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1. Introduction

Let G be a finite group, IT a finite G-poset, and r > 1 a natural number. For any homomor-
phism X : Z" — G, write ITX for the sub-poset consisting of all elements of I7 fixed by all elements in
the image of X. The rth equivariant reduced Euler characteristic of the G-poset IT was defined by Atiyah
and Segal [2] as the normalized sum

~ 1 ~
NU1L,G=— Y xur (1.1)
| | XeHom(Z",G)

of the reduced Euler characteristics % (IT¥X) (Definition 3.1(1)) of the X-fixed sub-poset IT¥ as X runs
through the set of all homomorphisms of Z" to G, or, equivalently, the set of r-tuples of commuting
elements of G. Two extreme examples are the following. When the poset IT = ¢ is empty, X, (4, G) =
—|Hom(Z", G)|/|G|, and when IT has a least or greatest element, ¥, (7, G) = O forall r > 1.

We are here particularly interested in G-posets of partitions of G-sets. For a finite G-set S, let I1(S)
denote the G-lattice of partitions of S and IT*(S) = I1(S) — {0, 1} its proper part, the sub-G-poset of
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non-extreme partitions obtained by removing the discrete partitionaand the indiscrete partition’l\.
The rth equivariant reduced Euler characteristic of the partition G-poset IT*(S) is the normalized sum

~ 1 ~
HTS), 6 == D XUT'S) (1.2)

| | XeHom (Z",G)

of the reduced Euler characteristics of the sub-posets I7*(S)* of non-extreme X-partitions of S as X
ranges over the set of commuting r-tuples of elements of G.

Eq. (1.2) above highlights the relevance of Euler characteristics of G-partitions of G-sets. The first
part of this paper, dealing with the combinatorics of posets of G-partitions of G-sets, addresses this
issue. The main result here, Theorem 3.9, identifies the reduced Euler characteristic ¥ (JT*(S)¢) as a
G-Stirling number of the first kind.

In the second part we compute the equivariant reduced Euler characteristics X, (IT*(S), G) in the
archetypical case where G = X, is the symmetric group of degree n and S = X,,_;\ X, the standard
n-element right X,-set. The X,-poset IT*(X,_1\ X)) consists of all non-extreme partitions of the
n-set. The main result, Theorem 1.3 below, describes the equivariant reduced Euler characteristics
X (IT*( X1\ X,), Xp) forallr > 1and all n > 1. (It is convenient to declare X, (IT*(Zn_1\Xy), Zn)
tomean 1forallr > 1whenn = 1even though the equivariant reduced Euler characteristics actually
equal —1 in these cases.)

Let 7y, k > 0, be the multiplicative functions given by 7(n) = n* for alln > 1 and ¢, the
multiplicative function given by (;(n) = nifn =1, 2,4, ... is a power of 2 and ¢, (n) = 0 otherwise.

Theorem 1.3. The rth reduced equivariant Euler characteristic of the X,-poset IT*(X,_1\Xy) is
XUT (2 \Zn), Zp) =c(m)/n, n>1,r>1

where the multiplicative function c, is the Dirichlet inverse
= (% % xTTp_q)

of the iterated Dirichlet convolution of the function t, and the r — 1 functions m for 0 < k < r.

The corollary below presents two alternative and more explicit views on the rth equivariant
reduced Euler characteristics of Theorem 1.3. Let by = ¢ be the multiplicative Dirichlet unit function
e = 1,0,0,...and forr > 1, let b,(n) and A, (n) be the multiplicative functions whose values on
prime powers n = p° are

b (%) = (—~1)°p® (Z) L) = (e“_ 1)
p

» e

n

where (k)p refers to a p-binomial coefficient (Eq. (6.2)). We note in Corollary 6.8 that A.(n) is the

number of subgroups of Z" of index n and that b, and that A, are reciprocal under Dirichlet convolution,
b, x A = &.

Corollary 1.4. Fixr > 1.

(1) (¢ x Ap)(n) = (=)™ foralln > 1.

(2) 2 g A% UT*(Za-1\Za), Za)Ar(n/d) = (=1)"*" foralln > 1.

(3) The multiplicative function ¢, (n)/n = ¥, (IT*(Zn_1\ %), ) takes value b,_1(2%) — b,_1(2¢~1) on
an even prime power n = 2¢, e > 0, and value b,_1(p®) on an odd prime power n = p®, e > 0.

The equation of Corollary 1.4(2) provides a recurrence relation for the rth equivariant reduced
Euler characteristic function ¥, (IT*(X,_1\X,), X,) when regarding the rth subgroup enumeration
function A,(n) known. Eq. (7.5) makes explicit the fact that the values given in Corollary 1.4(3)
completely determine the equivariant reduced Euler characteristics X, (IT*(Z,_1\Xy), X,) for all r
and n. See Fig. 2 for concrete numerical values of ¢, (n)/n = X, (IT*(X,_1\X,), X,) for small r and n.
The proofs of Theorem 1.3 and Corollary 1.4 are in Sections 5 and 7.
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Fig. 1. Recurrence for G-Stirling numbers of the second kind.

¢r(n)/n ‘ n=1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
r=1 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0
2 1 -2 -1 1 -1 2 -1 0 0 2 -1 -1 -1 2 1

3 1 -4 -4 5 —6 16 -8 -2 3 24 —12 —20 —14 32 24

4 1 -8 —-13 21 -31 104 —-57 —22 39 248 133 —273 —183 456 403

5 1 —16 —40 85 —156 640 —400 —190 390 2496 —1464 —3400 —2380 6400 6240

Fig. 2. The equivariant reduced Euler characteristics ¢, (n)/n = X, (IT*(Z,_1\Xs), Zy) for1 <r <5and 1 <n < 15.

This paper contains six more sections. Section 2 introduces basic concepts as listed in Definition 2.1.
We focus on the poset I7(S)° of G-partitions of a G-set S as this a premier ingredient in the definition of
equivariant Euler characteristics. We see in Corollary 2.9 that I7(1\G)¢, the poset of G-partitions of the
right G-set G, is the poset 4. of subgroups of G. Thus subgroup posets are special cases of G-partition
posets. More importantly, Lemma 2.5, a result from Arone [ 1], states that /7*(S)° is contractible unless
S is an isotypical G-set, a G-set in which all G-orbits are isomorphic. Corollary 3.7 emphasizes the
consequence that the sub-poset I7*715°(S)¢ of non-extreme isotypical G-partitions (Definition 2.1(9))
is homotopy equivalent to the full poset I7*(S)© of non-extreme G-partitions. In the following we shall
therefore concentrate on posets of isotypical G-partitions of isotypical G-sets. If S is now a G-orbit and
i a natural number, we write iS for the isotypical G-set with iG-orbits all isomorphic to S.

Section 3 discusses the reduced Euler characteristic ¥ (IT*(iS)¢) = X UT*°(iS)¢) of the
(isotypical) G-partition poset of an isotypical G-set iS. Definition 3.8 introduces G-Stirling numbers
of the second and first kind. These numbers are equivariant versions of the classical Stirling numbers.
Just as the classical Stirling number of the second kind, S(n, k), counts the number of partitions of
an n-set with k blocks, the G-Stirling number of the second kind, S¢(iS, jT), counts the number of
isotypical G-partitions of the isotypical G-set iS with isotypical block G-set isomorphic to jT. The G-
Stirling numbers of the second kind are determined by the table of marks for G and the classical Stirling
numbers (Proposition 3.13). The G-Stirling table of the first kind is the inverse of the G-Stirling table
of the second kind. Example 3.18 contains the concrete numerical values for the X5-Stirling numbers.
The main result of Section 3 is Theorem 3.9 asserting that the Euler characteristics ¥ (/7*(iS)°) are
(special) G-Stirling numbers of the first kind. Corollary 3.17 specializes to the abelian case as this
suffices when computing equivariant Euler characteristics by means of Eq. (1.2).

Section 4, even though not needed for the proof of Theorem 1.3, contains additional information
about G-Stirling numbers of the first kind. Eq. (4.5) shows that G-Stirling numbers of the first kind are
related to the Mobius function on the poset of G-partitions just as the classical Stirling numbers of the
first kind are related to the Mobius function on the poset of classical partitions [ 19, Example 3.10.4].

In Section 5 we use the material of the previous sections to prove Theorem 1.3. In the following
Section 6 we identify the multiplicative sequences n — %, (IT*(X,_1\Xs), X,) of rth equivariant
Euler characteristics as Dirichlet convolutions of simpler multiplicative arithmetic sequences.

For a prime q, the rth g-primary equivariant Euler characteristic of a G-poset I, while defined in
purely combinatorial terms (Eq. (7.1)), turns out to be the Euler characteristic of the homotopy orbit
space |I1 | seen through the eyes of the rth Morava K-theory K (r) at g (Remark 7.2). The g-primary
equivariant reduced Euler characteristics of the X,-poset IT*(X,,_1\ X)) are determined in the main
result, Theorem 7.4, of the final Section 7. See Figs. 3-4 for concrete numerical values.

