) — inh(14) = (81%), using again the argument above we know that this
element is full in M>(FE), concluding that igzﬁ is a unitizably full *-homomorphism.

If \: My(E) — M(My(I)) is the canonical *-homomorphism, then Aiot) is unitizably full, since
A is unital and ngﬁ is unitizably full, and note that since I is a separable admissible kernel then
Ms(I) is a separable admissible kernel and in turn is stable and has the corona factorization
property by |Pr0position 2.4.9l Hence, )\LQ?ZJ is nuclearly absorbing by Now, since
A satisfies the UCT and M,(I) is a separable admissible kernel we obtain by |Proposition 2.4.9|
the following group isomorphism

KKpue(A, Ma(I)) = Homg(Ko(A), Ko(Ma(I))
and since Ko(u2)ho € Homgz(Ko(A), Ko(I)), there exist a lifting © € KKpyuc(A, Ma(I)). Now,

)\ngﬁ is weakly nuclear, since it is nuclear, and nuclearly absorbing, thus by |Pr0position 2.3.6|
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there exists a weakly nuclear, nuclearly absorbing representation 6: A — M (M>(I)), such that

T = [9,)\@1&]. As A is exact and 0 is weakly nuclear |Proposition A.O.7| asserts that 6 is nuclear.

Consider the following commuting diagram

0 —— My(I) RN Ms(E) - My(D) ———— 0
H B | (2)
0 —— My(I) —— M(My(I)) —22— M(My(I))/May(I) — 0
where p; is defined in a way that makes the RHS square commutative. Now, observe that
p1QL2’(/J = pgx\ng and since (6, )\ng) is a Cuntz pair, it follows that /\ng( )— ( ) € Mx(I) for all
a € A. Hence, pg()\z,2¢( )—0(a)) =0, for all a € A, and therefore py6 = p1Geath. So, if we apply
the previous lemma for 6 and zj@z@, there exists (ZBQ: A — M5(E) *-homomorphism satisfying that
Apy =0 and Goy = Giot)
while, since both 6 and qAng/AJ are nuclear *-homomorphisms, we get by the same lemma that b2
is nuclear as well.
Now, consider the group homomorphism induced by j
Jot KK pue(A, My(I)) = K Kpye( A, Mo (E))
and note that, since A(¢a(a) — t9t(a)) € My(I), for all a € A, then (¢y — 1ot))(a) € Ma(I), for all
a € A, while (232 and ngﬁ are nuclear, hence it follows from |Proposition 2.2.21| that
e[z, Aeat)] = [$o] — [129)]
Since z lifts Ky(i2)ko, then j*(gc) lifts Ko(j'Lg)/%o = KO(ng')/%O, and in particular
Ko(12))ko = Ko(¢2) — Ko(12)

Hence, if we set ¢o = tpda: A — Ms(By), then by how s is constructed, commutativity of (1)

and the relation above, we get
Ko(¢2) — Ko(t2¥) = Ko(tpta))i + Ko(tparh) — Ko(tath)
= Ko(w2jp)k = Ko(12)0 — Ko(t2¢)
So, Ko(da) = Ko(i2)o, from which it follows that
Ko(¢2)([La]) = Ko(t2)o([14]) = [15.]

Now, as B, has stable rank one by [Proposition 2.4.7] then B, has cancellation of projections

by [Proposition A.0.11} which implies that ¢2(14) ~o 1p, and in turn that there exists unitary
u € Ms(B,,) satisfying uge(la)u* =1p, ®0p,. Thus, for any a € A,

¢a(a) = p2(a)u™(1p, ®0p,)u = ugs(a)u” = upz(a)u™(1p, ©0p,)
= Adyé2(a) = ¢(a) ®0p, = 126(a)

for some ¢: A — B,, unital, *-homomorphism.
We claim that ¢ is the desired *-homomorphism. Firstly, since Ad,¢2(p) ~o ¢(p) for any
p € P (A), it follows that

Ko(120) = Ko(¢2) = Ko(t2)o

and now, by stability of Ky (See Proposition 4.3.8 in [20]), Ko(t2) is a group isomorphism, hence
Ky(¢) = 0. Moreover, by construction we have the following
qpé2 = qpiEds = Lpdds = LpdLath = qplat)
thus,
(7B, @ TTary(c)) P2 = (7B, @ Trary(c))t2y)
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But, as v is a trace-preserving *-homomorphism, it follows that
A =TB,Y = 2(TB, @ T )2 = 2(TB, @ TTa,(0)) P2
= 2(7—Bw (39 TTMQ(C))[Q(ZS = TBW¢

showing that ¢ is trace-preserving. For nuclearity of ¢, we observe that, since ¢5 is nuclear
*-homomorphism and ¢ is a compression of ¢o, then ¢ is also a nuclear *-homomorphism. It
remains to show that ¢ is full. To this end, note that faithfulness of 74, implies that for any
a€ At a+#0, 7p,¢(a) = Ta(a) > 0, and considering that B, has strict comparison of positive
elements, asserts that ¢(a) is a full element in B,. Now, as any element in A is
a linear combination of positive elements, we conclude that for any non-zero a € A, ¢(a) is full

in B,,. Hence ¢ is a full *~homomorphism and the proof is complete. O

Keeping the same conditions on A, B, apart from the existence result that we just proved, there
is also a classification result for unital, full, nuclear *-homomorphisms from A to B,, satisfying
some mild conditions. The machinery and the proof techniques used in Proposition 3.1.2, are
the driving forces in proving this classification result as well, and therefore we prefer to omit the
proof and instead move towards the direction of refining these two results. The statement of this

classification result follows.

Proposition 3.1.3. Suppose A is a separabe, unital, exact C*-algebra satisfying the UCT and B
simple, unital, 2-stable C*-algebra with unique trace T such that every quasi trace on B is a trace
and K1(B) =0.

If ¢,¢: A — By, are unital, full, nuclear *-homomorphisms such that Ko(¢) = Ko(¢) and 7p,¢ =
7B, Y, then there exists unitary v € B,, such that ¢ = Ady1.

