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Abstract: In this paper we consider the effect of ARCH innovations on
the well-known trace test for the cointegrating rank in VAR models. We
show that the cointegration rank test is robust in the sense that the usual
assumption of i.i.d. Gaussian errors can be relaxzed to a situation where the
innovations form an uncorrelated martingale difference sequence with finite
second order moments. This includes ARCH and by means of Markov chain
theory we can explain findings in simulation studies in the literature on size
distortions under ARCH. By the mentioned theory we establish and discuss
necessary and sufficient conditions for the multivariate ARCH process to
be stationary and geometrically ergodic with finite second order moments.
The results are emphasized by simulations of the rank test in the presence
of ARCH innovations which illustrates the sufficiency and necessity of the
existence of second order moments. Also possible size distortions which
can be related to different ways of measuring the impact of ARCH by the
size of a certain matriz are discussed. QOur focus is on the multivariate
BEKK-ARCH process in Engle and Kroner (1995) but we show how the
results extend to other types of multivariate ARCH processes appearing in
the literature. Finally, rank determination in SEP500 spot and futures data
illustrates.
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1. INTRODUCTION

The well-known trace test for cointegration rank in the vector autoregressive
model is derived in Johansen (1996) under the assumption of independently and
identically distributed (i.i.d.) Gaussian errors. Using this test we study the impact
of multivariate autoregressive conditional heteroscedastic (ARCH) innovations for
cointegration inference in the vector autoregressive (VAR) model. By means of
analysis based on Markov chain theory we can explain findings in simulation
studies in the literature on size distortions under ARCH. Included simulations
illustrate this as well as other points regarding possible size distortions which can
be related to measures of size of matrices, see below. Our focus is on the mul-
tivariate ARCH process in Engle and Kroner (1995), denoted the BEKK-ARCH
process here, but we show how the results extend to the other types of multivariate
ARCH processes appearing in the literature.

Denoting the rank test derived as if the errors were i.i.d. Gaussian by the pseudo
likelihood ratio or PLR test, we show that indeed — under regularity conditions —
the class of ARCH innovations are martingale differences for which the limiting
distribution is the same as the one obtained under the i.i.d. Gaussian assumption.
The result regarding the limiting distribution when the innovations are martingale
differences has been suggested in the literature but to the best of our knowledge
nowhere presented with a proof.

What is important is that an essential regularity condition in this respect is the
existence of second order moments for the uncorrelated ARCH innovations. We
show that the necessary and sufficient condition for the existence of second order
moments is that the largest modulus of the eigenvalues or equivalently, that the
spectral radius of a certain matrix ¢ parametrizing the conditional heteroscedas-
ticity in the BEKK-ARCH process is smaller than one. The proof is partly based
on an application of a slightly modified k-step drift criteria in Markov chain theory
based on Hansen and Rahbek (1998).

The effect of BEKK-ARCH innovations is illustrated by simulations. In par-
ticular, it is illustrated that the PLR statistic indeed diverges as the parameters
reach the region where the second order moments cease to exist or, equivalently,
the spectral radius of ® approaches one. We note that an essential step in the
proof for geometric ergodicity is based on changing the measure of size of the
matrix @ from norm to spectral radius. The fact that ® — or any matrix — can
have an arbitrarily large norm but small spectral radius is fundamental for the
difference between multivariate ARCH processes and, say, univariate ARCH(1)
processes. In the latter case the two measures of size are identical. We illustrate
in the simulations that the ARCH effect as measured by sprectral radius of ® is
vital, whereas the size of the coefficients as measured by the norm play no role.



This generalizes and at the same time explains findings in the literature where
the impact of ARCH has been investigated for the PLR test for the case of diagonal
conditional variance with univariate ARCH effects on the diagonal alone as studied
in Boswijk, Lucas and Taylor (2002), Lucas (1998) and Ling, Li and Wong (2001).
The diagonal cases studied exclude in particular possible ARCH effects involving
cross-moments or products, see later.

In addition, our simulations also clearly indicate that the speed of convergence
of the PLR test to the limiting distribution as a function of the number of observa-
tions is slower than in the case of i.i.d. Gaussian errors. This reflects small-sample
problems in addition to the already well-known small sample problems in the i.i.d.
case which, under the assumption of Gaussian innovations, recently have lead to
Bartlett-type corrections in Johansen (2002).

While our simulations focus on the BEKK-ARCH process, other multivariate
ARCH processes in the literature are discussed: The BEKK-GARCH (as opposed
to BEKK-ARCH) of Engle and Kroner (1995) for which asymptotic inference in
the stationary case is treated in Comte and Lieberman (2001); the constant cor-
relation ARCH process suggested in Bollerslev (1990) and discussed in Jeantheau
(1998); and the aforementioned diagonal ARCH process.

Thus the conclusion is that indeed the PLR rank test statistic is robust with
respect to ARCH type innovations provided the parameters of the actual ARCH,
or martingale difference sequence process in general, are such that second order
moments exist. A dominating part of the univariate empirical analyses in the
literature find parameter estimates which indeed are in the region where second
order moments do not exist (see for instance the massive literature on integrated
generalized ARCH, IGARCH). Likewise, the existing and quoted simulations on
cointegration rank tests focus on the case of diagonal marginal and conditional
variance in the region of IGARCH for each component. On the other hand, other
multivariate empirical analyses in the literature as well as our included S&P500
spot and futures illustration, exhibit parameter estimates which appear not to
exclude second order moments when applying the results on existence of moments
listed here.

This points towards the development of inference for cointegration rank in the
case of multivariate ARCH where the ARCH structure is imposed and not ignored
when computing rank statistics. In the case of known rank, Li, Ling and Wong
(2001) consider estimation of cointegration vectors under the assumption of both
diagonal conditional and unconditional variance with ARCH components. Similar
to the univariate case of unit-root testing in Seo (1999), their results indicate that
rank inference involves limiting distributions with nuisance parameters which are
functions of the ARCH parameters. This is also the case for the i.i.d. but non-
Gaussian case investigated in Boswijk and Lucas (2002) where more leptokurtosis



than Gaussianity is introduced by innovations which are basically mixtures of ¢
type distributions.

With respect to Markov chain theory, note that a k-step type drift criteria
similar to Hansen and Rahbek (1998) appears in Tjostheim (1990) derived under
different assumptions. The general idea of using drift criteria to show existence
of moments as well as geometric ergodicity for non linear processes is by now
well-established in the econometric literature; see for instance Carrasco and Chen
(2002) for a recent application to univariate GARCH processes. With respect to
the multivariate BEKK-ARCH(1) processes, as opposed to the here considered
BEKK-ARCH(p) processes, it first appeared in Hansen and Rahbek (1998).

The point that lack of relevant moments of an underlying ARCH type process
leads to distortions of certain test statistics, in particular misspecification tests,
is known from the literature on extreme values as in Embrechts, Kliippelberg and
Mikosh (1997).

Some notation is used throughout the paper: First regarding norms, with x a
vector in R”, ||z|| denotes the euclidean norm, ||z]|*> = X7, 22. Denote the space of
linear maps from R* — R™ by L (R™). Then with A an n X n matrix, A represents
an element in L (R”) and has norm, ||A|| which we choose as ||A|]”> = tr(A'A).
The spectral radius p(A) is the maximal modulus of the eigenvalues of A and
we note that ||A|| > p(A). At one or two occasions we shall in addition use the
operator norm on matrices as defined by ||A[l,, = supjo % = /p(A'A).
Also [|Al],, > p(A), with equality provided A is symmetric. For linear mappings

¢: L(R") — L(R™) we use the operator norm defined by |||| := sup;| x4 %
As an example, ¢ = (A® A) is a linear map from L (R") — L (R") defined by
(A A)(X) = AXA' for X in L(R"). Note that the latter definition closely
resembles the well-known practice of using the vec(-) operator.

Second, for any m xn matrix « of full column rank n, introduce the mx (m—n)

matrix a of full column rank satisfying o’a; = 0.

1.1. OUTLINE OF PAPER

In section 2 we briefly discuss cointegration rank testing in the VAR model and
show that the asymptotics hold under general martingale difference assumptions
as opposed to the assumption of i.i.d. Gaussian innovations. In section 3 we de-
rive conditions for geometric ergodicity and existence of moments for the BEKK-
ARCH process with a thorough discussion of the role of norm and spectral radius.
Also simulations are reported in section 3. Section 4 contains a short discussion of
other multivariate (G)ARCH processes and mentions empirical (and simulated)
results from the literature. An example of rank testing as outlined in the paper
is given for S&P500 data. The Appendix contains the majority of proofs.



