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='G+WXU H���c�G+='P)D#W*Y.^�Hs>.HI=�W.U�D �k^5?�Y.^�HL^�P)Q�^#F�P+;<HJD#W.P)U�D#='G�Y.HIzX^�D�P"!5:�HaK�>.HI='O�WfF�U#�kD P)D
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W.Hy>��IF�:�P+W.H

� G+= W.:�K#WXY.P)Y.:�Y.P)U�D P+F�HJD�Y.P�!�:�H�xjHJY !�:�H}c�U�:�>.YX='D5Y
V
D�HyW.U�P)Y<c#=�W
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V%='P+Wkz{HJY.Y.H !5:�HIW.Y.P+U�D D�U�:#WfHJD5Y.>X=�#+D�HJ>X='P+YkY.>.U�c G)U�P)D	7
ST='D#W npU�>.;<U�F�D�P)D�QsF�>.H �.HJ>kW.P)QLU�;

3 � F�P);<HJD#WXP)U�D�HJG)G)Hk;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>Jx�U�Q F�HJY�n ~'> �W.Y.HLz{P+YX='Ykw�P)G+G)HfG)?�F�HaU�; Y.>.HJD5YfW.U�;gn ~'G)Q�HJ>*c$�h;NU$F�HJ>.D�Ha;N='Y.HJ;(='Y.P)O�HJ>XF�='D#W.O� 
i >�F�HJY*; :�G)P+Q�YJx$='YkHJD�G):�O$O�HJY

3 � F�P+;<HJD#W.P)U�D�HJG�;N='D�Q'n U�G+F�P)Q�^�HIF�x V x^#='><Y.>.P)w$P)HJG�np:�D#F�=';<HJD�YX='G)Q�>.:�c�c�H�x :#F�HJD ='Y
V
=lnLF�HJD Q�>.:�D#F HJ>

^�U�;<HJU�;<U�> n4;NHIF F�HJD
3 � F�P);<HJD#W.P)U�D�HJG+G)H]W n M*>.H"!% P]W.O'='G]WXH}c$� n ~'G)Q�HJD#F�HyQ�HJD�HJ>X='G)P+WXHJ>.P)D�Q =ln �4U�P)D#zJ='>��IW U�c�>.P)D#F�HJG)P)Q�H}npU�>.;<U�F�D�P)D�Q

O'='G+F�HJY*�]HJD�Q�HJD�HJ>X='G)PqW.HJ>.HIF�H��0U�P)D#zJ='>��Tn U�>.;<U�F�D�P)D�Q �'& � ���X7 % P�w$P)GU�; YX='G)H�� � U�Q
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M HJILKlM_MPOqU�f ^sgPi O E X�fWK i \jU n ctabf ^ fWX�fPu i c
\ k ILK�M n�o E H i Q M HJILK�MDabf ^ M�f ^ fWK k ^ M F Sn n
v YjF�H*Y.Ua:#F�WX='Q�DhHJ>jM*O$w�P+wl='G)HJD�Y.H�x w�HJD#F�HJ> w�P�Y.P)G)K#='Q�H*Y.P)G�P�=ln W.D�P)Y R�7)6*U�; ^�U�;<U�Y.U�c�P
U�QT^�U�;<U�G)U�Q�P 7 B!W.Y.HIF�HJY4npU�>4w�P)G�w�P$W.H�G+~�W.Y0c$��xl^5w'=�FsnpU�>.;<U�F�D�P)D�Q�HJD ^#='D#F�G)HJ>4U�;}7 �THJY
O$>XM*w�HJ>Tn ~'>XW.YTHJDyO�U�>.YTU�; YX='G)H =ln D�U�Q�G)H KHJQ�>.HJK�HJ>aWX='; Y]HJD W.O$P)YXW.H =ln npU�>.;<U�F�D�P)D �Q�HJD#Wk^�PqW.Y.U�>.P)H�7��]HJYkHJ>�F�U�Qhc$�hWXP)D(c�Gq=�F�Wk='YkD#M*w�D�HLF�HJD�n U�>k;N='D�Q�H�U w�HJ>.>X=�W.O�HJD#F�H
O�HJD#F�W.Q�HJ>.D�P+D�Q�x ='Y�F�HJD Q�HJD�HJ>X='G)P+WXHJ>.HIF�H�npU�>.;<U�F�D�P)D�Q HJ>kK�G)HJw�HJYkK�HJw�PqW.Y*P!='G)G)Ha='D#F�>.H
Y.P)G)n M*G+F�HTHJD#F F�HJYkU�c�>.P)D#F�HJG+P)Q�H�7

|�U�> F�HJY.Y.H%W.c�HIz{P+='G)H QtM*GqF�HJ><;<HIF�;<P)D#F�>.H ='D#F�HJY(D#M*w�D�HIWIx ='YN='G)G+H >.:�; HJ><Y.U�c�U �G)U�Q�PqW.O�HfU�Q ='Yk='G)G)H]=ln K�P)G+F�D�P+D�Q�HJ>jHJ>*O�U�D5Y.P)D�:�HJ>.Y.H�7#�]HJ>*w$P)G ^�U w�HIF�WX='Q�HJG)P)Q�Y�K�G)P)w�H]YX='G)Y
U�; Y.>.H�n U�>XW.O�HJG)G)P)Q�H�W.G+='QtW >.:�; x'D�HJ;<G)P+QTF�H*Y.U�c�U�G)U�Q�P+W.O�H*;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>Jx'F�HkO�U�; �K�P)D#='Y.U�>.PqW.O�HL;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>�U�Q F�HsQ�G+='Y.Y.H ;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>J7 �THJ>.HIW]P)D#F�K5?$>XF�HIW
n U�>.^�U�G+F Ol='D :#F�Y.>.?�O$O�HIW w�HIF�x�='YoF�H�Q�G+='Y.Y.H�;N='D�Q'n U�G+F�P)Q�^�HIF�HJ> :#F�Qt~'> HJD F�HJG)O'='Y.HJQ�U�>.P
=ln	F�H�O�U�; K�P)D#='Y.U�>.P+W.O�H�xtW.U�; W.HJG)ws:#F�Qt~'> HJDNF�HJG)O'='Y.HJQ�U�>.P =ln	F�H�Y.U�cU�G+U�Q�P+W.O�H�7��THJYjHJ>
D#~$F�w�HJD#F�P)Q�Y ='Y n U�>XW.Yp�LF�PqWXW.HkP)D#F�K�?�>XF�HIWjnpU�>.^�U�G+FhnpU�>j='Y npU�>XW.Yp�aF�H]w�P+Q�Y.P)Q�H*;<P)G)HJc#M*G)H
P�n U�>.;<U�F�D�P)D�Q�HJD#W*^�P+W.Y.U�>.P)H�x�W.U�; w�P	D�:}W.O'='G!W.Hac$��7
|�U�>.;NU$F�D�P)D�Q�HJD K�G+HJw np>.HJ;(WX='Yh=ln��4U�P)D#zJ='>�� PL6Ib'�'R�7 �THJD W.O'='GkW.HIW P*G)?$WXHJY =ln x ='Y
�4U�P)D#zJ='>�� PTWXP)D ='>.Y.P)O�HJGTw�PqW.Y.H�x ='Y�F�HJ> &#D#F�HIW HJD G):�O$O�HJY

3 � ;N='D�Q'n U�G+F�P)Q�^�HIF ;<HIFWX=';N;<H ^�U�;<U�G)U�Q�PjW.U�;CW n M*>.HJD	x!;<HJD :#F�HJD ='YLF�HJD HJ>L^�U�;<HJU�;<U�> n�;<HIF W n M*>.HJD	7
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B K�HJQ�?�D#F�HJGqW.HJD =ln d'�Z��HJ>.D�H W.O�HJY.H%HJY W.Y.U�>.Y Q�HJD�D�HJ; K�>.:#F�7�8�Y.HJc�^�HJD 8�;N='G)H w$P+W.Y.H
P 6Ib�d�6fF�HJDNQ�HJD�HJ>X='G+P+W.HJ>.HIF�H�n U�>.;<U�F�D�P)D�Q�n U�> F�P);<HJD#WXP)U�D�HJ>jW.YX~'>.>.HfHJD#F

4
7 � P+Q�D�HJD#F�H

>.HIW.:�G+YX='Y.HJ>�K�G)HJw�U�c�D$�'HJYf;<HIF}='D#F�>.Hs;<HJY.U�F�HJ>f=ln���U�^�D 8�YX='G+G)P)D�QtWkU�Q � ^�>.PqW.Y.U�c�^�HJ>
� HJHJ;N='D	7 8�;N='G+H(K�HJw�PqW.Y.H<n U�>.;<U�F�D�P)D�Q�HJD n U�> Q�G+='Y.Y.H�;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>J7 �THJ>.H{n Y.HJ>
Q�HJD�HJ>X='G)PqW.HJ>.HIF�H ^#='D W.P)Dy;<HJY.U$F�H Y.P)G ='Y�U�;hn ='Y.Y.H F�H O�U�; K�P)D#='Y.U�>.P+W.O�H�7	efHIW.:�G)YX='Y.HJY
=ln 8�YX='G)G)P+D�QtW*U�Q � HJHJ;N='D K�G+HJw(P�6Ib�d�d :#F�D5?$Y.Y.HJYT=lnjVy=���� HJG)G0[]H �k;N='D Y.P)G4='Y�Q�P)w�H
HJYkK�HJw�PqW�npU�>�F�HJD Y.U�c�U�G)U�Q�P+WXO�HT:#F�Qt= w�H =ln npU�>.;NU$F�D�P)D�Q�HJD	7

ion Y.HJ>hP)D�Y.HJD#W.P)w$Y ='>.K�H �XF�H ;<HIF
4 � F�P);<HJD#W.P)U�D�HJG+G)HN;N='D�Q'n U�G+F�P)Q�^�HIF�HJ> G)?$O$O�HIF�HIWhF�HJYPo6Ib���A V}PqzX^#='HJG�|�>.HJHIF�;N='D ='Y�w�P+WXH]F�HJD�Y.U�cU�G+U�Q�P+W.O�HTU�Q F�HJ>.;NHIF(F�HJD�O�U�; K�P)D#='Y.U �>.P+WXO�HL:#F�Qt=Iw�H =ln npU�>.;NU$F�D�P)D�Q�HJD	7�]HJD%Q�HJD�HJ>X='G)P+W.HJ>.HIF�HsnpU�>.;NU$F�D�P)D�QtWfWX='D#F�^�HIF}w'='>

O�HJD#F�Y]P
1
U�Q

2
F�P);NHJD#W.P)U�D�HJ>*P)D#F�HJD �4U�P)D#zJ='>��Ln >.HJ;NWX='Y.Y.HLWXP)D�npU�>.;NU$F�D�P)D�QhP 6Ib'�'R�7

v G)YXWp� ^#='>fF�HJ>�W.PqF�HJD 6Ib���A O�:�D w'M*>.HJY�HJYk:#=ln O�Gq='>.HJYkY.P)G�n M*G+F�H�x�D�HJ;NG)P)Q
n = 3

7

�THJ> HJ> W.PqF�HJD n U�>p�'>.HJY A'���tA%K�G)HJw�HJY n >.HJ;NWX='Ys;NP)D#F�W.YLY.>.H�c$��W.YX='D#F�H�U�;rHJD =ln Qt~ �>.HJG+WXHfP�F�HJYk@ � F�P+;<HJD#W.P)U�D�HJG)G+HkY.P)G�n M*G+F�H�75B ='c�>.P)G	A'���tAsnp>.HJ;NW ='Y.Y.H]Vy='>.Y.P)D �T:�D � U$U$F�?HJY�K�HJw�P+WI7��THJ>�^#='>aP);<P+F�G+HJ>.Y.P+F�w�PqW.YTWXP)Q ='Y�w'M*>.HhHJY�^5:�G P ='>.Q�:�;<HJD5YX='Y.P+U�D�HJD	x0W.U�;
HJD#F�D�:yP+O�O�H HJ>fK�G)HJw�HJYTG+='c�c�HJYJ7B*U�O$Y.U�KHJ>aA'���tAhn >.HJ;NWX='Y.Y.Hh8�HJ>.Q�HJ?}[]P)O�P+Y.P)D HJY]K�H �w$P+WJxoW.U�; ^5:�>.Y.P)Q�YhK�G+HJw Q�HJD#F�>.HJw�HJY<K$��F�H c�Qt=�7oHJD npH �.G�PkHJD F�H�&#D�P+Y.P)U�D U�Qyw$P+=%HJY
;<U�F�HJO�W.HJ;<c�HJG�Y.P)G#HJD�=ln	F�HTK�HJw�P+WXY.H�WXM*Y.D�P)D�Q�HJ>J7��]HJD W.HJD�HIW.Y.H]c$��W.YX='D#FNU�; HJD(; : �G)P+Q}=lnpQt~'>.HJGqW.HNHJ>snp>.HJ;NW ='Y =ln & >.P+WX^#= �4HJ>.HJG);N='D	7o�]HJD K#=�W.HJ>.HJ> W.P)Q}c$�  ^5:�>XW.Y.U�D#W
Q�HJU�;<HJY.>.PqW.HJ>.P)D�QtW n U�>.;<U�F�D�P)D�Q�x$WXU�;_w�P	w�HJD#F�HJ>�Y.P+G)K#='Q�HaY.P)G�P0=ln W.D�P)Ya6J��7

�TP+WXWXH�npU�>XWX~'Q c$� ='Y(KHJw$P+W.H�n U�>.;<U�F�D�P)D�Q�HJD HJ>ND#M*w$D5Y c$� F�HJY.Y.H W.Y.HIF npU�>N='Y(P)G �G):#WXY.>.HJ>.H�x ='YfF�HJ>�HJ>�YX='G+HLU�;gHJYf='O$Y.P)w$YkHJ;<D�H�7 v O�Y.P)w$P)Y.HJY.HJD W.O'='G0W.HIWkc$�<K#='Q�Q�>.:�D#F
=ln�Y.U Y.P)D�Q�7	|�U�>LF�HJY�n ~'>XWXY.H HJ><6J���N�'>�Qt=';<G+H c�>.U�K�G+HJ;<HJ>a='G)Y.P+F%HJDyY.U�>.D Pj~#�.HJY�c$�
;N='Y.HJ;(='Y.P)O�HJ>XWX=';hn :�D#F�HJYJ7!|�U�> F�HJY ='D#F�HJYs^#='> � G+= ? V%='Y.^�HJ;N='Y.PqzJWLB D#WXY.P)Y.:�Y.Hh:#F �D#M*w$D5Y c�>.U�K�G)HJ;<HJYLY.P+GjHJY =ln�W.?$w wlMkW.HJD�Y.G)P)Q�H<:�Gq~�W.Y.H<c�>.U�K�G)HJ;<HJ>sP ;N='Y.HJ;N='Y.P+O�O�HJD
w�HIF}P)D#F�Qt='D�Q�HJD%Y.P+G0F�HJY.Y.H �'>.Y.:#WXP)D#F�H / 7B*F�HJD%npU�>.K�P)D#F�HJGqW.Ha^#='>]P+D#W.Y.P)Y.:�Y.Y.HJY�:#F�G)U w�HJY
HJD c�>.P+W�c$� HJD ;<P)U�7�F�U�G)G+='>XW�n U�>kHJD =ln O�G+='>.P+D�Q =ln n U�>.;<U$F�D�P+D�Q�HJD	7
�THJYh^�P+W.Y.U�>.PqW.O�H(w$:�H�G)HIF�HJ> U w�HJ><Y.P+G�W.c�~'>.QtW.; �'G+HJY` oS]w'=�F ^#='D#F�G+HJ> n U�>.;<U�F�D�P)D�Q�HJD
U�; ! � ~�W.Y<npU�>.YX='G)Yhc$��WXYp�'>NF�HJD	x � n 7on U�>.;<U�F�D�P)D�Q A$7`A$x ='Y<^�U�;<U�Y.U�c�P�HJ>NK�>.:�Q�K#='>.Y
W.U�; w'M*>.O$YX~#��Y.P)G ='Ya:�D#F�HJ>XWX~'Q�H�x0U�; Y.U ;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>L=ln HJD W.c�HIz{P)HJG)YaW.P+;<cHJG
YE?�c�H�HJ> ^�U�;NHJU�;<U�> npH�7t�THJY HJ>jHJY n U�>.D5:�n Y.P)Q�Y W.c�~'>.QtW.; �'G x n U�>XF�P F�HJY P#D�U�Q�G)H�Y.P)G)n M*G+F�H
HJ>a; :�G)P)Q�Ya='YaK�HJ>.HJQ�D�H<^�U�;<U�Y.U�c�P)Q�>.:�c�c�HJ>.D�H npU�>aY.U};N='D�Q'npU�GqF�P)Q�^�HIF�HJ>Jx�;<HJD#WaF�HJY
P)O$O�H�HJ>�; :�G)P)Q�Yk='Y�W.HLF�P)>.HJO$Y.H�x�U�; F�HaHJ>�^�U�;<HJU�;NU�> npH�7

�THJD W.P+F�W.Y.H F�HJGk=ln]F�HJD�D�H�P)D#F�G)HIF�D�P)D�Q%HJ> HJD G+MkWXHJw�H � G)HIF�D�P+D�Q}Y.P)G�W.cHIz{Pq='G)HJYJ7o8�c�H �z{P+='G+HJY HJ>*YXM*D�O�YkW.U�; HJY*c�>.U��.HJO�Y*P�npU�>.;NP+F�G)P)D�QL=ln ;N='Y.HJ;N='Y.P)O � 7��THJY*HJ>*;<HJD�P)D�Q�HJD	x
='Y�HJD(GqMkW.HJ> ;NHIF<HJD P+F�H]U�; F�P+*�HJ>.HJD5Y.P+='K�G+Hf;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>Jx�HJD�WX; :�G)H]='G)Q�HJK�>X= �P+WXO Y.U�cU�G)U�Q�P U�Q�HJD w�P)G � HLY.P+G ='Ya=�zJz{HJc�Y.HJ>.Hh^�U�;<U�G)U�Q�P � U�Q�^�U�;<U�Y.U�c�P)Q�>.:�c�c�HJ>aW.U�;w'M*>.O�YX~#�.HJ><O'='D n U�>XW.Yp� W.Y.U�>.H}F�HJG)H%=ln�W.c�HIz{P+='G)HJYh:#F�HJD HJD :�U w�HJ>XW.O$:�HJG)P)Q ='>.KH �XF�W �K�?�>XF�H�7
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�THJ> G)P)Q�Q�HJ>oHJD<Q�>.:�D#F�GqM*Q�Q�HJD#F�H�O�U�D��#P)O$Y ;<HJG)G)HJ; npU�>.;NP+F�G)P)D�Q�HJD#W ^#='D�QaY.P)G x�='Y ;<U�F �YX='Q�HJ>.HJDyW.Ol='G�n =�WXz{P)D�HJ>.HIW�U�QNF�HJD ;<U�F�HJ>.D�HL;N='Y.HJ;N='Y.P+O$W�^#='D�QNY.P+G x�='Y�:#F�WX='Q�D}W.O'='G
K�HJw�PqW.HIWJ7��]HJYf:#F�Y.>.?�O$O�HIWkU�QtWp�<=ln�� P)G)G)P+=';  ^5:�>XW.Y.U�D ��� A�A�� x#e�HI=�F�HJ>XW v F�w�P+WXU�>.?+�p 

 ^�HN;<UtW.YsH��Nz{P)HJD5Y G)U�Q�P+zJ='G U�>XF�HJ> npU�> = W.:�K��.HIz{YsP+Ws:#W.:#='G)G)? F�P�n �npHJ>.HJD�YNn >.U�; Y.^�HyK�HIW.YNc#W.?�zX^�U�G+U�Q�P+zJ='G]U�>XF�HJ> P)D �k^�P+zX^ Y.U G+HI='>.D
P)YJ7

��=<F�HJD ;NU$F�HJ>.D�HL;(='Y.HJ;N='Y.P)O�W�WXY.>.:�O�Y.:�>]D#~�F�w�HJD#F�P)Q�w$P+W*HJ>fz{HJD�Y.>X='G0P!HJYf;N='Y.HJ;N= �Y.P+WXO W.cHIz{Pq='G)H�x HJ>Tn U�>.;<P+F�G)P)D�QtW =�W.cHJO$Y.HJYXW�P+D#F��#?$F�HJG+WXHsK�HJQ�>XM*D#W.HJY�Y.P)GoU�c�K5?$Q�D�P)D�Q�HJD
=ln W.c�HIz{P+='G)HJYJxWX='; YT='Y]HJD%>XM*O�O�H >.HIW.:�G)YX='Y.HJ>TK�G)P)w�HJ>�npU�>.O$G+='>.HJYf;NHIF ^�HJD5w$P+W.D�P+D�Q<Y.P)G
K�HJw�PqW.HJ>.D�H�7 �]HJY<WXP+F�W.Y.H�KHJYE?$F�HJ>Jx ='Y<F�H WXM*Y.D�P)D�Q�HJ>Jx G)HJ;<;(='HJ> UtW.w�7jF�HJ>hD#M*w$D�HIWJx
n U�>.^$�'KHJD�Y.G)P)Q�Y O'='Dhn U�>XW.Yp��WjW.U�; :#F�W ='Q�D<:#=lnp^#M*D�Q�P+Q�Y =ln!F�HJ>.HIWjK�HJw�P+WXHJ>J7'S]w$P+W F�HJY.Y.H
P)O$O�HLHJ>TY.P)G�n M*G+F�HJYJx#^#='>T;N='D%WXU�; G+MkW.HJ>]Y.U(; :�G)P)Q�^�HIF�HJ>	��='Y�n U�> n ~'G+Q�Hs>.H{n HJ>.HJD#z{HJ>.D�H
HJG)G+HJ>�='Ys^#=Iw�HNYp�'G+;<U$F�P+Q�^�HIF%U�Q%W.HhU�; n U�>XW.Yp�'HJG+W.HJD P)O$O�HhO�U�;<;<HJ>Jx	D$�'>s:#F�WX='Q�D�HJY
K�HJD5?$Y.Y.HIW�HJG)G+HJ> D#M*w$D�HIWfW.HJD�HJ>.HsP	Y.HJO$W.Y.HJD	7


 c�K�?�Q�D�P)D�Q�HJD =ln�W.c�HIz{P+='G)HJYaHJ>sYXM*D�O$Y Wp��F�='D	x4='Y G+MkW.HJ>.HJD O'='D w'M*G)Q�HN='Y W.c�>.P)D�Q�H
;<HJG+G)HJ;9F�H n U�>XW.O�HJG)G)P)Q�H(=ln W.D�P+YJ7 i D ; :�G)P)Q%w�H � Q�HJD�D�HJ; W.c�HIz{P+='G)HJY HJ>h=ln W.D�P+Y @$xjd$x
Z�x	�<U�Q 6J�(P4D#M*w$D5Y.H >XM*O�O�H{n ~'G)Q�H�7��TH >.HIW.Y.HJ>.HJD#F�Hh=ln W.D�P)Y�HJ>TYXM*D�O$YTW.U�; Y.HJO$D�P+W.O�H
=ln W.D�P)YJx WXU�; ;N='D%Ol='D%G+MkW.H�x#D$�'>�F�HsD#M*w$D5Y.H KHJQ�>.HJK�HJ>�F�:�O�O�HJ>]U�c%P4Y.HJO$W.Y.HJD	7 v n �W.D�P+Y b P+D#F�HJ^�U�G+F�HJ>sU�QtWp�%HJD P+D5Y.>.U�F�:�O�Y.P)U�D U�;\n U�>.^�U�G+F�HJY ;<HJG)G)HJ;CF�P$*�HJ>.HJD�Y.P+='K�G)H�x
O�U�; K�P)D#='Y.U�>.P+W.O�H�U�Q Y.U�c�U�G)U�Q�P+W.O�H ;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>J7 % P*K�HJD5?$Y.Y.HJ><F�HJD W.c�>.U�Q�G)P)Q�H
O�U�D�w�HJD5Y.P)U�D	x�='Y�KHJQ�>.HJK�HJ> U�c�O'='G+F�Y�H{npY.HJ> HJD(c�HJ>XW.U�D�W.O$>.P)w�HIWjP�Y.U U�>XF(U�Q F�HJY n ~'>XW.Y.H
W.YX= w�HIW�;<HIF�W.Y.U�>.Y�n 7�HJO�WJ7#V%U�>XW.H�np:�D�O$Y.P)U�D	7#i D WXP+F�W.Y.HaO�U�D5w�HJD�Y.P)U�D
 B�=ln W.D�P)Y.Y.HJD�HL@$x
m$x d$x Z�x � U�Q 6J� HJ>k;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>�U�Q<=lnpK�P)GqF�D�P)D�Q�HJ> Q�Gq='Y.Y.H�x�;<HIF�;<P)D#F�>.H�='D#F�HJY
HJ>kD#M*w$D5YJ7
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% PjW.O'='G ^�U w�HIF�WX='Q�HJG)P+Q�YLKHIWXOlM�n Y.P)Q�HhUtWa;<HIF V%U�>XW.H<Y.HJU�>.P PjF�HJY.Y.H(=ln W.D�P)YJ7	�THJYLP)D �Y.HJ>.HIWXW ='D5Y.H n U�> UtW HJ><V}U�>XW.H Y.HJU�>.P+HJD#WhWX=';<;<HJD#W.c�P+G ;<HIF ^#='D�O�HJG)HJQ�HJ;<HJ>J7j�THJ> n U�>
YX='Q�HJ>�w$P0HJD O�U�>.Y]K�HIW.O$>.P)w�HJG+W.H =ln KHJQ�>.HJK�HJY�='Y]c$��WXM*Y.Y.H HJDy^#='D�O7	�THJDy;<HJ>.H Y.HJO �D�P+WXO�H U�Q :#F�F�?$KHJD#F�H Q�HJD�D�HJ;NQt='D�Q =lnTF�HJY.Y.H K�HJQ�>.HJK Ol='D &#D#F�HIWhPk=ln W.D�P)Y<d%U�;
^#='D�O�HJG)HJQ�HJ;NHJ>J7

@$7)6'7 �q(
	V*�	� (B6���/$,��B<��]<�;+<b68<�0�?�% P�;<P)D#F�HJ> U�; O�U�D5w�HJD�Y.P)U�D�HJD<n >X=TP)D#F�G)HIF�D�P)D �Q�HJD	7$B F�HJY.Y.HT=ln WXD�P)Y HJ> ='G)G)Hk;(='D�Q'npU�G+F�P+Q�^�HIF�HJ> U�Q =ln K�P)G+F�D�P)D�Q�HJ> Q�G+='Y.Y.H�x5;<HIF�;<P)D#F�>.H
='D#F�HJYhD#M*w$D�HIWJ7 �THJY K�HJY ?�F�HJ> K�G 7 =�7�x ='YhF�H Y.U W.?$; KU�G)HJ> ∼= U�Q ∼=Diff

Y.P)G)G+M*Q�Q�HIW
WX=';N;<H K�HJY ?�F�D�P)D�Q�7	�THJD�D�HhO�U�D5w�HJD�Y.P)U�D Y.P)GoY.>.U$F�W�w'M*G)Q�HJ>Tw�Pow$P+WXW.H W.Y.HIF�HJ>L='Y�:�D �F�HJ>XW.Y.>.HJQ�H Q�G+='Y.^�HIF�HJD	x�n U�>XF�P4F�HJDyHJD5Y.HJD HJ>Tz{HJD�Y.>X='G x�HJG)G)HJ>�n U�>XF�P4F�HJDyP)O$O�HsHJ>�=':�Y.U �;N='Y.PqW.O n U�>aHJYaKHIW.Y.HJ; Y�U�K�� HJO$YJ7 % P ;<P)D#F�HJ>�U�; x	='YaHJD U�; YX='G+H<=ln�F�H<K�HJD5?$Y.Y.HIF�H
K�HJQ�>.HJKHJ>fOl='D &#D#F�HIWkP4=ln W.D�P+Ykb$7

� =�F
M
wlM*>.H HJD

n � ;(='D�Q'npU�G+F�P+Q�^�HIF ;NHIF >X='D#F ∂M
7 � =�F

Dn w'M*>.H n � F�PqW.O�HJD;<HIF}>X='D#F
Sn−1 U�QN;<HIF}HJD Sλ−1 P)D#F�G)H �.>.HJY�P >X='D#F�HJD	x 0 ≤ λ ≤ n

7 % P KHJD�?�Y.Y.HJ>
O�U�D�w�HJD5Y.P)U�D�HJD
 

S−1 = ∅ 7 � =�F h : Sλ−1 ×Dn−λ → ∂M
wlM*>.H HJD P)D#F�G)H �.>.P)D�Q�7 % P

U�c�D$�'>
M
c$��WX='Y�HJD

λ � ^#='D�Ox Hλ x w�HIF

M ∪Hλ = (M − h(Sλ−1 × {0})) ∪∼ (Dn − Sλ−1),
^�w�U�> ∼ HJ> HJD(P+F�HJD5Y.P+&#O'='Y.P)U�D =ln!Y.:�K�:�G+M*>.HfU�;<HJQ�D�H�=ln Sλ−1 U�Q h(Sλ−1×{0}) x$W.HHJw$YJ70=ln W.D�P)YLb(npU�> F�H�&#D�P)Y.P)U�D�HJD =lnkHJD Y.:�K�:�G+M*>LU�;<HJQ�D	7o8�HJG)w�U�; D�U�YX='Y.P)U�D�HJD P+O�O�H
:#F�Y.>.?$O�O�HJ>hF�HJYJxjW.O'='G�;N='D w'M*>.H�U�c�;NM*>.O�W.U�; c$��xo='Y

M ∪ Hλ =lnp^#M*D�Q�HJ><=ln h
7

S]w�PqW
λ = 0

Q�P)w�HJ>kw�U�>.HIWfO�U�D#W.Y.>.:�O�Y.P+U�D F�HJD}F�P+W �.:�D�O�Y.HTn U�>.HJD�P)D�Q<=ln
M
U�Q

Dn 7

Vy='D Ol='D w'M*G)Q�H�HJD ='D#F�HJD Y.P)G)Qt='D�QyY.P)G*K�HJQ�>.HJKHJYJx WXU�;r; ��W.O�H�HJ>hP)D5Y.:�P)Y.P+w�Y G)HJY �Y.HJ>.H ='Y n U�>XW.Yp��xo;<HJD WXU�;rH{n Y.HJ>.G+=�F�HJ> HJYhY.HJO$D�P+W.O c�>.U�K�G)HJ; 7 & P+w�HJY HJD P)D#F�G+H � >.P)D�Q
fλ : Sλ−1 ×Dn−λ → ∂M

O'='D w$P�O�GqM*KHTHJD
n � F�P+W.O�x Dλ ×Dn−λ x�WX=';<;<HJD ;<HIF

;N='D�Q'n U�G+F�P)Q�^�HIF�HJD
M
w�P+=

fλ
xjF�w�WJ7

M ∪fλ Dλ × Dn−λ 7j�]HJYhQ�P+w�HJ>hHJD ;N='D�Q �
n U�G+F�P)Q�^�HIF�x�F�HJ>�;<P)D#F�HJ>TU�;

M ∪ Hλ x	W.U�; w�PoK�HJY.HJQ�D�HJ> M + (fλ)
7 % P4w$P)G P F�HJY

n ~'G)Q�HJD#F�H Y.P)G)G+=�F�HLUtWT='YT>.HJQ�D�H F�H Y.U�O�U�D#W.Y.>.:�O$Y.P)U�D�HJ>fn U�>�M*O�w$P)w'='G)HJD5Y.H�7 v Y]w$P4O'='D
Y.P)G+G+=�F�H�UtWfF�HJYkn >.HJ;<QG�'>f=lnjF�HJD}Y.HJO$D�P+W.O�HaK�HIW.O$>.P)w�HJG+W.H�P0=ln W.D�P)Yfd$x ^5w�U�>Tw�P	U�QtWp�(W.HJ>
c$�hF�HJY�Y.HJO$D�P+W.O�Hac�>.U�K�G+HJ;_O�D�?�Y.Y.HJY�Y.P+G!F�HJD W.P+F�W.Y.HL=lnoO�U�D#W.Y.>.:�O$Y.P)U�D�HJ>.D�H�7
% P*Ol='G+F�HJ> HJD ;N='D�Q'n U�G+F�P)Q�^�HIF c$��WX='YhHJD ^#='D�O HJG)G)HJ> �#HJ>.H w�HIF HJD =lnTF�H�Y.U ;<H �Y.U�F�HJ>�n U�>�HJYf^#='D�O�HJG+HJQ�HJ;<H�7 % P!KHJY.>X='Q�Y.HJ>TY.UN^#='D�O�HJG+HJQ�HJ;<HJ>fW.U�; HJD#WJx#^5w$P+W]F�HLHJ>
F�P+*�HJU�;<U�> n H�7!|�U�>XF�P F�H(Y.U O�U�D#W.Y.>.:�O$Y.P)U�D�HJ>sHJ> M*O�w$P)w'='G)HJD5Y.H�x	O'='D w$PjKHJD�?�Y.Y.H F�HJD
W.PqF�W.Y.D#M*w�D�Y.H*Y.P)G$='Y w$P+W.:#='G+P+W.HJ>.HjG+= w$F�P+;<HJD#W.P)U�D�HJG)G+H ^#='D�O�HJG)HJQ�HJ;<HJ>Jx'n 7�HJO$WJ7lO$:�D�D�H

D3
c$��WX='YkHJD

1 � ^#='D�O�x D1 ×D2 x�W.H�:#F W.U�; c$� &#Q�:�>L6'7 
 QhHJD W.U�G)PqF<Y.U�>.:#WkO'='D	x#W.U�;
&#Q�:�>�Asw�P+WXHJ>Jx�M*D#F�>.HIW�Y.P)G HJD

3 � F�P+W.O�x5w�HIF�='Y�;N='DNc$��W M*Y.Y.HJ>�HJD 2 � ^#='D�O�7��]HJY*W.O$>X= �w�HJ>.HIF�H%U�;<>p��F�H c$� K$��F�H%Y.U�>.:#WXW.HJD U�Q F�P+W.O�HJD W.w'='>.HJ><Y.P)G
S1 × D2 x W.U�; HJ>NF�H

U�;<>p��F�HJ>JxF�HJ>kP+F�HJD5Y.P+& z{HJ>.HIWI7
� M ^ ILKpU�O i O d @$7)6 n |4P+Q�:�>.HJ>.D�H w�P+WXHJ> WX=';NG)HJYJx ='Yh^�w�PqW w$P*YX='Q�HJ><HJD F�P+W.O�x D3 xoU�Q
c$��WXM*Y.Y.HJ>sHJD

1 � ^#='D�O�x	Q�P)w�HJ>LF�HJYaUtW�HJD ;N='D�Q'n U�G+F�P)Q�^�HIF�x	W.U�; HJ>LF�P$*�HJU�;<U�> n ;<HIFHJD W.U�G)P+FhY.U�>.:#WI7�S]HJ>.H{npY.HJ>�Ol='D(w�Pc$��WXM*Y.Y.HTHJD
2 � ^#='D�O�x�^�w�P)G+O�HJYjQ�P)w�HJ> UtW�F�HJD U�c�>.P)D �F�HJG)P+Q�H

D3 Y.P)G)K#='Q�H�7#�THJY.Y.H HJ>�HJYkn ~'>XW.Y.HaHJO$WXHJ;<cHJG	c$��x='Y�Y.U<^#='D�O�HsO'='D}='D�D�:�G)G)HJ>.H
^�P)D#='D#F�HJD	7
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�L�] � 
����]ijD}� � ^#='D�O(c$��W ='Y�HJD 6 � ^#='D�O�7

+ ≅

�L�  � 
����Ti D W.U�G+P+F Y.U�>.:#Wkc$��WX='Y�HJD%A � ^#='D�O�7

S]w�PqWjHJD ;N='D�Q'npU�GqF�P)Q�^�HIF�x
W
x�HJ>*F�P+*�HJU�;<U�> n!;<HIF

M + (fλ)
x�^�w�U�>kWX=';<;<HJD�O$G+M*K �D�P)D�Q�HJD npU�>.HJQG�'> w�^#=�7!HJD P)D#F�G)H �.>.P)D�Q

fλ
x!Ol='GqF�HJ>a;N='D

M + (fλ)
n U�>LHJD c�>XMkWXHJD �YX='Y.P)U�D =ln

W
70�THJYLO'='D D#='Y.:�>.G)P)Q�w$P+WTwlM*>.HNwlMkW.HJD�Y.G)P)Q�YL='Y ^�U�G+F�H<W.Y ?$>Lc$��x!^�w�P+G)O�HJD

WX=';N;<HJD�^#M*D�QtW.O�U�;<c�U�D�HJD5YN=lna>X='D#F�HJD
fλ
>X=';<;<HJ>J7 B F�H}WXP)Y.:#='Y.P)U�D�HJ><K�HJD5?$Y.Y.HJ>

;N='D D�U�YX='Y.P)U�D�HJD
V = χ(M,Q; fλ;λ)

xo^5w�U�>
Q
HJ> F�HJD WX=';N;<HJD�^#M*D�QtW.O�U�;<c�U �D�HJD�YT=ln

∂M
x�W.U�; P+D#F�HJ^�U�G+F�HJ>fK�P)G+G)HIF�HJYf=ln

fλ
7�B*Y.P)G�n M*G+F�HJY

λ = 1
W.O'='G0;(='D wlM*>.H

U�c�;NM*>.O�W.U�; c$��x ='YkK�P)G+G)HIF�HJY O'='D G)P)Q�Q�HTP	Y.U<WX=';<;<HJD�^#M*D�QtWXO�U�;<cU�D�HJD�Y.HJ>Jx#F�=
S0

P)O$O�H HJ>LWX=';<;<HJD�^#M*D�Q�HJD#F�H�74Sfw$P+W�F�HJYaP)O$O�H HJ>�n U�>.w$P)>.>.HJD#F�H�x	Y.P)G)G+=�F�HJ>Tw$P UtWaD�U�Q�G)H
Qt='D�Q�HL='Y*:�D#F�G+=�F�H�P)D#F�HJO�W.HJY

λ
P�D�U�YX='Y.P)U�D�HJD

fλ
x�D$�'>

λ
P�W =';<;<HJD�^#M*D�Q�HJD�HJ>*w�HJG �O�HJD#F�YJ7

Vy='D O'='D D#='Y.:�>.G)P)Q�w$P+W�:#F�w$P+F�H<K�HJQ�>.HJKHJYLU�Q%c$��WXM*Y.Y.H
k λ � ^#='D�O�H�7 �THJY.Y.H<D�U�Y.HJ>.HJ>;N='D WXU�;

W = χ(M,Q; f1, . . . , fk;λ)
HJG)G)HJ>

W ∼= M + (fλ1 ) + · · ·+ (fλk )
HJG)G+HJ>

W ∼= M ∪Hλ
1 ∪ · · · ∪Hλ

k .

% P W.O'='G WXHJD�HJ>.H(W.H�xo='Ys>XM*O$O�H{n ~'G+Q�HJD HJ> :�D#F�HJ>.U�>XF�D�HJYJx � n 70G)HJ;<;(= d$7`b$7 S]w�PqWa;N='D
w'M*G)Q�HJ>

M = Dn x�nt�'>(;(='D HJD W.c�HIz{P)HJG]O�G+=�W W.Hy=ln ;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>J7�ijG)HJ;<HJD �Y.HJ>.D�HaP	F�HJD�D�HaO$G+=�WXW.H]Ol='G+F�HJ>*w$P�npU�>*HJG)HJ;<HJD�YXM*>.H�^#='D�O�HJG)HJQ�HJ;<HJ>Jx�U�Q w�P	W.O$>.P)w�HJ>Jx�='Y

H ∈ H(n, k, λ)
x0^�w�P+W

H = χ(Dn; f1, . . . , fk;λ)
70�THJYLw'='>sF�HJD O�U�>.Y.HNP)D5Y.>.U U�;

^#='D�O�HJG)HJQ�HJ;NHJ>Jx#D5: w�HJD#F�HJ>fw�P	K�G)P+O�O�HJY*;<U�F�V}U�>XW.HaY.HJU�>.P+HJD	7
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@$7`A$7 � (+0 �V< 	V<�(B0"*5? �THJ>)&#D#F�HIW D�U�Q�G)HNnp:�D�O$Y.P)U�D�HJ>an ~'>XW.YsK�HIW.O$>.HJw�HJY =ln�Vy='>XW.Y.U�D
V%U�>XW.H�x�WXU�; HJ> :�Y.>.U�G)P+Q�YjD5?$Y.Y.P)Q�H�x5D$�'>�F�HJY F�>.H �.HJ> W.P+QLU�; ='Y�W.Y.:#F�HJ>.HfQ�G+='Y.Y.H];N='D�Q �n U�G+F�P)Q�^�HIF�HJ>k;<HIF�w�U�>.HIWf^�HJD#W.P)Q�Y.HJ>J7#�THLO'='G+F�HIWkV%U�>XW.Han :�D�O�Y.P)U�D�HJ>J7#B�F�HJYkn ~'G)Q�HJD#F�H
W.O'='G�w�P�W.H(c$�yF�HJ; U�Q%D�U�Q�G+H(>.HIW.:�G+YX='Y.HJ>JxoWXU�;\n U�>.K�P)D#F�HJ> F�HJ;9;<HIF Y.HJU�>.P)HJD U�;
^#='D�O�HJG)HJQ�HJ;NHJ>J7

% P ;NP)D#F�HJ>sn ~'>XW.Y U�; x ^5w'=�F F�HJ> n U�>XW.Yp��W w�HIF HJY O$>.P)Y.P+W.O c�:�D�O$Y npU�> HJD np:�D�O$Y.P)U�D
c$� HJD ;(='D�Q'npU�G+F�P+Q�^�HIF�7
�N<��:,�* 	V*](B,���?�=
?f� =�F

M
w'M*>.HsHJD ;N='D�Q'n U�G+F�P)Q�^�HIF U�Q(G+=�F

f : M → R
w'M*>.HLHJD

n :�D�O�Y.P+U�D	75i Y�c�:�D�O�Y
p ∈ M

Ol='G+F�HIWjHJY O$>.P)Y.P+W.O c�:�D�O�Y npU�>
f
U�Q

f(p)
n U�> HJD(O�>.P+Y.P+W.O

w'M*>XF�P x�^5w$P+W
Dp(f) = 0

x#^5w�U�>
Dp(f) : TpM → R

HJ>fF�P+*�HJ>.HJD5Y.P+='G)HJY�n U�>
f
P
p
7

i D}P)D5Y.HJ>.HIWXW ='D5YfF�HJG);(M*D�QtF�HL=ln O$>.P)Y.P+W.O�HTc�:�D�O$Y.HJ>�HJ>fF�HaP)O$O�H � F�HJQ�HJD�HJ>.HJ>.HIF�H�7

�N<��:,�* 	V*](B,��
?��
? Sfw$P+W
f : M → R

HJ>]HJD%np:�D�O$Y.P)U�D%c$�
n � ;N='D�Q'n U�G+F�P)Q�^�HIF�HJD MU�Q

p ∈ M
HJ>�HJYkO$>.P)Y.P+WXO<c�:�D�O�Y�npU�>

f
x#Wj�hW.P)Q�HIW

p
='Y�w'M*>.HLP)O$O�H � F�HJQ�HJD�HJ>.HJ>.HJYJx ^�w�P+WS]HIWXW.P+='D�;N='Y.>.Pqz{HJD

Hp(f) =

(

∂2f

∂xi∂xj
(p)

)

HJ>kP)O$O�H � W.P)D�Q�:�GqM*>Jx�F�w�WJ7�P)D�w�HJ>.Y.P)K�HJG 7

S]HIWXW.P+='D ;(='Y.>.P+z{HJD P!HJY�c�:�D�O$Y
p ∈ M

x
Hp(f)

x HJ>fHJD%W.?$;<;<HJY.>.P+WXO<;N='Y.>.P+��7 v G+YXWp�
HJ>sF�HJD F�P+='Q�U�D#='G)P+WXHJ>.K#='>J7!Sfw$P+W

f
^#='>sHJYLO$>.P)Y.P+WXO c�:�D�O�Y

p
x!O'='D ;N='D F�H�&#D�HJ>.H(HJY

K�HJQ�>.HJK	x#;N='D O'='G+F�HJ>
f
� WkP)D#F�HJO�W*P

p
7

�N<��:,�* 	V*](B,���?���?�� =�F
p
w'M*>.HaHJY�O$>.P)Y.P+W.Ohc�:�D�O$Ykn U�>

f : M → R
7#Vy='D F�H�&#D�HJ>.HJ>

f
� W*P)D#F�HJO�W*P

p
W.U�;_P+D#F�HJO$W.HJYk=ln

Hp
x#F�w�WJ7#='D5YX='G+G)HJY�=ln D�HJQt='Y.P+w�HaHJQ�HJD5w'M*>XF�P)HJ>J7

�THJDhHJQ�HJD5Y.G+P)Q�H�F�H�&#D�P)Y.P)U�D HJ> P)O$O�H�Wj��P)D5Y.HJ>.HIWXW ='D5Yon U�> UtWJ7��]HJY HJ>jF�HJ>.P+;<U$F n ~'G)Q�HJD#F�H
G)HJ;N;N=*=ln�V%U�>XW.H�x W.U�; KHIW.O$>.P)w�HJ>�K�HJY ?�F�D�P)D�Q�HJD =ln�HJY!c�:�D�O$YXW!P)D#F�HJO�W�Y.P)G+W.Y.>XM*O$O�HJG)P)Q�Y
Y.P)G�w�U�>.HIW]W.HJD�HJ>.HLK�>.:�Q�7

& <�6 68/	�
?�
@?DC�EGF
p HJILK�M MPX i UVUWMPc F M d MPOBMPK�MPK�MPX�U"K i X i \ UYuBSbOZU"X k fWK f : M → R �F M`K i UJU7M_MPKeMPX K E O F uBSbOZU"X n�o E� O F M \eMPX U�fWK X φ : U → Rn f ^ U"K i O d p ��\��

fφ−1 = f(p)− x1
2 − · · · − xλ

2 + xλ+1
2 + · · · + xn

2,

a�H"fWK λ MPK f � \ i O F M UV\ i p n
% P�Y.P)G)G+=�F�HJ>oUtWon U�>jF�HJYj;<HIWXY.H�='Y W.O$>.P)w�H

f
P#WXY.HIF�HJY npU�>

fφ−1 75v�HJw$P+W.HJY n U�> G)HJ;<;N='HJY
O'='D W.HIWkP!V%P)G)D�U�> ��� 6IA�� x#WJ7 d��X7
�N<��:,�* 	V*](B,��
?��
? i D n :�D�O$Y.P)U�D	x

f : M → R
xj^�w�U�> ='G+G)H O$>.P)Y.P+W.O�H c�:�D�O$Y.HJ>NHJ>

P)O$O�H � F�HJQ�HJD�HJ>.HJ>.HIF�H�x O'='G+F�HIW*HJD V%U�>XW.Han :�D�O�Y.P+U�D	7

Vy='D W.HJ>�=ln4G)HJ;N;N= @$7`m$x#='Y�F�HaO$>.P)Y.P+W.O�H]c�:�D�O�Y.HJ>�npU�>*HJD V%U�>XW.HTnp:�D�O$Y.P)U�D�HJ>*P+W.U�G)H �>.HIF�Hfnp>X=a^�P+D#='D#F�HJD	7��THJ> O'='DNP)O$O�Hkw'M*>.Hf;<HJ>.H�HJD#FNHJY O$>.P)Y.P+W.O c�:�D�O�Y P U�;<HJQ�D�HJD
UQ�P)w�HJY P G)HJ;N;N='HJYJ7tSfw$P+W

M
HJ> O�U�;<c#='O�YJx5n ~'G+Q�HJ> F�HJY�F�HJ> n U�>Jx�='Y HJD(V%U�>XW.H�n :�D�O$Y.P)U�D

O$:�D�Ol='D�^#=Iw�HaHJD#F�HJG+P)Q�Y ;(='D�Q�HTO$>.P)Y.P+WXO�Hfc�:�D�O$Y.HJ>J7 % HIF F�HJYkP'��Y.H]YE?�c�HJD5:�;<;NHJ>Jx
ci
x

n U�>kHJD}V%U�>XW.H�np:�D�O$Y.P)U�D n U�>XW.Yp�'>�;N='D ='D�YX='G)G)HJYk=ln O$>.P)Y.P+WXO�HTc�:�D�O$Y.HJ>f=lnoP)D#F�HJO�W
i
7

�THJY!n ~'>XW.Y.HjP+D5Y.HJ>.HIWXWX='D�Y.Hjn U�>0HJDL;(='Y.HJ;N='Y.P)O�HJ>!HJ>4D#='Y.:�>.G)P)Q�w$P+WJx{U�; F�HJ>�&#D#F�HIW4V%U�>XW.H
n :�D�O�Y.P+U�D�HJ>J7��THJ> &#D#F�HIW�D�U�Q�G)HTHJO�W.P+W.Y.HJD#WXW M*Y.D�P)D�Q�HJ>Jx5W.H]n 7�HJO�WJ7$u�UtW.P)D#WXO�P ��� �"� x$WJ7�dtZ��
n U�>kHJY�K�HJw�P+W*=ln n ~'G+Q�HJD#F�H�7
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�L�  � 
�� �]i D ^#~#�XF�H{np:�D�O$Y.P)U�D c$� Y.U�>.:#WJ7

��� 	J,�*-,�; �
?���?�C�EGF
M H"ILKlM MPO n c ^hE O dlk f7Q FWi d aZM F ^ M F U�f ^ u E U"X K E O F � ∂M � f dE O+X E d � E X ∂M = V0 ∪ V1 � a�HJfGK Vi � M`K OBM_MPK FGi \�� SbOZU"X'M f d E k \ QTS�XtX'M F M F M Q ^ ILO d F MPKE k ∂M n
	 �  O F M \ F MPKYM`O�� fWKp\VM k SbOZU"X i fWO f : M → R � \Pf ^ f u k� Q F M`K��� =b�

f a E K i O d MPO U"K i X i \jUWM u�S�OZU�X'MPK i MPO f ^ M d O E k ∂M �� K@�
f−1(i) = Vi � i = 0, 1 n

� � �V<�6�� < � �
?���?�� X ^ MPK�MDU�fWOZU�KlMPX M UJ\`M ^ uZM Q+u �NMPO�� fWKj\`M k SbOZU"X i fWO U E O \`M \ u � d S�K�� n���� � F M k S�OZU�X i fWO�MPO � F MPKs\PH E K�MPK X i Q�uBKlf��`M U"X i fGOBMPO i O F u � z c E UV\VMPO �YMPK M`O
� fGKp\VM k S�O1U"X i fGO n � E O \`MPK � E X F MPKeMPK  KlMDU"K i X i \ U7M uBS�O1U"X'MPK � \Pf ^ a E KDOBMPX�fPu F M`O
Qmf�U E Q�M f u k � Kj\`M Q � F MPK k fWK S F \ i d M \ i Q�M ^_^hE � n� Gn
% HIFh='Y WX=';<;NHJD�G)P)Q�D�Hjn 7�HJO�WJ7

f−1[−∞,−ε]
U�Q

f−1[−∞, ε]
n U�> HJD<V%U�>XW.H�n :�D�O�Y.P)U�D

O'='D};N='DyF�='D�D�H WXP)Q<HJYfQ�U�F�YfP+D#F�Y.>.?�O =ln x ^5w�U�>XF�='D
M
HJ>TU�c�K5?$Q�Q�HJYJ7��THJ>TQtM*G+F�HJ>

K�G 7 =�7�D#MkW.Y.Hfw$P)Q�Y.P)Q�H]WXM*Y.D�P)D�Q�x�WXH]V%P)G)D�U�> ��� 6IA"� x$WJ76IA��X7�B D#F�HJD(n U�>.; :�G)HJ>.P+D�Q�HJD<;<P)D �F�HJ>�w$P	U�;_D�U�YX='Y.P)U�D�HJD
 
Mf
a = f−1[−∞, a]

U�Q
M f
a,b = f−1[a, b]

n U�>
a < b, a, b ∈ R,

^�w�U�>
f
Ol='D :�D#F�G+=�F�HIW�c$�hw�HJD#W.Y.>.HIW.P+F�HJ>.D�H�x�^�w�PqW�F�HJ>kP)O$O�HaHJ>k; :�G)P+Q�^�HIF npU�>kY.w$P)w$G 7

��� 	J,�*-,�; ��?�!
?#" O$X E d � E X f : M → R MPKqMPO$� fWKj\`M k SbOZU"X i fWO S F MPO4U�K i X i \ U7M
HJILK FWi MPK i:i O+X'MPK H E Q Q�MPX [a, b]

^ M F Ma,b ∩ ∂M = ∅ n
	 � MPK Ma
∼= Mb f d Ma MPK MPOF M k fWK ^hE X i fWOZ\ K�MPXtK E U"X E k Mb

n
 P)GqW.wl='>.HJD#F�H%&#D#F�HIWfHJD WXM*Y.D�P)D�Q�x#W.U�;_n U�>.YXM*G)G)HJ>Jx�='Y

Ma,b
∼= f−1({a})× [0, 1]

7

� M ^ ILKpU�O i O d @$7)6J� n �THJ> &#D#F�HIW�D�U�Q�G)H]WXP);<c�G)HkU�c�HJ>X='Y.P)U�D�HJ>Jx�WXU�; P)O$O�HfM*D#F�>.HJ>�c$��x^�w�U�>.w�P+F�YfHJD n :�D�O�Y.P)U�D HJ>]HJD}V%U�>XW.Han :�D�O�Y.P)U�D	7 v n F�H�&#D�P)Y.P)U�D�HJDyW.HIWkK�G 7 =�7�x ='Y]^5w$P+W
f
HJ>kHJD�V%U�>XW.HTn :�D�O�Y.P)U�D	x�U�Q

k
HJ>*HJD O�U�D#W.YX='D5Y n :�D�O$Y.P)U�D	x#Wp� HJ>

f + k
U�Q

kf
U�QtWp�

V%U�>XW.H�n :�D�O�Y.P)U�D�HJ>J7

% P	Ol='D U�QtWj�hM*D#F�>.H�np:�D�O$Y.P)U�D#W.w'M*>XF�P)HJ>.D�HaP	U�;<HJQ�D�HJD =lnoHJYkHJD�O�HJG)YkO$>.P)Y.P+W.Ohc�:�D�O$YJ7
S]w�PqW

x ∈ M
HJ>�HJY�O$>.P)Y.P+WXONc�:�D�O$YJx F�=�&#D#F�HIW]U�;<HJQ�D�H�x

U, V
x Wp�

U ⊂ V
x#U�Q

V
HJ>

O�U�;<c#='O$YJx WX='; Y.P+F�P)Qh;NHIF ='Y
x
HJ>fF�HJYfHJD�HIW.Y.H O�>.P+Y.P+W.O�H�c�:�D�O�Y]P

V
7 �THJ> &#D#F�HIWfHJD

n :�D�O�Y.P+U�D
µ : M → R

x�Wj�
µ |U= 1

U�Q
µ |M−V = 0

x�F�=
M
HJ>�HJY�G)U�O'='G)O�U�;<c#='O$Y

ST=':#WXF�U�> * >.:�; 7 % P#Ol='D(='D5YX='Q�H�x�='Y
µ
HJ>jQ�G+='YJx � n 7tWXM*Y.D�P+D�Q b$7 Z�75[]:<HJ>

f +cµ
U�QtWp�

HJD V}U�>XW.HNnp:�D�O$Y.P)U�D npU�>
c
c#=�WXW.HJD#F�H G)P)G)G)H�7 �TF�HJD n U�>

V
U�Qyc$�

U
^#='> w$P D�HJ;NG)P)Q
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D2ε
f = 0

p

f = ε

f = -ε



R
λ

R
µ

f = ε

f = -ε

� �] � 
 � �fv�HIW.O$>.P)w�HJG+WXH�=ln
M
U�;NO�>.P)D�Q HJYkO$>.P)Y.P+W.ONc�:�D�O�YJ7

P)O$O�HaM*D#F�>.HJY�c$�<F�HaO$>.P)Y.P+W.O�HTc�:�D�O$Y.HJ>J7 ���N>.HIW.Y.HJD O'='D w�P	O�U�D�Y.>.U�G)G)HJ>.HaH�*�HJO�Y.HJD n >X=
µ
w�^#=�7

c
x�;NHJD#W

f
HJ>�:#F�HJDyO�>.P+Y.P+W.O�Hsc�:�D�O$Y.HJ>J7	|�:�D�O$Y.P)U�D�HJD HJ>]O$:�D}n U�>XW.O�HJG)G+P)Qhn >X=

f
c$� HJD U�;NHJQ�D =ln]c�:�D�O$Y.HJY

x
7 �THJD ^#='><F�H W =';<;<HNO$>.P)Y.P+WXO�H(c�:�D�O$Y.HJ>J7j�THJD�D�H

U�c�HJ>X='Y.P)U�D Ol='D K�HJD5?$Y.Y.HIWJx*^5w$P+W ;N='D Q�HJ>.D�H w$P)G]^#=Iw�H ='G)G)HyF�H O�>.P)Y.PqW.O�H}c�:�D�O$Y.HJ>
n U�>aHJD V}U�>XWXH n :�D�O$Y.P)U�D c$� HJD O�U�;<c#='O$YT;(='D�Q'npU�G+F�P+Q�^�HIF%Y.P+Go='Ya^#= w�Hhn U�>XW.O�HJG)G)P)Q�H
n :�D�O�Y.P+U�D#W.wlM*>XF�P+HJ>J7

�THJY D#MkWXY.Hf>.HIW.:�G)YX='Y :#F�D5?$Y.Y.HJ>�npU�>.>.P)Q�H]WXM*Y.D�P)D�QsY.P+G ='Y K�HIW.O$>.P)w�H�O�U�K�G)P)D�Q�HJDN;<HJG)G)HJ;
^#='D�O�HJG)HJQ�HJ;NHJ>kU�QNV}U�>XWXH�np:�D�O$Y.P)U�D�HJ>J7

��� 	J,�*-,�; �
?-A+AB? " O$X E d � E X f : M → R MPK M`O � fWKp\VM k SbOZU"X i fWO S F M`O8U�K i X i \ U7M
uBSbOZU"X'M`K i f−1[−ε, ε] = N k fWK ε > 0 u �WO+ILKDOBM`X�f u M`X E k i O F M UV\ λ u � f−1({0}) �
\ EW^ X E X N ∩ ∂M = ∅ n
	 � MPK M f

ε
∼= Mf

−ε ∪Hλ n
� MPH i \ n � =�F p

wlM*>.HaF�HJY*O$>.P)Y.P+W.O�H�c�:�D�O$Yk=ln0P)D#F�HJO�W
λ
x�F�=sO'='D�;N='D wlM*G)Q�H]HJY*O�U�>.YJx

U
x�U�;NO�>.P)D�Q

p
x#Wj�

f = −x2
1 − · · · − x2

λ + x2
λ+1 + · · ·+ x2

n.
B n ~'G+Q�H ='D5YX='Q�HJG+W.HJ>.D�H ^#='>

f
P)O$O�H ='D#F�>.H O$>.P)Y.P+W.O�H c�:�D�O$Y.HJ> HJD#F

p
P

f−1[−ε, ε]
x

F�HJ> n U�>NHJ>
f−1[−ε, ε] ∼= f−1[−ε1, ε1]

n U�>
ε1; 0 < ε1 < ε

x � n 7 WXM*Y.D�P+D�Q @$7`b$7 % P
O'='D F�HJ> n U�>sw'M*G)Q�H

ε
x0Wj�

D2ε ⊂ U
x4^5w�U�>

D2ε
HJ> F�HJD =ln W.G):�Y.Y.HIF�H(O�:�Q�G)Hh;NHIF >X= �F�P):#W

2ε
U�Q z{HJD�Y.>.:�;

p
7*S]w$P+WNw$P�KHJD�?�Y.Y.HJ> D�U�YX='Y.P+U�D�HJD

xλ = (x1, . . . , xλ)
U�Q

xµ = (xλ+1, . . . , xn)
x0F�w�WJ70='Y

x2
λ = x2

1 + · · · + x2
λ

U�Q
x2
µ = x2

λ+1 + · · · + x2
n

x
Wp�<HJ>

f = −x2
λ + x2

µ

7 V%='D}KHJ;NM*>.O�HJ>Jx�='Y
xλ
W.c�P)G)G+HJ>�HJD%F�U�K�KHJG)Y.>.U�G+G)H�x#W.U�; P+O�O�H

K�:�>XF�H<G+HIF�HhY.P)GonpU�>.w$P)>.>.P)D�Q�708�P)Y.:#='Y.P+U�D�HJD HJ>LW.O�P+YXW.HJ>.HJY�c$� &#Q�:�>LR1 !|�U�>s='Y W.Y.:#F�HJ>.H
F�HJD D#M*>.;NHJ>.HaP)D#F$n ~'>.HJ>kw$P	HJD n :�D�O�Y.P+U�D

φ : R → R
x#WXU�;gU�c�np?$G+F�HJ>

φ(0) > ε, φ(t) = 0
npU�>

t ≥ 2ε
U�Q − 1 < φ′(t) ≤ 0

npU�>�='G+G)H
t.