It is the case that with a bit more work we can upgrade the existence result of the Proposition
3.1.2, by finding a *-homomorphism from A to B, instead of B,, satifying the same properties,
where we keep the same conditions on A and B. The main problem to tackle in this direction,
is that only approximately multiplicative maps from A to B can be produced directly from a
*-homomorphism from A to B,. In order to address this issue, we introduce the notions of
(¢, 0)-multiplicative maps and Ky-triples. The same idea for refining Proposition 3.1.2 will be

applicable for refining Proposition 3.1.3 too, as it will be evident in the following.

Let A, B be two C*-algebras, ¥ C A finite set and § > 0. Then we say that a linear,
self-adjoint map ¢: A — B is (¢, d)-multiplicative if
|lp(aa") — d(a)p(a’)|| < 6, for all a,a’ €Y
Now, a Kjy-triple for a unital C*-algebra A is a triple (¢,0, P), where ¥ C A finite set, § > 0,
and P C P, (A) finite set of projections, such that whenever ¢: A — B is a (¥¢,0)-multiplicative

map, then
|6(p?) — ¢(p)?|| < 1/4, for all pe P

It must be evident that for any P C P, (A) finite set, we can find sufficiently large ¥ and
sufficiently small ¢ such that (¥¢,9, P) becomes a Kp-triple for A. Also, note that, if (¥,6,P)
is a Ky-triple for A and ¢: A — B is a (¥¢,)-multiplicative map then 1/2 is not contained in
the spectrum of ¢(p). Thus, if x is the characteristic function on [1/2,00) defined on the real
numbers, we can then define a map ¢x: P — Ko(B), by ¢x(p) = [x(¢(p))]o. In this way, every
linear, self-adjoint, (¥, ¢)-multiplicative map ¢: A — corresponds to a function ¢x: P — Ky(B).
Now we present, the "counterpart" of Proposition 3.1.2 in the setting of linear, self-adjoint,
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(¢, 6)-multiplicative maps and Ky-triples.

Lemma 3.1.4. Suppose A is a separabe, unital, exact C*-algebra satisfying the UCT and B simple,
unital, 2-stable C*-algebra with unique trace Tg such that every quasi trace on B is a trace and
K1(B) = 0.

If T4 is a faithful, amenable trace on A and o: Ko(A) — Ko(B) is a group homomorphism such that
o([1a]o) = [1B]o and 7o = 74, then for any Ko-triple (4,0, P) for A, there is a unital, completely
positive, nuclear, (¢,0)-multiplicative map ¢: A — B such that o([plo) = ¢x(p) for all p € P and
|TBP(a) — Ta(a)| < 6 foralla € 9.

Proof. Let (¢4,6,P) be a Ky-triple for A and let tp: B — B, the diagonal embedding. Then,
K, ,0([1a)o) = [1B,] and 7 Ko(tp)o = 74. Therefore, by [Proposition 3.1.2| there is a unital,

nuclear *-homomorphism ¢,: A — B,, satisfying that Ky(¢,) = Ko(tg)o and 75,¢, = Ta.
Then, by Choi-Effros lifting theorem there exist ¢,: A — B u.c.p, nuclear maps such that
Tow((Pn(a))n) = Pu(a), for all a € A, where m,: [>°(B) — B, the quotient map. Now, set

S1 = Naweg{n = 1: |[¢n(aa’) = ¢n(a)dn(a’)ll < 6}
and since lim,_, |[|¢n(aa’) — ¢n(a)pn(a’)|| = 0, for any a,a’ € A, we get that for any a,a’ € ¢4
there is I5 € w, such that I5 C {n > 1: ||¢n(aa’) — ¢n(a)dn(a’)|| < }. Hence,
{n>1: ||¢pn(aad’) — dn(a)dn(a’)|| < 0} € w and since ¢ is finite, it follows that S; € w. Also, note
that for each n € Sy, ¢, is (¢,0)-multiplicative.

Take p € P, and d,k € N, such that p € My(A) and o([plo) = [e] — [f], where e, f projections
in My (B). Then, Ko(¢,)([plo) = [tB(e)]o — [tB(f)]o which implies that ¢, (p) ® tp(f) is stably
equivalent to ¢p(e). Thus, there exists | € N and u € Myyr4i(B,) partial isometry such that

u u = ¢, (p) ®ip(f) ® 1%1 and wu* = O%L‘j ®ple) ® 1%1
Since Xx(¢w(p)) = éu(p), under the identification Myir+i(I%°(B)) = 1°(Mysx4:1(B)) we find a
bounded sequence (uy), C Mgixyi(B) satisfying that

. Bl _ 1: &d S| —
T [Jugun = x(én(p) @ f @ 15| = lim [Juguy, — 05 @ e@ 13| =0
and observe that since P is finite and p was arbitrary

S =Mpep{n € 51: (¢n)%(p) = o([plo)} € w
Now, let
T =Nacg{n > 1: |Taodn(a) — Ta(a)] < 0}

As, limy,—,, 75(dn(a)) = 7B, 0w (a) = Ta(a), for all a € A, we obtain that T € w. Hence, SNT # 0,
and if we fix any n € SNT, and set ¢ = ¢,, we get the desired unital, completely positive,

nuclear, (¢, ¢)-multiplicative map. O

There is also a "counterpart" of the classification result (Proposition 3.1.3) and it has the

following form.

Lemma 3.1.5. Suppose A is a separabe, unital, exact C*-algebra satisfying the UCT and B simple,
unital, 2-stable C*-algebra with unique trace Tg such that every quasi trace on B is a trace and
Ki(B)=0.

