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Abstract

An example is given of a simple, unital C'*-algebra which contains an infinite and a
non-zero finite projection. This C*-algebra is also an example of an infinite simple
C*-algebra which is not purely infinite. A corner of this C'*-algebra is a finite, simple,
unital C*-algebra which is not stably finite.

Our example shows that the type decomposition for von Neumann factors does
not carry over to simple C*-algebras.

We also give an example of a simple, separable, nuclear, C*-algebra in the UCT
class which contains an infinite and a non-zero finite projection. This nuclear C'*-al-
gebra arises as a crossed product D X, Z, where D is an inductive limit of type I

C*-algebras.

1 Introduction

The first interesting class of simple C*-algebras (not counting the simple von Neumann
algebras) were the UHF-algebras, also called Glimm algebras, constructed by Glimm in
1959 ([22]). Several other classes of simple C*-algebras were found over the following
25 years including the (simple) AF-algebras, the irrational rotation C*-algebras, the free
group C*-algebras C¥ ,(F,,) (and other reduced group C*-algebras), the Cuntz algebras O,
and the Cuntz—Krieger algebras O 4, C*-algebras arising from minimal dynamical systems
and from foliations, and certain inductive limit C*-algebras, among many other examples.
Parallel with the appearance of these examples of simple C*-algebras it was asked if there is
a classification for simple C*-algebras similar to the classification of von Neumann factors
into types. Inspired by work of Dixmier in the 1960’s, Cuntz studied this and related
questions about the structure of simple C*-algebras in his papers [14], [17], and [15].
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A von Neumann algebra is simple precisely when it is either a factor of type I, for
n < oo (in which case it is isomorphic to M,,(C)), a factor of type 11, or a separable factor
of type III. This leads to the question if (non type I) simple C*-algebras can be divided
into two subclasses, one that resembles type II; factors and another that resembles type
IIT factors. A II; factor is an infinite dimensional factor in which all projections are finite
(in the sense of Murray—von Neumann’s comparison theory for projections), and II; factors
have a unique trace. A factor is of type III if all its non-zero projections are infinite, and
type III factors admit no traces. Cuntz asked in [17] if each simple C*-algebra similarly
must have the property that its (non-zero) projections either all are finite or all are infinite.
Or can a simple C*-algebra contain both a (non-zero) finite and an infinite projection? We
answer the latter question in the affirmative. In other words, we exhibit a simple (non
type I) C*-algebra that neither corresponds to a type II; or to a type III factor.

It was shown in the early 1980’s that simple C*-algebras, in contrast to von Neumann
factors, can fail to have non-trivial projections. Blackadar ([5]) and Connes ([12]) found
examples of unital, simple C*-algebras with no projections other than 0 and 1—before
it was shown that C (F2) is a simple unital C*-algebra with no non-trivial projections.
Simple C*-algebras can fail to have projections in a more severe way: Blackadar found
in [4] an example of a stably projectionless simple C*-algebra. (A C*-algebra A is stably
projectionless if 0 is the only projection in A® K.) Blackadar and Cuntz proved in [8] that
every stably projectionless simple C*-algebra is finite in the sense of admitting a (densely
defined) quasitrace. (Every quasitrace on an exact C*-algebra extends to a trace as shown
by Haagerup [23] (and Kirchberg [27]).) These results lead to the dichotomy for a simple
C*-algebra A: Either A admits a (densely defined) quasitrace (in which case A is stably
finite), or A is stably infinite, i.e., A ® K contains an infinite projection.

Cuntz defined in [16] a simple C*-algebra to be purely infinite if all its non-zero heredi-
tary sub-C*-algebras contain an infinite projection. Cuntz showed in [13] that his algebras
O,, 2 < n < oo, are simple and purely infinite. The separable, nuclear, simple, purely
infinite C'*-algebras are classified up to isomorphism by K- or K K-theory by the spectac-
ular theorem of Kirchberg ([28] and [26]) and Phillips ([35]). This result has made it an
important question to decide which simple C*-algebras are purely infinite. We show here
that not all stably infinite simple C*-algebras A are purely infinite.

Villadsen ([41]) was the first to show that the Ky-group of a simple C*-algebra need not
be weakly unperforated; Villadsen ([42]) also showed that a unital, finite, simple C*-algebra
can have stable rank different from one—thus answering in the negative two longstanding
open questions for simple C*-algebras.

If B is a unital, simple C*-algebra with an infinite and a non-zero finite projection,
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then its semigroup of Murray—von Neumann equivalence classes of projections must fail
to be weakly unperforated (see Remark 7.8). It is therefore no surprise that Villadsen’s
ideas play a crucial role in this article. Our article is also a continuation of the work
by the author in [37] and [38] where it is shown that one can find a C*-algebra A such
that My(A) is stable but A is not stable; and, related to this, one can find a (non-simple)
unital C*-algebra B, such that B is finite and Ms(B) is properly infinite. We show here
(Theorem 5.6) that one can make this example simple by passing to a suitable inductive
limit.

In Section 6 (added March 2002) an example is given of a crossed product C*-algebra
D %, Z, where D is an inductive limit of type I C*-algebras, such that D x, Z is simple
and contains an infinite and a non-zero finite projection. This new example is nuclear and
separable. It shows that simple C*-algebras with this rather pathological behavior can
arise from a quite natural setting. It shows that Elliott’s classification conjecture (in its
present formulation) does not hold (cf. Corollary 7.9); and it also serves as an example of
a separable nuclear simple C*-algebra that is tensorially prime (cf. Corollary 7.5).

I thank Bruce Blackadar, Joachim Cuntz, George Elliott, and Eberhard Kirchberg for
valuable discussions and for their comments to earlier versions of this manuscript. I thank
Paul M. Cohn and Ken Goodearl for explaining the example included in Remark 7.13.
[ also thank the referee for suggesting several improvements to this article (including a
significant simplification of Proposition 5.2 (ii) and (iii)).

This work was done in the spring of 2001 while the author visited the University of
California, Santa Barbara. I thank Dietmar Bisch for inviting me and for his warm hospi-
tality.

The present revised version (with the nuclear example in Section 6 and where the
construction in Section 5 is simplified) was completed in March 2002. A part of the work
leading to this construction was obtained during a visit in January 2002 to the University
of Miinster. I thank Joachim Cuntz and Eberhard Kirchberg for their hospitality, and I
am indebted to Eberhard Kirchberg for several conversations during the visit that led me

to this construction.

2 Finite, infinite, and properly infinite projections

A projection p in a C*-algebra A is called infinite if it is equivalent (in the sense of Murray
and von Neumann) to a proper subprojection of itself; and p is said to be finite otherwise.

If p is non-zero and if there are mutually orthogonal subprojections p; and p, of p such



that p ~ p; ~ po, then p is properly infinite. A unital C*-algebra is said to be properly
infinite if its unit is a properly infinite projection.

If p and ¢ are projections in A, then let p@® g denote the projection diag(p, ¢) in My(A).
Two projections p € M, (A) and g € M,,(A) can be compared as follows: Write p ~ ¢ if
there exists v in M,, ,,(A) such that v*v = p and vv* = ¢, and write p < ¢ if p is equivalent
(in this sense) to a subprojection of gq.

In the proposition below, where some well-known properties of properly infinite projec-
tions are recorded, O, denotes the Cuntz algebra generated by infinitely many isometries
with pairwise orthogonal range projections, and & is the Cuntz—Toeplitz algebra generated

by two isometries with orthogonal range projections ([13]).

Proposition 2.1 The following five conditions are equivalent for every non-zero projection

p in a C*-algebra A:
(i) p is properly infinite;
(i) p@p 2 p;
(iii) there is a unital *-homomorphism Ey — pAp;
(iv) there is a unital *-homomorphism Oy — pAp;
(v) for every closed two-sided ideal I in A, either p € I or p + I is infinite in A/I.

The equivalences between (i), (ii), and (iii) are trivial. The equivalence between (iii) and
(iv) follows from the fact that there are unital embeddings & — O and O, — &.
The equivalence between (i) and (v) is proved in [29, Corollary 3.15]; a result that extends
Cuntz’ important observation from [14] that every infinite projection in a simple C*-algebra
is properly infinite.

We shall use the following two well-known results about properly infinite projections.

Lemma 2.2 Let p and q be projections in a C*-algebra A. Suppose that p is properly
infinite. Then q = p if and only if ¢ belongs to the closed two-sided ideal in A generated by

p.

Proof: If ¢ = p, then, by definition, ¢ ~ ¢y < p for some projection ¢ in A. This entails
that ¢ belongs to the ideal generated by p. Conversely, if ¢ belongs to the ideal generated
by p, then ¢ 3 €P]_, p for some n (cf. [40, Exercise 4.8]), and }_, p 3 p if p is properly
infinite by iterated applications of Proposition 2.1 (ii). O



Proposition 2.3 Let B be the inductive limit of a sequence By — By — By — --- of
unital C*-algebras with unital connecting maps. Then B is properly infinite if and only if

B, is properly infinite for all n larger than some ny.

Proof: If B, is properly infinite for some n, then there are unital *-homomorphisms
& — B, — B, and hence B is properly infinite. Conversely, if B is properly infinite,
then there is a unital *~homomorphism & — B. The C*-algebra & is semiprojective, as
shown by Blackadar in [6]. By semiprojectivity (see again [6]), the unital *-homomorphism
& — B lifts to a unital *~homomorphism & — H:;no B,, for some ng. This shows that

B,, is properly infinite for all n > ny. O

3 Vector bundles over products of spheres

We consider here complex vector bundles over the sphere S? and over finite products of
spheres, (S5?)".

For each k < n, let m: (S?)" — S? denote the kth coordinate mapping, and let
Pmn: (SH)™ — (S?)" be given by

P (T1, Toy ooy T) = (21, T2, ..., Ty), (z1,79,...,0m) € (S*)™. (3.1)

when m > n.

Whenever f: X — Y is a continuous map and & is a k-dimensional complex vector
bundle over Y, let f*(¢) denote the vector bundle over X induced by f. Let e(§) €
H?!(Y,Z) denote the Euler class of £. Denote also by f* the induced map H*(Y,Z) —
H*(X,Z). By functoriality of the Euler class we have f*(e(§)) = e(f*(€)).

