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N -determined p-compact groups
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Jesper M. M�ller (K�b enhavn)

Abstract. One of the major problems in the homotopy theory of �nite loop spacesis
the classi�cation problem for p-compact groups. It has beenproposedto use the maximal
torus normalizer (which at an odd prime essentially meansthe Weyl group) as the distin-
guishing invariant. We show here that the maximal torus normalizer does indeed classify
many p-compact groups up to isomorphism when p is an odd prime.
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1. In tro duction. This paper addressesthe classi�cation problem at
odd primes for the p-compact groups introduced by W. G. Dwyer and
C. W. Wilk erson in their seminal paper [30] (surveyed in [63, 53, 26]). A
p-compact group is a connected,pointed, H � Fp-local spaceB X such that
H � (X ; Fp) is �nite whereX = 
 B X is the loop space[30, x2]. It is custom-
ary, though ambiguous, to refer to B X by the name, X , for its underlying
loop space.

It has been conjectured [53, 72, 26], in analogy with the classi�cation
theorem for compact Lie groups [25, 83], that p-compact groups are deter-
mined by their maximal torus normalizers. The maximal torus normalizer
N (X ) for the p-compact group X is an extension

(1.1) T(X ) ! N (X ) ! W (X )

of the maximal torus T(X ) by the Weyl group W (X ) [30, 9.8], and X is
said to be totally N -determined [66, 7.1] if

� X is determined by N (X ), and
� the automorphismsof X are determined by their restrictions to N (X ).

We show here that almost all simple p-compact groups are totally N -deter-
mined at odd primes.

1.2. Theorem. Let X be a simple p-compact group, where p is an
odd prime. Assume that the rational Weyl group (r 0W (X )) 6= (r 0W (E8))
if p = 3 and (r 0W (X )) 6= (r 0W (E j )), j = 6; 7; 8, if p = 5. Then X is
total ly N -determined.

The Weyl group W (X ) [30, 9.7] of a connectedp-compact group X is
a �nite group of automorphisms of the free, �nitely generatedZ p-module
L(X ) = � 1T(X ), i.e. W (X ) � GL(L(X )). The rational Weyl group, r 0W (X ),
is the image of W (X ) in GL(L(X ) 
 Z p Qp), and r pW (X ), the F p-Weyl
group, the imageof W (X ) in GL(L(X ) 
 Z p Fp). As usual, (r 0W (X )) stands
for the conjugacyclassof the rational Weyl group. The connectedp-compact
group X is simple if L (X ) 
 Z p Qp is an irreducible r 0W (X )-module [65, 5.4].

At an odd prime p, the maximal torus normalizer extension (1.1) for
a connected p-compact group splits in an essentially unique way [5] and
thus N (X ) is in fact completely determined by the re
ection group
(W (X ); L (X )). This explains the �rst part, merely a reformulation of The-
orem 1.2, of the the corollary below; see(4.3) for the precisemeaningof the
other statements.

1.3. Cor ollar y. Let X be a simple p-compact group as in Theo-
rem 1.2. Then X is determined up to (local) isomorphism by its (ratio-
nal) Weyl group, and the automorphism group Aut( X ) is isomorphic to
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NGL( L (X )) (W (X ))=W(X ). Furthermore, if X is centerlessor simply con-
nected, then X is determined by its F p-Weyl group, and X is a cohomolog-
ically unique p-compact group.

For the bigger classof connected (but not necessarilysimple) p-compact
groups Theorem 1.2 takeson a particularly appealing form.

1.4. Cor ollar y. Assumethat p > 5. The map
(

Isomorphism classesof

connected p-compact groups

)
(W;L )
� � � !

(
Similarity classesof

Zp-re
ection groups

)

is a bijection , and Aut( X ) is isomorphic to NGL( L ) (W )=W for the connected
p-compact group X corresponding to the re
ection group (W; L).

In the generalcase,for the classof not necessarilyconnectedp-compact
groups, Theorem 1.2 takes the following form.

1.5. Cor ollar y. Let X be a p-compact group such that all its sim-
ple factors satisfy the assumptionsof Theorem 1.2. Then X is total ly N -
determined and Out( X ) �= Out( N (X )) .

The simple factors of the p-compact group X are the simple, centerless
p-compact groups in the splitting [32, 80] of PX 0 = X 0=Z (X 0), the adjoint
form of the identit y component of X .

Let me also mention the following partial classi�cation result for con-
nected �nite loop spaceswith maximal tori [70, 1.1].

1.6. Cor ollar y (cf. [96], [70, 1.6]). Let X be a connected �nite loop
spaces with a maximal torus. Assume that X has the same Weyl group as
the compact, connected simple Lie group G and that no simple factor of G
is locally isomorphic to E6, E7, or E8. Then (B X )[1=2] and (B G)[1=2] are
homotopy equivalent spaces.

In light of the observation by C. Wilk erson [97] that the Weyl group
of any connected�nite loop spacewith maximal torus must agreewith the
Weyl group of a compactconnectedLie group, this provesthe maximal torus
conjecture [49, Conjecture D, p. 68], [99] away from the prime 2 in a number
of particular cases.

The proof that the simple p-compact groups of Theorem 1.2 are N -
determined goes in outline as follows. Consider someconnectedp-compact
group X with maximal torus normalizer j : N ! X and assumethat the
same extended p-compact torus N can also serve as the maximal torus
normalizer j 0: N ! X 0 for someother p-compact group X 0. Starting with
the con�guration

X N
joo j 0

//X 0
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our task is to construct an isomorphism f : X ! X 0 under N . We observe
(3.7) that it su�ces to consider the centerless form of X . According to
the Homology Decomposition Theorem [31, x8], B X is (the p-completion
of) the homotopy colimit of the A (X )op-spaceof centralizers B CX (E ; � )
of non-trivial elementary abelian p-subgroups � : E ! X of X . For any
monomorphism � : E ! X it is possibleto �nd (non-uniquely) a preferred
lift � : E ! N of � such that the morphisms

CX (E ; � ) CN (E ; � )
Cjoo

Cj 0
//CX 0(E ; � 0)

are againmaximal torus normalizersfor the centralizers of (E ; � ) and (E; � 0)
where � 0 = j 0� [67]. As the center of X is trivial, the centralizer of (E ; � )
will have smaller cohomologicaldimension than that of X [30, 6.14, 6.15].
Assuming,aspart of an induction argument, that CX (E ; � ) (which may very
well be disconnected) is totally N -determined, there will therefore be an
isomorphism f (E ; � ) : CX (E ; � ) ! CX 0(E ; � 0) under CN (E ; � ). It remains
to show that these locally de�ned isomorphismsf (E ; � ) do not depend on
the choice of preferred lifts and that they combine to yield a morphism
f : X ! X 0 under N .

N -determinism is actually not a property of the p-compact group X
itself but rather a property of the extendedp-compact torus N (X ): If X is
N -determined, sois, by the very nature of the concept,any other p-compact
group that admits N (X ) for a maximal torus normalizer.

Most of the time the prime p will be assumedto be odd. Somemod-
i�cations will be needed to handle the casewhere p = 2 [58]. Even the
formulation of the N -conjecture itself will have to be re�ned as N (O(2)) =
O(2) = N (SO(3)) but O(2) and SO(3) are distinct 2-compact groups.

Organization of the paper. In Section3, I set up the generaltheory that
will be applied in a case-by-case veri�cation of the N -conjecture for the
simple, centerlessp-compact groups. We deal with an A-family, represented
by the p-compact groups PGL(n; C) = PSL(n; C), in Section 5, and with
the polynomial case,which includesnearly all remaining compact simple Lie
groups and all the exotic (non-Lie) simple p-compact groups, in Section 7.
The proofs of (1.2{1.6) are in Section 8. Sections2 and 13 contain material
dealing with the generalproblem of computing cohomologygroups of cate-
gories.(There is no claim to originalit y here as the vanishing result of (2.4)
was proved in [34] and the spectral sequenceof (13.2) seemsto be that of
L•uck [54, 17.28]or S lomi�nska [87].)

Notation. Write Zp for the ring of p-adic integers,Qp for the �eld of p-
adic numbers, and F p for the �eld with p elements. For a p-compact group
X , let
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� T(X ) denote the maximal torus of X [30, 8.9],
� L (X ) = � 2(B T(X )) the lattice of X ,
� �T(X ) = L(X ) 
 Z=p1 the p-discrete maximal torus of X [30, x6],
� t(X ) = L(X )
 Z=pthe maximal elementary abelian subgroupof �T(X ),
� W (X ) the Weyl group of X [30, 9.6], r 0W (X ) the rational and r pW (X )

the mod p Weyl group of X (Section 4),
� N (X ) the maximal torus normalizer of X [30, 9.8],
� Z (X ) the center of X [31, 69],
� r (X ) the rational rank (of the identit y component) of X [30, 5.11],
� Aut( X ) the group of invertible elements in the monoid End(X ) =

[B X ; � ; B X ] [66, x3] of basedhomotopy classesof basedself-mapsof B X ,
and Out(X ) = Aut( X )=� 0(X ) the corresponding group in the un-based
category, and

� A (X ) the Quillen category of X .

The objects (E ; � ) of A (X ) are conjugacy classesof monomorphisms� : E
! X of non-trivial elementary abelian p-groups E into X . The morphisms
(E0; � 0) ! (E1; � 1) of A (X ) are group homomorphisms f : E0 ! E1 such
that (E0; � 0) = (E0; � 1f ). An object (E ; � ) of A (X ) is toral if � : E ! X
factors through the maximal torus T(X ) ! X . Let

� A (X ) � t denote the full subcategory of all toral objects, and
� A (X ) � t the full subcategory of all objects with a morphism to some

non-toral object.

The notation for categoriesis:

� pcg is the category of p-compact groups,
� Grp is the category of groups,
� Ab is the category of abelian groups,
� Sp is the category of simplicial sets,and
� Top is the category of topological spaces.

In [pcg], [Grp ], [Sp] the objects are p-compact groups, groups, topological
spacesand the morphisms are conjugacy classesof p-compact group mor-
phisms, conjugacy classesof group homomorphisms, homotopy classesof
continuous maps.

Ac kno wledgmen ts. I would like to thank Kasper Andersen, Jesper
Grodal, Dietrich Notbohm, and Antonio Viruel for several fruitful discus-
sionsand for very valuable help at many points, and the refereefor a long
list of constructive comments. This work was partially supported by Centre
de RecercaMatem�atica.

2. Higher limits of center functors. This section contains a vanish-
ing result (2.4) for the derived limits of a certain functor, de�ned in purely
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algebraic terms, which informs on the obstruction theory associated to the
Jackowski{McClure centralizer homology decomposition [45, 31] of B X .

Let W be a �nite group and t a non-trivial F pW -module which is �nite-
dimensional as an F p-vector space.For non-trivial subgroupsE0 and E1 of
t, put

(2.1)
W (E0; E1) = f w 2 W j w(E0) � E1g;

W (E0) = f w 2 W j we = e for all e 2 E0g;

and note that the set of orbits for the action of the pointwisestabilizer group
W (E0) on the set W(E0; E1) is the set of group homomorphismsE0 ! E1

induced by elements of W . The stabilizer subgroup W(E0; E0) of E0 will
also be written as W (E0).

2.2. Definition. A (W; t) is the category with

� objects: non-trivial elementary abelian subgroupsE of t, and
� morphisms: group homomorphisms E0 ! E1 induced by elements

of W .

For any ZpW -module L , L j : A (W; t) ! Ab , j � 0, is the functor that
takes the object E � t to the cohomology group H j (W (E); L ) and the

morphism E0
w�! E1 in A (W; t) to the homomorphismH j (W (E0); L ) res� w �

� � � � !
H j (W (E1); L ).

Here is a more detailed explanation of the functors L j : Any morphism
E0 ! E1 in A (W; t), represented by an element w 2 W (E0; E1), can be fac-
tored into an isomorphismw: E0 ! wE0 followed by an inclusion. Consider
the corresponding group homomorphisms

W (E0)
c(w)
�� �! W (E0)w � W (E1)

where c(w)w0 = ww0w� 1 is conjugation by w and W (E0)w = wW (E0)w� 1

= W (wE0) and let, asusual [37, 4.1.1],w� :H j (W (E0); L ) ! H j (W (E0)w ; L )
be the isomorphisminduced by c(w) � 1 and multiplication by w on L. De�ne
L j (w) as the composition

H j (W (E0); L ) w �

��! H j (W (E0)w ; L ) res��! H j (W (E1); L )

of w� followed by the restriction morphism. Since for all w0 2 W (E0) we
have W (E0)ww0 = W (E0)w and cohomology is insensitive to inner conju-
gation [55, IV.5.6], L j (ww0) = L j (w) for all w0 2 W (E0) and thus this
morphism is independent of the choice of the representativ e for wW (E 0) 2
W(E0; E1)=W(E0) = A (W; t)(E0; E1) (cf. [45, 7.6]).

For instance, for a connectedp-compact group X , the functors

(2.3) L (X )2� j : A (W (X ); t(X )) ! Ab ; j = 1; 2;
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take the non-trivial elementary abelian p-subgroup E of t(X ) to the group
H 2� j (W (X )(E); L (X )).

2.4. Lemma [34, 8.1]. L j : A (W; t) ! Ab is an acyclic functor in the
sensethat

lim i (A (W; t); L j ) =

(
H j (W ; L); i = 0;
0; i > 0;

for all j � 0.

For a p-compact group X , let B CX : A (X )op ! pcg and B Z CX : A (X )
! Top be the functors that take the object (E ; ") of A (X ) to

B CX (E ; " ) = map(B E; B X )B " ;(2.5)

B Z CX (E ; " ) = map(B CX (E ; " ); B X )B e(" ) ;(2.6)

where B e(") : B CX (E ; " ) ! B X is the evaluation map, and de�ne

(2.7) � j (B Z CX ) : A (X ) ! Ab ; j = 1; 2;

to be the composition of B Z CX with the j th homotopy functor. (There is no
basepoint problem here sinceonly abelian p-compact groups are involved.)

2.8. Lemma. Let p be an odd prime and X a connected p-compact group.
Assumethat the identity component CX (E)0 of the centralizer of any non-
trivial elementary abelian p-subgroup E of T(X ) has N -determined auto-
morphisms [66, 3.10]. Then there is an equivalence of categories

A (W (X ); t(X )) ! A (X ) � t

such that the functors � j (B Z CX ) when restricted to A (X ) � t correspond to
the functors L(X )2� j , j = 1; 2, of (2.3).

Proof. Take wW (E0) : E0 ! E1 in A (W (X ); t(X )) to the morphism
wjE0 : (E0; ie0) ! (E1; ie1) in A (X ) � t (where ej : E j ! t(X ), j = 0; 1, is
the inclusion and i the p-compact group morphism t(X ) ! T(X ) ! X ).
This provides a functor

(2.9) A (W (X ); t(X )) ! A (X ) � t :

Sincethe natural map W n[B E; B T(X )] ! [B E; B X ], inducedby B T(X ) !
B X , is injective for any elementary abelian p-group E [65, 3.4], [32, 3.4],
this functor is full and as it is also clearly faithful, (2.9) is an equivalenceof
categories.

Let now �N (X ) be a discrete approximation [31, 3.12] to the maximal
torus normalizer N (X ). For any elementary abelian p-subgroupE of �T(X ),
C �N (X ) (E) is a discrete approximation to CN (X ) (E) and Z C �N (X ) (E) is a
discreteapproximation to Z CN (X ) (E) which is isomorphic to Z CX (E) (2.19)
[66, 4.12]. Sincethe prime p is odd, �N (X ) = �T(X ) o W (X ) is a semidirect
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product [5, 2.1] and hence

(2.10)
C �N (X ) (E) = C �T (X )o W (X ) = �T(X ) o W (X )(E);

Z (C �N (X ) (E)) = �T(X )W (X )( E ) ;

so� j B Z CX (E) = � j ((B H 0(W (X )(E); �T (X ))) ^
p ) = H 2� j (W (X )(E); L (X ))

= L(X )2� j (E).
If the Weyl group element w 2 W (X ) takes the elementary abelian

p-subgroupE0 � �T(X ) into the elementary abelian p-subgroupE1 � �T(X ),
then w represents a morphism w: E0 ! E1 in A (W (X ); t(X )). We want to
determine the e�ect of w on the centralizer centers. Choosea lift �w 2 �N (X )
of w 2 W (X )(E0; E1) � W (X ) = �N (X )= �T (X ). Conjugation by �w, given by
c( �w)(n) = �wn �w� 1, n 2 �N (X ), takes E0 into E1 and conjugation by �w� 1,
c( �w� 1), takesC �N (X ) (E1) into C �N (X ) (E0) in such a way that the diagram

C �N (X ) (E0) � E0

e
��

C �N (X ) (E1) � E0
c( �w � 1)� 1oo

1� c( �w)
��

�N (X ) C �N (X ) (E1) � E1e
oo

where e is group multiplication, commutes up to inner automorphism of
�N (X ) (as c( �w) � e � (c( �w� 1) � 1) = e � (1 � c( �w))). Therefore, the diagram

of adjoint maps betweenspaces

B C �N (X ) (E0)

'
��

B C �N (X ) (E1)

'
��

B c( �w � 1 )oo

map(B E0; B �N (X ))B � 1 map(B E1; B �N (X ))B � 2
B c( �w)

oo

is homotopy commutativ e. (The vertical mapsare equivalencesby [40, Lem-
ma 2].) This shows that the map CX (E1) ! CX (E0) induced by the A (X )-
morphism E0 ! E1 represented by w lifts to the map c( �w� 1) : C �N (X ) (E1)
! C �N (X ) (E0) betweenmaximal torus normalizers.

2.11. Cor ollar y. Let p be an odd prime and X a connected p-compact
group. Then

lim i (A (X ) � t ; � j (B Z CX )) =

(
� j (B Z (X )) ; i = 0;
0; i > 0:

for j = 1; 2. In particular , lim � (A (X ) � t ; � � (B Z CX )) = 0 if and only if X
is centerless.
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Proof. By (2.4, 2.8, 3.12(2)),

lim0(A (X ) � t ; � j (B Z CX )) = lim0(A (W (X ); t(X )) ; L (X )2� j )

= H 2� j (W (X ); L (X )) = � j (B Z (X ))

and, similarly, lim i (A (X ) � t ; � j (B Z CX )) = 0 for i > 0.

Let � j (B Z CX )� t be the subfunctor of � j (B Z CX ) which vanisheson all
toral objects of A (X ) and has the samevalue as � j (B Z CX ) on all non-toral
objects of A (X ). (To seethat this is indeed a functor, observe that there
can be no morphism from a non-toral object to a toral object of the Quillen
category.)

2.12. Cor ollar y. Let p be an odd prime and X a connected p-compact
group. Then there is an exact sequence

0 ! lim0(A (X ) � t ; � j (B Z CX )� t ) ! lim0(A (X ); � j (B Z CX )) ! � j (B Z (X ))

! lim1(A (X ) � t ; � j (B Z CX )� t ) ! lim 1(A (X ); � j (B Z CX )) ! 0

while lim i (A (X ); � j (B Z CX )) = lim i (A (X ) � t ; � j (B Z CX )� t ) for i � 2. In
particular ,

lim � (A (X ); � j (B Z CX )� t ) �= lim � (A (X ) � t ; � j (B Z CX )� t )

�= lim � (A (X ); � j (B Z CX ))

if and only if X is centerless.

Proof. The quotient functor � � (B Z CX )=� � (B Z CX )� t vanishes on all
non-toral objects so that, by (13.12), for all i � 0,

lim i (A (X ); � j (B Z CX )=� j (B Z CX )� t )

= lim i (A (X ) � t ; � j (B Z CX )=� j (B Z CX )� t )

= lim i (A (X ) � t ; � j (B Z CX ))

which was computed in (2.11). Combine this with the fact that restriction

lim � (A (X ) � t ; � j (B Z CX )� t )  lim � (A (X ); � j (B Z CX )� t )

is an isomorphism by (13.12) again.

Let St(E) denote the Steinberg representation for GL(E).

2.13. Cor ollar y. Let p be an odd prime, X a connected p-compact
group with trivial center, and let j be equal to 1 or 2. If

HomA (X )( E ;� ) (St(GL( E)) ; � j (B Z CX (E ; � ))) = 0

for all non-toral objects (E ; � ) of rank j + 1 and j + 2, then

lim j (A (X ); � j (B Z CX )) = 0 = lim j +1 (A (X ); � j (B Z CX )) :
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Proof. Use(2.12) and Oliver's cochain complex[81] for computing higher
limits over A (X ).

For example,when (X ; p) is (F4; 3) or (E8; 5) we have

lim � (A (X ); � j (B Z CX )) = 0

becausethe Quillen category A (X ) contains, up to isomorphism, a unique
non-toral object (V; � ); this V hasorder p3, V �= CX (V; � ), and A (X )(V; � ) =
SL(V ) [41, 7.4, 10.3]. The situation is much more complicated for the other
members of the E-family at p = 3 [3].

2.14. Relation between A (W; t) and the orbit category O(W ). Let O0(W )
denote the full subcategory of the orbit category of W generated by all
objects W=G with tG 6= 0. There are obvious functors

A (W; t)
L //O0(W )op

R
oo

given by

L(E0
wW (E0)
� � � � � ! E1) = (W=W(E0)

wW (E0)
 � � � � � W=W(E1)) ; w(E0) � E1;

R(W=G wH� � ! W=H) = (tG wW (tH )
 � � � � � tH ); w� 1Gw � H :

Using the fact that G � W (tG) and E � tW (E ) we seethat L and R are
adjoint functors in that

A (W; t)(E ; R(W=G)) = O0(W )op(L (E); W=G)

for all objects E of A (W; t) and all objects W=G of O0(W )op. Observe also
that

(2.15) NW (G) � W(tG) and W (E) � NW (W (E))

for all non-trivial subspacesE � t and all subgroupsG � W . In particular,
the endomorphismmonoid of E is the quotient

A (W; t)(E) = W (E)=W(E)

of the group W(E) by its normal subgroup W (E). Thus A (W; t) is an EI-
category [54], a category in which all endomorphismsare isomorphisms.

A collection is a set C of subgroupsof W which is closedunder conjuga-
tion. Let OC(W ) denote the C-orbit category, the full subcategory of O(W )
generatedby all objects W=G with G 2 C, and A C(W; t) the full subcategory
of A (W; t) generatedby all objects of the form t G for G 2 C.

The collection C is said to be subgroup-sharp for the Z pW -module L [27,
1.13] if

lim i (OC(W )op; L j ) =

(
H j (W ; L); i = 0;
0; i > 0;

where L j (W=G) = H j (G; L ) as in (2.14).
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2.16. Cor ollar y. If the collection Cis subgroup-sharpfor L and t G 6= 0
for all g in C then L j restricts to an acyclic functor on A C(W; t) with
lim0(A C(W; t); L j ) = H j (W ; L).

Proof. This is immediate from (13.11) as A C(W; t) = ROC(W ).

It is known [45, x5] that the collection C(p) of all p-subgroupsof W is
subgroup-sharpfor any ZpW -module L and, for generalreasons,tP 6= 0 for
any p-group P 2 C(p).

2.17. Centralizers. I closethis section with a simpli�ed proof of the fol-
lowing well-known result from [74, 3.9] which was used in connection with
the mapping spacesof (2.6).

Let P be a p-toral Lie group (i.e. the identit y component of P is a torus
and � 0(P) is a �nite p-group), G a compactLie group having a �nite p-group
asits component group, and CG(P) the Lie group centralizer, which alsohas
a �nite p-group ascomponent group [47, A4], of a Lie group homomorphism
f : P ! G. The standard Lie group multiplication homomorphismCG(P) �

P ! G extending f inducesa p-compact group morphism \CG(P) � P̂ ! Ĝ
extending f̂ : P̂ ! Ĝ. (Ĝ denotes the p-compact group B G^

p obtained by
p-completing the classifying spaceof the compact Lie group G.) We shall

now seethat \CG(P) = CĜ(P̂ ) and in particular that [Z (P) = Z (P̂ ), i.e. that
centralizers and centers of p-toral Lie groups can be computed either in the
Lie group category or in the p-compact group category.

2.18. Lemma [35, 101, 73]. The adjoint

B \CG(P) ! map(B P̂ ; B Ĝ)B f̂

of the above standard morphism is a homotopy equivalence. In particular ,

B [Z (P) ' map(B P̂ ; B P̂)B 1

where Z (P) is the Lie group center of P.

Proof. The p-toral Lie group P contains [48, 1.1] a densep-discretetoral
subgroup �P =

S �Pm which is the union of an ascendingsequenceof �nite
p-groups �Pm . The inclusion of �P into P induces a discrete approximation
i : �P ! P̂ to the p-compact toral group P̂ and so we have homotopy equiv-
alences[30, x6]

map(B P̂ ; B Ĝ)B ^f ' map(B �P; B Ĝ)B ^f i ' map(B �Pm ; B Ĝ)B ( ^f i j �Pm )

for m largeenough.In particular, the abovemapping spacesareF p-complete
[31, 2.5], [30, 6.20].Furthermore, by Dwyer{Zabrodsky [35, 1.1] and [36, 2.5]
or Lannes [52], the canonical map

B CG( �Pm ) ! map(B �Pm ; B Ĝ)B ( ^f i j �Pm )
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is an H � Fp-equivalenceand here

CG( �Pm ) �= CG( �P) �= CG(P)

when m is large enoughand since �P is densein P.

Let now G be an extended p-compact torus and �G its discrete approxi-
mation [31, 3.12].

2.19. Lemma. Let � : � ! �G be a homomorphismfrom a discrete group
� into the extended p-discrete torus �G.

(1) The group-theoretic centralizer C �G(� ) of � is a discrete approxima-
tion to the extended p-compact torus B CG(� ) = map(B � ; B G)B � .

(2) The group-theoretic center Z ( �G) of �G is a discrete approximation to
the extended p-compact torus B Z (G) = map(B G; B G)B 1

Proof. The maps

B C �G(� ) ! map(B � ; B �G)B � ! map(B � ; B G)B �

are H � Fp-equivalences:The �rst map is even a homotopy equivalence[40,
Lemma 2] and the �bre of the secondmap is [60] a K (V; 1), for someratio-
nal vector spaceV , becausethe �b er of B �G ! B G has this form [31, 3.1].
Taking � to be the identit y map of �G, we obtain a discrete approximation
to Z (G).

3. N -determinism. This section contains comments on and further
development of the material in [66] concerning N -determined p-compact
groups.

3.1. N -determined automorphisms. Let j : N (X ) ! X be the maximal
torus normalizer for a p-compact group X . Turn this maximal torus normal-
izer B j : B N (X ) ! B X into a �bration. Any automorphism f : X ! X of
the p-compactgroup X restricts to an automorphism AM( f ) :N (X ) ! N (X )
of the maximal torus normalizer, unique up to the action of the Weyl group
W (X 0) = � 1(X=N (X )) of the identit y component X 0 of X , such that the
diagram

B N (X )
B (AM( f )) //

B j
��

B N (X )

B j
��

B X
B f

//B X

commutes up to basedhomotopy [66, x3], [1], [101, TheoremC]. The Adams{
Mahmud homomorphism is the resulting homomorphism

(3.2) AM : Aut( X ) ! Aut( N (X ))=W(X 0)
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of automorphism groups, and X is said to have N -determined automor-
phisms if this homomorphism is injective [66, 3.10].

The following lemma, collecting results from [66, 4.2, 4.3, 4.8] and (9.4),
reducesthe problem of determining which p-compact groups have N -deter-
mined automorphismsto the connectedand centerlesscase.(The simple fac-
tors of the p-compact group X are the simple, centerlessp-compact groups
in the splitting [32, 80] of PX 0 = X 0=Z (X 0), the adjoint form of the identit y
component of X .)

3.3. Lemma. Let p be any prime number.

(1) The connected p-compact group X hasN -determined automorphisms
if its adjoint form PX does.

(2) The p-compact group X hasN -determined automorphismsif its iden-
tity component X 0 does.

(3) The p-compact group X has N -determined automorphisms if all of
its simple factors do.

In the connected,centerless casewe use an inductiv e procedure based
on homology decomposition [31, 8.1] and preferred lifts [67].

3.4. Pr oposition [66, 4.9]. Supposethat the p-compact group X is con-
nected and centerless.Suppose that

(1) CX (L; � ) has N -determined automorphisms for each rank 1 object
(L; � ) of A (X ).

(2) lim1(A (X ); � 1(B Z CX )) = 0 = lim2(A (X ); � 2(B Z CX )) .

Then X has N -determined automorphisms.

Proof. Let f : X ! X be an automorphism of X such that AM (f ) : N
! N is conjugate to the identit y map of N . Then (E; f � ) = (E ; � ) for each
object (E ; � ) of A (X ), for if � : E ! N is a lift of � : E ! X we have

f � = f j � = j � AM (f ) � � = j � � = � :

Thus composition with f determinesan automorphism

Cf : CX (E ; � ) ! CX (E ; � )

of each centralizer in the homology decomposition hocolim B CX ! B X
[31, x8]. In particular, when (L; � ) is a rank 1 object with preferred lift
� : L ! T ! N [67, 4.10], we obtain a commutativ e diagram

CN (L; � )
Cj

xxqqqqqqqqqq Cj 0

&&MMMMMMMMMM

CX (L; � )
Cf

�= //CX (L; � )
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which implies, using the �rst assumption,that Cf is conjugateto the identit y
[66, 3.9]. But then Cf is conjugateto the identit y for all (E ; � ) 2 Ob(A (X )).
To seethis, chooseany line L < E and let � : E ! CX (L; � jL ) be the canon-
ical factorization (3.18) of � through the centralizer of L . Then note that
under the isomorphism CCX (L;� jL ) (E ; � (L )) �= CX (E ; � ) the isomorphism
Cf induced by f on X corresponds (3.20) to the isomorphism CCf induced
by Cf on CX (L; � jL ).

The secondassumption of the lemma assuresthat there are no further
obstructions to conjugating f to the identit y [100], [66, 4.9].

3.5. N -determined p-compact groups. Let j : N ! X be the maximal
torus normalizer for the p-compact group X . Suppose that N may also
serve as the maximal torus normalizer for someother p-compact group X 0

so that we have two monomorphisms

(3.6) X N
joo j 0

//X 0

that are both maximal torus normalizers. The p-compact group X is N -
determined if, in this situation, there always exists an isomorphismf : X !
X 0 under N , i.e. a morphism f : X ! X 0 such that f j and j 0 are conjugate.
A total ly N -determined p-compact group is an N -determined p-compact
group with N -determined automorphisms [66, 7.1].

