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Auto-Stati
 for the People:Risk-Minimizing Hedges of Barrier OptionsAbstra
tWe present and test a method for 
omputing risk-minimizing stati
 hedge strate-gies. The method is straightforward, yet �exible with respe
t to the type of 
on-tingent 
laim being hedged, the underlying asset dynami
s, and the 
hoi
e of risk-measure and hedge instruments. Extensive numeri
al 
omparisons for barrier op-tions in a model with sto
hasti
 volatility and jumps show that the resulting hedgesoutperform previous suggestions in the literature. We also demonstrate that therisk-minimizing stati
 hedges work in an in�nite intensity Levy-driven model, anda number of 
ontrolled experiments illustrate that hedge performan
e is robust tomodel risk.Key words: Risk-minimization, stati
 hedge, barrier option, Bates model, NIGmodel, model risk.AMS subje
t 
lassi�
ation: 91B28, 91B30JEL 
lassi�
ation: G13, C611 Introdu
tionHedging and risk-managing positions in over-the-
ounter traded exoti
 options is at the
ore of every bank's trading desk � and hen
e a 
entral 
on
ern for the whole bank.With liquid markets for ex
hange traded plain vanilla options (standard European put-and 
all options in equity and foreign ex
hange, 
aps and swaptions for interest rates),these produ
ts are typi
ally viewed by traders and other market parti
ipants as �prim-itives� rather than �derivatives,� and thus used in hedge portfolios for exoti
 options.2



How to optimally hedge exoti
 options with plain vanilla options is the fo
us of thispaper. Of parti
ular relevan
e for su
h a study are barrier options � sometimes 
alled�1st generation exoti
s� � be
ause many exoti
 options 
an be de
omposed into barrieroptions; see Wystup (2007) for des
riptions and de
ompositions of 
ommon stru
turesin foreign ex
hange markets. In the 1990's1 Peter Carr, Emanuel Derman and various
o-authors showed that in the Bla
k-S
holes model there are simple ways to 
onstru
tportfolios of plain vanilla options that perfe
tly mat
h the payo� from barrier optionswithout the need for dynami
 adjustments; one sets up the portfolio at initiation, mon-itors when the barrier option expires or is kno
ked out, and then unwinds the portfolioof vanilla options. Sin
e then, su
h stati
 hedges have been studied extensively in theliterature. Most works take outset in the results and te
hniques from the basi
 Bla
k-S
holes framework, whi
h are then tweaked and extended. Andersen, Andreasen &Eliezer (2002) show that by using plain vanilla options along both the strike and theexpiry dimension, perfe
t stati
 hedging of barrier options is possible in models that 
om-bine jumps and lo
al volatility and Fink (2003) shows that the same works for sto
hasti
volatility models. Nalholm & Poulsen (2006) demonstrate that perfe
t stati
 hedging isgenerally impossible if there are both jumps and sto
hasti
 volatility and investigate thehow well di�erent approximations work, Takahashi & Yamazaki (2008) use Markovianproje
tion to obtain (non-perfe
t) stati
 hedges in sto
hasti
 volatility models, and Carr& Lee (2008) �nd perfe
t stati
 hedges in a variety of models with symmetry properties.In this paper we take new, general, and � we believe � natural approa
h to hedgingexoti
 options with plain vanilla options. The method and the properties of the hedge1Early papers are Carr, Ellis & Gupta (1998) and Derman, Ergener & Kani (1995); a re
ent surveyis Poulsen (2006). Carr used symmetry to prove equivalen
e between barrier options and 
ertain simple
laims, whi
h are then repli
ated by di�erent-strike 
alls and puts. Derman des
ribed a numeri
almethod that uses options with di�erent expiries, and is very easy to understand.3



portfolios are des
ribed in detail in Se
tion 2, but the basi
 idea is simply this: supposethe exoti
 option we want to hedge has the payo� P at the stopping time τ , and let
H = (H1, . . . , HM) be the time-τ value of some plain vanilla options used as hedginginstruments. Given a loss fun
tion u that spe
i�es our risk-measure (for instan
e u(x) =

x2 or u(x) = x+), 
hoose the hedge weights c that minimize
E[u(P −H · c)] (1)subje
t to 
onstraints on the portfolio weights and the 
ost of the portfolio; su
h 
on-straints are linear by nature. Perform the minimization by the sample average method:generate N independent samples (P (n), H(n)), approximate E[u(P −H · c)] by

