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Abstract

In this paper we classify all Cuntz-Krieger algebras whose adjacency matrices satisfy condition (II) of
Cuntz. The invariant arises naturally from the ideal lattice and the six-term exact sequences from K-
theory, while the proof of this invariant being complete depends on recent results on flow equivalence of
shifts of finite type by Mike Boyle and Danrun Huang.

Shortly after Franks had made a successful classification of irreducible shifts of finite type up to flow equi-
valence ([7]), Cuntz raised the question of whether this invariant or the Kjy-group alone classifies simple
Cuntz-Krieger algebras up to stable isomorphism. He sketched in [5] that it was enough to answer whether
O and O4_ are isomorphic, where Oz resp. Oz_ are the Cuntz-Krieger algebras associated to the matrices

11 1190
(11) resp. 0111 |-
0011

This question remained open until Rgrdam in [16] showed that Q2 and Oy_ are isomorphic and elaborated
the argument of Cuntz to show that the Ky-group is a complete invariant of simple Cuntz-Krieger algebras up
to stable isomorphism. Nowadays we also know this from the work of Kirchberg and Phillips (the references
are [11], Thm. C, and [14]; see also [18], Thm. 8.4.1).

Danrun Huang found a complete stable isomorphism invariant of Cuntz-Krieger algebras with exactly one
non-trivial ideal ([9]) and a complete invariant of all Cuntz-Krieger algebras with vanishing K;-group ([8]).
Later, Rgrdam showed that the six-term exact sequence from K-theory is a complete stable isomorphism
invariant of Cuntz-Krieger algebras with exactly one non-trivial ideal ([17]). The result is actually more
general than this, and the invariant fits well with those usually considered in the classification theory of
C*-algebras.

Since Huang’s and Rgrdam’s works in the mid-nineties it has been an open problem to classify general
(non-simple) Cuntz-Krieger algebras up to stable isomorphism. In this article we classify all Cuntz-Krieger
algebras (whose adjacency matrices satisfy condition (II) of Cuntz) up to stable isomorphism using recent
results of Boyle and Huang concerning classification of general (reducible) shifts of finite type up to flow
equivalence.

In the first three sections we will repeat some definitions and results about shifts of finite type and Cuntz-
Krieger algebras — this material is mainly from [6] and [4]. In Section 4 the main result will be phrased. In
Section 5 and 7 are definitions and results originating from two new articles of Boyle and Huang, [2] and [3].
In Section 6 we show an isomorphism theorem which is the key ingredient in the proof in Section 8 of the
main theorem. In Section 9 is given a list of open questions naturally raised by this article. If one is only
interested in the results and not the proofs, one can skip Section 5-8.

Parts of this paper have appeared in the author’s Master’s thesis, [15].



1 Preliminaries

Let A be a nxn matrix with entries in Z, the non-negative integers, and let A(z, j) denote the (7, j)’th entry
of A. Then A is called irreducible iff (if and only if) for every 4, j € {1,...,n} thereexists k € N={1,2,3,...}
such that A*(i,j) # 0. We say that A is non-degenerate iff all its rows and columns are non-zero. We say
that A is essentially irreducible iff the maximal non-degenerate principal submatrix of A is irreducible.

For every non-degenerate matrix A € Mat,,({0,1}) we define the Cuntz-Krieger algebra, O 4, associated
to A to be the universal C*-algebra generated by n partial isometries s, ..., s, satisfying the relations

* *
1=s518]+ -+ 5,5,

n
sis; = ZA(i,j)Sjs; foralli=1,...,n.
j=1

Let A € Mat,,({0,1}) be a non-degenerate matrix and let ¥ = {1,...,n}. Let % be the set of bi-infinite
sequences of elements in ¥ equipped with the product topology induced of the discrete topology on . Let

XA = {(x:)iez € B2 | Az, xi41) = 1 for all i € Z}

and let o4: X4 — X4 be the shift map; i.e. o((x;)icz) = (vi+1)icz. Then X4 is a compact space and o 4 is
a homeomorphism; the topological dynamical system (X 4,04) is called the shift of finite type (abbreviated
SFT) associated to A. It can be useful to think of X4 as the set of bi-infinite paths in the directed graph
G4 with adjacency matrix A.

Two SFTs X 4 and X 4+ are called topologically conjugate iff there exists a homeomorphism ¢: X 4 — X 4/,
such that ¢ o 04 = g4 0 ¢ (this means exactly that the two topological dynamical systems are isomorphic).

Let A € Mat,,({0,1}) be a non-degenerate matrix and let ¥ = {1,...,n}. For i,j € ¥ write ¢ = j iff the
transition from i to j is possible, i.e. iff there is a path from vertex i to vertex j in the graph G4. We call ¢
and j equivalent iff i = j A j > ¢ and write I'4 for the poset (partially ordered set) of equivalence classes of
elements ¢ € ¥ for which 7 > i — the partial order > lifts to a partial order on I" 4, which we also will denote
=. For each subset v of ¥ denote by A, the restriction (A(4,j)); jey of A to v. By definition of I'4 the
matrices A,, v € I'4 are irreducible. We say that the matrix A satisfies condition (I) iff for every minimal
v € T'4, the matrix A, is not a permutation matrix. We say that the matrix A satisfies condition (II) iff for
every v € I'4, the matrix A, is not a permutation matrix — clearly (II) implies (I).

Let (X, f) be a topological dynamical system; i.e. X is a compact topological Hausdorff space and
f: X — X a homeomorphism. Let ~ be the equivalence relation on X x R generated by identifying
(x,s+ 1) and (f(x),s) for all x € X and s € R. The standard suspension space of (X, f) is defined as the
identification space

Y=XxR/~.

We define the suspension flow over (X, f) as ®:([(z, s)]) = [(z,s + ¢)] for all z € X and s,t € R.

Two SFTs are flow equivalent (abbreviated FE) iff there exists a homeomorphism between their standard
suspension spaces carrying flow lines onto flow lines and preserving orientation. Also, we say that two
matrices A and A’ are FE iff the corresponding SFTs are FE — and in this case, we write A ~pg A’. Parry
and Sullivan have made a useful matrix characterization of FE of SFTs ([13]).