8b��F�='D HJD n :�D�O�Y.P)U�D &#D#F�HIWJ7 % ^#=�7
φ
O'='D w�P F�H�&#D�HJ>.H(HJD np:�D�O$Y.P)U�D

F : M → Rw�HIF

x 7→
{

f(x)− φ(x2
λ + 2x2

µ) , x ∈ U
f(x) , x /∈ U.

Vy='D<K�HJ;NM*>.O�HJ>Jx5='Y
F
U�Q

f
WXY.HJ;<;<HJ> U w�HJ>.HJD#W :#F�HJDhn U�>jHJG)G)P+c#W.HJD c$��&#Q�:�> R�7tVy='D

W.HJ>Jx$='Y
F
HJ> Q�Gq='YJx�F�= F�HJD(HJ>�Q�G+='Y c$� F�HJD �'K�D�HTU w�HJ>XF�M*O$D�P)D�Q

U,M −D2ε
7 % P w$P)G

Q�HJ>.D�HLw$P+W.H�Y.>.Hac$��W.YX='D#F�H U�; npU�>.^�U�GqF�HJYk;<HJG)G)HJ;
F
U�Q

f
7
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M−ε
F

R
λ

R
µ

S S
r(q)

�L�  � 
����
MF
−ε
7

��� � 	V/$,�9 A�� �THJ>(QtM*GqF�HJ>Jx*='Y
MF
ε = Mf

ε
7 ����W.YX='D#F�HJD HJ>�WX='D#F :#F�HJD npU�> HJG �G)P+c#W.U�P+F�HJD

x2
λ + 2x2

µ ≤ 2ε
x�^�w�U�>

f = F
7 BED#F�HJD P	HJG)G)P+c#W.U�P+F�HJD HJ>

F ≤ f = −x2
λ + x2

µ ≤
1

2
x2
λ + x2

µ ≤ ε.

v G)YXWp� HJ>kHJG)G)P+c#W.U�P+F�HJD ;<HIF�P	KHJQ�Q�Hs;NM*D�QtF�HJ>J7
��� � 	V/$,�9 =�� |#:�D�O�Y.P)U�D�HJD

F
^#='>fF�HsWX=';<;NH]O$>.P)Y.P+W.O�H�c�:�D�O$Y.HJ>fW.U�;

f
7

��= ∂F
∂x2

λ

= −1− φ′(x2
λ + 2x2

µ) < 0
x�U�Q ∂F

∂x2
µ

= 1− 2φ′(x2
λ + 2x2

µ) ≥ 1
x#W.HJ>k;(='D	x

=ln0='Y
dF = ∂F

∂x2
λ

dx2
λ + ∂F

∂x2
µ
dx2

µ

x$='Y
F
O$:�D ^#='> O$>.P)Y.P+W.O�Hfc�:�D�O�Y.HJ>Jx�D$�'>

dx2
λ

U�Q
dx2

µn U�>XW.w$P)D#F�HJ>!WX='; Y.P+F�P)Q�7J�THJY0W.O�HJ>!O$:�DaPtU�>.P)Q�U�x WXU�; HJ>!G)P)Q
p
x F�HJY!O$>.P)Y.P+WXO�H c�:�D�O$Y	n U�>

f
7

��� � 	V/$,�9 ��� �THJ>�QtM*GqF�HJ>Jx#='Y
MF
−ε ∼= MF

ε

7
Vy='D U�K#W.HJ>.w�HJ>.HJ>Jx�='Y

F (p) = −φ(0) < −ε
x F�w$WI7 ='Y

F
P+O�O�Ha^#='>]O�>.P)Y.PqW.O�H�wlM*>XF�P)HJ>

;<HJG+G)HJ; −ε
U�Q

ε
78$M*Y.D�P)D�QN@$7`bhQ�P)w�HJ>�F�HJ> npU�>]F�HJY�~'D#W.O�HIF�H�7

% P]w$P)G]Q�HJ>.D�Hyw$P+W.H%HJD#F�D5: HJD c$��W.YX='D#F@ f8�OlM*>.P+D�Q�HJD ;NHJG)G)HJ;
MF
−ε
U�Q

µ � c�G+='D�HJDn U�>�HJY�Q�P)w�HJY
xλ = q

HJ>TF�P+*�HJU�;NU�> n4;<HIF�HJDyF�P+W.ON;NHIF >X=�F�P):#W
r(q) > 0

7 |�:�D�O$Y.P)U �
D�HJD

r(q)
HJ>kQ�G+='YJx�U�Q

r(q) = (q2 − ε)
1

2

npU�>
q2 > 2ε

7

% P�W.HJ><c$�
(xλ, xµ)

xj^5w�U�>
xλ = q

x U�Q −q2 + x2
µ − φ(q2 + 2x2

µ) ≤ −ε
7jS]w�PqW

w$P!WXM*Y.Y.HJ>
t = q2 + 2x2

µ

x#Wp� HJ>�;NM*D�QtF�HJD O�HJD#F�HJY.HJQ�D�HJYJxw�HIF ='Y
t

2
+ ε− 3

2
q2 ≤ φ(t).

��=
φ′(t) ≤ 0

x�HJ>
φ(t)− t

2

=lnpYX='Q�HJD#F�H�x5F�HJ> n U�>oQtM*G+F�HJ>o:�G)P)Q�^�HIF�HJD n U�>
t ≤ t0

xl^�w�PqW
t0U�c�n ?�GqF�HJ>

φ(t0) = t0
2 +ε− 3

2q2 7 % P�w�HIF�xt='Y t0 &#D#F�HIWJxtF�= φ(t) = 0
n U�>

t ≥ 2ε
7�Vy='D

K�HJ;NM*>.O�HJ>Jx�='Y
t0
HJ>THJD%Q�G+='Y]n :�D�O�Y.P)U�Dy=ln

q
P�n ~'G)Q�HLP);<c�G+P+z{P)Y�np:�D�O$Y.P)U�D#WXW M*Y.D�P)D�Q�HJD	x

F�=
φ(t)− t

2

HJ>�Q�G+='Y ;<HIF
φ′(t)− 1

2 < 0
7���=s:�G+P)Q�^�HIF�HJDNHJ>*WX='D#FNnpU�>

t ≤ t0
x$K�G)P)w�HJ>

O$>X=Iw�HJYTY.P)G
xµ
x ='Y

x2
µ ≤ 1

2(t0 − q2)
7 � Qt=�7Q�>XM*D#W.HJ>.D�Hsn U�>

φ′(t)
QtM*G+F�HJ>]F�HJY]P�n ~'G)Q�H

;<PqF�F�HJG)wlM*>XF�PqWXM*Y.D�P)D�Q�HJD	x�='Y
φ(t)− φ(0) > −t

7 v G)YXWp� HJ>
t0
2

+ ε− 3

2
q2 = φ(t0) > φ(0)− t0 > ε− t0,

F�w�WJ7 ='Y
t0 > q2 xl^5w$P)G)O�HJY!w$P+W.HJ>Jx ='Y r(q) = ( 1

2 (t0−q2)
1

2 )
7'�T=

t0
HJ> HJDsQ�G+='Y0np:�D�O$Y.P)U�D

=ln
q
x�W.HIW F�HJYJx$='Y

r(q)
HJ> HJDNQ�G+='Y np:�D�O$Y.P)U�DN=ln

q
7$�]HJ> n U�>jn ~'G)Q�HJ>�F�HJY =ln x�='Y

φ(t) = 0
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n U�>
t > 2ε

x ='Y

r(q) = (
1

2
(−2ε + 3q2 − q2))

1

2 = (q2 − ε)
1

2

n U�>
q2 > 2ε

x#F�=
t0 > q2 > 2ε

7

[]: HJ><w$Pkc#='>X='Y.H Y.P)G�='Yhw$P+W.H F�HJD =ln W.G):�Y.Y.HJD#F�H c$��W.YX='D#F@ �THJG);(M*D�QtF�HJD
MF
−ε
HJ>

F�P+*�HJU�;<U�> n ;<HIF
Mf
−ε ∪Hλ 7

v Yfn ~'G)Q�HJD#F�H O�U�D#W.Y.>.:�O$Y.P)U�D}HJ>]npU�>.D�:�npY.P+Q(F�P+W.O$:�Y.HJ>.HIW�P =ln WXD�P)Y]d$x�W.HsF�H�&#D�P)Y.P)U�D d$7`A$7
% P O�U�D#W.Y.>.:�HJ>.HJ>

Mf
−ε∪Hλ WXU�; (M f

−ε−S)∪∼ (Dn−Sλ−1)
x�^5w�U�>

S
HJ>

(λ− 1) �W n M*>.HJD K�HIW.Y.HJ; Ykw�HIF
x2
λ = ε

U�Q
x2
µ = 0

x�;<HIF�>.HJG+='Y.P)U�D�HJD

(xλ, xµ) ∼ hα(xλ, xµ),
^�w�U�>

hα :

{

(xλ, xµ) ∈ (Dn − Sλ−1) | x2
λ >

1

2

}

→
{

(xλ, xµ) ∈ (M f
−ε − S) | x2

λ < 2ε
}

(xλ, xµ) 7→
√

2ε

(

xλ, xµ
(xλ − 1

2)
1

2

(1− x2
λ)

1

2

)

.

� =�F UtW�F�H�&#D�HJ>.HLHJD}=ln K�P)G+F�D�P)D�Q

γ : M f
−ε ∪Hλ → MF

−ε;

(xλ, xµ) 7→







σ(xλ, xµ) = (xλ, xµ
r(xλ)√
x2

λ
−ε

) , x ∈ M f
−ε − S

τ(xλ, xµ) = (
√

2εxλ, xµ
r(
√

2εxλ)√
1−x2

λ

), x ∈ Dn − Sλ−1.

% HIFy='Yf>.HJQ�D�H H{n Y.HJ>]W.HJ>];N='D	x�='Y
σhα = τ

npU�>
1 > x2

λ > 1
2

x�F�w$WJ7�='Y
γ
HJ>Tw�HJG+F�H �&#D�HJ>.HJYJ7�V%='DyW.HJ>Jx ='Y

σ
U�Q

τ
HJ>fQ�Gq='Y.Y.H�x F�=

r(q)
HJ>�Q�G+='YJ7 �THJD}P+D5w�HJ>XW.Hs=ln K�P)G+F�D�P+D�Q

HJ>kQ�P)w�HJYkw�HIF@ 

γ−1 : MF
−ε → Mf

−ε ∪Hλ

(xλ, xµ) 7→







(xλ, xµ

√
x2

λ
−ε

r(xλ) ) , x2
λ > ε

( xλ√
2ε

,
xµ√
2ε

√
2ε−x2

λ

r(xλ) ), x2
λ < 2ε.

v G)YXWp��HJ>
γ
HJDNF�P$*�HJU�;<U�> &(c$�LHJD �'K�HJDNU w�HJ>XF�M*O�D�P+D�Q�x�F�w�WJ75='Y

γ
HJ> HJDNF�P+*�HJU�;<U�> &

c$�TW.P)Y!K�P+G)G)HIF�HjP�n ~'G)Q�HjG+HJ;<;N=fm$7)6�6'7 % P5;N='D�Q�G)HJ>4HJY ='>.Q�:�;NHJD5Y npU�>Jxl='Y
γ
HJ>oW.:�> �.HJO�Y.P)w�7

S]w�PqW0;N='DhW.HJ> c$��W.O'M*>.P)D�Q�HJD ;<HJG)G+HJ;
Mf
−ε−S

U�QTHJDhc�Gq='D ;NHIF
xλ = q

x�Wp��HJ> F�HJD
HJD F�P+W.O ;<HIF<>X=�F�P+:#W

(q2− ε)
1

2

x5;NHJD(Wp�sK�G)P)w�HJ>jK�P)G+G)HIF�HJYj=ln0F�HJD�D�HTWXOlM*>.P)D�Q HJD(F�P+WXO
;<HIF >X=�F�P):#W

r(xλ)
x�^�w�P)G+O�HJY w$P+W.HJ>Jx�='Y

σ(M f
−ε − S) = MF

−ε ∩ {(xλ, xµ) | x2
λ > ε} 7

S]w�PqWs;N='D W.HJ> c$� W.O'M*>.P)D�Q�HJD ;<HJG)G)HJ;
Dn − Sλ−1 U�Q HJD c�G+='D xλ = q

x Wp� =ln �K�P)GqF�HIW�F�HJD}U w�HJ>fc$�NWXOlM*>.P)D�Q�HJD};<HJG)G)HJ;
MF
−ε
U�Q(HJD}c�G+='D};<HIF

xλ =
√

2εq
7�]HJ> �n U�>]W.HJ>];N='D	x ='YTW.OlM*>.P+D�Q�HJD}K�G)P)w�HJ>fHJD%F�P+W.O ;<HIF}>X=�F�P):#W

r(xλ
√

2ε)
x ^�w�P)G+O�HJY�w�PqW.HJ>

='Y
τ(Dn − Sλ−1) = MF

−ε ∩ {(xλ, xµ) | x2
λ < 2ε} 7 v G)YXWp� HJ> γ

W.:�> �.HJO$Y.P)w7!�THJY
=ln W.G):�Y.Y.HJ>kK�HJw�PqW.HJY n U�>fWXM*Y.D�P+D�Q�HJD	7

�

��=fF�H O�>.P+Y.P+W.O�H c�:�D�O$Y.HJ>4HJ>4P+W.U�G)HJ>.HIF�H�xJO'='D WXM*Y.D�P+D�Q�HJDs:#F�w$P+F�HIW!Y.P)G
k
O�>.P+Y.P+W.O�H c�:�D�O �Y.HJ>*;<HIF WX=';<;<HTP)D#F�HJO�W

λ
7�|�U�>k^5w�HJ>.Ykc�:�D�O$Y

pi
&#D#F�HIW

φpi

x�U�Q ;N='D Ol='D�K�HJD5?$Y.Y.H
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F = f − φp1 − · · · − φpk

7 � :�D�O$Y.HJ>.D�HLOl='D D#='Y.:�>.G+P)Q�w�PqW ^#= w�HLHJD�np:�D�O$Y.P)U�D#W.w'M*>XF�P x
F�HJ>�HJ>*n U�>XW.O�HJG)G+P)Qsn >X=h��7

BED#F�HJD w�P�QG�'>kw$P+F�HJ>.H�;<HIF V%U�>XW.H�Y.HJU�>.P)HJD	x�w�P+G�w$P	='D5w�HJD#F�HsW M*Y.D�P)D�Q�HJD Y.P)G	='YkU�c�D$�
HJYk>.HIW.:�G+YX='YJx F�HJ>kKHIWXO�>.P)w�HJ>kW n M*>.HJD	7 efHIW.:�G)YX='Y.HJYkK�G)P)w�HJ>*Qt='D#W.O�HaD�?�Y.Y.P+Q�YfW.HJD�HJ>.H�7

��� 	J,�*-,�; �
?-A1=@? " O$X E d � E X M MPK M`OY\ EW^_^ MPOZabILO d MPO F M QTSGUJU7MPX n c ^hE O dlk fWQ FWi d aZM F �
\ EW^ X i]FWi d ^ M FeE X f : M → R MPK MPO � fWKj\`M k SbOZU"X i fWO ^ M F O�MPX�f u X�f�U"K i X i \jU7M:uBS�O1U"c
X'MPK n
	 � MPK M abf ^ Mpf ^ fWK k ^ M F n c�\ k ILKlMPO n
� MPH i \ n ��= M

HJ>*O�U�;<c#='O$YJx�; � F�HaY.UhO$>.P)Y.P+W.O�HTc�:�D�O�Y.HJ>kw'M*>.Ha^�HJD�^�U�G+F�W.w$P+W�;N='O �W.P+; :�; U�Q(;<P+D�P); :�;}7 % P O'='D%:#F�HJD YX='K =ln Q�HJD�HJ>X='G)P)Y.HJY�='D5YX='Q�H�x!='Y
f(p) = 0

U�Q

f(q) = 1
x#^5w�U�>

p
HJ>�;<P)D�P); :�; U�Q

q
HJ>k;N='O$WXP); :�;}7$�THJYfW.O$?$G+F�HIWJx�='Y

f
� WkK�P)G)G)HIF�H

HJ>oHJYj=ln W.G):�Y.Y.HJYoP)D5Y.HJ>.w'='G x'F�=
f
HJ> O�U�D�Y.P)D5:�HJ>.YJxtU�Q

M
HJ>oO�U�;<c#='O�YoU�QLWX=';N;<HJD�^#M*D �Q�HJD#F�H�7 BED5Y.HJ>.w'='G)G)HJYkO'='D Y.P)G)c#=�W W.HIW�Y.P)G	HJD�^�HIF�W.P)D�Y.HJ>.wl='G)G+HJY�w$^#=�7#K�HJ;NM*>.O$D�P)D�Q<@$7)6J��7

��=aF�H�O$>.P)Y.P+W.O�H*c�:�D�O$Y.HJ>jHJ> P)O$O�H � F�HJQ�HJD�HJ>.HJ>.HIF�H�x5O'='D<;N='D P�n ~'G)Q�H*G)HJ;<;N=�@$7`m�w'M*G)Q�Hc#=�WXWXHJD#F�HLU�;<HJQ�D�H
U
U�;

p
U�Q

V
U�;

q
7#|�U�>

f
P
U
QtM*G+F�HJ>

f = x1
2 + · · ·+ xn

2,
F�w�WJ7

Mε
∼= Dn n U�> ε > 0

c#=�WXW.HJD#F�H G)P)G)G)H�7*�THJ> &#D#F�HIW D�HJ;NG)P)Q HJD WX=';N;<HJD �^#M*D�QtW.O�U�;NcU�D�HJD�YT=ln
Mε
P
U
F�P+*�HJU�;NU�> no;NHIF HJDyF�PqW.Ox�U�Q(^5w$P+W

Mε
^#= w$F�H �#HJ>.H

WX=';N;<HJD�^#M*D�QtW.O�U�;<c�U�D�HJD5Y.HJ>Jx�w�P+G)G)H F�HJYNw'M*>.H}P];<U$F�WXY.>.P+F ;<HIF ='D�YX='Q�HJG+W.HJD U�;
D�HJY.U�c Y.UNO�>.P)Y.PqW.O�H]c�:�D�O$Y.HJ>J7

 P)GqW.wl='>.HJD#F�H%HJ>
M1−ε,1 ∼= Dn 7*[]: n ~'G)Q�HJ>(F�HJY�P);NP+F�G)HJ>.Y.P+F =ln WXM*Y.D�P+D�Q @$7`b$x*='Y

Mε
∼= M1−ε

x#F�=<F�HJ>�P)O$O�H�HJ>kO�>.P+Y.P+W.O�H�c�:�D�O�Y.HJ>fP
Mε,1−ε

7�]HJYkQtM*GqF�HJ>�F�HJ> npU�>Jx ='Y

M = M1−ε ∪M1−ε,1 ∼= Dn ∪Sn−1 Dn ∼=Top Sn,
^�w�U�>�;N='D W.O'='G�w'M*>.H�U�c�;NM*>.O�W.U�;_c$��x#='Y�F�HJYkP)O$O�H]HJ>�W.P+O�O�HJ>.YJx�='YkF�HJ>kHJ>kYX='G)H�U�;
='D#F�HJY�HJD#F HJD ^�U�;<HJU�;<U�> & P0F�HJD W.PqF�W.Y.HLM*O�w$P)w'='G)HJD#WJ7

�

% Pt^#='> w�P+WXYJxI='Y0HJD V%U�>XW.H np:�D�O$Y.P)U�DLc$�fHJDs;N='D�Q'n U�G+F�P)Q�^�HIFaQ�P+w�HJ>!;N='D�Q'n U�G+F�P)Q�^�HIF�HJD
HJDsWXY.>.:�O�Y.:�>0WXU�; HJDL;N='D�Q'n U�G+F�P)Q�^�HIF�c$��WX='Y0HJDL^#='D�O7 
 ; w�HJD#F�Y4w�P)G'w$PtQ�HJ>.D�HjO$:�D�D�H
:#F�w$P+F�H<HJD V}U�>XW.HNnp:�D�O$Y.P)U�D c$�}HJD ;N='D�Q'n U�G+F�P)Q�^�HIF Y.P)GjHJD c$�};N='D�Q'n U�G+F�P)Q�^�HIF�HJD
c$��WX='Yk^#='D�O�7#�THJY�Qt~'>kw$P�P	D#MkWXY.HsWXM*Y.D�P)D�Q�7�B KHJw$P+W.HJY�KHJD�?�Y.Y.HJ>fw�P	D�U�YX='Y.P)U�D�HJD

∂+Y.P)G	='Yf='D�Q�P+w�Ha>X='D#F�O�U�;<cU�D�HJD�Y.HJD	x�WXU�;_P)D#F�HJ^�U�G+F�HJ>kHJD c$��WX='Y�^#='D�O�Wk>X='D#F�7
��� 	J,�*-,�; �
?-A ��? C�EGF

M = V × [−2ε,−ε] �ha�HJfWK V MPK8M`O QTSGUJU7MPX (n − 1) c^hE O d�k f7Q FWi d aZM F n " O+X E d � E XsH i u ��\`ILXtX'MPK MPO λ cta E O1U u � V × {−ε} n�o E  O F M \
MPO�� fWKj\`M k S�OZU�X i fWOhu � M ∪Hλ ^ M F OBMPX�fPu MPX�U"K i X i \jU�uBS�O1U"X E k i O F M UV\ λ n � fWKj\`Mk S�O1U"X i fGOBMPO U E O HJI Q d M \ U�fWOZ\PX E O$X@u � F M k fWKj\jU7M Q]Q i d MD\ EW^_^ M`OZabILO d \ U�f ^ ubfWO�MPO$X'MPKE k K E O F MPO n
� MPH i \ n % P c$��WXM*Y.Y.HJ> HJD ^#='D�O Hλ G+='D�QtW HJD (λ − 1) � W.n M*>.H�x Σ x0w$P+=}HJD Y.:�K�:�G+M*>U�;<HJQ�D	x

T
x4npU�>

Σ
P

M
7 8�H�c$� ;N='D�Q'n U�G+F�P)Q�^�HIF�HJD

M f
−ε
np>X=yK�HJw�PqW.HJY =ln�WXM*Y.D�P)D�Q

@$7)6�6'7 B F�HJD�D�H ;N='D�Q'n U�G+F�P)Q�^�HIF HJ>
S = {x ∈ M f

−ε | xλ
2 = −ε} HJD P)D#F�G)H �.>.HJY

(λ − 1) � W.n M*>.H ;NHIF Y.:�K�:�G+M*> U�;<HJQ�D T ′ = {x ∈ M f
−ε | xλ

2 < 2ε} 7T8�U�;v D5Y.U�D�P#ufUtW.P)D#W.O$P ��� �"� x�WJ7�6I@'�b�0='D�n ~'>.HJ>Jx'HJ>
T
U�Q

T ′ F�P+*�HJU�;<U�> npH w�Pq=fHJDhF�P+*�HJU�;<U�> &

d : T → T ′ x�Wp� d(x, t) = (xλ, xµ)
U�Q

fd(x, t) = t
x ^5w�U�>

f = −x2
λ + x2

µ

7
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|�:�D�O$Y.P)U�D�HJD
G0 : M → R

�
(x, t) 7→ t

Ol='D F�HJ> n U�>�U�c�n ='Y.Y.HIWfW.U�;

G1 : q 7→
{

t , q = (x, t) ∈ M − T
−x2

λ + x2
µ , q = (xλ, xµ) ∈ T ′.

�THJY�HJ>fF�HJD�D�HLnp:�D�O$Y.P)U�D	x#W.U�;gw$P	w$P)G	:#F�w�PqF�HaY.P)G	HJD c$��WX='Y�^#='D�O�7 B n ~'>XWXY.HaU�;<Qt='D�Q
O'='Dhw�P#='D�YX='Q�H�x5='Y

Hλ c$��WXM*Y.Y.HIW w$P+=]npU�>XWXO�>.P�n Y.HJD hα
np>X=�K�HJw$P+W.HJY4npU�>jWXM*Y.D�P+D�Qs@$7)6�6'7

B F�HJY.Y.HLY.P)G�n M*G+F�HfO'='D w$P�:#F�w$P+F�H
f
w�^#=�7

F : MF
−ε → R

U�Q
γ : M f

−ε ∪Hλ → MF
−εP)Q�HJD�n >X= K�HJw�P+WXHJY n U�>�WXM*Y.D�P)D�QN@$7)6�6'7��]F�w$P+F�HJG+W.HJD HJ>

G : q 7→
{

t , q = (x, t) ∈ M − T
Fγ(q) , q ∈ Dm − Sλ−1.

Vy='D W.HJ>Jx�='Y
G
O�:�D ^#='>kO$>.P)Y.P+WXO�Hfc�:�D�O$Y.HJ>fW.w'='>.HJD#F�HaY.P)G

F ′s
;<HIF P)D#F�HJO�W

λ
7�Vy='D

K�HJ;NM*>.O�HJ>Jx ='Y
G |∂+(M∪Hλ)= −ε

7  P)G)K#='Q�H HJ> F�HJ> ='Y4U w�HJ>.w�H �.H*Y.P)G�n M*G+F�HJYJxJ^5w�U�>
Hλ

c$��WXM*Y.Y.HIW
Mf
−ε
w$P+= HJD ='D#F�HJD F�P+*�HJU�;NU�> & ;<HJG+G)HJ; Y.:�K�:�G+M*>.H�U�;<HJQ�D�H�7�|�U�>XWXO�HJG)G)HJD

O'='D K�HIW.O$>.P)w�HIW(w�HIF HJD =':�Y.U�;<U�> & =ln
Sλ−1 × Rn−λ x � n 7 c�>.U�c�UtW.P)Y.P)U�D m$7)6Ib$7ki D

Wp��F�='D =':�Y.U�;<U�> & Ol='DyP�n ~'G)Q�HLK�HJ;NM*>.O$D�P)D�Q m$7`A'� >.HJc�>XMkW.HJD�Y.HJ>.HIW�w�HIF
γ : Sλ−1 →

O(µ)
7 v G+YXWp� O�U�;<;NHJ>Ln U�>XW.O�HJG)G)HJD ='D c$�y>.U�YX='Y.P)U�D�HJ> P�F�H

µ
WXP+F�W.Y.HNO�U$U�>XF�P)D#='Y.HJ>Jx

U�Q HJD >.U�YX='Y.P)U�D K�HJwl='>.HJ> =ln W.YX='D#F�HJD
xµ

2 70��= F
O�:�D =ln ^#M*D�Q�HJ> =ln

xµ
2 x!K�HJY ?�F�HJ>

F�HJD�D�H�>.U�YX='Y.P+U�D<P)D5Y.HJYjnpU�> :#F�w$P+F�HJG+W.HJD
G
75�THJ> n U�> n ~'G)Q�HJ>o:#F�w�P+F�HJGqW.HJD npU�>jHJDhQ�HJD�HJ>.HJG

c$��WXM*Y.Y.HJGqW.HL=ln w�U�>.HIWfW.cHIz{Pq='G)Y.P)G�n M*G+F�H�7
�

8$M*Y.D�P)D�Q�HJD%Ol='D%:#F�w�PqF�HIW�Y.P)G0='Y]U�;hn ='Y.Y.H
k λ � ^#='D�O�H�x�W.U�; c$��WXM*Y.Y.HIW]HJD};N='D�Q'n U�G �F�P)Q�^�HIF�7

% PfW.G):�Y.Y.HJ><=ln W.D�P)Y.Y.HJYN;<HIF ='YNU�; YX='G)H HJD W.c�HIz{P)HJG�YE?�c�H}V%U�>XW.H n :�D�O�Y.P+U�D�HJ>Jx W.U�;
w$P!W.HJD�HJ>.HLW.YX~$F�HJ>kc$��7#�THJY�HJ>�F�Hac#M*D�Han :�D�O�Y.P)U�D�HJ>J7#v�HJY.HJQ�D�HJG+WXHJD F�M*O�O�HJ>kU w�HJ>�HJD
V%U�>XW.H n :�D�O�Y.P)U�D	x	^�w�U�>Ln :�D�O�Y.P+U�D#W.wlM*>XF�P+HJD P HJYLO�>.P+Y.P+W.O c�:�D�O$YLHJ>LG)P+Q P+D#F�HJO$W.HJYL=ln
c�:�D�O$Y.HJYJ7 [TMkW.Y.HaG)HJ;<;N=sn ~'G)Q�HJ>�=lnoW M*Y.D�P)D�QN@$7)6�6'7

& <�6 68/ �
?-A ��? C�EGF
M HJILK�M MPO \ EG^ ^ MPO1abILO d MPO F M U�f ^ u E U"X n c ^_E O dlk f7Q FGi d a1M F n" O$X E d � E X f : M → [a, b] M`KeMPO \ SbK �VM U"X i H)ubILO k SbOZU"X i fWO n
o E M`K

Mλ = χ(Mλ−1; f
λ
1 , . . . , fλkλ

;λ)

k fWK λ ∈ {0, . . . , n} � a�HJfWK M−1 = f−1({a}) × [0, 1] �)a�H i \ M MPK ^ M F K E O F f d
M−1 = ∅ � a�H i \ M MPKDS F MPO K E O F n
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R�7 � 2 � 2 ��2 � ��2� � 2 � 243�2���
R�7)6'7 � <�������	V/ 	V<�0q(�6 ��(B6�(
	V( ��* (+; ��(�68( � (B;+*5? B�F�HJY.Y.H =ln WXD�P)Y�HJ>fWX=';NG)HJY�F�H
>.HIW.:�G+YX='Y.HJ>Jx�w$P ^#='>�K�>.:�Qsn U�> ;NHIF<^�HJD#W.?$D(Y.P+G#^�U�;<U�G)U�Q�PU�Q ^�U�;<U�Y.U�c�P x�WX='; Y O$D5?$Y �Y.HJYTD�U�Q�G)HsO�U�;N;<HJD5YX='>.HJ>TY.P)G0F�H HJD�O�HJG)Y.H WXM*Y.D�P)D�Q�HJ>J7 % P0w$P)G!P+O�O�H QG�<D#M*>.;<HJ>.H P)D#F
c$��x$^5w�U�>XF�='D F�HTY.U KHJQ�>.HJK�HJ>�F�H�&#D�HJ>.HIWIx�WXHT=ln W.D�P)Y*ban U�> HJD O�U�>.Y*U�; YX='G+H�x�;<HJD(D#~ ��.HIWk;<HIF ='Yf:#F�D5?$Y.Y.H F�HJ; WXU�;g>.HIF�W.O'='KHJ>�Y.P+G0='YfW.Y.:#F�HJ>.H ;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>k;<HIF�7
efHIW.:�G)YX='Y.HJ>.D�H�W.YX=';<;NHJ> ^�U w�HIF�WX='Q�HJG)P)Q�Yon >X=LST='YXzX^�HJ> ��� m"�t�X7�B4F�HJY.Y.Hf=ln W.D�P)YoK�HJD5?$Y.Y.HJ>
w$P	O�U�D5w�HJD�Y.P)U�D�HJD	x='Y�>.:�; HJ>kY.U�cU�G)U�Q�PqW.O�H�x�U�QN='Y�=lnpK�P+G+F�D�P)D�Q�HJ>*HJ>�O�U�D5Y.P+D5:�HJ>.Y.H�7

�THJY n ~'>XW.Y.H�w$P�WXHJ> c$�yHJ> D�U�Q�G)H(>.HIWX:�G)YX='Y.HJ> U�;9^�U�;<U�Y.U�c�P 7 i D w$P)>.O�HJG)P)Q}K�>.:�Q�K#='>
WXM*Y.D�P+D�Q Y.P)G K�HJ>.HJQ�D�P)D�Q}=ln*np:�D#F�=';NHJD5YX='G)Q�>.:�c�c�HJ>sHJ>h8�HJP�npHJ>.Y �

% ='D ua=';<cHJD#WsWXM*Y �D�P)D�Q�7 % P!W.O'='G	O�:�D K�>.:�Q�HLn ~'G)Q�HJD#F�Ha>.HIF�:#z{HJ>.HIF�H :#F�Qt=Iw�H�7
��� 	J,�*-,�; ��?-A+?�" O+X E d � E X X MPK�MPO k fWK�MPO i O d E k X�f � g OBM U"S�K H"M \ EW^_^ MPOZabILO d MPO F MF MPQ ^ ILO d F MPK A1 f d A2 �

F MPK g M dVd M i O F M abf7Q F MPK gpE \ i \'uBSbOZU"X'M`X x0
n � H i \ A1∩A2 MPK

MPO1U7M QTX]\ EW^_^ MPOZabILO d MPO F M � \ � d I Q F MPK F MPX E X
π1(X) ' π1(A1) ? π1(A2),

a�H"fWK ? \  ^hg f7Q i \`M`KlMPK F MPX k K i M uBKlf F S�U"X n
i D}w�P)Q�Y.P+Q WXM*Y.D�P+D�Q<=lnoS]HJD�>.? � ^�P)Y.HJ^�HI=�F�HJ>` 
��� 	J,�*-,�; ��?r=
? � H i \ MPO E k gPi Q F O i O d f : X → Y

^ M Q]Q�M ^ \ EW^_^ M`OZabILO d M`O F M
CW c�U�f ^ u+Q�M UV\`M`K i O F S��jMPK�MPK i \Pf ^ fGK  M`K f? : πn(X) → πn(Y ) k fWK E Q]QmM n � \ � MPK
f M`O aZf ^ fWX�f u i I U"H i H E Q�MPOZ\ n � H i \ f X i Q ^ M F M`K i O1UJQ[S�\ i fWOBM`O E k MPX F M Q U�f ^ u+Q�M UV\ Xi
Y � \ � MPK X MPO F M k fWK ^_E X i fWO1\ K�MPXtK E U"X E k Y n
v�HJw$P+W.HJYJx4WXU�;9w$P :#F�HJG+=�F�HJ>Jx K5?$Q�Q�HJ> c$�}HJY G)HJ;<;(=�x0W.U�;rHJ> D#M*w$D�HJwlM*>XF�P+Q�Y P*W.P)Q
W.HJG+w7

& <�6 68/ ��? ��? C�E�F
(X,A) HJILK�M MPX ��� c�u E Kqf d Q EGF (Y,B) HJILK�M M`X u E K ^ M F

B 6= ∅ n " O$X E d � E X πn(Y,B, y0) = 0 k fWK E Q Q�M y0 ∈ B k fWK n �)O �WK X − A a E K
�jMPQ Q�MPK E k FWi]^ M`OZ\ i fWO n n
	 � MPK_MPOZa�H"M`K f : (X,A) → (Y,B) abf ^ fWX�f u K�M Q " ^ M F
MPO E k gPi Q F O i O d X → B n
8�P+F�WXY.H :#F�WX='Q�D P�WXM*Y.D�P)D�Q�HJD W.HIW4='Y4n ~'G)Q�H :�;<PqF�F�HJG)K#='>.Y4=ln G+HJ;<;N='HJYJ7 S]w�PqW!P)D�O$G):#W.P)U �D�HJD<HJ> HJDNP+W.U�;<U�> &hc$�a^�U�;<U�Y.U�c�P+Q�>.:�c�cHJ>.D�H�x�nt�'> ;N='D<=ln	HJDhG+='D�QaHJO�WX='O$Yon ~'G)Q�H*n U�>
c#='>.>.HJY

(X,A)
x	='Y

πn(X,A) = 0
npU�>f='G+G)H

n
7 �THJ> n U�>fQ�P)w�HJ>�G+HJ;<;N='HJY�='D5w�HJD#F�YTc$�

P+F�HJD�Y.P)Y.HJY.HJD	x ='Y
id : X → X

HJ>f^�U�;<U�Y.U�c}>.HJG
A
;<HIF HJD%=lnpK�P)GqF�D�P)D�Q

r : X → A
7

v G)YXWp� HJ>
A
HJD F�H{npU�>.;N='Y.P+U�D#W.>.HJY.>X='O�Y�=ln

X
7

��� 	J,�*-,�; ��? ��?	��
��������������� � H i \ X MPK (n − 1) c�\ EW^_^ MPOZabILO d MPO F M � n ≥ 2 �
\�� MPK H̃i(X) = 0 k fWK E Q]Q�M i < n f d πn(X) = Hn(X) n � H i \ MPX u E K (X,A) MPK
(n− 1) ct\ EW^_^ MPOZabILO d MPO F M � n ≥ 2

^ M F A 6= ∅ MPOZU7MPQ[X]\ EW^_^ M`OZabILO d M`O F M � \ �NMPK
Hi(X,A) = 0 k fWK E Q]QmM i < n f d πn(X,A) = Hn(X,A) n
% P+= Sf:�>.H �kPqz��W�#WXM*Y.D�P)D�QhO'='D ;N='D�nt� HJYkD5?$Y.Y.P)Q�YkO�U�>.U�G)G+='>` 
� (+0�( � � /10 ��?�
@? � O E k gPi Q F O i O d f : X → Y

^ M Q]QmM ^ MPOZU7M QTX]\ EG^ ^ MPO1abILO d MPO F M��� c�U�f ^ u+Q�M UV\`M`K MPK MPO abf ^ fWX�fPu i I U�H i H E QmM`OZ\ � a�H i \ f? : Hn(X) → Hn(Y ) MPK
MPO i \`f ^ fWK  k fWK E Q]Q�M n n � H i \ f : X → Y MPK i OZU"Q[S�\ i fWOZ\ E k g`i Q F O i O d MPO � g Q i H"MPK X
MPO FGFGE MPO F M k fWK ^hE X i fWOZ\PKlM`XtK E U�X E k Y n
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i D}wlMkW.HJD�Y.G)P)QhP)D�Q�>.HIF�P+HJD#W*P0�THJD Q�HJD�HJ>X='G)P+W.HJ>.HIF�H)�4U�P)D#zJ='>��snpU�>.;<U�F�D�P)D�Q HJ>�K�HJQ�>.H �K�HJYkHJD ^�U�;<U�Y.U�c�P+W.n M*>.H�7

�N<��:,�* 	V*](B, ��?��
? ijD<G):�O$O�HJY WX=';N;<HJD�^#M*D�Q�HJD#F�H
n � ;N='D�Q'npU�GqF�P)Q�^�HIF Ol='G+F�HIW4n U�>oHJD

n � ^�U�;<U�Y.U�c�P+W.n M*>.H�x'^5w$P+WjF�HJDh^#='> WX=';<;<H*^�U�;<U�Y.U�c�P WXU�; Sn
xtF�w�WJ7�^�w�P+W F�HJ> &#D#F�HIW

HJD ^�U�;<U�Y.U�c�PqM*O�w$P)w'='G)HJD#W
f : M → Sn

7

% P4O'='D}D�: ='>.Q�:�;<HJD5Y.HJ>.H n U�>]M*O$w�P+wl='G)HJD#WXHJD ;<HJG)G)HJ; F�H Y.U(n U�>.; :�G)HJ>.P+D�Q�HJ>]=ln �4U �P)D#zJ='>���n U�>.;<U�F�D�P)D�Q�HJD	x#W.U�;_Y.P+F�G+P)Q�HJ>.H�HJ>kK�G)HJw�HJYkD#M*w�D�YJ7�THaY.U n U�>.; :�G)HJ>.P+D�Q�HJ>kHJ>` 
�)(+*-,�.�/10"2435(+0768(
9:,�*-,�;+<�,���?���?DC�EGF

M HJILK�MNMPORQTSGUVUWMPXYMPOZU7MPQ[X]\ EW^_^ M`OZabILO$cd M`O F MeU�f ^hg`i O E X�fWK i \jU n c ^hE O dlk f7Q FWi d aZM FN^ M F \ EW^_^ MYabf ^ f7Qmf d i \Pf ^ Sn n�o E H i Q
M HJILK�MYabf ^ M�f ^ fWK k ^ M F Sn n
�)(+*-,�.�/10"2q35(+0768(
9:,�*],�;+<b, ��?��
?�C�E�F

M HJILKlM_MPOqU�f ^sgPi O E X�fWK i \jU n ctabf ^ fWX�fPu i c
\ k ILK�M n�o E H i Q M HJILK�MDabf ^ M�f ^ fWK k ^ M F Sn n
v D5YX='Q�xj='Y npU�>.;NU$F�D�P)D�QyR�7 Z}HJ> W ='D#F�x U�Q ='Y

M
HJ> HJD ;N='D�Q'npU�GqF�P)Q�^�HIF U�; YX='G)Y P

n U�>.;<U�F�D�P)D�Q R�7`�$7 v G)YXWp� &#D#F�HIW F�HJ>sHJD ^�U�;<U�Y.U�c�P+M*O$w�P+wl='G)HJD#W
f : M → Sn

7 i D
^�U�;<U�Y.U�c�PqM*O�w$P)w'='G)HJD#W P)D#F�:#z{HJ>.HJ><HJD P+W.U�;<U�> & ;<HJG+G)HJ; ^�U�;<U�G)U�Q�P)Q�>.:�c�c�HJ>.D�H�7 ��=
HJD<^�U�;NU�Y.U�c�P+W n M*>.H�HJ> HJD�O�HJG)YXW =';<;<HJD�^#M*D�Q�HJD#F�H�x5Q�P+w�HJ> npU�>.;NU$F�D�P)D�QaR�7 Z�x$='Y

M
HJ>

^�U�;<HJU�;NU�> n4;<HIF
Sn
7

v D5YX='Q�U�; w�HJD#F�YJxl='Y4npU�>.;NU$F�D�P)D�Q]R�7`��HJ>oWX='D#F�xlU�QT='Y
M
HJ>0HJD ;N='D�Q'n U�G+F�P)Q�^�HIFsU�; �YX='G)Y P n U�>.;<U�F�D�P)D�QLR�7 Z�7#8b�Ln ~'G)Q�HJ>�F�HJYJx�='Y*='G)G)Hf^�U�;<U�Y.U�c�P)Q�>.:�c�c�HJ>.D�H]U�c Y.P)G

πn(M)HJ>�Y.>.P)w$P)HJG)G)H�xjnpU�>XF�PaWXM*Y.D�P)D�Q R�7�R Q�P)w�HJ>Jxk='Y F�HJD n ~'>XWXY.HyP+O�O�H � Y.>.P)w$P)HJG)G+H ^�U�;<U�Y.U�c�P �Q�>.:�c�c�H HJ>TP+W.U�;NU�> no;NHIF}F�HJD%n ~'>XW.Y.H P)O$O�H � Y.>.P)w$P)HJG)G)H�>.HIF�:#z{HJ>.HIF�H ^�U�;<U�G)U�Q�P)Q�>.:�c�c�H�7v G)YXWp��HJ>
πn(M) ∼= Z

x4F�w�WJ70='Y F�HJ> &#D#F�HIWsHJD =lnpK�P+G+F�D�P)D�Q
f : Sn → M

x4Wj�
[f ]n >.HJ; K�>.P+D�Q�HJ>

πn(M)
7

|�U�>]F�HJD�D�Hs=lnpK�P+G+F�D�P)D�Q ^#='>�w�P�n ~'G)Q�HJD#F�HLF�P+='Q�>X=';

πn(S
n)

∼
��

f?

∼
// πn(M)

∼
��

Hn(S
n)

f? // Hn(M).
�TH Y.UyW.PqF�HJ>sP*F�P+='Q�>X=';<;<HJYLHJ> P+W.U�;NU�> &#HJ>sP�n ~'G)Q�HNWXM*Y.D�P+D�Q%R�7�R�7 v Y Y.U�c�c�HJD U�QtWp�
HJ>�HJD%P+W.U�;<U�> &}WXO�?$G+F�HIWJx�='Y

πn(S
n)
HJ>�n >.HJ; K�>X='Q�Y]=ln

[id]
x;<HJD#W

πn(M)
HJ>knp>.HJ; �K�>X='Q�Y =ln

[f ]
x�WX='; Y.P+F�P)Q ;<HIF ='Y

f?[id] = [f ]
7 v G)YXWj� HJ> K�:�D#F�HJD U�QtWj� HJD P+W.U �;<U�> &!7 �T=

f? : H0(S
n) → H0(M)

G)P)Q�HJG)HIF�HIW HJ>(HJD P+W.U�;NU�> &!x QtM*G+F�HJ>(F�HJ>Jx ='Y

f? : H?(S
n) → H?(M)

HJ>aP+W.U�;<U�> &ynpU�>a='G)G+H
n
7�Sfw$P+WT;N='D ^5:#WXO�HJ>ac$��x�='YaO�U�; �K�P)D#='Y.U�>.PqW.O�H ;(='D�Q'npU�G+F�P+Q�^�HIF�HJ>Jx�W.c�HIz{P)HJG)Y]HJ> � � � O�U�;<c�G+HJO$W.HJ>Jx � n 7�=ln WXD�P)Y�b$x�n ~'G)Q�HJ>F�HJY�=ln O�U�>.U�G)G+='>�R�7`m$x#='Y

f
HJ>kHJD�^�U�;<U�Y.U�c�P+M*O$w�P+wl='G)HJD#WI7�[]: Q�P+w�HJ> n U�>.;<U�F�D�P)D�Q R�7`�

F�HJYf~'D#WXO�HIF�H�7 � =�F UtW*n U�>.; :�G)HJ>.HLF�HJYkw�PqW.Y.H�P	HJD KHJ;(M*>.O�D�P)D�Q�7

� M ^ ILKpU�O i O d R�7`b n �THJ>�QtM*G+F�HJ>Jx�='Y HJD�O�U�; K�P)D#='Y.U�>.P+W.Oh;N='D�Q'n U�G+F�P)Q�^�HIF�x M x�HJ>�HJD^�U�;<U�Y.U�c�PqW n M*>.H�x$^5w$P+W�U�Q O�:�D ^5w$P+W*F�HJD�HJ>*HJD�O�HJG)YXWX=';<;<HJD�^#M*D�Q�HJD#F�H�x�U�QhF�HJD�^#='>
WX=';N;<H�^�U�;<U�G)U�Q�P	W.U�; W n M*>.HJD	7

% Pf^#='> U�QtWp� K�>.:�Q n U�>(D�U�Q�G+H}>.HIW.:�G)YX='Y.HJ> U�; ^�U�;NU�G)U�Q�P x WXU�; w$PfD#M*w$D�HJ> PTF�HJY
n ~'G)Q�HJD#F�H�7	i YaD5?$Y.Y.P)Q�Ya>.HIF�W.O'='K Y.P)GoKHJ>.HJQ�D�P+D�Q�=ln*^�U�;<U�G)U�Q�P+Q�>.:�c�cHJ>THJ>LF�HJD G+='D�Q�H
HJO�WX='O$Y.H�n ~'G)Q�HTn U�>kHJY�c#='>

(X,A)
7



/ � �������	��
�������������������	�����	�����	������� �!�����"#�$�%
�&'&'�(���)�*�$�����+�������

��� 	J,�*-,�; ��?]A � ?�� i H"MPX MPX F M QTK S ^ A ⊂ X MPK k � Q d MPO F M k � Q d M M UV\ E U�X �
. . . // Hn(A)

i? // Hn(X) // Hn(X,A)
∂ // Hn−1(A) //

. . . // H0(X,A) // 0.
i Y ='D#F�HJY D5?$Y.Y.P)Q�Yj>.HIF�WXOl='K<Y.P+G�KHJ>.HJQ�D�P)D�Q =ln�^�U�;NU�G)U�Q�P)Q�>.:�c�c�HJ> HJ> V%= ?�HJ> �

% P+HJY.U�>.P+W
n ~'G)Q�HJD	7

��� 	J,�*-,�; ��?-ABA+? � H i \ X U E O \ U"K i H"M \ \`f ^ k fWK�MPO i O d MPO E k F M`X i O F K�M E k X�f F M QTK S ^
A f d B �:\ � MPK F M`KeMPO M UV\ E U"X k � Q d M E k abf ^ fWQTf d i d K SJuGuZMPK E k k fWK ^ MPO �

. . . // Hn(A ∩B)
φ // Hn(A)⊕Hn(B)

ψ // Hn(X)
∂ //

Hn−1(A ∩B) // . . . // H0(X) // 0.
i YfY.>.HIF#� Haw'M*>.O�YX~#�kY.P)G!='YkK�HIW.Y.HJ;<;<H�^�U�;<U�G+U�Q�P	;<HIF�HJ>kH���z{PqW.P)U�D	7

��� 	J,�*-,�; ��?-AZ=
?�� i H"MPX F MPQ[K S ^ Z ⊂ A ⊂ X � \�� FGE O E X E k \ QTSbXtO i O d MPO E k Z M`Ki O F M aZf7Q F X i�F M`X i O F K�M E k A �
\ � i O F S � MPKlM`K i OZUJQTSG\ i fGOBMPO (X−Z,A−Z) → (X,A)i \Pf ^ fWK  MPK Hn(X − Z,A − Z) → Hn(X,A) k fWK E Q]QmM n n
% P#^#='> U�QtWj�LK�>.:�Q npU�>jY.U >.HIW.:�G)YX='Y.HJ> w�HIF�>X~'>.HJD#F�HTWX=';N;<HJD�^#M*D�Q�HJDN;<HJG+G)HJ; ^�U�;<U �G)U�Q�P	U�QhO�U�^�U�;NU�G)U�Q�P 7��THJD n ~'>XWXY.HaOl='G+F�HIW�n U�> �4U�P)D#zJ='>�� F�:#='G)P+Y.HJYJ7

��� 	J,�*-,�;	��?-A �
? " O+X E d � E X M MPK_MPO Q[S�UVU7MPX fGK i MPO$X'MPK g�E K n c ^hE O d�k f7Q FWi d aZM F ^ M Fk S�O FGEW^ MPO$X E Q UJQ E \j\VM [M ] ∈ Hn(M) � \�� M`K E k gPi Q F O i O d M`O
D : Hk(M) → Hn−k(M)

α 7→ [M ] ∩ α

MPO i \Pf ^ fWK  k fWK E Q]Q�M k n
�THJ> &#D#F�HIW U�QtWp�aHJD<:#F�Qt= w�HT=ln �4U�P)D#zJ='>��]F�:#='G+P)Y.HJY Y.P)G#Y.P)G)n M*G+F�HJYJx'^�w�U�> ;N='D�Q'n U�G+F�P)Q �^�HIF�HJD ^#='>fHJD >X='D#F�7

��� 	J,�*-,�; ��?]A ��? " O+X E d � E X M M`K MPO U�f ^ u E U"XsfWK i M`O$X'MPK g�E K n c ^hE O d�k f7Q FWi d aZM F^ M F K E O F ∂M = A ∪ B � \ � ∂A = ∂B = A ∩ B n 	 � d i H"MPK � E uBcmuBKlf F S�U"X'MPX ^ M Fk S�O FGEW^ MPO$X E Q UJQ E \j\VMPO [M ] ∈ Hn(M,∂M)
i \Pf ^ fWK  MPK

D : Hk(M,A) → Hn−k(M,B)

α 7→ [M ] ∩ α

k fWK E Q]QmM k n
�THJD D#MkW.Y.HsW M*Y.D�P)D�QhHJ>�O�HJD#F�YfW.U�; v G)H���='D#F�HJ>�F�:#='G)P)Y.HJYJ7
��� 	J,�*-,�; ��?-A 
@? � H i \ K MPK MPO8U�f ^ u E U�X � i UJU7MPc'X�f ^ I d X'M F M Q ^hE O dlk f7Q FWi d aZM F E k
Sn � \ � MPK H̃i(S

n −K) ∼= H̃n−i−1(K) k fWK E Q Q�M i n
� M ^ ILKpU�O i O d R�7)6Id n BfK�HJw�PqW.HJY�npU�> WXM*Y.D�P)D�Q�HJD :#F�D�?�Y.Y.HJ> ;N='D O�:�D W.P)YaO�HJD#F�W.O'='KY.P)G

Sn
� W]^�U�;NU�G)U�Q�P 7��T= ^�U�;<U�G+U�Q�P)HJD}HJ>aF�HJD WX=';<;NHLn U�>THJD�^�w�HJ>a^�U�;<U�Y.U�c�P+W n M*>.H�x

� n 7�K�HJ;NM*>.O$D�P)D�QhR�7`b$x�QtM*G+F�HJ>�:#F�WX='Q�D�HJY�npU�>kHJD w$P)G)O7�'>.G)P)Qs^�U�;<U�Y.U�c�P+W n M*>.H�7
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 w�HJD#W.Yp�'HJD#F�HTY.P)G)^#~'>.HJ>jF�HfQ�>.:�D#F�G+M*Q�Q�HJD#F�H]>.HIWX:�G)YX='Y.HJ>jU�; ^�U�;NU�G)U�Q�P 7�[fU�Q�HJY ;<HJ>.H
W.c�HIz{P+&#O$YJx�W.U�;_w�P	^#='>fK�>.:�QhnpU�>�WXHJD�HJ>.H�x#HJ>kn ~'G)Q�HJD#F�HaG)HJ;<;N=�7

& <�6 68/ ��?-A �B? C�EGF
M HJILK�M)MPOhU�f ^hg`i O E X�fWK i \jU n ctabf ^ fWX�fPu i \ k ILK�M n 	 �eM`K M−D

U�fGO$XtK E U"X i-g M Q � a�HJfWK D M`KeMPO i O F QmM � K�MPX FGi \ U n
� MPH i \ n ��= D

U�c�np?$G+F�HJ>jO$>X=Iw�HJD�H]P WXM*Y.D�P)D�QsR�7)6Im$xtn ~'G)Q�HJ>jF�HJY =ln	K�HJ;NM*>.O�D�P+D�QaR�7)6Id$x
='Y

H̃i(M −D) ∼= H̃n−i−1(D) ∼= 0.
�THJ> n U�>TK�G+P)w�HJ>fP)D�O$G):#W.P+U�D�HJD%=ln HJY�c�:�D�O$YTP

M −D
Y.P)G HJDyPqW.U�;<U�> &%c$� ^�U�;<U�G+U�Q�P �Q�>.:�c�c�HJ>.D�H�x F�w�WJ7#='Y�O�U�>.U�G)G+='>*R�7`m Q�P+w�HJ>Jx#='Y

M −D
HJ>kO�U�D5Y.>X='O$Y.P)K�HJG 7

�

R�7`A$7 ��� � <�0 �Z/10�/ � 	V<�0�*�� 	V* �:? Vy='D<O'='DNF�H�&#D�HJ>.H�i :�G)HJ>jO'='>X='O�Y.HJ>.PqW.Y.P)O$O�HJDhc$� �#HJ>.H
; ��F�HJ>J7lSfHJ>0^#='>0w$Ptwl='G+Q�Y!HJDs^�U�;<U�G+U�Q�P+W.OTY.P)G)Qt='D�QkY.P)GtP+D5w'='>.P+='D5Y.HJD	x ^5w$P)G)O�HJY!K�HJY ?�F�HJ>Jx
='Ykw$P	YX='Q�HJ>�:#F�Qt='D�QtW.c�:�D�O$YfP�n ~'G)Q�HJD#F�H�7

�N<��:,�* 	V*](B, ��?-A �
? |�U�> HJY � � � O�U�;<c�G+HJO$W0;<HIFsHJD#F�HJG+P)Q�Y0;N='D�Q�H P)O$O�H � Y.>.P)w�P+HJG)G)Ho^�U �;<U�G+U�Q�P)Q�>.:�c�cHJ>Jx F�HJ>4='G)G)H ^#='>4HJD#F�HJG)P)Q�>X='D�Q�F�H�&#D�HJ>.HJ> ;N='Dsi :�G)HJ>4Ol='>X='O$Y.HJ>.P+W.Y.P+O�O�HJD
w�HIF

χ(X) =
∑

(−1)nrang Hn(X).
S]w�PqW

A ⊂ X
x#F�H�&#D�HJ>.HJ>];N='D F�HJD >.HJG+='Y.P+w�H�ij:�G)HJ>kOl='>X='O$Y.HJ>.P+W.Y.P+ONw�HIF

χ(X,A) =
∑

(−1)nrang Hn(X,A).