1

N

N∑

n=1

u(P (n) −H(n) · c),and minimize this expression numeri
ally subje
t to the 
onstraints; when u is 
onvexthis is an easy numeri
al problem.Some sour
es do take a minimization or regression approa
h to stati
 hedging; ex-amples are Dupont (2001), Allen & Padovani (2002), and Pellizzari (2005). However,
ompared to the te
hniques and investigations in this paper, those studies are limitedby 
onsidering some 
ombination of (i) only the quadrati
 
riteria, (ii) e�e
tively un
on-strained portfolios, and (iii) only the Bla
k-S
holes model.Besides the �exibility regarding the 
hoi
e of risk-measure and the 
on
eptual, math-emati
al, and numeri
al simpli
ity illustrated by the 10-line des
ription above, this wayof 
onstru
ting hedge portfolios has several other advantages. First, real markets are not
omplete, so exoti
 options 
annot be perfe
tly hedged; stati
ally or otherwise. Contraryto previous 
onstru
tions of stati
 hedges, the risk-minimizing approa
h gives an ex-antemeasure of the residual risk of the hedge. It even provides a full (
ost, risk)-pro�le; an ef-�
ient frontier. Se
ond, the 
onstru
tion does only use the available hedge instruments,4



so there is no need for ad ho
 �operationalization� of the optimal hedge. Third, theproposed method is truly general with respe
t to the dynami
s of the underlying; themethod also applies in in�nite intensity Levy models, something no previously suggestedte
hnique does. And there are no hidden assumptions (su
h as Markovianity, 
ontinuityor zero-
orrelation) that 
ause it to break down or yield only trivial results.In our experiments we 
onsider four di�erent risk measures: quadrati
 (u(x) = x2),positive part (u(x) = x+), value-at-risk and expe
ted shortfall. The two latter 
ases donot immediately present themselves in the form of (1), but given the samples (P (n), H(n))we 
an never the less 
ompute the risk-minimizing hedge strategies by solving minimiza-tion problems.We investigate the performan
e of the stati
 hedge strategies on up-and-out 
all-options using European 
all-options as hedging instruments. Be
ause the 
orrespondingplain vanilla 
all is in-the-money when the barrier option kno
ks out this a 
hallenginghedging problem. But it is also the most relevant test for pra
ti
al purposes: the largesttrading volume in barrier options is in su
h �reverse� or �live-out� options.2The method we propose easily reprodu
es any stati
 hedge portfolio based on Bla
k-S
holes assumptions, and we show that in a more 
omplex model � the Bates model withsto
hasti
 volatility and jumps � it gives hedge portfolios with superior performan
e tothose re
ently suggested in the literature. This experiment also highlights the importan
eof being able to handle the 
ost/risk trade-o�, and that no universally optimal stati
hedge strategy exists; it depends on whi
h risk-measure is used.We end the paper by looking at model risk aspe
ts through two gedankenexperimente.2Banks regard pri
es and positions for barrier as proprietary information, and guard it tightly, sospe
i�
 numbers are hard to 
ome by. However, Danske Bank (the largest Danish bank) have revealedto us that about 70% of the 
urren
y barrier options they had on their books in 2004 and 2005 were ofreverse type. 5



These demonstrate that (i) it is bene�
ial (but not 
ru
ial) to take into a

ount the jointdynami
s of state variables and plain vanilla options (�both P and Q matter�), (ii) theperforman
e of the risk-minimizing stati
 hedges is robust to model risk in the sense thata Bates-optimal hedge performs well in the in�nite intensity Normal Inverse Gaussianmodel, and vi
e versa, provided that the models agree on plain vanilla option pri
es.2 Risk-minimizing stati
 hedgesConsider a formal setting like this: Let T be some deterministi
 �nite �nal time-point,look at a �ltered probability spa
e, and let (St)t∈[0,T ] be an adapted pro
ess modellinga traded asset, the sto
k for easy referen
e. Consider a 
ontingent 
laim whose (only)payo� is P (τ) at the stopping time τ ≤ T . Let P denote τ -to-T forwarded payo�, i.e. P =

er(T−τ)P (τ) in the 
ase of 
onstant interest rates. Furthermore, let H = (H1, . . . , HM)denote the τ -to-T forwarded values of M liquid hedging instruments; typi
ally plainvanilla options, but more generally any 
ontingent 
laims.A stati
 hedge strategy is some c = (c1, . . . , cM) ∈ RM , where ci represents theposition in the ith hedging instrument (ci > 0 is a long position), so the time-T valueof the 
orresponding hedge portfolio (forwarded from time τ) is H · c =
∑M

m=1 cmHm.2.1 De�nition of a risk-minimizing hedgeLook at a fun
tion u : R 7→ R, and let D denote a 
ompa
t set in RM . We de�ne arisk-minimizing hedge strategy 
orresponding to u and D as a solution to the sto
hasti
programming problem
min
c∈D

E[u(P −H · c)]. (2)
6



The de�nition of the hedging strategy is natural: P −H · c is the loss on a short positionin the exoti
 
ontra
t, and short is the typi
al dire
tion for an exoti
 option hedger;buyers most often use the 
ontra
ts for spe
ulative or insuran
e purposes, and thus havelittle interest in (or ability to) hedge their option position.The requirement that the set D of admissible strategies is 
ompa
t is very naturalfrom a pra
ti
al point of view: hedgers 
annot take arbitrarily large positions. Further-more, note that a restri
tion on the pri
e of the hedge portfolio gives a simple linearrestri
tion. In pra
ti
e su
h restri
tions are expli
itly enfor
ed.An approximation of the minimizer of g(c) = E[u(P−H ·c)] 
an be 
omputed by theso-
alled sample average approximation method. To this end N independent samples
(τ (n), P (n), H(n)) of the triplet (τ, P,H) are generated, and g(c) is approximated by