For any T4 faithful trace on A, FF C A finite set, € > 0, there exists a Ko-triple (¢,9, P) for A, such
that if ¢, A — B unital, completely positive, nuclear (4, 9)-multiplicative maps with ¢x(p) = ¥4 (p)
forallp € P, and |tpp(a) — Ta(a)| < 9§, |[tBW(a) — Ta(a)| < 6, for all a € G then there exists unitary
u € B such that

lp(a) —up(a)u™|| <€, forall a € F.
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Proof. We assume that the result does not hold for some 7,4 faithful trace on A, FF C A finite
set and € > 0. Then, we note that since A is separable then A ® K is separable and since any
subspace of a separable metric space is separable, we get that Py (A) = P(M(A)) is separable.
So, we can find an increasing sequence of finite sets (P,), with dense union in P, (A). Now,
for each n € N, there is N(n) € N such that P, C P(Uj»v:(?)]\/[j(A)), since P, is finite. But,
separability of A also allow us to choose ¥, finite sets in A, such that U,%¥,, dense in A,
Y, C %11 and P, C P(U;V:(?)Mj(gn)), for all n € N. Finally, we select d, to be a decreasing
sequence to zero, such that whenever ¢: A — B is a (¥, §,)-multiplicative map then its inflation
¢: M;(A) — M;(B) is (M;(%,),1/4)-multiplicative, for all 1 < j < N(n). This last assertiomn,
guarantees that (9,,0,,P,) are Ky-triples for A, for each n € N.

By our assumption on 74, F' and €, we can find for each Ky-triple (9,6, P,), a pair of unital,
nuclear, completely positive, (%,,0,)-multiplicative maps ¢,,1,: A — B such that (¢,)z(p) =
(Vn)g(p), |TBON(a) — Ta(a)] < On, |TBYn(a) — Ta(a)| < &y, for all a € G, p € P,, but such that
for each unitary u, € B, there is a € F' satisfying

||¢n(a’) - unwn(a)u:,” > €

Since ¢, ¥, are (¥,,0,)-multiplicative we have that

[¢n(aa’) — dn(a)pn(a’)|| < 0n and |lthn(aa’) — ¥n(a)¥n(a’)]| < dn
for all a,a’ € ¥, and n € N. Moreover, as 6, — 0, 4, C %,,,, for all n € N, and U,%, = A4, it
follows that
lim [6,(aa’) — 6, (@) (a')]| = Tim 4, (aa') — o (a)iba (@) | = 0

n
for a,a’ € A, where w is a free ultrafilter on the natural numbers. So, the maps ¢,,1,: A — By,
induced by (¢n)n, (¥n)n, are unital *-homomorphisms and employing the same arguments we see
that

B, ¢u(a) = 7}% TB¢n(a) = Ta(a) = 7113‘10 TBYn(a) = 7B, %w

for all a € A. Furhermore, as ¢,,, are nuclear, u.c.p maps and A is exact we obtain from

[Proposition A.0.3| that ¢,,%, are nuclear *-homomorphisms, and since 74 is a faithful trace and

B, has strict comparison of positive elements with respect to its trace (see [Proposition 2.4.7),

we get by that ¢, are also full *~homomorphisms.
Now, take p € P, such that p € My(A) for some d € N then, as (¢r)x(p) = (¥r)x(p) for all

k > n, or equivalently [x(ér(p))]o = [x(¥x(p))]o, for all k > n, and since B has cancellation of

projections by the proof of [Proposition 2.4.7] there are partial isometries uy € My(B), satisfying

upur, = X(0x(p)) and uguy = x(¢x(p))
for all £k > n. Let, u = m,((ug)x) be the corresponding element in B,, where 7, :*(B) — B,

the quotient map. Then,
w'u = 7 (X (0k(P)))kzn) = X(Tw((0k(P))k2n)) = X(0u(P)) = du(p)

and similarly

uu® = X(Yu(p)) = Yu(p)

So, [¢w(p)]o = [Yw(p)]o and since p was arbitrary, it follows that Ko(¢y,) = Ko(tw)-
Now, if we apply |Proposition 3.1.3| to ¢, and t,, we find a unitary w € B, satisfying that

¢, = Adytp,. From the proof of [Proposition 2.4.7] B, has path connected unitary group, hence
w ~p 1, = Ty(liee(p)), which implies that w € 7, (U(I*(B))). So, if (w,), C B is the sequence

of unitaries lifting w, then
lim [|¢n(a) — wppn(a)wy|| =0

n—w
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for all a € A, and in fact there is ng € N such that

||¢”0 (a) - w’nowno (CL)?U:LO H <€

for all a € F, which is a contradiction. O

These last two lemmas are the cornerstones in refining Proposition 3.1.2 and Proposition 3.1.3.
The key factor lies in the idea that we can now globalise the local essence results of the last two
lemmas in a way that all the K-theoretical information will remain intact after this transition.

The rigorous statement of this refinement follows.

Theorem 3.1.6. Suppose A is a separable, unital, exact C*-algebra satisfying the UCT and B simple,
unital, 2-stable C*-algebra with unique trace Tg such that every quasi trace on B is a trace and
K,(B) =0.

1) If 74 is a faithful, amenable trace on A and o: Ko(A) = Ko(B) is a group homomorphism such
that o([1a]o) = [1BJo and Tpo = Ta, then there exists a unital, faithful, nuclear *-homomorphism
¢: A — B satisfying Ko(¢) =0 and tp¢ = Ta.

2) If ¢,9: A — B are unital, faithful, nuclear *-homomorphisms such that Ko(¢) = Ko(¢)) and

T = TBY, then there exists a sequence of unitaries u, € B such that
lim [|¢(a) — unt(a)uy,|l =0
n—oo

for all a € A.

Proof. 1) Let F,, C A be an increasing sequence of finite sets with dense union in A and ¢, >0
a sequence such that ) e, < oco. Then, by the previous lemma we find (¥,,0,,P,) Ko-triples
corresponding to the pairs (F,,€,). Following the same ideas as in the proof of the last lemma
we arrange ¥,, P, and J,, such that ¥,, P, are increasing sequences of finite subsets with dense

union in A and P (A), respectively, and §, is a sequence decreasing to zero.