For any vector bundle & over (S?)" and for every m > n we have a vector bundle
& = pp,n(&) over (S%)™. It follows from the Kiinneth Theorem (see [33, Theorem A6]),
that the map

Pt H((S2),2) — H*(5%)",2)

is injective; so if e(£) is non-zero, then so is e(¢’). Our main concern with vector bundles
will be whether or not they have non-zero Euler class, and from that point of view it does
not matter if we replace the base space (5?)" with (S?)™ for some m > n.

We remind the reader of some properties of the Euler class for complex vector bundles
&1,&a, ..., &, over a base space X. First of all we have the product formula (see [33, Property
9.6]):

(606 @ BE) = e(€1) (&) - el6n). (3.2)
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Let 0 denote the trivial complex line bundle over X. The Euler class of # is zero; and so
it follows from the product formula that e(§) = 0 whenever ¢ is a complex vector bundle
that dominates 6 in the sense that £ = 0 @ 7 for some complex vector bundle 7.

Combining the formula

1

h(E) = 1+(6) + 5e(6) + zel€) + -

that relates the Chern character and the Euler class of a complex line bundle £ (see [33,
Problem 16-B]), with the fact that the Chern character is multiplicative, yields the formula

e(f1®&E® - ®&,) =e(§1) +e(&) + - +e(én), (3.3)

that holds for all complex line bundles &1, ... ,&, over X.
Let ¢ be a complex line bundle over S? such that its Euler class ¢(¢), which
is an element in H?(S? Z), is non-zero. (Any such line bundle will do, but the reader

may take ¢ to be the Hopf bundle over S?.) For each natural number n and for each

non-empty, finite subset I = {ny,ns,...,n} of N define complex line bundles ¢, and (;
over (S?)™ (for all m > n, respectively, m > max{ny,...,ng}) by
Cn = W;(C); CI = Cnl ® CTLQ K anv (34)

where, as above, m,: (S?)™ — 5% is the nth coordinate map. The Euler classes (in
H?((5%)™,7Z)) of these line bundles are by functoriality and equation (3.3) given by

e(Cn) = m(e(Q)), (3.5)
e(Cr) = m,(e(Q) + my(e(Q) + -+, (e(C))- (3.6)

Lemma 3.1 For each n and for each m > n there is a complex line bundle n,, over (52)m
such that ¢, ® (, = 0 D n,.

Proof: Since

dim(C @ ¢) =2 > 1 > L(dim(S?) — 1),

1
2
it follows from [24, 9.1.2] that there is a complex vector bundle n over S? of dimension
dim(n) =2 — 1 =1 such that ( & ( = 0 & 7. We conclude that

@G =m, (D) =m,(0®n) =0&m,(n).
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Proposition 3.2 Let Iy, I, ..., I, be non-empty, finite subsets of N. The following three

conditions are equivalent:

i) e ®CL @ - () #0.

(ii) For all subsets F' of {1,2,...,m} we have }U Ij’ > |F|.

jeF
(iii) There exists a matching t; € I1,ty € Iy, ...ty € Iy, (i.e., the elements tq,... t,, are

pairwise distinct).

Proof: Choose N large enough so that each (j; is a vector bundle over (S HN,

(ii) < (iii) is the Marriage Theorem (see any textbook on combinatorics).

(i) = (ii). Assume that ||J ier 1 j| < |F| for some (necessarily non-empty) subset
F={j1,J2,---, gk} of {1,2,...,m}, and write

J déf U[] :{nl,ng,...,nl}.

jer
Let p: (%)Y — (S2)! be given by p(z) = (mn, (¥), Ty (), ..., Tn,(x)). Then

def *
§ = (@, ® a0, =p 1)

for some k-dimensional vector bundle 1 over (S?)!. Now, e(n) belongs to H*((S?)!,Z),
and H?*((S%)!,Z) = 0 because 2k > 2I. Hence e(¢) = p*(e(n)) = 0, so by the product
formula (3.2) we get

e, ®CL,® - ®(,,) = 6(5)-1_[ e(¢r,) = 0.
JEF
(iii) = (i). Put

;= 1(e(¢)) € HX((SHN,Z),  j=1,2,...,N.

J

The element
z=x179 -2y € H*N (SN, Z)

is non-zero by the Kiinneth Theorem ([33, Theorem A6]). Using that z? = 0 and that



x;x; = xjx; for all ¢, j it follows that if iy, 45, ..., iy belong to {1,2,..., N}, then

L if 41,...,1y are distinct, 7
Ly Ly = Tjy = . (3 )
0, otherwise.

Now, by (3.2) and (3.6),

e(Ch S CIQ DD Clm> = e(Ch)'e(Cb) e e(CIm)
= (D) (D) - (D m(el))

i€l i€l i€Im
- (S () (D)
i€l i€ls i€l

fr— E xil‘xi2“.xim'

(315, im )€l XX I,

Assume that (iii) holds, and write

{1,2,...,N}\{tl,tg,...,tm}:{81,82,...,8N_m}.

Let k£ denote the number of permutations o on {1,2,...,m} such that t,; € I; for
7 =1,2,...,m. The identity permutation has this property, so £k > 1. The formula for
e(Cr, ® - @ (z,) above and equation (3.7) yield

e(Ch D CIQ b---D Clm>'xs1 Tsy* Tsy_py — kz 7é 0.

It follows that e((, @ -+ - @ (1) # 0 as desired. O

4 Projections in a certain multiplier algebra

There is a well-known one-to-one correspondence between isomorphism classes of complex
vector bundles over a compact Hausdorff space X and Murray—von Neumann equivalence
classes of projections in matrix algebras over C'(X) (and in C(X)® K). The vector bundle
corresponding to a projection p in M, (C(X)) = C(X, M,(C)) is

& ={(z,v) 2z e X, vep(@)(C)}



(equipped with the topology given from the natural inclusion £, C X x C"), so that the
fibre (&), over x € X is the range of the projection p(z). If p and ¢ are two projections in
C(X)®K, then &, = ¢, if and only if p ~ ¢. It follows from Swan’s theorem, which to each
complex vector bundle £ gives a complex vector bundle n such that £ & n is isomorphic to
the trivial n-dimensional complex vector bundle over X for some n, that every complex
vector bundle is isomorphic to &, for some projection p in M, (C(X)) for some n.

View each matrix algebra M, (C) as a sub-C*-algebra of K via the embeddings
C > M,(C) —— M;(C) — - - ——= K,

where M,,(C) is mapped into the upper left corner of M, 1(C). Identify C'(X,K) with
C(X) ® K and identify C'(X, M, (C)) with C(X) ® M,(C).

In Section 3 we picked a non-trivial complex line bundle ¢ over S? (which could be the
Hopf bundle). This line bundle ¢ corresponds to a projection p in some matrix algebra over
C(S?), and, as is well known, such a projection p can be found in My (C'(S?)) = C(S?, My).
(The projection p € My(S?, My) corresponding to the Hopf bundle is in operator algebra

texts often referred to as the Bott projection.) Put

7= ﬁ S,
n=1

Let m,: Z — S? be the nth coordinate map, and let py.,: Z — (S*)" be given by

Poon(T1, Ta, 3, ... ) = (T1,Ta,y ..., Tp), (21,29, 23,...) € Z.

With p,,: C((S*)") — C((S?)"™!) being the *-homomorphism induced by the map p, =
Pnt1n defined in (3.1) we obtain that C'(Z) is the inductive limit

~ ~

o(s2) P o((522) 2 o((s2y) Lo 0(2)

with inductive limit maps poo.: C((S*)") — C(Z).

For n in N and for each non-empty finite subset I = {ny,ns,...,n;} of N, let p, and



pr be the projections in C'(Z) ® K = C(Z,K) given by

pu(z) = plan), (4.1)
p[<SL’) = p(l‘m) ®p(xn2) Q- ®p(:€nk)

(4.2)

for all © = (zq,29,...) € Z (identifying Ms, respectively, My ® My ® --- ® My with
sub-C*-algebras of ).

We shall now make use of the multiplier algebra, M(C(Z)®K), of C(Z)K = C(Z,K).
We can identify this multiplier algebra with the set of all bounded functions f: Z — B(H)
for which f and f* are continuous, when B(H), the bounded operators on the Hilbert
space H on which K acts, is given the strong operator topology.

It is convenient to have a convention for adding finitely or infinitely many projections in
M(C(Z)®K), or more generally in M(A), where A is any stable C*-algebra—a convention
that extends the notion of forming direct sums of projections discussed in Section 2.

Assuming that A is a stable C*-algebra, so that A = Ag ® K for some C*-algebra A,
then we can take a sequence {7}}22, of isometries in C® B(H) € M(Ay®K) = M(A) such
that 1 = Zj; T;T7 in the strict topology. (Notice that 1 is a properly infinite projection
in M(A).) For any sequence ¢, gs, . . . of projections in A and for any sequence @1, Qs, . ..
of projections in M(A), define

NO@O-@qg = Y TigT; € A (4.3)
j=1
Ba = D Ty € M(A), (4.4)
j=1 i=1
j=1
B, = D 1T € M(4A), (4.6)
j=1 i=1

Observe that ¢ = T;q;T; ~ q;, that the projections gy, gy, . . . are mutually orthogonal, and
that the sum Z;’il q; is strictly convergent. The projections in (4.3)-(4.6) are, up to unitary
equivalence in M(A), independent of the choice of isometries {T}}32,. Indeed, if {R;}52,
is another sequence of isometries in M(A) with 1 =37, R; R}, then U = 37| R;T} is
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a unitary element in M(A) and
S RX;R; =U(Y T, X,T;)U"
j=1 j=1

for any bounded sequence {X;}52, in M(A). It follows in particular that

Bao~Pawo (4.7)
j=1 j=1

for every permutation o on N.

In the lemma below the correspondence between projections and vector bundles is
given by the mapping p — ¢, defined at the beginning of this section. By identifying the
projections p,, pr, pr,; - - -, pr, With projections in C'((S?)") ® K, where N is any integer

large enough to ensure that these projections belong to the image of
Poon ®ide: C((SHM) @K — C(Z)® K,
we can take the base space to be (S?)V.