� M ^ ILKpU�O i O d R�7)6Ib n V%='D O'='D w$P+W.H�x ='Y χ(X) =
∑

(−1)i dimHi(X; Λ)
npU�>hHJY

G)HJQ�HJ;NH
Λ
x#^5w$P+W

H?
HJ>fHJD#F�HJG)P)Q�Y�np>.HJ; K�>X='Q�YJx � n 7#v�>.HIF�U�D ��� 6 � xWJ7 A���m��X7

Vy='D KHJ;NM*>.O�HJ>�F�HJD F�U�K�KHJG+Y.HyK�>.:�Q =lnsD�U�YX='Y.P+U�D�HJD
χ
Y.P+G]K$��F�H ='Y�D�U�Y.HJ>.H HJD

>.HI='G)PqWX='Y.P)U�D =lnaHJY<^#='D�O�HJG)HJQ�HJ;<H U�Q W.U�; Y.HJQ�D n U�>Ni :�G+HJ><Ol='>X='O$Y.HJ>.P+W.Y.P+O�O�HJD	7 v�H �YE?$F�D�P)D�Q�HJD%=ln WX?�; KU�G+HJY n >.HJ;<QG�'>*n >.HJ;<U w�HJ>]=ln O�U�D�Y.HJO$W.Y.HJD	7!8�U�;gHJY�HJO�W.HJ;<c�HJG�c$�
i :�G+HJ>kOl='>X='O$Y.HJ>.P+W.Y.P)O$O�HJD�KHJ;(M*>.O�HJ>kw�P x#='Y�F�HJ>fQtM*G+F�HJ>

χ(Sn) = 0, n
:�G)P)Q�H�U�Q

χ(Sn) = 2, n
G+P)Q�H

,
^�w�U�>Tw$PoO�:�D�D�H HJ>XW.YX='Y.Y.H

Sn
;NHIF}HJD

n � ^�U�;<U�Y.U�c�P+W n M*>.H�7
% P W.O'='G0K�>.:�Q�H n ~'G)Q�HJD#F�H

WXM*Y.D�P+D�Q<U�;gn U�>.K�P)D#F�HJG+W.HJD};<HJG)G)HJ;_i :�G)HJ>]Ol='>X='O$Y.HJ>.P+W.Y.P+O�O�HJD U�Q(Y ?$cHJD�:�;<>.HJD�Hsn U�>
HJD V%U�>XW.Han :�D�O�Y.P+U�D	7

��� 	J,�*-,�; ��?�= � ? " O+X E d � E X f : M → [a, b] MPKeMPO ubILO k S�OZU�X i fWO u �NMPO U�f ^ u E U�X^hE O d�k f7Q FWi d aZM FYE k X  uZMPO (c0, . . . , cn)
^ M F V1 = f−1({a}) n C�EGF F HJILK�M MPX�QmM d M ^ M

f d βk HJILKlM FWi]^ MPOZ\ i fWO�MPO E k Hk(M,V1;F ) n 	 � MPK
∑

(−1)ici =
∑

(−1)kβk = χ(M,f−1({a})).
� MPH i \ n % P�^#='>Jx ='Y Ms = χ(Ms−1; f

s
1 , . . . , f sks

; s)
x
s ∈ {0, . . . , n} x � n 7jG)HJ;N;N=@$7)6{R�7 � =�F UtW�F�H�&#D�HJ>.H

α(i, s) = dimHi(Ms,Ms−1; Q).% ^#=�7#=ln H���z{P+W.P+U�D(nt�'>kw$P
Hi(Ms,Ms−1; Q) ∼= Hi(∪Ds

js ,∪∂Ds
js ; Q),

� n 7�G)HJ;N;N=hd$7)6�6'7 v G+YXWp� HJ>

α(i, s) =

{

cs , s = i
0 , s 6= i.
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�TH�&#D�HJ>�U�QtWp�
β(i, s) = dimHi(Ms, V1; Q)

7	Vy='D}K�HJ;NM*>.O�HJ>Jx�='Y
β(i, s) = 0

n U�>

i > s
x#F�=

Ms
U�c�D$��W*n >X=

V1
w�HIF ='YkY.P+G�n ~#�.H�z{HJG)G)HJ>*=lnoF�P);NHJD#W.P)U�D ;<P)D#F�>.H�HJD#F�HJG)G)HJ>

G)P+Q
s
7��]HJ> n U�>knt�'>k;N='D�n U�>k^5w�HJ>.Y

s
HJD G+='D�QhHJO�WX='O$Y n ~'G)Q�H

0 → Hn(Ms−1, V1; Q) → Hn(Ms, V1; Q) → Hn(Ms,Ms−1; Q) →
→ Hn−1(Ms−1, V1; Q) → . . . → H0(Ms,Ms−1; Q) → 0.

��=hF�HJ>�HJ>kYX='G)HaU�; w�HJO�Y.U�>.>.:�; x�nt�'>�;N='D	x#='Y
n
∑

i=0

(−1)i(β(i, s− 1)− β(i, s) + α(i, s)) = 0,

F�w�WJ7
∑

(−1)ici =
∑

i

(−1)i
∑

s

α(i, s) =
∑

(−1)i(β(i, n)− β(i, 0))

=
∑

(−1)iβi = χ(M,V1).

�

� (+0�( � � /10 ��?�=
A+? " O+X E d � E X f MPK)MPO k SbOZU"X i fWO \Pf ^ i \PILXtO i O d � n����Wn � H i \ V1 = ∅ �
\�� MPK

χ(M) =
∑

(−1)kβk =
∑

(−1)qcq.

� MPH i \ n ��= Hi(M, ∅) = Hi(M)
x�n ~'G)Q�HJ>*O�U�>.U�G)G+='>.HJY�=ln x#='Y

χ(M) = χ(M, ∅) 7 �
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�L�  � 
�� �f�THJDhWX=';<;NHJD�^#M*D�Q�HJD#F�H*WX:�; =ln�Y.UTW.n M*>.HJ>oU�c�D$��Wow�HIF�x
='Y�F�HLY.Uh; :�D#F�W.Y ?$O$O�HJ>�O�GqM*KHIWkWX=';N;<HJD	7

m$7�� � ��� �#- �V� ��-��+-� ��� �	� -� � 2435/��  1�� /�� 

m$7)6'7 �
/$6 68<b, �
�s,�;B<�,�9�< ����6 ? �THJ>	&#D#F�HIW�HJD Q�>.:�D#F�G+M*Q�Q�HJD#F�Hh;NHJY.U$F�H�x�D$�'>
;N='D w$P)G O$G)P+W.Y.>.H Y.U ;(='D�Q'npU�G+F�P+Q�^�HIF�HJ>LWX=';<;<HJD	7!�THJD O'='G+F�HIWLWX=';N;<HJD�^#M*D�Q�HJD#F�H
W.:�;}x�U�QNF�HJD D�U�Y.HJ>.HIW

M1]M2
x�^5w�U�>

M1
U�Q

M2
HJ>fWX=';<;NHJD�^#M*D�Q�HJD#F�H

n � ;N='D�Q �n U�G+F�P)Q�^�HIF�HJ>J75�THJD F�H�&#D�P)Y.P)U�D	x�WXU�; w�Pw�P+G�KHJD�?�Y.Y.H�x$HJ> P)O$O�HfF�HJD W.P);<c�G)HIWXY.H�xl;NHJD<HJ>
w'='G)Q�YJxnpU�>XF�P F�HJD Q�P)w�HJ>TKHIF�>.H ; :�G)P)Q�^�HIF n U�>�c�>XMkz{P+W.H ='>.Q�:�;<HJD5Y.HJ>J7!�THJ> n U�>TWXHJ>Tw$P
c$� HJY�HJO�W.HJ;<c�HJG�P)D#F�HJD W.HJG)w�HLF�H�&#D�P+Y.P)U�D�HJD	7
� � �V<�6�� < � 
@?-A+? C�EGF

Sn1 f d Sn2 HJILK�MsX�f n c�\ k ILKlM n " O$X E d � E X H i a E K_X�f i O F Q�M�� c
K i O d MPK

f1 : Rn → Sn1 f d f2 : Rn → Sn2 ,

a�H"fWK f1
g MPH E K�MPK fWK i MPO$X'M`K i O d MPO � ^ M`OZ\ f2 ILO F KlMPK F M`O n 	 M u � F MPO FWi \ �PS�OZU�X'Mk fWK�MPO i O d

M = (Sn1 − f1(D
n
1

3

)) ∪ (Sn2 − f2(D
n
1

3

)),

a�H"fWK Dn
1

3

⊂ Rn MPK n c FWi \ U7MPO ^ M F K E O F Sn−1 ^ M F K E�FWi S�\ 1
3
n�� H"fWX i M`O$XtK S ^_^ MPX

E k M ��\Pf ^ k ��\�H"M F i]F MPO$X i  U E X i fWOBMPO E k f1(tx)
^ M F f2((1− t)x) k fWK 1

3 < t < 2
3 �

x ∈ Sn−1 � U E Q F MPK H i k fWK F MPO8\ EW^_^ MPOZaZILO d MPO F M_\PS ^ E k Sn1 f d Sn2
n o MPX \jU"K i c

H"M \ Sn1 ]Sn2
n�� i d S�K	� i Q QTSG\PXtKlM`KlMPKsU�fWOZ\PXtK S�U"X i fWOBMPO n o M`X�MPK HJI \`MPO+X-Q i d X � E X i]F MPO$X i c U E X i fGOBMPO \jU7MPKN\Pf ^ E O k � K X �eM Q]QmM`Kp\ g Q i H"MPK U"H"fWX i M`O$XtK S ^_^ MPX i UVUWM O � F H"MPO FWi d H i \� E SG\ F fWK�
 � a�H i Q U7MPX MPKeMPX U"K E H � a�H i \YH i d MPK O�M H i Q�fPuBO � MPO O  ^hE O dlk f7Q FWi d aZM F n

� M ^ ILKpU�O i O d m$7`A n 8�:�;<;<HJD�P	HJO$WXHJ;<c�G)HJY�K#=�W.HJ>.HJ>�W.P)Q c$� n ~'G)Q�HJD#F�H�Q�HJD�HJ>.HJG)G)H�:#F �WX='Q�D	x W.U�; HJ>hYX='Q�HJY<n >X= v�>�$z O�HJ><U�Q ���'D�P+z ^ ��� A"� x WJ7�6J�t@��X7 � =�F
X
U�Q

Y
w'M*>.H

;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>*;<HIFN�'K�D�H F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF�HJ>
X0
U�Q

Y0
7Sfw$P+W

β : X0 → Y0HJ>(HJD F�P+*�HJU�;<U�> &!x Wp� F�HJY(Y.U�cU�G+U�Q�P+W.O�H >.:�;
X ∪β Y

HJ>NST=':#WXF�U�> *ox F�= K�G)P)w�HJ>

X ∪β Y
HJD ;N='D�Q'n U�G+F�P)Q�^�HIF�7

[]: HJ>aw�P K�HIF�>.Hh>.:#W.Y.HIF�H<Y.P+GoF�HJD Q�HJD�HJ>.HJG+G)H<F�H�&#D�P)Y.P)U�D	7	�THJYLO'='D wlM*>.HhHJD ^��XM*G)c	x
^�w�P+W*;(='D ^�HJG+HaY.P+F�HJD�^�U�G+F�HJ>�W.P)Q n U�>�~#� H�x#='Y�F�H�&#D�P)Y.P+U�D�HJD ^#='D#F�G+HJ>�U�;g='YkG)P);<H]Y.U
;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>kWX=';N;<HJD�G+='D�QtWkHJD F�HJG);NM*D�QtF�H�7

�N<��:,�* 	V*](B, 

?��
?*� =�F
M1
x
M2
w'M*>.H]Y.U WX=';<;<HJD�^#M*D�Q�HJD#F�H

n � ;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>U�Q(G+=�F
hi : Rn → Mi

x
i = 1, 2

wlM*>.H Y.UNP)D#F�G)H �.>.P)D�Q�HJ>J7 � =�F
α : (0,∞) → (0,∞)w'M*>.HaHJD U�>.P)HJD�Y.HJ>.P)D�QtWXM*D#F�>.HJD#F�H F�P$*�HJU�;<U�> &!x�U�QNF�H�&#D�HJ>

αn : Rn − {0} → Rn − {0} ; v 7→ α(‖v‖) v

‖v‖ .

8b� F�H�&#D�HJ>.HJ>h;N='D F�HJD WX=';<;<HJD�^#M*D�Q�HJD#F�H W.:�; x
M1]M2(h1, h2, α)

xjW.U�;rO�w�U �Y.P)HJD�Y.>.:�;<;<HJY*=ln
M1−{h1(0)}

U�Q
M2−{h2(0)}

x�^5w�U�>
h1(v)

P+F�HJD5Y.P+& z{HJ>.HIW*;NHIF

h2(αn(v))
n U�>�='G)G)H

v ∈ Rn − {0} 7
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�THJD WX=';<;NHJD�^#M*D�Q�HJD#F�HsW.:�;_O'='D U�QtWp�hW.O$>.P)w�HIW
M1]M2(h1, h2, α) = (M1 − {h1(0)}) ∪g (M2 − {h2(0)}), g = h2αnh

−1
1 .

S]w�PqW�K$��F�H
M1

U�Q
M2

HJ>sU�>.P)HJD�Y.HJ>.HIF�H�x4w$P)G w$PjU�QtWp� Q�HJ>.D�H(O�:�D�D�H(U�>.P)HJD5Y.HJ>.H F�HJD
WX=';N;<HJD�^#M*D�Q�HJD#F�HsW.:�; 7#�THJ> n U�>�O$>XM*w�HJ>�w�P	P4F�HJY�Y.P)G�n M*G+F�H�x�='Y

h1
K�HJw'='>.HJ>�U�>.P)HJD �Y.HJ>.P)D�Q�HJD	x	;NHJD#W

h2
M*D#F�>.HJ>LF�HJD	748�U�; w�P W.O'='G W.H�x�Q�P)w�HJ>aF�HJDyD#MkWXY.H<WXM*Y.D�P)D�Q�UtWJx

='Ykw$P	P0W.Y.HIF�HJY*n U�>
M1]M2(h1, h2, α)

O'='D D#~#�.HIWk;<HIF ='Y�W.O$>.P)w�H
M1]M2

7

��� 	J,�*-,�; 
@? ��? o M`K d I Q F M`K � E X M1]M2 MPKDMPO d Q E X�\ EW^_^ MPOZabILO d MPO F M n c ^hE O d ck f7Q FWi d aZM F k fWK n > 1 � \ EG^ X E X F MPO MPKYfWK i MPO$X'MPK g�E K � a�H i \ g � F M M1 f d M2 M`K F MPX n	 S ^_^ MPO E k abILO d MPK i UVU7M c f u X i Q FGi 
�M�f ^ fGK  c E k h1, h2 f d α n
� M ^ ILKpU�O i O d m$7`m n % P!w$P)G!:�D#F�G+=�F�HLK�HJw$P+W.HJY*n U�>]WXM*Y.D�P)D�Q�HJD}U�QND#~#�.HIW�;<HIF ='Y]:#F �F�>X='Q�Hkn ~'G)Q�HJD#F�HfF�HJYX='G � H�7t|�U�>�='Yjw$P+W.H*O�U�D#W.Y.>.:�O$Y.P)U�D�HJD#Wj:#=ln ^#M*D�Q�P)Q�^�HIF<=ln

h1
U�Q

h2w'M*G)Q�HJ>k;N='D
t1, t2

x Wp�
0 < t1 < t2 < 1

7 S]w�P+W�;N='D K�HJD5?$Y.Y.HJ>�D�U�YX='Y.P)U�D�HJD

Rn(t0, t1) = {v ∈ Rn | t0 < ‖v‖ < t1} ,
Wp� HJ>

αn(R
n(t0, t1)) = Rn(α(t1), α(t0))

7 V%='D K�HJ;NM*>.O�HJ>Jx#='Y�O$w�U�Y.P)HJD�Y.>.:�;<;<HJY

(M1 − h1(D
n
t0

)) ∪g′ (M2 − h2(D
n
α(t1))),

^�w�U�>
g′ = h2αnh

−1
1 |h1(Rn(t0 ,t1))

x�Q�P)w�HJ>oUtWoHJDh;N='D�Q'npU�GqF�P)Q�^�HIF�x�W.U�; HJ>jF�P+*�HJU�;NU�> n
;<HIF

M1]M2
7

� � �V<�6�� < � 
@?��
?�� M UV\`M ^ u1M Q  Gn�� U"Q i \ XtK�MPK H i X�f ^_E O dlk f7Q FGi d a1M F MPK�\ EW^_^ MPOqQ E O d \
R(1

3 , 2
3) f d R(1

3 , 2
3) H i]E αn(v) = (1 − ‖v‖) v

‖v‖
n o MPXtX'MqMPK i fWH"MPK�MPOZ\ \ X'M ^_^ M Q \`M^ M F4F M  O i X i fWO  Gn � � FGE α : [13 , 2

3 ] → [13 , 2
3 ]; v 7→ 1 − v U E O S F H i]F M \ X i Q)MPO

fWK i MPO$X'MPK i O d \PILO F KlMPO F M FWi 
�Mpf ^ fWK  u � aZMPQmM (0,∞) n
B�F�HJY*n ~'G+Q�HJD#F�HLW.Ol='G	w$P	w$P+W.H�D�HIF�HJD#W.Yp�'HJD#F�HW 
��� 	J,�*-,�; 
@?��B? � ILO d F M`O E k FWi 
�M�f ^ fWK  UJQ E \ \`MPK E k n c�abf ^ fWX�f u i \ k ILK�MPK�S F d � K M`OE�g M Q \ U d K SVuGu1M ^ M F U7f ^ ubf�\ i X i fWOBMPO \ EG^ ^ MPO1abILO d MPO F M�\PS ^ � n ≥ 5 n
& >.:�c�c�HJD P�WXM*Y.D�P+D�Q�HJD KHJY.HJQ�D�HIW

An 7 % Pk^#='>hP)O$O�H K�>.:�Q n U�><WXM*Y.D�P)D�Q�HJD#W n :�G+F�H
P)D#F�^�U�GqF�xO$:�D HJO$W.PqW.Y.HJD#W.HJD%=ln�P)D5w�HJ>XWXY]HJG)HJ;NHJD5YJ7 % Pow'M*G)Q�HJ>�='G)G)P)Q�HJw�HJG ='YTw$P+W.H ^�HJG)H
WXM*Y.D�P+D�Q�HJD	x5F�=LF�HJYjHJO�W.Y.>X=L='>.K�H �.F�HfP)O�O�HkHJ>jWj�LW.Y.U�>.YJxt;<HJD#W F�HJYjQ�P)w�HJ>jUtW HJDNO�U�D#z{P+W
; ��F�H ='Y :#F�Y.>.?$O�O�H w�U�>.HIW w$P+F�HJD U�; WX=';<;<HJD�^#M*D�Q�HJD#F�H W.:�; c$��7 8$='; Y.P+F�P)QyHJ>
>.HIW.:�G+YX='Y.HJY P)D�Y.HJ>.HIWXWX='D�Y�P�W.P)Q W.HJG)w�7�|�U�>k='Y�w�PqW.H]WXM*Y.D�P+D�Q�HJD(; � w$P n ~'>XW.Y :�D#F�HJ>XW ~'Q�H�x
U�;gO�U�;NcUtW.P+Y.P)U�D�HJD(HJ>�npU�>.D�:�npY.P)Q�7 v G)YXWp� ;N='D�Q�G+HJ>kw�P	='Y�w$P+W.H�x�='Y�F�HJD HJ>fWXYX='K�P)G 7
�D0�( � ( �V*�	V* (�, 

? ��? o MPO \ EW^_^ MPOZaZILO d MPO F M \PS ^ M1]M2 MPK MPO n ctaZf ^ fWX�f u i \ k ILKlM �
a�H i \Yf d U"SbO a�H i \ g � F M M1 f d M2 MPK F MPX k fWK n ≥ 3 n
� MPH i \ n � =�F UtW(n ~'>XW.Y(K�HJw$P+W.H a�H i \ 7 v D5YX='Q�xk='Y Mi

HJ>(HJD ^�U�;<U�Y.U�c�P+W.n M*>.H�7�Sfw$P+W
;N='D K�HJD5?$Y.Y.HJ><D�U�YX='Y.P)U�D�HJD

Ai = Mi − {hi(0)}
xon ~'G)Q�HJ><F�HJY<=lnaWXM*Y.D�P)D�Q R�7)6'xj='Y

π1(M1]M2) ' π1(A1) ? π1(A2)
7 �]HJ> n U�>LHJ>

M1]M2
HJD�O�HJG)YXWX=';N;<HJD�^#M*D�Q�HJD#F�H�x

F�=
M1]M2 = A1 ∪ A2

x�U�Q
A1 ∩ A2 = Rn − {0} HJ>�HJD�O�HJG)YXWX=';<;<HJD�^#M*D�Q�HJD#F�H�xWX='; Y.P+F�P)Q ;<HIF ='Y

Ai
HJ>kO�U�D5Y.>X='O$Y.P)KHJG0P�n ~'G+Q�H]G)HJ;N;N=sR�7)6 Z�7�8�HLc$�hV%= ?�HJ> � % P+HJY.U�>.P+Wn ~'G)Q�HJD�n U�>

(A1, A2)
 

. . . // Hn(A1 ∩A2)
φ // Hn(A1)⊕Hn(A2)

ψ // Hn(M1]M2)
∂ // . . .

�THJD�w�PqW.HJ>Jx�='Y
M1]M2

^#='>kWX=';<;<H]^�U�;<U�G)U�Q�P�W.U�;
Sn
7�BEQ�HJD K�HJD5?$Y.Y.HIWkF�HJYJx�='Y

AiHJ> O�U�D�Y.>X='O�Y.P)K�HJG 7 v G)YXWp�]Q�P)w�HJ>oKHJ;NM*>.O$D�P)D�Q�R�7`b$xt='Y
M1]M2

HJ>oHJDh^�U�;<U�Y.U�c�P+W n M*>.H�7
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S]w�PqW0w$P�U�; w�HJD#F�YjW.O'='G$KHJw$P+W.H U"SbOsa�H i \ x'Wj�fn ~'G)Q�HJ>oF�HJY W.U�; U w�HJD�n U�> =ln�8�HJP�n HJ>.Y � % ='Dua=';<c�HJD#W*WXM*Y.D�P)D�Q�x�='Y
Ai
��HJ>.D�H�HJ>�HJD�O�HJG+YXWX=';<;<HJD�^#M*D�Q�HJD#F�H�7��THJ> npU�>�HJ>*U�QtWp�

MiHJD�O�HJG)YXW =';<;<HJD�^#M*D�Q�HJD#F�H�x�F�= F�HJD(HJ> n U�>.HJD�P)D�Q�HJD(=ln
Ai
U�Q HJD(F�P+WXO75�THJ>�HJ> Y.U P)D �Y.HJ>.HIWXW ='D5Y.H�F�HJG)Hk=ln	V%= ?�HJ> �

% P)HJY.U�>.PqW0n ~'G)Q�HJD	7t�THJD n ~'>XWXY.H*npU�>.YXM*G)G+HJ>Jxl='Y
H0(Ai) = Z

7
�THJD ='D#F�HJD%WXHJ>�Wp�'G)HIF�HIW*:#F@ 

0 // Hn(A1)⊕Hn(A2) // Z // Z // 0, n > 0.

i D W.:�> �.HJO$Y.P)w ^�U�;<U�;<U�> & n >X=
Z
Y.P)G

Z
HJ> =':�Y.U�;N='Y.P+W.O HJD P+WXU�;<U�> &!7��THJ> n U�>�HJ>

Hn(Ai) = 0
npU�>

i = 1, 2
x#F�w�WJ7�='Y

Ai
��HJ>.D�HaHJ>k=�z{?�O$G)P+W.O�H�7$��=

Mi
Ol='D W.O$>.P)w�HIW*W.U�;

n U�>.HJD�P)D�Q�=lnjY.U =�z{?$O�G+P+W.O�HsF�HJG);(M*D�QtF�HJ>Jx^#='>�F�HJD WX=';<;<HL^�U�;NU�G)U�Q�P WXU�; W n M*>.HJD	x
W.H HJw$YJ7	V%= ?�HJ> �

% P)HJY.U�>.PqWTn ~'G)Q�HJD P a�H i \{� F�HJG)HJD	7 v G)YXWp�(Q�P)w�HJ>�KHJ;NM*>.O$D�P)D�Q R�7`b�W.U�;U w�HJD�npU�>Jx ='Y
Mi
HJ>�HJD ^�U�;<U�Y.U�c�P+W.n M*>.H�x

i = 1, 2
7

�

% P^#='>k='G)YXWj�LHJD npU�>.D�:�npY.P+Q O�U�;<c�UtW.P)Y.P+U�D(=ln0^�U�;<U�Y.U�c�PqW n M*>.HJ>J7�BED#F�^�U�G+F�HJY�=ln4D#MkW.Y.H
c�>.U�c�UtW.P)Y.P)U�D�HJ>Jx ='Y�F�HJD�D�HsO�U�;<cUtWXP)Y.P)U�D�HJ>�=�WXW.U�z{P+='Y.P)w<U�QhO�U�;N; :�YX='Y.P)w�7

�D0�( � ( �V*�	V* (�,	

?�!
?LC�EGF
M1,M2 HJILK�M�\ EW^_^ MPOZabILO d MPO F M�fGK i MPO$X'MPK�M F M n c ^hE O d ck f7Q FWi d aZM F MPKeS F MPO K E O F n�o E d I Q F MPK F MPX � E X

a) M1]M2
∼= M2]M1;

b) (M1]M2)]M3
∼= M1](M2]M3).

� MPH i \ n =b�*Sfw$P+Wkw$P0K�HJD5?$Y.Y.HJ> h1, h2
Y.P)G0='Y]F�='D�D�H

M1]M2
U�Q(KHJY.HJQ�D�HJ>T>.H��#HJO�W.P)U �D�HJD Pon ~'>XW.Y.HJO�U$U�>XF�P)D#='Y.HJD ;<HIF

h : Rn → Rn x!Wp� HJ> h1h
U�>.P+HJD5Y.HJ>.P)D�QtWXM*D#F�>.HJD#F�H

U�Q
h2h

U�>.P)HJD5Y.HJ>.P+D�QtW.KHJw'='>.HJD#F�H�7 �THJ> n U�>kOl='D w$P	F�='D�D�H
M2]M1

w$P+=
hih
x
i = 1, 2

7
BLF�HJD�D�H W.P+Y.:#='Y.P)U�D HJ>

M2]M1 = M2 − {h2(0)} ∪∼ M1 − {h1(0)}
x4^�w�U�> ;(='D

O$G)P+W.Y.>.HJ>fw�P+=
x1 ∼ h1hαnh

−1h−1
2 (x2) = h1αnh

−1
2 (x2)

7��T=
h(0) = 0

x�U�c�D$�'>�w�P x
='YkP+F�HJD�Y.P)Y.HJY.HJD HJ>kHJD}F�P$*�HJU�;<U�> &�n >X=

M2]M1
Y.P)G

M1]M2
7

K@�s��= W.:�;<;NHJD
(M1]M2)]M3

P�n ~'G)Q�H�WXM*Y.D�P)D�Q m$7�R HJ>h:#=lnp^#M*D�Q�P+Q =lnTP)D#F�G+H � >.P)D �Q�HJ>.D�H�x	O'='D w�Pow'M*G)Q�Hh='YaKHJD�?�Y.Y.H
h1, h2

Y.P)G ='YLF�='D�D�H
M1]M2

x�U�Q w$P Ol='D w'M*G)Q�H

h′2 : Rn → (M2 − h2(R
n))
x
h′3
Y.P)G�='YhF�='D�D�H

(M1]M2)]M3
7jV%HIF F�HJY.Y.H w'='G)Q

=lnoP)D#F�G)H �.>.P)D�Q�HJ>�Ol='D ;N='D U�QtWj� O�U�D#W.Y.>.:�HJ>.H
M1](M2]M3)

x#F�HJ> npU�>�QtM*GqF�HJ>�F�HJYJx#='Y
P+F�HJD�Y.P)Y.HJY.HJD HJ>�HJD F�P+*�HJU�;<U�> & ;<HJG+G)HJ; F�HsY.U<W.:�;<;<HJ>J7

�

% Pkw�P+G Q�HJ>.D�H w$P+W.H�xo='Y
Sn
HJ>hD�HJ:�Y.>X='G)YhHJG)HJ;<HJD�Y npU�><F�HJD U�; YX='G)Y.H�O�U�;<c�UtW.P)Y.P)U�D	7

8�U�; Wj�hU'npY.H�x D$�'>�;N='D}W.Y.:#F�HJ>.HJ>];N='D�Q'n U�G+F�P)Q�^�HIF�HJ>Jx�n ~'G)Q�HJ>�F�HJYfQ�HJD�HJ>.HJG)G+H�x�w�HIF ='Y
;N='D P�n ~'>XW.Y.HaU�;<Qt='D�QNO�P)Q�Q�HJ>*c$�hY.P+G�n M*GqF�HJY

Rn 7#�THJYkQtM*G+F�HJ>�U�QtWp� ^�HJ>J7
& <�6 68/ 
@?-A � ? o MPK  O F M \ MPO FWi 
�M�f ^ fWK  Rn]Sn → Rn � \`f ^ MPK i-F MPO+X i X'MPX'M`O
S F MPO k fWKYMPO U�f ^ u E U"X F MPQ ^ ILO d F M n
� MPH i \ n 8�H(c$�}F�HJD WXY.HJ>.HJU�Q�>X=�& W.O�HNc�>.U��.HJO�Y.P+U�D	74BED#F$n ~'>an ~'G)Q�HJD#F�H<D�U�YX='Y.P+U�D n U�>sF�HY.UycU�G+HJ>

a± = (0, . . . , 0,±1) ∈ Sn ⊂ Rn+1 xoU�Q%Gq=�F p± : Rn → Sn − {a±}w'M*>.H F�H P)D5w�HJ>XWXHsY.P)G4c�>.U�� HJO$Y.P)U�D�HJ>.D�H
h± : Sn − {a±} → Rn 7��]HJ>]QtM*G+F�HJ>Jx='Y p±HJ> F�P+*�HJU�;<U�> &#HJ>Jx WX='; Y ='Y

p−
w�HJD#F�HJ>hU�>.P)HJD�Y.HJ>.P)D�Q�HJD	xo^5w�U�>

Sn
^#='> U�>.P)HJD�Y.HJ>.P)D�Q

='>.w�HJYkn >X=
Dn+1 ;<HIF�P)D#F�=�F�w�HJD#F�YfD�U�>.;N='G)w�HJO$Y.U�>kc$� Sn

7

v�HJD5?$Y
h1 = id : Rn → Rn x h2 = p−

U�Q
α = 1

t

Y.P)G]='Y F�='D�D�H
Rn]Sn

7k8�H
c$� n ~'G)Q�HJD#F�HsF�P+='Q�>X=';  
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a+

a-

h-
p+

Rn+1

Rn

�L�] ��
 � �]�THJD}W.Y.HJ>.HJU�Q�>X=�& W.O�Hsc�>.U�� HJO$Y.P)U�D	7

Rn ⊃ Rn − {0} Sn − a+

Rn − {0}
id

OO

αn

// Rn − {0} .

p−

OO

% P	^#='>f='G)YXWp�
(Rn − {0}) ∪∼ (Sn − {a+})

U�QhOl='D%F�H�&#D�HJ>.H

β : Rn]Sn → Rn; x 7→
{

x , x ∈ Rn − {0}
p−1
+ (x) , x ∈ Sn − {a+} .

�TH�&#D�P)Y.P)U�D�HJD ^#='>h;<HJD�P)D�Q�x F�=
p−1
+ p−αn = id

7 �]HJ> n U�> HJ>hF�HJ> YX='G+H U�; HJD F�P�n �n HJU�;<U�> &%P)n ~'G)Q�HsG)HJ;<;N=<m$7)6�6'x	F�=
p−1
+

HJ>fHJD F�P+*�HJU�;<U�> &!xW ='; Y.P+F�P+Q<;<HIF}='Y
β
WXHIW

='YLw'M*>.H<HJD ^�U�;NHJU�;<U�> &!7!V%='D W.HJ>Jx0='YsF�P+*�HJU�;<U�> &#HJD W.w'='>.HJ>LY.P)G PqF�HJD5Y.P)Y.HJY.HJD n U�>

x 6= a− ∈ Sn − a+
x#^5w$P)G)O�HJY*w$P+W.HJ>kF�HJD}W.P+F�WXY.HTO�U�;N;<HJD5YX='>kP!G+HJ;<;N='HJYJ7

�

& <�6 68/ 

?]ABA+? " O$X E d � E X f : M → N M`K8MPO abf ^ Mpf ^ fWK  � (Ui) MPO �
g MPO

fWH�MPK F I U"O i O d E k M f d fi = f |Ui
M`O FWi 
�M�f ^ fWK  Ui → f(Ui)

n 	 �4MPK f M`OFWi 
�M�f ^ fWK  n
� MPH i \ n ��= M

HJ>oHJDh;N='D�Q'n U�G+F�P)Q�^�HIF�xlQtM*G+F�HJ>jF�HJYJxt='Y
f
HJ> Q�Gq='YJxlD$�'>jF�H*>.HIW.c�HJO$Y.P)w�H

>.HIW.Y.>.P+O�Y.P)U�D�HJ>hY.P+GkHJD �'KHJD U w�HJ>XF�M*O�D�P+D�Q HJ>NF�HJYJ7 v G)YXWp� HJ>
f
Q�G+='YJ7 �T=

f
HJ>NHJD

^�U�;<HJU�;NU�> &!xIHJ>
(fi(Ui))

HJDY�'K�HJDsU w�HJ>XF�M*O�D�P)D�QT=ln
N
7 �THJ> n U�>0Q�P)w�HJ>	HJD Q�HJD5YX='Q�HJG+W.H

=ln ='>.Q�:�;<HJD5Y.HJYJx�='Y
f−1 U�QtWp� HJ>�Q�G+='YJ7 �

[]: Ol='D w$P	w$P+W.H�7

�D0�( � ( �V*�	V* (�, 
@?-AZ=
? o M`K d I Q F MPK � E X M]Sn ∼= Sn]M ∼= M ��a�HJfWK M MPK M`O
\ EW^_^ M`OZabILO d M`O F MefWK i MPO$X'M`KlMPX n c ^hE O dlk fWQ FWi d aZM F S F MPO K E O F n
� MPH i \ n % PkKHJ^#~ w�HJ>NO$:�D ='Yhw$P+W.H�xj='Y M]Sn ∼= M

xjF�= O�U�;<c�UtW.P)Y.P+U�D�HJD HJ>NO�U�; �; :�YX='Y.P)w�78�:�;<;<HJD
M]Sn

n U�>.HJQG�'>�w$P+=
h1 : Rn → M

7 % P	O'='D F�HJ> npU�>fF�H�&#D�HJ>.H

γ : M]Sn → M ; x 7→
{

β(x) , x ∈ Rn]Sn

x , x ∈ M − h1(0),
^�w�U�>

β
HJ>jF�P+*�HJU�;<U�> &#HJD n >X=�G)HJ;<;N=�m$7)6IA$75��=

β
HJ> P+F�HJD�Y.P)Y.HJY.HJD<w'M*Osn >X=�HJY c�:�D�O$YJx

n ~'G)Q�HJ>�F�HJYJx#='Y
γ
HJ>fHJD F�P+*�HJU�;NU�> &!7

�

 P)G+K#='Q�HNHJ>hF�HJ> ='Y w$P+W.H<HJO�W.P+WXY.HJD#W.HJD =lnfP+D5w�HJ>XW.H�HJG)HJ;<HJD�Y.HJ>J7 �THJY P)D#F�HJK#M*>.HJ> D�U �YX='Y.P)U�D�HJD −M
x ^5w�U�>

M
HJ>hHJD U�>.P)HJD�Y.HJ>.HJY<;N='D�Q'n U�G+F�P)Q�^�HIF�7o�THJY ='D�Y ?�F�HJ>Jx ='Yhw$P
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� �] � 
�� �fBED#F�G)H �.>.P)D�Qh=ln
R1]R1 7

YXM*D�O�HJ>�c$� F�HJD W =';<;<HL;N='D�Q'n U�G+F�P)Q�^�HIF�x;<HJD ='YTF�HJDyHJ>�U�>.P)HJD5Y.HJ>.HJY�;<U�F�WX='YJ7 % P
W.O'='G	K�HJD5?$Y.Y.Han ~'G+Q�HJD#F�HaU�K#W.HJ>.wl='Y.P+U�D	7

�D0�( � ( �V*�	V* (�, 
@?-A ��? o MPK  O F M \ MPO i O F Q�M��PK i O d E k Rn
1 ](−Rn

2 )
i
Rn×[−1, 1] ��a�HJfWK

h1(R
n−{0}) = h2(R

n−{0}) i O F QmM � K�M \L\Pf ^ M`O �  Q i O F MPK f ^ U"K i O d {0}×[−1, 1] �^ MPOZ\DK�M \ X'M`O E k
Rn
i

i O F QmM��PK�M \YH i-E h(x) = (x, (−1)i) n
� MPH i \ n B F�HJY 6 � F�P);<HJD#W.P+U�D�HJG)G)HNY.P+G�n M*GqF�H(P)D#F�G+H � >.HJ> w$P R1

1](−R1
2)
W.U�; ^5?$c�HJ>.K�G)HJD

3x2 − y2 = 1
7 �THJD�D�HL^�?�c�HJ>.K�HJG!Ol='D w$P��.:#W.Y.HJ>.Haw�^#=�7

(x, y) 7→ (x,
y

g(x)
); g(x) =

{ √
3x2 − 1 , x2 ≥ 1√

2 , x2 ≤ 1.
�THJY Q�P)w�HJ>NUtW�F�HJD ~'D#W.O�HIF�H%P+D#F�G)H � >.P+D�Q =ln

R1](−R1)
x*W.H &#Q�:�> �$7*i D >.U�YX='Y.P+U�D

U�;<O$>.P)D�Q
y � ='O�W.HJD P R3 Q�P)w�HJ> F�HJY ~'D#W.O�HIF�H n U�> n = 2

7 �THJY W.wl='>.HJ> Y.P)G x ='Y ;(='D
W.HJ> c$� ;N='D�Q'n U�G+F�P)Q�^�HIF�HJD

3(x2 + z2) − y2 = 1
;<HIF HJD Y.P+G+W.w'='>.HJD#F�H�� :#WXY.HJ>.P)D�Q�7

S]w�PqW];(='D WXHJ>Tc$� F�HJG+;N='D�Q'npU�GqF�P)Q�^�HIF�HJD%K�HIW.Y.HJ; Y�w�HIF
3 ‖x‖2 − y2 = 1 ⊂ Rn+1

U�QNnpU�>.HJYX='Q�HJ>TF�HJD}Y.P)G+WXwl='>.HJD#F�H �.:#W.Y.HJ>.P)D�Q�xWp�hU�c�D$�'>T;N='D}F�HJD%~'D#WXO�HIF�H P)D#F�G+H � >.P)D�Q
n U�>

n > 2
7

�

v�HJ;NM*>.O�xI='Y!^5w$P+W�;N='DLWXHJ>!c$��F�HJDsF�HJG5=ln�O�U�;<c�G)HJ;NHJD5YXM*>.;NM*D�QtF�HJDLY.P+G
Rn](−Rn)

x

W
x�WXU�; G)P+Q�Q�HJ>f:#F�HJDynpU�>�z{?$G)P)D#F�HJ>.HJD	xWj�N^#='>aF�HJD

Rn −Dn W.U�; F�H{npU�>.;(='Y.P)U�D#W �>.HJY.>X='O$Yfw$P+=hc�>.U��.HJO�Y.P+U�D	7 % P0O'='D}Q�HJD�HJ>X='G)P+WXHJ>.HLc�>.U�cUtWXP)Y.P)U�D%m$7)6I@NY.P)G0='D#F�>.H ;N='D�Q �n U�G+F�P)Q�^�HIF�HJ>J7

�D0�( � ( �V*�	V* (�, 
@?-A ��? C�EGF
M H"ILKlM�MPO fWK i MPO$X'M`KlMPX�\ EW^_^ MPOZaZILO d MPO F M n c ^_E O dlk f7Q[cFWi d aZM F n�	 � U E O ^_E O i O F QmM��PK�MPK M](−M)

i
M × [−1, 1] ��a�HJfGK ^hE O i O F Q�M��PKlM`K

h1(R
n − {0}) = h2(R

n − {0}) \Pf ^ MPO �  Q i O F MPKYf ^ U"K i O d hi({0})× [−1, 1] f d
K�M \ X'M`O E k ±M H i]E x 7→ (x,∓1) n
� MPH i \ n Vy='DhOl='DNP)D#F�G)H �.>.H M−h1(R

n)
P
M×{−1} w�P+=TP)D�O$G):#W.P+U�DsU�QLY.P)GqW.wl='>.HJD#F�H

(−M)−h2(R
n)
P
M×{1} 7�e�HIW.Y.HJD =ln M](−M)

x
h1(R

n−{0}) = h2(R
n−{0}) xO'='D Wp� P)D#F�G)H �.>.HIWkW.U�;_P	c�>.U�c�UtW.P)Y.P)U�D m$7)6I@$7

�

��= HJD ^�U�;<U�Y.U�c�P+W.n M*>.H W.c�HIz{P)HJG)Y HJ> HJD WX=';<;<HJD�^#M*D�Q�HJD#F�H U�>.P+HJD5Y.HJ>.K#='> G):�O$O�HJY
;N='D�Q'n U�G+F�P)Q�^�HIF�x�O'='D w$P!K�HJD5?$Y.Y.HLc�>.U�cUtWXP)Y.P)U�D}m$7`b$x c�>.U�c�UtW.P)Y.P+U�D m$7)6IA<U�Q<c�>.U�c�UtW.P �Y.P)U�D}m$7)6{R�7�]HJD WXP+F�W.Y.H�c�>.U�cUtWXP)Y.P)U�D ^#='>*n ~'G)Q�HJD#F�HaO�U�>.U�G)G+='>J7

� (+0�( � � /10 
@?-A 
@? � H i \ M MPKLMPO abf ^ fWX�f u i \ k ILK�M �$\��  O F M \LM`OYU7fWO$XtK E U"X itg M Q ^hE O d ck f7Q FWi d aZM F W
^ M F ∂W = M](−M) n
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� MPH i \ n 8�U�;_F�HJY*K�G)HJw<K�HJ;NM*>.O�HJY n ~'>Jx�=ln Q�>XM*D#W.HJ> Rn]Rn HJD�;N='D�Q'n U�G+F�P)Q�^�HIFN;<HIF
F�H{n U�>.;N='Y.P)U�D#W.>.HJY.>X='O$Y

Rn−Dn 7  P)G+W.w'='>.HJD#F�H*n ~'G)Q�HJ> F�HJYJx$='Y M](−M)
=ln Q�>XM*D#W.HJ>

WM
;<HIF}F�H{npU�>.;N='Y.P+U�D#W.>.HJY.>X='O�Y

M −Dn 7#��= M
HJ>kHJD ^�U�;<U�Y.U�c�PqW n M*>.H�x QtM*G+F�HJ>

F�HJY P);<P+F�G)HJ>.Y.PqF�x'WXU�; F�HJY�w�P+WXHIW P G)HJ;N;N=�R�7)6 Z�x$='Y
M −Dn HJ> O�U�D5Y.>X='O$Y.P)K�HJG 7 v G)YXWp�

HJ>
WM

W.HJG+wNO�U�D5Y.>X='O$Y.P)K�HJG 7
�

� (B, � � � �V*](B,  Sfw$P+W
M
HJ> HJD

n � ^�U�;<U�Y.U�c�P+W n M*>.H�x n ≥ 5
x4n ~'G)Q�HJ> F�HJYh=lnfG)HJ;N;N=

m$7`A�m$x�='Y
M](−M)

U�Q
Sn
HJ>

h � O�U�K�U�>XF�HJD5Y.H�x5F�= M](−M)
HJ> HJD�O�HJG+YXWX=';<;<HJD�^#M*D �Q�HJD#F�H P�n ~'G)Q�HLc�>.U�c�UtW.P)Y.P)U�D m$7`�$7�Vy='D KHJ;(M*>.O�HJ>Jx�='Y�F�HJ>]HJ>�YX='G)H U�; HJD O�U�;<c#='O$Y

h � O�U�K�U�>XF�P+W.;NH�x W.H�HJw$YJ7 =ln W.D�P+Y m$7`@$7j�THJ> n U�> Q�P+w�HJ> W M*Y.D�P)D�Q Z�7)6'xo='Y<F�H�HJ>hF�P+*�HJU �;<U�> n H�7�[f: ^#='>kw$P�w$P+W.YJx�='Yk='G)G)HTO�>X= w�HJD�HaY.P)G�HJD ='KHJG+WXOhQ�>.:�c�cHaHJ>*U�c�n ?�G+F�Y.H�7 v G)YXWp�
HJ>kK�HJw�PqW.HJY�npU�>�WXM*Y.D�P+D�QNm$7 Z n M*>XF�P+Q�YJ7

m$7`A$7 � ��6 �]/$,�; �e0�/$,�9�<b, ?�% P^#='>�K�>.:�Qsn U�>�Y.U ='D#F�>.HTn U�>.;<HJ>jn U�>�W =';<;<HJD�^#M*D �Q�HJD#F�H W.:�; 7 �THJD}n ~'>XW.Y.HsKHIW.O$>.P)w�HJ>fWXP)Y.:#='Y.P)U�D�HJD	x ^�w�U�>TF�H Y.UNc�:�D�O$Y.HJ>Jx w$P0w'M*G)Q�HJ>Jx
G)P+Q�Q�HJ> c$�y>X='D#F�HJD�H =lnf;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>.D�H�7 Vy='D U�K#W.HJ>.w�HJ>.HJ>Jxj='YhF�HJD WX=';<;<HJD �^#M*D�Q�HJD#F�HLW.:�; n U�>.HJQG�'>�w�HIF�x�='Y�;N='D(n �.HJ>.D�HJ> HJY*c�:�D�O$Y n >X= ^5w�HJ>k;N='D�Q'n U�G+F�P)Q�^�HIF�x
U�Q O�G+P+W.Y.>.HJ>jF�HJ; WX=';<;<HJD(w�HIFN='Y�P+F�HJD5Y.P+& z{HJ>.H�x$^5w'=�F F�HJ>�W.w'='>.HJ> Y.P+G Y.:�K�:�G+M*>.HTU�; �HJQ�D�HyU�;<O$>.P)D�Q c�:�D�O$Y.HJ>.D�H�7�i D Y.P)G+WXwl='>.HJD#F�H�n >.HJ;hn M*>XF O'='D G+=�F�HyW.P)Q Qt~'>.H�x�^5w$P+W
c�:�D�O$Y.HJ>.D�HLG)P)Q�Q�HJ>*c$�h>X='D#F�HJD�H�7
�N<��:,�* 	V*](B, 

?]A �
? � =�F

M1,M2
wlM*>.H Y.U]WX=';<;NHJD�^#M*D�Q�HJD#F�H

n � ;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>;<HIF WX=';<;<HJD�^#M*D�Q�HJD#F�H%>X='D#F�H%U�Q G+=�F
hi : Rn−1 → ∂M

wlM*>.H%P)D#F�G)H �.>.P)D�Q�HJ>Jx

i = 1, 2
7 � =�F

hi : Rn
+ → Mi

w'M*>.H P)D#F�G)H �.>.P)D�Q�HJ>Jx
i = 1, 2

x W.U�; :#F�w$P+F�HJ>
hi
x

^�w�U�>
Rn

+ = {x ∈ Rn | xn ≥ 0} 7�Sfw$P+W M1
U�Q

M2
HJ>NU�>.P)HJD�Y.HJ>.HIF�H�x O$>XM*w�HJ>(w$P x

='Y
h1
K�HJwl='>.HJ><U�>.P+HJD5Y.HJ>.P)D�Q�HJD	xjU�Q ='Y

h2
M*D#F�>.HJ> F�HJD	7 �THJD WX=';N;<HJD�^#M*D�Q�HJD#F�H

>X='D#F�W.:�;}x
M1]bM2

x�HJ>�O�w�U�Y.P+HJD5Y.>.:�;<;<HJY�=ln

(M1 − h1({0})) ∪ (M2 − h2({0}))
w�HIF�P+F�HJD�Y.P+&#O'='Y.P)U�D�HJD =ln

h1(v)
;<HIF

h2αn(v)
n U�>�='G)G)H

v ∈ Rn
+ − {0}

x�^5w�U�>
αn
HJ>

W.U�;_P!F�H�&#D�P+Y.P)U�D}m$7`@$7

8�U�; D�U�YX='Y.P+U�D�HJD
M1]bM2

='D5YE?$F�HJ>Jx &#D#F�HIWjHJD<WXM*Y.D�P)D�QLWXwl='>.HJD#F�H�Y.P+G�W M*Y.D�P)D�Qsm$7�R�x
F�HJ>�w$P+W.HJ>Jx�='YkO�U�D#W.Y.>.:�O$Y.P)U�D�HJD HJ>k:#=ln ^#M*D�Q�P)QN=ln

hi, hi
U�Q

α
x
i = 1, 2

7

i Y*HJD�O�HJG)Y*>.HIW.:�G+YX='Y�U�;_WX=';N;<HJD�^#M*D�Q�HJD#F�H�>X='D#F�W.:�; x�W.U�; w�P	W.HJD�HJ>.HaW.O'='G�K�>.:�Q�H�x
HJ>*n ~'G)Q�HJD#F�H�7 v�HJw$P+W.HJY*;<P)D#F�HJ>*U�;gK�HJw�PqW.HJY�npU�>kc�>.U�c�UtW.P)Y.P)U�D m$7)6IA$7

�D0�( � ( �V*�	V* (�,�

?]A �B? o MPK d I Q F M`K � E X M]bD
n ∼= M k fWK n ≥ 2 �La�HJfWK M MPK MPO

\ EW^_^ M`OZabILO d M`O F M�fWK i M`O$X'MPK g�E K n c ^hE O dlk f7Q FWi d aZM Fh^ M F \ EW^_^ M`OZabILO d M`O F M)K E O F n
�THJD WX=';N;<HJD�^#M*D�Q�HJD#F�HN>X='D#F�W.:�;9Ol='D Q�HJD�HJ>X='G)P+W.HJ>.HIWsY.P)Gon ~'G+Q�HJD#F�HNF�H�&#D�P)Y.P)U�D =ln
F�HJD}W =';<;<HJD�^#M*D�Q�HJD#F�HLW.:�;gGq='D�QtW*HJD}F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF =ln >X='D#F�HJD	7

�N<��:,�* 	V*](B, 

?-A �
? v D�YX='Q�x$='Y w�P^#='> Q�P)w�HJY Y.U
n+k +1 � F�P+;<HJD#W.P)U�D�HJG)G+Hk;N='D�Q'npU�G �F�P)Q�^�HIF�HJ>

M1,M2
U�Q(HJY

k � F�P);<HJD#WXP)U�D�HJG)Ykw�HJO$Y.U�>.K�:�D#F�Y (E, π,N)
;NHIF Y.U�YX='G)>.:�;

E
U w�HJ>LHJD

n � F�P+;<HJD#W.P)U�D�HJGoG):�O$O�HJYa;N='D�Q'n U�G+F�P)Q�^�HIF N
7 v D5YX='Q�x ='YLw$P ^#='>LP)D#F�G)H � �>.P)D�Q�HJ>

hi : E → ∂Mi
x
i = 1, 2

U�Q :#F�w�P+F�HJGqW.HJ>
hi
=ln

hi
x^�w�U�>

hi
� W]K�P+G)G)HIF�HLHJ>THJD

Y.:�K�:�G+M*>oU�;<HJQ�Dh=ln
hi(N)

7��]HJY W.w'='>.HJ>oY.P)G xl='Y
hi
P)D#F�G)H �.>.HJ>0^#='G)w�F�HJG)HJD =lnHJY

(k+1) �F�P);NHJD#W.P)U�D�HJG)YTw�HJO�Y.U�>.K�:�D#F�YsP
Mi
7!v�HJY.HJQ�D F�HJD�D�Hh^#='G)w�F�HJGj=ln�Y.U�YX='G+>.:�;<;<HJY�;<HIF

E′ 7!u w�U�Y.P)HJD5Y.>.:�;N;<HJYL=ln (M1 − h1(N)) ∪ (M2 − h2(N))
w$P+= P+F�HJD5Y.P+&#O'='Y.P)U�D =ln

v ∈ h1(E
′ − N)

;<HIF
h2αE′h

−1
1 (v)

n U�> ='G+G)H
v ∈ h1(E

′ − N)
O'='G+F�HIWan U�> F�HJD
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WX=';N;<HJD�^#M*D�Q�HJD#F�H W.:�; =ln
M1

U�Q
M2

G+='D�QtW
N
w�P+=

h1
U�Q

h2
x^5w�U�>

αE′

W.w'='>.HJ>
Y.P)G

αn
P!F�H�&#D�P+Y.P)U�D}m$7`@$7 % P	KHJD�?�Y.Y.HJ>�D�U�YX='Y.P+U�D�HJD

M(h1, h2)
7

8�U�; D�U�YX='Y.P)U�D�HJDN='D5YE?$F�HJ>Jx$O'='DNF�HJY w$P+W.HIWJx�='Y O�U�D#W.Y.>.:�O�Y.P+U�D�HJD<HJ>j:#=ln ^#M*D�Q�P)Q =ln	F�H
w'='G)Q�Y.HN:#F�w$P+F�HJG+WXHJ>

hi
xoWX='; Y =ln

αE′

7o�]HJ> QtM*G+F�HJ> n ~'G+Q�HJD#F�HNc�>.U�c�UtW.P)Y.P)U�D�HJD	xoW.U�;
K�HIW.O$>.P)w�HJ>*P)D#F��#?$F�HJGqW.HJD =lnoF�HLw'='G)Q�Y.H

hi
��HJ>J7

�D0�( � ( �V*�	V* (�, 

?-A !
? C�EGF
M = M(h1, h2) f d M ′ = M(h′1, h

′
2) HJILK�M X�f \ EG^ c^ MPOZaZILO d MPO F Me\ S ^_^ M`K � a�HJfWK hi |N= h′i |N � i = 1, 2 n 	 �  O F M \_MPO E S�X�f ^ fGK E k E \�� M ′ = M(h1g, h2)

n
� M ^ ILKpU�O i O d m$7`A'� n i D(=':�Y.U�;<U�> &�=ln!HJYjw�HJO$Y.U�>.K�:�D#F�Y�HJ> W.cHIz{P+HJG)Y HJDNP+WXU�;<U�> &<c$�&#K�>.HJD�H�7�Sfw$P+W

E
HJ>�HJYfU�>.P+HJD5Y.HJ>.HJYTw�HJO�Y.U�>.K�:�D#F�YT='D�n ~'>.HJ>�u�UtW.P+D#W.O�P ��� �7� x WJ706IA��Xx�='Y

P+WXU�;<U�> &#HJ>.D�HaOl='D >.HJc�>XMkWXHJD5Y.HJ>.HIWT=ln HJG)HJ;NHJD5Y.HJ>kP48 
 �
k
� c$� &#K�>.HJD�H�7

ufU�D#W.Y.>.:�O�Y.P+U�D�HJD Ol='D w$P)>.O�H P)D#F�w$P)O�G+HJYJx;<HJDyn U�>.Y.w�P+w�G P)O$O�H � % PjW.O'='GoO�:�D K�HJD5?$Y.Y.H
F�HJD PaHJY W.c�HIz{P+='G)Y.P+G�n M*GqF�H�x W.U�; Qt~'> Y.P)D�Q�HJD G)PqF�Y(G)HJY.Y.HJ>.H ='Y�n U�>XW.Yp��xkW.H =ln W.D�P)Y d
U�; ^#='D�O�HJG+HJQ�HJ;<HJ>J7f�THJYJxfW.U�; HJ>}wlMkW.HJD�Y.G)P)Q�Y ='Y n U�>XW.Yp��xkHJ>JxT='Y w�PLO'='D O$G)P+W.Y.>.H
Y.U ;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>hWX=';N;<HJD Gq='D�QtWhHJD F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF�7o�TH Y.:�K�:�G+M*>.H U�; �HJQ�D�H�� w�HJO$Y.U�>.K�:�D#F�Y.HJ>.D�H%HJ>hO$:�D D#~$F�w�HJD#F�P)Q�H Y.HJO�D�PqW.O�H�wlM*>.O$YX~#� HJ>JxjWXU�; KHJw'='>.HJ>
F�HJD}F�P$*�HJ>.HJD�Y.P+='K�G)HaW.Y.>.:�O$Y.:�>J7

m$7`@$7 � (�� (+0�9�* �J6�<$?)% P ^#='> ='G)G)HJ>.HIF�HhU w�HJD�n U�>sK�HJD5?$Y.Y.HJYLHJYL>.HIWX:�G)YX='YLU�;CO�U�K�U�> �F�P+WX;<H�7	�]HJ> n U�>LW.G):�Y.Y.HJ>aw$Pj=ln W.D�P)Y.Y.HJYa;<HIFyHJD U�; YX='G)H<=ln*KHJQ�>.HJK�HJ>.D�H<O�U�K�U�>XF�P+W.;<H
U�Qh^ � O�U�K�U�>XF�P+W.;<H�7