The following lemma, collecting results from [66, 7.8, 7.10]and (9.6), re-
ducesthe problem of determining which p-compactgroupsareN -determined
to the connectedand centerlesscase.

3.7. Lemma. Let p be an odd prime.

(1) The connected p-compact group X is N -determined if its adjoint form
PX is.

(2) The p-compact group X is N -determined if its identity component
X 0 is.

(3) The p-compact group X is N -determined if all of its simple factors
are.

Again, in the connected,centerlesscasewe usean inductiv e procedure.

3.8. Pr oposition (cf. [66, 7.17]). In the situation of (3.6), supposethat
X is connected and centerlessand that

(1) All objects of A (X ) of rank � 2 have totally N -determined central-
izers.

(2) For each non-toral rank 2 object (V; � ) of A (X ) there exist a rank 2
object (V; � 0) of A (X 0) and an isomorphism f (V; � ) : CX (V; � ) ! CX 0(V; � 0)
such that j 0� = � 0 and
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CN (V; � )
Cj

xxqqqqqqqqqq Cj 0

&&NNN
NNN

NNN
NN

CX (V; � )
f (V;� )

�= // CX 0(V; � 0)

commutesfor any of the p+ 1 [66, 6.2] special preferred lifts (V; � ) of (V; � ).

(3) lim2(A (X ); � 1(B Z CX )) = 0 = lim3(A (X ); � 2(B Z CX )) .

Then there exists an isomorphism f : X ! X 0 under N .

Proof. For each rank 1 object or toral rank 2 object (V; � ) of A (X ),
put � 0 = j 0� where � : V ! N is the preferred lift [67, 4.10], and de-
�ne f (V; � ) : CX (V; � ) ! CX 0(V; � 0) to be the unique isomorphism under
CN (V; � ). Then � 0 equalsthe composition

V � //CX (V; � )
f (V;� ) //CX 0(V; � 0) res //X 0

and f (V; � )� is the canonical factorization (3.18) � 0 of � 0.

Any non-toral rank 2 object (V; � ) has p+ 1 special preferred lifts (V; � )
indexed by the set of lines in V [66, 6.2]. By assumption, neither j 0� nor
the isomorphism f (V; � ) : CX (V; � ) ! CX 0(V; j 0� ) under CN (V; � ) depend
on the choice of � . Put � 0 = j 0� and f (V; � ) = f (V; � ) where � is any of the
p + 1 preferred lifts of � .

Thesemorphismsf (V; � ) for jV j � p2 respect morphisms in A (X ): Con-
sider for instance a morphism � : (V1; � 1) ! (V2; � 2) from a rank 1 object to
a rank 2 object. Let � 2 : V2 ! N be the special preferred lift of � 2 for which
� 1 = � 2� is the preferred lift of � 1 = � 2� . Since � 0

1 = j 0� 1 = j 0� 2� = � 0
2� ,

the group homomorphism� is an A (X 0)-morphism (V1; � 0
1) ! (V; � 0

2). Then

� 0
2 = j 0� 2 = j 0 � resN � � 2 = j 0 � resN � CN (� )� 2

= resX � Cj 0 � CN (� )� 2 = resX � f (V1; � 1) � CX (� )� 2

as we seefrom the commutativ e diagram

CN (V1; � 1)
Cj

wwnnnnnnnnnnnn Cj 0

((PPPPPPPPPPPP
resN //N

j 0

��
V2

CN (� )� 2
00

CX (� )� 2

//CX (V1; � 1)
f (V1 ;� 1)

�= //CX 0(V1; � 0
1) resX 0

//X 0

and CX 0(� )� 0
2 = f (V1; � 1) � CX (� )� 2 aswe seefrom the argument of (10.13).

Taking centralizers of V2 we obtain the commutativ e diagram
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CN (V2 ; � 2)

C j

zzuuu
uuu

uuu
uuu

uuu
uuu

uuu
uu

C j 0

$$JJJJJJJJJJJJJJJJJJJJJJJ

CC N ( V1 ;� 1 ) (V2 ; CN (� )� 2)

�=

OO

uuu
uuu

uuu
uu

zzvvv
vvv

vvv
vv

III
III

III
II

$$II
III

III
IIICX (V2 ; � 2)

f ( V2 ;� 2 )

�= //CX 0(V2 ; � 0
2)

CC X ( V1 ;� 1 ) (V2 ; CX (� )� 2)

�=

OO

C f ( V 1 ;� 1 )

�= //

��

CC X 0( V1 ;� 0
1 ) (V2 ; CX 0(� )� 0

2)

�=

OO

��
CX (V1 ; � 1)

f ( V1 ;� 1 )

�= //CX 0(V1 ; � 0
1)

which shows that the isomorphism f (V2; � 2) : CX (V2; � 2) ! CX 0(V2; � 0
2) un-

der CN (V2; � 2) is induced from the isomorphism f (V1; � 1) : CX (V1; � 1)
! CX 0(V1; � 0

1) under CN (V1; � 1). This implies naturalit y as we may en-
large the commutativ e diagram by the morphisms CX (V2; � 2) ! CX (V1; � 1)
and CX 0(V2; � 0

2) ! CX 0(V1; � 0
1) induced by � (3.20).

Also, if � 2 A (X )(V; � ) � GL(V ) is a Quillen automorphism of the rank
2 object (V; � ), and � : V ! N a special preferred lift of � , then �� is again
a special preferred lift of � and hence� 0� = j 0�� = j 0� = � 0 by assumption.
Thus A (X )(V; � ) � A (X 0)(V; � 0) and as

CX (V; � )
CX (� ) � 1

//CX (V; � )
f (V;� )

�=
//CX 0(V; � 0)

CX (� ) //CX 0(V; � 0)

is an isomorphism under CN (V; �� ), it equals f (V; � ) by assumption. This
is naturalit y for Quillen automorphisms of (V; � ).

Let now (E; � ) be an object of A (X ) of any rank > 2. Choosea line
L < E. De�ne � 0: E ! X 0 to be the composite monomorphism

E � //CX (E ; � ) res //CX (L; � jL )
f (L;� jL )

�=
//CX 0(L; (� jL )0) res //X 0

and de�ne the isomorphism of centralizers f (E ; � ) : CX (E ; � ) ! CX 0(E ; � 0)
to be the isomorphism

CX (E ; � ) Cres � �
�=

CCX (L;� jL ) (E ; � (L ))

Cf ( L;� j L )
�� � � � �!

�=
CCX 0(L;� jL ) (E ; f (L; � jL )� (L )) Cres� � !

�=
CX 0(E ; � 0)

induced by f (L; � jL ).
To seethat this is well-de�ned, let L 1 < E and L 2 < E be two distinct

rank 1 subgroupsof E and let V < E be the subgroup generatedby them.
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Naturalit y for morphisms from a rank 1 object to a rank 2 object gives a
commutativ e diagram

CX (L 1; � jL 1)
f (L 1 ;� jL 1) //CX 0(L 1; (� jL 1)0)

res
((QQQQQQQQQQQQQQQ

E

� (L 1 )
77nnnnnnnnnnnnnn � (V ) //

� (L 2 ) ''PPPPPPPPPPPPPP CX (V; � jV )
f (V;� jV ) //

OO

��

CX 0(V; (� jV )0) res //

OO

��

X 0

CX (L 2; � jL 2)
f (L 2 ;� jL 2)

//CX 0(L 2; (� jL 2)0)

res

66mmmmmmmmmmmmmmm

showing that neither � 0 nor f (E ; � ) depend on the choice of the rank 1
subgroup of E .

To show functorialit y of this construction, let � : (E1; � 1) ! (E2; � 2) bea
morphism in the category A (X ). Choosea rank onesubgroupL 1 < E1 and
put � (L 1) = L 2 < E2. Naturalit y for the rank 1 casegives a commutativ e
diagram

E1

�
��

//CX (L 1; � 1jL 1)
f (L 1 ;� jL 1) //CX 0(L 1; (� 1jL 1)0) //X 0

E2 //CX (L 2; � 1jL 2)

CX (� )

OO

f (L 2 ;� jL 2)
//CX 0(L 2; (� 1jL 2)0) //

CX 0(� )

OO

X 0

which shows that � 0
1 = � 0

2� , thus

A (X )(( E1; � 1); (E2; � 2)) � A (X 0)(( E1; � 0
1); (E2; � 0

2)) ;

and implies commutativit y of the diagram

CX (E1; � 1)
f (E1 ;� 1)

�=
//CX 0(E1; � 0

1)

CX (E2; � 2)
f (E2 ;� 2)

�= //

CX (� )

OO

CX 0(E2; � 0
2)

CX (� )

OO

which is naturalit y.
We have now constructed a collection

CX (E ; � )
f (E ;� )
� � � � ! CX 0(E ; � 0) res��! X 0; (E ; � ) 2 Ob(A (X )) ;

of homotopy A (X )-invariant centric [28] monomorphismsfrom the central-
izers of the homology decomposition of B X [31, 8.1] to B X 0. Becausethe
obstruction groups are assumedto vanish, this collection can [100], [66, x2]
be realized by a morphism

B f : B X ' � hocolim B CX ! B X 0
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such that

CX (E ; � )

��

f (E ;� ) //CX 0(E ; � 0)

��
X

f
//X 0

commutes for all (E ; � ) 2 Ob(A (X )). In particular, f is a morphism under
the maximal torus, for f is a morphism under the maximal rank monomor-
phisms [31, x4] X  CN (L; � ) ! X 0 for somerank 1 object (L; � ) of A (X ).
Thus f : X ! X 0 is in fact an isomorphism [32, 5.6], [67, 3.11], and sincef
is the identit y on the maximal torus T = N0, also � 0AM (f ) : W ! W is the
identit y map, for W is faithfully represented as a group of operators on T
[30, 9.7]. Thus � � (B AM( f )) is the identit y automorphism of � � (B N ) and
AM (f ) is the identit y of N [64, 5.2], [5, 3.3].

Veri�cation of the third assumption reducesto a computation involving
Steinberg representations (2.13). For the veri�cation of the secondcondition
we shall use the following lemma which may look rather specializedbut in
fact applies in all casesconsideredin this paper.

3.9. Lemma. Let (V; � ) be a non-toral rank 2 object of A (X ) with special
preferred lift � : V ! N and put � 0 = j 0� . Assumethat

(1) All rank 2 objects of A (X ), whose centralizers are isomorphic to
CX (V; � ), are isomorphic to (V; � ).

(2) A (X )(V; � ) = SL(V ). (Then also A (X 0)(V; � 0) = SL(V ).)
(3) The isomorphism f (V; � ) : CX (V; � ) ! CX 0(V; � 0) under CN (V; � ) is

SL(V )op-equivariant.

Then j 0� 1 = � 0 and f (V; � 1) = f (V; � ) : CX (V; � ) ! CX 0(V; � 0) for all
special preferred lifts (V; � 1) of (V; � ).

Proof. The GL(V )-orbit (V; � )�GL(V ) contains p� 1 objects, the GL(V )-
orbit (V; � ) � GL(V ) contains (p � 1)(p + 1) objects, and the map j :
(V; � ) � GL(V ) ! (V; � ) � GL(V ) is (p + 1)-to-1 [66, 6.2]. By assumption,
the orbit (V; � ) � GL(V ) contains all special preferred lifts whosecentraliz-
ers in N are isomorphic to N (CX (V; � )). Since X and X 0 have the same
special preferred lifts [66, 7.13],also j 0: (V; � ) � GL(V ) ! (V; j 0� ) � GL(V ) is
(p+ 1)-to-1. Sincethe orbit (V; j 0� ) � GL(V ) thus contains p� 1 objects, the
stabilizer subgroupof (V; j 0� ) must be SL(V ) as this is the only subgroupof
GL(V ) of that index. Thus the Quillen automorphism group A (X 0)(V; � 0)
is SL(V ).

Any other special preferred lift of � has the form �� for an � in SL(V )
[66, 6.2], so, clearly, j 0(�� ) = � 0� = � 0 is independent of the choice of � .
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The commutativ e diagram

CN (V; �� )

Cj

��

CN (V; � )
CN (� )oo CN (� ) //

Cj

yyrrr
rrr

rrr
r Cj 0

&&MMMMMMMMMM
CN (V; �� )

Cj 0

��
CX (V; � ) CX (V; � )

CX (� )
oo

f (V;� )
//CX 0(V; � 0)

CX 0(� )
//CX 0(V; � 0)

shows that f (V; �� ) = CX 0(� )f (V; � )CX (� )� 1, sinceCX (V; � ) hasN -deter-
mined automorphismssothat f (V; �� ) = f (V; � ) by the third assumption.

The canonical factorizations of � and � 0 are SL(V )op-equivariant (3.19)
and they provide a commutativ e diagram

(3.10) V
�

zzvvv
vvv

vv
v

� 0

$$III
III

III
I

CX (V; � )
f (V;� )

//CX 0(V; � 0)

which shows that the restriction of f (V; � ) to V is SL(V )op-equivariant.
It is a tautology that f (V; �� ) = f (V; � ) for all � in the Borel subgroup
stabilizing � so it is in fact only necessaryto check equivariancewith respect
to one other element (of order p) [91, 3.6.21]of SL(V ).

3.11. Centers and automorphism groups of p-compact groups. The fol-
lowing theorem collects someuseful facts from various sourcesthat will be
applied several times in this paper.

3.12. Theorem. Let p be an odd prime and X a connected p-compact
group.

(1) [4, 5] The semidirect product �N (X ) = �T(X ) o W (X ) is a discrete
approximation [31, 3.12] to the maximal torus normalizer N (X ):

(2) [31, x7] The abelian group �Z (X ) given by

H 0(W (X ); �T (X ))

= (H 0(W (X ); L (X )) 
 Q)=H0(W (X ); L (X )) � H 1(W (X ); L (X ))

is a discrete approximation to the center [69, 31] of X :

(3) [66, 7.2] Aut( X )
AM�= Out(N (X )) provided X is total ly N -determined.

The automorphism group of N (X ) sits [64, 5.2] in a short exact sequence

(3:13) 0 ! H 1(W (X ); �T (X )) ! Aut( N (X ))

! Aut( W (X ); �T (X ); e(X )) ! 1

wherethe normal subgroupto the left consistsof all automorphismsof N (X )
that induce the identit y on homotopy groups, and the group to the right
consistsof all pairs (�; � ) 2 Aut( W (X )) � Aut ( �T(X )) such that � is � -linear
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and the inducedautomorphism H 2(� � 1; � ) [95, 6.7.6]preservesthe extension
classe(X ) 2 H 2(W (X ); �T (X )). The image of W (X 0) � W (X ) = � 0N (X )
[69, 3.8] in Aut( N (X )) does not intersect the subgroup H 1(W (X ); �T (X ))
(as W (X 0) is represented faithfully in Aut( �T(X )) [30, 9.7]) so there is an
induced short exact sequence

(3:14) 0 ! H 1(W (X ); �T (X )) ! Aut( N (X ))=W(X 0)

! Aut( W (X ); �T (X ); e(X ))=W(X 0) ! 1

whose middle term is the target of the Adams{Mahmud homomorphism
(3.2).

If X is connectedand p is odd, the cohomologygroup to the left is trivial
and e(X ) = 0 [5] so

Aut( N (X )) �= Aut( W (X ); �T (X ); 0) �= NGL( L (X )) (W (X ))

is [66, 3.5], [5, 3.3] the group of self-similarities of the Z p-re
ection group
(W (X ); L (X )) (4.1), and the target of the Adams{Mahmud homomorphism
(3.2)

(3.15) Out( N (X )) = Aut( N (X ))=W(X ) �= NGL( L (X )) (W (X ))=W(X )

is [62, x2] the middle term of an exact sequence

(3.16) 1 ! Aut Z p [W (X )] (L (X ))=Z (W (X )) ! Out( N (X )) ! Out( W (X ))

of automorphism groups.An automorphism of X is exotic if its lift to N (X )
[66, 3.7] inducesa non-trivial outer automorphism of W (X ).

3.17. Remark. Let p and X be as in (3.12).

(1) The formula

� j (B Z (X )) = H 2� j (W (X ); L (X )) ; j = 1; 2;

is an alternative version of (3.12.(2)).
(2) The endomorphismmonoid of X is given by

End(X ) � f 0g

�=

(
NGL (L (X )) (W (X ))=W(X ) = Aut( X ); p j jW (X )j;

(NGL (L (X )
 Q ) (W (X )) \ End(L (X ))) =W(X ); p- jW (X )j;

provided X is totally N -determined and simple [65, 5.4]; use [65, 5.6, 5.6]
and [64, 5.2] to seethis. See[46, 47, 48] for the Lie case.

3.18. Canonical factorizations [30, 8.2]. Let � : V ! X be a monomor-
phism from an elementary abelian p-group to the p-compact group X . The
canonical factorization of � through its centralizer is the central monomor-
phism � (V ) : V ! CX (V; � ) whoseadjoint is V � V +�! V ��! X . The compo-

sition V ��! CX (V; � ) res��! X equals� . If � : (V1; � 1) ! (V2; � 2) is a morphism
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in A (X ) then the canonical factorizations are related by a commutativ e di-
agram

(3.19) V1

�
��

� 1 //CX (V1; � 1) res //X

V2 � 2

//CX (V2; � 2)

CX (� )

OO

res
//X

so that � : (V1; � 1) ! (V2; CX (� )� 2) is a morphism in A (CX (V1; � 1)). The
induced morphisms CX (� ) and CCX (V1 ;� 1)(� ) can be identi�ed in that the
diagram

(3.20) CCX (V1 ;� 1) (V1; � 1) Cres

�=
//CX (V1; � 1)

CCX (V1 ;� 1) (V2; CX (� )� 2)

res
44jjjjjjjjjjjjjjjj

CC X ( V1;� 1 ) (� )

OO

Cres

�=
//CX (V2; � 2)

CX (� )

OO

commutes up to conjugacy.

4. Cohomologically unique p-compact groups. We shall here dis-
cuss to what extent N -determined p-compact groups are determined by
their Weyl groups or their mod p cohomologyalgebras(4.3). The message
intended is that cohomologicaluniqueness[36, 74, 16, 93] is incidental while
N -determinism is universal. As the Weyl group of a connectedp-compact
group is a re
ection subgroup of the automorphism group of the lattice we
start out by introducing the category of re
ection subgroups.

For a commutativ e domain R, an element g of GL( r; R) is a re
ection
if the r � r matrix I r � g has rank at most 1 where I r is the r � r identit y
matrix. A subgroupW of GL( r; R) is a re
ection subgroup if it is generated
by the re
ections contained in it.

4.1. Definition. For R = Zp; Qp; Fp, let R-Re
 be the category with

� objects: pairs (W; L) whereL is a �nitely generatedfreeR-module and
W a �nite re
ection subgroup of Aut R (L ), and

� morphisms: pairs (�; � ) : (W1; L 1) ! (W2; L 2) where � : W1 ! W2 is a
group homomorphism and � 2 HomR(L 1; L 2) an � -linear R-module homo-
morphism.

A similarity is an isomorphism in R-Re
 . Two objects of Z p-Re
 are
R-similar if they are taken to isomorphic objects of R-Re
 by the functor
rR : Zp-Re
 ! R-Re
 induced by � 
 Z p R. G0(W; L) (resp. Gp(W; L)) is
the set of similarit y classesof objects of Z p-Re
 that are Qp-similar (resp.
Fp-similar) to the object (W; L). An object (W; L) of Z p-Re
 is said to be
simple if L 
 Z p Qp is a simple QpW -module.
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A similarit y classof objects of R-Re
 amounts to an integer r � 0 and
a conjugacy class(W ) of a re
ection subgroup of GL( r; R). The automor-
phism group Aut R-Re
 (W; L) of an R-re
ection subgroup is isomorphic to
the normalizer NGL( L 
 R) (W ) of W in GL(L 
 R) [62, x2], [61].

In Zp-Re
 we shall often write r 0 (resp. r p) for the functor r R if R = Qp

(resp. R = F p). (Of course,if R = Zp, then r R is the identit y functor.) By
[29, Proof of 5.2], W is a re
ection subgroup of GL(L) if and only if r pW
is a re
ection subgroup of GL(L 
 Z=p); also, W and r pW are abstractly
isomorphic groups as the kernel of GL( r; Z p) ! GL( r; F p) contains no non-
trivial �nite order elements when p is odd [57], [88, 10.7.1]. Two objects,
(W1; L 1) and (W2; L 2), of Zp-Re
 are Qp-similar i� there existsa morphism
(�; � ) : (W1; L 1) ! (W2; L 2) in Zp-Re
 such that r 0(�; � ) is an isomorphism
in Qp-Re
 , and they are F p-similar i� there exists a group isomorphism
� : W1 ! W2 and a Zp-linear isomorphism� : L 1 ! L 2 such that (�; � 
 Z p Fp)
is an isomorphism in F p-Re
 . All elements of G0(W; L), which is a �nite
set according to the Jordan{ZassenhausTheorem [24, 24.2],are represented
by centerings of (W; L), i.e. by objects of the form (W; M ) where M is
a ZpW -submodule of L and the index [L : M ] is �nite. Two centerings,
(W; M 1) and (W; M 2), are similar if and only if A(M 1) = M 2 for someA in
the normalizer NGL( L 
 Q ) (W ) of W in GL(L 
 Q) [84, 2.1{2.3].

4.2. Pr oposition. Let (W; L) be an object of Z p-Re
 .

(1) G0(W; L) = f (W 0) < GL(L) j (r 0W 0) = (r 0W )g.
(2) Gp(W; L) = f (W 0) < GL(L) j r pW 0 = rpW g.

As usual, (W ) stands for the conjugacy classof the subgroup W .

Proof. (1) Let A(W ) = f U 2 GL(L 
 Q) j U � 1W U � GL(L)g be the
set of automorphisms of L 
 Q that conjugate the subgroupW � GL(L) to
(another) subgroup of GL(L). We shall de�ne surjections

f (W 0) < GL(L) j (r 0W 0) = (r 0W )g � A(W ) � G0(W; L)

and show that the corresponding equivalence relations on A(W ) are the
same.The left surjection simply takesU 2 A(W ) to the subgroupconjugacy
class(U � 1W U). The right map takes U 2 A(W ) to the similarit y classof
(W; UL). This is indeeda well-de�ned surjection becausefor U 2 GL(L 
 Q)
we have

U � 1W U � GL(L) , (U � 1W U)(L) = L , W (UL) = UL;

meaning that UL is a ZpW -submodule of L 
 Q if and only if U 2 A(W ).
The Zp-Re
 -objects (W; UL) and (W; V L), U;V 2 A(W ), are similar if and
only if VAU � 1W = W VAU � 1 for someisomorphism of the form

UL U � 1

�� �!
�=

L A�!
�=

L V�!
�=

VL
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for an A 2 GL(L). In other words, (W; UL) and (W; V L) are similar if and
only if U � 1W U and V � 1W V are conjugate as subgroupsof GL(L).

(2) The map

f (W 0) < GL(L) j r pW 0 = rpW g ! Gp(W; L)

taking (W 0) to (W 0; L ) is clearly well-de�ned and injective. To seethat it is
alsosurjective, let (W1; L 1) be an object of Zp-Re
 that admits a similarit y
(� p; � p) : rp(W1; L 1) ! rp(W; L) in F p-Re
 . Lift the isomorphism� p to a Zp-
linear isomorphism � : L 1 ! L . Then (W1; L 1) and (W 0; L ), W 0 = � W1� � 1,
are similar and r pW 0 = � prp(W1)� � 1

p = rpW and thus the subgroup W 0 is
mapped to the element of Gp(W; L) represented by (W1; L 1).

The Weyl group W (X ) of a connectedp-compactgroup X is by birth a �-
nite re
ection subgroupof GL(L(X )) [30, 9.7]and (W (X ); L (X )), (r 0W (X );
L (X ) 
 Qp), and (r pW (X ); L (X ) 
 F p) are objects of R-Re
 for R =
Zp; Qp; Fp, called the Zp-Weyl group (or just the Weyl group), the Q p-Weyl
group, and the F p-Weyl group of X , respectively. (As to functorialit y we
note that any toric morphism [68] betweenconnectedp-compact groups de-
termines a morphism betweenthe corresponding re
ection subgroups.)

4.3. Definition. Let X be a connectedp-compact group.

(1) X is determined by its R-Weyl group if any connected p-compact
group Y with the sameR-Weyl group as X , i.e. with W (Y) R-similar to
W (X ), is isomorphic to X .

(2) X is a cohomologically unique p-compact group if any connectedp-
compactgroup Y with H � (B Y ; Fp) isomorphic to H � (B X ; Fp) asan algebra
over the mod p Steenrod algebra, is isomorphic to X .

All p-compact tori are clearly cohomologicallyunique.

4.4. Cor ollar y. Let p be an odd prime and X an N -determined con-
nected p-compact group.

(1) X is determined by its Zp-Weyl group W (X ).
(2) If G0(W (X ); L (X )) = � , then X is determined by its Q p-Weyl group

r0W (X ).
(3) If Gp(W (X ); L (X )) = � , then X is determined by its F p-Weyl group

rpW (X ).
(4) If X is determined by its F p-Weyl group, then X is a cohomologically

unique p-compact group.

Proof. At odd primes, the (discrete) maximal torus normalizer of a con-
nected p-compact group, which is a split extension (3.12), is determined,
up to isomorphism, by the similarit y class of the Weyl group. The next
two items are immediate consequencesof this, sincewe are assumingW (X )
recoverable from r 0W (X ), respectively r pW (X ).
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The rational rank r (X ) as well as the F p-Weyl group r pW (X ) can be
read o� from H � (B X ; Fp) thanks to Lannestheory [52]. Indeed, r (X ) is the
maximal r � 0 for which there exists a monomorphism (Z=p) r � X whose
centralizer is a p-compact torus and r pW (X ) is (2.8) the automorphism
group in the Quillen category of the object t(X ) ! X .

4.5. Lemma. Let W be a �nite re
ection subgroup of GL(L). Put t =
L=pL.

(1) [84, (1) p. 248] If t is an irr educible F p[W ]-module, then G0(W; L)
= � :

(2) [7, 7.1.2] If H 1(rpW ; Hom(t; t)) = 0, then Gp(W; L) = � :

Proof. For (1), let M be a ZpW -submodule of L not contained in pL.
Since the image of M in t = L=pL is non-trivial, we get L = M + pL by
irreducibilit y and L = M by Nakayama's lemma [86, 9.2]. The H 1-condition
of (2) assuresthat r pW lifts uniquely to GL( r; Zp).

The setsG0(W; L) and Gp(W; L) are determined in (11.18,11.25,11.26)
for (W; L) a simple re
ection subgroup and p an odd prime.

For a connectedp-compactgroup X , let SX stand for the universalcover-
ing group of X and PX = X=Z (X ) the adjoint form of X [31, 69]. Recall that
for (W; L) 2 Ob(Zp-Re
 ) there are associated objects (SW; SL); (PW; PL)
2 Ob(Zp-Re
 ) [75], (11.1).

4.6. Lemma. SSX = SX = SPX and PPX = PX = PSX for any
connected p-compact group X .

Proof. Use[69, 4.7, 5.4, 5.5] and that B SX = B X h2i is the 2-connected
cover of B X .

4.7. Pr oposition. Let p be an odd prime and X an N -determined con-
nected p-compact group.

(1) H 0(W (X ); �T (X )) = �Z (X ) and H 0(W (X ); L (X )) = � 1(X ).
(2) SL(X ) = L(SX ) and PL(X ) = L(PX ).

Proof. The formula for the center of X (3.12(2)) immediately shows that
PL(X ) = L(PX ). By inspection we seethat

(4.8) H0(W (PX ); L (PX )) = � 2(B PX )

for any simple p-compact group X . (The formula is known to hold in the
Lie caseby classical results. The exotic simple p-compact groups are all
centerless and polynomial (7.9) so in this caseX = PX and � 2(B X ) =
0 becauseH 2(B X ; Fp) = 0. Also H 0(W (X ); L (X )) = 0 by (11.4.3) for
G0(W (X )) = � (11.18) so that L (X ) = SL(X ).) Therefore,

SL(PX ) = ker(L (PX ) ! H 0(W (PX ); L (PX )))

= ker(L (PX ) ! � 1(PX )) = L(SPX ) = L(SX )
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for any simple X . For a general connected X , the Splitting Theorem for
centerless p-compact groups [32] tells us that PX =

Q
PX i where X i is

simple. Consequently,

SL(X ) = SPL(X ) = SL(PX ) =
Y

SL(PX i ) =
Y

L(SX i )

=
Y

L(SPX i ) = L(SPX ) = L(SX ):

From the �nite covering � ! SX � Z (X )0 ! X of [69, 5.4] we obtain a
short exact sequenceof ZpW (X )-modules

(4.9) 0 ! SL(X ) � H 0(W (X ); L (X )) ! L (X ) ! � ! 0

and, using H 1(W (X ); � ) = 0 = H 0(W (X ); SL(X )) (11.3, 11.4.3), a short
exact sequenceof Zp-modules

0 ! H 0(W (X ); L (X )) ! H 0(W (X ); L (X )) ! � ! 0

identical to the short exact sequencefor computing � 1(X ).

Recall that we write X 1 � X 2 if there exists an isogeny X 1 � X 2 [65,
p. 216] in pcg, and (W1; L 1) � (W2; L 2) if there exists an isogeny (W1; L 1)
! (W2; L 2) in Zp-Re
 (11.23).

4.10. Cor ollar y. Let p be an odd prime and X 1 and X 2 two connected
p-compact groups. Assumethat PX 2 is total ly N -determined.

(1) X 1 and X 2 are locally isomorphic , (W; L)(X 1) and (W; L)(X 2) are
Qp-similar.

(2) X 1 � X 2 , (W; L)(X 1) � (W; L)(X 2).
(3) The local isomorphism system[65, 4.7] of X 2 is poset isomorphic to

G0(W (X 2); L (X 2)) .