2. COINTEGRATION TEST AND MARTINGALE DIFFERENCES

We consider here the VAR(k) model analysed for cointegration and demonstrate
that the analysis in Johansen (1996) inter alia, which is based on i.i.d. Gaussian
innovations, is robust to general martingale difference sequences satisfying the
regularity condition stated below. In particular, this class of martingale differences
will include multivariate ARCH processes considered in the next sections.

2.1. THE PLR TEST AND COINTEGRATION

The VAR(k) model for the observed p-dimensional process Y; in error correction
form is given by

AY, =TIV, + ST AY, L + &, (1)

where IT and (I';);=1,... x—1 are p X p matrices and t = 1,...,7. For the deriva-
tion of the test statistic and statistical analysis in general the initial values
Yy = (Yy,Y!,,... Y, ,) are considered fixed and the innovations sequence
&, is considered to be i.i.d. Gaussian with covariance (2 which is symmetric and
positive definite. However, as already emphasized for the asymptotic analysis of
test statistics, & will be a stationary martingale difference sequence satisfying
regularity conditions.

For cointegration analysis in the VAR model given by (1) the hypothesis of
interest addresses the rank of II or, equivalently,

H(r): 11 = af, (2)

where o and 3 are p X r matrices not necessarily of full column rank r» < p. Note
that here we have not included deterministic terms in the VAR model to keep the
presentation simple. This is without loss of generality as all results stated here
hold provided the hypothesis of rank reflects the deterministic terms included, see
the simulations study later on and Nielsen and Rahbek (2000) for a formulation
and discussion of such relevant rank hypotheses.

The PLR test is given by the well-known likelihood ratio test for H(r) against
H(p) derived as if £, were i.i.d. Gaussian innovations,

PLR :=-T i log(1 — ;). (3)

1=r+1

Here the eigenvalues 5\1 > .. > 5\, > ... > j\p > 0 are the squared empirical
canonical correlations between AY; and Y, ; where both have been corrected
for lagged differences by ordinary least squares. Equivalently, the \; solve the
eigenvalue problem given in equation (22) in the Appendix.



Next, in order to discuss cointegration properties for Y; under H(r) some
assumptions are needed for the autoregressive parameters:

Assumption 1: Assume that IT = o8’ has rank equal to 7. Assume further that
the characteristic polynomial

A)=(1=2), - Tz = I T(1 = 2)2, z€ C (4)

has exactly p — r roots at z = 1 and that the remaining roots are greater than
one in absolute value.

Under Assumption 1 and provided &, is a stationary and ergodic sequence Y
has the Granger-Johansen representation below. The representation states that
Y; under H(r) is non-stationary in the sense that it is integrated of order one,
I(1), and cointegrated with cointegration vector (.

Theorem 1. (Granger-Johansen) Assume that the innovations sequence &, is sta-
tionary and ergodic. Under H(r) and Assumption 1, then the process Y, =
(Y} (8,AY/ ,,...,AY; ;1) can be given an initial distribution such that it is
stationary and ergodic. Furthermore,

¢
V,i=C>Y & +v+v (5)
i=1

where C = 3, (o/ (I — ZLD)&L)_I o'\ . The process v; = X2 C&,_, is station-
ary and the C; matrices decrease exponentially. Finally, the vector v depends on
initial values Yy and satisfy f'v = 0.

Proof of Theorem 1: As (&,);=1,.. is a stationary and ergodic sequence it can be
extended to the infinite past and the proof follows from Johansen (1996), proof
of Theorem 4.2. O

Note that Y} is non-stationary due to the presence of 3°/_, &,. In the i.i.d. Gaus-
sian case Y'_, &, is a random walk. In the case of ARCH innovations the process
ZEZI &, is a ‘weak random walk’ as the innovations are identically distributed and
uncorrelated but not independent. Note also that the 7 linear combinations 3'Y;
are stationary, and therefore cointegrating, as '€, is a linear process in terms of
the &, sequence. Hence the interpretation of cointegration closely resembles the
well-known theory.



2.2. THE MARTINGALE DIFFERENCES AND ASYMPTOTICS

While stationarity and ergodicity for the &, sequence, as well as restrictions on
the VAR parameters, are sufficient for the Granger-Johansen representation to
hold, other assumptions are needed for the asymptotic analysis. These are given
below and imply essentially (i) existence of second order moments of the uncorre-
lated sequence &,; (ii) that a law of large numbers and a functional central limit
theorem applies to &, and finally; (iii) convergence of appropriate sums to stochas-
tic integrals. The conditions we state are quite general and will be sufficient for
the treatment of multivariate ARCH processes. While the regularity conditions
for e.g. the central limit theory can be relaxed we note that the assumptions on
uncorrelatedness and existence of second order moments can not.

Assumption 2.1: Assume that the sequence (&,);=12,... is a martingale difference
sequence with respect to the filtration F;, F; | C F;. Assume further that &, has
finite second order moment,

E(&&) = (6)

Assumption 2.2: Assume that for any mapping ¢ : (Rp)NO - R,

%Ethlg (gta §imts - - ) 5 Eg (ft, iy )

when the expectation is well-defined. Furthermore, assume that a Lindeberg type
condition hold for the &, sequence, i.e. for any § > 0

LB (NP L{lled > avT| 7)) Bo.

The use of the individual assumptions is clear from the proof of Theorem 2
below. By Assumption 2.1, &, is an uncorrelated martingale difference sequence,
while Assumption 2.2 implies that the law of large numbers holds for functionals
involving moments including moments of order two. Furthermore, the Lindeberg
condition implies that the functional central limit theorem applies to ¢,, and
finally, by Hansen (1992) convergence to stochastic integrals is ensured by the
uncorrelatedness of the martingale difference sequence.

The main result of this section is the following:

Theorem 2. Under Assumptions 1, 2.1 and 2.2, the PLR statistic has the same
asymptotic distribution as in the i.i.d. Gaussian case.



The proof is in the Appendix.

As will be seen in the next section Theorem 2 states that cointegration analysis
as derived in Johansen (1996) is robust to ARCH innovations with second order
moments.

As a corollary we note that this result also holds for hypothesis testing on the
cointegration vectors 3. Denote the likelihood ratio test for a linear hypothesis
on [ derived with i.i.d. Gaussian innovations by PLRg (cf. Johansen, 1996).

Corollary 3. Under Assumptions 1, 2.1 and 2.2 the PLRj test statistic has the
same asymptotic x? distribution as in the i.i.d. Gaussian case.

3. BEKK-ARCH (M)

In this section we consider the case where the innovations &, follow the BEKK-
ARCH(m) process of Engle and Kroner (1995)

gt = Qt1/2€t: (7)
Q=0+ 2312?;114@51545;414{ (8)

Z]’
where ¢; is assumed to be p—dimensional i.i.d. with mean zero, variance I, and
positive continuous® density f(-). As a simple and natural example ¢; can be i.i.d.
Gaussian, N(0,1,). The variance parameter €2 is symmetric and positive definite
and the A;; matrices are real p X p matrices. Note that the dependence on m is
suppressed in the abbreviation ARCH(m).

We derive necessary and sufficient conditions for existence of second order
moments. Furthermore, we establish geometric ergodicity and relate this to As-
sumptions 2.1 and 2.2 in the previous section. The difference between measuring
matrix size by a matrix norm and spectral radius respectively turns out to be
of vital importance. This is demonstrated in the proof as well as in the included
simulations. Specifically, size distortions and divergence of the PLR test occurs as
the spectral radius tends to one. By fixing the spectral radius at a value smaller
than one, and letting the norm increase, we see that the latter plays little, if any,
role.

3.1. ERGODICITY AND EXISTENCE OF MOMENTS

To establish the conditions under which the &, process satisfies Assumptions 2.1
and 2.2 we proceed by showing geometric ergodicity of the &, sequence using a
drift criterion which at the same time ensures existence of second order moments.

Lor e.g. lower-semicontinuous



Our focus in this section will be on the step in the derivation where the two
different measures of matrix size, norm and spectral radius respectively, occur.
The additional technical arguments needed are placed in the Appendix. For ap-
plications of drift criteria on multivariate chains in general see inter alia Feigin
and Tweedie (1985), Pham (1986), Tjgstheim (1990) and with focus on ARCH
processes, Hansen and Rahbek (1998).