Lemma 4.1 Let (, and (; be the complex line bundles defined in (3.4).
(i) The vector bundle ¢, corresponds to p, for each n in N.
(ii) The vector bundle (; corresponds to p; for each non-empty finite subset I of N.

(iii) The vector bundle (1, ® Cr, ® - - - ® (g, corresponds to pr, ® pr, @ - -+ ® pr, whenever
I, ..., Iy are non-empty finite subsets of N.

Proof: (i). Since p corresponds to ¢, p, = p o m, corresponds to (, = m:((), where
T (S?)Y — 8% is the nth coordinate map.

(ii). Write I = {ny,na,...,ny}. We shall here view p, as a projection in C((S?)N, M)
and py as a projection in C((S?)V, My ® - -+ ® Ms). By (i), ¢, is the complex line bundle
over (S%)Y whose fibre over z € (S%)V is equal to p,(x)(C?). The fibre of the complex line
bundle ¢; =, ® Cpy @ -+ @, over z € (S?)V is by definition

= P (2)(C?) @ pp, ()(C*) @ - - - @ Py, (2)(C?)
= p(@)(CPC*®---®C?).
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This shows that (; corresponds to pj.
(iii). This follows from (ii) and additivity of the map p +— &,. O

The next three lemmas are formulated for an arbitrary stable C'*-algebra A and its multi-
plier algebra M(A), but they shall primarily be used in the case where A = C(Z) ® K.

The lemma below is a trivial, but much used, generalization of (4.7):

Lemma 4.2 Let A be a stable C*-algebra, and let q1,qs, ... andry,ro, ... be two sequences
of projections in A. Assume that there is a permutation o on N such that q; 3 7o),
respectively q; ~ To(;), in A for all j in N. Then @7, ¢; 3 €D;=, rj, respectively D], q; ~
D2 ), in M(A).

An element in a C*-algebra A is said to be full in A if it is not contained in any proper
closed two-sided ideal of A.

Lemma 4.3 Let A be a stable C*-algebra. The following three conditions are equivalent
for all projections @ in M(A):

(i) Q ~ 1, (ii) Q is properly infinite and full in M(A), (i) 1 2 Q.

Proof: (i) = (iii) is trivial. Assume that 1 = @. Then @ is full in M(A) (the closed
two-sided ideal in M(A) generated by @) contains 1 and hence all of M(A)). It was noted
above (4.3) that 1 is properly infinite in M(A), and so Q @ Q < 1d 1 31 3 @, whence
@ is properly infinite; cf. Proposition 2.1. This proves (iii) = (ii). Assume finally that @
is properly infinite and full in M(A). Since Ko(M(A)) = 0 (see [7, Proposition 12.2.1])
the two projections ) and 1 represent the same element in Ky(M(A)); and since these
two projections both are properly infinite and full they must be Murray—von Neumann
equivalent (see [16, Section 1] or [40, Exercise 4.9 (iii)]), i.e., @ ~ 1. O

Lemma 4.4 Let A be a stable C*-algebra and let q,qi,qo,... be projections in A. If
q3 @;11% in M(A), then q 3¢ ®q® - Bqr in A for some k.

Proof: We have EB;; g = Z;’il q; (= Q) for some strictly summable sequence of mutu-
ally orthogonal projections ¢y, ¢, ... in A with ¢; ~ ¢;. By the assumption that ¢ 3 Q
there is a partial isometry v in M(A) such that vv* = g and v*v < Q. As v = qu, v belongs

to A, and by the strict convergence of the sum ) = Z;’il q; there is k such that

k
lv—0) gl < 1/2.
j=1
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Put z = UZ?:l ¢;- Then zz* < ¢, "z < q; + -+ + g, and [[zz” — ¢|| < 1. This shows
that za* is invertible in ¢Aq with inverse (x2*)~'. Put u = (x2*)~"/2x. Then uu* = ¢ and

wu<q +---+q, whence g 2¢1 D - B . U

Let g be a constant one-dimensional projection in C(Z,K) = C(Z) ® K (that corresponds
to the trivial complex line bundle 6 over X). The (easy-to-prove) statement in part (iii) of

the proposition below is not used in this paper, but it may have some independent interest.

Proposition 4.5 Let Iy, I5,... be a sequence of non-empty, finite subsets of N. Put
Q=Ep, € M(C(2) 2 K).
j=1

(i) If } Ujer Ij‘ > |F| for all finite subsets F' of N, then g 3 Q and Q is not properly

infinite.
(ii) g = pn @ pn for every natural number n.

(iii) If infinitely many of the sets Iy, Io, . .. are singletons, then Q & Q is properly infinite
and Q& Q ~ 1 in M(C(Z)®K).

Proof: (i). We show first that ¢ £ @ in M(C(Z) ® K). Indeed, assume to the contrary
that ¢ = @. Then
93 Pn O S Dy, (4.8)

in C(Z) ® K for some k by Lemma 4.4. As noted earlier, C(Z) ® K is an inductive limit

p1 ®idg p2 ® idi

C(S?)e K C((SH?H) e K C((S*P)eoK—--—=C(Z)a K.
Take N such that all projections appearing in (4.8) belong to the image of
Poon @id: C((SH") @K — C(Z)® K

whenever n > N. Use a standard inductive limit argument to see that (4.8) holds relatively
to C((S*)") ® K for some large enough n > N. In the language of vector bundles over
(5?)", (4.8) and Lemma 4.1 imply that

0= ®, D, (4.9)
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for some vector bundle 7 over (S?)™. Now, (4.9) and (3.2) imply that e({;, ®--- D ¢;,) =0,
in contradiction with Proposition 3.2 and the assumption on the sets ;.

The projection py, is a full element in C'(Z) ® K and p;, < Q. Hence g belongs to the
ideal generated by Q. It now follows from Lemma 2.2 and from the fact that g ¥ @ that
() cannot be properly infinite.

(ii) follows from Lemma 3.1 and Lemma 4.1.

(iii). The unit 1 of M(C(Z) ® K) can be written as a strictly convergent sum 1 =
Z;’il gj, where g; ~ g for all j. Let I denote the infinite subset of N consisting of those j

for which I; is a singleton. By Lemma 4.2 and (ii) we get

1~ Py 3 P, ery) 3
j=1

jer j=1

P

(pr; ©®pr;) ~ QOQ.

Lemma 4.3 now tells us that ) @ @ is properly infinite and that Q & Q) ~ 1. |

5 A non-exact example

We construct here a simple, unital C*-algebra that contains a finite and an infinite projec-
tion; thus proving one of our main results: Theorem 5.6 below.

Let again Z denote the infinite product space [[}2, S*. Set A = C(Z) ® K = C(Z,K);
recall from Section 4 that M(A) denotes the multiplier algebra of A and that it can be
identified with the set of bounded *-strongly continuous functions f: Z — B(H).

Choose an injective function v: Z x N — N. Choose points ¢;; € S? for all j,i € N
with j > i such that

{(Cj’l,Cj’Q, ce 7Cj,n) | ] > TL} = 82 X SQ X - X 52 (51)
for every natural number n. Set
L ={v(,1),v(,2),...,v(4,5)}, (5.2)

for j € N.
Define *-homomorphisms ¢;: A — A for all integers j as follows. For j <0, set

0;(f)(x) = f(a:,,(ﬂ),:c,,(jg),x,,(j,;g), o ), feA x=(x1,29,...) € Z. (5.3)

Let p, and p; be the projections in A = C(Z,K) defined in (4.1) and (4.2). Choose an
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isomorphism 7: K@ K — K. For fin A, x = (z1,22,...) in Z, and j > 1 define

@i (@) =T(f(Cits - - gy TG 41)s Tuggeays - - ) @ P, (2)). (5.4)

Choose a sequence {S;}52_ of isometries in M(A) such that Y37 S;SF =1 with the

j=—o0 j=—o0

sum being strictly convergent. Define a *-homomorphism ¢: A — M(A) by

()= Y Sieif)S;,  feA (5.5)

j=—o0

Lemma 5.1 Let {e,}2, be an increasing approzimate unit for A. Then {1(e,)}5, con-

verges strictly to a projection F € M(A), and F is equivalent to the identity 1 in M(A).

Proof: If ¢ (e,) converges strictly to F' € M(A) for some approximate unit {e,} for
A, then this conclusion will hold for all approximate units for A. We can therefore take
{e,}5°, to be the approximate unit given by e,(z) = €,, where {€,}°°, is an increasing
approximate unit for /C.

We show first that {¢;(e,)}72, converges strictly to a projection F; in M(A) for each
J € Z. Indeed, since ¢;(e,) = e, when j < 0 it follows that ¢;(e,) — 1 strictly; and so
F; = 1when j <0. Consider next the case j > 1. Here we have ¢;(e,)(x) = 7(€, ®@pr, (7))
Extend 7: £ ® K — K to a strongly continuous unital *~homomorphism 7: B(H ® H) —
B(H) and define F; in M(A) by Fj(z) = 7(1 ® pr,(v)) for x € Z. Then F} is a projection
and {p;(e,)}n2, converges strictly to Fj.

Now,
Blea) = Y Sipslen)S; =N SES; E P € M(A),
j=—00 j=—00
As 1= Fy ~ SoFyS; < F it follows from Lemma 4.3 that F' ~ 1 in M(A). O

Take an isometry 7" in M(A) with TT* = F (where F' is an in Lemma 5.1). Define

p(f) =T ()T = Y T'S;;(f)S;T,  feA (5.6)

j=—o0

Then p: A — M(A) is a *~homomorphism that maps an approximate unit for A into a
sequence in M (A) that converges strictly to the identity in M(A) (by Lemma 5.1 and the
choice of T). It follows from [32, Proposition 2.5] that ¢ extends to a unital *-homomor-

phism @: M(A) — M(A).
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We collect below some properties of the *-homomorphisms ¢ and . A subset of a

C*-algebra A is called full in A if it is not contained in any proper closed two-sided ideal

in A.

Proposition 5.2 Let p; be the projection in A defined in (4.1) and let g be a constant
1-dimensional projection in A = C(Z,K).