Proof. Write (Wi ; L i ) for (W (X i ); L (X i )), i = 1; 2. It is clear from the
results of [65, x2{x4] that if X 1 and X 2 are locally isomorphic (and X 1 � X 2)
then (W1; L 1) and (W2; L 2) are Qp-similar (and (W1; L 1) � (W2; L 2)). Con-
versely, supposethat (W1; L 1) and (W2; L 2) areQp-similar. Then (W1; L 1) �=
(W2; P�� (SL 2)) for somediagram �� : �� (SL 2) � � (L 1)

'
�! �TH 0(W2; L 2) of

Zp-modules (11.20). SinceSL 2 = L(SX 2), this meansthat (W1; L 1) is sim-
ilar to (W (X 0

2)L (X 0
2)) for the p-compact group

X 0
2 =

SX 2 � Z (X 2)0

(� (L 1); ' )

locally isomorphic to X 2 [65, 2.8]. But X 0
2 is totally N -determined if PX 2

is (3.3, 3.7), and therefore X 1 is actually isomorphic to X 0
2 (4.4). Moreover,
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if (W2; P�� (SL 2)) � (W2; L 2) then (11.21) there is a commutativ e diagram

�� (SL 2)

�=
��

�� (L 1)
��

��

oooo ' // �TH 0(W2; L 2)

����
�� (SL 2) �� (L 2)oooo // �TH 0(W2; L 2)

induced by an automorphism of SL 2 and an epimorphism of �TH 0(W2; L 2)
= �Z (X 2)0 onto itself with �nite kernel. But any automorphism of SL 2 =
L(SX 2) comesfrom an automorphism of SX 2 (3.12(3)) and so the above
diagram determines[65, 4.3, 4.5] an isogeny X 1 � X 2.

4.11. Cor ollar y. Let p be an odd prime. There are �br ation sequences

B � (L (X )) ! B SX � B 2H 0(W (X ); L (X )) ! B X ;

B X ! B 2LH 0(W (X ); �T (X )) � B PX ! B 2�� (L (X ))

for any N -determined connected p-compact group X .

Proof. Write (W; L) for the re
ection subgroup (W (X ); L (X )) associ-
ated to X . The �rst of these �bration sequenceswill follow if we can show
that

(4.12) B � (L )

��

//B SX

��
B 2H 0(W ; L) //B X

is a homotopy �b er square. The top horizontal map corresponds to the
monomorphism � (L ) � �� (SL) = H 0(W ; �T(SL)) = �Z (SX ) of (11.8.2)
and the bottom one corresponds to the monomorphism �TH 0(W ; L) �
H 0(W ; �T(L )) = �Z (X ) of (11.4(1)). There is a �bration

B H0(W ; L) ! B � (L ) ! B 2H 0(W ; L)

induced from the short exact sequence0 ! H 0(W ; L) ! H0(W ; L) !
� (L ) ! 0 of abelian groups. But H 0(W ; L) and � 1(X ) are (4.7) isomorphic
abelian groups and thus the left and right vertical maps in (4.12) have
identical �b ers.

For the second�bration, it is enoughto prove that there exists a homo-
topy �b er square

(4.13) B X //

��

B 2LH 0(W ; �T(L ))

��
B PX //B 2 �� (L )
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with an abelian topological group in the lower right corner. The top hori-
zontal map corresponds to the epimorphism H 0(W ; L) � LH 0(W ; �T(L )) of
(11.4(4)) and the bottom one to the epimorphism H 0(W ; PL) = � (PL) �
�� (L ) of (11.8(2)). There is a �bration

B H 0(W ; �T(L )) ^
p ! B 2LH 0(W ; �T(L )) ! B 2 �� (L )

obtained by applying the Fiber Lemma [14, I I.5.1] to the �bration

B H0(W ; �T(L )) ! B 2 �� (L )

with B H 0(W ; �T(L )) as �b er re
ecting the de�ning short exact sequencefor
�� (L ). But H 0(W ; �T(L )) is (3.12(2)) a discreteapproximation to the center of
X and thus the left and right vertical maps in (4.13) have identical �b ers.

The N -determined connectedp-compact group B X is, in other words,
the quotient p-compact group of B SX � B 2H 0(W (X ); L (X )) corresponding
to the subgroup � (L (X )) (11.8(4)) of the center

�� (SL(X )) � �TH 0(W (X ); L (X ))

(4.7, 11.8(1)), or the covering p-compact group [17], [69, 3.3] of

B 2LH 0(W (X ); �T (X )) � B PX

corresponding to the quotient group �� (L (X )) (11.8(3)) of the fundamental
group LH 0(W (X ); �T (X )) � � (PL(X )) (4.7, 11.8(1)).

According to [74, 8.1],any \ p-convenient and simply connectedor pseudo
simply connected" compact connectedLie group satis�es (4.5(2)). For our
purposes,however, the following corollary will su�ce.

4.14. Cor ollar y. Let p be an odd prime and let X be the p-compact
group represented by

� the product subgroup U(n1) � : : : � U(nk ), n1 + : : : + nk = n, n i � 0,
of U(n), or

� the intersection with SU(n) of such a subgroup of U(n), or
� the image in PU(n) = U(n)=U(1) of such a subgroup of U(n).

Then Gp(W (X ); L (X )) = � .

Proof. Write t = t(U(n)), t0 = t(SU(n)), and t1 = t(PU(n)) (the dual to
t0). It su�ces (4.5(2)) to show that H 1(W ; � ) = 0 where W is a subgroup
of the form � n1 � : : : � � nk of W (U(n)) = � n and the blank is any of the
Fp� n -modules Hom(t; t), Hom(t0; t0) or Hom(t1; t1).

Let i be 1 or 2. From the fact that H i (� n ; Fp) = 0 for all n when p is
odd [50, 12.2.2],we inductiv ely deducethat also H i (W ; Fp) = 0. But then
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also

H i (W ; t0) �= H i (W ; t) �= H i (W ; t1);

H 1(W ; Hom(t0; t0)) �= H 1(W ; Hom(t; t0)) ;

H 1(W ; Hom(t1; t1)) �= H 1(W ; Hom(t; t1)) ;

asweseefrom the exact sequencesin cohomologyinducedby the short exact
sequences

0 ! t0 ! t +�! Fp ! 0; 0 ! Fp
��! t ! t1 ! 0;

0 ! t0 ! Hom(t; t0) ! Hom(t0; t0) ! 0;

0 ! Hom(t1; t1) ! Hom(t; t1) ! t1 ! 0

of Fp� n -modules.
Since the representation t = Ind � n

� n � 1
(Fp) is induced from the trivial

1-dimensionalrepresentation, its restriction to W ,

res� n
W (t) = res� n

W Ind � n
� n � 1

(Fp) =
Y

x2 W n� n =� n � 1

IndW \ x � n � 1 (Fp);

is a product of representations induced from trivial 1-dimensionalrepresen-
tations. But W \ x � n� 1, the intersection of W with a conjugate of � n� 1 =
� 1 � � n� 1, is again a subgroup of W -type, so it follows that H i (W ; t) =Q

H i (W \ x � n� 1; Fp) = 0. Furthermore, Hom(t; � ) = Ind � n
� n � 1

(� ) so that,
by the sameargument, H 1(W ; Hom(t; � )) = 0 where the blank can be t, t0
or t1.

5. The p-compact group PGL(n; C). In this section we show N -
determinism for the A-family of p-compact groupswherep is an odd prime.
SeeBroto and Viruel [16, 15] for an alternative proof and [66, 7.19] for a
prototype of Theorem 5.1.

5.1. Theorem. The p-compact group PGL(n; C) is total ly N-determined
for all n � 1 and all odd primes p.

As a consequence(5.3) of this theorem also GL(n; C), for instance, is
totally N -determined so that we may concludefrom (3.12(3), 3.16) that

Aut(GL (n; C)) = Aut Z p W (GL( n;C )) (L (GL( n; C))) = Aut Z p [� n ](Z
n
p )

when n > 2.

5.2. Cor ollar y. Let X be a p-compact group whoseQ p-Weyl group
r0W (X ) is in Clark{Ewing family 1 and assumethat p is odd. Then:

(1) X is total ly N -determined.
(2) X is determined by its Zp-Weyl group.
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(3) For n > 2,

End(X ) �=

(
Zp; n < p;

Z �
p [ f 0g; n � p;

while End(SL(2; C)) = Zp=Z � .
(4) If � 1(X ) = 1, or Z (X ) = 1, or n < p3, then X is determined by its

Fp-Weyl group and X is a cohomologically unique p-compact group.

Proof. This is immediate from (3.3, 3.7) and (3.17(2), 4.4, 11.18). In
connection with the application of (3.17(2)), observe that the outer auto-
morphism of the symmetric group � 6 [91, 2.2.18,2.2.20]cannot be lifted to
an automorphism of N (X ) becauseall such automorphisms take re
ections
to re
ections.

5.3. Cor ollar y. Let X be the p-compact group represented by

� the product subgroup GL(n1; C) � : : : � GL(nk ; C), n1 + : : : + nk = n,
n i � 0, of GL(n; C), or

� the intersection of such a subgroup with SL(n; C), or
� the image of such a subgroup in PGL(n; C).

Then X is total ly N -determined, X is determined by its R-Weyl group for
R = Zp; Fp, and X is a cohomologically unique p-compact group (p odd).

Proof. That X is totally N -determined follows from (5.1) together with
(3.3, 3.7). Apply (4.14, 4.4) for the other properties of X .

We shall prove (5.1) by inductiv ely verifying that BPGL( n; C) satis�es
the su�cien t criteria (3.4, 3.8, 3.9) for total N -determinism. For this pro-
cess,it is crucial (2.12) to have information about the non-toral elementary
abelian p-subgroupsof PGL(n; C) = GL(n; C)=C � and their centralizers.
Thus we shall start out by identifying the non-toral elementary abelian
p-subgroups of PGL(n; C), their Quillen automorphism groups, and their
centralizers.

Non-toral elementary abelian p-subgroups of PGL(n; C) can be con-
structed from extra-special p-groups contained in GL(n; C) as follows: Let
P be an extra-special p-subgroup (this means[P; P] = Z (P) is of order p
[85, 5.3]) and E an elementary abelian p-subgroup of GL(n; C) such that

Z (P) � Z (GL( n; C)) ; [P; E ] = f 1g = P \ E;

whereZ (P) is the center of P and Z (GL( n; C)) = C � the center of GL(n; C).
Then T = PE is a non-abelian subgroup of GL(n; C) that maps onto a
non-trivial non-toral elementary abelian p-subgroup, V , of PGL(n; C) with
kernel Z (P). (V is non-toral becausethe pre-image of a toral subgroup of
PGL(n; C) is toral in GL(n; C).)
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In fact, all non-trivial non-toral elementary abelian p-subgroupsof the
group PGL(n; C) have this form.

5.4. Lemma [41, 3.1]. Let V be a non-trivial non-toral elementary abel-
ian p-subgroup of PGL(n; C). Then

� p divides n; and
� there is an inclusion morphism of short exact sequences of groups

1 //Z (P) //

��

T //

%
��

V //

%
��

1

1 //C � //GL(n; C) //PGL(n; C) //1

where T = PE is the direct product of an extra-special p-group P � GL(n; C)
and an elementary abelian p-group E � GL(n; C) such that P \ E = f 1g =
[P; E ]: The extra-special p-group P can be chosento haveexponent p:

Proof. If n is not divisible by p, then all elementary abelian p-subgroups
of PGL(n; C) are toral. Assumenow that p divides n. As H 2(V ; Z=p) maps
onto Hom(H 2(V ); C � ) = H 2(V ; C � ), there is a subgroup R � GL(n; C)
that maps onto V with a kernel that is cyclic of order p and central in
GL(n; C). If R were abelian, then R and V would be toral subgroups.

The commutator subgroup [R; R] is cyclic of order p for it is non-trivial
and contained in the kernelof the epimorphism R ! V . Thus V = R=[R; R].
Let P be a normal subgroup of R such that P=[R; R] is complementary to
Z (R)=[R; R]. Then R = PZ (R) and P is extra-specialasZ (P) = P\ Z (R) =
[R; R] = [PZ (R); PZ (R)] = [P; P].

The commutativ e diagram

P � Z (R)

��

//GL(n; C)

��
P=[R; R] � Z (R)=[R; R] //PGL(n; C)

has an adjoint diagram

Z (R) //

��

CGL( n;C ) (P)

��

//GL(n; C)

��
Z (R)=[R; R] //CPGL( n;C ) (P=[R; R])0 //PGL(n; C)

where the horizontal maps are inclusions and the two rightmost vertical
mapsare epimorphismswith kernel C � . The centralizer of P in GL(n; C) is
a product of general linear groups [82, Proposition 4] and Z (R) is included
hereasan abelian, hencetoral, subgroup.Therefore,Z (R)=[R; R] is included
asa toral subgroupin (the identit y component of) the centralizer of P=[R; R]
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in PGL(n; C). It follows that Z (R)=[R; R] is the isomorphic image of an
elementary abelian p-group E � CGL( n;C ) (P) � GL(n; C).

By construction, [P; E ] = f 1g = E \ Z (P) = E \ P, soP and E permute,
T = PE is a subgroupof GL(n; C) that mapsonto V with kernel Z (P). For
any extra-special p-group P� � GL(n; C) of exponent p2 with Z (P� ) = p

p
1

there is an extra-special p-group P+ � GL(n; C) of exponent p that has the
samecenter, the samecentralizer, and the sameimage in PGL(n; C) as P�
(5.19). Therefore we can assumeP = P+ has exponent p.

The commutator subgroupand the center of the covering group T = PE
of V are [T; T] = [P; P] = Z (P) = p

p
1 and Z (T) = Z (P)E � [T; T].

By taking commutators in T we get an alternating bilinear form

(5.5) f : V � V ! [T; T]

on V = T=[T; T], i.e. f (u1; u2) = [u1; u2] whereu 2 T is a lift of u 2 V . This
bilinear form may be degeneratein that

V ? = Z (T)=[T; T] = E

and we obtain a non-degeneratealternating bilinear form

(5.6) f : V=V? � V=V? ! [T; T]

by factoring out V ? or, equivalently, by restricting to the subspaceP=[P; P]
�= V=V? �= T=Z (T) of V .

De�ne
Isom(V; f ) = f � 2 Aut( V ) j f (� (u1); � (u2)) = f (u1; u2)g;

Aut( f ) = f (A; a) 2 Aut( V=V? ) � Aut( Z (T)) j f � (A � A) = a � f g

to be the group of all isometriesof (V; f ) and, respectively, the group of all
pairs of automorphisms (A; a) 2 Aut( V=V? ) � Aut( Z (T)) that make

V=V? � V=V?

A � A
��

f //[T; T] �• //Z (T)

a
��

V=V? � V=V?
f

//[T; T] �• //Z (T)

commutativ e.
Any outer automorphism � of T inducesan automorphism a(� ) of Z (T)

and an automorphism A(� ) of T=Z (T) = V=V? such that (A(� ); a(� )) 2
Aut( f ).

5.7. Lemma. For odd p there is a short exact sequence

1 ! Hom(V=V? ; V ? ) ! Out(T)
(A;a )
� � � ! Aut( f ) ! 1

for the outer automorphism group of T.
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Proof. The 2-cocycle for the extension Z (T) ! T ! T=Z (T) = V=V?

is c where
u1 � u2 = c(u1; u2)u1u2; u1; u2 2 T=Z (T);

where u 2 T is a lift of u 2 T=Z (T). Since

f (u1; u2)c(u2; u1) = [u1; u2](u2 � u1)(u2u1)� 1 = (u1 � u2)(u2u1)� 1

= (u1 � u2)(u1u2)� 1 = c(u1; u2)

for all u1; u2 2 T=Z (T), the 2-cochain f measuresthe failure of the 2-cocycle
c to be symmetric.

If the pair (A; a) is in Aut( f ), then the 2-cochain d = (A � c)� 1(a� c) is
symmetric, for

f (Au1; Au2) = af (u1; u2)

, c(Au1; Au2)� 1ac(u1; u2) = c(Au2; Au1)� 1ac(u2; u1);

and hence2d = � q where q is the associated quadratic form, q(u) = d(u; u),
viewed as a 1-cocycle. Thus (A; a) can be lifted to an automorphism of T.

The kernel of the map � 7! (A(� ); a(� )) is easily determined as follows.
There is a surjection

Hom(T=Z (T); Z (T)) � ker(Out( T) ! Aut( f ))

taking the homomorphism ' : T=Z (T) ! Z (T) to the automorphism t 7!
' (t)t of T . This automorphism is inner preciselywhen ' (t) = [u; t] for some
u 2 T. Since any homomorphism T ! [T; T] is of this form, the kernel is
isomorphic to

Hom(T=Z (T); Z (T))=Hom(T=Z (T); [T; T]) �= Hom(T=Z (T); Z (T)=[T; T])
�= Hom(V=V? ; V ? ):

For example, if P is an extra-special p-group then Out(P) is isomorphic
to the group Aut( f ) (when p is odd).

We shall next determine the Quillen automorphism groups of the sub-
groups T � GL(n; C) and V � PGL(n; C) of (5.4).

5.8. Definition. For a homomorphism%: H ! G of a (�nite) group H
into a Lie group G, de�ne the Quil len automorphism group A (G)(H ; %) as

A (G)(H ; %) = f � 2 Out( H ) j (%�) = (%)g

where (%) denotes the representation (%) 2 Rep(H ; G) = Hom(H; G)=G
represented by the homomorphism %.

If the target of %is G = GL(n; C), in particular, then

A (G)(H ; %) = f � 2 Out( H ) j tr( %�) = tr( %)g

by complex representation theory.
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5.9. Lemma. Let T = PE and V = T=[T; T] be as in (5.4) and assume
that T has exponent p. Then the homomorphism

A (GL(n; C))( T; %) ! A (PGL (n; C))( V; %)

is surjective.

Proof. Suppose that B C � normalizes V in PGL(n; C) for some B 2
GL(n; C). Then T B � TC � . But if g 2 T and gB = zh for somez 2 C �

and someh 2 T, then z must have order p sinceg and h have order p. Thus
z is an element of p

p
1 = [T; T] � T . Consequently, T B = T.

In the situation of (5.4), consider�rst the special casewhereE is trivial
and T = P is an extra-special p-group whosecenter is central in GL(n; C).
The extra-special p-group P has jP : [P; P]j = p2d characters of degree1
and p � 1 irreducible characters of degreepd (described in (5.19)). These
irreducible representations of degreepd are faithful and they are[43, V.16.14]
in bijective correspondencewith the non-trivial linear forms � : Z (P) ! C � ;
the representation corresponding to � is the representation � P induced from
any extension of � to a linear form on a maximal normal abelian subgroup
of P. Thus the representation %of P has the form

%=
X

� P +
X

�

for some non-trivial linear forms � on Z (P) and some homomorphisms
� : V ! C � . Since%is faithful at least one� must appear, and since%takes
the center of P into the center of GL(n; C), no � s can occur and exactly
one � occurs. (Observe that for non-identit y g 2 Z (P), � P (g) 6= 1 = � (g).)
Thus in fact

%= m� P ; pdm = n;

for somenon-trivial homomorphism � : Z (P) ! C � . From the formula [43,
V.16.14], [44, 7.5]

tr %(g) =

(
pdm� (g); g 2 Z (P);

0; g 62Z (P);

we seethat the Quillen automorphism groups

A (GL( n; C))( P; %) = f � 2 Out(P) j a(� ) = 1g;

A (PGL (n; C))( V; %) = Sp(V )

consist of those outer automorphisms of P that restrict to the identit y on
the center Z (P) and (5.7, 5.9) of all isometriesof the non-degeneratespace
(V; f ), respectively. (Note also that V = P=P \ C � is unique up to isomor-
phism as an object of A (PGL( n; C)).)

In general,T = PE is the direct product of an extra-special p-group with
an elementary abelian p-group E. Since the restriction of %to P is of the
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form %jP = m� P , as we have just seen,representation theory for products
of groups [43, V.10.3], [44, 8.1] tells us that the representation %= � P ]� is
the outer tensor product of � P with a faithful m-dimensionalrepresentation
� of E = V ? . From the formula

tr %(g; e) =

(
pd� (g)� (e); g 2 Z (P);

0; g 62Z (P);

we seethat the Quillen automorphism groups

A (GL( n; C))( T; %) = f � 2 Out(T) j a(� ) 2 A (GL( n; C))( Z (T); �]� )g;

A (PGL (n; C))( V; %) = f � 2 Isom(V; f ) j � jV ? 2 A (PGL( n; C))( V ? ; � )g

consist of thoseouter automorphismsof T that restrict to Quillen automor-
phisms of the m-dimensional representation �]� of Z (T) = Z (P)E and of
those isometriesof the inner product space(V; f ) whoserestrictions to V ?

leave the representation � invariant, respectively.
De�ne A (T) � Out( T) and A (V; f ) � Aut( V ) to be the groups

A (T) = f � 2 Out(T) j a(� ) = 1g;

A (V; f ) = f � 2 Isom(V; f ) j � is the identit y on V ? g;

consisting of those outer automorphisms that restrict to the identit y on
Z (T), respectively of all isometriesof (V; f ) that restrict to the identit y on
E = V ? . Then A (T) is a subgroup of the Quillen automorphism group
A (GL(n; C))( T; %) (and equal to the latter if T is extra-special). It follows
from (5.7) that A (T), of order jSp(V=V? )j � jHom(V=V? ; V ? )j, is isomorphic
to A (V; f ).

This proves the following lemma.

5.10. Lemma. The Quil len automorphismgroup A (GL( n; C))( T; %) con-
tains A (T) and the Quil len automorphism group A (PGL( n; C))( V; %) con-
tains A (V; f ). If T is extra-special , A (PGL (n; C))( V; %) equalsSp(V ).

The �nal step consistsin identifying the centralizers and their centers for
the subgroupsT � GL(n; C) and V � PGL(n; C) of (5.4). The information
we need is obtained in (5.12) as an application of the more general, and
elementary, (5.11).

5.11. Lemma. Let T be any subgroup of GL(n; C), %: T ! GL(n; C)
the inclusion, and Z a central subgroup of GL(n; C).

(1) There is a short exact sequence of Lie groups

1 ! CGL (n;C )(T)=Z ! CGL( n;C )=Z (T) @�! Hom(T; Z )(%) ! 1

where the group to the right is the isotropy subgroup for the action of
Hom(T; Z ) on (%) 2 Rep(T; GL(n; C)) and @(B Z )(g) = [B ; g].
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(2) The connected component of CGL( n;C )=Z (T) is

CGL( n;C )=Z (T)0 = CGL (n;C )(T)=Z

and the group of components � 0(CGL( n;C )=Z (T)) is isomorphic to

Hom(T; Z )(%) = f � : T ! Z j 9B 2 GL(n; C) 8g 2 T : � (g) = [B ; g]g:

Proof. The exact sequenceof the �rst point is a consequenceof the short
exact sequence

1 ! CGL (n;C )(T) ! f B 2 GL(n; C) j [B ; T] � Z g @�! Hom(T; Z )(%) ! 1

becauseCGL (n;C )=Z (T) is the quotient of the middle group by the central
subgroup Z . The secondpoint follows from the �rst becausethe centralizer
of T in GL(n; C), a product of general linear groups [82, Proposition 4], is
connected.

5.12. Lemma. Let T and V be as in (5.4).

(1) If T = P is extra-special , then

CPGL( pd m;C )(V ) = V � PGL(m; C); Z (CPGL( pd m;C )(V )) = V;

where the Quil len automorphism � 2 A (V; f ) = Sp(V ) acts as � � 1 � 1 and
� , respectively.

(2) If V ? hasrank one, then the component group of Z (CPGL( pd m;C ) (V ))
is isomorphic to V=V? or to V .

(3) � 1Z (CPGL( pd m;C )(V )) is a �nitely generated free abelian group with
trivial A (V; f )-action.

Proof. In the special casewhere T = P is extra-special, all elements �
of Hom(P; C � ) are of the form � (g) = [h; g] for some h 2 P. Thus all �
preserve the representation (%) and it follows from (5.11) that the natural
homomorphism

(5.13) V � PGL(m; C) = V � CGL (pd m;C )(P)=C � ! CPGL (pd m;C )(V )

is an isomorphism.Use(5.17) to get the action of the Quillen automorphism
group.

For (2), supposethat T = PE where E = V ? is one-dimensional.Then

CPGL( pd m;C )(V ) = CPGL( pd m;C )(PE) = CCPGL( pd m; C ) (P )(V
? )

= CP=[P;P ]� PGL (m;C ) (V
? ) = P=[P; P] � CPGL( m;C ) (V

? )

and consequently,

Z CPGL( pd m;C )(V ) = P=[P; P] � Z CPGL( m;C ) (V
? ):
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Here (5.14), the secondfactor is either connected,in which case

� 0CPGL (pd m;C )(V ) = � 0Z CPGL( m;C ) (V ) = P=[P; P] = V=V? ;

or disconnected,in which casethe center of Z (CPGL( pd m;C )(V )) is V .
Use (5.17) for (3).

5.14. Lemma. For any elementary abelian p-group E � PGL(n; C) of
rank one, either the centralizer CPGL( n;C )(E) and its center Z CPGL( n;C )(E)
are both connected or Z CPGL( n;C )(E) = E.

Proof. There is (5.11) an exact sequence

1 ! C � ! CGL (n;C )(E) ! CPGL (n;C )(E) ! Hom(E; C � )(� ) ! 1

where � : E ! GL(n; C) is a lift. The group to the right is either trivial or
cyclic of order p. If it is trivial, then

CPGL (n;C )(E) = CGL (n;C )(E)=GL(1; C);

Z (CPGL( n;C ) (E)) = Z (CGL( n;C ) (E))=GL(1; C)

are both connectedLie groups [69, 4.6]. Otherwise, n = r p and � = r %is a
direct sum of a number of copiesof the regular representation %of E. Then

CPGL (n;C )(E) = GL( r; C)p=GL(1; C) o h� i

where � has order p and acts on GL( r; C)p by permuting the factors cycli-
cally. Thus the center of the centralizer,

Z (CPGL (n;C )(E)) = (GL(1; C)p=GL(1; C))h� i = H 1(h� i ; GL(1; C))

is cyclic of order p.

The information collectedsofar su�ces to establishthe vanishingof some
of the higher limits for the functors � j (B Z CPGL( n;C )) : A (PGL (n; C)) ! Ab
(2.7). We shall make useof the following lemma which, together with its ap-
plication in the proof of (5.16), is due to J. Grodal.

5.15. Lemma. Let A be a subgroup and P a parabolic subgroup of G =
GL(n; Fp) such that U � A � P where P = UL is the Levi decomposition
[23, x69A]. Then

HomF p [A ](St(G); M ) = HomF p [A=U ](St(L ); M )

for any F p[A]-module M which is trivial as an F p[U]-module and �nite-
dimensional as an F p-vector space.

Proof. The standard F p[A]-module isomorphism Hom(St(G); F p) 
 M
�=�! Hom(St(G); M )) restricts to an isomorphism

Hom(St(G); F p)U 
 M
�=�! HomF p [U](St(G); M )
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of Fp[A=U]-modules. Since Steinberg modules are self-dual and St(G)U =
St(L ) [89, 18, 42] we have

Hom(St(G); F p)U �= St(G)U �= St(L ) �= Hom(St(L ); F p)

as Fp[P=U]-modules. Thus HomF p [U](St(G); M ) �= Hom(St(L ); F p) 
 M �=
Hom(St(L ); M ) as F p[A=U]-modules and consequently

HomF p [A ](St(G); M ) �= HomF p [U](St(G); M )A=U �= Hom(St(L ); M )A=U

= HomF p [A=U ](St(L ); M )

as vector spaces.

5.16. Lemma. lim i (A (PGL (n; C)) ; � j (B Z CPGL( n;C ))) = 0 for j = 1; 2
and i = j; j + 1.

Proof. It su�ces (2.13, 5.10,5.12) to show that the following homomor-
phism groups are trivial:

� HomSp(V )(St(V ); V ) where dimF p V = 2,
� HomA (V;f ) (St(V ); V ) and HomA (V;f ) (St(V ); V=V? ) wheredimF p V = 3

and f is a non-trivial alternating bilinear form on V ,
� HomA (V;f ) (St(V ); Zp) where dimF p V is 3 or 4, f is a non-trivial alter-

nating bilinear form on V , and Zp carries the trivial A (V; f )-action.

Note that Zp can be replacedby F p astarget module sincethe Steinberg
module is �nitely generated.The �rst of these groups is clearly trivial as
Sp(V ) = SL(V ) contains � 1 which acts trivially on the Steinberg module
but has no non-trivial �xed points in V . For the remaining cases,we apply
(5.15). For us, n is 3 or 4, and the group A consistsof the matrices

 
I k �

0 SL(2)

!

where I k is a k � k identit y matrix, k = 1; 2. Take P and U = Op(P) to be
the subgroupsof G = GL(n; F p) consisting of matrices of the form

 
GL(k) �

0 GL(2)

!

; respectively,

 
I k �

0 I 2

!

so that L = GL(k) � GL(2). Then

HomF p [A ](St(G); F p) = HomF p [SL(2)] (St(GL (k)) 
 St(GL(2)) ; F p)

= HomF p [SL(2)] (St(GL (2)); HomF p (St(GL( k); F p)))

=
M

HomF p [SL(2)] (St(GL(2)) ; F p)

and, for n = 3,

HomF p [A ](St(G); V=V? ) = HomF p [SL(2)] (St(GL (2)); V=V? ):
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Using the fact that St(GL(2)) is an irreducible F p[SL(2)]-module we see
that both thesegroups are trivial. SinceV ? is a trivial F p[A]-module, also
HomF p [A ](St(G); V ) must be trivial.

Proof of Theorem 5.1. PGL(n; C) is non-modular, hence totally N -
determined [66, 3.11, 7.4], for n < p. We may therefore, inductiv ely, as-
sume that all elementary abelian p-subgroups of PGL(n; C) have totally
N -determined centralizers (3.3, 3.7, 5.12) [82, Proposition 4]. But then also
PGL(n; C) itself has N -determined automorphisms according to (3.4, 5.16)
and is N -determined accordingto (3.8, 5.16)provided we can verify the con-
ditions of (3.9) when n = pm is divisible by p. It only remains to consider
the third condition as the �rst two have beenveri�ed in (5.4, 5.10).

Let j 0: N (PGL( n; C)) ! X be the maximal torus normalizer for some
p-compact group X . Let (V; � ) denote the non-toral rank 2 object of the
category A (PGL (n; C)), � : V ! N (PGL (n; C)) a preferred lift of � : V !
PGL(n; C), and put � 0 = j 0� . The object (V; � 0) of A (X ) doesnot depend
on the choice of � (3.9). We must show that the diagram

CPGL( n;C ) (V; � )
f (V;� ) //CX (V; � 0)

CPGL( n;C ) (V; � )

CPGL ( n; C ) (� )

OO

f (V;� )
//CX (V; � 0)

CX (� )

OO

commutes for all � 2 Sp(V ) = SL(V ) [43, I I.9.12]. This will be the caseif
application of the identit y component functor (� )0 and the component group
functor � 0(� ) givescommutativ e diagrams[64, 5.3], [62, 3.4, 3.10].The �rst
of thesederiveddiagramscommutesbecauseSL(V )op, generatedby elements
of order p [91, 3.6.21], acts trivially on CPGL( n;C ) (V; � )0 = PGL(m; C) =
CX (V; � 0)0 whose automorphism group (5.2) Aut(PGL( m; C)) �= Z �

p (or
Z �

p =Z � if m = 2) contains no elements of order p. The above diagram also
commutes on the level of � 0 for � 0(f (V; � )) is SL(V )op-equivariant by (3.10,
5.12).