�N<��:,�* 	V*](B, 

?r=@A+?� U};N='D�Q'npU�GqF�P)Q�^�HIF�HJ>
M
U�Q

N
O'='G+F�HIW�O�U�KU�>XF�HJD�Y.H(HJG+G)HJ>aW.P �Q�HIW]='YfY.P)G)^#~'>.H WX=';<;<HaO�U�K�U�>XF�P+W.;<H�x ^5w$P+W�F�HJ>	&#D#F�HIWfHJD ;(='D�Q'npU�G+F�P+Q�^�HIF

W
;<HIF

∂W = M ∪ N
x�^�w�U�>

M
U�Q

N
HJ> F�P+W �.:�D�O$Y.H�x�WX='; Y =ln WXG):�Y.Y.HIF�H P

∂W
7*Vy='D

K�HJD5?$Y.Y.HJ>�D�U�YX='Y.P)U�D�HJD C = (W ;M,N)
7

% Pw$P)GPw�U�>.HIW*W.c�>.U�Q�K�>.:�Q G+=�F�HTHJD�O�U�KU�>XF�P+WX;<H
(W ;M,N)

='>.w�HaW.P)D�H]HJQ�HJD#W.Ol='K�HJ>
n >X=

W
7�ijD O�U�;Nc#='O�Y O�U�KU�>XF�P+WX;<Hf^�HJD�w�P+WXHJ>�='G)YXWj�LY.P)G x�='Y

W
HJ> O�U�;<c#='O$YJ7�u�U�K�U�> �F�P+WX;<HhOl='D W.cHIz{Pq='G)P+W.HJ>.HIW�Y.P)G

h � O�U�KU�>XF�PqW.;<H�x!^�w�P)G+O�HJYaHJ> F�HJYJx0w$PjHJ> P)D5Y.HJ>.HIWXWXHJ>.HIF�HP 7

�N<��:,�* 	V*](B, 
@?r=B=@?  ULG):�O$O�HIF�Hk;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>
M
U�Q

N
O'='G+F�HIW

h � O�U�K�U�>XF�HJD5Y.HHJG)G+HJ>NW.P)Q�HIW ='Y(Y.P+G)^#~'>.H%WX=';N;<H
h � O�U�K�U�>XF�P+W.;<H�x ^5w$P+W F�HJ> &#D#F�HIW�HJD O�U�KU�>XF�PqW.;<H

(W ;M,N)
xWp�'G)HIF�HIW�='Y

M
U�Q

N
HJ>�F�H{n U�>.;N='Y.P)U�D#WX>.HJY.>X='O�Y.HJ>f=ln

W
7

� M ^ ILKpU�O i O d m$7`A�@ n ��=]w$P�P)D5Y.HJ>.HIW W.HJ>.HJ>oUtW npU�>oO�U�; K�P)D#='Y.U�>.P+W.O�H�;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>JxO$:�D�D�H<w$PjD#~#� HIWs;<HIF P F�H�&#D�P+Y.P)U�D�HJD ='YsO$>XM*w�H�x0='Y
i : M,N → W

HJ>L^�U�;<U�Y.U �c�P+M*O$w$P)wl='G+HJD#W.HJ>J7 v D5YX='Q D�HJ;<G)P)Q�xo='Y
i : M → W

HJ><HJD ^�U�;<U�Y.U�c�P+M*O$w$P)wl='G+HJD#WJ7
% P O'='D U�c�n ='Y.Y.H

M
WXU�;9F�HJG)O�U�;<c�G+HJO$WJ74�]HJ> n U�>sQ�P+w�HJ> WXM*Y.D�P+D�Q}R�7`A$xo='Y

M
HJ> HJD

F�H{n U�>.;N='Y.P)U�D#W.>.HJY.>X='O$Y�=ln
W
7

�TH >.HIW.:�G)YX='Y.HJ>Tw�Po^#='>�K�>.:�Q npU�>Jx�O'='D W =';<;<HJD�n ='Y.Y.HIWfP n ~'G)Q�HJD#F�H W M*Y.D�P)D�Q�x � n 7�ufU �W.P+D#W.O�P ��� �"� x#WJ7!6Im����X7 & >.:�c�cHJD}P!WXM*Y.D�P)D�Q�HJD K�HJY.HJQ�D�HIW
Θn 7

��� 	J,�*-,�; 
@?r= ��? o MPK d I Q F MPK � E X h c�U�f g fWK FWi \ ^ MPK OBM k fWK n ctaZf ^ fWX�f u i \ k ILKlM`K S F d � K
MPO E�g MPQ \ U d K SVuGu1M ^ M F \ EW^_^ MPOZabILO d MPO F M \ S ^ \`f ^ U�f ^ ubf7\ i X i fWO n
8$M*Y.D�P)D�Q�HJD�;<P+D#F�HJ> U�; WXM*Y.D�P)D�Qhm$7 Z�7 �jQt=�7�W M*Y.D�P)D�QhZ�7)6]HJ>kF�Hfn ='O$Y.P+W.O Y.UhW.P+F�HJ> =ln
WX=';N;<H WX='Q�7	B n ~'G+Q�H ufUtW.P)D#W.O$P ��� �7� x�WI7 6Im�����QtM*G+F�HJ>aF�HJYJx	='Y

An ∼= Θn npU�> n ≥ 5
7
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% U�>.HIW HJD�HIWXY.H�P)D5Y.HJ>.HIW W.HkP#WXM*Y.D�P)D�Qsm$7`AlRLHJ> HJY G)HJ;<;N=�x'W.U�; HJ>j;<HIF Y.P)G#='Y w$P+W.H*HJO�W.P �W.Y.HJD#WXHJD =ln4P)D�w�HJ>XW.HaHJG)HJ;<HJD�Y.HJ>J7��THJYk^#='>kw$P�D�HJ;<G)P)Q ='G)G)HJ>.HIF�H�K�>.:�Q�YkP!=ln W.G):�Y.D�P)D�Q�HJD
=ln ='>.Q�:�;<HJD5YX='Y.P+U�D�HJD npU�>]WXM*Y.D�P)D�QNm$7 Z�7

& <�6 68/�

?r= 
@? � O aZf ^ fWX�f u i \ k ILKlM Mn M`K i \ EW^_^ M h ctU�f g fWK FWi \ ^ M \Pf ^ Sn �
a�H i \Yf d U"SbO a�H i \ F MPO MPKDK E O F k fGKYMPOqU7fWO$XtK E U"X itg M Q ^_E O dlk f7Q FGi d a1M F k fGK n ≥ 2 n
� MPH i \ n v D5YX='Q�x!='Y�F�HJ>%&#D#F�HIW W

x�Wp�
∂W = M ∪ Sn

708�H c$�
W ′ = Dn+1 ∪W

7
S]w�U�>

W ′ HJ> W
;<HIFy^�:�G)G)HJYTU�;<O�>X='D#WXHJY�=ln

Sn
n ?$G+F�Y]:#F ;NHIF

Dn+1 7	��= F�HJ>�HJ>
YX='G)H U�; HJD ^ � O�U�KU�>XF�PqW.;<H�xoHJ> Sn

F�H{npU�>.;(='Y.P)U�D#W.>.HJY.>X='O$Y<=ln
W
7 v G+YXWp�yOl='D

W ′
F�H{n U�>.;<HJ>.HIW Y.P)G

Dn+1 x ^5w$P)G)O�HJY KHJYE?$F�HJ> ='Y W ′ HJ> O�U�D5Y.>X='O$Y.P)K�HJG 74�THJY wl='>Jx ^5w'=�F
F�HJ>fWXO�:�G)G+H]w$P+W.HIWJx�F�=

∂W ′ = M
7

v D5YX='Q%U�; w�HJD#F�YJxo='Y
M = ∂W ′ 74| �.HJ>.D Wp� F�HJY P)D#F�>.HN=lnkHJD P+D#F�G)H � >.HJYaO$:�Q�G)Hhn >X=

W ′ x!Wp� O$:�Q�G)HJD#Wa=ln WXG):�Y.D�P)D�Q HJ>LF�P+W �.:�D�O$Ya;<HIF M
70�THJYLQ�P+w�HJ>aHJD ;N='D�Q'n U�G+F�P)Q�^�HIF

W
;<HIF

∂W = M ∪ (−Sn)
7�B D#F�G)H �.>.P)D�Q�HJD

f : Dn+1 → W ′ Q�P)w�HJ>]='D�G)HIF�D�P+D�Q<Y.P)G
HJD G+='D�QhHJO�WX='O$Y*n ~'G+Q�HL=ln c#='>.>.HJD�H

(Dn+1, Sn) → (W ′,W )
 

0

��

// Hn+1(D
n+1, Sn)

(in+1,in+1)

��

// Hn(S
n)

��

// Hn(D
n+1)

��

// Hn(D
n+1, Sn)

(in,in)

��
0 // Hn+1(W

′,W ) // Hn(W ) // Hn(W
′) // Hn(W

′,W ).

|�U�>XF�P
W ′ HJ> O�U�D�Y.>X='O�Y.P+KHJG x�K�G)P)w�HJ> F�HTD#MkW.YXW.PqF�W.Y.HfQ�>.:�c�c�HJ> P^5w�HJ>*>XM*O$O�H]Y.>.P)w$P)HJG)G+H�7% HIF H���z{P+W.P)U�D}n ~'G+Q�HJ>�F�HJYJx!='Y

(i?, i?)
HJ>aHJD P+WXU�;<U�> &!7��THJ> n U�>aQ�P)w�HJ>TnpHJ;NG)HJ;<;N='HJYJx

W.H]S]='YXz ^�HJ> ��� m"� x5WJ76IA�b��Xx5='Y
i? : H?(S

n) → H?(W )
HJ>jHJD<PqW.U�;<U�> &<c$�a^�U�;<U�G+U�Q�P �Q�>.:�c�c�HJ>J7$��= � �$HJ> O�U�D�Y.>X='O�Y.P)K�HJG�K�G)P)w�HJ>

W
HJD�O�HJG)YXWX=';N;<HJD�^#M*D�Q�HJD#F�Hfn U�>

n ≥ 2
7

�THJ> n U�>]n ~'G)Q�HJ>TF�HJY�=ln�O�U�>.U�G)G+='>]R�7`m$x�='Y
i : Sn → W

HJ>THJDy^�U�;NU�Y.U�c�P+M*O�w$P)w'='G)HJD#WJ7
% P Ol='D U�c�n ='Y.Y.H

Sn
W.U�;CF�HJG)O�U�;<c�G)HJO�WJx	Wp� O�U�D�O$G):#W.P)U�D�HJD K�G)P+w�HJ>�WXYXM*>.O�HJ>.H<W.U�;CP

K�HJ;NM*>.O$D�P)D�Q<m$7`A�@$7 [fHJ;NG)P)Q ='Y
Sn
HJ>kHJD%F�H{npU�>.;N='Y.P+U�D#W.>.HJY.>X='O�Y�=ln

W
7

B n ~'G+Q�H �4U�P)D#zJ='>�� F�:#='G)P)Y.HJY.HJD R�7)6{R HJ>
Hk(W,M) ∼= Hn−k(W,Sn)

7k�THJ> n U�>�WXHIW
F�HJY�=ln F�HJD%Gq='D�Q�HsHJO�WX='O�Y.Hsn ~'G+Q�HLn U�>

(M,W )
x�='Y

i : M → W
HJ>fHJDyP+W.U�;<U�> &%c$�

^�U�;<U�G+U�Q�P)Q�>.:�c�cHJ>J7 ��=
M
HJ> HJD�O�HJG)YXWX=';<;NHJD�^#M*D�Q�HJD#F�H�x4n ~'G)Q�HJ> F�HJY F�HJ> n U�>hW.U�;

n U�>
Sn
x#='Y

M
HJ>kHJD}F�H{n U�>.;N='Y.P)U�D�>.HJY.>X='O$Y�=ln

W
7

�
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+ ≅

�L�  � 
�� �Ti D W.U�G+P+F Y.U�>.:#Wkc$��WX='Y�HJD%A � ^#='D�O�7

d$7��)� - 	 �#3��+�� � � 

d$7)6'7 �_/ �V/ �]< <�;+<b,�� �b/ � <�0��B<�9 ��/$,��B<$? % P�HJ> ='G)G)HJ>.HIF�HfWXYX~�F�Y c$�a^#='D�O�HJG+HJQ�HJ;<HJ>
P =ln W.D�P+Y.Y.HJYfU�; V%U�>XW.H Y.HJU�>.P 7�THJ>Twl='>]U�; YX='G)HJD%U w�HJ> � =�F�P+WXO ;<HIF�YX='Q�HJYfn U�>]='Y]:�D �F�HJ>XW.YX~'Y.Y.Hh=ln W.D�P)Y.Y.HJYXWTHJ;<D�H�7�BkD#M*>.w'M*>.HJD#F�H =ln W.D�P)YTw$P)G0w$P4:#F�w$P)O$G)HL;<HJ>.H Y.HJU�>.PoU�;
^#='D�O�HJG)HJQ�HJ;NHJ> U�Q U�; ='Y�c$��WXM*Y.Y.H]^#='D�O�H�7��THJ> w$P)G#w'M*>.HfYX='G+HfU�; HJD(W.; :�G)H�Q�HJD�YX= �Q�HJG+WXH n >X=�F�HJD Y.PqF�G)P)Q�HJ>.H U�; YX='G)H�x�F�=�F�HJY.Y.Hk=ln W.D�P+Y4HJ>oYXM*D�O$YoWXU�; ^�w�P+G)HJD#F�H P�W.P+QTW.HJG+w7

% P�w$P)G�O�U�;<;<H ;NHIF Y.U Y.P)G+Qt='D�Q�H Y.P)G�K�HJQ�>.HJKHJY ='YNc$��WXM*Y.Y.H%HJD ^#='D�O�7 �THJD n ~'> �W.Y.H HJ> ;<HIW.Y P)D5Y.:�P)Y.P+wx!;NHJD F�HJD ^#='> HJD Y.HJO$D�P+W.O W.w'='Q�^�HIF�7 �THJD ='D#F�HJD HJ> ;<HJ>.H
O�U�;<c�G+P+z{HJ>.HJYJx!;<HJD :�D#F�QG�'> F�HJD n ~'>XWXY.HNO�U�D#W.Y.>.:�O$Y.P)U�D#W W.wl='Q�^�HIF�7 �THJ>.D#MkW.Y w$P)Gjw$P
w$P+W.H�x�='Y�F�HLHJ>�M*O$w�P+wl='G)HJD�Y.H�7

�N<��:,�* 	V*](B, ��?]AB?Y% P�Ol='G+F�HJ>
Dλ × Dn−λ n U�>(HJD n � F�P);<HJD#WXP)U�D�HJG λ � ^#='D�O U'n Y.HK�G)U�Y]HJD

λ � ^#='D�O7
� =�F

M
wlM*>.H HJD

n � ;(='D�Q'npU�G+F�P+Q�^�HIF ;<HIF >X='D#F ∂M
7 v D�YX='Q�x�='Y

fλ : Sλ−1 × Dn−λ → ∂M
HJ>(HJD P)D#F�G+H � >.P)D�Q�7 % PfO'='G+F�HJ>

n � ;N='D�Q'npU�GqF�P)Q�^�HIF�HJD

M + (fλ)
F�H�&#D�HJ>.HJY�w�HIF

M ∪fλ (Dλ ×Dn−λ)
npU�>

M
c$��WX='YkHJD

λ � ^#='D�O7

|�U�>j='Y nt�THJY K�P+G)G)HIF�H =ln�O�U�D#W.Y.>.:�O$Y.P)U�D�HJD Q�HJD5YX='Q�HJ>jw$P�HJY HJO�W.HJ;<c�HJG�np>X=TY.P+F�G)P+Q�HJ>.H�7����
&#Q�:�>kbsWXHJ> ;N='D(HJD W.U�G+P+F Y.U�>.:#W�c$��WX='Y HJD A � ^#='D�O�7$Vy='D(W.HJ>*=ln0F�H�&#D�P)Y.P)U�D�HJD	x$='Y w$Pnt�'>*HJD Y.U�c�U�G)U�Q�P+WXOh;N='D�Q'npU�GqF�P)Q�^�HIF�x�;NHJD F�HJYkw$PQ�HJ>.D�Haw$P)G�^#=Iw�HaHJ>*HJD�Q�G+='Y*;N='D�Q �n U�G+F�P)Q�^�HIF�75�THIW.w'M*>.>.HfQ�P+w�HJ>jO�U�D#W.Y.>.:�O$Y.P)U�D�HJDNP)O$O�H�:�;<PqF�F�HJG)K#='>.Y

M +(fλ)
HJD(Q�G+='Y

W.Y.>.:�O$Y.:�>TG+='D�QtW]W =';<;<HJD�n ~#� D�P)D�Q�HJD%=ln >X='D#F�HJD�H�x	F�w$WJ7c$�
Sλ−1 × Sn−λ−1 7��THJY.Y.H

c�>.U�K�G)HJ; O'='D ;N='D G+~�W.H w�HIF HJD ;<HJY.U�F�H�x	W.U�;98�;N='G)H ��� A'�7�t��O'='G+F�HJ>)� :#F�Q�G+='Y.D�P)D�Q
=ln ^��.~'>.D�HJ>.D�HP�X7��]HJD�D�Ha;NHJY.U$F�HaQ�P)w�HJ>*P�n ~'G)Q�HL8�;N='G)HaF�HJD Y.U�c�U�G)U�Q�P+W.O�H�;N='D�Q'n U�G+F�P)Q �^�HIF

M + (fλ)
HJD W.Y.>.:�O$Y.:�>]W.U�; HJD%Q�G+='Yf;N='D�Q'npU�GqF�P)Q�^�HIF�x F�HJ>THJ>fHJD5YE?$F�P+Q(U�c%Y.P)G

F�P+*�HJU�;<U�> &!7

�THJD}='D#F�HJD O�U�D#WXY.>.:�O�Y.P)U�D}Q�P)w�HJ>�=':�Y.U�;N='Y.P+W.O(HJD Q�G+='Yk;N='D�Q'n U�G+F�P)Q�^�HIF�7 � >.PqW.HJD HJ>Jx
='Yow$P�; �]K�>.:�Q�HkF�HJYoY.HJO�D�P+WXO�H K�HJQ�>.HJKhWX=';<;<HJD�^#M*D�Q�HJD#F�HkW.:�; G+='D�QtW4HJDhF�HJG);N='D�Q �n U�G+F�P)Q�^�HIF

Sλ−1 7!v�HJQ�>.HJK�HJYLHJ>aKHIWXO�>.HJw�HJY�Pj=ln W.D�P)YLm$x!W.HhK�HJ;NM*>.O�D�P+D�Q�m$7`A n U�>�HJD
O�U�;<;NHJD5YX='>kY.P)G!F�HJD K#='Q�w�HIF�G+P)Q�Q�HJD#F�HLP+F�H�7

|�U�> ='Y4npU�>.HJYX='Q�H*O�U�D#W.Y.>.:�O$Y.P)U�D�HJD ^#='>ow�P$K�>.:�QTnpU�>
Sλ−1×Dn−λ P)D#F�G)H �.>.HJY0P�>X='D#F�HJD

=ln*HJD ;N='D�Q'n U�G+F�P)Q�^�HIF
Mn x	HJD Y.:�K�:�G+M*>LU�;<HJQ�D =lnkF�HJD P)D#F�G)H �.>.HIF�H Sλ−1 × {0} xHJD Y.:�K�:�G+M*>kU�;NHJQ�D =ln
Sλ−1 P Dn x#WX='; YkHJD F�P+*�HJU�;<U�> & ;NHJG)G)HJ; F�HaY.UhY.:�K�:�G+M*>.H

U�;<HJQ�D�H�7

� =�F
Sλ−1 =

{

(xλ, xµ) ∈ Dn | xλ2 = 1
} 7o8�U�;rY.:�K�:�G+M*> U�;<HJQ�D npU�>

Sλ−1 O'='D
;N='D wlM*G)Q�H

T (ε) =
{

x ∈ Dn | xλ2 > ε
} n U�>

0 ≤ ε < 1
74|�U�> F�HJYL;NHIW.Y.H<w$P)G w�P
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Sλ−1 Sλ−1

fix
Dµ

�L�] ��
 ��� �]i D}F�P$*�HJU�;<U�> &}=ln
T (0)− Sλ−1 7

K�HJD5?$Y.Y.H
T (0)

7 % P^#='>�K�>.:�Q npU�>�HJD�F�P+*�HJU�;NU�> &�=ln
T (ε)−Sλ−1 7�SfHJ>.Y.P+G w'M*G)Q�HJ> w$P

α : T (ε)− Sλ−1 → T (ε)− Sλ−1;

(xλ, xµ) 7→
(

xλ
‖xλ‖

(1− xλ
2 + ε)

1

2 , xµ
(xλ

2 − ε)
1

2

(1− xλ2)
1

2

)

.

| P)Q�:�>f6J�sP)G)G):#WXY.>.HJ>.HJ>jF�P+*�HJU�;NU�> &#HJDhnpU�>
T (0)

7�Vy='D(W.HJ>Jx5='Y K�:�HJ>.D�HTWXcH �.G)HIWoP K�:�HJD	x
W.U�; G+~'K�HJ>�P)Q�HJD�D�HJ;

(1
2 , 0)

7 v D5YX='Q�x#='Ykw$P�^#='>kHJD P+D#F�G)H � >.P+D�Q
h : Sλ−1 ×Dn−λ →

∂M
x ^5w�U�>

M
HJ>(HJD

n � ;N='D�Q'n U�G+F�P)Q�^�HIF ;<HIF >X='D#F ∂M
7 � =�F

h : T (0) → Mw'M*>.H%HJD P)D#F�G)H �.>.P)D�Q�x WXU�; :#F�w$P+F�HJ>
h
x ^�w�U�>�K�P)G)G)HIF�HJY<HJ> HJD Y.:�K�:�G+M*>(U�;NHJQ�D =ln

h(Sλ−1 × {0}) P M 7
�N<��:,�* 	V*](B,��
?r=@? V}HIFyF�H U w�HJD�n U�>aU�; YX='G)Y.H K�HJY.HJQ�D�HJG+W.HJ>TOl='G+F�HJ>]w�P ;N='D�Q'n U�G+F�P)Q �^�HIF�HJD	x

M ∪ Hλ x0W.U�;9;N='D U�c�D$�'>sw�HIF ='YsP+F�HJD�Y.P+& z{HJ>.H x ∈ T (0) − Sλ−1 ;<HIF

hα(x)
P
(M −h(Sλ−1×{0}))∪ (Dn−Sλ−1)

xtn U�>
M
;<HIFhHJD(^#='D�Ohc$��WX='Y Gq='D�QtW

h(Sλ−1 × {0}) 7
�TH�&#D�P)Y.P)U�D Q�P)w�HJ> UtWsHJD Q�G+='Ys;(='D�Q'npU�G+F�P+Q�^�HIF�74�THJD HJ> Y.P)G Q�HJD�QtM*G+F G+P+F�YsW.w'M*>.HJ>.H
='YfnpU�>.HIW.Y.P+G)G)HLW.P)QNHJD#F%F�HJD%npU�>.>.P+Q�H�7B*W.Y.HIF�HJY]npU�>T='Y]w$P+W.:#='G)PqW.HJ>.HaF�HJD%w$P)G!w$P0P4D#MkW.Y.H
c�>.U�c�UtW.P)Y.P)U�D w$P+W.H�xt='Y F�HfY.ULO�U�D#W.Y.>.:�O$Y.P)U�D�HJ>jc$�ac#=�WXWXHJD#F�H�w�PqWoHJ> M*O�w$P)w'='G)HJD5Y.H�7t[)�'>
w$P�^#='> w$P+W.Y4F�HJYJxlO'='D w$P�D#~#�.HIW ;<HIFLY.HJQ�D�P+D�Q�HJ>o=ln

M+(fλ)
7�� O$w$P)wl='G+HJD#W.HJDL=lnF�H�Y.U

O�U�D#W.Y.>.:�O$Y.P)U�D�HJ>fWXOl='G	n U�>XW.Yp��WkP!n ~'G)Q�HJD#F�HLnpU�>XW.YX='D#F�7 v D�YX='Q�x='Y�w$P!^#='>�O�U�D#WXY.>.:�HJ>.HJY
M ∪ Hλ w�P+= HJD P+D#F�G)H � >.P+D�Q h : T (0) → M

=ln HJD Y.:�K�:�G+M*> U�;<HJQ�D =ln
Sλ−1

P)D#FyP
M
7 % P w$P)G4O�U�D#WXY.>.:�HJ>.H<HJD Y.P)G+W.w'='>.HJD#F�H ;N='D�Q'npU�GqF�P)Q�^�HIF

M + (fλ)
x!W.U�; HJ>

^�U�;<HJU�;NU�> n ;<HIF
M ∪Hλ c$�NHJD n U�>.D5:�n Y.P)Q<; ��F�H�7 ufU�D�O�G+:#W.P)U�D�HJD K�G)P+w�HJ>Jx#='YfF�HJ>

Y.P)G^5w�HJ>
M ∪Hλ W.w'='>.HJ> D�HJY.U�c�HJD M +(fλ)

x�WX='; Y ='Y
M ∪Hλ HJ> >.HJc�>XMkWXHJD5YX='D5Y

n U�>hF�HJD Q�G+='Y.Y.H W.Y.>.:�O$Y.:�>JxjW.U�;
M + (fλ)

w$P)G)G)HNn-��xo^5w$P+W ;N='D � :#F�Q�G+='Y.Y.HJ>hGq='D�QtW
^��X~'>.D�HJ>.D�HP�X7k|�U�>�P)O�O�Hy='Y W M*G)Q�H%W.O$P)D#F�HJYNn ~'>(K��.~'>.D�HJD HJ>�W.O�:#F�YJx�; � w�PT^�HJG)G)HJ>.H
K�HJw�PqW.H F�HJD U�; YX='G)Y.H c�>.U�c�UtW.P)Y.P)U�D	x ;<HJD n ~'>XW.Y<WXOl='G�w$P�^#= w�H}D�U�Q�G)H K�HJQ�>.HJK�HJ><c$�
c�G+=�F�WI7
� M ^ ILKpU�O i O d d$7`@ n i D ^#='D�O ^#='> D�U�Q�G)HNz{HJD5Y.>X='G+H(F�HJG)H�x0WXU�;\w$PjY.P)YsW.O'='Gj>.H{n HJ>.HJ>.HY.P)G x F�HJ> npU�>TF�H�&#D�HJ>.HJ>�w�P0n ~'G)Q�HJD#F�H KHJQ�>.HJK�HJ>J7�Sfw$P+W�;(='D YXM*D�O�HJ>�c$�<HJDy^#='D�O}W.U�;
Dλ × Dn−λ x0O'='G+F�HIW Dλ × {0} npU�> O�HJ>.D�HJD U�Q%O�HJ>.D�HJD#W >X='D#F�x Sλ−1 × {0} x!n U�>c$��WXM*Y.D�P+D�QtWXW n M*>.HJD	7ST='D�O�HJD#W]Y.>X='D#WXw�HJ>XW.H F�P+WXO HJ> {0} ×Dn−λ x U�Q�F�P+W.O�HJD#Wf>X='D#F

{0} × Sn−λ−1 Ol='G+F�HIWkF�HJD}Y.>X='D#W.w�HJ>XW.HsW n M*>.H�7

�D0�( � ( �V*�	V* (�,���? ��?�C�EGF
M ∪ Hλ HJILK�M FGE O$OBM`X H i-E h : T (0) → M n 	 �  O F M \

M + (fλ) abf ^ M�f ^ fWK k ^ M F M ∪ Hλ H i-E M`O abf ^ Mpf ^ fWK  � \Pf ^ MPK i-F MPO+X i X'MPX'M`O
u � F M`O XtK E OZ\PH"MPKj\`M FWi \jU f d u � K E O F MPO n
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Sλ−1 Sλ−1

Dµ

Τ Τ

C C

� �] � 
�� ���f�TP+WXO�HJD U�c�F�HJG)YkP � U�Q  7

� MPH i \ n % P]O'='D PqF�HJD5Y.P+& z{HJ>.H Dn ;NHIF Dλ × Dµ x µ = n − λ
x w$P+= HJD ^�U�;<HJU �;<U�> &!x�W.U�; W.HJD#F�HJ>

∂Dλ × Dµ Y.P)G {(xλ, xµ) ∈ ∂Dn | xλ2 ≥ 1
2

} 7TS]w�PqW
h′
HJ>

h
� W%>.HIW.Y.>.P)O$Y.P)U�D Y.P)G >X='D#F�F�HJG)HJD =ln

Dn W.w'='>.HJD#F�H Y.P)G ∂Dλ × Dµ x]Q�P)w�HJ>%F�HJY%UtW

h′ : Sλ−1 × Dµ → ∂M
7o�]HJ> n U�> Ol='D w$P�F�='D�D�H HJD ;N='D�Q'n U�G+F�P)Q�^�HIF

M + (fλ)W.U�;
M ∪h′ Dn ;<HIF h′ = fλ

7

|�U�> ='Y WXY.:#F�HJ>.H
M ∪ Hλ U�c�F�HJG)HJ>�w$P Dn P C =

{

(xλ, xµ) ∈ Dn | xλ2 ≤ 1
2

}

U�Q
T =

{

(xλ, xµ) ∈ Dn | xλ2 ≥ 1
2

} 7 8b� HJ>
Dn = C ∪ T

x!U�Q
α
x4F�HJ>LK�HJD5?$Y.Y.HIW

Y.P)G4O�U�D#W.Y.>.:�O$Y.P)U�D�HJDy=ln
M ∪Hλ x�K5?$Y.Y.HJ>T>.:�D#F�YTc$� C −Dµ U�Q T − Sλ−1 x;<HJD#W

F�HJD HJ>fP+F�HJD5Y.P)Y.HJY.HJD}c$�
C ∩ T

7 [)�'>
M
U�Q

Hλ P+F�HJD5Y.P$& z{HJ>.HIW�w$P+= hα
P+F�HJD5Y.P$& z{HJ>.HIW

h(T − Sλ−1)
;<HIF

C − Dµ 7o�]HJ> n U�> W.wl='>.HJ> F�HJY Y.U�cU�G)U�Q�PqW.O�HN>.:�; M ∪ Hλ Y.P)G

(M − h(T − T ∩ C)) ∪h1
C
x
h1 = h |C∩T

70Vy='D W.HJ>Jx!='Y
C
W.w'='>.HJ>aY.P)G

Dn w$P+=
^�U�;<HJU�;NU�> &#HJD

g : C → Dn Q�P)w�HJYkw�HIF

(xλ, xµ) 7→
{

(xλ(2(1− xµ
2))

1

2 , xµ) , xµ
2 ≤ 1

2
(xλ, xµ) , ellers.

 P)GqW.wl='>.HJD#F�H*HJ>
M−h(T −T ∩C)

^�U�;NHJU�;<U�> n;<HIF
M
w�P+=THJDh^�U�;<HJU�;NU�> &!xtW.U�;

HJ>
hgh−1 c$� h(C−Dµ)

U�Q P+F�HJD5Y.P+Y.HJY.HJDNc$�a>.HIW.Y.HJD	7��THJYjQ�P)w�HJ> UtWjHJDN^�U�;NHJU�;<U�> &
(M − h(T − T ∩ C)) ∪h1

C → M ∪g′ Dn,
^�w�U�>

g′
np>.HJ;NQG�'>�=lnoF�P+='Q�>X=';N;<HJY

C ∩ T
h1 // h(C ∩ T )

hgh−1

��
g(C ∩ T )

g−1

OO

// M.
�THJYkw$P+W.HJ>Jx#='Y

g′ = (hgh−1)(h1g
−1) = h |g(C∩T )= h′

x#F�w�WJ7#='Y

M ∪Hλ ∼=Top M ∪h′ Dn ∼=Top M + (fλ).
v Yj^�U�;NHJU�;<U�> &#HJDNHJ>jPqF�HJD5Y.P)Y.HJY.HJD<c$� F�HJD<Y.>X='D#W.w�HJ>XW.HTF�P+W.O

Dµ U�QLc$�L>X='D#F�HJD	x$F�HJY
n ~'G)Q�HJ>�=ln x#='Y

g |Dµ
U�Q

g |C∩∂Dn

KHJQ�Q�HLHJ>kPqF�HJD5Y.P)Y.HJY.HJD	7
�

��= K�HJw�P+WXHJY O'='D w�HJD#F�HIW�U�; x�Q�P)w�HJ>�F�HJYkUtW�HJD ;<HJY.U$F�H�x�^�w�U�>.;<HIF w$P�Y.P)G�HJY�^#='D�O�H �G)HJQ�HJ;NH
M + (fλ)

O'='DyO$D5?$Y.Y.HhHJYa^#='D�O�HJG)HJQ�HJ;<H
M ∪Hλ x	W.U�; HJ>a^�U�;<HJU�;<U�> n Y

;<HIF F�HJY�n ~'>XWXY.H�7$B n ~'G+Q�H�8�;N='G)H ��� A'�7�t�oOl='D
M + (fλ)

Q�P)w�HIW HJD � U�c�Y.P)G�F�P+*�HJU�;<U�> & �
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HJD�Y ?�F�P)QNQ�G+='YTW.Y.>.:�O$Y.:�>JxW.U�; >.HIW.cHJO$Y.HJ>.HJ>]F�H U�c�>.P)D#F�HJG)P)Q�Hac$�
M
U�Q

Dn ×Dn−λ 7v G)YXWp�]; �
M ∪Hλ wlM*>.HkHJDh>.HJc�>XMkW.HJD�YX='D5Y npU�>oHJD<Wp��F�='DhQ�G+='Y W.Y.>.:�O$Y.:�>J7t�THJ> npU�> w$P)G

w$P�np>.HJ;NU w�HJ> K�>.:�Q�HfF�HkY.UaK�HJY.HJQ�D�HJG+W.HJ>
M ∪Hλ U�Q M +(fλ)

P#WX=';<;<H�KHJYE?$F�D�P+D�Q�7
% P	w�P+G�U�; YX='G)Ha;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>k=ln F�HJD�D�HLY ?$c�HsW.U�;_^#='D�O�HJG)HJQ�HJ;<HJ>J7
% P�w�P)G�K�?�Q�Q�H�n U�>XW.O�HJG)G)P+Q�Hf;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>*:#F n >X= ='D#F�>.Hsw�HIF ='Y�c$��W M*Y.Y.HL^#='D�O�H�7
v D5YX='Q�x	='Y�w�P4^#='>�HJD%Y.>.P)c�HJG

(W ;V0, V1)
x�^5w�U�>

W
HJ>]HJD O�U�;<c#='O$Y]U�>.P+HJD5Y.HJ>.HJY

n �;N='D�Q'n U�G+F�P)Q�^�HIF<;<HIF<>X='D#F(G)P)QLF�HJD�F�P+W �.:�D�O�Y.H�npU�>.HJD�P)D�Q =ln
V0
U�Q

V1
x�F�HJ>�KHJQ�Q�H]HJ>

=ln W.G):�Y.Y.HIF�H*P
∂W

7��THJ> &#D#F�HIWoHJDhU�;<HJQ�Dh=ln
V0
x�W.U�; HJ>jF�P+*�HJU�;NU�> n#;<HIF

V0× [0, 1]
x

YXM*D�O c$��O�>X= w�HJDhn U�>
V0
xtW.HkHJw$YJ7t=ln WXD�P)Yob]n U�> HJD<F�H�&#D�P)Y.P)U�D	7 % U�>.HIWj; �'G�HJ>j='YjWXM*Y.Y.H

^#='D�O�HLc$�
V0 × [0, 1]

n U�>�='Y�U�c�D$�hHJD ;N='D�Q'n U�G+F�P)Q�^�HIF�F�P+*�HJU�;<U�> n4;NHIF
W
7

B]>.HIW.Y.HJD =lnkF�HJY.Y.HN=ln WXD�P)Y�U�c�Y.>XMkF�HJ>
(W ;V0, V1)

c�>XMkz{P+W.YaPjF�HJD U w�HJD#W.Yp�'HJD#F�HNK�H �YE?$F�D�P)D�Q�7  P)G Y.P+F�HJ>�U�; YX='G)HIWTY.>.P)c�G)HJD%WXU�; HJD �
n � F�P);<HJD#WXP)U�D�HJGt� O�U�K�U�>XF�P+W.;<H�x�F�w�WJ7

C = (W ;V0, V1)
x � n 7 =ln W.D�P+Y(m$7 % PfGr��WXHJ><U�QtWp� KHJYE?$F�D�P)D�Q�HJD =ln

W,V0, V1
x W.HJG+w

D$�'>TF�HsP)O$O�HLP)D#F�QG�'>]P!HJD}Y.>.P)c�HJG 7 % P!K�HJD5?$Y.Y.HJ>]D�U�YX='Y.P+U�D�HJD
∂+W

Y.P+G0='Y]='D�Q�P)w�HsHJD
O�U�;<c�U�D�HJD5YkP

∂W
x�^�w�U�>kHJD ^#='D�O(c$��WXM*Y.Y.HIWkU�Q

∂+(W + (fλ))
Y.P+G�='YkK�HJY.HJQ�D�H�HJD

>X='D#F�O�U�;<c�U�D�HJD5YJx�F�HJ>�HJ>k>.HIW.:�G)YX='Y.HJY�=lnoHJD c$��WX='Yk^#='D�O�7
BED#F�HJD w�P�QG�'>�w�PqF�HJ>.H�x�^#='>�w$P�K�>.:�Q n U�>�Y.U Y.HJO�D�P+WXO�HyG+HJ;<;N='HJ>Jx WXU�; w$Paz{P)Y.HJ>.HJ>
n >X= � � zXO ��� 6J�7� x#WI7!6IA��X7
& <�6 68/ ��?�

?�� � \PfWX�fPu i Q�M ^_^hE���C�EGF (W ;V0, V1) HJILKlMeMPO n c FWi ^ MPO1\ i fWOBM Q+U�f g fWK cFWi \ ^ M n � H i \ fλ, gλ : Sλ−1 ×Dn−λ → V1 MPK i \`fWX�f uZM i O F Q�M��PK i O d MPK � \ �  O F M \eMPOFWi 
�M�f ^ fWK  k K E W + (fλ) X i Q W + (gλ) � \Pf ^ MPK i-F MPO$X i X'MPX'MPO u � V0

n
& <�6 68/ �
?��
?�� o i 
�M�f ^ fGK  Q�M ^_^hE���C�EGF (W ;V0, V1) f d (W ′;V ′

0 , V ′
1)

g M`X'M d OBMDX�f
U�f g fWK FWi \ ^ MPK n " O$X E d � E X F MPK  O F M \�MPO FWi 
�M�f ^ fWK  F : W → W ′ �@\Pf ^ i O F S��jMPK�MPK
MPO FWi 
�Mpf ^ fWK  f0 : V0 → V ′

0
n C�EGF fλ : Sλ−1×Dn−λ → V1 HJILK�MYMPO i O F QmM��PK i O d n

	 �  O F M \eMPO i O F QmM��PK i O d f
λ

: Sλ−1 ×Dn−λ → V ′
1 f d MPO FWi 
�Mpf ^ fWK 

F ′ : W + (fλ) → W ′ + (f
λ
),

\`f ^ i O F S��jMPK�MPK f0 u � V0
n

� M ^ ILKpU�O i O d d$7 Z n �THJY�n ~'>XW.Y.H G)HJ;<;(= n U�>.YXM*G)G)HJ>�UtWJxI='Y	PqW.U�Y.U�cH ^#='D�O�H Q�P)w�HJ>!WX=';<;<H^#='D�O�HJG)HJQ�HJ;NH�7�THJ>fQtM*G+F�HJ>Jx='Yfw$P0O'='D D#~#� HIW];<HIF�x ='Y]>.HIW.Y.>.P)O$Y.P)U�D�HJ>.D�HLY.P)G0c$��WXM*Y �D�P)D�QtW W n M*>.HJ>.D�H HJ> P+WXU�Y.U�cH�xkF�=
Sλ−1 × Dn−λ Ol='D U�c�n ='Y.Y.HIW W.U�; HJD =ln W.G):�Y.Y.HJY

Y.:�K�:�G+M*>sU�;<HJQ�D	x0F�HJ>LD#='Y.:�>.G)P+Q�Yan ~'G+Q�HJ>a;<HIF :�D#F�HJ>LP+WXU�Y.U�c�P)HJD	7!i Y ='>.Q�:�;NHJD5YLn U�>
F�HJD�D�H<c$��WXYX='D#F K#=�W.HJ>.HJYLc$� ^�U�;<U�Y.U�c�P � :#F�w$P+F�HJG+W.HJD#W � HJQ�HJD#WXOl='K�HJD Ol='D'&#D#F�HIWs^�UtW8�;N='G+H ��� A'��� x	WJ7	@�b����X7!Sfw$P+WTF�P);<HJD#W.P+U�D�HJ>.D�HsHJ>�c#=�WXW.HJD#F�H Q�P)w�HJ>aWXM*Y.D�P)D�Q b$7)6IA$x	='Y
F�HJY�HJ>kY.P+G+W.Y.>XM*O$O�HJG)P)Q�YJx�='Ykc$��WXM*Y.D�P)D�QtWXW n M*>.HJ>.D�HLHJ>k^�U�;<U�Y.U�c�H�7
�THJY ='D#F�HJY G+HJ;<;N=�n U�>.YXM*G)G)HJ>LUtWIx4^�w�U�>XF�='D w�P�KHJw'='>.HJ> F�H ~ w�>.P)Q�H ^#='D�O�H�xoD$�'> w$P
�#?$Y.Y.HJ>*>.:�D#F�Y�c$� HJD =ln4F�HJ; 7 � Qt=�7#F�HJY.Y.H�G)HJ;<;(=aw�P+Gw$PD�U�Q�G+H]Qt='D�Q�HaY.P)G+G+=�F�H�UtW*='Y
;<PqW.K�>.:�Q�H�D�U�YX='Y.P)U�D�HJD U�Q Q�G+HJ;<;<H�xt='Y*F�HJ> HJQ�HJD�Y.G)P)Q�Y HJ> YX='G)HfU�; D5?�HTP)D#F�G)H �.>.P)D�Q�HJ>Jx
^�w�P+WkF�HsQ�P)w�HJ>kUtW�F�HJY�WX=';<;NHT^#='D�O�HJG+HJQ�HJ;<H�7 v D5YX='Q�x�n 7�HJO$WI7#='Y

W ∼= V0 × [0, 1] + (fλ) + (fµ),
U�Q<='Y�w$P	w$P+= HJD P+W.U�Y.U�c�P �#?$Y.Y.HJ>

fλ
7#e�HIW.:�G+YX='Y.HJYkK�G)P)w�HJ>

W ∼= V0 × [0, 1] + (f
λ
) + (f

µ
),
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;<HJD w$P	w'M*G)Q�HJ>k='YfW.O$>.P)w�H

W ∼= V0 × [0, 1] + (f
λ
) + (fµ),

^�w�P+W
(fµ)

K�G)U�YkHJ>k>.HJc�>XMkW.HJD5YX='D�Yfn U�>kHJD w$P)G)O7�'>.G)P)Q
µ � ^#='D�O�7

��=
W
HJ>]O�U�;<c#='O�YJx ^#='>]w$P	n ='O�Y.P+WXO ='G)G+HJ>.HIF�Han ~'G+Q�HJD#F�HL>.HIW.:�G)YX='Yfnp>X=<=ln W.D�P)Y.Y.HJYfU�;

V%U�>XW.HaY.HJU�>.P 7

& <�6 68/ �
?��
? � fWK XtK i u+Q�MPO (W ;V0, V1)
 O F M \�a E OZUWM Hλi

i � i = 1, . . . , k � \ �
W ∼= V0 × [0, 1] ∪Hλ1

1 ∪ · · · ∪Hλk

k ,

a�H"fWK FWi 
�M�f ^ fWK  MPO U E O HJI Q d M \ \`f ^ i-F MPO$X i X'MPX'MPO u � V0 × {0} n
� MPH i \ n ��= W

U�c�np?$G+F�HJ>*KHJY.P+D�Q�HJG+W.HJ>.D�H�P!WXM*Y.D�P)D�QN@$7 Z�x &#D#F�HIW�HJD V}U�>XW.H�n :�D�O$Y.P)U�D

f : W → [0, 1]
Wj�

f−1({0}) = V0
7���=

W
HJ>]O�U�;Nc#='O�YJx^#='>

f
HJD#F�HJG)P)Q�Y];N='D�Q�H

O$>.P)Y.P+W.O�HNc�:�D�O�Y.HJ>J7o�THJ> npU�> &#D#F�HIW
ε
x4Wj�

Wε
HJ> :#F�HJD O�>.P+Y.P+W.O�H<c�:�D�O$Y.HJ>J7 v G)YXWj� HJ>

Wε
∼= V0×[0, 1]

75B n ~'G+Q�H K�HJ;NM*>.O$D�P)D�QT@$7)6J��O'='D w�P�='D5YX='Q�H�x5='Y F�H*O$>.P)Y.P+W.O�H c�:�D�O�Y.HJ>
='D�YX='Q�HJ>�n U�>XW.O�HJG)G)P)Q�HTw'M*>XF�P)HJ>J7#�THJ> npU�> &#D#F�HIWfD�HJY.U�c HJYkO�>.P+Y.P+W.O<c�:�D�O$YfW.w'='>.HJD#F�HaY.P)G
F�HJD ;<P)D#F�W.Y.HhO$>.P)Y.P+W.O�Hhw'M*>XF�P x!F�w�WJ7

q0 = f(p0)
7 % P Ol='D &#D#F�H

ε0 > 0
x4Wp�

p0
HJ>

F�HJY*HJD�HIW.Y.H�O$>.P)Y.P+W.O�H]c�:�D�O�Y*P
Wq0−ε0,q0+ε0

7��THJY*K�>.P)D�Q�HJ>*UtW�c�>XMkz{P+W.Y*P�WXP)Y.:#='Y.P)U�D�HJD
K�HIW.O$>.HJw�HJYkP!WXM*Y.D�P)D�QN@$7)6�6'7�8$M*Y.D�P)D�Q�HJD}Q�P)w�HJ>kUtWJx#='Y

Wq0+ε0
∼= Wq0−ε0 ∪Hλ.

� HJ;N;N=<d$7`d Q�P)w�HJ>kUtW�F�HJ> n U�>Jx ='Y

Wq0+ε0
∼= V0 × [0, 1] ∪Hλ′ .

S]w�PqWjw$P n U�>.YXWXM*Y.Y.HJ>*F�HJD�D�HTc�>.U�z{HIF�:�>.H�U�;<O$>.P)D�Q ='G)G+H�O�>.P+Y.P+W.O�H�c�:�D�O$Y.HJ>Jx$n ~'G)Q�HJ>�F�HJYJx
='Y

W ∼= V0 × [0, 1] ∪Hλ1

1 ∪ · · · ∪Hλk

k .

�

% P*w�P)G�Q�HJ>.D�H w$P+W.H�xo='Y ^#='D�O�H O'='D WXM*Y.Y.HIWhc$�yU�>XF�D�HJYhH{n Y.HJ>
λ
7 �THJY Q�P+w�HJ> D#MkWXY.H

G)HJ;N;N=sUtW�; :�G)P+Q�^�HIFNn U�>J7

& <�6 68/ �
?�!
?�C�E�F
(W ;V0, V1) HJILK�M_MPO n c FWi]^ MPOZ\ i fWOBMPQ+U�f g fWK FWi \ ^ M n " O$X E d � E X

W1 = W +(fλ)+ (fµ) k fWK µ ≤ λ n�	 � MPK W1
FWi 
�M�f ^ fWK k ^ M F W +(f

µ
)+ (fλ)

H i-E MPO FWi 
�Mpf ^ fWK  � \Pf ^ MPK i]F MPO$X i X'MPX'MPO u � V0
k fWK MPOsu E \j\VMPO F M µ cta E OZU � f

µ n
� MPH i \ n % P	^#='>�HJD P)D#F�G+H � >.P)D�Q fµ |: Sµ−1 × {0} → ∂+(W + (fλ))

7 ��=<F�HJYfHJ>kHJD
P)D#F�G+H � >.P)D�Q�xOl='Dyw$P w$^#=�7�O�U�>.U�G)G+='>�b$7`A�A U�c�D$�(HJD P+WXU�Y.U�c�P xF�HJ> �#?$Y.Y.HJ>

fµ | x�Wj��F�='D='YfF�HJD%HJ>fY.>X='D#W.w�HJ>XW ='G0;<HIF F�HJD%Y.>X='D#W.w�HJ>XW.H W.n M*>.H {0} × Sn−λ−1 7 i D%P+W.U�Y.U�c�P0=ln
c$��WXM*Y.D�P+D�QtWXW n M*>.HJD Q�P)w�HJ> UtW P�n ~'G)Q�HjK�HJ;NM*>.O�D�P+D�QTd$7 ZfHJY F�P$*�HJU�;<U�> n Y0^#='D�O�HJG+HJQ�HJ;<H�x
W.U�;_w$P!F�HJ> n U�>�U�QtWp� K�HJD#M*w�D�HJ>

W + (fλ)
7#��=

dim Sµ−1 + dim Sn−λ−1 = µ− 1 + n− λ− 1 ≤ n− 2 < n− 1
K�HJY ?�F�HJ> Y.>X='D#W.w�HJ>XWX='G)P+Y.HJY.HJD	x � n 7'KHJ;NM*>.O$D�P)D�QLb$7)6Ib$x5='Y

fµ | P)O$O�H*;N~$F�HJ>oF�HJDhY.>X='D#W �w�HJ>XW.HLW.n M*>.H�7

i D P)D#F�G)H �.>.P)D�Q =ln
Sµ−1 × Dn−µ HJ>(P+W.U�Y.U�c ;<HIF HJD P)D#F�G)H �.>.P)D�Q P)D#F�HJ^�U�G+F�YNP�HJD

w$P)G)O7�'>.G)P)Q U�;<HJQ�D	x
U
x0U�;<O$>.P)D�Q K�P)G+G)HIF�HJYL=ln

Sµ−1 × {0} 7 �THJ> npU�> Ol='D w�Pjw$^#=�70HJDP+WXU�Y.U�c�PW.O$>.:�;<c�H
fµ
x�Wp�sF�HJ>�&#D#F�HIW�HJD(=ln W.G):�Y.Y.HJY U�;<HJQ�D(U�;NO�>.P)D�Q {0}×Sn−λ−1 x

F�HJ>h^#='>hY.U�; n M*G)G)HIWX;NM*D�QtF�H(;NHIF
fµ

� W K�P)G)G)HIF�H�7o��=
U
Ol='D w'M*G)Q�HIW c$�yn U�>.;<HJD
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�L�  � 
�� ���]i D U�;<HJQ�D =ln F�HJD Y.>X='D#W.w�HJ>XWXHsW n M*>.Hac�:#W.Y.HIWkU�c	7

Dλ
ε × Sn−λ−1 x�O'='D�;N='D�w�Pq=LHJD F�P+*�HJU�Y.U�c�P x Ht

x$=ln
∂+(W + (fλ))

�#?�Y.Y.H�HJY.^5w�HJ>.Y
c�:�D�O$YJx W.U�; P)O$O�H HJ>NP)D#F�HJ^�U�G+F�YNP

U
:#F�HJD n U�>

(fλ)
x WX='; Y.P+F�P)Q ;NHIF ='Y(F�HJD HJ>

P+F�HJD�Y.P)Y.HJY.HJD c$��F�HJD Y.>X='D#W.w�HJ>XW.HNW.n M*>.H�x	W.H &#Q�:�><6IA$7!�THJD�D�HNF�P+*�HJU�Y.U�c�PoP)D#F�:#z{HJ>.HJ>
HJD P+WXU�Y.U�c�P!=ln

fµ
x#WXU�;gHJD#F�HJ>�c$� n U�>.;<HJD

f
µ

= H1 ◦ fµ
7

B n ~'G+Q�HTG+HJ;<;N= d$7`m QtM*G+F�HJ>�F�HJ>Jx ='Y

W + (fλ) + (fµ) ∼= W + (fλ) + (f
µ
).

