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1 INTRODUCTION

In the late seventies, J. Cuntz introduced a class of particularly interesting C*-alge-
bras, the so called Cuntz algebras O,,. Approximately twenty years later, E. Kirchberg
and N. C. Phillips published an article containing an embedding theorem for separable
exact C'*-algebras into the second Cuntz algebra. Not only is this result fascinating in
itself, it also entails numerous other important results. To these belong Kirchberg’s
A ® Os theorem, giving a characterization of simple, separable, unital and nuclear
C*-algebras by means of an absorbing property, and the classification theorem for
Kirchberg algebras, proved independently by Kirchberg and Phillips. The core of this
thesis is Kirchberg’s exact embedding theorem.

My principal aim was to make this exposition as self contained and comprehensible as
possible. In view of the manifold material touched upon in order to prove the exact
embedding theorem and the fact that some of the material here gathered is rather
scattered over the literature, it will not come to surprise that this manuscript grew to
the present size.

The contents in this thesis are mainly the basics of purely infinite C*-algebras, in-
cluding a rather detailed description of comparison theory, being necessary since I
tried to describe the rudiments of non-simple purely infinite C*-algebras, as well as
facts needed about the real rank of C*-algebras, discrete crossed products to the
extent required for the exact embedding theorem and, of course, a proof of the em-
bedding theorem itself, following closely the route described by M. Rgrdam in [Rrl].
Results concerning ultrapower algebras and quasidiagonality have been banned to
the appendix, yet complete proofs are given, apart from Voiculescu’s theorem on the
homotopy invariance of quasidiagonality.

My principle reference is the excellent book by G. Murphy, which actually helped
me survive in operator theory for astonishingly long time, and naturally the very
readable, even though concise, book by M. Rgrdam. I have tried to give references
to the original publications as often as possible; however, in the course of the proof
of the exact embedding theorem I have adopted the habit of refering to M. Rgrdam’s
book and to the original paper — at least where some similarity was detectable. Apart
from that, I have tried to keep the number of references needed to a minimum.

I thank mainly Prof. M. Rgrdam for giving me an interesting and topical field to work
on and for continuous help and encouragement over the last year. I am also grateful to
Prof. H. Konig for support on ‘the german’ side and for making a thesis in Denmark
possible. Thanks further appertain to my cousin for continuous interest in anything
new and many valuable discussions and questions.

I am further indepted to the German National Merit Foundation for funding numerous
trips to conferences and to Odense, as well as to the Christian-Albrechts-University
for covering my travel expenses to Canada.






2 PRELIMINARIES

In the sequel, A will always denote a C*-algebra. We begin by recalling some defini-
tions and fixing notation.

Denote by o(a), p(a) the spectrum and spectral radius of an element a € A, respec-
tively, by P(A) the set of projections in A, by A, the set of self adjoint elements in A,
and by AT the cone of positive elements in A. The C*-algebra of n x n matrices over
A will be denoted by M, (A) and their settheoretic union as M (A) := (J, ey Mn(A),
for a unital algebra we write 1,, for the unit in M, (A), and we abbreviate M, (C) to
M,,; hence, using the identification M,, ® A = M, (A) we let 1,, ® a denote the ma-
trix in M,,(A) having diagonal entrys a and zeros elsewhere. Further, given another
C*-algebra B, A® B will always mean the minimal or spatial tensor product (see [M]
for proofs concerning tensor products). The space of states on A will be denoted by
S(A), and the subspace of pure states by PS(A). Given a,b € A, we write a ® b for
the matrix in Ms(A) with a and b on the diagonal and zeros elsewhere.

We call a map f: A — A between C*-algebras a *-conjugation if there is an a € A
such that f(z) = a*xa for every z € X, and then a*za will be called the *-conjugate
of by a. We further use the notation N = N U {co}.

We assume the reader is familiar with the notions of tensor products of C*-algebras,
nuclearity and exactness as well as with completely positive and completely bounded
maps.

The next two sections contain general results which will be used in the sequel.

2.1 ON HILBERT SPACES

Remember that a closed subspace K of a Hilbert-space H is called invariant under
a bounded operator a on H if a(K) C K, and reducing for a if both K and Kt are
invariant under a.

Observation 2.1. Let H be a Hilbert space, L C H a closed subspace. Let a € B(H)
and denote by p the orthogonal projection onto K.

(i) K is invariant for a iff pap = ap.
(ii) K is invariant for @ iff Kt is invariant for a*.
(iii) K is reducing for a iff p commutes with a.

Proof. (i) If K is invariant for a, i.e. akl C K, then pa& = a€ for all £ € K, therefore
we get for all £ € H : pap€ = ap€.
Conversely, pap = ap implies pa|x = a|x, hence a§ € K for all £ € K.
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(ii) Assume K is invariant for a, i.e. pap = ap by (i). Then
(1-p)a* (1 —p)=a"—pa* —a*p+pa*p =a* —pa* —a*p+a*p=a*(1—p),

and consequently K+ = Im(1 — p) is invariant for a* by 1). As K is closed, we may
apply this to see that if I is invariant for a*, then K" = K is invariant for a.

(iii) =: Let K be reducing for a, i.e. K and Kt are a-invariant. Then K is a- and
a*-invariant, implying by (i):

ap = pap = (pa*p)* = (a*p)* = pa.

<: Let pa = ap, then pap = ap and (1 —p)a(l —p) = a(1l —p) and by (i) K is reducing
for a. O

Proposition 2.2. Let ay,...,a, € A. Then the following equalities hold:

(i) [[diag(ar, ..., an)|| = max{|ai]],....[|an[[}

@) 11 (g )11 = lding(ar, a2l

Proof. To see that (i) holds observe that
©: @A — My, (A); (z1,...,2,) — diag(x1, ..., zy)
k=1

is an injective *- homomorphism and hence isometric (where we use the standard
sup-norm on the sum over A).
Concerning (ii) we have

1 D E )
w o)l e o) e o
= max{||aja1]|, ||a5az]||}
=max{||a1|],||az||}?
as claimed. -
Remark 2.3. Let a € A and p € P(A). Set
a1 = pap, az :=pa(l —p) az := (1 = plap, as := (1 = p)a(l - p),

which entails

a1+ az +az +as = p(ap + a(l —p)) + (1 —p)(ap +a(l — p)) = a.

As all of the subalgebras pAp, (1 —p)A(1 —p), (1 —p)Ap, and pA(1 — p) have empty
intersection, we have shown that A is isomorphic to the inner direct some of them (as
a vector space).



2.2 Miscellaneous

Interpreting this in Hilbert space terms, that is, representing A faithfully on some
Hilbert space H which may be written as direct sum of Im(p) and Im(p)*, we have thus
decomposed a into parts ai: Im(p) — Im(p), az: Im(p) — Im(p)*, az: Im(p)* —

Im(p) and a4: Im(p)* — Im(p)* and @ may now be viewed as a matrix (Z; Zi)which

again gives a bounded linear mapping under the identification of B(H) = B(Im(p) &
Im(p)*) with 2 x 2-matrices having entries as above.
The above decomposition of elements in C*-algebras with respect to some projection p
is a standard procedure the which will be used in the sequel without further comment.
As another demonstration of this technique we have:

Remark 2.4. If p € P(A) we have for all a € A:

[I{a, p]I| = llap — pal| = max{||(1 - p)apl|, [|[pa(L — p)|[}.

This follows, since applying the above decomposition for a to [a, p], we obtain a 2 x 2
matrix with only off-diagonal entrys and may therefore use Proposition 2.2 (ii).

Let again a € A and p € P(A). Then if a € pAp, a will be called an element in the
corner pAp. In fact, a will correspond to a matrix having only one entry in the upper
left corner when we use the decomposition as above. We will also refer to elements in
(1—p)Ap and pA(1—p) as elements in the corner (1—p)Ap and pA(1—p), respectively.
Note also that p is a unit for pAp.

2.2 MISCELLANEOUS

Lemma 2.5. For projections p1,...,pn in a C*-algebra A the following conditions
are equivalent:

(i) the projections p1,...,py are mutually orthogonal
(ii) Y p_q Pk is a projection
(iif) >y <1

Proof. Obviously every condition implies the one below it. It remains to show that
(iii) implies (i). Let 1 < 4,5 <nand i # j. As p;+p; <1, we have p;(p; + p;)pi < pi,
giving p;p;p; < 0. We deduce

|lpip;i|I* = llpipipill =0,
as desired. n

Lemma 2.6. Let I be an algebraic ideal in A. Then for any projection p € I we have
p € I. In addition, there is an element a € I such that p lies in the two sided ideal
AaA generated by a.
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Proof. Choose some a € I such that |[p —a|| < 1. Then pap € I and ||p — pap|| < 1,
implying invertibility of pap in pAp. Choose an inverse b € pAp of pap in pAp. Then
p = bpap € AdA.

O
Lemma 2.7. Let A, B be C*-algebras. For every nonzero projection p € P(B) there

is an embedding
p:A—ARB,a—~a®p.

Proof. 1, is linear as ® is bilinear. Let a,b € A. Then we have that

tp(ab) = ab®@p = (a®p)(b® p) = tp(a)iy(b)
and
wa™) =a*@p=(a®@p)” =),
implying that ¢, is a *-homomorphism. It remains to show injectivity. Assume that
(a—b)®p=1p(a) =0, then
0=1[(a=0)@pl|l = lla =0l [Ipl| = [la —b]|
implies a = b. O

Lemma 2.8. Let A, B be C*-algebras and (a,b) € A® B, f € C(o((a,b))) with
f(0) =0. Then f((a,b)) = (f(a), f(b)).
Proof. We may approximate f uniformly by a sequence (py ), of polynomials without

constant term, and for these the statement holds by definition of the operations in the
sum A @ B, hence it holds for the limit f . O

Proposition 2.9. Let A be unital, p € P(A) and a € A such that ap = a and
la*a — p|| < 1. Then, evaluating the functional calculus in pAp, v := a(a*a)™"* gives
an element in A with v*v = p. Moreover:

lv—all 1= (1 la*a—p|))”* < [la*a —p|| .

Proof. We have ap = a and pa* = a*, hence we get a*a = pa*ap € pAp. Now a*a is
positive in A and o4(a*a) U {0} = opap(a*a) U {0} by [M, Theorem 1.2.8|, so a*a is
positive in pAp. Therefore (a*a)”? exists and ||a*a — p|| < 1 implies invertibility of
a*a in pAp, whereby (a*a)~"/? exists in pAp. Then setting v := a(a*a)~"7? we have
v*v = (a*a)~"**a*a(a*a)~"* = p and therefore v is a partial isometry in A.
To show the inequality. First observe
(v—a)"(v—a)=v"v—v'a—a'v+aa

=p— (a*a)"?a*a — a*a(a*a)™* + a*a

=p —p(a*a)"* — (a*a) *p + a’a

(- (@),
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Set f(t) := t"/> — 1 and observe that (a*a)"/> — p = f(a*a), evaluating the functional
calculus in pAp. Define § := ||a*a—p|| and note further that o,ap,(a*a) C [1—6,1+4].
We deduce:

[0 = all = [[(a*a)""” = p|| =[| flo(aa)lloc < sup{[t"* = 1] [ ¢ € [1 = 6,1+ 6]}
=1—(1-9)" =1~ (1~ la*a—pl))”,

and hence the first inequality holds. The second follows as (1 — 5)1/ 2> 1—6, implying:

1-(1-6)7<5.

We denote by T the unit sphere in the complex plane.

Proposition 2.10. Let A be a unital C*-algebra containing a unitary u. Then there is
a unital *~homomorphism ¢ : C(T) — A which is injective if and only if the spectrum
of w is the full unit circle.

Proof. If K denotes the spectrum of u, then restriction to K is a unital *-homo-
morphism from C(T) onto C(K), which is clearly injective if and only if K = T. Now
the continuous functional calculus provides a unital *-homomorphism ¢ : K — C*(u),
where C*(u) denotes the sub-C*-algebra generated by uw. The map sending f € C(T)
to ¥ (f|x) =: o(f) therefore has the desired properties. O

Lemma 2.11. Let A be a unital C*-algebra containing a non-unitary isometry s.
Then o(s + s*) = [-2,2].

Proof. Assume without loss of generality, that A C B(H) for a Hilbert space H.
Let eg € Im(1 — ss*) be a unit vector. Set e, := s"eg. Then s*e, = e,_1, as s is an
isometry, and writing eg as £ —ss*¢ for some ¢ € H, we see that s*eg = s*¢—s%s5"¢ = 0.
It follows

(en | em) = (s"eq | s™ep) = dpm -

For every A € T, define
1 L
En = N2 Z Nej,
j=1

and calculate

N
1 .
lewall? = 5 YW =1.
j=1
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We have

NY2((s + s%)éna — 2Re(N)én.n)

N N N
= Z N sej; + Z Ns*ej —2Re(N) Z Nej
j=1 j=1 j=1

N+1 N—-1 N N
— Jj—1,. J+l,. J+l, . _ Jj—1,.
= E M 7ej + g M7 e; E AT e; E N e;
:)\N€N+1 —e1+ Aeg — )\N+1€N .

This shows that
N\ = (S -+ 8*)€N’)\ — 2Re()\)§N,)\ — 0

for N — oo. Assume now that a := (s + s* — 2Re()\)) ™! exists, and deduce
&nall = llamall < llall [[npall — 0
for n — oo, and therefore a is not bounded, hence 2 Re(\) € o(s + s*). O

Proposition 2.12. Let A be a unital C*-algebra containing a non-unitary isometry
s. Then C(T) embeds unitally into A.

Proof. As a:= (s + s*) has spectrum [—1, 1] by Lemma 2.11, the element exp(ira)
is a unitary with spectrum exactly T. By Proposition 2.10 we have an embedding of
C(T) into A. O

10



3 COMPARISON THEORY AND FINITENESS
CONDITIONS

3.1 COMPARISON THEORY

In the following we introduce a couple of relations between positive elements in C*-
algebras and deduce some basic properties of these. They will be used to define the
notions of finite, infinite and properly infinite positive elements in the next section.
Afterwards we devote a section to relate these to the classical comparison theory for
projections introduced by Murray and von Neumann.

We will first remind the reader of the classical order relation < on C*-algebras and
related definitions. Of course, this has been used in section one, but we recall these
results here to stress the connections with more advanced comparison theory - the
context in which this subject naturally belongs.

An element a € A is called positive (a > 0), if 0(a) C RT, and we will denote by A™ the
cone of positive elements in A; a classical theorem then says that A" = {a*a | a € A}
(see |M, Theorem 2.2.5] 2.2 for a proof). For every positive element a in A we may
use the Gel'fand theorem (|[M, Theorem 2.1.13]) to construct the square root a'/? of a
(note also that by construction a'/> commutes with a). Therefore, if a is contained in
a C*-subalgebra B of A, then a"/? € B also, and as a = (a"/?)*a"/> we deduce that a
is positive in B.

In addition, for every element a in A, we have a*a > 0, and may set |a| := (a*a)”2.
We quote the following standard theorem, proved, for example, in [M, Theorem 2.3.4],
for easy reference:

Theorem 3.1 (Polar decomposition). Let a be a bounded operator on a Hilbert
space H. Then there is a unique partial isometry v € B(H) such that:

a = vlal, Ker(v) = Ker(a),
further v*a = |a| holds.

In the case where the operator a is invertible, the theorem has an easy proof and v is
a unitary: First observe that by functional calculus the element |a| is invertible too,
and the same holds for v := a|a|™!. Then obviously a = v|a| holds and

vy = ]a|_1a*a|a\_1 =1,

implying that v is unitary (right and left inverse coincide, if they exist). By uniqueness,
this is the partial isometry in Theorem 3.1. Of course, we could have also used
Proposition 2.9.

11



3 Comparison theory and finiteness conditions

We will need the notion of approximate unit and hereditary C*-subalgebra and there-
fore give a short account of their structure.

For any C*-algebra A there is an increasing net u) of positive elements in the closed
unit ball such that limy (auy —a) = 0 for all a € A (in fact, the set of positive elements
contained in the closed unit ball itself will do). A net with these properties will be
called an increasing approximate unit; if the assumption that the net is increasing is
dropped, we will simply refer to it as an approximate unit.

A hereditary C*-subalgebra H in A is C*-subalgebra with the property that for all
a,b € AT such that a < band b € H we have a € H. There is a close relation between
closed left ideals L in A and hereditary C*-subalgebras, namely that every hererditary
C*-subalgebra H corresponds to exactly one such L and may be reobtained as LN L*.
Furthermore, if we denote the smallest hereditary C*-subalgebra containing a subset
X of A by Her(X), then Her(a) = aAa for every positive element a € A; the converse,
that is, all hereditary sub-C*-algebras of A are of the form aAa, holds for separable
C*-algebras. A proof for the following characterization, and likewise for the rest of
this short introduction, may be found in [M, chapter 3|.

Theorem 3.2. Let H be a C*-subalgebra of A. Then H 1is hereditary if and only if
bal! € H for alla € A and b,b' € H.

The next lemma will be used to justify the definition following it:

Lemma 3.3 (cf. [Ped3, Lemma 3.1|). Let H be a Hilbert space and A a C*-
subalgebra in B(H). If a € Agq and va remains in A for some v € B(H), then for
every f € C(o(a)) with f(0) =0 the element vf(a) is an element of A.

Proof. Use the Weierstraf theorem ([Pedl, Theorem 4.3.3| to find a sequence of poly-
nomials p,, such that p, converges uniformly to f on o(a). As

Pn(0)] = [pn(0) = f(0)| = 0

for n — oo, we may use the sequence p,, := p, — p,(0) instead to obtain a sequence
of polynomials which still tends to f uniformly on o(a) and has no constant term;
henceforth we may choose a sequence g, of polynomials such that p,(t) = tq,(t) for
all t € R and n € N. Then:

vf(a) =v lim p,(a) = lim vag,(a) € A.

n—oo
O

Proposition 3.4 (cf. [Ped3, 5.2]). We define an equivalence relation on At by
setting a ~ b for two positive elements a and b if there is an element x € A such that
a = z*z and b = za*. For positive elements a,b € M (A) we also write a ~ b if there
is a matriz x in some M, ,(A) with coefficients in A such that a = z*z and b = xz*.

Proof. Reflexivity follows as a = a"/?a"? and a'/? € A,,, symmetry is obvious. We
proceed to show transitivity, following the lines of [Ped3, Theorem 3.5].

12



3.1 Comparison theory

Without loss of generality we may assume A C B(H) for some Hilbert space H (|M,
Theorem 3.4.1]). Let a,b,c € A4 with a ~ b ~ ¢ and find z,y € A such that a = zz*,
b=x*z = y*y, ¢ = yy* (and hence |z| = (z*z)"*> = (y*y)"> = |y|). By Theorem 3.1
we may choose partial isometries u,v € B(H) such that:

z = ulzl, y = vlyl.
Then, first of all:
(3.1) |zl v|z] = (v]y)*olyl = y'y = a*z = |2[*.
Now set z := va™. Calculate
2"z = u|z|v*v|z|u* i ulz)?u* = zz* = a

and
22" = v|z|utulz|v* = v|z|*v* = vly|*v* = gyt =c,

showing that it now suffices to show z € A to get transitivity. As |z]"? = |y|"/* we
may choose w € A (by Theorem 3.1) with

] = wllz] | = w|z|* = wly|"?,

and deduce:
1/4

2 = ulelo* = ulal PuwlyMAly o,
Now all terms in this factorization are in A by 3.3, hence so is z. O
Remark 3.5. Note that a,b € A" impliesa @b € A*.
Proposition 3.6. The following properties hold for all a,b,a’,b € A*:
(i) a®0~a

(i) a®db~bDa

(ii) ifa~banda ~ Vb, thena®b~ad OV,

(iv) ifa L b, thena®b~a+b.
Proof. Setting v := (a1/2 0), we get:

v'o=a®0, v = a.

Hence (i) holds; (ii) follows from

0 a? 0 a’/?\"
(8 oy e

and

13



3 Comparison theory and finiteness conditions

To prove (iii), choose z,y € A such that a = z*z, d’ = z2*, b = y*y and V' = yy*.
Then it follows that

0 2*\ (0 y\ 0O y\(0 z*\ .,
W) ) =een R0 o)=vee

and therefore (iii) holds by (ii).

To show (iv), observe first that if a L b, then for any polynomial p with p(0) = 0 we
have p(a) L p(b). Approximating the square root function by such polynomials (cf.
the argument in Lemma 3.3), we see that a'? L b2 if ¢ L b. Consequently

a1/2 1 1 1 1 a1/2
(Ge) @y =ams (@ o) () =as
as desired. O

Proposition/Definition 3.7. For all a,b € A" we set a 2 b if there is a sequence
(2)n € AN such that z}bx,, — a as n — oo, thus defining an order relation on A¥.

Proof. The relation 3 is reflexive, as, denoting the inclusion of o(a) into C by ¢
al/mqal/m — (Ll/n . Ll/n>(a) —noo L(a) = a,

using that o(a) compact.

We show that = is also transitive. Let a,b,c € AT such that @ X b = ¢. Choose
sequences (T )n, (Yn)n such that =} bz, — a and ycy, — b. For every N € N we may
then choose my,ny € N such that:

1
* b — < — * || < ———.
meN Lm OLH = 9N’ HynNCynN H = 2||meH2N

Setting 2y := Ty Yn, We obtain

1
levezn = all < |lzmu | Py cyny — bl + 1125, by —al| < N
and therefore 23,cz2ny —N—oo @, implying a 3 c. O
The next proposition shows that 3 is weaker than <:

Proposition 3.8 (cf. [Rr2, Lemma 2.3|). Leta,b € A*. Thena < b implies a 3 b.