5.17. The action of A (GL( n; C))( T; %) on CGL (n;C )(T; %). Write (%) =
� 1(%1) + : : : + � t (%t ) as a direct sum of inequivalent irreducible characters
(%1); : : : ; (%t ) with multiplicities � 1; : : : ; � t , respectively. Then

(5.18)

CGL( n;C ) (T; %) =
Y

%i 2 S(%)

GL( � i ; C);

Z (CGL( n;C )(T; %)) =
Y

%i 2 S(%)

Z (GL( � i ; C))

where S(%) = f %1; : : : ; %t g is the set of irreducible characters occurring in %.
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Let � (S(%)) be the group of all permutations of S(%) and for a given integer-
valued function � on S(%) write � (S(%)) � for the subgroupof permutations
that preserve � . We shall needthe degreefunction d, recording the degreeof
%i , and the multiplicit y function � (%), recording the multiplicit y � i of %i in %.
The elements of NGL( n;C) (T; %) are C-linear automorphisms of C n that are
� -linear for someautomorphism � 2 Aut( T) and there is a homomorphism

A (GL( n; C))( T; %) = NGL( n;C ) (T; %)=TCGL (n;C )(T; %)

! � (S(%))d \ � (S(%)) � (%)

since� permutes the irreducible representations (%i ) in a degreeand multi-
plicit y preserving way. Now,

NGL (n;C )(T; %) � NGL (n;C )(CGL (n;C )(T; %)) � NGL (n;C )(Z CGL( n;C )(T; %))

�
Y

GL(di � i ; C) o � (S(%))d� (%)

and sincethe �rst factor of the semidirectproduct acts trivially on the center
Z CGL( n;C )(T; %), the action homomorphism

A (GL(n; C))( T; %) ! Out(CGL (n;C )(T; %)) ! Aut( Z CGL( n;C )(T; %))

factors through � (S(%)) d \ � (S(%)) � (%) � � (S(%))d� (%) . Note, in particular,
that the subgroup A (T) of A (GL( n; C))( T; %) acts trivially on CGL( n;C )(T)
becauseany outer automorphism � 2 A (T) restricts to the identit y on Z (T)
so that it preserves all the irreducible components � i � P of the representa-
tion %.

5.19. Representationsof extra-special p-groups. We construct explicitly
the faithful irreducible representations of the extra-special p-groups.

Let E be an elementary abelian p-group of rank d � 1 and C[E] its
complex group algebra, or rather, its underlying jE j-dimensional complex
vector space.Then there is a commutativ e diagram as in (5.4)

P

��

�• % //GL(C[E])

��
V �•

%
//PGL(C[E])

where V = E ^ � E is the product of E and its dual E ^ = Hom(E; C � ),
and P = P� ; P+ is the subgroup of GL(C[E]),

P� = h! R� ; Tu i ; P+ = hR� ; Tu i ;

generatedby

R� (v) = � (v)v; Tu(v) = u + v; � 2 E ^ ; u; v 2 E;
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where ! is a primitiv e p2th root of unit y. Sincethe commutator

[! R� ; Tu ] = [R� ; Tu ] = � (u); � 2 E ^ ; u 2 V;

is scalar multiplication with the complex number � (u), the group P� (resp.
P+ ) is extra-special of order p1+2 d and exponent p2 (resp. p). A trace com-
putation reveals that the p � 1 faithful irreducible representations of P
are obtained from the inclusion %by composing with the automorphisms
(! )R� 7! (! )R i

� ; Tu 7! Tu , 0 < i < p, of P. Observe that P� and P+ have
the samecenter, the samecentralizer in GL(C[E]), and the sameimage in
PGL(C[E]). The same is true for P� and P+ consideredas subgroups of
GL(C[E]� m ) by meansof the representation m%.

An object (V; � ) of A (X ) is said to be d-oversize if

codim ker(� 0(� ) : V ! � 0N (X ) = W (X )) � d

for all preferred lifts � : V ! N (X ) of � : V ! X and d � 0 is the greatest
such natural number. Thus the 0-oversize objects are the toral objects. It
may be worthwhile to note that the A-family provides examplesof highly
oversizedelementary abelian subgroups.

5.20. Pr oposition. Let T and V be as in Lemma 5.4. If T = PE
where P has order p1+2 d then (V; %) is a d-oversize object of the Quil len
category A (PGL (n; C)) .

Proof. We shall �rst consider the casewhere T = P = p1+2 d
+ is extra-

special and %is one of the irreducible and faithful representations that we
have just considered.Note that P is contained in the maximal torus nor-
malizer N (GL(n; C)) as

N (GL( n; C)) =


R� ; T� j � 2 map(V; C � ); � 2 � (V )

�

is generatedby all the operators R � (v) = � (v)v; T� (v) = � (v) for all func-
tions � from V into C � and all permutations � of the elements of V . Sim-
ilarly, V is contained in the maximal torus normalizer N (PGL( n; C)) =
N (GL( n; C))=C � of PGL(n; C). The centralizers are

CN (GL (n;C )) (P) = C � ; CN (PGL (n;C )) (V ) = V

sothat the inclusion of V into the maximal torus normalizer is a preferredlift
of the inclusion of V into PGL(n; C). For this preferred lift the intersection
of V with the maximal torus has codimension d. But the intersection of
V with any maximal torus of PGL(n; C) is covered by the intersection of
P with a maximal torus of GL(n; C) and such a subgroup has order at
most p1+ d, which is the order of a maximal normal abelian subgroup of the
extra-special p-group P. Thus (V; %) is a d-oversize rank 2d object of the
Quillen category of PGL(n; C).
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When %= m� P ,

CN (GL (n;C )) (P) = N (GL(n; C)) \ CGL (n;C )(P)

= N (GL(n; C)) \ GL(m; C) = N (GL( m; C))

so that the centralizer of V in N (PGL (n; C)) is V � N (PGL( m; C)). Again,
the inclusion of V into N (PGL( n; C)) is a preferred lift of the inclusion of V
into PGL(n; C) and we conclude,as above, that (V; %) is a d-oversizerank
2d object of A (PGL( n; C)).

In general,T = PE is the direct product of an extra-special p-group and
an elementary abelian p-group. But still the inclusion of V = P=[P; P] � E
into the maximal torus normalizer is a preferred lift becauseits adjoint

E ! CN (PGL (n;C )) (P=[P; P]) ! CPGL( n;C ) (P=[P; P])

is a preferred lift as E is toral. For this preferred lift, the intersection of V
with the maximal torus has codimension d and, as above, this is actually
the minimum. Thus (V; %) is a d-oversize rank > 2d object of the Quillen
category.

6. The 3-compact group F4. Weconsiderthe 3-compactgroup (BF 4)^
3

obtained by completing the classifying spaceBF4 for the exceptional Lie
group F4 of rank 4.

6.1. Theorem [92]. The following hold for the 3-compact group F4:

(1) F4 is total ly N -determined.
(2) F4 is determined by its R-Weyl group for R = Z 3; Q3; F3.
(3) F4 is a cohomologically unique p-compact group.
(4) End(F4) � f 0g = Aut(F 4) = NGL( L (F 4 )) (W (F4))=W(F4) is an abelian

group isomorphic to Z �
3 =Z � � C2 where the group C2 of order 2 is generated

by an exotic automorphism.

Proof. The information provided by Griess [41, 7.4] about elementary
abelian p-subgroupsof the Lie group F4 shows that the 3-compactgroup F4

satis�es the conditions of (3.8); see(3.9, 3.10) and the remark below (2.13).
Combined with (4.4, 11.18, 11.25) this proves the �rst three items. Direct
computation shows that the normalizer

NGL (4;Z 3) (W (F4)) =


Z �

3 ; "; W (F4)
�

where

p
� 2" =

0

B
B
B
B
@

� 1 1 0 0

1 1 0 0

0 0 � 1 1

0 0 1 1

1

C
C
C
C
A
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for the Weyl group of F4 in GL(4; Z3) as described e.g. in [12]. The �nal
item of the theorem is now a consequenceof (3.17(2)).

Note that (6.1) yields a new proof of the existenceof Friedlander's ex-
ceptional isogeny [39].

7. Polynomial p-compact groups. All connectedF p-local spaceswith
polynomial mod p cohomologyare p-compact groups. We study thesepoly-
nomial p-compactgroupsin this section.SeealsoD. Notbohm [72, 76, 79] for
further information and for referencesto the literature about this classical
subject.

For any connected p-compact group X , the image of H � (B X ; Fp) in
H � (B T(X ); F p) is contained in the invariant ring H � (B T(X ); F p)W (X ) for
the action of the Weyl group on the cohomology of the maximal torus.
Much work, summarizedin the following lemma, hasbeendoneto tell when
H � (B X ; Fp) actually equalsthis invariant ring.

7.1. Lemma. Let p be an odd prime and X a p-compact group. The
following conditions are equivalent:

(1) H � (B X ; Fp) is a polynomial algebra.
(2) H � (B X ; Fp) = H � (B T(X ); F p)W (X ) .
(3) H � (B X ; Fp) � H � (B T(X ); F p).
(4) H � (B X ; Fp) is concentrated in evendegrees.
(5) H � (B X ; Zp) is concentrated in evendegrees and degree-wise free.
(6) H � (B X ; Zp) is polynomial on evendegree generators.
(7) H � (B X ; Zp) = H � (B T(X ); Zp)W (X ) .
(8) H � (B X ; Zp) � H � (B T(X ); Zp).

If X satis�es theseequivalent conditions, then the rational rank r of X [30,
5.1] equalsthe Krul l dimension of H � (B X ; Fp), and jW j =

Q
di where 2di ,

1 � i � r , are the degrees of the polynomial generators [88, 5.3.5, 5.5.4].

Proof. (1)) (2) is [29, 2.11] and (2)) (3)) (4)) (5) is elementary.
(5)) (1), (6), (7), (8): As wasnoted in [70, 4.2], H � (
 B X ; Zp) is degree-

wise free so that Borel's argument [8], [88, 10.7.5]shows that H � (B X ; Fp)
and H � (B X ; Zp) are polynomial. But then H � (B X ; R) is the invariant ring
for R = Zp; Fp by [29, 2.11] again. The implications (8)) (5), (7)) (5),
(6)) (5) are elementary.

7.2. Definition. A p-compact group X is polynomial if its cohomology
ring H � (B X ; Fp) is a polynomial F p-algebra. A Zp-re
ection group (W; �T)
is polynomial if its invariant ring H � ( �T ; Fp)W is a polynomial F p-algebra.

7.3. Example. A p-compact group X is non-modular if p doesnot di-
vide the order of W (X ). A Zp-re
ection group (W; �T ) is non-modular if p



N -determined p-compact groups 43

doesnot divide the order of W . Any non-modular p-compact group is con-
nected[69, 3.8]and its Weyl group is a non-modular Z p-re
ection group. The
Shephard{Todd theorem [7, 7.2.1] says that any non-modular Z p-re
ection
group (W; �T ) is polynomial, and, clearly, H 0(W ; �T) = 0 if (W; �T ) is also
simple. Any non-modular p-compact group X is polynomial [66, 3.12], to-
tally N -determined [66, 3.11, 7.7], and determined by its R-Weyl group for
R = Zp; Fp (4.5, 4.4); if X is alsosimple, then X is centerless(3.12(2)) and
determined by its Qp-Weyl group (11.18, 4.4).

The Weyl group of any polynomial p-compact group is a polynomial Z p-
re
ection group but not all polynomial Z p-re
ection groupsare Weyl groups
of polynomial p-compact groups (7.4). If the ring of invariants H � ( �T ; Fp)W

for someZpW -torus �T is polynomial then W is a Zp-re
ection group [29,
Proof of 5.2].

7.4. Remark. Borel [9, 2.5] shows that for a simple compact Lie group
G and p an odd prime, the Bous�eld F p-localization (B G)^

p of B G [13] is a
non-polynomial p-compact group B Ĝ preciselywhen

� G = SU(r + 1)=Z where Z is a non-trivial central p-subgroup, or
� G = F4; PE6; E6; E7; E8 and p = 3, or
� G = E8 and p = 5.

Kemper and Malle [51] show that a simple Z p-re
ection group (W; �T ) is
non-polynomial precisely when it is the Weyl group of one of the Lie p-
compact groups on Borel's list|with the exception that (W; �T )(PU (3)) at
p = 3 is polynomial becausewe are in dimension2 [71, 5.1]. Combining this
with (7.27), we seethat the invariant ring H � ( �T ; Zp)W with Zp-coe�cien ts
is non-polynomial precisely when (W; �T ) = (W; �T )(Ĝ) is the Weyl group
of one of the Lie p-compact groups Ĝ on Borel's list. Thus the polynomial
Zp-re
ection group (W; �T )(PU (3)) at p = 3 is not the Weyl group of a poly-
nomial p-compact group for then also the invariant ring with Z p-coe�cien ts
would be polynomial (7.1). (Combine the method of (7.24) with the results
of [71, x4], [51, x5] to seethat (W; �T )(SU(r + 1)=Z ) is non-polynomial when
pj r + 1, n � 3, and Z is a non-trivial central p-group.)

7.5. Lemma. Let p be an odd prime. Let i : �T ! X be a loop space ho-
momorphism from a Zp-torus �T to a polynomial p-compact group X . If
H � (B i ; Fp) induces an isomorphism

H � (B X ; Fp) �= H � ( �T ; Fp)W

to the ring of invariants for some �nite group W of automorphisms of �T ,
then i : �T ! X is a (p-discrete) maximal torus for X and W and W (X ) are
Fp-similar Zp-re
ection groups.
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Proof. As H � (B i ; Fp) makesH � ( �T ; Fp) a �nitely generatedH � (B X ; Fp)-
module [88, 2.3.1], i : �T ! X is a monomorphism [30, 9.11]. Moreover, �T
and T(X ) have the samerank, the Krull dimensionof H � (B X ; Fp), so that
i : �T ! X is indeed a maximal torus. Also, W and W (X ) have the same
order given by the degreesof the polynomial generators.By Lannes theory
[52], the homomorphism t ! �T ! X is W -equivariant up to homotopy
becauseit is so on mod p cohomology. This meansthat r pW is contained in
the Quillen automorphism group A (X )( t) of t ! X which is r pW (X ) (2.8).
But thesetwo groups have the sameorder, so they must be identical.

If X is polynomial, then X is connectedand, by Lannestheory [52], any
monomorphism of a non-trivial elementary abelian p-group into X factors
through the maximal torus and hence(2.8) the Quillen category A (X ) is
equivalent to A (W (X ); t(X )). About the centric [28] functor

B CX : A (W (X ); t(X )) ! [pcg]

(2.5) we know that, for an odd prime p,

(1) H � (B CX ; Zp) = H � ( �T(X ); Zp)0,
(2) � j (B Z CX ) = L(X )2� j , j = 1; 2.

The formula in item (1) is a consequenceof [33, 1.2] and (7.1, 2.10) show-
ing that polynomialit y is preserved under taking centralizers of elementary
abelian subgroups.The formula in item (2) follows from (2.8). (Recall that
H � ( �T(X ); Zp)0 is (2.2) the functor given by

H � ( �T(X ); Zp)0(E) = H � ( �T(X ); Zp)W (X )( E ) = H � (B T(X ); Zp)W (X )( E )

and, similarly (2.3), L (X )2� j is the functor given by

L(X )2� j (E) = H 2� j (W (X )(E); L (X ))

for all non-trivial subgroupsE of t(X ).)
Combined with the acyclicity result of (2.4) this leads to a very simple

proof of the homology decomposition for polynomial p-compact groups.

7.6. Pr oposition [45, 31]. Let p be an odd prime. For any polynomial
p-compact group X , the evaluation map

hocolimA (W (X );t (X )) op B CX ! B X

is an H � Zp-equivalence.
Alternatively , the ful l subcategory (2.14) A C(p)(W (X ); t(X ))op based on

the collection C(p) of all p-subgroups of W can be used for index category.

Proof. By (2.4, 2.16) and one of the formulas above, the E2-pageof the
Bous�eld{Kan spectral sequencefor the cohomologyof a homotopy colimit
collapsesonto the vertical axis and therefore the evaluation map is an H � Zp-
equivalence.
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In particular, if X is a polynomial p-compactgroup and p doesnot divide
the order of the Weyl group (i.e. X is a non-modular p-compact group (7.3))
then B X is H � Zp-equivalent to the homotopy colimit of a diagram of the
form

B T(X ) W (X )op
ff

i.e. to B N (X ); this is the casetreated by Clark{Ewing [20]. If p divides the
order of the Weyl group exactly once, then B X is H � Zp-equivalent to the
homotopy colimit of a diagram of the form

B CX (tS)W (X )( tS )op =W (X )( tS )op
77 B T(X ) W (X )op

ff
W (X )( tS )op nW (X )op
oo

with just two nodes; this is the casetreated by Aguad�e [2]. In general,B X
is H � Zp-equivalent to the homotopy colimit of a diagram with nodes in
one-to-onecorrespondencewith the subgroupsof the Sylow p-subgroup of
W (X ). (The objects tP , for P a subgroupof Sylp W (X ), generatea skeletal
subcategory of A C(p) (W (X ); t(X )).)

The decomposition (7.6) is usually only helpful when X is centerless.
(Any simple p-compact group X for which r 0W (X ) is not in family 1 of the
Clark{Ewing list and not equal to r 0W (E6) if p = 3, is centerless (3.12(2),
11.18).)

Conversely, givena �nite group W of automorphismsof a Z p-torus �T such
that H 0(W ; �T) = 0 and the ring of invariants H � ( �T ; Fp)W is polynomial,
does there exist a polynomial p-compact group X (W ) with Z p-re
ection
subgroup (W; �T ) and with mod p cohomology isomorphic to this invariant
ring? Note that if X (W ) exists, then the Quillen category A (X (W )) =
A (W; t), the maximal torus normalizer �N (X (W )) = �T o W , and the functor
�N � CX (W ) , giving the maximal torus normalizers of the centralizers, is the

functor �N : A (W; t)op ! [Grp ] given by

�N (E0
wW (E0)
� � � � � ! E1) = ( �T o W (E0)

(w � 1 ;c(w � 1))
 � � � � � � � � �T o W (E1))

according to the considerations of the proof of (2.8). This means that if
B X (E) denotesthe value of B CX (W ) on E � t then there must exist ho-
motopy commutativ e diagrams

(7.7) B �N (E0)

B j (E0)
��

B �N (E1)
�N (wW (E0))oo

B j (E1 )
��

B X (E0) B X (E1)
X (wW (E0 ))

oo

where the vertical arrows are (discrete) maximal torus normalizers.



46 J. M. M�ller

7.8. Theorem (Generalized Clark{Ewing construction). Let p be an
odd prime and (W; �T) a polynomial Zp-re
ection group with H 0(W ; �T) = 0.
Supposethat there exist a centric functor [28] B X : A (W; t)op ! [pcg] and a
natural transformation B j : B �N ! B X such that, for each non-trivial sub-
group E of t, B X (E) is a polynomial p-compact group and B j (E) : B �N (E)
! B X (E) is a p-discrete maximal torus normalizer. Then B X determines
an essentially unique functor B X : A (W; t)op ! Top, and H � (B X (W ); F p)
�= H � ( �T ; Fp)W as unstablealgebras where

B X (W ) = (hocolimA (W;t )op B X )^
p

is the Fp-localization of the homotopy colimit. X (W ) is a centerlesspoly-
nomial p-compact group whoseWeyl group is F p-similar to W . If all values
of the functor B X are total ly N -determined p-compact groups, then also
X (W ) is total ly N -determined.

Alternatively , the ful l subcategory (2.14) A C(p) (W; t) based on the collec-
tion C(p) of all p-subgroups of W can be used for index category.

Proof. For any non-trivial subgroupE of t, the p-compactgroup B X (E)
has p-discrete center �Z (X (E)) = Z ( �N (E)) = �TW (E ) meaning (3.17(1))
that (� j B Z X )(E) = H 2� j (W (E); L ( �T )) = L( �T)2� j (E) for j = 1; 2. Since
these functors are acyclic (2.4), [28, 1.1] tells us that B X lifts, essentially
uniquely, to a functor taking valuesin the categoryof topological spaces.Let
B X (W ) bethe (F p-localization of the) homotopy colimit. The polynomial p-
compact group B X (E) has cohomologyH � (B X (E); R) = H � ( �T ; R)W (E ) =
H � ( �T ; R)0(E), R = F p; Zp. Sincethis functor is acyclic (2.4), the Bous�eld{
Kan spectral sequencefor the cohomologyof a homotopy colimit [14, XI I.4.5]
collapsesonto the vertical axis giving the cohomology of B X (W ) and so
H � (B X (W ); F p) = H � ( �T ; Fp)W . As this invariant ring is assumedto be
polynomial, X (W ) is indeeda polynomial p-compact group. The p-compact
group morphism T(GL( n; C)) = CGL( n;C ) (t) ! X (W ) is a maximal torus
and r p(W ) = r pW (X (W )) by (7.5). According to [66, 4.9] and (2.11, 3.8),
X (W ) is totally N -determined provided all values of the functor B X are
totally N -determined p-compact groups.

We may replace the index category A (W; t) by any of its full subcate-
gories I as long as lim 1+ j (I ; L ( �T )2� j ) = 0 = lim2+ j (I ; L ( �T)2� j ), j = 1; 2,
and H � (B �T; Zp)0 is acyclic on I with lim 0 equal to the invariant ring. For
instance, I = A C(p)(W; t), where C(p) is the collection of all p-subgroupsof
W is a possibility (2.16).

In particular, if p divides the order of W exactly once,we may use the
full subcategoryA (W; t)f t; tSg = I (W; W (tS)) (13.10) generatedby the two
objects t and tS where S = Sylp W is a Sylow p-subgroup of W .



N -determined p-compact groups 47

The Qp-Weyl group r 0W (X ) (4.3) of a connectedp-compact group X is
a re
ection subgroupof Aut( L (X ) 
 Qp) [30, 9.7]. If X is simple in the sense
that this Weyl group is an irreducible re
ection group then r 0W (X ) must
occur in the Clark{Ewing classi�cation table [20]. The irreducible re
ection
groupsof this table are divided into four in�nite families, denoted1, 2a, 2b,
and 3, and 34 sporadic re
ection groups G4; : : : ; G37.

7.9. Theorem. Let p be an odd prime and X a simple p-compact group
with Weyl re
ection group (W (X ); L (X )) . Assumethat

� r0W (X ) is not in family 1,
� if p = 3, then (r 0W (X )) 6= (r 0W (F4)) ; (r 0W (E6)) ; (r 0W (E7)) ;

(r0W (E8)), and
� if p = 5, then (r 0W (X )) 6= (r 0W (E8)) .

Then:

(1) X is a centerless, simply connected, total ly N -determined, polyno-
mial p-compact group.

(2) X is determined by its R-Weyl group for R = Z p; Qp; Fp.
(3) X is a cohomologically unique p-compact group.
(4) End(X ) is given by (3.17(2)).

Proof. A glanceat the Clark{Ewing classi�cation table [20] (aspresented
e.g. in [5, Table 1]) revealsthat X is either a non-modular p-compact group,
which certainly has the stated properties (7.3), or one of the modular p-
compact groups treated in (7.10) in which casewe apply (7.8, 5.3) together
with (4.4, 11.18,11.25(3)).

7.10. Construction of modular, centerless,polynomial, simple p-compact
groups. We apply (7.8) to construct polynomial p-compact groups X (G)
where G � GL( r; Qp) is either

� in family 2a,
� r0W (G2) at p = 3 from family 2b,
� one of the groups of Aguad�e [2, Table 1], or
� r0W (E6) at p = 5.

There is no ambiguity in pretending that G be a subgroup of Aut( �T) =
GL( r; Zp) since G0(G) = � in each of these cases(11.18). The rings of
invariants H � ( �T ; R)G, R = Fp; Zp, are polynomial rings (7.4), and from [5,
3.4] we know that H 0(G; �T ) = 0. Thus it su�ces to �nd a functor B X that
satis�es the conditions of (7.8).

Family 2a (cf. [76]). Let p be an odd prime and r � 1, m � 2, n � 2 nat-
ural numberssuch that r j m j p� 1. Let Cm � Z �

p be the order m cyclic sub-
group of the p-adic units. De�ne G(m; r; n) = A(m; r; n)� n as the subgroup
of GL(n; Zp) = Aut( �T), �T = �T(U(n)), generatedby the group W (U(n)) =
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� n of monomial matrices and the abelian group A(m; r; n) of diagonal ma-
trices with entries in Cm and determinant in the index r subgroup of Cm .
(For instance, G(2; 1; n) = W (SO(2n + 1)) and G(2; 2; n) = W (SO(2n)).)
The subgroup � n normalizesA(m; r; n) and G(m; r; n) = A(m; r; n) o � n is
in fact the semidirect product of the two groups. The ring of invariants [71,
2.4], [88, x7.4, Example 1]

H � ( �T ; Zp)G(m;r ;n) = Zp[y1; : : : ; yn� 1; e]; jyi j = 2im; jej = 2
m
r

n;

is generatedby e = (x1 : : : xn )m=r together with the n � 1 �rst elementary
symmetric polynomials yi = � i (xm

1 ; : : : ; xm
n ), 1 � i � n � 1, in the mth

powers of the coordinate functions x i : H 2( �T ; Zp) ! Zp, 1 � i � n, which
are consideredas having degree2.

De�ne A C(p)(G; t) where G = G(m; r; n) or G = � n , t = t(U(n)), to be
the full subcategory of A (G; t) generatedby all objects of the form E = t P

for P � Sylp � n = Sylp G(m; r; n) a subgroup of a Sylow p-subgroup of � n

(which is alsoa Sylow p-subgroupof G(m; r; n)). Thesetwo small categories
have by de�nition the sameset of objects E, with the samepointwise sta-
bilizer subgroupsG(m; r; n)(E) = � n (E), and for the morphism sets (2.1)
we note that

G(m; r; n)(E0; E1) = A(m; r; n) � n (E1 ) � � n (E0; E1);

meaningthat any morphism (a; � ) : E0 ! E1 in A C(p) (G(m; r; n); t)(E0; E1)
factors uniquely asa morphism � : E0 ! E1 in A C(p) (� n ; t)(E0; E1) followed
by multiplication a: E1 ! E1 by a diagonal matrix a 2 A(m; r; n) � n (E1 ) =
A(m; r; n)0(E1). To see this, it is convenient to observe that all objects
E = tP of A C(p)(G; t) are of the special form

E = f (x1; : : : ; xn ) 2 Fn
p j x i = x j i� i and j are n(E)-equivalentg

for some partition n(E) of n = f 1; : : : ; ng into disjoint subsets. (Thus
A C(p) (G(m; r; n); t) can be viewed as the Grothendieck construction on the
functor A(m; r; n)0 from A C(p) (� n ; t) to categorieswith one object.)

We now de�ne the functor B X : A C(p) (G(m; r; n); t)op ! [pcg] which
shall serve as input for the generalizedClark{Ewing construction (7.8). On
objects E = tP � t = t(U(n)) we are forced to put B X (E) = B CU( n)(E)
for the pointwise stabilizer group G(m; r; n)(E) = � n (E) = W (CU( n)(E))
and CU( n)(E), a product of unitary groups [82, Proposition 4], is deter-

mined by its Zp-Weyl group (5.3). For each morphism E0
��! E1

a�! E1
in A C(p) (G(m; r; n); t) we are required (7.7) to �ll in the commutativ e dia-
gram
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�T o � n (E0)

��

�T o � n (E1)

��

(1;c(� � 1 ))oo �T o � n (E1)

��

(a� 1 ;1)oo

CU( n)(E0) CU( n) (E1)oo_ _ _ _ _ _ CU( n) (E1)oo_ _ _ _ _ _

of p-compact groups with discrete maximal torus normalizers. To the left
we may put the value B CU( n)(� ) : B CU( n)(E0)  B CU( n) (E1) on E0

��! E1

of the functor B CU( n) : A C(p) (� n ; t) ! [pcg]. To the right there is just one

possibility, denoted a� 1
, for CU( n) (E1) have N -determined automorphisms

(5.3). This prompts us to declare

B X (E0
��! E1

a�!
�=

E1)

= B CU( n)(E0)
B CU( n ) (� )

 � � � � � �� B CU( n)(E1)
B  a � 1

 � � � �
�=

B CU( n) (E1)

However, for this to be a valid de�nition of a functor we need to ver-
ify that the relation � � a = � a� � 1 � � , a 2 � n(E0), � 2 � n (E0; E1),
which holds in A C(p) (G(m; r; n); t), also holds in [pcg], i.e. that the dia-
gram

CU( n)(E0) CU( n) (E0)
 a � 1

oo

CU( n)(E1)

CU( n ) (� )

OO

CU( n) (E1)

CU( n ) (� )

OO

 � a � 1 � � 1
oo

commutes in [pcg]. This is not di�cult as  � a� 1 � � 1
and the isomorphism

induced by  a� 1
on CU( n)(E1) have the samee�ect on the maximal torus

normalizer, soare identical. Thus the abovede�nition indeedmakesB X into
a functor. B X is clearly a centric functor becauseB CU( n) is, and weconclude
from (7.8) that there exists a centerless, polynomial, totally N -determined
p-compactgroup X G(m; r; n) with re
ection subgroupF p-similar, and hence
even Zp-similar (11.25), to (G(m; r; n); �T ).

For future reference,we now compute the centralizer of an arbitrary
non-trivial subgroup E of t = t(X G(m; r; n)). Suppose that E has rank
r > 0. Choosean n � r matrix B whosecolumnsform a basisfor E . Declare
i and j to be equivalent if the i th and j th rows in B are Cm -multiples of
each other, 1 � i; j � n. Let n(E) denote the partition of n = f 1; : : : ; ng
into equivalenceclasses.If there is a zero-row in B , call the corresponding
equivalenceclassthe null-class. Supposethat the null-class contains u0 � 0
elements and that there are s � 1 more classescontaining u1; : : : ; us ele-
ments, respectively.
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The following lemma, describing the pointwise stabilizer subgroup
G(m; r; n)(E), implies that the equivalencerelation n(E) does not depend
on the choice of basis.