�THJD ~'D#W.O�HIF�HLO�U�D�O$G):#W.P+U�D(n ~'G)Q�HJ>�F�HJ> n U�>f=ln x#='Y

W + (fλ) + (f
µ
) ∼= W + (f

µ
) + (fλ),

F�=
(f
µ
)
P+O�O�Ha;N~$F�HIW*;<HIF

(fλ)
7

�

� HJ;N;N='HJYkQ�P)w�HJ>kUtW�W.c�HIz{P)HJG)YJx�='Yk>XM*O$O�H{n ~'G+Q�HJD�npU�>kc$��WXM*Y.D�P+D�Q�HJD}=ln Y.UN^#='D�O�HL;<HIF
WX=';N;<H%P+D#F�HJO$W HJ>�:�D#F�HJ>.U�>XF�D�HJYJ7]�TH Ol='D c$��WXM*Y.Y.HIW :#=lnp^#M*D�Q�P)Q�Y =ln ^�P)D#='D#F�HJD	7
v�HJw$P+W.HJYkn U�>.YXM*G)G)HJ>kUtW]?$F�HJ>.G+P)Q�HJ>.H�x ='YfY.U(w�P+G)O��'>.G+P)Q�H]^#='D�O�H U�QtWp�NOl='D U�c�n ='Y.Y.HIW�W.U�;
:#=ln ^#M*D�Q�P)Q�H�x�^5w$P+WjF�HJD<WXP+F�W.Yo^#='D�O$Wjc$��WXM*Y.D�P)D�QtWXW n M*>.HkP)O$O�H*;N~�F�HJ> F�HJD<Y.>X='D#WXw�HJ>XW.H
W n M*>.H�n U�>�F�HJD n ~'>XWXY.H�7

% PO'='D�D5:�c5?$D5Y.Hac$� G)HJ;N;N= d$7`�$7�S]w�P+W
(W ;V0, V1)

HJ>*HJD�O�U�K�U�>XF�P+W.;<H�x$F�= &#D#F�HIW
^#='D�O�H�x Wj�

W ∼= V0 × [0, 1] +

c0
∑

i=0

(f0
i0

) + · · ·+
cn
∑

i=1

(fnin),
� d$7)6��

^�w�U�>kw�P�KHJD#M*w$D�HJ>k='D5YX='G)G+HJY*=ln
λ � ^#='D�O�Ha;<HIF cλ

7��]HJY*U w�HJ>.G+='c�cHJ>*D�U�YX='Y.P)U�D�HJD�n U�>
YE?�c�HJD5:�;<>.H�x�;NHJD YX='G+G)HJD�HTWXwl='>.HJ>kD�HJY.U�c Y.P)G�^�P)D#='D#F�HJD	x�� n 7�K�HJw�PqW.HJY n U�>*G)HJ;<;N= d$7`�$7
�THJYkQ�P)w�HJ>kUtWkU�QtWj�hHJD�n ~'G+Q�HL=ln ;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>` 

W−1 = V0 × [0, 1] ⊂ W0 ⊂ W1 ⊂ · · · ⊂ Wn = W,
� d$7`A��
^�w�U�>

Wi
HJ>

Wi−1
c$��WX='Y

ci i � ^#='D�O�H�7
% P4O'='G+F�HJ>]:#F�Y.>.?�O$O�HJD�H<d$7)6sU�Q d$7`A<c�>XMkWXHJD �YX='Y.P)U�D�HJ>Jx P x=ln W 7

% HIF(='Y :#F�D5?$Y.Y.H�WXM*Y.D�P)D�Q @$7)6I@sW.HJ> ;(='D	x�='Y HJD(c�>XMkW.HJD5YX='Y.P+U�D W.w'='>.HJ>jY.P)GHJD(V%U�>XW.H
n :�D�O�Y.P+U�D

f : W → R
xo;<HJD Wp� HJ>hU�QtWp� −f

HJD V}U�>XW.H�n :�D�O$Y.P)U�D c$�
W
7 �THJD

Q�P)w�HJ>]UtWf; :�G)P)Q�^�HIF npU�>T='Y]W.Y.:#F�HJ>.H O�U�KU�>XF�PqW.;<HJD
(W ;V1, V0)

7��]HJY]P)D#W.c�P)>.HJ>.HJ>fY.P)G
n ~'G)Q�HJD#F�Hac�>.U�c�UtW.P)Y.P)U�D	7

�D0�( � ( �V*�	V* (�, ��?-A � ?���i QLM`OZa�H"MPKeuBKlI \`M`O$X E X i fWO � P � E k MPO ^hE O dlk fWQ FWi d aZM F � W � O F M \ M`O F S E QbuBK I \VMPO$X E X i fWO � P ��\�� P � \ λ c�a E OZU7M�\ H E KlMPK X i Q P � \ (n−λ) cta E OZU7M �
f d \ � u ��\`ILXtO i O d \j\ k ILK�MPO k fWK MPO λ cta E O1U i P \PH E K�MPK X i Q F M`O XtK E OZ\ H�MPKp\VM�\ k ILK�M k fWKF M`O X i Q \PH E K�MPO F M (n− λ) cta E O1U i P f d H i �jM H"M`Kp\ E n
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� MPH i \ n ��= W
HJ> O�U�;<c#='O$YJx�O'='DNw$P�wlM*G)Q�H�x$='Y K�P+G)G)HIF�HJYon U�>

f
HJ>�P)D#F�HJ^�U�G+F�Y P

[0, 1]
7

v�HJD5?$Y V%U�>XW.HNnp:�D�O$Y.P)U�D�HJD
g = 1 − f

x0Wp�}HJ>
g−1({0}) = V1

74�THJ> np>X=}Ol='D ;N='D
U�c�K�?�Q�Q�H

W
G)P)Q�HIWXU�;CP K�HJw�PqW.HJYan U�> G)HJ;N;N= d$7`�$7 [)�'>

f
G)U�O'='G)YLO'='D W.O$>.P)w�HIW W.U�;

f = −x2
λ + x2

µ

x Wj� Ol='D
g
W.O�>.P+w�HIW�W.U�;

g = 1− x2
µ + x2

λ

7 �THJ> n U�>�K�G)P)w�HJ>
λ � ^#='D�O�HY.P)G

(n− λ) � ^#='D�O�H�7 �

efHIW.:�G)YX='Y.HJYsK�G+P)w�HJ>LD5?$Y.Y.P)Q�Y W.HJD�HJ>.H�x0n U�>XF�P�>.HIW.:�G)YX='Y.HJ>Jx4WXU�;\w$P O'='D w$P+W.H n U�>
0 � U�Q

1 � ^#='D�O�H<w$P+=�F�HJD F�:#='G)H c�>XMkW.HJD5YX='Y.P+U�D	x!K�G)P)w�HJ>�Y.P)Go>.HIW.:�G)YX='Y.HJ>aU�; (n − 1) � U�Q n �^#='D�O�H�7

d$7`A$7 �q/$,��B<����N(B6�( �](+;B*�(B;��N(�68( 	V( ��*'?)% Po^#='>aK�>.:�Q�n U�>L='Y�w�P+F�H�x�^�w�U�>XF�='D
HJD ^#='D�O�c$�Iw$P)>.O�HJ>k^�U�;<U�G+U�Q�P)HJD U�Qh^�U�;<U�Y.U�c�P)HJD =lnoHJD ;N='D�Q'n U�G+F�P)Q�^�HIF�7
& <�6 68/ ��?]ABA+? o MPK d I Q F MPK � E X W ∪f ′ (Dλ × {0}) MPKhMPO F M k fWK ^hE X i fGOZ\ K�MPXtK E U"XE k W + (fλ) � a�H"fWK f ′ = fλ |Sλ−1×{0}

n
� MPH i \ n ��= W +(fλ) = W ∪fλ Dλ×Dn−λ W.HJ> ;N='DNF�HJY ~'D#WXO�HIF�H�x�F�= Dn−λ ^#='>

{0} W.U�; F�H{n U�>.;N='Y.P)U�D#WX>.HJY.>X='O�YJ7 �

�THJYkQ�P)w�HJ>kUtWkHJD}D5?$Y.Y.P)Qhc�>.U�cUtWXP)Y.P)U�D�U�;g^�U�;<U�Y.U�c�P)HJD =lnoHJYk^#='D�O�HJG)HJQ�HJ;<H�7

�D0�( � ( �V*�	V* (�, �
?-A1=@? � f ^ f ^ fWK  MPO πi(W ) → πi(W ∪ Hλ) MPK \PS�K �`M U"X i H k fWK
λ > i f d i O �VM U"X i H k fWK λ > i + 1 n
� MPH i \ n B n ~'G+Q�HLG)HJ;<;N=(d$7)6�6sO'='D}w$P4W.H c$� W ∪Dλ PoW.Y.HIF�HJYfn U�> W ∪Hλ 7i Dy>.H �c�>XMkW.HJD�YX='D5Y

γ
n U�>

[γ] ∈ πi(W ∪Dλ)
O'='D<w'M*G)Q�HIW Q�G+='YJx � n 75WXM*Y.D�P)D�Q b$7 Z�7 v G)YXWj��^#='>

w$P HJD Q�G+='YL=ln K�P)G+F�D�P)D�Q�x
γ : Si → W ∪ Dλ 7 % P O'='D w'M*G)Q�H x ∈ (Dλ)◦

U�Q P�n ~'G)Q�H
O�U�>.U�G)Gq='>�b$7`A�@ M*D#F�>.H

γ
x	Wp�

γ
HJ>TY.>X='D#WXw�HJ>XWX='Go;<HIF

x
x�F�w�WJ7�='Y

x
P)O�O�H >X=';<;<HIWT=ln

γ
n U�>

i < λ
x � n 7KHJ;(M*>.O�D�P)D�Q�b$7)6Ib$7 % HIF%='YTK�>.:�Q�H HJD%^�U�;<U�Y.U�c�P xF�HJ>�c�>.U�� Pqz{HJ>.HJ>

w'M*O�np>X=
x
x n-�'>Tw�P x ='Y

γ
HJ>T^�U�;<U�Y.U�cy;<HIF HJD =ln K�P)G+F�D�P)D�Q<P+D#F P

W
7 v G)YXWj�hHJ>]^�U �;<U�;NU�> &#HJD W.:�> � HJO$Y.P)w�7

S]w�PqW
i + 1 < λ

x�O'='D HJD D5:�G)^�U�;NU�Y.U�c�P]P
W ∪ Dλ Y.P)G+W.w'='>.HJD#F�H}U�c�n ='Y.Y.HIW�W.U�;

HJD(D5:�G)^�U�;<U�Y.U�c�PP
W
7 % P#;<P)D#F�HJ> U�; x5='Y HJD(D5:�G)^�U�;NU�Y.U�c�P n U�>

[γ] ∈ πi(W ∪Dλ)W.w'='>.HJ>kY.P)G	HJD =ln K�P)G+F�D�P)D�Q n >X=
Di+1 P)D#F�P W ∪Dλ 7 �

i D%='D#F�HJD D5?$Y.Y.P)Qhc�>.U�c�UtW.P)Y.P)U�D�HJ>` 
�D0�( � ( �V*�	V* (�, �
?-A ��? " O$X E d � E X W = (V0 × I) ∪ Hλ n)o E M`K aZf ^ f ^ fWK  MPO
πi(∂+W ) → πi(W ) \ SbK �VM U"X i H � a�H i \ i < n− λ f d i O �VM U"X i H � a�H i \ i < n− λ− 1 n
� MPH i \ n Vy='D K�HJ;NM*>.O�HJ>Jx ='Y ∂+W

O$G)P+W.Y.>.HJYhWX=';N;<HJD ;<HIF F�HJD Y.>X='D#WXw�HJ>XW.H}F�P+W.O
G+='D�QtWaF�HJD Y.>X='D#W.w�HJ>XWXH<W n M*>.H :#F�Qt~'>LHJD F�H{n U�>.;N='Y.P)U�D#W.>.HJY.>X='O$Ya=ln

W
x	W.H &#Q�:�><6I@$7

��=
dim Dµ = n−λ

x'Ol='DhHJD<=ln K�P)G+F�D�P)D�Q
Si → ∂+W ∪Dµ wlM*G)Q�HIWoP+O�O�H � W.:�> �.HJO$Y.P)wc$�

Dµ n U�> i < n− λ
x�� n 7�KHJ;(M*>.O�D�P)D�Q<b$7)6Ib$7#�THJ> n U�>kQ�P)w�HJ>�='>.Q�:�;<HJD5YX='Y.P+U�D�HJD np>X=

K�HJw�PqW.HJY�npU�>4c�>.U�cUtWXP)Y.P)U�Dsd$7)6IA]F�HJD ~'D#W.O�HIF�H�W.:�> � HJO$Y.P)w$P)Y.HJYJ7 8$=';<;<H ='>.Q�:�;<HJD5Y Q�P)w�HJ>
Y.P)GqW.wl='>.HJD#F�H�P)D��.HJO$Y.P)w�P+Y.HJY.HJDNn U�>

i < n− λ− 1
7

�

�THaY.Uhc�>.U�c�UtW.P)Y.P)U�D�HJ>kQ�P)w�HJ>*UtW*n ~'G)Q�HJD#F�HaO�U�>.U�G)Gq='>�U�; ^�U�;<U�Y.U�c�P)HJD =lnoHJD c�>XMkW.HJD �YX='Y.P)U�D	7

� (+0�( � � /10 �
?-A ��? � H i \ V0 × I = W−1 ⊂ W0 ⊂ · · · ⊂ Wn = W MPK M`O uBK I \VMPO$c
X E X i fWO �:\�� M`K

πi(∂+Wλ) ∼= πi(Wλ) ∼= πi(W )
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�L�  � 
 � � �]i D O�U�;<cU�D�HJD�YL=ln >X='D#F�HJD U�Q F�HJD Y.>X='D#W.w�HJ>XW.H<F�PqW.O
HJ>kHJD}F�H{n U�>.;N='Y.P)U�D#W.>.HJY.>X='O$YJ7

k fWK i < λ < n − i − 1 n 	 uZM � i M QTX_a�H i \ π1(W ) = 0 f d dim W > 4 �
FGE MPK

π1(∂+Wλ) = 0 k fWK 2 ≤ λ ≤ n− 3 n
� MPH i \ n |�U�>aHJY�n =�W.Y i

HJ>�n U�>XW.O�HJG)G)HJDyc$�
Wλ

U�Q
Wλ+1

HJD#F�HJG)P+Q�YT;(='D�Q�H<F�P+W �.:�D�O�Y.H

(λ + 1) � ^#='D�O�H�x�;<HJD Wp� HJ>
πi(Wλ) ∼= πi(Wλ+1)

n U�>
i+1 < λ+1

xtF�w�WJ7
i < λ

xlP�n ~'G)Q�Hjc�>.U�c�UtW.P)Y.P)U�D d$7)6IA$7 v G)YXWp�fHJ>
πi(Wλ) ∼= πi(W )

7

|�U�> WX=';N;<H n =�W.Y.H
i
KHJY.>X='Q�Y.HJ> w$P F�HJD F�:#='G)H c�>XMkW.HJD�YX='Y.P)U�D Y.P)G O�U�KU�>XF�PqW.;<HJD

(Wλ;V0, ∂+Wλ)
 
∂+Wλ × I = W ′

−1 ⊂ W ′
0 ⊂ · · · ⊂ W ′

λ = Wλ.
|�U�>XWXO�HJG)G)HJD ;<HJG)G)HJ;

Wλ−i
U�Q

Wλ−i−1
HJ> D�U�Q�G+H

(λ− i) � ^#='D�O�H�7�|#U�>XW.O�HJG)G)HJD ;<HJG)G+HJ;

W ′
i

U�Q
W ′
i−1

W.w'='>.HJ> Y.P)G#F�HJY F�:#='G)H�7 v G)YXWp�TK�HIW.Yp�'>on U�>XW.O�HJG)G)HJD�Hk;<HJG+G)HJ; F�Hf;NM*>.O�HIF�H
^#='D�O�H =ln

(n − (λ − i − 1)) � ^#='D�O�H n U�> i = −1, . . . , λ
7k�THJ> n U�>Nn ~'G)Q�HJ>(F�HJY =ln

c�>.U�c�UtW.P)Y.P)U�D d$7)6IA$x ='Y

πi(∂+Wλ) ∼= πi(Wλ)n U�>
i+1 < n−(λ−(−1)−1)

xtF�w$WI7
i < n−λ−1

x'^�w�P)G+O�HJY4w$P+W.HJ>oF�HJYj~'D#W.O�HIF�H�7
�

i D Y.P+D�Q�x�WXU�; K�G)P)w�HJ>�D#~�F�w�HJD#F�P+Q�WXHJD�HJ>.H�x!HJ>a='YaO�:�D�D�H n � HJ>.D�Hh^#='D�O�H�7!�THJY�n ~'G)Q�HJ>
=ln WXM*Y.D�P+D�Q<R�7`A'�NU�; npU�>.^�U�GqF�HJYf;<HJG)G+HJ;gi :�G)HJ>fO'='>X='O$Y.HJ>.P+W.Y.P)O$O�HJD U�QN^#='D�O�H�x�='Yfw$P
='G+F�>.P+QhOl='D U�c�D$�(WX=';<;<H�^#='D�O�HJG)HJQ�HJ;NHLw�HIF}='Ykn �.HJ>.D�HLHJD}HJD�O�HJG)Yf^#='D�O7 �THJ>.P);NU$F
w$P+W.HJ>oF�HJYjW.P)Q�x'='Y ;N='D :�D#F�HJ>jF�Hk>.HJY.Y.HkU�;NW.YXM*D#F�P)Q�^�HIF�HJ>oQ�U�F�Y Ol='D nt��WX=';<;<H�^#='D �O�HJG)HJQ�HJ;NH]w�HIF ='Y�n �.HJ>.D�H]Y.U D#='K�U�^#='D�O�H�7 % P�^#='>�n ='O$Y.P+W.Oh='G)G)HJ>.HIF�H�W.HJY�HJY*HJO$W.HJ;NcHJG
c$�hF�HJY.Y.Hsn M*D�U�;<HJD c$� &#Q�:�>Tb$7 | P)Q�:�>.HJD w�PqW.HJ>Jx�^5w�U�>XF�='D

D3 ∪H1 ∪H2 ∼= Solid torus ∪H2 ∼= D3.
[TMkW.Y.H*HJO$WXHJ;<cHJG$Q�HJD�HJ>X='G)P+WXHJ>.HJ>oF�HJD�D�H*O�U�D#W.Y.>.:�O$Y.P)U�D	x�;<HJD n ~'>XW.YoHJD K�HJ;NM*>.O$D�P)D�Q�7

� M ^ ILKpU�O i O d d$7)6Im n v D�YX='Q�x$='Yjw$P ^#='> HJD(W.P+Y.:#='Y.P)U�D	x�^5w�U�>�w�P O�G+M*K�HJ>jHJD WX=';<;<HJD �^#M*D�Q�HJD#F�H];N='D�Q'npU�GqF�P)Q�^�HIF
M
;<HIF >X='D#FNWX=';<;<HJD ;<HIF

Dn w$P+= Dn−1 P)D#F�G)H �.>.HJY P
>X='D#F�HJD	x$F�w$WJ7

M ∪Dn−1 Dn 75�THJY W.w'='>.HJ> Y.P)G F�HJD<HJD�Hf^#='G)w$F�HJG=ln�HJD 0 � ^#='D�O�7 �}O�w$P �w'='G)HJD#W.HJDN=ln!F�H]Y.UL;<HJY.U�F�HJ>jY.P)G ='Y c$��WXM*Y.Y.Hf^#='D�O�H]w�P+WXHJ>Jx5='Y W.P)Y.:#='Y.P+U�D�HJDNW.w'='>.HJ>jY.P)G
='YTO�G+P+W.Y.>.H

M
U�Q

Dn WX=';<;<HJD%w�Pq=<Y.:�K�:�G+M*>.H U�;<HJQ�D�H U�;<O$>.P)D�QNHJYTc�:�D�O�YJ7 v G)YXWp�
HJ>�F�HJ>�YX='G+HaU�;gHJD WX=';<;<HJD�^#M*D�Q�HJD#F�Hs>X='D#F�W.:�; x#F�w�WJ7

M ∪Dn−1 Dn ∼= M]bD
n ∼= M,

^�w�U�>fF�HJD}W.P+F�WXY.H�F�P$*�HJU�;<U�> & n ~'G)Q�HJ>k=lnoc�>.U�cUtW.P+Y.P)U�D m$7)6 Z�7
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Dλ

Dn−λ

{ {

 

µ(Sλ−1 x Dn−λ)

µ(Sλ−1 x Sn−λ−1)+

�L�] � 
�� � � ����WXM*Y.D�P)D�QN=ln F�P+W.O�7

� � �V<�6�� < � �
?-A ��?���i f u k E XtX'MPK Dn \`f ^ u �  d SbK � � k fWK 0 ≤ λ ≤ n− 1 n " O$X E d �E X H i a E KYMPO i O F QmM��PK i O d
µ : Sλ−1 ×Dn−λ ∪

Sλ−1×Sn−λ−1

+

Dλ × Sn−λ−1
+ → ∂+W,

a�H"fWK Sn−λ−1
+ M`K F MPO � HVK�M a E QTHP\ k ILK�M �_f d W M`K MPO n c ^hE O d�k f7Q FWi d aZM FR^ M F M`O

K E O F U7f ^ ubfWOBMPO+X ∂+W n o M`XDH i d � K �eMPK E X i O F Q�M��PKlM MPO F M Q E k K E O F MPO k fWK Dn �
\`f ^ \PH E K�MPK X i Q Sn−1 k K E XtK S�UVU7MPX MPO � g MPO (n − 1) c FWi \jU (Dλ)◦ × Sn−λ−1

−
n � E Og M ^ ILKjU7MPK � E X Sn−1 k K E XtK S�UVU7MPX�MPO � g M`O (n− 1) c FWi \ U MPKeMPO (n− 1) c FWi \jU n

C�EGF f7\ g M`O  XtX'M µ |Sλ−1×Dn−λ= fλ \`f ^ u ��\`ILXtO i O d \ E k gPi Q F O i O d�k fWK MPO λ cta E OZU no MPO$OBM)a E OZU_X i Q k � �`MPK Dλ×Dn−λ ^ M F K E O F Dλ×Sn−λ−1 X i Q ^hE O dlk fWQ FWi d aZM F MPO n
��i U E O f u k E XtX'MDa E QTH F M Q�MPO E k F M`O$OBMeK E O F \`f ^

Sλ+ × Sn−λ−1
+ = Dλ × Sn−λ−1

+ ⊂ Dλ × Sn−λ−1 ⊂ ∂+(W + (fλ)),

a�H i Q U7MPX \ H E KlMPKeX i Q�M`O i O F Q�M��PK i O d
fλ+1
+ : Sλ+ × Sn−λ−1

+ → ∂+(W + (fλ)).

� H i \DH i \`MPK u �NMPO F O$S MPO K�M \ XtK i U�X i fWO E k µ � d i H"MPK F MPXLf�\
fλ+1
− : Sλ− × Sn−λ−1

+ → ∂+(W + (fλ)),

a�H"fWK fλ+1
− = µ |

Dλ×Sn−λ−1
+

n � fWKlM \)X�f i O F Q�M��PK i O d MPK ^ � F M \ i Sλ−1×Sn−λ−1
+ �:f d

U E O F M`K k fWK�\PX  UJU7M \ \ EG^ ^ MPO X i Q
gλ+1 : Sλ ×Dn−λ−1 → ∂+(W + (fλ)),

FGE
Sλ ×Dn−λ−1 = Sλ− × Sn−λ−1

+ ∪
Sλ−1×Sn−λ−1

+

Sλ+ × Sn−λ−1
+

n � H i \eH i k fWK MPX
� �VM g Q i U \PXtS F MPKlM`K (fλ) + (gλ+1) � \ � \`MPK H i � E X

(fλ) = Dλ ×Dn−λ f d (gλ+1) = Dλ+1 ×Dn−λ−1,F H`\ n E X
(fλ) + (gλ+1) = Dλ ×Dn−λ ∪

Sλ−1

+
×Sn−λ−1

+

Dλ+1 ×Dn−λ−1,
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a�H"fWK Sλ+×Sn−λ−1
+ = Dλ×Dn−λ−1 n@o M`ON\ i-F \PX'M ^hE O dlk f7Q FWi d aZM F M`K M`O (n− 1) cFWi \jU n " QTX]\ � \ H E K�MPK \PS ^_^ MPOsX i Q Dn]bD

n = Dn n � MPK a E K H i�g MPO  XtX'MPX g M ^ ILKpU�O i O d
� n��  Gn � fWK�M \ ^hE O dlk f7Q FWi d aZM F W + (fλ) + (gλ+1) MPK F MPK k fGKeQ i d W ∪µ Dn n � d M`Og M ^ ILKjU7MPK ^hE O � E X µ UJQTI g MPK F M�X�f ^hE O dlk fWQ FWi d aZM F MPK�\ EW^_^ MPO Q E O d \DMPO (n− 1) cFWi \jU � \ � F MPX \ H E K�MPKeX i Q W]bD

n ∼= W n
i O�W.HJ;<c�G+HJY0w$P+W.HJ>0UtWIxl='Y Y.U�D#='KU�^#='D�O�H*:�D#F�HJ> W.c�HIz{P)HJG)G)HjK�HJY.P)D�Q�HJG+WXHJ>!Ol='Dh='D�D�:�G)G)HJ>.H
^�P)D#='D#F�HJD	7��THJY�P)D�Y.HJ>.HIWXWX='D5Y.H HJ>�D#='Y.:�>.G)P+Q�w�P+WIx ^5w�U�>XF�='D F�H HJ>�WXcHIz{P)HJG+G)H�7 [TMkW.Y.H
G)HJ;N;N=s:#F�F�>X='Q�HJ>]D�HJY.U�c HJD K�HJY.P)D�Q�HJG+W.H�x�W.U�;gHJ>kY.P+G+W.Y.>XM*O$O�HJG)P)Q�7

��� 	J,�*-,�;	��?]A �B?�C�EGF
(W ;V0, V1) HJILK�M M`O n c FWi]^ M`OZ\ i fWOBM Q�U�f g fWK FWi \ ^ M n C�EGF

fλ : Sλ−1 ×Dn−λ → V1 f d gλ+1 : Sλ ×Dn−λ−1 → ∂+(W + (fλ))

HJILK�M�X�f i O F Q�M��PK i O d MPK n " O$X E d � E X gλ+1(Sλ×{0}) MPK�XtK E OZ\PH"MPKj\ E Q ^ M FhF MPONXtK E OZ\Pc
H"M`Kp\VMY\ k ILKlM k fWK λ c�a E OZUWMPO (fλ) � f d E X F MD\jU7ILKlMPKDa i O E O F M`O i u�K I � i \ X MPX�uBSbOZU"X n	 �  O F M \eMPO FWi 
�Mpf ^ fWK  k K E W X i Q W + (fλ) + (gλ+1) � \`f ^ MPK i-F MPO+X i X'MPX'M`Osu �
V0
n

� MPH i \ n � =�F (Sλ × {0}) ∩ ({0} × Sn−λ−1) = {(x, y)} 70Sfw$P+W]w�PoU�c�n ='Y.Y.HJ> (x, y)W.U�; D�U�>XF�c�U�Gkn U�>
Sλ × {0} xjWp� O'='D w�P�M*D#F�>.H c$� Sλ × {0} w�HIF ='YNW.O$>.:�;<c�HF�HJD D�U�>XF�G)P+Q�HT^#='G+w�O$:�Q�G)HTU�Qh:#F�w�P+F�HaF�HJD W.?�F�G)P)Q�H�x$P)D#F�Y.P)G

Sλ+ × {0}
HJ>kP+D#F�HJ^�U�G+F�Y*P

HJD w$P)G)O7�'>.G)P)QhU�;<HJQ�D =ln
(x, y)

7 � Qt=�7	Y.>X='D#WXw�HJ>XWX='G)P)Y.HJY.HJD P
(x, y)

&#D#F�HIWLHJD U�;<HJQ�D
U�;<O$>.P)D�Q c�:�D�O�Y.HJYJxk^�w�U�>

Sλ × {0} � W(K�P+G)G)HIF�H}O'='D HJD#W.>.HJY.Y.HIW ;<HIF &#K�>.HJD�H P]HJDY.:�K�:�G+M*>aU�;NHJQ�D	x
Dλ
ε × Sn−λ−1 x	U�;<O�>.P+D�Q {0} × Sn−λ−1 x�� n 7�O�U�>.U�G)G+='>Lb$7`AlR�7 % P

O'='D ='G)YXWj� U�c�n ='Y.Y.H
Sλ+ × {0} W.U�;rP)D#F�G)H �.>.HJYLP Dλ × {y} 7 % HIF HJD F�P+*�HJU�Y.U�c�P*=ln

∂+(W + (fλ))
x	W.U�; HJ>aW.YX='Y.P)U�D#M*>�c$��F�HJD Y.>X='D#W.w�HJ>XW.HhW n M*>.H�x�Ol='D w$P4:#F�w$P+F�H HJD

c#=�WXWXHJD#F�HLU�;<HJQ�D	x#Wp�
Sλ+ × {0} = Dλ × {y} ⊂ Dλ × Sn−λ−1 ⊂ ∂(fλ),

;<HJD#W
Sλ− × {0} W.HJD#F�HIW :#F�HJD n U�> (fλ)

7 ��= F�P+*�HJU�Y.U�c�P)HJD WXwl='>.HJ> Y.P)G�HJD PqW.U�Y.U�c�P
=ln�c$��WXM*Y.D�P)D�QtW n M*>.HJD	xjM*D#F�>.HJ>NF�HJD P+O�O�H�c$� ^#='D�O�HJG)HJQ�HJ;<HJYJ7 �]HJY.Y.H}K�>.P)D�Q�HJ>hUtWhP
W.P+Y.:#='Y.P)U�D�HJD	x	W.U�; K�G)HJw}:�D#F�HJ>XWX~'Q�YsP HJO�W.HJ;<c�HJGjd$7)6Id$x	^5w$P)G)O�HJY�w$P+W.HJ>�F�HJYL~'D#W.O�HIF�H�7

�

% Pfw$P)GfK�HJD5?$Y.Y.H U w�HJD#W.Yp�'HJD#F�H ;<HJY.U�F�HyY.P)G]='Y(n �.HJ>.D�H
0 � U�Q 1 � ^#='D�O�HyPTHJD Q�P)w�HJDc�>XMkW.HJD�YX='Y.P)U�D	7 �THJY�HJ>kP)D#F�^�U�GqF�HJY�=lnoF�HLD#MkWXY.HaY.UNWXM*Y.D�P)D�Q�HJ>J7

��� 	J,�*-,�; �
?-A �
? " O$X E d � E X C = (W ;V0, V1) MPK M`O U7f g fWK FWi \ ^ M � a�HJfWK W MPK
\ EW^_^ M`OZabILO d M`O F Mef d V0 6= ∅ n�o E� O F M \eMPO uBKlI \`M`O$X E X i fWO E k C S F MPO 0 c�a E OZU7M n
� MPH i \ n �THJ> &#D#F�HIWfHJD c�>XMkW.HJD5YX='Y.P)U�D%c$� npU�>.;NHJD � d$7)6��jnpU�>

W
7 v D5YX='Q�x ='Y

c0 > 0
7

% M*G)QhHJD}^#='D�O
(f0)

7 ��=
W
HJ>fWX=';<;<HJD�^#M*D�Q�HJD#F�H�x U�Q<F�=

1 � ^#='D�O�HsHJ>�F�HLHJD�HIW.Y.H^#='D�O�H�x*W.U�; O'='D M*D#F�>.H%c$� ='D5YX='G)G)HJY =lnsWX=';<;<HJD�^#M*D�QtWXO�U�;<cU�D�HJD�Y.HJ>Jx ; �
W1w'M*>.H�WX=';<;<HJD�^#M*D�Q�HJD#F�H�7 v G)YXWp� &#D#F�HIWjF�HJ> HJD

1 � ^#='D�O (f1)
;NHIF HJDhHJD#F�HkP

V0×IU�QfF�HJD ='D#F�HJDsP
(f0)

7 V%HJDL^5w$P+W	HJDN6 � ^#='D�O�O$:�DL^#='>!HJDLHJD#F�H P)D#F�G)H �.>.HJY	PtHJDs� � ^#='D�O�xWp�NU�c�np?$G+F�HJ>fF�H K�HJY.P)D�Q�HJG+W.HJ>.D�HLP WXM*Y.D�P)D�Q�d$7)6 Z�x�F�w�WJ7='YTF�H ='D�D�:�G)G)HJ>.HJ>]^�P)D#='D#F�HJD	7
8b�'G)HIF�HIWL^#='>aw�P HJD ;<HJY.U�F�HhY.P)G ='Ya>.HIF�:#z{HJ>.H(='D�YX='G)G)HJYa=ln

0 � ^#='D�O�H(;<HIFyHJD	7
v G)YXWp�

O'='D w�P�n �.HJ>.D�HLF�HJ; ='G)G)H�7
�

��� 	J,�*-,�; ��?-A !
?LC�EGF C = (W ;V0, V1) HJILKlM M`O n c FWi]^ MPOZ\ i fWOBMPQ1U�f g fGK FWi \ ^ M ^ M F
V0 6= ∅ f d \ EW^_^ MPOZaZILO d MPO F M � W MPO1U7M QTX]\ EW^_^ MPOZabILO d MPO F MDf d n ≥ 5 n 	 �  O F M \
MPO uBKlI \`MPO+X E X i fGO S F MPO 0 c5f d 1 c�a E OZUWM n
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� MPH i \ n B n ~'G+Q�H�WXM*Y.D�P+D�Qad$7)6I�TO'='Dhw$P�='D�YX='Q�H�x5='Y w$P�='G+G)HJ>.HIF�H ^#='>on �.HJ>.D�HJY 0 � ^#='D�O�HJD�H�7v G)YXWp� HJ>
∂+W0 = V0 × {1}

W =';<;<HJD�^#M*D�Q�HJD#F�H�7 v D5YX='Q�x�='Y
c1 > 0

7 % M*G)Q<HJD
1 �^#='D�O

(f1)
x�WX='; Y HJD(O$:�>.w�H

L1 : t 7→ (t, q) ∈ D1×Sn−2 n U�> q
n =�W.YJx$F�HJ> Gq~'KHJ> c$�

>X='D#F�HJD�=ln!^#='D�O�HJD	7��]HJD�D�HTO$:�>.w�HfHJ>�Q�G+='Y U�Q W.OlM*>.HJ>�F�HJD(Y.>X='D#WXw�HJ>XW.HTW.n M*>.H]Y.>X='D#W �w�HJ>XWX='G+Y0P$D�HJY.U�c HJY c�:�D�O$YJ7'u�:�>.w�HJD#WoHJD#F�HJc�:�D�O$Y.HJ>
qi = (i, q), i = ±1

G)P+Q�Q�HJ>0K�HJQ�Q�H
P
∂+W0

7'��=aF�HJD�D�Hk;N='D�Q'n U�G+F�P)Q�^�HIF HJ> WX=';<;NHJD�^#M*D�Q�HJD#F�HkOl='DhF�H*n U�>.K�P)D#F�HIWo;<HIF
HJD Q�G+='YLW.P);<c�HJG O$:�>.w�H�x

L2
x!P)n ~'G)Q�HhO�U�>.U�G+G+='> b$7`�$7  P)GqWX=';<;<HJD Q�P)w�HJ>

L1
U�Q

L2
UtW

HJD W.P);NcHJG�G):�O$O�HJY O$:�>.w�H�x
S1
x W.U�; Ol='D ='D�YX='Q�HIWhQ�G+='YJ7 ��=%c$��W M*Y.D�P)D�QtWXW n M*>.HJ>.D�H

n U�>�F�H�='D#F�>.H
1 � ^#='D�O�Ha:#F�Qt~'>�HJD#F�HJG+P)Q�Y ;(='D�Q�H]c�:�D�O$Y.HJ>*Ol='D S1

x$wlM*G)Q�HIW :#F�HJD�U�;
F�HJ; 7!�THJ> n U�>LG)P)Q�Q�HJ>

S1
P
∂+W1

7�����WXM*Y.D�P)D�QtWXW.n M*>.HJ>.D�Hhn U�>
2 � ^#='D�O�HJD�HN:#F�Qt~'>sHJDO�U�;<c#='O$Y*F�HJG);NM*D�QtF�Ha=ln

∂+W1
7 % P�Ol='D�F�HJ> npU�>kw'M*G)Q�H

S1
Y.>X='D#WXw�HJ>XWX='G	;<HIF F�P+WXW.H

c$��WXM*Y.D�P+D�QtWXW n M*>.HJ>J7 ��=
dim S1 + dim S1 = 2 < 4

n ~'G+Q�HJ>fF�HJYf=ln Y.>X='D#W.w�HJ>XWX='G)P+Y.H �Y.HJD	x ='Y
S1
P)O�O�HaW.O'M*>.HJ>�F�P+WXWXH�x�F�w�WJ7#='Y

S1
G+P)Q�Q�HJ>*P

∂+W2
7#B n ~'G+Q�HTO�U�>.U�G+G+='>fd$7)6{RhHJ>

∂+W2
HJD�O�HJG)YXWX=';<;NHJD�^#M*D�Q�HJD#F�H�x Wp�

S1
HJ>kD5:�G+^�U�;<U�Y.U�c	7

% M*G)Q HJY*c�:�D�O�YkP
∂+W1

x�WXU�; P+O�O�H]^#='>kD�U�Q�HJY*='Y*Qt~'>.Ha;<HIF F�H�Y.>X='D#W.w�HJ>XW.HLW n M*>.HJ>
n U�>T6 � ^#='D�O�HJD�H�U�Q c$��WXM*Y.D�P)D�QtWXW.n M*>.HJ>.D�H]npU�> 2 � ^#='D�O�HJD�H�78b�)&#D#F�HIW�HJD U�;<HJQ�D U�; �O$>.P)D�Q c�:�D�O�Y.HJYk;NHIF W =';<;<HTHJQ�HJD#W.Ol='K	7#��=

W1]bD
n ∼= W1

O'='D�w�P�O$G+M*KH
Dn c$�

W1
P!c�:�D�O$Y.HJY�:#F�HJD}='Y�M*D#F�>.Hsc$�<F�P+*�HJU�;<U�> &#O�Gq=�WXW.HJD	7 � P)Q�HIW.U�;gP	HJO�W.HJ;<c�HJG!d$7)6Id

HJ>
Dn ∼= (f2) + (f3)

7 �THJYkQ�P)w�HJ>kUtW�HJD%A � U�Q<HJD}@ � ^#='D�O�x Wp�
W1

∼= W1 + (f2) + (f3).
B F�HJY.Y.HLY.P)G�n M*G+F�HfHJ>

(f2)
� Wkc$��WXM*Y.D�P+D�QtWXW n M*>.H�x

S2
x�D5:�G)^�U�;NU�Y.U�c w�P+= HJD P)D#F�G)H �.>.P)D�Q�x

F�=LF�HJDNHJ>jP)D#F�G)H �.>.HJY W.U�; >X='D#F�HJDNc$�LHJDNF�P+W.O�7��T=LK$��F�H
S1
U�Q

S2
HJ> D�:�G)^�U�;<U�Y.U�c�H

P
∂+W2

x$HJ>*F�H]P+WXU�Y.U�cHTP�n ~'G)Q�HfWXM*Y.D�P)D�Qhb$7)6IA$x�F�=
dim ∂+W2 ≥ 4

7�B W.U�Y.U�c�P)HJD Q�P)w�HJ>
UtWJx#='Yfw�P	O'='D c$��WXM*Y.Y.H

(f2)
G+='D�QtW

S1
7 v G)YXWp� HJ>

W2
∼= W1 + (f2) + (f3) + (2− ^#='D�O�H )
∼= W0 + (1− ^#='D�O�H ) + (f 1) + (f2) + (f3) + (2− ^#='D�O�H )
∼= W0 + (1− ^#='D�O�H ) + (f 3) + (2− ^#='D�O�H ),

^�w�U�>4w$P5P$W.P+F�W.Y.H WXO�>.P+F�Y0KHJD�?�Y.Y.HJ>oWXM*Y.D�P)D�Q�d$7)6 Zkc$�
(f1)

U�Q
(f2)

7'�]HJD�D�H�c�>.U�z{HIF�:�>.H
Y.P)G	='Ykn �.HJ>.D�H

1 � ^#='D�O�H Ol='D�n U�>.YXWXM*Y.Y.HIWJx P)D#F�Y.P)G	F�HJ>kP)O$O�HaHJ> �#HJ>.H�7 �

��=
(n − 1) � U�Q n � ^#='D�O�HNP�HJD c�>XMkWXHJD5YX='Y.P)U�D W.w'='>.HJ>sY.P)G 0 � U�Q 1 � ^#='D�O�H(n U�> F�HJDF�:#='G)H�c�>XMkW.HJD�YX='Y.P)U�D	x#O'='D w�P x�^�w�P+W

V1
HJ>�WX=';<;<HJD�^#M*D�Q�HJD#F�H�x�n U�>.K�HIF�>.Ha:#F�WX='Q�D�HJY

P�WXM*Y.D�P)D�Qhd$7)6Ib Y.P)G x�='Y C ^#='>*HJD�c�>XMkW.HJD5YX='Y.P)U�D�:#F�HJD 0 � x 1 � x (n− 1) � U�Q n � ^#='D�O�H�7

d$7`@$7 �q/$,��B< (+; � / 	V0�* .G<�0�? � =�F
(W ;V0, V1)

w'M*>.H(HJD
n � F�P);<HJD#WXP)U�D�HJGjO�U�K�U�> �F�P+WX;<H�x�^5w�U�>

W
HJ>kO�U�;<c#='O$YkU�Q<U�>.P)HJD5Y.HJ>.K#='>J7 % M*G)Q HJD c�>XMkW.HJD�YX='Y.P)U�D

W−1 = V0 × [0, 1] ⊂ W0 ⊂ W1 ⊂ · · · ⊂ Wn = W,
n U�>(O�U�K�U�>XF�P+W.;NHJD	7 % P]O'='D U�c�n ='Y.Y.H F�H Y.>X='D#W.w�HJ>XW.H W n M*>.HJ>Jx

βn−λj

x n U�>
(λ − 1) �

^#='D�O�HJD�HTU�QLc$��WXM*Y.D�P)D�QtW W n M*>.HJ>.D�H�x
αλ−1
i

xtn U�>
λ � ^#='D�O�HJD�H�x�W.U�; G+:�O�O�HIF�HfF�HJG+;N='D�Q �n U�G+F�P)Q�^�HIF�HJ>k=ln

∂+Wλ−1
x#F�HJ>]W.OlM*>.HJ>k^�P+D#='D#F�HJD Y.>X='D#W.w�HJ>XWX='G)Ykc�Qt=�7�O�U�>.U�G+G+='>fb$7`A�A$7

��=

dim ∂+Wλ−1 = n− 1 = λ− 1 + (n− λ),
n ~'G)Q�HJ> F�HJYj=lnK�HJ;NM*>.O$D�P)D�Q�b$7`A�6'xt='YjF�HkW.O'M*>.HJ> ^�P)D#='D#F�HJDhP�HJD#F�HJG)P)Q�Yo;N='D�Q�H*c�:�D�O �Y.HJ>J7
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�THJY�Q�P)w�HJ> UtW(; :�G)P)Q�^�HIF n U�> ='Y F�H�&#D�HJ>.H W.D�P)Y.YX='G+G)HJY
[αλ−1
i : βn−λj ]

xkW.H%K�HIW.O$>.P �w�HJG+WXHTP	=ln W.D�P)Ykb U�;_KHJQ�>.HJK�HJ>J7#|�U�>.Y.HJQ�D�HJY�K�HIW.Y.HJ;<;NHIW w�HIF�x#='Y�F�HJ>�n U�>k^5w�HJ>k^#='D�O
w'M*G)Q�HIW HJDhU�>.P)HJD5Y.HJ>.P+D�QTc$��O�HJ>.D�HJD

Dλ×{0} 7�S]w�P+W cλ, cλ−1 > 0
O'='Dhw$P�U�>.Qt='D�P+WXHJ>.H

F�P+W W.HkW.D�P)Y.YX='G�P�HJD
cλ−1×cλ �

;(='Y.>.P+��x
Mλ
x5^5w�U�>jHJG)HJ;NHJD5Y.HJ>.D�H�HJ>

[αλ−1
i : βn−λj ]

n U�>

1 ≤ j ≤ cλ−1
U�Q

1 ≤ i ≤ cλ
7 � =�F

Cλ
K�HJY.HJQ�D�HhF�HJD}n >.P)H ='KHJG+WXO�HsQ�>.:�c�c�Hsn >.HJ; �K�>X='Q�Yo=ln

λ � ^#='D�O�HJD�H Hλ
1 , . . . ,Hλ

cλ

7l|�U�>
cλ = 0

HJ>
Cλ
F�HJD Y.>.P)w�P+HJG)G)H Q�>.:�c�c�H ;<HIFsHJY

HJG)HJ;NHJD5YJx5;NHJD#W
Mλ

U�Q
Mλ+1

HJ> HJDN^�HJD�^�U�GqF�W.w�PqWjY.>.P)w$P)HJG
cλ× 1 � ;(='Y.>.P+�hU�QsY.>.P)w$P)HJG

1 × cλ+1 �
;N='Y.>.P+��7ijY]HJG)HJ;NHJD5Y ∑

miH
λ
i

P
Cλ
O'='D%WXO�>.P)w�HIW]W.U�;

(m1, . . . ,mcλ)t
7

V%HIF F�HJD D�U�YX='Y.P)U�D}F�H�&#D�HJ>.HJ>fw�P	HJD}=ln K�P)G+F�D�P+D�Q

∂λ : Cλ → Cλ−1; v 7→ Mλv,
F�w�WJ7='Y

∂λH
λ
i =

∑

[αλ−1
i : βn−λj ]Hλ−1

j

7u�U�K�G+P)D�Q�HJD%;NHJG)G)HJ; F�P+W W.Han >.P)HsQ�>.:�c�c�HJ>
U�QhO�U�K�U�>XF�P+W.;<HJD HJ>kP+D#F�^�U�G+F�HJY�=ln4n ~'G)Q�HJD#F�HLWXM*Y.D�P+D�Q�7
��� 	J,�*-,�; �
?r= � ? o MPK d I Q F M`K � E X {Cλ, ∂λ} MPK MPXYU�I F M U�f ^ u+Q�M UV\ ^ M F \ EW^_^ M
abf ^ fWQTf d i \Pf ^ (W,V0) �

F HP\ n H?(C?) = H?(W,V0)
n

8$M*Y.D�P)D�Q�HJD Q�P)w�HJ>aUtWaHJD ;<HJY.U�F�HhY.P)G ='YLU�c�D$� O�HJD#F�WXOl='K Y.P+G HJD O�U�KU�>XF�P+WX;<HIW�^�U �;<U�G+U�Q�P 7 % P�W.O'='G�W.H]c$��x�^�w�U�>XF�='D w�P�Ol='D�M*D#F�>.H�c$� ;N='Y.>.P+z{HJ>.D�H�x$^5w$P)G)O�HJY WXwl='>.HJ>�Y.P)G
='Y &#D#F�HLHJD}D5?�c�>XMkW.HJD5YX='Y.P+U�D npU�>kHJD}O�U�KU�>XF�P+WX;<H�7

% P5O'='G+F�HJ>
(Cλ,Mλ)

npU�>4HJDsc�>XMkW.HJD�YX='Y.P)U�D#W ^�U�;<U�G)U�Q�P+F�='YX=�7 �]HJ> HJ>0Y.>.H HJG)HJ;<HJD�YXM*>.H
WX~#�.G)H�� >XM*O$O�H � U�cHJ>X='Y.P+U�D�HJ>kc$�h;N='Y.>.P+z{HJ>J7

E1

 ; K5?$Y.D�P)D�Q<=lnoY.UNWX~#�.G)HJ>*HJG)G)HJ>*Y.Uh>XM*O$O�HJ>J7

E2
�}D#F�>.P)D�Q<=ln npU�>.Y.HJQ�D c$�hHJD%WX~#� G+H]HJG)G+HJ>�>XM*O$O�H�7

E3
v F�F�P+Y.P)U�D =ln HJD}W ~#� G)H � >XM*O$O�H7�jY.P)G�HJD}='D#F�HJD}W ~#� G)H � >XM*O$O�H7�X7

v D5YX='Q�x ='Yhw$P�npU�>hHJD O�U�K�U�>XF�P+W.;NH ;NHIF c�>XMkWXHJD5YX='Y.P)U�D	x P xjQ�HJ>.D�H w$P)G*:#F$n ~'>.H HJD=ln*U�cHJ>X='Y.P+U�D�HJ>.D�Hhc$� HJD ;N='Y.>.P+�
Mλ
x0Wp��F�HJD K�G)P)w�HJ>�Y.P)G

M
′
λ

7!S]w$P+WTw�P O'='D &#D#F�H
HJD ='D#F�HJD c�>XMkW.HJD5YX='Y.P+U�D npU�> O�U�KU�>XF�PqW.;<HJD	xoW.U�;9^#='> D�HJY.U�c F�HJD�D�H D5?�H�;N='Y.>.P$�
P�W.P+Yh^�U�;<U�G)U�Q�P+F�='YX= P�W.Y.HIF�HJY<npU�>NF�HJD Qt=';<G)H�x Wp� W.P+Q�HJ> w$P xj='Y<U�c�HJ>X='Y.P)U�D�HJD O'='D
:#F$n ~'>.HIW<Q�HJU�;<HJY.>.PqW.O7 Vy='D W.HJ>Jx ='Y

E1
W.w'='>.HJ>hY.P)G�='Y<U�;<D�:�;<;<HJ>.HJ>.H Y.U ^#='D�O�H�7

�THJD O'='D�='G+YXWp�s:#F$n ~'>.HIWkQ�HJU�;<HJY.>.PqW.O7 
 c�HJ>X='Y.P)U�D�HJD
E2
W.w'='>.HJ>*Y.P)G x�='Y�;(='D�WXO�P�n Y.HJ>

U�>.P)HJD�Y.HJ>.P)D�QTc$�
Dλ×{0} npU�>4HJD ^#='D�O�7'�T=]HJD Wp��F�='D U�>.P+HJD5Y.HJ>.P)D�QTwlM*G+Q�HIW0w$P)G)O7�'>.G)P)Q�YP0F�H�&#D�P+Y.P)U�D�HJD}=lnjW.D�P)Y.YX='G)G+HJYJx$O'='D}F�HJDyM*D#F�>.HIWJx ^�w�U�>.w�HIF

E2
:#F$n ~'>.HIW]Q�HJU�;<HJY.>.P+W.O�7

Vy='D Ol='D w$P+W.H�x	='Y
E3
U�QtWp��O'='D :#F$n ~'>.HIWLQ�HJU�;<HJY.>.P+W.O�7 % P WX=';<G+HJ>]>.HIW.:�G+YX='Y.HJ>.D�H<P

n ~'G)Q�HJD#F�HLWXM*Y.D�P)D�Q�x#WXU�;_w�P!z{P)Y.HJ>.HJ>�np>X=hufUtW.P)D#W.O$P ��� ��� x#WJ7!6{R�Z��X7
��� 	J,�*-,�; ��?r=@A+? C�E�F

(W ;V0, V1) HJILKlM�MPO_U�f g fWK FGi \ ^ M ^ M F W,V0 \ EW^_^ MPOZabILO+cd M`O F M n � i H"M`X λ k fWK 1 < λ < n � U E O F MhM Q�M ^ MPO$X�ILK�Me\ � � Q�M�f u1MPK E X i fWO�MPK E1 − E3
f d F MPK�M \ i O$H�MPKp\VMPK)S F k � K�M \ d M�f ^ MPXtK i \ U_S F MPO E X�u �WH i KjU7M E O F K�M ^hE XtK i �jMPKDMPO F Mλ

f d Mλ+1
n

Vy='DNO'='D(w$P &#D#F�HT;N='Y.>.P+z{HJ> npU�>�F�HJD F�:#='G+H]c�>XMkW.HJD�YX='Y.P)U�D	7�Sfw$P+W
W
HJ> U�>.P)HJD5Y.HJ>.HJYJx

w$P+W.HJ>jF�HJY�W.P)Q�xt='Y HJD(WX~#� G+HJU�cHJ>X='Y.P)U�Dhc$�sHJDN;N='Y.>.P$�sn >X=LHJD<c�>XMkW.HJD�YX='Y.P)U�D#W ^�U�;<U�G)U �Q�P+F�='YX=aWXwl='>.HJ>oY.P)G�HJDh>XM*O$O�HJU�cHJ>X='Y.P)U�Dhc$��HJDh;(='Y.>.P+�sn >X=�F�HJD<F�:#='G)Hkc�>XMkW.HJD5YX='Y.P+U�D#W
F�='YX=�7��]HJ> n U�>fO'='D};(='D	x#^5w$P+W

V1
HJ>TWX=';<;<HJD�^#M*D�Q�HJD#F�H�x:#F�D5?$Y.Y.H K$��F�H WX~#�.G)H � U�Q>XM*O$O�HJU�cHJ>X='Y.P+U�D�HJ>J7je�HIW.:�G)YX='Y.HJY K�G)P)w�HJ> n ~'G)Q�HJD#F�H W M*Y.D�P)D�Q�x�� n 7 []H �k;N='D ��� 6Id�� x WJ7

A�d��X7
��� 	J,�*-,�; �
?r=+=
?LC�E�F

(W ;V0, V1) H"ILKlMDM`O U�f g fGK FWi \ ^ M �:a�H"fWK W,V0, V1 M`K \ EW^ c^ MPOZaZILO d MPO F Msf d fWK i MPO$X'M`KlM F M n o E  O F M \sMPONu�K I \VMPO$X E X i fWO E k W � \ � E Q Q�M ^hE c
XtK i � MPK O�M Mλ MPK FGi]E d fWO E Q�M n



�������	��
�������������������	�����	�����	������� �!�����"#�$�%
�&'&'�(���)�*�$�����+������� � /
��=%;N='Y.>.P+z{HJ>.D�HNP+O�O�H(D#~�F�w�HJD#F�P)Q�w$P+W HJ> O$w'=�F�>X='Y.P+W.O�H�x0K�~'> F�HJY c�>XMkz{P+WXHJ>.HIWJx4='Y HJD
;N='Y.>.P$�(U�c�n ='Y.Y.HIW�W.U�;gF�P+='Q�U�D#='G x�^�w�PqWkF�HJD ^#='>�HJD O�w'=�F�>X='Y.P+W.O(:�D#F�HJ>.;N='Y.>.P+��x#W.U�;
HJ>�F�P+='Q�U�D#='G x�U�Q<^#='>kD5:�G)G+HJ>kc$�<F�Ha>.HIW.Y.HJ>.HJD#F�Hsc�Gq=�F�W.HJ>J7
i D R�7	Q�HJU�;NHJY.>.P+W.O}U�c�HJ>X='Y.P)U�D	x	W.U�;CM*D#F�>.HJ>Lc$��;(='Y.>.P+z{HJ>.D�H HJ>�n ~'G)Q�HJD#F�HW % Pow�HIF
n >X=hWXM*Y.D�P)D�QNd$7)6 Z�x ='Y

M ∼= M + (fλ) + (fλ+1),
^�w�P+W

fλ
U�Q

fλ+1 wlM*G)Q�HIWIx Wp� [αλ : βn−λ−1] = 1
7��]HJD�D�H Q�HJU�;<HJY.>.P+W.O�H U�cHJ>X='Y.P+U�D

c$� w�P)>.O�HJ>
Mλ+1

w�HIF ='Y*Y.P)G�n ~#�.HfHJD�HJO$WXY.>X= W ~#� G)HTU�Q >XM*O�O�H�x#WXU�; ^#='>*D�:�G)G)HJ>*c$�'D#M*>
F�HJD n M*G)G)HIW�O�U$H��Nz{P)HJD5YJxF�HJ>�HJ>�G)P)Q�6'7 
 QtWp� D#='K�U�;N='Y.>.P+z{HJ>.D�H M*D#F�>.HIW` 

Mλ
nt�'>kY.P)G �n ~#� HJYkHJD W ~#� G)H�;<HIF�D�:�G)G)HJ>kU�Q

Mλ+2
HJD}>XM*O�O�HL;NHIF(D�:�G)G)HJ>J7

v Y npU�>XW ~'Q�HTF�HJD ;<U�F�WX='Y.Y.H]U�c�HJ>X='Y.P)U�D(Q�HJU�;<HJY.>.P+W.OhHJ>�G+='D�Q�Y np>X=sY.>.P)w�P+HJG)YJ75BoHJD�W.P)Y.: �='Y.P)U�D	x'^�w�U�>jW.D�P)Y.YX='G)G)HJY ;<HJG)G+HJ; HJD c$��WXM*Y.D�P)D�QtWXW.n M*>.H*U�QaHJD Y.>X='D#W.w�HJ>XWjW n M*>.H*HJ> ±1
x

~'D#W.O�HJ>ow$P x ='Y F�HJYoHJQ�HJD5Y.G+P)Q�H�='D�YX='G#W.O'M*>.P)D�Q�HJ>4O'='DhM*D#F�>.HIWoY.P)G$D�HJY.U�c
1
7 % P�O'='D Qt~'>.H

F�HJD�D�H c�>.U�K�G)HJ;NW.Y.P+G)G)P)D�Q ;<HJ>.H<Q�HJD�HJ>.HJG 7 v D5YX='Q�xo='Y
V, V ′ HJ> F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF�HJ>

=ln
M
;<HIF

[V : V ′] = c
7�8�c�~'>.QtW.; �'G)HJY�K�G)P)w�HJ>kWp�Z �| P)D#F�HIWkF�HJ>kHJD P+WXU�Y.U�c�P!=ln4HJD =ln

F�HJG);(='D�Q'npU�G+F�P+Q�^�HIF�HJ>.D�H�x�Wj�
](V ∩ V ′) =| c | !

|#~'G+Q�HJD#F�HsWXM*Y.D�P)D�QhQ�P)w�HJ>kHJYfcUtW.P+Y.P)w�Y*W.w'='>k:�D#F�HJ>�c#=�WXW.HJD#F�HsU�;NW.YXM*D#F�P)Q�^�HIF�HJ>J7 % P
U�;hn U�>.; :�G)HJ>.HJ>jWXM*Y.D�P)D�Qsd$7`dL^�UtW V%P)G)D�U�> ��� 6�6P� x5WJ7�Z$6��4U�QsF�HJDNY.P)G+^#~'>.HJD#F�HkKHJ;NM*>.O �D�P)D�Q�7

��� 	J,�*-,�; �
?r= �
?�C�E�F
M HJILK�M M`O MPO1U7M QTX]\ EW^_^ MPOZabILO d MPO F M fWK i MPO$X'MPK�MPX (n− 1) c^hE O d�k f7Q FWi d aZM F S F M`O K E O F n " O$X E d � E X V λ−1 f d V n−λ MPK QTS�UVU7M F M4\ EG^ ^ MPO+c

abILO d MPO F M F M Q ^_E O dlk f7Q FGi d a1M F MPK � \Pf ^ \ U�ILKlM`KYa i O E O F MPO XtK E OZ\PH"MPKj\ E QTX n " O$X E d � E X
n ≥ 6 �

E X 3 ≤ λ ≤ n − 3 f d E X π1(M − V n−λ) = 1 n)o E  O F M \ i \PfWX�f u i �
ht �

E k i]F M`O$X i X'M`X'MPO u � M �Y\ � h1(V
λ−1) \jU�ILK�MPK V n−λ XtK E OZ\ H"M`Kp\ E Q[X i uBKlI � i \ X

| [V λ−1 : V n−λ] | uBSbOZU"X'MPK n
% P�w�P)GP)O$O�H]Q�P)w�H�HJY�n :�G+F�W.YXM*D#F�P)Q�Y�KHJw$P+WJ7$�THJY�O'='D &#D#F�HIW*^�UtWkV}P+G)D�U�> ��� 6�6 �t�Xx�^�w�U�>
F�HJY�W.Y.>XM*O�O�HJ>�W.P)QaU w�HJ>T6�6]W.P+F�HJ>J75[]U�Q�G)Hf=ln	P+F�HJHJ>.D�H]K#='QsK�HJw�P+WXHJY HJ> F�U�Qsw$P)Q�Y.P)Q�H*n U�>
UtWJx$n U�>XF�P	F�P);<HJD#W.P)U�D#WXKHJQ�>XM*D#W.D�P+D�Q�HJ>.D�HfP	WXM*Y.D�P)D�Q�HJD�HJ>kF�HJ; x�W.U�;_W.HJD�HJ>.HaU�c�Y.>XM �F�HJ>jP KHJw$P+W.HJY n U�>j�]HJDNQ�HJD�HJ>X='G)P+W.HJ>.HIF�H �4U�P)D#zJ='>��kn U�>.;<U�F�D�P)D�Q�7 % P�w�P+WXHJ>oW M*Y.D�P)D�Q�HJD
;<U�F�:�G)U HJYkY.HJO$D�P+W.ONG+HJ;<;N=�7

� MPH i \ n � 8�O$P)YXW.H7� S]w�PqW ='D5YX='G)G+HJY%=lnNW.O'M*>.P)D�Q�HJ> P)O$O�H HJ>yG)P)Q W.D�P+Y.YX='G)G)HJYJx &#D#F�HIWyF�HJ>;<P+D#F�W.YhY.U c�:�D�O$Y.HJ>
p, q
x W.U�; ^#='>NnpU�>XW.O�HJG+G)P)Q�H(npU�>.Y.HJQ�D	7�B n ~'G)Q�H V%P)G)D�U�> ��� 6�6P� x WI7

Z'A��	&#D#F�HIWJx0c�Qt=�70='Y
V λ−1 U�Q V n−λ HJ> WX=';<;NHJD�^#M*D�Q�HJD#F�H�x!HJD P)D#F�G+H � >.HJYaO$:�>.w�H

n >X=
p
Y.P)G

q
x!W.U�;CGq~'KHJ>aP

V λ−1 U�Q HJD np>X= q
Y.P)G

p
x!WXU�;CG+~'K�HJ>aP

V n−λ 70�THhG+~'K�HJ>
K�HJQ�Q�Hf:#F�HJD U�;

S = (V λ−1∩V n−λ)−{p, q} 7$SfHJD�w�PqW.D�P)D�Q�HJD<Y.P)GV}P)G+D�U�>jW.O�?$G+F�HIWO$:�D Y.P)G�n M*G+F�HJY
λ = 3

7	|�U�>
λ > 3

n ~'G)Q�HJ>TO�:�>.w�HJD#W�HJO�W.P+W.Y.HJD#WT=ln�W M*Y.D�P)D�Q�b$7)6�6'x�U�Q
Y.>X='D#W.w�HJ>XW ='G)P)Y.HJYkQ�P)w�HJ>Jx#='Y