(i) ¢(g) ~ 1 in M(A), and p(f) is full in M(A) for every full element f in A.

(ii) If f is a non-zero element in M(A), then p(f) does not belong to A, and Ap(f) is
full in A.

(iii) If f is a non-zero element in M(A), then AG*(f) is full in A for every k € N.
(iv) None of the projections B*(p1), k € N, are properly infinite in M(A).

It follows immediately from (ii) that ® and ¢ are injective, and that p(M(A)) N A = {0}
and ¢(A)N A = {0}.

The proof of Proposition 5.2 is divided into a few lemmas, the first of which (included
for emphasis) is standard and follows from the fact that any closed two-sided ideal in
C(Z,K) is equal to Cy(U, K) for some open subset U of Z.

Lemma 5.3 Let f be an element in A = C(Z,K). Then f is full in A if and only if
f(z) #0 forallx € Z.

Proof of Proposition 5.2 (i): Observe first that ¢;(g) = g for every j < 0. Accordingly,

0 0
L~ @ g~ D T50(9)ST < ¢lg) in M(A).
jm—oo  j=—oo
This and Lemma 4.3 imply that ¢(g) ~ 1 and that ¢(g) is full in M(A). If f is any
full element in A, then the closed two-sided ideal generated by ¢(f) contains ¢(g) and
therefore all of M(A). This proves the second claim in (i). O

Proof of Proposition 5.2 (ii): Take a non-zero element f in M(A). There is an element
a in A such that af # 0. The two claims in (ii) will clearly follow if we can show that
plaf) ¢ A and that Ap(af) is full in A, and we can therefore, upon replacing f by af,

assume that f is a non-zero element in A = C(Z,K).
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There are § > 0, r € N, and non-empty open subsets Uy, ..., U, of S? such that
T €U xUyx -+ xU.xS*x8*x-- = |flx)| >0 (5.7)
Use (5.1) to find an infinite set A of integers j > r such that
(CjasCjoy . i) €U x Uy x -+ x U, forall jeA. (5.8)

It follows from Lemma 5.3, (5.4), (5.7), and (5.8) that ||¢;(f)]| > ¢ and ¢,(f) is full in
A for every j in the infinite set A. This entails that ¢(f) = Y72 T*S;jp;(f)S;T does

j=—o0
[e.e]
j=—o0

not belong to A. (A strictly convergent sum ) a; of pairwise orthogonal elements
from A belongs to A if and only if lim; .4 [|a;|| = 0.) The closed two-sided ideal in A
generated by Ap(f) contains the full element p;(f) = S;To(f)T*S; and therefore all of

A (for each—and hence at least one—j in A). O

Proof of Proposition 5.2 (iii): This follows from injectivity of @ and Proposition 5.2 (ii).
U

We proceed to prove Proposition 5.2 (iv).

Lemma 5.4 Let J be a finite subset of N and let j be an integer. Then ¢;(ps) ~ Pa,(1),
where

oyt = { "0 =l (5:9)
v(j, J\{1,2,...,jH) Ul;, j>1

We have in particular that v(j,J) C a;(J) for all finite subsets J of N and for all j € Z.

Proof: Write J = {t1,tq,...,tx}, where t; < ty < --- < t;. We consider first the case
where 7 < 0. Then

eip)(@) = pr(uGr), TuG2)s TuGa)s )
= P(@uiin) @ P(Tuim) @ @ P(Tuiin))
= Do) (T) @ Do) () @ - @ Do) (T) = Do (T),

as desired.
Suppose next that j > 1, and put ¢(x) = ps(cj1,--.,¢js Tu(jjt1), Tu(jj+2),--- ). LThen
vi(ps)(x) = 7(q(z)®pr, (). Suppose that 1 < j <t and let m be such that t,,_; < j <ty
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(with the convention ¢y = 0). Then

a(z) = p(cjn) ® @ P(Ctnri) @ P(Tu(itm) © @ P(Tujity))
= () @ @ P(Ctrur) @ Pu(it) () @ -+ @ Py (x)
= () @ @ P(Ctyyr) @ Pu(i (12,51 (T)-
Thus ¢ ~ pug, 2.1, which shows that ¢;(p) is equivalent to the projection defined
by
T = T(Pu( (12,50 (@) @ pr; (2)),

and this projection is equivalent to p,¢nq12,.;pur,- If § > t, then J\{1,2,...,5} =0
and q(z) = p(cje,) ®---®@p(cjy, ), ie., q is a constant projection. In this case, v;(ps) ~ pr;,
thus affirming the first claim of the lemma.

The last claim follows from the definition of the sets I; in (5.2). O]

Lemma 5.5 Let Ji, Jo,... be finite subsets of N. Put Q = @;-, ps, € M(A). Then

?2Q) ~ P B pe,0

i=1 j=—o0

where a; is as defined in (5.9). Moreover, if |U;cp Jil = |F| for all finite subsets F of N,
then | U ieq @i(Ji)l = |G| for all finite subsets G of Z x N.

Proof: By (4.4), Q =Y .2, T;p;,T;; and because P is strictly continuous we get

Q) = Z@(Tz‘)@(ph)@(ﬂ)* ~ @SO(in) ~ @ @ ©;(ps;) ~ @ @ Pa(J:)5

where the first equivalence is proved below (4.3)—(4.6), and the last equivalence follows
from Lemma 5.4.

By the Marriage Theorem we can find natural numbers ¢; € J; such that {t;};cn are
mutually distinct. Set s;; = v(j,¢;). Then s;,; belongs to «;(J;) by Lemma 5.4, and
{5},i}j.i)ezxn are mutually distinct because v is injective and the ¢;’s are mutually distinct.
This proves the second claim of the lemma. 0

Proof of Proposition 5.2 (iv): Put Qo = p; and put Q,, = $"*(Qo). We must show that
none of the projections ), n > 0, are properly infinite. It is clear that ()¢ is finite, and

hence not properly infinite.
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Use Lemmas 5.4 and 5.5 to see that

[e.e]

[e%¢) 0 > o
Qu = Y TSip;p)S;T ~ P ¢im) ~ B o@D, = @ v
j=1

j=—00 j=—00 j=—o00 j=—00

where J; = {v(j,1)} for j <0 and J; = I; for j > 1. It is easily seen that the sequence of
sets {J;}52_, satisfies the condition |{J,cp J;| > |F| for all finite subsets F' of Z. Hence
@)1 is not properly infinite by Proposition 4.5 (i).

The claim that @), is not properly infinite for all n follows by induction using Lemma 5.5
and Proposition 4.5 (i). O

Theorem 5.6 Consider the inductive limit B of the sequence:

M(C(Z) @ K) 2= M(C(Z) @ K) 2= M(C(Z) @ K) = - — B,

Then B has the following properties:
(i) B is unital and simple.
(ii) The unit of B is infinite.
(iii) B contains a non-zero finite projection.

(iv) Ko(B) =0 and K,(B) = 0.

Proof: (i). B is unital being the inductive limit of a sequence of unital C*-algebras with
unital connecting maps.

Write again A for C(Z) ® K, and let @, ,,: M(A) — B be the inductive limit map
from the nth copy of M(A) into B. Let L be a non-zero closed two-sided ideal in B, and

set

L, =95 (L) < M(A).

Then L,, is non-zero for some n. Since A is an essential ideal in M(A), also AN L, is
1ON-ZETO.

Take a non-zero element e in AN L,,. Then $(e) belongs to L, 1, hence Ag(e) C L1,
and so it follows from Proposition 5.2 (ii) that A C L, ;. Take now a full element f in
A C Lyy1. Then $(f) belongs to L,,o. It follows from Proposition 5.2 (i) that $(f) is full
in M(A) and therefore L, o = M(A). Hence L = B, and this shows that B is simple.

(ii). This is clear because the unit of M(A) is infinite.
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(iii). As in the proof of Proposition 5.2 (iv), set Qo = p1 and Q,, = P"(Qp) for n > 1.
Put Q =9, ((Qo) € B. It is shown in Proposition 5.2 (ii) that ¥ is injective, which implies
that ¥ o is injective, and hence () is non-zero. We show next that @ is finite.

Assume that @) were infinite. Then @ is properly infinite by Cuntz’ result (see Propo-
sition 2.1) because B is simple. Applying Proposition 2.3 to the sequence

QuM(A)Qo % QuM(A)Q1 o QM (A) Qs — - —— QBQ,

with the unital connecting maps \; = @[, m(4)q,, We obtain that @, is properly infinite
for all sufficiently large n. But this contradicts Proposition 5.2 (iv).

(iv). This follows from the fact that the multiplier algebra of a stable C*-algebra has
trivial K-theory (see [7, Proposition 12.2.1]). O

It follows from Proposition 4.5 (ii) and Proposition 5.2 (i) that the finite projection @ in
B (found in part (iii) above) satisfies

Q@Q ~ @oo,O(QO@QO) = @oo,(](pl @pl) r>\: @oo,(](g) :Eoo,l(so(g)) ~ 17

whence () & @ ~ 1 by Lemma 4.3. In other words, the corner C*-algebra Q) B(@) is unital,
finite, and simple, and My(QBQ) = B is infinite.

The C*-algebra B from Theorem 5.6 is not separable and not exact. To see the latter,
note that B(H), the bounded operators on a separable, infinite dimensional Hilbert space
H, can be embedded into M(A) = M(C(Z) ® K) and hence into B. As B(H) is non-
exact (see Wasserman [43, 2.5.4]) it follows from Kirchberg’s result that exactness passes
to sub-C*-algebras (see [43, 2.5.2]) that B is non-exact. We use the lemma below from [3]

to construct a non-exact separable example.

Lemma 5.7 (Blackadar) Let B be a simple C*-algebra and let X be a countable subset
of B. It follows that B has a separable, simple sub-C*-algebra By that contains X .

Corollary 5.8 There exists a unital, separable, non-exact, simple C*-algebra By such that

By contains an infinite and a non-zero finite projection.

Proof: Let B be as in Theorem 5.6. Let s be a non-unitary isometry in B and let ¢
be a non-zero finite projection in B. The universal C*-algebra, C*(FFy), generated by two
unitaries is separable and non-exact (see Wassermann [43, Corollary 3.7]). It admits an
embedding into M(C(Z) ® K) and hence into B. Let u,v € B be the images of the two
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(canonical) unitary generators in C*(F3). Use Lemma 5.7 to find a separable, simple, and
unital C*-algebra By that contains {u,v, s, q}.