In this article we will focus on Cuntz-Krieger algebras associated to matrices satisfying (II). Cuntz and
Krieger have shown in [6] that if A satisfies (I), then the condition, that O 4 is universal, is superfluous: all C*-
algebras generated by non-zero partial isometries satisfying the relations above are canonically isomorphic.
Cuntz has shown in [4] that if we assume that all the matrices satisfy (II), then the stabilized Cuntz-Krieger
algebras are an invariant of SFTs up to FE.

In the mid-nineties, Rgrdam showed in [16] that for simple Cuntz-Krieger algebras, O 4 and O 4/, O 4 @K =
O4 @K if and only if Ko(Oa) = Ko(O4-), thus solving a 12 years old open problem.



2 Ideal structure

Cuntz gives in [4] a very satisfactory description of the ideal structure of Cuntz-Krieger algebras. For a
C*-algebra 2 let Joeal(A) denote the lattice of closed (two-sided) ideals in 2.

To be able to describe the ideal structure of O 4 we need a little more terminology. We assume throughout
this section that A is a {0, 1}-matrix satistying (II).

Definition 2.1 We call a subset H of I' 4 hereditary, iff for all v1,v2 € T'4
Y1 €EHANY =72 =7 € H.
Definition 2.2 For each vy € 'y we let

H(v) ={v€Talv ="},
H_ (vo)={v€Talvw=vAv% #7}=H() \ {70}

So H (7o) is the hereditary subset of I'4 generated by 7o.
Definition 2.3 For every subset N C I'4 we define

S(N) ={i € S| Tiripg € |J v:i1 =iz ia).
YyEN

Definition 2.4 We call a subset v C 3 saturated (with resp. to A), iff
lieX[AG ) =1=jerr S

Remark that () and X are saturated, and that every intersection of saturated subsets is saturated. Thus,
for every subset v C ¥ we can define the saturation, 7, of v (with resp. to A) to be the smallest saturated
subset of 3 containing ~; i.e.

= [ 7

¥Cy'
~' is saturated

As pointed out in [4], one easily shows:

Lemma 2.5 Let H be a hereditary subset of T 4, then

SH)y={ieB|Vje [(J v:iZj}=S\3(Ta\H).

vETA\H

Definition 2.6 For each hereditary subset H of T'4, we let Jy denote the closed (two-sided) ideal in O 4
generated by the set {s;|i € X(H)}.

From Theorem 2.5 in [4] (and its proof) we have:

Theorem 2.7 The map H — Jyg is a lattice isomorphism of the set of hereditary subsets of I' 4 onto the
set of closed ideals in O 4. Let H be a hereditary subset of I' 4, then

(o) E(H)={i€X|s; € Tu}.
(b) The matrices As ) and Asr gy satisfy both (1), and Ty @K = Oy, @K and Oa /T = Oagyr -

We recall that for every C*-algebra 2, the map Z — Z ® K is a lattice isomorphism between the ideal
lattices of 2 and A ® K.



3 K-theory

For every n x n integer matrix A, we let ker A = {z € Z" | Az = 0} and cok A = Z"/AZ™ (all vectors are
regarded as column-vectors). In [4] Cuntz has computed the K-theory of Cuntz-Krieger algebras as follows:

Theorem 3.1 (Prop. 3.1 in [4]) Let A € Mat,,({0,1}) satisfy (I). Then

Ko(O4) = cok(I — AT),
K1(O4) 2 ker(I — AT) (onZ").
More precisely, let p; = s;s} be the range projections of s; and [p;], i = 1,...,n, their classes in Ko(Oa), let

€1,...,en be the canonical basis of Z"™ and [e1],. .., [en] its image in cok(I — AT). Then the map [p;] — [ei]
extends to an isomorphism of Ko(Oa) onto cok(I — AT).

Furthermore Rgrdam has in [16] a concrete description of the isomorphism of K1(04) onto ker(I — AT).

B X

0 B2>. Then we have

Lemma 3.2 Let B be an integer matriz, which is written as a block-matriz B = (

an nduced siz-term exact sequence

cok By cok B cok By

A y»—»[Xy]T lO (the zero map)
ker B ker B ker B1.
er 2By<—c(§) er a:(g)(—cz er b1

Proof. It is straightforward — but boring — to show this directly (see the proof of [10], Thm. 2.1, for some
of the cases). But this Lemma is actually just a special case of the Snake Lemma used on the diagram

0——72"m ——Z2" 2" ——71"—0
lB1 lB le
0——=72m ——=Z2"Z" ——72" —0.

The only thing we have to show is that the connecting homomorphism is given by y — [Xy]. But this is
easily seen from the definition of the connecting homomorphism by diagram-chase: Given y € ker Bo, then
—

0,y) ——y
13 1
Xyr—2> (Xy,0) -—> 0.

O

Proposition 3.3 Given a matriz A € Mat,,({0,1}) satisfying (II). Suppose that H C T' 4 is a non-empty
hereditary subset. We can — modulo conjugation by a permutation matrixz — write A in the following form

A11 0
A21 A22 ’



where A1 = Am and Aga = Asr,\m)- Suppose that A is written in this form and let k1 and ko denote
the size of A11 and Ass, resp. The short-exact sequence

0 T 04 —"5 04/ Tt — 0

induces a cyclic siz-term exact sequence from K -theory, which is isomorphic to the sequence obtained from
Lemma 3.2 with the actual block-structure of A:

Ki(e) 1(m) Ay Ko(t) Ko(m)
0 — K1(Ju) —— K1(0a) —> K1(0a/Tu) — Ko(Ju) —— Ko(Oa) —> Ko(Oa/Tu) —> 0

:J/& zlﬁ :l& ZJ/SI :la :léZ
B A A H

0 — ker(I—A];) — ker(I—AT) — ker(I—AJ,) —> cok(I—A],) — cok(I—AT) — cok(I—AJ,) —= 0,

where € and & is defined in a obvious way from Rordam’s concrete isomorphism in [16], §1: [pilo —
(01,052 Oky,i) '] 02 [pio = (010 -, 0nd) T] and 22 [m(pi)]o = [(Oky+1,is - -+ 0n)T]-

Proof. From Theorem 2.7 and 3.1 we clearly have the isomorphisms &, £s, 8, 2. These theorems also give
the isomorphism from Ko(Jy) onto cok(l — A;(H)); and an easy argument shows that cok(l — AE(H)) is
canonically isomorphic to cok(l — A;—H)

It is not hard to show that the second, fourth and fifth squares in the diagram commute. Thus, we have
from K-theory that the first row is an exact sequence. Therefore there exists an isomorphism &; such that
the first square commutes.