7.11. Lemma. The pointwise stabilizer G(m; r; n)(E) of E is isomorphic
to the subgroup

G(m; r; u0) � � u1 � : : : � � us

where the re
ection subgroup (� u j ; Zu j
p ) is similar to (W; L)(U( uj )), 1 � j

� s.

Proof. The element (a; � ) 2 A(m; r; n)o � n stabilizesE pointwiseif and
only if ai B � (i ) = B i where B i , i = 1; : : : ; n, are the rows of the matrix B .
This implies that the permutation � of the n rows of B must respect the
Cm -equivalenceclasses.Therefore the group homomorphism

G(m; r; u0) � � u1 � : : : � � ut ! G(m; r; n)(E);

((b;� ); � 1; : : : ; � s) 7! ((b;a1(� 1); : : : ; aj (� j )) ; � � 1 : : : � s);

where aj (� j ) i B � j (i ) = B i , 1 � j � s, is an isomorphism. Observe in this
connection that the product

Q
aj (� j ) i = 1; indeed, for �xed j , the product

over all aj (� j ) i , where i runs through the elements of a cycle in the de-
composition of � j , equals 1. Conjugate this action of � u j by the diagonal
matrix consistingof the �rst non-zeroentries in the rows of B to obtain the
standard permutation action.

If we take existencefor granted, referring to [76], then the above lemma
and (3.8) would su�ce to show inductiv ely that X G(m; r; n) is totally N -
determined.

The 3-compact group G2. Take B X to be the functor on the 2-object
category A (G; t)f tS ; tgop = I (G; W (SU(3))) op, G = W (G2) = W (SU(3)) �
Z (G), Z (G) = f� 1g, indicated by the diagram

BSU(3)Z (G)op
88 B T Gopcc

W (SU(3)) op nGop
oo

where Z (G) acts on BSU(3) via the unstable Adams operations  � 1.

The Aguad�e groups. Theseare the re
ection groups

(G12; p = 3); (G29; p = 5); (G31; p = 5); (G34; p = 7);

(G36; p = 5); (G36; p = 7); (G37; p = 7)

where the index refers to their numbering on the Clark{Ewing list [20].
Sincep divides the order of the Weyl group only once, it su�ces to specify
the functor B X on the full subcategory A (G; t)f t S ; tgop = I (G; G(tS))op =
I (G; W (SU(r + 1)))op (13.7.6) wherer denotesthe rank. Take B X to be the
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functor indicated by the diagram

(7.12) BSU(r + 1)Z (G)op
88 B T Gopcc

W (SU( r +1)) op nGop
oo

where Z (G), which is cyclic of order 2; 4; 4; 6; 2; 2; 2, acts on BSU(r + 1) via
unstable Adams operations. See[4] for more details. (This follows Aguad�e's
original construction very closely.)

The 5-compact group E6. Take B X to be the functor on A (G; t)f tS ; tgop

= I (G; G(tS))op, G = W (E6), indicated by the diagram

BU(5) � BU(1)Cop
2 88 B T Gopcc

W (U(5) � U(1)) op nGop
oo

where C2 acts on U(5) � U(1) in someway.

7.13. Automorphismsof X (G(m; r; n)) [21, (2.13)], [76, x7]. Assume�rst
that A(m; r; n) is a characteristic subgroup of G(m; r; n). Then

NGL( n;Z p ) (G(m; r; n)) = Z �
p G(m; 1; n)

becausethis normalizer is contained in the normalizer of A(m; r; n) which
equalsZ �

p o� n by the argument of [82, Lemma 3], and, on the other hand, a
diagonal matrix diag(u1; : : : ; un ) 2 (Z �

p )n normalizesG(m; r; n) if and only
if it lies in Z �

p A(m; 1; n). Thus (3.12(3)),

Out(X (G(m; r; n))) �= Z �
p G(m; 1; n)=G(m; r; n) �= Z �

p A(m; 1; n)=A(m; r; n)

is an abelian group and the exact sequence(3.16) has the form

(7.14) 1 ! Z �
p =Z G(m; r; n) ! Z �

p G(m; 1; n)=G(m; r; n) ! C(r ;n) ! 1

where Z G(m; r; n), the center of G(m; r; n), is cyclic of order m
r (r; n) and

C(r ;n) denotesa cyclic group of order the greatest common divisor (r; n) of
r and n.

Choosea primitiv e (p � 1)th root of unit y � 2 Z �
p , chooseintegerss and

t with (r; n) = sr + tn , and put " = diag(� (p� 1)=m ; 1; : : : ; 1) 2 Z �
p A(m; 1; n).

Then "A (m; r; n) projects onto a generator of the cyclic group C(r ;n) and
the element

�
p� 1

m t h� (r ;n) ; �
p� 1

m
r

( r ;n ) i 2 h� i =h� (r ;n) ; �
p� 1

m
r

( r ;n ) i � H 2(C(r ;n) ; Z �
p =Z G(m; r; n))

classi�es extension (7.14) because� (p� 1)t=m A(m; r; n) = " (r ;n)A(m; r; n).
Consequently,

(7.14) splits , �
p� 1

m t 2 h� (r ;n) ; �
p� 1

m
r

( r ;n ) i ,
p � 1

m
t 2 Z (( r ;n); p� 1

m
r

( r ;n ) )

,
�

(r; n);
p � 1

m
r

(r; n)

� �
�
�
�
p � 1

m
t , (r; n)

�
�
�
�
p � 1

m
in Z ( r

( r ;n ) )
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whereat the �nal stagewe observe that r
(r ;n) and t are relatively prime since

1 = s r
(r ;n) + t n

(r ;n) . For instance, (7.14) splits whenever (r; n) = (r; n2) for
then (r; n) and r

(r ;n) are relatively prime so that
�

(r; n);
p � 1

m
r

(r; n)

�
=

�
(r; n);

p � 1
m

�

clearly divides p� 1
m t . More generally,

(p � 1)(r; n)

maxx2 Z
��

p � 1; p� 1
m t + x

�
(r; n); p� 1

m
r

(r ;n)

� �	

is the smallest possibleorder of an exotic automorphism of X (G(m; r; n))
projecting onto a generator of C(r ;n) .

7.15. Lemma [76, x6]. A(m; r; n) is characteristic in G(m; r; n) if and
only if (m; r; n) 62f (2; 1; 2); (4; 2; 2); (3; 3; 3); (2; 2; 4)g.

Proof. For n > 4, A(m; r; n) is the Fitting subgroupof G(m; r; n). (Con-
sult e.g. [85] for general group-theoretic information.) For 2 � n � 4,
Fit (G(m; r; n)) = A(m; r; n) o F where F is a subgroup of Fit( � n ) which is
elementary abelian of order n. If A(m; r; n) is not characteristic in G(m; r; n),
it is not characteristic in Fit (G(m; r; n)) and then (7.16)

� n = 2: m
r m j 2m

r (r; 2) so that (m; r ) = (2; 1); (2; 2); (4; 2) or (4; 4),
� n = 3: m

r m2 j 3m
r (r; 3) so that (m; r ) = (3; 3),

� n = 4: m
r m3 j 4m m

r (r; 2) so that (m; r ) = (2; 1) or (2; 2).

Among theseoptions, (2; 2; 2) is an illegal choice of parameters,A(4; 4; 2) �=
C4 is the unique cyclic subgroup of order 4 in G(4; 4; 2) �= D8, A(2; 1; 4) is
the unique elementary abelian subgroupof order 16 of G(2; 1; 4), and in the
remaining four casesit can be veri�ed that A(m; r; n) is not characteristic
in G(m; r; n).

7.16. Lemma. Let A o W be the semidirect product for the action of
a �nite group W on a �nite abelian group A. If A is not characteristic in
A o W , then jAj divides jA � j � jCW (� )j for somenon-trivial element � 2 W .

Proof. If A is not characteristic, someautomorphism of the semidirect
product takes an element of A to an element (a; � ) where � 2 W is non-
trivial. As automorphismspreserve centralizers up to isomorphism,we know
that jAj divides jCAo W (a; � )j. The exact sequence

1 ! A � ! CAo W (a; � ) ! CW (� )

shows that jCAo W (a; � )j divides jA � j � jCW (� )j.
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Since G(2; 1; 2) is conjugate to G(4; 4; 2) [21, 2.5], its normalizer was
found above. In the remaining three cases,there are exact sequences(3.16)

1 ! Z �
p =Z G(4; 2; 2) ! NGL(2 ;Z p ) (G(4; 2; 2))=G(4; 2; 2) ! � 3 ! 1;

1 ! Z �
p ! NGL(3 ;Z p )(G(3; 3; 3))=G(3; 3; 3) ! A4 ! 1;

1 ! Z �
p =Z G(2; 2; 4) ! Z �

p W (F4)=G(2; 2; 4) ! � 3 ! 1;

describing the automorphism groupsof the groupsX G(4; 2; 2), X G(3; 3; 3),
and X G(2; 2; 4).

7.17. Automorphisms of other modular polynomial p-compact groups. If
W is one of the Aguad�e re
ection groups or W = W (G2) and p = 3, then
(3.17(2))

End(X (W )) � f 0g = Out(X (W )) = Z �
p =Z (W )

for NGL (r ;Z p ) (W ) = Z �
p W according to [4, 5.7].

The 3-compact group B X (G12) is also denoted BDI 2 for, since G12 �
GL(2; Z3) maps isomorphically onto GL(2; F 3) [11, p. 272], [88, 10.7.1], the
mod 3 cohomologyalgebra

H � (B X (G12); F3) = H � (B �T; F3)GL (2;3) = F3[x12; x16]

is the rank 2 mod 3 Dickson algebra [88, 8.1.5]: a polynomial algebra on a
generator x12 in degree12 and a generator x16 = P1x12 in degree16. DI 2

hasthe potential of containing all other connected3-compactgroupsof rank
2 as this is certainly true on the level of Weyl groups. Section10 elaborates
on this aspect of DI 2.

7.18. Structure of polynomial p-compact groups (cf. [79]). We start by
noting that polynomialit y of a connectedp-compact group is determined by
the universal covering p-compact group and the fundamental group.

7.19. Lemma. Let X be connected p-compact group with universal cov-
ering p-compact group SX [69, 3.3] and fundamental group � 1(X ): Then

(1) X is polynomial , SX is polynomial and � 1(X ) is a free Zp-module.
(2) If X is polynomial, then H � (B X ; R) ! H � (B SX ; R) is surjective

and the kernel is the ideal generated by the degree 2 cohomology classes,
R = Fp; Zp; Qp.

(3) If X is polynomial, then

H � (B X ; R) �= H � (� 2(B X ); 2;R) 
 H � (B SX ; R)

as graded algebras, R = F p; Zp; Qp.

Proof. If X is polynomial, H � (B X ; Zp) is (7.1) concentrated in even
degreesand is degreewisefree so that, in particular, the secondhomology
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group H2(B X ; Zp) = � 2(B X ) is a free Zp-module. The Serre spectral se-
quencefor the Postnikov �bration K (� 1(X ); 1) ! B SX ! B X collapsesat
the E3-pageto yield

E3 = R 
 H � (� 2(B X );2;R) H � (B X ; R) = H � (B SX ; R):

Conversely, if SX is polynomial and � 1(X ) is free, then the Serre spectral
sequencefor the �bration B SX ! B X ! K (� 2(B X ); 2) collapsesat the
E2-page for degreereasonsand shows that H � (B X ; Fp) is concentrated in
even degreesand is degreewisefree.

Let Y =
Q

Yi be a product of �nitely many simple, simply connected
p-compact groups Yi , � a (�nite) subgroup of the p-discrete center �Z (Y ) =Q �Z (Yi ) of Y , and ' : � ! �S a homomorphisminto the discreteapproxima-
tion �S to a p-compact torus S. De�ne [65, x2] the p-compact group

X = Y � S=(� ; ' )

by the short exact sequence�
(incl ;' )
� � � � ! Y � S ! X . Any connectedp-compact

group has this form with Y = SX and S = Z (X )0 [69, 5.4].

7.20. Cor ollar y. X = Y � S=(� ; ' ) is polynomial if and only if ' : �
! �S is a monomorphismand each simple factor Yi in the universal covering
p-compact group Y =

Q
Yi equals SU(n) for some n or is one of the p-

compact groups from (7.9).

Proof. We usecriterion (7.19(1)). Elementary homological algebra per-
formed on the short exact sequence0 ! � 1(S) ! � 1(X ) ! � ! 0 shows
that � 1(X ) is a freeZp-module if and only if ' : � ! �S is injective. (One may
also usethe functor �T of x11 to seethis.) The universal covering p-compact
group Y =

Q
Yi is polynomial i� each simple factor Yi is polynomial (7.28).

According to (7.9) and Borel [9, 2.5], Yi is polynomial i� Yi = SU(n) for
somen or r 0W (Yi ) 6= r0W (F4); r0W (E6); r0W (E7); r0W (E8) if p = 3 and
r0W (Yi ) 6= r0W (E8) if p = 5.

In greater detail, any polynomial p-compact group X is of the form X =
X 1 � X 2 whereX 1 = (

Q
SU(n i ) � S)=(� ; ' ) is a polynomial p-compactgroup

whoseuniversal covering is a product of special unitary p-compact groups
and X 2 is a product of some of the simple, simply connected, centerless,
polynomial p-compact groups of (7.9).

7.21. Cor ollar y. All polynomial p-compact groupsare total ly N -deter-
mined.

Proof. Since all simple factors of PX = PY =
Q

PYi are totally N -
determined (7.20, 5.2, 7.9), X is totally N -determined (3.3, 3.7).

7.22. Cor ollar y. Let Y be a simply connected, polynomial p-compact
group. Then
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(1) Y is determined by its F p-Weyl group, and
(2) B Y is cohomologically unique among F p-local spaces.

Proof. Since Y is totally N -determined (7.21), it su�ces (4.4, 4.5) to
show that the cohomologygroup H 1(W (Y); Hom(t(Y ); t(Y ))) is trivial. But
that is proved by Notbohm in [79, 6.2]: Let Y =

Q
Yi be as in (7.20). Let

S =
Q

Si �
Q

W (Yi ) be the product subgroup with factors Si = W (Yi ) in
caseYi = SU(n) and Si = Sylp W (Yi ) in caseYi is one of the p-compact
groups from (7.9). Then jW (Y) : Sj is prime to p. The natural homomor-
phism CY (t(Y )S) ! Y is a monomorphism of maximal rank [31, 4.3], and,
by inspection, CY (t(Y )S) =

Q
CYi (t(Yi )Si ) is isomorphic to a product of

SU(n)s and U(n)s. Thus H 1(W (t(Y )S); Hom(t(Y ); t(Y ))) = 0 by [74, 8.2].
But then also the cohomology group H 1(W (Y); Hom(t(Y ); t(Y ))) = 0 by
a transfer argument becauseW (CY (t(Y )S)) = W (t(Y )S) � S has index
prime to p in W (Y).

7.23. Cor ollar y. Any polynomial p-compact group is determined up to
local isomorphism by its mod p cohomology algebra considered as an unstable
algebra over the Steenrod algebra.

Proof. The mod p cohomological dimension as well as H � (B SX ; Fp)
(7.19), and hence(7.22) B SX , can be read o� from H � (B X ; Fp) if this is a
polynomial algebra. But this information is the local isomorphism classof
X [65, 2.6].

Two locally isomorphicp-compactgroups,X 1 = Y � S=(� 1; ' 1) and X 2 =
Y � S=(� 2; ' 2), are isomorphic i� there exist automorphisms g 2 Out(Y )
and h 2 Out( S) = Aut( �S) such that the diagram

�Z (Y )

�=�Z (g)
��

� 1oooo //' 1 //

�=

��

�S

h�=
��

�Z (Y ) � 2oooo //
' 2

// �S

commutes [65, 4.3, 4.5].
The next example shows that there are locally isomorphic but non-

isomorphic polynomial p-compact groups with isomorphic mod p cohomol-
ogy algebras.

7.24. Lemma. Let X = Y � S=(� ; ' ) be a polynomial p-compact group. If
� � p �Z (Y ), then W (X ) and W (Y � S) are F p-similar so that H � (B X ; Fp)
and H � (B Y � B S; F p) are isomorphic unstablepolynomial algebras.

Proof. We may assumethat � , and henceS, is non-trivial as otherwise
there is nothing to prove. From the short exact sequence0 ! � ! �T(Y ) �
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�T(S) ! �T(X ) ! 0 we get the exact sequence

0 ! H 1(� ; Fp) ! H 2( �T(X ); Fp) ! H 2( �T(Y ) � �T (S); Fp) ! H 2(� ; Fp) ! 0

of FpW (X )-modules.
The map induced by ' : � ! �S,

Ext( �T(S); Fp) = H 2( �T (S); Fp) ! H 2(� ; Fp) = Ext( � ; F p);

is surjective since ' is injective. This implies that the F pW (X )-module
homomorphism onto H 2(� ; Fp) has a right inverse.

We next show that the F pW (X )-module homomorphismout of H 1(� ; Fp)
has a left inverse.Write K for the kernel of the map onto H 2(� ; Fp) and
apply H0(W (X ); � ) to the short exact sequence0 ! H 1(� ) ! H 2( �T(X )) !
K ! 0 to get the exact sequence

H1(W (X ); H 2( �T(X ))) ! H 1(W (X ); K ) ! H 1(� ) ! H0(W (X ); H 2( �T(X )))

where

H1(W (X ); K ) �= H1(W (X ); H 2( �T(Y ) � �T(S))) �= H1(W (X ); H 2( �T (Y )))

since H1(W (X ); H 2(� )) = H2(W (X ); H 2(� )) = H1(W (X ); H 2( �T(S))) = 0
[5, 3.2], [74, 3.1]. It su�ces to show that the map into H 0(W (X ); H 2( �T(X )))
is injective or, by exactness,that the map out of H 1(W (X ); H 2( �T(X ))) is
surjective. The maps �Z (Y ) ! �Z (X ) = �Z (Y ) � S=(� ; ' ) ! �Z (Y )=� induce
dual maps

Hom( �Z (Y )=� ; Z=p1 ) ! Hom( �Z (X ); Z=p1 ) ! Hom( �Z (Y ); Z=p1 )

whosecomposition is surjective under the assumptionof the lemmathat � �
p �Z (Y ). Thus the secondof these maps, which by (11.17) can be identi�ed
with the �rst map in the aboveexact sequence,must alsobean epimorphism.

We now concludethat

H 2( �T (X ); Fp) = H 1(� ; Fp) + coker(H 1(� ; Fp) ! H 2( �T(X ); Fp))

= H 2(� ; Fp) + ker(H 2( �T (Y ) � �T(S); Fp) ! H 2(� ; Fp))

= H 2( �T (Y ) � �T(S); Fp)

as FpW (X )-modules and therefore the two rings of invariants,

H � (B X ; Fp) �= H � ( �T(X ); Fp)W (X ) �= H � ( �T(Y ) � �T(S); Fp)W (X )

�= H � (B Y � B S; F p);

are isomorphic unstable algebrasover the mod p Steenrod algebra.

7.25. Example [98], [74, 9.6]. The p-compact groups

Ui = SU(p� ) � U(1)=(Z=pi ; incl) ; 0 � i � � ; � � 3;



N -determined p-compact groups 57

from the local isomorphism system of U(p� ) (11.28) are distinct, polyno-
mial (7.19) p-compact groups but (7.24) the Weyl groups W (Ui ) are Fp-
similar and the unstable algebrasH � (BUi ; Fp) are isomorphic for 0 � i < �
(and distinct from H � (BU( p� ); Fp)). Thus the polynomial p-compact group
SU(p� ) � U(1) is not determinedby its F p-Weyl group, not even by its mod p
cohomologyalgebra.

An unstable graded algebra over the mod p Steenrod algebra is

� polynomial if its underlying graded algebra over F p is polynomial on
�nitely many generators,

� topologically realizable if it is isomorphic to the mod p cohomologyof
a topological space.

Steenrod's problem [90] asks for the determination of all topologically
realizablepolynomial algebrasover the the mod p Steenrod algebra.A com-
plete solution was found by D. Notbohm [76, 79] but it may still be worth-
while to record also the following form of the answer.

Write P(H ; t) =
P

(dim k H i )t i for the Poincar�e series of the graded
algebra H over the �eld k.

7.26. Theorem. A polynomial unstablealgebra over the mod p Steenrod
algebra is topologically realizableif and only if it is isomorphic to H � (B X ; Fp)
= H � ( �T(X ); Fp)W (X ) for somepolynomial p-compact group X (as described
in (7.20)). Moreover, the following conditions are equivalent:

(1) (W; �T ) is the Weyl group of a polynomial p-compact group,
(2) (W; S �T) is polynomial and H 0(W ; L( �T)) is a free Zp-module,
(3) (W; �T ) is polynomial and H 0(W ; L( �T)) is a free Zp-module,
(4) (W; �T ) is polynomial and H 1(W ; �T) = 0,
(5) (W; �T ) is polynomial and P(H � ( �T ; Fp)W ; t) = P(H � ( �T ; Qp)W ; t),
(6) H � ( �T ; Zp)W is polynomial,

for any Zp-re
ection group (W; �T ).

Proof. If B X is an F p-local spaceand H � (B X ; Fp) is polynomial, then
X is a polynomial p-compact group and H � (B X ; Zp) = H � ( �T(X ); Zp)W (X )

is a polynomial ring (7.1). This proves (1)) (6), and (6), (5) by (7.27); we
proceedto show (5)) (4)) (3)) (2)) (1).

If (5) holds, then H 1(W ; H j ( �T ; Zp)) = 0 for all degreesj � 0 (7.27). For
j = 1, in particular, H 1(W ; L( �T)_ ) = 0, which, for generalreasons(11.11(1),
11.8(8){(9)), is equivalent to H 1(W ; �T) = 0 or to H 0(W ; L( �T)) being a
free Zp-module. From the (split) short exact sequence0 ! S �T ! �T !
H0(W ; �T) ! 0 of ZpW -tori (11.8(10)) we get an epimorphism H 2( �T ; Fp) �
H 2(S �T; Fp) of FpW -modulesand therefore [71, 4.1] (W; S �T) is polynomial.
In the splitting (11.15) of (W; S �T) into a product of simple Zp-re
ection
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groups (Wi ; �Ti ) with H0(Wi ; L ( �Ti )) = 0, each factor is polynomial (7.28),
i.e. not similar to the Weyl groups of F4, E6� 8 at p = 3 and E8 at p = 5
(7.4). Thus all simple factors of (W; S �T) are Weyl groups of simple, simply
connected,polynomial p-compact groups, (W; S �T) is the Weyl group of the
product Y of these, and (W; �T ), where �T = (S �T � �S)=(� ; ' ), is the Weyl
group of the p-compact group X = (Y � S)=(� ; ' ), B S = (B �S)^

p , which is
polynomial by (7.20).

The map
(

Isomorphism classesof

polynomial p-compact groups

)
(W; �T )
�� � �!

(
Similarit y classesof polynomial

Zp-re
ection groups with H 1 = 0

)

is surjective by (7.26(4)) and injective by (7.21).

7.27. Lemma. Let (W; �T ) be a Zp-re
ection group. Then H � ( �T ; Zp)W

is polynomial if and only if (W; �T ) is polynomial and P(H � ( �T ; Fp)W ; t) =
P(H � ( �T ; Qp)W ; t). If this is the case, then H � ( �T ; Zp)W 
 Z=p �= H � ( �T ; Fp)W

and H 1(W ; H � ( �T ; Zp)) = 0.

Proof. The Poincar�e seriescondition ensuresthat the monomorphismof
H � ( �T ; Zp)W 
 Z=p to H � ( �T ; Fp)W is an isomorphism. Now, if the Poincar�e
seriescondition is satis�ed, and H � ( �T ; Zp)W 
 Z=p = H � ( �T ; Fp)W is poly-
nomial, then there exist homogeneouselements x1; : : : ; x r 2 H � ( �T ; Zp)W ,
wherer is the rank of �T , that reducedmod p becomepolynomial generators
for H � ( �T ; Fp)W . Thus the ring homomorphismZp[x1; : : : ; x r ] ! H � ( �T ; Zp)W

becomesan isomorphism mod p and henceit is an isomorphismby Nakaya-
ma's lemma. Conversely, if H � ( �T ; Zp)W is polynomial, then [77, 2.3, 2.4],
[78] the polynomialit y condition from [11, Ch. 5, x5, Exercice 5], [88, 5.5.4,
5.5.5]canbeusedto show that H � ( �T ; Fp)W is polynomial. The last assertion
of the lemma follows from the exact sequence

: : :
�p
�! H � ( �T ; Zp)W � H � ( �T ; Fp)W 0�! H 1(W ; H � ( �T ; Zp))

�p
�! H 1(W ; H � ( �T ; Zp)) ! : : :

where H 1(W ; H j ( �T ; Zp)) is a �nite Zp-module for �xed degreej .

7.28. Lemma. Let A and B be �nitely generated graded algebras over
a �eld k. If A 
 k B is a graded polynomial ring over k on homogeneous
generators of positive degree, then both factors A and B are polynomial.

Proof. SinceA 
 k B is free over A (a k-basis for B provides an A-basis
for A 
 k B ) and the global dimension of the polynomial algebra A 
 k B is
�nite by Hilb ert's syzygy theorem [7, 4.2.3], the global dimension of A is
also �nite. Thus A is polynomial by Serre'sconverse [7, 6.2.3] to Hilb ert's
theorem.
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8. Pro ofs of Theorem 1.2 and Corollaries 1.3{1.6. This small
section contains the proofs of the results stated in the introduction.

Proofs of Theorem 1.2, Corollary 1.3, and Corollary 1.5. The classi�ca-
tion of Theorem 1.2 is the content of (5.2, 6.1, 7.9). To obtain Corollaries 1.3
and 1.5, combine this with (4.4, 4.10,11.18,11.25)and (3.3, 3.7, 3.12(3)).

Proof of Corollary 1.4. Two connectedp-compact groups with similar
Zp-re
ection groups have isomorphic maximal torus normalizers (3.12(1)),
so are isomorphic (1.2). Thus the map (W; L) is injective.

To prove that the map (W; L) is surjective, let (W; L) beany Z p-re
ection
group. Then L sits as the kernel of a short exact sequence(11.5)

0 ! L ! LH 0(W ; �T) � PL ! �� (L ) ! 0

of ZpW -modules. Choosea p-compact torus S and a centerless p-compact
group PX such that S � PX realizesthe Z p-re
ection group in the middle.
This is possiblesincePL is a product (11.15) of simple Z p-re
ection groups,
each of which is realizable (7.10). The Z p-re
ection group (W; L) is now
realized by a covering p-compact group of S � PX (4.10).

The expressionfor the automorphism group of X is (3.12(3), 3.15).

Proof of Corollary 1.6. Observe that the maximal torus normalizers [70,
1.3] for X and G becomehomotopy equivalent after �b erwise completion
away from the prime 2. This is becausethe maximal torus normalizersof the
associated p-compact groupssplit [4] when p is odd; cf. [70, Proof of Propo-
sition 5.5]. Thus there exists a space(B N )[1=2] and rational equivalences

(B X )[1=2]  (B N )[1=2] ! (B G)[1=2]

that p-complete to maximal torus normalizers for the p-compact groups
(B X )^

p and (B G)^
p at each odd prime p. In this situation, N -determinism of

the p-compact group (B G)^
p and the Arithmetic Square[14, VI.8.1] ensure

the existenceof a homotopy equivalence(B G)[1=2] ' (B X )[1=2] of spaces
localized away from 2.

Within the framework of this paper, it can be easily shown (seeremark
below (2.13)) that alsothe simple p-compact group (E8; p = 5) [94] is totally
N -determined, determined by its R-Weyl group for R = Z p; Qp; Fp, and is a
cohomologicallyunique p-compact group (4.4, 11.18,11.25).However, more
information is needed for the other members of the E-family [6]. If this
program goes through we can remove the exceptions from Theorem 1.2,
and it will then follow that any �nite family (Yi ) of connected,simple, non-
abelian, pairwise non-isomorphic p-compact groups is similarit y free and
any connectedp-compact group is completely reducible in the (provisional)
senseof [62, 3.4, 3.10] when p is odd. Thus for instance [64, 5.2] will apply
to all (non-connected) p-compact groups G and [62, p. 381] will contain a
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description of the set " Q (X 1; X 2) of rational isomorphismsbetweenany two
locally isomorphic p-compact groups, X 1 and X 2, for p odd.

9. N -determinism of pro duct p-compact groups. We show in this
section that determinacy behaveswell with respect to formation of (�nite)
products of p-compact groups.

First two lemmas of a general nature. A p-compact group morphism
f : X ! Y is said to be trivial if B f : B X ! B Y is null-homotopic.

9.1. Lemma. Let X and Y be p-compact groups and X ! Z (Y ) a p-
compact group morphism into the center of Y . If the composite morphism
X ! Z (Y ) ! Y is trivial , then X ! Z (Y) is trivial.

Proof. Turn the center B z: B Z (Y) ! B Y into a �bration (with �b er
Y=Z (Y )) and map B X into it to obtain the �bration

map(B X ; Y=Z (Y )) ! map(B X ; B Z (Y )) B z� 1 (B 0) ! map(B X ; B Y)B 0

wherethe total spaceconsistsof all mapsB X ! B Z (Y) that composedwith
B z becomenull-homotopic. With the help of the Sullivan Conjecture for p-
compact groups [31, 9.3], the �b er of this �bration identi�es with Y=Z (Y )
and the basewith B Y. Thus the total spaceidenti�es with the connected
spaceB Z (Y) = map(B X ; B Z (Y )) B 0. This shows the lemma.

9.2. Lemma. Let f : X ! Y be a p-compact group morphism and j p :
Np(X ) ! X the p-normalizer [30, 9.8] of the maximal torus of X : Then

(1) [32, 5.6] f is a monomorphism, f j p is a monomorphism;
(2) [65, 6.6] f is trivial , f j p is trivial :

If X is connected, this remains true with the p-normalizer replaced by the
maximal torus.

Proof. Supposethe restriction f j p of f to the p-normalizer is a monomor-
phism. Then [30, 9.11]H � (B Np(X )) is a �nitely generatedH � (B Y)-module
via H � (B f j p). Since H � (B X ) is an H � (B Y)-submodule of H � (B Np(X ))
thanks to the transfer homomorphism [31, 9.13] and H � (B Y) a noetherian
graded ring [30, 2.4], H � (B X ) is a �nitely generatedH � (B Y)-module via
H � (B f ). The converse follows from the fact that the composition of two
monomorphismsis a monomorphism.