Proof. For every § > 0 let
gs: RT = RY; t — min{t™1, 51},
Define x5 := a'/?(g5 (b)) and ys := a"/*(1 — gs(b) b)"/>. Then we have:

YsYs = a1/2(1 —gs5(b) b)al/2 =q— al/zg(;(b)bal/2 = a — zsbry,

14
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and, using [M, Theorem 2.2.5] at (x)

01— g1 — g5y

—(1— gs(b)b)b.

As for all ¢ € [0,6] we have gs(t) = § and gs(t)t = 1 for all ¢ > 4, it follows that

vsys = (1= gs(b)b) *a(1l — g5(b)) 7?

(1 = g5 - id)[r+|loo = 1

and
10— gs®)B)bI] = [[((1 — g5 i) id) | 5 lloc <.

Therefore:
tim la — a3bas]| = lim [lysy3] = im [1(1 — gs()D)b] = 0.

O]

Lemma 3.9. Let a € A", and let ¢: o(a) — RT be a continuous function with
©(0) =0. Then p(a) 2 a

Proof. Use the Weierstraf theorem [Ped1, Theorem 4.3.3] to find a sequence of polyno-
mials without constant term p, () that converges uniformly to ¢ on o(a) (cf. Lemma
3.3), and find a sequence p, of polynomials with p,(t) = tp,(t). Then p,(a)"* com-
mutes with a and therefore

Bn(@)*apn(a)'” = pa(a) = ¢(a)
as n — oo, implying ¢(a) 2 a. O

Proposition/Definition 3.10. For all ¢ > 0 set ps := max{0,id —e} and define
(a —e)4 :=@e(a) for all a € Asq. Then the following properties hold for all a € Agq:

(i
(i

<(a—¢e)y <aifa>0,
((a—¢e1)y —€2)+ = (a— (e1+¢€2))4 foralley,e9 >0,

(iii) (a —¢e)y — a4 ase — 0,

(v) a>0 if and only if a = a4,

) 0
)
)
(iv) ay L (=a)y and a = ay — (=a)y, |a| = ay + (—a)4,
)
(vi) If A is unital and 0 ¢ o(a), then there is a projection p € A with pa = ap = a4,
)

(vii) If B is another C*-algebra and (a,b) € (A @ B)sq, then:

((a,0) = &)1 = ((a — &)1, (b—€)4).
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3 Comparison theory and finiteness conditions

Proof. (i) follows directly from the spectral mapping theorem (|M, Theorem 2.1.14]),
(ii) is easily seen as

((a —e1)4 —e2)+ = pe,(pe, (@) = Pe,+6,(a),
and (iii) follows from
(@ — &)+ — arll = ll(e = o) (a)ll = llpe — ¢olloc —e—0 0.
(iv) is a consequence of ¢o(-) L @o(—-) = 0 and po(:) — wo(—) = id; (v) follows as

a > 0 if and only if g|y(q) is the inclusion of the spectrum of a. To prove (vi), take
f as the function being constant 1 on o(a) "R* and constant 0 on o(a) N —R*, and

set p := f(a).
(vii) is a special case of Lemma 2.8. O
In view of Lemma 3.10 one defines a_ := ¢o(—a) and calls a4, a_ the positive and

negative part, respectively, of the element a.

Lemma 3.11 (cf. [Rr2, Lemma 2.2]). Lete > 0 and a,b € AT such that ||a—b|| <
e. Then (a —¢)4+ < zbx for some positive element x in A.

Proof. Set ||a —b|| :=§. Then 6 — (a —b) > 0, giving b > a — 4. As pe(t) = 0 for all
t<ecande—9 <t—0 forall t > e we have (¢ — §)pe < (id — §)pes. We deduce:

(e—d)a—e)t <(a—d)(a—e)r =(a—2)(a—0)a—e){ < (a—2)bla—2)L
Now set z := (¢ — §)~/2(a — 5)12 to complete the proof. O

Observation 3.12. For every € > 0 one may define the function hg¢: R — R to be
used in the following lemma as being constant zero on [—o0, €], constant one on [2g, 00|
and linear on [e,2¢]. Observe that he, he, = he, as long as €1 > 2e9. Also for all
a € Ay, there is some z € At such that he (a) = z(a — e2); = 272(a — €9) 1 2'/? as
long as €1 < &3, and (a — 1)+ = yhe,(a) = y"7*he,(a)y"/? for some y € At

We will further need the following Proposition:

Proposition 3.13 (cf. [Ped2, Proposition 1.4.5]). Let a and b be elements in a
C*-algebra A such that a > 0 and a*a <b. If0 < a < %, then there is an element x
in A with ||z|| < ||bY/2~%|| such that a = zb®.

The following lemma is one of the key results in this section:

Lemma 3.14 (cf. [KiRr2, Lemma 2.5|). Let a,b € AT. Ife > 0 such that
0 :=||la —b|| < e, then there exists x € A with:

(a—¢e)y =a"bx.
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3.1 Comparison theory

Proof. (i): Assume without loss of generality, that A C B(H) for some Hilbert space
H. Choose &’ such that § < & < e. Combining Lemma 3.11 and Proposition 3.8 we
see (a —&'); 2 b. By Proposition 3.10 (iii) and the definition of = there are v > 0
and x1 € A with

(@ =€)t = 27(b = 27)4a1]| <e - €,

and by Observation 3.12 we may replace (b — 2v)+ by x5ha,(b)x2 for some 22 € A in
the above inequality. Using Lemma 3.11 again we may choose x3 € A with:

(a—e)s = ((a—&)s — (e — &) < ajatashe, (B)aswias.

Now set y := hg,y(b)l/%gmlxg, and decompose y* as y* = v|y*| for some partial
isometry v € B(H) (see Theorem 3.1) and apply Lemma 3.3 to deduce z := v|y*|/* €
A. Now zh.(b) = z by (x) below and hence:

(2hy(b)2%)? = (22)? = (y*v*)? = g ory o™ 2T Yy ot = yy > (a—e)

Now we apply Proposition 3.13, taking (a — E)ZQ as a, (zhy(b)z*)* as b and a = %, to
obtain x4 € A such that

(a—e)t = ((a— 5)12)*((1 - 5)12 = x42hy(b)2" x4.

Now choose 5 € A with 2fbxs = h.(b) and set « := x52*x4 to obtain (a—¢)4 = 2*bx.
Ad (¥): We show that already |y*|72f,(b) = |y*|"/* holds. As

Jor () f5(b) = (f21.£7)(b) = f2,(D),

the claim will follow, if we show, that |y*|"? is an element of the hereditary C*-
algebra generated by fa,(b). This follows easily by the characterization of hereditary
C*-algebras (3.2) and

1 = (yy) V= (hay (6) Papmyasaiaiashay (b)72)
finally completing the proof. O

The above Lemma gives a stronger relation than = between close elements in a C*-
algebra which is used in some papers also (see for example [LinZh|), but does not play
an important role in our treatment (see Proposition 4.13. (i) though).

Proposition 3.15 (cf. [KiRr2, Proposition 2.6]). Let a,b € AT ; then the following
conditions are equivalent:

(i) azb
(i) Ve >0: (a—e)x b

17



3 Comparison theory and finiteness conditions

(iv) Ve>036>03z € A: (a—e)y =2*(b— )4z
Proof. ()=(iv): Let a X b, e > 0 and (z,,), € AY with 2%bz,, — a. Then
17, (b = 8)+-n — al| < lzal lI(b = 6)+ — bl + ||l27bxn — all

and therefore we may choose 6 > 0 and k£ € N with ||z} (b —6)+x, —al| < €, and then
use Lemma 3.14 (i) to find z € A with

()" (b = 0)(zpz) = (a — &) .

(iv)=-(iii): This implication is obvious.
(iii)=-(ii): Use (b —0)+ 2 b (by Lemma 3.9 applied to ¢s) and transitivity of 3.
(ii)=-(i): For every k € N choose a sequence (z,,)¥ € AN from the definition of < with

N 1
el bk = (a = )4l — 0

as n — o0o. Selecting for each k € N some nj € N with Ha:fl’;ba:flk —(a— )+l < 1 we

obtain a sequence (2% ), € AN such that:

¥ 1 1
ks bk, —all < llekrbak, — (a = )ell+ i@ = 1)+ —all — 0.

O]

Observation 3.16. Observe that (b — )4+ = x*bz for some x € A and therefore we
may also take d to be 0 in 3.15 (iv). In particular, if @ = p for some projection p in
A, then there is some z € A such that p = 2*bz, because (p — )4 = 3p.

Definition 3.17. Let n € N. For all a,b € M, (A)* we define an equivalence relation
~ by settinga~b if a 2 b and b = a hold.

Remark 3.18. If a,b € A and a ~ b, then by definition there is some x € A such
that z*2 = a and zz* = b, consequently we have z*bx = a?, implying a < a®> 2 b by
Lemma 3.9. Applying this twice gives a ~ b.

Lemma 3.19 (cf. [KiRr2, Lemma 2.2|). Let H be a hereditary C*-subalgebra of
A. Then for a,b € H we have a 3 b with respect to H if and only if a X b with respect
to A.

Proof. Assume a,b € H and a 3 b with respect to A. Then by Lemma 3.9 we have
a'? X b%, and by definition of X there is a sequence (z,,), € AN such that bz, —
a'?. We define y,, := b"/2z,a'/* to obtain an element of H by the characterization of
hereditary C*-algebras (Theorem 3.2) and deduce:

Ynbyn = al/4xzbl/2()b1/2xna1/4 — a1/4a1/2a1/4 =a,

giving a = b with respect to H, as claimed. O
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3.2 Finiteness conditions on elements of C*-algebras

Lemma 3.20. Let a be a positive element of A. Then for all b € aAa we have b = a.

Proof. We have b'/? € aAa, hence there is a sequence (z,), such that az,a — b">.

Set y,, := z,a%x}, observe that the y, are positive and

aynpa = arpa (axpa)* —b.

Further, ayna < ||yn|la® 3 a, therefore Proposition 3.8 implies ay,a = a. As for all
e > 0 we may choose n € N with ||b — aynal|| < ¢ and deduce (b—¢)+ =X ayna 3 a by
Lemma 3.11, we have proved the lemma by Proposition 3.15. O

3.2 FINITENESS CONDITIONS ON ELEMENTS OF
C*-ALGEBRAS

Observe that for any a,b € AT we have a®0 < a® b, hence a = a® b , by combining
Proposition 3.6 (i), Remark 3.18 and Proposition 3.8. The following definitions are
taken from |KiRr2|.

Definition 3.21 (Finite and infinite). Let a € A™; then a is called infinite if there
erists a nonzero b € A" such that a®b =~ a. If a®b 3 a does not hold for any nonzero
be A, then a is called finite.

Definition 3.22 (Properly infinite). Let a € A™; then a is called properly infinite
ifa®a=a.

Remark 3.23. Note that if a,b € A, and a ~ b, then a is (properly) infinite if and
only if b is.

Remark 3.24. We will now take a look at how = and finiteness conditions behave
with respect to homomorphisms.

The right notion of a morphism preserving the order < of a C*-algebra is a positive
map. In particular, any *-homomorphism is positive, hence it might be interesting
to know, what the order morphisms with respect to < are. If @ X b and (z,), € AV
such that z}bx,, — a as n — oo, then o(z,)*¢(b)p(x,) — ¢(a). Consequently, *-
homomorphisms preserve 3; as we use that ¢ preserves * and is continuous (already
as a consequence of being a morphism of C*-algebras), it seems that we use the full
arsenal of *-homomorphism properties.

But in fact, the following property may be added to the list in Proposition 3.15:

(V) H(xn)n, (yn)n € AN . $nbyn — Qa .

This condition is obviously implied by a = b; conversely, if z,by, — a for sequences
(n)ny (Yn)n € AN, then setting v, := 2,02 and wy, := b7y, we have:

VpWpWivh = by yibal — aa* = a’.
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3 Comparison theory and finiteness conditions

For € > 0 choose n € N with ||v,wpwv} — a?|| < e. Then Lemma 3.14 implies

(a2 —¢) 2 vpwpwivy < HwnHanb:):Z 2,

hence a ~ a® =X b holds.

The condition (v) is then preserved under any continuous, multiplicative map between
C*-algebras.

Now if a € AT and b € AT such that a ® b 3 a, then ¢(b) € AT and p(a ® b) =
v(a) @ p(b) 2 ¢(a) by the above arguments. Applying this in the case b = a we
obtain that properly infinite elements map to such under *-homomorphisms, but if a
is infinite and b € A4 is nonzero such that a @ b ~ a, then b may map to zero and
hence the image of a might still be finite.

Lemma 3.25 (cf. [KiRr2, Proposition 3.3]). Let 0 # a € AT. Then the following
properties are equivalent:

(i) a is properly infinite.
(ii) Foralle >0: (a—¢e)1 ® (a—¢e)t 3 a.
(iii) For all e > 0 exist a1,as € aAa such that a; L az and (a —€)4+ 3 aj.

(iv) There are sequences (Tp)n, (Yn)n € ada such that: TExn — a, Yy, — a and
zyyn — 0.
(v) Foralle > 0 there are x,y € aAa such that x*z = (a—e)+ = y*y and zz* L yy*.

Proof. Obviously (i) and (ii) are equivalent by Proposition 3.15 and Lemma 2.8.

We show (i)=(v). Let n € N and set £ := 1. By Observation 3.16 applied inside

M>5(A) we may choose z :(Zl 22) € Ms(A) with
Z3 Z4

(a—e)+ 0 — a®0)s = ziazl ziaZQ
0 (a—e)y Zyaz1  z3azy

giving, in particular, zfazy = 0. Setting z,, := a"/?z; and y, := a"/*z5 we obtain (v).
(v)= (iv): Choose zp,y, as in (v) such that z}z, = (a — 1) = y’y,, obtaining

n

1
. :
lim z;z, = lim (a — —)y =a
n— oo n— oo n

by 3.10 (iii). It now suffices to show z}y, = 0 for all n € N. We already have
5] = (@) L (yny) " = Iy -

Now take polar decompositions z, = |z} |v, and y, = |y} |w,, where v, and w, are
partial isometries (by Theorem 3.1). It follows

Tl = V|| [yn wn = 0
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3.2 Finiteness conditions on elements of C*-algebras

as desired.
(iv)= (i): Let (zpn)n, (yn)n be sequences in aAa such that =}z, — a, y'y, — a and

25y, — 0. Then x,,y, € a"/2A and we may thus choose, for every N € N sequences
(N0, (1), with:

n
1 1
a?sN — atN — yy

Now choose ny € N with

|25y —xnl| < Hal/2tnNN —yn|| <

N_

N’ N’
implying, where uy := s,]LVN, VN = tf:[N:
[la"*uy —an|| =0, lla”?ox = ynl| = 0.
Now ||zn||? = ||z}2,|| < M for some M € RT, as (z}x,), is a convergent sequence,

and therefore (a'/*uy,),, is bounded also; similarly (a'/?v, ), is bounded. We thus obtain
|lunaun — al| <[|lupaun — zpan|| + [[znen — al
<t aun — uta e, + uta e, — x| + ||aiz, — all
<la"unl| |5y, — || + [|anll |s5a** — 23] + |lzhan — al| — 0
and therefore ujau, — a; similarly v,av,, — a. Furthermore we have:
[uravn — @hyal| < |luga? || [Javn = yall + [lyal| [[usa? — 3]

which again tends to 0. As z},y, — 0 we obtain u; av,, — 0. O

Lemma 3.26. Let a € A1 be a properly infinite, non-zero element. Then b =X a for
all b in the closed two sided ideal AaA generated by a.

Proof. Let € > 0. As the elements of the form ). ;z%y; form the algebraic ideal
generated by a, we may choose x1,...,Tn,Y1---,Yn € A with

n
[1b— inayiH <e.
i=1

Therefore

Y1
n .
(b—5)+;j2xiayi:(x1 cooap)(e®ly,) | L [ Za®l, Za,
i=1 .
Yn
using Lem. 3.14 (i) and 3.15, showing that b X a holds again by Proposition 3.15. [

Remark 3.27. If B is abelian and b € B™ properly infinite, then we may choose
z,y € B asin (v) and deduce that ||(zz*)||*> = ||(z2*)(yy*)|| = 0, and therefore b = 0.
In particular, a properly infinite element maps to a properly infinite element under
any quotient morphism, as noted in Remark 3.24, and will therefore map to zero in
any abelian quotient.
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3 Comparison theory and finiteness conditions

3.3 COMPARISON THEORY AND FINITENESS CONDITIONS
FOR PROJECTIONS

We now investigate how the above comparison theory applies to projections in C*-
algebras. The relation ~ restricted to the set of projections is the classical Murray-
von Neumann equivalence. Recall that a sub-projection ¢ of p is a projection with
q < p and is called a proper sub-projection if in addition p # q.

Lemma 3.28. Let p be a projection in A and v € A such that v*v = p. Then v = vv*v
and vv* is a projection.

Proof. We have
0 <v*(1—=wvv*)(1—vv")v=v"v— v v — v Vv v + v VvV VWV =p—p—p+p=0

and hence (1 — vv*)v = 0, implying v = vp. We also obtain that vv* is a projection,
as vv*ov* = vt O

The next proposition shows that =< extends the classical comparison theory by Murray
and von Neumann for projections to arbitrary positive elements.

Proposition 3.29 (cf. [Rr2, Proposition 2.1]). Let p,q € P(A). Then p 3 q if
and only if p is equivalent to a subprojection of q.

Proof. =: For any projection p we have o(p) C {0,1} by the commutative Gel’fand
theorem (in fact, for normal elements this is equivalent to being a projection), therefore
we have for any € € (0, 1) that (p — )1 = ep. Application of Lemma 3.14 gives some
a € A with ep = a*ga and setting y := £~ 2a we get p = y*qy. Defining v := y*q we
have vv* = p and consequently v*v = qyy*q is a projection by Lemma 3.28. As v*v
commutes with ¢, [M, Theorem 2.3.2| implies v*v < q.

<: Let v € A with v*v = p and vv* < ¢q. Then p = v*vv*v < v*qv and Proposition
3.8 implies p =X v*quv X g. O

Proposition 3.30 (cf. [KiRr2, Lemma 3.1]). A projection p € A is infinite if and
only if it is Murray-von Neumann equivalent to a proper sub-projection of itself.

Proof. =: Assume that there is a € A4 such that p@® a 2 p. Let € € (0,1); then by
Proposition 3.10 (vii) and Proposition 3.15 there is x € A such that

(L—ep@(a—e)s=(p—e)s@(a—e)s = (p®a) —e)s = a"(1—e)pa

(see Observation 3.16). Set b := (1 —¢)~1(a —¢)4; then we have shown that there are

r1,T9 € A with:
p 0\ (2] TIpT1  XT]PT2
(0 b) o <x§)p(3§1 x2) <x§px1 Tipra )’
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3.3 Comparison theory and finiteness conditions for projections

Setting v := px; we have v*v = p, and from vv*p = vv* we get ¢ := vv* < ¢q. It
remains to show ¢ # p. But otherwise:

b = x5pro = THpre = T5VV T = THPriTIPTa =0 .

<: Let pg be a proper subprojection of p such that py ~ p. Then 0 # p — pg > 0,
p—po L po, and

Prop. 3.6(i4i) Prop. 3.6(iv)
~Y ~Y

p@ (p—po) Po ® (p — po) Po+p—pPo=p.

Remark 3.18 shows p @ (p —po) 3 p- O

Proposition 3.31. A projection p in A is properly infinite if and only if there are
pairwise orthogonal projections e, f € A such thate ~p~ f ande <p, f <p.

Proof. =: Assume that p is properly infinite. Then by Proposition 3.29 there are
v1,v9 € A such that

p 0\  [vivi vjva\ (7] U . X
(0 p) - (U;Ul 'U;UQ - U; (/Ul U2) ~ (Ul UQ) 'U; - Ulvl + 'U2U2 S p7

whereas we may set e := vjv] and f := v9v} to obtain orthogonal projections (see
Lemma 3.28) that are equivalent to p and such that e + f = p. Consequently, e <
et f<pand f<e+ f<p.

<: Let e, f € P(A) such that e L fande ~p~ f, e <p, f <p. We will show
that Lemma 3.25 (v) holds. We may assume 1 > ¢ > 0 and use that in this case
ep = (a — €)4+; consequently it suffices to show p = z*z = y*y and zz* L yy* for
some x,y € pAp. But this is obvious, choosing x and y as the partial isometries
implementing the equivalence between p and e, f respectively, and observing that
e, f € pAp. O

In the sequel we will utilize the above characterization for finiteness conditions when
dealing with projections rather than the more general definitions for arbitrary positive
elements.