We end the introduction with a brief comment on the boolean case to put the results of this paper
into context. (See [5,21] for much more general results.) Let B(X,,_1\ X,,) be the X -lattice of subsets
of the n-set. The reduced Euler characteristic of the sub-X,-poset of non-empty and proper subsets,
B*(Zp_1\Xh),is X (B*(Zu_1\ X)) = (=1)"[19, Example 3.8.3] and the rth equivariant reduced Euler
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a@eYy/ed|d=0 1 2 3 4 5
r=1 1 -1 0 0 0 0
2 1 -2 1 0 0 0

3 1 -4 5 -2 0 0

4 1 -8 21 -22 8§ 0

5 1 —16 85 —190 184 —64

Fig. 3. The rth 2-primary equivariant reduced Euler characteristics crz(n)/n = 5(',2(17*(2,,,1\2,1), Y, 1 <r < 5, for
n=2%0<d<5,apowerof 2.

ABY/3|d=0 1 2 3 4 A&phptld=0 1 2 3 4
r=1 1 0 0 0 0 r=1 1 0 0 0 0
2 1 -1 0 0 0 2 1 —1 0 0 0
3 1 -4 3 0 0 3 1 —6 5 0 0
4 1 —13 39 27 0 4 1 -31 155 —125 0
5 1 —40 390 —1080 729 5 1 —156 4030 —19500 —15625

Fig. 4. The rth g-primary equivariant reduced Euler characteristics cf(n)/n = Zﬂ(l‘[*():n,l\z‘n), X),1 < r <5, for
n=q% 0<d<4,apowerofq=3,5.

characteristic is

~ 1
KB (Znoa\Z), )= — ) (=DPFenEA
- XeHom(Z", Xy)

where X, _1\ X, /X is the orbit set for the action of X(Z") on X,,_1\ X,. (When n = 0 we interpret
these equivariant reduced Euler characteristics as 1 for all r > 1.) The result [5, Theorem 2.1]
[20,5.13.(d) p 113] or the orbit counting formula of [23, Theorem 1] show that the generating function
for fixedr > 1is

D F B (T \Zn), T = [ [ — uyr@,

n>0 d>1
This identity paired with [20, Exercise 5.13, pp 76,111-113] reveal that the sequences (X, (B*
(Zn—1\Xn), Zn))n>o of rth equivariant reduced Euler characteristics and (| Hom(Z", X,)|/| Zn|)n>0 =
(|Hom(Z"~', %)/ Zul)ns0 of conjugacy classes of (r — 1)-tuples of commuting elements in ¥, are
reciprocal under convolution. We may view this observation and its reformulation

n

n
> (,)|Hom(zf, Sl Y (=pEeEX=o r>0,n>0
1

i=0 XeHom(Z", X})

as the boolean analogs to Corollary 1.4(1)-(2).

2. Partitions of G-sets

We start by listing for easy reference a collection of basic definitions some of which will be detailed
below.

Definition 2.1. Let G be a finite group and S a finite right G-set.

(1) A partition 7w of S is an equivalence relation on S. The blocks of 7 are the equivalence classes of &
and 77\S is the set of blocks. Forany x € S, [x], = {y € S | xwy}, or simply [x], is the 7r-block of x.

(2) I1(S) is the G-lattice of all partitions of S and IT*(S) = I1(S) — {0, 1} the G-poset of all partitions
of S but the discrete and the indiscrete partitions, 0 = {{x} | x € S} and 1 = {S}.

(3) A partition 7 of S is a G-partition if x7ry <= (xg)7 (yg) holds forallx,y € Sand g € G.

(4) The block set 7 \S of a G-partition 7 of S is a G-set and 7 \S/G is the set of G-orbits of 7r-blocks.

(5) I1(S)¢ is the lattice of all G-partitions of S and IT*(S)¢ = IT1(S)¢ — {0, 1} the poset of all G-
partitions of S but the discrete and indiscrete partitions (which are G-partitions).
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(6) The isotropy subgroup at x € S is the subgroup yG = {g € G | xg = x} of G.

(7) If  is a G-partition and B € 7 \S a block of 7, the block isotropy subgroup at B is the isotropy
subgroup G at B for the G-action on the set 7\S of m-blocks.

(8) The G-set S is isotypical if all isotropy subgroups are conjugate.

(9) The G-partition w € I1(S)C is isotypical if the G-set m\S of -blocks is isotypical. I1%°(S)¢ is the
poset of all isotypical G-partitions and I7*+5°(S)¢ = [T°(S)¢ — {0 1} the poset of all isotypical
G-partitions of S but the discrete partition (which is isotypical precisely when S is isotypical) and
the indiscrete partition (which is isotypical).

(10) 38 is the poset of subgroups and [ 4] the set of conjugacy classes of subgroups of G. Also, { is the
poset incidence function (¢{c(H,K) = 1ifH < K and {;(H, K) = 0 otherwise), and u¢c = {gl
the Mobius function of 4. [19, Section 3.7].

(11) O is the (Burnside) category of finite right G-sets with surjective G-maps as morphisms. 63" is
the full subcategory of O¢ generated by all isotypical finite right G-sets. The orbit category ¢ is
the full subcategory of @ generated by all G-orbits (transitive right G-sets).

When H and K are subgroups of G and N¢(H, K) = {g € G | H5 < K} denotes the transporter set,
the bijection

No(H.K)/K S 0.(H\G, K\G)
takes the left coset gk € Ng(H, K)/K to the right G-map H\G — K\G between G-orbits given by

Hx — Kg~'x.(Ifg; € N¢(H, K) and g, € Ng(K, L) for some subgroup L < G, then the composition
H — Kgl_l — ng_lgl_1 =L(g1g) lin O is the morphism defined by g1g, € Ng(H, L).) The bijection

Ne(H, K)/K = (K\G)"
is induced by the map that takes any g € G with H8 < K to the coset Kg~'. The mark of H on K,

TOMc(H, K) = [Ng(H, K) /K| = |0,(H\G, K\G)| = |(K\G)"| (2.2)

is the number of morphisms in the category @, with domain H\G and codomain K\G or, equivalently,
the number of elements of the G-orbit K\ G fixed by H. These numbers depend only on the conjugacy
classes of the subgroups H and K. The table of marks for G is the matrix TOM¢ = (TOM¢(H, K))y Kelsg]
of marks. The set [0] of isomorphism classes of right G-orbits corresponds bijectively to the set [$]
of conjugacy classes of subgroups of G [6, Theorem 1.3.(b)].

The set I7(S) of partitions of S is partially ordered by refinement [ 19, Example 3.3.1]:

T <M & VXE€S: Xy C [Xlr, & 0Oc(m\S, m2\S) # 9.

The meet ofm and 7, is the partition 1 A 7, with blocks [X]z; Ay, = [X]; N [X]n,, X € S. The discrete
partition is 0 with blocks [xIs {x} x € S, block set O\S = §, and the indiscrete partition is 1 with

block [x]; = S, x € S, and block set 1\5 = {x} of cardinality 1.
The set I71(S) of partitions of S is a right G-lattice: For any partition 7 of S and any g € G, g is the

partition given by X(7g)y <= (xg)7 (yg). Then [xl=s¢ = {yg | x(12)y} = g | KR (xg)} = (¥ |
yrm(xg)} = [xg].. Obviously,

7 isa G-partition <= Vg€ G: ng =nm1 < Vg € GVx € X: [x],g = [xglx
< VgeGVbemn:bgem.
Thus the fixed lattice, I7(S)C, for this G-action on I7(S) is the lattice of all G-partitions.

Proposition 2.3. Let 7t be a G-partition of S.

(1) There is a right G-action on the set w\S of m-blocks such that S — m\S is a G-map.
(2) xG < [yGforanyx € S.

(3) ng - (xG)g and [xg]G - ([x]G)g

(4) %G < (xG)¢ foranyx € Sandany g € G.
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Proof. The G-action on 7\S is given by [x]g = [xg] forallx e Sandg € G. O

Definition 2.4. Let P be a sub-poset of a lattice. An element c of P is a contractor for P ifx V ¢ € P or
xAcePforallx € P.

If ¢ is a contractor for P thenx < xV ¢ > corx > x A ¢ < c are homotopies between the identity
map of P and the constant map c.

Lemma 2.5 ([1, Lemma 7.1]). IT*(S)° is contractible unless S is an isotypical G-set.

Proof. Let w¢ be the G-partition represented by the G-map S — S/G to the G-set of G-orbits and 6
the G-partition represented by the G-map S — S/G —= \S/G to the set of isomorphism classes of
G-orbits. Equivalently, xwgy if and only if x and y are in the same G-orbit, and x6¢y if and only if x and y
have conjugate isotropy subgroups. We shall prove that 6; is a contractor (Definition 2.4) for I7*(S)¢
when S is not isotypical.