If X is connected,any monomorphism of Z=p to X factors through the
maximal torus monomorphism i : T(X ) ! X [30, 4.7, 5.6], [31, 3.11]. This
implies that if �Np(X ) ! Np(X ) ! X ! Y has a non-trivial kernel, the
sameis true for �T(X ) ! T(X ) ! X ! Y [30, x7]; here, �Np(X ) and �T(X )
are discrete approximations [30, 6.4]. In other words, if T(X ) ! X ! Y is
injective, so is Np(X ) ! X ! Y [30, 7.3], [31, 3.5].

The secondpart of the lemma is [65, 6.6, 6.7].
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We now addressN -determinism of automorphismsof product p-compact
groups. Let X 1 and X 2 be p-compact groups and

X 1 � 1
//X 1 � X 2

� 1oo � 2 //X 2� 2
oo

the natural projections and inclusions.

9.3. Lemma. Let f : X 1 � X 2 ! X 1 be a p-compact group morphism
such that f �1 : X 1 ! X 1 is an isomorphism and f � 2 : X 2 ! X 1 is trivial.
Then f is conjugate to f � 1� 1.

Proof. We want to show that the adjoint of B f , mapping B X 2 to
map(B X 1; B X 1)B (f � 1 ) which is a space homotopy equivalent [31, 1.3] to
B Z (X 1), is null-homotopic. But this follows immediately from (9.1) since
composition with the evaluation monomorphism to B X 1 gives the null-
homotopic map B f � B �2.

9.4. Pr oposition. Let X 1 and X 2 be two connected p-compact groups
with N -determined automorphisms. Then also the product p-compact group
X 1 � X 2 has N -determined automorphisms.

Proof. Let f be an automorphism of X 1 � X 2 under the product N1 � N2
of the two maximal torus normalizers.The morphism � 1f �1 : X 1 ! X 1 is an
isomorphism for [69, 3.7], [31, 4.7] it is a rational equivalence[30, 9.7] and a
monomorphism (9.2). As also � 1f �2 : X 2 ! X 1 is trivial by (9.2), it follows
from (9.3) that � 1f is conjugate to � 1f �1� 1. Similarly, � 2f is conjugate to
� 2f �2� 2 and thus f is conjugate to the product morphism f 1 � f 2 where
f 1 = � 1f �1 and f 2 = � 2f �2. Thus N (f ) = N1(f 1) � N2(f 2) and, since X 1

and X 2 have N -determined automorphisms, it follows that f 1 and f 2 are
conjugate to identit y morphisms.

Next, we addressN -determinism of products. This is basedon a slight
reformulation of the Splitting Theorem [32, 6.1], [80].

9.5. Theorem. Assumethat p is odd. Let X be a connected p-compact
group and i : T ! X a maximal torus with normalizer j : N ! X . For any
decomposition N

�=�! N1 � N2 of N into a product of two extended p-compact
tori , N1 and N2, there exist p-compact groups, X 1 and X 2, and an isomor-
phism s: X ! X 1 � X 2 such that

N

j
��

�= //N1 � N2

j 1 � j 2

��
X s

�= //X 1 � X 2

commutes up to conjugacy where j 1 : N1 ! X 1 and j 2 : N2 ! X 2 are nor-
malizers of maximal tori.
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Proof. Write N i , i = 1; 2, asan extensionTi ! N i ! Wi of a p-compact
torus Ti and a �nite group Wi . Then the Weyl group W = � 0(N ) of X is
isomorphic to W1 � W2 and Wi acts [32, 6.3] asa re
ection group on � 1(Ti ) 

Q. According to [32, 6.1], the splitting � 1(T) �= � 1(T1) � � 1(T2) as a W �=
W1 � W2-module can be realized by a p-compact group splitting s: X !
X 1 � X 2. This meansthat if N (s) : N ! N 0

1 � N 0
2, wherej 0

i : N 0
i ! X i is the

normalizer of the maximal torus Ti ! X i , i = 1; 2, is the lift [65, 5.1] of
s, then the discrete approximation [31, 3.12] �N (s) to N (s) determines an
isomorphism

0 // �T //

�T (s)
��

�N //

�N (s)
��

W

W (s)
��

//1

0 // �T1 � �T2
//N 0

1 � N 0
2

//W1 � W2 //1

of short exact sequenceswhere �T(s) is the given splitting �T �= �T1 � �T2 and
W (s) the given splitting W �= W1 � W2. Relative to the given splitting
�N �= �N1 � �N2, the middle isomorphism �N (s) takes �N1 � �N2 isomorphically

to �N 0
1 � �N 0

2. The composite

�N1
� 1�! �N1 � �N2

�N (s)
� � � ! �N 0

1 � �N 0
2

� 0
2� ! �N 0

2;

where �1 is the injection and � 0
2 the projection, can be factored through a

homomorphism W1 ! �T2 as it restricts to the trivial morphism �T1 ! �T2.
Since p is assumedto be odd, any such homomorphism is trivial for the
re
ection group W1 is generatedby elements of order prime to p. This implies
that �N (s) : �N1 � �N2 ! �N 0

1 � �N 0
2 is the product of two isomorphisms, �N1 !

�N 0
1 and �N2 ! �N 0

2. Let j i , i = 1; 2, be the composite of this isomorphism
�N i ! �N 0

i with j i : �N 0
i ! X i .

The assumption that p should be odd is presumably not essential.

9.6. Pr oposition. The product of two connected N -determined p-com-
pact groups is N -determined when p > 2.

Proof. This is immediate from the commutativ e diagram

N1 � N2

xxqqq
qqq

qqq
qq

j 0
$$HH

HHH
HHH

HH

))TTTTTTTTTTTTTTT

X 1 � X 2 X 0
s

�= //X 0
1 � X 0

2

where X 0 is any p-compact group with maximal torus normalizer j 0 and s
the splitting isomorphism from (9.5). For if X 1 and X 2 are N -determined,
we get isomorphismsf 1 : X 1 ! X 0

1 and f 2 : X 2 ! X 0
2 under N1 and N2, re-

spectively, and s� 1 � (f 1 � f 2) is then an isomorphism X 1 � X 2 ! X 0 under
N1 � N2.
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The next step is to generalize (9.4) and (9.6) to possibly non-trivial
extensions.

9.7. Theorem. Let Y ! G ! X be a short exact sequence of connected
p-compact groups.

(1) If the adjoint forms PX and PY haveN -determined automorphisms,
so does G.

(2) If the adjoint forms PX and PY are N -determined and p > 2, so
is G.

Since a connectedp-compact group has N -determined automorphisms
or is N -determined provided this holds for its adjoint form [66, 4.8, 7.10],
the proof of the above theorem is an immediate consequenceof (9.4, 9.6)
and the lemma below.

9.8. Lemma. Let Y ! G ! X be an extension of connected p-compact
groups. Then

(1) G is locally isomorphic [65, 2.7] to X � Y , and
(2) the adjoint form PG is isomorphic to PX � PY .

Proof. Let SX denote the universal covering p-compact group and S =
Z (X )0 the identit y component of the center of X . Let Y ! E1 ! SX � S be
the extensionobtained by pulling back along the isogeny [69, 5.4] SX � S !
X . Since[64, 3.2, 3.3, 3.4] the projection of SX � S to S inducesa bijection

Ext( S;Y )
�=�! Ext( SX � S;Y )

of equivalenceclassesof extensions,the p-compactgroup E1, which is locally
isomorphic to G, is isomorphic to SX � E2 for someextensionY ! E2 ! S
of the p-compact torus S by Y . By [64, 2.6], E2 is locally isomorphic to
S � Y and henceG is locally isomorphic to SX � S � Y , which is locally
isomorphic to X � Y .

Any connectedp-compact group has the sameadjoint form as its uni-
versal covering p-compact group (4.6). Hence

PG �= P(SX � SY) �= PX � PY:

9.9. Example. Since[64, 3.3, 3.4]

Ext (PU( p); SU(p)) = [BPU(p); B2Z (SU(p))] = H 2(BPU(p); Z=p)

= Hom(Z=p;Z=p) = Z=p

there are p equivalenceclassesof extensionsof PU(p) by SU(p) in the cate-
gory of p-compact groups. However, since the local isomorphism system of
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the p-compact group SU(p) � SU(p) [65, p. 217]

SU(p) � PU(p)
,,XXXXX

SU(p) � SU(p)

22fffff

,,XXXXX PU(p) � PU(p)

SU(p) o PU(p)

22fffff

consistsof very few p-compact groups, we seefrom (9.10) that the middle
p-compact group in any of theseextensionsmust be isomorphic to either the
direct product SU(p) � PU(p) or the semidirect product SU(p) o PU(p) for
the conjugation action of PU(p) on SU(p). All the p-compact groups locally
isomorphic to SU(p) � SU(p) are totally N -determined. The automorphism
groups are, for instance,

Out(SU(p) � PU(p)) = Z �
p � Z �

p;

Out(SU(p) o PU(p)) �= f (u; v) 2 Z �
p � Z �

p j u � v mod pg o Z=2;

where Z=2 permutes the coordinates. Formulas like these follow from (5.1)
in combination with [65, 4.3] and [62, 3.5].

9.10. Lemma. For any short exact sequence Y ��! G ��! X of connected
p-compact groups there exists a corresponding short exact sequence Z (Y ) !
Z (G) ! Z (X ) of centers. In particular , Y and G have isomorphic centers
if X is centerless.

Proof. Let z : Z (Y ) ! Y bethe center of Y . In the commutativ ediagram

map(B Z (Y ); B Y )B z

'

��

//map(B Z (Y ); B G)B ( �z )

��

//map(B Z (Y ); B X )B 0

'

��
B Y //B G //B X

the horizontal lines are �bration sequencesand the vertical arrows are evalu-
ation maps.Note that the middle arrow is a homotopy equivalencesincethe
outer two arrows arehomotopy equivalences.This shows that �z : Z (Y ) ! G
is central and by naturalit y we obtain [30, 8.3] a short exact sequence

PY ! G=Z (Y ) ! X

of p-compact groups. This extension is equivalent to the trivial extension
[64, 3.4] sincePY is centerless [69, 4.7], [31, 6.3]. Thus G=Z (Y ) �= PY � X
and

Z (G)=Z (Y ) �= Z (G=Z (Y)) �= Z (PY � X ) �= Z (X )

by [69, 4.6(4)].

10. Maximal rank subgroups of DI 2. This sectioncontains somegen-
eral theory for monomorphismsbetweenp-compact groups and it is shown
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that DI 2 contains essentially unique copiesof each of the 3-compact groups
SU(2) � SU(2), U(2), Spin(5), SU(3), PU(3), and G2.

Recall from the previous section that BDI 2 is the homotopy colimit (at
p = 3) of a diagram of the form

(10.1) BSU(3)(Z =2)op
88 B T(SU(3)) W opff

W (SU(3)) op nW op
oo

where Z=2 acts on BSU(3) as f  � 1g and W , the Weyl group of DI 2, is the
subgroup of GL(2; Zp)

W = W (DI 2) = hW (SU(3)); W (PU(3)) i = h� ; � ; � E i

generatedby the Weyl groups of SU(3) and PU(3) or, alternatively, by the
matrices

� =

 
0 � 1

1 � 1

!

and � =

 
0 � 1

� 1 0

!

together with scalar multiplication with � 1. The semidirect product
�N (DI 2) = �T o W

where �T = �T(SU(3)) is (3.12) the discrete approximation to the maximal
torus normalizer N (DI 2) for DI 2.

We start our investigation of maximal rank subgroupsof DI 2 with some
generalremarks.

Let X 1 and X 2 be two connectedp-compactgroupsof the samerank. Let
j 1 : N1 ! X 1 and j 2 : N2 ! X 2 be normalizers of maximal tori i 1 : T1 ! X 1

and i 2 : T2 ! X 2.
Consider the map [67, 3.11]

(10.2) N : Mono(X 1; X 2) ! Mono(N1; N2)

that to any conjugacyclassof a monomorphism f : X 1 ! X 2 associates the
unique conjugacy classN (f ) : N1 ! N2 such that

N1
N (f ) //

j 1

��

N2

j 2

��
X 1 f

//X 2

commutes up to conjugacy. Here, Mono(X 1; X 2) � [B X 1; B X 2] denotesthe
set of conjugacyclassesof monomorphismsof X 1 into X 2 and Mono(N1; N2)
denotesthe set of conjugacy classesof maps B N1 ! B N2 inducing mono-
morphisms on � 1 and isomorphisms on � 2. Note that if �N1 ! N1 and
�N2 ! N2 are discrete approximations then

[B �N1; B �N2] = [B N1; B N2]



66 J. M. M�ller

so that
Mono(N1; N2) = Mono( �N1; �N2)= �N2

consists of conjugacy classesof monomorphisms of �N1 into �N2. For any
monomorphism f 2 Mono(X 1; X 2), we let �N (f ) 2 Mono( �N1; �N2), deter-
mined up to conjugacy, denote any discrete approximation to N (f ).

10.3. Definition. The monomorphism f 2 Mono(X 1; X 2) is N -deter-
mined if the subsetN � 1(N (f )) of Mono(X 1; X 2) consistsof f alone.

Let W1 = � 0(N1) and W2 = � 0(N2) denote the Weyl groups.

10.4. Example. If p - jW1j, then all monomorphismsare N -determined.
Indeed, it is not di�cult to seethat (10.2) is bijective in this case.

In caseX 1 = X 2, the map (10.2) is the homomorphism N : Out(X 1)
! Out( N1) previously encountered. We say that X 1 has N -determined
monomorphismsif this map is injective; if X 1 is totally N -determined then
N is a bijection. Note that (10.2) is equivariant in the sensethat there is a
commutativ e diagram

Mono(X 1; X 2) � Out( X 1)

N � N
��

//Mono(X 1; X 2)

N
��

Mono(N1; N2) � Out( N1) //Mono(N1; N2)

relating group actions on setsof monomorphisms.
Let G and H be groups. Write f G > H g for the set of conjugacy classes

of subgroupsabstractly isomorphic to H of G.

10.5. Pr oposition. Let i : X 1 ! X 2 be a monomorphism between the
two p-compact groupsX 1 and X 2 of the samerank. Then the Euler charac-
teristic � (X 2=iX 1) = jW2 : W1j and if

� i is N -determined,
� X 1 is total ly N -determined,
� f �N2 > �N1g is a one-point set,

then the action Mono(X 1; X 2) � Out(X 1) ! Mono(X 1; X 2) is transitive and
all monomorphismsof X 1 into X 2 are N -determined.

Proof. The �rst part is [67, 3.11].For the secondpart, note �rst that for
any � 2 Out( X 1), i� is an N -determined monomorphism. Supposenamely
that N (f ) = N (i� ) = N (i )N (� ) for some monomorphism f : X 1 ! X 2.
Then N (f � � 1) = N (f )N (� ) � 1 = N (i ), so f � � 1 = i and therefore f = i� .

Let now f : X 1 ! X 2 be any monomorphismand �N (f ) : �N1 ! �N2 a rep-
resentativ e for the conjugacyclassN (f ). Since �N2 contains but a singlecopy
of �N1 up to conjugacy and X 1 is totally N -determined, �N (f ) = �N (i ) �N (� )
for someautomorphism � of X 1. Then �N (f ) = �N (i� ) and f = i� .
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The third condition is satis�ed in case �N1 = �T1 o W1, �N2 = �T2 o W2 are
semidirect products and the set f W1 > W2g is a one-point set.

10.6. Definition. For a monomorphism f : Y ! X of p-compact
groups, let WX (f ), or WX (Y ), the Weyl group of f , denote the compo-
nent group of the Weyl spaceWX (Y ) [32, 4.1, 4.3].

10.7. Pr oposition. Let f : Y ! X be a monomorphism of p-compact
groups.

(1) If the homomorphism � 0(Z (Y )) ! � 0(CX (Y )) induced by f is sur-
jective, then the Weyl group WX (Y ) is the isotropy subgroup Out(Y ) f for
the action of Out( Y ) on f 2 Mono(Y; X ):

(2) If f is centric [28], then there is a short exact sequence of loop spaces
[30, 3.2] Y ! NX (Y ) ! WX (Y ) where NX (Y ) is the normalizer of f [32,
4.4].

Proof. The monomorphism f determinesa �bration

WX (Y ) !
a

f � � ' f

map(B Y; B Y)B �
B f
� � ! map(B Y; B X )B f

where the components of the total spaceare indexed by the isotropy sub-
group Out(Y ) f and the �b er is the Weyl space.The assumptions of the
proposition assurethat the inclusion of the �b er into the total spaceis a
bijection on � 0. If we make the additional assumption that f be centric, the
Weyl spacebecomeshomotopically discrete and the exact sequenceof the
proposition is the one from [32, 4.6]

10.8. Lemma. Suppose that i : X 1 ! X 2 is a monomorphism and let
N (i ) 2 Mono(N1; N2) be the induced monomorphism of normalizers. Then
the stabilizer subgroup Out(N1)N (i ) of N (i ) is isomorphic to the quotient
group NW2 (W1)=W1.

Proof. Note that there is an epimorphism

N �N2
( �N1)= �N1 � (Aut( �N1)= �N1)N (i ) = Out( N1)N (i )

givenby conjugation by elements of �N2 normalizing �N1. This homomorphism
is actually also injective, hence bijective, for if conjugation by, say, n2 2
N �N2

( �N1) agreeswith conjugation by someelement n1 2 �N1, then n1 and n2

have the sameimage in W2, so that n2 belongsto �N1. This follows because
the Weyl groupsof the connectedp-compactgroupsX 1 and X 2 are faithfully
represented in their maximal tori. Consequently,

Out( N1)N (i )
�= N �N2

( �N1)= �N1

and this last group is isomorphic to the quotient group N W2 (W1)=W1 by the
projection �N2 � W2.
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10.9. Pr oposition. Let i : X 1 ! X 2 be an N -determined monomor-
phism between the two p-compact groups X 1 and X 2 inducing an epimor-
phism � 0(Z (X 1)) ! � 0(CX 2 (X 1)) . Then

WX 2 (X 1) = NW2 (W1)=W1

provided X 1 is total ly N -determined.

Proof. The assumptionsimply that the Weyl group WX 2 (X 1) is isomor-
phic to the stabilizer subgroup Out(X 1) i which again is isomorphic to the
stabilizer subgroup Out( N1)N (i ) for the action

Mono( �N1; �N2)= �N2 � Aut( �N1)= �N1 ! Mono( �N1; �N2)= �N2

of Out(N1) on N (i ) 2 Mono(N1; N2). Now apply (10.8).

10.10. Example. By (10.4), the inclusion �T o h� � i � �T o W is real-
izable by an N -determined monomorphism i : U(2) ! DI 2. The monomor-
phism i is centric (becauseB U(2) = B ThZ =2 and the centralizer CU(2) (T) �=
T �= CDI 2 (T)) so (10.5, 10.7, 10.9)

� (DI 2=U(2)) = 24 and WDI 2 (U(2)) �= Z (W )

and Out(U(2)) acts transitiv ely on Mono(U(2) ; DI 2) becausef �T o W >
�T o h� � ig is a one-point set.

10.11. Example. Similarly, f W > Z=2� Z=2g is a one-point set,sothere
is an essentially unique monomorphism i : SU(2) � SU(2) ! DI 2 realizing
the inclusion of �T o (Z=2 � Z=2) into �T o W . The monomorphism i is
N -determined, centric, and

� (DI 2=SU(2) � SU(2)) = 12 and WDI 2 (SU(2) � SU(2)) �= Z (W )

and Out(SU(2) � SU(2)) acts transitiv ely on Mono(SU(2) � SU(2); DI 2).

10.12. Example. Also f W > D 8g = f D8g, where D8 is the dihe-
dral group of order 8. It follows that there exists a unique monomorphism
i : Spin(5) ! DI 2 realizing the inclusion �T o D8 � �T o W . This monomor-
phism is centric (becauseB Spin(5) and B ( �T o D8) are H � F3-equivalent),
so

� (DI 2=Spin(5)) = 6 and WDI 2 (Spin(5)) �= Z (W )

and Out(Spin(5)) acts transitiv ely on Mono(Spin(5); DI 2).

In a situation wherea pair of monomorphismsG ! X 1 and G ! X 2 are
given, let us write mapB G(B X 1; B X 2) for the spaceof maps B X 1 ! B X 2

under B G up to homotopy.

10.13. Lemma. Let z : Z ! X 1 be a central monomorphism and i :
X 1 ! X 2 any monomorphism inducing an isomorphism X 1

�= CX 1 (z) !
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CX 2 (f � z). Then f induces a homotopy equivalence

mapB Z (B X 1; B X 1) ! mapB Z (B X 1; B X 2)

of mapping spaces.

Proof. The spacesB CX 1 (z) = map(B Z; B X 1)B z and B CX 2 (f � z) =
map(B Z; B X 2)B (f � z) are X 1=Z -spacesand B Cf (Z ) :B CX 1 (z) ! B CX 2 (f � z)
is an X 1=Z -map inducing a map

mapB Z (B X 1; B X 1) = B CX 1 (z)h(X 1 =Z )

! B CX 2 (f � z)h(X 1 =Z ) = mapB Z (B X 1; B X 2)

of homotopy �xed point spaces.If Cf (z) is an isomorphism, then this map
is a homotopy equivalence.

This happensfor instance for V ! CX (V ) ! X so that

mapB V (B CX (V ); B CX (V )) ' mapB V (B CX (V ); B X )

for any connectedp-compact group X , any elementary abelian p-group V ,
and any monomorphism V ! X .

10.14. Example. Let i : SU(3) ! DI 2 denotethe monomorphismarising
in the construction (10.1) of BDI 2 as a homotopy colimit. By (10.13), B i
inducesa homotopy equivalence

mapBZ =3(BSU(3); BSU(3)) ! mapBZ =3(BSU(3); BDI 2)

where Z=3 ! SU(3) is the center, and thus a bijection

Out+ (SU(3)) ! Mono(SU(3); DI 2);

where Out+ (SU(3)) consistsof the unstable Adams operations  u indexed
by units u 2 Z �

3 with u � 1 mod 3. We obtain a commutativ e diagram

Out+ (SU(3))
�= //

N �=
��

Mono(SU(3); DI 2)
��
N

��
Out( �T o W (SU(3))) =W(SU(3)) //Mono( �T o W (SU(3)); �T o W )=W

and using (10.8) we seethat the kernel of the composition going down and
then right is trivial. Thus i is N -determined and [28, 4.2] centric. Conse-
quently,

� (DI 2=SU(3)) = 8 and WDI 2 (SU(3)) �= Z (W );

Out(SU(3)) acts transitiv ely on Mono(SU(3); DI 2), and all monomorphisms
of SU(3) into DI 2 are N -determined.

10.15. Example. Similarly, the monomorphism i : SU(3) ! G2 arising
in the construction (7.12) of B G2 as a homotopy colimit is N -determined
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and centric. Also, Out(SU(3)) acts transitiv ely on Mono(SU(3); G2) with
stabilizer subgroup WG2 (SU(3)) = f� Eg, and � (G2=SU(3)) = 2.

10.16. Example. The inclusions of the maximal torus and of SU(3)
into DI 2 constitute a homotopy coherent set of maps out of the centralizer
diagram (7.10) for B G2 into B DI 2. Observing that both maps are centric
one sees�rst that the Wojtk owiak obstruction groups vanish according to
(13.7) and next that the resulting map B G2 ! B DI 2 is a centric monomor-
phism realizing the inclusion �T o W (G2) ! �T o W (G2) of maximal torus
normalizers. As also f W > W (G2)g = f W (G2)g, we concludethat

� (DI 2=G2) = 4 and WDI 2 (G2) �= f 1g

and that Out(G2) acts transitiv ely on Mono(G2; DI 2).

10.17. Example. BPU(3) is the homotopy colimit of a diagram of the
form

BVSL(V )op ;;
Sop

3 n SL(V )op
//B N3

Z =2

[[ B T W (PU (3)) opcc
Sop

3 nW (PU(3)) op
oo

where S3 is a Sylow 3-subgroupof SL(V ) and N3 is the 3-normalizer of the
maximal torus. There is a canonical map B N3 ! BDI 2 becauseN3 is also
the 3-normalizer of the maximal torus of DI 2. This map B N3 ! BDI 2 is
centric and it respects the mapsof the above diagram up to homotopy. The
obstructions to extending B N3 ! BDI 2 to a map BPU(3) ! BDI 2 lie in
the higher limits of the A (PU(3))-mo dule

� � (B T(DI 2))SL(V ) 88 � � (BZ3)

Z =2

ZZSL(V )=S3

oo
W (PU(3)) =S3

// � � (B T) W (PU(3))ff

which vanish completely (13.7). (We are here implicitly using computations
of mapping spaceslike map(B V; BDI 2)B i = B T(DI 2).) Thus there exists
a unique homotopy class B i : BPU(3) ! BDI 2 extending the inclusion of
the 3-normalizer. Also, the restriction of i to the 3-normalizer of the max-
imal torus is a monomorphism, so i itself is a monomorphism (9.2), and
i is centric becausethe Bous�eld{Kan spectral sequence[14, XI.7.1] for
map(BPU(3); BDI 2)B i shows that this mapping spaceis weakly contractible.
As also f �T o W > �T o W (PU(3)) g is a one-point set and PU(3) is totally
N -determined (5.1), (10.5, 10.7, 10.9) show that

� (DI 2=PU(3)) = 8 and WDI 2 (PU(3)) = Z (W )

and that the group Out(PU(3)) acts transitiv ely on the setMono(PU(3); DI 2)
of conjugacy classesof monomorphisms.
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In view of [10], which says that any connected,closedsubgroup of max-
imal rank of a compact connectedLie group is the normalizer of its center,
this example is somewhatsurprising.

There is no monomorphismof PU(3) into G2 for A (PU(3))( V ) = SL(V )
(5.10) is too big to be a subgroup of A (G2)(V ) = � 3 � Z=2 (7.10). Indeed,
no non-trivial compact, connected Lie group admits a proper, centerless
subgroup of maximal rank [10].

The next example describes the normalizers of the elementary abelian
subgroups of DI 2. Strictly speaking, these normalizers are not 3-compact
groups, but rather extended 3-compact groups, in that their component
groups are not 3-groups.

We start with a generalobservation.

10.18. Pr oposition. Let � : V ! X be a monomorphismof an elemen-
tary abelian p-group V into a p-compact group X .

(1) There is a short exact sequence of groups

1 ! � 0(CX (� )=V) ! WX (� ) ! A (X )( � ) ! 1

where CX (� )=V is the standard quotient [30, 8.3].
(2) There is a short exact sequence of loop spaces

CX (� ) ! NX (� ) ! A (X )( � )

where NX (� ) is the normalizer of � [32, 4.4].

Proof. AssumingB � : B V ! B X to be a �bration, considerthe induced
�bration

WX (� ) !
a

f 2 A (X )( � )

map(B V; B V )B f
B �
� �! map(B V; B X )B �

wherethe �bre is the Weyl space[32, 4.1] of � and the components, each one
homotopy equivalent to B V , of the total spaceare indexed by the automor-
phism group of � in the Quillen category. The homotopy exact sequencesof
this �bration and of its sub�bration

CX (� )=V ! B V ! B CX (� )

give the exact sequenceof groupsand show that B (CX (� )=V) is the regular
covering spaceof B WX (� ) corresponding to � 0(CX (� )=V) � WX (� ). Thus
there is a pull-back diagram

B CX (� ) //

��

B NX (� )

��
B (CX (� )=V) //B WX (� )

where the horizontal maps are regular covering spaces.
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10.19. Example. For any monomorphism� : Z=3 ! DI 2 there is (10.18)
a short exact sequenceof loop spaces

SU(3) ! NDI 2 (� ) ! Z (W )

where Z (W ) �= Z=2 acts on SU(3) as f  � 1g. Thus

NDI 2 (� ) = SU(3) o Z (W )

where B (SU(3) o Z (W )) denotesthe total spaceof the unique [64, 3.3, 3,7]
B SU(3)-�bration over B Z (W ) realizing the given monodromy action. (It
is not essential in [64, x3] that the component group � 0(X ) be a p-group.)
Since the homotopy �xed point spaceB Z (SU(3)) hZ (W ) is contractible, the
inclusion �T o W (SU(3)) � SU(3) extendsuniquely to a short exact sequence
morphism

�T o W (SU(3))
��

��

//N �T o W (� )

��

//Z (W )

SU(3) //NDI 2 (� ) //Z (W )

where N �T o W (� ) = �T o W (� ) = �T o (W (SU(3)) � Z (W )).
For any monomorphism� : (Z=3)2 ! DI 2 there is a short exact sequence

of loop spaces
T ! NDI 2 (� ) ! W

so NDI 2 (� ) is an extendedp-compact torus with �T o W as discrete approx-
imation [31, 3.12].

10.20. Example. The normalizers of the 3-compact subgroups of DI 2

are (10.7(2))

NDI 2 (G2) = G2 and NDI 2 (X ) = X o Z (W )

for X = U(2); SU(2) � SU(2); Spin(5); SU(3); PU(3) where Z (W ) acts on X
as f  � 1g. In each casethere is a unique short exact sequencemorphism
connecting the normalizer in �T o W of NX (T) and the normalizer in DI 2 of
X . For X = PU(3), for instance, the picture is

�T o W (PU(3))
��

��

//N �T o W ( �T o W (PU(3)))

��

//Z (W )

PU(3) //NDI 2 (PU(3)) //Z (W )

where N �T o W ( �T o W (PU(3))) = �T o (W (PU(3)) � Z (W )). It seemslikely
that this is another instance of N -determinism.

11. Free Zp-mo dules and p-discrete tori. Nearly all material of this
section is present, in one form or another, in [75].
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A Zp-module which is isomorphic to Z r
p for some�nite r will be called

a Zp-lattice, and a Zp-module which is isomorphic to (Z=p1 )r = (Qp=Zp)r

for some�nite r will be called a Zp-torus.
Let �T and L denote the endo-functors of the category Ab of abelian

groups given by
�T = Z=p1 
 � and L = Hom(Z=p1 ; � ):

Then HomAb ( �T(A); B ) = HomAb (A; L (B )) so ( �T ; L ) is a pair of adjoint
functors. The left adjoint functor �T is right exact, �T vanisheson �nite Zp-
modules, turns Zp-lattices into Zp-tori, and its left derived functor �T1 =
Tor(Z=p1 ; � ) preserves �nite Zp-modules and vanisheson Zp-lattices. The
right adjoint functor L is left exact, L vanisheson �nite Z p-modules, turns
Zp-tori into Zp-lattices, and its right derived functor L 1 = Ext( Z=p1 ; � )
preserves�nite Zp-modules and vanisheson Zp-tori. In symbols:

�T(0 ! S ! L ! H ! 0)

= (0 ! �T1(L ) ! �T1(H ) ! �T(S) ! �T(L ) ! �T(H ) ! 0);

L (0 ! H ! �T ! �P ! 0)

= (0 ! L (H ) ! L ( �T) ! L ( �P) ! L 1(H ) ! L 1( �T) ! 0);

where S is a Zp-lattice, �P is a Zp-torus, and L , H , and �T are Zp-modules.
In fact the pair ( �T ; L ) provides adjoint equivalences[14, p. 181]betweenthe
full subcategoriesof (the underlying abelian groups of) Z p-lattices and (the
underlying abelian groups of) Zp-tori.