ĝN(c) =
1

N

N∑

n=1

u(P (n) −H(n) · c). (3)In 
ases where u is 
onvex and D is de�ned by linear 
onstraints, this 
an be minimizedwith little di�
ulty with standard numeri
al methods. Most o�-the-shelf software pa
k-ages have e�
ient solution algorithms. Not only is the sample average approximationmethod intuitively appealing, it 
an be shown, see Shapiro (2008) and the referen
estherein, that under mild 
onditions the minimizer of (3) 
onverges (in law of large num-ber and 
entral limit sense) to the minimizer of (2) as N → ∞; for a �xed c this issimple, the tri
ky bit is showing that the min-operation does not ruin the 
onvergen
e.Two things should be noted about this simulation based optimization. First, the 
en-tral limit theorem 
onvergen
e-order 
an be no higher than 1/
√
N , whi
h is quite slow.For the 
ases we study this does not pose a problem, but one is advised to experimentwith the problem at hand to see what a reasonable sample size is, or if �a

elerationtri
ks� 
an/must be used. Se
ond, there is a inherent positive in-(small-)sample bias.We therefor run a new bat
h of simulations when we evaluate the performan
e of the7



optimal hedge.2.2 S
aling and non-linearity of the hedgesFor a moment let us assume that u has the form
u(x) = β1(x

−)γ + β2(x
+)γ , (4)where β1, β2 ≥ 0 and γ ≥ 1 are 
onstants. This means that u has the positive homo-geneity property u(αx) = αγu(x), α > 0. With the 
onvention αD = {ĉ ∈ RM ; ĉ =

αc for some c ∈ D}, we see by dire
t inspe
tion that c∗ ∈ D minimizes E[u(P −H · c)]over D if and only if αc∗ minimizes E[u(αP −H · c)] over αD. So assuming that budgetand weight restri
tions 
hange appropriately, we 
an 
ompute the risk minimizing hedgeof a single 
ontra
t and then s
ale the hedge weights by α > 0 to obtain the risk mini-mizing hedge for α 
ontra
ts. This is very important from a pra
ti
al point of view, sin
ethis is exa
tly what traders do. Fun
tions of the form u(x) = (x+)γ are homogenous anddo not punish gains; they are one-sided. The parameter γ is related to the risk-aversionof the hedger: the higher γ, the more averse is he to large losses. However, for any other
hoi
e than u(x) = x2 the �rst-order 
onditions for optimality be
ome non-linear. Andeven in the 
ase of a quadrati
 obje
tive fun
tion, restri
tions on portfolio weights may
ause linearity to fail. Thus, the risk-minimizing hedge of P1 + P2 is rarely the sumof the risk-minimizing hedges of P1 and P2. This is troubling from a pra
ti
al pointof view, sin
e it implies that a trader should take the whole bank's assets into a

ountwhen hedging the risks on his own book.
8



2.3 Risk-measures and sto
hasti
 programming formulationsA variety of risk-measures have been suggested; Artzner, Delbaen, Eber & Heath (1999)present an axiomati
 approa
h and a re
ent work with des
riptions, dis
ussions andsuggestions is Cherny (2006). In this paper we fo
us on four that are 
ommonly usedand/or have tra
table properties: the quadrati
 (u(x) = x2), the positive part (u(x) =

x+), value-at-risk, and expe
ted shortfall.Quadrati
 hedging has been extensively studied, in dynami
al settings, see S
hweizer(2001) and the referen
es therein, as well as in the 
ontext of stati
 hedging, see Dupont(2001). Minimizing E[(P − H · c)2] is 
learly a natural thing to do, although from a�nan
ial point of view it is strange to punish gains and losses symmetri
ally. Withoutportfolio restri
tions this is a standard least squares regression.With u(x) = x+ we have a one-sided risk-measure � only losses are punished.Minimizing expe
ted loss with su
h an in
reasing 
onvex loss fun
tion is advo
ated infor instan
e Föllmer & S
hied (2002). The asso
iated optimization problem is 
learly
onvex, and 
an in fa
t be reformulated as a fully linear programming problem at the
ost of in
luding extra variables.The value-at-risk at level α of the loss P −H · c is the upper α-quantile of the lossdistribution, V�Rα = inf{z ∈ R; P(P −H · c ≥ z) ≤ α},where typi
ally α = 0.01 or 0.05. This risk-measure has some well-known short
omings,3but it is widely used. One reason for this is probably its repeated suggestion in theBasel 
apital dire
tives. Another �pro� argument is that quantiles are more robust thanmoments. In a risk estimation 
ontext Cont, Deguest & S
andolo (2008) have re
ently3V�R fails 
oheren
y on subadditivity. It may be the 
ase that V�R (X + Y ) > V�R(X) +V�R(Y ); Tas
he (2002) gives an example involving Pareto-distributions.9