With ¢, defined in (7) consider the Markov chain

Ty = (6:&7 5;—1’ ey g:f—m-l-l), (9)

on RP™ endowed with the Borel o-algebra. By the factorization of the density of
Z¢rm conditional on xy,

g (l"t+m| l"t) = H?;f (£t+i‘ ftflJri,...,gtferi) ) (10)

the m-step transition density is continuous and positive as €; is assumed to be i.i.d.
(0,1,). By Lemma 11 in the Appendix this implies that x, is aperiodic, irreducible
with respect to the Lebesgue measure and that compact sets in RP” are small.
This again implies that we can use the k-step drift criterion from Hansen and
Rahbek (1998) with the drift function

2
v(z) =14|=|". (11)
More precisely, in terms of the present set-up:

Theorem 4. (Hansen and Rahbek, Tjostheim) Let (x4),_,  be a time homo-
geneous Markov chain on R? endowed with the Borel o-algebra B? for which the
m-step transition density is continuous and positive. Let v : R — [1, 00] be some
drift function. Assume there exists an integer k > 1, a compact set K C R? and
constants 0 < v < 1, g > 0 such that

E(v(wn)| o = x) < yv(z) (12)

for x in K¢, while E (v(xyyx| 2y = x) is bounded by g on K.
Then xz; is geometrically ergodic and xq can be given an initial distribution
such that x; is stationary. Furthermore, all moments bounded by v(-) exist.

The proof is given in the Appendix.

So provided we show that the bounds in Theorem 4 hold for the drift function
in (11) we immediately have sufficient conditions for Assumptions 2.1 and 2.2 to
hold: Specifically, £, is a martingale difference with respect to F; = 0(&,,&,_4, ..)
and it has second order moments. Provided Eg(,,&, 1,-.) is finite the law of large
numbers holds and, finally, the Lindeberg condition holds by a simple application
of the Cauchy-Schwarz inequality.

We first address sufficient conditions in Theorem 5 below, while necessity is
discussed seperately in Theorem 6 afterwards.

9



Theorem 5. Consider the BEKK-ARCH(m) process &, defined in (7). Then a
sufficient condition for geometric ergodicity, stationarity and existence of second
order moments of &, is that p (®) < 1. Here the mp? x mp® matrix ® is defined by

& — ( ST (A @ Ay) B (A 1 @ An1y) BT (A @ Apy) ) ‘
(Lpim—1) ® Ip(m-1)) (Opm—1)xp ® Op(m—1)xp)
(13)

Before turning to the proof note that in the case where m = m = 1, then
P = (All X A11)7 while if m = 2 and m = 1,

P — A ® Ay Ay ® Ay
I, ® 1, 0®0

Proof of Theorem 5: As noted above we shall focus on the role of the measure
of matrix size by spectral radius and norm respectively.

For an element X in L (RP™) identify it with the pm x pm matrix divided
into m? blocks of size p x p, X = (Xik)i,kzl,..,m and define the important mapping
¢: L(R™) — L(R™) by

oS A X AL 0
X) = =1j=14" 1< 114y ) . 14
d) ( ) < 0 (Ip(mfl)a O)X(Ip(mfl)a 0)’ ( )

With this definition turn to sufficiency of the condition p(¢) < 1: Applying
the drift function v(-) in (11) along with the definition of x; in (9) immediately
leads to

E (v (x1)|2) =14 E (tr {oeaziy o) =1+ tr {¢ (z2))} + tr{Q}
E (v (2e01)| 2im1) = 1+ tr{Q} + B (tr {¢ (w,27)} 1)
=14+ tr{Q} + tr{o(Q)} + tr {¢2 (xt,lx;_l)}

where ( :blockdiag(Q, Op(m—1)><p(m—1))- Clearly this can be used inductively by
successive conditioning to obtain

E(v(vgp)|z,=2)=14+E (tT {$t+kx;+k}‘ S 15)
= 1+tr {¢* (za")} + Zi tr{¢"(Q)}. (15)

The central argument for (12) to hold concerns finding an upper bound for the
term tr {¢* (v2')}. In terms of the operator norm

tr{¢" (va)} = [tr {¢" (za")}| < || 6" (@a)|| < e [|* ')l = || IV

10



for some positive constant x. We have used that ¢ (z2'), and hence ¢ (xz'), are
symmetric and positive semidefinite.

Obviously, in the first step, where k = 1, tr {¢ (z2')} is bounded from above
by 7 ||z||” by choosing the norm of ¢ small. However, this will lead to a too strong
restriction on the parameters. Instead the relevant measure for ¢ is the spectral
radius

lim [[¢*] " = p(9),

k—00

see Pedersen (1988, Theorem 4.1.13). Hence if p(¢) < 1, then for some k large
enough the norm of ¢* is arbitrarily small irrespectively of the size of ||¢]|.
The proof of sufficiency is now concluded by choosing k£ such that k H¢kH =
4 < 1. Next, define ¢(7) = 1 — 7 + Z¥ 1r{¢"(Q)} and choose 4 < 4 < 1. Then
E (v (xyr)| 2y =) < ~yv(x) for z € K¢
where the compact set K is defined by

K = {zfv(z) <c(3)/(v =)}
For computational purposes note that p(¢) = p(Co®@Co+X%, X7, (C; ® Cjj))
where the pm x pm matrices C;; are given by

Cij = ( 00'_'.'_0 Aij 0.'_'_'00 ) fori=1,2,..,mand j =1,2,....,7m
such that Cj; is the zero matrix except for the entries in the first m rows and
columns ¢ to ¢ + m which contain the A;; matrix. Cj is the zero matrix except
for the lower left corner which contains the p(m — 1)-dimensional identity matrix.
Finally note that p(Co ® Co 4+ Z2, X7, (Cyj @ Cy5)) < 1 s equivalent to p(®) < 1

with @ defined in (13). This ends the proof of Theorem 5. O

Next we turn to necessary conditions for existence of second order moments.

Theorem 6. Consider the the BEKK-ARCH(m) process £, defined in (7). For
&, to have a finite and well-defined finite second order moment, E(,£;) = 3, and
thereby be weakly stationary, it is necessary that the spectral radius p(®|,,,) < 1.
The spectral radius p(®|,,,) is the maximal absolute value of the eigenvalues of ®

corresponding to (the vec) of symmetric matrices, while ® is defined in Theorem
d.

The proof is given in the Appendix.

Recall that in the case of a BEKK-ARCH(1) process with m =m =1 ® will
be identical to (A® A) for some A. For use in the simulations we note that in this
case p(®l[,,,,) = p(®). In other words, the restriction to the space of symmetric
matrices does not matter when computing the maximal eigenvalues and hence
p(®) < 1 will be both necessary and sufficient for ® = (4 ® A).

11



3.2. SIMULATIONS

In the simulations we illustrate that as the spectral radius p(®) approaches (and
exceeds) one, the PLR test diverges and the size is distorted. The simulations also
illustrate that the ARCH effect as measured by the matrix norm of ® is irrelevant
for the convergence and only p(®) is relevant. Finally, the simulations show a
clear shift in small sample properties of the ARCH-model when compared to the
i.i.d. case.

3.2.1. PROCESSES AND DESIGN

For the choice of PLR test and process under the null hypothesis, we want the
simplest possible system in which the effect of ARCH, as measured by spectral
radius and norm of ® in Theorem 5 can be studied.

We do not focus on small sample problems created by the VAR parameters as
these, under the assumption of i.i.d. Gaussian innovations, are treated in detail
by Johansen (2002), who considers Bartlett type corrections of the trace test.
Thus to keep size distortions from the VAR parameters minimal we investigate
the PLR test of the null of H(0) against the unrestricted alternative H(p) in the
VAR model of order one, VAR(1). In the notation of section 2.1 the VAR(1)
model is here given by,

AY; =TI(Y, 1 — p) + ¢, (16)

for t = 1,...,T. Note that a parameter ;1 € RP allowing for a non-zero level of
the process has been added. The PLR test is still given by (3), but with a small
change in the eigenvalue problem in equation (22) in the appendix as a constant
is added in the reduced rank regression, see e.g. Johansen (1996). Observe that
under H(0), IT = 0 and AY; = &, or V; = X!_,&, + Y, while under H(r) and
Assumption 1, IT = a8’ and Y} is non-stationary with cointegration relations 3'Y;
with mean E(3'Y;) = #'p which in general is non-zero. As discussed in Nielsen
and Rahbek (2000), the trace test is asymptotically similar in this case. Thereby
our choice of VAR(1) model, and hence PLR test statistic, in particular reduces
the effect or influence of the initial value Y, of Y; under the null hypothesis in the
simulations. This will be important for the simulations of the ARCH innovations
(as well), see below. We also note that for the i.i.d. Gaussian case the effect of the
common trends dimension as given by p—r, or p in the case of r = 0, is studied as
well in Johansen (2002). So we restrict attention the bivariate case where p = 2
in order to focus on ARCH effects.