As noted in Remark 3.23 infinity of positive elements is preserved under passing to
equivalent elements. We give another proof of this fact for projections using the
characterization of infiniteness via subprojections:

Proposition 3.32. Let p,q € P(A) with p ~ q. Then p is infinite if and only if q is.
Proof. We have v, w € A such that

p=vv qg=wvv*
p=w'w pg:=ww* <p,

For qg := vpov* we have

5 = vpov*upev* = vpeppov* = vpev*,
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3 Comparison theory and finiteness conditions

and hence ¢q is a projection, being obviously self adjoint. Also

i x Lem. 3.28 *
qqo = qupov = vpov = qo

and therefore gy < ¢. Further qo # ¢ as gy = g would imply:
po = v uppv*v = v qu =1p.
Now let = := pgv*. Then we have
z*x = vpov” = qo za® = pov*vpo = poppo =Po ~ P~ q

implying gg ~ g by transitivity of ~. O

3.4 DIMENSION FUNCTIONS

We will need the following material on dimension functions and related definitions in
order to prove basic properties of so called purely infinite C*-algebras to be introduced
in the next section.

Recall that the Pedersen ideal Ped(A) of A is the intersection over all dense algebraic
two sided ideals of A; as it is a dense algebraic two sided ideal itself, it is minimal with
respect to this property. Proofs of these facts can essentially be found in the section
on the minimal dense ideal in [Ped2|.

Definition 3.33 (Dimension Function). Let A be a C*-algebra and I an alge-
braic ideal in A. Then a dimension function on A with domain I is a function
d: Unen Mn(I)T — R subject to the following conditions:

(i) d(a®b) =d(a) + d(b),
(i) d(a) <d(b) ifa 3 b.
A dimension function is called faithful if for all a € Ped(A)™\{0}NI we have d(a) # 0.

For every *-homomorphism ¢: A — B between C*-algebras and every dimension
function d on B we get a dimension function ¢*d on A by setting ¢*d(a) := d(p(a)).

Proposition 3.34. Let A be a C*-algebra and d a nontrivial dimension function on
A. We have

(i) N:={z € A|d(z*x) =0} is an algebraic ideal in A,
(ii) If A is algebraically simple, then d is faithful.
Proof. (i) For a € N, x € A we have z*a*ax 3 a*a and hence:
d((az)*azr) < d(a*a) = 0.

That N is closed under addition and scalar multiplication follows, as a + b Za®bfor
all a,b € A and A\a*a 3 a*a.
(ii) is a consequence of (i). O
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3.4 Dimension functions

Theorem 3.35 (cf. [BlaCu, Theorem 1.2]). Let A be a simple C*-algebra such
that A® IC(H) admits no non-trivial dimension function defined on its Pedersen ideal.
Then A ® KC(H) contains an infinite projection.
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4 FINITENESS CONDITIONS ON
C*-ALGEBRAS

4.1 FINITE AND INFINITE C*-ALGEBRAS

Definition 4.1 (Finite and infinite C*-algebras). A unital C*-algebra A is called
finite if its unit is finite, otherwise it is called infinite.

Proposition 4.2. Let A be a unital C*-algebra, p a projection in A. Then:
(i) p is finite iff pAp is finite,
(ii) A is finite iff every isometry in A is unitary
(iii) A is infinite iff the unital Toeplitz algebra embeds unitally into A.

Proof. (i): That p is infinite if pAp is follows directly from the definition (noting that
p is a unit for pAp). Now let p be an infinite projection in A. Then there is, by
Proposition 3.30, a proper subprojection ¢ € A of p which is equivalent to p, hence
a partial isometry v € A such that v*v = p and vv* = ¢. It suffices to show that
v,q € pAp ; by we then have p = pgp € pAp and v = vp = pqup € pAp, implying that
p is infinite.

(ii): Now let A be finite, v an isometry in A. Then

1g=vv~vv* <1y

and by finiteness of 14 we have vo* = 1 (in fact, the generalized Murray-van Neumann
equivalence class of 14 in Ky(A) is the singleton 14). Conversely, if every isometry in
A is unitary and v*v = 1, then vv* = 1 and therefore 14 is finite.

(iii): The Toeplitz algebra is the universal C*-algebra generated by a nonunitary
isometry (cf. [M, 3.5.18]), whence an algebra containing it up to isomorphism is infinite
by (ii). If A is infinite, then there is a nonunitary isometry in A by (ii), and therefore
there is an embedding of the Toeplitz algebra in A. O

Proposition 4.3. Let A be a unital C*-algebra. Then A is finite iff every projection
n A is finite.

Proof. Let p,q € P(A) with p ~ q. Choose v € A such that p = v*v and ¢ = vv*.
Then for u := v + (1 — p) we get, applying Lemma 3.28 repeatedly, that

wvu=vv+o(l-p)+(1-pv+(1-p)=p+tv —vigp+v—p=1
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4 Finiteness conditions on C*-algebras

and
wu* =vv*+ (1 —p)+ (1 —p)*+v(l—p) =1+ (¢—p),

as uu* = 1 by Proposition 4.2 we deduce p = q.
The converse is obvious. O

4.2 PROPERLY INFINITE C*-ALGEBRAS

Definition 4.4 (properly infinite). A unital C*-algebra A is called properly infinite
if its unit is a properly infinite projection.

Lemma 4.5. Let A be a properly infinite C*-algebra. Then A contains a sequence of
isometries (Sp)neny with mutually orthogonal range projections.

Proof. By the definition of properly infinite there are isometries ¢1, to in A with
14 ~ t1t] L tat5 ~ 14. Asin Observation 4.14 we have t] L t5 and setting s,, := tg_ltl
for all n € N we have s s, = t*{(t;)"‘lt?fltl = Opm for all m,n € N. O

4.3 PURELY INFINITE C*-ALGEBRAS

In this section, we introduce the notion of purely infinite for C*-algebras. This notion
is stronger than being properly infinite; we will spend a considerable amount of time
investigating equivalent conditions to being purely infinite. In the first section, condi-
tions that hold even for-non simple C*-algebras are presented; the setting is somewhat
simplified in the case of simple purely infinite C*-algebras, the which will be treated
in the second section.

4.3.1 NON-SIMPLE PURELY INFINITE C*-ALGEBRAS

Definition 4.6 (Purely Infinite). Consider the following two conditions on a C*-
algebra A:

Condition I: Every nonzero positive element in A is properly infinite.

Condition II: A has no characters and for all a,b € AT with a € AbA: a = b.

We will call A purely infinite if A satisfies Condition I.

The main task is to prove that the above condition I is equivalent to the less intuitive
condition II.

Having developed the necessary comparison theoretical techniques, it is easy to see
that Condition I implies Condition II:

If A satisfies condition I, then A can not have any non-zero abelian quotients by Re-
mark 3.24. If now ¢: A — C were a character on A, then we would have A/ Ker(y) ~
C, which would be a contradiction. As the second part of condition II is implied by
Lemma 3.26, we see that Condition I implies Condition II.

One has to work harder to see that Condition II implies condition I. We only outline
the proof, the rigorous one is given in [KiRr2].
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4.3 Purely infinite C*-algebras

One shows first that, given a short exact sequence of C*-algebras
0—I—A—B-—0

such that all nonzero positive elements in I and B are properly infinite, all nonzero
positive elements in A have to be properly infinite also.

Given a C*-algebra satisfying Condition II, one considers the set Z of those ideals in
A such that all their nonzero elements are properly infinite. For any two ideals I and
J in this set, one therefore has a short exact sequence

O—>I—>I+J—>(I+J)/I—>O

of C*-algebras, and all nonzero positive elements in I are properly infinite by hy-
pothesis. As (I + J)/I = J/(I N J), and being properly infinite is preserved by
*-homomorphisms, all elements in (I + J)/I are properly infinite, we may now apply
the result on short exact sequences above, to see that Z is upwards directed. An
application of Lemma 3.25 gives that the union I of all ideals in 7 is an element of 7
(one could also use Zorn’s Lemma to obtain a maximal element in this set).

To finish the proof, one assumes Iy # A. Then a version of Glimm’s Lemma shows
that M(Co((0,1])) embeds into the quotient A/Iy, and every nonzero positive ele-
ment in the ideal generated by it’s image is properly infinite. Another application of
the result on short exact sequences gives a contradiction to the maximality of Ij.

Proposition 4.7. Let A be a purely infinite C*-algebra and H an hereditary C*-
subalgebra. Then H is purely infinite.

Proof. For every element a € H we have a ® a = a in A by the definition of properly
infinite. Now H is hereditary and therefore this statement also holds with respect to
H by Lemma 3.19. O

4.3.2 SIMPLE PURELY INFINITE C*-ALGEBRAS

In this section we will consider simple purely infinite C*-algebras. From the last
section we already know that these are C*-algebras containing only properly infinite
positive elements, and this is equivalent to Condition II above, i.e., a =~ b for any two
nonzero a,b € A" in the case of simple C*-algebras.

Observation 4.8. Let B be a stable C*-algebra , i.e., B & K(H) ® B. Then B
contains a sequence (ay,), of positive, pairwise orthogonal nonzero elements such that
a; ~ a; for all ¢, 5 € N.

One may construct this sequence as follows: Take an isomorphism ¢: K(H)® B — B,
where H is some separable Hilbert space. Let e;; be a set of standard matrix units
for JC(H) and choose some h € Bt. Define

a; := p(e; @h).
Then a;a; = ¢(esie;; @ h) = 0 for i # j and

a; = p(ej; ® hQ)QD(Gﬁ ® h) ~ p(ej; @ h)p(ei; @ h) = aj,
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4 Finiteness conditions on C*-algebras

implying pairwise equivalence of the a;.

Lemma 4.9. Let A be a purely infinite C*-algebra. Then A has no nonzero dimension
function. If A is simple, then A ® K(H) does not admit any dimension function on
its Pedersen ideal.

Proof. Let d be a dimension function on A; for every a € A, which lies in the domain
of d and is therefore positive, we have a®a 3 a, yielding d(a)+d(a) = d(a®a) < d(a),
in turn entailing ¢ = 0 and triviality of d.

Note that A embeds into A® K(H) via ¢ = t¢,,, sending a to a®ej; (cf. Lemma 2.7).
Assume d is a dimension function on Ped(A®K(H)). We will show that the dimension
function ¢*d = d ¢ has nontrivial domain, which is a contradiction to the first part
of the lemma. The finite rank operators are dense in K(H) (|[M, Theorem 2.4.5|),
hence the algebraic ideal generated by A®e1; is dense in A® KC(H), and consequently
contains the Pedersen ideal of A ® K(H). If N = {z € A® K(H) | d(z*z) = 0}
contained A ® e, then the Pedersen ideal of A ® K(H) would be a subset of N by
Proposition 3.34, thence d would have to be zero. O

Lemma 4.10. Let A be a simple C*-algebra such that for every a € Ped(A)" the
hereditary C*-subalgebra aAa contains a nontrivial stable C*-subalgebra. Then there
exists no non-zero dimension function on Ped(A).

Proof. Let a € P(A)*. Then there is a sequence (ay)nen as in Observation 4.8, and
n

Y a; Zaforall neN by Lemma 3.20. Now let d be a dimension function on P(A),
i=1

then we have .

nd(a) = Z d(a;) = d() _ a;) < d(a),

i=1
and henceforth d(a) must be zero. O

Lemma 4.11. Let A be a simple C*-algebra containing an infinite projection p. Then
for any a € AT there is some v € A with v*pxr = a.

Proof. Find v € A with vv* = p and v*v < p. By the last line of the proof of [BlaCu,
Proposition 2.6] applied to v we may choose = € A such that zz* = a and px*z = ™.

Then from
(pr™ —a”)(pz" —2")" = (p—1a"z(p-1) =0

we deduce pr* = z* and
rprt = xx* = a.

We need one more definition for the proof of the next proposition:

Definition 4.12. Let a be an element in a C*-algebra A. Then x will be called scaling
if a*a # aa® and (a*a)(aa*) = aa*.
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4.3 Purely infinite C*-algebras

For example, if p is an infinite projection in A and ¢ a proper subprojection of p which
is equivalent to p, then the partial isometry v such that v*v = p and vv* = g is a
scaling element.

Proposition 4.13. Let A be a simple C*-algebra. Then A is purely infinite if and
only if one of the following conditions holds:

(i) A is not isomorphic to C and for every pair of non-zero elements a,b € A" there
exists x € A such that a = z*bx,

(ii) Ewvery non-zero hereditary C*-subalgebra of A contains an infinite projection

(iii) Every non-zero hereditary C*-subalgebra of A contains a non-trivial stable C*-
subalgebra

Proof. We show: A purely infinite = (ii)=-(iii) = (i) = A purely infinite.

Let A be a purely infinite simple C*-algebra. By Lemma 4.9 there is no dimension
function on the Pedersen ideal of A; by 3.35 we obtain an infinite projection p €
A ® K(H). Let B be a hereditary C*-subalgebra of A, then B is also a hereditary
C*-subalgebra of A ® K(H) (by slight abuse of notation), and by simplicity, for any
b € BT the closed two sided ideal of A ® K(H) generated by b contains p. Now b is
properly infinite, hence by Lemma 3.26 we deduce p =< b, hence by Proposition 3.15
there is some z € A ® K(H) such that p = z*bz. Setting v := x*b"> we obtain an
infinite projection v*v € (A ® K(H))b(A® K(H)) C B.

Assume (ii) holds. Let H be a hereditary C*-subalgebra of A and p € H an infinite
projection. Then pAp C H by |[M, Corollary 3.2.4] and by Proposition 4.2 the Toeplitz
algebra, and hence the compact operators on some separable infinite dimensional
Hilbert space, embed into pAp, showing that pAp is a stable C*-subalgebra of A.
Assume (iii) holds and let a,b € A*. Then every hereditary C*-subalgebra H of aAa
is also a hereditary C*-subalgebra of A and therefore the hypothesis holds also for
aAa, as it is simple by [M, Theorem 3.2.8]. Consequently we may apply Lemma 4.10
combined with [BlaCu, Lemma 4.5] to see that aAa contains a scaling element. Now
applying [BlaCu, Theorem 3.1] gives an infinite projection p € aAa. It follows from
Lemma 3.20 and Observation 3.16 that there is some x € A with p = x*ax, further
we may apply Lemma 4.11 to choose y € A with b = y*py and conclude:

b=y"py =y 'z axy.

Assume (i) holds. Then all elements are ~-equivalent in A and it suffices to show the
existence of a properly infinite element in A by Remark 3.23. Applying [RrLL, Lemma
7.1.4], we deduce that A has a maximal abelian C*-subalgebra M not isomorphic to
C. Therefore M = Cy(X) via an isomorphism ¢ : Co(X) — M, where X is a
locally compact Hausdorff space with |X| > 1. We may thus choose nonzero positive
functions f,g € Cy(X) such that fg = 0 = ¢gf and we have p(f) ~ a and ¢(g) = a
for any a € A*. Tt follows:

a®aZo(f)@elg) Self+g) Ja
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4 Finiteness conditions on C*-algebras

the which implies that a, and consequently every positive element in A, is properly
infinite. O

4.4 CUNTZ

4.4.1 THE CUNTZ ALGEBRAS O,

In this section we will introduce the so called Cuntz algebras, which will play a “dom-
inant” role in the proof of the exact embedding theorem. Apart from that, they are
an example of purely infinite C*-algebras; in fact, they were the first example of a
purely infinite C*-algebra. The algebras O,, were introduced by J. Cuntz in “Simple
C*-algebras generated by Isometries” (|[Cul|) and are a somewhat natural generaliza-
tion of the Toeplitz algebra; later on, he defined in [Cu2| the notion of purely infinite
and proved that the algebras O, have this property.

We start with a concrete realization of O,. Let n € N and set Hy, := [?(N) for all
k=1,...,n, define H := @)_, Hr. We denote the canonical inclusion of Hj, into H
by i, and the projection from H — Hj, by 7. Then > v 7 = idy and 7 4 = 0py
(P is a categorical bi-product). Now let £ € H and n € Hy, then

n

(€)= D (mi(€) | mjn(n))r; = (mw(€) | mhae

j=1

that is, the adjoint of the k-th projection is the k-th inclusion.
Because H and [2(N) are isomorphic as Hilbert spaces, there is an isometric surjection,
hence a unitary operator, ux : H — Hg. Set s := ¢ ug. Then

SES; = Up T Ly Uy = Ok

and further
n n n
g SEpSp = E Ly, Up, g, T, = g g T = idpy .
Jj=1 J=1 Jj=1

It is easy to see that one may also realize this algebra as a kind of shift operator an a
sum of Hilbert spaces.

For a unital C*-algebra A, n € N>9 and si,...,s, isometries in A, we say that
(si)1<i<n satisfies the Cuntz relation (or O,-relation), if

n

fo—
>, 88 =1
i=1

Observation 4.14. Given n € N (s;)1<i<n as above, we may use Lemma 2.5 to
deduce
(5i57) (sg5k) = O ksisi
As isometries are left invertible and coisometries are right invertible, we immediately
deduce:
578, = 0; k-
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4.4 Cuntz

An infinite sequence of isometries (s;);en is said to satisfy the Cuntz relation, if their
range projections s;s; are mutually orthogonal.

The following definition makes sense by the construction above, and will be shown
below to be independent of the particular Hilbert space and isometries chosen:

Definition 4.15. For every n € Nxo let (s;)1<i<n be isometries on a Hilbert space
H which satisfy the Cuntz relation. Then we define O, := C§/(s1,...,5,). That is,
Oy, is the sub-C*-algebra of B(H) generated by n partial isometries which satisfy the
Cunitz relation.

We define Oy as the C*-algebra generated by an infinite sequence of isometries satis-
fying the Cuntz relation.

We list the following properties of O,, without proof:

Theorem 4.16. For every n € N the Cuntz algebra O, is a separable, unital, simple,
purely infinite, nuclear C*-algebra.

In addition, the Cuntz algebras, similar to the Toeplitz algebra, have the following
universal property :

Proposition 4.17. Let n € Nso. For every unital C*-algebra A containing isometries
(ti)1<i<n satisfying the Cuntz relation, there is a unique unital *~homomorphism ¢ :
O, — A such that o(s;) = 1;.

Observation 4.18. For any isometries t1,...,t, satisfying the Cuntz relation, the
*-homomorphism from Proposition 4.17 must be an isomorphism by simplicity of O,,,
and therefore C*(t1,...,t,) is isomorphic to O,.

Corollary 4.19. Let p be a projection in a C*-algebra A. Then p is properly infinite
if and only if O embeds unitally into pAp. In particular, a unital C*-algebra is
properly infinite if and only if it unitally contains O (up to isomorphism).

Proof. By Lemma 3.19, p is properly infinite in pAp, which consequently is a purely

infinite C*-algebra by definition. By Lemma 4.5, there is a sequence of isometries in
pAp satisfying the Cuntz relation, and by universality Oy embeds in pAp. O

Proposition 4.20. For every n € N we have O, C O,.

Proof. As O is purely infinite, we see that Oy embeds unitally into Oy. Fix some
n € N. Let s1, s5 be the generators of Oy and n € N. Mimicking the proof of Lemma
4.5, we define new isometries by setting for all k =1,...n:

t, =51 S and tpy1 1= ST .
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4 Finiteness conditions on C*-algebras

It then follows easily, that tyt,, = 6,.m, and

1_Ztktk:1_23 soshsTh—1
—1—25 (1—s187)stFt

_1_ZSI<; 1 *k L ghgth

= s181" = tnt1lyg
and therefore t1, . .., 1,41 satisfy the Cuntz relation. By universality, O,+1 embeds in
Os. O
We will need one more fact concerning O,, later on:
Lemma 4.21. For every n,m € N, the matriz algebra Mym embeds unitally into O,.

Proof. For every m € N we will show that O,, contains matrix units for M,,m. In order
to do so, we define for every u € {1,...,n}™:

Sp = Su1Spa " Sy -

As |{1,...,n}™| =n"™, we may choose a bijection 7: {1,...,n™} — {1,...,n}™ and
set gi; = ST(Z.)ST(J) We have s,s, = d,,, and hence g;jgr = O ifj#£k and gz]gkl gil
if j = k. Further, by rearrangmg

- ZS

=1
showing that the g;; form a set of matrix units for M=, and hence that O,, contains

a subalgebra isomorphic to M,m. O

The following will an ingredients to the proof of the Os-embedding theorem 7.24:
Theorem 4.22. The Cuntz algebra Oy is self absorbing, that is:
O @02 =0y .

4.4.2 ON THE CUNTZ SUM

Remark 4.23. Let s be an isometry in a unital C*-algebra A and consider the *-

conjugation V by s, i.e., a — s*as. Then it is plain to see that this is a unital linear
map, which is completely positive as M, (V) := V,, is *-conjugation by the isometry
1, ® s; it follows, that |[|[V||s = |[|[V(1)]| =1 (see for example [Rrl, Chapter 6]). Note
further that for all a € A we have

llas™|| < [lal| = [las™s]| < [|as™[|.
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4.4 Cuntz

As for all a € A we have
V(a*a) = V(a)*'V(a) = V(a*a) — V(a*ss*a) = V(a* (1 — ss")a) > 0,

where we used positivity of V' and that (1 — ss*) is a projection, and hence

a*(1— ss*)a positive, to see that the last inequality holds. One might paraphrase this
by saying that V is supermultiplicative. In particular, given another isometry ¢ and
denoting the associated *-conjugation by W we get

WV (a)*V(a)) — WV (a)" WV (a) > 0.

Definition 4.24 (Cuntz sum). Let s1,s2 € A be isometries in a unital C*-algebra
satisfying the Cuntz relation. Then we define a binary operation, called the Cuntz
sum, by

Bs1s0 t AXA— A (a,b) — sjas] + sybss.