Now, it only remains to show the commutativity of the middle square. By use of Rgrdam’s description of
& and the definition of the index map A; (see e.g. [19], Prop. 9.2.4), a long and boring computation shows
that d; 0 Ay = Ao &y (see pp. 81-83 in the author’s Master’s thesis, [15] (in Danish), for the computation).
O

4 Main result

We want to study Cuntz-Krieger algebras with a fixed ideal structure.
Let A # {0} be a C*-algebra with finitely many closed ideals. Let J1(2) be the set of closed ideals
Z # {0} in 2, such that for all ideals 71,7 in 2

h+l=T=>1=1IVI, =1
It is easy to show that for every ideal 7 € J1(2) there exists a greatest ideal Z= C Z. Let

Jo(A) ={Z" [T € 71 (W)},
C)={Z,7)eTi()xT(M|ZCITAVT € (N):ICT CT=I=T1}.
For all closed ideals Z; and Zo with Z; C Z5 we have a short-exact sequence

L

0 ;€

I, —>1,/Ty 0.
This sequence induces a cyclic six-term exact sequence from K-theory:

(*) K()(Il) %KO(IQ) —>-K0(IQ/_7,1)

| l

Kl(IQ/Il) -~ Kl(IQ) S — Kl(Il)



Definition 4.1 Let J(A) = J1(A) UJ2(A). By the reduced filtrated K -theory, 1'*(A), we mean the families

(Ko(D))zeacmy, (Ko(Z/I7))zem )y, (Ki(Z/I7))zen, ()

together with the sequences

Ki\(Z/I7) —= Ko(I~) — Ko(Z) —= Ko(Z/I7) for 7 € 7,(2),

Ko(T) — Ko(J) for (Z,7) € C()

originating from ().
Let B # {0} be an other C*-algebra with finitely many closed ideals. By a reduced filtrated K -theory
isomorphism (k, p): KI(A) — &I(B), we understand isomorphisms
p: Joeal(A) — Joeal(®B) (lattice isomorphism),
k7' Ko(T) — Ko(p(T)), T e€I(R),
k77 Ko(Z/T7) = Ko(p(T)/p(Z7)), T €T (),
rr?: Ki(Z/T7) = Ki(p(T)/p(Z7)), T €T(R)

such that all the diagrams coming from sequences in &£"*(A) and &/'*(B) commute; i.e.

Ki\(Z/I7) ——= Ko(I7) — = Ko(I) ——= Ko(Z/17)

1,9 0,4 0,4 0,q
l”z Kr- \LKI \LKI

K1(p(Z)/p(T7)) — Ko(p(Z™)) — Ko(p(Z)) — Ko(p(1)/p(17))

commutes for all Z € J; () and

Ko(p(T)) — Ko(p(J))
commutes for all (Z,7) € C().

We may now state our main result. Proof in Section 8.

Theorem 4.2 (Main theorem) Let A and A’ be {0,1}-matrices satisfying (II). Then the following are
equivalent

(1) O, K204 @K
(2) there exists a reduced filtrated K -theory isomorphism from &5"(O4) to &' (Oa/).

Remark 4.3 From the definition of the reduced filtrated K-theory, it might seem very complicated to
compute the reduced filtrated K-theory — and in fact this is the case in general. Furtunately, for Cuntz-
Krieger algebras this invariant is very nice and computable. For Cuntz-Krieger algebras we have a very
satisfactory description of the ideal structure (Theorem 2.7), of the K-theory (Theorem 3.1), and of the
six-term exact sequences in K-theory (Proposition 3.3); we could in fact use a computer to compare the
invariants for given matrices A and A’ (satisfying (II)).



Definition 4.4 We define the full filtrated K -theory, &/"'(), of a C*-algebra 2 # {0} to be the families

(Ko(Z))zerveary,  (K1(T))zemvear)s  (Ko(Z2/T1))1, zoes0eat@),ziczsy  (K1(Z2/11))1, 1e500ai(2),7,C T,

together with the six-term exact sequences

Ko(Th) —— Ko(Z2) — Ko(Z2/Th)

| l

Kl(IQ/Il) -~ Kl(IQ) < KI(II)

for every I7,Zs € Joeal(A) with Z; C Zo.
Let B # {0} be a C*-algebra. By a full filtrated K -theory isomorphism (k,p): &M"H(A) — K(B), we
understand isomorphisms

p: Joeal(A) — Joeal(®B) (lattice isomorphism),
k7' Ko(Z) — Ko(p(T)), T € Joeal(),

7)), Z € Joeal(A),

Kelr Ko(To/Th) — Ko(p(T2)/p(Th)), T1,Ts € Joeal(), T, C I,

(
rr' s Ki(T) — Ki(p(

HZI T," Kl(IQ/Il) — Kl( (IQ)/p(Il)), Il,IQ c jbea[(Ql),L g IQ

such that all the diagrams coming from the six-term exact sequences commute.

5 GLp- and SLp-equivalence

To be able to prove the main theorem in the previous section, we use results of Danrun Huang and Mike
Boyle — especially the articles [2] and [3]. This section contains a (alternative, but equivalent) definition of
the objects Matp(Z), GLp(Z) and SLp(7Z); and of the relations G Lp-equivalence and S Lp-equivalence (all
from these two articles). Remark that here we denote the order on P opposite of that in [2] and [3].