Now, by [Lemma 3.1.4] we find for each Ky-triple (¥%,,d,,P,) a unital, completely positive,
nuclear, (%,, 6, )-multiplicative map ¢, : A — B satisfying that o([plo) = (¥n)x(p) and |TYn(a)—
Ta(a)] < 6y, for all p € P, and a € %,. Since by contstruction, for any n € N, ¢, 41 is (%, 0n)-

multiplicative and (%41, 0n+1)-multiplicative map, by [Lemma 3.1.5| there exists unitary u,4+1 € B
such that

||1/)n(a) - un+1wn+1(a)u:+1|{ < €,, for all a€ F,

Define ¢1 = ¢y and ¢, = Ad(ujus - - u,)1, which are clearly unital, completely positive, nuclear,

(4, 6, )-multiplicative maps, and observe that for any n € N and a € F,, we have that
[én(a) = ¢nia(a)]l = [[Ad(urug - - - un)Pn(a) — Ad(urug - - - Uni1)Pn i1 (a)
= [[Ad(urug - - un)(¥n(a) — Ad(uni1)Pny1(a))]| < en
Hence, (¢n(a)) is a Cauchy sequence in B for any a € U,F,. So, for ¢ >0 and a € A we can

find n € N and o € F,, such that |ja —d'|| < ¢/3 and ||¢n(a’) — ¢n11(a’)|| < €/3, which implies
that

16n(a) = dni1(a)| = 6n(a) = dn(d') + ¢n(a’) = dni1(a’) + dni1(a) = dnia(a)] <e
From this, we obtain that (¢,(a)), is a Cauchy sequence in B for any a € A and therefore we
are allowed to define a map ¢: A — B by

B(a) = lim o, (a)
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We claim that ¢ is the desired *-homomorphism. Firstly, we see that since for any n € N and
a € G,, we have that
|lér(aa’) — gr(a)pr(a’)]| < Ok, for all k>n

it follows that ¢(aa’) = ¢(a)p(a’), for any a,a’ € U,%,. Thus, using that U,%, is dense in A,
an €/3 argument as above, shows that ¢(ad’) = ¢(a)d(da’), for all a,a’ € A, and as ¢ is already
a u.c.p map, we get that ¢ is a *-homomorphism. Moreover, note that 7p¢, = Tv,, for any
n € N. Hence, in a similar manner as above, we use that for any n € N and a € %,

|TpdK(a) — Ta(a)| < Ok, for all k>n

to obtain first that 7¢(a) = 7a(a), for all a € U,%,, and by an ¢/3 argument that 7p¢(a) =
Ta(a), for all a € A. That ¢ is trace-preserving, implies that ¢ is faithful, since 74 is faithful.
Now, It remains to show that o = Ky(¢). To this end, firstly note that as unitary equivalence
implies von Neumann-Murray equivalence of projections, it follows that for any n € N and p € P,,
o([plo) = (Yr)#(p) = (¢r)x(p), for any k> n. Thus, for any n€N, pe P, and k>n

Ko(¢)([plo) = [¢(p)]o = [x(¢(p)]o = [x(¢k(p))]o = o([plo)

As (P,) is a dense sequence of finite sets in Py (A), for any n € N and p € P,,(A), there exists
q € U, P, such that ||p—gq|] < 1. But then p ~g ¢ (See Proposition 2.2.4 in [20]) which shows
that

a([plo) = o([glo) = Ko(9)([g)o) = Ko(#)([plo)

concluding that o = Ky(¢).

2) Since ¢ is a faithful *-homomorphism, then 74 = 7p¢ defines a faithful trace on A. Now,
let € >0 and (F,), € A be an increasing sequence of finite sets with dense union in A. As,
¢, trivially satisfy the conditions of the previous lemma for any Kjy-triple for A, there exists
unitary u, € B satisfying that

lo(a) — uptp(a)uy| <€/3 for all a € F,
Since, for any a € A we can find n € N and b € F,, such that ||a —b|| < €/3, we obtain that
[6(a) — wnib(a)ui | < 19(e) — GO +19(6) — wnth (B + [9(a) ~ Y)] < e

as desired. O

As an ending point of this project, we restrict our attention to simple, unital AF-algebras
with unique trace and divisible Ky-group and we aim to show that the conclusion of Theorem
3.1.6 still holds when the C*-algebra B is replaced by an AF-algebra with the aforementioned

conditions.

Corollary 3.1.7. Suppose A is a separabe, unital, exact C*-algebra satisfying the UCT and B simple,
unital, AF-algebra with unique trace T and divisible Ky-group.

1) If 74 is a faithful, amenable trace on A and o: Ko(A) = Ko(B) is a group homomorphism such
that o([1a]o) = [1B]o and 7o =74, then there exists a unital, faithful *-homomorphism
¢: A — B satisfying Ko(¢) =0 and tpd = 7a.
2) If ¢,¢: A — B are unital, faithful *-homomorphisms such that Ko(¢) = Ko(v) and
Tp® = TY, then there exists a sequence of unitaries w, € B such that
Jim [19(a) — uas(a)ui =0
for all a € A.

Proof. As B is a unital AF-algebra, it is isomorphic to the inductive limit of an inductive

sequence (B, ®,), where B, are finite dimensional C*-algebras and ¢,: B, — B,41 are unital
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*-homomorphisms. Since B, are finite dimensional C*-algebras it is a well known fact that

B, = Mj1 (C) @ Mj2 ((C) DD Mjkn ((C)
for some j; € N, i =1,2,...,k,. Hence, by continuity of Kj-functor we obtain that K;(B) = 0,
since Ki(B,) = 0 for any n € N. Moreover, by Exercise 2.9 and Paragraph 3.1.1 in [20],
Ko(M;,(C)) = Z, for all i =1,2,...,k,, and since Ko-functor preserves direct sums and is contin-

uous we get that
Ko(B) = h_HQ(ij’HKown))

But, as Z/* are torsion free abelian groups for each n € N, it is easily verified that Ky(B) is
also a torsion free abelian group.