demonstrated that robustness and 
oheren
y (in the sense of Artzner et al. (1999)) are
on�i
ting obje
tives. V�R does not �t dire
tly in the E[u(·)]-formulation, but we
an easily 
ompute the dis
rete analogue from the order statisti
s of the samples. Theasso
iated optimization problem is non-
onvex.Expe
ted shortfall (also known as tail-V�R or 
onditional V�R) is the mean of theloss beyond value-at-risk:ESα = E[P −H · c|P −H · c ≥ V�Rα].As shown by Tas
he (2002), expe
ted shortfall is a 
oherent4 risk measure. This approa
hdoes not immediately �t the E[u(·)]-formulation. However, Ro
kafeller & Uryasev (2000,Theorem 1) show that by introdu
ing some extra variables and linear 
onstraints, min-imization of expe
ted shortfall 
an be formulated as a linear programming problem.3 Hedge Performan
e in the Bates ModelIn this se
tion we 
ondu
t experiments with the risk-minimizing stati
 hedge te
hniquesand do
ument their superior performan
e to what has previously been suggested in theliterature.As target option we 
hoose a daily-monitored, zero-rebate up-and-out 
all-option;that is it pays
P = (ST −K)+

1maxt∈{dt,2dt,...,T} St<B,with dt = 1/252. This is a so-
alled reverse barrier option; the 
orresponding plainvanilla 
all is in-the-money when the barrier option kno
ks out. This 
reates a dis
onti-nuity that makes the hedging di�
ult. We set the initial sto
k pri
e to S0 = 100, and for4A small adjustment is needed in the de�nition above to maintain 
oheren
y for distributions withpoint mass at V�Rα. 10



the target option we 
hoose expiry T = 1, strikeK = 110 and barrierB = 130. For hedg-ing we use 
all options with expiry less than or equal to T that are liquidated if the barrieris 
rossed; this is the usual way to stati
ally hedge barrier options. To be pre
ise, let
τ = min{�rst barrier 
rossing, T} = min{min{t ∈ {dt, 2dt, . . . , T}; St ≥ B}, T}. Any
ash �ows prior to T are held in the bank a

ount with 
onstant interest rate r = 0.02.If the kth vanilla 
all has strike Kk and expiry Tk ≤ T , then

Hk =






e(T−τ)r × (time-τ market pri
e of kth 
all option) if τ < Tk,

e(T−Tk)r(STk
−Kk)

+ otherwise, ,where market pri
e of kth 
all option is the 
onditional dis
ounted payo� under thepri
ing (or market) martingale measure, EQ
τ [e−r(Tk−τ)(S(Tk)−Kk)]. Following Nalholm& Poulsen (2006) we restri
t ourselves to hedge instruments that are most 35% out ofthe money,5 we use vanilla 
alls with strikes 110, 130, 131, . . . , 135.As data-generating pro
ess for our experiments we use the model of Bates (1996)whi
h 
ombines sto
hasti
 volatility and jumps. Under the real-world probability mea-sure P the dynami
s are

dSt = µStdt+
√
VtStdW

S
t + JtdNt,

dVt = κ (θ − Vt) dt+ σ
√
VtdW

V
t ,

dW S
t dW

V
t = ρdt,

dNt ∼ Po(λdt),
ln (1 + Jt) ∼ N

(
log(1 + α) − γ2

2
, γ2

)
.5To have any pla
e in a stati
 hedge, an instrument must have a strike that equals the strike ofthe barrier option or lies at or beyond the barrier, otherwise it will make a time-T 
ontribution in the
ase where the barrier option is not kno
ked out. If lower-strike 
alls are in
luded as potential hedgeinstruments, their weights are put to � or very 
lose to � zero through the optimization.11



This is an in
omplete model, so there is a multitude of equivalent martingale measures.We assume the (pri
ing) martingale measure Q preserves the parametri
 stru
ture ofthe model. As values for the P- and Q-parameters we use those reported in the 
om-prehensive study in Eraker (2004); they are reprodu
ed in the left 
olumns of Table 1(the parameters without supers
ripts are the same under P and Q). The values of therisk-adjusted parameters in Table 1 re�e
t the stylized fa
ts that (i) there is a posi-tive equity risk-premium (µP > µQ), (ii) implied at-the-money volatility is higher thantypi
al histori
al volatility (θQ > θP), and (iii) there is a �fear of (downward) jumps�(αQ < αP < 0). Note how the real-world and the risk-adjusted parameters are inter-twined in the determination of the stati
 hedge portfolio: paths of the state variables,
S and V , are simulated with P-parameters and the Q-parameters enter when the hedgeinstruments are valued (remember, the hedging portfolio is liquidated if the barrier is
rossed).The 
hara
teristi
 fun
tion of the log-returns in the Bates model is known in 
losedform (see Bates (1996)), so pri
es of plain vanilla options 
an be 
omputed e�
ientlywith Fourier inversion te
hniques.6We will use the notation P (0) = e−rTEQ[P ] and H(0) = e−rTEQ[H ]. By assumption
H(0) is the ve
tor of initial pri
es of the hedge instruments, and we will refer P (0) asthe ben
hmark value of the barrier option.In the experiments we report in the following we only use hedge instruments withexpiry T . Doing this is justi�ed by the result from the following small experiment76The link between Fourier inversion and option pri
ing is investigated in Carr & Madan (1999); atext-book presentation is given in Cont & Tankov (2003, Chapter 11). We do not know in advan
ewhi
h (time to expiry, spot)-
ombinations we need to pri
e, this is determined by when and how thebarrier is 
rossed, so we use brute-for
e quadrature integration.7Both Nalholm & Poulsen (2006) and Giese & Maruhn (2007) also �nd the expiry-T 
omponent to12