We first make some small observations. Obviously, wg < 6¢. The G-action is trivial if and only if
wg = 0.The G-action is isotypical if and only if 6 = 1. If the G-action is trivial, all isotropy subgroups
are equal to G, and therefore ; = 1. We may summarize these observations in a string of implications

(e =0= we =0 < Vxes: xG=G6C= 6¢ =1 S is isotypical.
Let v be any G-partition of S. We claim that
TAOc=0=>7=0. (2.6)
To see this first note that
Vx,yeS:xny =y - xG C [yl rec-

Indeed, let xry and g € G. Then yx (yg) for yx, x = xg, and (xg)7 (yg). Thus y and yg are both in
[vl» and in [y]s.. Now assume that 7 A 6; = 0. Then

Vx,y €S: xnry = xG <,G

for the block [y]; ¢, = [y¥lg = {¥} consists of y alone which forces yg = y for all g € 4G. This can be
sharpened to

Vx,y € S: xmty = G =,G

as the equivalence relation  is symmetric, of course. Now, when x and y have the same isotropy
subgroups, x and y belong to the same block under . Thus we have shown r < 6. Then &7 =
7 A 6c = 0. This proves claim (2.6). o

Suppose that S is not isotypical. Then 6; # 0, 1 and 6; belongs to the poset IT*(S)°. From claim
(2.6) we know that A 6 # 0 forall w € IT*(S)C. Thus 6 is a contractor for IT*(S)°. O

See Example 2.10 for an isotypical G-set S for which I7*(S)¢ is contractible.

In the following, when 7 is an element of the poset IT we write 7 / IT for the sub-posetofall A € IT
with 7 < A.(See Definition 3.1(2) for a more detailed presentation of this notation.)

The block functor

()¢ - o¢ (2.7)

takes a G-partition 7 € IT(S) to its block G-set w\S. If 7y < 7>, there is an induced surjection
m1\S — m,\S of block G-sets as any block of 71 lies in a block of 7. Since 0 < m < 1 there are
G-maps S = 0\n7 — w\S — 1\S = G\G. Observe that if 7; < m, and the block sets 71\S and 7,\S
are isomorphic then 71 = m, by the pigeon-hole principle. Thus G-partitions with isomorphic block
G-sets are incomparable.
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The block functor is the left adjoint functor in the adjoint equivalence [ 15, Definitions 2.1.1, 2.2.5,
1.3.5]

L
nes)© ? /0 L) = (S — 7\S) ') [ teT)=RS 5 T)

between the poset of G-partitions of S and the coslice under S of O¢ [15, Example 2.3.3]. From this
perspective, G-partitions of S are surjective G-maps with domain S. When S is an isotypical G-set we
get an induced adjoint equivalence

L )
= 5> . =iso

m%°(S) =——>5/0,
R
for the isotypical case.

Proposition 2.8. For any G-partition w € I1(S)° there are isomorphisms of posets

T/ S M@\S)¢,  7/I*°(S)° > M (r\S)°
where we in the second case assume that r is isotypical.

Proof. This isomorphism takes a G-partition A € 7 /I7(S)° to the G-partition w\A = R(\S — A\S)
whose blocks are the fibers of the G-map 7\S — A\S. The converse takes a G-partition A of 7\S to
R(S — S — A\(w\S)). The block set of 7\ A is the block set of A, (7 \A)\(7r\S) = A\S. In particular,
A is an isotypical G-partition of S if and only if 7\ A is an isotypical G-partition of 7\S. O

Corollary 2.9 ([24, Lemma 3]). Let H be a subgroup of G. There is an isomorphism of posets

H/8; > M(H\G)C.

The blocks of the G-partition corresponding to the supergroup K of H are the fibers of the G-map H\G —
K\G taking coset H to coset K.

The G-partition of the G-orbit H\G corresponding to the supergroup K of H has |G : K| blocks
[Hg] = {Hgx | x € K&}, g € G, of size |[K : H|. The special case where H = 1 is the trivial subgroup
shows that the subgroup poset (Definition 2.1(10)) 8, = IT(1\G)¢ = M (1\G)C is a special case of
a partition poset.

Example 2.10 (An Isotypical G-set S Such That IT*(S) is Contractible). Suppose that G has a nontrivial
Frattini subgroup @ (G) [7, Chp 5, Section 1]. The right G-set 1\G is transitive and hence isotypical.
But still the poset IT*(1\G)¢ = 1//38.//G of non-identity proper subgroups of G (Corollary 2.9) is
contractible as @ (G) is a contractor [7, Chp 5, Theorem 1.1]. (This example was pointed out to me by
Matthew Gelvin.)

3. Euler characteristics of posets of G-partitions of isotypical G-sets
We first fix some general notation.

Definition 3.1. Let I7 be a finite poset and let a and b be elements of /7.
(1) The Euler characteristic and the reduced Euler characteristic of IT are
0 s
XUT) =Y (=Dfian),  XUT) = x(UT) —1
i=0
where f;(T) is the number of length i chains in I7 [ 19, Equation (19) p 120].
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(2) We write

a/ll ={pell|a=<p} a//TI ={pell|a<p} K(IT) = —X(a//IT)
n/b={pefd|p=by M//b={pell|p<Db} ky(IT) = —X (IT//b)

for the coslice of IT under a (the left ideal generated by a), the proper coslice of IT under a, and

the weighting at a, and, dually, the slice of IT over b (the right ideal generated by b), the proper

slice of IT over b, and the coweighting at b [ 14, Definition 1.10]. Also,
a/li/b={peM|a<p<b}=[ab] a//lT//b={pell|a<p<b}=(ab)

are the closed or open intervals from a to b.

The Euler characteristic of IT is the sum

D KT = x () =y ky(IT)
aell ben
of the values of the weighting or coweighting [ 14, Definition 2.2].
The zeta function ¢ : IT x [T — Z of IT is defined by {z(a,b) = 1ifa < band ¢;(a,b) =0
otherwise [19, p 114]. The Mdbius function w7 : IT x IT — Z of IT [ 19, Section 3.7] is determined by
the relations

Va,be T: Y pup(a, m)in(r, b) = 8op
mwell

where,asusual, §q = 1and §,, = 0ifa # b.The Mébius function satisfies 7 (a, a) = 1, up(a, b) =
X(a//I1//b) fora < b,and 7 (a, b) = 0 otherwise. In the case where a < b, this is implied by Philip
Hall’s theorem on chains [ 19, Proposition 3.8.5], for instance as expressed by the identities

1= x(@/M//b)y= Y wny)= Y pn@y+ Y wnxy)
a<x,y<b a<y<b a<x,y<b
= —pn(@b)+ Y puna,y) + x(@//M//b) = —pun(a, b) + x(a//1T//b).
a<y<b

In case I7 has a least element 0 and a greatest element 1 + 6

1=x(// =Y kKa/M= Y -%@/0//D= ) —un@) (3.2)
aen//T O<a<1 0<a<1

1=x©//M =Y k©/mM)= > -%0//1//b)="Y —un(,b) (3.3)
be0// 11 0<b<1 0<b<1

as H//T has a 0 and 6//HAa 1. The weighting for H//T (coweighting for 6//17) restricts to a
weighting (coweighting) for 0//I7//1.
We now specialize to partition posets I7(S) of right G-sets S.

Proposition 3.4 (Coslices in IT(S)¢ and weightings in IT1(S)¢/ /’1\). For any G-partition w of the right
G-set S

7 /IS¢ = Ox@\S)°, 7//I(S)°//1=IT*(x\S)° (whenrm < 1).
The weighting for IT(S)¢//1at = < 1is

K" (I1($)°/ /1) = =X (T*(\)°).

The open interval 7/ /T1(S)¢/ /T is contractible and the weighting k™ (IT(5)¢/ /’1\) is zero unless 7 is an
isotypical G-partition (Definition 2.1 (9)).

Proof. The first identity comes from Proposition 2.8.If r is a non-isotypical G-partition then I7* (7 \S)
is contractible by Lemma 2.5 and its Euler characteristic k™ (IT(S)¢//1) is zero. O
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Recall from Definition 2.1(4) that if 7 is a G-partition of the right G-set S, then 7 \S is the G-set of
m-blocks and 7\S/G the set of G-orbits of 7 -blocks. For any w-block B € 7 \S, 3G is the G-isotropy
subgroup at B (Definition 2.1(6)) and BG € m\S/G the G-orbit through B. Thus sG\G and BG are
isomorphic right G-sets. I7(B)5C is the poset of zG-partitions of the right G-set B. The symbol

[[ nee

BGem\S/G

denotes the product of all the posets IT(B)8° as the -blocks B in 7 \S range over a complete set of
representatives for the set of G-orbits BG in 7\S/G. See the proof of Lemma 2.5 for the definition of
the G-partition 6.