Now, using this observation, we claim that the group homomorphism
A
Ko(B) — Ko(B) KRz Q
given by
[plo = [plo ® 1g

where p is a projection in M, (B), is an isomorphism. Let us show first that it is surjective.
Let [plo®@m/n € Ko(B)®zQ, where m,n € Z. Then, [plo®@m/n =m([plo®1/n), and since Ky(B)
is divisible, we find [¢q]o € Ko(B) such that n[q]o = [p]o. Hence,

m([plo ® 1/n) = m(nlglo ® 1/n) = (m[qlo ® 1¢) = A(m[qlo)
which proves that A is surjective. For injectivity, we use a standard fact from commutative
algebra (see for example [4]) that for any Z-module M, if S =Z\{0}, and S~'Z, S™1M are the
localizations of Z and M with respect to the multiplicatively closed set S, then there exists an
isomorphism
M®z S 'Z— S™'M

given by
m® z/s— mz/s

As S71Z = Q, if we set M = Ky(B), then it suffices to show that [p]o =0 when [p]o/1g =0 in
S7'Ky(B). By the definition of localizations, [plo/lg = 0 if there exists s € S = Z\ {0}, such
that s[p]o = 0. But, as Ky(B) is torsion free, this not possible, except [p]o =0, which shows the
injectivity of A.
Now, we view B ® 2 as the inductive limit of the the inductive sequence (Mjy,(B
bit My, (B) — My i

define the following group homomorphisms

pit Ko(My,(B)) — Ko(B) ®z Q

¥;), where
1,

);
... (B) are unital *-homomorphisms with multiplicity k;1/k;, @ > 1, and we

by
pi([plo) = [plo ® 1/k;

Then, by continuity of Ky, Ko(B®£2) is isomorphic to the inductive limit of (Ko(My,(B)), Ko(¢i)),

and observe that the following diagram

KO(MI%-H (B))

Ko(wi)] x

Ko(My,(B)) —— Ko(B) @z Q

commutes for all ¢ > 1. Hence, by the universal property of inductive limits there exists a group
homomorphism A: Ky(B ® 2) — Ko(B) ®z Q making the diagram
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Ko(Mj,(B))

[ =

Ko(B® 2) —— Ko(B) ©2Q

commutative for any i > 1, where the vertical map amounts to the inclusion. Now, we claim
that X\ is a group isomorphism.

To this end, let [plop € Ko(B ® £2) and suppose that A([p]o) = 0. Since, [plo € Ko(My,(B)) for
some i > 1, then by the commutative diagram above we have that p;([plo) = [plo ® 1/k; = 0. So,
ki[plo ® 1g = 0 and as previously, it follows that [p]o =0, since Ko(B) is torsion free.

For surjectivity, it suffices to show that for any [p]o ® 1/n € Ko(B) ®z Q, there exists ¢ > 1
and [p'lo € Ko(Mg,(B)) such that p;([p'lo) = [plo ® 1/n. But since we can find i, € N such
that k;/k; = n, divisibility of Ky(B), provides us with [p]o € Ko(B) such that k;[plo = k;[p']o €
Ko(My,;(B)). Hence, it follows that

pi(k;i[p'lo) = k;[p'lo ® 1/k; = kilplo © 1/k; = [plo ® 1/n
thus A is surjective.
Summarizing, we have shown that Ko(B ® 2) = Ky(B) ®z Q = Ky(B), and it is obvious by

construction that this group isomorphism preserve distinguished order units and maps Ko(B)™"
onto Ko(B® 2)T. Thus by Elliot’s classification of unital AF-algebras, we obtain that

B2B® 2

i.e B is Z-stable. Moreover, as any AF-algebra is nuclear, B is nuclear, hence exact, and since
any quasi-trace on exact C*-algebra is a trace (see [I7]), and any *-homomorphism A — B is
nuclear, as long as B is nuclear, we can apply the previous theorem, from which the desired

conclusion follows immediately.
O
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A Appendix

The main reason for creating this appendix it to collect results that are used heavily in the proofs
of Chapter 3. As a starting point, we show that for any unital, separable, exact C*-algebra in
the UCT class which admits a faithful, amenable trace there is a unital, full, nuclear and trace-
preserving *-homomorphism into an ultrapower of the universal UHF algebra, 2, with respect to
a fixed free ultrafilter defined on the natural numbers. The proof consists of a critical middle
step concerning quasidiagonal traces and their relation to faithful, amenable traces. Therefore we

start by giving the definitions of an amenable and quasidiagonal trace.

Definition A.0.1. Let A be a C*-algebra. We say that a trace T4 on A is amenable if there exists a
net of c.c.p maps ¢;: A — My, (C) such that
i) [|¢i(aa’) — pi(a)pi(a’ )y p, — 0, forall a,a’ € A
i1) Tryay¢i(a) — 1a(a), forall a€ A
Moreover, we say that T4 is quasidiagonal, if there exists a net of c.c.p maps ¢;: A — My, (C) satisfying
condition (1) and the following property
iii) ||¢i(aa’) — di(a)pi(a')[| — 0,  for all a,a’ € A

The first preliminary result that we are after is the following. We postpone its proof for a

moment for reasons that we explain right after the statement

Proposition A.0.2 ([13], Proposition 1.4). Let A be a separable, unital, exact C*-algebra and 74 a

trace on A. The following statements are equivalent:
1) TaA 1s quasidiagonal,

i1) there exists a unital, nuclear, trace-preserving *-homomorphism0: A — 2,

In order to establish the nuclearity of the *-homomorphism 6 above, we will need an argument
showing that the c.c.p maps given in the definition of quasidiagonal trace induce a nuclear map

into the product {*°(2). The following proposition does this important work for us.

Proposition A.0.3 ([8], Proposition 3.3 ). Let A be a separable C*-algebra and let ¢,: A — By, be
a sequence of nuclear c.c.p maps into C*- algebras B,,. Then, if A is exact, the map ¢ = (¢ppn)n: A —

L, Bn is a nuclear c.c.p map.