A ZpW -module whoseunderlying Zp-module is a Zp-lattice will becalled
a ZpW -lattice, and a ZpW -module whoseunderlying Zp-module is a Zp-torus
will be called a ZpW -torus.

11.1. Definition [75, 1.1.4, 1.1.5]. For a Z pW -lattice L and a ZpW -
torus �T, put

SL = ker(L ! H 0(W ; L)) ; PL = L(P �T(L )) ;

P �T = coker(H 0(W ; �T) ! �T); S �T = �T(SL( �T )) :

In plain language,SL is simply the Z pW -submodule of L generatedby
the union of the subsets(1� w)L , w 2 W , and �T(PL) is the quotient of �T(L )
by the invariants �T(L )W for the W -action. We have short exact sequences

(11.2)
0 ! SL ! L ! H 0(W ; L) ! 0;

0 ! H 0(W ; �T(L )) ! �T(L ) ! �T(PL) ! 0

de�ning SL and PL. (SL could perhapsbe called the root lattice and PL
the weight lattice of L .)

It simpli�es matters a great deal to assumethat W is generatedby ele-
ments of order prime to p (as are Zp-re
ection subgroupsfor odd primes p).
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11.3. Lemma. Suppose that W is generated by elementsof order prime
to p. Then H 1(W ; H ) = 0 = H 1(W ; H ) for any Zp-module H with trivial
W -action.

Proof. Observethat the abelianization H 1(W ; Z) is a �nite abelian group
generatedby elements of order prime to p and apply universalcoe�cien ts.

11.4. Lemma. Let L be a ZpW -lattice.

(1) The Zp-module homomorphismH 0(W ; L) ! L is split injective and
the Zp-module homomorphisms �TH 0(W ; L) ! H 0(W ; �T(L )), H 0(W ; L) !
H0(W ; L) are injective.

(2) coker(H 0(W ; L) ! H0(W ; L)) is �nite.
(3) H 0(W ; SL) = 0 = H 0(W ; �T(SL)) and H 0(W ; SL) is �nite. If W is

generated by elementsof order prime to p, then H 0(W ; SL) = 0.
(4) The Zp-module homomorphism �T(L ) ! H0(W ; �T(L )) is split sur-

jective and the Zp-module homomorphisms H 0(W ; L) ! LH 0(W ; �T(L )),
H 0(W ; �T(L )) ! H0(W ; �T(L )) are surjective.

(5) ker(H 0(W ; �T(L )) ! H0(W ; �T(L ))) is �nite.
(6) H0(W ; �T(PL)) = 0 = H 0(W ; PL) and H 0(W ; �T(PL)) is �nite. If

W is generated by elementsof order prime to p, then H 0(W ; �T(PL)) = 0.
(7) H 0(W ; L) �= LH 0(W ; �T(L )) and H 0(W ; �T(L )) �= �TH0(W ; L).
(8) H 0(W ; L) = 0 , H 0(W ; L) is �nite , H 0(W ; �T(L )) = 0 ,

H 0(W ; �T(L )) is �nite.
(9) H0(W ; L) = 0 , H 0(W ; �T(L )) = 0 = H 1(W ; �T(L ))

, H0(W ; L 
 Z p Z=p) = 0.
(10) H 0(W ; �T(L )) = 0 , H 0(W ; L) = 0 = H 1(W ; L)

, H 0(W ; Hom(Z=p; �T(L ))) = 0:

Proof. The inclusion H 0(W ; L) � L has a right inverse becauseits
cokernel is a torsion-free, hencefree, Z p-module. Then also �TH 0(W ; L) !
H 0(W ; �T(L )) � �T(L ) is injective by functorialit y. Since the �rst homology
group H1(W ; L=H 0(W ; L)) is �nite, the long exact coe�cien t sequencein
homologyshows that H 0(W ; L) ! H0(W ; L) is injective. The QpW -module
L 
 Qp contains H 0(W ; L 
 Qp) as a direct summand,soH 0(W ; L 
 Qp) �
H0(W ; L 
 Qp), and it contains H 0(W ; L 
 Qp) as a direct summand, so
H0(W ; L 
 Qp) � H 0(W ; L 
 Qp). Thus the vector spacesH 0(W ; L) 

Qp

�= H 0(W ; L 
 Qp) and H0(W ; L) 
 Qp
�= H0(W ; L 
 Qp) have the same

dimension.This shows that the cokernel of the monomorphismH 0(W ; L) �
H0(W ; L) is �nite. Apply the left exact functor H 0(W ; � ) to (11.2) and,
using (1), conclude that H 0(W ; SL) = 0. Apply the right exact functor to
(11.2) and conclude that H 0(W ; SL) is �nite (and, using (11.3), trivial if
W is generatedby elements of order prime to p). This provesthe �rst three
items and the next three are proved in a dual fashion. For (7), take the
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short exact sequence0 ! Zp ! Qp ! Z=p1 ! 0 of Zp-modules. Apply
H0(W ; � ) � (L 
 � ) and H 0(W ; L) � � to it and comparethe results

H0(W ; L) //H0(W ; L 
 Qp) //H0(W ; �T(L )) //0

H0(W ; L) //H0(W ; L) 
 Qp //

�=

OO

�TH0(W ; L) //

OO

0

to see that �TH0(W ; L) �= H0(W ; �T(L )). Dually, compare the values of
H 0(W ; � ) � Hom(� ; �T(L )) and Hom(� ; H 0(W ; �T(L ))) applied to the same
short exact sequenceand conclude that H 0(W ; L) and LH 0(W ; �T(L )) are
isomorphic. Combine these isomorphisms with (2) and (5) to obtain (8).
To get the formulas of (10) and (11.4), simply apply the right exact func-
tor H0(W ; � ) to the short exact sequence0 ! L

�p
�! L ! L 
 Z=p ! 0

and the left exact functor H 0(W ; � ) to the short exact sequence0 !
Hom(Z=p; �T ) ! �T

�p
�! �T ! 0 where L 
 Z=p= Hom(Z=p; �T ).

From the commutativ e diagrams with exact rows

0 //SL //L //H0(W ; L) //0

0 //SL //SL � H 0(W ; L)
OO

OO

//H 0(W ; L)

hhQQQQQQQQ OO

OO

//0

0 //H 0(W ; �T(L ))

����

// �T(L )

����

//

uuk k k k k k k k k
�T(PL) //0

0 //H0(W ; �T(L )) //H0(W ; �T(L )) � �T(PL) // �T(PL) //0

the Snake Lemma producesexact sequencesof Z pW -modules

(11.5)

0 ! SL � H 0(W ; L) ! L ! � (L ) ! 0;

0 ! � (L ) ! �T(SL) � �TH 0(W ; L) ! �T(L ) ! 0;

0 ! �� (L ) ! �T(L ) ! H0(W ; �T(L )) � �T(PL) ! 0;

0 ! L ! LH 0(W ; �T(L )) � PL ! �� (L ) ! 0;

where � (L ) and �� (L ) are the �nite groups de�ned by the short exact se-
quences

0 ! H 0(W ; L) ! H0(W ; L) ! � (L ) ! 0;(11.6)

0 ! �� (L ) ! H 0(W ; �T(L )) ! H0(W ; �T(L )) ! 0(11.7)

of abelian groups. We have thus constructed functors
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�s : ZpW -mo d ! (ZpW -mo d) � �!� ;

s : ZpW -mo d ! (ZpW -mo d) �!� � ;

�s(L ) = ( �T (SL) � � (L )
' (L )
� � � ! �TH 0(W ; L)) ;

s(L ) = (PL � �� (L )
�' (L )

 � � � LH 0(W ; �T(L )))

from the categoryof ZpW -modulesinto the categoryof push-out (pull-back)
diagrams of ZpW -modules. Sincewe can recover L from the value of these
functors in that colim �s(L ) = �T(L ) and L = lim s(L ), the classi�cation of
ZpW -moduleshasbeenreducedto the classi�cation of Z pW -modulesL with
� (L ) = 0 or �� (L ) = 0.

11.8. Lemma. Let L be a ZpW -lattice and assumethat W is generated
by elementsof order prime to p.

(1) � (PL) = H 0(W ; PL), �� (SL) = H 0(W ; �T(SL)), �� (PL) = 0 =
� (SL), and � (PL) �= �� (SL).

(2) � (L ) ! H 0(W ; �T(SL)) = �� (SL) is injective and � (PL) = H 0(W ; PL)
! �� (L ) is surjective.

(3) 0 ! H0(W ; L) ! LH 0(W ; �T(L )) � � (PL) ! �� (L ) ! 0 is an exact
sequence.

(4) 0 ! � (L ) ! �� (SL) � �TH 0(W ; L) ! H 0(W ; �T(L )) ! 0 is an exact
sequence.

(5) SSL = SL = SPL and PPL = PL = PSL.
(6) � (L ) = 0 , SL � H 0(W ; L) = L and �� (L ) = 0 , L = LH 0(W ; �T(L ))

� PL .
(7) If H 0(W ; L) = 0, then � (L ) = H 0(W ; L), �� (L ) = H 0(W ; �T(L )), and

there is a short exact sequence 0 ! � (L ) ! �� (SL) ! �� (L ) ! 0.
(8) ' (L ) 2 Hom(� (L ); �TH 0(W ; L)) �= Ext (� (L ); H 0(W ; L)) classi�es

the aboveabelian extension(11.6) and �' (L ) 2 Hom(LH 0(W ; �T(L )) ; �� (L )) �=
Ext( H0(W ; �T(L )) ; �� (L )) classi�es (11.7).

(9) H0(W ; �T(L )) �= coker ' (L ), H 1(W ; �T(L )) �= ker ' (L ), H 0(W ; L) �=
ker �' (L ), H 1(W ; L) �= coker �' (L ).

(10) 0 ! H 0(W ; L) ! L ! PL ! H 1(W ; L) ! 0 and 0 ! H 1(W ; �T(L ))
! �T(SL) ! �T(L ) ! H0(W ; �T(L )) ! 0 are exact sequences.

Proof. (1) is true becauseH 0(W ; PL) = 0 = H 0(W ; �T(PL)) by (11.4.6).
For (2), note that there is a commutativ e diagram

0 //� (L )

((PPPPPPPPPPPPP
(�;� ) // �T(SL) � �TH 0(W ; L)

��

// �T(L ) //0

�T(L ) � �T(L )

+

66nnnnnnnnnnnnn
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for somehomomorphisms� and � . For all x 2 � (L ), � (x) + � (x) = 0 in
�T(L ). If � (x) = 0 in �T(SL), then also � (x) = 0 in �T(L ) so � (x) = 0 in
�T(L ). But this meansthat the monomorphism(�; � ) takesx to 0, so x = 0.
Thus � is a monomorphism. Apply the functor H 0(W ; � ) to a short exact
sequencefrom (11.5) to obtain the commutativ e diagram

0 //L

��

//LH 0(W ; �T(L )) � PL

��

// �� (L ) //0

0 //H0(W ; L) //LH 0(W ; �T(L )) � H0(W ; PL) // �� (L ) //0

with a bottom row that is exact according to (11.3). Conclude that SPL =
SL. Using the exact sequenceof (3) and (11.4(7)) we seethat there is a
short exact sequence

0 ! ker(H0(W ; L) ! L �TH0(W ; L)) ! � (PL) ! �� (L ) ! 0

for any ZpW -module L . Applied to SL, this gives � (PL) �= �� (SL).
For (9) and (10) apply the left exact functor H 0(W ; � ) to one of the

short exact sequencesfrom (11.5) and get the commutativ e diagram

0 //L //LH 0(W ; �T(L )) � PL // �� (L ) //0

0 //H 0(W ; L)
OO

OO

//LH 0(W ; �T(L ))
OO

OO

�' (L ) //ker(�� (L ) ! H 1(W ; L))
OO

OO

//0

using H 0(W ; PL) = 0 = H 1(W ; PL) (11.4(10)). Now apply the Snake
Lemma.

The group W acts on the dual Zp-lattice L _ = Hom(L; Zp) according to
the rule (w � ' )(x) = ' (w� 1x), w 2 W , ' 2 L _ , x 2 L . The W -equivariant
dualit y pairing

(11.9) �T(L ) � L _ ! Z=p1

obtainedfrom the identi�cation L _ = Hom(L; L (Z=p1 )) = Hom( �T(L ); Z=p1 )
inducespairings

(11.10)
H � (W ; �T(L )) � H � (W ; L _ ) ! Z=p1 ;

H � (W ; �T(L )) � H � (W ; L _ ) ! Z=p1

relating homologyand cohomologygroups.(A duality pairing of Z p-modules
is a bilinear map A � B ! C of Zp-modules such that the adjoint homo-
morphisms A ! HomZ p (B ; C) and B ! HomZ p (A; C) are isomorphisms.)

11.11. Lemma. Let L be a ZpW -lattice and L _ its dual. Assume that
W is generated by elementsof order prime to p.
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(1) The bilinear maps (11.10) are duality pairings.
(2) S(L _ ) = (PL)_ :

Proof. It is immediate that

H � (W ; L _ ) = H � (W ; Hom( �T(L ); Z=p1 )) �= Hom(H � (W ; �T(L )) ; Z=p1 )

for Hom(� ; Z=p1 ) is an exact functor. But then also

H � (W ; �T(L )) �= Hom(H � (W ; L _ ); Z=p1 )

becauseA �= Hom(Hom(A; Z=p1 ); Z=p1 ) for any Zp-torus, Zp-lattice, or
�nite Zp-module A. Apply the exact functor Hom(� ; Z=p1 ) to the short
exact sequence0 ! S(L _ ) ! L _ ! H0(W ; L _ ) ! 0 to get the short exact
sequence

0 ! H 0(W ; �T(L )) ! �T(L ) ! �T(S(L _ )_ ) ! 0

and concludethat PL = S(L _ )_ .

Suppose that the group W = W1 � : : : � Wn is the direct product of
�nitely many of its normal subgroupsW1; : : : ; Wn . For j = 1; : : : ; n, let

W ?
j =

Y

i 6= j

Wi

denotethe product of all thesesubgroupsbut Wj . Then W = Wj � W ?
j and

Wj =
T

i 6= j W ?
i . Observe that H 0(W ?

i ; L ) is a ZpWi -module and also that
the direct sum

`
H 0(W ?

i ; L ) is a ZpW -module with a natural ZpW -module
homomorphism to L given by addition.

11.12. Lemma [32, 1.5]. If H 0(W ; �T(L )) = 0 = H 0(W ; L) for a ZpW -
lattice L , then there is a ZpW -lattice U and a short exact sequence 0 !`

H 0(W ?
i ; L ) ! L ! U ! 0 of ZpW -lattices. Each summandH 0(W ?

i ; L )
is a ZpWi -lattice and

� H 0(Wi ; �TH 0(W ?
i ; L )) = 0 provided H 0(W ; �T(L )) = 0,

� H0(Wi ; H 0(W ?
i ; L )) = 0 provided H 0(W ; L) = 0 and each factor group

Wi is generated by elementsof order prime to p.

Proof. This amounts to showing that the addition maps
a

H 0(W ?
i ; L ) ! L;

a
�T(H 0(W ?

i ; L )) ! �T(L )

are injective.
Supposethat (x i ), with x i 2 H 0(W ?

i ; L ), satis�es
P

x i = 0. Then, for
an arbitrarily chosenindex j , x j = �

P
i 6= j x i . The left hand side is �xed by

W ?
j and the right hand side is �xed by

T
i 6= j W ?

i = Wj . Thus x j is �xed by
W ?

j � Wj = W , so that x j 2 H 0(W ; L). But H 0(W ; L) = 0 by (11.4(8)).
For the other addition map, recall from (11.4(1)) that �T(H 0(W ?

i ; L )) is
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contained in H 0(W ?
i ; �T(L )) and proceedas above. The computation

H 0(Wi ; �T(H 0(W ?
i ; L ))) � H 0(Wi ; H 0(W ?

i ; �T(L )))

= H 0(Wi � W ?
i ; �T(L )) = H 0(W ; �T(L ))

shows that H 0(Wi ; �T(H 0(W ?
i ; L ))) = 0 if H 0(W ; �T(L )) = 0. If Wi is gen-

erated by elements of order prime to p, then H 1(Wi ; � (H 0(W ?
i ; L ))) = 0 so

that

H0(Wi ; H 0(W ?
i ; L )) � H0(Wi ; H0(W ?

i ; L )) = H0(Wi � W ?
i ; L ) = H0(W ; L)

proving the �nal assertionof the lemma.

We now specializeto re
ection subgroups. If W � Aut( L ) is a group of
automorphismsof the Zp-lattice L , any w 2 W restricts to an automorphism
Sw of SL and projects to an automorphism Pw of PL. If Sw is the identit y
on SL, then w is the identit y on �T(L ) = colim �s(L ) sow is the identit y. If w is
a re
ection on L , then Sw is a re
ection on SL becauseSL=SL h� i �= L=L h� i .
This meansthat if W is a re
ection subgroupof Aut( L ) then alsoSW (resp.
PW ) is a re
ection subgroup of Aut( SL) (resp. Aut( PL)). Thus the S-
construction and the P-construction (11.1) areendo-functorsof the category
Zp-Re
 of Zp-re
ection subgroups(4.1).

We wish to classifythe elements of the categoryZ p-Re
 up to similarit y.
The precedinggeneraldiscussionimplies the following �rst reduction of this
classi�cation problem.

11.13. Lemma. Let (W1; L 1) and (W2; L 2) be two objects of Zp-Re
 .
Then the following three statementsare equivalent:

(1) (W1; L 1) and (W2; L 2) are similar .
(2) The diagram

�T(SL 1)

�T (� ) �=
��

� (L 1)oooo

�=
��

// �TH 0(W1; L 1)

�T ( � )�=
��

�T(SL 2) � (L 2)oooo // �TH 0(W2; L 2)

commutes for somesimilarity (�; � ) : (SW1; SL 1) ! (SW2; SL 2), someiso-
morphism between � (L 1) and � (L 2); and someisomorphism  : H 0(W1; L 1)
! H 0(W2; L 2):

(3) The diagram

PL 1

� �=
��

////�� (L 1)

�=
��

LH 0(W1; �T(L 1))oo

( �T  ) ��=
��

PL 2 ////�� (L 2) LH 0(W2; �T(L 2))oo
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commutesfor somesimilarity (�; � ) : (PW1; PL 1) ! (PW2; PL 2), someiso-
morphism between �� (L 1) and �� (L 2); and an isomorphism : H 0(W1; �T(L 1))
! H0(W2; �T(L 2)) :

The classi�cation of similarit y classesof objects (W; L) of Z p-Re
 has
now beenreducedto the casewhere � (L ) = 0 or �� (L ) = 0. Fortunately, this
is very easy.

11.14. Theorem [75]. Let (W1; L 1) and (W2; L 2) be two objects of Zp-
Re
 where p is odd. Assumethat � (L 1) = 0 = � (L 2) or �� (L 1) = 0 = �� (L 2),
i = 1; 2. Then (W1; L 1) and (W2; L 2) are similar if they are Qp-similar.

Proof. Assumethat (W1; L 1) and (W2; L 2) are Qp-similar objects of Zp-
Re
 with �� (L 1) = 0 = �� (L 2). SinceL i = PL i � LH 0(Wi ; �T (L i )), i = 1; 2
(11.8(6)), it su�ces (11.13) to show that (PW1; PL 1) and (PW2; PL 2) are
similar. As the splitting constructed in (11.15) below depends on rational
information only, it su�ces to prove the theorem under the additional hy-
pothesis that (Wi ; L i ) be simple. This is done in (11.18) below by going
through the Clark{Ewing classi�cation table [20].

11.15. Lemma [32, 75]. Let (W; L) be an object of Z p-Re
 where p is
odd. If H 0(W ; �T(L )) = 0 (or H 0(W ; L) = 0), then

(W; L) =
Y

(Wi ; L i )

splits as a product of simple objects of Z p-Re
 with H 0(Wi ; �T(L i )) = 0 (or
H0(Wi ; L i ) = 0) for all i .

Proof. We shall only consider the casewhere L = P is a Z pW -lattice
with H 0(W ; �T(P)) = 0. As W is a �nite re
ection subgroup of Aut( P) and
H 0(W ; P) = 0 (11.4(8)), the QpW -module P 
 Z p Qp splits as a direct sum`

M i
�= P 
 Z p Qp of �nitely many irreducible QpW -modules M 1; : : : ; M n .

Each of theseirreducible summandsoccurswith multiplicit y oneand carries
a non-trivial W -action [32, p. 280].De�ne Wi to be the subgroupof W that
pointwise �xes

L
j 6= i M j so that the action of Wi is concentrated on the

summand M i . Then W =
Q

Wi is the direct product of these normal sub-
groups [32, 6.3] and, according to (11.12), P is isomorphic to the direct sum
of the ZpW -lattices H 0(W ?

i ; P). Observe that each summand H 0(W ?
i ; L )

is a ZpWi -lattice and

� Wi is a re
ection subgroup of Aut Z p (H 0(W ?
i ; L )),

� (Wi ; H 0(W ?
i ; L )) is simple,

� PH 0(W ?
i ; L ) = H 0(W ?

i ; L ).

Indeed, the �rst item is implicit in the proof of [32, 6.3], the seconditem is
clearbecausethe rationalization H 0(W ?

i ; L ) 
 Z p Qp = H 0(W ?
i ; L 
 Z p Qp) =

M i by construction, and the third item is contained in (11.12).
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11.16. Lemma. Let (W; L) be a Zp-re
ection group.

(1) (W; L) and (W; L _ ) are Qp-similar and �� (L ) �= � (L _ ).
(2) (W; SL) and (W; S(L _ )) are Zp-similar.
(3) (W; PL) and (W; P(L _ )) are Zp-similar.
(4) (W; SL) and (W; (PL)_ ) are Zp-similar.

Proof. For (2), �rst note that S(L _ ) = SP(L _ ) = S((SL)_ ) by (11.11(2)).
But SL is (11.15) a product of simple Z p-re
ection groups (Wi ; L i ) with
H0(Wi ; L i ) = 0. So (SL)_ is isomorphic to the product

Q
(Wi ; L _

i ) and
S((SL)_ ) =

Q
(Wi ; S(L _

i )). By inspection (of re
ection group family 1 and
W (E6) at p = 3), we seethat (Wi ; L i ) and (Wi ; S(L _

i )) are Zp-similar. Thus
SL and S(L _ ) are Zp-similar. Moreover, the isomorphisms

H 0(W ; L _ ) �= Hom(H0(W ; �T(L )) ; Z=p1 ) �= Hom( �TH0(W ; L); Z=p1 )
�= Hom(H0(W ; L); Zp)

from (11.11(1)) show that the lattices H 0(W ; L _ ) and H 0(W ; L) have the
same rank. Therefore (W; L) and (W; L _ ) are Qp-similar (11.5). Finally,
(W; SL) �= (W; P(L _ )_ ) �= (W; (PL)_ ) by (11.11(2)) again.

11.17. Lemma. Let (W; L) be a Zp-re
ection group. Then there are nat-
ural group isomorphisms H 0(W ; L _ 
 Z=p) �= Ext( H 0(W ; �T(L )) ; Z=p) and
H1(W ; L _ 
 Z=p) �= Hom(H 0(W ; �T(L )) ; Z=p).

Proof. Using (11.11), we get H 0(W ; L _ 
 Z=p) = H0(W ; L _ ) 
 Z=p =
Hom(H 0(W ; �T(L )) ; Z=p1 ) 
 Z=p= Ext( H 0(W ; �T(L )) ; Z=p). In the univer-
sal coe�cien t exact sequence

0 ! H1(W ; L _ ) 
 Z=p ! H1(W ; L _ 
 Z=p) ! Tor(H 0(W ; L _ ); Z=p) ! 0

the term to the right identi�es to Hom(H 0(W ; �T(L )) ; Z=p) and the term
to the left is trivial becauseH 1(W ; L _ ) = Hom(H 1(W ; �T(L )) ; Z=p1 ) and
H 1(W ; �T(L )) = 0 [5, 3.3].

Recall that G0(W; L) stands for the set of similarit y classesof re
ection
subgroupsthat are Qp-similar to (W; L) (4.1).

Write Ppi SU(r + 1) for the quotient SU(r + 1)=Cpi of SU(r + 1) by the
central subgroup Cpi of order pi for 0 � i � � p(r + 1) where � p(r + 1) is the
highest power of p that divides r + 1.

11.18. Lemma. Let (W; L) be a simpleobject of Z p-Re
 . Then G0(W; L)
= � except that

(1) G0(W (SU(r + 1))) = f W (Ppi SU(r + 1)) j 0 � i � � p(r + 1)g contains
� p(r + 1) + 1 elements.

(2) G0(W (E6)) = f W (E6); W (PE6)g contains two elementsif p = 3.
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Proof. The re
ection subgroup r p(W; L) = (W; L 
 Z=p) is irreducible,
and henceG0(W ) = � (4.5(1)), unless(W; L) is in Clark{Ewing family 1 or
p = 3 and r 0W is r 0W (E6) or r 0W (G2) [4, 6.2]. All the Lie casesare covered
by G. Maxwell [56, Table I]. (Seealso [22] or [84, 5.1] for the A-family.)

We learn from (11.18) that two simple objects, (W1; L 1) and (W2; L 2),
of Zp-Re
 are similar if they are Qp-similar and either � (L 1) �= � (L 2)
or �� (L 1) �= �� (L 2). Combined with the splitting result (11.12), this proves
(11.14).

Let (W; L) be an object of Zp-Re
 . We shall next describe G0(W; L) as
a partially ordered set. For given diagrams

(11.19)
� : � (PL) = H 0(W ; PL) � ��  LH 0(W ; �T(L )) ;

�� : �� (SL) = H 0(W ; �T(SL)) � � ! �TH 0(W ; L)

of Zp-modules, put

(11.20)
S� (PL) = lim(PL ! ��  LH 0(W ; �T(L ))) ;
�T(P�� (SL)) = colim( �T(SL)  � ! �TH 0(W ; L)) ;

so that �� (S� (PL)) = �� and � (P �� (SL)) = � . There are de�ning short exact
sequences

0 ! S� (PL) ! LH 0(W ; �T(L )) � PL ! �� ! 0;

0 ! SL � H 0(W ; L) ! P�� (SL) ! � ! 0

of ZpW -modules. We have previously (11.5) seenthat

S� (P L )� �� (L ) H 0 (W ;L )(PL) = L = P�� (SL )� � (L )! �T H 0(W ;L )(SL):

By naturalit y, W is a re
ection subgroupof Aut( S� (PL)) and of Aut( P �� (SL)).
Also by naturalit y, there are morphisms

S� (PL) ! S� (P L )� 0 H 0(W ;L )(PL) = PL � H 0(W ; L);

H 0(W ; L) � SL = P�� (SL )� 0! �T H 0 (W ;L )(SL) ! P�� (SL)

showing that (W; S� (PL)) and (W; P �� (SL)) are Qp-similar to (W; L). Con-
versely, any element of G0(W; L) will have this form becauseif (W1; L 1) and
(W2; L 2) are Qp-similar then (SW; SL 1) and (SW; SL 2) ((PW; PL 1) and
(PW; PL 2)) areZp-similar by (11.14)and clearly H 0(W1; L 1) and H 0(W2; L 2)
are isomorphic Zp-lattices.

Declare two diagrams of the form consideredin (11.19) to be equivalent
if they can be connected by an automorphism in Aut Z p-Re
 (W; PL) (or
Aut Z p-Re
 (W; SL)) (4.1) and an automorphism in Aut( H 0(W ; L)) as in
(11.13).
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11.21. Lemma. For any object (W; L) of Z p-Re
 , p odd, there is a
bijection between the following three sets:

(1) G0(W; L).
(2) Equivalence classesof diagrams

� (PL) � ��  LH 0(W ; �T(L ))

of Zp-modules.
(3) Equivalence classesof diagrams

�� (SL) � � ! �TH 0(W ; L)

of Zp-modules.

Since�� (SL) �= � (PL) is a �nite group (11.4(2)), G0(W; L) is a �nite set.
Our next aim is to introduce an ordering relation on G0(W; L).

11.22. Lemma. For a Zp-Re
 morphism (�; � ) : (W1; L 1) ! (W2; L 2)
the following three statementsare equivalent:

(1) r 0(�; � ) : r 0(W1; L 1) ! r0(W2; L 2) is a similarity in Qp-Re
 and W2

acts trivial ly on coker � .
(2) S(�; � ) : S(W1; L 1) ! S(W2; L 2) is a similarity in Zp-Re
 and the

induced morphism of Zp-tori �T(( �; � ) � ) : �TH 0(W1; L 1) ! �TH 0(W2; L 2) is
an epimorphism with �nite cokernel.

(3) P(�; � ) : P(W1; L 1) ! P(W2; L 2) is a similarity in Zp-Re
 and the
induced morphism of Zp-lattices (�; � ) � : H 0(W1; L 1) ! H 0(W2; L 2) is a
monomorphism with �nite kernel.

Proof. Assume that L 1 ! L 2 is injective with �nite cokernel H . Then
there is a short exact sequence

0 ! ker(H0(W1; L 1) ! H0(W2; L 2)) ! coker(SL 1 ! SL 2)

! ker(H ! H 0(W2; H )) ! 0

provided by the Snake Lemma. If the middle term is trivial, then H =
H0(W2; H ). If W2 acts trivially on H , then the kernel to the left is trivial
becauseH 1(W2; H ) = 0 by (11.3), and the kernel to the right is trivial
becauseH = H 0(W2; H ). The proof for PL 1 ! PL 2 is completely dual.

11.23. Definition. An isogeny is a Z p-Re
 morphism (�; � ) : (W1; L 1)
! (W2; L 2) that satis�es one of the three equivalent conditions of (11.22).

Write (W1; L 1) � (W2; L 2) if there exists an isogeny (W1; L 1) ! (W2; L 2).

11.24. Lemma. If (W1; L 1) � (W2; L 2) � (W1; L 1) then (W1; L 1) and
(W2; L 2) are similar objects of Zp-Re
 .
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Proof. An isogeny (W1; L 1) ! (W2; L 2) inducesa commutativ e diagram

�T(SL 1)

�=
��

� (L 1)oooo

�=
��

// �TH 0(W1; L 1)

���
�
�

�T(SL 2) � (L 2)oooo // �TH 0(W2; L 2)

which can be completed [59] by a vertical isomorphism to the right.