Statisti
al Value Design Set toparameter parameter
κP 4.788 S0 100
κQ 2.772 V0 θP

θP 0.2052 r 0.02
θQ 0.2692 K 110
σ 0.512 B 130
ρ -0.586 T 1
αP -0.004 K1, . . . , K7 110, 130, 131, . . . , 135

αQ -0.020 T1, . . . , T7 T

γ 0.066 N 10,000
λ 0.504
µP 0.066
µQ r − λαQTable 1: Default setting for simulation experiments. The two 
olumns to the left giveparameters for the Bates model; both real-world (P) and risk-adjusted (Q). These havebeen taken from Eraker (2004) and 
onverted to non-per
entage and annualized terms.(see Table 2): Using vanilla 
alls with expiries T/4, . . . , T and the budget restri
tion

H(0) · c ≤ P (0), we 
al
ulate the risk-minimizing hedges 
orresponding to the threeone-sided8 risk-measures from Se
tion 2.3 � E[(·)+], V�Rα and ESα, with α = 0.05.For ea
h risk-measure, we then repeatedly 
ompute the risk-minimizing hedge using onlythe expiry-T 
alls, while gradually relaxing the budget restri
tion until the performan
ebe the most important one; in the later 
omparison we also restri
t their hedges in that way.8We 
annot do this for the quadrati
 risk-measure, sin
e the performan
e of this hedge does notin
rease when we relax the budget restri
tion. 13



Risk-measure E[(·)+] V�R0.05 ES0.05Cost of ex
ludingearly expiries 2% 1% 2%Table 2: Cost of ex
luding prior-to-T expiries in the risk-minimizing hedge portfolios,relative to ben
hmark value of the barrier option, P (0).of the only-expiry-T -hedge equals the performan
e of the hedge that in
ludes earlierexpiries. The di�eren
e in pri
e between these two hedges 
an be seen as the 
ost ofex
luding earlier expiries in the hedge portfolio. The 
osts for all three risk-measuresare reported in Table 2, and as we see they are small: less than 2% of the ben
hmarkvalue of the barrier option.We investigate the quality of the risk-minimizing hedges for the four risk-measuresfrom Se
tion 2.3 � the quadrati
, the positive part, V�Rα and ESα, with α = 0.05. Therisk-minimizing hedge strategies are 
ompared to two re
ent suggestions in the literature.1. Nalholm & Poulsen (2006) 
ombine Carr's adjusted payo� idea with pointwisemat
hing, regularization by singular value de
omposition, and stru
tural knowl-edge of the Bates model.2. Giese & Maruhn (2007) use super-repli
ation, whi
h in our notation amounts tosolving
minH(0) · c s.t. H(n) · c ≥ P (n) for all n.Note that for both these hedges, the hedger does not � 
ontrary to the suggestedrisk-minimizing hedges � dire
tly 
ontrol the 
ost of the portfolio.Having 
omputed the strategy from Nalholm & Poulsen (2006) we see that the hedgeweights are bounded by 9.9, so to make the 
omparison fair we use this as a 
onstraint14
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Figure 1: Payo�s for the stati
 hedge portfolios. Left: risk-minimizing hedges 
orre-sponding to u(x) = x2 (dotted), u(x) = x+ (solid) and V�R0.05 (dashed). Right: theES0.05-minimizing hedge (dotted) and the hedges from Nalholm & Poulsen (solid) andGiese & Maruhn (dashed).on the magnitude of the weights in the risk-minimizing hedges and the hedge from Giese& Maruhn (2007).We 
ompute the risk-minimizing hedges using 10, 000 simulated paths whi
h in ourexperien
e gives very reliable results. That takes about four minutes on a laptop. Almostall that time is spent on valuation of the hedge instruments; the path generation takesabout ten se
onds, while the a
tual optimization is almost instant.Be
ause the hedge portfolios only 
ontain 
ontra
ts of a single expiry, T , they 
an
onveniently be represented by their payo� fun
tions. This is done Figure 1. We see howthe super-repli
ating portfolio of Giese & Maruhn (2007) tries to mimi
 the trun
ated
all-payo� (x −K)+
1x<B, whi
h must be the 
heapest truly super-repli
ation portfolioin the 
ase of unbounded jumps, see also Kraft (2007). But other than that, di�eren
es15