Definition 5.1 Let N € N be given. Let n = (ny,...,ny) € NV and set k = ny + --- + ny. Then every
matrix B € Maty(Z) can be written in the following block-form

BH BlN

BNl BNN

where Bj; € Maty, xn,;(Z) for all i,j = 1,...,N. We let Mat(n,Z) denote the set Maty(Z), where we also
remember this block-structure. Given a matrix B € Mat(n,Z), we let B;j, 4,5 = 1,..., N, denote these
block-matrices. If we let B(l,m) denote the number in the I'" row and m'" column of B, then this should
not lead to any confusion.

It is an important observation that addition and multiplication of the elements in Mat(n, Z) correspond
to do the corresponding block-wise operations.

Assumption 5.2 In what follows, we will let = be an (partial) order on P := {1,..., N}, where N € N,
which satisfies
tZmj=1<]

for all i,j € P, where < denotes the usual order on Z.



Definition 5.3 For each n € NV we let Matp(n,Z) denote the set of matrices B € Mat(n, Z), satisfying
Vi, j € P(Bij 75 0=1>» j)

So if B € Matp(n,Z) then B;; =0 for all ¢ > j — in other words: B is a block-upper triangular-matrix.
We define the subsets GLp(n,Z) and SLp(n,Z) of Matp(n,Z) by

B e GLp(n,Z) < det By, ...,det Byny € {—1,1},
B e SLP(H,Z) < detBy; = --=detByy =1
for B € Matp(n,Z).

Definition 5.4 Letn = (ny,...,nx),r = (r1,...,rx) € NV, We writen < r, iffn; <r;foralli=1,..., N.
For each n < r, we define an embedding ¢y n: Matp(n,Z) — Matp(r,Z) as follows. Let B € Matp(n,Z).
Then the 75" block in tr,n(B) has B;; as its upper left corner. Outside this corner, the i7" block in ten(B)
equals zero if 7 # j, and equals the corresponding entries of the identity-matrix if ¢ = j.

Remark 5.5 It is clear that < is an upwards directed order on NV, Because = is transitive, Matp(n,Z) is
a monoid — under matrix-multiplication — for each n € NV (i.e. a semigroup with an identity).

Given U € GLp(n,Z) and U’ € Mat(n,Z) such that UU' = U'U = I. By elementary matrix theory
U’ is known to be a block-upper triangular-matrix. Suppose U{j = 0 for some i < j. The matrix Uj; is
invertible thus Uiz'U{j # 0. By matrix multiplication it is seen that

J
(UU")i; = UnUj; =0,
k=i

thus there exists a £ € P such that ¢+ < k < j, ¢ = k, and U,’Cj # 0. By induction is therefore i > j. So
U=t € GLp(n,Z) for all U € GLp(n,Z). Thus we have seen that GLp(n,Z) and SLp(n,Z) are groups for
every n € NV,

It is easy to see that iy is an injective homomorphism, that ¢ty n (GLp(n,Z)) € GLp(r,Z), and that
ten (SLp(n,Z)) C SLp(r,Z) for all n,r € NV with n < r. It is clear that tym = lrn © tnm for all
m,n,r € NV withm<n<r.

Definition 5.6 From preceding remark it follows that (9atp(n,Z), iy n), n,r € N¥ n <r is an inductive
system in the category of monoids while (GLp(n,Z), ty n), n,r € N¥ n <rand (SLp(n,Z),tyn), n,r € NV,
n < r are inductive systems in the category of groups. We let Matp(Z), GLp(Z) resp. SLp(Z) denote the
inductive limits of these three systems.

With a slight abuse of notation, we let () denote all the embeddings. It is a very important observation
that we can get every element in Matp(Z) (resp. GLp(Z) and SLp(Z)) as Bs, where B € Matp(n,Z)
(resp. GLp(n,Z) and SLp(n,Z)) for an n € N¥. Also, we can canonically consider SLp(Z) as a subgroup
of GLp(Z), and we can also canonically consider GLp(Z) as a sub-monoid of Matp (7).

Remark 5.7 One could also get quite a nice description of these inductive limits by having the matrices
being represented as N x N-block-matrices — where each block is a Ry X Np-matrix (a countably infinite
matrix). This is done in [2]. The description offered here is particularly comfortable to anyone familiar with
K-theory.

Definition 5.8 Given B € Matp(Z) and B’ € Matp(Z). Then we say that B and B’ are G Lp-equivalent
(resp. SLp-equivalent) iff there exist U,V. € GLp(Z) (resp. SLp(Z)) such that U BV = B'. 1t is easy to
verify that these are equivalence relations.

Now let B € Matp(n,Z) and B’ € Matp(n’,Z). Then it is easy to see that B and Bl are GLp-
equivalent (resp. SLp-equivalent) if and only if there exist r > n,n’ and U,V € GLp(r,Z) (resp. SLp(r,Z))
such that Uty n(B)V = tpn(B’). We will also say that the matrices B and B’ are GLp-equivalent (resp.
S Lp-equivalent) in the sense of B, and B._ being GLp-equivalent (resp. SLp-equivalent).



6 An isomorphism theorem for O4

We let > be an order on P :={1,..., N} satisfying the conditions of Assumption 5.2.

Remark 6.1 First assume N = 1. Let B € Matp(n,Z) and B’ € Matp(n’,Z). By use of the existence of
the Smith normal form, it is easily seen that B is GLp-equivalent to B’ iff cok B = cok B’, and that B is
S Lp-equivalent to B’ iff cok B = cok B’ and det B = det B’.

Now let N € N be arbitrary and let furthermore n,n’ € NV, B € Matp(n,Z) and B’ € Matp(n’,Z) be
given. Then it follows from the above observation that a necessary condition for B being G Lp-equivalent
(resp. SLp-equivalent) to B’ is that cok B;; = cok B;, i € P (resp. det B;; = det B, and cok B;; = cok B,
for i € P).