Thus the relation � induces a partial ordering relation on the set of
similarit y classesof objects of Z p-Re
 ; in particular on the set G0(W; L).
For any object (W; L),

(W; SL � H 0(W ; L)) � (W; L) � (W; LH 0(W ; �T(L )) � PL)

by (11.5) and actually

G0(W; L) = f (W 0; L 0) j (W 0; L 0) � (W; LH 0(W ; �T(L )) � PL)g

= f (W 0; L 0) j (W; SL � H 0(W ; L)) � (W 0; L 0)g

is the set of similarit y classesof objects above LH 0(W ; �T(L )) � PL or below
SL � H 0(W ; L).

I closethis section with a few remarks about the set Gp(W; L) (4.1).

11.25. Lemma. Let (W; L) be an object of Z p-Re
 .

(1) If (W; L) is simple, then Gp(W; L) � G0(W; L).
(2) G0(W; L) \ Gp(PW; PL) = � = G0(W; L) \ Gp(SW; SL) if H 0(W ; L)

= 0.
(3) If (W; L) is simple, then Gp(W; L) = � unless (W; L) is similar to

(W (X ); L (X )) for X = Ppi SU(r + 1)), 0 < i < � p(r + 1).

Proof. Gp(W ) � G0(W ) when W is simple becauseany two abstractly
isomorphicgroupsfrom the Clark{Ewing list happento have the samerank r
and to beconjugateassubgroupsof GL( r; Q p) [4, 2.6].When H 0(W ; L) = 0,
PL is the unique object of G0(W; L) with �� = 0 (11.21); this condition can
(11.8(6)) be read o� from L 
 Z=p.

11.26. Example. Put (W; L) = (W; L)(PU (r + 1)) so that � (L ) is cyclic
of order p� where this is the highest power of p that divides r + 1. The � + 1
elements of G0(W; L) are represented by the centerings (W; L i ), 0 � i � � ,
where L i � L is the inverseimage of the order pi subgroup of � (L ) (11.21),
[84, 5.1]. Thus � (L i ) is cyclic of order pi and L = L � . Assume now that
0 < i < � so that both � (L i ) and �� (L i ) are non-trivial cyclic p-groups. As
pointed out to me by D. Notbohm, tensoring the commutativ e diagram of
ZpW -modules with exact rows and columns
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0

��

0

��
0 //L 0

//L i

��

//� (L i )

��

//0

0 //L 0
//L �

��

//� (L � )

��

//0

�� (L i )

��

�� (L i ) //

��

0

0 0

with Z=p results in the commutativ e diagram

Tor( �� (L i ); Z=p)

��

Tor( �� (L i ); Z=p)

�=
��

0 //Tor(� (L i ); Z=p) //L 0 
 Z=p //L i 
 Z=p //� (L i ) 
 Z=p //0

with a split epimorphism to the right. We concludethat

L i 
 Z=p �= coker(H 0(W ; L 0 
 Z=p) ! L 0 
 Z=p) � H0(W ; L i 
 Z=p);

0 < i < � , asF pW -modules. (Thesemodulesare irreducible [38] and it is no
coincidence[84, 3.3] that L i 
 Z=p have the sameirreducible constituents,
namely

coker(H 0(W ; L 0 
 Z=p) ! L 0 
 Z=p) �= ker(L � 
 Z=p ! H0(W ; L � 
 Z=p))

and Z=p; for all i .) This shows that Gp(W (Ppi SU(r + 1))) consistsof � � 2
elements for 0 < i < � .

11.27. Example (cf. (9.9)). For

(W; L) = (W (X ); L (X )) ; X = SU(p) � SU(p);

the set G0(W; L) consists of four elements corresponding to the four sub-
group-orbits under the action of the automorphism group Aut Z p-Re
 (W; PL)
= (Z �

p � Z �
p ) o Z=2 on H 0(W ; PL) = Z=p� Z=p.

11.28. Example. G0(W (X ); L (X )) for X = U(p� ) is the poset f (i; j ) 2
Z � Z j 0 � j � i � � g with lexicographic ordering. The point (i; j ) corre-
sponds to the diagram

Z=p� � Z=pi �pj

��! Z=p1

where Z=pi is the subgroup of order pi of H 0(W (X ); �T (SL(X ))) = Z=p� �
Z=p1 . U(p� ) corresponds to (� ; 0) in this formalism. If i 1 � i2 and j 1 � j 2,
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then the commutativ e diagram

Z=p� Z=pi 1oooo
��

��

�pj 1 //Z=p1

�pj 2 � j 1
����

Z=p� Z=pi 2oooo �pj 2 //Z=p1

shows that (i 1; j 1) � (i 2; j 2).

12. Shapiro's lemma. The main purposeof this sectionis to introduce
somenotation to be used in Section 13.

For any set S and any abelian group M we put

M [S] = Z[S] 
 Z M ; M hSi = HomZ (Z[S]; M )

whereZ[S] standsfor the freeabelian group with basisS. M [� ] is a covariant
and M h� i a contravariant functor from the category of setsto the category
Ab of abelian groups. (M [� ] (resp. M h�i ) is the left (resp. right) adjoint
of the forgetful functor from abelian groups to sets.) M hSi can also be
consideredas the abelian group of all functions u : S ! M . In caseS is a
left G-set and M a left G-module for somegroup G, the rules

g(s 
 m) = gs 
 gm; (gu)(s) = gu(g� 1s);

g 2 G; s 2 S; m 2 M ; u : S ! M ;

make M [S] and M hSi into left G-modules. A special caseoccurs when S is
the left G-set G=H of left cosetsof a subgroup H of G.

12.1. Lemma. M [G=H] is isomorphic to the induced module Ind G
H (M )

and M hG=Hi is isomorphic to the coinduced module CoindG
H (M ).

Proof. Let T be a set of left coset representativ es for G=H.
The set T is a basis for the free right ZH -module ZG. The induced

module IndG
H (M ) = ZG 
 Z H M is [95, 6.3.4] the sum over jT j of copies

t 
 M of M with G-action g(t 
 m) = s 
 hm where gt = sh, s 2 T,
h 2 H . The module M [G=H] = Z[G=H] 
 Z M is the sum over jT j of copies
t 
 M of M with G-action g(t 
 m) = s 
 gm. The Z-linear isomorphism
M [G=H] ! IndG

H (M ) that takes t 
 m to t 
 t � 1m is G-linear as it takes
g(t 
 m) = y 
 gm to y 
 y� 1gm = y 
 ht � 1m = g(t 
 t � 1m).

The set T � 1 = f t � 1 j t 2 Tg is a basis for the free left ZH -module
ZG. The coinducedmodule CoindG

H (M ) is [95, 6.3.4] the product over jT j of
copies� t M of M , where� tm : ZG ! M is the H -map sendingt � 1 to m 2 M
and z� 1 to 0 for all z 6= t in T. The G-action is given by g(� t m) = � y(hm).
The module M hG=Hi is the product over jT j of copies%t M of M , where
%t m : G=H ! M is the set map sending tH to m and zH to 0 for all z 6= t
in T. The G-action is given by g(%t m) = %y(gm). The Z-linear isomorphism
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CoindG
H (M ) ! M hG=Hi that takes � tm to %t (tm) is G-linear as it takes

g(� t m) = � y(hm) to %y(yhm) = %y(gtm) = g%t (tm).

Let ShG denote the homotopy colimit of S viewed as a functor from the
category G to the category of sets. (ShG is the nerve of the small groupoid
that has S for object set and f g 2 G j gs1 = s2g as the set of morphisms
s1 ! s2.) The next lemma is just a reformulation of Shapiro's lemma.

12.2. Lemma. There are natural isomorphisms

H � (G; M [S]) �= H � (ShG ; M ); H � (G; M hSi ) �= H � (ShG ; M ):

Proof. Let X be a set of representativ es for the G-orbits in S and G(x)
the isotropy subgroup at x 2 X . Then there are a homotopy equivalence

a

x2 X

B G(x) ! ShG

and isomorphismsof G-modules

M [S] �=
a

M [G=G(x)] �=
a

IndG
G(x) (M );

M hSi �=
Y

M hG=G(x)i �=
Y

CoindG
G(x)(M );

induced by the isomorphism S �=
`

G=G(x) of G-sets.Theseisomorphisms
combine, with the help of Shapiro's lemma, to the isomorphisms of the
lemma.

In other words,

(12.3)
H � (G; M [S]) �=

a
H � (G(x); M );

H � (G; M hSi ) �=
Y

H � (G(x); M );

where x 2 S runs through a set of representativ es for the orbit set S=G.

13. Cellular cohomology of small categories. The following is a
generaldiscussionof the derived functors of the inverselimit.

Let I be a small category such that

� I has only �nitely many objects,
� any endomorphismis an isomorphism,
� any isomorphism is an automorphism,

meaning that I is a special kind of very small ordered category [81] or EI-
category [54]. I could for instance be a skeletal subcategory of the Quillen
category of a p-compact group.

Write S(i; j ) for the set of morphisms from the object i to the object j
and I (i ) for the group of morphismsi ! i . Under the aboveassumptions,the
set Ob(I ) of objects of I has the structure of a partially orderedset (poset),
where i � j if there is a morphism from i to j . Let K (I ) = Cx(Ob(I ))
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denote the ordered simplicial complex associated to Ob(I ). The vertex set
of K (I ) is the posetOb(I ) and the p-simplices,p > 0, is the set of all strictly
increasing sequences(i 0 : : : i p) of elements of Ob(I ) (where i < j if i � j
and i 6= j ). The ordered simplicial complex K (I ) is d-dimensional if there
exists a string i 0 ! : : : ! i d of d morphisms between distinct objects but
no such string of d+ 1 morphisms.K (I ) is again a posetwith ordering given
by inclusion.

For any p-simplex (i 0 : : : i p) 2 K (I )p, put

I (i 0 : : : i p) = I (i p) � : : :� I (i 0) and S(i 0 : : : i p) = S(i p� 1; ip) � : : :� S(i 0; i1)

with the convention that for p = 0, S(i 0) is understood to be a point. Form
the homotopy orbit space

ShI (i0 : : : i p) = S(i 0 : : : i p)hI (i 0 :::i p )

for the action of the group I (i 0 : : : i p) on the set S(i 0 : : : i p) given by

(ap; : : : ; a0) � (ap� 1;p; : : : ; a01) = (apap� 1;pa� 1
p� 1; : : : ; a1a01a� 1

0 )

for all aj 2 I (i j ) and aj � 1;j 2 I (i j � 1; i j ). This homotopy orbit spacecon-
struction provides a functor

ShI : K (I )op ! Sp

from the opposite poset of K (I ) to the category Sp of simplicial sets. For
any inclusion � � � 0 of simplices, the map ShI (� )  ShI (� 0) is induced by
the obvious projection I (� )  I (� 0) and the map S(� )  S(� 0) given by
composition or omissionof morphisms in the usual way.

Let now M :I ! Ab bea functor. Considerthe functor H qM :K (I ) ! Ab
that takes the p-simplex (i 0 : : : i p) 2 K (I )p to the abelian group

H q(ShI (i0 : : : i p); M (i p)) = H q(I (i 0 : : : i p); M (i p) hS(i 0 : : : i p)i ):

De�ne cohomologyof K (I ) with coe�cien ts in H qM , H � (K (I ); H qM ), as
the cohomologyof the cochain complex (C(K (I ); H qM ); � ):

(13:1) : : : !
Y

(i 0 :::i p� 1)2 K (I )p� 1

H qM (i 0 : : : i p� 1)

� p� 1

� � � !
Y

(i 0 :::i p )2 K (I )p

H qM (i 0 : : : i p) ! : : :

with di�eren tial

� p� 1(U)( i 0 : : : i p) =
pX

j =0

(� 1)j � j
� %�

j U(i 0 : : : bi j : : : i p)
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for all cochains U 2 Cp� 1(K (I ); H qM ) and all p-simplices (i 0 : : : i p) of the
simplicial complex K (I ). Here,

%j : I (i p) � : : : � I (i 0) ! I (i p) � : : : � dI (i j ) � : : : � I (i 0)

is the projection and the homomorphisms

M (i p) hI (i 0; : : : ; i p)i
� j

 

8
><

>:

M (i p) hI (i 1; : : : ; i p)i if j = 0;

M (i p)hI (i 0; : : : ; bi j ; : : : ; i p)i if 0 < j < p;
M (i p� 1) hI (i 0; : : : ; i p� 1)i if j = 0;

are given by

� j (u)(ap� 1;p; : : : ; a01) =

8
><

>:

u(ap� 1;p; : : : ; a12) if j = 0,

u(ap� 1;p; : : : ; aj;j +1 aj � 1;j ; : : : ; a01) if 0 < j < p,
M (ap� 1;p)u(ap� 2;p� 1; : : : ; a01) if j = p.

It will becomeclear later that � � = 0, i.e. that (C(K (I ); H qM ); � ) is indeed
a cochain complex.

Let lim � (I ; � ) denote the right derived functors of the inverselimit func-
tor lim : Ab I ! Ab .

13.2. Theorem [54], [87]. There is a �rst quadrant cohomological spec-
tral sequence E pq

r with

E pq
1 = Cp(K (I ); H qM ) and E pq

2 = H p(K (I ); H qM )

converging to lim p+ q(I ; M ).

This spectral sequenceis associated to a descending�ltration on the
cochain complex C(I ; M ) that has lim � (I ; M ) for cohomologygroups:

Let � be the category of totally ordered �nite sets and weakly order
preserving maps. The cosimplicial replacement functor [14, XI.5]

Q � : Ab I ! Ab �

takesthe abelian I -group M to the cosimplicial abelian group
Q � M that in

codegreen is the abelian group of twisted n-cochains of I with coe�cien ts
in M , i.e. � Y �

M
� n

=
Y

i 0 ! :::! i n 2 N (I )n

M (i n )

consistsof all functions U from N (I )n with valuesU(i 0 ! i1 ! : : : ! i n ) in
M (i n ). (As usual, the nerve, N (I ), of I is the singular set of I : The simplicial
set that in degree0 is the set of objects of I and in degreen > 0 is the set
of all sequencesi 0 ! i1 ! : : : ! i n of n composablemorphisms in I .) The
cofacemaps

dj (U)( i 0 ! : : : ! i n+1 ) = U(i 0 ! : : : ! bi j ! : : : ! i n+1 ); 0 � j � n;

dn+1 (U)( i 0 ! : : : ! i n+1 ) = M (i n ! in+1 )U(i 0 ! : : : ! i n )
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are the obvious ones.De�ne C(I ; M ) to be the underlying cochain complex
whose di�eren tial is the alternating sum

P
(� 1)i di . The i th cohomotopy

group of the cosimplicial abelian group
Q � M ,

� i
� Y �

M
�

= H i (C(I ; M )) ; i � 0;

is de�ned [14, X.7.1] as the i th cohomologygroup of its underlying cochain
complex C(I ; M ).

13.3. Lemma [14, XI.6.2], [81, Lemma 2]. The functors

Ab I
Q �

� ! Ab � � i

! Ab ; i � 0;

form a universal cohomological � -functor [95, 2.1.1] with lim in degree 0.

In other words, lim � = � � �
Q � and lim i (I ; M ) = H i (C(I ; M )) is the

i th cohomologygroup of the cochain complex C(I ; M ) of I with (twisted)
coe�cien ts M .

De�ne l to be the function on N (I ) that is 0 on N (I )0; on N (I )1, l (i ! i )
= 0 while l(i ! j ) = 1 if i and j are non-isomorphic; and in general

l (i 0 ! i1 ! : : : ! i n ) =
n� 1X

i =0

l (i i ! i i +1 );

the function l counts the number of strict inequalities in the string i 0 � i1 �
: : : � i n . This makesthe nerve into a �ltered simplicial set

; = F0N (I ) � F1N (I ) � : : : � FpN (I ) � Fp+1 N (I ) � : : : � N (I )

where

FpN (I ) = f i 0 ! i1 ! : : : ! i n 2 N (I ) j l (i 0 ! i1 ! : : : ! i n ) < pg

is the setof all strings of composablemorphismswherelessthan p of the mor-
phismshave non-isomorphicdomain and codomain. SinceI hasonly �nitely
many equivalenceclassesof objects, the �ltration is �nite: Fd+1 N (I ) = N (I )
if K (I ) has dimension d.

The �ltration we are going to useis the induced descending�ltration on
the cochain complex C(I ; M ),

(13:4) C(I ; M ) = F0C(I ; M ) � F1C(I ; M ) � : : :

� FpC(I ; M ) � Fp+1 C(I ; M ) � : : : � f 0g

where
FpC(I ; M ) = f U 2 C(I ; M ) j UFp(N (I )) = 0g

consists of all cochains that vanish on FpN (I ). This �ltration is �nite:
Fd+1 C(I ; M ) = f 0g if K (I ) is d-dimensional.

Proof of Theorem 13.2. Supposethat K (I ) is d-dimensional. Then the
E1-pageof the spectral sequenceassociated [95, 5.4.1] to the �ltration (13.4)
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satis�es E pq
1 = 0 whenever p > d and E d�

1 = H � (FdC(I ; M )[� d]) where
FdC(I ; M )[� d] is the translated cochain complex [95, 1.2.8] that in degree
n equalsFdC(I ; M )d+ n . Note that

FdC(I ; M )[� d] =
M

(i 0 :::i d )2 K (I )d

C(i 0 : : : i d; M )

splits as a direct product over the d-simplices in K (I ) of the cochain com-
plexesC(i 0 : : : i d; M ) given by

C(i 0 : : : i d; M )n

= M (i d)
D a

r 0+ :::+ r d = n

I (i d)r d � I (i d� 1; id) � : : : � I (i 0; i1) � I (i 0)r 0

E

with a di�eren tial that is the restriction of the di�eren tial on C(I ; M ). The
claim is that the cohomologyof C(i 0 : : : i d; M ) equalsH � M (i 0 : : : i d) as de-
�ned above (13.1). The standard cochain complex for computing this coho-
mology group is

(13:5) HomI (i d )� :::� I (i 0 )(B � (I (i d)) 
 : : : 
 B � (I (i 0)) ;

M (i d) hI (i d� 1; id) � : : : � I (i 0; i1)i )

whereB � (I (i d)) 
 : : : 
 B � (I (i 0)) as the tensor product of unnormalized bar
resolutions has

@(ad� 
 : : : 
 a0� ) = ad� 
 : : : 
 @a0�

+ (� 1)r 0 ad� 
 : : : 
 @a1� 
 a0� + : : :

+ (� 1)r 0+ :::+ r d� 1 @ad� 
 ad� 1� 
 : : : 
 a0�

as its di�eren tial. Here, aj � = aj r j 
 : : : 
 aj 1 where aj k 2 I (aj ) and

@aj � = aj r j 
 : : : 
 aj 2 +
r j � 1X

i j =1

: : : aj;i j +1 aj i j 
 : : : + (� 1)r j aj r j aj;r j � 1 
 : : : 
 a1

asusual [95, 6.5.1]. In fact, there is an isomorphism,� , of cochain complexes
from the standard cochain complex (13.5) to C(i 0 : : : i d; M ) given by

� (U)(ad� ; ad� 1;d; : : : ; a1� ; a01; a0� )

= (� 1)r 1+ r 3+ :::U(ad� ; ad� ad� 1;d; : : : ; a1� ; a1� a01; a0� )

where aj � aj � 1;j = aj r j : : : aj 1aj � 1;j and the sign is (� 1) raised to the power
that is the sum over all odd j of r j = jaj � j. I leave it to the reader to
check that this isomorphism � indeed commutes with the di�eren tials. The
conclusionis that

E dq
1 = H q(FdC(I ; M )[� d]) �=

Y

(i 0 :::i d )2 K (I )d

H qM (i 0 : : : i d)
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is isomorphic to the degreed group of the cochain complex C(K (I ); H qM )
(13.1).

This samepattern repeats itself at all stagesof the �ltration as

FpC(I ; M )p+ q = Fp+1 C(I ; M )p+ q �
Y

(i 0 :::i p )2 K (I )p

C(i 0 : : : i p; M )p+ q

and, in fact, there is an isomorphism

FpC(I ; M )[� p]=Fp+1 C(I ; M )[� p] �=
Y

(i 0 :::i p )2 K (I )p

C(i 0 : : : i p; M )

of cochain complexes.So, by the above computation,

E pq
1

�=
Y

(i 0 :::i p )2 K (I )p

H qM (i 0 : : : i p)

is isomorphic to Cp(K (I ); H qM ).

It remains to compute the d1-di�eren tial. Again, it will be su�cien t to
consider the di�eren tial dd� 1;q

1 : E d� 1;q
1 ! E dq

1 as similar arguments apply
in general.Considera cohomologyclass[U(i 0 : : : i d� 1)] in H q(id� 1 : : : i 0; M )
represented by the q-cocycle

U(i 0 : : : i d� 1) :
a

r d� 1+ :::r 0= q

I (i d� 1)r d� 1 � : : :� I (i 0)r 0 ! M (i d� 1) hI (i d� 2; id� 1) � : : : � I (i 0; i1)i

and extend this to an element of Fd� 1C(I ; M )q+ d� 1 by mapping the other
(q + d � 1)-simplicesof N (I ) to 0. The image dd� 1;q

1 [U(i 0 : : : i d� 1)] is repre-
sented by (� � 1� � )U(i 0 : : : i d� 1) where � is the zigzag-homomorphismof the
short exact sequence

0 ! FdC(I ; M ) ! Fd� 1C(I ; M ) ! FdC(I ; M )=Fd� 1C(I ; M ) ! 0

of cochain complexes.This meansthat dd� 1;q
1 [U(i 0 : : : i d� 1)] vanisheson all

(q + d)-simplices of N (I ) except on the onesof the form

(13.6) i 0 ! : : : ! i j � 1

ai j � 1 i 0
j

� � � � ! i 0
j

ai 0
j i j

� � � ! i j ! : : : ! i d� 1

for someobject i 0
j of I , where it has the value

(� 1)q+ j U(ad� 1� ; ad� 2;d� 1; : : : ; aj � ; ai j � 1 i 0
j
ai 0

j i j
; aj � 1� ; : : : ; a01; a0� )
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assuming,for simplicit y, that 0 < j < d � 1. We must compare this to the
homomorphism

B � (I (i d� 1)) 
 : : : 
 B � (I (i j )) 
 B � (I (i 0
j )) 
 B � (I (i j � 1)) 
 : : : 
 B � (I (i 0))

! B � (I (i d� 1)) 
 : : : 
 B � (I (i 0))

U(i 0 :::i d� 1 )
� � � � � � � ! M (i d� 1) hI (i d� 2; id� 1) � : : : � I (i 0; i1)i

� j

! M (i d� 1)


I (i d� 2; id� 1) � : : : � I (i 0

j ; i j ) � I (i j � 1; i0
j ) � : : : � I (i 0; i1)

�

wherethe �rst homomorphismtakesad� 1� 
 : : : 
 aj � 
 a0
j � 
 aj � 1� 
 : : : 
 a0�

to ad� 1� 
 : : : 
 aj � 
 1� 
 aj � 1� 
 : : : 
 a0� . Assuming U(i 0 : : : i d� 1) to be
normalized [95, 6.5.5], this agreeswith the value of (� � 1� � )U(i 0 : : : i d� 1) on
the (q + d)-simplex (13.6) except that the sign is missing.

There is also a dual spectral sequence

E 2
pq = Hp(K (I ); HqM ) ) colimp+ q(I ; M )

where HqM (i 0 : : : i p) = Hq(ShI (i0 : : : i p); M (i 0)).

13.7. Example. 1. [95, 3.5.12]If the category I is a posetS, the spectral
sequence(13.2) for a functor M : S ! Ab degeneratesto a cochain complex

: : : !
Y

(s0 :::sp� 1)2 K (S)p� 1

M (sp� 1) !
Y

(s0 :::sp )2 K (S)p

M (sp) ! : : :

with cohomologylim � (S; M ).
2. If the category I is a group G and M : Gop ! Ab a G-module, then

the spectral sequence13.2 collapsesonto the vertical axis in the sensethat
E 0j

1 = H j (G; M ) and E ij
1 = 0 for i > 0.

3. Supposethat I is a category

0
S(0;1) //1

with two objects and no non-identit y automorphisms. Then lim n (I ; M ) = 0
for n > 1 and there is an exact sequence

0 ! lim 0(I ; M ) ! M (0) � M (1) ��! M (1) hS(0; 1)i ! lim 1(I ; M ) ! 0

where � (m0; m1)(a) = m1 � M (a)(m0) for all morphisms a 2 S(0; 1).
4. For a category I with two objects, 0 and 1, there is a long exact

sequence

: : : ! H j (I (0); M (0)) � H j (I (1); M (1))
d1� ! H j (E(0; 1); M (1)) ! lim j +1 (I ; M ) ! : : :

where we are assuming that I (1) � I (0) acts transitiv ely on S(0; 1) with
stabilizer subgroup E(0; 1).
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5. With I = A (W; t)f E ; tg, the full subcategory of A (W; t) containing t
and one of its non-trivial subspacesE 6= t, we get a long exact sequence

: : : ! H j (W (E)=W(E); M (E)) � H j (W ; M (t))
d1� ! H j (W (E); M (t))

! lim j +1 (I ; M ) ! : : :

where the homomorphism d1 is induced from M (E) ! M (t) and from the
inclusion W (E) � W .

In caseE = tS 6= t is the �xed-p oint spacefor the action of the Sylow
p-subgroupS of W and M (tS) and M (t) are Z (p)-modules,we concludethat
there is an exact sequence

(13:8) 0 ! lim0(I ; M ) ! M (tS)W (tS )=W (tS ) � M (t)W

! M (t)W (tS ) ! lim 1(I ; M ) ! 0

and

(13.9) lim j +1 (I ; M ) =
H j (W (tS); M (t))

H j (W ; M (t))
; j � 1:

This quotient group vanishes if S has order p for NW (t S )(S) = NW (S)

(2.15) and both cohomology groups equal H j (S; M (t))NW (S) as these are
the stable elements [19, 9.1, 10.1] in this case.Assuming, furthermore, that
M (tS) = M W (tS ) and M (t) = M for someZ (p) [W ]-module M , we recover
the formula

lim j (I ; M ) =

(
M W if j = 0;
0 if j > 0;

from [2].
6. Let H be a subgroup of the group G and

I (G; H ) = O(G)opf G=H; G=f egg

the full subcategory

(13.10) G=H
G=H //NG (H )=H 88 G=f eg Gff

of O(G)op containing the two objects G=f eg and G=H. The limits of any
functor M : I (G; H ) ! Ab �t into a long exact sequence

: : : ! H j (NG(H )=H; M (G=H)) � H j (G; M (G=f eg))
d1� ! H j (NG(H ); M (G=f eg)) ! lim j +1 (I (G; H ); M ) ! : : :

wherethe homomorphismd1 is inducedfrom M (H ) : M (G=H) ! M (G=f eg)
and from the inclusion of NG(H ) into G.
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7. Let I be a category with three objects, 0, 11, and 12, of the shape

11 gg

099

I 1 77oooooo

I 2
''OOO

OOO

12 gg

and let M be an I -module with M (0) = 0, M (11) = M 1, and M (12) = M 2.
Then

lim � (I ; M ) = lim � (I 1; M 1) � lim � (I 2; M 2)

whereI 1 is the full subcategorygeneratedby the objects 0 and 11, I 2 the full
subcategory generatedby the objects 0 and 12, and the I (11)-module M 1 is
consideredas an I 1-module and the I (12)-module M 2 as an I 2-module. Of
course,this extendsto an arbitrary star shaped �nite categorywith outward
pointing arrows.

8. Let I be a category with three objects, 01, 02, and 1, of the shape

0177 I 1

''OOO
OOO

1 ee

0277
I 2

77oooooo

and let M be an I -module with M (01) = 0 = M (02) and M (1) = M . Then
there is a Mayer{Vietoris sequence

: : : ! H j (I (1); M ) ! lim j (I 1; M 1) � lim j (I 2; M 2)

! lim j (I ; M ) ! H j +1 (I (1); M ) ! : : :

where I 1 is the full subcategory generatedby the objects 01 and 1 and I 2

the full subcategory generatedby the objects 02 and 1.

In the next lemma, R(A ) meansthe full subcategory containing all ob-
jects of the form Ra for a 2 Ob(A ).

13.11. Lemma. Let

I
L //J
R

oo

be an adjunction between two small categories, I (i; Rj ) = J(Li; j ) for all
i 2 Ob(I ); j 2 Ob(J), and A a ful l subcategory of J. Then

(1) lim � (J; L � M ) �= lim � (I ; M ),
(2) lim � (A ; M ) �= lim � (R(A ); L � M ) �= lim � (LR (A ); M ),

for any functor M : J ! Ab .

Proof. Sinceany left adjoint functor is left co�nal, the �rst assertion is
a consequenceof the Co�nalit y Theorem [14, XI.9.2, XI.7.2].
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For the proof of the secondassertion,wherewemay assumethat Ob(J) =
Ob(A ) [ Ob(LR A ), we consider the inclusion functors

A ,! J  - LR A :

The inclusion of LR A into J is left co�nal for the universalarrow LR a ! a
is a terminal object in the over category LR A # a for all a 2 Ob(J). For the
other inclusion, consider the Grothendieck spectral sequence

limp(J; lim q(a # A ; M )) ) lim p+ q(A ; M )

If a is an object of A , the identit y of a is an initial object in the under
category a # A . Otherwise, note that the restrictions

Ra # RA
L //LR a # A
R

oo

are adjoint functors so that

limq(LR a # A ; M ) �= limq(Ra # RA ; L � M ) =

(
M LR a; q = 0;

0; q > 0;

becausethe identit y of Ra is an initial object in the under category Ra #
RA . We concludethat lim � (A ; M ) �= lim � (J; M ) �= lim � (LR A ; M ). Finally,
observe that there is an induced adjointnessbetweenRA and LR A so that
also the two groups lim � (RA ; L � M ) and lim � (LR A ; M ) are isomorphic.

13.12. Pr oposition. Let J be a ful l subcategory of I . If M vanishes
on all objects outside J and if any object of I with a morphism to an object
of J is in J, then lim � (I ; M ) �= lim � (J; M ).

Proof. The cochain projection map
Y

i 0 ! :::! i n 2 N (I )n

M (i n ) !
Y

j 0 ! :::! j n 2 N (J )n

M (j n )

is an isomorphism.
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