Proposition 3.5 (Slices in I1(S)° and coweightings in 6/ /I1(S)%). For any G-partition  of the right
G-set S

as)f/z= [ a®=c.  0/a©)¢//m=( ] AG*F) whend <n).

BGen\S/G BGEX\S/G
The coweighting for 0//I1(S)C at 0 < 7 is
ke @)% =~ [] xUr®*).

BGen\S/G
|B|>1

The open intervalﬁ//ﬂ (S)¢//m is contractible and the coweighting ki (6//17(5)6) iszerounlesst < 6.

Proof. Let 7 be a G-partition and B one its blocks. Observe first that the blocks contained in B of a
G-partition A < 7 determine all blocks of A contained in any of the blocks of the orbit BG through B
for the G-action on 7 \S.

Let B be a block, with isotropy subgroup G, of the G-partition 7. Let A be a gG-partition of B. Extend
A to a G-partition of the orbit BG of Bin 7 by [xg];, = [x],g. We must argue that this extension is well-
defined. Suppose that x1g; = x,g for some x1, x, € Band g, g2 € G. We must show that [x;],81 =
[X21,82. We have x; = x,8,8; ' = x1218;, . FromB = [x,]; = [x1218; '1x = [X1]x£18, | = Bg1g, ' we
get that g,g, ' stabilizes the block B. As A is a pG-partition, [x;1,g1 = [x11:218; '8 = [x1218; '1,82 =
[x2],82 as we wanted.

Conversely, if A is a G-partition and A < 7 then the blocks of A inside a fixed block B of 77 form a
gG-partition of B, of course.

According to Quillen the reduced Euler characteristic is multiplicative: x ((JL)*) = [ X (L}) for
lattices L; of more than one element [ 1, Proposition 2.8].

If the block B of partition 7 consists of a single element of S, then also the partition poset I7(B)
consists of a single element so it can be omitted from the poset product [ [pcc\s/6 I1(B).

Note that 7 < 6; means that all isotropy subgroups within all blocks of 7 are conjugate. If 7 £ 6,
there is a block B of 7 that is a non-isotypical gG-set. Then the product of the contractors for the blocks
of 7 is a contractor for ([T [7(B)*©)*. O

Example 3.6 (Two Examples of G-partition Posets with weightings and coweightings). The poset IT*(S)°
of non-extreme G-partitions for S = {1, 2, 3,4} and G = ((1, 2)(3, 4)) < X, (isotypical):
T t+iso (S)G

13 -24 12 —-34 14 — 23
(k*, k) = (1, 1) (k*, k) = (1, —1) (k*, k) =(1,1)

ke=3=>k
1—-2-34 12—-3-4
(k*, ko) = (0, 1) (k*, ko) = (0, 1)
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The poset IT*(S)¢ of non-extreme G-partitions for S = {1,...,6}and G = ((1, 2, 3), (4,5)) < X
(non-isotypical):

nx+i50(s)(;
1236 — 45 12345 — 6 123 — 456
(k*, ko) = (1,0) (k*, ko) = (1,0) (k*, ks) = (1,0)
1236 —4—5 123 — 45 — 6 = 6, 1-2-3—456 .
(k*.k.) = (0, 0) (k*, ko) = (=2, —1) (e k) =@©,0  2K=1=Xk
123—-4-5—-6 1-2—-3-45—-6
(k*, k) = (0, 1) (k*. k) = (0, 1)

The sub-posets I7*115°(5) of isotypical G-partitions are indicated with dotted lines. The weighting for
IT*(S)C restricts to a weighting for I7*115°(S)C.

Corollary 3.7. The inclusion IT**°($)¢ < IT*(S)¢ is a homotopy equivalence.

Proof. Note thatif 7 € I7*(S)C is not isotypical then the proper coslice 7 //IT*(S)¢ = 7 //IT(S)¢//1
is contractible by Proposition 3.4. The corollary now follows immediately from Bouc’s theorem
[4, Proposition 4]. O

Because of Lemma 2.5 and Corollary 3.7 we now restrict attention to isotypical G-partitions of
isotypical G-sets.

Definition 3.8. Let S and T be G-orbits.

(1) For any natural numberi > 1,iS = [[; S is the isotypical G-set with i G-orbits isomorphic to S.

(2) The type of an isotypical G-partition 7 € IT*°(iS)¢ is the isomorphism class in 5‘;0 of its block
G-set '\ (iS).

(3) Xc(iS,jT) = {m e IT™°(iS)C | m\iS = jT} is the antichain in I7%°(iS)® of isotypical G-partitions
of iS of type jT.

(4) The G-Stirling number of the second kind at (iS, jT) is the number | X(iS, jT)| of isotypical G-
partitions of iS of type jT.

(5) The G-Stirling table of the second kind in degree n is the square (n|[O]| x n|[O]])-matrix

Se = (U 6Ty, JT) Drzijzn)r, pyero

of G-Stirling numbers of the second kind. The G-Stirling table of the second kind in degree n of the
G-orbit S is the submatrix

S6(5) = ((IZ6(iT1. JT2) D1=ijzn)r, 1, eis/o,,

of the G-Stirling table Sg.

(6) The G-Stirling table of the first kind in degree n is the inverse s¢ = S¢ ! of the G-Stirling table of
the second kind in degree n. The G-Stirling number of the first kind at (iS, jT) is the (iS, jT)-entry,
sc(iS, jT), of sg. The G-Stirling table of the first kind in degree n of the G-orbit S is the inverse
sc(S) = S¢(S) 7! of the G-Stirling table S¢(S) of the second kind in degree n of the G-orbit S.

(7) The isotypical G-Bell number of the isotypical G-set iS

Bg(iS) = |IT*°(i8)°| = ) _ | Zc(iS. jT)|
J.T

is the total number of isotypical G-partitions of iS.
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The G-Stirling number of the second kind, S¢(iS, jT), is the number of G-surjections of iS onto jS
up to G-automorphisms of jS. The G-Stirling tables are lower triangular with the convention that the
G-orbits are listed with increasing size. We regard the Stirling tables, S; and s¢, in degree n as two-
variable functions: Sg(iS, jT) = |Xs(iS,jT)| and sg(iS, jT) are the (iS, jT)-entries in the respective
tables S and s when 1 < i,j < nandS, T are (conjugacy classes of) G-orbits. See Example 3.12 for
1-Stirling tables and Example 3.18 for X3-Stirling tables. The G-Stirling tables are the G-Stirling tables
of the right G-set 1\G: S¢ = S(1\G) and s¢ = s¢(1\G).

We now observe that the first column in the G-Stirling table of the first kind computes Euler
characteristics of G-partition posets of isotypical right G-sets.

Theorem 3.9. Let S be a G-orbit and n a natural number such that |nS| > 1. The reduced Euler
characteristic of the poset of non-extreme G-partitions of the isotypical G-set nS

X(T*(n$)°) = s5(nS, 1G\G)
is the G-Stirling number of the first kind at (nS, 1G\G).

Proof. The weighting for IT*(nS) restricts to a weighting for I7*75°(nS)°. If we in Eq. (3.2) insert the
values of the weighting from Proposition 3.4 we get

1= Y —XUT*(KT)*)Sc(nS, KT) (3.10)
|kT|>1

with T ranging over the set of isomorphism classes of G-orbits and k > 1 over natural numbers with
|KT| > 1. This may be restated in matrix notation as

_ 0 i}
—F(T*26\G)°) M
1 0 0
. : 1
| a6 K 1y
1
L—% (IT*(n1\G)®) | nels) L1

1<s<n

where S¢ is the G-Stirling table of the second kind in degree n. The reason for the 0 at the top of the
left column vector is that the trivial orbit 1G\G does not figure in Eq. (3.10) but it is recorded as the
first row and column of the Stirling table S. All entries, Sc(SH\G, 1G\G), of the first column of S¢ on
the left side equal 1. Eq. (3.11) gives

P x ] G | 17 [ x ° G 1 m 7
XUT*(2G\G)") 0 XUT*(2G\G)") 1 1 0

%1 zur o | =% [o| T3 zaremed | T 1] T [1] T o
~ * : G —6— ~ * : G —1— —:1— —O—
Lx (IT"(n1\G)") Lx (T (n1\G)")

and we just apply the inverse of S; to this equation to finish the proof. O

Eq. (4.5) will later reveal that Theorem 3.9 is but a special case of a more general connection
between G-Stirling numbers of the first kind and values of Mdébius functions for posets of isotypical
G-partitions of isotypical G-sets.
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Example 3.12 (Stirling Tables of the Trivial Group 1). The 1-Stirling tables of the second and first kind
in degree 4 are the matrices

1
-1
o S1= 12 3 g

1
1
S1= |1 1
1 6 1 -6 11 -6 1

N W o=

of classical Stirling numbers S;(n, k) = S(n, k) = |{w € I[1(n1) | |x| = k}| and s;(n, k) = s(n, k) of
the second and first kind [19, pp 33-36]. We recover, as a special instance of Theorem 3.9, the result
of [19, Example 3.10.4] that the reduced Euler characteristic ¥ (/T*(n1)) of the non-extreme partitions
of an n-element set is the Stirling number of the first kind s(n, 1) = (—1)"~'(n — 1)! whenn > 2.