Let us now consider the case where A € Mat,,({0,1}) can be written in the following block-form

An A Az - AN
0 AQQ A23 tee AQN
A=1] 0 0 Asz -+ sy |
0 0 0 -+ Apnn
where each of the diagonal-blocks Aq1,..., Ayn are irreducible non-permutation matrices and I'4y = P via

the identity. Then the above is a good motivation to examine, whether SLp-equivalence between (I — A)
and (I — A’) classifies these matrices up to FE. And it is also natural to ask, whether GLp-equivalence
between (I — A) and (I — A’) classifies the associated Cuntz-Krieger algebras up to stable isomorphism. And
actually, this seems to be the case (modulo a permutation of I' 4). This leads to the following definition.

Definition 6.2 Given n € NV. We let imatg’ll_(n, Z) denote the set of matrices A € Matp(n,Z), which
satisfy

e All entries in A are non-negative,
e Each diagonal-block, A;;,i € P, is essentially irreducible,

o A satisfies the condition (II) (so for each i € P, the maximal irreducible principal sub-matrix of A;; is
not a permutation matrix),

e For all 4,5 € P with i = j there exist an index 4/, appearing on a cycle of A;;, an index j', appearing on
a cycle of Aj;, and a k € N, such that A¥(i’, j') > 0 (so I'4 is order-isomorphic to P via the identity).

Remark that smmgfl (n,Z) is a subset of the set M3 , (n,Z) defined in [2], Def. 2.2.

Remark 6.3 The definition of S)J?a’cgﬁlzr (n,Z) is a bit technical. Requiring a matrix to belong to smatgﬂ (n,Z)
seems very restrictive. But actually in dynamic settings — as we will see later — this is nothing but to demand
condition (II) (modulo topological conjugation). So the main idea of imatgl(n, Z) is to write the matrices
in a nice way to make the notation much easier.

In what follows, we will restrict our interest to {0, 1}-matrices satisfying condition (IT). More specific, we
will look at matrices A € E)ﬁatg’ll_(n, Z) and A’ € ﬂﬁatgl_(n', Z) with entries from {0,1}. So we have that
T'4, T'4» and P are order isomorphic via the identity.

Assuming that the adjacency matrices of the irreducible components are non-permutation matrices, it
follows from [2], Thm. 3.1, that



Theorem 6.4 (Boyle) Given A € imat(n) 4+(n,Z) and A" € ﬂﬁatgll(n’, Z) with entries from {0,1}. Then
we have that A ~pg A’ iff there modulo a permutation of T a exists a S Lp-equivalence from B =1— A
to BB =1 — A'. In other words: A ~pg A’ iff there exist an order isomorphism p: I'a — Ty and a
SLp-equivalence from (I — A) to (I — Pyt A'P,), where P, is the permutation matriz induced by p.

From this we immediately get

Corollary 6.5 (Boyle) Given A € ﬁﬁat(n) (n,Z) and A’ € imat( D 4 (0’ Z) with entries from {0, 1}. If there
exists a SLp-equivalence from (I — A) to (I A ), then A ~pg A’

Definition 6.6 For every matrix A € Mat,({0,1}) we define two matrices A_ € Mat,1+2({0,1}) and
A. € Mat,4+3({0,1}) by

00 001

A ¥ A

A= 00 , Ao= 0 i
10 1. 0

11 1

11 1

(080 (11) (8:::@)

Remark that A. is always irreducible, and that A_ is irreducible if A is irreducible.

=HOOO:-
e L

The proofs of the following two results are very much inspired by [8], Lem. 4.3, and [9], Thm. 2.6, resp.
These are again inspired by Rgrdams elaboration in the appendix of [16] of an idea pointed out by Cuntz in
[5]. These are the key ingredients in proving the main theorem.

Lemma 6.7 Given A € imatg’lzr(n, Z) with entries in {0,1}. Write A in the block-form

M X Y
A=|0 @ z],
0 0 N

where @Q is the diagonal-block A;iyi,, i0 € P — and so it is essentially irreducible. Set

M X, Y M X. Y
0 0 N 0 0 N

where Qy = Q~, Xy = (X O), Z, = (g), Qi = Q)= = (Q)—, Xuw = (X* O) = (X O), and

Lw = (Z*) = (g) (we add a “suitable number of zeros”). In other words

0

M X 0 Y

M X 081 Y 00100
oo (1) 2 0@ )

A, = 001 , A= 1.1 00100

1.1 001 0 0 01100
(0---0) 011 0 0 0--0 11110 0

050 e 08 00011
0 0 N 0 0 0 N

Then we have:

(a) A € imatglzr(n*, Z) and Ay € imat;l) (Nux, Z), where n, = (N1, ..., Nig—1,Niy + 3, Nig+1,---,NN) and
n**:(nl,.. s Mo — 1,ni0+5,ni0+1,...,nN).
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(b) Oa, = 0a,,.
(¢) (I —A) is SLp-equivalent to (I — A.).
(d) There exist invertible matrices U1, V1 € Maty,, +3(Z) with det Uy =1 and det Vi = —1, such that

I-M -X 0 Yy
I 0 0 I 0 0 0 I-Q 0 —7
0 U, 0](I-A4)|0 v 0] = 100 = tn. (I — A)
0 0 I 0 0 I 0 0 (86?) 0
0 0 0 I-N

So (I — A) is GLp-equivalent to (I — A,) with these special kinds of matrices inducing this equivalence.
(e) OaK=20,4, K.
The corresponding results hold if M or N is “empty”.