Then B is infinite because it contains the non-unitary isometry s; and it contains the
finite projection ¢. Finally, By is non-exact because it contains the non-exact sub-C*-alge-
bra C*(u,v) = C*(FFy). O

6 A nuclear example

We show here that an elaboration of the construction in Section 5 yields a nuclear and
separable example of a simple C*-algebra with a finite and an infinite projection.

The construction requires that we make a specific choice for the injective map v: Z x
N — N from Section 5.

Let {A,}92, be a partition of the set N such that Ay = {1} and such that A, is infinite
for each » > 1. For each r > 1 choose an injective map v,: Z x A,_1 — A, and define

v:Z x N — N by:
v(g,t) = v:(3,1), reN tel 4, jEZ. (6.1)

Observe that
teN, <= v(jt) € Ay, j €. (6.2)

To see that v is injective assume that v(j,t) = v(i,s). Then v(j,t) = v(i,s) € A, for some
r > 1. Therefore both s and ¢ belong to A,_;. Now, ~,.(j,t) = v(j,t) = v(i,s) = v.(1, s),
which entails that (j,t) = (¢, s) by injectivity of ~,.

Let a; be as defined in Lemma 5.4 (wrt. the new choice of v). Let I'y C P(N) be the

family containing the one set {1}, and set
Pn-l—l = {aj(l) | Ie Fna ] € Z} - P(N>a

for n > 0. Set I' = |J;7,I's. Observe that each I € I is a finite subset of N.
Put Qy = p1 € A (cf. (4.1)) and put Q,, = "(Qo) € M(A) (where P is the endomor-
phism on M(A) defined in Section 5 above Proposition 5.2). It then follows by induction

from Lemma 5.5 that

Qn ~ @ jag n >0, (6.3)

Iely,

when p; € A is as defined in (4.2).
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Lemma 6.1 There is an injective function t: I' — N such that t(I) € I for all I € T'. It
follows in particular that
U1z

IeF
for all finite subsets F' of T.

Proof: Define ¢ recursively on each I',, as follows. For n = 0 we set t({1}) = 1. Assume
that ¢ has been defined on I',,_; for some n > 1. Then define ¢ on I',, by t(c; (1)) = v(j,t(1))
for I € I',_1 and j € Z. It follows from Lemma 5.4 that

tl) el = t(a;(1)) € oj(1), Iel, jelZ.

It therefore follows by induction that ¢(/) € I for all I € T

We show next that t(I) € A,, if I € I',. This is clear for n = 0. Let n > 1 and let
I €T, be given. Then I = a;(I’) for some I’ € I',,_; and some j € Z. It follows that
t(l) = t(a;(I") = v(j,t(I")). Hence t(I) € A, if t(I') € A,_1, cf. (6.2). Now the claim
follows by induction on n.

We proceed to show that t is injective. If I,J € I' are such that ¢(I) = t(.J), then
t(I) =t(J) € A, for some n, whence I, J both belong to I',,. It therefore suffices to show
that t|r, is injective for each n. We prove this by induction on n. It is trivial that ¢|r,
is injective. Assume that ¢|p, , is injective for some n > 1. Let I,J € T, be such that
t(I) =t(J). Then I = o;(I') and J = «;(J’) for some i, j € Z and some ', J' € I';,_;, and

v(i, t(I") = ti(I") = t(I) = t(J) = t(e; (J')) = v(5,t(J")).

Since v is injective we deduce that i = j and t(I') = t(J'). By injectivity of t|r,_, we
obtain I’ = J’, and this proves that [ = J. It has now been shown that t|r, is injective,

and the induction step is complete. O

Let g € A = C(Z,K) be a constant 1-dimensional projection, and let @), be as defined
above (6.3).

Lemma 6.2 For each natural number m we have

I QBB BQp in M(A).
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Proof: From (6.3) (and Lemma 4.2) we deduce that

QeQie - 8Q ~ P

Iel'gU---Ul'y,

The claim of the lemma now follows from Proposition 4.5 (i) together with Lemma 6.1.

O

As in Theorem 5.6 consider the inductive limit
M(A) Lo M(A) B M(A) E B, (6.4)

where A = C(Z) ® K. Let pion: M(A) — B be the inductive limit map (from the nth
copy of M(A)) for n > 0, and let p,,,: M(A) — M(A) be the connecting map from
the nth copy of of M(A) to the mth copy of M(A) for n < m, i.e., fiym, = @™ ™. The
endomorphism @ on M (A) extends to an automorphism « on B that satisfies (oo n(2)) =
toon(P(z)) for x € M(A) and all n € N. (The inverse of « is on the dense subset
Uzo:o foon(M(A)) of B given by ail(ﬂoom(x)) = Hoon+1(T).)

Put Ay = peoo(A) € B, put A, = a"(Ay) C B for all n € Z, and put

Dp=C"Ay, Apyr, .. Aoy Av1, Ay), D= D, (6.5)
n=1

It is shown in Lemma 6.6 below that each D,, is a type I C*-algebra, and so the C*-algebra D
is an inductive limit of type I algebras. In particular, D is nuclear and belongs to the UCT
class N. Moreover, D is a-invariant (by construction). Observe that A, _,, = oo n(@™(A))
for all non-negative integers m and n.

Put Q = oo o(p1) (= floon(®@r)) in D C B, and, as above, let g € A = C(Z,K) be a

constant 1-dimensional projection.

Lemma 6.3 The following two relations hold in D and in B:

(i) pooo(9) S QO Q.

(i) pooo(g) £ @;V:_N a?(Q) for all natural numbers N.

Proof: (i) follows immediately from Proposition 4.5 (ii).
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(ii). Assume, to reach a contradiction, that peoo(g) 3 Z;V:_N a?(Q) in B (or in D) for
some N € N. For j > —N we have

o(Q) = o (Ho0,0(Q0)) = & (00,8 (B (Q0))) = f1oe, v (7" (Q0))-

The relation i 0(g) 2 Ejvz_ ~ @ (Q) can therefore be rewritten as

oo, N (P EB,MOON in B.

By a standard property of inductive limits this entails that

N (@ @MMN 1(Qp)) in M(A),

for some M > N, or, equivalently,

2N ‘ N+M N+M N+M
) 3 PN = P v = P o = @ Q; inM(A
j=0 j=M-N j=M-N

Use now that g 3% (g) (which holds because p;(g) = g for j <0, cf. (5.3)) to conclude
that g = @N+M Q); in M(A), in contradiction with Lemma 6.2. O

Let C' be an arbitrary unital C*-algebra and let v be an automorphism on C.

Let K denote the compact operators on ¢*(Z) and let {e;;}ijez be a set of matrix
units for K. Define a unital injective *~homomorphism ¢: C' — M(C ® K) and a unitary
UeM([C®K) by

=N VO @ nns U= 1@epnp,  ceC,

ne” nez

(the sums converge strictly in M(C ® K)). It is easily seen that

Up(U" =(y(c)),  ceC,

so that ¢ extends to a representation {/; O %y Z — M(C ®K). The following standard
argument shows that the representation {E is faithful.

Put V; = >, 1®t e, € M(C®K) for t € T, and check that V; is a unitary
element that satisfies V;¢)(c)V;* = ¢(c) and V,UV,* =tU for allt € T. Let E: C %, Z —
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C' be the canonical faithful conditional expectation, and define F': Im(v)) — Im(y) by

F(z) = [ VizVi"dt. Then F(¢(x)) = ¢(E(x)) for all z € C %, Z. Now, if U(z) = 0 for
some positive element = in C' X, Z, then ¢(E(x)) = F(i(z)) = 0, whence E(z) = 0 (by
injectivity of ¥), and z = 0 (because FE is faithful).

Lemma 6.4 Let C' be a unital C*-algebra and let v be an automorphism on C. Suppose
that p,q are projections in C' such that

(i) p 3D, q in C for some natural number m, and
(i) p £ EB;.LN Y (q) for all natural numbers N.
Then q 1s not properly infinite in C ., Z.

Proof: It suffices to show that 1 (q) is not properly infinite in M(C ® K). Assume, to
reach a contradiction, that 1(¢) is properly infinite in M(C'®K). Then B, ¥(q) 3 ¥(q)
by Proposition 2.1. As ¢ ® ego < 1(q) we can use (i) to obtain

p®eo 3 Paen < Pl 3 vl = D V() ®e,

j=1 j=1 Jj=—00

in M(C ® K). By Lemma 4.4 this entails that
N
p®eoo 3 Z V(@) ®ej; mnCRK,
for some N € N, or, equivalently, that p = @;\27 ~7(g) in C, in contradiction with
assumption (ii). O
Returning now to our specific C*-algebra B from (6.4), Lemmas 6.3 and 6.4 imply that:

Lemma 6.5 The projection Q) = jtoo(p1) is not properly infinite in B %, Z.

Lemma 6.6 The C*-algebra D, = C*(A_,, A_p11,..., Ao, ..., An) is of type I for each
n € N.

Proof: Note first that
AA,, C Amin{n,m}a n,mec Z. (66)
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Indeed, we can assume without loss of generality that n < m, and then deduce
Ay Ay = 0 (1000 (AP™(A))) C 0" (fn00(A)) = Ap.
Since AN®™ ™(A) = {0} when n < m, cf. Proposition 5.2 (ii), it follows also that
A, N A, ={0}, n # m. (6.7)

Use (6.6) to see that the C*-algebra D,,,, generated by A,,, Api1,...,A,, for m < n, is
equal to
Dm,n =An+Ana+- -+ A+ A, (6.8)

(To see that the right-hand side of (6.8) is norm closed, use successively the fact that if £
is a C*-algebra, [ is a closed two-sided ideal in F/, and F' is a sub-C*-algebra of E, then
I + F is a sub-C*-algebra of E.) It follows from (6.6), (6.7), and (6.8) that we have a

decomposition series
0 < Afn < Dfn,fnJrl < Dfn,fn+2 < ---d Dfn,nfl < Dfn,n:Dn

for D,, and that each successive quotient is isomorphic to A = C'(Z) ® K. This proves that
D, is a type I C*-algebra. 0

Lemma 6.7 The crossed product C*-algebra D X, Z contains an infinite projection and
a non-zero projection which is not properly infinite. The C*-algebra D has no non-trivial

a"-invariant closed two-sided ideal for any non-zero integer n.