S
O'='D :�D#F�QG�'HIWJ7

�THJY Q�P)w�HJ> UtW HJD Y.U�cU�G)U�Q�PqW.O P)D#F�G)H �.>.P)D�Q�x
L
xo=ln

S1 7 �THJD HJ> P)O$O�H Q�G+='Y P p
U�Q

q
7

Vy='D KHJ;(M*>.O�HJ>Jxj='Y
L
HJ>hO�U�D5Y.>X='O$Y.P)K�HJG�P

M
xonpU�>XF�P

M
HJ>hHJD�O�HJG)YXWX=';<;NHJD�^#M*D �Q�HJD#F�H�7�|�U�>.G+M*D�Q O�:�>.w�HJD P

V λ−1 np>X= p
Y.P+G

q
G)PqF�Y�P0K�HJQ�Q�H HJD#F�HJ>Jx�U�Q(Ol='G+F%F�HJD

C
7

 P)GqW.wl='>.HJD#F�HTnt��W
C ′ Q�HJD�D�HJ; q

U�Q
p
P
V n−λ 7

[]: �#?�Y.Y.HJ> w$P n U�O$:#W Y.P)G c�Gq='D�HJD
R2 7 � =�F C0

U�Q
C ′

0

wlM*>.Hq�'K�D�H W.P+;<c�G)H<O$:�>.w�HJ>



� � �������	��
�������������������	�����	�����	������� �!�����"#�$�%
�&'&'�(���)�*�$�����+�������

D

u C0

C'0

a b

�L�] ��
 � ���]�TP+W.O(P	c�G+='D�HJD	7

G1(u    C0)
u

C0

C'0

U



�L�] � 
�� � �fB W.U�Y.U�c�P!=ln
C0
P0c�G+='D�HJD	7

P
R2 x W.U�;rWXOlM*>.HJ> ^�P)D#='D#F�HJD Y.>X='D#W.w�HJ>XWX='G)Y P*D�HJY.U�c Y.U%c�:�D�O$Y.HJ> a, b

xoWj�'G)HIF�HIW ='Y
O$:�>.w�HJ>.D�HsP)D#F�HIWXG):�Y.Y.HJ>kHJD}F�P+W.O

D
x#WXH�&#Q�:�> 6Im$7 % P!O'='D wlM*G+Q�HLHJD Y.U�c�U�G)U�Q�P+W.O(P)D#F �G)H �.>.P)D�Q

φ1 : C0∪C ′
0 → V λ−1∪V n−λ x�Wp� φ1(C0) = C

U�Q
φ1(C

′
0) = C ′ ;<HIF a, bW.w'='>.HJD#F�H Y.P)G

p, q
7�V%HIF U w�HJD#W.Yp�'HJD#F�HhKHJY.HJQ�D�HJGqW.HJ>fQtM*G+F�HJ>TF�HJ>fn ~'G)Q�HJD#F�H Y.HJO�D�P+WXO�H

G)HJ;N;N=�x$WXHLV}P)G+D�U�> ��� 6�6`� x#WJ7Z'@��p 
& <�6 68/ ��?r= ��? o MPK  O F M \DMPO f ^ M d O U

E k D ��\��sH i U E O S F H i-F M φ1 |U∩(C0∪C′

0
)

X i Q�MPO i O F QmM��PK i O d φ : U × Rλ−2 × Rn−λ−1 → M � \��7Q�M F M \ E X
φ−1(V λ−1) = (U∩C0)×Rλ−2×{0} f d φ−1(V n−λ) = (U∩C ′

0)×{0}×Rn−λ−1.
�TF n >X= G)HJ;<;N='HJYhO'='D w$P�O�U�D#W.Y.>.:�HJ>.H%HJD P+W.U�Y.U�c�P

Ft : M → M
x Wp�

F0 = id
x

F1(V
λ−1)∩V n−λ = S

x�U�Q Wp�
Ft
HJ>�P+F�HJD5Y.P)Y.HJY.HJD :#F�HJD npU�>

φ
� W K�P)G+G)HIF�H�7 ��� F�HJD�D�H

; ��F�HhO'='D w�Pon �.HJ>.D�HhU w�HJ>XW.O$?$F�HJD#F�HNc�:�D�O�Y.HJ>aP c#='>Jx!P+D#F�Y.P)G4w$P U�c�D$�'>Jx0='YL='D�YX='G)G)HJY
=ln W.O'M*>.P)D�Q�HJ>kHJ>kG)P)QhW.D�P)Y.YX='G+G)HJYJ7

|�U�><='Y<F�H�&#D�HJ>.H
Ft
W.HJ> w$P*n ~'>XW.Y c$� HJD P+W.U�Y.U�c�P

Gt : U → U
xo^5w�U�>

U
HJ>hU�; �YX='G)YkP	G+HJ;<;N='HJYJ7���= w�P	K�H�&#D#F�HJ>�UtWkP	c�G+='D�HJD	x Ol='D w$P	wlM*G+Q�HaHJD P+W.U�Y.U�c�P x�Wp�

6��
G0
HJ>kP+F�HJD5Y.P+Y.HJY.HJD c$�

U
�

A��
Gt
HJ>�P+F�HJD�Y.P)Y.HJY.HJD P	HJD U�;<HJQ�D =lno>X='D#F�HJD

U − U
x
0 ≤ t ≤ 1

�
@��

G1(U ∩ C0) ∩ C ′
0 = ∅ 7

|�7�HJO�WJ7�O�:�D�D�H
Gt
W.Ha:#F W.U�;gc$� &#Q�:�> 6Id$7 % P	^#='>fK�>.:�Q npU�>�HJD =ln K�P)G+F�D�P+D�Q

ρ : Rλ−2 × Rn−λ−1 → [0, 1],
W.U�;_U�c�n ?$G+F�HJ>

(x, y) 7→
{

1 , ‖x‖ 2 + ‖y‖ 2 ≤ 1
0 , ‖x‖ 2 + ‖y‖ 2 ≥ 2.
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D
p

Vλ−1

Vn−λq

�L�  � 
�� � ��8�OlM*>.P+D�Qh;<HJG)G)HJ;
V λ−1 U�Q V n−λ P p U�Q q

7

F1(Vλ−1)

Vn−λ

�L�] ��
 � � �]e�HIWX:�G)YX='Y*H{npY.HJ>kP+WXU�Y.U�c�P!=ln
V λ−1 7

% P�Ol='D w'M*G)Q�H*HJDhO�U�D5Y.P)D�:�HJ>.Y =lnpK�P+G+F�D�P)D�Q�x WXU�; U�c�np?$G+F�HJ>oF�HJYj~'D#W.O�HIF�H�x�U�QaQt~'>.H�F�HJD
Q�G+='Ykw$^#=�7#WXM*Y.D�P)D�QNb$7 Z�7��]F n >X=

ρ
O'='D w�P	F�H�&#D�HJ>.H HJD D5? P+W.U�Y.U�c�P

Ht : U × Rλ−2 × Rn−λ−1 → U × Rλ−2 × Rn−λ−1

w�HIF

(u, x, y) 7→ (Gtρ(x,y)(u), x, y).
Vy='DyWXHJ>Jx�='Y

Ht
n U�>XW.O$?$F�HJ>

C0
;NHIF n :�G+F H�*�HJO�YTU�;<O$>.P)D�Q

U × {0} × {0} x�;<HJD#WH�*�HJO�Y.HJD =ln YX='Q�HJ>Jx�F�HIW.Y.U G+M*D�Q�HJ>.H w'M*O ;N='D HJ> n >X= F�HJD�D�H F�HJG 7kV}HJD Wj� HJ>
FtF�H�&#D�HJ>.HJY}WXU�;

φ ◦ Ht ◦ φ−1 c$� φ(U × Rλ−2 × Rn−λ−1)
U�Q P+F�HJD�Y.P)Y.HJY.HJD c$�

>.HIW.Y.HJD HJDNPqW.U�Y.U�c�P x5F�HJ>�U�c�np?$G+F�HJ> F�HJY*~'D#W.O�HIF�H�7#8�H &#Q�:�>�6 Z�n U�> HJD(w�PqW.:#='G)P+W.HJ>.P+D�Q�=ln
P+WXU�Y.U�c�P)HJD	x�W.U�;_n � HJ>.D�HJ>kY.U<W.O'M*>.P)D�QtW.c�:�D�O$Y.HJ>J7

�

�THJY HJ>(w'M*>XF ='Y(:�D#F�HJ>XW.Y.>.HJQ�H HJD wlMkWXHJD5Y.G)P)Q P)D�Q�>.HIF�P)HJD#W(P]K�HJw$P+W.HJY<n U�>�WXM*Y.D�P)D�Q
d$7`A�@$xoD�HJ;<G)P+Q%='Y

L
HJ> O�U�D�Y.>X='O�Y.P+KHJGkP

M − (V λ−1 ∪ V n−λ)
7o�THJY n ~'G)Q�HJ> =ln xo='Y

M−(V λ−1∪V n−λ)
HJ>	HJD�O�HJG+YXWX=';<;<HJD�^#M*D�Q�HJD#F�H�7 B n ~'>XW.Y.H U�;<Qt='D�Q�QtM*G+F�HJ>!F�HJYJx ='Y

V n−λ ;<P)D#F�W.Y ^#='> O�U�F�P);<HJD#W.P)U�D 3
x$HJG)G)HJ>j='Y�w�P^#='>jn U�>.:#F�WX='Y

π1(M −V n−λ) = 0
7

��=
V λ−1 ;<P)D#F�W.Y ^#='>jO�U�F�P);<HJD#W.P+U�D 3

x'n ~'G)Q�HJ>jF�HJYj~'D#W.O�HIF�H�75�THJ> n U�> &#D#F�HIWjHJD<F�P+W.O
P
M − (V λ−1 ∪ V n−λ)

;<HIF
L
W.U�; >X='D#F�70B n ~'G)Q�H W M*Y.D�P)D�Q}b$7)6�6hO'='Dyw$P U�c�n ='Y.Y.H

F�HJD�D�H}F�PqW.O WXU�; P)D#F�G)H �.>.HJYJ7j�]HJYNHJ><HJO$WXP+W.Y.HJD#W.HJD =lnaF�HJD�D�H%F�P+W.O�x W.U�; ; :�G)P)Q�Qt~'>
P)D#F�G+H � >.P)D�Q�HJD =ln4U�;<HJQ�D�HJD

U ×Rλ−2×Rn−λ−1 U�; YX='G)Y P�G)HJ;N;N='HJYJ7 % P�W.HJ>k='G)YXWp��x
='YNF�HJY(HJ>NF�P);<HJD#WXP)U�D#W.K�HJQ�>XM*D#W.D�P)D�Q�HJ>.D�H P]b$7)6�6'x�W.U�; Q�P)w�HJ>NKHJQ�>XM*D#W.D�P+D�Q�HJ>.D�H}P
WXM*Y.D�P+D�Q�HJD	7

8$M*Y.D�P)D�Qhd$7`A�@ Q�P)w�HJ> UtW�; :�G)P)Q�^�HIF<npU�>*='Y :#F$n ~'>.H�F�HJD ;NU$F�WX='Y.Y.H]U�cHJ>X='Y.P+U�D(Y.P)G�F�HJD
R�7oU�c�HJ>X='Y.P)U�D Q�HJU�;<HJY.>.P+W.O�74�THJY HJ> P)D#F�^�U�G+F�HJY =ln]D#MkW.Y.H WXM*Y.D�P)D�Q�xoW.U�; =ln W.G):�Y.Y.HJ>
=ln W.D�P)Y.Y.HJYkU�;_^#='D�O�H�7

��� 	J,�*-,�;���?r= 
@? C�EGF
Mλ HJILK�M M`O ^hE XtK i �Dk K E abf ^ f7Qmf d i-FGE X E k fGKhM`O n c FGi ^ MPO$c

\ i fWO�M Q+U7f g fWK FWi \ ^ M � n ≥ 6 ��abHJfWK W M`K M`OZU7M QTX]\ EW^_^ MPOZaZILO d MPO F M � f d V0 MPK�\ EW^ c^ MPOZaZILO d MPO F M n " O+X E d � E X F MPK f ^ Mλ
d I Q F MPK � E X F M`K f ^ F MPO�� � X'M KlI UVU7Mqf dF M`O i

� X'Mh\ � � Q�M d I Q F MPK � E X F Msa E K O$S�Q]Q�MPK)u �WO+ILK F MPO k I Q]QmM \eU�f"M �
�
i MPO$X � \`f ^ MPK

Q i d ±1 n � H i \ uBKlI \`M`O$X E X i fWOBMPO MPK�S F MPO � c�a E OZU7M �:f d π1(V0) = 1 ��U E O ^hE O k �`M`K OBM
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F M X i Q K I UJU7MPO f d \ � � Q�MPO8a � K�MPO F M a E OZU7M S F MPO E X u �WH i KpU7M F M � HVK i d M \PO i XtX E Q k fWK
3 ≤ λ ≤ n− 3 n
� MPH i \ n |#~'>XWXY w$P+W.HJ>Nw�P x�='Y ='D5YX='G)G)HJY�=lnsW.O'M*>.P)D�Q�HJ> Ol='D >.HIF�:#z{HJ>.HIW�Y.P)G]WXD�P)Y.YX='G)G)HJYJ7S]w�PqW

λ ≥ 4
x�Wp� HJ>

∂+Wλ−1
HJD�O�HJG)YXW =';<;<HJD�^#M*D�Q�HJD#F�H�x F�=

W
HJ>NHJD�O�HJG)YXW ='; �;<HJD�^#M*D�Q�HJD#F�H�x � n 7!O�U�>.U�G+G+='> d$7)6{R�7o�T=}O�U$F�P+;<HJD#W.P)U�D�HJD =ln

βn−λj

HJ> ;<P)D#F�W.Y
3
HJ>

π1(∂+Wλ−1 − βn−λj ) = 0
7 v G)YXWp� npU�>.YXM*G)G+HJ> WXM*Y.D�P+D�Q d$7`A�@$x ='Y ;N='D O'='D n �.HJ>.D�H

U w�HJ>XW.O�?�F�HJD#F�H(WXOlM*>.P)D�QtWXc�:�D�O�Y.HJ>J7!Vy='D K�HJ;NM*>.O�HJ>Jx0='YsF�HJD PqW.U�Y.U�c�P x	W.U�;CK�HJD5?$Y �Y.HIWfY.P)G!='Ykn � HJ>.D�HLU w�HJ>XW.O$?$F�HJD#F�H W.OlM*>.P+D�Q�HJ>Jx#P)O$O�HaKHJ^#~ w�HJ>]='Yf^#= w�HsD�U�Q�HJY];<HIF F�H
~ w�>.P)Q�Hac$��W M*Y.D�P)D�QtWXW n M*>.HJ>kU�Q<Y.>X='D#W.w�HJ>XW.H W n M*>.HJ>�='YkQt~'>.H�xF�=

π1(∂+Wλ−1 − (∪iαλ−1
i ∪j βn−λj )) = 0.

S]w�PqW
λ = 3

x Wp� HJ>
∂+W2

HJD�O�HJG)YXWX=';<;<HJD�^#M*D�Q�HJD#F�H�x4;<HJD W.c�~'>.QtW.; �'G+HJYTHJ>Jx4U�;
∂+W2− βn−3 HJ>*HJD�O�HJG)YXWX=';<;NHJD�^#M*D�Q�HJD#F�H"!a�THJYkW.P+F�W.Y.Hfn ~'G)Q�HJ>*=ln x�='Y ∂+W2

n >X= �Y.>.:�O$O�HJY ='G+G)H F�H�Y.>X='D#W.w�HJ>XW.H*W n M*>.HJ> ^#='>
∂+W1

np>X='Y.>.:�O$O�HJY4c$��W M*Y.D�P)D�QtWXW n M*>.HJ>.D�H n U�>
2 � ^#='D�O�HJD�H*W.U�; F�H{npU�>.;(='Y.P)U�D#W.>.HJY.>X='O$YJ7 ��=kc$��WXM*Y.D�P)D�QtWXW.n M*>.HJ>.D�Hj^#='>4O�U$F�P+;<HJD#W.P)U�D;<P+D#F�W.Y

3
x�U�Q(F�HJ>�P)O$O�HTHJ>fD�U�Q�G)H

1 � ^#='D�O�H�x�nt�'>�w�P x�='Y
π1(∂+W2 − βn−3) = π1(V0) = 0.% P	HJ>�D5:}P!HJD W.P)Y.:#='Y.P)U�D	x�^�w�U�>�HJD

λ � ^#='D�O U�QNHJD (λ− 1) � ^#='D�O W.O'M*>.HJ>k^�P)D#='D#F�HJDY.>X='D#W.w�HJ>XW ='G)Y0P�D�HJY.U�c HJY4c�:�D�O�YJxl;<HJD#W F�H P)O$O�Hj^#='> D�U�Q�HJY4;NHIFs='D#F�>.H
λ � U�Q (λ−1) �^#='D�O�H ='Y0Qt~'>.H�7 �THJY	KHJYE?$F�HJ>Jx ='Y0w�P�O'='D�n �.HJ>.D�HjF�HjY.Uk^#='D�O�Hjw$^#=�7 WXM*Y.D�P+D�Qfd$7)6 Z�7

�
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4
Z�7)6'7

h �
�+(�� (+0�9�* �J6�<�� � 	J,�*],�;+<b, ?)% Pt^#='>0P$=ln W.D�P+Y0dkHJYX='K�G)HJ>.HJY4>.HIF�W.Ol='K�HJ>.D�H Y.P+Gt='Y

w$P+W.H �THJD Q�HJD�HJ>X='G)P+W.HJ>.HIF�H��0U�P+D#zJ='>�� n U�>.;<U�F�D�P)D�QfP
5
F�P);NHJD#W.P)U�D�HJ>!U�QT^#~#� HJ>.H�7 % P�w$P)G

w$P+W.H n U�>.;<U�F�D�P)D�Q�HJDLn U�> Q�G+='Y.Y.H ;(='D�Q'npU�G+F�P+Q�^�HIF�HJ>0w�HIF ='Y4w$P+W.H�F�HJD
6 � F�P);<HJD#WXP)U�D�HJG)G)H

h � O�U�K�U�>XF�P+W.;NHIWXM*Y.D�P)D�Q�74�THJD K�G)HJw w$P+W.Ysn ~'>XW.Y.H Qt='D�Q =ln ��U�^�D V}P+G)D�U�>sP�6Ib�d�@$x W.HV%P)G)D�U�> ��� 6�6 �t�X7
��� 	J,�*-,�;��B?-AB? C�EGF C = (W ;V0, V1) HJILK�M MPO MPO1U7M QTX]\ EW^_^ MPOZabILO d MPO F M U�f ^ u E U"Xd Q E X h ctU7f g fWK FWi \ ^ M E k FWi]^ MPOZ\ i fWO n ≥ 6 n
	 � MPK C XtK i H i M Q F H`\ n E X

W ∼= V0 × I.

	 u1M � i M Q[X MPK V0
∼= V1

n
� MPH i \ n % PjO'='D P�n ~'G)Q�HhG)HJ;<;N= d$7)6Ib wlM*G)Q�HNHJD c�>XMkW.HJD5YX='Y.P+U�D =ln C :#F�HJD 0 � U�Q 1 �^#='D�O�H�7 % PjO'='D U�QtWp� n �.HJ>.D�H

(n − 1) � U�Q n � ^#='D�O�H(w�^#=�74F�:#='G)P)Y.HJYJx�� n 7!c�>.U�c�UtW.P)Y.P+U�Dd$7)6J��7  P)G#F�HJD�D�Hfc�>XMkW.HJD�YX='Y.P)U�DN^#~'>.HJ> ^�U�;<U�G)U�Q�P+F�='YX= {Ci,Mi}
7 % P#w�P+G�Q�HJ>.D�Hfw$P+W.H�x

='Y
Mi

HJ>LY.>.P)w$P)HJGonpU�> ='G)G)H
i
x0F�=%F�HJY W.w'='>.HJ>sY.P+G x	='Y

h � O�U�K�U�>XF�P+W.;NHJD ^#='>sHJD c�>XM �W.HJD�YX='Y.P)U�D}:#F�HJDy^#='D�O�H�7 % P!w$P+W.HJ>]F�HJYfw�HIF%P)D#F�:�O�Y.P+U�D	7 B D#F�:�O$Y.P)U�D#WXWXYX='>.Y.HJD HJ>]O$G+= �>.HJYJx F�=
M1

U�Q
M2

HJ>sY.>.P)w$P)HJG)G)H�7 v D5YX='Q%F�HJ> n U�>Jx4='Y
Mi

HJ>LY.>.P)w$P)HJGon U�>
i ≤ λ

n U�>

2 ≤ λ ≤ n− 3
78�Hac$�

Mλ+1
7 v n WXM*Y.D�P+D�Qhd$7`A�A n ~'G)Q�HJ>kF�HJYJx#='Ykw$P�Ol='D ='D�YX='Q�H�x ='Y

Mλ+1
HJ>�F�Pq='Q�U�D#='G 7#��=hw�P	WX='; Y.P+F�P)Q w�HIF�n >X=hWXM*Y.D�P)D�QNd$7`A'��x='Y

Cλ/Im ∂λ+1 = Ker ∂λ/Im ∂λ+1 = Hλ(W,V0) = 0
; �

Cλ = Im ∂λ+1
7l�THJ> n U�>oHJ> HJG+HJ;<HJD5Y.HJ>.D�H*c$��F�P+='Q�U�D#='G)HJD G)P)Q ±1

xlF�=
∂λ+1

HJG)G)HJ>XW
P)O$O�H�HJ>fW.:�> �.HJO�Y.P+w7

|�U�>
λ ≤ n − 3

QtM*G+F�HJ>(F�HJ> F�HJ> npU�>(P�n ~'G+Q�H WXM*Y.D�P)D�Q d$7`A�m$x�='YNw$PfO'='D n � HJ>.D�H
λ �^#='D�O�HJD�H�:#F�HJD ='YsY.P)G�n ~#�.Hh^#='D�O�H(n U�>

j ≤ λ
7 v G)YXWj� K�G)P)w�HJ>

Mi
��HJ>.D�H(Y.>.P)w$P)HJG)G+H n U�>

3 ≤ i ≤ n− 2
7#��=hF�Hawl='>*Y.>.P)w$P)HJG)G)HfnpU�>

i = 1, 2, n− 1, n
n >X=hW.YX='>.Y.HJD	x�n ~'G)Q�HJ>kF�HJYJx

='Yh='G)G)H(;N='Y.>.P+z{HJ>.D�H HJ> Y.>.P)w�P+HJG)G)H�7 v G)YXWp�}^#='>
(W ;V0, V1)

HJD c�>XMkW.HJD5YX='Y.P+U�D :#F�HJD
^#='D�O�H�x#;NHJD Wp� HJ>

W ∼= W−1 = V0 × [0, 1]
7

�

B K�HJw�PqW.HJYhn U�>Nn U�>.;<U�F�D�P)D�Q�HJD nt�'>Nw$PfK�>.:�Q n U�>(�THJD Q�HJD�HJ>X='G+P+W.HJ>.HIF�H 8$z ^�U�HJD��#P+HIW
WXM*Y.D�P+D�Q�x#W.U�;_w�P	w'M*G)Q�HJ>�='Yfz{P+Y.HJ>.H�np>X=hv�>.HIF�U�D ��� 6 � x WI7 A�@�d��X7
��� 	J,�*-,�; ��?r=@? " O+X E d � E X f : Sn−1× [−1, 1] → Sn MPK MPO X�f ubf7Qmf d i \jU i O F QmM��PK i O d n	 �_MPK E k \ Q[SbXtO i O d MPOeu �Ya�H"M`K U�f ^ ubfGOBMPO$X E k Sn−f(Sn−1×{0}) abf ^ M�f ^ fWK k ^ M F
Dn n
� M ^ ILKpU�O i O d Z�7`@ n �THJY�P)D#F�QG�'> P�K�HJw�PqW.HJYJx�='Y f(Sn−1×{0}) HJ>�G)P)Q >X='D#F�HJD�c$� F�HY.U<F�P+WXO�H�7

��� 	J,�*-,�; ��? ��?LC�EGF
M H"ILKlMDM`O d Q E X n c�abf ^ fWX�f u i \ k ILK�M � n ≥ 5 n�o E MPK M f d Sn

abf ^ Mpf ^ fWK k M n
� MPH i \ n ��= M

HJ>kHJD ^�U�;<U�Y.U�c�P+W n M*>.H�n ~'G)Q�HJ>�F�HJY�=ln O�U�D�O$G):#W.P+U�D�HJD P!=ln W.D�P+Ykm$7)6'x='Y

M](−M)
HJ>LP WX=';<;<H

h � O�U�K�U�>XF�P+W.;<HhW.U�; Sn
7 % Pj^#='>s='G)YXWp� HJD

h � O�U�KU�>XF�P+WX;<H

(W ;M](−M), Sn)
7 v D5w�HJD#F WXM*Y.D�P)D�Q Z�7)6�c$� C = (W ;M](−M), Sn)

x$Wp��n ~'G)Q�HJ>
F�HJYJx ='Y

M](−M)
HJ>]F�P+*�HJU�;NU�> n4;<HIF

Sn
7

� =�F
Rn
p

wlM*>.HaHJYkO�U�>.YkU�;_HJYkc�:�D�O$Y
p
7 � =�F

D
KHJY.HJQ�D�HaHJD�^�HIF�W.O$:�Q�G)HJD P

Rn
p

;<HIF

p
W.U�; z{HJD5Y.>.:�;CU�Q >X='D#F

S
7 % P Ol='D ='D5YX='Q�H�x!='Y�w$P4^#='>aF�='D�D�HJY

W = M](−M)
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w�HIF ='Y*n �.HJ>.D�H
p
U�Q<KHJD�?�Y.Y.HJY

Rn
p

WXU�;_Y.:�K�:�G+M*>kU�;<HJQ�D	7

% P4^#='>�='G)YXWp�NHJD P)D#F�G)H �.>.P)D�QN=ln
S
P
W
F�w$WJ7�=ln

Sn−1 P HJD Y.U�cU�G+U�Q�P+W.O Sn
7��THJD�D�H

P)D#F�G+H � >.P)D�Q O'='D}:#F�w$P+F�HIWkY.P)G0HJD}P)D#F�G)H �.>.P)D�Q
f : S × [0, 1] → W

x F�=NF�HJDyW.wl='>.HJ>fY.P)G
HJD P+D#F�G)H � >.P+D�Q =ln

S
P
Rn − {p} 7 �THJ> n U�>�O'='D w�P	K�HJD5?$Y.Y.HsWXM*Y.D�P+D�Q Z�7`A$x W.U�;gQ�P+w�HJ>Jx='Y =ln WXG):�Y.D�P)D�Q�HJD c$�%^5w�HJ>h=lnfF�H Y.UyW =';<;<HJD�^#M*D�QtW.O�U�;<c�U�D�HJD5Y.HJ> n U�>

W − S
HJ>

^�U�;<HJU�;NU�> npH�;<HIF HJD
n � F�P+W.O�x$F�w�WJ7�='Y�=ln WXG):�Y.D�P)D�Q�HJD�=ln M −D

HJ>*HJD F�P+WXO7 v G+YXWp�
HJ>

M
Y.U<F�PqW.O�H�x�W.U�; w�P�O$G)P+W.Y.>.HJ>*WX=';<;<HJD w$^#=�7�HJD F�P+*�HJU�;NU�> & G+='D�QtWkF�HJ>.HIW�>X='D#F�H

Sn−1 7#�THJY�KHJYE?$F�HJ>Jx='Y M
HJ>k^�U�;<HJU�;NU�> n ;<HIF

Sn
7

�

S]HJ>.;<HIF%^#='>Tw$P KHJw$P+W.YTF�HJDyQ�HJD�HJ>X='G+P+W.HJ>.HIF�H npU�>.;NU$F�D�P)D�QNnpU�>�Q�G+='Y.Y.H ;N='D�Q'n U�G+F�P)Q �^�HIF�HJ>J7 v�HJw�PqW.HJYsn U�> O�U�; K�P)D#='Y.U�>.PqW.O�H(;(='D�Q'npU�G+F�P+Q�^�HIF�HJ>sHJ> �#?�Y.Y.HJY Y.P)G D#MkW.Y.H�:�D �F�HJ>X=ln W.D�P)YTU�;\8�;N='G)HIWT='>.KH �XF�H�x	WXM*Y.D�P)D�Q}Z�7)6J��7	B�F�HJYa=ln W.D�P+Y]^#='>�w$P4U�QtWp� O$D5?$Y.Y.HJY
HJD O�U�;<;NHJD5YX='>�Y.P)G	K�HJw$P+W.HJY npU�>�Y.U�c�U�G)U�Q�P+WXO�HT;(='D�Q'npU�G+F�P+Q�^�HIF�HJ>J7

Z�7`A$7 ��6�/ � < � 68<�	V(
9�<+? �THJD n ~'>XW.Y.HLY.P+G!='Y�KHJw$P+W.Ha�THJD Q�HJD�HJ>X='G)PqW.HJ>.HIF�H)�0U�P+D#zJ='>��
n U�>.;<U�F�D�P)D�Q}n U�>

n ≥ 5
wl='>N8�;N='G+H Pk='>.Y.P)O$G)HJD 8�;N='G)H ��� A'���t�X7 % P�^#='><WXHJYhc$�%HJY

K�HJw�PqW npU�> n U�>.;<U�F�D�P)D�Q�HJD npU�>hQ�Gq='Y.Y.H ;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>JxjW.U�; P)O$O�H W.YX=';<;<HJ> n >X=
8�;N='G+H�x0;<HJD F�HJ>.P);<U�F W.YX=';N;<HJ>Ln >X=%V%P)G)D�U�>sP�V%P)G)D�U�> ��� 6�6P�t�X7 �THJ> HJ> HJD >XM*O$O�H
n M*G)G)HIW.Y.>XM*O�x�W.U�;g;N='D w$P)G	K�HJ;NM*>.O�HL=lnon ~'G+Q�HJD#F�HaU w�HJ>XW.P)Q�YfU w�HJ>�8�;(='G)HIWkK�HJw�P+W�n U�>
n U�>.;<U�F�D�P)D�Q�HJD	7

S]U w�HIF�WXM*Y.D�P+D�Q�HJD Pj8�;(='G)HIW]='>.Y.P+O�HJG HJ>a^#='D#WaST='D#F�G)HJK�U$F�?  ^�HJU�>.HJ; 7 % Pow$P)G4P+O�O�H
W.Hkc$��K�HJw$P+W.HJYJ758$M*Y.D�P)D�Q�HJD#Wj:#F�W ='Q�D<Q�P)w�HJ> Q�U�F ;<HJD�P)D�Q�x�^5w$P+Wo;N='D<W =';<;<HJD�^�U�G+F�HJ>
;<HIF�w�U�>.HIW�Y.HJU�>.P	np>X=h=ln W.D�P)Yfd$7#[]U�YX='Y.P)U�D�HJD HJ>kU�; YX='G)YkP!=ln W.D�P)Y�@$7
��� 	J,�*-,�; �B?�
@? � � E O F Q�M g f F  � aZM�fWK�M ^ �sC�EGF n ≥ 2λ + 2 f d n ≥ 5 k fWK λ = 1 n" O$X E d � E X H ∈ H(n, k, λ) � V = χ(H; f1, . . . , fr;λ + 1) f d πλ(V ) = 0 � r ≥ k n� H i \ λ = 1 �Y\�� E O$X E d� F M`KjQ i d MPKlM � E X π1(χ(H; f1, . . . , fr−k; 2)) = 0 n�o E M`K
V ∈ H(n, r − k, λ + 1) n% ^#=�7	F�HJD�D�H<WXM*Y.D�P)D�Q�U�Q F�Hh>.HIW.:�G)YX='Y.HJ>Tnp>X=�V%U�>XW.H Y.HJU�>.P)HJD	x	W.U�; HJ>�w�PqW.Y]P =ln W.D�P)Y
@$x�w$P+W.HJ>f8�;N='G)HaY.U<W M*Y.D�P)D�Q�HJ>J7

8�;N='G+H}^#M*w�F�HJ>Jx�='Y�F�HJD n ~'>XW.Y.H WXM*Y.D�P)D�Q QtM*G+F�HJ>Nn U�>
(n,m) 6= (4, 2)

xk;<HJD F�=
w$PjP)O$O�H<^#='>sK�>.:�Q%n U�>LY.P)G�n M*G+F�HJY

(5, 2)
x ^#='> � HJQ O$:�D ;NHIF�YX='Q�HJY F�HJD D#~$F�w�HJD#F�P)Q�H

F�HJG0=ln WXM*Y.D�P)D�Q�HJD	7
��� 	J,�*-,�; �B?���? C�EGF

Mn HJILK�M)M`O QTS�UVU7MPX (m−1) ct\ EG^ ^ MPO1abILO d MPO F M d Q E X ^hE O d ck f7Q FWi d aZM F ��a�HJfWK n ≥ 2m f d m ≥ 3 n 	 �  O F M \ MPO ubILO k SbOZU"X i fWO f : M → R^ M F X  uZMPO$S ^ KlM c0 = cn = 1 f d ci = 0 k fWK 0 < i < m � n−m < i < n n
�TF n >X=(w�U�>.HIW]O�HJD#F�WXOl='KyY.P)G4W =';<;<HJD�^#M*D�Q�HJDy;<HJG)G)HJ;gYE?�c�HJD5:�;N>.H U�Q�='D5YX='G+G)HJYT=ln
^#='D�O�H*O'='D ;(='D W.H�x'='Y WXM*Y.D�P)D�Q�HJD Qt~'> F�HJY ; :�G)P)Q�Y ='Y�&#D#F�H*c�>XMkW.HJD�YX='Y.P)U�D�HJ>on U�>

M:#F�HJD%^#='D�O�H =ln KHIWXY.HJ; Y.HLP+D#F�P+z{HIWJ7#�THJD}='D#F�HJD%W M*Y.D�P)D�Q<HJ>fHJD}>.HIF�:#z{HJ>.HJY]:#F�Qt= w�H
=ln

h � O�U�K�U�>XF�P+W.;<HIWXM*Y.D�P+D�Q�HJD	7
��� 	J,�*-,�; ��?��B?LC�EGF

M1 f d M2 HJILK�M (m−1) ct\ EW^_^ MPOZabILO d MPO F M)QTS�UVU7M F M d Q E XtX'M
(2m + 1) c FWi]^ MPOZ\ i fWO�M Q Q�M ^_E O dlk f7Q FGi d a1M F MPK i \ EW^_^ M abctU�f g fWK FGi \ ^ M � m ≥ 2 n 	 �
MPK M1 f d M2

FWi 
�Mpf ^ fWK k M n% PjHJ>LD�: c#='>X='Y.HNY.P+Gj='Y W.H�x	^�w�U�>XF�='D 8�;N='G+Hhw�P+WXY.H npU�>.;<U�F�D�P)D�Q�HJD n U�>
n ≥ 5

n U�>
Q�G+='Y.Y.Ha;(='D�Q'npU�G+F�P+Q�^�HIF�HJ>J78$M*Y.D�P)D�Q�HJD}W.w'='>.HJ>�Y.P)G!WXM*Y.D�P+D�Q

7.4
x�Wp� KHJw$P+W.HJY*HJ>�:#F�H �G):�O$O�HJD#F�Ha;<HIF�YX='Q�HJYf=lno^�P+W.Y.U�>.PqW.O<P)D�Y.HJ>.HIWXW.H�7
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M H"ILKlMDM`O d Q E X n c�abf ^ fWX�f u i \ k ILK�M � n ≥ 5 n�o E MPK M f d Sn

abf ^ Mpf ^ fWK k M n
� MPH i \ n v D5YX='Q n ~'>XW.YJx�='Y n

HJ> G+P)Q�H�7 % M*G+Q
m
x�Wp�

n = 2m
P�WXM*Y.D�P)D�QNZ�7`d$7 v G+YXWp�L^#='>

w$PHJD�c#M*D n :�D�O�Y.P)U�D
f : M → R

;<HIF
c0 = cn = 1

x
ci = 0

n U�>
i 6= 0, n2 , n

x�;NHJD#W

cn
2

HJ> :�O�HJD#F�YJ7�B n ~'G)Q�H�O�U�>.U�G+G+='>jR�7`A�6�HJ>
χ(M) =

∑

(−1)qcq = 2± cn
2

x5;NHJD(F�=
MHJ> HJDh^�U�;<U�Y.U�c�PqW n M*>.H*;<HIF G)P+Q�H�F�P);NHJD#W.P)U�D	xlQtM*G+F�HJ>jF�HJYjW.U�; Y.P+F�G)P)Q�HJ>.H�K�HJ;NM*>.O�HJYJx

='Y
χ(M) = 2

x F�w�WJ7#='Y
Mn

2
= 0
7 �THJ> n U�>�HJ>�F�HLHJD�HIW.Y.HLO$>.P)Y.P+WXO�H]c�:�D�O$Y.HJ>�n U�>

f
c$�

M
HJYf;N='O�W.P); :�; U�QNHJY�;NP)D�P); :�; x�^5w$P)G)O�HJYkK�HJY ?�F�HJ>Jx='Y

M
HJ>�^�U�;NHJU�;<U�> n ;<HIF

Sn
P�n ~'G)Q�HaWXM*Y.D�P)D�QN@$7)6IA$7

v D5YX='Q D�:	x ='Y
n = 2m + 1 ≥ 5

7 B F�HJY.Y.H Y.P+G�n M*GqF�H(G)P+Q�D�HJ><8�;(='G)HIW KHJw$P+W K�HJw�P �W.HJY*n U�>�WXM*Y.D�P)D�Q(Z�7�R�7S]='D :#F�D�?�Y.Y.HJ>TWXM*Y.D�P)D�Q(Z�7 Z P!W.Y.HIF�HJY�npU�>�WXM*Y.D�P+D�Q(Z�7)6'7
�

v Y 8�;N='G)HIW K�HJw�PqW0n U�>o:�G)P)Q�H
n
;NP)D#F�HJ>4U�; w�U�>.HIWIx'WXOl='G�W.HIW W.U�; HJYoK�:#F c$��x�^5w�U�>XF�='D

K�HJw�PqW.HJY P]8�;N='G)HIWh='>.Y.P)O�HJGkO'='D wlM*>.H YXM*D�O$YJ7�8�;N='G+H Y.P+G)O�HJD#F�HJQ�P)w�HJ> D�HJ;<G)P)Qyw$P+WXW.H
W.Y.HIF�HJ> P)O$O�H<W.P)D�HN='>.Q�:�;<HJD�Y.HJ>sH���c�G)P+z{P)YJ7	�THJ>sHJ> F�U�Q HJD ; :�G)P)Q�n U�>XW.O�HJG x	PqF�HJYL^#='D
^#='> HJD<O�U�;<;<HJD�YX='> U�; x5='Y ^#='Dhn ~'>XW.Y w$P+W.HJ>Jxt='Yj^�U�;NU�Y.U�c�P+W n M*>.HJD<;<P)D�:#WjHJYjc�:�D�O$Y
HJ>�F�P+*�HJU�;<U�> n0;NHIF

R2m+1 7��THJY�Y ?�F�HJ>kc$��x#='Y�^#='D ^#='>kK�HJD5?$Y.Y.HJYfW.P)Qh=ln KHJQ�>.HJK�HJY
:�HJD#F�HJG)P+Q�HNWX=';<;<HJD�^#M*D�Q�HJD#F�H W.:�;<;<HJ>Jx4W.U�;9V%P)G)D�U�>aK�HJD5?$Y.Y.HJ> P V}P)G+D�U�> ��� 6I@"�t�X7
i D}Q�>.:�D#F�x Y.P)G0='Yf^#='D ; :�G+P)Q�w�PqW ^#='>fKHJD�?�Y.Y.HJYTF�HJY.Y.HsK�HJQ�>.HJK	x#Ol='D}wlM*>.H�x ='Yfw�U�>.HIW
:#F�Qt= w�Hs=ln �THJD Q�HJD�HJ>X='G)P+WXHJ>.HIF�HL8$z ^�U�HJD��#P+HIW�WXM*Y.D�P)D�Q HJ>kHJD W.; :�G)HTO�>X=ln Y.P)Q�HJ>.H�HJD#F
F�HJY�Y.P+G+W.w'='>.HJD#F�HT>.HIWX:�G)YX='Y�=lnoVy= �J:�>Jx#W.U�; 8�;(='G)H�KHJD�?�Y.Y.HJ>J7

� M ^ ILKpU�O i O d Z�7`b n |�U�> ='YNK�HJw�PqW.H npU�>.;<U�F�D�P)D�Q�HJD n U�><O�U�; K�P)D#='Y.U�>.P+W.O ;N='D�Q'n U�G �F�P)Q�^�HIF�HJ>sK�>.:�Q�HJ> 8�;N='G)HhHJY >.HIW.:�G)YX='YL=ln�V%:�D�O�>.HIWJ74BTWXP)D ='>.Y.P)O�HJG V%:�D�O�>.HIW ��� 6Im"�t�
>.HIF�HJQt~'>.HJ> �5=';<HIW�V%:�D�O�>.HIW*n U�>Jx�^5w�U�>.D$�'>]HJD O�U�; K�P+D#='Y.U�>.P+W.ON;(='D�Q'npU�G+F�P+Q�^�HIF(O'='D
:#F�W.YE?�>.HIW�;<HIFNHJD(F�P+*�HJ>.HJD5Y.Pq='KHJG�W.Y.>.:�O$Y.:�>J7�e�HIWX:�G)YX='Y.HJY K�HJY ?�F�HJ>Jx�='Y HJD O�U�D5Y.>X='O$Y.P �K�HJG4O�U�; K�P)D#='Y.U�>.P+WXO ;N='D�Q'n U�G+F�P)Q�^�HIF O'='D :#F�W.Y ?$>.HIW�;<HIF%HJDyF�P$*�HJ>.HJD�Y.P+='KHJG W.Y.>.:�O �Y.:�>J7

��� 	J,�*-,�; �B?-A � ?�C�EGF
M HJILK�MsMPO U�f ^hg`i O E X�fWK i \jU n c�abf ^ fWX�f u i \ k ILK�M � n ≥ 5 n 	 �

MPK Mn abf ^ M�f ^ fGK k ^ M F Sn n
� MPH i \ n 8�HLc$� M −D

x#^5w�U�>
D
HJ>fHJD Y.U�cU�G+U�Q�P+W.ONP+D#F�G)H � >.HJY�F�PqW.ON;<HIF z{HJD�Y.>.:�;

pU�Qh>X='D#F
S
7�]HJY*n ~'G)Q�HJ>�=lnoG)HJ;<;N= R�7)6 Z�x ='Y

M −D
HJ>kHJD O�U�D5Y.>X='O$Y.P)K�HJG!;N='D�Q'n U�G �F�P)Q�^�HIF�7  P+G+W.w'='>.HJD#F�HTHJ>

M ′ = M − {p} O�U�D5Y.>X='O$Y.P)KHJG 7��THJ> n U�>�O'='D M ′ :#F�WXY ?$>.HIW
;<HIF�HJD F�P$*�HJ>.HJD�Y.P+='KHJG!WXY.>.:�O�Y.:�>Jx � n 7$K�HJ;NM*>.O$D�P)D�Q(Z�7`b$7

[]: O'='D w$P F�='D�D�H�F�HJD WX=';N;<HJD�^#M*D�Q�HJD#F�H(W.:�;
W = M](−M)

w�P+=�HJD Y.:�K�: �G+M*>]U�;<HJQ�DyU�;
p
x�W.U�; P)D#F�HJ^�U�G+F�HJ>

D
x npU�>XF�P w�P P O�U�D#W.Y.>.:�O�Y.P+U�D�HJD%O'='D%P+Q�D�U�>.HJ>.H�x

^�w�U�>.w�P+F�YkF�HJD�F�P+*�HJ>.HJD5Y.P+='K�G)H�W.Y.>.:�O$Y.:�> &#D#F�HIW*P�F�HJY*c�:�D�O�YJx�W.U�; w$P n � HJ>.D�HJ>J7 8�U�; P
K�HJw�PqW.HJY n U�>�WXM*Y.D�P+D�Q Z�7�R n ~'G)Q�HJ>�F�HJYJx$='Y

W
HJ>*F�P+*�HJU�;NU�> n�;NHIF

Sn
7$ufU�D�O�G+:#W.P)U�D�HJD

K�G)P+w�HJ>*F�HJ> n U�>fF�HJD WX=';N;<H�x�='Yf=ln WXG):�Y.D�P)D�Q�HJD =ln
M −D

HJ>fHJD F�P+W.O�x�F�w�WJ7

M = M −D ∪D ∼=Top Dn ∪Dn ∼=Top Sn.

�

i D =ln WXG):�Y.Y.HJD#F�H O�U�;<;NHJD5YX='>0HJ>Jxl='Y4[]H �k;N='DsP�HJD ='>.Y.P)O�HJG ��� 6 ZJ�t� n >X=s6Ib�d�dfw�PqW.Y.HjF�HJD
Y.U�c�U�G)U�Q�P+W.O�HN:#F�Qt=Iw�H�=lnknpU�>.;<U�F�D�P)D�Q�HJD	70v�HJw$P+W.HJYLK�?�Q�Q�HJ> c$� HJD w$P+F�HJ>.HJ:#F�w�P+O�G)P+D�Q
=lno;<HJY.U�F�HJD K�HJD5?$Y.Y.HJYf=ln 8�YX='G)G)P)D�QtW�U�Q � HJHJ;N='D�n U�>kO�U�; K�P)D#='Y.U�>.P+W.O�H�;N='D�Q'n U�G+F�P)Q �^�HIF�HJ>J7
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8�;N='G+HIW K�HJw�PqWjn U�>k�]HJD�Q�HJD�HJ>X='G)PqW.HJ>.HIF�H%�4U�P)D#zJ='>���n U�>.;<U�F�D�P)D�QsQtM*G+F�HJ>*O$:�D npU�>*F�P �;<HJD#WXP)U�D�HJ> W.YX~'>.>.H�HJD#F
4
7t�THJ>jQ�P)O HJD#F�D5:(A'�D�'>Jxtn ~'> K�HJw�PqW.HJY0n U�> n U�>.;<U�F�D�P)D�Q�HJD P

4F�P);NHJD#W.P)U�D�HJ>�Wp�<F�='Q�HJD#W]G)?�WJ7#|�>.HJHIF�;N='D%KHJw$P+W.Y.HaP4W.P)D}='>.Y.P)O�HJG ��� @��t� HJD}O$G+=�WXWXP+&#Ol= �Y.P)U�D#W WXM*Y.D�P)D�Q%npU�> HJD�O�HJG)YXWX=';<;NHJD�^#M*D�Q�HJD#F�H
4 � F�P);NHJD#W.P)U�D�HJG)G)HN;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>J7�THJD�D�H HJD�U�>.;<H(WXM*Y.D�P+D�Q}w$P)Gjw$P P)O$O�H<O�U�;<;<HND#M*>.;<HJ>.H(P+D#F c$��x0;NHJD :�D#F�HJ>.w�H �XW

P ='>.Y.P)O$G)HJD}K�HJw$P+W.Y.Hs^#='D HJD
5 � F�P);<HJD#W.P+U�D�HJG4Y.U�c�U�G)U�Q�P+W.O :#F�Qt= w�H<=ln F�HJD O�U�;<c#='O$Y.H

h � O�U�K�U�>XF�P+W.;NHNWXM*Y.D�P)D�Q�x4^5w$P)G)O�HJYLHJ> c�>XMkz{P+W.YsF�HJYJx4w�P ^#='>sK�>.:�Q n U�>sP npU�>.K�P+D#F�HJG+W.H;<HIF �4U�P)D#zJ='>��}npU�>.;<U�F�D�P)D�Q�HJD	7 Vy='D W.O'='Gkw'M*>.H U�c�;NM*>.O�W.U�; c$��x ='YNF�HJ>NHJ><Y.U
F�P);NHJD#W.P)U�D�HJ>aP WXc�P)GjP F�HJY.Y.H�=ln WXD�P)YJ70�THJD

4 � F�P);<HJD#WXP)U�D�HJG)G)H �4U�P)D#zJ='>��Nn U�>.;<U�F�D�P)D�QG+~�WXHIW*w�^#=�7#F�HJD
5 � F�P);NHJD#W.P)U�D�HJG)G)H h � O�U�K�U�>XF�P+W.;NHIWXM*Y.D�P)D�Q�7

��� 	J,�*-,�; ��?-A+?LC�EGF
(W ;V, V ′) H"ILKlM MPO d Q E X MPO1U7M QTX]\ EW^_^ MPOZabILO d MPO F M)U�f ^ u E U"X

5 c FGi ^ MPOZ\ i fGOBM Q h ctU�f g fWK FGi \ ^ M n 	 � MPK W ∼=Top V × [0, 1] n
% P w$P)G�O�U�;<;<HJD�Y.HJ>.H]K�HJw$P+W.HJYon U�> F�HJD�D�H�WXM*Y.D�P)D�QLG)PqF�Y W.HJD�HJ>.H�7�| ~'>XW.Y w$P)G�w$P K�HJD5?$Y.Y.H
F�HJD Y.P+G�='Yfw�P+WXH��THJD Q�HJD�HJ>X='G)PqW.HJ>.HIF�H)�0U�P+D#zJ='>��Ln U�>.;<U$F�D�P+D�Q P

4
F�P+;<HJD#W.P)U�D�HJ>J7

��� 	J,�*-,�; �
?r=@?�C�EGF
M HJILK�MYMPO 4 c FWi]^ MPOZ\ i fWOBMPQBU7f ^sgPi O E X�fWK i \ UYabf ^ fWX�fPu i \ k ILK�M n	 � MPK M abf ^ Mpf ^ fWK k ^ M F S4 n

� MPH i \ n 8�U�; D#M*w$D5Y P�=ln W.D�P)Y bfO'='Dh='G)G)H�O�U�; K�P+D#='Y.U�>.P+W.O�H 4 � ;(='D�Q'npU�G+F�P+Q�^�HIF�HJ> Q�P+w�HIWHJD F�P+*�HJ>.HJD5Y.P+='K�HJG W.Y.>.:�O$Y.:�>J7o�]HJ> n U�>sO'='D w�P�='D5YX='Q�H�x ='Y
M
HJ> HJD Q�Gq='Ys;N='D�Q'n U�G �F�P)Q�^�HIF�7 � =�F

Rn
p

wlM*>.H HJYTO�U�>.Y]U�; HJY]c�:�D�O$Y
p
7 � =�F

S
KHJY.HJQ�D�H HJD�^�HIF�WXW n M*>.HJD P

Rn
p

;<HIF
p
W.U�;\z{HJD�Y.>.:�; 70S]w�P+WTw$PjF�='D�D�HJ>

W = M](−M)
w�HIF ='Y�n �.HJ>.D�H

p
U�Q

K�HJD5?$Y.Y.HJ>
Rn
p

W.U�;_Y.:�K�:�G+M*>�U�;<HJQ�D	x�U�c�D$�'>fw�P	HJD P+D#F�G)H � >.P+D�Q =ln
S
P
W
7

B n ~'G+Q�H G)HJ;<;(=fm$7`A�m]HJ>
W h � O�U�K�U�>XF�HJD5Y ;<HIF S4 7 v G+YXWp��HJ> W

HJD Y.U�cU�G+U�Q�P+W.OLW n M*>.H�x
� n 7IW M*Y.D�P)D�Q]�$7)6'7 % Pt^#='>0='G+YXWp�*HJDsP)D#F�G+H � >.P)D�Qk=ln

S
P
W
xIF�w�WJ7 =ln

Sn−1 PtHJDLY.U�c�U�G)U�Q�P+WXO

Sn
7��]HJD�D�HsP)D#F�G)H �.>.P)D�QsO'='D F�HJ> npU�>k:#F�w$P+F�HIW�Y.P)G�HJD P)D#F�G)H �.>.P)D�Q

f : S × [0, 1] → W
x

F�=aF�HJDNWXwl='>.HJ> Y.P)G�HJDhP+D#F�G)H � >.P+D�Q�=ln
S
P)D#F P

Rn−{0} 75[]:hQ�P)w�HJ>jWXM*Y.D�P)D�Q Z�7`ATUtWJxt='Y=ln W.G):�Y.D�P)D�Q�HJD�=ln4^�w�HJ>f=ln F�HaY.UhWX=';N;<HJD�^#M*D�QtW.O�U�;<c�U�D�HJD5Y.HJ>�=ln
W − f(S × {0})HJ>�HJD

n � F�PqW.O7$V}HJD�F�HJD�HJD�HT=ln F�P+WXW.HTWX=';<;<HJD�^#M*D�QtW.O�U�;NcU�D�HJD�Y.HJ>�HJ> M −D
x$Wj�

M = (M −D) ∪D ∼=Top D4 ∪D4 ∼=Top S4.

�

Vy='D Ol='D�w$^#=�7#|�>.HJHIF�;N='D#WkO$G+=�WXWXP+&#Ol='Y.P+U�D#WXWXM*Y.D�P)D�Q U�QtWp� KHJw$P+W.HaF�HJD Y.U�c�U�G)U�Q�P+W.O�H
:#F�Qt= w�H =ln npU�>.;<U�F�D�P)D�Q�x�W.HL|�>.HJHIF�;(='D ��� @"� x WJ7 @tZ$6��X7
% P w$P)G#D�: W.HTD#M*>.;<HJ>.H]c$� |�>.HJHIF�;(='D#W K�HJw$P+Won U�>�WXM*Y.D�P+D�Q �$7)6'7�v HJw$P+W.HJY Ol='D &#D#F�HIW
c$� WXP+F�H�R5@�b P�|�>.HJHIF�;N='D#W(='>.Y.P)O�HJG 7jv�HJw$P+W.HJY HJ><;<HJQ�HJY<Y.HJO$D�P+W.O U�Q O$>XM*w�HJ><P)D#F �n ~'>.HJG+W.Hh=ln*HJD G+='D�Q >XM*O$O�H<KHJQ�>.HJK�HJ>Jx0W.U�; ;(='D P)O�O�Hh^#='>sKHJ^�U w%n U�>aPjF�H<^#~#�.HJ>.H
F�P);NHJD#W.P)U�D�HJ>J7'BEF�HJHJDh;<HIF >.HIWXY.HJD<=ln�F�HJY.Y.H�=ln W.D�P)YoHJ>jF�HJ> n U�> P)O�O�Hk='Y Q�HJD�Q�P)w�H�|#>.HJHIF �;N='D#W�K�HJw�PqWJxt;<HJD ='Y�Q�P)w�H]HJD�G+~�W K�HJw�P+W W.O�P+YXW.HkP�HJY*WXcHIz{P+='G+Y.P)G�n M*G+F�HkW.U�; P+G)G):#W.Y.>.HJ>.HJ>
^�U w�HIF�P+F�HJHJ>.D�H�7

B F�HJY
5 � F�P);<HJD#W.P+U�D�HJG)G)H�Y.P)G�n M*G+F�H HJ><c�>.U�K�G)HJ;<HJYJx ='YN;N='D P)O$O�H :�;<P+F�F�HJG)K#='>.YhO'='DP)D#F�G+H � >.H�F�HJD � ^�P)Y.D�HJ?(F�P+W.O�x$W.U�; K�HJD5?$Y.Y.HIW*P	WXM*Y.D�P)D�Qhd$7`A�@$7#�]PqW.O�HJD WXwl='>.HJ>*Y.P)G�HJD

D�:�G)^�U�;<U�Y.U�c�P xtW.U�; ;(='D w$P+=�WXM*Y.D�P)D�Qsb$7)6�6*O'='D<='D5YX='Q�H]HJ> P)D#F�G)H �.>.HJYJ7��]P+;<HJD#W.P)U�D#W �K�HJY.P)D�Q�HJG+W.HJ>.D�H P4WXM*Y.D�P+D�Q�HJD%K�HJY ?�F�HJ>Jx�='YTw$P0HJ>TD#~�F�YTY.P)G4='Y &#D#F�H HJD%='D#F�HJD ; ��F�H
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='YTY.P)G)w�H �.HJK�>.P)D�Q�HLHJDyP)D#F�G)H �.>.HJY�D5:�G+^�U�;<U�Y.U�c�P4c$��7�BED#F�HJD%w$P0U w�HJ>.w�H � HJ>Jx	^�w�U�>XF�='Dyw$P
O'='D P)D#F�G)H �.>.H<F�HJD�D�H(F�PqW.Ox	HJ>sw�PjP+;<P+F�G)HJ>.Y.P+F%D#~$F�YLY.P)G ='YLU w�HJ>.w�H � H HJO�W.P+W.Y.HJD#W.HJD =ln
F�P+WXO�HJD	7i O�W.P+W.Y.HJD#WXHJD%=lnjHJDyD5:�G)^�U�;<U�Y.U�c�P O'='DyW.P+O�>.HIWJx ^5w$P+WfF�HJYTU�;<O$>.P)D�Q�G)P)Q�Q�HJD#F�H
>.:�;gHJ>kHJD�O�HJG+YXWX=';<;<HJD�^#M*D�Q�HJD#F�H�7

�THJ> n U�> WXOl='G*w$P K�>.:�Q�H HJY G)HJ;<;(=�x4F�HJ> Q�P)w�HJ> UtW ; :�G+P)Q�^�HIF n U�> ='Y �#?�Y.Y.H�Y.U P)D#F �G)H �.>.HIF�H�W n M*>.HJ>*P�HJD
4 � F�P+;<HJD#W.P)U�D�HJG�;N='D�Q'n U�G+F�P)Q�^�HIF�x�Wp�sO�U�;Nc�G)HJ;<HJD5YXM*>.;(M*D�QtF�HJDK�G)P+w�HJ> HJD�O�HJG)YXWX=';N;<HJD�^#M*D�Q�HJD#F�H�7#B D#F�HJD F�HJY*G)HJ;<;(=sW.HJ>�w�P�c$� HJY*Y.HJO�D�P+WXO<G)HJ;<;N=

n >X= Q�>.:�c�cHJY.HJU�>.P+HJD	7

& <�6 68/ �
?���?)C�EGF
G HJILK�MhMPO uZM`K k M U"X d K SJuGuZM � F HP\ n E X G MPKDQ i d \ i O U7f ^_^ SbX E c

X�fWK SbO F MPK d K SVuGu1M [G,G] n " O$X E d � E X G =< ai >=< bj > ��a�H"fWK (ai) = A f d
(bj) = B M`K X�f k EW^_i Q i MPK E k M Q�M ^ MPO$X'MPK �eabHJfWK a−1

i ∈ A, b−1
j ∈ B � f d E O$X E d

 F MPK Q i d M`KlM � E X g[ai, bj ]g
−1 = [ai′ , bj′ ]

n�o E M`K G =< [ai, bj ] > n
� MPH i \ n Vy='D KHJ;(M*>.O�HJ>Jx ='Y�F�HJ>f='G)Y.P+F QtM*G+F�HJ>Jx#='Y

gigj = gjgi[g
−1
i , g−1

j ] = [gi, gj ]gjgi.
� �$7)6��
v n ='D�YX='Q�HJG+W.HJ>.D�HLn ~'G)Q�HJ>kF�HJYLx#='Y

g[ai, bj] = [ai′ , bj′ ]g.
� �$7`A��
i YfHJG)HJ;<HJD5YkP

[G,G]
Ol='D W.O$>.P)w�HIW*w$^#=�7�HJG)HJ;<HJD�Y.HJ>�c$� npU�>.;NHJD

[
∏

ai,
∏

bj ] =

ia
∏

i=i0

ai

jb
∏

j=j0

bj(

ia
∏

i=i0

ai)
−1(

jb
∏

j=j0

bj)
−1.