Proof. Since A is exact, it is a fact that there is a nuclear embedding : A — C, into some C*-
algebra, C. Let € >0 and F' C A finite, then it suffices to find a c.c.p map A: C — [[,, B, such
that ||¢(a) — Aow(a)|| <e, for all a € F.

Since ¢,, are nuclear, we can find k, € N and c.c.p maps A\,: A — My, and pi,: M) — By
such that ||, o An(a) — ¢n(a)|| < € for all @ € F. Now, by Arverson’s Extention Theorem find
c.c.p maps A C — M, satisfying A ot =\, and set A = (u,o S\H)n: C — 1], Bn- Then X is

a c.c.p map and
lé(@) = X0 v(@)] = sup [ du(a) — prw 0 An 0 0(@)| = sup 6n(@) — 0 An(a)] < e

for all a € F. Now by separability of A the desired conclusion follows. O

75



Note A.0.4. If we restrict our attention to the universal UH F-algebra 2, since 2 is nuclear,
any c.c.p map into 2 has to be nuclear. So if we additionally suppose that we have a c.c.p map
from a separable, exact C*-algebra A into [*°(2), then by the proposition above we obtain that
it must be nuclear.

Now, we are ready to prove [Proposition A.0.2}

Proof. (Proposition A.0.2) Suppose first that there exists §: A — 2, unital, nuclear, *-homomorphism.
Then, by Choi-Efrros Lifting Theorem there exist a sequence 6,,: A — 2 of c.c.p maps which

satisfy the following conditions
160 (aa’) — 0, (a)8n ()| 2= 0, for all a,a’ € A

and
lim 796, (a) =74(a), for all a€ A

n—w

Now, as 2 = Wkn(((:), where (k,) C N and k,, 11|k, for all € N, we can find for sufficiently large
n, surjective, contractive linear maps ,: 2 — My, (C), such that 12 = 1,,. Then, by Tomiyama’s
Theorem, we know that v, (ab) = 9, (a),(b) and ¥, (ba) = ¢, (b)¢,(a) for all a € My, (C),b e 2.
Now, this condition combined with the density of U,Mj, (C) in 2, show that

thn 0 (aa’) — Vb (a)ihnby(a)]] == 0, for all a,a’ € A

and
lim Try n0,(a) = Ta(a), for all a € A

n—w

Since, Ynbn: A — M (C) is a sequence of c.c.p maps, it follows that 74 is a quasidiagonal on
A.
On the other hand, suppose that 74 is a quasidiagonal trace. Then, as A is separable we can

find a sequence 0,,: A — M, (C) C £ of c.c.p maps satisfying that
[0n(aa’) — 0, (a)fn(a’)|| === 0, for all a,a’ € A (1)

and
lim Try, 0n(a) =7a(a), for all ac A (2)

n— oo

As 0, are nuclear c.c.p maps, [Proposition A.0.3| implies that the induced map 6: A — 2,

is nuclear. Moreover, conditions (1), (2) imply that 6 is also unital and trace-preserving *-
homomorphism, hence 6 has all the desired properties and the proof is done. O

The last fact needed in order to establish the result that we promised at the beginning of the

appendix is the following. The proof is ommited.

Theorem A.0.5 ([I3], Theorem 3.7). Any faithful, amenable trace on a separable, unital, exact
C*-algebra satisfying the UCT is quasidiagonal.

Theorem A.0.6 ([30], Theorem 1.2). Let A be a separable, unital, exact C*-algebra satisfying the
UCT and T4 faithful, amenable trace on A, then there is a unital, full, nuclear, trace-preserving *-

homomorphism 0: A — 2.

Proof. Employing [Proposition A.0.2] and [Theorem A.0.5| we immediately get a unital, nuclear,

trace-preserving *- homomorphism 6: A — 2,,. Moreover, as 2, has strict comparison of positive

elements with respect to its trace (see [Proposition 2.4.7), 0 is trace-preserving and 74 is a faithful

trace, implies that 6 is a full *-homomorphism, as required. O
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In the previous results we already used the fact that exact C*-algebras are nuclearly embed-

dable. To this end, we recall that in [Proposition 3.1.2] an another characterization of exact

C*-algebras in terms of c.p weakly nuclear maps was used critically. The proof of this charac-

terization follows.

Proposition A.0.7 ([14], Proposition 3.2). If A is a C*-algebra and B is a o-unital C*-algebra then
A is exact iff any weakly nuclear c.p map ¢: A — M(B) is nuclear.

Proof. First of all, note that if A is non unital, then we can extend ¢ to a u.c.p weakly nuclear
map from the unitization A of A into M (B). Therefore, we may assume that ¢ and A are
unital. Moreover, using that nuclearity is a local property, it is sufficient to show that for any
unital, separable C*-subalgebra Ay of A, ¢|4, is nuclear.

Let Ag C B(H) be a non-degenerate representation over some separable Hilbert space H. Then,
as K is a closed two-sided ideal inside B(H), B(H) = M(K) (see [Note 1.1.3). Let ¢: Ag — M(K)
be the unital inclusion. Since A is exact, then any separable C*-subalgebra of A is exact and in
particular Ay is exact. Thus, Ag is nuclearly embeddable and by Arverson’s extention Theorem
we get that ¢+ must be nuclear. Now, consider the composition

. 1 ®id
B: Ag < M(K) —2 " A(B) @ M(K) — M(B®K)

which is again nuclear, and it is a fact that ® absorbs any unital, weakly nuclear c.p map (see
[90)-
So, if ¢g is the map given by the following composition

Ao 22 (B

idy(B)y®e1t

M(B)® M(K) <5 M(B® K)
then ¢y is a c.p map since ¢ is, and we claim that is weakly nuclear.