To sum up, in the simulations the trace or PLR test of the null H(0) against
the alternative H(2) is computed for the VAR(1) model in (16). The Y; pro-
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cess is simulated under the null as we are concerned alone with size or rejection
probabilities as well as divergence of the test.

Next, turn to the simulations of the BEKK-ARCH innovations &,. We use a
bivariate BEKK-ARCH(1) for ,, i.e.

¢, =%, (17)
Q= Q+ ALEA,

where &; is an i.i.d. N (0, [5) sequence. As ARCH loading matrix A we choose an
upper—triangular form
o aq A
TR "

where a1, ao and A are real numbers. In terms of the notation of Theorem 5 and
Theorem 6

®=A®A, (19)
@] = (a} +a3)” + A2 (N +2 (a} + a3)) and
p((b) = p(¢|sym) = Inax {a’%i a’g} *

By the specific choice of A in (18) the spectral radius p (®) is independent of A.
At the same time, the ARCH effect as measured by the norm of ® is increasing in
A, that is, ||®|| — oo as |A| = oo, independently of a; and ay. Together this makes
it simple to keep either of the two measures of matrix size fixed while varying the
other. Notice that due to norm equivalence we use the norm ||®|| as defined in the
introduction and not the operator norm which appears in the proof of Theorem
d.
With respect to Q in (17) we set

Q:IQ.

This choice is based on two observations: First, clearly €2, and hence also €, is
positive definite for all £ which is vital in the assumptions used for the application
of the drift criteria. Second, given that 2 is positive definite (and symmetric) the
PLR test does not depend on 2 which can be seen by simply redefining &, (or Y;)
as Q712¢, (or Q7V2Y).

When keeping either the spectral radius p(®) or the norm ||®|| fixed, the sim-
ulated distributions of the PLR test are based on computing the trace statistic for
N = 10000 realisations of the process (Y;);=1,..r under the null and with a sample
length within each realisation of 7 = 1000. The same i.i.d.N(0, I5) sequence &;

13



has been used with the simulations for fixed spectral radius and norm respectively.
For each realisation of £, we simulate a series of length 2000 discarding the initial
1000 observations. This way the &, series can be considered as initiated from its
invariant distribution and possible ‘burn-in’ effects can be ignored. As ¢, is a
function of AYy (and of €¢) this implies especially that Y; is simulated with fixed
initial values Yy and AYy, where the latter in general is non-zero by construction
of the &, sequence. As mentioned above, the chosen version PLR test is similar
with respect to the choice of initial value of Y; so that we ignore possible effects
of initial values. Unreported simulations on the basis of the PLR test in the VAR
model with no level parameter were highly sensitive to the choice of initial values
of Y;.

The 90%, 95% and 99% quantiles of the simulated finite sample distribution
are compared to asymptotic quantiles listed in MacKinnon et al. (1999) using
asymptotic confidence bands from Dudewicz and Mishra (1988). All simulations
were performed in RATS 5.0 and a RATS program can be obtained from the
authors.

3.2.2. THE ROLE OF SPECTRAL RADIUS

Turning first to the role of the spectral radius of ® we consider simulations of &,
in (17) for fixed norm ||®| = 1 and varying spectral radius p(®) < 1. For p(®)
exceeding 1 we set ||®|| = p(®P) i.e. the smallest compatible norm.

p(®)

Level [ iid. 01 02 04 06 08 10 1.1 12 13
1% | 0.98 121 1.01 126 1.34 1.92 3.30 439 583 7.04
5% | 5.14 563 547 573 6.04 6.69 890 10.35 11.99 13.81
10% | 10.56 10.80 10.11 10.98 11.29 12.07 14.63 16.17 17.96 20.49

Table 1: Simulated rejection probabilities based on 10000 simulations of the PLR-
test for H(0) against H(2). Sample size is T = 1000. More simulations are
located in Table 6.

The simulation results are reported in Table 1 and clearly show how size dis-
tortion, as measured by rejection probabilities, grows when increasing the ARCH-
effect. In addition the QQ-plot in Figure 1 illustrates convergence of the PLR
test for p(®) < 1 and divergence otherwise. This demonstrates the necessity of
the condition in Theorem 5.

Unreported simulations confirm these findings in case of unit root testing in
one dimension where p(®) = ||®|| = |a1]. This corresponds to the simulations of
near-integrated models in e.g. Kim and Schmidt (1993) and Lucas (1998).
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Figure 1: Finite sample distribution of the simulated PLR test statistic for H(0)
against H(2) plotted for increasing values of p(A® A) (denoted ‘Radius’ in graph
header) and T = 1000. The graphed interval covers the 90% to 99% quantiles.
Note that the difference between the asymptotic and the finite sample distribution
15 increasing as a function of the spectral radius. For radii larger than one there
s mo sign of convergence.

3.2.3. THE ROLE OF THE NORM

In order to investigate the effect of the norm ||®|| we consider simulations of &,
in (17) where a; = as = 1/2, such that the spectral radius is fixed at p(®) = 1/4
but with A\, and hence the norm, varying.

In Table 2 the size of the PLR test are reported for increasing values of the
norm and a sample size of 7' = 1000 and we note in particular that for any value
of the norm, the simulations indicate no distortion of the test size as measured by
simulated rejection probabilities. For smaller samples rejection probabilities are
reported in Table 7, showing that the distortion is negligible and that for 7" = 100
or more, the test has the correct rejection probability.

This is also illustrated in Figure 2 which shows QQ-plots of the simulated
distribution for different values of the norm plotted against the asymptotic distri-
bution where we in particular note the lack of effect of the norm of .

Hence the simulations clearly suggest that the norm of ® plays little, if any,
role with regards to the size and convergence of the trace test.
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K

Level | i.i.d. 1 2 4 6 8 10 20 30 40
1% 098 109 112 129 1.08 109 110 109 117 1.29
5% 514 524 549 574 535 516 532 516 527 549
10% | 10.56 10.08 10.51 10.78 10.42 10.37 10.52 10.37 10.64 10.87

Table 2: Empirical rejection probabilities based on 10000 simulations of the PLR-
test for H(0) against H (2). Sample size is T = 1000. More simulations are
located in Table 7.

3.2.4. SMALL SAMPLE PROPERTIES

Figure 3 shows how simulated 95% quantiles converge to the asymptotic 95%
quantile as a function of the log of the sample size 1. Table 3 reports the number
of observations needed for the asymptotic quantile to lie in the confidence band
of the simulated quantile. For comparsion with the i.i.d. Gaussian case the case
of p(®) = 0 or equivalently A =0 in (17) is included. Both Figure 3 and Table 3
are based on the simulations in Table 5.

p(®)

Quantile | 0.0 0.1 0.5 1.0
90% 60 225 41000 +1000
95% 60 250 650 +1000
99% 70 275 41000 41000

Table 3: Smallest sample for which the asymptotic quantiles are within the 95%

confidence interval of the simulated quantiles for increasing values of p(®) and
fized ||@| = 1.

As illustrated in Figure 3 as well as in Table 3 comparing p(®) = 0 with the
cases of p(®) > 0 clearly indicate small sample problems which can be attributed
to ARCH effects alone. Measured in terms of the aforementioned asymptotic
confidence bands the simulations suggest that for a sample size of 800 or more,
the empirical and asymptotic 95% quantiles of the PLR test distribution are
indistiguishable, see Table 5.

4. COMMENTS ON OTHER ARCH PROCESSES AND EMPIRICAL ILLUSTRATIONS

Various multivariate ARCH type models have been suggested in the literature of
which the predominant ones are the BEKK-GARCH of Engle and Kroner (1995),
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Figure 2: Simulated distribution of the PLR test statistic for H (0) against H (2)
plotted for increasing values of ||A® A|| (denoted ‘Norm’ in graph header) and
sample length T = 1000. The graphed interval covers the 90% to 99% quantiles.
Note that lack of difference between the asymptotic and the simulated finite sample
distribution regardless of the size of the norm.

Constant Correlations of Bollerslev (1990) and Diagonal ARCH models studied
in e.g. Li, Ling and Wong (2001). We shall briefly discuss these; in each case
with focus on which matrix plays the role of ®, the matrix parametrizing the
ARCH effects discussed above for the BEKK-ARCH process. With relation to
existence of second order moments and geometric ergodicity, we briefly comment
on illustrations in the literature as well as the included S&P500 illustration. In
the S&P500 illustration we also illustrate cointegration rank testing.