Proposition 3.13. Let S and T be G-orbits and i, j natural numbers. The G-Stirling number of the second
kind

|06(S, )

S50 =10 7 1)

(%))
is determined by TOMg (Eq. (2.2)) and the classical Stirling numbers S(i,j) of the second kind
(Example 3.12).

Proof. There is a bijection between O(S,T)" x {1,...,j} and the set of G-maps iS — jT. This
bijection takes (¢, t) to the G-map (s, k) — (¢k(s), T),s € S,1 < i < k. The surjective G-maps
correspond to pairs (¢, t) where 7 is surjective. Thus |0 (S, jT)| = |0 (S, T)['S(i, j)j!. The G-Stirling
number of the second kind S¢(iS, jT) is the number |9¢(iS, jT)|/|O¢(T, jT)| of G-surjections of iS onto
JjT counted up to G-automorphisms of jT. O

Remark 3.14 (Consequences of Proposition 3.13). Suppose thati = 1 = jand thatS = H\G, T = K\G
for subgroups H and K of G. Then IT*°(H\G)® = I(H\G)® = H/8. = [H,G] is the poset
of supergroups of H in G by Corollary 2.9. The antichain Xc(H\G, K\G) = H/[K] is the set of
supergroups of H conjugate to K and the G-Stirling number of the second kind Sq(H\G, K\G) =
[Ng(H, K)/Ng(K)| = |H/[K]| is the number of supergroups of H conjugate to K. For this reason, the
G-Stirling table of the second kind in degree 1 is also called the table of conjugate supergroups. (We
shall discuss the G-Stirling numbers of the first kind sc(H\G, K\G) in Remark 4.6.)

Let A™(S, T) = diag(|O.(S, T)I, 10.(S, D, ..., |0 (S, T)|") be the diagonal (n x n)-matrix given
by the first n powers of the mark |0 (S, T)| (Eq. (2.2)), S" = (5(i, j))1<i j<n the (n x n)-matrix of the
first Stirling numbers of the second kind, and s” = (s(i, j))1<i j<n its inverse given by the first Stirling
numbers of the first kind (Example 3.12). Proposition 3.13 shows that the G-Stirling tables in degree
n are the block matrices

A"(51,S1) 0 0 s 0 0
SG:<A"(52,51) A"(S,, S5) 0 )(0 % 0)
A"(S3,S81)  A"(S3, S) A"(53,53) 0 s"
A"(S1,S1) 0
X < 0 An(SZ,Sz)
0 0 A (53,53)

A"(Sl, S]) 0 S 0 0
S = ( 0 An(SZ,Sz) ) < s" 0)
0 0 A" (53, 53) 0 "

A"(S1, S1) 0
X <An(52,51) A"(S2,52)
A"(S3,S51) A"(S3, S AT (53,53)
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where we for simplicity assume that [0.] = {Si, S,, S3} contains only three isomorphism classes of
G-orbits. The identity for sg translates into the recurrence

(56 (IS, iS))1<ijen = A"(S,S)s"A"(S,S)~"

D (5608, T)=ijnA"(T,U) =0, S #U € [O]
Te[@G]

for the G-Stirling table of the first kind. The first of these identities states that sg(iS,jS) =
10¢(S, SHI's(, ).
When G is abelian

LTI“”‘S(H, k) 0Og(S.T)#0 (3.15)

Sc(nS, kT) = i O.(S.T) = ¢

because |0 (S, T)| equals |[T| when nonzero. In general, combining the familiar recurrence relation
S(n+1, k) = kS(n, k) +S(n, k— 1) for the classical Stirling numbers of the second kind [ 19, Equation
(23)] with Proposition 3.13, establishes the recurrence relation

So((n+ 1)S, KT) = k|O(S. T)|S(nS, KT) + S¢(S. T)Se(nS, (k — 1)T)

for the G-Stirling numbers of the second kind for any finite group G (Fig. 1).

Lemma 3.16. If H < Gis normal in G, then ¥ (IT*(nH\G)®) = ¥ (IT*(nH\G)"\°) foralln > 1.

Proof. H acts trivially on H\G as Hgh = Hghg ~'g = Hg forall h € H, g € G. Thus a partition of nH\G
is a G-partition if and only if it is a H\G-partition and ¥ (IT*(nH\G)®) = X (IT*(nH\G)"\®). O

Recall from Definition 2.1(10) that 1 denotes the Mdbius function of the subgroup poset 4.

Corollary 3.17. If G is abelian, ¥ (IT*(nH\G)®) = uc(H,G)|H\G|" 's(n, 1) foralln > 1 and all
subgroups H < G.

Proof. Since G is abelian, S¢(iH\G, jK\G) = |G : K|'7S(i, j) by Eq. (3.15), and the G-Stirling table of
the second kind in degree n is the block matrix

So = ((a(H, K)IG : KIS, D)1sisen) yeps -

The vector ((X (H\G)%)1<izn) is by Theorem 3.9 the first column (K = G) in the G-Stirling table

He[/xc]
s6 = ((G(H, K)IG : HIIs(h, D) 1sisen) y eps
of the first kind. O

Example 3.18. The symmetric group X5 has |[(9):3]| = 4 orbits, Sy = X3\X3,5 = A3\Xj,
S3 = (\ X3, and S = 1\ X3, of sizes 1, 2, 3, 6. The table of marks (Eq. (2.2)) TOMz, = (|04, (S, T)]),
the Stirling table Sy, of the second kind in degree 1 (the table of conjugate supergroupsi and its
inverse, the Stirling table sz, of the first kind in degree 1, are

1000 1.0 00
1 2 00 1100
(|(923(55T)|)S,T= 10 1 ol Sz = 1 0 1 0})°
1 2 3 6 11 3 1
1 0 0 0
-1 1 o0 o
Sz = | 4 0 1 0
3 -1 -3 1
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The X5-Stirling table Sx, of the second kind in degree 3 is

S5, T) T=1$ 281 351 1S 25, 3S, 1S3 283 3S3 1S¢ 2S¢ 3Se

S =15
25
354

15,
2S,
3S,

1S3
AR
385

1Se
2Ss
3Ss

—_

N —
)
- O O

1
2
4

ke ke ke ek
W) Ol W, O W=_LO|Ww~=O
OO0 | )OO0 |mOO|~rOO

= O

NO W= ==
- OO |W~O
NOoO o | —= OO

0
0
1

D O =
0 = O
- O O

and the X;-Stirling table s, of the first kind in degree 3 is

s5,(5,T) T=15 281 381 1S, 2S5, 3S, 1S3 283 3S3 1Sg 2S¢ 3Ss

S=1s; 1 0 0

25, -1 1 0

35, 2 -3 1

15, -1 0 0 1 0 0

25, 2 -1 0 -2 1 0

3, -8 -18 -6 1

1S5 -1 0 0 1 0 0

25, 1 -1 0 -1 1 o0

355 -2 3 -1 2 -3 1

1S6 3 0 0o -1 0 0 -3 0 0 1 0 0
256 —18 9 0 6 -10 18 -9 0 -61 0
356 216 —162 27 -72 18 —1 —216 162 —27 72 —18 1

As the row sums of Sy, are isotypical X'3-Bell numbers (Definition 3.8(7)), we see from the three last
rows that the total number of isotypical X;-partitions of the free X;-sets are By, (nSs) = 6, 30, 206
forn = 1, 2, 3. The row sums for s, are zero, except for the first row, because the first column of S5,
contains only 1s. By Theorem 3.9, the first column of sy, contains the reduced Euler characteristics
¥ (IT*(iS)*3) for X;-partition posets of the isotypical Xs-sets S = S;,S,,Ss, Se; for instance,
X (IT*(253)%3) = 1 (and as this reduced Euler characteristic is not divisible by |S3|s(2, 1) = —3,
Corollary 3.17 cannot be extended to general non-abelian groups). By Remark 4.6, the X3-Stirling
numbers sy, (Sg, S;) of the first kind inform about Mébius numbers of subgroups of Xs.

The Stirling tables in degree 3 of the X5-orbit S, are the submatrices, Sy, (S2) and s5,(S>), of Sy, or
sz, withindices iT for T € [52/(923] =1{5,S}andi=1,2,3.

Remark 3.19. A finite poset is graded if all maximal chains have the same length [19, Section 3.1].

Example 3.6 shows that I7(S)¢ is not graded in general. Neither the sub-poset I7 i50(5)¢ of isotypical
G-partitions is graded in general as subgroup posets I7°(1\G)¢ = 4. most often are not graded.

