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Context

In this talk:
G,H, Γ,N,Q will denote countable groups;
H will denote a real (or complex) Hilbert space;

Suppose Γ y (X ,d) by isometries. Let x0 ∈ X .

Recall
The action is (metrically) proper if, for all R > 0, the set
{γ ∈ Γ : d(x0, γx0) ≤ R} is finite. We write limγ→∞ d(x0, γx0) = +∞.

This does not depend on the choice of x0.
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Extensions vs. Haagerup property(1)

Remark
a-T-menability is stable under taking:

1 subgroups;
2 direct products;
3 free products.

Proposition (Jolissaint)
Let 1→ N → Γ→ Q → 1 be a short exact sequence. If N has the
Haagerup property and if Q is amenable, then G has the Haagerup
property.

Yves Stalder (Clermont-Université) Stability properties for a-T-menability, part II Copenhagen, February 2, 2010 2 / 8



Extensions vs. Haagerup property(2)

Remark
The Haagerup property is not stable under semi-direct product:

Z2 has the Haagerup property;
SL2(Z) has the Haagerup property;
Z2 o SL2(Z) does not have the Haagerup property.

Indeed, Margulis proved that the pair (Z2 o SL2(Z),Z2) has relative
property (T).
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Wreath products

Let X be a (countable) G-set.

Definition
The wreath product of G and H over X is the group H oX G := H(X) o G,
where H(X) is the set of finitely supported functions X → H and G acts
by shifting indices: (g · w)(x) = w(g−1x) for g ∈ G and w ∈ H(X).

Recall that every element γ ∈ H oX G admits a unique
decomposition γ = wg with g ∈ G and w ∈ H(X).
If X = G, endowed with action by left translations, we write H oG
instead of H oG G.
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Results

Suppose Q is a quotient of G.

Theorem (Cornulier-S.-Valette)
If G,H,Q all have the Haagerup property, then the wreath product
H oQ G has the Haagerup property.

Example
(Z/2Z) o F2 has the Haagerup property.

Theorem (Chifan-Ioana)
Suppose H 6= {1} and Q does not have the Haagerup property. Then,
H oQ G does not have the Haagerup property.
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Measured walls structures

Let X be a countable set. Recall that the power set of X identifies
with 2X = {0,1}X , which is a Cantor set.
Let A,B ⊆ X . Say A cuts B, denoted A ` B, if A ∩ B 6= ∅ and
Ac ∩ B 6= ∅.

Definition
A measured walls structure on X is a Borel measure µ on 2X such
that, for all x , y ∈ X

dµ(x , y) := µ
{

A ⊆ X : A ` {x , y}
}

+∞ .

Then, the kernel dµ : X × X → R+ is a pseudo-distance on X .
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a-T-menability vs. measured walls structures

Theorem
Let Γ = BS(m,n) = 〈a,b|abma−1 = bn〉 for m,n ∈ N∗.

(Gal-Januszkiewicz) Γ is a-T-menable.
(Haglund) Provided m 6= n, there is no proper Γ-action on a space
with walls.

Theorem (Robertson-Steger)
The following are equivalent:

Γ is a-T-menable;
there exists a left-invariant measured walls structure on Γ such
that dµ is proper.

See also: Cherix-Martin-Valette; Chatterji-Drutu-Haglund
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Idea of proof: Γ := (Z/2Z) o F2 is Haagerup

Identify F2 to its Cayley tree. If A is a half-space and if f : Ac → Z/2Z is
finitely supported, set

E(A, f ) := {γ = wg ∈ (Z/2Z) o F2 : g ∈ A and w |Ac = f} .

One shows then that these half-spaces define a left-invariant structure
of space with walls on Γ whose associated pseudodistance is proper.
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