Remark 4.25. Note that for the Cuntz sum we have the following inequality:
12 Bsy,55 @ — ] < [|[s1, 2] || + 1] [s2, 2]
Proof. We have s1s] + s255 = 1 and hence:

||z @s,.50 ¢ — || = |[S125] + S2xs5 — x(s15] + 5253)]]
= ||[s1, 2] s + [s2, 2] s3]] < [[s1, 2] || + || [s2, 2]l

O]

Lemma 4.26 (cf. [KiRrl, Lemma 2.4]). Let A be a unital C*-algebra and assume
that s, v1, vo € A are isometries such that vi, vy satisfy the Cuntz relation. Let V
denote *-conjugation by s. Then

wy = (1 — ss*) + svs* and Wy 1= SV9
again satisfy the Cuntz relation and, for all a € A:
(i) la Duywp Va) = all < [[[vr, V()]| + [ [v2, V(@) ]Il + 2| [a, s57] ]

(i1) |a, ss"]|| = max{||V(a*a) = V(a)*V(@)||%, ||V (aa®) = V(a)V (a)"]|/*}.
Proof. The element ws is immediately seen to be an isometry, for w; this follows from
wiwy = (1 — s8%) + (1 — s8")sv18™ + sv7s*(1 — s8") + svjvrs™ = (1 —s8") +ss* =1.
That they satisfy the Os-relation is a consequence of

wiw] + wowy = (1 — 55™) + sv15"sv]s™ + svavys™ =1.
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4 Finiteness conditions on C*-algebras

Let (a1 a2) be the decomposition of a with respect to ss* (see Remark 2.3). Em-
as ay

ploying Proposition 2.2 twice, gives (o)

1a, ss7]l
= max{[|(1 — ss%)as||, [|s"a(1l — ss7)[|}
=max{||(1 — ss)asvis*||,||sv1s"a(l — ss¥)||}

=|[|(1 — ss")asvis™ + svis*a(l — ss¥)|].
We prove (i):

l|a Bwy ws V(a) —al| <||(1—s5")a(l — ss™) + sv1V(a)v]s™ + svaV (a)vas™ — a
+[|(1 — ss™)asvis™ + sv1sTa(l — ss™)||
(0)

=1|(1 — ss")a(l — ss*) + ss*ass™ — al|
+[V(a) @uy0, Via) = Via)|[ +[a, ss]]]
<2||[a, ss"]|| + [1[or, V(@)]I| + [ [v2, V(a)] ],

where we use Remark 4.25 to see the last inequality.
Ad (ii): Proposition 2.2 shows that

lal] = max{[|ss*a(l — ss7)||, [|(1 — ss¥)ass™||} .
Using
|V (a*a) — V(a)*'V(a)|| = ||s"a*as — s*a"ss"as]|
=[1(1 = ss*)as||” = [|(1 - s5")ass"||”
and
[|V(aa™) = V(a)V(a)*|| = ||s"aa*s — s*ass™a"s||
=[1(1 = ss")a"ss"[|* = ||ss*a(1 — ss7)[7,
(ii) follows easily. O
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5 REAL RANK FOR (C*-ALGEBRAS

In this section we will define the real rank of a C*-algebra A. It is shown in [BrPed,
Proposition 1.1] that for a compact Hausdorff space X the real rank of C'(X) and
the covering dimension of X are the same, and hence the concept of real rank for
C*-algebras may be regarded as noncommutative dimension theory. The name real
rank stems from the fact that the covering dimension of a compact Hausdorff space
may be characterized by properties of continuous mappings from the topological space
into R"™.

Definition 5.1 (Real rank). A unital C*-algebra A has real rank n if for all k < n+1
and (a1, ...,ar) € AX there is for every e > 0 some (by,...,by) € AE, with the

k
property that > b% 1s invertible and
i=1

k

1> (@i — b2l <<

i=1

We will denote the real rank of a unital C*-algebra A by RR(A) and for a non unital

C*-algebra we set RR(A) := RR(A).

Even though we have defined real rank in full generality we will be concerned only
with the case of real rank zero from now on. In the sequel we will deduce numerous
conditions on a C*-algebra that are equivalent to having real rank zero.

Lemma 5.2 (cf. [BrPed, Lemma 2.3]). Let A be unital, p a projection in A and

a an element in A with decomposition (al QQ) with respect to p (cf. Remark 2.8). If
az ag4

ay 1s invertible in (1 —p)A(1 —p), then a is invertible in A if and only if a; — agazlag
18 invertible in pAp.

Proof. Observe that

o= ar a2\ _ (p agaZ1 al — agazlag 0 P 0
“\az ag) \O (1-p) 0 aq alla:’, 1-p)
Now

<]5 (?in;) @ ?ii))‘(pﬂéafp e ?ﬁglu_p))‘(ﬁ <1Ep>>
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5 Real rank for C*-algebras
and invertibility of the right hand factor follows similarly. Therefore a is invertible if

al — agallag 0
0 a4

is invertible, which is equivalent to invertibility of a; — agallag, a4 being invertible
by hypothesis. O

and only if

Recall that for every element a of a unital C*-algebra A with ||1 — a|| < 1 we have

N
invertibility, as ( >o(1— a)") Nen 1S convergent to a~!, whereas
n=0

N
lla™ M| < NliinOOZHl —al"=(1—[1-qal)".
n=0

Theorem 5.3 (cf. [BrPed, Theorem 2.5]). Let A be a unital C*-algebra with
real rank zero. Then for every projection p in A the unital C*-algebras pAp and
(1 —p)A(1 — p) also have real rank zero.

Proof. Let a € (pAp)sa, 1 > € > 0and b € Ay, invertible such that ||a+(1—p)—b|| < €.
Decompose b with respect to p into by, bs, b and by; then by and by are self adjoint, as
b was, by = b3, and

11 =p) = bafl = ||(1 =p)a(l =p) + (1 —p) = (1 = p)b(1 —p)[[ < e

implying invertibility of by in (1 —p)A(1 — p). This entails by Lemma 5.2 invertibility
of
c:= by — bob; 'b3 € pAp

because b was invertible by hypothesis, and c is self adjoint by the above. As (1 —p) is
a unit for (1—p)A(1—p), we have, applying the approximation preceding the theorem
inside (1 —p)A(1 —p)

b < (= 1ba— (L =p)I)F < (1 —2)7,
and therefore
lla—ell = [la—bu||+[b2by ‘bsl| < [[pap—pbp||+(1—e)~" |Ipb(1—p)|* < e+(1—)'e?,
as was to be shown. O
Lemma 5.4. Let a and b be self adjoint elements in A and € > 0 such that
a—ec<b<a+e.

Then |la — b|| < e.
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Proof. We show that o(a — b) C [—¢,¢], implying
lla—bl[ = pla—b)<e
by [M, Theorem 2.1.1]. To this end, let A € o(a — b). By hypothesis,
A—c€o(a—b—e) CR™ and Atee€o(a—b+e) CRT,
implying A < e and A > —e. O
We cite the following Lemma:

Lemma 5.5 (cf. [BrPed, Lemma 2.2]). Let a and b be self adjoint elements of A
and assume ||a — b|| < e. Then

s =41l < 5 (((lall + 1) +<)

Lemma 5.6. Let A be a C*-algebra. Assume that the following condition holds:

For all positive, orthogonal elements a and b in A and for every € > 0 there is a
projection p € A such that ||(1 — p)al| < e and ||pb|| < e.

Then for all t € R the set Gy := {a € Asq |t ¢ o(a)} is a dense open subset of Agq.

Proof. Let t € R; as the set of invertible elements is open in A, we see that G is open.
Furthermore let a € Ay, and € > 0. Then (a — t)4 is orthogonal to (a — ¢)_, thence
there is a projection p in A such that |[(a —t)1p|| < e and |[(a —t)—(1—p)|| < e. This
entails

lla = pap — (1 = pla(l = p)l| = ||(1 = p)ap + pa(1 = p)|| = ||(1 - p)ap|
=l(1 =p)((a = 1)+ — (a—t)-))p|| < 2¢

by Proposition 2.2. Further we have
(t—ep<tp+p((a—t)s —e)p <tp+p((a—1t)s—(a—1t)-)p=pap,
and similarly (1 —p)a(l —p) < (t +¢)(1 — p). This shows that
pap+2ep > (t+e)p and  (1—pla(l—p)—2e(1—p) < (t—€)(1—p),
whence the element
b:= (pap + 2ep) + (1 — p)a(l —p) — 2¢(1 - p))

is in Gy, as otherwise

t € opap(pap + 2ep) ort € o(1_p)aa—p)((1 = pla(l —p) = 2¢(1 - p))
would have to hold, which is impossible by the above inequalities. Moreover

lla = bl] < lla —pap — (1 = p)a(l — p)|| + [[2epl[ + |[2¢(1 — p)|| < 4e.
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5 Real rank for C*-algebras

Proposition 5.7 (cf. [BrPed, Theorem 2.6]). The following conditions on a C*-
algebra A are equivalent:

(i) A has real rank zero

(i1) For all positive, orthogonal elements a and b in A and for every e > 0 there is
a projection p € A such that ||(1 — p)al| < € and ||pb|| < e.

(iit) For all positive elements a and b in A™ and for every e > 0 with ||ab|| < €2 there
is a projection p in A such that ||(1 — p)a|| < € and ||pb|| < €.

Proof. We may assume that A is unital.

(i)=(iii): The idea is the following: We use the hypothesis on A to find an invertible
self adjoint element ¢ which is close to a —b. Then we choose p from Proposition 3.10
such that pc = ¢4 and (1 — p)e = c_ and show that it does the job.

Let 1 > & > 0. To begin with, note that ((2[la — b|| + £1)e1) + &1 — 0 for &1 — 0,
hence we may choose €1 > 0 with

1
labl12 = 5 (((2lla = bl] +e0)er) " +e1) <.

Select an invertible self adjoint element ¢ in A such that ||a — b — ¢|| < ;. We have,
using Lemma 5.5 at (x):

* 1
la—cill <lla = (a =)+l +[|(a = b)4 — x| < [labl[ > + 3 ((la=bll + [lelDer + 1)
1
<llabll= = 5 ((lla = bl + lle = a = bl)er) " +e1) <.
Now let p be the projection in A with pc = ¢4 and (1 — p)c = c—, then

11 = p)al| =[|(1 = p)a+ (1 —p)ei||
=1 =pll lla —cill <e,

replacing (1—p) with p, which is in turn orthogonal to c¢_, the which we may substitute
for ¢4, allows us to apply the above argument to b instead of a, obtaining ||pb|| < e.

Finally, (iii) obviously implies (ii), and that (ii) implies (i) follows from Lemma 5.6,
as we see that Gg, i. e. , the self adjoint and invertible elements, are dense in Aga,
which is exactly the definition of real rank zero. O

Theorem 5.8 (cf. [Ped4, Proposition 14], [BrPed, Theorem 2.6]). The follow-
ing conditions on a C*-algebra A are equivalent:

(i) A has real rank zero,
(ii) The self adjoint elements of A with finite spectra are dense in Ay,

(iii) Ewvery hereditary C*-subalgebra of A has an approximate unit consisting of pro-
jections.
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Proof. To show that (i) implies (ii), observe that if A has real rank zero, than we may
apply Lemma 5.6 by Proposition 5.7. Let a € Az, and € > 0. Observe that Ay, is
a complete metric space in the metric induced by the norm on A, whence by Baire’s
theorem the set G := thEZ Gy is dense in A,,. We may therefore choose an element
b € G with ||a — b|| < e. Now construct an element close to b with finite spectrum as
follows: Define a function f : R — R by f(t) := ne for t € [ne, (n+1)e) and note that
f is continuous on o(b). As a consequence

£ (0) = bl| = sup{|f(t) —t| [t € o(b)} <,

yielding ||a — f(b)|| < 2e. As o(b) is bounded, f(b) has finite spectrum, as desired.
To see that (iii) implies (i), we show that condition (ii) in Proposition 5.7 holds. To
this end, let a,b € A} and € > 0. As there is an approximate unit of projections in
the hereditary C*-algebra generated by a, we may choose a projection p in aAa with
llpa — al| = ||(1 — p)al]| < e. As bc = 0 for all elements in the hereditary C*-algebra
generated by a, even bp = 0 holds.

We refer the reader to [Ped4, Proposition 14| for a proof of the implication (ii)=-(iii).
O

The proof of the following theorem is due to Mikael Rgrdam:
Theorem 5.9. Let A be unital, simple and purely infinite. Then A has real rank zero.

Proof. Let a € Agg; if a is invertible, then there is nothing to show. Hence we
assume that 0 € o(a) and a # 0. By Proposition 3.10 it further suffices to show that
(a —¢e)y € Asq NGI(A) holds for all e > 0. As (a — &) corresponds to a function
being zero on a neighborhood of zero or containing zero as an isolated point, we may
choose an element b in the C*-algebra generated by (a —¢)+ and 1 such that |[b]| =1
and (a —e)4+b =b(a—e)y+ = 0. By Proposition 4.13 (ii) there is an infinite projection
p € bAb; observe that p(a —¢)y = (a — &) +p = 0.

Now, as A is simple, p is full, therefore we may choose a projection py with 1 — p ~
po < p, and take a partial isometry v € A such that v*v = 1 — p and vv* = pg. For
every § > 0 we define ¢5 := (a — €)4+ + 6(p — po) + d(v + v*). Then ¢; is arbitrarily
close to (a —¢)+ and we show that it is invertible. Using the standard decomposition,
this time with respect to (1 — p), po and p — pg, ¢s corresponds to the matrix

(a—e)y ov* 0
v 0 0
0 0 4(p—po)
Now &(p — pg) is a scalar multiple of the unit in (p — po)A(p — po), and it therefore

suffices to show that the upper corner is invertible in (1 — p)A(1 — p) + poApo, but
this follows from

a v 0 5Ly _(v'v lavt — 5 tvavt  [((1—-p) O
v 0 v =6 2wav*) — \ 0 vv* B 0 po/)

O]
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6 DISCRETE CROSSED PRODUCTS

In this section we will study crossed products of C*-algebras with discrete groups. We
start out with some background on representation theory.

6.1 COVARIANT REPRESENTATIONS

Definition 6.1. Let " be a group and H a Hilbert space; denote by U(H) the group
of unitary operators on H. Then a group homomorphism U:T' — U(H), v — U,
which is continuous with respect to the strong operator topology is called a unitary
representation of I' on H.

Definition 6.2. A triple (A, T, o) where A is a C*-algebra, T' a locally compact group
and o: I' — Aut(A), v +— ay a group homomorphism which is continuous with respect
to the topology of pointwise convergence on Aut(A), is a called a (C*-)dynamical
system. We call such a system discrete, if the group I' is discrete, and countable,
given that T' is countable.

Recall that continuity with respect to the topology of pointwise convergence on Aut(A)
in the definition above means, that for every a € A the map v — «,(a) is continuous.
We will be interested in unitary representations that "tie together" the representations
of a group acting on a C*-algebra and the C*-algebra itself. Such representations will
be used in order to define a norm on the crossed product to be constructed in the next
subsection.

Definition 6.3. A covariant representation of a C*-dynamical system is a pair (7, U),
where m: A — B(H) is a *-representation of A and U: T' — U(H) a unitary represen-
tation of I' on the same space such that for all v € I' and a € A we have:

Uyn(a)Uy = m(ay(a)).

Observe that for a discrete group I and a C*-algebra A the set of functions f: I' — A
with compact support may be identified with the set AT" of formal finite sums of the
form Z,Yep a~7y, where only finitely many a- are nonzero. In the sequel we will use
this identification without further comment.

Proposition 6.4. Let (A, T, ) be a discrete dynamical system. We define the follow-
ing operations for all a =3  prayy, b=73 5.pbgB in AT':

(i) atbi= 3 (ay +by)y
yel’
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6 Discrete crossed products

(i) (axb):= 3 (X ay04(by-15))5

~vell' Ber
(ili) (Aa) == > (Aay)y for all A € C
yel’
(iv) a*:= > av(a:,l)y.
vyerl’

Then AT is a *-algebra with these operations.

We write a % b as in the case of a non-discrete group this is the convolution of two
functions. However, we will use the convention to omit the * when there is no ambi-

guity.

Proof. Instead of checking on the axioms of a C*-algebra we use Proposition 6.6 below
to show that there is a faithful *-representation of AT on a Hilbert space H; this will
imply that the axioms hold in AT O

Recall that for every Hilbert space ‘H and a discrete group I' we may form the vector
space [2(T',’H) of all square summable functions on I' with values in H. We endow it
with a scalar product by setting for all z,y € I2(T, H)

(@ly) =D (zalyn)

yel’

thus defining a Hilbert space. The following proposition will prove the existence of
certain covariant representations of (A, T, ), the so called regular representations.

Proposition 6.5. Let (A, T',«) be a discrete dynamical system. For every represen-
tation of m: A — B(H) of A there is a covariant representation (w,U) of (A,T',a) on
the Hilbert space 12(T',’H) given by

(Uv(@) (B)
(7(a)(2))(B)

In addition, if 7 is faithful, so is 7.

z(y71B) for allz € I*(T,H), v,B8 €T,
m(ag-1(a))(xz(B)) forallac A, v € I>(D,’H) and B €T.

The representation U above is usually called the left regular representation of I". It is
clear that U is a faithful group representation, i.e., injective.

Proof. First we show that U is a unitary representation of I'. As I' is discrete, we do
not have to worry about continuity. Further for any z,y € (*(I', 1) and v € I" we have

Uy | y) =D (e(v10) [9(8) = Y _(x(B) | y(vB)) = (& | Uy1y)

Ber Ber

and therefore U, is adjointable with UJ = U,-1 = Uy 1 implying continuity at the
same time.
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6.1 Covariant representations

Now we show that 7 is a representation of A on [?(T',’H). To this end, let a,b € A,
x € [?(I',H) and v € I'. That # is a linear map follows directly from the definitions,
we only show multiplicativity and that 7# commutes with *. This follows from

and

It now only remains to check on covariance of (7,U). For all z, a and v as above we
calculate

Q(y-15)-1 (a)) (U'Y(m)) (7_16)
= 71'(0[5—17(@)) (1:(7'7_1/3))
= (#los (@) (@) (9).

which completes the proof. As H embeds into [?(I", H) by sending ¢ € H to the square
summable function on I'" which is nonzero only on e and sends e to &, we see that 7 is
faithful when 7 is. O

Proposition 6.6. Let (A, T, «) be a dynamical system with a covariant representation
(m,U). Then

(6.1) P(Z ayy) = Z m(aqy)Uy

vyel’ ~yel’

defines a *-representation of AT, the which we will denote by ™ x U.
If (w,U) s the covariant representation constructed in Proposition 6.5 with respect to
a faithful representation of A, then m x U is a faithful representation of AI.

The representation 7 x U obtained from (7, U) is usually called the integrated repre-
sentation or integrated form. This stems from the fact that in the more general case
of a locally compact group I' we have to use the Haar measure and integrate m and U
over I' in 6.1 in order to obtain a *-representation of C.(I', A), which replaces AT" in
this case.
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6 Discrete crossed products

Proof. Tt follows immediately from the definitions that p is a linear map. Let a =
> ver @yy and b=} 5 1 b3 be elements of AI'. Then we get

p(ab) :p( Z a’ya’y(b'y—lﬂ)ﬂ)

v,B8€l’

= Z m(ay)m(ay (by-15))Us

v,B8€l’

= Z m(ay)Uym(by-18)USUs
7,0€l

= Z W(av)Uvﬂ'(bﬁ)U;U’yﬁ
v,8€l’
= p(a)p(b)-
Concerning the involution we have
pla) = Usn(a,) U U; =Y w(ay-1(ay))Uy1 = pla”),
~er ~el

as desired.

Now let m : A — B(H) be a faithful representation and (7, U) the regular covariant
representation of (A4,T,«) on [2(I',H) as defined in 6.5. Let 0 # a = Z'yEF ayy € AT
then there is some v € I' with a., # 0. Choose £ € H such that 7(a,){ # 0. Define

T flvy=Eforv=e
f =T, {f(u):Ofory#e

Now calculate

(7% U@) () = (D (@)U (N () = Y wla) () (™)

pel pel
= g 1u(an)(F(™1)) = m(ay-1y(ay)) f€) = m(ay)(€) # 0.
pel

O]

Observation 6.7. Observe that for any dynamical system (A,I',«a) we have a *-

morphism ¢: A — AT', a — ae, called the canonical inclusion. A *-representation
p: AT' — B(H) of AT therefore yields a *-representation 7 := p¢ of A on H. For
every a € A we thus get ||p(ae)|| = ||7(a)|| < ||a||, implying for every v € T’
2
[p(a)l]
For every *-representation of AI' and }_ . a,y € AL this entails

1Y~ aymIl <D llay .

el vyel

= llp(a7)"p(ay)|| = [|p(a”ac)|| = [|al* .

Moreover we see that for a net (ay) in A which is convergent to a € A, the net
(p(a)\’y)))\ converges to p(avy) for every v € T.
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6.1 Covariant representations

Proposition 6.8. Let (A,T',a) be a discrete dynamical system, p : AT — B(H) a
*-representation and (uy)x an approximate unit for A. Then selting

pla: A— B(H), a p(ae)
plr: I'— B(H), v+ lim p(ur7),
where the limit is taken with respect to the strong operator topology (see the proof

for convergence), defines a covariant representation (p|a,plr) of (A,T',«), which is
independent of the choice of (uy)x.