4. More about G-Stirling numbers of the first kind

This section contains additional information, not needed for the proof of Theorem 1.3, about G-
Stirling numbers of the first kind.



J:M. Moller / European Journal of Combinatorics 61 (2017) 1-24 15

Let IT be a finite poset with 0 and 1. Suppose that there is a set {A;} of antichains A; in IT and
integers M > 0 such that

m=]JA. VreA:|r/Al=M;. (4.1)
This means that IT decomposes as a disjoint union of antichains A; such that the number of elements
A € Ajwith # < X is independent of the choice of 7 € A;. If 0 € A; thenA; = {0}, and if 1 € A;
then A; = {1}, as A; and A; are antichains. By extending the partial order on the set of antichains

[19, Section 3.1] to a linear order we can assume that the matrix (Mj) is upper triangular (lower
triangular with the opposite order) with 1s in the diagonal.

Example 4.2. Below is the Hasse diagram of a poset /T = [ [, _;_, A; divided into 4 disjoint antichains,

indicated by height above 6 satisfying (4.1). We let u be the Mébius function for IT and at each
element 7 of IT the value of (0, ) is given.

0=pn@.1)
1 0 0 O 1 0 0O
|1 1 0 0 4_|-11 00
M 12 10 0 0 MP=11 210
1 3 2 1 0 1 =21
-1 ~1=pu(,m)
(Do n@m), oy =0,1,-2,1)
7 EA; o
1=u(0,0)

Proposition 4.3 explains the identity (0, 1, —2, 1)M = (0, 0, 0, 1).

Proposition 4.3. Assume (4.1) and let j« be the Mébius function for IT [19, Section 3.7]. Then

~ 1 0eA
> mum =1 2h
f

i mweA;

o~

Proof. The sum equals ) ., > 5; 11(0, 1) which evaluates to 1if A; = {0} and to Daes0=0
otherwise. O

Let now S be a G-orbit and i a natural number. The lattice, [7°(iS)®,i > 1, of isotypical G-
partitions of the isotypical G-set iS is generally not graded by Remark 3.19 and there is no characteristic
polynomial as there is for the classical poset of partitions of the n-set [19, Example 3.10.4]. Instead,
the set-up of Eq. (4.1) applies to I7°(iS)¢ since

m=i)° = ] Zels.jT), Ve Zels.jD): |/ Solis, k| ="

1<j<i
TE[OG]

S(; (iT, kU)

and the matrix M = S¢(S) is the G-Stirling table of the second kind in degree i of the G-orbit S
(Definition 3.8(5)).

Corollary 4.4. Let ;.7 be the Mobius function of IT*°(iS)C. Fix a G-orbit U and a natural number k > 1.
The sum

SoseTkU) Y un@,7)
T

reXc(S.jT)

equals 1if iS and kU are isomorphic and 0 otherwise.
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Corollary 4.4 states that the G-Stirling numbers of the first kind

sc(S, i) = Y pun@©m) (45)

TeZc(SiT)

are given by the values of the Mébius function for I7°(iS)¢ on the antichain X:(iS, jT); see
[19, Example 3.10.4] for the case of classical partitions.

Consider the special case of Eq. (4.5) where jT = 1G\G is the trivial G-orbit. Since the set
X (iS, 1G\G) of isotypical G-partitions of type 1G\G contains only the indiscrete partition 1 of iS, the
equation states that s¢(iS, 1G\G) = u (0, 1), where, as noted just below Definition 3.1, u7 (0, 1) =
X (IT*+1%°(iS)¢), is the reduced Euler characteristic of 0/ /IT"°(iS)¢ / /1 = IT*+i*°(iS)C. This special case
of Eq. (4.5) thus provides an alternative proof of Theorem 3.9.

Remark 4.6 (G-Stirling Tables in Degree 1). Suppose thati = 1 and that S = H\G for some subgroup
H of G. We noted in Remark 3.14 that IT*°(H\G)® = [H,G] = H/ 4. is the poset of supergroups of
H in G. Let K be such a supergroup of H. Eq. (4.5) states in this case that the G-Stirling number of the
first kind in degree 1

se(H\G.K\G) = ) ne(H.L)

LeH/[K]

is a sum of values for the Mébius function p of .. The sum ranges over the set of supergroups of H
conjugate to K. The fact that Sgsg and sgSg equal the identity matrix implies the general rule that

pe.V)=0= ¥ ucH.K)
K,V: H<K<Ve[U] K,V: H<K<Ve[U]

whenever 1 < H $ U < G.When H is a normal subgroup of G we learn from

sc(H\G, K\G) = Z ucH, L) = [[H/[K1llnc(H, K) = Sc(H\G, K\G) uc(H, K)
Le[K]
that the Mébius numbers pc(H,K) = X(H//8://K) = sc(H\G,K\G)/Sc(H\G, K\G) for all
supergroups K of H can be recovered from the G-Stirling tables in degree 1. For instance, from the

bottom rows of the X3-Stirling tables in degree 1 from Example 3.18 we read off that ux,(1,K) =
3, —1, —1, 1forK = 23,A3, Cz, 1.

The size of the antichain X¢(iS,jT)/A in IT*°(iS)¢ in general depends on the choice of A €
X (iS, kU). This is the case in the lattice IT({1, 2, 3, 4}) of classical partitions of a 4-set and also,

for most choices of nontrivial H < G, in IT(H\G)® = H/38.. A related fact is that (0, ) is not
a constant function of 7 € X¢(iS, jT) as, generally, S¢(iS, jT) does not divide s¢(iS, jT).

5. Equivariant Euler characteristics of posets of partitions

For any group A and natural number r > 1, let ¢z7(A) = |Epi(Z", A)| be the number of epi-
morphisms of Z" onto A. Thus ¢z (A) is nonzero if and only A is abelian and generated by r of its
elements. Since Aut(A) acts freely on the set Epi(Z", A) of epimorphisms of Z" onto A, the quotient
dz (A) = @z (A)/| Aut(A)| is an integer [ 10, (1.3)]. Using that the set, Hom(Z", G), of homomorphisms
from Z" to G is the disjoint union, | [, Epi(Z", A), over all (abelian) subgroups A of G, we see that the
rth reduced equivariant Euler characteristic of the finite G-poset IT (1.1) is the sum

~ 1 - 1 -
LG =— Y XU = < Y X UTgz (A) (5.1)

|Gl XeHom(Z",G) A<G
and, by Mébius inversion [ 19, Proposition 3.7.1], that
X(TM)z (H) =Y % (1, A)|Aluc(A, H)
A<G
for any subgroup H of G.
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We now specialize from general poset to posets of partitions. Let S be a finite G-set. As always, I1(S)
is the G-poset of partitions of G, and IT*(S) = I1(S) — {0, 1} the G-poset of non-extreme partitions of
S (Definition 2.1(5)).

Lemma 5.2. Suppose that the abelian group A acts on the A-set S such that the action map A — Sym(S)
is injective (the action is effective). The following conditions are equivalent:

(1) A acts isotypically on S.
(2) Aacts freely on S.

If A acts isotypically on S then the order of A divides |S|.

Proof. If A acts isotypically and A is abelian, the isotropy subgroup at any point of S is the same
subgroup, B, of A. The group B acts trivially on S, so B is the trivial subgroup since the action is effective.
Thus A acts freely on S. If A acts freely, then S = m1\A as right A-sets and |S| = m|Al. O

Lemma 5.3. Let P be a finite group (not necessarily abelian), m a natural number, and n = m|P|.

(1) P is isomorphic to a subgroup of X, acting freely on the n-set X,_1\X,. The centralizer of this
subgroup is the wreath product P : Xy, and the normalizer is an extension of the centralizer by the
automorphism group Aut(P) of P.

(2) Any two subgroups of X, abstractly isomorphic to P and acting freely on X,,_1\ X, are conjugate
in X,.

Proof. P acts freely on the free P-set m1\P and the action map P — Sym(m1\P) is injective. The
centralizer of P in Sym(m1\P) is the automorphism group @p(m1\P, m1\P) = Op(1\P, 1\P): X, =
P X\,. The remaining assertions are consequences of the fact that there is, up to isomorphism, just
one free P-set on n elements. O

Lemma 5.4. Let A be any abelian subgroup of X, acting freely on X,,_1\ X, where n = m|A|.

(1) XUT*(Zao\Z)h) = (=)™ g, (1, A)JA|™ ' (m — 1)! when n > 2.

(2) XUT*(Zpo\ZM)| By s Ny, ()] = (~)VAH1EEOD gy > o,

Proof. (1) As an A-set X,,_1\ X, = m1\A consists of m free A-orbits. According to Corollary 3.17
XUT (Zpa\E0)Y) = XUT*MN\AY) = ps, (1, AA 's(m, 1)
= (D" g, (LA (m - 1!
This formula also holds when A is the trivial group: The left hand side is ¥ (IT*(X,_1\ X)) =
(—=1)"(n — 1)! and the right hand side is (—1)""'(n — D!as ux, (1,1) = 1.

