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Motivation.

• U(t) = eiHt a group of unitaries on a Hilbert space H.

H = Hpp ⊕Hac ⊕Hsc.

• αt = eiDt a group of isometries on a Banach space A.

App - eigenvectors. Concepts of Ac, Aac, Asc missing to date.

• Continuous spectrum of {αt}t∈R is essential for the

understanding of particle aspects in QFT: [D. Buchholz 94]

Let A ∈ A, ω ∈ A∗

σ+
ω (A) := lim

t→∞

∫
dsxω(α(t,~x)A)

=
∑

λ

∫
dsp ρλ,ω(~p) 〈~p, λ|A|~p, λ〉.
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1(a). Spectral theory of groups of isometries. Arveson theory.

• Framework:

(a) (α, A), A - Banach space,

(b) A∗ ⊂ A∗ closed, α∗ - invariant and s.t. supϕ∈A∗,1
|ϕ(A)| = ‖A‖,

(c) Â∗ ⊂ A∗ norm-dense.

• General concepts:

(a) Spα :=
⋃

A∈A

ϕ∈A∗

suppϕ(Ã( · )), ϕ(Ã(p)) :=
∫

ddx e−ipxϕ(αx(A)),

(b) Ã(∆) := {A ∈ A | ∀
ϕ∈A∗

suppϕ(Ã( · )) ⊂ ∆ }.
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1(b). Pure-point and continuous spectrum.

• Pure-point spectrum:

(a) Ã({q}) = {A ∈ A |αx(A) = eiqxA for all x ∈ R
d },

(b) App := Span{A({q}) | q ∈ Spα }n-cl,

(c) Spppα := { q ∈ Spα |A({q}) 6= {0} }.

• Continuous spectrum:

(a) Ac := {A ∈ A | ∀
q∈R

d

ϕ∈A∗

lim
KրRd

1
|K|

∫
K

e−iqxϕ(αx(A)) ddx = 0 },

(b) Spcα := Spα|Ac
.
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1(c). Absolutely continuous and singular-continuous spectrum.

• Absolutely continuous spectrum:

(a) Aac := {A ∈ Ac | ∀
ϕ∈Â∗

ϕ(Ã( · )) ∈ L1(Rd, ddp) }n-cl,

(c) Spacα := Spα|Aac
.

• Singular-continuous spectrum:

(a) Asc := Ac/Aac,

(b) Spscα := Spα, where αx[A] = [αx(A)].
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2. Spectral theory of the transposed action.

• Input: (a) (α∗, A∗), equipped with A.

(b) Â ⊂ A norm-dense.

• Output: Ã∗(∆), A∗,pp, A∗,c, A∗,ac, A∗,sc . . .

• Properties:

(a) 〈 Ã∗(∆), Ã(∆′) 〉 = 0 for ∆ ∩ ∆′ = ∅,

(b) 〈A∗,pp, Ac 〉 = 〈A∗,c, App 〉 = 0.

• Proposition. Suppose that A = App ⊕ Ac. Then

(a) dim Ã({0}) ≥ dim Ã∗({0}),

(b) A⊥
pp = A∗,c.
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3(a). Automorphism groups of C∗-algebras.

• Framework:

(a) (α, A, ω0), A - unital C∗-algebra, ω0 - pure, invariant state.

(b) (π,H, Ω) - the GNS triple.

(c) A∗ - predual of π(A)′′.

(d) Â∗ ⊂ A∗ s.a., (Ψ|π( · )Ω) ∈ Â∗, for Ψ from some dense set.

• Key assumption: ker ω0 ⊂ Ac.

• Proposition.

(a) A = App ⊕ Ac, App = Span{I}, Ac = ker ω0,

(b) A∗ = A∗,pp ⊕ A∗,c, A∗,pp = Span{ω0}, A∗,c = ker I.

Moreover, Spcα = Spcα
∗.
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3(b). Implementing group of unitaries.

• Recall: There exists R
d ∋ x → U(x) on H s.t.

(a) π(αx(A)) = U(x)π(A)U(x)−1,

(b) U(x)Ω = Ω,

(c) If A ∈ Ã(∆1) then π(A)H̃(∆2) ⊂ H̃(∆2 + ∆1).

• Proposition. Let Hpp, Hc, Hac be defined w.r.t. U . Then

(a) Hpp = Span{Ω},

(b) Hc = {π(Ac)Ω }n-cl,

(c) Hac ⊃ π(Aac)Ω.
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3(c). Relations between Spα and SpU .

• Theorem. There holds:

(a) SpppU = Spppα(∗) = {0},

(b) SpcU − SpcU ⊂ Spcα,

(c) ±SpacU ⊂ Spacα
∗,

(d) ±SpscU ⊂ Spscα.
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4(a). Spacetime translations in QFT.

• Theorem. Let R
s+1 ∋ x → αx be spacetime translations in QFT

with a pure vacuum state ω0 and s.t. SpU = {0} ∪ Hm ∪ Gm.

(a) Spppα(∗) = {0}, (b) Spcα
(∗) = R

s+1,

(c) Spacα
∗ ⊃ ±Gm, (d) Spscα ⊃ ±Hm.

P0

P

m

2m

Hm

Gm
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5(b). Space translations in QFT.

• Theorem. Let R
s ∋ ~x → β~x be space translation automorphisms

in QFT with a pure vacuum state ω0. Then:

(a) Spppβ(∗) = {0}, (b) Spcβ
(∗) = R

s,

(c) Spacβ
(∗) = R

s, (d) Spscβ
(∗) ⊂ {0}.

• Proof of (c), (d) relies on the following estimate [D. Buchholz 90]
∫

dsp |~p|s+1+ε|ω(Ã(~p))|2 < ∞, A ∈ Â, ω ∈ Â∗
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5. Conclusions.

(a) For a group of isometries α acting on a Banach space A, we

defined Ac, Aac, Asc and the corresponding spectra.

(b) We found necessary and sufficient conditions for A = App ⊕ Ac

in terms of the transposed action (α∗, A∗).

(c) In a C∗-algebraic setting we found relations between Spα and

SpU , where π αx( · ) = U(x)π( · )U(x)−1.

(d) We studied the spectrum of spacetime translations in QFT. Its

analysis is essential for the understanding of particle aspects.
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