Observe that the process of mapping a given covariant representation (m,U) to its
integrated form w x U and then “restricting” as above gives back the representation
we started with.

Proof. That p|4 is a *-representation of A is contained in Observation 6.7. A simple
calculation, using the scalar product on H, shows that the definition of p|r is indepen-
dent of the choice of the approximate unit. We proceed to show that the strong limit
limy p(uyy) exists for every v € I'. We denote by AI'H the linear span of elements of
the form p(a)é with a € AT" and £ € H and by [AI'H] the closure of this subspace. It
suffices to show that the limit exists pointwise on AI" and is bounded; therefore it is
enough to show it exists on elements of the form p(avy)¢ witha € A,y € I’ and £ € H,
and is bounded on these. Let & = p(apu)€ be such an element. Then
plury)€" = plury)plap)§ = plurery(a)yp)é,

and the latter converges by Observation 6.7, hence so does the first. Asfor all £ € AT'H
[lple (7)€l < Lim [lp(uxy)I] €] < 1€l

we may extend p|p(y) by continuity to an operator on all of [AI'H] and set it as the
identity elsewhere. Using that the definition of p|r does not depend on the particular
choice of (uy)y, a simple calculation shows that p|p is in fact a group homomorphism
p|r indeed a unitary representation ! by a straight forward calculation, showing that

(plr(y™ e €Yy = (£ | plr(0)E")

for all £,¢ € AT'H. Tt remains to check on covariance of (p|a,p|r). Let a € A and
~v € I'. Then, as multiplication by a fixed operator is strongly continuous

plr(Mplala)plr ()" = lim p(ury)plae)plr(v)”
= lim p(axay (a)y) lim plr(7)”
= lim(ay (@)uryy™")

= pla(ay(a)) .

'Recall that taking adjoints is not strongly continuous and therefore

(lim p(ux))" = lim p(ury)” = lim p((ur7)")

does not hold in general; thus a calculation is unavoidable.
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6 Discrete crossed products

6.2 DISCRETE CROSSED PRODUCTS

Definition 6.9. Let (A,I', ) be a discrete C*-dynamical system. Then we define the
crossed product A X, I' to be the completion of AL in the C*-norm given by

[|lal| := sup l|p(a)|| for all a € AT.
p*-repr. of AT

The reduced crossed product A Xo. I is the completion in the norm formed by taking
the supremum above only over the regular representations.

By means of Proposition 6.6 we have a faithful regular representation if we use
the integrated form obtained from the universal representation of A, and therefore
lla||ax,r # O for every nonzero a in AI'. Further we obtain from Observation 6.7 that
the supremum lies in R and hence we have, in fact, defined a norm.

Note that for a dynamical system (A,T',«), where T' is countable and A separable,
the crossed product is again separable. This follows, as the set of finitely supported
functions from I" into S, where S is a countable dense subset of A, is again countable,
and dense in AG, hence in A x, I' by Observation 6.7.

Proposition 6.10. Let (A,T',«) be a discrete dynamical system. Then the crossed
product A X, T' has the following property: For every covariant representation (m,U)
of (A,T',«x) over H there is a *-representation p of A X I' on H such that pv = T,
where ¢ is the canonical inclusion of A.

Proof. By Proposition 6.1, the integrated form of (m,U) is a *-representation of AL,
which we may extend to A x, ', as it is a bounded linear map on AI' by construction
of the norm on the crossed product. The definition of the integrated form yields

7 xUla) =7 xU(ae) =7w(a)U(e) = m(a).
as was to be shown. O

Observation 6.11. Note that we may use the embedding a — ae already encountered
in Observation 6.7 to see that A embeds isometrically into A x, I'. If A is unital,
then we further have an embedding xk: I' — A x, I" by setting k() := 147. As there
is a faithful representation of A x4 I' by the GNS-construction, and as A embeds into
Ax, T, we may as well from now on fix a Hilbert space H such that A, Ax,I' C B(H).
If A is unital, then we also assume I' C B(H).

Lemma 6.12. Let I be an ideal in a C*-algebra A and 7 : I — B(H) a non-degenerate
representation of I on a Hilbert space H. Then there exists a canonical extension
7:A— B(H) of m to A.
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6.2 Discrete crossed products

Proof. We essentially pursue the same idea as in Proposition 6.8. Let (uy)) be an
approximate unit of I. For every a € A and ¢ € H such that & = 7(b)¢ for some
bel and £ € H, we get

m(aup)¢' = m(auy)m(b)§ = m(aurb)§

and therefore limy 7(auy ) exists on a dense subset of H, as 7 is non degenerate; we
further have

17 (@)l = |Tim m(aur)é] < [lall 1€]]

showing that we may extend 7(a) to all of H. Easy calculations show that 7 is a
*_representation of A, which extends 7 by

7(a) = li/I\nﬂ'(CLU)\) =7(a)
for all a € I, because 7 is norm decreasing. O

Proposition 6.13. Let (A,T',a) be a discrete dynamical system. Let I be an ideal in
A such that oy (I) C I for all v € ' (a I'-invariant ideal). Then

[TH'HAMQF ~ T % T

alf + o

that is, we may identify the crossed product of the dynamical system (I,T',«|r) with
the ideal in A xo ' generated by IT .

Proof. Let ¢ : IT' — A %, I be the inclusion map. Then this is clearly a *-morphism,
and it remains to show that ¢ extends isometrically to I x4, I'. As every *-repre-
sentation of AI" yields a *-representation of IT' by restriction, ¢ is norm decreasing
and extends to a *-homomorphism on the full crossed product I x, I'. Given a non-
degenerate *-representation p of IT', we obtain a covariant representation (p|r, p|r)
by Proposition 6.8. Use Lemma 6.12 to extend p|; to a representation p|; of A
and manufacture a covariant representation (p|r, p|r) of (A,T',«). Tracing back the
definitions of the representations involved, we see that

plrMAlr(@)plr(v)" = plrlimplr(ura)plr (v)" = lim plr (e (ura)) = pli(ay(a)) -

Therefore the integrated form p|; x p|pr of (4|7, p|r) gives a *-representation of AT,

and consequently ¢ is an isometric embedding of I x,), I' into A x, I. O

Example 6.14. Let 7 be a *-automorphism of A. Then we define an action « of Z
on A by

ap(a) :=71"(a) for all n € Z and a € A.
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6 Discrete crossed products

In this situation, we write A x4 Z = A x; Z. Consequently, the formula U;aU; = 7(a)
implies that there is a unitary, namely Uy, in B(H) such that U'aU7"* = 7"(a). The
unitary U; is called the unitary implementing (the action of) 7. By construction,

N

{Z apu | N €N, a, € A}
n=—N

is then a dense subset of A x; Z. Further, by [M]|[Theorem 3.1.8] it follows that w is
an element of the multiplier algebra M(A) of A.

In case that A is not unital, we may extend 7 to an automorphism 7 of A by functo-
riality of T and use the above argument on A, and by Proposition 6.13 we may then
view A X, Z as an ideal to again obtain a unitary as above.

The universality for crossed products translates in this special case to:

Proposition 6.15. Let A be a unital C*-algebra, T an automorphism of A imple-
mented by a unitary u. If B is another unital C*-algebra such that there is a *-
homomorphism ¢ : A — B and a unitary v € B such that o(7(a)) = v*¢(a)v, then
there is a *~homomorphism @ : A X, Z — B such that ¢|4 = ¢ and ¢(u) = v, that is,
we have a commutative diagram.:

A%A\)
@J J@ AXZ
Ad(v) '

v I -

B——B ¥

6.2.1 THE CIRCLE ACTION

Lemma 6.16. Let (A, Z,T) be a C*-algebra and u the unitary implementing the action
of 7. For every t € T denote by &; the automorphism of A X, Z defined by extending

dt(z apu™) = Z an(tu)™ (finite sums).

nez nez
Then (A %, Z,T,&) is a C*-dynamical system.
Proof. Let a =3, .y anu”,b=73%" _,byu™ € AZ. Then for every t € T

da(a+b) = (Y (an +ba)(tu)") = (3 an(tw)") + (Y ba(tu)") = dr(a) + d(b),

nez nez neZ
Gy(ab) = (Y apbmu™™) = Y apbp(tu)"(tu)™ = a1(a)u(b) ,
n,mez nmeZ
ay(a®) = &, (Y uman) = ai (Y M (ap)u™) =D 7" (ag) (bu)"
nez nez nez
=) (ap) " = u () = dyla)*
nez nez
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6.2 Discrete crossed products

As &; has clearly norm one, it extends to a *-isomorphism on A %, Z. A simple

calculation shows, that & : T — A %, Z is a group homomorphism. It remains to show
that & is continuous with respect to the topology of pointwise convergence. If ¢, — ¢
for K — oo in T, then we have

s, (@) = du(a)]] <D lantiu™ — ant™u"|| =Y |t; — "] ||anu"|] — 0.
neZ neZ

O

Definition 6.17. Let B be a sub-C*-algebra of a C*-algebra A. An expectation of A
onto B is a linear positive map E : A — B, such that E*(a) = E(a) for all a € A.

The expectation E is called faithful, if, whenever a is a positive element in A, then
E(a) =0 if and only if a = 0.

We quote the following Proposition from [Dav] without proof, where the integral is
the usual Banach-space-valued one:

Proposition 6.18 (cf. [Dav, Theorem VIII.2.1]). Let (A, Z,7) be a C*-dynamical
system and (A x; Z,T,&) be as in Lemma 6.16. Then

E:Ax;7Z— A, a— ay(a)dt
teT

defines a faithful conditional expectation, called the canonical expectation onto A.

Theorem 6.19. Let (A x; Z,T,&) be as in Lemma 6.16 and u the unitary imple-
menting the action of 7. Let B be a C*-algebra, o: A — B a *-homomorphism, v
a unitary in B such that ¢(7(a)) = vp(a)v*, and denote by ¢ the induced morphism
(see Proposition 6.15). If there is a group homomorphism B: T — Aut(B) such that
(B, T, ) is a C*-dynamical system and the following diagram commutes for allt € T

Ax, 7 BN B
bt Bt

Ax, 7 — B
then @ s injective if and only if ¢ is.

Note that in the category of C*-dynamical systems, this is just existence of an induced
morphism (i.e., a morphism coming from an equivariant *-homomorphism) between

the systems (A x, Z, T, &) and (B, T, ).

Proof. Set

F:B— B, b Be(b)dt.
teT
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6 Discrete crossed products

For all a € A X, Z this definition entails

Fo@ = [ apa)di= [ ea@at?e [ atde=pE).
teT teT t
where (x) follows from the fact that ¢ is a *-homomorphism and from the definition
of the integral. Note that @|4 = .
In other “words”, we have commutativity of

ANTZL

A——F— B
Now let a € Ker(¢). Then by multiplicativity of ¢ we get a*a € Ker(g), hence
0= F(a*a) = ¢ Ba*a) = ¢ E(a*a),

and if ¢ is injective, then F(a*a) = 0. But E is faithful, hence a*a = 0, and by the
C*-equation, a = 0 follows. As the restriction of ¢ to A is ¢, it is clearly a necessary
condition that ¢ is injective. O

The next Lemma will be an ingredient of the embedding theorem Theorem 7.24.
Roughly speaking, it forces an injective *-homomorphism from a crossed product by
Z into an arbitrary algebra to be injective, by tensoring the latter one with C(T).

Lemma 6.20. Let A x; Z be a crossed product, where T is an automorphism of A
induced by a unitary u, further o: A — B a *-homomorphism such that there is a
unitary v € B with ¢(7(a)) = ve(a)v* for all a € A. Denote the canonical circle
action on A X, Z again by &. If z is the canonical generator of C(T), then

V: Ax; Z — B® C(T), Zanu” — ng(an)vn ® 2"
neL neL

defines a *~homomorphism, which is injective if and only if © is.

Proof. First of all, 1 is induced by the map ¢’ obtained by composing ¢ with the
embedding d — d ® 1 of B into B ® C(T), which satisfies

¢'(m(a)) = (1(a)) ® 1 = v"p(a)p™ @ 2"z = v" @ 2" (¢'(a)) (V" ® 2")".

Next, note that T acts naturally on C(T), namely by rotation 7;(z) := tz, where z is
the canonical generator. Define f3; := idp ® 7y for all t € C(T), to obtain an action of

T on B ® C(T). Furthermore, letting a =, a,u™ € AZ
Brp(a) = Z plap)v" @t = Z t"p(an)v" @ 2" = Péy(a).
nez nez
The claim is now a consequence of Theorem 6.19. O
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6.2 Discrete crossed products

We have the following proposition concerning tensor products and crossed products:

Proposition 6.21. Let A and B be C*-algebras and T an automorphism of A. Then
(A ®max B) >qc|z®id3 7 = (A Ha Z) ®max B.
Proof. Let u be the unitary implementing the action of a. The map ¢ : A ®pmaz B —
(A Xy Z) @mae B induced by a — a ® 1 and b — 1 ® b has the property required for
an application of the universal property, namely
(T ®idp(a®b)) = p(uau® @b) =uau* b= (u®1)(a @ b)(u® 1)*

Denote by @ the induced map. As there is a canonical circle action on A X Z Quax B
given by &; ® idp for all t € T which commutes with ¢, we see that ¢ is injective by
Theorem 6.19 ]

The projection mentioned in the next proposition is called the Rieffel projection.

Proposition 6.22. Let 7 be the automorphism of Co(R) given by 7(f)(t) :== f(1+1¢)
for all f € Co(R) and t € R. Then there is a nonzero projection p in Co(R) X, Z.

Proof. We define functions f,g € Co(R) by f(t) :==1—|t| for t € [-1,1] and f(¢) :==0

elsewhere. Further set g(t) := \/f(t) — f(¢)? for t € [0,1] and g(t) := 0 elsewhere.
Then we have for all t € [—1, 0]

() =g+ 1) =fL+t) = fQL+8)* =11+ — (1 —[L+1t])?
=—(t+ ) =1—[t| = (1L |t))* = f(t) — f(£)* = g(t)°
implying
f(t for0<t<1
(e + £+t =70 . .
T(9)(t)" = f2(t) = g(t)* — f2(t) = f(t) for =1 <t <0
Hence 7(g%) + f2 + ¢g> = f. Let u be the unitary implementing the action and set
p = ug+ f+gu*; we show that p is a projection. Note first, that by an easy calculation
using the definition of f and g we get (ug)? = 0 and ug(f +71(f)) = ug. As pis
clearly self adjoint, it follows that p is a projection from

p® = (ug)® +ugf + uggu* + fug + f* + fgu* + gu*ug + gu* f + gu*gu*

=ug(f+7 )+ 1)+ P+ + (f+7(f)gu"
=ug+f+gu”.
O

Proposition 6.23. Let 7 be the automorphism of Co(R) defined in 6.22. Then there
is an embedding of A in Co(R, A) x, Z.

Proof. By Proposition 6.21 we have
CQ(R, A) Xy 2= (Co(R) & A) X r®ida 7 = (CO(R) X Z) R A,

hence we may use the embedding a — p®a, where p is the projection from Proposition
6.22. O
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7 KIRCHBERG ALGEBRAS

Definition 7.1. A Kirchberg algebra is a separable, simple, nuclear, and purely infinite
C*-algebra.

7.1 STINESPRING REVISITED

In this section we give a characterization similar to the Stinespring characterization for
completely positive maps in the special case of a unital, completely positive, nuclear
map p from a unital Kirchberg algebra A to itself. This will be achieved by first
proving some properties (Proposition 7.4 and 7.8) for certain maps from A into C and
from M, into A, and then applying these to the factorization, by nuclearity, of the
map p (see 7.12).

The reader has probably seen the following preparatory lemma as part of the Gel’fand-
Naimark-Segal construction.

Lemma 7.2. Let u: A — C be a positive linear functional on a C*-algebra. Then the
left kernel Nij(u) :={a € A | u(a*a) = 0} is a left ideal in A.

Proof. Let a,b € Ni(n) and z € A. Then (z,y) — p(z*y) is a positive sesquilinear
form (as z*x > 0 for all x € A and p is positive) and hence we may apply the
Cauchy-Schwarz inequality, giving

(a@*b)| < p(a*a)p(b*b)* = 0,
which implies that Aj(u) is closed under addition by
n((a+b)*(a+0b)) = p(a*a) + p(b*d) + p(a*d) + p(b*a) =0

We deduce from z*z < ||z*z|| = ||2||* (for example by functional calculus) that
a*z*za < ||z||?a*a. As a consequence we have

0 < pu((2a)"za) < p(l|z][Pa*a) = ||z|*p(a*a) = 0
which implies za € (i), and so N;(u) is a left ideal in A. O

Remark 7.3. Let w € S(A) (the space of states on A). Then we have w(1) = 1.
This follows immediately as 1 constitutes a constant approximate unit and therefore
w(1l) = |Jw|| =1 (see [M, Theorem 3.3.3]). In the converse direction, we know that a
unital positive map w: A — C is a state, as ||w|| = w(1) = 1 again by [M, Theorem
3.3.3]. Hence a positive map on a unital C*-algebra is a state iff it is unital.
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7 Kirchberg algebras

Proposition 7.4 (cf. [Rrl, Proposition 6.3.1]). Let A be a unital, simple, purely
infinite C*-algebra and w: A — C a state on A. Let F C A be finite and ¢ > 0. Then
there is a nonzero projection p € A with ||pap — w(a)p|| < e for alla € F.

The idea is to approximate w by a net (uz).ex of pure states on F', and for each of
these to construct a net (py)yecy of projections with lim, ||pyapy — pz(a)py|| = 0 on F;
having done so we approximate w by a pure state and the according net of projections.

Proof. The set of pure states is weak*-dense in the states on A by [Dix, Lemme 11.2.4],
and so one finds a net (uz)zex of pure states which is weak™-convergent to w on F.
Choose zg € X with [|ptz,(a) — w(a)|| < § for all a € F.

Now set N := Nj(pz,) N Ni(pizy)*, thus obtaining an hereditary C*-subalgebra of A
by Lemma 7.2 and [M, Theorem 3.2.1|. By Theorem 5.9, A has real rank zero, so
there exists an approximate unit (gy)yecy of projections (see Theorem 5.8) in N. Then
we have fiz,(qy) = Hao(qyqy) = 0 for all y € Y and setting p, := 1 — ¢, we obtain
a net of projections with piz(py) = tag(1) — pao(qy) = pay(1) = 1 by Remark 7.3,
and therefore p, # 0 for all y € Y (as the states give rise to representations via the
GNS-construction and hence, the universal representation being faithful, an element
a € A is zero if a*a maps to zero under all states; alternatively use |[M, Theorem
3.3.6]).

We will show that limy [|[pyapy — pzy(a)pyl| = 0 for all @ € A. To this end, let
¢ € Ni(tig,). Then we obtain ¢*c € N, as Nj(uz,) is a left ideal, and

(7.1) lepyll? = [I(cpy)* cpyll = [Ipyc"cpyl < lpyll l|c"cpy|]
(7.2) = [l¢"e(l = gy)|l = llc"c — c"eqy|| — 0

for (gy)yey was chosen as an approximate unit. If ¢* € Nj(ug,), we get cc* € N and
pyc — 0.

Let a € A. We then have N(ug,) = ker(pz,) = Ni(ta) + Ni(pizy)* by [Ped2,
Proposition 3.13.6] for the pure state pg,, and as a — pg,(a) - 14 € N(uz,) we may
choose u,v € Nj(fz,) With a — pg,(a) - 14 = v+ v*. Hence we have

Pyapy — Hao(@)py = py(a — pizg(a))py = py(u +v*)py = py(upy + (pyv)*) — 0.

Now choose yo € Y with |[py,apy, — fiz,(a)py,|] < 5 for all a € A.
We deduce for all a € F' that

proapyo - C*)(a)pyo H = proapyo — Mz (a)pyo =+ g (a)pyo - w(a)pyoH

< Pyoapyo = o (@)pyol| + llptze (@) — w(@)[[ [Ipy, || < e,

which is the assertion. O

n
Observation 7.5. The element p,, := ﬁ Y. eij®ei; € My ® M, is a projection for
ij=1
all n € N.
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7.1 Stinespring revisited

Proof. Let n € N. Then p,, is obviously self adjoint, and

n

2
(Vn-pn)® = E (eij @ eij)(er @ exr) § €ijerl @ €ijepl
i3k, 1=1 ik, 1=1
n n
= E €ijeji & ejje; = E €1 ®ejl ="n"Pn,
i7j7l:1 'L,],lzl
as claimed. O

Lemma 7.6. Let A be a unital C*-algebra and n € N. Furthermore let n: M, — A
be a completely positive map. Then there exists an element v € M, @ M, ® A such
that e11 ® e11 @ n(z) =v*(z® 1, @ 14)v.

In particular, if n is unital:

v'v=0"(1, 01, @1x)v=e1 ®e1 ®n(1ly) = €11 ®e11 @ 1a.