Hedge error statisti
sHedge te
hnique pri
e m sd E[(·)+] V�R0.05 ES0.05 P(loss > 0) max(loss)Risk-minimization
E[(·)2] 99.6% 4.3% 66% 13% 66% 99% 0.34 830 %
E[(·)+] 100% -1.8% 73% 7.5% 49% 90% 0.14 800 %V�R0.05 100% 0.4% 69% 9.0% 34% 76% 0.38 800 %ES0.05 100% -0.3% 69% 9.5% 38% 72% 0.37 770 %Payo� mat
hing asNalholm & Poulsen 119% -14% 90% 4.3% 25% 76% 0.09 870%Super-repli
ation asGiese & Maruhn 177% -82% 175% 0% 0% 0% 0 0%Table 3: Hedge error behavior in the Bates model for an expiry-1, strike-110, barrier-130up-and-out 
all-option, for whi
h P (0) = e−rTEQ[P ] = 1.33. All numbers are given asper
entages of P (0).are hard to make out with the naked eye. Therefore Table 3 reports des
riptive statisti
sfor all the hedge strategies.9 In the table

• �pri
e� is the initial pri
e of the (estimated) optimal stati
 hedge, H(0) · c,
• �m� is the average loss, EP[P −H · c],
• �sd� is the standard deviation of the loss, √Var[P −H · c],
• �P(loss > 0)� is the probability that the hedge loses money, P({P −H · c > 0}),
• �max(loss)� is the largest observed loss, max{P (n) −H(n) · c}.The �rst thing to note from Table 3 is that pay-o� dis
ontinuity makes the up-and-out
all di�
ult to hedge; for the risk-minimizing strategies the standard deviation of the lossis around 70% of the ben
hmark value of the barrier option. For 
omparison, daily delta-hedging of the up-and-out 
all gives a standard deviation of about 150% (see Nalholm9The sample average method has an inherent in-sample bias (positive, performan
e-wise), so toevaluate hedges out-of-sample, we simulated 10, 000 new paths and used the proposed optimal strategies.16



& Poulsen (2006)), while the standard deviation of the loss is around 5% of the optionvalue for daily delta-hedging of a plain vanilla 
all in the Bla
k-S
holes model. Se
ond,there are visible � though not vast � di�eren
es between the performan
e of optimalstrategies depending on the type of risk-measure. Or brie�y put: We 
an tell whatis being minimized. With the out-of-sample pro
edure applied this also indi
ates that10,000 sample paths are su�
ient for the risk-minimization by sto
hasti
 programmingto work. The table also gives performan
e statisti
s for the hedges suggested by Nalholm& Poulsen and Giese & Maruhn. A dire
t and fair 
omparison based on the table is notpossible be
ause of the di�eren
es in initial pri
es.However, as suggested in Krokhmal, Palmquist & Uryasev (2002), that 
an be reme-died by varying the budget restri
tion and ea
h time 
al
ulating the 
orresponding risk-minimizing hedges. In this way we get an e�
ient frontier in 
ost/risk-spa
e; in fa
t weget one for ea
h risk-measure. These are shown in Figure 2. The four panels 
orrespondto di�erent risk measures, and ea
h panel has four 
urves 
orresponding to the four(optimal) strategies. First, this �gure illustrates what we mean when we say that E[(·)2]is a �nan
ially strange risk-measure to use. It does not 
apture the 
ost/risk trade-o�;you 
annot redu
e risk by in
reasing the budget. That is possible when a one-sidedrisk-measure is used. We see that optimal strategies w.r.t. the three one-sided measuresbehave fairly similarly, espe
ially for high budgets. For a bank selling exoti
 options, thisis the realisti
 
ase; if the option 
annot be sold at some mark-up, then it is not sold atall. The e�
ient frontiers enable us to 
ompare the risk-minimizing strategies to the twoprevious suggestions, and we see the improvements. The Nalholm & Poulsen strategy
learly does not lie on the e�
ient frontier for any risk-measure; similar performan
e
an be a
hieved at approximately 10�20% lower 
ost (the typi
al horizontal distan
e tofrontier). For the one-sided risk-measures the Giese & Maruhn hedge is at the extreme17
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Figure 2: The e�
ient frontiers for the risk-minimizing hedges in di�erent 
ost/risk-spa
es. The risk-measures 
orresponding to the 
urves are: the quadrati
 (dotted lines),the positive part (solid lines), V�R0.05 (dashed lines) and ES0.05 (dash-dotted lines).The ∗'s show the performan
e of the Nalholm & Poulsen portfolio and the ◦'s show theGiese & Maruhn portfolio.right of the e�
ient frontier. We �nd it quite likely that a trader or a bank would liketo have the possibility to take a little more risk in return for a signi�
antly lowered 
ost.4 Model riskBy model risk we mean the study of how un
ertainty or ambiguity about the 
hoi
e ofan option pri
ing model a�e
ts the performan
e of hedge portfolios. As dis
ussed byCont (2006), this is of high pra
ti
al relevan
e. That paper also lays out an axiomati
foundation, but by their very nature studies of model risk must to a large extent be18