4.1. MOMENTS AND ERGODICITY

Asymptotic theory for the BEKK-GARCH process suggested in Engle and Kroner
(1995) has recently been studied in Comte and Lieberman (2001). The BEKK-
GARCH is given by a natural extension of the conditional variance in (8) as

& = 0%,
Q = Q+ 372,57 (A46,:60 AL + Biju—iBj)) (20)

)
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Figure 3: The 95% quantile of the simulated distribution of the PLR test of H(0)
against H(2) plotted as a function of logT, T' = 10,...,1000 for different values
of the spectral radius p(®). The dotted line is the asymptotic 95% quantile.

where as before ¢; is i.i.d. (0,I,), the variance parameter (2 is symmetric and
positive definite and A;; and B;; are real p x p matrices. Consider ® as given by
(13) but with each entry (A;; ® A;;) replaced by

One finds, provided the drift criterion can be applied, that p(®) should be smaller
than one for existence of second order moments. In this case &, will also be
geometrically ergodic. Comte and Lieberman (2001) quote results in Boussama
(1998) where in fact a similar condition appears for geometric ergodicity.

As for the diagonal ARCH process in Li, Ling and Wong (2001) and diagonal
GARCH process used for simulations in Boswijk, Lucas and Taylor (2000) these
are straightforward examples of the BEKK-ARCH and BEKK-GARCH processes.
Specifically, €, in (8) and (20) is assumed to be diagonal with each element on
the diagonal, 0% say, a univariate ARCH or GARCH process respectively.

Finally, Jeantheau (1995) and Ling and McAleer (2001) study the Constant
Correlation GARCH process suggested in Bollerslev (1990). In this case the p-
dimensional conditional variance in (20) is given by the entries

()i = { ouojoy; fori# j

2 <
o, fori=
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where o7, is strictly positive and o7, is a univariate GARCH process

of = 0F + XL (ay€; + bijot_y),

where a;; and b;; are greater than or equal to zero. Note that by definition the
conditional correlation between £, and &, is given by Ugj. Define the p xp diagonal
matrices A; =diag(a;;)i=1 .., and B; =diag(b;;)i=1 .., for j = 1,..,m. Then the
® for which p(®) < 1 is the relevant condition can be written in the form

& — ( (A1 +B1) - (A1 + Bpe1) (A + By) )

Ip(m—1)xp(m—1) Op(m—1)xp

For the case of no lagged variances, i.e. all B; = 0, the Constant Correlations
ARCH process, or rather the implied Markov chain, satisfies the regularity condi-
tions for applying our drift criterion in Theorem 4. Applying simple algebra will
lead to the condition that p(®) < 1 for the just given ® matrix. Due to the nature
of the state space inherited from the univariate specification of the o’,s the drift
criterion can also be applied for the case of Constant Correlation GARCH, see
also Carrasco and Chen (2002) and Ling and MacAleer (1999).

4.2. BRIEF COMMENTS ON EMPIRICAL ILLUSTRATIONS

Using the spectral radius of the individual ®’s reported above as an indicator for
the existence of second order moments, we find mixed results in the empirical
applications of multivariate (G)ARCH processes quoted in the literature. In the
univariate cases, and therefore not surprisingly for the case of Diagonal as well as
Constant Correlations GARCH models, we observe that p(®) with ® replaced by
the estimated values are usually close to one corresponding to integrated GARCH,
see for instance results in Tse (2000) and Bollerslev (1990). Correspondingly most
simulations with regards to cointegration, including the ones in Boswijk, Lucas
and Taylor (2000), use Diagonal (parameter region close to) integrated GARCH.
On the other hand, e.g. Li, Ling and Wong (2001) use Diagonal ARCH and there
p(®) seems much smaller than one.

Below we consider estimation and rank testing in a VAR(1) model with BEKK-
ARCH(1) innovations for S&P500 data and we find that p(®) < 1.

Specifically, we consider daily observations of S&P500 index and the S&P fu-
tures contract traded at Chicago Mercantile Exchange. Data covers the period
1.1.98 to 31.1.02 totalling 1003 observations. On the basis of the daily prices a
futures series F; for the entire period is obtained by rolling over the price series
of the individal contracts using open interest. As in Kessler and Rahbek (2001)
the well-known no-arbitrage, cost-of-carry argument suggests that the log of the
discounted futures series, denoted f;, should cointegrate with the logarithmic spot
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H(r) | PLR 95%
675.4 20.0
1 52 9.2

Table 4: PLR test for the cointegrating rank.

price s;. For discounting we use interpolated? USD LIBOR rates for approximat-
ing the continuously compounded rate.
With Y; = (sq, f)’ we use the bivariate VAR(1) model in (16) as given by,

AY, = Oé(ﬂlyi—l - ,U) + ft

under H(r). The extension with the level parameter p does not change anything
with respect to the conclusions but allows for (the observed) non-zero initial level
of Y;. Using the PLR test and Table 15.2 in Johansen (1996) we find that the hy-
pothesis of rank cointegration r = 1 is accepted; see Table 4. Also the hypothesis
of cointegration vector § = (1, —1)" based on the PLRj test is accepted.

As mentioned above, the VAR(1) model is estimated with a BEKK-ARCH(1)
specification applied to &;:

& =Q+ A & A

The maximum likelihood estimators and their corresponding empirical standard
errors of the VAR parameters under the hypothesis of rank » = 1 are in this case
given by:

~1 0[(())0233}9
iy |1 _o. 022
&(pYy— ) 0.962 | (3~ 000085 +0.0226)

[.0338]

while the significant maximum likelihood estimators of the ARCH parameters are
as follows

00035 0.0055 [ 01642 —0.4347
=00, = _[(.)0(6015}23 —[00(())0;]19 where A = —[60?)775]00 0['%052}9
[.0003] [.0004] [.0417] [.0592]

The spectral radius of ®, p(®), equals 0.3546 < 1 while the norm ||®|| equals
0.4963. Thus both values seem to indicate that the rank determination can be
based on the PLR test.

2Data and further details can be obtained from the authors.
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5. CONCLUSION

The outcome of our analysis is that indeed cointegration rank testing in the
VAR model based on well-known asymptotic inference for the PLR test is valid
for ARCH processes and in general for martingale differences. We demonstrate
through analysis and simulations that apart from uncorrelatedness of the innova-
tions in the VAR model, the cruical assumptions are that the innovations pocess
second order moments and that the spectral radius of the ® matrix parametriz-
ing the ARCH effect should be smaller than one. Based on the comments on
empirical work it seems that estimation of ARCH models such as the Diagonal
and Constant Correlations types, which as argued are essentially univariate, lead
to parameter estimation in the region where second order moments do not ex-
ist hence invalidating the asymptotic inference. On the other hand, estimation
of multivariate ARCH models such as the BEKK model indicate parameter es-
timates that do imply second order moments for the underlying ARCH process.
As already mentioned, this points toward rank inference based on full maximum
likelihood analysis.

As a curiosity, with respect to the BEKK-ARCH process the regularity con-
dition addressing existence of second order moments is slightly different from the
one stated in Engle and Kroner (1995) for general lags. More precisely we can
state the following corollary of Theorem 5:

Corollary 7. The condition that p(®) < 1 in Theorem 5 is equivalent to
‘Ip2 — E:’;lZghzl (AZJ X Azy) ZZ‘ =0= |Z| > 1

The condition stated in Engle and Kroner (1995), based on an argument for
the m =1 case, is that

We note that the two conditions are equivalent for the univariate ARCH(2) case
and indeed for the case of m = 1 in the BEKK-ARCH process specification, but
have failed to show the equivalence in the general case.
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Appendix

A. PROOF OF THEOREM 2:

The proof of Theorem 2 follows closely Johansen (1988, 1996). The main difference
is that the innovations §, considered here are not i.i.d. Gaussian, but instead
uncorrelated and identically distributed with mean zero and variance . We state
in Lemmas 8, 9 and 10 results which are sufficient for mimicking the proofs in
Johansen (1996). We emphasize the importance of the uncorrelatedness of the
&,’s together with the existence of second order moments, X.