B F�HJY.Y.H}c�>.U�F�:�O$YNO'='D ;N='D �#?$Y.Y.H
ai
��HJ>.D�H%;<U�F ^#~#� >.H�x P)D#F�Y.P)GfF�H}WXYX~�F�HJ>(c$� HJY

aii+1

HJG)G)HJ>
a−1
ia

7��]HJY.Y.H O'='D%;N='DyQt~'>.H w�^#=�7 � �$7)6��X7	Sfw�HJ> �#?$Y.D�P)D�Q(c�>.U�F�:#z{HJ>.HJ>�HJD
O�U�;<; :�YX='Y.U�>Jx W.U�;_O'='D �#?$Y.Y.HIW�Y.P)G�w�HJD#W.Y.>.HLw$^#=�7 � �$7`A��X7 �THJY�Q�P)w�HJ>kUtWIx#='Y

[
∏

ai,
∏

bj ] =
∏

[ai′ , bj′ ]
∏

bj
∏

ai(
∏

ai)
−1(
∏

bj)
−1 =

∏

[ai′ , bj′ ].

�

|�U�>hHJD HJD�O�HJG+YXWX=';<;<HJD�^#M*D�Q�HJD#F�H ;N='D�Q'n U�G+F�P)Q�^�HIF�x
M
xjWXU�; U�c�np?$G+F�HJ>��0U�P)D#zJ='>��

F�:#='G)P+Y.HJYJx W.HyWXM*Y.D�P)D�Q R�7)6I@$x�HJ>�F�HJD HJD�HIW.Y.Hy:�O�HJD#F�Y.Hy^�U�;<U�G)U�Q�P)Q�>.:�c�c�H
H2(M)

7
�THJ> n U�> HJ>

H2
U�Q

H2 =ln0=lnpQt~'>.HJD#F�H�K�HJY ?�F�D�P)D�Qsn U�> HJD K�HIW.O�>.P+w�HJG+W.H�=ln!;N='D�Q'n U�G+F�P)Q �^�HIF�HJD	7 % P	W.Ol='G�O$:�D >.PqF�W.H]U w�HJ> � =�F�HJD}=ln F�HJY.Y.HaW.Y.:#F�P+H�7�ijY�HJG+HJ;<HJD5Y*P
H2(M)

O'='D
>.HJc�>XMkW.HJD�Y.HJ>.HIWk=ln0HJD P)D#F�G)H �.>.HJYjU�>.P)HJD5Y.HJ>.HJY � =�F�H�x$^5w$P+W

M
HJ> G):�O$O�HJY U�Q U�>.P)HJD5Y.HJ>.HJYJx

W.H(u�P)>.K5? ��� Z"� x WJ74A'�b�X74Vy='D O'='D F�H�&#D�HJ>.H HJYLc�>.U�F�:�O�Y c$� HJG)HJ;<HJD�Y.HJ>sP
H2
x W.U�;

n U�>kY.U<W n M*>.HJ>*WXwl='>.HJ>kY.P)G	W.D�P+Y.Y.HJY�F�H�&#D�HJ>.HJY�P!=ln WXD�P)Y*d$7`@$7�]HJY.Y.Hac�>.U�F�:�O$Y�W.O�>.P+w�HJ>�w$P

α · β npU�> α, β ∈ H2(M)
7

& <�6 68/��
? ��?LC�E�F
N HJILK�MDMPO MPOZUWM Q[X]\ EW^_^ MPOZabILO d MPO F M 4 c ^hE O dlk f7Q FWi d aZM F S F MPO

K E O F n C�EGF S, S′ HJILKlM i O F QmM��PK�M F M 2 ct\ k ILK�MPK ^ M F XtK i H i M Q]QmMNXtS g S�QmILKlM f ^ M d OBM ��\��
S · S′ = 1 n " O$X E d � E X N − S f d N − S ′

g M dVd MhMPK MPOZU7M QTX]\ EG^ ^ MPO1abILO d MPO F M n�o E O F M \eMPO i \`fWX�f u i E k S′ � \�� π1(N − (S ∪ S′)) = 0 n
� MPH i \ n % P K�HJD5?$Y.Y.HJ>hY.U :#F�WX='Q�D	x W.U�;rHJ> ='D�n ~'>.Y ^�UtW & :�P)G)G+U�: U�Q V%='>.P)D ��� R7� x WJ7
A'�td��p 
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S

S’

z

z’

w

�L�  � 
�� � �]�THaY.U<;<HJ>.P+F�P+='D�HJ>*U�QhHJD Gq~'O�O�H�7

� 6��
G = π1(N − (S ∪ S′))

HJ>Ln >.HJ; K�>X='Q�Y =lnfF�H O�U�D��.:�Q�HJ>.HIF�H Y.P+G HJD ;<HJ>.P �F�P+='D
z
npU�>

S
x!F�=

N − S′
HJ>LHJD�O�HJG)YXWX=';N;<HJD�^#M*D�Q�HJD#F�H�7  P)G+W.w'='>.HJD#F�H HJ>

& np>.HJ; K�>X='Q�Yf=lno;<HJ>.P+F�P+='D�HJD
z′
n U�>

S′
7

� A��
H1(N − (S ∪ S′)) = 0

x�n U�>XF�P
S · S′ = 1

K�HJY ?�F�HJ>Jx#='Y
z
HJ>kD5:�G)^�U�;<U�G+U�QhP

N − (S ∪ S′)
7

B n U�>.K�P)D#F�HJG+W.H];<HIFNF�HJY n ~'>XW.Y.H]:#F�W ='Q�D W.O'='GF�HJY�D#M*w$D�HIWJx�^�wl=�F�F�HJ> npU�>XWXYp��W w�HIF(HJD
;<HJ>.PqF�P+='D	7 % P4Ol='D%U�c�n ='Y.Y.H HJD%=ln W.G):�Y.Y.HJY�Y.:�K�:�GqM*>]U�;<HJQ�D}U�;<O�>.P+D�Q

S
U w�HJ>

p ∈ SW.U�; {p} ×D2 7 v G)YXWp� w�P+G {p} × ∂D2 wlM*>.H�HJD z{P)>.O�HJG 7$�THJD�D�HaO'='G+F�HIW�;<HJ>.P+F�P+='D�HJD
n U�>

p
7	V}HJ>.P+F�Pq='D�HJDyU�; YX='G)YaP

1)
HJ>a;<HJ>.P+F�Pq='D�HJD%n U�>�HJY

p ∈ S
Wp�

p /∈ S ′
x!W.HhHJw$YJ7

&#Q�:�><6Ib$7 v n
2)
n ~'G)Q�HJ>aF�HJYJx!='Y

G
HJ>Tc�HJ> n HJO�YJx!F�=

H1
HJ>L='K�HJG)P+WXHJ>.P)D�Q�HJD%=ln

π1
x � n 7

ST='YXzX^�HJ> ��� m�� x�WJ76Id�d��X7��THJ> n U�> w$P+W.HJ> G)HJ;<;N=L�$7`@$x�='Y
G
HJ> np>.HJ; K�>X='Q�Yk=ln0HJG)HJ;<HJD�Y.HJ>

c$� n U�>.;<HJD
[zu, z′v ]

x�^5w�U�>
z, z′

HJw�YJ7�:#F�K�?�Y.Y.HIWf;<HIF F�HJ>.HIW�P+D5w�HJ>XW.HJ>J7 v G)YXWp� HJ>

z =
∏

[zui , z′vi ] =
∏

[z, z′wi ]ui ,

n U�>XF�P
g[zu, z′v]g−1 = [zgu, z′gv]

K�HJY ?�F�HJ>Jx ='Y
[z, z′wi ]ui = [zui , z′uiwi ]

7j�THJ> n U�>
K�G)P+w�HJ>�HJD%D�?�np:�D#F�=';NHJD5YX='G)Q�>.:�c�c�H F�HJDyY.>.P)w$P)HJG)G)H�Q�>.:�c�c�H�x^�w�PqWfw$P0O'='D nt�

[z, z′wi ]Y.P)G�='Y n U�>XW.w$P)D#F�H�7j�THJYhw�P�~'D#WXO�HJ><HJ><HJD P+WXU�Y.U�c�P�=ln
S′
xjWp�

z
U�Q

z′wi
O�U�;<; :�Y.H �>.HJ>aP F�HJD D5?�H<np:�D#F�=';<HJD�YX='G)Q�>.:�c�c�H�x!F�=�HJDyPqW.U�Y.U�c�P =ln�HJD c$��WXM*Y.D�P)D�QtW W n M*>.HhP+O�O�H

M*D#F�>.HJ>]c$�h^#='D�O�HJG)HJQ�HJ;<HJYJx � n 7�G)HJ;<;N=hd$7`m$7V%HJY.U�F�HJD Y.P)G!='Y�Qt~'>.H F�HJY.Y.HLOl='GqF�HIWkHJD
='D�Y.P � � ^�P+Y.D�HJ?(c�>.U�z{HIWkHJG)G)HJ>*HJY &#D�Q�HJ>.;<U w�H�7

8�P)Y.:#='Y.P+U�D�HJDNW.HJ> :#FNWXU�; c$��&#Q�:�>f6Ib$7 % P#^#='>jY.U W n M*>.HJ>
S, S′

U�QLHJD<>.HJc�>XMkWXHJD5YX='D5Y
n >X=

π1(N − (S ∪ S′))
npU�> ^5w�HJ>h=ln�F�H(Y.U%;<HJ>.P+F�P+='D�HJ>

z
U�Q

z′
x4WX='; YsHJD >.HJc�>XM �W.HJD�YX='D5Y]npU�>

[w] ∈ π1(N − (S ∪ S′))
7S]w�P+W�;N='D KHJQ�?$D#F�HJ>fHJD}O�:�>.w�H P!HJY�c�:�D�O$Y

c$�N;<HJ>.P+F�P+='D�HJD�n U�>
S′
W.w'='>.HJD#F�HsY.P+G

z′
U�Q<n ~'G)Q�HJ>

z′
Y.P)G!K#=�W.P+WXc�:�D�O�Y.HJYJx F�HJ>.H{n Y.HJ>

wU�QyY.P)G W.G+:�Y
z
x!nt�'> ;N='D HJD O�:�>.w�H(np>X=

S′
Y.P+G

S
x4WXU�;\P)O$O�HNK�HJ>X~'>.HJ>

S′
U�Q

S
7 ��=

O$:�>.w�HJD�^#='> HJD Y.:�K�:�G+M*>*U�;<HJQ�D	x�W.U�; ^�HJG+G)HJ> P)O$O�Hf>X~'>.HJ>kW n M*>.HJ>.D�H�x�Ol='D w$PP�F�HJD�D�H
U�;<HJQ�D<n ~'>.H�HJD &#D�Q�HJ> =ln

S′
U w�HJ> c$�

S
x5W.H &#Q�:�>*A'��7$8�U�; ='D�Y ?�F�HJY c$��&#Q�:�>.HJD(W.O'='G

&#D�Q�HJ>XW.c�PqF�W.HJD O�>.?�F�W.H
S
7jVy='D K�HJ;NM*>.O�HJ>Jxj='YNF�HJYhO�U�D��.:�Q�HJ>.HIF�H}HJG)HJ;<HJD�Y

z′w
−1

O'='D<>.HJc�>XMkW.HJD�Y.HJ>.HIW w�HIFNHJDNG+~'O$O�H�P#D#M*>.^�HIF�HJD�=ln!F�HJ>Jx5^�w�U�> &#D�Q�HJ>.HJD WXM*Y.Y.HIW c$�
S
7

S]wl=�F Qt~'>fP+W.U�Y.U�c�P+HJD w�HIF n :�D#F�=';<HJD5YX='G)Q�>.:�c�c�HJDB! �THJ>Jx#^�w�U�>TF�HJ>TW.O�HJ>�D�U�Q�HJYJx�HJ>fP
U�;<>p��F�HJYJx'^�w�U�> F�H*Y.UTD�?�H�W.O'M*>.P)D�QtW.c�:�D�O$Y.HJ> U�c#WXYp�'>J7t|4P+Q�:�>oA�6*w$P+W.HJ>oF�HJY.Y.H*U�;<>p��F�H
PLY.>.H W.P)Y.:#='Y.P)U�D�HJ>Jxf^5w�U�> n :�D#F�=';<HJD�YX='G)Q�>.:�c�cHJD P)O$O�H M*D#F�>.HIWJ7]ufU�;<c�G)HJ;<HJD�YXM*> �;NM*D�QtF�HJD Y.P)G W.n M*>.HJ>.D�H]c$�)&#Q�:�>kA�6'7 =L^#='>*WX=';<;<H

π1
W.U�; F�H]U�c�>.P+D#F�HJG)P)Q�HfW n M*>.HJ>J7
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z

z'

w


z'
w

�L�] � 
�� � �fi D�&#D�Q�HJ>f=ln
S′
>X~'>.HJ>

S
7

p

D

(a) (c)(b)

�L�] ��
 � ���  >.H)&#Q�:�>.HJ>Jx F�HJ>�P)G)G+:#W.Y.>.HJ>.HJ>*P+W.U�Y.U�c�P)HJD	7

��=
π1
HJ>j:�c$� w�P+>.O�HJYj=ln�HJD<Y.P+G�n ~#�.HJG+W.H�=ln�O�U�F�P);<HJD#WXP)U�D � 3 � F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF�HJ>Jx'W.O�HJ>F�HJ>TP)O$O�HsD�U�Q�HJY�;<HIF

π1
;<HJG+G)HJ; &#Q�:�>a=b��U�Q K@�X7 ����&#Q�:�>�z���^#='>�w$P0c�G+=�z{HJ>.HJYTHJD

F�P+WXOx
D
x0c$��&#D�Q�HJ>XW.c�P+F�W.HJD	x4;<HJD F�P+WXO�HJD K�HJY ?�F�HJ>Jx4='Y np:�D#F�=';<HJD�YX='G)Q�>.:�c�c�HJD n U�>

O�U�;<c�G+HJ;<HJD5YXM*>.;NM*D�QtF�HJD c$� &#Q�:�>sz��fHJ>LF�HJD WX=';<;<HhW.U�; n U�>LO�U�;<c�G)HJ;NHJD5YXM*> �;NM*D�QtF�HJDhc$�%&#Q�:�> K@�X7t�]HkY.U�&#Q�:�>.HJ>XW O�U�;<c�G)HJ;<HJD�YXM*>.;NM*D�QtF�HJ> HJ> ^�U�;<HJU�;<U�> n H�7
|�U�>XWXO�HJG)G)HJD ;<HJG)G)HJ; np:�D#F�=';NHJD5YX='G)Q�>.:�c�c�HJ>.D�Hhn ~'>TU�Q�H{n Y.HJ>aP+W.U�Y.U�c�P)HJD W.w'='>.HJ>a='G)YXWp�
Y.P)G4>.HIW.:�G)YX='Y.HJYa=ln x�='YT;N='D%n �.HJ>.D�HJ>TF�PqW.O�HJD

D
c$� &#Q�:�>LA�6'7 z'x	F�w$WJ7�='Y�;N='D}Y.P+G�n ~#�.HJ>

D
Y.P)G�O�U�;<c�G)HJ;<HJD�YXM*>.;NM*D�QtF�HJD	7

� U�O'='G)Y P#c�:�D�O$Y.HJY
p
W.w'='>.HJ> n U�>.HJD�P)D�Q�HJD<=ln	F�H�Y.UsW n M*>.HJ> Y.P)G�HJD<Y.>X='D#W.w�HJ>XW ='G W.O'M*>.P)D�Q

=lnjY.U c�G+='D�HJ>Jx
R2
x,y

U�Q
R2
z,w

7��THJ> &#D#F�HIW�F�HJ> n U�>]HJDyY.U�>.:#WJx�Ol='GqF�HJY]F�HJDyOl='>X='O$Y.HJ>.P �W.Y.PqW.O�H�Y.U�>.:#WJx#U�;<O$>.P)D�Q c�:�D�O�Y.HJYf;<HIF�G)U�O'='G)H]O�U$U�>XF�P)D#='Y.HJ>

T 2
p =

{

(x, y, z, w) | x2 + y2 = 1 = z2 + w2
}

.

�THJD O'='>X='O�Y.HJ>.PqW.Y.P+W.O�H Y.U�>.:#WLO'='D W.HIWac$� &#Q�:�> A�A$7 % P O'='D U�c�n ='Y.Y.H
z
U�Q

z′w
W.U�;

HJG)HJ;NHJD5Y.HJ>!P
π1(T

2)
7 �TP+W.O�HJD

D
W.O'M*>.HJ>

T 2 PtHJY0c�:�D�O�Y q xIF�HJ> n U�>0O'='DL;N='DaYXM*D�O�H c$�O�U�;<; :�YX='Y.U�>.HJDh=ln
z
U�Q

z′w
W.U�; O�U�;<; :�YX='Y.U�>.HJD	x'D$�'> F�H*U�c�n ='Y.Y.HIWoW.U�; HJG)HJ;NHJD5Y.HJ>

P#HJD(c�:�D�O�Y.HJ>.HJY Y.U�>.:#WJ7�[)�'>
D
n �.HJ>.D�HIWJx5F�w�WJ7tY.P+G�n ~#�.HIWoY.P)G#O�U�;Nc�G)HJ;<HJD5YXM*>.;(M*D�QtF�HJD	x

Y.P)G)n ~#�.HIWsc�:�D�O$Y.HJY
q
Y.P+G�Y.U�>.:#WXHJD	7j�T= HJD Y.U�>.:#Wh^#='><='K�HJG+W.O np:�D#F�=';<HJD�YX='G)Q�>.:�c�c�H�x

n U�>XW.w$P)D#F�HJ>
[z, z′w]

x#^�w�P+G)O�HJY*wl='>�F�HJY�w$P!~'D#W.O�HIF�H�7
�

8�U�; Y.P+F�G+P)Q�HJ>.H%G+U w�HJY w$P)G]w$PaW.H c$� |�>.HJHIF�;N='D#W KHJw$P+WNnpU�> WXM*Y.D�P+D�Q �$7)6'7��THJ> n U�>
Q�HJD�YX='Q�HJ>fw$P!WXM*Y.D�P)D�Q�HJD	7
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D

q

Tp
2

z

z'
w

� �] � 
 � �����THJD O'='>X='O$Y.HJ>.P+W.Y.P+W.O�H�Y.U�>.:#WJ7

��� 	J,�*-,�; ��?�
@?LC�EGF
(W ;V, V ′) H"ILKlM MPO d Q E X MPO1U7M QTX]\ EW^_^ MPOZabILO d MPO F M)U�f ^ u E U"X

5 c FGi ^ MPOZ\ i fGOBM Q
a�c�U�f g fGK FWi \ ^ M n 	 � MPK W ∼=Top V × [0, 1] n
� MPH i \ n � 8�O$P)YXW.H7�4��= W

HJ>jHJD(WX=';<;<HJD�^#M*D�Q�HJD#F�H];N='D�Q'npU�GqF�P)Q�^�HIF ;<HIFh>X='D#F�x�^#='>
w$P	P�n ~'G)Q�HTW M*Y.D�P)D�QNd$7)6I�$x ='Y

W ∼= V × [0, 1] + ∪H1 + ∪H2 + ∪H3 + ∪H4.
�THJY*n ~'G)Q�HJ>�=lnoW M*Y.D�P)D�QNd$7)6Ib$x ='Ykw$P	U�QtWp�hO'='D�n �.HJ>.D�H

1 � U�Q 4 � ^#='D�O�HJD�H�7
v G)YXWp� HJ>

W ∼= V × [0, 1] + H2 + H3.
8$M*Y.D�P)D�Q R�7`A'�(U�; i :�G+HJ>fO'='>X='O�Y.HJ>.P+WXY.P)O�Q�P)w�HJ>fUtW]?$F�HJ>.G+P)Q�HJ>.H�x='Y

ν2 = ν3
x�F�w$WJ7�='Y

w$P	^#='>fWX=';<;NHT='D�YX='G
2 � U�Q 3 � ^#='D�O�H�7

� =�F UtWkK�HJD5?$Y.Y.HLD�U�YX='Y.P)U�D�HJD

M = ∂+W2 = ∂(V × [0, 1] + ∪H2).
�THJYaHJ>aF�HJD�D�HNF�HJG);N='D�Q'n U�G+F�P)Q�^�HIF�x�W.U�; P)D#F�HJ^�U�G+F�HJ>aF�HhY.>X='D#W.w�HJ>XWXH<W n M*>.HJ>�n U�>

2 �^#='D�O�HJD�HTU�Qsc$��WXM*Y.D�P+D�QtWXW n M*>.HJ>.D�HknpU�>
3 � ^#='D�O�HJD�H�7$�THfY.U P)D�Q�>.HIF�P)HJD#W.HJ> W.U�; =ln Qt~'>Jx^�w�U�>XF�='D};N='D�Q'n U�G+F�P)Q�^�HIF�HJD W.HJ>�:#F�7

v D5YX='Qhn U�>kHJYf~#�.HJK�G)P)O�x$='Y]F�HJ>kO�:�D HJ>kHJD
2 � ^#='D�O�7 B�F�HJYkY.P)G�n M*G+F�HTHJ>

M = (V × {1} − (S1 ×D3)) ∪ (D2 × S2).
S]w�PqWN;N='D n � HJ>.D�HJ> F�HJD Y.>X='D#W.w�HJ>XW.H W n M*>.H�x*W.HJ>�;N='D	x�='Y

M − ({0} × S2)
^#='>

V × {1} − (S1 × D3)
W.U�;CF�H{n U�>.;N='Y.P)U�D#W.>.HJY.>X='O$YJx0F�w�WJ7!='Y

M − ({0} × S2)
HJ>

^�U�;<U�Y.U�c�PqM*O�w$P)w'='G)HJD5Y ;<HIF
V − S1 7$��= S1 ^#='>*O�U$F�P);NHJD#W.P)U�D(@ P V x�QtM*G+F�HJ>*F�HJYJx='Y

π1(V − S1) = π1(V ) = 0
7  P+G�n M*GqF�HJY ;<HIF ;<HJ>.HaHJD#F HJD

2 � ^#='D�O�G+~�W.HIW�Y.P)G+W.w'= �>.HJD#F�H�x�F�=
2 � ^#='D�O�HJD�H�Ol='D ='D5YX='Q�HIW*='Y w'M*>.Hfc$��W ='Y�F�P+W � :�D�O$YJ75S]w�P+Wjw�P#K�HJY.HJQ�D�HJ>*F�HY.>X='D#W.w�HJ>XWXHsW n M*>.HJ>k;<HIF

ai
x�w$P+W.HJ>k='>.Q�:�;<HJD5Y.HJYJx�='Y

π1(M − ∪ai) ∼= π1(V − ∪S1
i )
∼= π1(V ) = 0.

% HIF HJD Y.P+G+W.w'='>.HJD#F�H}K�HJY.>X='Q�Y.D�P)D�Q nt�'> ;N='D	x�='Y
π1(M − ∪di) = π1(V

′) = 0
x

^�w�U�>
di
HJ>�F�H U�c#W.Y.P+Q�HJD#F�H W n M*>.HJ>Jx�F�w$WJ7�c$��WXM*Y.D�P)D�QtW W n M*>.HJ>.D�H n U�>

3 � ^#='D�O�HJD�H�7!�TH
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S S'

p

q'
2

q'

q
2

q
1

τ1

τ2
c2

c1

1

�L�] � 
�� � �T8�O'M*>.P)D�QtW.c�:�D�O$Y.HJ>Jx z{P)>.O$G)HJ>*U�Q<Ol='>X='O$Y.HJ>.P+W.Y.PqW.O�H�Y.U�>.P 7

Y.U F�HJG+;N='D�Q'npU�GqF�P)Q�^�HIF�HJ> ∪di
U�Q ∪ai

U�c�n ?$G+F�HJ><F�HJYJx W.U�; |�>.HJHIF�;(='D Ol='GqF�HJ>
π1 �D�HJQ�G)P+Q�HJ>.K#='>.^�HIF�7

�THJDNHJD�HIWXY.H]P)O$O�H � Y.>.P)w$P)HJG)G)H*W.D�P)Y.;(='Y.>.P+z{HkHJ> M3
7$S]='D�O�HJD�HTO'='DNP�n ~'G)Q�H�WXM*Y.D�P)D�Q d$7`A�A

M*D#F�>.HIWJx#Wj�s;N='Y.>.Pqz{HJD O�U�;N;<HJ> c$� F�P+='Q�U�D#='G)npU�>.; 7���= F�HJ>kO�:�D�HJ>
2 � U�Q 3 � ^#='D�O�H�x>.HJc�>XMkW.HJD�Y.HJ>.HJ>*;N='Y.>.P+z{HJD<HJD(K�P � HJO$Y.P)w =lnpK�P+G+F�D�P)D�Q�xt='G)YXWp�sW.wl='>.HJ>

M3
Y.P)G#HJD�^�HIF�WX;N= �Y.>.P+z{HJD	x�^�w�P+W�w$P�wlM*G)Q�HJ>*U�>.P)HJD�Y.HJ>.P)D�Q�HJ>.D�Hac$� ^#='D�O�HJD�HLc#=�WXW.HJD#F�H�78�HJG+w�U�; F�HJ>*H{n Y.HJ>

>XM*O$O�HJU�cHJ>X='Y.P+U�D�HJ>.D�H c$�%;N='Y.>.P+z{HJD P)O$O�H<HJ> YX='G+HNU�; F�H WX=';N;<H<^#='D�O�H�x Y.P)G)G+=�F�HJ>
w$PjUtWL='Y ;<P+W.K�>.:�Q�HhD�U�YX='Y.P)U�D�HJD

ai
U�Q

di
7 % Pj^#='> W.YX=�F�P)Q�x!='Y ∪ai

U�Q ∪dj
HJ>

π1 �D�HJQ�G)P+Q�HJ>.K#='>.H�7

% Pfw$P)G�P]>.HIW.Y.HJD =lnsWXO�P)YXWXHJD ='D5YX='Q�H�xk='Y(F�HJ> O$:�D HJ> YX='G)H}U�; HJD
2 � ^#='D�O U�Q HJD

3 � ^#='D�O�7
% P ^#='> ='G)YXWp� HJD Y.>X='D#W.w�HJ>XW W n M*>.H

S
U�Q%HJD c$��WXM*Y.D�P+D�QtWXW n M*>.H

S′
K�HJQ�Q�H

P)D#F�G+H � >.HIF�H ;<HIF Y.>.P)w$P)HJG)G+H F�P+W.O$K�:�D#F�Y.HJ>J748�U�;CY.P+F�G+P)Q�HJ>.H D#M*w$D5Y PjW.O$P)YXW.HJD HJ>aK$��F�H
π1(M−S) = 0

U�Q
π1(M−S′) = 0

7 % P$^#='>o='>.>X='D�Q�HJ>.HJYjF�HJYJx'Wj�'G)HIF�HIW4='Y
S ·S′ = 1

x
F�=

M3 = I
7�B n ~'G)Q�H O�U�>.U�G)G+='>ad$7)6{R�HJ>

M
HJD�O�HJG)YXW =';<;<HJD�^#M*D�Q�HJD#F�H�x	='G)YXWp�(Ol='Dyw$P

K�HJD5?$Y.Y.HhG)HJ;<;N=(�$7�R�7 � HJ;<;N='HJYTQ�P)w�HJ>�UtW�HJD P+W.U�Y.U�c�P x�Wp�
π1(N − (S ∪ S′)) = 0

x
^�w�U�>�w�P	U�QtWj�hG+=�F�HJ>

S′
KHJY.HJQ�D�Hs>.HIW.:�G)YX='Y.HJY�=ln �#?�Y.D�P)D�Q�HJD	7

|�U�> HJY W.O'M*>.P)D�QtW.c�:�D�O$YJx
p
x*;<HJG)G)HJ;

S
U�Q

S′
O'='D w�PTHJD#W.>.HJY.Y.H {p} × D2 ;<HIF

S2 × {0} P4HJD U�;<HJQ�D =ln p
U�Q�U�; w�HJD#F�Y�w$^#=�7�O�U�>.U�G+G+='>Tb$7`AlR�7	�THJYJx�w�P ^#='>Jx�HJ>]HJD

c�G):�; K�P)D�Q =lnaY.U Y.>.P)w$P)HJG)G+H F�P+WXO�K�:�D#F�Y.HJ><U w�HJ>
S2 x WXH}v�>.HIF�U�D ��� 6P� x WI7 R5A�d��X7 �THJY

HJ>aP)O$O�H z{HJD5Y.>X='G)Ys='Yaw$P+F�H ;<HJ>.HhU�; c�G):�; K�P)D�QtWJx�G+=�FyUtW�K�G)U�YaP)D#F$n ~'>.H D�U�YX='Y.P)U�D�HJD

X = S×D2∪S′×D′2 npU�> F�HJD�D�Hfc�G):�; K�P+D�Q�7t�T= S ·S′ = 1
^#='> w$P#HJY :�G)P)Q�Hk='D5YX='G

W.O'M*>.P)D�Q�HJ> {p, q1, q
′
1, . . . , q

′
k}
x ^�w�U�>

qi
U�Q

q′i
^#='>f;<U�F�WX='Y.Y.HLn U�>.Y.HJQ�D	x�W.H)&#Q�:�>aA�@$7

 HJO�D�P+WXO WXHJYsK�~'>s;N='D ='>.KH �XF�HN;<HIF c�:�D�O�Y.HJ> c$� >X='D#F�HJD =ln
X
xoW.U�;9WXwl='>.HJ> Y.P)G
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W.O'M*>.P)D�QtW.c�:�D�O$Y.HJ>.D�H�75��=aw$P#P�n U�>.w�H � HJD(^#='> W.HJYjK�U�>.Y n >X=LF�HJY ;NHIW.Y.HkY.HJO�D�P+Ox�w'M*G)Q�HJ>
w$P	U�QtWp�h='YfW.HaK�U�>.Y*n >X=hF�HJD�D�HsF�HJYX='G �.H�x#W.HaHJw�YJ7u�P)>.K5? ��� ZJ� x WJ7Z'd��X7
% HIF ='Y�n U�>.K�P)D#F�Hhc�:�D�O$Y.HJ>.D�Hh;<HIF O�:�>.w�HJ>aO'='D w�Pont�

k
z{P)>.O�G+HJ>Jx

C1, . . . , Ck
x!W.w'= �>.HJD#F�H Y.P)G z{P)>.O$G)HJD	x]F�HJ> U�;NO�>X='D#W.HJ>

D
P K�HJw�P+W W.O�P+YXW.HJD n U�>yWXM*Y.D�P+D�Q d$7`A�@$7 � =�F

UtW D�: U�c�n ='Y.Y.H
C1, . . . , Ck

W.U�; z{P)>.O$G)HJ>�c$� >X='D#F�HJD =ln
X
x�U�Q G+=�F UtW WXY.:#F�HJ>.H

W = M− (X)◦
75��=

M − (S∪S′)
HJ> HJD�O�HJG)YXWX=';N;<HJD�^#M*D�Q�HJD#F�H�xtHJ>

W
F�HJYjU�QtWj��7

% P4O'='D F�HJ> npU�>�w'M*G)Q�HsHJD D5:�G+^�U�;<U�Y.U�c�P x
D1
xn U�>

C1
7��THJD�D�H O'='DywlM*G)Q�HIWTW.U�; HJD

P);N;<HJ>XW.P)U�DN=ln
D2 P�n ~'G)Q�H]S]P)>XWXz ^ ��� d"� x�WJ7�m�@��X7#�THJY�=ln Qt~'>.HJD#F�HaP	F�HJD�W =';<;<HJD�^#M*D�Q

HJ>Jx ='Y
2 dim D2 ≤ dim W

7

% P�^#='>N='G)YXWj� HJD P);<;<HJ>XWXP)U�D =ln
D1
7�8�c�~'>.QtW.; �'G+HJY HJ>(D5:	xjU�;

W − D1
HJ><HJD �O�HJG)YXW =';<;<HJD�^#M*D�Q�HJD#F�H�7 �THJY(Ol='D ;(='D P)O$O�H w'M*>.H}W.P)O$O�HJ><c$��7 v D#F�>.H � ��=�WXW.U�D

n ='D#F�YjP);<PqF�G)HJ>.Y.P+F c$�L;<HJY.U�F�HJD &#D�Q�HJ>.;<U w�HIW P#K�HJw$P+W.HJYon U�>jG)HJ;<;N=a�$7�R�7$i DN;<HJY.U�F�H
W.w'='>.HJD#F�H Y.P)G4F�HJDyP0K�HJw�PqW.HJYJx#^5w�U�>�;N='D%P WXY.HIF�HJY�n U�>T='YTKHJD�?�Y.Y.H HJDyP+W.U�Y.U�c�P0Y.P+G0='Y
W.O'='K�H�WXOlM*>.P)D�Q�HJ>k;NHIF�x�KHJD�?�Y.Y.HJ>�HJD >.HJQ�:�GqM*>k^�U�;<U�Y.U�c�P!Y.P)G	='Y�W.O'='KHLWXHJG)w$WXOlM*>.P)D �Q�HJ> ;<HIF�7��THJYoHJ> P)D#F�^�U�G+F�HJY =lnD#MkWXY.HkG)HJ;<;N=�xlW.U�; HJ>oYX='Q�HJYonp>X= & :�P)G+G)U�: U�QaVy='>.P)D
��� R7� x WI7 A'�'RZ�X7
& <�6 68/ �
?��
?YC�EGF

W HJILKlM MPO MPO1U7M QTX]\ EW^_^ MPOZabILO d MPO F M 4 c ^hE O dlk fWQ FWi d aZM F f d
f : D2 → W HJILK�MsMPO OBfWK ^hE Q i]^ ^ MPKj\ i fWO n " O$X E d � E X F MPK  O F M \ β ∈ H2(W ) �
\�� f · β = 1 n o E MPK f K�M d S�QTILK X�abf ^ fWX�fPu4K�M Q S1 ^ M F MPO4OBfWK ^hE Q i ^_^ MPKj\ i fWO
g : D2 → W �:\ � W − g(D2) MPK MPOZU7M QTX]\ EG^ ^ MPO1abILO d MPO F M n
�THJ>�P)D#F�QG�'>*D�U�Q�G)H]K�HJQ�>.HJK�HJ> U�Q HJD�HJD�O�HJG)Y npU�>.:#F�WXM*Y.D�P+D�Q�x$W.U�; n U�>.Y � HJD�HJ>�HJD�O�U�; �;<HJD�YX='>J7i D%>.HJQ�:�G+M*>f^�U�;NU�Y.U�c�P0HJ>fHJD%^�U�;<U�Y.U�c�P

(ft)
x ^�w�U�>

ft
HJ>fHJD P+;<;<HJ>XW.P)U�D

n U�>s='G)G)H
t
70i D P);<;<HJ>XW.P+U�D

f : D2 → W
O'='G+F�HIWaD�U�>.;N='G x0^5w$P+WLF�HJD WXOlM*>.HJ>

∂WY.>X='D#W.w�HJ>XW ='G)YLP
f(S1)

x0U�Q%='G)G)H<W.HJG)w�W.O'M*>.P)D�Q�HJ>�HJ>sY.>X='D#W.w�HJ>XW ='G)HNF�U�K�K�HJG)Y.c�:�D�O�Y.HJ> P
F�HJY*P)D#F�>.H�=ln

W
7��THJYkW.P+F�W.Y.H]HJ> HJO�W.P+W.Y.HJD#WXHJD(=ln

β
7�S]w�PqWjw$P n U�> HJYk~#�.HJK�G)P)O U�c�n ='Y.Y.HJ>

D1
WXU�; HJD(F�P+WXO P

M
U�Q ;<P)D#F�HIWJx�^�w�U�>XF�='D F�HJ> U�;<O�>.P+D�QaHJDNY.>X='D#W.w�HJ>XWX='G�W.O'M*>.P)D�Q�x

q1
x�;<HJG)G)HJ; Y.U c�G+='D�HJ>�&#D#F�HIW HJD O'='>X='O�Y.HJ>.PqW.Y.P+W.O Y.U�>.:#WJ7*�THJD�D�H%O'='>X='O�Y.HJ>.PqW.Y.P+W.O�H

Y.U�>.:#W >.HJc�>XMkW.HJD5Y.HJ>.HJ>*HJYjHJG)HJ;NHJD5Y
τ1 ∈ H2(M)

x�U�Q
D1
Ol='DNwlM*G)Q�HIW Wp�

τ1 ·D1 = 1
7

��=
τ1
HJ>kP)D#F�HJ^�U�G+F�YkP

W
x�K�G)P)w�HJ>

τ1 ∈ H2(W )
F�HJY�~'D#W.O�HIF�H

β
7


 w�HJD#W.Yp�'HJD#F�HsKHJYE?$F�HJ>Jx ='Ykw$P�Ol='D M*D#F�>.H
D1
w$P+= HJD >.HJQ�:�G+M*>k^�U�;<U�Y.U�c�P 7 % P�;<P+W �K�>.:�Q�HJ>oW.U�; Wj��U'n Y.H n ~'>0D�U�YX='Y.P)U�D�HJD U�QfO'='G+F�HJ>4>.HIW.:�G)YX='Y.HJY!n U�>

D1
7 v G+YXWp�kHJ>

W−D1HJD�O�HJG)YXW =';<;<HJD�^#M*D�Q�HJD#F�H�x#F�w�WJ7#='Y
C2
HJ>�D5:�G)^�U�;NU�Y.U�c	7 
 w�HJD#W.Yp�'HJD#F�Hsc�>.U�z{HIF�:�>.H

Q�P)w�HJ> UtW ; :�G)P+Q�^�HIF�HJD n U�>}='Y F�='D�D�H =ln K�P)G+F�D�P+D�Q�HJ>
f1, . . . , fk : D2 → W

x�Wp�
fi |S1= Ci

HJ>NHJD P)D#F�G)H �.>.P)D�Q P)D#F P
∂W

7��]HJY(Q�P)w�HJ>N; :�G)P)Q�^�HIF npU�> ='YNK�HJD5?$Y.Y.H
n ~'G)Q�HJD#F�H�WXM*Y.D�P)D�Q =ln ��=�WXW.U�D	x�W.U�; w$P�z{P)Y.HJ>.HJ> n >X= & :�P)G)G)U�:<U�Q Vy='>.P)D ��� R7� x�WJ7�A'�tA��X7
��� 	J,�*-,�;���? ��? C�EGF

W H"ILKlM M`O MPOZU7MPQ[X]\ EW^_^ M`OZabILO d M`O F M 4 c ^hE O dlk f7Q FWi d aZM F n C�E�F
f1, . . . , fk : D2 → W H"ILKlM E k gPi Q F O i O d MPK � \�� fi |S1 M`K_MPO i O F QmM��PK i O d i O F i ∂W
f d fi(S

1) ∩ fj(S
1) = ∅ k fWK i 6= j n " O$X E d � E X E Q]Q�MY\ O i XtX E Q fi · fj MPKYO$S�Q n " O$X E d �E X F MPK  O F M \ βi ∈ H2(W ) ��\ � fi ·βj = δij �:f d \ � βj ·βj MPK Q i d M n �)F MPO \ i XtS E X i fWO O F M \ � g OBM ^ ILO d F MPK V1, . . . , Vn

i
W � \ � �� 6��

(Vi, Vi ∩ ∂W ) a E K�\ EW^_^ M�abf ^ fGX�f u i X  u1M \`f ^ (D2 × R2, S1 × R2) �
� A��

Vi ∩ ∂W M`KeMPO � g MPO XtS g S�QTILKYf ^ M d O k fWK fi(S
1)

i
∂W �
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� @��
fi MPK�abf ^ fWX�fPu K�M Q S1 ^ M F MPO E k gPi Q F O i O d i O F i Vi

n
8�U�;

βi
P WXM*Y.D�P)D�Q�HJD<O'='D<w$P#K�HJD5?$Y.Y.H

τi
x5^5w$P)G)O�HJY K�HJY ?�F�HJ>Jx�='YjK�HJY.P)D�Q�HJG+W.HJ>.D�HkPWXM*Y �D�P)D�Q�HJD HJ> U�c�n ?$G+F�Y.H�7 �TF�WX='Q�D�HJY�6��T='D#W.c�U�>.HJ> P+D#F�^�U�G+F�HJY =lnfF�HJD D#MkW.Y.H�WXM*Y.D�P)D�Q�x

W.U�; HJ>jF�HJD(z{HJD5Y.>X='G+HfWXM*Y.D�P)D�QaP |#>.HJHIF�;N='D#W ='>.Y.P)O�HJG ��� @"�t�!np>X=N6Ib���A$75B D#F�HJD(WXM*Y.D�P)D �Q�HJD WXOl='G F�HJYLD#M*w$D�HIWJx0='Y
Vi
��HJ>.D�HNU�; YX='G)YaPjW M*Y.D�P)D�Q}�$7 Z O'='G+F�HIW �#HJO$WXP)K�G)H ^#='D�O�H

HJG)G+HJ> ��=�W W.U�D ^#='D�O�H�7 |�>.HJHIF�;N='D#W]WXM*Y.D�P)D�Q ��� @�� x#WI7 @�d�6�� G)?�F�HJ>` 
��� 	J,�*-,�; �
?���? � OZa�H"MPK � E \ \PfWO�a E O1U MPK \Pf ^ u E K abf ^ M�f ^ fWK k ^ M F8F MPO �

g O�M
\PX E O FGE K F a E OZU (D2 × R2, S1 × R2) n
8$M*Y.D�P)D�Q�HJD�Q�P)w�HJ> UtW�HJO$W.PqW.Y.HJD#W.HJD(=ln!HJD�Y.U�c�U�G)U�Q�P+W.O � ^�P)Y.D�HJ?<F�P+W.O�x�WXU�; ; :�G)P)Q�Qt~'>
HJD Y.U�c�U�G)U�Q�P+W.O P+W.U�Y.U�c�P�W.w'='>.HJD#F�H Y.P)GkP+WXU�Y.U�c�P)HJD PfWXM*Y.D�P)D�Q d$7`A�@$7 v G)YXWp�yHJD#F�HJ><w$P
;<HIF�HJD O�U�K�U�>XF�P+W.;NH

W ∼=Top V × [0, 1] + H2 + H3,
^�w�U�>

H2 U�Q H3 WXOlM*>.HJ>j^�P+D#='D#F�HJD<Y.>X='D#W.w�HJ>XWX='G)Y P D�HJY.U�cNHJYjc�:�D�O$YJ75i D<Y.U�c�U�G)U�Q�P+WXO
:#F�Qt= w�H =ln WXM*Y.D�P)D�QNd$7)6 Z Q�P)w�HJ>�F�HJ> n U�>Jx#='Y

W ∼=Top V × [0, 1].

�

i D�; :�G)P)Q Q�>.:�D#F�x�Y.P)G�='YkF�HJY*Y.U�Q<Wp� ;N='D�Q�H �'>k='Y�w$P+W.HTF�HJD�D�HLWXM*Y.D�P)D�Q�x�O'='D(w'M*>.H�x
='YT;N='D n U�>XWX~'Q�Y.H ='Yfw$P+W.HLHJDyQ�G+='Y]:#F�Qt=Iw�H�7 �];<P+F�F�HJG)K#='>.Y�H{n Y.HJ>]|#>.HJHIF�;N='D#WTKHJw$P+W
Pk6Ib���A$x	w$P+W.Y.H<8�P);<U�D �]U�D#='GqF�W.U�D HJD WXM*Y.D�P)D�Q�x	F�HJ>LW.U�; O�U�>.U�G)G+='>T^#='>aHJY�;<U$F�HJO �W.HJ;NcHJG	Y.P)G4F�HJD}Q�G+='Y.Y.H

5 � F�P);NHJD#W.P)U�D�HJG)G)H h � O�U�KU�>XF�P+WX;<HIWXM*Y.D�P)D�Q�x WXHsu�P)>.K5?
��� ZJ� x�WJ7

@�A��X7
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b$7 � � � �
�]��8�B�+ 
 �$��� 

& >.:�D#F�GqM*Q�Q�HJD#F�HNn U�>s^�HJG)H(W.cHIz{Pq='G)HJYLHJ>sK�HJQ�>.HJK�HJ>.D�HNY.U�c�U�G)U�Q�P+W.O ;N='D�Q'n U�G+F�P)Q�^�HIF�x
F�P+*�HJ>.HJD5Y.Pq='KHJG�;(='D�Q'npU�G+F�P+Q�^�HIF U�Q O�U�; K�P)D#='Y.U�>.P+W.O ;N='D�Q'n U�G+F�P)Q�^�HIF�7 �TH%c�>XMkz{P+W.H
F�H�&#D�P)Y.P+U�D�HJ>(c$� Y.U�cU�G+U�Q�P+W.O U�Q F�P$*�HJ>.HJD�Y.P+='KHJG];N='D�Q'n U�G+F�P)Q�^�HIF O'='D &#D#F�HIW�PTF�H
�#HIW.Y.H�K�~'Q�HJ>*U�; F�P$*�HJ>.HJD�Y.P+='G�Y.U�cU�G)U�Q�Pn 7�HJO$WJ7�v�>�$z O�HJ>kU�Q ���'D�P+zX^ ��� A��t�X7��THJ> n U�>�w$P)G
w$P�D#~#�.HIW ;<HIF W.O�>X='K�HIF�H*F�H�&#D�P)Y.P)U�D�HJ> =lnF�H�Y.U]n ~'>XW.Y.H�KHJQ�>.HJK�HJ>J7��TH�&#D�P)Y.P)U�D�HJD =ln HJD
O�U�; K�P)D#='Y.U�>.P+W.O�;N='D�Q'n U�G+F�P)Q�^�HIF}HJ>];NP)D#F�>.HsY.P)G+QtM*D�Q�HJG)P)QhPoW.YX='D#F�='>XFyG)P)Y.Y.HJ>X='Y.:�>.HJD	x
Wp�hF�HJD}w�P)G�w$P	:#F�F�?�K�H�7
�N<��:,�* 	V*](B,�!
?-A+? ijY A$7�YXM*G)G)HJG)P)Q�Y S]=':#W F�U�> * >.:�; x�W.U�; HJ>oG)U�O'='G)Y HJ:�O�G+P+F�P+W.O�x O'='G+F�HIW
n U�>jHJDNY.U�c�U�G)U�Q�P+WXO ;N='D�Q'n U�G+F�P)Q�^�HIF�7�Sfw$P+WjF�P);NHJD#W.P)U�D�HJDhHJ> >.HJG+HJwl='D�Y YX='G)HJ>j;(='D<U�;
HJDhY.U�c�U�G)U�Q�P+W.O

n � ;N='D�Q'npU�GqF�P)Q�^�HIF�x'^5w�U�> n
HJ> F�P+;<HJD#W.P)U�D�HJD =ln�F�HJY HJ:�O�G)PqF�P+W.O�H�>.:�; 7

% P	KHJD�?�Y.Y.HJ>fD�U�Q�G)HaQt='D�Q�HLD�U�YX='Y.P)U�D�HJD
Mn n U�>f='Y�='D�Y ?�F�H F�P);<HJD#WXP)U�D�HJD	7

�THJ> &#D#F�HIW U�QtWp�y;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>s;<HIF >X='D#F�7 �TH�=�F�WXO�P)G+G)HJ>sW.P)Q%w�HIF�x ='Y G)U�O'='G)Y
HJ:�O$G)P+F�P+WXO P F�H�&#D�P)Y.P)U�D�HJD WXO�P�n Y.HIW�:#F ;NHIF G)U�Ol='G+YT^�U�;NHJU�;<U�> n�;NHIF HJD8�'K�HJD F�HJG �;NM*D�QtF�HT=ln!^#='G)w$c�G+='D�HJD

Hn = Rn−1× [0,∞[
7�v�HJQ�Q�H]YE?�c�HJ>�=ln	;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>

O'='D w'M*>.H}O�U�;<c#='O$Y.H�x D$�'> F�H}U�c�n ='Y.Y.HIW(W.U�; Y.U�cU�G)U�Q�PqW.O�H >.:�; 7 % HIF HJD G):�O$O�HJY
;N='D�Q'n U�G+F�P)Q�^�HIFyn U�>XW.Yp�'>Lw$PjHJD O�U�;<c#='O�Ys;N='D�Q'npU�GqF�P)Q�^�HIF :#F�HJD >X='D#F�7 % P w�P)G K�H �D�?�Y.Y.H<K�HJY.HJQ�D�HJG+W.HJD ;N='D�Q'npU�GqF�P)Q�^�HIFyK$��F�H<U�;CHJD ;N='D�Q'n U�G+F�P)Q�^�HIF :#F�HJD >X='D#F U�Q
U�;CHJD Q�HJD�HJ>.HJG ;N='D�Q'n U�G+F�P)Q�^�HIF�x�D$�'>sF�HJYaP)O$O�HhHJ>awlMkWXHJD5Y.G)P)Q�YJx	^�w�U�>.w�PqF�YLF�HJD ^#='>
>X='D#F HJG+G)HJ>*H �{7

�N<��:,�* 	V*](B, !�?r=@? i D%Y.U�cU�Q�P+WXO(;N='D�Q'n U�G+F�P)Q�^�HIF�;NHIF�HJD%F�P+*�HJ>.HJD5Y.P+='K�HJG!W.Y.>.:�O$Y.:�>
O'='G+F�HIW*HJD Q�G+='Y*HJG)G+HJ>

C∞ � ;N='D�Q'n U�G+F�P)Q�^�HIF�7

�THJD WXP+F�W.Y.H<YE?�c�H(=ln�;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>Jx W.U�;\K�G+P)w�HJ>s='O$Y.:�HJG x!HJ> F�HNO�U�; K�P)D#='Y.U�>.P �W.O�H�7��TH�&#D�P)Y.P)U�D�HJD HJ>(HJD F�HJGTG+M*D�Q�HJ>.H}HJD#F F�H n U�>.HJQG�'HJD#F�H�7k�]HJY.Y.H%HJ>(c$� P)D�Q�HJD
; ��F�H :#F�Y.>.?$O npU�> F�H npU�>XWXO�HJG)G)P)Q�Hh;N='D�Q'n U�G+F�P)Q�^�HIF�WXY ?$cHJ>XW >.U�G)G)H(P�F�HJY.Y.H W.c�HIz{P+='G)H�7
v G)Y c�>X='O�Y.P+WXO ='>.KH �XF�H w�P+G]D�HJ;<G+P)Q n U�>.HJQG� HJD5Y.HJD ;<HIF Q�G+='Y.Y.H HJG)G)HJ> Y.U�c�U�G)U�Q�P+W.O�H
;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>J7��TH O�U�; K�P)D#='Y.U�>.P+W.O�H ;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>]HJ>]:#F�HJG):�O$O�HJD#F�H ;<HIF �YX='Q�HJYJx�n U�>XF�P��4U�P)D#zJ='>��sU�c�>.P+D#F�HJG)P)Q�Y*n U�>.; :�G)HJ>.HIF�HLWXP)D�npU�>.;NU$F�D�P)D�Q n U�>fF�HJD�D�HLYE?�c�H
=ln ;(='D�Q'npU�G+F�P+Q�^�HIF�HJ>J7��THJY�Ol='D F�HJ> n U�>%&#D5YaG+=�F�H W.P)Q(Qt~'>.H<='Y�WXc�>.P)D�Q�H U w�HJ>LF�HJD�D�H
F�H�&#D�P)Y.P+U�D U�Qhw�HJD#F�HLY.P)G)K#='Q�H�x�^�w�P+W*;(='D W.HJD�HJ>.HsW.O$:�G)G)H]n-� G+?$W.Y*Y.P)G	F�HJYJ7
|#~'>XWXYhHJ> w$P*D#~�F�YhY.P+G*='YhF�H�&#D�HJ>.H�xj^�wl=�F w$P*;<HJD�HJ> ;<HIF HJD Y.>.P+='D�Q�:�G)HJ>.P)D�Q�7o�THJD
D#MkW.Y.H F�H�&#D�P)Y.P)U�D HJ> HJD WX=';N;<HJD�n ='Y.D�P+D�Q n >X=  ^�:�>XW.Y.U�D ��� A�A�� x�WI7T6�6Ib��X7k�TH�&#D�P �Y.P)U�D�HJD n U�>.:#F�WXM*Y.Y.HJ>(O�HJD#F�W.Ol='K Y.P+GkKHJQ�>.HJK�HJY<HJYNW.P+;<c�G)HJO�WJ74V%HIF G)U�O'='G)Y HJD#F�HJG)P)Q�Y
;<HJD�HIWIx#='YkHJY.^5w�HJ>.Yfc�:�D�O$Y�O$:�D HJ>�P)D#F�HJ^�U�G+F�Y*P!HJD#F�HJG+P)Q�Y*;N='D�Q�HLW.P);<c�G+HJO$W.HJ>J7

�N<��:,�* 	V*](B,�!�?��
? ijY�W.P+;<c�G)P+z{P)HJG+Y0O�U�;<c�G)HJO�WjHJ> HJDNG)U�O'='G)YjHJD#F�HJG+P)QsWX=';<G+P)D�QL=ln!W.P); �c�G)HJO�W.HJ>Jx
Σ
x#F�HJ>�U�c�n ?�GqF�HJ>kY.UhKHJY.P)D�Q�HJGqW.HJ>` 

6�� i Y.^5w�HJ>.YTF�HJG+W.P);<c�G+HJO$W�=ln HJY�WXP);<c�G)HJO�W P
Σ
G+P)Q�Q�HJ>kW.HJG)wNP

Σ
7

A�� |#M*G)G)HIW.;(M*D�QtF�HJD�=ln Y.U<W.P);<c�G+HJO$W.HJ> HJ>kHJD5Y.HJD Y.U�;_HJG+G)HJ> HJY�F�HJGqW.P);<c�G)HJO�W =ln
F�HJ;gKHJQ�Q�H�7

|�U�>.HJD�P+D�Q�HJD =ln�WXP);<c�G)HJO�W.HJ>.D�H P
Σ
Ol='GqF�HIW

Σ
� Whc�U�G)?�HIF�HJ>hU�Q K�HJY.HJQ�D�HIW | Σ | 7 % PW.P+Q�HJ>Jx5='Y HJY Y.U�cU�G)U�Q�PqW.O >.:�;}x

X
x5O'='DNY.>.Pq='D�Q�:�G)HJ>.HIWJxt^�w�P+W F�HJ> &#D#F�HIW HJY W.P+;<c�G)P+z{P)HJG+Y

O�U�;<c�G+HJO$W
Σ
xkWX='; Y HJD ^�U�;NHJU�;<U�> & np>X= | Σ | Y.P)G X

7fi D =ln K�P)G+F�D�P+D�Q ;<HJG)G+HJ;
Y.>.P+='D�Q�:�G+HJ>.HIF�Ha>.:�;gOl='GqF�HIWkW.P);<c�G)Pqz{P)HJG xt^�w�P+WkF�HJD}>.HIW.cHJO$Y.HJ>.HJ>kY.>.P+='D�Q�:�G)HJ>.P+D�Q�HJ>.D�H�7
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�TH O�U�; K�P+D#='Y.U�>.P+W.O�H ;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>fHJ>�;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>T;<HIF%HJD WXcHIz{P)HJG4Y.>.P �='D�Q�:�G)HJ>.P+D�QyO'='G+F�HJY O�U�; K�P+D#='Y.U�>.P+W.O Y.>.P+='D�Q�:�G+HJ>.P)D�Q�7 i D O�U�; K�P+D#='Y.U�>.P+W.O ;N='D�Q'n U�G �F�P)Q�^�HIF%O'='G+F�HIW�U�QtWp�(HJD W.Y ?$O�O�HJw$P+WfG)P)D�HIM*>f;(='D�Q'npU�G+F�P+Q�^�HIF�7��=(F�H�&#D�P+Y.P)U�D�HJD%P+O�O�H
HJ> Wp�%wlMkW.HJD�Y.G)P)Q}npU�> UtWJxow�P+G w$P D#~#�.HIW ;NHIF ='Yh='D#W.O$:�HJG)P)Q�Qt~'>.H F�HJD w�HIF ='Yhz{P)Y.HJ>.H
D#MkW.Y.H(c�>.U�cUtWXP)Y.P)U�D n >X=  ^5:�>XW.Y.U�D ��� A�A"� x4WI7 6Ib�6��X74BTc�>.U�c�UtW.P)Y.P)U�D�HJD K�HJD5?$Y.Y.HIWsK�H �Q�>.HJK�HJY HJY G)P+D�O npU�> HJYhW.P);<c�G)HJO�WJ7!S]w�PqW