Let b = b ® ky € B® K, consider the map Ay - B ® K given by a — b*¢p(a)b and let
prn: A — My (C), 0n: M) (C) — B be the c.c.p maps exhibiting the weakly nuclearity of ¢|4,
for b; i.e, the nuclearity of the map a +— bj¢|a,(a)by. Define p, = p, ® e11: A = My, (C) and
0, =0, @ki(—)k1: My, (C) » B®K, and note that they are both c.c.p maps and they exhibit
the nuclearity of a +— b*¢g(a)b since

16, 0 p1,(a) = b"do(a)b]| = [|0n © pn @ kieriky — b1 ¢|a,(a)by @ kierik | =
[(60r © pnla) — b1d|a,(a)br) @ kierrki| = [|(On © pn(a) — b1¢la,(a)br)| [|kTerrke| — O

As, be B® K was an arbitrary simple tensor, it follows that ¢ is a weakly nuclear c.p map.
Now, since ® absorbs ¢g, there is a sequence of unitaries (u,), C M (B ® K) such that

lun®(a)uy, — @ @ ¢o(a)|]] -0, for all a € Ay
So, if 51,82 € M(B ® K) are isometries satisfying that sis} 4 s2s5 = 1y (pgk), 5155 = 0 and
5782 =0, then we have that
[6(a) = syun®(a)uy szl = [Is3(s10(a)s] + s2p(a)sy — un®(a)uy,)ss|
< un®(a)uy, — @ @ go(a)| = 0

Set, wy, = s3uy, isometries in M(B ® K), and use nuclearity of ® to find A,: Ag = My, (C)
and fin: M) (C) — M(B ® K) c.c.p maps such that for ¢ > 0 there exists No € N so that if
n > Ny then

[[Ady, © pn 0 Ap(a) — ¢o(a)|| <€, for all ae€ Ay

This shows that ¢ is nuclear.

Finally, let
1yv(By®e11(—)1n(By®er1

U: M(B®K) M(B)® ey = M(B)
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and it is easy to see that ¥ is a surjective, projection, which is also contractive. Moreover,
Vo ¢y = ¢|la,, which implies that ¢|4, is a nuclear c.p map, as desired.

For the other direction, let Ay C A be a separable C*-subalgebra, and let m: Ag — M(K) be
a faithful representation. By Arverson’s extention theorem, we may extend 7 to a c.c.p map
7: A — M(K), which is weakly nuclear since K is a nuclear C*-algebra. Thus, by assumption 7
is nuclear, and so 7 is nuclear. This shows that Ay is nuclearly embeddable, hence by a well
known fact, Ay is exact. Now, using that A is exact if, and only if, any Ay C A separable

C*-subalgebra is exact, the desired result follows. O

The second main goal of this appendix is to present two results used in tackling non-separability
issues. We first show that under some rather mild assumptions, the properties of a *~homomorphism
to be nuclear and full can be preserved after passing to a suitable corestriction. Before proving

this claim, we need a preliminary result which has its own particular interest.

Lemma A.0.8. Let A be a separable, unital C*-algebra. Then, there is a sequence (ay), C A such
that (an)n NI Caense I, for any closed two sided ideal T < A.

Proof. Firstly, we claim that if a € AY, b € I and § = |la—b|| then (a —€); € I whenever

la—0b|]| <e To do so, define f: RT — RT continuous function such that f(z) =0, when z <4,

and f(z) =1, when x >e. Then, as a —b € Ag,, it follows that a —b < |la —b|| = J, so we have
(a—€)y = fla)(a—ela)f(a) < fla)(a—014)f(a) < f(a)bf(a)

But, I as an ideal, is also a hereditary subalgebra of A, which implies that (a —¢), € I, since

f(a)bfla) € 1.

Now, let (b,)n, € AT be a dense sequence and take ¢ € IT. Then, for any k € N, there is
n €N, such that ||b, — || < +. Hence, from the previous argument, (b, — 1)+ € I and moreover,
an — (bn — %)+’| < 1, which shows that H(bn - )+ —cH < 2. So, if we set

1
T:{(bn—E)+ :n,k € N}
then T is a countable set and T'N I dense in IT, for any I << A. But, as any element in I can
be expressed as a linear combination of elements in I, if we set
T/ = {al — a2 + Zbl — ibQi CLl,CLQ,bl,bQ € T}
then T” is a countable set in A satisfying that 7' NI Cgense I, for any I <1 A, as desired. O

Proposition A.0.9 (|30], Proposition 1.9). Let A be a separable C*-algebra and B a unital C*-
algebra. If p: A — B is a full, nuclear *- homomorphism, then there is a separable, unital C*-subalgebra
By C B such that the corestriction of ¢ to By is full and nuclear.

Proof. Firstly, let ¢n: A — My(,,)(C), ¢),: My,)(C) = B be c.c.p maps such that
7, © dn(a) = d(a)]| === 0

for all a € A.

As A is separable, by [Lemma A.0.8] we can find a sequence (), C A so that for any I C A
closed two-sided ideal, 3 n € N such that «, € I. Now, for each n € N, ¢(«ay,) is a full element

in B, and threfore we can find k(n) € N and $,;, 0, ; € B satisfying
k(n)
> Bridlan)B,, =15
i=1
Let By be the C*-algebra generated by ¢(A), ¢;, (M, (C)) and S,;, 5, ;, for all i =1,2,...,k(n)

n,i’
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and n > 1. Note that, as A and My, (C) are separable, it follows that ¢(A) and ¢, (Mp,)(C)
are separable, for all n > 1. Hence, By is a separable C*-subalgebra of B. Now, if ¢g is the
corestriction of ¢ in By, then ¢g is nuclear, since ¢},(Mj,)(C)) C By, for all n > 1

Let us now argue that ¢¢ is a full *-homomorphism. If a € A\ {0} and I = (¢(a)) is the ideal
generated by ¢(a) then, ¢~!(I) is a non-zero ideal in A and so there exists n € N such that
ay, € 1. Hence, ¢(a,) € I and therefore 15 = ngi) Bn,id(an)B,, ; € I, showing that I = By. But
this clearly implies that ¢g is full, as desired. O

Another result employed in the proofs of Chapter 3 for addressing non-separability issues is
the following.