Proof. Let {e;; | i,j =1,...,n} be a system of matrix units in M,,. By definition the
map idys, ® 1 is positive and hence

= (idar, @ 1) (pn) Z ei; @n(ei;) € (My, ® AT
i,j=1

by the preceding Lemma. Therefore we may take the square root y*/2 of y and find
a;j, 1,5 =1,...,n, with y'? = szzl eij ® a;j, as {e;j | 1,7 = 1,...,n} constitutes a
basis for M,,. It follows that

n n
Z eij ®@nley) =y = Py = () = Z ki & Qi Z €y ® ay;

ij=1 k=1 lj=1

n n n
k=l .
= E eixel; & azialj = E eij & a,’giakj = Z €ij & <Z akiakj> ,
k=1

i,k,l,j=1 1,5,k=1 1,7=1

implying (x): n(ei) = Y _p—y ap;ar;. Now set v:= 37" e;1 ® ej1 @ az;. Then for all
,7=1,...,n

n n
v (eij @1, ®1a)v = Z ereij ®e®ap, | v= (Z e ®ey® a7¢> v
k=1 =1
« (r= j,s 1)
Z erjer1 ® eqjes1 & ay;aqyp Z e11 ® e11 ® ag;ag;
l,r,s=1 =1

n
« ()
=e11R¥en® Zalialj = e11 ®e11 @ (e ),
=1

and consequently the two linear maps are equal. O
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7 Kirchberg algebras

Lemma 7.7. Let A be a unital and properly infinite C*-algebra. Then there are a
*_homomorphism v : M, @ M, ® A — A and an isometry 5§ € A such that

1/}(611 e R CL) = sas*
for all a € A.

Proof. Let {gij | i,j = 1,...,n?} be the standard matrix basis for M, ® M, ~ M,
with g11 = e11 ® e11. As A is properly infinite, we may choose isometries (£;);—1 2
with orthogonal range projections by Lemma 4.5 and Observation 4.14.

We set 9(gi; ® a) = tiat; for all 4,5 =1,..., n?. Then this gives a linear map, and
further for i,7,k,l =1,...,n? and a,d’ € A:

¥ (95 ® a) (g ® a')) = ¥(9ijgr ® aa’)

 JU(0,®0,®ad") =04 = tiatjtka’tl for j # k
Y(ga ® aa’) = tjad't; = tiatftra'ty for j =k

= ¥(9i5 ® a)Y(gu @ '),
As
(V(gi; ® a))” = (tiat])" = tja"t; = ¥ (g;i ® a”) =1 ((95; ® a)")
we see that ¢ is a *-homomorphism and hence is continuous. Taking #; as § now gives
the Lemma. O

Proposition 7.8 (cf. [Rrl, Lemma 6.3.2]). Let A be a unital, simple, purely
infinite C*-algebra, n € N, and n: M,, — A a completely positive map. Then there
exists a x—homomorphism ¢: M, — A and an isometry s € A with n(z) = s*p(z)s
for all x € M,

Proof. Choose v as in Lemma 7.6 and 1, § as in Lemma 7.7. Note that
(7.3) 58" =1(e11 ®er ®14) =¢(v'v).

Set s :=¢(v)§ and ¢ :=1 011,81, () (see Lemma 2.7).
Then ¢ is a *~homomorphism as composition of such and s is an isometry by

s*s = §*Y(v)Y(v*)s = §¥P(vv*)s = §

It follows for all x € M,:

The next Lemma gives us the possibility to transform a matrix-valued linear map into
a functional in a “sensible” way, i.e., without spoiling positivity; this process will be
shown to be reversible.
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7.1 Stinespring revisited

Lemma 7.9. Let A be a unital C*-algebra and X C A an operator system in A,
further o : X — M, a bounded linear map. Denote by m;; : M, — C the projection
onto the (i,j)—th component of a matriz and set:

n n
1
w: M, X — C, E leij®aij = - g lﬁija(aij)-
1,]= 1,]=

Then w is a bounded linear map with o(a) =n 3", w(eij@a)ei; for alla € X which

s unital if o was unital and positive if o was completely positive.

Proof. Let a,b € M, ® X and a = Z eij ® ajj, b= Z eij ® b;j where a;j,b;; € X
i,7=1 2,7=1
forall 4,5 =1,...,n. Then:

wla+b) =w Z eij @ aij + by | = Z mijo(aij + bij)

i,j=1 i,j=1
n n
= Z wija(aij) + Z mja(bij) = w(a) + w(b) ,
ij=1 ij=1

and w(Aa) = Aw(a) for all A € C is obvious. Therefore w is linear and it is clearly
continuous; moreover we have:

n
ola) = Z mij(o(a))e; =n Z w(eij @ a)e;;

,j=1 ,j=1

for all @ € A. Now let 0(14) = 1,,. Then

Ze,]®1,4 ZWU (1a) = 1,

3,j=1 ,Jl

O

A map ¢: X — Y between normed spaces will be called the point-norm limit of a set
¥ of maps from X to Y if for every finite F' C X and € > 0 there is a ¥ € ¥ such
that |[(z) — ¢(x)|| < e for all x € F.

Lemma 7.10. Let A be a unital, simple, purely infinite C*-algebra, o: A — M, unital
completely positive and p: M, — A a *~homomorphism. Then poao is the point-norm
limit of *- conjugations.

Proof. Let ¢ > 0 and F C A finite. Use Lemma 7.9 and Remark 7.3 to produce
a state w: M, ® A — C from o, and find a nonzero projection p € M, ® A with
l[p(ei; @ a)p — w(ei; ® a)p|| < € on F' from Proposition 6.3.1. In the sequel, we will
construct an element u from p such that ¢ o ¢ is, at least on F', approximately given
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7 Kirchberg algebras

by *-conjugation with u. As M, ® A is purely infinite, we have e;; ® ¢(e11) 3 p
for the projection e1; ® p(e11) (see the section on simple purely infinite C*-algebras
or Definition 4.6), and hence there is a partial isometry v € M, ® A with v*v =
e11 ® p(e11) and vv* < p by Proposition 3.29. We now show that v = szzl ej1 ® vj
for some vy, ...,v, € A, that is , the matrix corresponding to v has nonzero entries
only in the first column. This follows from

e11 ® p(e1n) = v'v(k, k) (Z Uy U ) (k k) = Zv;fkvrk >0
m,n r=1

for all k& # 0, implying zn: |vyx]? = 0, and therefore v,; = 0 for all k& # 1 and
r=1,...,n. Note that !
v v = v v v = v vt py = v pu.
Using 2.2, it follows for all 4,7 =1,...,n and a € A:
||vj avj — w(eij @ a)p(en)]
=|le11 ® viav; —w(e;; ® a)en @ p(e11)]]

n
=|| Z erreijest @ vyavs — w(e; ® a)v*vl|

r,s=1
n n
=D e1r @ v)(ei @ a)(D_ es1 @ ) — w(eyj © a)o*pu|
r=1 s=1

=||v*p(es; ® a)pv — v w(ei; @ a)pvl|
<[[o*[[llp(eij © a)p — wlei; @ a)pl| [[v]| <.
Now set u:=/n3 7 ; vjp(e1;). Then we obtain for all a € A

n n
[wau — p(o(a)|| = In Y wlen) vjavip(er;) — o(n > wlei @ a)e;)||
i,j=1 i,j=1
n n
= In >~ @lefy) viavip(er;) —n Y wlei; @ a)p(es;)|
ijfl ij=1

=nl| Z (ei1)viavjp(er;) — plein)w(ei; ® a)p(ern)p(er;)||
t,j=1

] 3 ) (vfav; - wlesy ® @ygen) )olen,)|

i,j=1

n
<n Y le(en)|l [0 av; — wlei; @ a)plen)|| p(er)|] < n’e,
ij=1

whereby the proof is complete.
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7.1 Stinespring revisited

Note, however, that in addition we have the following equality
n n
we(ln) = (VY viplen))e(ln) = vV Y vipler) = u.
i=1 i=1

O]

Lemma 7.11. Let p, v : A — B be continuous maps between C*-algebras, and X C A
bounded. Assume that ¢ is the point-norm limit of *-conjugations (with elements of
X ) of ¥, that is, for every finite subset F' of A and e > 0 there is some © € X with
l|z*1(a)x — p(a)|| < e for alla € F.

Then if A is separable, there is a sequence (xy)nen in X such that ¢ is the pointwise

limat Of (x:ﬂpwn)nEN .

Proof. Let Fy, I, F5 ... be a sequence of finite subsets of A such that their union is
dense in A. For every n € N choose z;,, € X such that ||z5v(a)z, — (a)|| < £ for all
a € F,,. Then we get for any a € |J Fj, choosing k € N with a € Fj:

€N
lim ||z, (a) ()| = lim |lz70(a) Pla)]l < i Ly
nl—>Holo TP aG)Tn wLa = kg'rlzgoo T, P\aA) Ty a ~ kSTILIEOO n = u.

The following argument, which extends this result to the whole of A, is used frequently;
it will be worked out in detail only this time:

Let a € A and (ax)r a sequence of elements converging to a, where ay € ;o Fi for
all £k € N. We derive
lim |[z7p(a)z; —P(a)|| = lim [Jz;( lim ap)z, —@( lim ag)]|
n—oo n—oo k—oo k—oo
= lim lim |[z33(ak)zn — @(ak)|| = 0.
k—o0 n—00
L]

The following proposition gives the characterization mentioned at the beginning of
this section and will go into Lemma 7.21, which in turn is an ingredient to the proof
of the exact embedding theorem 7.24.

Proposition 7.12 (cf. [KiPhi, Proposition 1.4]; [Rrl, Proposition 6.3.3]).
Let A be unital, simple and purely infinite, and p: A — A a unital nuclear completely
positive map. Then p is the point-norm limit of *-conjugations by isometries.

If A is a Kirchberg algebra, then p is the pointwise limit of *-conjugations with isome-
tries.

Proof. Let F C A be finite and 0 < € < 1. By scaling, we may assume without loss
of generality that 14 € F and ||a|| <1 for all a € F.
Find unital completely positive maps o: A — M, n: M,, — A with

€

(7.4) llp(a) =no(a)ll < 5
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7 Kirchberg algebras

for all @ € F as in the definition of nuclearity, and find an isometry s € A and a
*-homomorphism ¢: M,, — A with

(7.5) n(x) = s"p(x)s

for all x € M, by virtue of Lemma 7.8. Next find, by means of Lemma 7.10, an
element u € A with

. €
(7.6) lu*au = po(a)] < 5
for all a € F'. As o is unital and 14 € F', we have
* * €
le(Ln) —wul| = [lpo(la) —uul| < 5

and it will be shown below that we may even assume u*u = ¢(1,). Thence setting
t := us yields an isometry by t*t = s*p(1,)s = 1 with

|lp(a) = t"at|| <[|p(a) —no(a)l| + [lno(a) — t"at]]
74 ¢ . .
< 5 +|ls"(po)(a)s — t"at||
752

€ * *
=5 sty ola) —u aull ||s]

7.6
<e.

We proceed to show the assumption on u, first checking on the hypothesis of Lemma
2.9. We have

lutu — ()] < 5 <1 and up(ly) = ¢(1n)
by definition of u, as noted at the end of the proof of Lemma 7.10. The norm of w is
further controlled, as it is close to a projection, by
[Jul* = [[w*ul| < [[u*u = pl[ +pl]| < e+ 1.
Therefore we may apply Lemma 2.9 to the projection ¢(1,) and u to get an element
v € A with v*v = ¢(1,,) and ||v — ul| < ||u*u — ¢(1,)|| < . Hence
l|u*au — v av|| = ||u*au — v av + uFav — v av||
< [lu = vl[([u"al] + [lav]])
< [lu—vl[{lall (Ilull + llvl])
< lw =l lal|(llull + llv = ull + [ull)
<e(2+3¢).
We estimate
[[v*av — @ o(a)|| < ||v*av — v au|| + ||u*au — po(a)|| < e+ (2 + 3¢),

which proves the first part of the lemma.
The second part follows directly from Lemma 7.11, taking X as the set of isometries
in A and ¥ as the identity. O

62



7.2 Extension

7.2 EXTENSION

The next theorem is a kind of approximate completely positive extension theorem as,
boldly speaking, we might identify E with its image under the injective map p and
then view the new map 7 as an approximate extension of o to Bj.

Proposition 7.13 (cf. [KiPhi, Proposition 1.7|; [Rrl, Proposition 6.3.4]).
Let E be a finite dimensional operator system in a unital separable exact C*-algebra A
and € > 0. Then there exists an n € N such that for all unital separable C*- algebras
By, Bs with By nuclear and p: E — By, 0: E — Bs unital completely positive maps
subject to

(i) p is injective and,
(i) [lpn |l € 1+e/2 with p~': p(E) — E,

there is a unital completely positive map n: By — Bg with ||np — ol| < e.

p(E)—— By " By

Proof. The proof will be obtained by constructing the following almost commutative
diagram:

idp

E —~ B
pucp : B : g ucp
: 01 ucp R : 02 UCp
: “ m1uch
p(E) Cﬁ Bl "'L,L'l'ucp Mn TQUCp ey MT h ngucp ey B2

and then taking n := ny 7 71.

Second triangle: We apply [Rrl, 6.1.12]. Hence there is n € N such that we can choose
a unital completely positive map o1: F — M, and a unital completely bounded map
m:o1(E) — E as with ||n1||ae < 1+¢/4 and o1 = idg

Fourth triangle: The map o is nuclear by [Rrl, 6.1.3] as B is; we may thus take r € N
and unital completely positive maps o2: E — M,, n2: M, — Bs from the definition
of nuclearity such that ||o — 12 o2|| < /4, using the fact that E is finite dimensional.
Third triangle: Set F' := 01(F) and consider the map o9 on: F — M,. We check
on the hypothesis of [Rrl, Lemma 6.1.7]: As o7 is unital completely positive we have
llo1]|es = 1, and obtain

oz mlley = sup [[idns, © oa ml| = sup|[(idns, © o2) (idar, @ m)l|

neN neN
< sup |[idyy, ® oz sup |[ida, @ mil = |[mlle =1+¢/4,
neN neN
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7 Kirchberg algebras

whereas o971 is a unital completely bounded map. Extension by [Rrl, Lemma 6.1.7]
gives a unital completely positive map m: M,, — M, with

Im2lr — aamlles < llozmlle —1 < e/4.

First triangle:
Put G := p(E). Then o1 p~! is a linear map from G — M, and hence has, by [Pa,
Proposition 7.9|, cb-norm equal to

lidar, ® o1 p7 1| = ||(idar, ® 01)(idar, ® p~ )| < |lidar, ® p~H|| < 1+¢/2.

By [Rrl, Lemma 6.1.7] and we may choose an extension 71: By — M, such that
lIT1]lg — o1 p7 1] < /2. Note that

I p = oull < llmle — o p~ Ml Il < e/2.

Conclusion: To complete the proof, set 1 := 1y 7o 71 We now obtain

lInp—oll <lln2r271p—n202|| + |In2 02 — 7|
<2l llr2 71 p — o2 01| + /4
<l(r2mip—Tm201) + (201 —0oamo1)|| +¢/4
<llr2l [Im1p = o1l + [lon|[ |[72|F — o2m || + /4 <€,

as was to be shown. O

Corollary 7.14 (cf. [Rrl, 6.3.5]). Let A, By, By be a unital, separable C*-algebras,
and A exact, B1 nuclear.

(i) Let p: A — By and 0: A — By be unital *-homomorphisms and p injective. Then
there is a sequence (nn)nen of unital completely positive maps By — Ba such that for
alla € A:

(1 p)(a) — o(a) for n — oco.

If in addition By = Bs is a Kirchberg algebra, then we can even choose the maps ny,
to be *-conjugations by isometries.

(ii) Let w be a free ultrafilter on N and (pn)nen a sequence of unital completely positive
maps A — Bi, (0n)nen @ sequence of unital completely positive maps from A —
Bs. Assume further that the map p: A — (B1)w, a — my(pn(a)) is an injective *-
homomorphism.

Then there is a sequence of unital completely positive maps (M )nen such that:

lim [|( o pp(a) —on(a)|| =0

for all a € A. If in addition By = By is a Kirchberg algebra, then there exists a
sequence of isometries (Sp)nen such that for alla € A

lim ||}, pn(a)sn — on(a)|| = 0.
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7.3 The Oy-embedding theorem

Proof. (i) Recall first that *-homomorphisms are completely positive and injective *-
homomorphisms are isometric. Choose an increasing sequence of finite dimensional
operator systems (F;); with dense union in A. For every n € N find a unital completely
positive map 7, as in 7.13 such that |[(n, 0 p — 0)|g,|| < L. Then for any a € |J E,

neN
there is a k € N such that a € E} and it follows that
, . _ lall
— g — < —_— =
A (|G 0 p—o)(a)l[ = Jim_{|(mop—o)lp(a)ll < Jim =% =0,

as all maps involved are continuous and |J FE, is dense in A this holds for all a € A.
neN
Let now By = Bs be a Kirchberg algebra. Then take for every n € N an isometry s,

for m, by virtue of Proposition 7.12 with [|skas, — 1,(a)|| < £ to obtain

lim (s5p(a)s, — o(a) = lim (s30(a)s, — 1 © pla) + 1y 0 pla)) — o(a)

n—od n—oo

= lim (s;.p(a)sn —7n(p(a))) + lim (nn o p(a)) - o(a)) = 0.

n—oo

The proof of (ii) is contained in the proof of Lemma 7.21 below, therefore we omit it
here. O

7.3 THE Oy-EMBEDDING THEOREM

Lemma 7.15. Let A be a unital C*-subalgebra of a unital C*-algebra D, s € D
an isometry. If the *- conjugation by s is multiplicative then s*s commutes with all
elements in A, and if it is the identity on A then s commutes with all elements in A.

Proof. Assume that a — s*as is multiplicative and set p := ss*. To begin with, let
u € U(A). We have

(pup)*(pup) = s(s*u*s)(s*us)s* = s(s*u*us)s* = ss*ss* = p.

We may without loss of generality suppose that A C B(H) for some Hilbert space H.
Let £ € p(H) be a unit vector. Then

1= |[ug|]* = |Jup€||* = ||pup¢ + (1 — p)upé||* = ||pupé||* + ||(1 — p)upg]|?

(pup)* (pup)é||* + 1(1 = p)up||* = [[p€|* + ||(1 — p)upg||* = 1+ [|(1 — p)upg||?

by Pythagoras and the above equality.
Now we get

O0=(1-pup=up—pup and (1—pu*p=u*p—pu*p=0,

therefore v and p commute by Observation 2.1.
For an arbitrary element u € A with ||u|| < 1 we may decompose u into unitaries in
A, and these commute with p. Hence, scaling an arbitrary element, we get the first
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7 Kirchberg algebras

part of the theorem.
Finally, given s*as = a for all a € A, then

as = aps = pas = ss*as = sa
as claimed. O

We cite the following theorem for further reference:

Theorem 7.16. Let A be a unital separable C*-algebra. Then the following conditions
are equivalent:

(i) A is Oz-absorbing (i.e. A~ A® Oy)

(ii) There is a sequence (Yn)nen of unital *-homomorphisms Oy — A such that for
all a € A and x € Oy we have lim ||[pn(z),al|| = 0 (in the sequel called an

approximately central sequence).

Lemma 7.17 (cf. [KiPhi, Lemma 1.12]; [KiRrl, Lemma 2.5]). Let A be a
unital separable Oz-absorbing C*-algebra, s,t € A isometries, and denote by V., W
respectively the according *-conjugations. Let F' be a finite subset of A and set

K= KR = JDax {[[V(a"a) - V(a)'V(a)||* WV (a*a) = WV (a) WV (a)||*,
WV (a) = all}-
For every € > 0 there exists a unitary u in A such that
[|u*V(a)u —al| <5k +¢
foralla e F.

Proof. By Theorem 7.16 there exists an asymptotically central sequence of unital *-
homomorphisms (¢, )nen. Let §1 and 59 be the generators of Os.
Choose n € N such that for all a € F":

(7.7) (30, V@Ml + lllea(s2), V@Il <
and
(7.8) a0, WV @]l + llipa(52), WV (@)l < 3,

using that (@, )nen is asymptotically central. Also observe that ri := ¢, (51) and r9 :=
©n(52) are isometries satisfying the Os-relation (as ¢y, is a unital *-homomorphism).
Now set

s1:= (1 —s8") + s"rys, S9 i= ST9, and  ty:= (1 — ") + t*rt, ty i=try.
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7.3 The Oy-embedding theorem

Then by Lemma 4.26 s1,s2 and t1,to are isometries satisfying the Cuntz relation.
Define u := t155 + t2s]. We will show that u has the desired properties.
To see that u is a unitary is easy, as

uru = sptiu + sitou = 255 + 5157 = 1, uu® = usqt] + usity = tit] + toty = 1.
The rest requires some more work and we will use:
u*(a Bty 1, b)u = u'tiatiu + u taatiu = saasy + s1bs] = a By, b = b Ds, s, a,

giving the kind of twisting relation u*(a @&, ¢, b)u = b &, 5, a for all a,b € A.
Applying the above at (o) below we therefore obtain for all a € A:

'V (@)u = all = ||V (@)u — (WV (@) &5,,5, V(@) + (WV (@) S41,6, V(@) — al]
DV (@)u— (V@) @1 WV (@) )u+ (WV(0) 4,6, V(@) —al
<l ( (@) = (V(@) @110 WV(@)) Jull + | (WV (@) By V(@)) = al]
(@) = (V(@) @t WV (@)) || + st WV (@) + 52V (a)s5 — al|
(@)= (v

V(@) @1y, WV (@) )] + Ils1asi + 52V (a)s5 — a + 51 WV (a)s] — saasi]|

(a) (v (@) @1y, WV (@) [+ |Ja By 6, V(@) = al |+ [ WV (@)

~
=y =z

Fix some a € F. To begin with, z < k by the very definition of k. Concerning y we
use (i) and (ii) from Lemma 4.26 to see that

(%) N CON
y < i, V@)l + [llr2, V@)l + 2[lla, ss7)I| < 5 + 2,
Remark 4.23 and Lemma 4.26 (ii) give (*):

1V (@), ss7]]l
(id) ,
< max{||[W(V(a)"V(a)) = WV (a) WV ()|,
(a)

IV V)~ WV @V
< max{|[WV (a"a) ~ WV (@) WV (@),
WV (aa®) WV @)WV (a)'[| 2} < .
Again by virtue of 4.26 we have
e 2 e WY@+ o WV @) + 20V (@), ss7]]| < 5 + 2.
All together we get:

Hu*V(a)u—aH§%+2m+%+2/{+/{:5m+5.
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7 Kirchberg algebras

Definition 7.18. Let p,1: A — B be *-homomorphisms between unital C*-algebras
A and B. Then ¢ and i) are said to be approzimately unitarily equivalent if for every
finite subset FF C A and € > 0 there is a unitary u € A such that

[u"p(a)u —(a)l| < e
for all a € F'; that is, @ is the point norm limit of *-conjugations of 1 by unitaries.