σ ∈ Σ
HJ> HJY W.P);<c�G)HJO�WJx!U�Q

τ1, . . . , τk
HJ>

F�H W.P);<c�G+HJO$W.HJ>JxW.U�; P+D#F�HJ^�U�G+F�HJ>
σ
x	Wp� &#D#F�HIWTP ^�w�HJ>.Y

τi
HJYaW.P);<c�G+HJO$Wk;NU$F�WX='Y

σ
x

F�w�WJ7�Wp�
σ ∩ σi = ∅ U�Q σ ∪ σi

:#F�W.c#M*D#F�HJ>
τi
7 � P)D�O�HJY�n U�>

σ
HJ>�G)P)Q F�HJYkW.P+;<c�G)P+z{P)HJG+G)H

O�U�;<c�G+HJO$W {σi}
7

�D0�( � ( �V*�	V* (�, !
? ��? � X
\ i ^ u+Q i � i M QTX@U�f ^ uBQmM UJ\)MPK�MPO \ X  UVU7MPH i \ Q i O�M�ILK ^_E O dlk f7Q FGi d c
aZM F �@a�H i \ f d U"SbOha�H i \ Q i OZU7MPX k fWK a�H"MPK X
\ i ^ u+Q�M UV\�MPKLI U"H i H E Q�MPO$X ^ M FYF MPOs\ X  UVU7M`H i \
Q i O�M�ILKlMD\ k ILK�M n
�THJD U�; YX='G)Y.HLM*O�w$P)w'='G)HJD#W�P	c�>.U�cUtWXP)Y.P)U�D�HJD�P)D#F�HJK#M*>.HJ>Jx ='YkU�K��.HJO�Y.HJ>.D�HsHJ>k^�U�;<HJU �;<U�> n Haw$P+= HJD ^�U�;<HJU�;<U�> &!x W.U�;_HJ>k>.HIWXY.>.P)O�Y.P+U�D�HJD =ln HJD W.P+;<c�G)P+z{P)HJG=lnpK�P)GqF�D�P)D�Q�7

�THJ> QtM*G+F�HJ> D�U�Q�G)H >.HIW.:�G+YX='Y.HJ> U�; F�H Y.>.H Y ?$cHJ> ;(='D�Q'npU�G+F�P+Q�^�HIF�HJ>XW�P)D#F�K5?$>XF�HIW
>.HJG+='Y.P+U�D�HJ>Jx�WXU�;_w�P	O�U�>.Ykw$P)G�D#M*w�D�H�7#Vy='D O'='D w�P+WXH�x$='Y�='G)G+H�F�P$*�HJ>.HJD�Y.P+='K�G)H�;N='D�Q �n U�G+F�P)Q�^�HIF�HJ> Ol='D Y.>.P+='D�Q�:�G)HJ>.HIW O�U�; K�P)D#='Y.U�>.P+W.O�x4W.H  ^5:�>XW.Y.U�D ��� A�A"� xoWJ7*6IblRZ�X7 |�U�>
HJD	xjY.U U�Q Y.>.H%F�P+;<HJD#W.P)U�D�HJ> QtM*G+F�HJ> F�HJYJx ='Y(F�H Y.>.H%Y ?$cHJ>N;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>hHJ>
WX=';N;<HJD�n ='GqF�HJD#F�H�xoWXH 8$= w�HJG)P)HJw ��� 6Ib�� xjWJ7 ��@��X7j[]P+z{U�G+='P�8$=Iw�HJG)P)HJw D#M*w$D�HJ><WX=';<;<H
W.Y.HIF�x�='YN='G)G)H O�U�; K�P)D#='Y.U�>.P+WXO�H

4 � ;N='D�Q'npU�GqF�P)Q�^�HIF�HJ><O'='D Q�P)w�HIWhHJD F�P+*�HJ>.HJD5Y.P+='K�HJGW.Y.>.:�O$Y.:�>J7�B &#>.HaF�P);<HJD#W.P)U�D�HJ> K�G)P)w�HJ>�F�HJ> n U�>XW.O�HJG�c$� F�H�Y.>.HTOl='Y.HJQ�U�>.P+HJ>J7�|#>.HJHIF�;N='D
^#='> HJYjHJO$WXHJ;<cHJG�c$�sHJD<P)O$O�H � Y.>.P+='D�Q�:�G)HJ>.K#='>jR � ;(='D�Q'npU�G+F�P+Q�^�HIF�x � n 75|�>.HJHIF�;N='D ��� @"� xWJ7 @tZ RZ�X7
|�U�> ='Y ^#=Iw�H HJD >X=';<;<H%U�;<O�>.P+D�Q F�H Y.>.H%YE?�c�HJ>�;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>NO'='D w�PTU�c �n ='Y.Y.H F�HJ; W.U�;gY.P)G)^#~'>.HJD#F�HsY.>.HsO'='Y.HJQ�U�>.P)HJ>J7 % P!O'='G+F�HJ>�O'='Y.HJQ�U�>.P)HJD%=ln Y.U�c�U�G)U�Q�P+W.O�H
;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>�;<HIF O�U�D�Y.P)D5:�HJ>.Y.H =lnpK�P+G+F�D�P)D�Q�HJ>aW.U�;C;<U�> &#HJ>�n U�> # ( � x!w�P K�H �D#M*w$D�HJ> Ol='Y.HJQ�U�>.P+HJD<=ln�O�U�; K�P)D#='Y.U�>.P+W.O�H*;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>o;<HIF W.YE?�O$O�HJw$P+W G)P)D�HIM*>.H
O�U�D�Y.P)D5:�HJ>.Y.Hs=ln K�P)G+F�D�P+D�Q�HJ> W.U�; ;<U�> &#HJ>*;<HIF �$& x$U�Qhw$P�KHJD#M*w$D�HJ>kOl='Y.HJQ�U�>.P+HJD�=ln
Q�G+='Y.Y.Hs;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>k;<HIF Q�G+='Y.Y.HL=ln K�P)G+F�D�P+D�Q�HJ>�W.U�;g;<U�> &#HJ>�;NHIF �N* � 7Sfw$P+W
Y.U%Y.U�cU�G)U�Q�PqW.O�Hh;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>LHJ> ^�U�;<HJU�;<U�> n H�x!w�P+Gjw�P F�HJ> npU�> KHJD�?�Y.Y.H D�U�YX= �Y.P)U�D�HJD ∼=Top

x$U�Q ^5w$P+W�Y.U Q�G+='Y.Y.H�;N='D�Q'n U�G+F�P)Q�^�HIF�HJ> HJ>kF�P+*�HJU�;NU�> npH�x�w�P)G�w$PK�HJD5?$Y.Y.H
D�U�YX='Y.P)U�D�HJD ∼=Diff

7 �]F n >X=<F�HaD#M*w$D5Y.H >.HIW.:�G)YX='Y.HJ>*nt�'>k;N='D�n ~'G+Q�HJD#F�HLF�P+='Q�>X=';
�N* � → �$& → # ( � ,

^�w�U�><HJD c�P)G*K�HJY ?�F�HJ>Jx ='YhHJD ;N='D�Q'n U�G+F�P)Q�^�HIF w$P+=yHJD c�P)GkO'='D U�c�n ='Y.Y.HIW(W.U�; Y.P)G �^#~'>.HJD#F�H F�HJD Ol='Y.HJQ�U�>.P x*W.U�; c�P)G)HJD n ~'>.HJ> U w�HJ>�P 7*8�U�; D#M*w$D5Y HJ> F�HJ>(c�P)G+H}F�HJD
;<U�F�WX='Y.Y.Haw�H �kP	w�PqWXW.HaF�P);<HJD#W.P+U�D�HJ>J7

8�U�; F�HJY(K�HJ;NM*>.O�HIW =lnsv�>.HIF�U�D ��� 6P� x�WJ7�AlR5d�� HJ> HJD Y.>.P+='D�Q�:�G+HJ>.HJYN;N='D�Q'n U�G+F�P)Q �^�HIF<WXcHIz{P)HJG+Y HJY�� � � O�U�;Nc�G)HJO$WI7t�]HJ> n U�>jO'='D<w$P�KHJD�?�Y.Y.H]>.HIW.:�G)YX='Y.HJ> n >X=L='G)Q�HJK�>X='P+WXOY.U�c�U�G)U�Q�P w�HIF�>J7 � � � O�U�;<c�G)HJO�W.HJ>aY.P)G w�U�>.HIW ='>.KH �XF�H<;<HIF O�U�; K�P)D#='Y.U�>.P+WXO%U�Q}F�P)n �n HJ>.HJD5Y.P+='K�G+H<;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>J70|�U�> HJD U�; YX='G)HN=ln
CW � O�U�;<c�G)HJO�W.HJ>Jx	W.HNST='YXzX^�HJ>��� m"� x WI7 m��

B F�HJD ='D�G+HIF�D�P)D�Q ^#='> w$P*K�>.:�Q npU�> Y.U F�H�&#D�P)Y.P)U�D�HJ>Jx W.U�; O$D5?$Y.Y.HJ>hW.P)QyY.P)G*^�U�;<U �Y.U�c�P)HJD =lnfHJD ;N='D�Q'n U�G+F�P)Q�^�HIF�7 % P�^#='> U�QtWp�%K�>.:�QynpU�> K�HJQ�>.HJKHJ>.D�H�^�U�;<U�G)U�Q�P U�Q
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O�U�^�U�;<U�G+U�Q�P 7 % P w$P)G#D#~#�.HIW ;<HIFhn ~'G)Q�HJD#F�H]O�U�>.Y.H]O�U�;N;<HJD5YX='>�U�; F�HJ>.HIW wlMkWXHJD	7$�TH
>.HIW.:�G+YX='Y.HJ>Jx'WXU�; w�P�^#='> K�>.:�Q�n U�>JxlU�; ^�U�;NU�G)U�Q�P�U�QT^�U�;NU�Y.U�c�P�Ol='D<W.HIW P#=ln W.D�P)Y R�7)6'7

v�HJQ�>.HJK�HJ>.D�H F�M*O$O�HJ>]U w�HJ>Jx	='Yfw$P0Y.P)G4HJYfY.U�c�U�G)U�Q�P+W.O�>.:�; x
X
x O$D5?$Y.Y.HJ>]HJDyQ�>.:�c�c�H�x

n 7�HJO$WI7
π1(X)

x�c$� HJD Wp��F�='D ; ��F�H�x�='Y*Y.U ^�U�;NHJU�;<U�> npHT>.:�; n-�'>�Y.P)G)O$D5?$Y.Y.HJY�Y.U PqW.U �;<U�> n H Q�>.:�c�cHJ>J74�]HJD
i
��Y.HN^�U�;<U�Y.U�c�P)Q�>.:�c�c�H npU�>

X
D�U�Y.HJ>.HIW

πi(X)
70Vy='D Ol='GqF�HJ>

U�QtWp� F�HJD
1
7�^�U�;<U�Y.U�c�P)Q�>.:�c�c�H n U�>hnp:�D#F�=';NHJD5YX='G)Q�>.:�c�c�HJD	7��THJD

i
��Y.H}^�U�;NU�G)U�Q�P �Q�>.:�c�c�HaD�U�Y.HJ>.HIW

Hi(X)
x�U�Q<F�HJD

i
��Y.HaO�U�^�U�;<U�G)U�Q�P)Q�>.:�c�c�H�D�U�Y.HJ>.HIW

H i(X)
7 |#U�>�HJY

F�HJG)>.:�;
A ⊂ X

Ol='D%;N='D}U�QtWp� F�='D�D�H >.HJG+='Y.P)w�HsQ�>.:�c�c�HJ>
πi(X,A),Hi(X,A)

U�Q

Hi(X,A)
7

i Y(HJG)HJ;<HJD�Y
[γ] ∈ πi(X)

Ol='D >.HJc�>XMkW.HJD5Y.HJ>.HIW�=lnaHJD =ln K�P)G+F�D�P)D�Q
γ : Si → X

7
 U ^�U�;NU�Y.U�cH�=lnpK�P+G+F�D�P)D�Q�HJ>jQ�P)w�HJ>*='D�G)HIF�D�P)D�Q Y.P)GW =';<;<HfHJG+HJ;<HJD5YJ7$�]HJY�HJ>�D5?$Y.Y.P)Q�Y
='YoK�HJ;NM*>.O�H�x�='Y HJDh=ln K�P)G+F�D�P)D�QTF�HJ> npU�>o>.HJc�>XMkW.HJD�Y.HJ>.HJ>jD�HJ:�Y.>X='G)HJG)HJ;NHJD5Y.HJYJx'^5w$P+WoF�HJD
HJ>�D5:�G)^�U�;NU�Y.U�c	x$U�Qh='Y�HJD�D5:�G)^�U�;<U�Y.U�c�P	W.w'='>.HJ>�Y.P)GHJD�=ln K�P)G+F�D�P)D�Q

β : Di+1 → X
7

& >.:�c�c�HJ>.D�H
πi
x
i ≥ 2

U�Q
Hi
HJ>�='G)G)Ha='K�HJG+W.O�H�7

�N<��:,�* 	V*](B, !�?�
@? % P!O'='G+F�HJ>fHJD}W =';<;<HJD�^#M*D�Q�HJD#F�Hs;(='D�Q'npU�G+F�P+Q�^�HIF ;<HIF Y.>.P)w$P)HJG
n :�D#F�=';<HJD5YX='G+Q�>.:�c�cHan U�>kHJD�O�HJG)YXWX=';N;<HJD�^#M*D�Q�HJD#F�H�7

�N<��:,�* 	V*](B, !�? ��?:% P�Ol='G+F�HJ>0HJY4c#='>
(X,A)

npU�>
n � WX=';<;<HJD�^#M*D�Q�HJD#F�H�xl^5w$P+W0HJD�^5w�HJ>=ln K�P)G+F�D�P)D�Q

(Dr, Sr−1) → (X,A)
npU�>

0 ≤ r ≤ n
HJ>T^�U�;<U�Y.U�cy>.HJG

Sr−1 ;<HIF}HJD
=ln K�P)G+F�D�P)D�Q P)D#F�P

A
x F�w$WI7#='Y�='G)G)H

X
� W]WX=';<;<HJD�^#M*D�QtW.O�U�;NcU�D�HJD�Y.HJ>�>X~'>.HJ>�w�HIF

A
x

WX='; Y*='Y
πr(X,A, a) = 0

n U�>
a ∈ A

U�Q
1 ≤ r ≤ n

7 % P�O'='G+F�HJ> HJD�;N='D�Q'n U�G+F�P)Q�^�HIF
n U�>

n � WX=';<;<HJD�^#M*D�Q�HJD#F�H�x#^�w�PqW (X, {x}) HJ> n � WX=';N;<HJD�^#M*D�Q�HJD#F�H�7

Vy='D K�HJ;NM*>.O�HJ>Jxo='Y
0 � WX=';<;NHJD�^#M*D�Q�HJD#F�H W.w'='>.HJ>sY.P+G WX=';<;NHJD�^#M*D�Q�HJD#F�H�x4U�Qy='Y

1 � WX=';<;NHJD�^#M*D�Q�HJD#F�H*WXwl='>.HJ> Y.P)G5HJD�O�HJG+YXWX=';<;<HJD�^#M*D�Q�HJD#F�H�7
% P5K�HJD5?$Y.Y.HJ> K�HJQ�>.HJK�HJY

^�U�;<U�Y.U�c >.HJG
A
x	^�w�PqW]>.HIWXY.>.P)O�Y.P+U�D�HJD%Y.P)G HJD F�HJG);NM*D�QtF�H

A
=ln HJD ^�U�;<U�Y.U�c�PoHJG)G)HJ>

G)P+Q�D�HJD#F�H HJ>T:#=lnp^#M*D�Q�P+Q =ln
t
7	e�HIW.Y.HJD =ln F�HJY.Y.H Ol='c�P+Y.HJG4^#='D#F�G)HJ>TU�; KHJQ�>.HJK�HJ>TU�Q

>.HIW.:�G+YX='Y.HJ>*np>X=hF�P+*�HJ>.HJD5Y.Pq='G)Y.U�cU�G+U�Q�P)HJD	7

�THJY�HJ> HJY Q�>.:�D#F�G+M*Q�Q�HJD#F�H >.HIW.:�G)YX='YJxk='Y =ln K�P)G+F�D�P)D�Q�HJ> O'='D ='c�c�>.U��$P+;<HJ>.HIW�;<HIF
Q�G+='Y.Y.HL=ln K�P)G+F�D�P+D�Q�HJ>J7

��� 	J,�*-,�; !
?��B?�C�EGF
f : M → Rn HJILK�MsMPO U7fWO$X i O$SZM`K X E k gPi Q F O i O d � \Pf ^ MPK d Q E X

u ��MPO E k \ QTS�XtX'M`X F M Q ^ ILO d F M K ⊂ M f d ε > 0 n o E  O F M \NM`O d Q E X E k gPi Q F O i O d
g : M → Rn � \ � f |K= g |K f d | f(p)− g(p) |< ε n
�THJD�D�HsWXM*Y.D�P+D�Qh^#='>fW.U�;_O�U�>.U�G)G+='>J7

� (+0�( � � /10 !
?��
? � H i \ M MPK MPO \ EW^_^ MPOZaZILO d MPO F M ^hE O d�k f7Q FWi d aZM F � \ � U E O X�f
uBSbOZU"X'M`K p, q ∈ M k fWK gPi O F M \DH i-E MPO d Q E X U"SbK H"M n
% P nt�'> K�>.:�Q%n U�> ='Y O$:�D�D�H�YX='G)HNU�; W.c�HIz{P)HJG)G)HNY ?$cHJ> =lnfQ�G+='Y.Y.H�=lnpK�P+G+F�D�P)D�Q�HJ>J7 % P
;<P+D#F�HJ>�U�;gn ~'G)Q�HJD#F�HLF�H�&#D�P+Y.P)U�D	7

�N<��:,�* 	V*](B, !
?�!
?�� =�F
f : M → N

wlM*>.H(HJD Q�G+='YL=ln K�P)G+F�D�P)D�Q�7 % PjO'='G+F�HJ>
f
HJD

P);N;<HJ>XW.P)U�D	x#^�w�PqW
Df

HJ>TP)D��.HJO�Y.P)w�U�Q�HJD W.:�K�;<HJ>XW.P+U�D	x ^5w$P+W
Df

HJ>aW.:�> � HJO$Y.P)w�7i D
Y.U�c�U�G)U�Q�P+W.O P+D#F�G)H � >.P+D�QNHJ>�HJD =lnpK�P)GqF�D�P)D�Q�xW.U�; HJ>�HJD ^�U�;<HJU�;<U�> & c$��W.P)Y]K�P)G)G)HIF�H�7
% P�WXP)Q�HJ>Jx ='Y

f
HJ> HJD P)D#F�G)H �.>.P)D�Q�x!^�w�PqW F�HJD HJ> HJD P);<;<HJ>XW.P+U�D U�Q HJD Y.U�c�U�G)U�Q�P+W.O

P)D#F�G+H � >.P)D�Q�7 % POl='G+F�HJ>
M ⊂ N

n U�> HJD�F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF�x5^5w$P+W P+D�O�G):#WXP)U�D�HJDhHJ> HJD
P)D#F�G+H � >.P)D�Q�7
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i DNY.U�cU�G)U�Q�PqW.OsP+WXU�Y.U�c�P�;<HJG)G)HJ; Y.ULY.U�c�U�G)U�Q�P+W.O�H*P)D#F�G+H � >.P)D�Q�HJ>oHJ>jHJDN^�U�;<U�Y.U�c�P
(ft)
x

^�w�U�>
ft
Y.P)G ='G)G)HfY.P+F�HJ> HJ>�HJDNY.U�c�U�G)U�Q�P+W.O P)D#F�G+H � >.P)D�Q�7t�THJD Q�G+='Y.Y.Hfw�HJ>XWXP)U�DNHJ> P)D#F�^�U�G �F�HJYf=lnoD#MkW.Y.HLF�H�&#D�P)Y.P+U�D	7

�N<��:,�* 	V*](B, !
?-A � ? � =�F
f, g : M → N

w'M*>.H�Y.ULP)D#F�G)H �.>.P)D�Q�HJ>J7�i D<PqW.U�Y.U�c�P�;<HJG)G)HJ;

f
U�Q

g
HJ>kHJD}Q�G+='Yk=lnpK�P)GqF�D�P)D�Q

F : M × I → N
x Wj�

=b�
F (x, 0) = f(x)

x
F (x, 1) = g(x)

�
K@�

Ft : M × {t} → N
HJ>�HJD P)D#F�G+H � >.P)D�Q n U�>f='G)G)H

t
7

i DyF�P+*�HJU�Y.U�c�P4=ln HJD};N='D�Q'n U�G+F�P)Q�^�HIF
N
HJ>]HJD}Q�G+='Yf=ln K�P)G+F�D�P+D�Q

H : N × I → N
x

Wp�
H0 = idN

x�U�Q
Ht : N → N

HJ>�HJD F�P$*�HJU�;<U�> & n U�>�='G)G)H
t
7

% P�^#='> K�>.:�Q npU�>�HJD#F�D�: HJD WXM*Y.D�P)D�Q U�; ='c�c�>.U��$P);(='Y.P)U�D	xkW.U�; w�Paz{P)Y.HJ>.HJ>�n >X=
ufUtW.P)D#W.O$P ��� �"� x#WJ7 @�@��X7
��� 	J,�*-,�;�!�?]ABA+? C�EGF

f : M → N HJILK�M MPO d Q E X E k gPi Q F O i O d �+\`f ^ M`KLMPO i O F QmM��PK i O d
u � MPO E k \ Q[SbXtX'MPX F M Q ^ ILO d F M K ⊂ M n � H i \ dim N ≥ 2 dim M + 1 �

FGE  O F M \
MPO i O F Q�M�� K i O d g : M → N � \Pf ^ E uGuBKlf � i]^ MPKlM`K f � f d \ � f |K= g |K n
Vy='D HJ>fW.Y.>.HJD�Q�YkYX='Q�HJY�D#~$F�Y�Y.P)G	='Y�c�>XMkz{PqW.HJ>.H�x�^5w'=�F F�HJ>k;<HJD�HIWk;NHIF ='Y�='c�c�>.U(��P �;<HJ>.H�x4D$�'> F�HJ> HJ> YX='G+H<U�;9Y.U%;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>J74�THJY Ol='D G+=�F�H(W.P+Q Qt~'>.H(U�Q%c$�
HJD Wp��F�='D ; ��F�H�x�='Y�F�HJD ='c�c�>.U(��P);<HJ>.HJD#F�HL=ln K�P)G+F�D�P)D�Q Ol='D�w'M*G)Q�HIW�^�U�;<U�Y.U�c�;<HIF
F�HJD U�c�>.P+D#F�HJG)P)Q�x�W.H�n 7�HJO$WJ7�ufUtW.P)D#W.O$P ��� �"� x WJ7�R�Z��X7
i D ;<HJQ�HJYsY.HJO$D�P+W.O WXM*Y.D�P+D�Q%=ln�S]=�W W.G)HJ> � ^�P)Y.D�HJ?�x4WXU�;\w$P z{P)Y.HJ>.HJ>sw$P+= ufUtW.P)D#W.O$P
��� �"� x�WJ7�@�d��Xx$HJ> n ~'G)Q�HJD#F�H�7�V%='D KHJ;(M*>.O�HJ>Jx$='Y*F�HJD�D�HaWXM*Y.D�P)D�Q U�Q F�HJD(n U�>.HJQG�'HJD#F�H
K�HJQ�Q�H(^#='> F�P);<HJD#W.P+U�D#W.KHJQ�>XM*D#WXD�P)D�Q�HJ>J70�THJYsHJ> F�P+WXW.HNKHJQ�>XM*D#W.D�P+D�Q�HJ>Jx W.U�;9Qt~'>Jx
='YN8�;N='G)HIW K�HJw�P+Wsn U�>��4U�P)D#zJ='>���n U�>.;<U�F�D�P)D�Q�HJD n U�>

n ≥ 5
P)O$O�H Ol='D K�>.:�Q�HIW n U�>

n = 3, 4
7

��� 	J,�*-,�; !�?]A1=@? C�EGF
f, g : Mm → Nn HJILKlM X�f abf ^ fGX�f uZM i O F QmM��PK i O d MPK E k MPO

U�f ^ u E U"X d Q E X ^hE O d�k f7Q FWi d aZM F Mm n � H i \ n ≥ 2m + 2 � \�� M`K f f d g
i \`fWX�f uZM n

% P nt�'>�K�>.:�Qsn U�> Y.U K�HJQ�>.HJKHJ>Jx�F�HJ>�KHIW.O$>.P)w�HJ> U�;<HJQ�D�H]U�;NO�>.P)D�Q F�HJG);N='D�Q'n U�G+F�P)Q�^�H �F�HJ>f=lnoHJD ;N='D�Q'n U�G+F�P)Q�^�HIF�7 � =�F
M
w'M*>.HLHJD ;(='D�Q'npU�G+F�P+Q�^�HIF(;NHIF >X='D#F

∂M
7 i D

U�;<HJQ�D =ln
∂M

P
M
F�P+*�HJU�;<U�> n ;NHIF

∂M × [0, 1)
x4^5w�U�>

∂M
PqF�HJD5Y.P+& z{HJ>.HIWa;NHIF

∂M × {0} O'='G+F�HIW*HJD O$>X=Iw�H�7V%='D O'='D w�PqW.H�x�='Y�O�>X= w�HJ> &#D#F�HIWJ7

|#~'> w$PfO'='D YX='G)H%U�; F�HJY�='D#F�HJY�KHJQ�>.HJK	x�HJ>Nw$PfD#~$F�Y(Y.P+G]='YN>.HJc�HJY.HJ>.H F�HJD Y.HJO �D�P+WXO Y.:�D�Q�H%F�H�&#D�P+Y.P)U�D =lnaHJY<w�HJO�Y.U�>.K�:�D#F�YJ7��THJY<HJ><P)D#F�^�U�G+F�HJY(=ln�F�H D#MkWXY.H Y.>.H
F�H�&#D�P)Y.P+U�D�HJ>J7

�N<��:,�* 	V*](B, !�?-A �
?�% HIF HJY
k � F�P);<HJD#W.P)U�D�HJG+YTY.U�c�U�G)U�Q�P+WXO}w�HJO$Y.U�>.K�:�D#F�Ysn U�>XW.Yp�'>Lw$PHJD Y.>.P)c�HJG

(E, π,X)
x ^�w�U�>

π : E → X
HJ>kHJD O�U�D5Y.P)D�:�HJ>.YfW.:�> �.HJO�Y.P)w(=lnpK�P)GqF�D�P)D�Q U�Q

Ex = π−1({x}) ^#='>fW.Y.>.:�O$Y.:�>Jx W.U�;_HJY k � F�P);<HJD#WXP)U�D�HJG)Y*w�HJO�Y.U�>.>.:�;}x#Wp�Z 
i Y.^�w�HJ>.Yfc�:�D�O$Y�^#='>kHJD U�;<HJQ�D	x

U
x�npU�>k^�w�P+G)O�HJD F�HJ> &#D#F�HIWkHJD ^�U�;<HJU�;NU�> &

f : π−1(U) → U × Rk,
Wp�

fx := f |Ex : Ex → {x} × Rk

HJ>kHJD�P+W.U�;NU�> & ;<HJG+G)HJ; w�HJO$Y.U�>.>.:�; 7 % P�Ol='G+F�HJ>
(f, U)

npU�>kHJY*K�:�D#F�Y.O�U�>.Y�U�Q
E
npU�>

Y.U�YX='G)>.:�;N;<HJYJ7
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�N<��:,�* 	V*](B, !�?]A ��?�� =�F
(E, π,X)

wlM*>.HhHJY
k � F�P+;<HJD#W.P)U�D�HJG)YTY.U�c�U�G)U�Q�P+W.O w�HJO$Y.U�> �K�:�D#F�YJ7Li D n =';<P)G)P+H {(fα, Uα)} =lnNK�:�D#F�Y.O�U�>.Y Ol='GqF�HJ>%w$P HJYyK�:�D#F�YX='Y.Gq=�WJx�^5w$P+W

∪α∈A Uα = X
7 v npK�P+G+F�D�P)D�Q�HJ>.D�H

Uα ∩ Uβ → GL(k, R)

x 7→ fβx ◦ f−1
αx

O'='G+F�HIW*Y.>X='D#W.P)Y.P+U�D#W np:�D�O$Y.P)U�D�HJ>J7
�N<��:,�* 	V*](B, !�?-A 
@? i Y]K�:�D#F�YX='Y.Gq=�Wkn U�>fHJYfY.U�c�U�G)U�Q�P+WXO(w�HJO$Y.U�>.K�:�D#F�Y]U w�HJ>]HJD%Q�G+='Y
;N='D�Q'n U�G+F�P)Q�^�HIFLOl='G+F�HIW F�P+*�HJ>.HJD5Y.P+='K�HJG)YJxI^�w�PqW4='G)G+HjY.>X='D#W.P)Y.P)U�D#W.np:�D�O$Y.P)U�D�HJ>!HJ> Q�G+='Y.Y.H�7
i Y�w�HJO$Y.U�>.K�:�D#F�YaHJ>]HJY�c#='>

(E,B)
KHIWXYp�'HJD#F�H =ln HJY�Y.U�c�U�G)U�Q�P+W.O w�HJO$Y.U�>.K�:�D#F�Y

EU w�HJ>
M
;NHIF(HJYf;N='O$WXP);N='G)Y�F�P+*�HJ>.HJD�Y.P+='K�HJG)Y*K�:�D#F�YX='Y.G+=�W

B
n U�>

E
7

�THJYkHJ>kHJD G+='D�QhF�H�&#D�P)Y.P+U�D	7#�]HJYkw'MkW.HJD�Y.G)P)Q�HaHJ>�F�HJD G)U�O'='G)H�Y.>.P)w$P+='G)P)Y.HJY P!F�H�&#D�P)Y.P)U�D
b$7)6I@$7 []: HJ>kw$P	c#='>X='Y.HsY.P)G	F�HJYf='D#F�HJY�K�HJQ�>.HJK
 #HJD Y.:�K�:�GqM*>kU�;<HJQ�D	7
�N<��:,�* 	V*](B, !
?-A ��? v D5YX='Q�x*='Y

Mm HJ>(HJD F�HJG+;N='D�Q'npU�GqF�P)Q�^�HIF =ln Nn 7 i D F�HJG �;NM*D�QtF�H =ln
N
xkW.U�; :#F�Qt~'>}HJY

(n − m) � w�HJO$Y.U�>.K�:�D#F�Y U w�HJ> M
;<HIF

M
W.U�;

D�:�G+W.D�P)Y.Y.HJYJx�O'='G+F�HIW*HJD Y.:�K�:�G+M*>kU�;NHJQ�D =ln
M
7

ufUtW.P)D#W.O$P!w$P+W.HJ>kHJO�W.P+W.Y.HJD#W.HJD =lnjY.:�K�:�GqM*>.HsU�;<HJQ�D�Han U�>]F�HJG+;N='D�Q'npU�GqF�P)Q�^�HIF�HJ>k:#F�HJD
>X='D#F�x � n 7�ufUtW.P)D#W.O$P ��� ��� xtWJ7'R5d��X7t�THJY HJ> HJD<F�HJG#=lnO�U�D#W.Y.>.:�O$Y.P)U�D�HJD	x5='Y HJDhP)D#F�G+H � >.P)D�Q
O'='D :#F�w$P+F�HIW0Y.P)G5HJD P)D#F�G)H �.>.P)D�Qf=ln HJD Y.:�K�:�G+M*> U�;<HJQ�D	7 % P�z{P)Y.HJ>.HJ>!n ~'G)Q�HJD#F�H*WXM*Y.D�P)D�Q
n >X=hu�UtW.P+D#W.O�P ��� �"� xWJ7#m�m��X7
��� 	J,�*-,�; !�?]A �B? C�EGF

M H"ILKlM MPO F M Q ^hE O dlk fWQ FWi d aZM F S F MPO K E O Fqi F M`X i O F KlM E k^hE O d�k f7Q FWi d aZM F N n C�EGF F 0, F 1 HJILK�MhX�fNXtS g S�QTILK�M f ^ M d OBM E k M n�o E MPK F 0 f d
F 1 i \`fWX�f uZMeH i-E MPO i \`fWX�f u i �:\Pf ^ M`K�\ X E X i fWO+ILK u � M n
% P	nt�'>�K�>.:�Qhn U�>f='YfO$:�D�D�HLYX='G)HLU�; HJD}Y.:�K�:�G+M*>�U�;NHJQ�D}=ln HJD}F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF
M
=ln�>X='D#F�HJD

B = ∂N
c$� HJD

n � ;N='D�Q'npU�GqF�P)Q�^�HIF N
7 v D�YX='Q�x ='Y

M
HJ> HJD F�HJG �;N='D�Q'n U�G+F�P)Q�^�HIF :#F�HJD >X='D#F =ln

B
7 8b�yHJ> P)D�O$G):#W.P)U�D�HJD HJD P+D#F�G)H � >.P+D�Q�x0U�Q w�P*O'='D

:#F�w$P+F�H�F�HJDhY.P)G�HJDhP)D#F�G+H � >.P)D�Qa=ln�HJDhY.:�K�:�G+M*>jU�;<HJQ�D<=ln
M
x
TM
75�THJD�D�H�P)D#F�G+H � >.P)D�Q

O'='D :#F�w�PqF�HIW]Y.P+G HJD P+D#F�G)H � >.P+D�Q =ln
TM × R+

P
N
w�P+= O$>X=Iw�HJD

∂N × R+
7!�THJD�D�H

O�U�D#W.Y.>.:�O$Y.P)U�D O'='G+F�HJ>4w$P�npU�>oHJD Y.:�K�:�G+M*>oU�;<HJQ�Dh=ln
M
P
N
7l�THJ> &#D#F�HIWoHJD5YE?$F�P)Q�^�HIF

W.w'='>.HJD#F�HLY.P)G	WXM*Y.D�P+D�QNb$7)6 Z�7

i Yfw�P)Q�Y.P+Q�Y�K�HJQ�>.HJK P0F�P+*�HJ>.HJD5Y.Pq='G)Y.U�cU�G+U�Q�P�HJ>kY.>X='D#WXw�HJ>XWX='G)P)Y.HJYJ7
�N<��:,�* 	V*](B, !
?-A ��?o� =�F

f : M → N
U�Q

g : V → N
w'M*>.H�Y.U�Q�G+='Y.Y.H*=lnpK�P+G+F�D�P)D�Q�HJ>J7

% P!W.P)Q�HJ>Jx#='Y
f
HJ>�Y.>X='D#W.w�HJ>XWX='G0;<HIF

g
x#U�Q<W.O$>.P)w�HJ>

f t g
x#^�w�P+W

Df(TpM) + Dg(TqV ) = Tf(p)N
n U�>

p ∈ M, q ∈ V,
D$�'>

f(p) = g(q)
7

S]w�PqWsF�HJ> HJ> YX='G)H U�;rP)D#F�G)H �.>.P)D�Q�HJ>LHJG)G)HJ> P)D�O$G):#W.P)U�D#WX=ln K�P)G+F�D�P+D�Q�HJ>JxK�HJD5?$Y.Y.HIW U�QtWp�
D�U�YX='Y.P)U�D�HJD

f t V
HJG)G)HJ>

M t V
7

� M ^ ILKpU�O i O d b$7)6Ib n �THJY�HJ>�HJY]D5?$Y.Y.P)Q�Y�>.HIW.:�G+YX='YJx ='Y�^5w$P+WkY.U F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF�HJ>;N~$F�HIWoY.>X='D#W.w�HJ>XWX='G+YJx'W ='; Y.P+F�P+Q];<HIF ='YjW.:�;N;<HJDh=ln�F�HJ>.HIWjF�P);NHJD#W.P)U�D�HJ> HJ>jW.Y.>.HJD�Q�Y
;<P+D#F�>.H<HJD#F F�P+;<HJD#W.P)U�D�HJD =lnfF�HJD U�;<O�>.P+D�Q�G)P)Q�Q�HJD#F�H<;N='D�Q'n U�G+F�P)Q�^�HIF�x4Wp� ;N~$F�HIW
F�HaP)O$O�H�x#F�w�WJ7#F�Ha^#='>�Y.U�;_n M*G)G)HIW.;(M*D�QtF�H�7
i D ;<HJ>.H Q�HJD�HJ>.HJG K�HIW.O�>.P+w�HJG+W.Hs=lnjn M*G)G)HIWX;NM*D�QtF�HJD n U�>�Y.U Y.>X='D#WXw�HJ>XWX='G)H F�HJG);N='D�Q �n U�G+F�P)Q�^�HIF�HJ>*HJ>�D#MkW.Y.H WXM*Y.D�P)D�Q�x#W.U�;_w$P!z{P)Y.HJ>.HJ>*n >X=hv >.HIF�U�D ��� 6 � x#WJ7!6�6{RZ�X7
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��� 	J,�*-,�; !
?r= � ? " O$X E d � E X f : X → M MPK MPO d Q E X E k gPi Q F O i O d ��f d E X g : Y → M
MPK�M`O i O F Q�M�� K i O d n � H i \ f t g k fGK E Q Q�M z = f(x) = g(y) �
\ � MPK f−1(f(X)∩g(Y ))
MPO F M Q ^hE O dlk f7Q FWi d aZM FqE k X

^ M F FWi]^ MPOZ\ i fWO dim X + dim Y − dim M n
% P!W.O'='G	KHJD�?�Y.Y.HsW M*Y.D�P)D�Q�HJD Y.P)G�n ~'G)Q�HJD#F�HaKHJ;(M*>.O�D�P)D�Q�7
� M ^ ILKpU�O i O d b$7`A�6 n v D5YX='Q�xj='Y w$P ^#='> Y.U G):�O$O�HIF�H F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF�HJ> V λ U�Q

V n−λ PfHJD ;N='D�Q'npU�GqF�P)Q�^�HIF Mn x WX='; Y<='Y V λ t V n−λ 7 v naWXM*Y.D�P)D�Q�HJD n ~'G)Q�HJ>Jx
='Y

V λ ∩ V n−λ :#F�Qt~'>hHJD 0 � F�P);NHJD#W.P)U�D�HJG*F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF =ln V λ 7 �T= V λ HJ>
O�U�;<c#='O$YJx�n ~'G)Q�HJ>�F�HJYJx ='Y

V λ ∩ V n−λ K�HIW.Yp�'>�=lnoHJD#F�HJG)P)Q�Yk;N='D�Q�Hac�:�D�O$Y.HJ>J7
% P#nt�'> K�>.:�Q npU�>�='Y O$:�D�D�Hfw'M*G)Q�H]=ln K�P)G+F�D�P+D�Q�HJ>jP)D#FhPHJD(;N='D�Q'n U�G+F�P)Q�^�HIF<Y.>X='D#W.w�HJ> �WX='G+H c$��F�HJG);N='D�Q'n U�G+F�P)Q�^�HIF�HJ>JxJU�QT='Y!Y.U]=ln K�P)G+F�D�P)D�Q�HJ>�HJ>4Y.>X='D#W.w�HJ>XWX='G)Hjc$��^�P)D#='D#F�HJD	7
�THJ> n U�>�z{P)Y.HJ>.HJ>�w$P�n ~'G)Q�HJD#F�HaY.UhY.HJO$D�P+W.O�HaO�U�>.U�G+G+='>.HJ>*np>X=hufUtW.P)D#W.O$P ��� ��� x#WJ7 d�m��X7
� (+0�( � � /10�!�?�=B=@?�C�EGF

V HJILKlM_MPO U�f ^ u E U"X F M Q ^hE O dlk f7Q FWi d aZM FNE k N � U MPO � g MPO
f ^ M d O E k V

i
N f d f : M → N MPO d Q E X E k gPi Q F O i O d n�o E  O F M \ MPO i \PfWX�f u i � ht �E k N � \Pf ^ MPK i-F MPO$X i X'MPX'MPO S F MPO k fWK U � \ � f t h1(V ) n

� (+0�( � � /10 !
?r= ��?YC�EGF
f : M → N f d g : V → N HJILK�M X�f E k gPi Q F O i O d M`K n 	 � O F M \�abf ^ fWX�f u i � ht �
E k�d � \ � h0 = g � f d h1 t f n

i Y�W.P+F�W.Y.Hf>.HIW.:�G)YX='Y U�; Y.>X='D#W.w�HJ>XWX='G+P)Y.HJYJxt^5w�U�>.;NHIFNw$PW.HJD�HJ>.HTW.O'='GF�H�&#D�HJ>.H�W.D�P)Y.YX='G �G)HJY4n U�> Y.UaF�HJG);(='D�Q'npU�G+F�P+Q�^�HIF�HJ>Jx HJ> n ~'G)Q�HJD#F�H*>.HIW.:�G)YX='YJx�W.U�; w�P�z{P)Y.HJ>.HJ> n >X=TufUtW.P)D#W.O$P
��� �"� x WI7 d�A��X7
� (+0�( � � /10 !
?r= ��? C�EGF

Mm, V r
1 , V r

2 HJILKlM F M Q ^hE O dlk f7Q FWi d aZM F M`K E k Nn � n = m+r n" O$X E d � E X V1, V2
g M dJd MY\jU�ILK�MPK M XtK E O1\ H"MPKj\ E Q[X i \ EW^_^ MLuBSbOZU"X p n@o E  O F M \DM`Oi \PfWX�fPu i�E k N ��\`f ^ MPK�\ X E X i fWO+ILK u � M f d �  XtX'MPK V1 ��\�� F M`O g Q i H"M`K)\ EW^_^ MPO k E QTcF M`O F M ^ M F V2

i MPO f ^ M d O E k p n
% P!w$P)G	:#F n >X=NF�HJY.Y.H O�U�>.U�G)G+='>�U�; YX='G)HsW.D�P+Y.YX='G 7#|#~'>XW.Y]HJ>�w�P4D#~�F�YfY.P)G0='YfD#M*w$D�HsK�H �Q�>.HJK�HJY�U�>.P)HJD�Y.HJ>.P)D�Q�7

% PfW.P)Q�HJ>Jx�='YNHJD ;N='D�Q'npU�GqF�P)Q�^�HIF HJ>NU�>.P)HJD�Y.HJ>.HJYJx ^�w�PqWN='G)G)H}Y.>X='D#W.P)Y.P)U�D#WX=ln K�P)G+F�D�P+D �Q�HJ>.D�HaP�HJY*Q�P)w�HJY*='Y.G+=�W*^#='>*cUtW.P+Y.P)whF�HJY.HJ>.;<P)D#='D5YJ7#S]w$P+W F�HJ>*Y.P)G�HJD�;N='D�Q'n U�G+F�P)Q�^�HIF
&#D#F�HIW�HJYL='Y.G+=�WIx�W.U�; O'='D Qt~'>.HhF�HJD U�>.P)HJD5Y.HJ>.HJYJx	O'='G+F�HIWT;N='D�Q'n U�G+F�P)Q�^�HIF�HJD U�>.P)HJD �Y.HJ>.K#='>J7!i D F�HJG);(='D�Q'npU�G+F�P+Q�^�HIF}=ln HJD U�>.P)HJD�Y.HJ>.HJYa;N='D�Q'npU�GqF�P)Q�^�HIF HJ>�U�>.P)HJD�Y.HJ>.K#='>J7
�THJY HJ> wlM*>XF(='Y K�HJ;NM*>.O�H�x5='Y HJD�O�HJG+YXWX=';<;<HJD�^#M*D�QL;NHIF$n ~'>.HJ> U�>.P)HJD5Y.HJ>.K#='>.^�HIF�x�� n 7
ST='YXzX^�HJ> ��� m7� x#WJ7 A�@lRZ�X7
v D5YX='Q�x ='Ysw$Pj^#='>sHJD U�>.P+HJD5Y.HJ>.HJYsG+:�O�O�HJY

n � ;N='D�Q'n U�G+F�P)Q�^�HIF�x N x!U�Q%G):�O�O�HIF�H(F�HJG �;N='D�Q'n U�G+F�P)Q�^�HIF�HJ>
V r,Mm x n = m + r

xkF�HJ> W.O'M*>.HJ> ^�P)D#='D#F�HJD Y.>X='D#W.w�HJ>XWX='G)YJ7
 >X='D#W.w�HJ>XWX='G)P)Y.HJY.HJD K�HJY ?�F�HJ>Jx ='Y

V ∩ M = {p1, . . . , pk}
x � n 74K�HJ;NM*>.O$D�P)D�Q b$7`A�6'7

S]w�PqW
N
HJ>LU�>.P)HJD�Y.HJ>.HJYJx!Q�P)w�HJ>LF�HJYLUtWaHJD U�>.P+HJD5Y.HJ>.P)D�Q}=ln*HJD Y.:�K�:�G+M*>LU�;NHJQ�D U�; �O$>.P)D�Q

M
7 % P�O'='D w'M*G)Q�HTHJD�U�>.P)HJD5Y.HJ>.P)D�Qh=ln

V
7�B n ~'G)Q�H]O�U�>.U�G)G+='>kb$7`AlR Ol='D�w$P�w$P+=sHJD

P+WXU�Y.U�c�P$='D#W.H &#K�HJ>.HJD	x
Fpi

xlP�F�HJD Y.:�K�:�GqM*>.H�U�;NHJQ�D U w�HJ>o^5w�HJ>.Y c�:�D�O$Y0n U�> WX=';<;<HJD �n ='G+F�HJD#F�H�;<HIF
V
P	HJD�U�;<HJQ�D =ln

pi
7#S]w�PqW F�HaY.U U�>.P)HJD�Y.HJ>.P)D�Q�HJ>�W.Y.HJ;<;<HJ>�U w�HJ>.HJD#WIx

D�U�Y.HJ>.HJ>kw$P
ε(pi) = 1

x�^5w$P+W*F�HTHJ>*;<U�F�WX='Y.Y.H�x�D�U�Y.HJ>.HJ>kw$P
ε(pi) = −1

7 % P	F�H�&#D�HJ>.HJ>
W.D�P+Y.YX='G)G)HJY*W.U�;

[V : M ] =
∑

i

ε(pi).
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Vy='D KHJ;(M*>.O�HJ>Jx ='YkHJD ;<U�F�WX='Y*U�>.P)HJD5Y.HJ>.P+D�QN=ln
V
Q�P)w�HJ>Jx#='Y

[−V : M ] = −[V : M ].
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6J��7 �_� � �#- � �q24-�� 
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�
�

�	2 2� � 
 �
% P	^#='>fW.HJYkc$�<�THJD Q�HJD�HJ>X='G+P+W.HJ>.HIF�H)�4U�P)D#zJ='>��an U�>.;<U$F�D�P+D�Q n U�>

n ≥ 4
7  P)G+K#='Q�HTHJ>

F�HJ>LY.P+G�n M*GqF�HJD�H
n = 1, 2, 3

7 �TH<Y.U n ~'>XW.Y.H
n = 1

U�Q
n = 2

w'='>LO�HJD#F�Y.H�x0F�= �0U �P)D#zJ='>��jnp>.HJ;NW ='Y.Y.H W.P)D�n U�>.;<U�F�D�P)D�QkP 6Ib'�'R�7 �THJY4Y.>.HIF#� HjY.P+G�n M*GqF�H HJ>0HJD#F�D5: :#=lnpO$G+='>.HJYJ7

|�U�>
n = 1

QtM*G+F�HJ> F�HJ>Jx ='Y HJD G):�O$O�HJY W =';<;<HJD�^#M*D�Q�HJD#F�H
1 � ;N='D�Q'n U�G+F�P)Q�^�HIF HJ>F�P+*�HJU�;<U�> na;<HIF

S1 x W.H}V%P)G)D�U�> ��� 6{RW� x WJ7*m�m��X7 �THJY G+~�W.HJ>hn U�>.;<U�F�D�P)D�Q P]F�HJY 1 �F�P);NHJD#W.P)U�D�HJG)G)H Y.P)G�n M*G+F�H�7�|�U�>
n = 2

QtM*GqF�HJ>LF�HJ>Jx0='YLO�U�;<c#='O$Y.H � =�F�HJ>sO'='D O�Gq=�W �W.P$& z{HJ>.HIW�w$^#=�7U�>.P)HJD�Y.HJ>.K#='>.^�HIFyU�Q i :�G+HJ>fO'='>X='O�Y.HJ>.P+WXY.P)OxW.HLn 7�HJO$WI7 � HJH ��� b�� xWJ7 6I@��
U�Q WJ7o6{R5@��X7	�T=Nn U�>.;<U$F�D�P+D�Q�HJD#W�n U�>.:#F�WXM*Y.D�P)D�Q�HJ>�Q�P)w�HJ>THJD U�>.P)HJD5Y.HJ>.K#='>a;N='D�Q'n U�G �F�P)Q�^�HIF ;<HIF i :�G)HJ>sOl='>X='O$Y.HJ>.P+W.Y.P)O

2
x!n ~'G)Q�HJ>LF�HJY F�HJ> n U�>Jx4='YL;(='D�Q'npU�G+F�P+Q�^�HIF�HJD HJ>

^�U�;<HJU�;NU�> n4;<HIF
S2 7

 P)G)n M*G+F�HJY
n = 3

HJ> F�HJY U�c�>.P)D#F�HJG)P+Q�H�7��THJY HJ> c$� c#='>X=�F�U�O$W ='Gaw�P+W�F�HJY HJD�HIW.Y.H
:#=ln O�Gq='>.HIF�H Y.P)G)n M*G+F�H�7�]HJY�w$P)>.O�HJ>T:#WX='D#F�W.?$D�G)P)Q�YJx='Ya|�>.HJHIF�;(='D#W�;<HJY.U$F�H O'='D%n U�> �K�HIF�>.HIW Y.P)G U�QtWp�%='Y w$P)>.O�H(P Y.>.H�F�P);<HJD#W.P+U�D�HJ>J7 % P�O'='D n 7�HJO$WJ74P)O$O�H(='D5YX='Q�H�x ='Y HJD
Q�G+='Yh=ln K�P)G+F�D�P)D�Q =ln]HJD

2 � F�P+W.O Ol='D Y.P+G)D#M*>.;<HIW =ln]HJD P);<;NHJ>XW.P)U�D	74�THJ> n U�> HJ><F�HJY^�HJG)Y ='D#F�>.H%;NHJY.U$F�HJ>Jx�F�HJ><n U�>XWX~'Q�HIWNPTF�='Q n U�>(='Y(KHJw$P+W.H�n U�>.;<U�F�D�P)D�Q�HJD	7 % Pfw$P
='D#W.O$:�HJG)P)Q�Qt~'>.H F�HJY.Y.H w�HIF ='Y<WXH c$�  ^�:�>XW.Y.U�D#Whn U�>.;<U�F�D�P)D�Q�x F�HJ>h^#='> �0U�P+D#zJ='>��
n U�>.;<U�F�D�P)D�Q�HJD W.U�;_n ~'G)Q�H�7

% P*w�P)G�D#~#�.HIW ;<HIF ='Y<WXH(c$� F�HJD F�HJG�=ln  ^�:�>XW.Y.U�D#W n U�>.;<U�F�D�P)D�Q�x WXU�;r^#='> n U�> �K�P)D#F�HJGqW.H�Y.P)G �0U�P)D#zJ='>��Tn U�>.;<U�F�D�P)D�Q�HJD	7 % P w'M*G)Q�HJ>jn ~'G)Q�HJD#F�H]npU�>.; :�G)HJ>.P)D�QsYX='Q�HJY n >X=
8$z{U�Y.Y ��� A�6`� x#WJ7�R5��A��X7
# � ��0 � 	V(B, �L3'(B0�6�(
9�,�*-,�;NA � ?-A+? C�EGF

M3 HJILK�M MPO_QTSGUVUWMPX�f d fGK i MPO$X'MPK g�E K ^hE O d ck f7Q FWi d aZM F ^ M F MPO F M Q i d k SbO FGEW^ MPO+X E Q d K SJuGuZM n 	 �_a E K M MPO ^ f F M Q d M�f ^ MPXtK i g�E \VMPc
K�MPX�u � S3 n
�THJ>LP)D#F�QG�'>sHJYLHJD�O�HJG)YaK�HJQ�>.HJK	x4W.U�; w$PjP)O$O�HhHJ>sW.YX~$F�Yac$��n ~'>LD�HJ;<G)P)Q ;<U�F�HJG)Q�HJU �;<HJY.>.P 7 
 ; G)PqF�Yfw$P)G F�HJ>aO�U�;N;<H HJD F�H�&#D�P)Y.P+U�D =ln*F�HJY.Y.H�x!W.U�; w�P+G4P)D#F�HJ^�U�GqF�H D�?�H
K�HJQ�>.HJKHJ>Jx!WXU�; w$P W.HJ>ac$��H{n Y.HJ> n ~'G)Q�HJD#F�H�7	�THJY.Y.H n ~'>.HJ>�npU�>.^$�'K�HJD5Y.G)P+Q(n >.HJ; Y.P)G F�HJD
D#~$F�w�HJD#F�P)Q�H P)D5Y.:�P+Y.P)w�H}n U�>XW.Yp�'HJG+WXHy=lnsK�HJQ�>.HJK�HJ>.D�H�x�W.U�; HJ>(n U�>.; �'G)HJY(;<HIF F�HJY.Y.H
=ln W.D�P)YJ7

�N<��:,�* 	V*](B,4A � ?r=
? ijD ;<U�F�HJG)Q�HJU�;<HJY.>.P
(G,X)

HJ> HJD ;N='D�Q'n U�G+F�P)Q�^�HIF
X
WX=';<;NHJD

;<HIF�HJD � P)HaQ�>.:�c�cH
G
=lnoF�P$*�HJU�;<U�> &#HJ>k=ln

X
x Wj�Z 

=b�
X
HJ>�HJD�O�HJG)YXWX=';N;<HJD�^#M*D�Q�HJD#F�H �

K@�
G
w�P)>.O�HJ>kY.>X='D#WXP)Y.P)w$Y�c$�

X
;<HIF�O�U�;<c#='O$Y.Hac�:�D�O$YXW.YX='K�P)G)P+W ='Y.U�>.HJ>	�

z��
G
HJ>hP)O$O�H P)D#F�HJ^�U�G+F�YhPkHJD W.YX~'>.>.H Q�>.:�c�c�H}=lnLF�P+*�HJU�;<U�> &#HJ>hc$�

X
;<HIF

O�U�;<c#='O�Y.Hac�:�D�O$YXW.YX='K�P)G+P+WX='Y.U�>.HJ>	�

F�� �]HJ> &#D#F�HIWjHJDhO�U�;<c#='O$Yj;N='D�Q'n U�G+F�P)Q�^�HIF�x�W.U�; HJ> HJY
(G,X) � >.:�; x�F�w�WJ7t='YF�HJD ^#='>kHJYf='Y.G+=�W*;<HIF�Y.>X='D#WXP)Y.P)U�D#WX=ln K�P)G+F�D�P)D�Q�HJ>�P

G
7

i D ;N='D�Q'n U�G+F�P)Q�^�HIF�x
M
x W.P)Q�HIW4='Y0^#= w�H HJD ;<U$F�HJG+Q�HJU�;<HJY.>.PtK#=�W.HJ>.HJY c$�

X
x ^5w$P+W4F�HJD

HJ>THJY
(G,X) � >.:�;}x	^5w�U�> (G,X)

U�c�n ?�G+F�HJ>TF�H�&#D�P)Y.P)U�D�HJD	7��]HJYTO'='D%^�HJ>T^��.M*G+cH ='Y
YXM*D�O�H�c$��HJDNY.U�cU�G)U�Q�PqW.OL;N='D�Q'n U�G+F�P)Q�^�HIF W.U�; HJD

(Top(Rn), Rn) � ;N='D�Q'npU�GqF�P)Q�^�HIF
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U�Q HJD%Q�Gq='Yf;N='D�Q'n U�G+F�P)Q�^�HIF%W.U�; HJD
(Diff(Rn), Rn) � ;N='D�Q'npU�GqF�P)Q�^�HIF�x ^�w�U�>��TP+*U�Q  U�c F�U�Q P)O$O�H HJ> � P)H Q�>.:�c�c�HJ>s=ln*F�P$*�HJU�;<U�> &#HJ>Jx	;NHJD F�HJYLW.U�; Ol='GqF�HIW�c#W.HJ: �F�U�Q�>.:�c�c�HJ>L=ln ^�U�;<HJU�;NU�> &#HJ>J7!i YaHJO$WXHJ;<cHJG c$��HJD ;<U�F�HJG)Q�HJU�;<HJY.>.PoO�:�D�D�H w'M*>.H

(G,Sn)
x#^�w�U�>

G
HJ>kHJD :�D#F�HJ>.Q�>.:�c�c�H =ln

O(n + 1)
xW.U�;_U�c�n ?$G+F�HJ>

b)
U�Q

c)
7

S]w�U�>XF�='D G)HIF�HJ>  ^�:�>XW.Y.U�D#Wan U�>.;<U�F�D�P)D�Q np>.HJ; Y.P)G �4U�P)D#zJ='>��<n U�>.;<U�F�D�P)D�Q�HJDB!hBE; �c�G)P+Ol='Y.P)U�D�HJD�K#=�W.HJ>.HJ>TW.P)Qhc$� n ~'G)Q�HJD#F�HLc�>.U�c�UtW.P)Y.P+U�D	x#W.U�; w$P	P0;<U�F�P+& z{HJ>.HJYk:#F�Qt= w�H
z{P)Y.HJ>.HJ>*n >X=  ^5:�>XWXY.U�D ��� A�A�� x#WJ7!6{R5@��X7
�D0�( � ( �V*�	V* (�,�A � ?���? � H i \ G MPK MPO d K SVu�uZM E k E O E Q  X i \jU7M FGi 
�M�f ^ fGK  M`K k fWKLMPX�MPO$c
U7MPQ[X]\ EW^_^ M`OZabILO d M`O F M K S ^ X �$\���M`K MPOZa�H�MPK k S�Q F \PX�ILO FWi d (G,X) c ^hE O dlk f7Q FWi d aZM F �
M � abf ^ M�f ^ fGK k ^ M F U"HJfWX i MPO$X'M`O X/Γ � a�HJfWK Γ MPK M`O d K SJuGuZM � \`f ^ H i KjU7MPK�u � X
f d MPK abf ^ f ^ fWK k X gPi Q]Q�M F M E k π1(M) n
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