(2) This is immediate from (1) as the index of the normalizer of A is known from Lemma 5.3(1) and
we remember that m|A| =n. O

Proof of Theorem 1.3. According to Lemmas 2.5 and 5.2 we have the expression

~ 1 ~
X (IT* (21 \ Zh), Zn) = ) § XUT*(Zp1\ Z0) ez (A)| 2y : Ng, (A)]
: [A<Zn]
A free and abelian

for the rth equivariant Euler characteristic. The sum ranges over the set of conjugacy classes of abelian
subgroups A of X, acting freely on X),_;\X,. By Lemma 5.3 there is a bijective correspondence
between this set and the set of isomorphism classes of abelian groups A of order dividing n. Inserting
the value from Lemma 5.4(2) for the expression under the summation sign gives

- 1 oz (A)
(T (e \Z), Zn) = — —1)MA+ 1,A) ————
% (T (Zu1\ Z0), Zn) %ﬂj( P s, (LA
Aabelian
=— > (=DM (1, A)dgr (A)

|AlIn
A abelian
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where the sum ranges over the set of isomorphism classes of abelian groups A of order dividing n. The
Mobius function iy, (1, A) = ua(1, A) is completely known [10, 2.8]. Indeed, write A = [ [ A, as the
product of its Sylow p-subgroups A,. Then ux, (1,A) = [ us,(1,Ap) and usx, (1, A,) = 0 unless A,
is an elementary abelian p-group. For an elementary abelian p-group of rank d,

1z, (1,¢Y = (=14

Suppose now that A = [ A, where each Sylow p-subgroup A, = Cg” is elementary abelian of rank d,.
By [11, Lemma 2.1], Aut(A) = ]_[p Aut(Ap) = l—[p GLy, (Fp) and clearly ¢z ([]Ap) = [] ¢z (Ap). Since

d—1 d
o Tl —py = (" d_‘/’Z”(Cp)_(f)
wzr<cp)—g(p p)= (d>p|GLd(Fp)|’ ) = Tauen) ~\a),

we have now shown that

~ 1 n 1
(T (Zna\Z0), Z) = — 3 (=D be(d) = —(@xb)(n)
din

where b, is the multiplicative function of Eq. (6.1) given by b, (p!) = w5, (1, C)dz (CZ) and a(n) =
(=1)™ 1. In Corollary 6.8 we shall derive an alternative expression for the Dirichlet convolution
axb,. O

The first equivariant Euler characteristic is the usual Euler characteristic of the quotient A-set
AIT*(Xy—1\Xn)/ X, [16, Proposition 2.13] which is collapsible for n > 2 [13]. This explains why
XNUT* (X \Zn), X)) = %Cl(n) = 0 for n > 2. (The situation in the boolean case briefly
mentioned in the Introduction is similar: For n > 2, ¥1(B*(Z,-1\X»), X») = 0 and the quotient
A-set AB*(X,_1\Xy)/ Xy, which is a simplex, is contractible.)

The equivariant reduced Euler characteristics ¥, (IT*(X,_1\ %), X)) = ¢;(n)/n are multiplicative
functions of n for all r > 1 but the ordinary reduced Euler characteristic ¥ (IT*(Z,_1\X,)) =
(=1)"'(n — 1)! is not. The Liouville function A(n) = (=1)%™, 2(n) = ), v,(n), gives the sign
of ¢, (n).

6. Some multiplicative arithmetic functions

Let ¢.(n) = (a * b;)(n) denote the Dirichlet convolution [8, Section 1] of the multiplicative
[18, VL.3.1, Definition 2] arithmetic functions a(n) = (—1)"*! and b, (n) where

br(pf) = (—=1)7p(®) (r) (6.1)
e p

for any prime power p®. As usual, the p-binomial coefficient and the ordinary binomial coefficient

NN @D - Hp—1 A 1
(e>P D) ;l:([)pe*f -1 (2) = Jee—1) (6.2)

count the number of e-dimensional subspaces in an r-dimensional F,-vector space [19, Proposition
1.3.18] and the number of 2-sets in an e-set, respectively. The sequence by = ¢ = 1,0, 0, ... is the
unit sequence and by = 5, is the Mébius function. For any prime p and integersr > 1ande,s > 0

r r—1
> b0 =] - (6.3)
e=0 e=0

by the ‘g-binomial theorem’ [ 19, Equation (62), p 162].
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Proposition 6.4. The multiplicative arithmetic sequences b, are given by by = u and the recurrence
relations

bra1 () = p'br (@) — p* b (p"7)
valid for all r > 1 and all prime powers p® with d > 0.

Proof. Use Pascal’s identities for ordinary and Gaussian binomial coefficients [ 19, Equation 17b]

)= (") (5,0, (")
(2 2 d /, d/, d—1/,
and the definition (Eq. (6.1)) of b,. O

In the following, 1 is the constant sequence with value 1(n) = 1on all n > 1. Its Dirichlet inverse
is the Mébius function 1-! = p. Mébius inversion is the assertion that u * (1 % f) = f for any
multiplicative sequence f.

Corollary 6.5. (1% b, 1)(n) = nb;(n) forallr,n > 1.

Proof. The telescopic sum
d d
b)) =D by (09 = Y _(0°b () — p*'br(0°"))
e=0 e=0

evaluates to p?b, (p?) at any prime power p?. O

Proposition 6.6. The multiplicative arithmetic sequences c, are givenbycy = 1, —2,0,0, ... and
¢r+1(n) = n(b.(n) — b;(n/2)) (where b.(n/2) = 0 for odd n)

forallr,n > 1.

Proof. The two multiplicative sequencesc; = axu and 1, —2, 0, 0, ... are identical since they agree

on all prime powers. For odd n, ¢, +1(n) = (a*by11)(n) = (1% b,1)(n) = nb,(n) by Corollary 6.5. For
powers of 2,

d—1
€+12Y) = (@%b )29 = brar @) = Y bria (29)

e=0
= 2%, (2% — 297 'b, 247" = 271, 21y = 29(b, (2%) — b, (2771))

by the recurrence relation of Proposition 6.4. Thus c,41(n) = n(b,(n) — b.(n/2)) for even n by
multiplicativity. O

If we introduce ¢, (n) = %cr(n), Proposition 6.6 states that ¢,,; = ¢y * b, forallr > 0.

The multiplicative sequences ¢, can be defined recursively by ¢c; = 1,-2,0,0,0, ..., and, for
r>1,
2¢,(2) d=1
24) = d i i
Cr+l( ) - zdcr(zd) + sz‘l»j*ZCr(zdfj) d > 2
j=2

for powers of 2, while ¢,11(p%) = pic, (p?) — plc, (p®!) at powers of an odd prime p. These relations
are consequences of Propositions 6.4 and 6.6. In particular, ¢, (2%) = 0 forr < d and ¢, (p?) = 0 for
r < d for an odd prime p.
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Corollary 6.7. The Dirichlet series and their Eulerian expansions of the functions b, and c., r > 1, are

S br(n) _ 1 _ 7srr_1 S _ e
2 _g(s>c(s—1>-~-;(s—r+1)_np H(p P)

n=1

S C(n) 1-21 1-s —s(r—1) _
2 = oD zeoren - (172 )]_[p l_[(p P

n=1

where ¢ (s) is the Riemann ¢ -function.
Proof. Write B, (s) for the Dirichlet series of b, (n). According to Corollary 6.5,
) Brr1(s) = Br(s— 1)

as nb;(n), with series B,(s — 1), is the Dirichlet convolution of 1, with series ¢ (s), and b, 1(n).
(The Dirichlet series of a Dirichlet convolution is the product of the Dirichlet series of the factors
[8, Section 1].) The expression for the Dirichlet series of b, (n) now follows by induction starting with
the series, ¢ (s)~!, for by = . The Dirichlet series of the convolution ¢, = a b, is the product of this
series and the series, ¢ (s)(1 — 217%), of a = 1 % ¢; (Dirichlet n-function). We evaluate the factors of
the Eulerian expansion for the Dirichlet series of b, [18, VI, Section 3, Lemma 4],

1+br(P)P75+"’+br(Pr)pirs — 7sr Z( 1) () p(Z)pS(T e) =p —Ssr l_[(p

e=0
with the help of the ‘g-binomial theorem’ [19, Equation (62), p 162]. O

Let A,(n) = |{Z" > H | |Z" : H| = n}| denote the number of subgroups of Z" of index n. The
function A, is multiplicative and completely determined by its values [9],

e—1 _r4j e—1 re—1—j _ _
p 1 p 1 e4+r—1
=10 =1 = (),

Jj= Op Jj=0

on prime powers p®. Also, let 1y, k > 0, be the kth power function 7 (n) = n* foralln > 1and 1, the
multiplicative function given by (;(n) = nifn =1, 2, 4, ... is a power of 2 and ¢, (n) = 0 otherwise.