Proof. (a): This is easily seen.
(b): This part of the lemma — that O4, = O4,, — is proven in [8], Lem. 4.3.
(c): Define Ay such that

I-M -X 0 -Y
0 I-Q 0 A
10000
T-do=meall=A=| (86?88) o |
00010
00001
0 0 0 I—-N
and let
I 0 0 0
01000 I 0 0 0
0 7 R 0 0 I 0 0
~~~~~ 1 1 0 -10 0
Uy = 256668 and Vp = 01... 01 0 0-10 0
01000 0 0 - 0 -1-10 0 0 0
0 0 88395 0 8'” 8 0 0 —-10 —1
o 0 0 0 —10
00001
0 0 0 I 0 0 0 I
Then
I—-M -X 0 -Y
00-100
0 I-Q <zz : ;;> —Z
00-100
Uoll = Ao)Vo = <‘01 ‘&) R 8) =1 A
0 0 0 -1-10 -1 0 0
0 0 0 0 -10 —1
0 0 0 0 0 —-10
0 0 0 I—N

It is clear that det Uy = 1 and det V; = 1.
(d): Define Uy, V1 € Mat,,, +3(Z) by

v-|" <5E16)) andVlz((_l [ L) (_11?1_01))

11



Then
I-Q 0
U(I - Q)W = 0 (5?8) , Wha.=27,, XV =X,.
001

Part (d) is now seen by multiplying the matrices together.

(e): In part (c) we have shown that (I — A) is SLp-equivalent to (I — A,.). By Corollary 6.5 is
therefore A ~pp A... Because the stabilized Cuntz-Krieger algebra is a FE-invariant of SFTs, we get that
040K =04, ®K. Now the assertion follows from part (b).

The last assertion is easily seen by going once again through the proof. [

Theorem 6.8 Given A € Sﬁat(n) 4(n,Z) and A" € Dﬁat(n) 4 (n',Z) with entries from {0,1}. If B=1— A is
G Lp-equivalent to B’ =1 — A’, then OA QK204 ® K

Proof. Suppose that B = I — A is GLp-equivalent to B’ = I — A’. Therefore there exist r > n,n’
and U,V € GLp(r,Z), such that Uty n(B)V = trn/(B’). Set By = trn(B) and Bj = tpn/(B’). Then
UBoV = Bj. We want to show that we w.l.o.g. can assume that all diagonal-blocks in U and V have
determinant 1. From Corollary 6.5 we then get that A ~pp A’. This will be done by induction. Given
i € {1,..., N} and suppose that det(U;;) = det(Vj;) = 1 for all j € N with j < ¢. Then we want to show

that there exists a matrix A” € Sﬁat(n) 4(n",Z) such that O4 ® K = O4» ® K and such that there is a
G Lp-equivalence from (I — A”) to (I — A’ ), where the determinant of the first ¢ diagonal-blocks in each of
the GLp-matrices inducing the equivalence is 1. We consider diagonal-block 7 and divide into 3 cases:

Case 1: Suppose det U;; = det V;; = 1. This is what we want.

Case 2: Suppose detU;; = 1 and detV;; = —1. Set m := (ny,...,n;-1,7; + 3,Ni41,...,nN). We
know from Lemma 6.7(d) that there exist U’ € SLp(m,Z) and V' € GLp(m,Z), such that det V), = —1,
det V/; = 1 for all j # i and U'tmn(I — A)V' =1 — A,. Find (by the upward directedness) an ro > r, m.
Then

tron (U )trgn(I = A ey m(V') = teg.m(I — As) and tpg 2 (U™ trg (I — A gy 2 (V1) = trg (I — A).

So we have
Lro,m(U/)Lroyr(U_1>Lro,n’ (- AI>Lro,r(V_1>Lro,m(Vl> = trg,m (I — Ay)

and det (Lro,m(U’)Lr07r(U_1))jj =detUj; for all j =1,..., N, det (trg,r (V") trg,m (V’)) = det Vj; for all
j # i and det (Lro’r(vil)Lroym(V/))ii = 1. In this manner, we get a GLp-equivalence between (I - A
and (I — A’), which satisfies that the determinants of the diagonal-blocks in the GLp-matrices inducing the
equivalence are the same as of U resp. V — except that the determinant of the i*" diagonal-blocks are 1.
From Lemma 6.7(e) we have that O4 @ K2 04, ® K. So we can w.l.o.g. assume that det U;; = det V;; = 1.

Case 3: Suppose detU;; = —1. Roughly speaking, this case is dealt with by going “far out in Uy
and V;;” and interchange two neighbour columns in both U; and Vi;. A bit more precise: Let r’ :=
(riy...,7-1,7+2,7i41,...,7n), and consider the matrices vy (U), Lty (V), tp v (Bo) and ¢y »(BY]). Let Uy
(resp. Vo) be equal to s »(U) (resp. i »(V)) except from that the (r1+- - -+r;4+1)" and the (rq+- - -+r;+2)t
column are interchanged. Then Upty +(Bo)Vo = tr r(B(), det(Up)i = 1 and det(Vp); = — det Vi;; now we
proceed to case 1 or 2, depending on the determinant of (Vp)s;.

By induction of 4, it is now proven that we w.l.o.g. can assume that B = I — A is SLp-equivalent to
B =1 — A’. But from Corollary 6.5 we see that A ~pg A’. We know that the stabilized Cuntz-Krieger
algebra is a FE-invariant for SFTs, hence O K= 04 @ K. O

7 K-web

Boyle has shown in [2] that SFTs coming from matrices in e.g. Smat(n) 4 (n,Z) can be classified up to FE by
S Lp-equivalences. Boyle and Huang have in [3] tried to make a more “K theoretic” complete invariant, but
this is not fully satisfactory, because of complications related to signs.
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However, dealing with Cuntz-Krieger algebras up to stable isomorphism, these signs are irrelevant —
as well as we in the preceding section saw that SLp-equivalence has to be replaced by GLp-equivalence.
Fortunately Boyle and Huang have in [3] succeeded in making a “K-theoretical” characterization (the so-
called K-web) of GLp-equivalence. Here we denote the order on P opposite of that in [3] and we use H
instead of the use of H in [3], to avoid confusion with the H’s in Definition 2.2. Otherwise, the rest of this
section is just a reformulation of definitions and results from [3].

We let = be an order on P := {1,..., N} satisfying the conditions of Assumption 5.2.

Definition 7.1 We say that a subset S of P is convez iff S # () and
Vi,j,k€P((i,j €SNi=k=j)=keS).

For each 7 € P we let

(i):={jePlj=il},

(1) :={jePlj=ini#j},
Imm(i):={jePlj=iNi#jAVkEP(=k=i=k=iVk=j)}

H(i) :
H_(i)

