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N-determined 2-compact groups. I

by

Jesper M. Møller (København)

Abstract. This is the first part of a paper that classifies 2-compact groups. In this
first part we formulate a general classification scheme for 2-compact groups in terms of
their maximal torus normalizer pairs. We apply this general classification procedure to
the simple 2-compact groups of the A-family and show that any simple 2-compact group
that is locally isomorphic to PGL(n+ 1,C) is uniquely N -determined. Thus there are no
other 2-compact groups in the A-family than the ones we already know. We also compute
the group of automorphisms of any member of the A-family and show that it consists of
unstable Adams operations only.
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1. INTRODUCTION

A p-compact group, where p is a prime number, is a p-complete space BX
whose loop space X = ΩBX has finite mod p singular cohomology. For in-
stance, if G is a Lie group and π0(G) is a finite p-group then the p-completed
classifying space, BG∧p , of G is a p-compact group. These homotopy Lie
groups were defined and explored by W. G. Dwyer and C. W. Wilkerson
in a series of papers [11], [12], [13], [10]. (Consult the survey articles [7],
[27], [42], [32] for a quick overview.) Dwyer and Wilkerson show that any
p-compact group BX has a maximal torus BT → BX with a Weyl group
acting on it. The Weyl group is defined as the group of components of the
Weyl space which is the associative topological monoid of self-maps of BT
over BX. They also show that if we let BN denote the Borel construction
for the Weyl space action on BT , then BN is the total space of a fibra-
tion

BT → BN → BW

whose fiber is the classifying space of the maximal torus and whose base
space is the classifying space of the Weyl group. Moreover, the monomor-
phism BT → BX extends to a monomorphism BN → BX, called the nor-
malizer of the maximal torus [11, 9.2, 9.7, 9.8]. (Strictly speaking, BN is in
general not a p-compact group as its fundamental group may not be a finite
p-group, but BN is what is called an extended p-compact torus [12, 3.12].)
In case G is a compact connected Lie group, the maximal torus normaliz-
ers in the Lie and in the p-compact group sense are essentially identical. It
has been conjectured, as suggested by the analogous situation for connected
compact Lie groups [6] (and some nonconnected ones [19], [20]), that BN
determines BX. Indeed, this classification conjecture has been verified for
p-compact groups at all odd primes [35], [38], [2]. The aim of this paper is
to deal with the only remaining case, p = 2.

The first obstacle for a classification of 2-compact groups in terms of
their maximal torus normalizers is, in contrast to the odd p case, that
the maximal torus normalizer does not retain information about compo-
nent groups. For instance, the nonconnected 2-compact group BO(2n)∧2
and the connected 2-compact group BSO(2n + 1)∧2 have identical maxi-
mal torus normalizers. Thus the maximal torus normalizer itself is sim-
ply not strong enough as a complete 2-compact group invariant. That is
why we replace maximal torus normalizers by maximal torus normalizer
pairs.

Consider a 2-compact group BX with identity component BX0 → BX
and component group π0(X) = X/X0. There is a map of fibrations
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BX0

��

BN0
Bj0oo

��
BX

��

BN
Bjoo

��
Bπ0(X) Bπ

∼=oo

where the top two horizontal arrows are maximal torus normalizers and
the bottom horizontal arrow is an isomorphism between π = N/N0 and
the component group of X. We say that the map of pairs (BN,BN0) →
(BX0, BX) is a maximal torus normalizer pair for the 2-compact group
BX (2.1). Accordingly, two 2-compact groups, BX and BX ′, have the
same maximal torus normalizer pair if there exists a commutative dia-
gram

BX0

��

BN0
Bj0oo

Bj′0 //

��

BX ′0

��
BX

��

BN
Bjoo Bj′ //

��

BX ′

��
Bπ0(X) Bπ

∼=oo
∼= // Bπ0(X ′)

in which the top four horizontal morphisms are maximal torus normalizers
of 2-compact groups and the bottom two horizontal morphisms are isomor-
phisms of finite 2-groups.

We can now give a precise formulation of the classification theorem for 2-
compact groups. We shall say (2.10) that a 2-compact group BX with maxi-
mal torus normalizer pair (BN,BN0)→ (BX0, BX) is totally N -determined
if

(1) automorphisms of BX are determined by their restrictions to BN ,
(2) for any other 2-compact group, BX ′, that has the same maximal

torus normalizer pair as BX, there exist an isomorphism Bf : BX →
BX ′ and an automorphism Bα : BN → BN , inducing the identity
map on homotopy groups, making the diagram

BN

��

Bα
∼=

// BN

��
BX

∼=
Bf

// BX ′

commutative.
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The role of Bα is to compensate for the automorphisms of BN that do not
extend to automorphisms of BX; such automorphisms do exist when p = 2
but they do not occur at odd primes.

We shall say that BX is uniquely N -determined if in addition the au-
tomorphisms of BX are determined by their effect on the (two nontrivial)
homotopy groups of BN . (See 2.12 for a justification of the terminology.)

The main result of this paper is the classification of 2-compact groups.

1.1. Theorem.

(1) All connected 2-compact groups are uniquely N -determined.
(2) All LHS 2-compact groups are totally N -determined.

In the second part of the theorem, dealing with possibly nonconnected
2-compact groups, we have to impose the extra LHS condition which is a
cohomological requirement whose precise formulation can be found in Defini-
tion 2.27. It is an open question if in fact there are nonconnected 2-compact
groups that are not LHS.

It is known from [15, 1.12] that the maximal torus normalizer of an
arbitrary connected 2-compact group is isomorphic to the maximal torus
normalizer of BG×BDI(4)t where G is some compact connected Lie group,
DI(4) is the exotic connected 2-compact group from [10], and t ≥ 0. We may
now conclude that the isomorphism between the maximal torus normalizers
extends to an isomorphism between the 2-compact groups as conjectured in
[7, 5.1, 5.2].

1.2. Corollary. Any connected 2-compact group is isomorphic to

BG×BDI(4)t

for some compact connected Lie group G and some integer t ≥ 0.

With the classification completed also at p = 2 we are able to strengthen
the conclusions or weaken the assumptions of [35, 1.6], [40, 1.6], [2, 1.10]
and finally arrive at a proof of the maximal torus conjecture [54].

1.3. Corollary. Any connected finite loop space with a maximal torus
[40, 1.1] is isomorphic to a compact Lie group.

The proof of the classification theorem follows the inductive principle of
[12, 9.1] as implemented in [35] and can be divided into two stages. The
first stage, which was presented at the Algebraic Topology meeting at the
Max Planck Institute for Mathematics in Bonn, March 2001, consists in the
reduction of the problem to the case of connected, simple and centerless
2-compact groups. The second stage consists of an inductive case-by-case
verification that all connected, simple 2-compact groups are uniquely N -
determined.
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The proof can be reduced to the case of connected, centerless, and simple
2-compact groups because N -determinism is to a large extent hereditary. It
turns out that, under certain extra conditions, a 2-compact group with an
N -determined identity component is itself N -determined (2.35, 2.40). Also,
a connected 2-compact group whose adjoint form, the quotient by the center,
is N -determined is itself N -determined (2.38, 2.42). Now, since the adjoint
form of any connected 2-compact group is a product of simple 2-compact
groups [13], [43], and products of N -determined 2-compact groups are N -
determined (2.39, 2.43), this reduces the classification problem to the case
of a connected, simple 2-compact group with trivial center. This concludes
the first stage in the classification procedure.

Furthermore, any connected and centerless 2-compact group with triv-
ial center can be decomposed as a homotopy colimit of a system of 2-
compact groups of smaller dimension [9] and, under certain hypotheses (2.48,
2.51), N -determinism is hereditary also under homotopy colimits. Thus we
may prove the classification theorem for simple and centerless connected
2-compact groups by induction over the dimension. This is the second stage
in the classification procedure.

In this paper we first show that the simple 2-compact groups associated
to the simple Lie groups of the infinite A-, B-, C- and D-families, and to
the exceptional simple Lie groups G2, F4, E6, PE7 and E8, are uniquely
N -determined. We also show that the exotic simple 2-compact group DI(4)
from [10] is uniquely N -determined. The main difficulty is to show that the
obstruction groups of 2.48 and 2.51 vanish. For this we use the computer
algebra program magma. Together with the general reduction of the prob-
lem to the simple and centerfree case explained above we obtain a proof of
Theorem 1.1.

In this first part of the paper we concentrate on the 2-compact groups
of the A-family and establish the following basic result.

1.4. Theorem (The A-family). The connected , simple 2-compact group
PGL(n + 1,C), n ≥ 1, is uniquely N -determined , and its automorphism
group is

Aut(PGL(n+ 1,C)) =

{
Z×\Z×2 , n = 1,

Z×2 , n > 1.

As already noted, any connected Lie group G has an associated 2-
compact group which is the 2-completion of the classifying space of G.
We shall denote the 2-compact group associated to G also by G. As con-
nected 2-compact groups, PGL(n+ 1,C), PU(n + 1), and PSU(n + 1), for
instance, are synonyms because their classifying spaces are homotopy equiv-
alent.
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The methods are not limited to simple nor even to connected 2-compact
groups. Here is an example of the type of consequences that can be obtained
for nonsimple 2-compact groups.

1.5. Corollary ([40, 1.9]). The connected 2-compact group GL(n,C),
n ≥ 2, is uniquely N -determined and its automorphism group is

Aut(GL(n,C)) =

{
Z×\AutZ2Σ2(Z2

2), n = 2,

AutZ2Σn(Zn2 ), n > 2.

Related uniqueness results can be found in the papers [41], [44], [45],
[52], [50], [51] by Dietrich Notbohm, Antonio Viruel and Aleš Vavpetič,
respectively. There is an alternative approach to the general classification of
2-compact groups due to K. Andersen and J. Grodal.

This paper is divided into two parts. Part I contains the general classi-
fication procedure and the application of this procedure to the 2-compact
groups of the A-family leading to the proofs of Theorem 1.4 and Corol-
lary 1.5 which are presented in Chapter 4. Part II deals with the infinite
B-, C- and D-families, with the exceptional compact Lie groups G2, F4, E6,
PE7 and E8, and with the exotic simple 2-compact group DI(4). The proofs
of Theorem 1.1, Corollary 1.2, and Corollary 1.3 are in Part II.

2. N-DETERMINED 2-COMPACT GROUPS

This chapter contains the basic definitions and the first general results.
Whereas p-compact groups are determined by their maximal torus normal-
izers [38], [2] when p > 2, a finer invariant is needed for 2-compact groups as
there are examples (2.2) of distinct 2-compact groups with identical maximal
torus normalizers.

1. Maximal torus normalizer pairs. Let N0 → N be a maximal
rank normal monomorphism between two extended 2-compact tori [12, 3.12],
meaning simply that there exists a short exact sequence [11, 3.2] of loop
spaces N0 → N → π for some finite group π. For a 2-compact group, X, let
(X,X0) be the pair consisting of X and its identity component X0. Then
there is a short exact sequence X0 → X → π0(X) of loop spaces where
π0(X) = X/X0 is a finite 2-group, the component group of X.

2.1. Definition. If there exists a morphism of loop space short exact
sequences [12, 2.1]

N0
//

j0
��

N //

j
��

π

∼=
��

X0
// X // π0(X)
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where j0 : N0 → X0 and j : N → X are maximal torus normalizers [11, 9.8],
and π → π0(X) an isomorphism of finite 2-groups, then we say that

(N,N0)
(j,j0)−−−→ (X,X0)

is a maximal torus normalizer pair for X.

A maximal torus normalizer pair for X determines the maximal torus
T (X), isomorphic to the identity component of N , the Weyl groups, W (X)
= π0(N) and W (X0) = π0(N0), of X and X0, the component group π0(X) =
N/N0 = W (X)/W (X0) [39, 3.8], and [12, 7.5] the center Z(X0)→ X0 of X0

[39], [12].

2.2. Example. (1) GL(2n,R) and SL(2n+1,R) have the same maximal
torus normalizer

GL(2,R) oΣn = N(SL(2n+ 1,R)) ⊂ GL(2n,R) ( SL(2n+ 1,R).

Their maximal torus normalizer pairs are distinct, however, as their compo-
nent groups are distinct.

(2) More generally [19], let G be any compact connected Lie group and
N(G) its maximal torus normalizer. If N(G) is not maximal, there exists
a compact Lie group H such that N(G) ⊆ H ( G. The two compact Lie
groups, G and H, have isomorphic maximal torus normalizers but distinct
maximal torus normalizer pairs as H is nonconnected [3].

(3) The Weyl groups for SL(2n+1,R) and GL(n,H), n ≥ 3, are isomor-
phic as reflection groups but N(SL(2n+ 1,R)) is a split and N(GL(n,H))
a nonsplit extension [6], [28] of the Weyl group by the maximal torus.
Thus connected 2-compact groups cannot be classified by their Weyl group
alone.

2.3. The Adams–Mahmud homomorphism. For a 2-compact group (or
extended 2-compact torus) X, let End(X) = [BX, ∗;BX, ∗] denote the
monoid of pointed homotopy classes of endomorphisms of X. The auto-
morphism group Aut(X) ⊂ End(X) of X is the group of invertible elements
in End(X), and the outer automorphism group Out(X) = π0(X)\Aut(X) ⊂
[BX;BX] is the group of conjugacy classes (free homotopy classes [12, 2.1])
of automorphisms of X.

Let X be a 2-compact group with maximal torus normalizer pair (N,N0).
Turn the maximal torus normalizer Bj : BN → BX into a fibration. Any
automorphism f : X → X of the 2-compact group X restricts to an auto-
morphism AM(f) : N → N of the maximal torus normalizer, unique up to
the action of the Weyl group W (X0) = π1(X/N) [39, 3.8, 5.6(1)] of the
identity component X0 of X, such that the diagram
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BN
B(AM(f)) //

Bj

��

BN

Bj

��
BX

Bf // BX

commutes up to based homotopy [35, §3]. The Adams–Mahmud homomor-
phism is the resulting homomorphism

(2.4) AM: Aut(X)→W (X0)\Aut(N)

of automorphism groups.

The automorphism group of N sits [33, 5.2] in a short exact sequence
(Ť (X) is the discrete approximation to T (X) [11, 6.5])

(2.5) 0→ H1(W (X); Ť (X))→ Aut(N)
π∗−→ Aut(W (X), Ť (X), e(X)) → 1

where the normal subgroup on the left consists of all automorphisms of N
that induce the identity on homotopy groups and the group on the right
consists of all pairs (α, θ) ∈ Aut(W (X)) × Aut(Ť (X)) such that θ is α-
linear and the induced automorphism H2(α−1, θ) [53, 6.7.6] preserves the
extension class e(X) ∈ H2(W (X); Ť (X)) for the discrete approximation
Ť (X)→ N →W (X) to the fibration BT (X)→ BN → BW (X). The image
of W (X0) in Aut(N) does not intersect the subgroup H1(W (X); Ť (X))
(as W (X0) is represented faithfully in Aut(Ť (X)) [11, 9.7]) so there is an
induced short exact sequence

(2.6) 0→ H1(W (X); Ť (X))→W (X0)\Aut(N)
π∗−→W (X0)\Aut(W (X), Ť (X), e(X)) → 1

whose middle term is the target of the Adams–Mahmud homomorphism. In
particular, if X is connected, this short exact sequence

(2.7) 0→ H1(W (X); Ť (X))→ Out(N)
π∗−→W (X)\Aut(W (X), Ť (X), e(X)) → 1

has the group Out(N) = W (X)\Aut(N) of outer automorphisms of N as
its middle term. The group Aut(W (X), Ť (X), 0) may also be described as
the normalizer NGL(L(X))(W (X)) of W (X) in GL(L(X)) where L(X) =
π2(BT (X)). This group evidently fits into an exact sequence [31, §2]

(2.8) 1→ Z(W (X))\AutZ2W (X)(L(X))→W (X)\NGL(L(X))(W (X))

→ Outtr(W (X))

where AutZ2W (X)(L(X)) = Z×2 if X is simple by Schur’s lemma, and the
right hand term, Outtr(W (X)), is the group of outer automorphisms of
W (X) that preserve the trace taken in L(X).
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2.9. Totally N -determined 2-compact groups. We are now ready to for-
mulate the concept of N -determinism that will be used in this paper. The
extra complications compared to the odd p case [35, 7.1] stem from the fact
that H1(W ; Ť ), the first cohomology group of the Weyl group with coeffi-
cients in the discrete maximal torus, is trivial for any connected p-compact
group when p is odd [1] but when p = 2 it may very well be nontrivial [21].

2.10. Definition. Let X be a 2-compact group with maximal torus

normalizer pair (N,N0)
(j,j0)−−−→ (X,X0) (2.1). Then W = π0(N) is the Weyl

group of X and W0 = π0(N0) the Weyl group of X0.

(1) The 2-compact group X has N -determined automorphisms if

AM: Aut(X)→ W0\Aut(N)

is injective, and X has π∗(N)-determined automorphisms if

π∗ ◦ AM: Aut(X)→W0\Aut(W, Ť , e)

is injective. (See (2.4) and (2.6) for the definitions of AM and π∗.)
(2) X is N -determined if, for any other 2-compact group X ′ with maxi-

mal torus normalizer pair (N,N0)
(j′,j′0)−−−−→ (X ′, X ′0), there exist an iso-

morphism Bf : BX → BX ′ and an automorphism α ∈ H1(W ; Ť ) ⊂
W0\Aut(N) (2.6) such that the diagram

(2.11)

BN

Bj

��

Bα
∼=

// BN

Bj′

��
BX

∼=
Bf

// BX ′

commutes up to based homotopy.

Furthermore, we say that

• X is totally N -determined if X has N -determined automorphisms and
is N -determined,
• X is uniquely N -determined if X is totally N -determined and X has
π∗(N)-determined automorphisms.

If X is a totally N -determined 2-compact group then

X is uniquely N -determined ⇔ H1(W ; Ť ) ∩Aut(X) = 0

as we see from the short exact sequence (2.6).

2.12. Lemma. Let X be a 2-compact group as in Definition 2.10.

(1) X has N -determined automorphisms if and only if for any given
α ∈ W0\Aut(N) with π∗(Bα) = Id and for any given 2-compact
group X ′ as in 2.10(2), there is at most one isomorphism f : X → X ′

such that diagram (2.11) commutes up to based homotopy.
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(2) X has π∗(N)-determined automorphisms if and only if for any given
2-compact group X ′ as in 2.10(2), diagram (2.11) has at most one
solution (f, α) with π∗(Bα) = Id.

Proof. (1) Suppose that X has N -determined automorphisms. Let
(f1, α) and (f2, α) be two solutions to diagram (2.11) with the same α ∈
H1(W ; Ť ) ⊂ W (X0)\Aut(N). Then AM(f−1

2 f1) is the identity automor-
phism of W (X0)\Aut(N) and since AM: Aut(X)→W (X0)\Aut(N) is in-
jective, f1 = f2. For the converse, take Bα to be the identity of BN
and take X ′ to be X. Then the assumption is precisely that AM is in-
jective.

(2) Suppose that X has π∗(N)-determined automorphisms and let
(f1, α1) and (f2, α2) be two solutions to diagram (2.11). Then AM(f−1

2 f1) =
α−1

2 α1 ∈ AM(Aut(X)) ∩ H1(W (X); Ť (X)) and this intersection is trivial
by hypothesis. Thus AM(f−1

2 f1) = 1 and f2 = f1 as AM is injective. If
X does not have π∗(N)-determined automorphisms, then AM(f) lies in
H1(W (X); Ť (X)) ⊂ W (X0)\Aut(N) for some nontrivial f ∈ Aut(X) so
that (f,AM(f)) and (1, 0) are two solutions to diagram (2.11) with X ′ = X
and j′ = j.

2.13. Example. For (the 2-compact group associated to) a connected
Lie group G, the cohomology group H1(W (G); Ť (G)) is always an ele-
mentary abelian 2-group [29, 1.1] (2.21). For instance, this first cohomol-
ogy group has order two for G = PGL(4,C) [28, Appendix B]. Let α be
an isomorphism of N(PGL(4,C)) representing the nontrivial element of
H1(W ; Ť ). The unique solution (2.12(2)) to diagram (2.11) is

N(PGL(4,C))

j

��

α // N(PGL(4,C))

j′

��
PGL(4,C) PGL(4,C)

when we use the morphisms j, induced by an inclusion of Lie groups, and
j′ = jα for maximal torus normalizers. This example demonstrates that, in
contrast with the p odd case [35, 7.1], [38], [2], diagram (2.11) cannot always
be solved with α equal to the identity.

2.14. Lemma. Let X be a connected 2-compact group with maximal

torus normalizer Bj : BN → BX and maximal torus BT ↪→ BN
Bj−−→ BX.

(1) X is N -determined if and only if for any connected 2-compact group
X ′ with maximal torus normalizer Bj ′ : BN → BX ′ there exists a
morphism Bf : BX → BX ′ such that
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(2.15)

BT
Bj|BT

||xxxxxxxx
Bj′|BT

##FFFFFFFF

BX
Bf // BX ′

commutes up to homotopy.
(2) X is uniquely N -determined if and only if for any connected 2-

compact group X ′ with maximal torus normalizer Bj ′ : BN → BX ′

there exists a unique morphism Bf : BX → BX ′ such that (2.15)
commutes up to homotopy.

Proof. (1) Suppose the connected 2-compact group X is N -determined
and let X ′ be another connected 2-compact group with the same maximal
torus normalizer. Then X and X ′ have the same maximal torus normalizer
pair, (N,N), and therefore (2.11) admits a solution (f, α) such that π∗(Bα)
is the identity. In particular, π2(Bα) is the identity of π2(BT ), which means
that Bα restricts to the identity on the identity component BT of BN .

Conversely, under the existence assumption of point (1), we shall show
that X is N -determined. Let X ′ be another 2-compact group with the same
maximal torus normalizer pair as X. Since the maximal torus normalizer
pair informs about component groups (see the remarks just below 2.1), X ′ is
connected. By assumption, there exists a morphism, and in fact [13, 5.6],
[36, 3.11] an isomorphism,Bf : BX → BX ′ underBT . Let Bα : BN → BN ,
Bα ∈ Out(N) = W\Aut(N), be the restriction of Bf to BN [38, §3], so
that

BN

Bj

��

Bα
∼=

// BN

Bj′

��
BX

∼=
Bf

// BX ′

commutes up to based homotopy as in the definition of the Adams–Mahmud
homomorphism (§2.3). The further restriction of Bα to the maximal torus
BT agrees with the restriction of Bf to BT , the identity of BT , up to the
action of a Weyl group element w ∈ W because W\[BT,BT ] = [BT,BX ′]
[34, 3.4], [13, 3.4]. Since π1(BN) = W is faithfully represented in π2(BT )
for the connected 2-compact group X ′ [11, 9.7], it follows that π1(Bα) is
conjugation by w. Thus Bα belongs (2.7) to the subgroup H 1(W ; Ť ) of
Out(N) so that (f, α) is a legitimate solution to (2.11).

(2) Suppose that X is uniquely N -determined and let X ′ be another
connected 2-compact group with the same maximal torus normalizer as X.
From point (1) we already know that there exists at least one isomorphism
f : X → X ′ under T . Suppose f1, f2 : X → X ′ are two such isomorphisms
under T . Then f−1

2 f1 is an automorphism ofX under T , i.e. π∗(BAM(f−1
2 f1))
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∈W\Aut(W,T ) is the identity. As π∗◦AM is injective, f−1
2 f1 is the identity

of X, so f1 = f2.

Conversely, under the existence and uniqueness assumption of point (2),
we shall show that X is uniquely N -determined. By point (1), X is N -
determined, so we only need to show that π∗◦AM is injective. Let f : X → X
be an automorphism of X such that

π∗(BAM(f)) ∈W\Aut(W,T )

is the identity. Since BAM(f) is determined only up to conjugacy, we may as-
sume that π∗(BAM(f)) is the identity of π∗(BN). In particular, π2(BAM(f))
is the identity of π2(BT ), meaning that f is an automorphism under T . The
identity of X is also an automorphism under T , so f is the identity auto-
morphism of X by the uniqueness hypothesis. This shows that π∗ ◦ AM is
injective.

2.16. Lemma. Let X be a connected 2-compact group with maximal
torus normalizer N → X.

(1) Out(N) = H1(W (X); Ť (X)) · AM(Aut(X)) if X is N -determined.
(2) Out(N) ∼= H1(W (X); Ť (X))oAut(X) and

Aut(X) ∼= W (X)\Aut(W (X), Ť (X), e(X))

if X is uniquely N -determined. The group Aut(W (X), Ť (X), e(X))
is a subgroup of NGL(L(X))(W (X)) (2.8) and is isomorphic to this
group if e(X) = 0.

Proof. (1) For any β ∈ Out(N) there exist an automorphism α ∈
H1(W (X); Ť (X)) ⊂ Out(N) and an automorphism f ∈ Aut(X) such that
the diagram

BN
Bα //

Bj

��

BN

Bj◦Bβ
��

BX
Bf // BX

commutes up to homotopy (2.10(2)). Thus AM(f) = βα in Out(N) (2.3).

(2) If the connected 2-compact group X is uniquely N -determined, then
there is a commutative diagram

H1(W (X); Ť (X)) // Out(N)
π∗ //W (X)\Aut(W (X), Ť (X), e(X))

Aut(X)
?�

AM

OO

' �

44jjjjjjjjjjjjjjjjj

where the top row is the short exact sequence (2.7). The composite homo-
morphism π∗ ◦AM is injective by assumption (2.10(1)).It is surjective since
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Out(N) is generated by H1(W (X); Ť (X)) and the image of AM by item (1)
of this lemma. Thus π∗ ◦AM is an isomorphism and AM is a splitting of the
short exact sequence (2.7).

As evidence of the conjecture that all connected 2-compact groups are
uniquely N -determined we note that all compact connected Lie groups have
π∗(N)-determined automorphisms [26, 2.5] and satisfy the above two for-
mulas for automorphism groups [19, 3.10].

With a view to the situation for possibly nonconnected 2-compact groups,
let Aut(N,N0) denote the subgroup of Aut(N) consisting of all automor-
phisms φ ∈ Aut(N) such that π0(φ) takes π0(N0) to itself inducing an
isomorphism

π0(N0) //

∼=
��

π0(N)

π0(φ)∼=
��

// π

∼=
��

π0(N0) // π0(N) // π

of short exact sequences. Since H1(W ; Ť ) is contained in Aut(N,N0), there
are short exact sequences similar to (2.5) and (2.6) except that Aut(W, Ť , e)
has been replaced by its subgroup Aut(Ť ,W,W0, e) consisting of all (α, θ) ∈
Aut(W, Ť , e) for which α(W0) = W0. (In case N = N0, we find that Aut(N)
= Aut(N,N0).) Observe that the Adams–Mahmud homomorphism for a
nonconnected 2-compact group actually takes values in the subgroup
W (X0)\Aut(N,N0) of the group W (X0)\Aut(N).

2.17. Lemma. Let X be a 2-compact group with maximal torus normal-
izer pair (N,N0)→ (X,X0).

(1) W (X0)\Aut(N,N0) = H1(W (X); Ť (X)) · AM(Aut(X)) if X is N -
determined.

(2) W (X0)\Aut(N,N0) ∼= H1(W (X); Ť (X)) oH1(π0(X);Ž(X0)) Aut(X) if
X is totally N -determined.

Proof. The first item is proved like the first item in 2.16. The claim of
the second item is that

H1(π0(X); Ž(X0))

��

� � // Aut(X)
� _

AM
��

H1(W (X); Ť (X))
� � // W (X0)\Aut(N,N0)

is a push-out diagram. This will be proved in 2.37.

2.18. Remark. When the 2-compact group X has N -determined auto-
morphisms, also the unbased Adams–Mahmud homomorphism
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Out(X) = π0(X)\Aut(X)→ Out(N) = π0(N)\Aut(N)

= π0(X)\W (X0)\Aut(N)

is injective.

2.19. Regular 2-compact groups. For a connected 2-compact group X
with maximal torus T → X and Weyl group W , let

(2.20) θ = θ(X) : Hom(W, ŤW ) = H1(W ; ŤW )→ H1(W ; Ť )

be the homomorphism induced by the inclusion ŤW ↪→ Ť . Following [21,
5.3] we say that X is regular if (2.20) is surjective. See [29] for a thorough
investigation of θ.

2.21. Lemma ([29]). Let X be the connected 2-compact group associ-
ated to a connected Lie group. Assume that X contains no direct factors
isomorphic to an odd orthogonal group SO(2n + 1), n ≥ 1. Consider the
homomorphism θ = θ(X) (2.20) associated to X.

(1) Hom(W, ŤW ) and H1(W ; Ť ) are F2-vector spaces, and the kernel
of θ, consisting of those homomorphisms W → ŤW that are principal
crossed homomorphisms W → Ť , is an F2-vector space of dimension
equal to the number of direct factors of PX isomorphic to SO(2n+1),
n ≥ 1.

(2) Suppose that the projective group PX contains no direct factors iso-
morphic to an odd orthogonal group SO(2n + 1), n ≥ 1, PSU(4),
PSp(3), PSp(4), or PS0(8). Then X is regular.

Proof. (1) Hom(W, Ť ) and its subgroup Hom(W, ŤW ) are elementary
abelian 2-groups since the abelianization Wab of W is an elementary abelian
2-group of finite rank. The cohomology group H1(W ; Ť ) is isomorphic to
H2(W ;L⊗Z2) where L is the fundamental group of the Lie group maximal
torus of the Lie group underlying the 2-compact group X. Homological
algebra shows that H2(W ;L ⊗ Z2) ∼= H2(W ;L) ⊗ Z2 where H2(W ;L) is
an elementary abelian 2-group by [29, 1.1]. The injection ŤW → Ť of W -
modules gives a coefficient group long exact sequence

0→ (Ť /ŤW )W → Hom(W, ŤW )
θ−→ H1(W ; Ť )→ H1(W ; Ť /ŤW )

→ H2(W ; ŤW )→ · · ·
in cohomology. Thus the kernel of θ is isomorphic to (Ť /ŤW )W in general. If
X is without direct factors isomorphic to SO(2n+ 1), then ŤW is the center
of X, Ť /ŤW is the maximal torus of the adjoint 2-compact group PX, and
(Ť /ŤW )W is isomorphic to (Z/2)s where s is the number of direct factors
isomorphic to an odd special orthogonal group in the adjoint 2-compact
group PX [29, 1.6], [39, 4.6, 4.7]. (See 2.25 for the general case.)
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(2) The discrete maximal torus of PX = X/Z(X) is Ť (PX) = Ť /ŤW

for Ž(X) = ŤW as X contains no direct factors isomorphic to an odd or-
thogonal group. The projective group PX =

∏
Gi splits as a product of

simple and centerfree compact Lie groupsGi all of which satisfy ŤW (Gi) = 0
since they are not odd orthogonal groups. Therefore H 1(W ; Ť /ŤW ) =
H1(

∏
W (Gi);

∏
Ť (Gi)) =

∏
H1(W (Gi); Ť (Gi)) and we note that these co-

homology groups are trivial except in the excluded cases [21]. By the above
exact sequence, θ is surjective.

For a compact connected Lie group X, let s(X) denote the number of
direct factors of X isomorphic to SO(2n+ 1) with n ≥ 1. (Keep in mind the
low degree identifications (5.25).)

2.22. Lemma. Let X be a compact connected Lie group and PX its
adjoint form. The kernel of H1(W ; Ž)(X)→ H1(W ; Ť )(X) is an F2-vector
space of dimension s(PX)− s(X).

Proof. In the exact sequence

0→ Ž → ŤW → (Ť /Ž)W → H1(W ; Ž)→ H1(W ; Ť )

induced from the inclusion Ž → Ť of W -modules, the fixed point groups are
ŤW = Ž(X)× 2s(X) and (Ť /Ž)W = Ž(X/Z)× 2s(X/Z) = 2s(X/Z) [29, 1.6].

2.23. Lemma. Let X be a connected 2-compact group with maximal
torus T → X and Weyl group W , and let Z → T → X be a central
monomorphism. If X is regular and H2(W ; Ž) → H2(W ; Ť ) is injective,
then the quotient 2-compact group X/Z is regular.

Proof. Since the hypothesis implies that H1(W ; Ť ) → H1(W ; Ť /Ž) is
surjective, the claim follows from the commutative square

Hom(W, ŤW )

θ(X)
����

// Hom(W, (Ť /Ž)W )

θ(X/Z)
��

H1(W ; Ť ) // // H1(W ; Ť /Ž)

induced by the projection Ť → Ť /Ž of W -modules [39, 4.6].

2.24. Example. (1) GL(m,C) is regular for all m ≥ 1. For m = 1, this
is obvious. For m > 2, the restriction homomorphism (Š = Z/2∞)

Hom(Σm, Š)=H1(Σm; Š)
res=θ(GL(m,C))−−−−−−−−−−→ H1(Σm; Šm)

Shapiro
= H1(Σm−1; Š)

= Hom(Σm−1, Š)

is bijective and for m = 2 it is surjective. It now follows [21, 5.7] that all
products

∏
GL(mj ,C) are regular.
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(2) PGL(m,C), 2 ≤ m, is regular for m 6= 4 since (2.23)

Hom(H2(Σm), Š) = H2(Σm; Š)
res−−→ H2(Σm; Šm)

Shapiro
= H2(Σm−1; Š)

= Hom(H2(Σm−1), Š)

is then an isomorphism. The 2-compact group PGL(4,C) is not regular as
H1(W ; Ť ) = Z/2 is nontrivial while the discrete center ŤW is trivial.

2.25. Remark. If X = SO(2n+ 1), n ≥ 1, then ŤW = Z/2, Wab is Z/2
for n = 1 and (Z/2)2 for n ≥ 2, θ : Hom(W, ŤW )→ H1(W ; Ť ) is surjective
[21, 5.5], and H1(W ; Ť ) is trivial for n = 1, Z/2 for n = 2, and (Z/2)2 for
n > 2 [21, Main Theorem, 5.5]. Thus the kernel of θ is

(Ť /ŤW )W =

{
Z/2, n = 1, 2,

0, n > 2.

In general, write the connected Lie group X = X1 × X2 where X1 is the
product of all direct factors of X isomorphic to SO(2n+ 1) for some n ≥ 1
and X2 is without such direct factors. Then

(Ť /ŤW )W = (Ť1/Ť
W1
1 )W1 × (Ť2/Ť

W2
2 )W2 = (Z/2)s≤2(X) × (Z/2)s(PX2)

where s≤2(X) is the number of direct factors of X isomorphic to SO(3) or
SO(5) and s(PX2) is the number of direct factors of PX2 isomorphic to
SO(2n+ 1) for some n ≥ 1.

2.26. LHS 2-compact group. Let N0 → N be a maximal rank normal
monomorphism between two extended 2-compact tori, i.e. a commutative
diagram with rows and columns that are short exact sequences of loop spaces
[11, 3.2]

T

��

T //

��

{1}

��
N0

��

// N

��

//W/W0

W0
//W //W/W0

where T is a 2-compact torus and W0 = π0(N0) a normal subgroup of the
finite group W = π0(N). The 5-term fundamental exact sequence

0→ H1(W/W0; ŤW0)
inf−→ H1(W ; Ť )

res−−→ H1(W0; Ť )W/W0

d2−→ H2(W/W0; ŤW0)
inf−→ H2(W ; Ť )

is part of the Lyndon–Hochschild–Serre spectral sequence [22] converging to
H∗(W ; Ť ).
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2.27. Definition. A 2-compact group with maximal torus normalizer
pair (N,N0) is LHS if the restriction homomorphism

res : H1(W ; Ť )→ H1(W0; Ť )W

is surjective.

Equivalently, X is LHS if and only if the initial segment of the Lyndon–
Hochschild–Serre spectral sequence

0→ H1(W/W0; ŤW0)
inf−→ H1(W ; Ť )

res−−→ H1(W0; Ť )W/W0 → 0

is exact. If ŤW0 = 0 or W = W0 × W/W0 is a direct product, then X
is LHS. Note that the Weyl group of a compact Lie group G is always the
semidirect product W (G) = W (G0)oπ0(G) for the action of the component
group π0(G) on the Weyl group W (G0) of the identity component [19, §2.5].
(In fact, it is not so easy to find a nonconnected compact Lie group G for
which the extension G0 → G→ G/G0 = π is nonsplit [49], [20].)

2.28. Lemma. Let W = W (X) be the Weyl group of the 2-compact
group X, W0 = W (X0) the Weyl group of the identity component , and
π = W/W0 the component group of X. If

θ(X0)π : Hom(W0, Ť
W0)π → H1(W0; Ť )π

is surjective, then X is LHS.

Proof. Assume that the group G = HoQ is the semidirect product for a
group action Q→ Aut(H), and let A be a G-module. We show that the im-
age of the restriction homomorphism res : H1(G;A)→ H1(H;A)Q contains
the image of θQ : Hom(H,AH )Q → H1(H;A)Q. Let φ ∈ Hom(H,AH)Q be
a Q-equivariant homomorphism of H into the fixed point module AH . Then
θ(φ) ∈ H1(H;A)Q is the cohomology class represented by the crossed homo-
morphism φ : H → AH ⊂ A. If we define φ : H oQ→ A by φ(nq) = φ(n),
n ∈ H, q ∈ Q, then

φ(n1q1n2q2) = φ(n1(q1n2q
−1
1 )q1q2) = φ(n1(q1 · n2)q1q2)

:= φ(n1(q1 · n2)) = φ(n1) + φ(q1 · n2) = φ(n1) + q1φ(n2)

and also

φ(n1q1) + n1q1φ(n2q2) := φ(n1) + n1q1φ(n2) = φ(n1) + q1φ(n2)

as q1φ(n2) ∈ AH . This shows that the crossed homomorphism φ defined
on H extends to a crossed homomorphism φ defined on G = HoQ. (I do not
know if the LHS spectral sequence differential d2 : H1(H;A)Q → H2(Q;AH)
is always trivial for a semidirect product H oQ of finite groups.)

2.29. Example. (1) X = PGL(6,R) = PSL(6,R)oC2 does not satisfy
the condition of 2.28 but it is still LHS for H1(W0; Ť ) = Z/2 [21, Main
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Theorem] and ŤW0 = Ž(X0) = 0. Thus 2.28 gives a sufficient but not
necessary condition for X to be LHS.

(2) X = PGL(8,R) = PSL(8,R) o C2 does not satisfy the condition of
2.28 but it is still LHS for H1(W0; Ť ) = Z/2⊕Z/2 [21, Main Theorem] and
ŤW0 = Ž(X0) = 0.

(3) When X0 = SL(2,C), the Weyl group W0 = Σ2 has order two, the
center Ž = ŤW0 also has order two, and H1(W0; Ť ) = 0 is trivial, so the
homomorphism θ(X0) is trivial as well, of course. Indeed, the nontrivial
homomorphism W0 → Ž ⊂ Ť is the principal crossed homomorphism corre-
sponding to the element diag(i,−i) of the maximal torus. More generally,
the direct product Xr

0 = SL(2,C)r is regular [21, 5.7], has Weyl group W r
0 ,

center Žr, and 2.21(1) identifies the kernel of θ(X0) enabling us to conclude
that

(2.30) H1(W ; Ť )(Xr
0 ) =

Hom(W r
0 , Ž

r)

Hom(W0, Ž)r

is an F2-vector space of dimension r2 − r as in [21, 5.8]. Let X = X0 o C2

be the semidirect product for the nontrivial outer automorphism of X0. The
component group Cr

2 of Xr acts trivially on (2.30) and as H1(W ; Ť )(Xr)
has dimension 2r2− r (by induction) and H1(Cr2 ; Žr) has dimension r2, the
direct product Xr is LHS for all r ≥ 1.

(4) When X = SL(4,R), the Weyl group W = 〈σ, c1c2〉 = Z/2 × Z/2 is
elementary abelian generated by σ =

(
0 E
E 0

)
and c1c2 = diag(−1, 1,−1, 1).

The center Ž = ŤW = 〈diag(−1,−1,−1,−1)〉 = Z/2 has order 2, and
the first cohomology group H1(W ; Ť ) = 0 is trivial, so the homomorphism
θ : Hom(W ; ŤW )→ H1(W ; Ť ) is also trivial, of course. Indeed, the princi-
pal homomorphism ϕ(w) = (w · t) · t−1 : W → Ť is the first coordinate
function W → Ž(X) when t = diag(−E,E) and the second coordinate
function when t = diag(I, I). The outer automorphism, conjugation with
D = diag(−1, 1, 1, 1) ∈ GL(4,R), sends σ to σD = σ(c1c2) and c1c2 to
itself.

More generally, when Xr is a product of r copies of SL(4,R), the Weyl
group W r is a product of r copies of W = W (SL(4,R)) = Z/2 × Z/2, the
center Ž(X) = Žr is a product of r copies of Ž = Ž(SL(4,R)) = Z/2, and
as θ : Hom(W r, Žr)→ H1(W ; Ť )(Xr) is surjective [21, 5.5, 5.7], the first
cohomology group

H1(W ; Ť )(Xr) =
Hom(W r, Žr)

Hom(W, Ž)r

has dimension 2r2−2r over F2 (2.21). The component group π0(GL(4,R)r)
= Cr2 acts on this F2-vector space in such a way that the space of fixed vec-
tors has dimension r2 − r. By induction we see that H1(W ; Ť )(GL(4,R)r)
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is an F2-vector space of dimension 2r2 − r and clearly H1(Cr2 ; Žr) has di-
mension r2. Thus GL(4,R)r is LHS for all r ≥ 1.

(5) The homomorphism θ is surjective for SL(2n,R) for all n ≥ 1 [21,
Main Theorem, 5.4] and

H1(W ; Ť )(SL(2n,R)) =

{
0, n = 1, 2,

Z/2, n > 2.

Hence GL(2n,R) is LHS for all n ≥ 1 by 2.28.

I do not know any examples of 2-compact groups that are not LHS.
The short exact sequence 0 → L → L ⊗Q → Ť → 0 of abelian groups

with a W -action induces an exact sequence

0→ H0(W ;L)→ H0(W ;L⊗Q)→ H0(W ; Ť )→ H1(W ;L)→ 0,

from which we see that

(2.31) H i(W ; Ť ) =

{
H0(W ;L⊗Q)/H0(W ;L)⊕H1(W ;L), i = 0,

Hi+1(W ;L), i > 0.

2.32. The center of the maximal torus normalizer. We need criteria to
ensure that the center of the 2-compact group X agrees with the center of
its maximal torus normalizer. (This is automatic when p > 2 [35, 3.4] but
not when p = 2 [12, §7].)

2.33. Proposition. Let X be a 2-compact group with identity compo-
nent X0. If Z(X0) = Z(N(X0)) and X0 has N -determined automorphisms,
then Z(X) = Z(N(X)).

Proof. This is proved in [38, 4.12] for p-compact groups where p is odd.
If we replace the assumption that p is odd by the assumption that Z(X0) =
Z(N(X0)) (which always holds when p > 2 [12, 7.1]), then the same proof
works also for 2-compact groups.

Assume now that X is a connected 2-compact group. Then Ž(N(X)) =
Ť (X)W (X) and there is an injection Ž(X) ↪→ Ž(N(X)) which is not neces-
sarily an isomorphism [12, §7].

Inspection shows that Z(G) = ZN(G) for any simply connected compact
Lie group G; see [14, 1.4] for a conceptual proof of this fact. In fact, Z(G) =
ZN(G) for any connected compact Lie group G containing no direct factors
isomorphic to SO(2n+ 1) [29, 1.6].

Let Z → N(X) be a central monomorphism such that also the com-
position Z → N(X) → X is central. Under these assumptions, the quo-
tient loop spaces N(X)/Z and X/Z can be defined [12, 2.8]. The action
map [11, 8.6] BZ × BN(X) → BN(X) induces an action [BN(X), BZ] ×
Out(N(X)) → Out(N(X)) of the group [BN(X), BZ] ∼= H1(Ň (X); Ž) on
the set Out(N(X)). Let [BN(X), BZ](1) denote the isotropy subgroup at
(1) ∈ Out(N(X)).
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2.34. Lemma. If Z(X) = Z(N(X)) and [BN(X), BZ](1) = 0, then
Z(X/Z) = ZN(X/Z).

Proof. Using [39, 4.6.4], the assumption of the lemma, and [38, 5.11], we
get Z(X/Z) = Z(X)/Z = Z(N(X))/Z = Z(N(X)/Z) = ZN(X/Z).

2. Reduction to the connected, centerless (simple) case. In this
section we reduce the general classification problem first to the connected
case and next to the connected and centerless case. We first show (2.35, 2.40)
that if X is any nonconnected 2-compact group with identity component X0

then

X0 is uniquely N -determined,

X is LHS,

Hi(W/W0; Ž(X0))→ H i(W/W0; ŤW0) is injective for i = 1, 2





⇒ X is totally N -determined.

TheH i-injectivity condition holds whenX0 is a connected Lie group [29, 1.6]
or equals DI(4) [10], [45]. To see this observe that the condition obviously
holds when Ž(X0) = Ť (X0)W0 or Ž(X0) is trivial. We shall see later that
any connected 2-compact group splits as a product of a compact connected
Lie group and a finite number of DI(4), and from this it follows that this
condition is always satisfied. Indeed, let X0 = G′ × G′′ × DI(4)s where
G′ is a connected compact Lie group with no direct factors isomorphic to
SO(2n + 1), G′′ is a direct product of SO(2n+ 1)s, and s ≥ 0. The π0(X)-
equivariant group homomorphism

Ž(G′) = Ž(X0)→ Ť (G′)W (G′) × Ť (G′′)W (G′′)

has a left inverse since it takes Ž(G′) isomorphically to the π0(X)-subgroup
{1} × Ť (G′′)W (G′′) of the left hand side. The induced map on cohomology
therefore also has a left inverse. However, it is not at present clear if all
nonconnected 2-compact groups are LHS.

Next we consider a connected 2-compact group X with adjoint form
PX = X/Z(X) [12, 2.8] and show (2.38, 2.42) that

PX is uniquely N -determined ⇒ X is uniquely N -determined.

This reduces in principle the problem to the connected and centerless case.
One can go a little further since connected, centerless 2-compact groups split
into products of simple factors [13], [43]. We show (2.39, 2.43) that

X1 and X2 are uniquely N -determined

⇒ X1 ×X2 is uniquely N -determined
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when X1 and X2 are connected. Therefore it suffices to show that all con-
nected , centerless and simple 2-compact groups are uniquely N -determined.
It is already known that all connected compact Lie groups as well as DI(4)
have π∗(N)-determined automorphisms [26], [45]. We are going to reprove
this statement here.

Let X be a 2-compact group and (N,N0)
(j,j0)−−−→ (X,X0) a maximal

torus normalizer pair for X (2.1). Let Ť be the discrete approximation to the
common identity component forN andN0 and let W = π0(N),W0 = π0(N0)
be the two component groups.

2.35. Lemma ([35, 4.2]). Suppose that X0 has N -determined automor-
phisms. Then

X has N -determined automorphisms

⇔ H1(W/W0; Ž(X0))→ H1(W/W0; ŤW0) is injective.

Proof. The restriction of the homomorphism AM (2.4) to the subgroup
H1(W/W0; Ž(X0)) of Aut(X) [33, 5.2] is the homomorphism

(2.36) H1(W/W0; Ž(X0))→ H1(W/W0; ŤW0)
inf−→ H1(W ; Ť )

where inf is the inflation monomorphism. If the first homomorphism has
a nontrivial kernel, X does not have N -determined automorphisms. Con-
versely, assume that the first homomorphism is injective, and let f ∈ Aut(X)
be an automorphism such that AM(f) ∈ W0\Aut(N) is the identity. Then
AM(f0) ∈W0\Aut(N0) and π0(f) equal the respective identity maps. Since
X0 has N -determined automorphisms by assumption, f0 is the identity.
Thus f belongs to the subgroup H1(W/W0; Ž(X0)) of Aut(X) where AM
is injective, so f is the identity automorphism of X. (The description of the
kernel in the short exact sequence of [33, 5.2] holds for all p-compact groups,
not just those with a completely reducible identity component.)

2.37. Lemma. Suppose that X has N -determined automorphisms and
that X0 has π∗(N)-determined automorphisms. Then Aut(X)∩H 1(W ; Ť ) =
H1(W/W0; Ž(X0)) so that

X has π∗(N)-determined automorphisms ⇔ H1(W/W0; Ž(X0)) = 0.

Proof. Let f ∈ Aut(X) be an automorphism such that π∗AM(f) is
the identity. Then also π∗AM(f0) and π0(f) equal the respective identity
maps. Since X0 is assumed to have π∗(N)-determined automorphisms, f0 is
the identity. Thus f belongs to the subgroup H1(W/W0; Ž(X0)) of Aut(X)
[33, 5.2]. This shows that Aut(X) ∩ H1(W ; Ť ) ⊂ H1(W/W0; Ž(X0)). The
opposite inclusion is immediate from (2.36).



22 J. M. Møller

2.38. Lemma ([35, 4.8]). Suppose that X is connected. If the adjoint
form PX = X/Z(X) has π∗(N)-determined automorphisms, so does X.

Proof. If f ∈ Aut(X) is an automorphism under T (X), the induced
automorphism Pf ∈ Aut(PX) is an automorphism under T (PX), hence
equals the identity, and the induced automorphism Z(f) ∈ Aut(ZX) is also
the identity since the center ZX → X factors through the maximal torus
T (X) → X [12, 7.5], [39, 4.3]. But then f itself is the identity, for Aut(X)
embeds into Aut(PX)×Aut(ZX) [34, 4.3].

2.39. Lemma ([38, 9.4]). If the two connected 2-compact groups X1 and
X2 have N -determined (resp. π∗(N)-determined) automorphisms, so does
the product X1 ×X2.

Proof. Since the statement concerning N -determined automorphisms is
proved in [38, 9.4] we deal here only with the case of π∗(N)-determined
automorphisms. Let f be an automorphism under T1 × T2 of the product
2-compact group X1 ×X2. Then

f1 : X1 → X1 ×X2
f−→ X1 ×X2 → X1,

f2 : X2 → X1 ×X2
f−→ X1 ×X2 → X2

are endomorphisms under the maximal tori and therefore conjugate to the
respective identity maps. But f is [38, 9.3] in fact conjugate to the product
morphism (f1, f2), which is the identity.

2.40. Lemma (cf. [35, 7.8]). Suppose that

(1) X0 is uniquely N -determined.
(2) X is LHS.
(3) H2(W/W0; Ž(X0))→ H2(W/W0; ŤW0) is injective.

Then X is N -determined.

Proof. Let X ′ be another 2-compact group with maximal torus normal-

izer pair (N,N0)
(j′,j′0)−−−−→ (X ′, X ′0). The assumption on the identity compo-

nent X0 means (2.14) that there exists an isomorphism f0 : X0 → X ′0 under
T . For any ξ in

W/W0 = N/N0 = X/X0 = X ′/X ′0,

the isomorphism ξf0ξ
−1 is also an isomorphism under T and thus ξf0 = f0ξ

as X0 is uniquely N -determined. By the second assumption, the automor-
phism α0 = AM(f0) : N0 → N0 with π∗(Bα0) = Id extends to an isomor-
phism α : N → N with π∗(Bα) = Id.
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The situation is now as shown in the commutative diagram

BX0

�� ��

Bf0

++
BN0

��

Bj0
oo

Bα0

// BN0

��

Bj′0
// BX ′0

��
BX

��

BN

��

Bjoo Bα // BN

��

Bj′ // BX ′

��
Bπ0(X) B(W/W0)

∼=oo B(W/W0)
∼= // Bπ0(X ′)

Our aim is to find an isomorphism f : X → X ′ to fill in the based homo-
topy commutative diagram

BX0

��

Bf0

∼=
// BX ′0

��
BX //

��

BX ′

��
Bπ0(X)

∼= // Bπ0(X ′)

where the isomorphism between the base 2-compact groups is given by the
isomorphisms π0(X) ← N/N0 → π0(X ′). Since f0 is π0(X)-equivariant up
to homotopy, map(BX0, BX

′
0)Bf0 is a π0(X)-space in the sense that there

exists a fibration

map(BX0, BX
′
0;Bf0)→ map(BX0, BX

′
0;Bf0)hπ0(X) → Bπ0(X)

over Bπ0(X) with map(BX0,BX
′
0)Bf0 , here written as map(BX0,BX

′
0;Bf0),

as fiber. The space of sections of this fibration, map(BX0, BX
′
0;Bf0)hπ0(X),

is a space of fiber maps of BX to BX ′. This fibration sits on the left in the
commutative diagram

map(BX0 ,BX′0;Bf0) //

��

map(BN0 ,BX′0;B(j′0α))

��

map(BN0,BN0;Bα0)

��

'oo

map(BX0,BX′0;Bf0)hπ0(X)
//

��

map(BN0,BX′0;B(j′0α))h(W/W0)

��

map(BN0 ,BN0;Bα0)h(W/W0)

��

oo

Bπ0(X) B(W/W0)oo B(W/W0)

where the columns are fibrations and the horizontal maps are defined as
composition with Bj and Bj ′, respectively. The fiber map from the right
column to the central one is actually a fiber homotopy equivalence because
the centralizers of the maximal torus in X ′0 and in N0 are isomorphic in that
they are both isomorphic to the maximal torus.
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The middle fibration admits a section corresponding to the fiberwise map
Bj′ ◦ Bα. But then the left fibration also admits a section: the obstruction
to a section of the left fibration is a cohomology class in H 2(π0(X); Ž(X0)).
Since the middle fibration does admit a section, this obstruction class is
in the kernel of the coefficient group homomorphism H 2(π0(X); Ž(X0)) →
H2(W/W0, Ť

W0). But the assumption is that this is an injection and there-
fore the obstruction must vanish. (We are here tacitly replacing the three
fibrations above by their fiberwise discrete approximations [33, 4.3].)

A section of the left fibration corresponds to a morphism Bf : BX →
BX ′ under the isomorphismBf0 : BX0→BX ′0 and over Bπ0(X)

∼=−→Bπ0(X ′)
such that Bf ◦ Bj and Bj ◦ Bα are homotopic over B(N/N0)→ Bπ0(X ′).
But since the fiber BX ′0 of BX ′ → Bπ0(X ′) is simply connected this means
that Bf ◦ Bj and Bj ◦ Bα are based homotopic maps BN → BX ′.

2.41. Example. (1) Any 2-compact torus T is uniquely N -determined,
for if j : T → X is the maximal torus normalizer for the connected 2-compact
group X, then j is an isomorphism. Indeed, H∗(BT ; Q2) ∼= H∗(BX; Q2)
[11, 9.7(3)] and the connected space X/T has cohomological dimension
cdF2(X/T ) = 0 [12, 4.5, 5.6] so it is a point.

(2) Any 2-compact toral group G is totally N -determined: G clearly has
N -determined automorphisms as G is its own maximal torus normalizer. If
the 2-compact group X has the same maximal torus normalizer pair (G,T )
as G, then X is a 2-compact toral group and j ′ : G→ X is an isomorphism.
G is uniquely N -determined if and only if H1(π0(G); Ť ) = 0. In particular,
GL(2,R) is uniquely N -determined.

2.42. Lemma ([35, 7.10]). Suppose that X is connected. If the adjoint
form PX = X/Z(X) is N -determined , so is X.

Proof. Let j : N → X be the maximal torus normalizer for X and j ′ : N
→ X ′ the maximal torus normalizer for some other connected 2-compact
group X ′. It suffices (2.14) to find a morphism f : X → X ′ under the maxi-

mal tori X
i←− T i′−→ X ′. The 2-discrete center Ž of X and X ′ is contained in

the 2-discrete maximal torus Ť [12, 7.5]. Factoring out [11, 8.3] these central
monomorphisms we obtain the commutative diagram

BX̌

��

BŤ
Bioo Bi′ //

��

BX̌ ′

��
B(X/Z)

B(f/Z)

44
B(T/Z)

B(i/Z)oo B(i′/Z) // B(X ′/Z)

where the vertical maps are fibrations with fiber BŽ, the total spaces, such
as BX̌, are the fiberwise discrete approximations, and f/Z : X/Z → X ′/Z
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is the isomorphism under T/Z that exists because X/Z is N -determined.
Construct the fibration

map(BŽ,BŽ;B1)→ BŽh(X/Z) → B(X/Z)

whose sections are maps BX → BX ′ over B(f/Z) and under BŽ. There are
two other such fibrations related to this one as shown in the commutative
diagram

map(BŽ,BŽ;B1)

��

map(BŽ,BŽ;B1)

��

map(BŽ,BŽ;B1)

��
BŽh(X/Z)

��

BŽh(T/Z)

��

oo Bi∗ // BŽh(T/Z)

��
B(X/Z) B(T/Z)

B(i/Z)oo B(T/Z)

where the middle fibration is the pull-back along B(i/Z) of the left fibration
and the fiber over b ∈ B(T/Z) of the right fibration consists of one compo-
nent of the space of maps of the fiber BŤb over b into the fiber BX̌ ′B(i′/Z)(b)

over B(i′/Z)(b). The fiber equivalence Bi∗ is induced by Bi : BŤ → BX̌.
The middle fibration has a section u′ such that Bi∗ ◦ u′ is the section
Bi′ : BŤ → BX̌ ′ of the right fibration. We now have fiber maps

X/T

��

u|X/T // BŽ

��
BŤ

B(i/Z) $$IIIIIIIIII
// BŽh(X/Z)

xxrrrrrrrrrr

B(X/Z)

where u is the composition of u′ and BŽh(T/Z) → BŽh(X/Z). The canon-

ical map BŽ → map(X/T,BŽ), given by constants,is a homotopy equiv-
alence since X/T is simply connected [39, 5.6] and hence a version [35,
6.6] of the Zabrodsky lemma implies that u = v ◦ B(i/Z) for some section
v : B(X/Z)→ BŽh(X/Z) of the left fibration. The section v is, after fiberwise
completion, a fiber map BX → BX ′ under BT .

Let j1 : N1 → X1 and j2 : N2 → X2 be maximal torus normalizers for
the connected 2-compact groups X1 and X2 and suppose that X ′ is some
connected 2-compact group that admits a maximal torus normalizer of the
form j′ : N1 ×N2 → X ′. The Splitting Theorem [13, 1.4], more explicitly in
the form of [43, 5.5], says that there exist 2-compact groups X ′1 and X ′2 and
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an isomorphism X ′1 ×X ′2 → X ′ such that

BN1 ×BN2
Bj′1×Bj′2
vvnnnnnnnnnnnn

Bj′

&&MMMMMMMMMMM

BX ′1 ×BX ′2
' // BX ′

commutes, where j ′1 : N1 → X ′1 and j′2 : N2 → X ′2 are maximal torus normal-
izers. The following lemma is an immediate consequence.

2.43. Lemma. The product of two N -determined connected 2-compact
groups is N -determined.

Proof. Since the connected 2-compact groups X1, X2 are N -determined
there exist isomorphisms f1 : X1 → X ′1, f2 : X2 → X ′2 and automorphisms
α1 ∈ H1(W1; Ť1) ⊂ Out(N1), α2 ∈ H1(W2; Ť2) ⊂ Out(N2) such that

BN1 ×BN2

Bj1×Bj2
��

Bα1×Bα2 // BN1 ×BN2

Bj′1×Bj′2
��

Bj′

((RRRRRRRRRRRRRR

BX1 ×BX2
Bf1×Bf2 // BX ′1 ×BX ′2

' // BX ′

commutes up to based homotopy.

3. N-determined connected, centerless 2-compact groups. In
this section we formulate inductive criteria that, at least in favorable cases,
can be used to show total N -determinism for connected, centerless (simple)
2-compact groups X. The key tool is the homology decomposition

(2.44) hocolimA(X)op BCX → BX

of BX in terms of centralizers of elementary abelian subgroups [12, 8.1].
Since X has no center, the cohomological dimension of each centralizer
CX(V, ν) is smaller than the cohomological dimension of X. As part of an
inductive argument we will therefore assume that all centralizers are totally
N -determined and formulate criteria (2.48, 2.51) that imply that also X is
totally N -determined.

2.45. Definition ([12, §8]). The objects of the Quillen category A(X)
are conjugacy classes of monomorphisms ν : V → X of nontrivial elemen-
tary abelian 2-groups into X; the morphisms α : (V1, ν1)→ (V2, ν2) are in-
jective group homomorphisms α : V1 → V2 such that ν1 and ν2α are con-
jugate monomorphisms V1 → X. We shall write A(X)(V1, V2) for the set
of morphisms V1 → V2 and A(X)(V ) for the group of all endomorphisms
(which are all isomorphisms) of V .
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The functor

(2.46) BCX : A(X)op → Top (topological spaces)

takes an object (V, ν) of the Quillen category A(X) to its centralizer

BCX(V, ν) = map(BV,BX)Bν .

The functor

(2.47) πi(BZCX) : A(X)→ Ab (abelian groups)

takes (V, ν) to the abelian homotopy group

πi(map(BCX(V, ν), BX), e(ν))

based at the evaluation map e(ν) : BCX(V, ν)→ BX. (The mapping space
map(BCX(V, ν), BX)e(ν) is homotopy equivalent to BZCX(V, ν) [8]).

2.48. Lemma ([35, 4.9]). Suppose that X is connected and centerless. If

(1) CX(L, λ) has N -determined (π∗(N)-determined) automorphisms for
each rank one object (L, λ) of A(X),

(2) lim1(A(X);π1(BZCX)) = 0 = lim2(A(X);π2(BZCX)),

then X has N -determined (resp. π∗(N)-determined) automorphisms.

Proof. Suppose first that each line centralizer has π∗(N)-determined au-
tomorphisms. Let f : X → X be an automorphism under the maximal torus
T → X. Since any monomorphism λ : L→ X, L = Z/2, factors through the
maximal torus, the commutative diagram

N

AM(f)

��

// X

f

��
L

λT // T

99rrrrrr

%%LLLLLL

N // X

shows that fλ = λ and gives a commutative diagram

CN (L)

CAM(f)(L)

��

// CX(L)

Cf (L)

��
T

77oooooo

''OOOOOO

CN (L) // CX(L)

of automorphisms under T . Thus AM(Cf (L)) = CAM(f)(L) : CN (L) →
CN (L). Now, π∗(CN (L)) is a subgroup of π∗(N) (for π1(CN (L)) = π1(N)
and π0(CN (L)) = W (X)(L) is [12, 7.6], [34, 3.2(1)] the stabilizer sub-
group at L < Ť for the action of W (X) on Ť ) so π∗(CAM(f)(L)) = 1 and
Cf (L) ' 1CX (L) since CX(L) has π∗(N)-determined automorphisms. For
any other object (V, ν) of A(X) of rank > 1, choose a line L in V . Since the
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monomorphism ν : V → X canonically factors through CX(L) [11, 8.2], [38,
3.18], the commutative diagram

X

f

��

V //

ν 00

ν ..

CX(L)

77oooooo

''OOOOOO

X

shows that fν = ν and the induced diagram

CX(V )

Cf (V )

��

CCX (L)(V )

∼= 55kkkkkkk

∼= ))SSSSSSS

CX(V )

that Cf (V ) : CX(V )→ CX(V ) is conjugate to the identity. The third as-
sumption of the lemma ensures that there are no obstructions to conjugat-
ing f to the identity now that we know that the restriction of f to each of
the centralizers is conjugate to the identity (see [35, 4.9]).

Suppose next that each line centralizer hasN -determined automorphisms.
Let f : X → X be an automorphism such that the diagram

X

f

��
N

88rrrrrr

&&LLLLLL

X

commutes up to conjugacy. For each line L in T , the induced diagram

CX(L)

Cf (L)

��

CN (L)

66mmmmmm

((QQQQQQ

CX(L)

also commutes up to conjugacy. By assumption, this means (2.18) that the
induced automorphisms Cf (L) of line centralizers are conjugate to the iden-
tity. As above, this implies that the induced map Cf (V ) : CX(V )→ CX(V )
is conjugate to the identity for any object (V, ν) of the Quillen category
for X and that f is conjugate to the identity.

Consider next an extended 2-compact torus N and two connected, cen-
terless 2-compact groups X and X ′ both having N as their maximal torus
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normalizer:

(2.49) X
j← N

j′→ X ′.

Our task is (2.14(1)) to construct an isomorphism X → X ′ under the max-
imal torus.

2.50. Definition. An object (V, ν) of A(X) is toral if the monomor-
phism ν : V → X factors through the maximal torus T → X. Let A(X)≤t

denote the full subcategory of toral objects, and A(X)≤t≤2 the full subcate-
gory of toral objects of rank ≤ 2.

For each toral object (V, ν) of A(X)≤t, let νN : V → N be the unique
preferred lift [36, 4.10] of ν (which is the factorization of ν through the
maximal torus, the identity component of N) and let (V, ν ′) be the toral
object of A(X ′) defined by ν ′ = j ◦ νN : V → X ′ as in the commutative
diagram

V
ν

~~}}}}}}}}
νN

��

ν′

  BBBBBBBB

X N
joo j′ // X ′

The functor A(X)≤t → A(X ′)≤t that takes the object (V, ν) to the object
(V, ν ′) and is the identity on morphisms is an equivalence of toral Quillen
categories [38, 2.8].

2.51. Theorem (cf. [38, 3.8]). In the situation of (2.49), assume the
following :

(1) The centralizer CX(V, ν) of any

(V, ν) ∈ Ob(A(X)≤t≤2)

has N -determined automorphisms.
(2) There exists a self-homotopy equivalence α ∈ H 1(W ; Ť ) ⊆ Out(N)

such that for every object (L, λ) ∈ Ob(A(X)≤t≤1) the diagram

CN (L, λN )

j|CN (λN )
��

α|CN (λN ) // CN (L, λN )

j′|CN (λN )
��

CX(L, λ)
fλ // CX′(L, λ

′)

commutes for some isomorphism fλ.
(3) For any nontoral rank two object (V, ν) of A(X) the composite mono-

morphism

ν ′L : V
ν(L) // CX(L, ν|L)

fν|L
∼=

// CX′(L, (ν|L)′) res // X ′
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and the induced isomorphism fν,L : CX(V, ν)→ CX′(V, ν
′
L) defined

by the commutative diagram

CCX(L,ν|L)(V, ν(L))

∼=
��

Cfν|L // CCX′ (L,(ν|L)′)(V, fν|L ◦ ν(L))

∼=
��

CX(V, ν)
fν,L // CX′(V, ν

′
L)

do not depend on the choice of the line L < V . (See 2.65 for the
definition of the canonical factorization ν(L).)

(4) lim2(A(X);π1(BZCX)) = 0 = lim3(A(X);π2(BZCX)).

Then there exists an isomorphism f : X → X ′ under T (2.14).

Proof. The idea is that the isomorphisms fλ : CX(λ)→ CX′(λ
′) on the

line centralizers restrict to isomorphisms fν : CX(ν)→ CX′(ν
′) for all cen-

tralizers in the F2-homology decomposition (2.44) of BX. These locally de-
fined isomorphisms combine to a globally defined isomorphism BX → BX ′.

First observe that the isomorphisms fλ : CX(λ)→ CX′(λ
′) on the line

centralizers are uniquely determined by the cohomology class α ∈ H 1(W ; Ť )
(2.12(1)).

Let now (V, ν) be a rank two object of A(X) and L a line in the plane V .
If (V, ν) is toral, define fν : CX(V, ν)→ CX′(V, ν

′) to be the isomorphism
induced by fν|L : CX(L, ν|L)→ CX′(L, (ν|L)′). Since fν is an isomorphism

under α|CN (V, νN ) it does not depend on the choice of L in V (2.12(1)). If
(V, ν) is nontoral, define ν ′ to be ν ′L and define fν : CX(V, ν)→ CX′(V, ν

′) to
be fν,L. By assumption (3), the monomorphism ν ′ and the isomorphism fν,L
are independent of the choice of L.

This construction respects morphisms in A(X). Consider first, for in-
stance, a morphism β : (L1, λ1)→ (L2, λ2) between two lines in X. Then
λ1 = λ2β and λN1 = λN2 β. The commutative diagram of isomorphisms

CX(λ1)

fλ1

��

CX(λ2)

fλ2

��

CX (β)oo

CN (λN1 )

α|CN (λN1 )
��

eeLLLLLLLLLL

CN (λN2 )

α|CN (λN2 )
��

CN (β)oo

99rrrrrrrrrr

CN (λN1 )

yyssssssssss
CN (λN2 )

CN (β)
oo

%%KKKKKKKKKK

CX′(λ
′
1) CX′(λ

′
2)

CX′ (β)oo
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shows that CX′(β)−1 ◦ fλ1 ◦ CX(β) = fλ2 for they are both isomorphisms
under CN (β)−1 ◦ α|CN (λN1 ) ◦ CN (β) = α|CN (λN2 ). Second, by the very
definition of fν, the diagram

CX(V, ν)

��

fν // CX′(V, ν
′)

��
CX(L, ν|L)

fν|L // CX′(L, (ν|L)′)

commutes whenever L < V and (V, ν) is a (toral or nontoral) rank 2 object
of A(X).

We have now defined natural isomorphisms fν : CX(V, ν)→ CX′(V, ν
′)

for all objects (V, ν) ∈ Ob(A(X)) of rank ≤ 2. For any other object (E, ε)
of A(X), choose a line L < E and proceed as for toral rank 2 objects. That
is, define ε′ : E → X ′ to be the monomorphism

E
ε(L)−→CX(E, ε|L)

fε|L−→CX′(E, (ε|L)′)
res−→X ′

and define fε : CX(E, ε)→ CX′(E, ε
′) to be the isomorphism

CCX(E,ε|L)(ε(L))
(fε|L)∗ //

∼=
��

CCX′(E,(ε|L)′)(fε|L ◦ ε(L))

∼=
��

CX(E, ε)
fε // CX′(E, ε

′)

induced by fε|L. If L1 and L2 are two distinct lines in E, let P = 〈L1, L2〉
be the plane generated by them. Then the commutative diagram

CX(L1, ε|L1)
fε|L1

∼=
// CX′(L1, (ε|L1)′)

res

((QQQQQQQQQQQQQQQ

P

ε(L1)
77nnnnnnnnnnnnnn ε(P ) //

ε(L2)
''PPPPPPPPPPPPPP CX(P, ε|P )

fε|P

∼= //

OO

��

CX′(P, (ε|P )′)

OO

��

res // X ′

CX(L2, ε|L2)
fε|L2

∼= // CX′(L2, (ε|L2)′)

res

66mmmmmmmmmmmmmmm

shows that neither (E, ε′) ∈ Ob(A(X ′)) nor the isomorphism fε depend on
the choice of line in E. Thus we have constructed a collection of centric [8]
maps

(2.52) BCX(V, ν)→ BX ′, (V, ν) ∈ Ob(A(X)),

that are homotopy invariant under A(X)-morphisms. The vanishing of the
obstruction groups (assumption (4)) means [55] that these homotopy A(X)-
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invariant maps can be realized by a map

Bf : BX
'←− hocolimBCX → BX ′

such that f ◦ res = res ◦ fν for all (V, ν) ∈ Ob(A(X)). In particular, f is a
map under T and an isomorphism (2.14).

2.53. Verification of condition 2.51(2). Let A(X)≤t be the toral part of
the Quillen category and let H1(W0; Ť )W/W0 : A(X)≤t → Ab be the func-
tor with value H1(W (CX(V, ν)0); Ť )π0CX(V,ν) on the object (V, ν). If the
2-compact group C satisfies the conditions of Lemma 2.40 and Ž(C0) =
Ť (C0)W (C0) we say that C satisfies the conditions of Lemma 2.40 in the
strong sense.

2.54. Lemma. Suppose that

• the centralizers CX(V, ν) of all (V, ν) ∈ Ob(A(X)≤t≤2) satisfy the con-
ditions of Lemma 2.40 in the strong sense,
• H1(W ; Ť )→ lim0(A(X)≤t≤2;H1(W0; Ť )W/W0) is surjective.

Then conditions 2.51(1) and 2.51(2) are satisfied.

Proof. Let (V, ν) be an object of A(X)≤t of rank ≤ 2. Since (2.40) the
centralizer CX(V, ν) is N -determined there is a solution (f(V, ν), α(V, ν)) to
the isomorphism problem

CN (V, νN )

��

α(V,ν) // CN (V, νN )

��
CX(V, ν)

f(V,ν) // CX′(V, ν
′)

and the set of all solutions is (2.35, 2.37) an H 1(W/W0; ŤW0)(CX(V, ν))-
coset. Let

α(V, ν) ∈ H1(W0; ŤW/W0)(CX(V, ν))

be the restriction of any solution α(V, ν) ∈ H1(W ; Ť )(CX(V, ν)) to the above
isomorphism problem. Then

(2.55) {α(V, ν)}
(V,ν)∈Ob(A(X)≤t≤2)

∈ lim0(A(X)≤t≤2;H1(W0; Ť )W/W0)

because the restriction of a solution is a solution. By assumption, there is
an element α ∈ H1(W ; Ť ) that maps to (2.55) and α satisfies 2.51(2).

In case H1(W ; Ť ) = 0, the second point of Lemma 2.54 reduces to

lim0(A(X)≤t≤2;H1(W0; Ť )W/W0) = 0. Alternatively, we see that if it happens

that lim1(A(X)≤t≤2;H1(W/W0; ŤW0)) = 0, then the short exact sequences

(2.27) for CX(V, ν), (V, ν) ∈ Ob(A(X)≤t≤2), will produce a short exact se-



N-determined 2-compact groups. I 33

quence

0→ lim0(A(X)≤t≤2,H
1(W/W0; ŤW0))→ lim0(A(X)≤t≤2,H

1(W ; Ť ))

→ lim0(A(X)≤t≤2,H
1(W0; Ť )W/W0)→ 0

in the limit. Since H1(W ; Ť ) is isomorphic to the middle term by [10, 8.1],
it maps onto the third term.

2.56. Verification of condition 2.51(3). In this subsection we assume
that conditions 2.51(1) and 2.51(2) are satisfied. The following observations
can sometimes be useful in the verification of condition 2.51(3).

Let (V, ν) be a nontoral rank two object of A(X) and L < V a rank one
subgroup. The commutative diagram

(2.57)

N
α // N

j′

""
V

νNL

44

νNL (L)
//

ν(L) ((

CN (L, νNL |L)

��

Cα //

OO

CN (L, νNL |L)

��

OO

X ′

CX(L, ν|L)
fν|L // CX′(L, (ν|L)′)

res

==

shows that ν ′L, which is defined to be res◦fν|L◦ν(L), is equal to the composite

ν ′L = j′ ◦ α ◦ νNL . Moreover, we see, by taking the centralizer of ν(L), that

(2.58)

V
ν(V )

zzvvvvvvvvv ν′L(V )

$$IIIIIIIIII

CX(V, ν)
fν,L

∼= // CX′(V, ν
′)

commutes.

We are looking for criteria that ensure that ν ′L : V → X ′ is independent
of the choice of L < V .

2.59. Lemma. Let (V, ν) be a nontoral rank two object of A(X) and
L < V a line in V . Write C3 for the Sylow 3-subgroup of GL(V ). Suppose
that

(1) C3 ⊆ A(X)(V, ν) ∩A(X ′)(V, ν ′L),
(2) fν,L : CX(V, ν)→ CX′(V, ν

′
L) is C3-equivariant.

Then condition 2.51(3) is satisfied.

Proof. Let β be an automorphism of V . For general reasons, νNL β =
(νβ)Nβ−1L and the diagram
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CX(V, ν)

CX (β) ∼=
��

fν,L // CX′(V, ν
′
L)

CX′ (β)∼=
��

CX(V, νβ)
fνβ,β−1L // CX′(V, ν

′
Lβ)

commutes. Now, if β ∈ A(X)(V, ν)∩A(X ′)(V, ν ′L), then νβ = ν, ν ′Lβ = ν ′L,
and fνβ,β−1L = fν,β−1L so that fν,β−1L = CX′(β)◦fν,L◦CX(β)−1 according to
the above diagram. If also fν,L commutes with the action of β, we conclude
that fν,L = fν,β−1L.

The following lemma ensures that condition 2.59(1) holds.

2.60. Lemma. Let L and V denote elementary abelian 2-groups of rank
one and two, respectively. Suppose that

(1) there is (up to conjugacy) a unique monomorphism λ : L→ X with
nonconnected centralizer ,

(2) there is (up to conjugacy) a unique monomorphism ν : V → X that
is nontoral.

Then the same holds for X ′, and A(X)(V, ν) = GL(V ) = A(X ′)(V, ν ′) for
the unique nontoral rank two objects (V, ν) of A(X) and (V, ν ′) of A(X ′).

Proof. Let ν ′ : V → X ′ be a nontoral monomorphism and i : L→ V an
inclusion. Then (L, ν ′i) = (L, λ′) for CX′(L, ν

′i) is nonconnected so that ν ′i
and λmust correspond to each other under the bijection A(X)≤t → A(X ′)≤t

between toral categories. Moreover, the diagram

(2.61)

X CX(L, λ)
resoo fλ

∼=
// CX′(L, λ

′) res // X ′

V
ν

ff
ν(L)

ddIIIIIIIII

ν′(L)
::tttttttttt ν′

77

is commutative. To see this, observe that (V, res ◦ f−1
λ ◦ ν ′(L)) is a nontoral

rank two object of A(X) (its centralizer is isomorphic to CCX′ (L,λ′)(V, ν
′(L))

= CX′(V, ν
′)) so that (V, ν) = (V, res ◦ f−1

λ ◦ ν ′(L)) by uniqueness of (V, ν).
Also, we see from the commutative diagram

Lλ

ww

λ(L)

wwnnnnnnnnnnnnn

i

��
X CX(L, λ)res

oo V
ν(L)oo

f1
λ◦ν′(L)

oo

that ν(L) = f−1
λ ◦ ν′(L) by uniqueness of canonical factorizations under L

[37, 3.9]. We conclude that ν ′ = res ◦ ν ′(L) = res ◦ fλ ◦ ν(L). This means
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(2.57) that ν ′ = ν ′L for any choice of line L < V . Since ν ′ is thus unique up
to conjugacy, ν ′β = ν ′ for any automorphism β of V .

Note in connection with the verification of condition 2.59(2) that if
2.59(1) is satisfied so that ν ′L = ν ′ is independent of L, then (2.58) shows
that fν,L is a map under V in the sense that

(2.62)

V
ν(V )

zzvvvvvvvvv
ν′(V )

$$IIIIIIIIII

CX(V, ν)
fν,L

∼= // CX′(V, ν
′)

commutes. Since the canonical monomorphisms, ν(V ) and ν ′(V ), are GL(V )-
equivariant, the restriction of fν,L to V is C3-equivariant.

For any nontoral object (not necessarily of rank two) (V, ν) of A(X)
and any rank one subgroup L ⊂ V , let νNL : V → N be a preferred lift
of ν such that νNL |L is the preferred lift of ν|L, i.e. νNL |L = (ν|L)N . (It
is always possible to extend a preferred lift given on the subgroup L to
a preferred lift defined on all of V but a preferred lift defined on V may
not restrict to a preferred lift on L [36, 4.9].) Also, define ν ′L : V → X ′ and
fν,L : CX(V, ν)→ CX′(V, ν

′
L) as in 2.51(3).

2.63. Lemma. Let ν : V → X be any nontoral object of A(X).

(1) If the centralizer of ν has a nontrivial identity component , then
ν ′L : V → X ′ is independent up to conjugacy of the choice of L ⊂ V ,
and ν ′L = j′ ◦ α ◦ νNL .

(2) If there also exist a 2-compact torus Tν and isomorphisms Tν →
CN (V, νNL )0 such that the composites Tν → CN (V, νNL )0 → T are
independent of L < V up to conjugacy , then

fν,L : CX(V, ν)→ CX′(V, ν
′)

are isomorphisms under the maximal torus Tν for all L < V .

Proof. (1) Just as in (2.57) we see that ν ′L = res ◦ fν|L ◦ ν(L) = j′ ◦
α ◦ νNL . The hypothesis implies that there exists [11, 5.4, 7.3] a morphism
φ : L1 × V → X extending ν : V → X whose adjoint L1 → CX(ν) factors
through the identity component of CX(ν). Let L1 → CN (V, νNL ) be the
preferred lift of L1 → CX(V, ν) as in the commutative diagram

CN (V, νNL )
res //

��

N

j

��
L1

77

// CX(V, ν)
res // X

This preferred lift will factor through the identity component of CN (νNL )
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(and hence its composition with CN (νNL )→ N will factor through the iden-
tity component of N) since L1 → CX(V, ν) factors through the identity
component of CX(ν) [36, 4.10]. Let φNL : L1 × V → N be the adjoint of the
preferred lift L1 → CN (νNL ). Then φNL |L1 : L1 → N factors through the
identity component of N (the maximal torus) so it is [36, 4.10] the preferred
lift of φ|L1 : L1 → X. In particular, φNL |L1 = (φ|L1)N does not depend on
the choice of L.

The adjoints, φN2 : V →CN (φNL |L1) and φ2 : V →CX(φ|L1), of φNL and φ,
respectively, with respect to the second factor, give a commutative diagram

CX(L1, φ|L1)
fφ|L1 // CX′(L1, (φ|L1)′)

res

$$
V

φ2
55

φN2 //

νNL ,,

CN (L1, φ
N
L |L1)

��

Cα //

OO

CN (L1, φ
N
L |L1)

��

OO

X ′

N
α // N

j′

99

We conclude that ν ′L = j′ ◦α ◦ νNL = res ◦ fφ|L1
◦φ2 : V → X ′ is independent

of the choice of L < V .
(2) The upper square in the diagram

Tν

��

Tν

��
CN (V, νNL )

��

α // CN (V, ανNL )

��
CX(V, ν)

fν,L // CX′(V, ν
′)

commutes because α restricts to the identity on the identity component
T of N and hence also on Tν . That the lower square is commutative is a
consequence of the commutative diagram

CN (L, νNL |L)

��

Cα // CN (L,ανNL )

��
V

νNL (L)
77

ν(L) // CX(L, ν|L)
fν|L // CX′(L, (ν|L)′)

where νNL (L) and ν(L) are the canonical factorizations (2.65).

Let µ : U → X be a nontrivial elementary abelian 2-group and µ : U → X
a monomorphism whose centralizer CX(U, µ) has nontrivial identity compo-
nent. Suppose that U contains a nontrivial subgroup V < U such that the
restriction of µ to V is nontoral. Choose a rank one subgroup L ⊂ V ⊂ U .
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We may choose the preferred lifts µNL and (µ|V )NL such that µNL |V = (µ|V )NL .
Since CX(U, µ) has nontrivial identity component, the conjugacy classes of
the monomorphisms µ′ = µ′L and (µ|V )′L = µ′|L are independent of the
choice of L by 2.63(1). Then there is a commutative diagram

(2.64)

U
µ(V )

yyssssssssss
µ′(V )

%%LLLLLLLLLLL

CX(V, µ|V )
fµ|V,L // CX′(V, µ

′|V )

similar to (2.62).

2.65. Canonical factorizations. Let ν : V →X be a monomorphism from
an elementary abelian p-group to the p-compact group X. The canoni-
cal factorization of ν through its centralizer is the central monomorphism

ν(V ) : V → CX(V, ν) whose adjoint is V × V
+−→ V

ν−→ X [11, 8.2]. If
α : (V1, ν1) → (V2, ν2) is a morphism in A(X) then the canonical factor-
izations are related by a commutative diagram

(2.66)

V1

α

��

ν1(V1) // CX(V1, ν1)
res // X

V2
ν2(V2) // CX(V2, ν2)

CX(α)

OO

res // X

We write ν2(V1) : V2 → CX(V1, ν1) for CX(α) ◦ ν2(V2) and call it the canon-
ical factorization of ν2 through the centralizer of ν1. The induced diagram

(2.67)

CCX (V2,ν2)(V2,ν2(V2))

∼=
��

CCX (α)−−−−→∼= CCX (V1,ν1)(V2,ν2(V1))

CCX (V1,ν1)(α)
// CCX (V1,ν1)(V1,ν1(V1))

∼=
��

CX(V2,ν2)
CX(α) // CX (V1,ν1)

is a factorization of CX(α).

4. An exact functor. Let W be a finite group, p a prime, and % : W →
GL(t) a representation of W in an Fp-vector space t of finite dimension. For
any nontrivial subgroup V ⊂ t, let

W (V ) = {w ∈W | ∀v ∈ V : wv = v}
be the subgroup of elements of W that act as the identity on V . For any
two nontrivial subgroups V1, V2 ⊂ t, let

W (V1, V2) = {w ∈W | wV1 ⊂ V2}
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be the transporter set. (Even though this is suppressed in the notation, this
set depends on the representation %.)

Suppose that we are also given a ZpW -module L.

2.68. Definition ([38, 2.2]). A(%, t) is the category whose objects are
nontrivial subspaces of V and whose morphisms are group homomorphisms
induced by the W -action. The functor Li : A(%, t)→ Ab takes the object
V ⊂ t to H i(W (V );L) and the morphism w : V1 → V2 to

Hi(W (V1);L)
w∗−→ H i(W (V1)w;L)

res−→ H i(W (V2);L)

where res is restriction and w∗ is induced from conjugation with w ∈W .

The category A(%, t) depends only on the image of W in GL(t) but
the functor Li depends on the actual representation. The morphism set in
A(%, t) is the set of orbits

A(%, t)(V1, V2) = W (V1, V2)/W (V1)

for the action of the group W (V1) on the set W (V1, V2). We shall often write
A(W, t) for A(%, t) when the representation % is clear from the context and
A(W, t)(V ) will be used as an abbreviation for the endomorphism group
A(W, t)(V, V ) = W (V, V )/W (V ).

2.69. Lemma ([10, 8.1]). Li is an exact functor with limit H i(W ;L):

limj(A(W, t), Li) =

{
Hi(W ;L), j = 0,

0, j > 0.

Proof. The proof of [10, 8.1] also applies to this slightly different setting
where the action of W on the Fp-vector space t may not be faithful and L
is a ZpW -module (and not an FpW -module).

Another possibility is to use the ideas of [25]. It suffices to show that
the category A(W, t) satisfies (the duals of) the conditions of [25, 5.16] and
that L∗ is a proto-Mackey functor. Define L∗ : A(W, t) → Ab to be the
contravariant functor that agrees with L∗ on objects but takes the A(W, t)-
morphism w : E0 → E1 to the group homomorphism

H∗(W (E0);L)
(w−1)∗←−−− H∗(W (E0)w;L)

tr← H∗(W (E1);L)

where tr is transfer. To prove the existence of coproducts and push-outs in
the multiplicative extension A(W, t)∏ we follow [25, 6.3]. Let E0, E1, E2 be
elementary abelian subgroups of t where E0 ⊂ E1 and there is a morphism
E0 → E2 represented by an element w ∈ W (E0, E2) ⊂ W . (E0 is possibly
empty to allow for the construction of coproducts.) Each coset gW (E1) ∈
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W (E0)/W (E1) has an associated special diagram

E0

w

��

� � // E1

wg

��
E2

� � // E2 +wgE1

where we note that W (E2 +wgE1) = W (E2)∩W (E1)wg. This construction
determines a bijection between the double coset w−1W (E2)w\W(E0)/W(E1)
and the set of isomorphism classes of special diagrams (cf. [25, 7.3]) and
therefore

E0

w

��

� � // E1

∏
wg

��
E2

� � //
∏

(E2 + wgE1)

where the product is taken over all g ∈ w−1W (E2)w\W (E0)/W (E1), is a
push-out diagram in A(W, t)∏ [25, 6.3]. By [25, 5.13], we need to show that
the diagram

H∗(W (E0);L)

L∗(w)
��

H∗(W (E1);L)

∏
L∗(wg)

��

L∗(E0⊆E1)oo

H∗(W (E2);L)
∏
H∗(W (E2) ∩W (E1)wg;L)

∑
L∗(E2⊆E2+gwE1)oo

commutes. But this is precisely the content of the Cartan–Eilenberg double
coset formula relating the restriction and transfer homomorphisms in group
cohomology [5], [16, 4.2.6].

The restriction homomorphism H∗(W ;L) → lim0(A(W, t);L∗) is injec-
tive since t contains an elementary abelian subgroup E ⊂ t such that the
index of W (E) in W is prime to p. To show surjectivity, we use the argument
from the proof of [25, 7.2].

3. THE A-FAMILY

The A-family consists of the matrix groups

PGL(n+ 1,C) =
GL(n+ 1,C)

GL(1,C)
, n ≥ 1,

where GL(n+1,C) is the Lie group of complex (n+1)×(n+1) matrices with
center GL(1,C) consisting of scalar matrices. The maximal torus normalizer
for PGL(n+ 1,C) is

N(PGL(n+ 1,C)) =
GL(1,C)n+1

GL(1,C)
oΣn+1
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where Σn+1 = W (PGL(n + 1,C)) ⊂ PGL(n + 1,C) is the Weyl group of
permutation matrices. It is known [21], [29] that

(3.1) H0(W ; Ť ) =

{
Z/2, n = 1,

0, n > 1,
H1(W ; Ť ) =

{
Z/2, n = 3,

0, n 6= 3

for PGL(n+1,C). For all n, PGL(n+1,C) = PSL(n+1,C). When n+1 is
odd, PGL(n+ 1,C) = PSL(n+ 1,C) = SL(n+ 1,C) as 2-compact groups.

1. The structure of PGL(n + 1,C). In this and the following sec-
tion we use the results of Chapter 2 to show that the 2-compact groups
PGL(n+1,C), n ≥ 1, are uniquely N -determined. This section provides the
information about the Quillen category needed for the calculation (3.20) of
the higher limit obstruction groups from 2.48 and 2.51.

3.2. The toral subcategory of A(PGL(n + 1,C)). We consider the full
subcategory of A(PGL(n+ 1,C)) generated by the toral nontrivial elemen-
tary abelian 2-groups in PGL(n+ 1,C), A(PGL(n+ 1,C))≤t (2.50) .

3.3. Lemma. The monomorphism ν : V → PGL(n+ 1,C) is toral if and
only if it lifts to a morphism V → GL(n+ 1,C). If n+ 1 is odd , all objects
of A(PGL(n+ 1,C)) are toral.

Proof. Any monomorphism V → GL(n + 1,C) → PGL(n + 1,C) is
toral since it is toral already in GL(n + 1,C) by complex representation
theory. Conversely, any toral monomorphism V → GL(1,C)n+1/GL(1,C) ⊂
PGL(n + 1,C) lifts to GL(1,C) since GL(1,C) is divisible. When n+ 1 is
odd, PGL(n+ 1,C) = SL(n+ 1,C) ⊂ GL(n+ 1,C) as 2-compact groups so
all monomorphisms V → PGL(n+ 1,C) are toral.

Let

ei = diag(+1, . . . ,+1,−1,+1, . . . ,+1) ∈ GL(n+ 1,C), 1 ≤ i ≤ n+ 1,

be the diagonal matrix with −1 in position i and +1 at all other positions.
The maximal toral elementary abelian 2-groups

∆n+1 = 〈e1, . . . , en+1〉 = 〈diag(±1, . . . ,±1)〉 ∼= (Z/2)n+1 ⊂ GL(n+ 1,C),

P∆n+1 = 〈e1, . . . , en+1〉/〈e1 · · · en+1〉 ∼= (Z/2)n ⊂ PGL(n+ 1,C)

have Quillen automorphism groups Σn+1
∼= A(GL(n + 1,C))(∆n+1) ∼=

A(PGL(n+ 1,C))(P∆n+1).

3.4. Lemma. The inclusion functors

A(Σn+1,∆n+1)→ A(GL(n+ 1,C)),

A(Σn+1, P∆n+1)→ A(PGL(n+ 1,C))≤t

are equivalences of categories.
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Proof. This is a general fact; the first part of [38, 2.8] also holds for the
case p = 2. However, it may be more illustrative to prove the lemma directly
in this special case.

By complex representation theory, any nontrivial elementary abelian 2-
group in GL(n + 1,C) is conjugate to a subgroup of ∆n+1 and the auto-
morphism group A(GL(n + 1,C))(∆n+1) = Σn+1. Thus there is a faithful
inclusion functor

A(Σn+1,∆n+1)→ A(GL(n+ 1,C))

which is surjective on the sets of isomorphism classes of objects. It re-
mains to show that this functor is full. Since any morphism in the category
A(GL(n + 1,C)) is an isomorphism followed by an inclusion, it is enough
to show that any conjugation induced isomorphism V1 → V2 between non-
trivial subgroups V1, V2 ⊂ ∆n+1 is actually induced from conjugation by an
element of N(GL(n + 1,C)). But this is a well-known fact from Lie group
theory easily derived from e.g. [4, IV.2.5].

Any toral nontrivial elementary abelian 2-group in PGL(n + 1,C) is
the image of an elementary abelian 2-group in GL(n + 1,C) and hence
conjugate to subgroup of P∆n+1. Since any A(PGL(n + 1,C))-morphism
between subgroups of P∆n+1 is induced from conjugation with an element of
N(PGL(n+ 1, C)), it follows that A(Σn+1, P∆n+1)→ A(PGL(n+ 1,C))≤t

is an equivalence of categories.

For any partition n+ 1 = i0 + i1 + · · · + ir of n+ 1 into a sum of r + 1
positive integers, let (±1)i0(±1)i1 · · · (±1)ir denote the diagonal matrix

diag(

i0︷ ︸︸ ︷
±1, . . . ,±1,

i1︷ ︸︸ ︷
±1, . . . ,±1, . . . ,

ir︷ ︸︸ ︷
±1, . . . ,±1)

in GL(n+ 1,C).

For any partition (i0, i1) of n + 1 = i0 + i1 into a sum of two posi-
tive integers i0 ≥ i1 ≥ 1, let L[i0, i1] ⊂ PGL(n + 1,C) be the image in
PGL(n+ 1,C) of the elementary abelian 2-group

L[i0, i1]∗ = 〈(+1)i0(−1)i1 , (−1)n+1〉
in GL(n+ 1,C). The centralizer of L[i0, i1] is

(3.5) CPGL(n+1,C)L[i0, i1] =





GL(i0,C)2

GL(1,C)
o C2, i0 = i1,

GL(i0,C)×GL(i1,C)

GL(1,C)
, i0 > i1,

where the action of

C2 =

〈(
0 E

E 0

)〉
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interchanges the two GL(i0,C)-factors. The center of the centralizer of
L[i0, i1] is

(3.6) ZCPGL(n+1,C)L[i0, i1] =





L[i0, i1], i0 = i1,

GL(1,C) ×GL(1,C)

GL(1,C)
, i0 > i1.

For any partition (i0, i1, i2) of n + 1 = i0 + i1 + i2 into a sum of three
positive integers i0 ≥ i1 ≥ i2 ≥ 1, let P [i0, i1, i2] ⊂ PGL(n + 1,C) be the
image in PGL(n+ 1,C) of the elementary abelian 2-group

P [i0, i1, i2]∗ = 〈(+1)i0(−1)i1(+1)i2 , (+1)i0(+1)i1(−1)i2 , (−1)n+1〉.

in GL(n+ 1,C). The centralizer of P [i0, i1, i2] is

(3.7) CPGL(n+1,C)P [i0, i1, i2] =
GL(i0,C)×GL(i1,C)×GL(i2,C)

GL(1,C)

so that the center of the centralizer,

(3.8) ZCPGL(n+1,C)P [i0, i1, i2] =
GL(1,C) ×GL(1,C)×GL(1,C)

GL(1,C)
,

is connected.

For any partition (i0, i1, i2, i3) of n+1 = i0 +i1 +i2 +i3 into a sum of four
positive integers i0 ≥ i1 ≥ i2 ≥ i3 ≥ 1, let P [i0, i1, i2, i3] ⊂ PGL(n + 1,C)
be the image in PGL(n+ 1,C) of the elementary abelian 2-group

P [i0, i1, i2, i3]∗

= 〈(+1)i0(−1)i1(+1)i2(−1)i3 , (+1)i0(+1)i1(−1)i2(−1)i3 , (−1)n+1〉.

The centralizer of P [i0, i1, i2, i3] is

(3.9) CPGL(n+1,C)P [i0, i1, i2, i3]

=





GL(i0,C)4

GL(1,C)
o (C2 × C2), i0 = i1 = i2 = i3,

GL(i0,C)2 ×GL(i2,C)2

GL(1,C)
o C2, i0 = i1 > i2 = i3,

GL(i0,C)×GL(i1,C)×GL(i2,C)×GL(i3,C)

GL(1,C)
, otherwise,

where
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C2 × C2 =

〈



0 E 0 0

E 0 0 0

0 0 0 E

0 0 E 0



,




0 0 E 0

0 0 0 E

E 0 0 0

0 E 0 0




〉

C2 =

〈



0 E 0 0

E 0 0 0

0 0 0 E

0 0 E 0




〉
.

The center of the centralizer of P [i0, i1, i2, i3] is

(3.10) ZCPGL(n+1,C)P [i0, i1, i2, i3]

=





P [i0, i1, i2, i3], i0 = i1 = i2 = i3,

GL(1,C) ×GL(1,C)

GL(1,C)
× 〈(+1)i0(−1)i1(+1)i2(−1)i3〉, i0 = i1 > i2 = i3,

GL(1,C) ×GL(1,C)×GL(1,C)×GL(1,C)

GL(1,C)
, otherwise.

We collect the information about the toral subcategory that we shall
need later on in the following proposition. Let P (m, k) denote the number
of partitions of m into sums of k natural integers.

3.11. Proposition. The category A(PGL(n+1,C)) contains precisely

• P (n+ 1, 2) isomorphism classes of toral rank one objects represented
by the lines L[i0, i1],
• P (n+ 1, 3) +P (n+ 1, 4) isomorphism classes of toral rank two objects

represented by the planes P [i0, i1, i2] and P [i0, i1, i2, i3].

The centralizers of these objects are listed in (3.5), (3.7), and (3.9).

The automorphism groups are easily computed using complex represen-
tation theory because

A(GL(n+ 1,C))(P [i0, i1, i2, i3]∗)→ A(PGL(n+ 1,C))(P [i0, i1, i2, i3])

is surjective (as in 3.18). One finds that

A(PGL(n+ 1,C))P [i0, i1, i2, i3] =





GL(2,F2), `(i0, i1, i2, i3) ≥ 3,

C2, `(i0, i1, i2, i3) = 2,

{1}, `(i0, i1, i2, i3) = 1,

where `(i0, i1, i2, i3) = max1≤j≤4 #{k | ik = ij} is the maximal number
of repetitions in the sequence (i0, i1, i2, i3). This formula also holds for the
objects P [i0, i1, i2] when interpreted as P [i0, i1, i2, 0].
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2. Centralizers of objects of A(PGL(n + 1,C))≤t≤2 are LHS. In
this section we check that all toral objects of rank ≤ 2 have LHS (§2.26)
centralizers.

3.12. Lemma. The centralizers of the objects of A(PGL(n+ 1,C))≤t≤2,

(1)
GL(i,C)2

GL(1,C)
o C2 (3.5),

(2)
GL(i,C)4

GL(1,C)
o (C2 × C2) (3.9),

(3)
GL(i0,C)2 ×GL(i2,C)2

GL(1,C)
o C2 (3.9),

are LHS.

Proof. (1) Let

X =
GL(i,C)2

GL(1,C)
o C2, i ≥ 1,

where the C2-action switches the two GL(i,C)-factors. For i = 1, X is a
2-compact toral group, hence LHS. For i = 2 explicit computer computation
yields

GL(i,C)2

GL(1,C)
o C2 H1(π; ŤW0) H1(W ; Ť ) H1(W0; Ť )π H1(W0; Ť )

i = 2 0 Z/2 Z/2 Z/2

so X is manifestly LHS in this case (even though X0 is not regular). For
i > 2, θ(X0) is bijective and thus X is LHS by 2.28. (θ(X0) is injective by
2.21(1) and surjective by 2.21.(2) for i 6= 4 and for i = 4 by inspection, or
by 2.23 and 2.24 for all i > 2.)

(2) Let X = GL(i,C)4

GL(1,C) o (C2 × C2), i ≥ 1, where C2 × C2 = 〈(12)(34),

(13)(24)〉 permutes the four GL(i,C)-factors. For i = 1, X is a 2-compact
toral group, hence LHS. For i = 2 explicit computer computation yields

GL(i,C)4

GL(1,C)
o (C2 × C2) H1(π; ŤW0 ) H1(W ; Ť ) H1(W0; Ť )π H1(W0; Ť )

i = 2 Z/2 (Z/2)3 (Z/2)2 (Z/2)8

so X is manifestly LHS in this case. (Alternatively, observe that X0 is regular
(2.24, 2.23), the kernel of θ(X0) is (Z/2)4, and θ(X0)π is surjective because
H1(C2 × C2; (Z/2)4) = 0 for the regular representation.) For i > 2, we see
as in part (1) that θ(X0) is bijective and hence X is LHS by Lemma 2.28.

(3) Let X = (GL(i0,C)×GL(i2,C))2

GL(1,C) o C2, 1 ≤ i0 < i2, where C2 switches

the two identical factors. Using 2.23 and 2.24 we see (details omitted) that
X0 is regular. By 2.21(1), θ(X0) is in fact bijective except when i0 or i2 is 2.
In those cases, the kernel of θ(X0) is (Z/2)2 and θ(X0)C2 is surjective as
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H1(C2; (Z/2)2) = 0 for the regular representation. Therefore X is LHS by
Lemma 2.28.

3. Limits over the Quillen category of PGL(n+1,C). In this section
we show that the problem of computing the higher limits of the functors
πi(BZCPGL(n+1,C)), i = 1, 2, (2.47) is concentrated on the nontoral objects
of the Quillen category.

3.13. Lemma ([38, 2.8]). Let V ⊂ P∆n+1 be a nontrivial subgroup rep-
resenting an object of A(Σn+1, P∆n+1) = A(PGL(n+ 1,C))≤t (3.4). Then

ŽCPGL(n+1,C)(V ) = ŤΣn+1(V )

where Ť = Ť (PGL(n,C)) is the discrete approximation [12, §3] to the maxi-
mal torus of PGL(n+1,C) and Σn+1(V ) is the pointwise stabilizer subgroup
(2.68).

Proof. Let ν∗ : V → T (GL(n+ 1,C)) be a lift to GL(n + 1,C) of the
inclusion homomorphism of V into T (PGL(n+ 1,C)). Then

CGL(n+1,C)(ν
∗V ) =

∏

%∈V ∨
GL(i%,C), Σn+1(ν∗V ) =

∏

%∈V ∨
Σi%

where i : V ∨ → Z records the multiplicity of each linear character % ∈ V ∨
in the representation ν∗. Using [38, 5.11] and 5.20 below, we get

CPGL(n+1,C)(V ) =
CGL(n+1,C)(ν

∗V )

GL(1,C)
o V ∨ν∗ , Σn+1(V ) = Σn+1(ν∗V )o V ∨ν∗

where V ∨ν∗ = {ζ ∈ V ∨ = Hom(V,GL(1,C)) | ∀% ∈ V ∨ : iζ% = i%}. The
semidirect products are obtained because the elements of V ∨ν∗ can be real-
ized by permutations from Σn+1 that fix V ⊂ PGL(n + 1,C) pointwise.
The discrete approximation [12, §3] to the center of the centralizer is there-
fore

ŽCPGL(n+1,C)(V ) = Ž

(∏
GL(i%,C)

GL(1,C)
o V ∨ν∗

)
(5.14)

= Ž

(∏
GL(i%,C)

GL(1,C)

)V ∨
ν∗

=

(∏
ŽGL(i%,C)

GL(1,C)

)V ∨
ν∗

=

(
Ť (GL(n+ 1,C))Σn+1(ν∗V )

GL(1,C)

)V ∨
ν∗

= (Ť (PGL(n+ 1,C))Σn+1(ν∗V ))V
∨
ν∗

= Ť (PGL(n+ 1,C))Σn+1(V )

where the penultimate equality sign is justified by the fact that
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H1(Σn+1(ν∗V ); GL(1,C))→ H1(Σn+1(ν∗V ); Ť (GL(n+ 1,C)))

is injective.

Define πi(BZCPGL(n+1,C)) 6≤t to be the subfunctor of πi(BZCPGL(n+1,C))
(2.47) that vanishes on all toral objects and is unchanged on all nontoral
objects of the Quillen category. This means that

(3.14) πi(BZCPGL(n+1,C)) 6≤t(V, ν)

=

{
0, (V, ν) is toral,

πi(BZCPGL(n+1,C))(V, ν), (V, ν) is nontoral,

for all objects (V, ν) of A(PGL(n + 1,C)). The reason for introducing this
subfunctor is that in the computation of the higher limits, we can ignore the
toral objects, as shown below.

3.15. Corollary. When n > 1 and i = 1, 2,

lim∗(A(PGL(n+ 1,C));πi(BZC)�t) ∼= lim∗(A(PGL(n+ 1,C));πi(BZC))

where πi(BZC) = πi(BZCPGL(n+1,C)) (2.47).

Proof. The result of Lemma 3.13 is (2.31) equivalent to

πi(BZC)(V ) = H2−i(Σn+1(V );L), V ⊂ P∆n+1,

where L is the Z2Σn+1-module π2BT (PGL(n+ 1,C)) and therefore (2.69)

limj(A(PGL(n+ 1,C))≤t, πi(BZC)) =

{
H2−i(Σn+1, L), j = 0,

0, j > 0

where the cohomology groups H2−i(Σn+1;L), i = 1, 2, are trivial for n > 1
(3.1).

Since the quotient functor πi(BZC)/πi(BZC) 6≤t vanishes on all nontoral
objects,

limj(A(PGL(n+ 1,C)), πi(BZC)/πi(BZC) 6≤t)
[38, 13.12]∼= limj(A(PGL(n+ 1,C))≤t, πi(BZC)).

We conclude that lim∗(A(PGL(n+ 1,C)), πi(BZC)/πi(BZC) 6≤t) = 0. The
long exact coefficient functor sequence for higher limits now shows that
lim∗(A(PGL(n+1,C)), πi(BZC) 6≤t) and lim∗(A(PGL(n+1,C)), πi(BZC))
are isomorphic.

4. The category A(PGL(n+ 1,C))[ , ]6=0. For any nontrivial elemen-
tary abelian 2-group V in PGL(n+1,C), let [ , ] : V × V → F2 be the sym-
plectic bilinear form [23, II.9.1] given by [uC×, vC×] = r if [u, v] = (−E)r

where u, v ∈ GL(n + 1,C) are such that uC×, vC× ∈ V . (The elements
[u, v] and u2 lie in the center C× of GL(n + 1,C) so that E = [u2, v] =
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[u, v]u[u, v] = [u, v]2 and thus [u, v] ∈ C× has order 2. Therefore [u, v] =
[u, v]−1 = [v, u].)

3.16. Lemma. V in PGL(n+ 1,C) is toral ⇔ [V, V ] = 0.

Proof. Let eiC
×, 1 ≤ i ≤ d, be a basis for V . Since C× is divisible, we

can assume that each ei ∈ GL(n+ 1,C) has order 2. If [V, V ] = 0, these eis
commute and span a lift to GL(n+ 1,C) of V ⊆ PGL(n+ 1,C).

An extraspecial 2-group is of positive type if it is isomorphic to a central
product of dihedral groups D8 of order 8 [48, pp. 145–146].

3.17. Lemma ([18, 3.1], [38, 5.4]). Let ν : V → PGL(n,C) be a nontoral
monomorphism of a nontrivial elementary abelian 2-group V into
PGL(n+ 1,C). Then there exists a morphism of short exact sequences of
groups

1 // Z(P ) //
� _

��

PE //
� _

��

V //
� _

ν

��

1

1 // C× // GL(n+ 1,C) // PGL(n+ 1,C) // 1

where PE is the direct product of an extraspecial 2-group P ⊆ GL(n+ 1,C)
of positive type and an elementary abelian 2-group E ⊆ GL(n + 1,C) with
P ∩E = {1} = [P,E].

Let G = 〈P,E, i〉 = P ◦ C4 × E be the group generated by E and the
central product P ◦ C4 of P and the cyclic group C4 = 〈i〉 ⊆ C× with
C2 = 〈−E〉 amalgamated. The image of G in PGL(n+ 1,C) is V .

Let A(GL(n,C))(G) be the subgroup, isomorphic to NGL(n+1,C)(G)/G ·
CGL(n+1,C)(G), of Out(G) consisting of all outer automorphisms of G in-
duced from conjugation in GL(n+ 1,C) [38, 5.8]. In other words,

A(GL(n,C))(G) = Outtr(G)

is the group of trace preserving outer automorphisms of G.

3.18. Lemma. A(GL(n+ 1,C))(G) → A(PGL(n+ 1,C))(V ) is surjec-
tive.

Proof. Suppose that B ∈ GL(n + 1,C) is such that V BC× = V . Then
GB ⊆ G · C×: for any g ∈ G there exist h ∈ G and z ∈ C× such that
gB = hz. But since G has exponent 4, z4 = 1 so z ∈ C4 and gB ∈ G.

A monomorphic conjugacy class ν : V → PGL(n+ 1,C) is said to be a
(2d + r, r) object of A(PGL(n + 1,C)) if the underlying symplectic vector
space of (V, ν) is isomorphic to V = Hd×V ⊥ whereH denotes the symplectic
plane over F2 and dimF2 V

⊥ = r [23, II.9.6] (so that dimF2 V = 2d+ r). An
(r, r) object is the same thing as an r-dimensional toral object. We write
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Sp(V ) or Sp(2d + r, r) (abbreviated to Sp(2d) if r = 0) for the group of
linear automorphisms of V that preserve the symplectic form.

3.19. Corollary. Suppose that n+1 = 2dm for some natural numbers
d ≥ 1 and m ≥ 1.

(1) There is up to isomorphism a unique (2d, 0) object , H d, of the cate-
gory A(PGL(n+ 1,C)), and

A(PGL(n+ 1,C))(Hd) = Sp(2d),

CPGL(n+1,C)(H
d) = Hd × PGL(m,C)

for this object.
(2) For r > 0, isomorphism classes of (2d+ r, r) objects, V , of the cate-

gory A(PGL(2dm,C)) correspond bijectively to isomorphism classes
of (r, r) objects, V ⊥, of A(PGL(m,C)), and

A(PGL(2dm,C))(V ) =

(
Sp(2d) 0

∗ A(PGL(m,C))(V ⊥)

)
,

CPGL(2dm,C)(V ) = V/V ⊥ × CPGL(m,C)(V
⊥)

for these objects.

Proof. (1) By [24, 7.5] the group 21+2d
+ ◦4 has 21+2d characters of degree 1,

and two irreducible characters of degree 2d (interchanged by the action of
Out(21+2d

+ ◦ 4) ∼= Sp(2d) ×Aut(C4) [17, pp. 403–404]), given by

χλ(g) =

{
2dλ(g), g ∈ C4,

0, g 6∈ C4,

where λ : C4 → C× is an injective group homomorphism (λ(i) = ±i). The
linear characters vanish on the derived group 2 = [21+2d

+ ◦ 4, 21+2d
+ ◦ 4] but

the irreducible characters of degree 2d do not. Thus the only faithful rep-
resentations of 21+2d

+ ◦ 4 with central centers are multiples mχλ of χλ for a
fixed λ. Phrased slightly differently, GL(m2d,C) contains up to conjugacy a
unique subgroup with central center isomorphic to 21+2d

+ ◦ 4. For this group
and its image Hd in PGL(2dm,C) we have

A(GL(m2d,C))(21+2d
+ ◦ 4, 21+2d

+ ◦ 4) ∼= Sp(2d) ∼= A(PGL(m2d,C))(Hd,Hd),

CGL(m2d,C)(2
1+2d
+ ◦ 4) ∼= GL(m,C),

CPGL(m2d,C)(H
d) ∼= Hd × PGL(m,C),

where the last isomorphism is a consequence of [38, 5.9].

(2) The (2d + r, r) object (V, ν) of A(PGL(2dm,C)) and the (r, 0) ob-
ject (V ⊥, ν⊥) of A(PGL(m,C)) correspond to each other iff there is an

m-dimensional representation µ : V ⊥ → GL(m,C) such that C2d ⊗ µ is a
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lift of ν|V ⊥ and µ a lift of ν⊥. According to 3.17 any lift of ν|V ⊥ has this
form for some µ uniquely determined up to the action of (V ⊥)∨.

We use 3.18 to calculate the Quillen automorphism group of a (2d+r, r)
object Hd × V ⊥ of A(PGL(2dm,C)). Let Hd × V ⊥ be covered by the
group P ◦ C4 × V ⊥ as in 3.17. Let α be an automorphism of P ◦ C4,
let β be any homomorphism of the form P ◦ C4 → Hd → V ⊥, and let
γ be any Quillen automorphism of (V ⊥, ν⊥). Choose a homomorphism
ζ1 : P ◦ C4→Hd×C4/C2→C4 such that λ(ζ1(x)α(x)) = λ(x) for all x in
C4 and a homomorphism ζ2 : V ⊥ → C4 such that λ(ζ2(v))µ(γ(v)) = µ(v)
for all v ∈ V ⊥. Then the automorphism of P ◦ C4 that takes (x, v) to
(ζ1(x)ζ2(v)α(x), β(x) + γ(v)) preserves the trace of χλ # µ and therefore
the automorphism induced on the quotient is a Quillen automorphism of
Hd × V ⊥. Conversely, any automorphism of P ◦ C4 × V ⊥ takes the cen-
ter C4 × V ⊥ isomorphically to itself and hence it is of the form (x, v) 7→
(ζ(x, v)α(x), β(x) + γ(v)) for some automorphism α of P ◦ C4, some ho-
momorphism β : P ◦ C4 → V ⊥ vanishing on C4, and some homomorphism
ζ : P ◦ C4 × V ⊥ → C4. Such an automorphism preserves the trace of χλ #µ
iff λ(ζ(x, v)α(x)) = µ(γ(v)) for all (x, v) ∈ Z(P ◦ C4 × V ⊥) = C4 × V ⊥.
But this means that the induced automorphism of Hd×V ⊥ is of the stated
form.

We conclude that the nontoral objects of A(PGL(2m,C)) of rank ≤ 4
are

• one (2, 0) object H, A(PGL(2m,C))(H) = Sp(2),
• P (m, 2) (3, 1) objects V , A(PGL(2m,C))(V ) = Sp(3, 1),
• P (m, 3) + P (m, 4) (4, 2) objects E,

A(PGL(2m,C))(E) =

(
Sp(2) 0

∗ A(PGL(m,C))(E⊥)

)
,

where A(PGL(m,C))(E⊥) = 1, C2, or GL(E⊥),
• one (4, 0) object H2 if m is even, A(PGL(m,C))(H2) = Sp(4).

This information will be needed in the next section as input for Oliver’s
cochain complex [46] for computing higher limits.

5. Higher limits of the functors πi(BZC). We compute the higher
limits from 2.48(2) and 2.51(4) by means of Corollary 3.15 and Oliver’s
cochain complex [46].

3.20. Lemma. The first higher limits of the functors πi(BZCPGL(n+1,C)),
i = 1, 2, are:

(1) limj(A(PGL(n+ 1,C)), π1(BZCPGL(n+1,C))) = 0 for j = 1, 2,

(2) limj(A(PGL(n+ 1,C)), π2(BZCPGL(n+1,C))) = 0 for j = 2, 3,

for all n ≥ 1.
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For any elementary abelian 2-group E in PGL(n+ 1,C) we shall write

[E] = HomA(PGL(n+1,C))(E)(St(E), π1(BZCPGL(n+1,C)(E)))

for the F2-vector space of F2A(PGL(n+1,C))(E)-module homomorphisms
from the Steinberg representation St(E) over F2 of GL(E) to the value,
π1(BZCPGL(n+1,C))(E), of the functor π1(BZCPGL(n+1,C)) at E.

Oliver’s cochain complex for computing the first limits of the functor
π1(BZCPGL(n+1,C)) 6≤t (3.14, 3.15) has the form

(3.21) 0→ [H]
d1

−→
∏

1≤i≤[m/2]

[H # L[m− i, i]]

d2

−→ [H # P [1, 1,m − 2]] ×
∏

2<i<[m/2]

[H # P [1, i − 1,m− i]]

where we only list some of the nontoral rank four objects. Here,

[H] = HomSp(2)(St(H),H) ∼= F2,

[H # L[m− i, i]] = HomSp(3,1)(St(V ), V ) ∼= F2, V = H # L[m− i, i],
[H # P [1, 1,m − 2]] = Hom(Sp(2) 0

∗ C2

)(St(E2), E2/E
⊥
2 ) ∼= F2

where E2 = H # P [1, 1,m − 2],

[H # P [1, i − 1,m− i]] = Hom( Sp(2) 0
∗ 1

)(St(Ei), Ei) ∼= F2 × F2

where Ei = H # P [1, i − 1,m− i]
with 2 < i ≤ [m/2] in the last line. The dimensions of these spaces were
found using the computer algebra program magma. It suffices to show that
the first differential d1 is injective and that the second differential d2 has
rank [m/2]− 1.

Let H = F2e1 +F2e2 be a 2-dimensional vector space over F2 with basis
{e1, e2} and symplectic inner product matrix

(
0 1

1 0

)
.

Let F2[1] be the 3-dimensional F2-vector space on all length zero flags [L]
of nontrivial proper subspaces L ⊂ H. The Steinberg module St(H) for H
is the 2-dimensional F2GL(H)-module that is the kernel for the augmenta-
tion d : F2[1]→ F2 given by d[L] = 1 for all L. Let f : St(H)→ H be the
restriction to St(H) of the F2GL(H)-module homomorphism f : F2[1]→ H
given by f [L] = L.

Let V = F2e1 + F2e2 + F2e3 be a 3-dimensional vector space over F2

with basis {e1, e2, e3} and (degenerate) symplectic inner product matrix
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0 1 0

1 0 0

0 0 0


 .

Let F2[1] be the 21-dimensional F2-vector space on all length one flags
[P > L] and F2[0] the 14-dimensional F2-vector space on all length zero
flags, [P ] or [L], of nontrivial and proper subspaces of V . The Steinberg
module St(V ) over F2 for V is the 23 = 8-dimensional kernel of the linear
map d : F2[1]→ F2[0] given by d[P > L] = [P ] + [L]. Define df : St(V )→ V
to be the restriction to St(V ) of the linear map df : F2[1]→ V given by

(3.22) df [P > L] =

{
L, P ∩ P⊥ = {0},
0, otherwise,

on the basis vectors.

Let E = F2e1 + F2e2 + F2e3 + F2e4 be a 4-dimensional vector space
over F2 with basis {e1, e2, e3, e4} and (degenerate) symplectic inner product
matrix 



0 1 0 0

1 0 0 0

0 0 0 0

0 0 0 0



.

Let F2[2] be the 315-dimensional F2-vector space on all length two flags [V >
P > L] and F2[1] the also 315-dimensional F2-vector space on all length one
flags, [P > L] or [V > L] or [V > P ], of nontrivial, proper subspaces of E.
The Steinberg module St(E) over F2 for E is the 26 = 64-dimensional kernel
of the linear map d : F2[2]→ F2[1] given by d[V >P >L]= [P >L]+[V >L]
+ [V > P ]. Define F1 = F 1|St(E) : St(E)→ E as the restriction to St(E)
of the linear map F 1 : F2[2]→ E with values

(3.23) F 1[V > P > L] =

{
L, P ∩ P⊥ = 0, V ∩ V ⊥ = F2e3,

0, otherwise,

on the basis elements. Define F2 = F 2|St(E) : St(E)→ E similarly but re-
place the condition V ∩ V ⊥ = F2e3 by V ∩ V ⊥ = F2e4. The linear maps F1

and F2 are
(

Sp(2) 0
∗ 1

)
-equivariant because this group preserves the symplectic

inner product on E and preserves V ⊥ = F2〈e3, e4〉 pointwise.

3.24. Lemma. Let f and F1, F2 be the linear maps defined above.

(1) The vector f is a basis for [H].
(2) The vector df is a basis for [H # L[m− i, i]], 1 ≤ i ≤ [m/2].
(3) The vector F2 is a basis for [H # P [1, 1,m − 2]].
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(4) The set {F1, F2} is a basis for [H#P [1, i−1,m− i]], 2 < i ≤ [m/2].
The sum F1 + F2 is the linear map defined as in (3.23) but with the
condition V ∩ V ⊥ = F2e3 replaced by V ∩ V ⊥ = F2(e3 + e4).

Proof. This can be directly verified by machine computation.

Proof of Lemma 3.20. Since we already know that these higher limits
vanish when n+ 1 is odd (3.3, 3.15) we can assume that n+ 1 = 2m is even.

(1) See Proposition 4.1 for the case m = 1 and assume now that m ≥ 2.
The image in [H # L[m− i, i]] of f ∈ [H] is

dfL[m−i,i][P > L] =

{
L, P = H,

0, otherwise,

which equals df (3.22). For 1 < i ≤ [m/2], let

ddfL[m−i,i][V > P > L] =

{
L, V = H # L[m− i, i], P = H,

0, otherwise,

The object H # P [1, 1,m − 2] receives morphisms from H # L[m − 1, 1]
and (when m > 2) H # L[m − 2, 2]. Using a computer program one easily
checks that ddfL[m−1,1] = F2 = ddfL[m−2,2] in [H#P [1, 1,m−2]]. The object
H#P [1, i−1,m−i] receives morphisms fromH#L[m−1, 1], H#L[m− i+ 1,
i − 1], and H # L[m − i, i]. Using a computer program one easily checks
that ddfL[m−i+1,i−1] = F1, ddfL[m−i,i] = F1, and ddfL[m−1,1] = F1 + F2 in
[H # P [1, i − 1,m− i]]. For m = 2 or m = 3, the cochain complexes (3.21)
take the form

0→ [H]
d1

−→ [H#L[1, 1]]
d2

−→ 0, 0→ [H]
d1

−→ [H#L[2, 1]]
d2

−→ [H#P [1, 1, 1]]

where d1 is an isomorphism. For m ≥ 4, and with our choice of basis (3.24),
the matrix for the differential d1 is the injective (1× [m/2])-matrix

(1 1 · · · 1)

and the matrix for d2 (or rather, the components of d2 shown in 3.21) is the
([m/2] × (2[m/2] − 3))-matrix

[H # P [1, 1, 8]] [H # P [1, 2, 7]] [H # P [1, 3, 6]] [H # P [1, 4, 5]]

[H # L[9, 1]] (1) (1 1) (1 1) (1 1)

[H # L[8, 2]] (1) (1 0)

[H # L[7, 3]] (0 1) (1 0)

[H # L[6, 4]] (0 1) (1 0)

[H # L[5, 5]] (0 1)

(shown here for m = 10) of rank [m/2] − 1.
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(2) Oliver’s cochain complex for computing these higher limits over the
category A(PGL(2m,C)) involves the Z2-modules (3.19(2))

Hom( Sp(2) 0

∗ A(PGL(m,C))(E⊥)

)(St(E), π2(BZCPGL(2m,C)(E
⊥))),

dimF2 E = 3, 4,

that are submodules of finite products of Z2-modules of the form

Hom( Sp(2) 0
∗ 1

)(St(E),Z2), dimF2 E = 3, 4,

where the action on Z2 is trivial. According to the computer program
magma, these latter modules are trivial.

4. PROOFS OF THE MAIN RESULTS OF PART I

This chapter contains the proofs of Theorem 1.4 and Corollary 1.5.
We show that PGL(n + 1,C) is uniquely N -determined by induction

on n. The start of the induction is provided by the following proposition.

4.1. Proposition. PGL(2,C) is uniquely N -determined.

Proof. The centralizer cofunctor CPGL(2,C) takes the Quillen category
of PGL(2,C), consisting (3.11, 3.19) of one toral line, L, and one nontoral
plane, H,

(4.2) L→ H GL(H)cc

to the diagram

(4.3) GL(1,C)2/GL(1,C)o C2 ← H GL(H)op
gg

of uniquely N -determined 2-compact groups. The 2-compact toral group to
the left is uniquely N -determined because (2.41) H 1(C2; Z/2∞) = 0 for the
nontrivial action of C2 on Z/2∞. The center cofunctor takes this diagram
back to the starting point (4.2) for which the higher limits vanish (2.69).
PGL(2,C) is thus uniquely N -determined by 2.48 and 2.51.

4.4. Lemma. Suppose that PGL(r+ 1,C) is uniquely N -determined for
all 0 ≤ r < n. Then PGL(n+ 1,C), n ≥ 1, satisfies conditions 2.48(1) (for
π∗(N)-determined automorphisms), 2.51(1), 2.51(2), and 2.51(3).

Proof. Condition (1) of 2.48 (for π∗(N)-determined automorphisms) is
concerned with centralizers CPGL(n+1,C)(L, λ) of rank one objects (3.5). The
condition is satisfied for all connected rank one centralizers by the induction
hypothesis and 2.42, 2.39. The condition is satisfied for the nonconnected
rank one centralizer (when n+ 1 is even) by 2.35 since H(C2; Z/2∞) = 0 for
the nontrivial action of the cyclic group C2 of order two on Z/2∞.

We use 2.54 to verify conditions (1) and (2) of 2.51. Let (V, ν) be a toral
elementary abelian 2-subgroup of PGL(n + 1,C) of rank ≤ 2 and C(ν) =
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CPGL(n+1,C)(ν) its centralizer. We have seen that C(ν) is LHS (Chapter 3,

§2) and that Ž(C(ν)0) = Ž(N0(C(ν))) as C(ν)0 does not contain a direct
factor isomorphic to GL(2,C)/GL(1,C) = SO(3) (2.32, (3.5)). The identity
component C(ν)0 has π∗(N)-determined automorphisms according to 2.38
and 2.39, and C(ν) has N -determined automorphisms by 2.35. The identity
component C(ν)0 is N -determined according to 2.42 and 2.43, and C(ν) is
N -determined by 2.40. Thus C(ν) is LHS and totally N -determined.

The functor H1(W/W0; ŤW0 ) is zero on A(PGL(n+ 1,C))≤t≤2 except on
the object (V, ν) = (i0, i0, i0, i0), when n+ 1 = 4i0, where it has value Z/2.
However, this object has Quillen automorphism group GL(V ) and since the
only GL(V )-equivariant homomorphism St(V ) = V → Z/2 is the trivial ho-

momorphism, lim1(A(PGL(n+ 1,C))≤t≤2;H1(W/W0; ŤW0 )) = 0 follows from
Oliver’s cochain complex [46].

We now turn to condition (3) of 2.51. When n + 1 is odd there are no
nontoral rank two objects (3.3) and so there is nothing to prove. When
n + 1 = 2m is even, let (H, ν) be the unique nontoral rank two object
of A(PGL(2m,C)) (3.19(1)). Let X ′ be a connected 2-compact group with
maximal torus normalizer j ′ : N(PGL(2m,C))→ X ′. We must show that ν ′L
and fν,L : CPGL(2m,C)(H, ν)→ CX′(H, ν

′
L) as defined in 2.51(3) are indepen-

dent of the choice of rank one subgroup L ⊂ V . When m = 1, the claim fol-
lows from 2.59, 2.60, (2.62) (where ν(V ) and ν ′(V ) are isomorphisms in this
case) since PGL(2,C) does contain a unique rank one elementary abelian
2-group with nonconnected centralizer (3.11) and a unique nontoral rank two
elementary abelian 2-group (3.19(1)). When m > 1, we use 2.63 which im-
mediately implies that ν ′L is independent of the choice of L < V . There exists
a torus Tν → CN (V, νNL ) as in 2.63(2) because the three preferred lifts νNL ,
L < V , differ by an automorphism of H (the Quillen automorphism group
of (H, ν) is the full automorphism group Aut(H) of H (3.19(1)). Since the
identity component of CPGL(n+1,C)(H, ν) is uniquely N -determined by in-
duction hypothesis, the restriction (fν,L)0 of fν,L to the identity components
is independent of the choice of L (2.14(2)). Also π0(fν,L) is independent of
the choice of L < V by (2.62) (where π0(ν(V )) and π0(ν ′(V )) are isomor-
phisms). But since PGL(m,C) is centerfree, fν,L is in fact determined (use
one half of [33, 5.2]) by (fν,L)0 and π0(fν,L). We conclude that fν,L is inde-
pendent of the choice of L < V .

Proof of Theorem 1.4. The proof is by induction on n ≥ 1. The start of
the induction is provided by 4.1. The induction step is provided by 4.4 and
3.20 using 2.48 and 2.51.

According to 2.16, the automorphism group

Aut(PGL(n+ 1,C)) = W\NGL(L)(W ) = W\〈Z×2 ,W 〉 = Z(W )\Z×2
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is isomorphic to Z×\Z×2 for n = 1 and to Z×2 for n > 1. Here we use [30]
or the exact sequence (2.8) where we note that Outtr(W ), is trivial for all
n ≥ 1; Out(Σn+1) is trivial for all n 6= 5 [23, II.5.5] and the nontrivial outer
automorphism of Σ6 does not preserve trace.

Proof of Corollary 1.5. Let X = GL(n,C), n ≥ 1, and write Ť , W and
L for Ť (X), W (X), and L(X). Since the adjoint form PX = PGL(n,C)
of X is uniquely N -determined (1.4), so is X (2.38, 2.42). The extension
class e(X) ∈ H2(W ; Ť ) (2.5) is the zero class since the maximal torus
normalizer N(X) = GL(1,C) o Σn splits. Therefore, Aut(X) is isomor-
phic to W\NGL(L)(W ) (2.16). Using the exact sequence (2.8), we conclude,
as in the proof of Theorem 1.4, that Aut(X) ∼= Z(W )\AutZ2W (L) =
Z(W )\AutZ2Σn(Zn2 ).

5. MISCELLANEOUS

This chapter contains standard facts used at various places in Parts I
and II of this paper.

1. Real representation theory. Real representations are semisimple
and determined by their characters [24, 2.11, 3.12(c)]. Any simple real repre-
sentation arises from a simple complex representation in the following way:
Let χ be the character of a simple complex representation of a finite group
G. Then [24, 13.1, 13.11, 13.12]:

• χ 6= χ, ε2(χ) = 0: ψ = χ+χ is the character of a simple R-module of
complex type,
• χ = χ, ε2(χ) = +1: χ is the character of a simple R-module of real

type,
• χ = χ, ε2(χ) = −1: ψ = 2χ is the character of a simple R-module of

quaternion type,

where ε2(χ) = 1
|G|
∑

g∈G χ(g2).

5.1. Example. (1) The character table of the cyclic group C4 of order 4

C4 ε2 1 −1 i −i
χ1 + 1 1 1 1

χ2 + 1 1 −1 −1

χ3 0 1 −1 i −i
χ4 0 1 −1 −i i

shows that there are two linear real representations and one 2-dimensional
simple real faithful representation of complex type with character ψ = χ3 +
χ4 = (2,−2, 0, 0).
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(2) The character table of the dihedral group D8 = 21+2
+

D8 ε2 1 −1 R1 R2 i

χ1 + 1 1 1 1 1

χ2 + 1 1 −1 1 −1

χ3 + 1 1 1 −1 −1

χ4 + 1 1 −1 −1 1

χ5 + 2 −2 0 0 0

shows that there are four linear real representations and one 2-dimensional
simple real faithful representation of real type with χ5 = (2,−2, 0, 0, 0) as
its character.

(3) The character table of the quaternion group Q8 = 21+2
− (identical to

the one for D8 except for one value of ε2)

Q8 ε2 1 −1 k j i

χ1 + 1 1 1 1 1

χ2 + 1 1 −1 1 −1

χ3 + 1 1 1 −1 −1

χ4 + 1 1 −1 −1 1

χ5 − 2 −2 0 0 0

shows that there are four linear real representations and one 4-dimensional
simple real faithful representation of quaternion type with ψ = 2χ5 = (4,−4,
0, 0, 0) as its character.

We are interested in real oriented representations, i.e. homomorphisms
of finite groups into the special linear group SL(2n,R) (as opposed to ho-
momorphisms into the general linear group GL(2n,R)). The outer automor-
phism of SL(2n,R) is conjugation by any orientation reversing matrix such
as D = diag(−1, 1, . . . , 1).

5.2. Lemma. Let V ⊂ PSL(2n,R) be an object of A(PSL(2n,R)) and
G = V ∗ ⊂ SL(2n,R) its inverse image in SL(2n,R). Then

V and V D are nonisomorphic objects of A(PSL(2n,R))

⇔ NGL(2n,R)(G) ⊂ SL(2n,R).

Proof. We note that

V, V D are isomorphic objects of A(PSL(2n,R))

⇔ G,GD are conjugate subgroups of SL(2n,R)

⇔ G ∈ GDSL(2n,R)

⇔ NGL(2n,R)(G) ∩DSL(2n,R) 6= ∅
⇔ NGL(2n,R)(G) 6⊂ SL(2n,R)

for any nontrivial elementary abelian 2-group V ⊂ PSL(2n,R).
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For instance, all representations of elementary abelian p-groups are con-
jugate in SL(2n,R) if and only if they are conjugate in GL(2n,R).

Let A(GL(2n,R))(G) be the subgroup of Out(G) consisting of all outer
automorphisms ofG induced by conjugation with some element of GL(2n,R)
[38, 5.8] (i.e. A(GL(2n,R))(G) is the group Outtr(G) of all trace preserving
outer automorphisms of G) and A(SL(2n,R))(G) the subgroup of Out(G)
consisting of all outer automorphisms of G induced by conjugation with
some element of SL(2n,R). Since

(5.3) NGL(2n,R)(G)/GCGL(2n,R)(G)
∼=−→ A(GL(2n,R))(G)

we conclude from 5.2 that

G,GD are nonconjugate subgroups of SL(2n,R)

⇔ NGL(2n,R)(G) ⊂ SL(2n,R)

⇔
{
CGL(2n,R)(G) ⊂ SL(2n,R),

A(SL(2n,R))(G) = A(GL(2n,R))(G).

Let V and E be objects of A(PSL(2n,R)) such that dimV +1 = dimE.
If there are morphisms V → E and V D → E, then (some representative
of) E = 〈V, V D〉 is generated by the images of (some representatives of)
V and V D so that E = ED. Conversely, if E = ED and there is a morphism
V → E then there is also a morphism V D → ED = E.

We have 2(φD) = 2φ ∈ Rep(G,SL(4n,R)) for any oriented real degree
2n representation φ ∈ Rep(G,SL(2n,R)) as the conjugating matrix 2D is
orientation preserving.

5.4. Example. (1) Let G ⊂ SL(2d,R) be a finite group making R2d

a simple RG-module of complex type. Consider the image of G⊂SL(2nd,R)

of G under the n-fold diagonal SL(2d,R)
∆n−−→ SL(2dn,R). The centralizer

CGL(2nd,R)(G) = GL(n,C) is connected, hence contained in SL(2dn,R).
Since CGL(2d,R)(G) = GL(1,C), the elements of G commute with i ∈
GL(1,C) and we may factor the inclusion of G into SL(2dn,R) as

G→ CGL(2d,R)(i) = GL(d,C)
∆n−−→ GL(dn,C)→ SL(2dn,R).

Let χ be the character for G in GL(d,C) so that the character for G in
GL(2d,R) is χ+ χ. There are inclusions

A(GL(2dn,R))(G) A(GL(2d,R))(G) Outχ+χ(G)

A(SL(2dn,R))(G)
?�

OO

A(GL(d,C))(G)? _oo
?�

OO

Outχ(G)
?�

OO
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where Outφ(G) is the group of all outer automorphisms that respect the
function φ.

(2) Let G ⊂ GL(d,R) be a finite group making Rd a simple RG-module
of real type. Consider the image of G ⊂ SL(2nd,R) under the 2n-fold diago-

nal GL(d,R)
∆2n−−→ SL(2dn,R). The centralizer CGL(2nd,R)(G) = GL(2n,R)

is contained in SL(2dn,R) when d is even. We may factor the inclusion of
G into SL(2dn,R) as

G→ GL(d,R)→ GL(d,C)
∆n−−→ GL(nd,C)→ SL(2nd,R),

and as the trace functions for G in GL(d,C) and GL(2nd,R) are propor-
tional, A(GL(2nd,R))(G) = A(GL(d,C))(G) ⊂ A(SL(2dn,R))(G). Hence
G 6= GD in SL(2nd,R).

(3) Let G ⊂ SL(4d,R) be a finite group making R4d a simple RG-module
of quaternion type. Consider the image of G ⊂ SL(4nd,R) under the n-

fold diagonal SL(4d,R)
∆n−−→ SL(4dn,R). The centralizer CGL(4dn,R)(G) =

GL(n,H) is connected so it is contained in SL(4dn,R). Since CGL(4d,R)(G) =
GL(1,H) ⊂ GL(2,C) the elements of G commute with i ∈ GL(2,C) and we
may factor the inclusion of G into SL(4dn,R) as

G→ CGL(4d,R)(i) = GL(2d,C)
∆n−−→ GL(2nd,C)→ SL(4nd,R),

and as the trace functions for G in GL(2d,C) and GL(4nd,R) are pro-
portional, A(GL(4nd,R))(G) = A(GL(2d,C))(G) ⊂ A(SL(4dn,R))(G).
Hence G 6= GD in SL(4nd,R).

(4) R2 is a simple RC4-module of complex type with respect to the
group

C4 = 〈I〉 ⊂ SL(2,R), I =

(
0 −1

1 0

)
.

Consider the image of C4 in SL(2n,R) under the n-fold diagonal. The
Quillen automorphism group A(GL(2n,R))(C4) = A(GL(2,R))(C4) =
Out(C4) since the trace lives on f1(C4) = 〈−E〉 only. However,

A(SL(2n,R))(C4) =

{
Out(C4), n even,

{1}, n odd,

so that C4 6= CD4 ⇔ n even.

(5) R4 is a simple RG16-module of complex type with respect to the
group
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G16 = 4 ◦ 21+2
± =

〈(
R 0

0 R

)
,

(
T 0

0 T

)
,

(
0 −E
E 0

)〉
⊂ SL(4,R),

R =

(
1 0

0 −1

)
, T =

(
0 1

1 0

)
.

Consider the image of G16 in SL(4n,R) under the n-fold diagonal. The
Quillen automorphism group A(GL(4n,R))(G16) = A(GL(4,R))(G16) =
Out(G16) ∼= Out(C4) × Sp(2,F2) since the trace lives on the derived group
[G16, G16] = 〈−E〉 only. In fact, A(GL(2,C))(G16) is the factor Sp(2,F2)
and since the generator of the factor Out(C4) is induced from conjugation
with the matrix

(
0 E
E 0

)
of SL(4,R), we see that also A(SL(4,R))(G16) ⊂

A(SL(4n,R))(G16) is the full outer automorphism group of G16. Hence
G16 6= GD16 in SL(4n,R).

(6) R2 is a simple RG-module of real type with respect to the group

G = 21+2
+ = 〈R, T 〉 ⊂ GL(2,R).

Consider the image of G in SL(4n,R) under the 2n-fold diagonal map. Then
G 6= GD in SL(4n,R).

(7) R4 is a simple RG-module of quaternion type with respect to the
group

G = 21+2
− =

〈(
0 −R
R 0

)
,

(
0 −T
T 0

)〉
⊂ SL(4,R).

Consider the image of G in SL(4n,R) under the n-fold diagonal map. Then
G 6= GD in SL(4n,R).

5.5. Representations of (generalized) extraspecial 2-groups. The extra-
special 2-groups G = 21+2d

± have [24, 7.5] 2d linear characters (that vanish
on f1(G) = G′ = Z(G) = C2) and one simple complex character

χ(g) =

{
0, g 6∈ Z(G),

2dλ(g), g ∈ Z(G),

induced from the nontrivial linear character λ : Z(G)→ {±1} (which is a
group isomorphism).

If G = 21+2d
+ is of positive type, then ε2(χ) = +1 and χα = χ for all

α ∈ Out(G), isomorphic to O+(2d, 2) [23, III.13.9.b]. This complex character
is also the character of the unique simple real representation G→ GL(2d,R)
which is of real type; when d is even this representation actually takes val-
ues in SL(2d,R) but when d is odd this representation is not oriented. The
unique faithful real representation G → GL(2 · 2d,R) with central f1 has
character 2χ and it splits into two distinct oriented real faithful representa-
tions ψ,ψD : G→ SL(2·2d,R) invariant under the action of Out(G) (5.4(2)).
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If G = 21+2d
− is of negative type, then ε2(χ) = −1 and χα = χ for all

α ∈ Out(G), isomorphic to O−(2d, 2) [23, III.13.9.b]. The unique simple real
representation G → GL(2 · 2d,R) with character 2χ is of quaternion type.
It splits into two distinct oriented representations ψ,ψD : G→ SL(2 · 2d,R)
invariant under the action of Out(G) (5.4(3)).

By [24, 7.5] the generalized extraspecial 2-group G = 4 ◦ 21+2d
± has 21+d

linear characters (that vanish on f1(G) = G′ = C2 ( Z(G) = C4) and two
simple complex characters

χ(g) =

{
0, g 6∈ Z(G),

2dλ(g), g ∈ Z(G),

induced from the two faithful linear characters λ : Z(G)→ 〈i〉 = C4. These
two degree 2d simple characters, χ and χ, are interchanged by the action
of Out(G) = Out(C4) × Sp(2d, 2) [17] (interchanged by the first factor
Out(C4) and preserved by the second factor Sp(2d, 2)). The unique simple
real representation G→ GL(2 · 2d,R) has character χ+χ and is of complex
type as ε2(χ) = 0. It splits up into two distinct oriented representations
ψ,ψD : G→ SL(2 · 2d,R) invariant under the action of Out(G) (5.4(1)).

These irreducible faithful representations have easy explicit constructions
that we now explain.

Let E be a nontrivial elementary abelian 2-group of rank d ≥ 1 and
R[E] its real group algebra. For ζ ∈ E∨ = Hom(E,R×) and u ∈ E, let
Rζ , Tu ∈ GL(R[E]) be the linear automorphisms given by Rζ(v) = ζ(v)v
and Tu(v) = u+ v for all v ∈ E. The computation

RζTu(v) = Rζ(u · v) = ζ(u)ζ(v)(u · v) = ζ(u)Tu(ζ(v)v) = ζ(u)TuRζ(v)

shows that RζTu = ζ(u)TuRζ or, equivalently, [Rζ , Tu] = ζ(u).

The group 21+2d
+ = 〈Rζ , Tu〉 ⊂ GL(R[E]) ⊂ GL(C[E])

τ⊂ SL(2d+1,R) is
extraspecial and the quadratic form on its abelianization 22d is given by

q(x1, . . . , xd, y1, . . . , yd) = x1y1 + · · · + xdyd,

because

(Rx1
1 · · ·Rxdd T

y1
1 · · · T ydd )2 =

d∏

i=1

(Rxii T
yi
i )2 =

d∏

i=1

(−E)xiyi

where T1, . . . , Td correspond to a basis of E, R1, . . . , Rd correspond to the
dual basis, and xi, yi ∈ {0, 1} = F2. This is the unique faithful complex
representation of degree 2d. It is also the character of a simple real repre-
sentation G → GL(2d,R), or even G → SL(2d,R) when d is even, of real
type.

The group 21+2d
− = 〈R1, . . . , Rd−1, iRd, T1, . . . , Td−1, iTd〉 ⊂ GL(C[E])

τ⊂
SL(2d+1,R) is extraspecial and the quadratic form on its abelianization 22d
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is given by

q(x1, . . . , xd, y1, . . . , yd) = x1y1 + · · ·+ xd−1yd−1 + x2
d + xdyd + y2

d,

because

(Rx1
1 · · ·R

xd−1

d−1 (iRd)
xdT y1

1 · · · T
yd−1

d−1 (iTd)
yd)2

= (−E)x
2
d+y2

d(Rx1
1 · · ·Rxdd T

y1
1 · · · T ydd )2

where xi, yi ∈ {0, 1} = F2. This is the unique faithful complex representation
of degree 2d.

The group 4 ◦ 21+2d
± = 4 ◦ 21+2d

+ = 〈i, Rζ , Tu〉 = 〈21+2d
+ , 21+2d

− 〉 = 4 ◦
21+2d
− ⊂ GL(C[E])

τ⊂ SL(2d+1,R) is generalized extraspecial with derived

group [4 ◦ 21+2d
± , 4 ◦ 21+2d

± ] = f1(4 ◦ 21+2d
± ) = C2 ⊂ C4 = Z(4 ◦ 21+2d

± ),
and elementary abelian abelianization 2 × 22d. The quadratic form on its
abelianization is given by

q(z, x1, . . . , xd, y1, . . . , yd) = z2 +

d∑

i=1

xiyi,

because

(izRx1
1 · · ·Rxdd T

y1
1 · · · T ydd )2 = (−E)z

2
d∏

i=1

(Rxii T
yi
i )2

= (−E)z
2
(Rx1

1 · · ·Rxdd T
y1
1 · · · T ydd )2

where z, xi, yi ∈ {0, 1}. This representation and its conjugate are the two
faithful complex representations of degree 2d.

In the first two cases the associated symplectic inner product is

[(x1, . . . , xd, y1, . . . , yd), (x
′
1, . . . , x

′
d, y
′
1, . . . , y

′
d)] =

d∑

i=1

(xiy
′
i + x′iyi)

while it is

[(z, x1, . . . , xd, y1, . . . , yd), (z
′, x′1, . . . , x

′
d, y
′
1, . . . , y

′
d)] =

d∑

i=1

(xiy
′
i + x′iyi)

in the last case.

5.6. Tensor products of real representations. Suppose that Rm is an RG-
module with trace χ and Rn an RH module with trace %. Consider Rmn =
Rm ⊗ Rn as an R(G × H)-module in the usual way where (g, h)(u ⊗ v)
= gu⊗hv. The trace of this representation is χ#%(g, h) = χ(g)%(h) and the
determinant is det(g, h) = (det g)n(deth)m. This means that if

• m and n are both even, or if
• m is even and Rm an oriented G-representation,

then Rmn is a real oriented G×H-representation.
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5.7. Embedding GL(n,C) in SL(2n,R). Here are two embeddings τ :
GL(n,C) → GL+(2n,R) with the property that tr(τ(A)) = tr(A) + tr(A)
for all A ∈ GL(n,C).

If we write Cn = (R + iR)n, then

GL(n,C) 3 A+ iB
τ7→
((

aij −bij
bij aij

))

1≤i,j≤n
∈ GL+(2n,R).

In particular, i ∈ GL(n,C) is sent to diag(I, . . . , I) ∈ SL(2n,R) and
CSL(2n,R)(i) consists of matrices with 2 × 2 blocks as above. For (2 × 2)-
matrices this embedding has the form

GL(2,C) 3
(
a1 + ia2 b1 + ib2

c1 + ic2 d1 + id2

)

τ7→




(
a1 −a2

a2 a1

) (
b1 −b2
b2 b1

)

(
c1 −c2
c2 c1

) (
d1 −d2

d2 d1

)



∈ SL(4,R)

and with this convention the six subgroups of SL(4,R) isomorphic to D8,
Q8, G16 = 4 ◦ 21+2

± are

D8 =

〈(
E 0

0 −E

)
,

(
0 E

E 0

)〉
,

DD
8 =

〈(
E 0

0 −E

)
,

(
0 −R
−R 0

)〉
,

Q8 =

〈(
I 0

0 −I

)
,

(
0 I

I 0

)〉
,

QD8 =

〈(−I 0

0 −I

)
,

(
0 T

−T 0

)〉
,

G16 =

〈(
E 0

0 −E

)
,

(
0 E

E 0
,

)(
I 0

0 I

)〉
,

GD16 =

〈(
E 0

0 −E

)
,

(
0 −R
−R 0

)
,

(−I 0

0 I

)〉
.

If we write Cn = Rn + iRn then

GL(n,C) 3 A+ iB
τ7→
(
A −B
B A

)
∈ GL+(2n,R).
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In particular, i ∈ GL(n,C) is sent to
(

0 −E
E 0

)
∈ SL(2n,R) and CSL(2n,R)(i)

consists of block matrices of the form as above. For (2 × 2)-matrices this
embedding has the form

GL(2,C)3
(
a1 + ia2 b1 + ib2

c1 + ic2 d1 + id2

)
τ7→




(
a1 b1

c1 d1

)
−
(
a2 b2

c2 d2

)

(
a2 b2

c2 d2

) (
a1 b1

c1 d1

)



∈SL(4,R)

and with this convention the six subgroups of SL(4,R) isomorphic to D8,
Q8, G16 = 4 ◦ 21+2

± are

D8 =

〈(
R 0

0 R

)
,

(
T 0

0 T

)〉
,

DD
8 =

〈(
R 0

0 R

)
,

(−T 0

0 T

)〉
,

Q8 =

〈(
0 −R
R 0

)
,

(
0 −T
T 0

)〉
,

QD8 =

〈(
0 E

−E 0

)
,

(
0 −I
−I 0

)〉
,

G16 =

〈(
R 0

0 R

)
,

(
T 0

0 T

)
,

(
0 −E
E 0

)〉
,

GD16 =

〈(
R 0

0 R

)
,

(−T 0

0 T

)
,

(
0 R

−R 0

)〉
.

2. Lie group theory. The facts from Lie theory that are used in this
paper are collected here.

5.8. Centerings. There are centerings [47]

L(pin(2n))
P−→ L(GL(2n,R))

Q−→ L(PGL(2n,R))

where

P (x1, x2, . . . , xn) = (2x1 − x2 − · · · − xn, x2, . . . , xn),

Q(x1, x2, . . . , xn) = (2x1, x1 − x2, . . . , x1 − xn).

The expression for P is worked out in [4, pp. 174–175]. The expression for Q
follows from the commutative diagram
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T (GL(2n,R)) = U(1)n //

ϕ
++ ++XXXXXXXXXXXXXXXXXXXXXXXXXX

U(1)n/〈(−1, . . . ,−1)〉 = T (PGL(2n,R)

∼=
��

U(1)n

where ϕ(z1, z2, . . . , zn) = (z2
1 , z1z

−1
2 , . . . , z1z

−1
n ) is surjective with kernel

C2 = 〈(−1, . . . ,−1)〉. Since the action of the Weyl group C2 o Σn is known
in L(GL(2n,R)), the two other actions can be worked out as well. The ac-
tion in L(pin(2n)) is P−1(C2 o Σn)P and the action in L(PGL(2n,R)) is
Q(C2 oΣn)Q−1. Here,

P−1(u1, u2, . . . , un) =

(
1

2
(u1 + · · ·+ un), u2, . . . , un

)
,

Q−1(u1, u2, . . . , un) =

(
1

2
u1,

1

2
u1 − u2, . . . ,

1

2
u1 − un

)

are the inverses.

5.9. Centralizers in semidirect products. Let G oW be the semidirect
product for a group action of W on G. The following lemma is elementary.

5.10. Lemma. For any g ∈ G and w ∈W ,

CGoW (g, w) = {(h, v) | ∃w ∈ CW (w) : g(wh) = h(vg)},
CGoW (g) = {(h, v) ∈ GoW | vg = gh}, CGoW (w) = Gw o CW (w)

where Gw is the fixed point group for the action of w on G. If G is abelian
then

CGoW (g) = GoW (g)

where W (g) = {w ∈W | wg = g} is the isotropy subgroup at g.

Let µ : V → Ť oW be a group homomorphism of an elementary abelian
2-group V into the semidirect product of a discrete 2-compact torus Ť and
a group W . Write µ = (Ť (µ),W (µ)) for the two coordinates of µ. Then
W (µ) : V →W is a group homomorphism and Ť (µ) : V → Ť a crossed ho-

momorphism into the V -module V
W (µ)−−−→ W → Aut(Ť ). Let H1(V ; Ť ) be

the first cohomology group for this V -module and [Ť (µ)] ∈ H1(V ; Ť ) the
cohomology class represented by the crossed homomorphism Ť (µ).

5.11. Lemma. There is a short exact sequence

0→ H0(V ; Ť )→ CŤoW (µ)→ CW (W (µ))[Ť (µ)] → 1

where CW (W (µ))[Ť (µ)] is the isotropy subgroup at [Ť (µ)] for the action of

CW (W (µ)) on H1(V ; Ť ).
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Proof. We first determine the kernel of the homomorphism CŤoW (µ)→
CW (W (µ)). Let t ∈ Ť . Then

(t, 1) commutes with V

⇔ ∀v ∈ V : (t, 1)(Ť (µ)(v),W (µ)(v)) = (Ť (µ)(v),W (µ)(v))(t, 1)

⇔ ∀v ∈ V : t+ Ť (µ)(v) = Ť (µ)(v) +W (µ)(v)(t)

⇔ ∀v ∈ V : W (µ)(v)t = t

⇔ t ∈ H0(V ; Ť ).

More generally, for any element (t, w) ∈ Ť oW we have

(t, w) commutes with V

⇔ ∀v ∈ V : (t, w)(Ť (µ)(v),W (µ)(v)) = (Ť (µ)(v),W (µ)(v))(t, w)

⇔ ∀v ∈ V : s+ wŤ (µ)(v)= Ť (µ)(v) +W (µ)(v)(t), wW (µ)(v)=W (µ)(v)w

⇔ w ∈ CW (W (µ)) and ∀v ∈ V : (1− w)Ť (µ)(v) = (1−W (µ)(v))t

⇔ w ∈ CW (W (µ)) and ∀v ∈ V : wŤ (µ)(v) = Ť (µ)(v)− (1−W (µ)(v))t.

It follows that for w ∈ CW (W (µ)) we have

w ∈ im(CŤoW (µ)→ CW (W (µ))) ⇔ ∃t ∈ Ť : (t, w) ∈ CŤoW (µ)

⇔ w[Ť (µ)] = [Ť (µ)],

that is, w fixes the crossed homomorphism Ť (µ) up to a principal crossed
homomorphism.

5.12. Centers of semidirect products. Let GoΣ be the semidirect prod-
uct for the action Σ → Aut(G) of the group Σ on the group G. Let
GΣ = {g ∈ G | Σg = g} and ΣG = {σ ∈ Σ | σ(g) = g for all g ∈ G}.

5.13. Lemma. The center Z(G o Σ) = GΣ ×Aut(G) Z(Σ) of G o Σ is
the pull-back

Z(GoΣ) //

��

Z(Σ)

��
GΣ // Aut(G)

of the action map restricted to the center of Σ along the map GΣ → Aut(G)
given by inner automorphisms.

Proof. Suppose that (g, σ) ∈ G×Σ is in the center of GoΣ. Since

(g, σ) · (1, τ) = (g, στ) = (1, τ) · (g, σ) = (τ(g), τσ)

for all τ ∈ Σ, g is fixed by Σ and σ is central in Σ. Moreover, from
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(g, σ) · (h, 1) = (g · σ(h), σ) = (h, 1) · (g, σ) = (hg, σ)

we see that σ(h) = hg for all h ∈ G.

5.14. Corollary. If the center of Σ acts faithfully on G through au-
tomorphisms that are not inner , then Z(G oΣ) = Z(G)Σ. If G is abelian,
then Z(GoΣ) = GΣ × Z(Σ)G is a direct product.

Proof. In the first case, the vertical map Z(Σ)→ Aut(G) is injective and
its image intersects trivially with the image of the horizontal map GΣ →
Aut(G). So the pull-back is GΣ ∩ Z(G) = Z(G)Σ . In the second case, the
bottom horizontal homomorphism GΣ → Aut(G) is trivial.

5.15. Corollary. Let G be a group and Z 6= G a central subgroup. Let
the cyclic group Cp of prime order p act on Gp/Z by cyclic permutation.
Then

Z(G)/Z × {z ∈ Z | zp = 1} ∼= Z(Gp/Z o Cp)
via the isomorphism that takes the element z ∈ Z of order p to the element
(1, z, . . . , zp−1)Z ∈ Gp/Z and is the diagonal on Z(G)/Z.

Proof. Observe that

G/Z × {z ∈ Z | zp = 1} ∼=−→
(
Gp/Z

)Cp

via the isomorphism that takes (gZ, z) to g(1, z, . . . , zp−1)Z. To see this,
consider an element (g1, . . . , gp)Z which is fixed by Cp. Then

(g1, g2, . . . , gp)Z = (gp, g1, . . . , gp−1)Z

so there exists an element z ∈ Z such that g2 = g1z, g3 = g2z = g1z
2, . . . , gp

=g1z
p−1, g1 =g1z

p. Therefore, zp=1 and (g1, g2, . . . , gp)=g1(1, z, . . . , zp−1).

Thus Z(Gp/Z oCp) is the pull-back of the group homomorphisms

G/Z × {z ∈ Z | zp = 1} ϕ−→ Aut(Gp/Z)← Cp

where ϕ(gZ, z)((g1 , . . . , gp)Z) = (gg1 , . . . , g
g
p)Z. Let ((gZ, z), σ) be an element

of the pull-back. Assume that σ is nontrivial. Since p is a prime number,
σ has no fixed points. The formula

∀g1, . . . , gp ∈ G : (gg1 , . . . , g
g
p)Z = (gσ(1), . . . , gσ(p))Z

shows that gg1Z = gσ(1)Z. This is impossible unless σ is the identity since
otherwise we can find a g1 ∈ Z and a gσ(1) 6∈ Z. Thus the permutation σ
must be the identity. The requirement for ((gZ, z), 1) to be in the pull-back
is that

∀(g1, . . . , gp) ∈ Gp ∃u ∈ Z : (gg1 , g
g
2 , . . . , g

g
p) = (g1u, g2u, . . . , gpu),

which implies that [g1, g] = u = [g2, g] for all g1, g2 ∈ G. If we take g1 = 1,
we see that g must be central.
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5.16. Centers of Lie groups and p-compact groups. Let Y be a compact
connected Lie group and ZY its center. Let BY denote the p-completed
classifying space of Y , i.e. the p-compact group associated to Y . Lie group
multiplication ZY × Y → Y induces a homotopy equivalence BZY →
map(BY,BY )B1 [12, 1.4] of the p-completed classifying space BZY to the
mapping space component containing the identity map. We need a version
that holds for nonconnected Lie groups as well.

Let G be a possibly nonconnected Lie group and ZG its center. Let BZG
and BG denote the Fp-localized classifying spaces of ZG andG, respectively.
The space map(BG,BG)B1 is the center of the p-compact group BG [12,
1.3].

5.17. Lemma. The map

BZG→ map(BG,BG)B1

induced by Lie group multiplication ZG×G→ G is a weak homotopy equiv-
alence.

Proof. Let Y be the identity component of G and π = G/Y the group
of components. Note that the group π acts on the center ZY of Y and that
there is an exact sequence of abelian groups

1→ H0(π;ZY )→ ZG→ Zπ → H1(π;ZY )

relating the centers ZY , ZG, and Zπ, of Y , G, and π. The abelian Lie group
ZG, a product of a torus and a finite abelian group, is described by the data

π1(ZG)⊗Q ∼= H0(π;π1(ZY )⊗Q),

1→ H0(π;π0(ZY ))×H1(π;π1(ZY ))→ π0(ZG)→ Zπ

→ H1(π;π0(ZY ))×H2(π;π1(ZY )),

where the last two lines are an exact sequence.

Similarly, there is a fibration of mapping spaces

map(BY,BY )hπ → map(BG,BG)→ map(BG,Bπ)

where the fiber over BG
Bπ0−−→ Bπ is the space map(BY,BY )hπ of self-maps

of BG over Bπ. If we restrict to a single component of the total space, we
obtain a fibration

map(BG,BG)B1 → map(BG,Bπ)Bπ0 ' map(Bπ,Bπ)B1

between path-connected spaces. The base space is BZπ. The fiber consists
of some path-components of map(BY,BY )hπB1 = (BZY )hπ, the space of self-
maps of BG over Bπ with restriction to BY homotopic to the identity map.
We have

πi((BZY )hπ) = H1−i(π;π0(ZY ))×H2−i(π;π1(ZY ))
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because BZY = K(π0Y, 1)×K(π1Y, 2) is a product of Eilenberg–MacLane
spaces [39, 3.1], [12, 1.1]. It follows that map(BG,BG)B1 is an abelian [11,
3.5, 8.6] p-compact toral group described by the data

π2((BZY )hπ)⊗Q ∼= π2(map(BG,BG), B1)⊗Q,

1→ π1((BZY )hπ)→ π1(map(BG,BG), B1)→ Zπ → π0((BZY )hπ),

where the second line is an exact sequence.
Finally, the left commutative diagram of Lie groups

(ZY )π ×G

��

// G B(ZY )π //

��

(BZY )hπ

��
ZG×G

��

// G

��

///o/o/o/o BZG //

��

map(BG,BG)B1

��
Zπ × π // π BZπ // map(Bπ,Bπ)B1

induces the right commutative diagram of mapping spaces. Comparing the
homotopy groups, we see that BZ(G)→ map(BG,BG)B1 is a weak homo-
topy equivalence.

5.18. Lemma. We have

Z

(
GL(i0,R)× · · · ×GL(it,R)

〈−E〉

)
=
〈−E〉 × · · · × 〈−E〉

〈−E〉
∼= Ct2,

Z

(
SL(n,R) ∩ (GL(i0,R) × · · · ×GL(it,R))

〈−E〉

)

=
SL(n,R) ∩ (〈−E〉 × · · · × 〈−E〉)

〈−E〉 ,

Z

(
GL(i0,H)× · · · ×GL(it,H)

〈−E〉

)
=
〈−E〉 × · · · × 〈−E〉

〈−E〉
∼= Ct2

for all natural numbers i0, . . . , it > 0 with sum n (which is even in the second
formula).

Proof. Put G = GL(i0,R) × · · · ×GL(it,R). There is [38, 5.11] a short
exact sequence

1→ Z(G)/〈−E〉 → Z(G/〈−E〉)→ Hom(G, 〈−E〉)id → 1

where the group on the right consists of all homomorphisms φ : G→ 〈−E〉
such that the map g 7→ φ(g)g is conjugate to the identity of G. Let B ∈
GL(ij ,R) be any matrix of positive trace. Then φ(E, . . . , E,B,E, . . . , E)
= E since the map g 7→ φ(g)g preserves trace. It follows that φ(g) = E for
all g ∈ G since φ is constant on the 2t components of G. Thus the group on
the right in the above short exact sequence, Hom(G, 〈−E〉)id, is trivial.
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Suppose that n is even. Since

Z
(

SL(n,R) ∩
∏

GL(ij ,R)
)
⊂C∏GL(ij ,R)

(∏
SL(ij ,R)

)
=
∏

ZGL(ij ,R)

we see that Z
(
SL(n,R)∩∏GL(ij ,R)

)
= SL(n,R)∩∏ZGL(ij ,R). Suppose

that the homomorphism φ : SL(n,R) ∩∏GL(ij ,R)→ 〈−E〉 is such that
the map g 7→ φ(g)g is conjugate to the identity. Let B1 ∈ GL(ij1 ,R) and
B2 ∈ GL(ij2 ,R) be any pair of matrices such that tr(B1) + tr(B2) > 0.
Then φ(E, . . . , Bi1 , . . . , Bi2 , . . . , E) = E by trace considerations. The short
exact sequence from [38, 5.11], similar to that in 5.16, now yields the second
formula.

The third formula has a similar proof.

It is not true in general that Z(G)/Z is the center of the quotient G/Z
of the (nonconnected) Lie group G by the central subgroup Z.

5.19. Centralizers in quotients. Let G be a Lie group and Z ⊂ G a
central subgroup. Write N(G) for the normalizer of the maximal torus,
T (G), and W = W (G) = N(G)/T (G) for the Weyl group. Suppose that
V ⊂ T (G)/Z is a toral subgroup of the quotient Lie group G/Z and let
V ∗ ⊂ T (G) ⊂ G be the preimage of V in G.

There is an exact sequence

1→W (V ∗)→W (V )→ Hom(V ∗, Z)

relating the pointwise stabilizer subgroups for the action of the Weyl group
W on V ∗ and V . The image of the rightmost homomorphism consists of all
ζ ∈ Hom(V ∗, Z) for which the automorphism of V ∗ given by v∗ 7→ ζ(v∗)v∗,
v∗ ∈ V ∗, is of the form v∗ 7→ wv∗ for some Weyl group element w ∈W .

Similarly, there is an exact sequence [38, 5.11]

1→ CG(V ∗)/Z → CG/Z(V )→ Hom(V ∗, Z)

relating the centralizers of V ∗ ⊂ G and G ⊂ G/Z. The image of the right-
most homomorphism consists of all ζ ∈ Hom(V ∗, Z) for which the automor-
phism of V ∗ given by v∗ 7→ ζ(v∗)v∗, v∗ ∈ V ∗, is of the form v∗ 7→ g−1v∗g
for some g ∈ G.

5.20. Lemma. W (V )/W (V ∗) = CG/Z(V )/CG(V ).

Proof. Any automorphism of the toral subgroup V ∗ that is induced by
conjugation with an element of G is in fact induced by conjugation with
an element of N(G) [4, IV.2.5] and hence agrees with the action of a Weyl
group element.

5.21. Action on centralizers in the Lie case. Let ν : V → G be a mono-
morphism of a nontrivial elementary abelian p-group to a compact Lie
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group G. There is a canonical map BCG(ν(V )) → map(BV,BG)Bν from
the classifying space of the Lie-theoretic centralizer of ν(V ) to the mapping
space component containing Bν. Write cg for conjugation with g ∈ G.

5.22. Lemma. Suppose that να = cgν for some element g ∈ G and
some automorphism α ∈ GL(V ). Then conjugation by g takes CG(ν(V )) to
CG(cgν(V )) = CG(να(V )) = CG(ν(V )) and the diagram

BCG(ν(V )) // map(BV,BG)Bν

(Bα)∗∼=
��

BCG(ν(V ))

Bcg ∼=
OO

// map(BV,BG)Bν

is homotopy commutative.

Proof. The commutative diagram of Lie group morphisms

V × CG(ν(V ))

α×cg
��

ν×1 // ν(V )× CG(ν(V ))
mult // G

V × CG(ν(V ))
ν×1 // ν(V )× CG(ν(V ))

mult // G

induces a commutative diagram

BV ×BCG(ν(V ))
B(mult◦(ν×1)) //

Bα×Bcg
��

BG

BV ×BCG(ν(V ))
B(mult◦(ν×1)) // BG

of classifying spaces. Taking adjoints, we obtain the homotopy commutative
diagram

BCG(ν(V )) // map(BV,BG)Bν

(Bα)∗

��
BCG(ν(V ))

Bcg

OO

// map(BV,BG)Bν

as claimed.

5.23. Corollary. Suppose that µ : V → N(G) is a monomorphism and
that µα = cnµ for some α ∈ GL(V ) and n ∈ N(G). Then

w−1 = π2((Bα)∗) : π2(BT (G))π0(µ)(V ) → π2(BT (G))π0(µ)(V )

where w ∈W (G) is the image of n ∈ N(G).
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Proof. There is a commutative diagram

π2(BT ) π2(BN(G)) π2(BCN(G)(V,µ))? _oo
∼= // π2(map(BV,BN),Bµ)

π2((Bα)∗)
��

π2(BT )

w

OO

π2(BN(G))

π2(Bcn)

OO

π2(BCN(G)(V,µ))? _oo
∼= //

π2(Bcn)

OO

π2(map(BV,BN),Bµ)

where π2(BCN(G)(V, µ)) = π2(BT (G))π0(µ)(V ) denotes the fixed point group
for the group action π0(µ) : V → W (G) ⊆ Aut(π2(BT (G))). Since the in-
duced map Bcn : BN → BN is freely homotopic to the identity along the
loop w ∈ π1(BN), its effect on the Zp[π1(BN)]-module π2(BN) is multipli-
cation by w.

5.24. Low degree identifications. There are the following low degree
identifications [4, pp. 61, 292], [28, above Def. 3.3]:

(5.25)

Spin(3) = Sp(1) = SU(2), SO(3) = PSp(1) = PSU(2),

Spin(4) = SU(2) × SU(2), PSO(4) = SO(3)× SO(3),

Spin(5) = Sp(2), SO(5) = PSp(2),

Spin(6) = SU(4), PSO(6) = PSU(4).

5.26. Reflection group data. For some computations it is convenient to
have information

W An Bn Cn Dn

dim n(n+ 2) n(2n + 1) n(2n + 1) n(2n − 1)

refl 1
2
n(n + 1) n2 n2 n(n− 1)

|W | (n + 1)! 2nn! 2nn! 2n−1n!

W G2 F4 E6 E7 E8

dim 14 52 78 133 248

refl 6 24 36 63 120

|W | 2231 2732 273451 21034517 214355271

about the cohomological dimension of the associated 2-compact group, the
number of reflections, and the order of the irreducible reflection groups. The
product

∏
di of the degrees di is the order of the Weyl group, and

∑
di is

the number of reflections plus the rank.

5.27. The Spin-groups. Consider the defining universal covering space
Spin(2m) → SO(2m) and the maximal elementary abelian 2-group S∆2m

in SO(2m) consisting of diagonal matrices. Let [ , ] : S∆2m × S∆2m → F2

be the quadratic form given by [D1, D2] = 0 if and only if the pre-images
of D1, D2 ∈ S∆2m commute in Spin(2m), and let q : S∆2m → F2 be the
quadratic function given by q(D) = 0 if and only if the pre-images D ∈
S∆2m have order two in Spin(2m).
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5.28. Lemma. For diagonal matrices D,D1, D2 ∈ S∆2m we have:

[D1, D2] = 0

⇔ the number of entries that are negative in both matrices is even,

q(D) = 0 ⇔ the number of negative entries in D is divisible by 4.

This is well-known or an exercise in covering space theory.
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Wilkerson), Astérisque 227 (1995), exp. no. 776, 3, 21–45.

[28] M. Matthey, Computing the second cohomology of Weyl groups acting on maximal
tori, http://www.math.uni-muenster.de/math/inst/sfb/about/publ/matthey.html.

[29] —, Normalizers of maximal tori and cohomology of Weyl groups, ibid.
[30] J. M. Møller, The normalizer of the Weyl group, Math. Ann. 294 (1992), 59–80.
[31] —, Completely reducible p-compact groups, in: The Čech Centennial (Boston, MA,
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