A.1. COMPUTATION OF THE PLR TEST

Consider briefly the definitions needed for an explicit form of the PLR test for
the hypothesis H(r). With indices 0, 1 and z referring to the first differences AY;,
lagged levels Y;_; and lagged differences Z, := (AY} |,... ,AY,_, . ) respectively,
define the product moment matrices

Sij = Mij — MzzMz_leZJ fOI" Z,] = 0, 1 (21)
and where, say,
T T
M,, = LS AY;Z and My, = LYV, 7!
t=1 t=1
Then the eigenvalue problem solved to compute the PLR test in (3) is given by
|)\511 — 5105&)1501| =0. (22)

A.2. ASYMPTOTICS

First we state a central result involving functional central limit theory:

Lemma 8. Under Assumptions 2.1 and 2.2
JT =i=18 T H=12i=15iS1 g

where B = X'2W is a p-dimensional Brownian motion with variance ¥ and W a
p—dimensional standard Brownian motion.
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Proof of Lemma 8: As &, is a martingale difference we apply the central limit theo-

rem for martingale differences in Brown (1971, Theorem 3) to see that %Eg}@ S
B (-) under the Lindeberg condition in Assumption 2.2. The joint convergence to
the stochastic integral follows by Theorem 2.1 in Hansen (1992) since, trivially,
supr 75121 B (§,€;) < oo =

Next, recall that by Theorem 1, Y; has the representation in (5) and that AY; is
stationary. Let the index (3 correspond to 3'Y; ; and define the unconditional
moments {;; for 7, 7 = 0, # and z where, say,

Q,., = E(AY,Z}) and Qpo = E ('Y, 1AY]) (23)
which are well-defined by Assumption 2.1. Define in terms of these
S = Qi — Q8,5 (24)
Finally, define the (p — r)-dimensional Brownian motion on [0, 1],
F(u) := §,CB(u), (25)

where B(-) is defined in Lemma 8.
We now establish convergence of relevant empirical moments to the moments
defined in (24) and demonstrate some vital identities which hold in terms of these:

Lemma 9. Under the assumptions of Theorem 2 and Assumptions 2.1 and 2.1
then as T" — oc,

Soo = Soo, B'S10 2> Tpo and B'S118 5 Spp. (26)
In terms of these the following identities hold,
Yoo =aXpe+ X, Yo = aXs (27)
and finally,
Yoo — Sopa(a’Sy ) a'Sy) = al(d, Say ). (28)

Proof of Lemma 9: Consider 'Sy = 3'Myq — 3' My, M} Mo, where
! 1 I / 1 I /
B My = T Z BY; 1 AY; = T Z Bvi1AY;.

As v, and AY, are stationary and ergodic processes with finite second order
moments the result that §'S;o = Y30 follows by the law of large numbers. Likewise
the other results in (26) hold.
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The identities in (27) follow by postmultiplying in equation (1) by &}, AY; and
Zy = (AY/.,,...,AY} ,.,) respectively and taking averages. Specifically, rewrite
(1) as
AY, =afY 1+ 97, +&,.
Then by the law of large numbers

Qoo = 0 + Vg + 5, Q. = g, + BQ,, and Qg = Qs + Q4

since £, and Z; as well as £, and 3'Y;_; are uncorrelated. Substituting for ¥ and
using the definitions in (24) the results in (27) hold.
To prove the identity in (28) use the projection identity

I, = Y5 a(a'So o)l + ay (o) Sepa ) e Xog
and o/ Xop = /| X, see (27). O

Note that if the sequence £, was not uncorrelated then these identities would
not hold.

Lemma 10. Under the assumptions of Theorem 2 then as T — oo,

T iy = F(u) (29)
B Sy = B, 'S = deB'al , (30)
16 5uB, = zF(u)F(u)'du , (31)
and furthermore,
VT Sipas = VTH'Sicas = Nysp (0, Z55 @ o Sy ), (32)
B'SuBL € Oy(1). (33)

Proof of Lemma 10: The invariance principle for Y; in (29) follows by the invari-
ance principle for &, as Y; has the representation in (5). Result (31) then holds
by the continuous mapping theorem.

To prove (30) note that

B Sie = B Mg — 3"\ My, M) M.
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Turn first to 3’ My and use the representation of Y; to see that
BiMe =73, ﬂ:mﬂs;
(ﬂJ_C S E)E+ B &+ By gt) :

which by Lemma 8, the law of large numbers and the fact that &, and &, ; are

uncorrelated converges weakly to fol FdB'. Next, M, = 7 Zle &, 7, tends to zero
in probability by the law of large numbers as &, and Z; are uncorrelated. Since
B\ M, € Oy(1) and M,, converges in probability by the law of large numbers,

1
B S = [ FdB'
0

which shows (30).

That $', My, and similarly 3’| Sy, are O,(1) follows as they converge weakly
to stochastic integrals by the results in Phillips and Solo (1992) applied to linear
processes in terms of the martingale difference sequence &,. Finally (32) holds by
applying the central limit theorem to the martingale difference sequence vy &}
rewriting Si¢ as above. a

By mimicking the proof of Theorem 11.1 in Johansen (1996), the results in
Lemma 10 imply immediately that the PLR statistic has the desired limit distri-
bution in terms of the standard Brownian motion,

(BL.CZC'B,) ' 2F ()
where F'is defined in (25). O

Proof of Corollary 3: With 3 = (vy,...,v,), where v; is the eigenvector corre-
sponding to the ith eigenvalue J); in (22), consider the normalized version defined
by

B=pB8"
where 3 = 3(4'3)~'. Then by mimicking the proof of Lemma 13.2 in Johansen
(1996), it follows that

B (B - B) % fF ’du)’ldeV’
Vu) = ('S ta) ! Z 'B(u).

As V and F' are uncorrelated, B is asymptotically mixed Gaussian. Hence mim-
icking the proof of Theorem 4 in Johansen (1988) shows that the PLR test for a
linear hypothesis on 3 is asymptotically x? distributed. a
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B. MARKOV CHAIN RESULTS

Lemma 11. The Markov chain given by (9) is aperiodic, irreducible with respect
to the Lebesgue measure and compact sets in RP*™ are ’small’

Proof of Lemma 11: Denote for any ¢ the conditional probabilities of z;,,, € A
given x; = x by (P}'(A))zerom.

(i): Irreducibility with respect to A follows by Proposition 4.2.1 (ii) in Meyn
and Tweedie (1993) if >°>°  P"(A) > 0 for all x € RP™ and sets A in the Borel
o—algebra, B, with A (A) > 0. Note that

> P (4)2 P" (Afr) = | f (yle)dy > 0

by continuity and positivity of f and the result follows.

(ii): An irreducible chain is periodic if it has period d > 1 and aperiodic if
it has period d = 1. If it has period d > 1 then by Theorem 5.4.4 in Meyn and
Tweedie (1993) there exists disjoint sets Dy, Dy, ..., Dg_1 in Bi* such that

PY(D;;1)=1forx € Dyand i =0,1,..,d—1 (mod d) (34)

and furthermore <U;j:1 DZ-,1> = 0, where v is a maximal irreducibility measure.
Now, by Proposition 4.2.2 (ii) in Meyn and Tweedie (1993) the Lebegue measure A
is absolutely continuous with respect to ¢ and therefore also A (U;j:l DZ-,1> = 0.

For this to hold at least one of the sets, D; say, must have A(D;) > 0. Hence as
above, P™ (Dq|z) > 0 for all x € RP™. But iterating (34) m times one gets for
some j the contradiction

i#]
Hence the chain has period d = 1 and is therefore said to be aperiodic.

(iii): If K is a compact set f(-|-) attains its minimum on K x K which is
strictly positive since f > 0. In other words

fylx) > 6

for some § > 0 and (x,y) € K x K. For any x € K and any A € B/"™
PI(A) 2 PMANK) = [ flyle)dy = 0A(ANK).
ANK

Hence for all x € K, PJ"(-) is minorized by A (- N K') and therefore K is by defini-
tion small, ¢f. p.106 in Meyn and Tweedie (1993). This ends the proof of Lemma
11. O
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B.1. PROOF OF THEOREM 4:

Before stating the result we need to introduce the v-norm associated with the
drift function v. For any signed measure y on B/?™

1l = sup{ [ [ g(z)dA(z)| | |g(z)| < v(z), = € R™}

defines a norm on RP"™; if v(x) = 1 then this is the total variation norm. As drift
functions are larger than 1, note that convergence in v-norm implies convergence
in total variation norm and hence in particular convergence in distribution.