Given B € Matp(n,Z). For a non-empty subset S of P let Bg denote the principal sub-matrix of B we
get by deleting all rows and columns, whose number belongs to P\ S. For each convex set S C P we let

Cs(B) := cok Bg

and for each i € P we let
KZ(B) := ker B”
Remark that these groups are the same for ¢y n(B) for all r > n.
For each i € P with H_(i) # () we get an exact sequence from Lemma 3.2

(1) Kl(B) — Cﬁ,(z‘)(B) — Cﬁ(i)(B) — C{i}(B) — 0.
And for every pair (i,7) € P x P satisfying j € Imm(i) A Tmm(i) \ {j} # 0 is H(j) € H_(i) - and so we
have a homomorphism

(2) Ch)(B) = Cy_y(B)
originating from the exact sequence (cf. Lemma 3.2)

ker By Cﬁ(j) (B) — Cﬁ,(i) (B) — Cﬁ,(i)\l—ul(j) (B) — 0.

~N\EG) T
Set
Jp = {{i}|ie PYU{H(i)|ie PYU{H_(i)|ie P AH_(i) #0}.

By the K-web of B, K(B), we mean the families (Cs(B))gc, and (K;(B));cp together with all the ho-
momorphisms from the sequences (1) and (2). Let now also B’ € Matp(n’,Z). By a K-web isomorphism,
k: K(B) — K(B'), we mean families (¢g: Cs(B) — Cgs(B’))secs, and (¢;: K;(B) — K;(B'))iep of iso-
morphisms, satisfying that the ladders coming from the sequences in K (B) and K(B’) commute.

Given B € Matp(n,Z). It is clear that K (B) and K (trn(B)) are naturally isomorphic for every r > n.
Therefore we can define the K-web for elements in Matp(Z).

Remark 7.2 Remark that K-web isomorphism is stronger than demanding all the exact sequences to be
isomorphic (as exact sequences). The different sequences can overlap in such a way that groups in different
sequences can originate from the same convex subset of P; for groups in different sequences originating from
the same convex subset of P, the isomorphisms have to be the same in all these sequences. If one visualizes
the K-web as a diagram (as e.g. in [3], Ex. 3.6), one gets a notion of why it is called the K-web.
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Proposition 7.3 (Prop. 3.2 from [3]) Let B = (BOU g;), B = (Bil Bi?), U= (UO“ g;i), and V. =

0 B,
(Vél “22) be matrices with matching block-structures such that UBV = B’. Then we have an induced

isomorphism of exact sequences given by

ker Boy — cok By cok B cok Bag —=0
L TR A
ker Bb, — cok By, cok B’ cok Bb, —=0,

where a: x — Vag'x, b: [x] — [Unix], ¢: [2] — [Ux] and d: [2] — [Usax].

Proof. An easy exercise. [

Definition 7.4 Given B € Matp(n,Z) and B’ € Matp(n’,Z). Suppose that B and B’ are G Lp-equivalent.
Thus, there exist r > n,n’ and U,V € GLp(r,Z), such that UByV = B{, for By = iy n(B) and B{, = ¢y n/(B’).

It is seen from the preceding proposition that the pair (U, V) induces a K-web isomorphism between
K(By) = K(B) and K(B))) = K(B’). We denote this induced K -web isomorphism ry,v.

Because we restrict ourselves to {0, 1}-matrices, A, to generate SFTs and Cuntz-Krieger algebras, we
can assume that the matrices (I — A) have entries from {—1,0,1}. Thus the greatest common divisor of the
elements of every diagonal-block is 1. From [3], Cor. 4.7, we thus have the following

Theorem 7.5 (Boyle and Huang) Let B, B’ € Matp(Z) be given matrices with {—1,0,1}-entries. Then
every K-web isomorphism from K(B) to K(B') is induced by a G Lp-equivalence from B to B'. The matrices
B and B’ are GLp-equivalent iff the K-webs K(B) and K(B') are K-web isomorphic.

8 &/M(0,) is a complete invariant of O, up to stable isomorphism

Assumption 8.1 In what follows, we let = be an order on P := {1,..., N}, where N € N, which satisfies

imj=i<j
for all i,j € P. Set
00 01
00 10
:]: - .
01i--00
10--00

Then J? = I. Let 7)}- denote the set P equipped with the order t} given by ¢ i} Gyt N—j+1>= N—i+1.
Clearly PI also satisfies

izyj=i<]
for all 4,j € PY. We can think of P] as P equipped with the opposite order, and afterwards we have

made the permutation i — N — ¢ + 1 of the elements in P to ensure that the opposite order satisfies the
corresponding requirement that the block-matrices have to be block-upper triangular-matrices.

Remark 8.2 Let there be given B, B’ € Matp(n,Z). Let n} = (nn,ny_1,...,n1) € NV and remark that
(JBIT,(JB'J)T € Matpr (n},Z) with the block-structure preserved. Then B and B’ are G Lp-equivalent

if and only if (JBJ)T and (JB'J)T are GLpr-equivalent. This, because of UBV = B’ if and only if

(JVIHY(IBNH(JUNT = (JB'J)T.

14



We now want to prove the main theorem, Theorem 4.2. It is clear that (1) implies (2) in Theorem 4.2.
The opposite implication follows from

Proposition 8.3 Let A and A’ be {0,1}-matrices satisfying (II) and suppose that &' (O04) = &Y (O4)).
Then O4 @ K =2 04 Q K.

Proof. By state splitting (see e.g. [12], §2.4), there exist {0, 1}-matrices Ay and Aj, satisfying (II) such
that every transition state has exactly one out-edge and X 4 and X 4, (resp. X4 and X AS) are topologically
conjugate. So we can w.l.o.g. assume that every transition state has exactly one out-edge.

Given a reduced filtrated K-theory isomorphism (k, p): &1%(04) — & (O04/). So by Theorem 2.7
this induces a lattice isomorphism n: Her(I'y) — Her(T 4/), where Her(T' 4) (resp. Her(I'a/)) denotes the
hereditary subsets of I'4 (resp. T'a/). It is easy to show that card(n(H(v)) \ n(H-(v))) = 1 and that the
map sending ~ into the element in n(H(v)) \ n(H-(v)) is an order isomorphism. Let : I'y — I'4/ denote
this isomorphism. Then p(jH(w)) = jn(H('y)) = jH(é(’y)) for all v € T'4.