Proof: The projection @ = po(p1) belongs to Ay = peoo(A) C D, and it is non-zero

because fio o is injective (which again is because @ is injective). We have D C B and hence
QEDXL,ZCBX,Z.

Since @ is not properly infinite in B X, Z (by Lemma 6.5) it follows that () is not properly
infinite in D %, Z.

Put P = poo(g) € Ag C D, where g is a constant 1-dimensional projection in A =
C(Z,K). We have

9= 20(9) ~ Sowo(9)S5 < > Sis(9)S; = 2l9),

j=—o0
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cf. (5.3). Hence P = fi00(g) is equivalent to a proper subprojection of o o(@(g)). As
Hooo(P(9)) = a(pto0(g9)) ~ P in D X, Z we conclude that P is an infinite projection in
D %, 7.

Suppose that n is a non-zero integer (that we can take to be positive) and that I is
a non-zero closed two-sided a-invariant ideal in D. Then I N Dy, is non-zero for some

natural number k, cf. (6.5). As I is a"-invariant, I N a**(Dy,) is non-zero, and
Ozkn(Dkn) = C*(AQ, Al, ce 7A2kn) = Hoo,0 (C*(A,a(A), NP ,¢2kn(14)))

Because Ay = pio0(A) is an essential ideal in a*"(Dy,,) it follows that I N Ay is non-zero.
Take a non-zero element f in I N Ap, and write f = 0 0(fo) for some non-zero element f;
in A. Use Proposition 5.2 (iii) to conclude that

A f = poom (AB™(f0))

is full in oo m(A) = A_,,, and hence that A_,, C I, for every natural number m. Since
I is o"-invariant, A_,, 4., = a"(A_,,) C I for all m € N and all » € Z. This shows that
A,, C I for all m, which finally entails that I = D. 0

We remind the reader of the notion of properly outer automorphism introduced by Elliott
in [19]:

Definition 6.8 An automorphism v on a C*-algebra FE is called properly outer if for every
non-zero ~y-invariant closed two-sided ideal I of E and for every unitary « in M (/) one has

|v|lr — Adw|| = 2 (the norm is the operator norm).

Olesen and Pedersen list in [34, Theorem 6.6] eleven conditions on an automorphism 7 that
all are equivalent to 7 being properly outer. We shall use the following sufficient (but not
necessary) condition for being properly outer: If £ has no non-trivial y-invariant ideals
and if y(p) » p for some projection p in E, then ~y is properly outer. To see this, note first
that p ~ upu* = (Adu)(p) for every unitary v in M(FE) (the equivalence holds relatively
to E). We therefore have v(p) » (Adu)(p), whence ||y(p) — (Adu)(p)|| = 1. This shows
that ||y — Adu|| > 1 for all unitaries v in M(E), whence ~ is properly outer (by (ii) <
(iii) of [34, Theorem 6.6]).

(One can argue along another line by taking an approximate unit {e,} for E, such that
ex > p for all A\, and set £, = 2p —ey. Then z, is a contraction in F for all A\, and one can
check that limy . ||7(zx) — (Adu)(zy)|| = 2, thus showing directly that ||y — Adul|| = 2

for all unitaries v in M(E) whenever v(p) ~ p for some projection p in F.)
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More generally, ~ is properly outer if for each non-zero v-invariant ideal I of E there is

a projection p in I such that y(p) ~ p.
Lemma 6.9 The automorphism o™ on D 1is properly outer for every non-zero integer n.

Proof: We know from Lemma 6.7 that D has no a"-invariant ideals (when n # 0), so the
lemma will follow from the claim (verified below) that a™(Q) ~ @ for all n # 0 (where @
is as in Lemma 6.3).

Assume, to reach a contradiction, that a™(Q) ~ @ for some non-zero integer n (that
we can take to be positive). Then, by Lemma 6.3 (i), peoo(9) S QB Q ~ Q & a™(Q) 3

~Y

@?:0 a/(Q) in D, in contradiction with Lemma 6.3 (ii). O
We now have all ingredients to prove our main result:

Theorem 6.10 There is a separable C*-algebra D and an automorphism o« on D such
that:

(i) D is an inductive limit of type I C*-algebras.
(ii) D x4 Z is simple and contains an infinite and a non-zero finite projection.

(i) D X4 Z is nuclear and belongs to the UCT class N

Proof: Let D be the C*-algebra and let v the automorphism on D defined in (and above)
(6.5). Since D is the union of an increasing sequence of sub-C*-algebras D,, (cf. (6.5)) and
each D,, is of type I (by Lemma 6.6), we conclude that D is an inductive limit of type I
C*-algebras, and hence that the crossed product D x Z is nuclear, separable, and belongs
to the UCT class \V.

Since D has no non-trivial a-invariant ideals (by Lemma 6.7) and o™ is properly outer
for all n # 0 (by Lemma 6.9), it follows from Olesen and Pedersen, [34, Theorem 7.2], (a
result that extends results from Elliott, [19], and Kishimoto, [31]) that D X, Z is simple.
By simplicity of D X, Z, the (non-zero) projection ), which in Lemma 6.7 is proved to be
not properly infinite, must be finite in D %, Z, cf. Proposition 2.1. The existence of an

infinite projection in D X, Z follows from Lemma 6.7, and this completes the proof.  [J

7 Applications of the main results

We begin by listing some corollaries to Theorems 5.6 and 6.10.
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Corollary 7.1 There is a nuclear, unital, separable, infinite, simple C*-algebra A in the
UCT class N such that A is not purely infinite.

Proof: Take the C*-algebra D x, Z from Theorem 6.10, and take a properly infinite
projection p and a non-zero finite projection ¢ in that C*-algebra. Then ¢ ~ ¢y < p for
some projection go in D X, Z by Lemma 2.2. Hence A = p(D X, Z)p is infinite; and A is

not purely infinite because it contains the non-zero finite projection qq. O

Corollary 7.2 There is a nuclear, unital, separable, finite, simple C*-algebra A that is

not stably finite, and hence does not admit a tracial state (nor a non-zero quasitrace).

Proof: Take the C*-algebra £ = D %, Z from Theorem 6.10 and a non-zero finite pro-
jection ¢ in E. Put A = qFEq. Then A is finite, simple, and unital. Since AQ X = E® K
we conclude that A ® K (and hence M,,(A) for some large enough n) contains an infinite
projection, so A is not stably finite.

Every simple, infinite C*-algebra is properly infinite, so M, (A) is properly infinite. No
properly infinite C*-algebra can admit a non-zero trace (or a quasitrace), so M, (A), and

hence A, do not admit a tracial state (nor a non-zero quasitrace). OJ

A C*-algebra A is said to have the cancellation property if the implication
PEr~qgdr = p~gq (7.1)

holds for all projections p,q,r in A ® K. It is known that all C*-algebras of stable rank
one have the cancellation property and that no infinite C*-algebra has the cancellation
property. There is no example of a stably finite, simple C*-algebra which is known not
to have the cancellation property (but Villadsen’s C*-algebras from [42] are candidates).
A C*-algebra A is said to have the weak cancellation property if (7.1) holds for those
projections p,q,r in A ® K where p and g generate the same ideal of A.

Corollary 7.3 There is a nuclear, unital, separable, simple C*-algebra A that does not

have the weak cancellation property.

Proof: Take A as in Corollary 7.1, and take a non-zero finite projection ¢ in A. Since A
is properly infinite, we can find isometries sy, s, in A with orthogonal range projections;

cf. Proposition 2.1. Put p = s1¢s] + (1 — s1s7). Then p is infinite because sgs5 < p, and
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so p = q (because ¢ is finite). On the other hand, ¢ and p generate the same ideal of
A—mnamely A itself—and

pel — (51q8»{+(1_813*{))@1 ~ 51q8; D (1 — s18]) D sys] ~ q@ 1.

O

It was shown in [30, Theorem 9.1] that the following implications hold for any separable
C*-algebra A and for any free filter w on N:

A is purely infinite = A is weakly purely infinite
<— A, is traceless

—> A is traceless,

and the first three properties are equivalent for all simple C*-algebras A. (A C*-algebra is
here said to be traceless if no algebraic ideal in A admits a non-zero quasitrace. See [30]
for the definition of being weakly purely infinite.) It was not known in [30] if the reverse
of the third implication holds (for simple or for non-simple C'*-algebras), but we can now

answer this in the negative:

Corollary 7.4 Let w be any free filter on N. There is a nuclear, unital, separable, simple
C*-algebra A which is traceless, but where (>°(A) and A, admit non-zero quasitraces defined

on some (possibly non-dense) algebraic ideal.

Proof: Take A as in Corollary 7.2. Then A is algebraically simple and A admits no
(everywhere defined) non-zero quasitrace. Hence A is traceless in the sense of [30]. Because
A is simple and not purely infinite, A, cannot be traceless. Since A, is a quotient of £>°(A),

the latter C*-algebra cannot be traceless either. O

Kirchberg has shown in [26] (see also [39, Theorem 4.1.10]) that every exact simple C*-
algebra which is tensorially non-prime (i.e., is isomorphic to a tensor product D; ® Do,
where Dy and D, both are simple non-type I C*-algebras) is either stably finite or purely
infinite. Liming Ge has proved in [21] that the II;-factor £(FFy) is (tensorially) prime (in
the von Neumann algebra sense), and it follows easily from this result that the C*-algebra
Cr 4(Fy) is tensorially prime. We can now exhibit a simple, nuclear C*-algebra that is

tensorially prime:

Corollary 7.5 The C*-algebra D X, Z from Theorem 6.10 is simple, separable, nuclear,

and tensorially prime, and so is p(D X, Z)p for every non-zero projection p in D X, Z.
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Proof: The C*-algebra D %, Z is simple, separable, nuclear; cf. Theorem 6.10. It is not
stably finite because it contains an infinite projection, and it is not purely infinite because
it contains a non-zero finite projection. The (unital) C*-algebra p(D X, Z)p is stably
isomorphic to D X, Z and is hence also simple, separable, nuclear, and neither stably finite
nor purely infinite. It therefore follows from Kirchberg’s theorem (quoted above) that these

C*-algebras must be tensorially prime. O

Villadsen’s C*-algebras from [41] and [42] are, besides being simple and nuclear, probably
also tensorially prime (although to the knowledge of the author this has not yet been
proven). Jiang and Su have in [25] found a non-type I, unital, simple C*-algebra Z for
which A 2 A ® Z is known to hold for a large class of well-behaved simple C*-algebras
A, such as for example the irrational rotation C*-algebras and more generally all C*-alge-
bras that are covered by a classification theorem (cf. [20] or [39]). Such C*-algebras A are
therefore not tensorially prime.