Lemma 12. (Meyn and Tweedie) Let (2;)i=0,1,. be a time homogenous Markov
chain on (R?,Bi?) which is aperiodic and irreducible with respect to the Lebesgue
measure \. If there is a drift function v, satisfying a 1-step drift criterion in
Theorem 4 with a ‘small’ set K not necessarily compact, then there is an invariant
probability measure w. The function v, is m-integrable and there is a constant
0 > 0 such that x; is geometric ergodic,

|Pr () = 7|y, < Ovi(z)y" forallz € R?, n > 1. (35)
Furthermore, if xo(P) = m, then the process is stationary.

Proof of Lemma 12: The existence of the invariant distribution and the result
on convergence speed is contained in the geometric ergodic theorem of Meyn and
Tweedie (1993, Theorem 15.0.1(iii)). O

Applying Lemma 12, Theorem 4 holds by the following lemma:

Lemma 13. Under the assumptions of Theorem 4 with k-step drift function v,
there is a drift function v, > v satisfying a one-step drift criterion with a ‘small’
set K.

Proof: The k-step drift function v is a 1-step drift function for the k-skeleton
chain,(x4),_,  which by Lemma 11 is aperiodic and irreducible.

Hence by Lemma 12 there is an invariant distribution 7 for the k-skeleton
chain and

| P () — 7THU < 0y"v(x) for alln > 1 and = € R?.
Note also that v is 7 integrable. As v < 1 choose d so that for some ~y

oyt <y < 1.
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Next define the drift function

vi(@) = iy v TRE (o) v = @)

such that in particular v;(z) > v(z).
By iterated expectations

E(vi(z)| 21 =) = Xk, 7 ™ E(v(@)| 241 = 0),
Use that

E(v(@iar)| v = ) = f (y )dek( )
< | [o(y)dP%*(y) — [v(y)dr(y)| + [v(y)dn(y)
< HP‘““- —WHﬁfv(y)dﬂ(y)Sv (x) + 5 (36)

with & finite as v is 7 integrable. Applying (36) together with the definition of v,
it follows that

E(v(z1)| 2 = ) = vV % (01 (2) — v(2)) + Y * T E(0(zipq) | 70 = )
< ’Yl/dk(vl(iﬂ) i v(z)) + ’Yl/dk’v(z) + ’Yl/dk_lli
= 3%y, (2) + R

Note that v"/% < 1 and & < oo.

Hence v; will satisfy a one-step drift criterion with a set K of the form K; :=
{z € R?|v;(x) < a} for a suitable @ > 0. To see that K; is ‘small’ with respect
to the full Markov chain x; we consider the set K, := {x € R?|v(z) < a}. By
Lemma 15.2.2(ii) in Meyn and Tweedie (1993) K, is ‘small’ relative to the k-
skeleton chain zj;, and therefore also ‘small’ relative to the full Markov chain.
Finally, note that by v; > v, K; C K, and therefore K; is also ‘small’ relative to
the full Markov chain. O

C. PROOF OF THEOREM 6

Proof: Consider first the case of m = m = 1. From (7) it follows that ¥ = V (§,) =
E(&,&,) satisfies

S = ¢(3) + 0 (37)

where the mapping ¢ in this case is defined by ¢(X) = AXA’, see equation (14)
and (2 is positive definite, 2 > 0.
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With B some p X p positive semi-definite matrix, B > 0, then by Lemma 14
below there exists a small positive real number v for which

Q> ~B.
This gives the inequalities
O>Q0—-~yB>0

which as ¢ is linear and maps positive semi-definite matrices into positive semi-
definite matrices gives

¢"(Q2) = ¢"(2) —7¢"(B) = 0. (38)
By iterating in (37) it follows that for all m,
Tasod"(2) < .
This implies that
Z'¢"(Q)xr — 0 as n — oo and for all z € RP
and hence, using (38),
2'¢"(B)xr — 0 as n — oo and for all z € RP

which means that ¢"(B) converges to zero in the weak operator topology, see
Pedersen (1988, section 4.6.1). By Rudin, (1991, Theorem 1.21) there is only
one vector space topology on any finite dimensional vector space and therefore in
particular for the operator norm we have,

|¢"(B)|| — 0 as n — oc. (39)

Next, we want to show that the same holds for any symmetric matrix C. To do
so, decompose C' as the sum of two positive semi-definite matrices

C=B"-B~, B">0, B->0.
Immediately we get that for all C' symmetric,
16"(C)]| = |[¢"(BT) — ¢"(B7)|| = 0 as n — o0 (40)

The convergence in (40) for any symmetric C' means that ¢" (-) when restricted
to the space of symmetric matrices converges in the strong operator topology, see
Pedersen (1988, Section 4.6.1). Similar to before introducing the operator norm,

| oLz

‘:: sup |\¢|Téﬁ)ll (41)
C'symmetric
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it holds by Rudin (1991, Theorem 1.21) that,

‘ < 1 for some n large enough.

| ol

Next, using submultiplicativity of the operator norm in (41) we get by Pedersen
(1988, 4.1.13),

mn 1/mn

1/m .
H = lim sup ng5|sym
m—o0

p(dlom) = lim | oI,

m— o0

1/n
< lim sup H¢|” ‘ <1

sym
m—oo

Identifying p(®) with p(¢) as in the proof of Theorem 5 finishes the proof for the
case of m =m = 1. .
For general m,m use that ¥ = E(x;x}) with x; defined in (9) satisfies

E=9¢(2) + Q= ¢"(5) + 210 (Q) = ¢"(2) +

where ¢ is defined in (14) and Q* is positive definite, see (10). Using the arguments
from before we see that

|¢™" || < 1 for some n large enough.

and therefore that p(¢| <1 O

sym)

Lemma 14. Assume that 2 is a symmetric and positive definite n X n matrix.
Then for any n X n positive semi-definite matrix B there exists a constant v > 0
such that

Q—~vB>0

Proof: For any z # 0 in R,

x'(Q—’yB)x — (:c’Q:v x’B:p)x/x

2’ v T’z

> [Amin(©2) = YAmax(B)] ||33||2 >0

for v small enough. Here A.;, and A, denote the minimal, respectively maximal,
modulus of the eigenvalues of the matrix involved. a
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D. TABLES

Table 5: Smallest sample for which the asymptotic quantiles are within the 95%
confidence interval of the simulated quantiles for varying p(®) and fized ||P||
(left columns) and varying ||®|| for fired p(®) (right columns). In brackets are
reported the asymptotic confidence band for the simulated quantile. The asymptotic
quantiles from McKinnon et al. (1999) are quoted in the ‘a.q.” row.

Quantile Quantile
p(®) 90% 95% 99% ||| 90% 95% 99%
a.q. 17.98 20.26 25.08 17.98 20.26 25.08
i.i.d. 60 60 70 0.5 225 250 160
[17.94,18.38]  [20.25,20.83]  [24.76,26.00] [17.93,18.39]  [20.20,20.70]  [24.94,26.20]
0.1 225 250 275 1 350 300 200
[17.85,18.23] [20.10, 20.66] [24.88,26.31] [17.91,18.37] [20.25, 20.89] [24.96, 26.64]
0.2 250 250 250 2 800 850 700
[17.90,18.36]  [20.15,20.77]  [24.94,26.62] [17.95,18.41]  [20.22,20.79]  [25.06,26.45)
0.3 650 650 750 4 550 700 550
[17.91,18.38] [20.21,20.73] [24.86,26.08] [17.94,18.39] [20.24, 20.66] [24.89,26.28]
0.4 +1000 900 800 6 600 750 900
[20.23,20.78]  [24.79,26.04] [17.84,18.26]  [20.17,20.78]  [24.97,26.09]
0.5 +1000 650 +1000 8 700 750 800
[20.24,20.90] [17.97,18.42] [20.19, 20.79] [24.88,26.25]
0.6 +1000 +1000 +1000 10 1000 800 750
[17.96,18.32]  [20.24,20.80]  [24.93,26.05]
0.7 +1000 +1000 +1000 20 700 850 800
[17.90,18.40]  [20.24,20.91]  [25.07,26.41]
0.8 +1000 +1000 +1000 30 750 1000 750
[17.95,18.39]  [20.14,20.80]  [25.08,26.16]
0.9 +1000 +1000 +1000 40 +1000 +1000 850
[25.02,26.55]
1.0 +1000 +1000 +1000
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Table 6: Empirical rejection probability of the PLR test for varying spectral radius,
p(®). For each value of p(P) the first row is the 1% nominal level, the second
the 5% nominal level and the third is the 10% nominal level.