empiri
al or, as in this se
tion, experimental. In short we ask: what would traders do?Spe
i�
ally we analyze (i) what happens if the hedger ignores the di�eren
e betweenthe measures P and Q, and (ii) how does the Bates-optimal hedge perform in an in�nitea
tivity Levy-model, and vi
e versa?4.1 P vs. QThe 
omputation of the risk-minimizing hedge depends on both real-world and risk-adjusted parameters. But what happens if we ignore this di�eren
e? In our experimentwe 
onsider two not-too-hypotheti
al hedgers: The Quant and The E
onometri
ian.- The Quant has obtained a 
orre
t view of the Q-parameters from Table 1 by
alibrating the Bates model to market pri
es of vanilla options, and takes as V (0)the squared implied volatility of a one-month at-the-money 
all-option. Then hetakes P = Q.- The E
onometri
ian has estimated the P-parameters from Table 1 
orre
tly,say from a long time series of frequent sto
k pri
e observations. He then takes all
Q-parameters equal to the P-parameters, but 
hanges the drift to µQ = r−λαP inorder to make Q a martingale measure.Both hedgers 
ome in four di�erent versions 
orresponding to the di�erent risk-measures.All hedgers run simulations and determine their risk-minimizing hedges with the budgetrestri
tion H(0) · c ≤ P (0). They run additional simulations (again using their ownviews of the two measures) to get out-of-sample estimates of the performan
e of theiroptimal hedges; this we 
all the 
onje
tured risk. Then we estimate the a
tual riskof the strategies by running simulations as in Se
tion 3 with the full P-Q parameter
ombination. The results are reported in Table 4; the true risk in the last 
olumn is19



The Quant The E
onometri
ianRisk- 
onje
tured a
tual 
onje
tured a
tual truemeasure risk risk risk risk risk
√
E[(·)2] 69% 66% 118% 110% 66%
E[(·)+] 8.2% 8.0% 5.9% 8.2% 7.6%V�R0.05 35% 36% 34% 48% 34%ES0.05 80% 72% 68% 73% 72%Table 4: Conje
tured and a
tual performan
es of risk-minimizing hedge strategies forthe two slightly ignorant hedgers, relative to the time-0 pri
e P (0) = 1.33 of the barrieroption.the performan
e of the ben
hmark portfolios from Table 3 evaluated on this table'sout-of-sample paths.We see that irrespe
tive of the 
hoi
e of risk measure the Quant's portfolio su�ers verylittle 
ompared to the truly optimal one; at most risk in
reases by a fa
tor of 1.05. TheE
onometri
ian's performan
e deteriorates somewhat more. That is understandable;when options are used as hedge instruments, it is important to take their pri
ing intoa

ount � this is done when the Q-parameters are 
alibrated to the market. What ismore surprising is that the di�eren
e between a
tual and true risk for the E
onometri
ianvaries a lot a
ross risk measures. Last, we note that there is no general pattern inthe relation between 
onje
tured risk and true risk; neither hedger is systemati
allyoptimisti
 or pessimisti
. This 
an be further 
on�rmed by running similar experimentson down-and-out puts.

20
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Figure 3: Bla
k-S
holes implied volatilities for 
all-options a
ross expiries and strikes forthe Bates (◦) and NIG (+) models. The points in the graphs 
orrespond to the optionsused in the risk-minimizing stati
 hedges.4.2 Bates vs. NIGAs pointed out by several authors, see for instan
e Detlefsen & Härdle (2007) and theirreferen
es, models may produ
e similar pri
es of plain vanilla options and yet give verydi�erent pri
es for e.g. barrier options. To investigate how this a�e
ts the risk-minimizingstati
 hedges, we 
onsider the Normal Inverse Gaussian (NIG) model whi
h is a purejump, in�nite a
tivity Levy pro
ess,10 and test the robustness by investigating how wellthe Bates-optimal hedge performs in the NIG model and vi
e versa.In the NIG model, the sto
k pri
e is given by St = S0e
Xt where (Xt)t≥0 is a so-
alled10Finan
ial modelling with NIG pro
esses was �rst suggested in Barndor�-Nielsen (1998). A re
entsurvey/investigation of in�nite a
tivity Levy models is Carr, Geman, Madan & Yor (2007)21



NIG pro
ess. This means that the Levy-Khin
hine representation of the 
hara
teristi
fun
tion of Xt is E[eisXt ] = etψ(is), where
ψ(z) = mz + d(

√
a2 − b2 −

√
a2 − (b+ z)2).With m = r− d(

√
a2 − b2 −

√
a2 − (b+ 1)2) the dis
ounted sto
k pri
e is a martingale,so the model has three (risk-adjusted) parameters. It is possible to simulate Xt e�-
iently and without bias on a grid (see Glasserman (2004, Se
tion 3.5)) and sin
e the
hara
teristi
 fun
tion is available in 
losed form, vanilla option pri
es 
an be 
omputedwith Fourier inversion te
hniques.We 
alibrate the NIG model to the Bates model's pri
es for the hedge instrumentsa
ross expiries.11 The resulting parameters are (a, b, d) = (15.0,−8.9, 0.5) and fromFigure 3 we see that there is a quite good �t over the 3-month to 1-year spe
trum ofexpiries. Note that the NIG model a
hieves this �t with only three parameters; the Batesmodel has seven. To avoid the di�eren
e between the two models under the real-worldmeasure we set P = Q in what follows.As before, we want to hedge an up-and-out 
all option with expiry T = 1, strike