The real rank of the C*-algebras found in Theorems 5.6 and 6.10 have not been de-
termined, but we guess that they have real rank > 1. That leaves open the following

question:

Question 7.6 Does there exist a (separable) unital, simple C*-algebra A such that A

contains an infinite and a non-zero finite projection, and such that:
(i) A is of real rank zero?
(ii) A is both nuclear and of real rank zero?

It appears to be difficult (if not impossible) to construct simple C*-algebras of real rank
zero that exhibit bad comparison properties; cf. Remark 7.8 below.

George Elliott suggested the following:

Question 7.7 Does there exist a (separable), (nuclear), unital, simple C*-algebra A such

that all non-zero projections in A are infinite but A is not purely infinite?

If Question 7.7 has affirmative answer, and A is a unital, simple C*-algebra whose non-zero
projections are infinite and A is not purely infinite, then the real rank of A cannot be zero.
Indeed, a simple C*-algebra is purely infinite if and only if it has real rank zero and all its

non-zero projections are infinite.

Remark 7.8 (Comparison and dimension ranges) Suppose that A is a unital, sim-

ple, infinite C*-algebra with a non-zero finite projection e. By simplicity of A there is a

31



natural number k such that 1 T e@e® --- @ e (with k copies of e). Let sq,55,... be a
sequence of isometries in A with orthogonal range projections; cf. Proposition 2.1. Letting

[p] denote the Murray—von Neumann equivalence class of the projection p, we have
n[l] = [s18] + s285 + -+ - + spsy] < [1] < kle]

for every natural number n. But [1] £ [e] because e is finite and 1 is infinite.

This shows that if A is a simple C*-algebra with a finite and an infinite projection, then
the semigroup D(A) of Murray—von Neumann equivalence classes of projections in A ® K
is not weakly unperforated.

(An ordered abelian semigroup (S, +, <) is said to be weakly unperforated if
Vg,he SVneN:ng<nh = g<h.

The order structure on D(A) is the algebraic order given by g < h if and only if h = g+ f
for some f in D(A).)

Villadsen showed in [41] that Ky(A), and also the semigroup D(A), of a simple, stably
finite C*-algebra A can fail to be weakly unperforated. The present article is a natural
continuation of Villadsen’s work to the stably infinite case.

Let (S,+) be an abelian semigroup with a zero-element 0. An element g € S is called
infinite if g + r = g for some non-zero x € S, and g is called finite otherwise. The
sets of finite, respectively, infinite elements in S are denoted by Sj, and Si. One has
S = Sgn I Sipr and S + Siue € Sine, but the sum of two finite elements can be infinite.

It is standard and easy to see that the finite and infinite elements in the semigroup

D(A) are given by

Din(A) = {[f]: f is a finite projection in A ® K},
Dint(A) = {[f]: f is an infinite projection in A ® K}.

If A is a simple C*-algebra that contains an infinite projection, then the Grothendieck
map v: D(A) — Ky(A) restricts to an isomorphism Diye(A) — Ko(A) as shown by Cuntz
in [16, Section 1]. We can therefore identify Dj,s(A) with Ky(A), in which case we can
write

D(A) = Dya(A) IT Ko(A).

Note that [0] belongs to Dg,(A), and that Dg,(A) = {[0]} if and only if all non-zero

projections in A ® IC are infinite. One can therefore detect the existence of non-zero finite
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elements in A ® K from the semigroup D(A); and Ky(A) contains all information about
D(A) if and only if all non-zero projections in A ® K are infinite.

In general, when A is simple and contains both infinite and non-zero finite projections,
then Dg,(A) can be very complicated and large. One can show that Dg,(B) is uncountable,
when B is as in Theorem 5.6. We have no description of D(A), when A = D X, Z from
Theorem 6.10.

We remark finally, that if A is simple and if g is a non-zero element in Dg,(A), then
ng € Din(A) for some n € N. In other words, Dj,r(A) eventually absorbs all non-zero
elements in D(A).

The example found in Theorem 6.10 provides a counterexample to Elliott’s classification
conjecture (see for example [20]) as it is formulated (by the author) in [39, Section 2.2].

The conjecture asserts that
(Ko(A), Ko(A)", [Lalo, K1(A), T(A), 741 T(A) — S(Ko(A))) (7.2)

is a complete invariant for unital, separable, nuclear, simple C*-algebras. If A is stably
infinite (i.e., if A®K contains an infinite projection), then Ky(A)" = Ko(A) and T'(A) = 0.
The Elliott invariant for unital, simple, stably infinite C*-algebras therefore degenerates to
the triple (Ko(A), [1a]o, K1(A)). (We say that (Ko(A), [L4]o, K1(A)) = (Gy, go, Gy) if there
are group isomorphisms og: Ko(A) — Gy and «a;: K(A) — Gy such that ag([1a]o) = go.)

Corollary 7.9 There are two non-isomorphic nuclear, unital, separable, simple, stably
infinite C*-algebras A and B (both in the UCT class N') such that

(Ko(A), [1ao, Ki(A)) = (Ko(B), [18]o, Ki(B)).

Proof: Take the C*-algebra A from Corollary 7.1. It follows from [36, Theorem 3.6] that
there is a nuclear, unital, separable, simple, purely infinite C'*-algebra B in the UCT class
N such that

(Ko(A), [Lalo, K1(A)) = (Ko(B), [15]o, K1(B))-

Since B is purely infinite and A is not purely infinite, we have A 2 B. 0

One can amend the Elliott invariant by replacing the triple (Ko(A), Ko(A)™, [1a]o) (for
a unital C*-algebra A) with the pair (D(A),[l4]), cf. Remark 7.8 above, where D(A)
carries the structure of a semigroup. In the unital, stably infinite case, the amended
invariant will then become (D(A), [14], K1(A)). (Since Ky(A) is the Grothendieck group
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of D(A), and Ky(A)", respectively, [14]o, are the images of D(A), respectively, [1 4], under
the Grothendieck map y: D(A) — Ky(A), one can recover (Ky(A), Ko(A)T,[1a]o) from
(D(4), [14).)

The invariant (D(A),[14]) can detect if A has a non-zero finite projection, cf. Re-
mark 7.8; and the triples (D(A), [14], K1(A)) and (D(B),[15], K1(B)) are therefore non-
isomorphic, when A and B are as in Corollary 7.9. We have no example to show that
(D(A),[1a], K1(A)) is not a complete invariant for nuclear, unital, simple, separable,
stably infinite C*-algebras. On the other hand, there is no evidence to suggests that
(D(A), [14], K1(A)) indeed is a complete invariant for this class of C*-algebras.

The Elliott conjecture can also be amended by restricting the class of C'*-algebras that
are to be classified. One possibility is to consider only those unital, separable, nuclear,
simple C*-algebras A for which A =2 A ® Z where Z is the Jiang—Su algebra (see the
comment below Corollary 7.5). It seems plausible that the Elliott invariant (7.2) actually
is a complete invariant for this class of C'*-algebras; and one could hope that the condition
A= A® Z has an alternative intrinsic equivalent formulation, for example in terms of the

existence of sufficiently many central sequences.

Remark 7.10 (A non-simple example) Examples of non-simple unital C*-algebras A,
such that A is finite and M, (A) is infinite, have been known for a long time. Such examples
were independently discovered by Clarke in [9] and by Blackadar (see Blackadar [7, Exercise

6.10.1]): One such example is obtained by taking a unital extension

0—=K A——=C(S?) —=0

with non-zero index map §: K;(C(S?)) — Ky(K). Then A is finite and My(A) is infinite.

The proof uses that any isometry or co-isometry s in A (or in a matrix algebra over
A) is mapped to a unitary element v in (a matrix algebra over) C(S®); and every unitary
w in M,(C(S?)) lifts to an isometry or a co-isometry s in M, (A). Moreover, the isometry
or co-isometry s is non-unitary if and only if the unitary element u has non-zero index.
The unitary group of C'(S?) is connected, so all unitaries here have zero index. Hence
A contains no non-unitary isometry, so A is finite. By construction of the extension, the
generator of K(C(S%)), which is a unitary element in My(C(S?)), has non-zero index, and
so it lifts to a non-unitary isometry or co-isometry in Ms(A), whence Ms(A) is infinite.

The C*-algebra M5(A) is not properly infinite since the quotient, My(A)/My(K) =
My (C(S?)), is finite.
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An example of a unital, finite, (non-simple) C*-algebra A such that M(A) is properly

infinite was found in [38].

Remark 7.11 (Inductive limits) Suppose that

Bl BQ Bg ttt B

is an inductive limit with unital connecting maps, and that B is a simple C'*-algebra such
that B is finite and My (B) is infinite. Then My (B) is properly infinite, and it follows from
Proposition 2.3 that B, is finite and My(B,,) is properly infinite for all sufficiently large n.
It is therefore not possible to construct an example of a simple C*-algebra, which is finite,
but not stably finite, by taking an inductive limit of C'*-algebras arising as in the example
described in Remark 7.10.

Remark 7.12 (Free products) Let B be a simple, unital C*-algebra such that B is

finite and M, (B) is infinite. Then we have unital *-homomorphisms
$1: M2<C>HMQ<B)7 P2 OOOHM2<B)>

such that ¢1(e) is a finite projection in My(B) whenever e is a one-dimensional projection
in My(C).