T
p(®) 20 40 60 80 100 200 300 400 600 800 1000

1.93 1.22 1.23 1.03 1.14 0.87 1.02 0.95 1.01 1.15 0.98
i.i.d. 6.94 5.95 5.41 5.59 5.36 5.05 5.16 4.99 5.00 5.06 5.14
13.39 11.45 1049 10.43 1041 10.02 10.01 10.00 9.89 10.03  10.56

2.95 1.97 1.71 1.76 1.57 1.32 1.15 1.16 1.17 1.22 1.21
0.1 10.21 7.15 6.68 6.41 6.57 5.85 5.08 5.31 5.33 5.38 5.63
16.85 13.16 12.36 11.49 11.64 10.98 10.50 10.10 10.23 10.72  10.80

3.20 2.13 1.82 1.59 1.67 1.36 1.05 1.13 1.00 0.90 1.01
0.2 10.10 7.78 7.16 7.13 6.25 5.85 5.70 5.29 4.93 5.17 5.47
17.17  14.13 12.87 1247 11.31 10.75 10.61 10.31 10.15 10.26  10.11

3.92 2.75 2.28 2.06 1.89 1.45 1.48 1.48 1.22 1.05 1.04
0.3 11.62 8.92 8.02 7.36 6.65 6.21 5.92 5.83 5.55 5.28 5.35
18.58 14.93 13.81 13.13 12.45 11.80 11.73 11.31 10.68 10.23  10.27

4.49 3.49 2.94 2.95 2.39 1.84 1.62 1.60 1.45 1.07 1.26
0.4 12.67 9.71 9.18 8.41 7.94 6.66 6.56 6.34 5.81 5.56 5.73
19.59 16.19 1542 1492 1391 1243 12.19 11.86 10.98 11.03 10.98

3.72 3.27 2.65 2.31 2.15 1.79 1.46 1.46 1.35 1.31 1.27
0.5 10.83 9.63 8.23 7.61 7.61 6.82 6.56 6.55 5.75 5.43 5.62
18.17 1593 13.86 13.42 13.52 12,63 12.63 12.17 10.95 10.78  10.99

4.04 3.27 2.66 2.61 2.36 2.06 2.00 1.76 1.41 1.38 1.34
0.6 11.70 9.46 8.53 7.81 7.98 7.30 6.88 6.59 5.96 6.04 6.04
19.11 1597 14.41 13.87 13.56 13.40 12.25 12.10 11.23 11.11 11.29

4.23 3.24 3.02 2.60 2.62 2.44 2.22 1.71 1.68 1.70 1.60
0.7 12.30 9.70 8.52 8.06 7.91 7.44 7.29 6.31 6.69 6.59 5.94
18.88 1591 14.36 13.87 13.94 12.84 12.39 12.09 11.92 11.90 11.43

4.00 3.74 3.58 3.29 2.98 2.53 2.28 2.10 2.32 2.13 1.92
0.8 11.93 10.28 9.37 8.86 8.90 7.81 7.52 7.27 6.98 6.78 6.69
18.71 16.29 1541 14.81 15.10 13.80 13.11 12,51 12.20 11.98 12.07

4.11 3.59 3.43 3.38 3.43 2.95 2.87 2.92 2.80 2.38 2.45
0.9 11.50 9.97 9.40 9.34 8.88 8.52 8.14 7.97 7.95 7.56 7.68
18.66 16.64 15.84 15.30 14.88 14.45 13.55 13.33 13.04 13.16  13.21

4.13 3.98 3.52 3.83 3.66 3.51 3.48 3.51 3.71 3.48 3.30
1.0 11.39 10.47 9.51 9.52 9.51 9.50 9.08 9.22 9.36 8.65 8.90
18.11 16.32 15.27 15.80 15.63 14.92 15.17 15.01 14.54 14.38 14.63

4.53 4.47 4.09 4.35 4.40 4.33 4.40 4.38 4.84 4.59 4.39
1.1 11.95 11.00 10.14 10.56 10.38 10.34 10.41 10.81 10.60 10.34 10.35
18.65 16.92 16.02 16.54 16.62 16.29 16.52 16.84 16.17 1590 16.17

4.80 4.95 4.54 4.89 5.34 5.28 5.48 5.52 6.12 5.97 5.83
1.2 12.48 11.66 10.89 11.52 11.55 11.37 11.93 12.26 12.34 12.14  11.99
19.28 17.36 16.96 17.61 17.49 17.55 17.90 1849 18.06 17.68 17.96

5.21 5.45 5.04 5.42 6.05 6.24 6.74 6.87 7.37 7.28 7.04
1.3 13.17 1235 11.56 12.36 12.56 12.78 13.54 13.65 13.89 13.86 13.81
19.76 18.31 17.80 18.58 18.84 1890 19.35 20.17 20.21 19.660 20.49
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Table 7: Empirical rejection probability of the PLR test for varying norm, ||®||.
For each value of ||®|| the first row is the 1% nominal level; the second the 5%
nominal level; and the third is the 10% nominal level. The spectral radius is fized
at p(®) = 0.25, the number of replications is N = 10000.

T
[|@]| 20 40 60 80 100 200 300 400 600 800 1000

1.93 1.22 1.23 1.03 1.14 0.87 1.02 0.95 1.01 1.15 0.98
i.i.d. 6.94 5.95 5.41 5.59 5.36 5.05 5.16 4.99 5.00 5.06 5.14
13.39 11.45 1049 10.43 10.41 10.02 10.01 10.00 9.89 10.03 10.56

2.57 1.78 1.76 1.77 1.71 1.15 1.14 1.16 1.13 1.16 1.28
0.25 9.58 7.48 6.93 6.73 6.38 5.52 5.22 5.79 5.32 5.43 5.29
15.95 13.34 12.84 12,51 11.75 10.87 10.66 10.66 10.59 10.68 10.34

3.57 2.71 2.14 1.82 1.82 1.17 1.23 1.28 1.26 1.27 1.09
1 10.73  8.879 7.52 7.01 6.81 5.82 5.42 5.49 5.30 5.18 5.24
1793 1541 13.24 12.89 12.18 10.97 10.96 10.84 10.66 10.29 10.08

3.96 2.94 2.47 2.24 1.91 1.46 1.26 1.31 1.32 1.11 1.12
2 11.28 9.07 8.02 7.86 7.04 5.74 5.95 5.55 5.63 5.54 5.49
18.27 15.18 14.44 13.71 13.17 11.81 11.46 10.77 10.95 10.50 10.51

4.25 3.08 2.53 2.21 2.05 1.64 1.29 1.36 1.20 1.34 1.29
4 12.59 9.09 7.78 7.41 7.10 6.05 5.94 5.86 5.60 5.63 5.74
19.30 15.13 13.71 13.32 13.05 11.40 11.02 11.06 10.50 10.78 10.78

4.38 3.07 2.51 2.08 1.99 1.50 1.36 1.35 1.32 1.36 1.08
6 12.19 9.25 8.07 7.48 6.93 5.98 5.80 5.81 5.55 5.68 5.35
19.78 15,56 13.76 13.04 12.47 11.38 11.07 10.98 10.02 10.25 10.42

4.36 3.07 2.45 2.07 1.77 1.21 1.29 1.37 1.19 1.14 1.09
8 12.13 8.80 8.04 7.32 7.08 5.49 5.77 5.89 5.23 5.17 5.26
19.54 15.20 13.71 13.22 12.58 11.49 11.24 10.88 10.69 10.57 10.45

4.53 3.04 2.55 2.18 1.80 1.39 1.31 1.31 1.27 1.91 1.10
10 12.37 9.24 8.29 7.60 6.81 5.92 5.83 6.11 5.60 5.39 5.32
19.57 1537 1395 13.01 12,59 1095 11.47 11.17 10.83 10.77 10.52

4.39 3.07 2.40 2.07 1.69 1.36 1.39 1.33 1.17 1.20 1.09
20 12.40 8.95 7.75 7.68 6.90 5.87 5.74 5.84 5.45 5.46 5.16
16.55 15.04 13.92 13.54 12,52 11.28 10.84 10.82 10.89 10.31 10.37

4.38 3.09 2.40 1.90 1.64 1.32 1.30 1.26 1.07 1.17 1.17
30 12.20 9.00 7.93 7.28 6.47 5.83 5.81 5.68 5.78 5.71 5.27
19.52  15.13 13.98 13.10 12,52 11.30 10.80 11.80 10.80 10.53 10.64

4.39 3.09 2.43 2.00 1.93 1.33 1.35 1.35 1.20 1.32 1.29
40 12.32 9.00 8.04 7.28 6.68 5.79 5.67 5.75 5.65 5.95 5.49
19.67 15.13 14.05 13.07 12.60 11.42 10.88 11.20 11.20 10.86 10.87
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