Proposition A.0.10 ([30], Proposition 1.10). Suppose that G is a countable abelian group and A is
a C*-algebra. For i = 0,1 the natural group homomorphisms
li_r>n Homyz(G,K;(Ay)) = Homz (G, K;(A))
and
lim Extl (G, K;(Ao)) — Exty(G, K;(A))

are isomorphisms where the limit is taken over all separable C*-subalgebras Ay of A.

Proof. Since G is a Z-module there exist X, Y countable sets such that the sequence
02X -2Y -G —0

is exact. Now, using the long exact sequence induced by the Exty functor, that Z is a projective
Z-module and that Homgz(—, K;(B)) is a contravariant right exact functor for any C*-algebra B,

we get the following exact sequence
0 — Homyz(G, K;(B)) — Homz(ZY, K;(B)) = Homz(ZX, K;(B)) — Exty(G,K;(B)) = 0

Moreover, is a standard fact from Homological algebra that in the category of abelian groups,

inductive limits commute with exact sequences, and therefore we have the following exact sequence
0— lgn HomZ(G, KZ(A())) — 1£I>1 I’IO’I”nz(ZYV7 KZ(A())) — 1£I>1 I’IO’I”I“Lz(Z)(7 KZ(A())) —
lim Exth (G, K;(Ap)) — 0

where the limit is taken over all separable C*-subalgebras Ay of A. Hence, by a diagram chasing,
it suffices to show that

lg)n .H'O’I')’Lz(ZYv7 KZ(A())) — HomZ(ZY, KZ(A))

is a group isomorphism.

We may assume, without loss of generality, that A is unital. Let us start with case of i = 0.

For surjectivity, let f:ZY — Ky(A), then for each y € Y there exist n(y) > 1 and projections
Py Qy € My (A) such that f(y) = [pylo — [gylo- Let Ao be the separable C*-subalgebra of
A generated by the entries of p, and ¢,, for each y € Y, and define g: ZY — Ky(Ay) by
9(y) = [pylo — [gylo- Then g is a well defined group homomorphism and if tp: Ag — A is the
inclusion, we get that Kg(¢p)og=f.

For injectivity, take f,g € li_r>n Homy(ZY,Ko(Ap)) group homomorphisms, and take Ay unital,
separable C*-subalgebra of A such that f,g € Homgz(ZY, Ko(Ap)). Now, suppose that Ko(o)f =
Ko(to)g. As previously, for any y € Y there are n(y) > 1 and py, qy, py, g, projections in M, ,)(A)
such that f(y) = [pyJo—lgylo and g(y) = [pyJo—I[gylo- Then, [p,®q;]o = [P}, ®gylo in Ko(A), i.e they
are stably equivalent, and so we can find s(y) € N such that p, ® ¢, ® 1%5@) ~0 Py © gy D 1%5(?’).
Thus, there is uy, € Moy (y)+s(y)(A) partial isometry satisfying, wju, = p, © q, © 19% and uyuy =
Py ©qy @ 19°, for each y € Y. Now, if we set A; to be the C*-subalgebra of A generated by
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Ao and the entries of u,, for each y € Y, then A; is separable, and by the above considerations
fly) =9(y) in Ko(Ay), for each y € Y. Hence, if 191: Ag — A; is the inclusion, we obtain that
Ko(r0,1)f = Ko(to,1)g, which shows that f =g as elements in li_r>nHomZ(ZY, Ky(Ap)).

Finally, for ¢ = 1, it is straightforward to see that if we employ Bott periodicity, the desired
result follows. O

We end this exposition with two propositions concerning the K-theoretical behaviour of stable
rank one C*-algebras and of von Neumann algebras. Both results are omnipresent in K-theory
literature, but their versatility and usefulness in the current project lead us to include them in

this appendix.

Proposition A.0.11. Let A be a unital C*-algebra. If A has stable rank one, then the von Neumann
- Murray semigroup, (D(A),+), has the cancellation property.

Proof. First, we show that, if p,q projections in A and p ~g g, then 1 —p ~g 1 —¢q. To see this,
initially let v € A, such that v*v = p and vv* = ¢q. Then, for € < %, find z € GL(A), satistying
|z —v| < €/3, and let z = ulz| be the (unitary) polar decomposition of z. Since, u,v are both

contractions, we get that
Iz =l <e/3 = |llz] —u™v]| < €¢/3 = [[(|2] = u™v)"(|z] —u"v)[| < /3
= ||z*z—2"v—v'2+p|| < ¢€/3 (1)
and,
%0 —pll <e/3  (2)
[v*z —pll <€¢/3  (3)
Hence, by (1),(2),(3)
lz¥z—pll ="z —2"v+2z"v—p—p—v 2+ 02+ |
<2z = 2fv = vz +pl + |27 = pl| + [lv*z — p[| <e
S0,
luz*zu™ — upu®|| = ||zz* —upu™|| < e (4)
Similarly, we see that ||zz* —¢|| < ¢, and combining it with (4), we obtain
[lupu™ — gl < 2e < 1

which implies that p ~, upu* ~, ¢, and in turn that 1 —p~g 1 —gq.

Now, let r € A projection, such that p L r, ¢ L r and p+r ~g g+r. Then, 1—(p+r) ~ 1—(g+7),
and let w € A, be the partial isometry exhibiting this equivalene. If we set v = w + r, we get
that v*o=1—(p+7r)+r and vv* =1—(¢+7r)+r, ie 1 —(p+r)+7r~91—(q+7r)+r, thus, by
the first part again, it follows that p ~ ¢, and the proof is complete. O

Proposition A.0.12. Let M be a (unital) von Neumann algebra. Then K1(M) =10

Proof. Let w € M be a unitary and define the Borel measurable function o: T — [0,27), by
o(exp (it)) = t. Using Borel functional calculus, set h = o(u), which is a self-adjoint in M. Since,
exp (io(x)) = x for every z € T, we have that exp (ih) = u, which shows that u € Up(M) ie u
belongs to the connected component of the identity. Thus [u]; = 0, and since u was arbitrary,
we conclude that K;(M) = 0. O
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