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1 Introdu
tionLiquid traded put- and 
all-options 
an be used as hedge instruments for over-the-
ounter traded produ
ts. Barrier options are the most 
ommon exoti
 options, and forthese 
ontra
ts stati
 hedging works out parti
ularly ni
ely: In the Bla
k-S
holes modelthere are simple methods (
on
eptually straightforward and/or 
losed-form) for 
on-stru
ting repli
ating portfolios that do not require dynami
 trading; they are set up at1



�
�

�
��

�
�

�
��

0B 0 T

K

F ≡ 0

F solves Bla
k-S
holes PDE
F (B, t) = 0

��� AAU
F (x, T ) = (x − K)+� C
CCO

0
B

0 T

K

F ≡ 0

F solves Bla
k-S
holes PDEF (B, t) = 0

AAK ���

F (x, T ) = (x − K)+� C
CCO

br

�
�

��

�
�

��

Figure 1: The PDEs for down-and-out (left) and up-and-out 
all options (right).initiation of the barrier option, and liquidated at either kno
k-out or expiry. They are,thus: stati
 hedges. Inspired by Allen and Padovani [1℄ we des
ribe how to �nd stati
hedges for barrier options in the Bla
k-S
holes model in a way that en
ompasses bothDerman's [6℄ intuitive 
alendar-spread algorithm and Carr's [4℄ strike-spread hedgesstemming from put-
all symmetry.
2 Constru
tion of Stati
 HedgesUnless we expli
itly say otherwise, we 
onsider a Bla
k-S
holes model throughout this
hapter. This means that the interest rate is 
onstant, and all options written on someunderlying asset S that follows a geometri
 Brownian motion. A zero-rebate, kno
k-out2



barrier option is a 
ontra
t pays o� as a plain vanilla option if S stays within a spe
i�edbarrier for the whole life of the barrier option, but be
omes worthless if the barrier ishit or 
rossed, see also REF eqf07:003. Re
urrent examples are the down-and-out 
alland the up-and-out 
all. The value of a still-alive barrier option is of the form F (St, t),where the fun
tion F solves the Bla
k-S
holes partial di�erential equation with 0 asboundary 
ondition along the barrier, see REF eqf12:001. This is illustrated in Figure1, whi
h is useful to keep in mind when the method for 
onstru
ting stati
 hedges isdes
ribed in the following.Constru
tion of Stati
 Hedges. A portfolio of puts and 
alls that (approxi-mately) repli
ates the barrier option 
an be found as the solution to a linear system ofequations, and 
onstru
ting it does not require knowledge/implementation of barrieroption valuation formulas. The idea is to mat
h the barrier option's value at expiryand along the barrier.To illustrate, 
onsider a down-and-out 
all with strike K, expiry T and barrier B.(An up-and-out 
all is treated similarly, ex
ept strike-above-the-barrier 
alls are usedhedge instruments.) Let Put, Call (spot, time | strike, expiry) denote put and 
allvalues.Suppose that we have spe
i�ed a grid of time-points 0 = t0 < t1 < . . . < tn = T ,and n pairs of put with strikes Kj ≤ B and expiries Tj ≤ T . Find the solution α to
Aα + u = 0, (1)where A is the n × n matrix with entries Ai,j = Put(B, ti|Kj, Tj) and u is an n-ve
tor3



with entries Call(B, ti|K, T ). A portfolio with the (K, T )-
all and αj in the (Kj , Tj)-putthen mat
hes the barrier option's zero value at the ti-points along the barrier, and itsexpiry pay-o� above the barrier. So the barrier option is � to a good approximationwhen the mat
h-points, the ti's, are 
lose � repli
ated buying this portfolio at time 0and selling it either when the barrier option is kno
ked out (be
ause sample paths are
ontinuous, this 
an only happen if the barrier is a
tually hit) or when it expires. Astati
 hedge, in other words. There is freedom of 
hoi
e regarding strikes and expiriesof the hedge instruments. Derman [6℄ suggests 
alendar-spread hedging with strikesalong the barrier, i.e. using Tj = tj−1 and Kj = B. This makes the A-matrix triangularso that we 
an solve for αj 's in one easy-to-explain ba
kward-working pass. Another
hoi
e � 
losely related to Carr's work [4℄ � is to use strike-spreads, i.e. Tj = T forall j and Kj's that are di�erent and below the barrier.Example. Table 1 gives a numeri
al 
omparison of the performan
e of di�erenthedge portfolios for 3-month barrier options; a typi
al life-time of a barrier option inforeign ex
hange markets. Looking at the results in Table 1 for the down-and-out 
all,we see the appeal of using options as hedge instruments; very few options are needed inthe stati
 hedges to a
hieve a hedge quality that is several orders of magnitude betterthan usual dynami
 ∆-hedging. The numbers for the up-and-out 
all demonstrateone problem that stati
 hedging does not immediately solve: The up-and-out 
all isa reverse or live-out option meaning that the underlying 
all is in-the-money whenthe barrier option kno
ks out. This dis
ontinuity 
reates a large gap risk, and hedge4



