
UFFE HAAGERUPS THIRD TALK AT MASTERCLASS ON VON

NEUMANN ALGEBRAS AND GROUP ACTIONS

1. Crossed products

If A ⊆ B(H) is a von Neumann algebra and G is a discrete group and α : G→
Aut(A) is a action of G on A, let
(1.1) (π(a)ξ)(g) = α−1

g (a)ξ(g), ∀ξ ∈ l2(G,H), a ∈ A
and

(1.2) (λ(g)ξ)(h) = ξ(h−1g), ∀ξ ∈ l2(G,H), g ∈ G
De�ne

(1.3) M := AoG := (π(A) ∪ λ(G))′′

then

(1.4) λ(g)π(a)λ(g)∗ = π(αg(a))

and if we identify a with π(a) ∈M, we get

(1.5) M := (A ∪ λ(G))′′

and

(1.6) λ(g)aλ(g)∗ = αg(a).

2. Group measure space construction

As a special case take A = L∞(X,µ) where X is a standard Borel space and µ
is a σ-�nite measure, and let αg(f) = f(σ−1

g x) for an action σ : g → Aut(X, [µ]),
the Borel transformations of X preserving the measure class.

De�nition 1. σ is an ergodic action i� for every G-invariant Borelset B ⊆ X
either µ(B) = 0 or µ(X\B) = 0.

De�nition 2. σ is free if for µ-almost all x ∈ X g → gx is a 1-to-1-map from G
to X.

Theorem 3 (Murray + von Neumann, ≈ 1940). If σ is free and ergodic then
M = L∞(X,µ)oα G is a factor and A = L∞(X,µ) is a MASA (maximal abelian
selfadjoint subalgebra) inM.

Theorem 4 (Murray + von Neumann, ≈ 1940). Assume a free and ergodic action

• M is a I∞-factor i� Ω is in�nite but countable
• M is a II1-factor i� Ω is uncountable and there exist a G-invariant �nite
measure ν ∈ [µ]
• M is a II∞-factor i� Ω is uncountable and there exists a G-invariant σ-
�nite, but not �nite measure ν ∈ [µ]
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• M is a III-factor i� Ω is uncountable and there does not exist a G-invariant
σ-�nite measure ν ∈ [µ]

From now on we look at the II1-factor case only.
Let (X,µ) be a uncountable standard Borel space with a probability measure,

and let σ : G→ Aut(X,µ) be a Borel transformation of X which leaves µ invariant.
Now de�neM = L∞(X,µ) oσ G. Then A = L∞(X,µ) is a Cartan MASA inM,
where Cartan means that for N(A) = {u ∈ U(M)|uAa∗ = A} holds N(A)′′ =M.

Theorem 5 (Voiculescu ≈ 1995). For 2 ≤ n < ∞, L(Fn) has no Cartan MASA.
Hence L(Fn) cannot be obtained by the group measure space construction.

3. Equivalence relation

Assume (A1 ⊆ M1) and (A2 ⊆ M2) both obtained be group meausure space
construction from (Xi, µi,Γi, σi) where the actions are free and ergodic.

We write (A1 ⊆ M1) ∼= (A2 ⊆ M2) i� there exists a von Neumann algebra
isomorphism θ :M1 →M2 with θA1 = A2.

De�nition 6. (Γ1, σ1) is orbit equivalent (OE) to (Γ2, σ2) if there exist nullsets
N1 ⊆ Xi and a Borel isomorphism χ : X1\N1 → A2\N2 mapping σ1-orbits onto
σ2-orbits.

Theorem 7 (Singer 1955). (A1 ⊆M1) ∼= (A2 ⊆M2) i� (Γ1, σ1) is OE to (Γ2, σ2).

De�nition 8. Let α : Γ→ Aut(X,µ) and x, y ∈ X then x ∼α y i� x and y are in
the same Γ-orbit, that is y = αγ(x) for some γ ∈ Γ.

Theorem 9 (Dye, 1959). Any two ergodic actions of Z on (X,µ) are OE.

Theorem 10 (Ornstein + Weiss). If Γ1,Γ2 are amendable groups acting ergodicly
on (Xi, µi) then the actions are OE.

Theorem 11 (Connes + Weiss). If Γ has property T then it has at least two
non-OE ergodic actions on (Xi, µi).

Theorem 12 (Furmann, 1988). If Γ has an action on (X,µ) which is OE to the
standard action of SL(2,Z) on Tn = Rn/Zn for n ≥ 3 then Γ ∼= SL(n,Z).

De�nition 13. Let Y ⊆ X be Borel spaces and α a free and ergodic action of G
on these. We de�ne the equivalence relation Rα by x ∼α y if x, y are in the same
G-orbit, and Rα ⊆ X ×X by Rα = {(x, y)|x ∼a lphay} and Rα|Y = Rα ∩ Y × Y .

Observation 14. If G is free and ergodic acting on (X,µ), and Y,Z ⊆ X are
Borel, with µ(Y ) = µ(Z) > 0 then Rα|Y ∼OE Rα|Z .