So I'4 and T4/ have the same number of elements; let N denote this number. Write 'y = {y1,...,7n}
such that

Yiz v =) S
fori,j=1,...,N. And set v/ = §(y;) for i = 1,..., N. Find permutation matrices P and P’ such that

Ar 0 0 - 0 A, 0 0 -0

Agr Aa 0 e 0 Ab o Ay 0 ... 0
PAP = | A A Az - 0 | prap-l Ay Agy Ay oo 0 ,

An1 Apno AN3 oo ANN AlNl A?VQ A/NS A?VN

where the vertices corresponding to A;; are 7;, and the vertices corresponding to A}, are 'y_z’ (here we use
that every transition state has exactly one out-edge and thus belonging to exactly one of 7y,...,7y)-
Define n,n’ € NV, so that they reflect these block structures. Let P = {1,..., N}, where i = j if and
only if v; = 7;. Then (PAP~1)T € DJTat(H) 4 (n,Z) and (P'A’P"~1)T DJTat(H) 4(n’,Z). Tt is an important
observation that given a transition state ¢ € ¥ and a hereditary subset H of F A, then 7 € Z( )iff vy € H,
where v € T' 4 is the first irreducible component we meet, when we start a trip from i. We now want to show
that K(I — (PAP~1)T) is K-web isomorphic to K(I — (P'A’P'~1)T).

Assume w.l.o.g. that A and A’ are already written in this form (so P = I and P’ = I) and let B=1— AT
and B=1-AT, Then By =1—Al and B;; = —A;ri for all 4,5 € P with ¢ # j and correspondingly for B’.

0. e 0,

Let ¢y = HJH(W i) = Edu o (if H_(i) # 0), ¢y = “quf(%.) and 9; = HJH( - We of course

have to check that this is well defined! First of all, because of the special structure of A and A’, we have
that

Ciiy(B) = EKo(Tu()/Ta (), Cry(B') = Ko(Tux)/Ta ()
Ki(B) = Ki(Ju 71)/u7H (7)) Ki(B') = Ki(JTue)/Ta_():
Cir(B) = Ko(Tn(y City(B') = Ko(Tu(1))s )
Cﬁ,(i) (B) = KO(jH ) Cﬁ,(i) (B") = Ko(Ju_ ('yg)) (if H_(i) # Q))

for all i € P. So the source- and target-sets are the right ones. But we also have to check that the
maps are well-defined. Because the ¢g’s are defined from the subsets S of P, the cases H(i) = I;L( /) and
H_(i) = H_(j) will not cause any problems. So the remaining case is {i} = H(i); and thus H_(i) = 0,
H(~;) = {7} and H_(v;) = 0. Because we also have included the exact sequence induced by the short-exact
sequence

0= T _(v) =10} = Tuv) = Tuv/ Ty = 0
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where the “little ideal” is {0} in the definition of the reduced filtrated K-theory of O4 (and correspondingly
for O4), we get the following commutative diagram
Ciy (B) == C1a(B)

EK(Ttv) [ Tt () —= Ko(Ti_(3) = {0} —= Ko(Tr(2,) — Ko( T3/ Tr_(v)) —=0

I{l’q KO,'L I{U’i NO,q
TH () TH_ () TH () TH(v;)

Ki\(Tu(y) ) Ta_ 1) — Ko(Tu_ () = {0} —— Ko(Tn(y1)) —— Ko(Tu(v)/ Tu_(v)) — 0

IR
IR

Thus the definition is consistent. We now automatically get all the commutativity from the reduced filtrated
K-theory. So K(I — AT) is K-web isomorphic to K(I — A’T). By Theorem 7.5 (I — AT) is therefore
G Lp-equivalent to (I — A'T).
It now follows from Remark 8.2 that (I — JAJ) € Smatngr(n},Z), (I—-JAJ) e i)natf;?+(n(,T,Z) and
J? Jo
that (I —JAJ) is GLpr-equivalent to (I — JA'J). From Theorem 6.8 it now follows that O4 ® K =2 04 @ K.
O

9 Addendum

There are many interesting questions concerning the material in this paper. In [8], Thm. 4.9, Huang has a
complete invariant of Cuntz-Krieger algebras with trivial Kq-group up to unital isomorphism (by a kind of
“preserving the unit”). It is natural to ask how to extend this result to the general case:

Question 1 What additional conditions do we need to make a complete invariant of Cuntz-Krieger algebras
up to unital isomorphism?

This is an open question for Cuntz-Krieger algebras with only one non-trivial ideal, so the first step would
be to solve this case:

Question 2 What, in addition to the siz-term exact sequence, do we need to include in our invariant to
make it a complete invariant up to unital isomorphism of Cuntz-Krieger algebras with exactly one non-trivial
ideal?

Rgrdam told the author that an isomorphism theorem of the two-component Cuntz-Krieger algebras
was the “missing link” to succeed in proving the classification result (for three-component Cuntz-Krieger
algebras) in the mid nineties. This suggests that the isomorphism theorem is correct, but much deeper than
the classification problem:

Question 3 Let A and A’ be {0, 1}-matrices satisfying (II). Is every reduced filtrated K -theory isomorphism
from &0 4) to &MY (Oar) induced by an isomorphism from O4 @ K to O @ K?

Eilers told the author that using the work of Bonkat, [1], this question can be answered in the positive for
two-component Cuntz-Krieger algebras.

And, of course, we can ask, how large a class of (infinite, stable, separable, nuclear) C*-algebras, our
invariant classifies:
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Question 4 Which “nice” classes of C*-algebras, A, do the full filtrated K -theory, 8"Y(2), classify.

Of course, this includes Cuntz-Krieger algebras (whose adjacency matrices satisfy condition (II) of Cuntz).
It is also worth mentioning that all separable, stable, nuclear C*-algebras absorbing Qs (2 absorbs Oy iff
A = AR Oy) are classified up to unital isomorphism by their ideal lattice (this is proved in [11]) — this means
that all the “K-theory information” in the full filtrated K-theory is superfluous.
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