quality deteriorates. To alleviate this, a number of regularization te
hniques have beensuggested, for instan
e [10℄ using singular value de
omposition when solving Equation(1).Beyond Bla
k-S
holes Dynami
s. Constru
ting stati
 hedges by solving linearequations like (1) goes well beyond the Bla
k-S
holes model. For 
onstant elasti
ityof varian
e (asset volatility σSγ−1

t ) and lo
al volatility (asset volatility of the form
σ(St, t)) models, the system 
arries over verbatim; the entries of the A-matrix are just
al
ulated with a di�erent formula/method. For jump-di�usion models [2℄, one needsto extend grid of mat
h-points to spa
e points beyond the barrier, and for sto
hasti
volatility models [8℄ an extra dimension is needed to mat
h di�erent volatility levels atkno
k-out. By using both strike- and 
alendar-spreads, asymptoti
ally perfe
t stati
hedges 
an be found in these two 
ases. It should be stressed that the stati
 hedgesare model and parameter dependent, but experimental and empiri
al eviden
e [9, 7℄suggests a high degree of robustness to model risk.
3 Put-Call Symmetry and Stati
 HedgesIn a number of papers [3, 4, 5℄ Peter Carr and 
o-authors have derived put-
all sym-metries and shown how they 
an be used to 
reate stati
 hedges for barrier options. Inits basi
 form [4, page 1167℄, the put-
all symmetry states that in the zero-dividend,
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zero-interest rate Bla
k-S
holes model, we haveCall(St, t|K, T ) = (K/St) × Put(St, t|S
2

t /K, T ) for all St, t, K, and T.So a down-and-out 
all is repli
ated by buying one strike-K 
all, selling K/B putswith strike B2/K, liquidating this position the �rst time that St = B , and if thatdoes not happen holding it until the options expire. More general symmetry relationsenables one to �nd stati
 hedges for su
h 
ontra
ts as up-and-out 
alls, barrier optionswith rebates, lookba
k options, and double barrier options, Poulsen [11℄ is a survey.Those stati
 hedges will typi
ally involve a 
ontinuum of plain vanilla options. Put-
all symmetries also exist in models with non-zero interest rates and dividends, andmore general dynami
s than Geometri
 Brownian motion, see Carr and Lee [5℄. Notethat the strike-spread approa
h from the previous se
tion �nds the symmetry-basedstati
 hedges without expli
it knowledge of 
losed-form results, and that the perfe
trepli
ation of the down-and-out 
all in Table 1 � where the strike-B2/K put is in
ludedas a hedge instrument � demonstrates the basi
 put-
all symmetry.
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Hedge method Barrier option typedown-and-out 
all up-and-out 
all
K = 100, T = 1/4, B = 95 K = 100, T = 1/4, B = 110
ost std. dev. 
ost std. dev.Dynami
; ∆ 2.6964 11% 1.0358 81%Stati
; strike-spreads 2.6964 0% 1.0674 19%Stati
; 
alendar-spreads 2.6704 1.0% 1.3468 94%Table 1: Performan
e of dynami
 and stati
 hedge strategies in the Bla
k-S
holes with 15% volatilityand zero interest rate and dividends. The 
olumns show the initial pri
e of the hedge portfolio andthe standard deviation of the ben
hmarked dis
ounted hedge error, i.e. the value of hedge portfolio atliquidation minus barrier option pay-o� relative to the initial value of the barrier option. All stati
hedges use 3 options besides the (K, T )-
all. The time-points for value mat
hing, the ti's, and theexpiries for the 
alendar spreads are from the list (0, 1/12, 2/12, 3/12). The strike-spreads use 
allswith strikes (110,112,114) for up-and-out 
ase, and puts with strikes (90.25

=B2/K , 88.25, 86.25) forthe down-and out 
ase. The ∆-hedge is adjusted daily and all portfolios are 
ontinuously monitored.
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