The existence of B (already obtained in the non-simple case in [38]) shows that the
image of e in the universal unital free product C*-algebra Ms(C) x O is not properly
infinite.

It is tempting to turn this around and seek a simple C*-algebra A with a finite and an
infinite projection by defining A to be a suitable free product of M5(C) and O,,. However,
the universal unital free product M(C) x Oy is not simple. The reduced free product
C*-algebra

(A, p) = (M2(C), p1) * (Ocs, p2),

with respect to faithful states p; and po, is simple (at least for many choices of the states
p1 and py, see for example [2]) and properly infinite, but no non-zero projection e in My(C)
is finite in A. The Cuntz algebra O, contains a sequence of non-zero mutually orthogonal
projections, and it therefore contains a projection f with ps(f) < p1(e). Now, e and f are
free with respect to the state p and p(f) < p(e). This implies that f = e (see [1]), and
therefore e must be infinite.

It is shown in [18] that reduced free product C*-algebras often have weakly unperforated

Ky-groups, which is another reason why this class of C'*-algebras is unlikely to provide an
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example of a simple C*-algebra with finite and infinite projections; cf. Remark 7.8.

We conclude this article by remarking that ring theorists for a long time have known about
finite simple rings that are not stably finite:

Remark 7.13 (An example from ring theory) A unital ring R is called weakly finite
if zy = 1 implies yz = 1 for all z,y in R, and R is called weakly n-finite if M, (R) is weakly
finite. (A finite ring is a ring with finitely many elements!) A (unital) non-weakly finite
simple ring R is properly infinite in the sense that there are idempotents e, f in R such
that 1 ~ e~ f and ef = fe = 0. (Equivalence of idempotents is given by e ~ f if and
only if e = zy and f = yz for some x,y in R.)

An example of a unital, simple ring which is weakly finite but not weakly 2-finite was
constructed by P. M. Cohn as follows:

Take natural numbers 2 < m < n and consider the universal ring V,, ,, generated by
2mn elements {z;;} and {y;;}, ¢ = 1,...,m and j = 1,...,n, satistying the relations
XY =1, and YX = [, where X = (z;5) € My, ,(R), Y = (yi;) € M,n(R), and I,
and [,, are the units of the matrix rings M,,(R) and M,(R). The rings M,,(V,,,) and
M,, (Vi) are isomorphic and M, (V) is not weakly finite. Therefore M,,(V,,,) is not
weakly finite. In other words, V;,, is not weakly m-finite.

It is shown by Cohn in [11, Theorem 2.11.1] (see also the remarks at the end of Sec-
tion 2.11 of that book) that V,,,,, is a so-called (m — 1)-fir, and hence a 1-fir; and a ring
is a 1-fir if and only if it is an integral domain (i.e., if it has no non-zero zero-divisors).
Cohn proved in [10] that every integral domain embeds into a simple integral domain. In
particular, V,, , is a subring of a simple integral domain R,,,, whenever 2 < m < n. Now,
R, is weakly finite (an integral domain has no idempotents other than 0 and 1 and must
hence be weakly finite), and R, ,, is not weakly m-finite (because it contains V,, ,,).

This example cannot in any obvious way be carried over to C*-algebras, first of all

because no C*-algebra other than C is an integral domain.

References

[1] J. Anderson, B. Blackadar, and U. Haagerup, Minimal projections in the reduced group
C*-algebra of Zy * Ly, J. Operator Theory 26 (1991), 3-23.

[2] D. Avitzour, Free products of C*-algebras, Trans. Amer. Math. Soc. (1982), 423-465.

[3] B. Blackadar, Weak expectations and nuclear C*-algebras, Indiana Univ. J. Math. 27 (1978),
1021-1026.

36



[4]

[5]
[6]

[7]

, A simple C*-algebra with no non-trivial projections, Proc. Amer. Math. Soc. 78
(1980), 504-508.

, A simple unital projectionless C*-algebra, J. Operator Theory 5 (1981), 63-71.

—, Shape theory for C*-algebras, Math. Scand. 56 (1985), no. 2, 249-275.

, K-Theory for Operator Algebras, MSRI Monographs, vol. 5, Springer Verlag, Berlin
and New York, 1986.

B. Blackadar and J. Cuntz, The stucture of stable algebraically simple C*-algebras, American
J. Math. 104 (1982), 813-822.

N. Clarke, A finite but not stably finite C*-algebra, Proc. Amer. Math. Soc. 96 (1966), 85-88.

P. M. Cohn, Simple rings without zero divisors, and Lie division rings, Mathematika 6
(1959), 14-18.

, Free rings and their relations, second ed., Academic Press Inc. [Harcourt Brace
Jovanovich Publishers|, London, 1985.

A. Connes, An analogue of the Thom isomorphism for crossed products of a C*-algebra by
an action of R, Advances in Math. 39 (1981), 31-55.

J. Cuntz, Simple C*-algebras generated by isometries, Comm. Math. Phys. 57 (1977), 173~
185.

, The structure of multiplication and addition in simple C*-algebras, Math. Scand.
40 (1977), 215-233.

, Dimension functions on simple C*-algebras, Math. Ann. 233 (1978), 145-153.

, K-theory for certain C*-algebras, Ann. of Math. 113 (1981), 181-197.

, The internal structure of simple C*-algebras, Operator algebras and applications
(Providence) (R. V. Kadison, ed.), Proc. Symp. Pure Math., vol. 38, Amer. Math. Soc.,
1981, pp. 85-115.

K. J. Dykema and M. Rgrdam, Projections in free product C*-algebras, Geom. Funct. Anal.
8 (1998), 1-16.

G. A. Elliott, Some simple C*-algebras constructed as crossed products with discrete outer
automorphism groups, Publ. Res. Inst. Math. Sci. 16 (1980), no. 1, 299-311, Kyoto Univer-

sity. Research Institute for Mathematical Sciences. Publications.

37



[20]

[21]

[31]

32]

, Are amenable C*-algebras classifiable?, Representation Theory of Groups and Al-
gebras, vol. 145, Amer. Math. Soc, Providence RI., 1992.

L. Ge, Application of free entropy to finite von Neumann algebras, II, Ann. Math. (2) 147
(1998), no. 1, 143-157.

J. Glimm, On a certain class of operator algebras, Trans. Amer. Math. Soc. 95 (1960),
318-340.

U. Haagerup, Fvery quasi-trace on an exact C*-algebra is a trace, preprint, 1991.

D. Husemoller, Fibre Bundles, 3rd. ed., Graduate Texts in Mathematics, no. 20, Springer
Verlag, New York, 1966, 1994.

X. Jiang and H. Su, On a simple unital projectionless C*-algebra, American J. Math. 121
(1999), no. 2, 359-413.

E. Kirchberg, The classification of Purely Infinite C*-algebras using Kasparov’s Theory, in

preparation.

, On the existence of traces on exact stably projectionless simple C*-algebras, Operator
Algebras and their Applications (P. A. Fillmore and J. A. Mingo, eds.), Fields Institute
Communications, vol. 13, Amer. Math. Soc., 1995, pp. 171-172.

, Das mnicht-kommutative Michael-Auswahlprinzip und die Klassifikation nicht-
einfacher Algebren, C*-algebras (Berlin), Springer, 2000, (Miinster, 1999), pp. 92-141.

E. Kirchberg and M. Rgrdam, Non-simple purely infinite C'*-algebras, American J. Math.
122 (2000), 637-666.

, Infinite non-simple C*-algebras: absorbing the Cuntz algebra Os, Advances in
Math. 167 (2002), no. 2, 195-264.

A. Kishimoto, Outer Automorphisms and Reduced Crossed Products of Simple C*-algebras,
Comm. Math. Phys. 81 (1981), 429-435.

E. C. Lance, Hilbert C*-modules—A toolkit for operator algebraists, London Math. Soc.—
Lecture notes Series, no. 210, Cambridge University Press, 1995.

J. W. Milnor and J. D. Stasheff, Characteristic classes, Annals of Mathematics Studies,

no. 76, Princeton University Press, Princeton, New Jersey, 1974.

D. Olesen and G. K. Pedersen, Applications of the Connes Spectrum to C*-dynamical Sys-
tems, 111, J. Funct. Anal. 45 (1981), no. 3, 357-390.

38



[35]

[36]

[37]

[41]

[42]

[43]

N. C. Phillips, A Classification Theorem for Nuclear Purely Infinite Simple C*-Algebras,
Documenta Math. (2000), no. 5, 49-114.

M. Rgrdam, Classification of certain infinite simple C*-algebras, J. Funct. Anal. 131 (1995),
415-458.

, Stability of C*-algebras is not a stable property, Documenta Math. 2 (1997), 375—
386.

, On sums of finite projections, Operator algebras and operator theory (Shanghai,
1997), Amer. Math. Soc., Providence, RI, 1998, pp. 327-340.

, Classification of Nuclear, Simple C*-algebras, Classification of Nuclear C*-Algebras.

Entropy in Operator Algebras (J. Cuntz and V. Jones, eds.), vol. 126, Encyclopaedia of
Mathematical Sciences. Subseries: Operator Algebras and Non-commutative Geometry, no.
VII, Springer Verlag, Berlin, Heidelberg, 2001, pp. 1-145.

M. Rgrdam, F. Larsen, and N. J. Laustsen, An introduction to K-theory for C*-algebras,
London Mathematical Society — Student Texts, vol. 49, Cambridge University Press, Cam-
bridge, 2000.

J. Villadsen, Simple C*-algebras with perforation, J. Funct. Anal. 154 (1998), no. 1, 110-116.

, On the stable rank of simple C*-algebras, J. Amer. Math. Soc. 12 (1999), no. 4,
1091-1102.

S. Wassermann, Ezact C*-algebras and related topics, Lecture Notes Series, vol. 19, Seoul
National University, Research Institute of Mathematics, Global Analysis Research Center,
Seoul, Korea, 1994.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOUTHERN DENMARK, ODENSE,
CAMPUSVEJ 55, 5230 ODENSE M, DENMARK

E-mail address: mikael@imada.sdu.dk

Internet home page: www.imada.sdu.dk/ mikael/

39