By means of Lemma 7.11, we see that in the case where A is separable, and ¢ and
are approximately unitarily equivalent, one may choose a sequence (uy,), of unitaries
such that u; ¢u, converges to 1 pointwise.

Lemma 7.19 (cf. [KiPhi, Lemma 1.10]; [Rrl, Lemma 6.3.7]). Let A and B
be unital C*-algebras, B separable and Oz-absorbing; assume that p,v: A — B are
unital *-homomorphisms such that there are sequences of isometries (Sp)neN, (tn)neN
i B such that

Ispe(a)sn — ¥(a)l] — 0, [t (a)tn — p(a)|| — 0.
for alla € A. Then ¢ and i are approzimately unitarily equivalent.

Proof. Let V,,, W, be the *-conjugations by s, t, respectively. Let ¢ > 0 and F C A
finite. Without loss of generality F' is a subset of the unit sphere by scaling.

The idea is to use the above Lemma to approximate ¢ with a *-conjugation of ¢ by
a unitary, first pointwise, and then on all of F'; it then suffices to show that x (cf.
Lemma 7.17) tends to zero given an appropriate choice of isometries.

Skstk = :
We show that we may assume K (YU (F*) <+ for all kK > n for some n € N. First
we prove that for every p(a) € p(F) there is an n, € N with /@?Z’}t" < ¢/15 for all
n € N>, , afterwards we obtain n as n := max{n, | a € F U F*} < cc.

1) Choose n; € N such that for all n € N>, :

€
3-15°

max{|[Va(p(a"a)) = (a”a)ll; [[Valp(a)) = ¢(a)ll} <

Then
[V (p(a)*w(a)) = Valp(a) Valp(a)l]

< |[Vap(a®a) = ¢(a”a)l| +[[¢(a) " (a) = Valp(a)) Valp(a)

for all n € Nxp,.
2) Choose ng € N>, such that for all n € Nx,,,:

1< e+ 2 =
3-15 3-15

max{[|Va(p(a"a)) = d(a”a)ll, [[Wald(a”a)) — ¢(a"a)]],
[Wn(y(a)) = w(a)ll;[[Valp(a)) = ¢(a)ll} <

€
6-15°
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It follows:

Wi Va(p(a) p(a)) = Wi Va(p(a) )WaVi(e(a))l]
<|[WyVa(p(a®a)) — ¢(a*a)l|
+ llp(a*a) = Wy Va(e
<|[WaVa(p(a®a)) — Wy
+ [[Wa( )
+ lp(a)*pla) = Wi((a)" ) Wa(t(a))]
(

e
<7)
—15

for all n € N>,,,, and:
(WaVi(a) — al| < [[WiVa(p(a)) = Wa(db(a))[] + |IWald(a)) — pla)]] < 135

Now setting n, := max{ni,na} will give the desired approximation; define n :=
max{n, | a € FUF*}.
Now we may take a unitary v € B as in Lemma 7.17 such that for all a € F
* ’rutn
[u*Va(p(a))u — p(a)]| < 5“;(F)U¢(F*) +¢€/3,

and asn > n, for all a € F:

lwv(a)u — p(a)|| < [[uv(a)u — uVa(p(a))ull + [[u Va(p(a))u — p(a)]]
< SR ey TE/3+E/3 < €.
O

One could also prove the above Lemma in a more elegant fashion as follows: Let w be
a free filter, denote by 7, : [°°(B) — (B),, the quotient map onto the ultrapower of B
and set s := m,((si)i), t := m,((ti)i), yielding two isometries in (B),. Then, viewing
¢ and 1 as maps into (B),, we have s*ps = ¢ and t*1)t = ¢, and may now apply
Lemma 7.17, even assuming that « is zero. This gives a sequence of unitaries (uy,), in
the ultrapower of B such that u} pu, tends to 1) pointwise. A close inspection of the
proof of Lemma 7.21 below shows that in case A is separable, approximate unitary
equivalence of ¢ and 1 as maps into the ultrapower of B is equivalent to approximate
unitary equivalence as maps in B.

Viewing the sequence implementing approximate unitary equivalence as an element
of the ultrapower, ¢ and 1 are even unitarily equivalent in (B),. Hence, if A is
separable, unitary equivalence and approximate unitary equivalence for maps into
some ultrapower are equivalent.

One can deal similarly with the case where A is not separable (in order not to loose
any generality), and choose for every finite subset of A a unitary u € (B),, such that
u*pu ~ 1 on F, lift this unitary to a sequence of unitaries (u, ), and choose a unitary
uy, in this sequence such that ) pu, ~ ¢ on F.
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7 Kirchberg algebras

Theorem 7.20 (cf. [Rrl, Theorem 6.3.8]). Let A be a unital, separable, exact
C*-algebra.

(i) Let B be a simple, separable, unital and nuclear C*-algebra. Then any two injec-
tive, unital *-homomorphisms from A into B @ Oy are approximately unitarily
equivalent.

(il) Any two invective, unital *~homomorphisms A — Oq are approzimately unitarily
equivalent.

Proof. Note that the second statement follows from the first and Theorem 4.22.

To prove the first, let ¢,1 : A — B ® Oy be two unital, injective *~homomorphisms.
By |Rrl, Theorem 4.1.10] we have that B ® Oy is simple and purely infinite, further
it is clear that the minimal tensor product of nuclear C*-algebras is nuclear, hence
B ® Oy is a Kirchberg algebra. By 4.22 we have that B ® Oy is Os-absorbing, hence
by Corollary 7.14 there are sequences of isometries (sp)n, (tn)n such that

Isne(a)sn —¢(a)]| -0 and [th(a)tn — @(a)|| — 0
asn — 00. Therefore we may apply Lemma 7.19 to see that ¢ and 1 are approximately
unitarily equivalent. O

Lemma 7.21. Let A be a separable, unital, exact C*-algebra and w an ultrafilter on
N. Let p : A — (O2),, be a unital, injective *-homomorphism with a unital, completely
positive lift p : A — 1°°(O2); that is, we have a commutative diagram

17°(Os)

A T) (OZ)w

Then there is a unital embedding of A into Os.

A rough outline of the proof is as follows: First, we use that the component functions
pr. of p tend to ¢, which is isometric, to control the norms of a subsequence of the pg
(which we assume to be the pj themselves). Then we are able to apply Proposition
7.13 to these py and find a o, : Oy — O3 such that oy, 0 pi, = pr+1, and this o may in
turn be approximated by a *-conjugation with an isometry sy such that s} prsi = pry1.
Viewing all these maps as maps in (O3)c0, we will be able to apply Lemma 7.19 and
choose a sequence of unitaries such that uj pi(a)uy, converges sufficiently fast to define
a *-homomorphism by 1 (a) := limg_oo Ad(u; - - - ug)pr(a). However, matters are not
quite that simple in the end, as we have to take care in order to choose the subsequence
in a way that preserves approximate multiplicativity.

Proof. First observe that the projection 7 onto the k-th component of I*°(Oz) is
a unital *-homomorphism and therefore completely positive, as a consequence, all
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7.3 The Oy-embedding theorem

the pp := mpop : A — Oy are unital completely positive maps with ||pg|les = 1
and p(a) = (pr(a))r for every a € A. Choose an increasing sequence Ej; of finite
dimensional operator spaces in A with dense union in A. Set ¢; := 1/j and choose n;
for every j € N as in Proposition 7.13 according to &/ = E; and € = €. Observe that
for all j € N the map M, () is an injective, and therefore isometric *-homomorphism,
whence

(7.9) i [[Mn; (i) (@)l = || Mn; (ms © p)(@)]] = [le(a)]] =1
and
(7.10) Jim[lpk(ab) = pr(a)pr (bl = [le(ab) — p(a)p(b)]] = 0.

For all j € N fix some J; € R with (1 — 3) < §; < 1, and choose, using that the
unit sphere S'(E) of a finite dimensional, normed vector space E is compact, an €j-
dense subset F; C S1(E;). Set & = (6, — (1 + %)_1) and choose a §}-dense subset
G; C St (Mn](EJ)) Then we may choose, by the definition of convergence along

a filter and equations 7.9 and 7.10, for every j € N some X; € w such that for all
ke Xj,a,be Fj and c € Gj:

(7.11) || pi(ab) — pr(a)pe(b)]] <e;.

(7.12) || M, (pr) ()] = 65,
Equation 7.12 implies for all k£ € X; and an arbitrary d € St (Mnj (Ej)), choosing
d € Gj with [|c — d|| < &}, that

(%) Ei_
(7.13) Mo, (i) (@)1 = [ Mo, (o1) (€)1 = [[Mar; (i) e = | = 65 = 85 = (1+ )7,
where the inequality at () follows from [|p||s = 1. It follows that for all k£ € X}, the
linear map pi|g; is injective (as A embeds as the upper right corner in M, (A)) and

1Mo, (o) @] < (14 )

for all ¢ € S* (Mnj (EJ)) Now choose for j € N some k; € X;NX; 1 inductively. Then
we obtain a sequence (p,, Pk, - -.) such that for all j € N we can apply Proposition
7.13 to Ej, €, first taking p = p,, and o = pg,,,, and then p = p,,,, 0 = pg;. In
order to keep the notation simple, we assume without loss of generality, that px;, = p;
for all j € N. We hence have unital completely positive maps o, 7; : O2 — Oz making
the following diagrams

Ej Lj
/ \;JA / \ﬁrl
O']' Tj

024>02 02(702
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7 Kirchberg algebras

commute within €;. In addition, all the n;, 7; are nuclear by |Rrl, 6.1.3], and Propo-
sition 7.12 allows us to choose isometries s;,t; € A for all j € N such that

Isjpi(a)s; — aj(ps(a))ll <e; and [£5pj41(a)t; — i (pj41(a))l] <ej

for all @ € Fj. For an arbitrary a € S'(FE;) we choose b € Fj such that ||a — b|| < €;
and deduce

lIstpi(a)s; — pr1 (@)l < llsips(a)s; — st (B)sll + |Is5ps () — oo )
H10505(5) = pr1®) |+ lpy41(8) — pyaa(a)]] < 4e;.

Hence s7p; (a)s; — pj+1(a) for j — oo for all a € UjenFEj, and by continuity the same
statement holds for all a € A. Similarly ¢7p;+1(a)t; — pj(a) as j — oo for all a € A.
Set s := (sj);, t := (tj);, p' := (pj4+1); and denote the quotient map from [*°(O2) onto
(O2)00 by Too. Hence

Too(50(a)s) = moo(p/(@)  amd similarly 7o (£ (@)t) = Toc(p(a)

further 7o o p and 74 o p/ are multiplicative by equation 7.11, and therefore the
conditions of Lemma 7.19 are met. Now choose, combining Lemma 7.11 and Lemma

A.8, a sequence (ul®);, = ((u§k))])k of unitaries in {°°(Oz) such that
Too (UF))* (oo 0 p) Moo (UF)) = o0 0 pf

pointwise as k — o0o. We will now construct a sequence (u;); of unitaries and a
subsequence (pj,); of p such that ||u}pj, (a)u; — pj., (a)|| < % for all a € S*(E;), and
it suffices to do this for a finite subset F; = {a1, ..., a,} of the unit sphere of E; (using
the same techniques as in the construction of the p; above). To begin with, choose
k € N such that

1700 (u®)* (o0 (p(@))) oo (u™) =m0 (' (a))]] < &

2
for all a € F;. Taking a™ = 7, (u®)*p(am)u® — p'(a)) for all m = 1,...,n in
Proposition A.7 (iii) we see that there is a subset Y; € ws such that

k) k 1
165 pi(@) uf = pra(@)ll < 5

for all j € Y;. Choosing some j; € Y; with j; > j;_1 inductively and setting u; := uf)
we thus obtain a sequence as desired.

Now let a € SY(E;) for some i € N, n,m € N»; with n > m and calculate

| Ad(u - - um)pj, (@) = Ad(ur - - un)pj, (@)l| = [|pj, (@) = Ad(Umir - - un)pj, (a)]

n—1 n—1
1
< ZZ [1ps(a) = Ad(urs1)pji,, (a)l| < ZZ 5 e 0
=m =m
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This entails existence of ¥(a) := lim Ad(u; ---u;)pj,(a) for all a € E; by scaling, and
1—00

hence for all a € A by continuity; it remains to show that 1) is a unital embedding,

i.e., a unital, injective *~homomorphism. It is clear that v is linear and unital, as all

the pj;, are. But (pj,); is a subsequence of an approximately multiplicative sequence,

hence

[¥(ab) —p(a)p(b)|| = lim [pj,(ab) — pj;(a)p;, (b)]| < lim &; =0

or all a in the unit sphere of some Ej;; we further have, recalling equation 7.13
: €jiy—1
l4(a)l| = Jim [|pj(a)l] = lim (1+=)"" =1,
1—00 1—00
and therefore ¢ is isometric, because it is norm decreasing as a *-homomorphism. [J

Of course, one could again apply Lemma 7.17 directly to the sequences p and p';
this would mean choosing the subsequence of (pg)i from the beginning such that the
constant x in Lemma 7.17 tends to zero.

The following embedding theorem for separable, quasidiagonal, exact C*-algebras will
be used in the proof of the exact embedding theorem. In the proof of the lemma, we
will have to embed a quotient of a product of matrix algebras in (Oz),; the natural
map from this quotient is not always injective though; this may be circumvented
by embedding the quasidiagonal C*-algebra in a product of matrix algebras factored
through w-zero sequences in the product. Details are given in the appendix.

Lemma 7.22 (cf. [Rrl, Lemma 6.3.10]). Every quasidiagonal, separable, unital ,
exact C*-algebra is a sub-C*-algebra of O up to isomorphism.

Proof. Let w be a free ultrafilter on the natural numbers. To begin with, choose
a sequence (k;); of natural numbers, a unital completely positive map B such that
© = Ty B is an injective, unital *-homomorphism as in Lemma A.20. Next observe
that every matrix algebra M, has a unital embedding into O3 by Lemma 4.21 and
Proposition 4.20, hence the product of the My, has an embedding ¢ in [*°(03). We
therefore have a commutative diagram

1T M, ———— 1°(02)
j=1

A % HMk /@ka — (02)u

where 7 is obtained by factoring m, ¢ over 7,. As ¢ is an injective, hence isometric,
*_homomorphism, a sequence in the domain of ¢ converges to zero along w if and only
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if its image under ¢ converges to zero along w, showing that 7 is injective. Now ¢o Bisa
completely positive unital map as composition of such and 7o ¢ is an injective, unital
*_homomorphism, consequently we may invoke Lemma 7.21 to see that A embeds into
O,. O

We will also need the following theorem by Choi and Effros in the proof of the em-
bedding theorem:

Theorem 7.23 (Choi-Effros lifting theorem, cf. [Lin, Theorem 5.4.4]). Let
A be a separable C*-algebra, B a C*-algebra and I an ideal of B and denote by
w: B — B/I the quotient map . Then for every nuclear, contractive completely positive
map ¢ : A — B/I there is a contractive completely positive linear map ¥ : A — B
such that moy = .

We are now prepared to address the main theorem:

Theorem 7.24 (Kirchberg’s exact embedding theorem). Every separable exact
C*-algebra is a sub C*-algebra of the Cuntz algebra O,.

Proof. We only prove the case where A is nuclear, the general case is proved in [KiPhi,
Theorem 2.8|.

We have to show that there is an injective *-homomorphism from A into Os. Let again
7 denote the *-automorphism on Cy(R) given by 7(f)(t) = f(t +1). As A embeds
into Cy(R, A) X~ Z by Proposition 6.23, it suffices to show that the latter embeds into

O3. Setting B := Cp(R, A), we will construct the following sequence

CoR, A) %, 2y By, 22y (05) © C(T) =2 (0y),,

Ad (1): Use the isomorphism from Proposition 6.13.

Ad (2): We construct a *-homomorphism as needed for an application of 6.20. First
of all, Cyh(R, A) is exact as it is isomorphic to the tensor product of the nuclear C*-
algebra Cp(R) and the exact C*-algebra A, therefore B x; Z is exact by [Rrl, Propo-
sition 6.1.10]. Further Co(R, A) = Cy((0,1), A), and the latter is a sub-C*-algebra of
Co((O, 1], A), which is quasidiagonal by Example A.23, hence quasidiagonal itself; it
follows that B is quasidiagonal as the unitization of a quasidiagonal C*-algebra. We
may therefore apply Lemma 7.20 and obtain a unital embedding ¢ of B into Os; for
simplicity, we assume that ¢ is the inclusion map. Let w be a free ultrafilter. As any
two injective, unital *-homomorphisms from B into Oy are approximately unitarily
equivalent by Theorem 7.11, so are ¢ and to7. Hence we may find a sequence (u, ), of
unitaries in Oy such that u,bu) — 7(b) for all b € B. Setting u := m,((un)n) and de-
noting by ¢/ the canonical inclusion of Qs into (O2)., we get ud/(b)u* = /(7(b)) for all
b € B, that is, as maps in (O2),,, 7 and the inclusion are unitarily equivalent. Thence
we may apply Lemma 6.20 to the canonical inclusion i’|p to obtain the embedding
(2).

Ad (3) By Proposition 2.12, C(T) embed into O3. Combining Lemma A.10 and The-
orem 4.22, we see that (Oz2), ® C(T) embeds into (O2).,.
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Now, if A is nuclear, then by [Rrl, Proposition 2.1.2] we have that: Cy(R) is nuclear,
hence so is Cp(R) ® A and also B, being an extension of Cp(R) ® A by C, and as Z
is abelian, hence amenable, B X, Z is also nuclear. Thus we can use the Choi-Effros
lifting theorem (Theorem 7.23) to lift the embedding ¢ obtained by combining all the
embeddings in the diagram above to one unital, completely positive map into {*°(Oz).
Therefore, invoking Lemma 7.21 gives an embedding of B X, Z in Oy, as desired. [

Remark 7.25. In case where A is unital, the image of A under the embedding con-
structed above contains a projection p, namely the image of 14. As O has trivial
K-theory (cf. |Rrl, Equation 4.2.6] or [RrLL, Exercise 4.5]), one may apply [Rrl,
Proposition 4.1.4] (or [RrLL, Exercise 4.9]) by simplicity of Os to see that p is equiva-
lent to 1p,. Hence there is a partial isometry v € O such that vo* = p and v*v = 1p,.
As the map a — v*av from Oy onto pOsp is a unital *~homomorphism, we see that
the embedding may be chosen to be unital.
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A APPENDIX

A.1 ULTRAPOWER ALGEBRAS

We quickly recall the definitions of filters and ultrapower algebras:

A filter in a set S is a set w of subsets of S which does not contain the empty set,
is closed under finite intersections and has the property that for any G C S with
F C G C S for some F' € w we have G € w. By Zorn’s Lemma every filter on a set .S
is contained in a maximal filter (with respect to inclusion), and such a maximal filter

is called an ultrafilter on S. Further w is called free if [ F = 0.
Few
We have the following standard characterization for ultrafilters:

Lemma A.1. A filter w on a set S is an ultrafilter if and only if for every subset X
of S either X or X€ is an element of w.

We collect some properties of filters on N for further reference in the next proposition:
Proposition A.2. Let w be a filter on N. If w is free, then:

(i) For every k € N we have N>j € w,

(ii) All X € w are infinite.

Proof. If k € N, then for every ¢ € N« there is, by freeness, some X; € w not
containing 7 and therefore the intersection of all these X is a subset of N>, hence (i)
follows.

If X € w now were finite, then we could choose X’ € w with X’ C N>q,, x and deduce
) = X N X’ € w, which contradicts the defining properties of a filter. O

Example A.3. Consider the filter w, of all cofinite subsets of N, that is, of all subsets
of N with finite complement. This is a free filter, by Lemma A.1, which it is not an
ultrafilter (take even and odd natural numbers). Note though that every free filter
contains we, by Proposition A.2 (i), hence the cofinite filter is a minimal element in
the set of free filters on N. Even more is true, it is a lower bound.