Corollary 15. Let A ⊆ M come from (X,µ,G, α) with α free and ergodic. Let
p, q ∈ P (A) such that τ(p) = τ(q) then (pA ⊆ pMp) ∼= (qA ⊆ qMq).

4. Fundamental group op the equivalence relation

De�nition 16. Let A ⊆M and let t ∈]0, 1], choose pt ∈ P (A) such that τ(p) = t.
De�ne (At ⊆Mt) by the isomorphism class of (ptA ⊆ ptMpt). For t > 0 arbitrary
de�ne (At ⊆Mt) as the isomorphism class of (A⊗Dn(C))t/n ⊆ (M⊗Mn(C))t/n
where Dn ⊆Mn are the diagonal matrices and n ≥ t.

It has to be proven that the isomorphism class is independent of n.
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De�nition 17. Put

F(Rα) = F(A ⊆M)(4.1)

= {t > 0|(At ⊆Mt) ∼= (A ⊆M)}(4.2)

= grp{τ(p)|p ∈ P (A), (pA ⊆ pMp) ∼= (A ⊆M)}(4.3)

= {τ(p)
τ(q)
|p, q ∈ P (A), (pA ⊆ pMp) ∼= (qA ⊆ qMq)}(4.4)

Theorem 18 (Gabriau, 2000 + 2002). Assume that G acts free and ergodis on
(X,µ). If either

• one of the L2-Betti numbers β
(2)
k for k ∈ N is non-zero og

• the cost C(G) of G is greater than 1
then F(Rα) = {1}.

5. Cost of an equivalence relation

Let Rα be an equivalnece relation conming frim a free and ergodic action of G
or such an equivalence relation cut down to a Borel set.

De�nition 19. A graphing of Rα is a countable family Φ = (φi)i∈I of partial Borel
isomorphisms φi : Ai → Bi where Ai, Bi ⊆ X are Borel sets, satisfying that for
φ(x) ∼α x for all x ∈ Aj and that Rα is generated by {φi(x) ∼α x|i ∈ I, x ∈ Ai}.

Remark 20. Under these conditions do φi preserve measures in particular µ(Ai) =
µ(Bi) for all i ∈ I.

De�nition 21. The cost of a graphing Φ of Rα is de�ned as

(5.1) C(Φ) =
∑
i∈I

µ(Ai)

and the cost of the equivalence relation Rα is de�ned as

(5.2) C(Rα) = inf
Φ
C(Φ)

where the in�mum is taken over all graphings of Rα. We de�ne by

(5.3) C(Γ) = inf
α
C(Rα)

the cost of a group, where the in�mum is taken over all free actions of Γ and Γ is
said to have �xed price if the cost is equal for all free actions α.

Theorem 22 (Gabriau). The cost of a group is obtained by a relation (hence it is
a minimum).

Example 23 (Gabriau, 2000).

• For 2 ≤ n ≤ ∞ we have C(Fn) = n and Fn has �xed prize.
• C(SL(2,Z)) = 13

12 and it has �xed prize.

• C(PSL(2,Z)) = 7
6 and it has �xed prize.

• If Λ ⊆ Γ is a subgroup of �nite index [Γ : Λ] = |Γ/Λ| < ∞ then C(Λ) =
1 + [Γ : Λ](C(Γ)− 1). If Γ has �xed prize so has Λ.

• If Γ = Γ1 ? Γ2 (free product) and Γ1,Γ2 have �xed prize then C(Γ) =
C(Γ1) + C(Γ2) and �xed prize.

• If |Γ| <∞ then C(Γ) = 1− 1
Γ
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• If |Γ| =∞ then C(Γ) ≥ 1
• If Γ is in�nite amendable then C(Γ) = 1

Remark 24. The cost of the free groups above can be obtained from them beeing
subrgoups of �nite index in F2, which again is a subgroup of �nite index in SL(2,Z)
respective PSL(2,Z).

Theorem 25 (Gabriau, 2000). For Y ⊆ X Borel, µ(Y ) > 0 there holds C(Rα|Y )−
1 = 1

µ(Y ) (C(Rα)− 1).

Theorem 26 (Gabriau). If Γ acts freely and ergodicly on (X,µ) and C(Γ) > 1
then F(Rα) = F(A ⊆M) = {1}.

Proof. Let α : Γ → Aut(X,µ) be a free ergodic action. Then 1 < C(Γ) ≤ C(Rα).
Now let t ∈]0, 1[ and choose Y ⊆ X Borel set such that µ(Y ) = t hence

(5.4) C(Rα|Y ) = 1 +
1

µ(Y )
(C(Rα)− 1) > C(Rα).

But OE actions have the same cost hence Rα|Y � Rα and a result of [Singer, 1955]

gives us (pA ⊆ pMp) � (A ⊆M) when p ∈ P (A) with τ(p) = t.
As this holds for all t ∈]0, 1[ we have F(Rα)∩]0, 1[= ∅ and hence (as F is a

group) we have F(Rα) = {1}. �


