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Abstract
We compute the equivariant Euler characteristics of the buildings for the symplectic

groups over finite fields.
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1 Introduction

Let G be a finite group, P a finite G-poset, and r� 1 a natural number. Atiyah and

Segal [2] defined the rth equivariant reduced Euler characteristic of the G-poset P
as the normalised sum

~vrðP;GÞ ¼ 1

jGj
X

X2HomðZr ;GÞ
~vðCPðXðZrÞÞÞ

of the reduced Euler characteristics of the XðZrÞ-fixed P-subposets, CPðXðZrÞÞ,
with X ranging over all homomorphisms of Zr to G. (See Appendix A for more

information on equivariant Euler characteristics.) Here are two examples of

equivariant Euler characteristics:

1. The general linear group GLþn ðFqÞ acts on the poset Lþn ðFqÞ� of non-extreme

subspaces of the n-dimensional vector space over the field Fq of prime power

order q. The generating function for the ðr þ 1Þth equivariant reduced Euler

characteristics of the GLþn ðFqÞ-posets Lþn ðFqÞ� is
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1þ
X

n� 0

~vrþ1ðLþn ðFqÞ�;GLþn ðFqÞÞxn ¼
Y

0� j� r

ð1� qjxÞ
ð�1Þr�j

r

j

� �

according to [19, Theorem 1.4].

2. The general unitary group GL�n ðFqÞ acts on the poset L�n ðFqÞ� of non-extreme

totally isotropic subspaces of the n-dimensional unitary geometry over the field

Fq2 of prime power order q2. The generating function for (minus) the ðr þ 1Þth
equivariant reduced Euler characteristics of the GL�n ðFqÞ-posets L�n ðFqÞ� is

1�
X

n� 0

~vrþ1ðL�n ðFqÞ�;GL�n ðFqÞÞxn ¼
Y

0� j� r

ð1þ ð�1Þr�jqjxÞ
ð�1Þr�j

r

j

� �

according to [20, Theorem 1.4].

In this paper we consider the symplectic case. For a prime power q, Sp2nðFqÞ, the
isometry group of the symplectic 2n-geometry, acts on the poset L�2nðFqÞ ¼
f0(U(F2n

q jU � U?g of nonzero totally isotropic subspaces. The general definition

of equivariant Euler characteristics (Definition A.2) takes in this special case the

following form.

Definition 1.1 [2] The rth, r� 1, equivariant reduced Euler characteristic of the

Sp2nðFqÞ-poset L�2nðFqÞ is the normalised sum

~vrðSp2nðFqÞÞ ¼
1

jSp2nðFqÞj
X

X2HomðZr ;Sp2nðFqÞÞ
~vðCL�2nðFqÞðXðZrÞÞÞ

of the reduced Euler characteristics of the induced subposets CL�2nðFqÞðXðZrÞÞ of
XðZrÞ-invariant subspaces as X ranges over all homomorphisms of the free abelian

group Zr on r generators into the symplectic group.

We now state the main results about equivariant Euler characteristics in the

symplectic case.

The generating function for the negative of the rth equivariant reduced Euler

characteristics of the sequence ðL�2nðFqÞ; Sp2nðFqÞÞn� 1 is the power series

FSprðq; xÞ ¼ 1�
X

n� 1

~vrðSp2nðFqÞÞxn ð1:2Þ

with coefficients in the ring Z½q� of integral polynomials in q.

Theorem 1.3 FSp1ðq;xÞ¼1 and FSprþ1ðq;xÞ¼
Y

0�j�r
j 6	rmod2

ð1�qjxÞ
�

r
j

� �

for all r�1.
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The first generating functions FSprþ1ðq; xÞ for 0� r� 5 are

1;
1

1� x
;

1

ð1� qxÞ2
:

1

ð1� xÞð1� q2xÞ3
;

1

ð1� qxÞ4ð1� q3xÞ4
;

1

ð1� xÞð1� q2xÞ10ð1� q4xÞ5

The generating function can also be expressed in the following alternative way.

Corollary 1.4 FSprþ1ðq; xÞ ¼ exp
X

n� 1

1

2
ððqn þ 1Þr � ðqn � 1ÞrÞ x

n

n

 !
for all r� 0.

We study also the p-primary equivariant reduced Euler characteristics
~vrðp; Sp2nðFqÞÞ of ðL�2nðFqÞ; Sp2nðFqÞÞ for a fixed prime p (Definition 5.1). The

rth p-primary generating function, FSprðp; q; xÞ, is defined as in (1.2) but with
~vrðSp2nðFqÞÞ replaced by ~vrðp; Sp2nðFqÞÞ (5.3).

Theorem 1.5 FSprþ1ðp; q; xÞ ¼ exp
X

n� 1

1

2
ððqn þ 1Þrp � ðqn � 1ÞrpÞ

xn

n

 !
for all

r� 0.

The infinite product expansions of the generating functions

FSprþ1ðq; xÞ ¼
Y

n� 1

ð1� xnÞcrþ1ðq;nÞ

crþ1ðq; nÞ ¼
1

2n

X

djn
lðn=dÞððqd � 1Þr � ðqd þ 1ÞrÞ

FSprþ1ðp; q; xÞ ¼
Y

n� 1

ð1� xnÞcrþ1ðp;q;nÞ

crþ1ðp; q; nÞ ¼
1

2n

X

djn
lðn=dÞððqd � 1Þrp � ðqd þ 1ÞrpÞ

follow immediately from the elementary [19, Lemma 3.7]. Here, l is the number

theoretic Möbius function.

The (p-primary) equivariant reduced Euler characteristics are directly linked to

the structure of the symplectic group Sp2nðFqÞ as a finite group of Lie type.

Theorem 1.6 For all n� 1 and all r� 0,

� ~vrþ1ðSp2nðFqÞÞ ¼
ð�1Þn

jWðCnÞj
X

w2WðCnÞ
detðwÞ detðq� wÞr

� ~vrþ1ðp; Sp2nðFqÞÞ ¼
ð�1Þn

jWðCnÞj
X

w2WðCnÞ
detðwÞ detðq� wÞrp

where WðCnÞ is the Weyl group representation for the algebraic group Sp2nðFsÞ,
s ¼ charðFqÞ.
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The paper is organised as follows. In Sect. 2 we briefly recall the definition of the

symplectic group as the isometry group of an even dimensional alternating bilinear

form over Fq. All symplectic automorphisms have self-reciprocal characterisic

polynomials (Proposition 3.2) and Sect. 3 deals with the number SRIM�n ðqÞ of self-
reciprocal irreducible monic polynomials of even degree n over Fq (Definition 3.6).

Section 4 contains the proof of Theorem 1.3 based upon the vanishing result of

Lemma 4.2 and the recursive relation (4.7) which is the specific manifestation of the

general recurrence of Lemma A.3. Theorem 1.3 with r ¼ 1 says that

� ~v2ðSp2nðFqÞÞ ¼ 1 for all n� 1 and all prime powers q confirming the non-

block-wise form of the Knörr–Robinson conjecture for Sp2nðFqÞ relative to the

defining characteristic (Remark 4.13). The rth p-primary equivariant Euler charac-

teristic is Euler characteristic computed in Morava K(r)-theory. Section 5 is the p-
primary version of Sect. 4. The proof of Theorem 1.5 consists in solving recurrence

(5.12) which is the p-primary version of (4.7). We observe that the p-primary

equivariant Euler characteristic ~vrðp; Sp2nðFqÞÞ for p-q depends only on the closure

hqi of the subgroup generated by q in the unit group Z
p of the p-adic integers. In

Section 6, the equivariant Euler characteristics ~vrþ1ðSp2nðFqÞÞ and

~vrþ1ðp; Sp2nðFqÞÞ are expressed directly in terms of integer partitions (Corol-

lary 6.2) or in terms of determinants of Weyl group elements (Theorem 1.6). We

also consider the reciprocal power series FSprþ1ðq; xÞ
�1

and FSprþ1ðp; q; xÞ
�1

(Corollary 6.7) and the generating functions
P

r� 0� ~vrþ1ðSp2nðFqÞÞxr with fixed

parameter n (Corollary 6.4). Example 6.8 offers several concrete examples of the

identities established in this section. In the short Section 7, we formulate the

symplectic analogs of Thévenaz’ polynomial identities [27, Theorems A–B]. The

paper closes with two appendices. Appendix A is a review of basic properties of

equivariant Euler characteristics and Appendix B recalls facts, helpful for concrete

calculations of equivariant Euler characteristics, about Hall’s eulerian functions of

groups [9].

The following notation will be used in this paper:

p is a prime number

mpðnÞ is the p-adic valuation of n

np is the p-part of the natural number n (np ¼ pmpðnÞ)

Zp is the ring of p-adic integers

q is a prime power

Fq is the finite field with q elements

lðdÞ is the value of the number theoretic Möbiusfunction at the natural number d [24, Example 3.8.4]

123

   91 Page 4 of 41 Graphs and Combinatorics           (2022) 38:91 



2 The Symplectic Group Sp2nðFqÞ

Let q be a prime power and n� 1 a natural number. The symplectic 2n-geometry is

the vector space V2nðFqÞ ¼ F2n
q of dimension 2n over the field Fq equipped with the

non-degenerate [1, Definition 3.1] alternating (hu; vi ¼ �hv; ui) bilinear form given

by

hu; vi ¼ uJvt ¼
X

uiv�i �
X

u�ivi;

J ¼
0 E

�E 0

� �
; u; v 2 V2nðFqÞ

ð2:1Þ

for all u ¼ ðu1; . . .; un; u�1; . . .; u�nÞ; v ¼ ðv1; . . .; vn; v�1; . . .; v�nÞ 2 V2nðFqÞ. The

symplectic 2n-geometry is the orthogonal direct sum, he1; e�1i ? � � � ? hen; e�ni, of
the n hyperbolic planes hei; e�ii, 1� i� n [1, Theorem 3.7]. The symplectic group

Sp2nðFqÞ ¼ fg 2 GLþn ðFqÞjgJgt ¼ Jg is the group of all automorphisms of the

symplectic 2n-geometry [8, §2.7]. Its order is jSp2nðFqÞj ¼ q2n
Q

1� i� nðq2i � 1Þ
and its center is trivial if q is even and of order 2 if q is odd [1, Theorem 5.2].

A subspace U of the symplectic geometry ðV2nðFqÞ; h�; �iÞ is totally isotropic if

hU;Ui ¼ 0. The symplectic group acts on the poset L�2nðFqÞ of all nontrivial totally
isotropic subspaces. Since all vectors are isotropic, hu; ui ¼ 0, all 1-dimensional

subspaces are in L�2nðFqÞ (and L�2ðFqÞ is simply the set of 1-dimensional subspaces

of V2ðFqÞ).
When the prime power q ¼ 2e is even, Sp2nðFqÞ ffi SO2nþ1ðFqÞ [8,

Theorem 2.2.10].

3 Characteristic Polynomials of Symplectic Automorphisms

Definition 3.1 [14, Definition 3.12] The reciprocal of a degree n polynomial pðxÞ ¼
a0x

n þ a1x
n�1 þ � � � þ an�1xþ an over Fq with nonzero constant term is the degree

n polynomial p�ðxÞ ¼ a0 þ a1xþ � � � þ an�1x
n�1 þ anx

n ¼ xnpðx�1Þ. The polyno-

mial p is self-reciprocal if p� ¼ p.

The operation pðxÞ ! p�ðxÞ is involutory, multiplicative, and divisibility

respecting (p��ðxÞ ¼ pðxÞ, ðp1ðxÞp2ðxÞÞ� ¼ p�1ðxÞp�2ðxÞ, p1jp2)p�1jp�2) on the set of

polynomials pðxÞ 2 Fq½x� with pð0Þ 6¼ 0. The multisets of roots for a polynomial and

its reciprocal correspond under the inversion map �F


q ! �F



q : a! a�1. The

polynomial pðxÞ ¼ a0x
n þ a1x

n�1 þ � � � þ an�1xþ an is self-reciprocal if and only if

it has a palindromic coefficient sequence, ai ¼ an�i, 0� i� n.

Proposition 3.2 The characteristic polynomial of any symplectic automorphism
g 2 Sp2nðFqÞ is a self-reciprocal monic polynomial.
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Proof Taking for given that detðgÞ ¼ þ1 [5], we get that the characteristic

polynomial, cg, of g satisfies

cgðkÞ ¼ cgtðkÞ ¼ detðgt � kIÞ

¼ detðJg�1J�1 � kIÞ ¼J¼�J�1
detð�Jg�1J þ JðkIÞJÞ ¼detðJÞ¼1

detð�g�1 þ kIÞ ¼detðgÞ¼1
detðkg� IÞ

¼ k2n detðg� k�1IÞ ¼ k2ncgðk�1Þ

where I is the identity matrix. h

Conversely, any self-reciprocal polynomial is the characteristic polynomial for a

symplectic automorphism [23, Theorem A.1].

Proposition 3.3 The number of self-reciprocal monic polynomials of even degree
2n is qn.

Proof Self-reciprocal monic polynomials of degree 2n have palindromic coefficients.h

Lemma 3.4 The transformation rðxÞ ! r�ðxÞ=rð0Þ is an involution on the set of
irreducible monic polynomials rðxÞ 2 Fq½x� with rð0Þ 6¼ 0.

The irreducible monic polynomial r(x) with rð0Þ 6¼ 0 is fixed under this
involution, when degr ¼ 1, if and only if rðxÞ ¼ x� 1, and when degr[ 1, if and
only if r(x) has even degree, rð0Þ ¼ 1, and r(x) is self-reciprocal.

Proof If r(x) has degree at least 2, the degree of rmust be even, since the set of roots in

the algebraic closure is invariant under inversion �F


q ! �F



q : a! a�1 and the fixed

points, �1, are not roots of r(x). The relation rð0ÞrðxÞ ¼ r�ðxÞ ¼ xdegrrð1=xÞ evaluated
at x ¼ �1 gives rð0Þ ¼ 1. Thus rðxÞ ¼ r�ðxÞ and r(x) is self-reciprocal. h

Proposition 3.5 Let p(x) be a self-reciprocal monic polynomial. The canonical
factorisation [14, Theorem 1.59] of p(x) has the form

pðxÞ ¼
ðx� 1Þa� 
 ðxþ 1Þaþ 


Q
i

r�i ðxÞ
m�i 


Q
j

ðsjðxÞs�j ðxÞ=sjð0ÞÞ
mþj q odd

ðxþ 1Þaþ 

Q
i

riðxÞm
�
i 


Q
j

ðsjðxÞs�j ðxÞ=sjð0ÞÞ
mþj q even

8
>><

>>:

where

deg p ¼
a� þ aþ þ

P
i m
�
i degri þ 2

P
j m
þ
j degsj q odd

aþ þ
P

i m
�
i degri þ 2

P
j m
þ
j degsj q even

(

and a�; aþ;m
�
i ;m

þ
j � 0, a� is even, the r�i ðxÞ are self-reciprocal irreducible monic

polynomials of even degree at least 2, and the sjðxÞ are non-self-reciprocal irre-

ducible monic polynomials distinct from x� 1. Conversely, any polynomial with a
canonical factorisation of this form is a self-reciprocal monic polynomial.
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Proof Let pðxÞ ¼
Q

riðxÞei be the canonical factorisation. Since p(x) is monic and

self-reciprocal, pð0Þ ¼ 1, and pðxÞ ¼ p�ðxÞ ¼ p�ðxÞ=pð0Þ ¼
Q
ðr�i ðxÞ=rið0ÞÞ

ei where

r�i ðxÞ=rið0Þ are irreducible monic polynomials [21, Remark 2.1.49]. Thus the

multiset of the irreducible factors of p(x) is invariant under the involution

rðxÞ !r�ðxÞ=rð0Þ. Group the irreducible factors into those fixed by this involution

and pairs interchanged by it. An irreducible factor of degree � 2 is fixed by the

involution if and only if it is self-reciprocal according to Lemma 3.4. Any

irreducible linear factor, which has the form x� a for some a 2 F
q , is fixed by the

involution if and only if a ¼ �1 (a ¼ 1 when q is even). Thus p(x) has a canonical
factorisation of the form shown in the proposition. When q is odd, the multiplicity,

a�, of the factor x� 1 is even because 1 ¼ pð0Þ ¼ ð�1Þa� .
Conversely, if p(x) has a factorisation as in the proposition, then ðx� 1Þa� is self-

reciprocal as a� is even, and as also the other factors, xþ 1, r�i ðxÞ, sjðxÞs�j ðxÞ=sjð0Þ,
are self-reciprocal, the polynomial p(x) is self-reciprocal. h

All factors on the right hand side of the formula of Proposition 3.5 are self-

reciprocal. The exponent a� is even while aþ has the same parity as the degree of p.

Definition 3.6 [21, Definition 2.1.23, Remark 3.1.19] For every integer n� 1

• IMnðqÞ is the number of Irreducible Monic polynomials p(x) of degree n over Fq

with pð0Þ 6¼ 0

• SRIM�n ðqÞ is the number of Self-Reciprocal Irreducible Monic polynomials p(x)
of even degree 2n over Fq

• SRIMþn ðqÞ is the number of unordered pairs fpðxÞ; p�ðxÞ=pð0Þg of irreducible

monic polynomials p(x) of degree n over Fq with pð0Þ 6¼ 0 and

pðxÞ 6¼ p�ðxÞ=pð0Þ

For any n� 1 [21, Theorem 2.1.24, Theorem 3.1.20] [17, Theorem 3]

IMnðqÞ ¼
1

n

X

djn
lðdÞðqn=d � 1Þ

SRIM�n ðqÞ ¼

1

2n

X

djn

d 	 1 mod 2

lðdÞðqn=d � 1Þ q odd

1

2n

X

djn

d 	 1 mod 2

lðdÞqn=d q even

8
>>>>>>>>>><

>>>>>>>>>>:

ð3:7Þ

and we have
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IMnðqÞ ¼
2SRIMþn ðqÞ n[ 1 odd

2SRIMþn ðqÞ þ SRIM�n=2ðqÞ n[ 1 even

(
ð3:8Þ

In degree n ¼ 1, in particular, IM1ðqÞ ¼ q� 1 and

SRIMþ1 ðqÞ ¼

1

2
ðq� 3Þ q odd

1

2
ðq� 2Þ q even

8
><

>:

For odd q, the 1
2
ðq� 3Þ unordered pairs are the pairs fx� a; x� a�1g with

a 2 F�q � f�1;þ1g. For even q, the 1
2
ðq� 2Þ unordered pairs are the pairs fx�

a; x� a�1g with a 2 F�q � f1g.

Lemma 3.9 Let m� 1 be and k� 0. Then 2kSRIM�2kmðqÞ ¼ SRIM�mðq2
kÞ for all

prime powers q. When m is odd,

2kþ1SRIM�2kmðqÞ ¼
IM1ðq2

kÞ þ 1 q even and m ¼ 1

IMmðq2
kÞ otherwise

�

Proof Since the odd divisors of 2km or of m are the divisors of m20 , the odd part of

m, we have

2kSRIM�2kmðqÞ ¼

1

2m

X

djm20

ðq2km=d � 1Þ ¼ SRIM�mðq2
kÞ q odd

1

2m

X

djm20

q2
km=d ¼ SRIM�mðq2

kÞ q even

8
>>>><

>>>>:

by (3.7).

Assume now that m is odd. If q is odd, 2kþ1SRIM�2kmðqÞ ¼ 2SRIM�mðq2
kÞ ¼

IMmðq2
kÞ since 2SRIM�mðqÞ ¼ IMmðqÞ. If q is even and m[ 1,

P
djm lðdÞ ¼ 0 and

2SRIM�mðqÞ ¼ 1
m

P
djm qm=d ¼ 1

m

P
djmðqm=d � 1Þ ¼ IMmðqÞ again. If q is even and

m ¼ 1, 2kþ1SRIM�2kðqÞ ¼ q2
k ¼ IM1ðq2

kÞ þ 1. h

Lemma 3.10 For all n� 1,

IMnðqÞ ¼
2SRIM�n ðqÞ � SRIM�n=2ðqÞ n even

2SRIM�n ðqÞ n odd and n[ 1 if q even

2SRIM�1 ðqÞ � 1 n ¼ 1 and q even

8
><

>:

Proof Assume first that n� 2 is even. Write n ¼ 2km for some k� 1 and odd m� 1.

If m ¼ 1 and q is even,
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IMnðqÞ ¼ IM2kðqÞ ¼
1

2k

X

dj2k
lðdÞðq2k=d � 1Þ ¼ 1

2k
ððq2k � 1Þ � ðq2k�1 � 1ÞÞ

¼ 1

2k
ðq2k � q2

k�1Þ ¼ 2SRIM�2kðqÞ � SRIM�2k�1ðqÞ

¼ 2SRIM�n ðqÞ � SRIM�n=2ðqÞ

as lð1Þ ¼ 1, lð2Þ ¼ �1, and lð2jÞ ¼ 0 for j[ 1. Otherwise, q is odd in case m ¼ 1,

and then

IMnðqÞ ¼ IM2kmðqÞ ¼
1

2km

X

dj2km
lðdÞðq2km=d � 1Þ

¼ 1

2km

X

djm
lðdÞðq2km=d � 1Þ �

X

djm
lðdÞðq2k�1m=d � 1Þ

0

@

1

A

¼ 1

2k
ðIMmðq2

kÞ � IMmðq2
k�1ÞÞ ¼Lemma 3:9

2SRIM�2kmðqÞ � SRIM�2k�1mðqÞ

¼ 2SRIM�n ðqÞ � SRIM�n=2ðqÞ

Here we used that the divisors of 2km are 2jd, 0� j� k, where d is a divisor of m,

and that lð2dÞ ¼ �lðdÞ and lð2jdÞ ¼ 0 for j[ 1 as d is odd.

Next, assume that n� 1 is odd. If n ¼ 1 then

2SRIM�1 ðqÞ ¼
q� 1 ¼ IM1ðqÞ q odd

q ¼ IM1ðqÞ þ 1 q even

�

which proves the lemma in this case. If n[ 1, then

2nSRIM�n ðqÞ ¼
P

djn lðdÞðqn=d � 1Þ ¼ nIMnðqÞ q odd
P

djn lðdÞqn=d ¼
P

djn lðdÞðqn=d � 1Þ ¼ nIMnðqÞ q even

(

because
P

djn lðdÞ ¼ 0. Thus IMnðqÞ ¼ 2SRIM�n ðqÞ for all q when n[ 1 is odd

(Fig. 1). h

Lemma 3.11 For all n� 1,

SRIM�n ðqÞ þ SRIMþn ðqÞ ¼
IM1ðqÞ � 1 n ¼ 1 and q odd
IMnðqÞ otherwise

�
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Proof Assume the prime power q is odd. If n ¼ 1 then IM1ðqÞ ¼ q� 1,

SRIM�1 ðqÞ ¼ 1
2
ðq� 1Þ, and SRIMþ1 ðqÞ ¼ 1

2
ðq� 3Þ so that indeed SRIM�1 ðqÞþ

SRIMþ1 ðqÞ ¼ q� 2 ¼ IM1ðqÞ � 1. For odd m[ 1, SRIM�mðqÞ ¼ 1
2
IMmðqÞ ¼

ð3:8Þ

SRIMþmðqÞ so that clearly SRIM�mðqÞ þ SRIMþmðqÞ ¼ IMmðqÞ. For odd m� 1 and

k� 1,

SRIM�2kmðqÞ þ SRIMþ
2kmðqÞ ¼

ð3:8Þ
SRIM�2kmðqÞ þ

1

2
IM2kmðqÞ � SRIM�2k�1mðqÞ
� �

¼ 1

2
2SRIM�2kmðqÞ � SRIM�2k�1mðqÞ
� �

þ 1

2
IM2kmðqÞ ¼Lemma 3:10 1

2
IM2kmðqÞ

þ 1

2
IM2kmðqÞ ¼ IM2kmðqÞ

This finishes the proof for odd q.

Assume that q is a power of 2. In degree 1, SRIM�1 ðqÞ þ SRIMþ1 ðqÞ
¼ 1

2
qþ 1

2
q� 1 ¼ q� 1 ¼ IM1ðqÞ. For odd m[ 1, SRIM�mðqÞ ¼ 1

2
IMmðqÞ ¼

SRIMþmðqÞ by Lemma 3.9 and (3.8) so SRIM�mðqÞ þ SRIMþmðqÞ ¼ IMmðqÞ. For odd
m� 1 and any k� 1, we can again use Lemma 3.10 and it follows, as for odd q, that
SRIM�2kmðqÞ þ SRIM�2kmðqÞ ¼ IM2kmðqÞ. h

4 Proofs of Theorem 1.3 and Corollary 1.4

We recursively compute the generating functions FSprðq; xÞ, r� 1, of Theorem 1.3.

Lemma 4.1 � ~v1ðSp2nðFqÞÞ ¼ 0 for all n� 1.

Proof The first equivariant reduced Euler characteristic is the usual reduced Euler

characteristic of the orbit space jL�2nðFqÞj=Sp2nðFqÞ for the action of Sp2nðFqÞ on its

building (Lemma A.4). Webb’s theorem [33, Proposition 8.2.(i)] says that the

reduced Euler characteristic of this orbit space equals 0. h

Lemma 4.2 [22] If A is an abelian subgroup of Sp2nðFqÞ and gcdðjAj; qÞ[ 1, then
~vrðCL�2nðFqÞðAÞ;CSp2nðFqÞðAÞÞ ¼ 0 for all r� 1.

Fig. 1 The polynomials SRIM�n ðqÞ for odd q
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Proof It suffices to show that ~vðCL�2nðFqÞðAÞÞ ¼ 0 for any abelian subgroup A of

Sp2nðFqÞ with OsðAÞ 6¼ 1 where s is the characteristic of the field Fq. We may

replace the poset L�2nðFqÞ by the poset Ssþ�
Sp2nðFqÞ of non-trivial s-subgroups of

Sp2nðFqÞ [22, Theorem 3.1]. The fixed poset CSsþ�
Sp2nðFqÞ

ðAÞ admits the conical

contraction B�BOsðAÞ�OsðAÞ defined for all B 2 CSsþ�
Sp2nðFqÞ

ðAÞ. h

Lemma 4.3 For n� 1 and r� 1, the ðr þ 1Þth equivariant Euler characteristicof
the Sp2nðFqÞ-poset L�2nðFqÞ is

~vrþ1ðSp2nðFqÞÞ ¼
X

X2HomðZ;Sp2nðFqÞÞ=Sp2nðFqÞ

gcdðq; jXðZÞjÞ ¼ 1

~vrðCL�2nðFqÞðXÞ;CSp2nðFqÞðXÞÞ

where the sum ranges over semisimple conjugacy classes in Sp2nðFqÞ.

Proof This is a special case of the general formula from Lemma A.3. By

Lemma 4.2, we need only the conjugacy classes of order prime to q (semisimple

classes). h

The centraliser of the semisimple element g of Sp2nðFqÞ with characteristic

polynomial as in Proposition 3.5 is [6] [29, (3.3)]

CSp2nðFqÞðgÞ ¼ Spa�ðFqÞ 
 SpaþðFqÞ 

Y

i

GL�m�i
ðF

q
1
2
d�
i
Þ 


Y

j

GLþ
mþj
ðFqdj Þ ð4:4Þ

and the contribution, � ~vrðCL2nðFqÞ� ðgÞ;CSp2nðFqÞðgÞÞ, to the sum � ~vrþ1ðSp2nðFqÞÞ of
Lemma 4.3 from g is

� ~vrðSpa�ðFqÞÞ 
 � ~vrðSpaþðFqÞÞ 

Y

i

� ~vrðGL�m�i ðFq
1
2
d�
i
ÞÞ 


Y

j

~vrðGLþmþj ðFqdj ÞÞ

with a sign change similar to that of [20, Lemma 4.3]. The characteristic polynomial

induces a bijection between the set of semisimple classes in Sp2nðFqÞ and the set of

self-reciprocal polynomials of degree 2n [29, §3.1] [31]. We conclude from these

facts that � ~vrþ1ðSp2nðFqÞÞ equals
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X

ða�;aþ;k�;kþÞ
ð� ~vrðSp2a�ðFqÞÞÞð� ~vrðSp2aþðFqÞÞÞ



Y

d�

9m� : ðm�; d�ÞEðm
�;d�Þ 2 k�

SRIM�d�ðqÞ

½Eðm�; d�Þ : ðm�; d�ÞEðm
�;d�Þ 2 k��

 !



Y

ðm�;d�ÞEðm� ;d�Þ2k�
� ~vrðGL�m�ðFq

1
2
d� ÞÞEðm

�;d�Þ



Y

dþ

9mþ : ðmþ; dþÞEðm
þ;dþÞ 2 kþ

SRIMþdþðqÞ

½Eðmþ; dþÞ : ðmþ; dþÞEðm
þ;dþÞ 2 kþ�

 !



Y

ðmþ;dþÞEðmþ ;dþÞ2kþ
~vrðGLþmþðFqd

þ ÞÞEðm
þ;dþÞ

ð4:5Þ

where the sum runs over all ða�; aþ; k�; kþÞ where a� are positive integers, k� ¼
fðm�i ; d�i Þ

E�i g are multisets of pairs of positive integers such that a� þ aþ þP
m�i d

�
i E
�
i þ

P
mþj d

þ
j E
þ
j ¼ n and the d�i are even.

We are here using multinomial coefficients as defined below.

Definition 4.6 For a rational polynomial m 2 Q½q� and k1; . . .; ks� 0 a finite

sequence of nonnegative integers, define the multinomial coefficients to be

m

k1; . . .; ks

� �
¼ mðm� 1Þ � � � ðmþ 1�

P
kiÞ

k1! � � � ks!
¼

m!

k1! � � � ks! � ðm�
P

kiÞ!
P

ki�m

0
P

ki [m

8
<

:

m

�k1; . . .;�ks

� �
¼ ð�1Þk1þ���þks

m

k1; . . .; ks

� �

�m
�k1; . . .;�ks

� �
¼ mðmþ 1Þ � � � ðm� 1þ

P
kiÞ

k1! � � � ks!
¼

m� 1þ
P

ki

k1; . . .; ks

� �

Using the concept of TS-transforms from [19, §3.2] we may express Lemma 4.3

or (4.5) by the recurrence

FSprþ1ðxÞ ¼
FSprðxÞ

2TSRIM�ðqÞðFGL�r ðxÞÞTSRIMþðqÞðFGLþr ðxÞÞ q odd

FSprðxÞTSRIM�ðqÞðFGL�r ðxÞÞTSRIMþðqÞðFGLþr ðxÞÞ q even

(
ðr� 1Þ

ð4:7Þ

where the generating functions FGL�r ðxÞ of [19, (1.3)] and [20, (1.2)] have been

transformed relative to the polynomial sequences ðSRIM�d ðqÞÞd� 1. We now start the
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computation, facilitated by the multiplicative property [19, (3.2)], of the product of

these two transformed generating functions. The first lemma is well-known [32,

p 258].

Lemma 4.8 TIMðqÞð1� xÞ ¼ 1� qx

1� x
.

Proof The TIMðqÞ-transform of 1� x is

TIMðqÞð1� xÞ ¼
Y

n� 1

ð1� xnÞIMnðqÞ ¼ exp
X

n� 1

ð1� qnÞxn=n
 !

¼ 1� qx

1� x

where the second equality is justified by [19, Lemma 3.7] and the identity

qn � 1 ¼
P

djn dIMdðqÞ, the Möbius inverse of the left equation of (3.7). h

Lemma 4.9 TSRIM�ðqÞð1� xÞTSRIMþðqÞð1� xÞ ¼

1� qx

ð1� xÞ2
q odd

1� qx

1� x
q even

8
><

>:
and

TSRIM�ðqÞð1þ xÞTSRIMþðqÞð1� xÞ ¼ 1

1� x
.

Proof Thanks to the identity of Lemma 4.8 it is easy to determine

TSRIM�ðqÞð1� xÞTSRIMþðqÞð1� xÞ ¼ TSRIM�ðqÞþSRIMþðqÞð1� xÞ

¼Lemma 3:11
ð1� xÞ�1TIMðqÞð1� xÞ ¼ 1� qx

ð1� xÞ2
q odd

TIMðqÞð1� xÞ ¼ 1� qx

1� x
q even

8
>><

>>:

Observe that

TSRIM�ðqÞ
1� x

1þ x

� �
¼

1� qx

1� x
2-q

1� qx 2jq

8
<

: ð4:10Þ

because, as 1þ x ¼ 1�x2
1�x ,

TSRIM�ðqÞ
1� x

1þ x

� �
¼

TSRIM�ðqÞð1� xÞ2

TSRIM�ðqÞð1� x2Þ ¼

Q
m
ð1� xmÞ2SRIM

�
mðqÞ

Q
m
ð1� x2mÞSRIM

�
mðqÞ

¼
Y

2-m

ð1� xmÞ2SRIM
�
mðqÞ 


Y

2jm
ð1� xmÞ2SRIM

�
mðqÞ�SRIM�m=2ðqÞ

¼Lemma 3:10 TIMðqÞð1� xÞ ¼ ð1� xÞ�1ð1� qxÞ q odd

ð1� xÞTIMðqÞð1� xÞ ¼ 1� qx q even

(

Therefore
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TSRIM�ðqÞð1þ xÞTSRIMþðqÞð1� xÞ

¼ TSRIM�ðqÞ
1þ x

1� x

� �
TSRIM�ðqÞð1� xÞTSRIMþðqÞð1� xÞ ¼ 1

1� x

for all prime powers q. h

From recurrence (4.7) and Lemma 4.9, we get that the second generating

function is

FSp2ðxÞ ¼ TSRIM�ðqÞðFGL�1 ðxÞÞTSRIMþðqÞðFGLþ1 ðxÞÞ

¼ TSRIM�ðqÞð1þ xÞTSRIMþðqÞð1� xÞ ¼ 1

1� x

as the first generating function is FSp1ðxÞ ¼ 1 by Lemma 4.1.

Lemma 4.11 For all r� 1

TSRIM�ðqÞðFGL�rþ1ðxÞÞTSRIMþðqÞðFGLþrþ1ðxÞÞ
Y

0� j� rþ1

j 	 r mod 2

ð1� qjxÞ

r þ 1

j

� �

¼

Y

0� j� r

j 6	 r mod 2

ð1� qjxÞ
2

r

j

� �

q odd

Y

0� j� r

j 6	 r mod 2

ð1� qjxÞ

r

j

� �

q even

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

Proof With the formulas for FGL�rþ1ðxÞ from [19, Theorem 1.4] and [20,

Theorem 1.3] as input we compute for odd q that
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TSRIM�ðqÞðFGL�rþ1ðxÞÞTSRIMþðqÞðFGLþrþ1ðxÞÞ

¼

Y

0� j� r

j 	 r mod 2

TSRIM�ðqÞð1þ qjxÞ

r

j

� �

Y

0� j� r

j 6	 r mod 2

TSRIM�ðqÞð1� qjxÞ

r

j

� �

Y

0� j� r

j 	 r mod 2

TSRIMþðqÞð1� qjxÞ

r

j

� �

Y

0� j� r

j 6	 r mod 2

TSRIMþðqÞð1� qjxÞ

r

j

� �

¼

Y

0� j� r

j 6	 r mod 2

ð1� qjxÞ
2

r

j

� �

Y

0� j� r

j 6	 r mod 2

ð1� qjþ1xÞ

r

j

� �
Y

c0� j� r

j 	 r mod 2

ð1� qjxÞ

r

j

� �

¼

Y

0� j� r

j 6	 r mod 2

ð1� qjxÞ
2

r

j

� �

Y

0� j� rþ1

j 	 r mod 2

ð1� qjxÞ

r þ 1

j

� �

by using properties of the TSRIM�ðqÞ-transform [19, Chp 3] and Lemma 4.9. When q

is even, the computations are essentially identical. h

Proof of Theorem 1.3 The formula of Theorem 1.3 is the solution to the recurrence

(4.7) given the result of Lemma 4.11. h

Proof of Corollary 1.4 The logarithm of the ðr þ 1Þth generating function

FSprþ1ðq; xÞ is
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X

� j� r

j 	 r mod 2

�
r

j

� �
logð1� qjxÞ ¼

X

0� j� r

j 	 r mod 2

r

j

� �X

n� 1

ðqjxÞn

n

¼
X

n� 1

X

0� j� r

j 	 r mod 2

2
r

j

� �
qnj

xn

2n

¼
X

n� 1

ððqn þ 1Þr � ðqn � 1ÞrÞ x
n

2n

h

The binomial formula applied to right hand side of Theorem 1.3 gives the more

direct expression

� ~vrþ1ðSp2nðFqÞÞ ¼
X

n0 þ � � � þ nr ¼ n

j 	 r mod 2)nj ¼ 0

Y

0� j� r

ð�1Þnj �
r

j

� �

nj

0
@

1
Aqjnj ðr� 1Þ

ð4:12Þ

where the sum ranges over all the nþ b1
2
ðr � 1Þc
n

 !
weak compositions n0 þ

� � � þ nr of n into r þ 1 parts [24, p 15] with nj ¼ 0 for all j 	 r mod 2.

Elementary properties of the binomial coefficients imply that the generating

functions satisfy the recurrence FSp1ðq; xÞ ¼ 1 and

FSprþ1ðq; xÞ ¼
FSprðq; qxÞ
1� qr�1x

Y

1� j� r�1
FSpr�jðq; qj�1xÞ

for all r� 1.

Remark 4.13 The (non-block-wise form of the) Knörr–Robinson conjecture [13]

[28, §3] for the group Sp2nðFqÞ relative to the characteristic s of Fq states that

� ~v2ðSp2nðFqÞÞ ¼ zsðSp2nðFqÞÞ

where zsðSp2nðFqÞÞ ¼ jfv 2 IrrCðSp2nðFqÞÞjjSp2nðFqÞjs ¼ vð1Þsgj is the number of

irreducible complex representations of Sp2nðFqÞ of s-defect 0. As

FSp2ðq; xÞ ¼ ð1� xÞ�1 ¼ 1þ xþ x2 þ � � �, the left side is 1 and so is the right side

[11, Remark p 69]. This confirms the Knörr–Robinson conjecture for Sp2nðFqÞ
relative to the defining characteristic.
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5 Proof of Theorem 1.5

Let p be a prime and, as in the previous sections, q a prime power. (The prime p may

or may not divide the prime power q although it will soon emerge that p-q is the

most interesting case.) In this section we discuss Tamanoi’s p-primary equivariant

reduced Euler characteristics of the Sp2nðFqÞ-poset L�2nðFqÞ of nonzero totally

isotropic subspaces.

Zp denotes the ring of p-adic integers and Z
r
p the product Z
 Zr�1

p of one copy of

the integers with r � 1 copies of the p-adic integers.

Definition 5.1 [25, (1–5)] The rth, r� 1, p-primary equivariant reduced Euler

characteristic of the Sp2nðFqÞ-poset L�2nðFqÞ is the normalised sum

~vrðp; Sp2nðFqÞÞ ¼
1

jSp2nðFqÞj
X

X2HomðZr
p;Sp2nðFqÞÞ

~vðCL�2nðqÞðXðZ
r
pÞÞÞ

of reduced Euler characteristics.

In this definition, the sum ranges over all commuting r-tuples ðX1;X2; . . .;XrÞ of
elements of Sp2nðFqÞ such that the elements X2; . . .;Xr have p-power order. The first

p-primary equivariant reduced Euler characteristic is independent of p and agrees

with the first equivariant reduced Euler characteristic.

The rth p-primary equivariant unreduced Euler characteristic vrðp; Sp2nðFqÞÞ
agrees with the Euler characteristic of the homotopy orbit space BL�2nðFqÞhSp2nðFqÞ
computed in Morava K(r)-theory at p [10] [18, Remark 7.2] [25, 2-3, 5-1].

For r ¼ 1, the p-primary equivariant reduced Euler characteristic and the

equivariant reduced Euler characteristic agree, ~v1ðp; Sp2nðFqÞÞ ¼ ~v1ðSp2nðFqÞÞ,
and for r� 1,

~vrþ1ðp; Sp2nðFqÞÞ
¼

X

X2HomðZp;Sp2nðFqÞÞ=Sp2nðFqÞ
~vrðp;CL�2nðFqÞðXÞ;CSp2nðFqÞðXÞÞ

ðn� 1Þ

ð5:2Þ

where the sum runs over conjugacy classes of p-elements in the symplectic group

(Lemma A.3).

The rth p-primary generating function at q is the integral power series

FSprðp; q; xÞ ¼ 1�
X

n� 1

~vrðp; Sp2nðFqÞÞxn 2 Z½½x�� ð5:3Þ

associated to the sequence ð� ~vrðp; Sp2nðFqÞÞÞn� 1 of the negative of the p-primary

equivariant reduced Euler characteristics. We have FSp1ðp; q; xÞ ¼ FSp1ðq; xÞ ¼ 1

and, directly from the definition and Lemma 4.2, FSprðp; q; xÞ ¼ 1 for all r� 1

when pjq. Thus we now restrict to the case where p does not divide q.

Definition 5.4 [14, Definition 3.2] [12, Definition, Chp 4, §1] Let f 2 Fq½x� be a

polynomial with f ð0Þ 6¼ 0. The order of f, ordðf Þ, is the least positive integer e for
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which f ðxÞjxe � 1.

Let a and n be relatively prime integers. The multiplicative order of a modulo n,

ordnðaÞ, is the order of a in the unit group ðZ=nZÞ
 of the modulo n residue ring

Z=nZ.

Definition 5.5 For every integer n� 1, prime number p, and prime power q,

• IMnðp; qÞ is the number of Irreducible Monic p-power order polynomials p(x) of
degree n over Fq with pð0Þ 6¼ 0

• SRIM�n ðp; qÞ is the number of Self-Reciprocal Irreducible Monic p-power order
polynomials p(x) of even degree 2n over Fq

• SRIMþn ðp; qÞ is the number of unordered pairs fpðxÞ; p�ðxÞ=pð0Þg of irreducible
monic p-power order polynomials p(x) of degree n over Fq with pð0Þ 6¼ 0 and

pðxÞ 6¼ p�ðxÞ=pð0Þ

In degree n ¼ 1, in particular, IM1ðp; qÞ ¼ ðq� 1Þp, represented by the

polynomials x� a with a in the Sylow p-subgroup of the unit group F
q , and

2SRIMþ1 ðp; qÞ ¼
ðq� 1Þ2 � 2 p ¼ 2

ðq� 1Þp � 1 p[ 2

(
ð5:6Þ

as x� a is fixed if and only if a2 ¼ 1. By the p-version [19, (4,7)] of a classical

identity [14, Theorem 3.25] and by the definition of SRIM�n ðp; qÞ,

IMnðp; qÞ ¼
1

n

X

djn
lðdÞðqdjn � 1Þp

IMnðp; qÞ ¼
2SRIMþ1 ðp; qÞ þ e n ¼ 1

2SRIMþn ðp; qÞ n[ 1 odd

2SRIMþn ðp; qÞ þ 2SRIM�n=2ðp; qÞ n[ 1 even

8
><

>:

ð5:7Þ

where e ¼ 2 if p ¼ 2 and e ¼ 1 if p[ 2.

Lemma 5.8 Assume p-q. Let D ¼ ordpðq2Þ and let f 2 Fq½x� be a self-reciprocal

irreducible monic p-power order polynomial of degree 2d for some d� 1. Then

1. qd 	 �1 mod pj for some j� 1

2. Djd
3. f ðxÞjðxðq2d�1Þp � 1Þ and f ðxÞjðxqdþ1 � 1Þ
4. f ðxÞjðxðqdþ1Þp � 1Þ

Proof Let f 2 Fq½x� be a self-reciprocal irreducible monic p-power order polyno-

mial of degree 2d, d� 1. Then pjordðf Þjq2d � 1 by [14, Corollary 3.4]. In other

words, q2d 	 1 mod ordðf Þ, q2d 	 1 mod p, and thus d is a multiple of D. Moreover,
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f ðxÞjðxðq2d�1Þp � 1Þ by [14, Lemma 3.6] as ordðf Þjðq2d � 1Þp, and f ðxÞjðxqdþ1 � 1Þ
by [17, Theorem 1.(i)]. But then f ðxÞjðxðqdþ1Þp � 1Þ by [14, Corollary 3.7] as f(x) is

irreducible and gcdðq2d � 1Þp; qd þ 1 ¼ gcdðq2d � 1Þp; ðqd þ 1Þp ¼
gcdðqd � 1Þpðqd þ 1Þp; ðqd þ 1Þp ¼ ðqd þ 1Þp.

The irreducible factors of xðq
dþ1Þp � 1 of degree � 2 are the irreducible factors of

the cyclotomic polynomials UpjðxÞ where j� 1 and pjjqd þ 1. Thus qd 	 �1 mod pj

for some j� 1. h

Lemma 5.9 Assume p-q and d� 1. Each irreducible monic factor f 2 Fq½x� of
xðq

nþ1Þp � 1, n� 1, of degree 2d� 2 is self-reciprocal, has p-power order, and djn
with n/d odd where degðf Þ ¼ 2d.

Proof Suppose f ðxÞjðxðqnþ1Þp � 1Þ. Then f ð0Þ 6¼ 0 and f(x) has p-power order by

[14, Lemma 3.6]. Since f is irreducible of degree degðf Þ� 2 and

f ðxÞjxðqnþ1Þp � 1jxqnþ1 � 1, f(x) is self-reciprocal and d ¼ 1
2
degðf Þ divides n with

odd quotient n/d by [17, Theorem 1.(ii)]. h

Lemma 5.10 Assume p-q. For any n� 1,

2nSRIM�n ðp; qÞ ¼

P
dj nn2

lðdÞðqn=d þ 1Þp n 6¼ n2

ðqn þ 1Þp � e n ¼ n2

8
<

:

where e ¼ 2 if p ¼ 2 and e ¼ 1 if p[ 2. For any odd n� 1, SRIM�2knðp; qÞ ¼
2�kSRIM�n ðp; q2

kÞ for all k� 0.

Proof Recall that the irreducible factors of the polynomial xq
nþ1 � 1 are distinct

and that there is one linear factor, xþ 1, of order 1, when q is even and two, xþ 1,

x� 1, of order 1 and 2, if q is odd. The polynomial xðq
nþ1Þp � 1 thus has e linear

factors of p-power order where e ¼ 2 if q is odd and p ¼ 2 and e ¼ 1 in all other

cases. Lemma 5.9 and Möbius inversion thus imply that

ðqn þ 1Þp ¼ eþ
X

djn

n=d odd

2dSRIM�d ðp; qÞ; 2nSRIM�n ðp; qÞ ¼
X

djn

d odd

lðdÞððqn=d þ 1Þp � eÞ

The first part of the lemma follows because
P

dj nn2
lðdÞ is 1 if n ¼ n2 is a power of 2

and 0 otherwise. If n ¼ 2km, k� 0, m� 1 odd, then 2nSRIM�n ðp; qÞ ¼P
djm lðdÞðq2km=d þ 1Þp ¼ 2mSRIM�mðp; q2

kÞ. h

Lemma 5.11 Assume p-q. For every odd n� 1 and k� 0,

123

Graphs and Combinatorics           (2022) 38:91 Page 19 of 41    91 



IM2knðp; qÞ ¼ 2�kIMnðp; q2
kÞ � 2�kIMnðp; q2

k�1Þ
SRIMþ

2knðp; qÞ ¼ 2�kSRIMþn ðp; q2
kÞ � 2�kSRIMþn ðp; q2

k�1Þ � 2�kSRIM�n ðp; q2
k�1Þ

Proof Since lð2jnÞ ¼ 0 for j� 2,

n2kIMn2kðp; qÞ ¼
X

djn
lðn=dÞðq2kd � 1Þp þ

X

djn
lð2n=dÞðq2k�1d � 1Þp

¼
X

djn
lðn=dÞðq2kd � 1Þp �

X

djn
lð2n=dÞðq2k�1d � 1Þp

¼ nIMnðp; q2
kÞ � nIMnðp; q2

k�1Þ

for all k� 0. This proves the first assertion. Now,

SRIMþ
2knðp; qÞ ¼

ð5:7Þ
2�1IM2knðp; qÞ � 2�1SRIM�2k�1nðp; qÞ

¼ 2�kð2�1IMnðp; q2
kÞ � 2�1IMnðp; q2

k�1ÞÞ � 2�1SRIM�2k�1nðp; qÞ

¼ð5:7Þ; L: 5:10
2�kSRIMþn ðp; q2

kÞ � 2�kSRIMþn ðp; q2
k�1Þ

� 2�kSRIM�n ðp; q2
k�1Þ

proves the second assertion. h

For all pairs (p, q), where p is a prime, q is a prime power, and p-q, and for all

r� 1, the p-primary analogue of (4.7),

FSprþ1ðp; qÞðxÞ

¼
FSprðp; qÞðxÞ

2TSRIM�ðp;qÞðFGL�r ðp; q; xÞÞTSRIMþðp;qÞðFGLþr ðp; q; xÞÞ p ¼ 2

FSprðp; qÞðxÞTSRIM�ðp;qÞðFGL�r ðp; q; xÞÞTSRIMþðp;qÞðFGLþr ðp; q; xÞÞ p[ 2

(

ð5:12Þ

is a consequence of recurrence (5.2). Note here that a semisimple g 2 Sp2nðFqÞ has
p-power order if and only if all the irreducible factors in its characteristic polyno-

mial, described in Proposition 3.5, have p-power order. This is because multipli-

cation by x in the Fq½x�-module Fq½x�=ðrðxÞÞ, where r(x) is irreducible with rð0Þ 6¼ 0,

has p-power order if and only if r(x) has p-power order by [14, Lemma 3.5]. Also

note that in Proposition 3.5 with odd q, the polynomial ðxþ 1Þ has even order and is
therefore allowed only when p ¼ 2.

The proof of Theorem 1.5 consists in verifying that the solution to recur-

rence (5.12) satisfies the infinite product expansion
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FSprðp; q; xÞ ¼
Y

n� 1

ð1� xnÞcrðp;q;nÞ

crðp; q; nÞ ¼
1

2n

X

djn
lðn=dÞððqd � 1Þr�1p � ðqd þ 1Þr�1p Þ

Since the infinite product expansions of FGL�r ðp; q; xÞ are [19, §1] [20, §1]

FGLþr ðp; q; xÞ ¼
Y

n� 1

ð1� xnÞa
þ
r ðp;q;nÞ

aþr ðp; q; nÞ ¼
1

n

X

djn
lðn=dÞðqd � 1Þr�1p

FGL�r ðp; q; xÞ ¼
Y

n� 1

ð1� xnÞa
�
r ðp;q;nÞ

a�r ðp; q; nÞ ¼
1

n

X

djn
ð�1Þdlðn=dÞðqd � ð�1ÞdÞr�1p

and [19, (3.2)]

TSRIM�ðp;qÞFGL
�
r ðp; q; xÞ ¼

Y

d� 1

FGL�r ðp; qd; xdÞ
SRIM�d ðp;qÞ

¼
Y

n;d� 1

ð1� xndÞa
�
r ðp;qd ;nÞSRIM�d ðp;qÞ

we must show that

crþ1ðp; q;NÞ

¼

2crðp; q;NÞ þ
P
djN

a�r ðp; qd;N=dÞSRIM�d ðp; qÞ þ
P
djN

aþr ðp; qd;N=dÞSRIMþd ðp; qÞ

p ¼ 2

crðp; q;NÞ þ
P
djN

a�r ðp; qd;N=dÞSRIM�d ðp; qÞ þ
P
djN

aþr ðp; qd;N=dÞSRIMþd ðp; qÞ

p[ 2

8
>>>>>><

>>>>>>:

ð5:13Þ

for all N � 1 and all r� 0.

Theorem 1.5 will here be proved only for odd primes p. The below proof can

easily be modified to cover p ¼ 2.

Proof Assume p[ 2 and let N� 1 be an odd integer. Induction shows that

2ka�r ðp; q; 2kNÞ ¼
aþr ðp; q2;NÞ � a�r ðp; q;NÞ k ¼ 1

aþr ðp; q2
k

;NÞ � aþr ðp; q2
k�1
;NÞ k[ 1

(
ð5:14Þ

and
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2kcrðp; q; 2kNÞ ¼
a�r ðp; q;NÞ þ aþr ðp; q;NÞ k ¼ 0

crðp; q2
k

;NÞ � crðp; q2
k�1
;NÞ k[ 0

�
ð5:15Þ

Indeed, a�r ðp; q; 2NÞ ¼ 1
2
aþr ðp; q2;NÞ � 1

2
a�r ðp; q;NÞ because

2Na�r ðp; q; 2NÞ ¼
X

djN
�lð2N=dÞðqd þ 1Þr�1p þ

X

djN
lðN=dÞðq2d � 1Þr�1p

¼ �
X

djN
�lðN=dÞðqd þ 1Þr�1p þ

X

djN
lðN=dÞðq2d � 1Þr�1p

¼ �Na�r ðp; q;NÞ þ Naþr ðp; q2;NÞ
2Naþr ðp; q; 2NÞ ¼

X

djN
lð2N=dÞðqd � 1Þr�1p þ

X

djN
lðN=dÞðq2d � 1Þr�1p

¼ �Naþr ðp; q;NÞ þ Naþr ðp; q2;NÞ

Since lð2jNÞ ¼ 0 for j� 2,

2kNa�r ðp; q; 2kNÞ ¼
X

djN
lðN=dÞðq2kd � 1Þr�1p þ

X

djN
lð2N=dÞðq2k�1d � 1Þr�1p

¼ Naþr ðp; q2
k

;NÞ � Naþr ðp; q2
k�1
;NÞ

for all k[ 1. Since N is odd, crðp; q;NÞ ¼ 1
2
a�r ðp; q;NÞ þ 1

2
aþr ðp; q;NÞ, and, as

lð2jNÞ ¼ 0 for j� 2, 2kNcrðp; q2
k
;NÞ ¼ Ncrðp; q2

k
;NÞ � Ncrðp; q2

k�1
;NÞ when

k[ 0.

The first equality of the below display holds (at d ¼ 1) because SRIM�1 ðp; qÞ þ
1
2
¼ 1

2
ðqþ 1Þp by Lemma 5.10. The next to last equality holds because

X

fd1:f jd1jd2g
lðd1=f Þ ¼

1 f ¼ d2

0 f\d2

�

contributes only when f ¼ d2. Remembering these observations we find that
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X

djN
a�r ðp; qd;N=dÞSRIM�d ðp; qÞ þ

1

2
a�r ðp; q;NÞ

¼
X

djN
a�r ðp; qd;N=dÞ

1

2d

X

f jd
lðf Þðqd=f þ 1Þp

¼
X

djN
a�r ðp; qd;N=dÞ

1

2d

X

f jd
lðd=f Þðqf þ 1Þp

¼ �
X

djN

d

N

X

ejNd

lðN=deÞðqde þ 1Þr�1p

1

2d

X

f jd
lðd=f Þðqf þ 1Þp

¼ � 1

2N

X

f jd1jd2jN
lðN=d2Þðqd2 þ 1Þr�1p ðqf þ 1Þplðd1=f Þ

¼ � 1

2N

X

djN
lðN=dÞðqd þ 1Þrp ¼

1

2
a�rþ1ðp; q;NÞ

ð5:16Þ

The first equality of the below display holds (at d ¼ 1) because SRIMþ1 ðp; qÞ þ 1
2
¼

1
2
ðq� 1Þp ¼ 1

2
IM1ðp; qÞ by (5.6) and (5.7). For all odd d[ 1, SRIMþd ðp; qÞ ¼

1
2
IMdðp; qÞ by (5.7). Remembering these observations we find that

X

djN
aþr ðp; qd;N=dÞSRIMþd ðp; qÞ þ

1

2
aþr ðp; q;NÞ

¼
X

djN
aþr ðp; qd;N=dÞ

1

2
IMdðp; qÞ

¼
X

djN
aþr ðp; qd;N=dÞ

1

2d

X

f jd
lðf Þðqd=f � 1Þp

¼
X

djN
aþr ðp; qd;N=dÞ

1

2d

X

f jd
lðd=f Þðqf � 1Þp

¼
X

djN

d

N

X

ejN=d
lðN=deÞðqde � 1Þr�1p

1

2d

X

f jd
lðd=f Þðqf � 1Þp

¼ 1

2N

X

f jd1jd2jN
lðN=d2Þðqd2 � 1Þr�1p ðqf � 1Þplðd1=f Þ

¼ 1

2N

X

djN
lðN=dÞðqd � 1Þrp ¼

1

2
aþrþ1ðp; q;NÞ

ð5:17Þ

By adding (5.16) and (5.17) we get
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X

djN
a�r ðp; qd;N=dÞSRIM�d ðp; qÞ þ

X

djN
aþr ðp; qd;N=dÞSRIMþd ðp; qÞ

¼ 1

2
a�rþ1ðp; q;NÞ �

1

2
a�r ðp; q;NÞ þ

1

2
aþrþ1ðp; q;NÞ �

1

2
aþr ðp; q;NÞ

¼ð5:15Þcrþ1ðp; q;NÞ � crðp; q;NÞ

ð5:18Þ

proving (5.13) for all odd N.

Next consider 2N, N odd. The expression
P

dj2N a�r ðp; qd; 2N=dÞSRIM�d ðp; qÞ þP
dj2N a�r ðp; qd; 2N=dÞSRIMþd ðp; qÞ is the sum of the four terms

X

djN
a�r ðp; qd; 2N=dÞSRIM�d ðp; qÞ

¼ð5:14Þ 1
2

X

djN
ðaþr ðp; q2d;N=dÞ � a�r ðp; qd;N=dÞÞSRIM�d ðp; qÞ

X

djN
a�r ðp; q2d;N=dÞSRIM�2dðp; qÞ

¼L: 5:11 1
2

X

djN
a�r ðp; q2d;N=dÞSRIM�d ðp; q2Þ

X

djN
aþr ðp; qd; 2N=dÞSRIMþd ðp; qÞ

¼ð5:14Þ 1
2

X

djN
ðaþr ðp; q2d;N=dÞ � aþr ðp; qd;N=dÞÞSRIMþd ðp; qÞ

X

djN
aþr ðp; q2d;N=dÞSRIMþ2dðp; qÞ

¼L: 5:11 1
2

X

djN
aþr ðp; q2d;N=dÞðSRIMþd ðp; q2Þ � SRIMþd ðp; qÞ � SRIM�d ðp; qÞÞ

which is

123

   91 Page 24 of 41 Graphs and Combinatorics           (2022) 38:91 



2�1
X

djN
a�r ðp; q2d;N=dÞSRIM�d ðp; q2Þ þ

X

djN
aþr ðp; q2d;N=dÞSRIMþd ðp; q2Þ

0
@

1
A

�2�1
X

djN
a�r ðp; qd;N=dÞSRIM�d ðp; qÞ þ

X

djN
aþr ðp; qd;N=dÞSRIMþd ðp; qÞ

0

@

1

A

¼ð5:18Þ � 2�1ðcrþ1ðp; q;NÞ � crðp; q;NÞÞ þ 2�1ðcrþ1ðp; q2;NÞ � crðp; q2;NÞÞ

¼ 2�1ðcrþ1ðp; q2;NÞ � crþ1ðp; q;NÞÞ � 2�1ðcrðp; q2;NÞ � crðp; q;NÞÞ

¼ð5:15Þcrþ1ðp; q; 2NÞ � crðp; q; 2NÞ

This proves (5.13) for 2N, N odd.

Finally, we consider 2kN, N odd, k[ 1. We shall evaluate the sum
X

dj2kN
a�r ðp; qd; 2kN=dÞSRIM�d ðp; qÞ þ

X

dj2kN
aþr ðp; qd; 2kN=dÞSRIMþd ðp; qÞ

¼
X

0� j� k

X

djN
a�r ðp; q2

jd; 2k�jN=dÞSRIM�2jdðp; qÞ

þ
X

0� j� k

X

djN
aþr ðp; q2

jd; 2k�jN=dÞSRIMþ2jdðp; qÞ

which occurs on the right hand side of (5.13). For j ¼ 0 we get

X

djN
a�r ðp; qd; 2kN=dÞSRIM�d ðp; qÞ ¼

ð5:14Þ
2�k

X

djN
ðaþr ðp; q2

kd;N=dÞ

0
@

�aþr ðp; q2
k�1d;N=dÞÞSRIM�d ðp; qÞ

�

For 0\j\k we get

X

djN
a�r ðp; q2

jd; 2k�jN=dÞSRIM�2jdðp; qÞ

¼L: 5:102�j
X

djN
a�r ðp; q2

jd; 2k�jN=dÞSRIM�d ðp; q2
jÞ

¼ð5:14Þ2�k
X

djN
ðaþr ðp; q2

kd;N=dÞ � a�r ðp; q2
k�1d;N=dÞÞSRIM�d ðp; q2

jÞ
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X

djN
aþr ðp; q2

jd; 2k�jN=dÞSRIMþ2jdðp; qÞ

¼L: 5:112�j
X

djN
aþr ðp; q2

jd; 2k�jN=dÞðSRIMþd ðp; q2
jÞ � SRIMþd ðp; q2

j�1Þ

� SRIM�d ðp; q2
j�1ÞÞ

¼ð5:14Þ2�k
X

djN
ðaþr ðp; q2

kd;N=dÞ � aþr ðp; q2
k�1d;N=dÞÞðSRIMþd ðp; q2

jÞ

� SRIMþd ðp; q2
j�1Þ � SRIM�d ðp; q2

j�1ÞÞ

For j ¼ k we get

X

djN
a�r ðp; q2

kd;N=dÞSRIM�2kdðp; qÞ ¼
L: 5:10

2�k
X

djN
a�r ðp; q2

kd;N=dÞSRIM�d ðp; q2
kÞ

X

djN
aþr ðp; q2

kd;N=dÞSRIMþ
2kdðp; qÞ ¼

L: 5:11
2�k

X

djN
aþr ðp; q2

kd;N=dÞðSRIMþd ðp; q2
kÞ

� SRIMþd ðp; q2
k�1Þ � SRIM�d ðp; q2

k�1ÞÞ

The sum of these 2ðk þ 1Þ terms is

2�k
X

djN
a�r ðp; q2

kd;N=dÞSRIM�d ðp; q2
kÞ þ 2�k

X

djN
aþr ðp; q2

kd;N=dÞSRIMþd ðp; q2
kÞ

� 2�k
X

djN
a�r ðp; q2

k�1d;N=dÞSRIM�d ðp; q2
k�1Þ

0

@

þ
X

djN
aþr ðp; q2

k�1d;N=dÞSRIMþd ðp; q2
k�1Þ

1
A

¼ð5:18Þ2�kðcrþ1ðp; q2
k

;NÞ � crðp; q2
k

;NÞÞ � 2�kðcrþ1ðp; q2
k�1
;NÞ

� crðp; q2
k�1
;NÞÞ

¼ 2�kðcrþ1ðp; q2
k

;NÞ � crþ1ðp; q2
k�1
;NÞÞ � 2�kðcrðp; q2

k

;NÞ � crðp; q2
k�1
;NÞÞ

¼ð5:15Þcrþ1ðp; q; 2kNÞ � crðp; q; 2kNÞ

This proves (5.13) for 2kN, N odd , k[ 1.

We can now conclude that (5.13) holds for all N when the prime p is odd. h

Two prime powers prime to p are declared to be p-equivalent if the generate the
same closed subgroup of the topological unit group Z
p in Zp. More concretely, if

we let
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Oðp; qÞ ¼
ðqmod 8; m2ðq2 � 1ÞÞ p ¼ 2

ðordpðqÞ; mpðqordpðqÞ � 1ÞÞ p[ 2

(

then the prime powers q1 and q2 are p-equivalent, hq1i ¼ hq2i�Z
p , if and only if

Oðp; q1Þ ¼ Oðp; q2Þ [4, §3]. The sequences ðSRIM�d ðp; qÞÞd� 1 and hence the power

series FSprðp; q; xÞ depend only on the p-class of q when p-q.

For example, the 2-classes are represented by the 2-adic units �32e , e� 0, and the

3-classes by the prime powers 23
e

and 43
e

, e� 0 [4, Lemma 1.11.(a)].

Example 5.19 For all r� 1 and e� 0

FSprþ1ð2; 32
e

; xÞ ¼

Q
n� 0 Qðx2

nþ1Þ2
ðnþ3Þðr�1Þ

QðxÞ22ðr�1Þ ð1þ xÞ2r�1
e ¼ 0

Q
n� 0 Qðx2

nÞ2
ðnþ2Þðr�1Þþre

ð1� xÞ2r�1
e[ 0

8
>>>>><

>>>>>:

FSprþ1ð2;�32
e

; xÞ ¼

Q
n��1 Qðx2

nþ1Þ2
ðnþ3Þðr�1Þ

ð1� xÞ2r�1
e ¼ 0

Q
n� 0 Qðx2

nþ1Þ2
ðnþ3Þðr�1Þþre

QðxÞ2ðr�1Þþreð1þ xÞ2r�1
e[ 0

8
>>>>><

>>>>>:

where QðxÞ ¼ 1�x
1þx. This follows from Theorem 1.5 after some power series manipu-

lations as expð�
P

n� 1ð2nÞ
r
2
xn

n Þ ¼
Q

n� 0 Qðx2
nÞ2

ðnþ1Þðr�1Þ
, expð�2

P
n� 0

x2nþ1

2nþ1Þ ¼ QðxÞ,
and (in the case of þ32e )

ð3n þ 1Þ2 ¼
4 2-n

2 2jn

�
ð3n � 1Þ2 ¼

2 2-n

4n2 2jn

�

ðð32eÞn � 1Þ2 ¼
22þe 2-n

22þen2 2jn

�
ðð32eÞn þ 1Þ2 ¼ 2

for all e[ 0.

6 Proof of Theorem 1.6

As already used several times in this paper, a multiset k is a base set BðkÞ with a

multiplicity function assigning an integer Eðk; bÞ� 0 to every element b of the base

set. The sum jkj ¼
P

b2BðkÞ Eðk; bÞ of the multiplicities is the cardinality of the

multiset k. A partition of n, in symbols k ‘ n, is a multiset k on the set N of natural

numbers such that
P

b2N bEðk; bÞ ¼ n. The multiset sum, k1 þ k2, is the multiset

with multiplicity function Eðk1 þ k2; bÞ ¼ Eðk1; bÞ þ Eðk2; bÞ. A partition of n into

parts of two kinds is a pair ðk�; kþÞ of partitions, k� and kþ, such that the multiset

sum k� þ kþ partitions n, in symbols ðk�; kþÞ ‘ n.
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Lemma 6.1 Let AðqÞ 2 Q½q� be a rational polynomial in the indeterminate q. The
polynomial sequence ðBnðqÞÞn� 0 with B0ðqÞ ¼ 1 and

BnðqÞ ¼
X

k‘n
ð�1Þjkj

Y

d2BðkÞ

AðqdÞEðk;dÞ

jCd o REðk;dÞj
; n� 1;

satisfies the recurrence B0ðqÞ ¼ 1 and nBnðqÞ þ
P

1� j� n AðqjÞBn�jðqÞ ¼ 0 for

n� 1.

Proof Writing Rm for the symmetric group of degree m and Cm for the cyclic group

of order m, the claim is that

n
X

k‘n
ð�1Þjkj

Y

d2BðkÞ

AðqdÞEðk;dÞ

jCd o REðk;dÞj
þ
X

1� j� n

AðqjÞ
X

l‘n�j
ð�1Þjlj

Y

d2BðlÞ

AðqdÞEðk;dÞ

jCd o REðk;dÞj
¼ 0

for all n� 1. Since, for all d 2 BðkÞ,

AðqdÞ
Y

f2Bðk�fdgÞ

Aðqf ÞEðk�fdgÞ

jCf o REðk�fdgÞj
¼ dEðk; dÞ

Y

d2BðkÞ

AðqdÞEðk;dÞ

jCd o REðk;dÞj

it suffices to show that

ð�1Þjkjnþ
X

d2BðkÞ
ð�1Þjk�fdgjdEðk; dÞ ¼ 0

But this is obvious since jk� fdgj ¼ jkj � 1 and
P

d2BðkÞ dEðk; dÞ ¼ n as k parti-

tions n. h

Corollary 6.2 For all n� 1 and r� 0,

� ~vrþ1ðSp2nðFqÞÞ ¼
X

k‘n
ð�1Þjkj

Y

d2BðkÞ

ððqd � 1Þr=2� ðqd þ 1Þr=2ÞEðk;dÞ

jCd o REðk;dÞj

� ~vrþ1ðp; Sp2nðFqÞÞ ¼
X

k‘n
ð�1Þjkj

Y

d2BðkÞ

ððqd � 1Þrp=2� ðqd þ 1Þrp=2Þ
Eðk;dÞ

jCd o REðk;dÞj

Proof Let Hðr; qÞ ¼ 1
2
ðq� 1Þr � 1

2
ðqþ 1Þr (Hðr; qÞ ¼ 1

2
ðq� 1Þrp � 1

2
ðqþ 1Þrp in

the p-primary case). By Theorem 1.4,
P

n� 0� ~vrþ1ðSp2nðFqÞÞxn ¼
expð�

P
n� 1 Hðr; qnÞ x

n

n Þ (with the convention that � ~vrþ1ðSp0ðFqÞÞ ¼ 1 for all

r� 0), so the sequence � ~vrþ1ðSpnðFqÞÞ, n� 1, satisfies the recurrence

nð� ~vrþ1ðSp2nðFqÞÞÞ þ
X

1� j� n

Hðr; qjÞð� ~vrþ1ðSp2ðn�jÞðFqÞÞ ¼ 0; n� 1;

according to [19, Lemma 3.7]. We can now apply Lemma 6.1. h
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Let Fq denote the standard Frobenius endomorphism of the symplectic algebraic

group Sp2nðFsÞ, s ¼ charðFqÞ, with fixed points Sp2nðFsÞFq ¼ Sp2nðFqÞ. The

standard maximal torus TnðFsÞ of Sp2nðFsÞ, described for instance in [16, Exercises

10.19, 10.29], is maximally split with respect to Fq [16, Definition 21.13,Exam-

ple 21.14] and the Weyl group WðCnÞ of Sp2nðFsÞ acts as the standard

representation of the signed permutation group C2 o Rn in the n-dimensional real

vector space XðTnðFsÞÞ  R spanned by the character group XðTnðFsÞÞ. As usual,

TnðFsÞw denotes the Fq-stable maximal torus of GLnðFsÞ corresponding to the Weyl

group element w 2 WðCnÞ [16, Proposition 25.1]. The number of elements in

TnðFsÞw that are fixed by the Frobenius endomorphism Fq is jTnðFsÞFq

w j ¼ detðq�
w�1Þ where the determinant is computed in XðTnðFsÞÞ  R [16,

Proposition 25.3.(c)].

Proof of Theorem 1.6 Conjugacy classes in WðCnÞ ¼ C2 o Rn are in bijective

correspondence with partitions, ðk�; kþÞ, of n into parts of two kinds [15, Chapter I,

Appendix B] [26, Theorem 3.5]. If w 2 WðCnÞ is in the conjugacy class of ðk�; kþÞ
then (cf. [16, Example 25.4.(2)])

detðw�1Þ detðq� w�1Þr

¼ ð�1Þnþjk
�j Y

d�2Bðk�Þ
ðqd� � 1ÞrEðk

�;d�Þ Y

dþ2BðkþÞ
ðqdþ þ 1ÞrEðk

þ;dþÞ

The claim of the theorem is thus that

�vrþ1ðSp2nðFqÞÞ ¼
X

ðk�;kþÞ‘n
ð�1Þjk

�j
2�jk

�þkþj
Y

d�2Bðk�Þ

ðqd� � 1ÞrEðk
�;d�Þ

jCd� o REðk�;d�Þj



Y

dþ2BðkþÞ

ðqdþ þ 1ÞrEðk
þ;dþÞ

jCdþ o REðkþ;dþÞj

ð6:3Þ

as the group WðCnÞ contains

jC2 o RnjQ
d�2Bðk�Þ jðC2 
 Cd�Þ o REðk�;d�Þj

Q
dþ2BðkþÞ jC2dþ o REðkþ;dþÞj

elements in the conjugacy class ðk�; kþÞ.
By Corollary 6.2, it suffices to show
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X

ðk�; kþÞ ‘ n

k� þ kþ ¼ k

ð�1Þjk
þj Y

d�2Bðk�Þ

ððqd� � 1ÞrÞEðk
�;d�Þ

jCd� o REðk�;d�Þj
Y

dþ2BðkþÞ

ððqdþ þ 1ÞrÞEðk
þ;dþÞ

jCdþ o REðkþ;dþÞj

¼
Y

d2BðkÞ

ððqd � 1Þr � ðqd þ 1ÞrÞEðk;dÞ

jCd o REðk;dÞj

for all partitions k ‘ n and all integers r� 1. Introducing the the coefficients

cðk�; kþÞ ¼ ð�1Þjk
þj

Q
d2BðkÞ jCd o REðk;dÞjQ

d�2Bðk�Þ jCd� o REðk�;d�Þj
Q

d�2BðkþÞ jCdþ o REðkþ;dþÞj

we need to show

X

k�þkþ¼k
cðk�; kþÞ

Y

d�2Bðk�Þ
ððqd� � 1ÞrÞEðk

�;d�Þ Y

dþ2BðkþÞ
ððqdþ þ 1ÞrÞEðk

þ;dþÞ

¼
Y

d2BðkÞ
ððqd � 1Þr � ðqd þ 1ÞrÞEðk;dÞ

That reason that this is true is that the binomial formula

ða1 � b1Þn ¼
X

1� i� n

ð�1Þn�i jC1 o Rnj
jC1 o RijjC1 o Rn�ij

ai1b
n�i
1

generalizes to the identity

Y

d2BðkÞ
ðad � bdÞEðk;dÞ ¼

X

k�þkþ¼k
cðk�; kþÞ

Y

d�2Bðk�Þ
a
Eðk�;d�Þ
d�

Y

dþ2BðkþÞ
b
Eðkþ;dþÞ
dþ

in the polynomial ring Z½ad; bdjd 2 BðkÞ� with the 2jBðkÞj indeterminates ad; bd,
d 2 BðkÞ. h

The right hand side of the identity from Theorem 1.6 is

ð�1Þn

jWðCnÞj
X

w2WðCnÞ
detðwÞ detðq� wÞr

¼ ð�1Þ
n

jWðCnÞj
X

w2WðCnÞ
detðw�1Þ detðq� w�1Þr

¼ ð�1Þ
n

jWðCnÞj
X

w2WðCnÞ
detðwÞ detðq� w�1Þr

¼ ð�1Þ
n

jWðCnÞj
X

w2WðCnÞ
detðwÞjTnðFsÞFq

w j
r

where we used [16, Proposition 25.3(c)] and detðwÞ ¼ detðw�1Þ.
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Corollary 6.4 The generating functions for the sequences ð� ~vrþ1ðSp2nðFqÞÞÞr� 0

and ð� ~vrþ1ðp; Sp2nðFqÞÞÞr� 0 (with fixed n� 1) are

X

r� 0

� ~vrþ1ðSp2nðFqÞÞxr ¼
ð�1Þn

jWðCnÞj
X

w2WðCnÞ

detðwÞ
1� x detðq� wÞ

X

r� 0

� ~vrþ1ðp; Sp2nðFqÞÞxr ¼
ð�1Þn

jWðCnÞj
X

w2WðCnÞ

detðwÞ
1� x detðq� wÞp

By considering conjugacy classes rather than the individual elements in WðCnÞ,
the formulas of Corollary 6.4 can also be written as

X

r� 0

� ~vrþ1ðSp2nðFqÞÞxr ¼
X

ðk�;kþÞ‘n
ð�1Þjk

�j 1

Tðk�; kþÞ
1

1� xUðk�; kþÞ ð6:5Þ

X

r� 0

� ~vrþ1ðp; Sp2nðFqÞÞxr ¼
X

ðk�;kþÞ‘n
ð�1Þjk

�j 1

Tðk�; kþÞ
1

1� xUðk�; kþÞp ð6:6Þ

where

Tðk�; kþÞ ¼
Y

d�2Bðk�Þ
jCd� o REðk�;d�Þj

Y

d�2Bðk�Þ
jCd� o REðk�;d�Þj

Uðk�; kþÞ ¼
Y

d�2Bðk�Þ
ðqd� � 1ÞEðk

�;d�Þ Y

dþ2BðkþÞ
ðqdþ þ 1ÞEðk

þ;dþÞ

for every partition ðk�; kþÞ of n into parts of two kinds.

Corollary 6.7 Let q : WðCnÞ ¼ C2 o Rn ! WðAnÞ ¼ Rn denote the projection with
kernel Cn

2 . Then

1þ
X

n� 1

xn

jWðCnÞj
X

w2WðCnÞ
detðqðwÞÞ detðwÞ detðq� wÞr ¼

Y

0� j� r

j 	 r mod 2

ð1� qjxÞ

r

j

� �

1þ
X

n� 1

xn

jWðCnÞj
X

w2WðCnÞ
detðqðwÞÞ detðwÞ detðq� wÞrp ¼ FSprþ1ðp; q; xÞ

�1

Proof We find expresssions for the reciprocal power series FSprþ1ðq; xÞ
�1

and

FSprþ1ðp; q; xÞ
�1
. As in Corollary 6.2, we have
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FSprþ1ðq; xÞ
�1 ¼ exp

X

n� 1

Hðr; qnÞ x
n

n

 !

¼
X

k‘n
xn
Y

d2BðkÞ

ððqd � 1Þr=2� ðqd þ 1Þr=2ÞEðk;dÞ

jCd o REðk;dÞj

and we can identify the coefficients of this power series as sums indexed by WðCnÞ
as in the proof of Theorem 1.6. h

Example 6.8 Corollary 6.2 for n ¼ 1; 2; 3 shows

� ~vrþ1ðSp2nðFqÞÞ ¼

�Hðr; qÞ n ¼ 1

1

2
Hðr; qÞ2 � 1

2
Hðr; q2Þ n ¼ 2

� 1

6
Hðr; qÞ3 þ 1

2
Hðr; qÞHðr; q2Þ � 1

3
Hðr; q3Þ n ¼ 3

8
>>>><

>>>>:

where Hðr; qÞ ¼ 1
2
ðq� 1Þr � 1

2
ðqþ 1Þr. Similar formulas hold for the p-primary

equivariant Euler characteristics � ~vrþ1ðp; Sp2nðFqÞÞ, n ¼ 1; 2; 3, where now

Hðr; qÞ ¼ 1
2
ðq� 1Þrp � 1

2
ðqþ 1Þrp. With fixed n ¼ 1; 2, Theorem 1.6 (in the formu-

lation of (6.3)) shows that

� ~vrþ1ðSp2nðFqÞÞ

¼

1

2
ðqþ 1Þr � 1

2
ðq� 1Þr n ¼ 1

1

8
ðq� 1Þ2r þ 1

8
ðqþ 1Þ2r þ 1

4
ðq2 þ 1Þr � 1

4
ðq2 � 1Þr � 1

4
ðq� 1Þrðqþ 1Þr n ¼ 2

8
><

>:

and with fixed r ¼ 1; 2; 3 it shows that

ð�1Þn

jWðCnÞj
X

w2WðCnÞ
detðwÞ detðq� wÞr ¼

1 r ¼ 1

nqn�1 r ¼ 2

P
0� j� n

2þ j

2

� �
q2j r ¼ 3

8
>>><

>>>:

for all n� 1. From Corollary 6.4 (in the formulation of (6.5)) for n ¼ 1; 2 we get

X

r� 0

� ~vrþ1ðSp2nðFqÞÞxr

¼

1

2
1� ðqþ 1Þx�

1

2
1� ðq� 1Þx n ¼ 1

1

8

1� xðq� 1Þ2
þ

1

8

1� xðqþ 1Þ2
þ

1

4
1� xðq2 þ 1Þ �

1

4
1� xðq2 � 1Þ �

1

4
1� xðq� 1Þðqþ 1Þ n ¼ 2

8
>>>>>><

>>>>>>:

In the p-primary case, when p ¼ 2 and q ¼ 32
e
with e[ 0, ðq� 1Þ2 ¼ 22þe,

ðqþ 1Þ2 ¼ 2, ðq2 � 1Þ2 ¼ 23þe, ðq� 1Þ2ðqþ 1Þ2 ¼ 23þe, ðq2 þ 1Þ2 ¼ 2, and we get
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X

r� 0

� ~vrþ1ð2; Sp2ðF32
e ÞÞxr ¼

1
2

1� 2x
�

1
2

1� 22þex

X

r� 0

� ~vrþ1ð2; Sp4ðF32
e ÞÞxr ¼

1
8

1� 42þex
þ

1
8

1� 4x
þ

1
4

1� 2x
�

1
4

1� 23þex
�

1
4

1� 23þex

from Corollary 6.4 (in the formulation of (6.6)). Corollary 6.7 with r ¼ 1; 2 and

Example 5.19 show that

1þ
X

n� 1

xn

jWðCnÞj
X

w2WðCnÞ
detðqðwÞÞ detðwÞ detðq� wÞr ¼

1� x r ¼ 1

1� 2qxþ x2 r ¼ 2

�

1þ
X

n� 1

xn

jWðCnÞj
X

w2WðCnÞ
detðqðwÞÞ detðwÞ detð3� wÞr2 ¼

1� xQ
n� 0

Qðx2nþ1Þ r ¼ 1

ð1� xÞ2QðxÞ2
Q
n� 0

Qðx2nþ1Þ2
nþ3 r ¼ 2

8
>>>>>><

>>>>>>:

where QðxÞ ¼ 1�x
1þx. Consequently,

P
w2WðCnÞ detðqðwÞÞ detðwÞ detðq� wÞr ¼ 0 for

all n[ r if r ¼ 1; 2.

7 Polynomial Identities for Partitions into Parts of Two Kinds

For any polynomial sequence S and any rational number m the TmS-transform of

1� x is [20, Lemma 7.1]

TmSð1� xÞ ¼
Y

d� 1

ð1� xdÞmSðdÞðqÞ ¼
Y

d� 1

X

E

mSðdÞðqÞ
�E

� �
xdE ¼

X

n� 0

xn
X

k‘n

Y

d2BðkÞ

mSðdÞðqÞ
�Eðk; dÞ

� �

The classical polynomial identity TIMðqÞð1� xÞ ¼ 1�qx
1�x gives the polynomial identity

X

n� 0

xn
X

k‘n

Y

d2BðkÞ

mIMdðqÞ
�Eðk; dÞ

� �
¼ 1� qx

1� x

� �m

for partitions. The cases m ¼ �1 are Thévenaz’ polynomial identities [27, Theo-

rems A–B] [20, Corollary 7.2].

The identities T�SRIM�ðqÞð1þ xÞT�SRIMþðqÞð1� xÞ ¼ 1� x and TSRIM�ðqÞð1�
xÞT�SRIM�ðqÞð1þ xÞ ¼ 1�qx

1�x (for odd q) of Lemma 4.9 translate into the following

polynomial identities
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X

n� 0

xn
X

ðk�;kþÞ‘n

Y

d�2Bðk�Þ

�mSRIM�d�ðqÞ
Eðk�; d�Þ

� � Y

dþ2BðkþÞ

�mSRIMþdþðqÞ
�Eðkþ; dþÞ

� �
¼ ð1� xÞm

X

n� 0

xn
X

ðk�;kþÞ‘n

Y

d�2Bðk�Þ

mSRIM�d�ðqÞ
�Eðk�; d�Þ

� � Y

dþ2BðkþÞ

�mSRIM�dþðqÞ
Eðkþ; dþÞ

� �

¼
1� qx

1� x

� �m

2-q

ð1� qxÞm 2jq

8
<

:

for partitions into parts of two kinds.

Example 7.1 Based on the partitions, fð11; ;Þ; ð;; 11Þg and

fð21; ;Þ; ð12; ;Þ; ð11; 11Þ; ð;; 12Þ; ð;; 21Þg, of 1 and 2 into parts of two kinds, we

have the identities, valid for any rational number m,

mSRIMþ1 ðqÞ
�1

� �
þ

mSRIM�1 ðqÞ
1

� �
¼ �

�m
1

� �

mSRIMþ2 ðqÞ
�1

� �
þ

mSRIMþ1 ðqÞ
�2

� �
þ

mSRIM�1 ðqÞ
1

� �
mSRIMþ1 ðqÞ
�1

� �

þ
mSRIM�2 ðqÞ

1

� �
þ

mSRIM�1 ðqÞ
2

� �
¼
�m
2

� �

mSRIM�1 ðqÞ
�1

� �
þ
�mSRIM�1 ðqÞ

1

� �
¼
�mqþ m 2-q

�mq 2jq

�

mSRIM�2 ðqÞ
�1

� �
þ

mSRIM�1 ðqÞ
�2

� �
þ

mSRIM�1 ðqÞ
�1

� � �mSRIM�1 ðqÞ
1

� �

þ
�mSRIM�1 ðqÞ

2

� �
þ
�mSRIM�2 ðqÞ

1

� �

¼

m

2

� �
q2 � m2qþ

mþ 1

2

� �
2-q

m

2

� �
q2 2jq

8
>>><

>>>:

by comparing coefficients of xn for n ¼ 1; 2.

Appendix A. Equivariant Euler Characteristics of Posets

This appendix contains a few elementary observations about equivariant Euler

characteristics for group actions on posets.

Let S be a finite set and dim : S! Z a function associating an integer � � 1 to

every element of S. The Euler characteristic and the reduced Euler characteristic of

the graded set ðS; dimÞ are the alternating sums
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vðS; dimÞ ¼
X

d� 0

ð�1Þdj dim�1ðdÞj

~vðS; dimÞ ¼
X

d��1
ð�1Þdj dim�1ðdÞj ¼ vðS; dimÞ � j dim�1ð�1Þj

of the numbers of d-dimensional elements of S for d� 0 or d� � 1.

Let P be a finite poset. A simplex in P is a totally ordered subset of P. The set

jPj of all simplices in P (including the empty simplex) is graded by the function

dim : jPj ! Z taking a simplex r � P to one less than its cardinality,

dim r ¼ jrj � 1.

Definition A.1 The Euler characteristic of the poset P is vðPÞ ¼ vðjPj; dimÞ and
the reduced Euler characteristic is ~vðPÞ ¼ ~vðjPj; dimÞ ¼ vðPÞ � 1.

Let G be a finite group. Write HomðZr;GÞ for the set of homomorphisms of Zr to

G and HomðZr;GÞ=G for the set of conjugacy classes of such homomorphisms.

Equivalently, HomðZr;GÞ is the set of commuting r-tuples of elements in G and

HomðZr;GÞ=G is the set of conjugacy classes of commuting r-tuples.
Suppose now that G acts on the poset P through order preserving bijections. For

any subset X of G, let CPðXÞ ¼ fu 2 Pj8g 2 X : ug ¼ ug denote the full subposet

of elements of P fixed under the action from X. For any prime number p, let

Zr
p ¼ Z
 Zr�1

p where Zp is the abelian group of p-adic integers.

Definition A.2 [2, 25] The rth, r� 1, (p-primary) equivariant Euler characteristic

and (p-primary) reduced equivariant Euler characteristic of the G-poset P are

vrðP;GÞ ¼ 1

jGj
X

X2HomðZr ;GÞ

vðCPðXðZrÞÞÞ

vrðp;P;GÞ ¼ 1

jGj
X

X2HomðZr
p;GÞ

vðCPðXðZr
pÞÞÞ

~vrðP;GÞ ¼ 1

jGj
X

X2HomðZr ;GÞ

~vðCPðXðZrÞÞÞ

~vrðp;P;GÞ ¼ 1

jGj
X

X2HomðZr
p;GÞ

~vðCPðXðZr
pÞÞÞ

We note that ~v1ðp;P;GÞ ¼ ~v1ðP;GÞ for all primes p since Z1
p ¼ Z. Also,

vrðP;GÞ ¼ ~vrðP;GÞ þ jHomðZr;GÞj=jGj and vrðp;P;GÞ ¼ ~vrðp;P;GÞþ
jHomðZr

p;GÞj=jGj. The numbers of conjugacy classes of r-tuples of commuting

elements of G and commuting p-power order elements are
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jHomðZr�1;GÞ=Gj ¼jHomðZr;GÞj=jGj;
jHomðZr�1

p ;GÞ=Gj ¼jHomðZr
p;GÞj=jGj ðr� 1Þ

as jHomðK;GÞ=Gj ¼ jHomðZ
 K;GÞj=jGj for any group K [10, Lemma 4.13].

The equivariant Euler characteristics satisfy a recurrence relation.

Lemma A.3 For all r� 1,

~vrþ1ðP;GÞ ¼
X

X2HomðZ;GÞ=G
~vrðCPðXÞ;CGðXÞÞ

¼
X

X2HomðZr ;GÞ=G
~v1ðCPðXÞ;CGðXÞÞ

~vrþ1ðp;P;GÞ ¼
X

X2HomðZp;GÞ=G
~vrðp;CPðXÞ;CGðXÞÞ

¼
X

X2HomðZr
p;GÞ=G

~v1ðCPðXÞ;CGðXÞÞ

and similar formulas are true for vrþ1ðP;GÞ and vrþ1ðp;P;GÞ.

Proof A little more generally, we consider ~vr1þr2ðp;P;GÞ for r1� 1 and r2� 2. The

p-primary equivariant Euler characteristic is

~vr1þr2ðp;P;GÞ ¼ 1

jGj
X

X2HomðZ
Zr1þr2�1
p ;GÞ

~vðCPðXÞÞ

¼ 1

jGj
X

X12HomðZ
r1
p ;GÞ

X

X22HomðZ
Zr2�1;CGðX1ÞÞ

~vðCCPðX1ÞðX2ÞÞ

¼ 1

jGj
X

X12HomðZ
r1
p ;GÞ
jCGðX1Þj ~vr2ðp;CPðX1Þ;CGðX1ÞÞ

¼
X

X12HomðZ
r1
p ;GÞ=G

~vr2ðp;CPðX1Þ;CGðX1ÞÞ

where we use that the conjugacy class of X1ðZr1
p Þ contains jG : CGðX1Þj elements. h

The set jCPðXÞj=CGðXÞ of CGðXÞ-orbits of CPðXÞ-simplices, for any X � G, has
Euler characteristic relative to the dimension function induced by

dim : jPj ! f�1; 0; 1; . . .g, dim r ¼ jrj � 1.

Lemma A.4 For all r� 0,

~vrþ1ðP;GÞ ¼
X

X2HomðZr ;GÞ=G
~vðjCPðXÞj=CGðXÞÞ;

~vrþ1ðp;P;GÞ ¼
X

X2HomðZr
p;GÞ=G

~vðjCPðXÞj=CGðXÞÞ
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Proof We first consider the case r ¼ 0. The orbit counting formula shows that

~vðjPj=GÞ ¼
X

d��1
ð�1Þdj dim�1ðdÞ=Gj

¼ 1

jGj
X

d��1
ð�1Þd

X

g2G
jjCPðgÞj \ dim�1ðdÞj

¼ 1

jGj
X

g2G

X

d��1
ð�1ÞdjjCPðgÞj \ dim�1ðdÞj

¼ 1

jGj
X

g2G
~vðCPðgÞÞ ¼ ~v1ðP;GÞ

Consequently, for all r� 1,

~vrþ1ðP;GÞ ¼
X

X2HomðZr ;GÞ=G
~v1ðCPðXÞ;CGðXÞÞ

¼
X

X2HomðZr ;GÞ=G
~vðjCPðXÞj=CGðXÞÞ

~vrþ1ðp;P;GÞ ¼
X

X2HomðZr
p;GÞ=G

~v1ðCPðXÞ;CGðXÞÞ

¼
X

X2HomðZr
p;GÞ=G

~vðjCPðXÞj=CGðXÞÞ

by Lemma A.3. h

It is clear from Lemma A.4, but maybe not from Definition A.2, that all (p-
primary) equivariant Euler characteristics are integers.

Appendix B. Eulerian Functions of Groups

Let G be a finite group acting on a finite poset P. For any natural number r� 1, the

rth reduced equivariant Euler characteristic (Defintion A.1) and the p-primary rth
equivariant reduced Euler characteristic are

~vrðP;GÞ ¼ 1

jGj
X

X2HomðZr ;GÞ
~vðCPðXÞÞ ¼

1

jGj
X

B�G

uZrðBÞ ~vðCPðBÞÞ ðB:1Þ

~vrðp;P;GÞ ¼ 1

jGj
X

X2HomðZr
p;GÞ

~vðCPðXÞÞ ¼
1

jGj
X

B�G

uZr
p
ðBÞ ~vðCPðBÞÞ ðB:2Þ

where uZrðBÞ (uZr
p
ðBÞ) is the number of epimorphisms of the abelian group Zr

(Zr
p ¼ Z
 Zr�1

p ) onto the subgroup B of G. In this appendix, we recall some of the

properties, helpful for concrete computer assisted calculations of equivariant Euler

characteristics, of the eulerian function uZrðBÞ [9].
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For any finite group B, let HomðZr;BÞ and EpiðZr;BÞ be the set of

homomorphisms or epimorphisms of Zr to B. Then HomðZr;BÞ ¼‘
A�B EpiðZr;AÞ and uZrðBÞ ¼ jEpiðZr;BÞj. (When r ¼ 1 and Cn is cyclic of

order n, uZ1ðCnÞ is Euler’s totient function uðnÞ.) We observe that uZr is

multiplicative.

Lemma B.3 Let B1 and B2 be two finite groups of coprime order.

(1) For any subgroup A of B1 
 B2, A ¼ A1 
 A2 where Ai is the image of A
under the projection B1 
 B2 ! Bi, i ¼ 1; 2.

(2) uZrðB1 
 B2Þ ¼ uZrðB1Þ 
 uZrðB2Þ for any r� 1

Proof Let gi be the order of Bi, i ¼ 1; 2. The order of A, which divides g1g2, is of the
form k1k2 where k1 divides g1 and k2 divides g2. The order of Ai divides k1k2 and gi.
Thus jAij divides ki. It follows that the order of A1 
 A2 divides the order of A. But A
is a subgroup of A1 
 A2 so jAj ¼ jA1 
 A2j and A ¼ A1 
 A2. h

Next, we compute uZrðCd
pÞ where Cd

p is elementary abelian of order pd. First,

EpiðZr;Cd
pÞ ¼ EpiðCr

p;C
d
pÞ, the set of epimorphisms of Cr

p onto Cd
p . Next, note that

there is a bijection between the orbit set EpiðCr
p;C

d
pÞ=AutðCd

pÞ and the set of

ðr � dÞ-dimensional subspaces of Fr
p (kernels of epimorphisms). The number of

such subspaces is the Gaussian binomial coefficient
r

r � d

� �

p

¼ r
d

� �

p

[24,

Proposition 1.3.18]. Thus

uZrðCd
pÞ ¼ jEpiðZr;Cd

pÞj ¼
r

d

� �

p

jGLþd ðFpÞj ¼
Yd�1

j¼0
ðpr � pjÞ ðB:3Þ

In the general case, the number of homomorphism of Zr to B is

jHomðZr;BÞj ¼
X

A�B

jEpiðZr;AÞj ¼
X

A�G

jEpiðZr;AÞjfðA;BÞ

where fðA;BÞ ¼ 1 if A�B and fðA;BÞ ¼ 0 otherwise. The number of epimorphism

of Zr onto B is

uZrðBÞ ¼ jEpiðZr;BÞj ¼
X

A�G

jHomðZr;AÞjlðA;BÞ

by Möbius inversion. Of course, uZrðBÞ[ 0 if and only if B is abelian and gen-

erated by r of its elements. Assuming B is abelian, jHomðZr;AÞj ¼ jAjr for any

A�B so that [7, 9, 30]

uZrðBÞ ¼ jEpiðZr;BÞj ¼
X

A�B

jAjrlðA;BÞ

The Möbius function lðA;BÞ ¼ 0 unless UðBÞ�A�B and then lBðA;BÞ ¼
lB=UðBÞðA=UðBÞ;B=UðBÞÞ where UðBÞ is the Frattini subgroup [7]. Therefore
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uZr ðBÞ ¼
X

A�B

jAjrlBðA;BÞ ¼ jUðBÞj
r
X

A�B=UðBÞ
jAjrlB=UðBÞðA;B=UðBÞÞ

¼ jUðBÞjruZrðB=UðBÞÞ

The abelian group B is the product, B ¼
Q

Bp, of its Sylow p-subgroups, Bp. By

multiplicativity (Lemma B.3.(2)),

uZrðBÞ ¼
Y

p

uZrðBpÞ

The Frattini quotient Bp=UðBpÞ is an elementary abelian p-group of order, say, pd.

We conclude that

uZrðBpÞ ¼ jUðBpÞjrjEpiðZr;Cd
pÞj ¼
ðB:4ÞjUðBpÞjr

Yd�1

j¼0
ðpr � pjÞ

¼ jBpjr
Yd�1

j¼0
ð1� pj�rÞ

For the final equality, use that if Bp has order pm, then the order of the Frattini

subgroup is pm�d so that jUðBpÞjr ¼ prðm�dÞ.

For a prime p, recall that Zr
p ¼ Z
 Zr�1

p . In particular, Z1
p ¼ Z is independent of

p. The number of epimorphisms of Zr
p onto B is

uZr
p
ðBÞ ¼ uZr

p

Y

s

Bs

 !
¼
Y

s

uZr
p
ðBsÞ ¼ uZr ðBpÞ

Y

s6¼p
uZðBsÞ

where Bs is the Sylow s-subgroup of B. Here, uZðBsÞ ¼ jBsjð1� p�1Þ if Bs is cyclic

and uZðBsÞ ¼ 0 otherwise. Thus uZr
q
ðBÞ[ 0 if and only if Bq can be generated by r

of its elements and Bs is cyclic for all primes s 6¼ q.

Example B.5 The symplectic group G ¼ Sp4ðF2Þ, of order 720, acts on the discrete

poset L ¼ L�4ðF2Þ of 30 totally isotropic subspaces. Equation (B.1) with the data of

Figure 2, found with the help of the computer algebra system Magma [3],

shows that

Fig. 2 Abelian 20-subgroups of Sp4ðF2Þ
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� ~vrþ1ðL;GÞ ¼ �
1

720
ð�16þ 80ð3rþ1 � 1Þ � 36ð5rþ1 � 1Þ � 10ð3rþ1 � 1Þð3rþ1 � 3ÞÞ

¼ 1

8
ð3r � 1Þ2 � 1

4
ð3r � 5rÞ

� ~vrþ1ð3; L;GÞ ¼ �
1

720
ð�16þ 80ð3rþ1 � 1Þ � 36 � 4� 10ð3rþ1 � 1Þð3rþ1 � 3ÞÞ

¼ 1

8
ð3r � 1Þ2 � 1

4
ð3r � 1Þ

� ~vrþ1ð5; L;GÞ ¼ �
1

720
ð�16þ 160� 36ð5rþ1 � 1ÞÞ ¼ 1

4
ð5r � 1Þ

in accordance with Example 6.8. By Lemma 4.2, in (B.1) we only need abelian

subgroups of G of order prime to 2.
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5. Bünger, F., Rump, S.M.: Yet more elementary proofs that the determinant of a symplectic matrix is 1.

Linear Algebra Appl. 515, 87–95 (2017)

6. Fong, P., Srinivasan, B.: The blocks of finite classical groups. J. Reine Angew. Math. 396, 122–191
(1989)
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