The filters wy,, n € N, of subsets of N containing n, are obviously not free; a fact that
might also be deduced from Proposition A.2. w, is called the neighborhood filter of
N.

Definition A.4. Let w be a filter on N and (s,)n a sequence in a topological space
S. Then (sp)n is said to converge to s € S along w if for every neighborhood U of
s in S there is some X € w such that s, € U for allm € X. If (sp)n has a unique

7



limit s € S, then we write limv, = v or lim v, = v if we want to emphasize the
parameter in question. v e

A cluster point along w of (sp)n is an element s € S such that for every neighborhood
UofsinS and X € w there is an n € X with s, € U.

Proposition A.5. Let w be a filter on N.
(i) Ewvery sequence in a compact topological space K has a cluster point along w.
(ii) If w is an ultrafilter, then any sequence with a cluster point converges along w.
(iii) Ewvery sequence in a compact topological space K converges along any ultrafilter.

Proof. Let K be a compact topological space and (sy), a sequence in K. Then the
sets Kx = {s, | n € X} contain a common point s € S by the finite intersection
property (observe that ) # Kxny € Kx N Ky). This point is then a clusterpoint by
definition.

Now assume that (s;,), is a sequence in an arbitrary topological space S which has a
clusterpoint s € S and that w is an ultrafilter. Then for any neighborhood U of s in
S the set {n | s, € U} has to be in w, as otherwise its complement would be in w by
A.1, which contradicts the definition of a clusterpoint. Finally (iii) follows from (i)

and (ii). O

Hence convergence of a sequence along wy is just the usual notion of convergence.
We further define [*°(A) to be the N-fold product over A (i.e., the set of bounded
sequences over A with co-norm), and denote for every filter w on N by c§(A) the set
of sequences (ay), over A tending to zero along w. We show that ¢ (A) is a closed,
two sided ideal in [*°(A): As the product of a bounded sequence with a sequence
converging to zero along a filter w again converges to zero along w and as c§(A) is
closed under addition and scalar multiplication by continuity, it only remains to show
that for a sequence ((:c%”)n)l in ¢f(A) which converges against (), € [*°(A) with
respect to the supremum norm, the limit is again in c¢§(A). To do so, choose some
i € N with H(:ng))n — (Tn)nlloo < € and X¢ € w with HZL'S)H <. Then for all n € X¢
we have

[l < Nl — @Dl + 21 < 1(@a)n — (@ )nlloo + ll2i)]] < 2¢,

and therefore we see that ¢ (A) is a closed two sided ideal in [*°(A). On behalf of
this fact we go on to define the ultrapower of A with respect to w as

(A)w :=17(A) /5 (A)
and the following maps:
: A= 1°(A), a— (a),
15 1°(A) = (A)us (an)n = (an)n + €5 (A),
A

cA— A, a1l odi(a),



and write 7, i, if there is no ambiguity.
We further define, for every filter w on N and sequence (r,), of real numbers, the
limes superior of (1), along w as

limsup ry, := inf sup ry, .
w Xewnex
Remark A.6. We will use the following argument in the next proof: Assume that
A is a *-algebra admitting a complete C*-norm || - ||. Then || - || is even the unique
pre-C*-norm on A. For if ||| - ||| is a pre-C*-norm on A, then the inclusion ¢ of A into
the completion B of A with respect to ||| - ||| is isometric, and therefore A is complete
with respect to ||| - ||| and the two norms coincide.

Proposition A.7. We have the following properties for sequences along filters:

(i) Let (rn)n be a sequence of real numbers converging to r € R along some filter w
on N. Then limsup,, r, = 7.

(il) Let w be a filter on N and a = (an)n, € I°(A). Then

[ (a)|] = limsup [|an||
w

and if, in addition, w is a free ultrafilter, then

7w (a)|| = lim [[ay]]

(iii) Let ¢ > 0 and o'V = (agl))j,...,a(") = (a§»n))j be elements of 1°°(A) with

HTrw(agm))j)H < e forallm=1,...,n. Then there is X € w with Hag.m)H <e
forallje X andm=1,...,n.

Proof. Ad (i): For every i € N choose some X; € w with |r, — 7| < 1 for all n € X;;
we may assume that the sequence (X;); is decreasing by intersecting. It is easy to see
that

(A.1) r= Zlglg nSél)[()Z Tn
and certainly

r = inf sup r, > inf sup r, = limsupr,

€N peX; Xewnex w

holds, as the set we take the infimum of is smaller on the left hand side. To see that
the opposite inequality, and hence equality, holds, observe that for any € > 0 we have
some X € w such that sup,cy rn, < limsup, r, + ¢. Hence setting all X! := X N X;
and using equation A.1 again we obtain r < limsup,, .
Ad (ii): In the following we denote by a the class 7, (a) in (A4),, of a bounded sequence
over A. We show that the map

1111 (A = RY, 7((an)n) = limsup ||ay |



is a C*-norm on (A),, and therefore has to be equal to the quotient norm on (A),,. It
suffices by the above remark to show that this is a pre-C*-norm. Let a = (ay)n,b =
(bp)n € 1°°(A) and X € C; then we have

1@ +0lll =lll(a + b)[|| = limsup [|an + bull = inf sup [|an + byl
w XEwnex
< inf sup |lan|| + |[bn]| = limsup [|an|| + lim sup |[b,|| = [[]al[| + [|[b]]]
XGwneX w w

submultiplicativity follows similarly; further

al|| = inf ||l = (M |l|a
[[|Aalll )lgéwslelgll\ anl|| = |A [l]al]]

and
[[la”]|| = limsup ||ay,|| = |[|a]|[ ,
w

||la*al|| = |||a|||?* follows similarly.
If w is a free ultrafilter, then we get for every (a,)n € [°°(A) by (i)

[[1(an)n|l| = limsup [|a, || = lim [Jan]]
w w
Ad (iii): If we have
inf sup ||a"™|| = lim sup ||a™|| = || ((a}"™);)]| < <
Xijex J w J 7 J
for all m = 1,...,n, then we may choose Xi,..., X, € w with sup;cx, ||a§~m)|| <e€

for all m = 1,...,n. Hence for all j € X; N...N X, we have |]a§m)|| < ¢ for all
m=1,...,n. O

Lemma A.8. Letw be a filter on N. FEvery unitary in the ultrapower (A), of a unital
C*-algebra lifts to a unitary in [*°(A).

Proof. Let Ww((an)n) be a unitary in (A),, that is
lim ||a) a, — 1|| = lim ||apa;, — 1|] =0,
w w

and choose X € w such that ||a}a, — 1]|,]|anal — 1|| < 1 for all n € X. Then for all
n € X the elements a’a, and a,a}, are invertible (see the paragraph above 5.3), and
hence so is a,, as it is left and right invertible. For every n € X, define a unitary by
Up = aplay|™1), set u, := 1 for all n € X¢ and define a unitary in [°°(A) by u := (uy )n.
We have to show that lim,, ||a, —u,|| = 0, whereby WW((an)n) = Ww((un)n) Let e > 0,
choose X¢ € w with ||afa, —1||, ||anal —1|| < € for all n € X¢, and set X[ := XeNX.
Then, for every n € X, we have ||a,, — uy|| < & by Lemma 2.9 (applied with p = 1),
and the claim follows. O



Remark A.9. Observe that for a sequence converging along a filter w we do not au-
tomatically have convergence of every subsequence, not even if w is a free ultrafilter.
For example, take the sequence (zy,), with =, = 0 for n even and x,, = n for n odd.
Let e, denote the set of even natural numbers above n. Then this generates a filter
we, which is free as for any n € N we have n ¢ e,41, and by Zorn’s Lemma we may
choose an ultrafilter wg containing we, which clearly remains free. Now obviously
(zn)n converges along w,, and hence along the ultrafilter containing it. On the other
hand we have the subsequence (z2,-1), = (1,3,5,...), and for every X € wg we know
that X is infinite by freeness, hence (z2,-1), can not converge along wg.

Further, the above example shows that a sequence which is convergent along an arbi-
trary filter does not have to converge along in the ordinary sense, that is, along the
filter of cofinite sets ws defined in Example A.3.

Lemma A.10. Let w be a free ultrafilter. For every unital simple purely infinite
C*-algebra A and simple unital nuclear C*-algebra B there is an embedding

t: (A)y®B — (AR B), .

Proof. (A), is simple and purely infinite by [Rrl, Proposition 6.2.6], therefore the
minimal tensor product (A4), ® B is simple, and coincides with the maximal tensor
product by nuclearity. It therefore suffices to show existence of pointwise commuting
*-homomorphisms from (A), x B into (A ® B),, and then to apply universality of
the maximal tensor product; these are given by

: (Ao = (A® By 15 ((ai)s) = 7525 ((ai @ 1)s)
¥: B — (A® B),, b— 1592 ((1®b),).

By simplicity, the induced map ¢ ® 1 on the tensor product is an embedding. O



A.2 QUASIDIAGONAL C*-ALGEBRAS

In this section we collect the material on quasidiagonal C*-algebras needed in the
proof of the embedding theorem in section 7.3.

Recall that a net (ay)aea of bounded operators on some Hilbert space H converges
in the strong operator topology (s.o.t.) to an operator a if and only if for all £ € H
we have a(§) = limy a)(£). In this section, all limits taken are strong limits, except
where noted otherwise. Recall further that a bounded operator a € B(H) is positive
if and only if the sesquilinear form & — (a(§)|€) is positive, implying that the strong
limit of positive operators is positive.

Let (H;); be a sequence of Hilbert spaces. For every bounded sequence (a;); of
bounded operators, where a; € B(H;) for every j € N, we define an operator with
diagonal (a;); by

Alay);: [THs = [T M &)= (a5(8)); -
j=1 Jj=1

Then
o0 oo oo
D el <> laslPlIg 1P < sup llag|* D 11117,
j=1 j=1 J j=1

showing that A(a;); is a well defined bounded operator. Let (k;); be a sequence of
natural numbers. We define

0 o0
P My, == {(a;); | (a5); € [ M, lima; = 0}

Definition A.11. Let A be a separable C*-algebra. Then A is called quasidiagonal
(QD) if there exists a faithful representation m : A — B(H) as bounded operators on
some Hilbert space H such that there is an increasing sequence (with respect to <)
(pn)n of finite dimensional projections in B(H) subject to

(i) (pn)n is approzimately central, i.e., ||[m(a),pn]|| = 0 as n — oo for alla € A
(ii) The sequence (pn)n converges strongly to the identity I € B(H).
We will call a representation m of A quasidiagonal, if m(A) is quasidiagonal.

Remark A.12. Observe that the unitization functor = maps quasidiagonal C*-

algebras to such, as for A quasidiagonal we may set p; := (p;, 1) to obtain for all
a=(a,\) €A
|[pi, all| = [|(pia + Api + a, A) = (api + Api + a, A)|| = ||[pi, al[| — 0.

Further it is obvious that every sub-C*-algebra of a quasidiagonal C*-algebra is qua-
sidiagonal.



Proposition A.13. Let A be a separable quasidiagonal C*-algebra, m a faithful repre-
sentation on a Hilbert space H such that there is an increasing, approximately central
sequence of finite dimensional projections from the definition of quasidiagonality. Then
there is a sequence (q;); of pairwise orthogonal, finite rank projections in B(H) such
that

(i) X2 =1
(ii) for all a € A we have m(a) — 3772, qjm(a)q; € K(H),
(iti) for alla € A, 3222, |[[7(a), ;]| is convergent.

In addition, given such a sequence (q;); as above, the map B: A — B(H) defined by
a — z;’;l g;m(a)g; is essentially a *-homomorphism, i.e., a *-homomorphism as a

map in Q(H) := B(H)/K(H).

Proof. For simplicity, we assume A C B(H). As A is separable, we may choose an
increasing sequence E; of finite dimensional operator spaces in A with dense union
in A; further let (p;); be an increasing, approximately central sequence of finite rank
projections in B(H) and set py := 0. We choose inductively, using the same standard
arguments as for example in Lemma 7.21, a subsequence (p;;); of (p;); so that for
qj := pi; — pi;_, we have [[[g;,a]|| < 2% for all @ € S'(Ej;), where S'(E;) is again the
unit sphere of E;. Then it is clear that the g; are pairwise orthogonal and that (i)
and (iii) holds for this sequence. We show that (3 is well defined; if £ € H and a € A,
then as the ¢; are pairwise orthogonal we have

[e.e] [e.e] oo
1Y gagiél* =Y llajaqsél® < llal* Y llaél* = llall* |I€]°
j=1 j=1 j=1

implying that the limit in the strong operator topology exists. For all n € N and
a € M, (A)* we have

k
My(B)(a) = lim Y (1, ®g5)a(l, @ ;) > 0

k—oo

Jj=1

as the sum and strong limit of positive elements is positive; this implies that § is
completely positive, and therefore continuous with respect to the norm topology. We
show that a — B3(a) is compact for every a € A. To begin with, let a € SY(E;) for
some j € N. Then

o0 o0 o0 o0
(A.2) a—pa)=a) q—> gag =Y ag—qag =Y [a,qq.
j=1 j=1 j=1 j=1
But as
n n n 1
(A.3) HZ[G,%]%HSZH[%%]HS 2257 e O
j=m j=m j=m



we see that the limit in A.2 is actually a norm limit of compact operators, and therefore
compact. As noted before, § is continuous with respect to the norm topology, and
therefore the result holds for all a € A by the usual density arguments. Now it
remains to show that ( is essentially multiplicative: Let a,b € A. Then we have to

show [(ab) — B(a)B(b) € K(H), but this follows from
B(ab) — B(a)B(b) = B(ab) — ab+ a(b — (b)) + (a — 5(a)) (D)
as all terms in this sum are compact operators by (ii). O

Remark A.14. Note that the subsequence (p;;); of the sequence (p;); as chosen in
the proof above again has the properties stated in the definition of quasidiagonality.
Hence we may always assume that the sequence of orthogonal projections defined
above is given by ¢; := p; — pi—1, Where pg := 0.

Definition A.15. Let a be a bounded linear operator on a Hilbert space H. Then a
is called block diagonal, if there is a sequence (p;); of pairwise orthogonal, finite rank
projections in B(H) such that [a,p;] =0 for all i € N and such that Y ;2 p; = 1 with
respect to the strong operator topology.

Note that an increasing sequence as above is necessarily an approximate unit (see the
paragraph above 3.2) for the compact operators. Hence C*(a) + K(H) is a quasidiag-
onal C*-algebra for every quasidiagonal operator a.

Corollary A.16. Let A be a C*-algebra with representation w: A — B(H) for some
Hilbert space H. Then the following properties are equivalent:

(i) m is quasidiagonal.

(i) There is a sequence (q;); of pairwise orthogonal, finite rank projections in B(H)

with 37721 qj = 1 and k(a) :== w(a) — 3272, gjaq; € K(H).

Proof. The forward implication follows from Proposition A.13. Assume (ii) holds.
Then setting p; := 23:1 g; we have an increasing sequence of finite rank projections
by Lemma 2.5, which converges strongly to the identity. Set ((a) := w(a) — k(a).
Then

[w(a),pi] = [6(a), pi] — [k(a), pi] = —[x(a), pi] — 0
by the preceding paragraph. O

Corollary A.17. An operator a € B(H) on a Hilbert space H is quasidiagonal if and
only if it is the sum of a block diagonal operator with a compact operator.

Proof. Proposition A.13 proves the one implication, as 8 decomposes a into its block
diagonal and compact part; the other is obvious by the discussion above. O

Definition A.18. A representation m: A — B(H) of A on a Hilbert space H is called
essential if w(A) NKC(H) = {0}.



There are some subtleties concerning representations of quasidiagonal C*-algebras:
The existence of a quasidiagonal representation does not imply, that every represen-
tation will be quasidiagonal. We have the following easy lemma though, concerning
quasidiagonality and being essential:

Lemma A.19. Let A be a C*-algebra with a representation m: A — B(H) on some
Hilbert space H. Then the derived diagonal representation

7: A= B(||H), a— An(a) = A((W(a))ieN)

8

1

J

s an essential representation, which is quasidiagonal, faithful, unital if ™ was quasidi-
agonal, faithful, unital, respectively.

Proof. The representation is obviously essential, and faithful, if # was. That the
representation is quasidiagonal if m was follows easily if, given an approximately central
and increasing sequence of projections (p;) which converges strongly to the identity,
we define p; := A(ps,...,pi,0...) as a new such sequence for 7(A). Then the p; are
an increasing sequence of finite dimensional projections, and approximately central,
as

1[Bi; Am(a)]l| = [[A[pi, ()] = |lpi, w(a)]]]

and the latter tends to zero. Further, let £ € Hj’il ‘H, then

15:(€) — idp2(E)I| = l17i(€) — A((idr))(©)I]* = Zsz Em) = EmlP+ Y lléml®.

m=1+1

Let € > 0. Choose I € N such that for all i > I we have > 72, | |[§]| <&, and J € N
such that ||p;&|| < e/I for all i < T and j > J. Then for all N > max{/l, J} we get

ZHpNek—mu 3 ||&||<Ze/f+ Z Ioné—&ll+ 3 1l

I=N+1 k=I+1 I=N+1

< Ze/u Sl <2

k=I+1

Hence the sequence (p;); converges strongly to the identity. O

Lemma A.20. Let A be a unital quasidiagonal C*-algebra and w a free ultrafilter
on N. Then there exists a sequence (kj); of natural numbers and a unital, injective

*_homomorphism
o oo
prA— HM’%‘/EBWM’%
j=1 j=1



with a unital, completely positive lift B: A— 172, My, ; that is, the following diagram,
where T, denotes the quotient map

commutes.

Proof. Choose a quasidiagonal, faithful representation m of A on some Hilbert space
H and a sequence (p;); as in the definition of quasidiagonality. We obtain a new
quasidiagonal faithful representation A7 from A to B := B(][[Z, H) as in Lemma
A.19 and a new sequence of projections p; as in the according proof. Define the map
B :B — [(B) with respect to ¢ := p; — pi—1 as in Proposition A.13 by a — > §;ag;
(convergence follows as in A.13). Further set k; := dim¢; and denote by A the
isomorphism from H;)i1 My, to B(B), by 7, the quotient map

Now set # := A“18Ax. We show injectivity of 7, 3. Assume that ﬁwﬁ(a) = 0 for
some 0 # a € A. Then B(a) is a sequence of matrices converging to zero along w in
norm, hence Aﬁ(a) = [BAr(a) is a blockdiagonal operator whose diagonal sequence
has this property. Denoting by K the compact operators in B, we may use Corollary
A.16 to choose K € K such that An(a) = fAm(a) + K. The sequence (g;); is an
approximate unit for K, hence we see that

Nim [[(g:8AT(a)g; + ¢:KG)l| = lim 18(a)(@)]| = 0.

1y 00 — 00

We also have by Proposition 2.2 and the definition of p;
@i A7 (a)gil| = |[(Pi — Pi1)Am(a)(Pi — pi-1)l| = [Ipim(a)pil]
and therefore, again by Proposition 2.2

0= lim [|g(BAm(a) — K)g|l > lim [|p;m(a)pil| > 0.
Ty 00 T—y 00

But as (p;); converges in the strong operator topology to the identity and multiplika-
tion is strongly continuous on the unit ball, p;7(a)p; converges strongly to 7(a), which
is a contradiction.

It remains to show that ¢ := ﬁwﬁ is a *-homomorphism, but this follows easily, as [ is
essentially multiplicative, as shown in Proposition A.13, and A is a *-isomorphism []



One could also rephrase this proof more conceptually by introducing some terminol-

ogy: Call an operator which is the sum of a compact operator and an operator of the
o0

form A(a;); for some (a;); € @ “My, an w-compact operator, and the representa-
=1
tion A7 w-essential, if its imaée does not contain any w-compact operators (hence,
the w-compact operators are exactly the compact perturbations of images of 3 whith
w-zero convergent diagonal sequence). Then we have shown above, that the repre-
sentation Ar is even w-essential. Denote these w-compact operators by K* and by
m,:B—B / K*“ the quotient map. Observe also that 7, g A factors as A7, where
A is injective. Hence the proof may be given as a diagram chase in the following
diagram, which commutes on the outside only though, as the upper triangle does not

commute (but it does w-essentially commute, that is, up to an w-compact operator)

Am

Tw

A—2T 4 Ar(4)— 2T B B/K*
ﬁlmw\ %
A(B)
Ta
A 3 HMkj — HM’%‘/@WM’%
j=1 ¢ j=1 j=1

Note that the key to this proof was, in fact, the mere existence of an w-essential
representation.

Definition A.21. Let p,v: A — B be *-homomorphisms between C*-algebras. Then
© and v are called homotopic if there is a path of *-homomorphisms pi: A — B such
that for every a € A the map t — p(a) is continuous.

We cite the following theorem by Voiculescu, which shows that quasidiagonality is
homotopy invariant:

Theorem A.22 (cf. [Vo, Theorem 5]). Let A and B be C*-algebras such that there
are *-homomorphisms p: A — B and ¢: B — A with v ¢ homotopic to ida and B
quasidiagonal. Then A is quasidiagonal.

Example A.23. For every C*-algebra A the cone C’O((O, 1], A) is quasidiagonal. This
follows, as C((0,1]) is zero homotopic, hence so is Co((0,1]) ® A = Cy((0,1], A), as

the spatial norm is a cross norm (i.e., multiplicative with respect to ®).
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