K = 110 and barrier B = 130. The hedging instruments are expiry-T vanilla 
alls withstrikes 110, 130, 131, . . . , 135. For ea
h risk-measure we 
ompute the risk-minimizinghedges in both the Bates and the NIG model with the budget restri
tion H(0) · c ≤

PBates(0) = 1.33, the ben
hmark barrier option value in the Bates model. We evaluatethe quality of all the di�erent hedges out-of-sample in the Bates model, and report the
orresponding risk-measures relative to PBates(0) in the �rst row of Table 5. Next, we
ompute the Bates- and NIG-optimal hedges for all risk-measures, but this time withthe budget restri
tion H(0) · c ≤ PNIG(0) = 1.43, the ben
hmark barrier value in the11Only expiry-T options are used for the initial hedge portfolio 
omposition, but a poor �t of theNIG model at shorter expiries will 
ause problems at liquidation.22



Risk-measureData-generating √
E[(·)2] E[(·)+] V�R0.05 ES0.05model Hedge model Hedge model Hedge model Hedge modelBates NIG Bates NIG Bates NIG Bates NIGBates 54% 59% 7.3% 9.4% 33% 38% 67% 86%NIG 72% 64% 6.4% 6.2% 21% 13% 120% 100%Table 5: Risk-measures for Bates- and NIG-optimal hedge errors relative to the time-0pri
e of the expiry-1 , strike-110, barrier-130 up-and-out 
all-option.NIG model. We evaluate the quality of the hedges in the NIG-model and report therisk-measures relative to PNIG(0) in the se
ond row of Table 5.The �rst thing we see from Table 5 is that the numbers in the two rows are of thesame order of magnitude, whi
h means stati
 hedging is also feasible in the NIG model.Reassuringly, there is a dete
table � but again, not tremendous � bene�t from usingthe right model to 
al
ulate the risk minimizing strategies. Using the wrong model'srisk-minimizing strategy in
reases risk by a fa
tor of 1.05 to 1.7, with the tail-fo
usingmeasures value-at-risk and expe
ted shortfall displaying greater sensitivity. If ones doesnot know the true data-generating pro
ess, Cont (2006) suggests to the hedge modelthat minimizes the worst-
ase error. But in that respe
t the table gives no 
lear advi
e;di�erent models give the highest worst-
ase error for di�erent risk-measures.5 Con
lusionWe have des
ribed a new risk-minimizing framework for stati
 hedging of exoti
 optionswith plain vanilla options. A main strength of the method is that it is easy to explain,23



yet quite general: We 
an build hedges for any 
ontingent 
laim in any model, as longas we 
an simulate traje
tories of the underlying and payo�s of the hedge instruments.Another feature of the risk-minimizing hedge is the possibility for the hedger to 
hoosehis risk measure; we studied various popular 
hoi
es. The performan
e of the method wasevaluated for a dis
retely observed up-and-out 
all option on an underlying following theBates model (sto
hasti
 volatility and jumps), and we found that it 
ompared favorablyto methods previously suggested in the literature.Moreover, the method also works in the NIG model: this is a 
ontribution in itselfsin
e previous methods 
ould not handle in�nite a
tivity Levy models. From simulationexperiments we also 
on
luded that the risk-minimizing hedges are reasonably robust tomodel risk: Bates-optimal hedges work in the NIG model, and vi
e versa, provided thatthe models give similar pri
es to vanilla options.The analysis, espe
ially the model risk 
ases in Se
tion 4, also illustrates that there isno �universally optimal� risk-minimizing hedge; optimality and behaviour depends whatrisk-measure you use. And on how mu
h you are willing to pay to redu
e risk. Thismakes it all the more important to use a method that 
an handle the 
ost/risk-tradeo�.Let us end by mentioning three topi
s for future resear
h.1. Proportional fri
tions. Transa
tion 
osts and bid/ask-spreads are straightforwardto handle optimization-wise; treat buying and selling separately and linearity and
onvexity is retained. How does this a�e
t the 
onstru
tion and performan
e ofstati
 hedges; does it �level the paying �eld� 
ompared to dynami
 hedging withthe underlying?2. Empiri
al analysis. Engelmann, Fengler, Nalholm & S
hwendner (2007), An &Suo (2008), Carr & Wu (2008) all �nd advantages to using plain vanilla optionsin hedge portfolios, and that is even based on 
onstru
tions to whi
h the hedges24



suggested in this paper are superior. Sin
e market data for barrier option pri
es arenot available all the empiri
al methodologies involve some elements of �marking-to-model.� However, the Danske Bank information mentioned in footnote 2 also
ontains the bank's internal valuation of the barrier options, and that is at leastone step 
loser to a
tually observed pri
es.3. Worst 
ase robustness. Can we � as suggested by Cont (2006) � set up port-folios that are designed to be robust to model and parameter un
ertainty? Ormore spe
i�
ally, 
an we minimize the worst-
ase error a
ross possible, non-nestedmodels and plausible ranges of parameter-values? Optimization problem of thistype (i.e. over parameters) are typi
ally �nasty� (highly non-
onvex), but Maruhn& Sa
hs (2008) indi
ate that it might be feasible.Referen
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