Corollary 6.8. The Dirichlet inverses of the functions b, and c, are

bl =moxmy k- kg = Ay, Cl=nsm* - *xm_1=a %A

Thus b, x A, = e and ¢; * A, = a.

Proof. The Dirichlet series for 7 is £ (s — k) and for ¢, it is (1 — 2'75)7! reflecting that a * 1, =
1. Corollary 6.7 implies that the Dirichlet inverses of the multiplicative sequences b, and c, are
7o * 7Ty % - - % wy_q and (p % 7wy * - - - % 7,1, respectively. We now recognize b, ! as A, by [22, p 206]
[20,Note p 113],and thenc¢, ' = (a* b)) ' =a'xb; ' =a %A, O

We finish with a small observation about the asymptotic behavior of the sequence c.(n) as r varies.

Lemma6.9. Forr > landn > 2,¢(n) =0 < r < max{v,(n) — 1, v3(n), vs(n), ...}.

Proof. The claim is that ¢,(n) = 0 if and only if n is divisible by 2"*! or by p" for some odd prime
p. Since this is true for r = 1 we can assume that r > 1. It is enough to let n be a prime power
by multiplicativity. For any prime p, b,(p?) = 0 <= d > r.If pisodd, ¢;(p?) = pb,_1(p%)
sothatc.(pY) = 0 <= d > r. For powers of 2, ¢;(29) = 29(b,_1(2%) — b,_1(2%"1)) so that
GRHY =0 ¢ d>r+1. O

The lemma shows that the zeros in the sequence r — c,(n) for fixed n are concentrated at the
beginning.
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Corollary 6.10. Forany n > 1

Cry1(n)
cr(n)

—n forr — oo.

Proof. It is enough to verify this when n = p? is a prime power and it then follows from the recursion
formulas. O

7. The g-primary equivariant Euler characteristics

For any prime number g and any natural numberr > 1, let Zg = (Zq)r*l x Zwhere Z, is the abelian
group of g-adic integers. The rth g-primary equivariant reduced Euler characteristic of the G-poset I7,
as defined by Tamanoi [21, (1-5)], is the integer

1

1
XI(I1,G) = — YT =
X} (I1,6) > xar G

[
€Hom(Z/,G)

> XUz (A) (7.1)

A<G

where Pzt (A) = |Epi(Z’, A)| denotes the number of epimorphisms of Z(; onto the subgroup A of G.
(Compared to [21, (1-5)] we work here with reduced Euler characteristics and with a degree shift.)
Clearly, Pzt (A) is nonzero if and only if A is generated by r commuting elements of G all of which

but one have g-power order. We also let d25 A = @zt (A)/| Aut(A)| [10, (1.3)]. As Z; = Z, the first

g-primary equivariant Euler characteristic )N(f(l'[ , G) is independent of g and coincides with the first
equivariant Euler characteristic X (11, G).

Remark 7.2 (Algebraic Topological Interpretation). The paper [ 12] offers an alternative perspective on
(g-primary) equivariant Euler characteristics. Consider the function 7t;; defined on all subgroups of G
with value 0 on all nonabelian subgroups and satisfying the relations

XU =) " GABEnB),  fn@) =Y u@A BXUT")
B=<G B<G

where the sums are over all subgroups B of G. The first relation is the Mébius inverse [ 19, Proposition
3.7.2] of the second one which defines i recursively [12, p 556]. Also, recall that

|Hom(Z',B)| = ) ¢z (A)i6(A,B),  ¢zr(B) =) |Hom(Z', A)|pus(A, B)
A<G A<G

where the second relation is the Mobius inverse [ 19, Proposition 3.7.1] of the first one. Combining two
of these equalities we find that

GIX-(1T, G) = Y X(T")pr (B) = Y X(T°)|Hom(Z', A)| (A, B)

B=<G A,B<G
=) [Hom(Z', A)lfin (A) = ) IAI"fin (A).
A<G A<G

Replacing Z" by Z(; leads to the corresponding expression

~ 1 1~
7.0 = > AN T (A) (7.3)
A<G

for the rth g-primary equivariant reduced Euler characteristic where Ay is the Sylow g-subgroup of A.
In this paper we prefer to work with equivariant reduced Euler characteristics. However, if we for
a moment consider the equivariant unreduced Euler characteristics,

xr(I1,G) = %:(I1,G) + |[Hom(Z", G)|/IGl,  x/(T,G) = X/(II,G) + |Hom(Zy, G)|/IG|
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then Eq. (7.3) in degree r 4+ 1 becomes
1

q
X1 (T, G) =
r+1 |G|

> IAllA wr @A), =0
A<G

where the unreduced function p 7 is defined in the same way as ft;7 by using unreduced Euler char-
acteristics [12, p 556]. Let K (r) be the rth Morava K-theory at q [17]. Comparing with [ 12, Theorem B
(Part 2), Theorem 4.12] we see that the (r + 1)th g-primary equivariant unreduced Euler character-
istic qu+1 (11, G) is the K (r)-Euler characteristic [12, p 555]

XK (1), 1T, G) = dimgys K" (11T |n6) — dimyry- K (1)°“ (1T )

of the homotopy orbit space |IT|,c = |IT| X EG for the G-action on the topological realization |I7| of
I1. (This was first observed in [21, Propositions 2-3,5-1].)

We now specialize from G-posets in general to the X,-poset IT*(X,_1\X,) of non-extreme
partitions of the n-set. It is convenient to declare X (IT*(Zy_1\X,), ¥,) to mean 1 for all r > 1
when n = 1 even though the g-primary equivariant reduced Euler characteristics actually equal —1
in these case.

Theorem 7.4. Let r > 1and n > 1. The rth g-primary equivariant reduced Euler characteristic of the
Xq-poset IT*(X,_1\Xy) is

b_1(2) — b1 27 g=2n=q¢"0<d=<r

~ by_1(q%) g>2,n=¢q¢"0<d<r
YT (1 \Zy), Zp) = 71 ) )
A (T (Zno1\Zn), 2) —br_1(q%) g>2,n=2¢"0<d<r
0 otherwise.

The rth g-primary equivariant reduced Euler characteristic and the rth equivariant reduced Euler
characteristic coincide,

7;1(17*(2”,1\2,1), En) = %r(n*(znfl\xn)» En)
when n = q% is a power of q.

Proof. Let ¢/ = a * b? where b is the multiplicative function with value

9ndy — g cdy _ [or®D p=gq
br(p)_u(lscp)dzq(cp) {’u(pd) p¢q

on the prime power p®. The proof of Theorem 1.3 shows that
~ 1 1 1
I (Zi\Z), Zn) = — 3 (=)W1, A)dgy () = — (@b (m) = —c](m).
|A[In

Alternatively, bf (n) = b, (ng)p(n/ng) where ng = g1 is the g-part of n. For any prime p # ¢ and
exponentd > 1,

d
(1N = u®) = p(1) + @) =0
e=0

so the multiplicative convolution 1 x b{ is nonzero only on powers of g where it agrees with 1 x b,.

In fact, 1 * b = 1% by = 1% p = & is nonzero only on 1, and, for r > 2, (1 * b})(q?) =
(1 % b)(@) = q'b._1(q%) (Corollary 6.5) is nonzero only on the r powers q¢ for0 < d < r
(Eq. (6.1)). Thus ¢f = a b} = c¢; = 1 % b? is nonzero only on natural numbers of the form q¢

and 2¢? for 0 < d < r. At powers of q, (c; * 1% b.)(q%) = (cq * 1 % b})(g?) so that the rth g-
primary and the standard equivariant reduced Euler characteristic coincide. In fact, (c; * 1% bf)(zd) =
(1662) 2 —2(1%b2) (2% ) 429 (by—1 2D —b,_1 (2 1)) and (cy#1%b,) (%) = (1%b) (¢ = qbr—1(g%)
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forq > 2.At2q% q > 2, (c; % 1%b,)(q%) = (1%b,)(q%) and (c; * 1% b,)(2q%) = —2(1 % b,)(q*) which
means that the sequence ¢/ (n) = 1(a* b})(n) takes opposite values atn = ¢ and n = 2¢°. O

With fixed r, ¢/ (n)/n = %rz IT*(Xy-1\ X,), Xy) is nonzero only at the r + 1 first powers of 2,
n=2for0 <d < r,when q = 2 (Fig. 3), and, for an odd prime g, only at the r first powers of
g,n = q*for0 < d < r, and at the double of these numbers (Fig. 4). It is the consequence of a general
rule that all row sums of the tables of Figs. 3-4 equal 0:

D XA (Za\Zn), Z) =0, Y XU (Zpa\Zn), Z) =0 (¢ > 2).

o<d<r 0<d<r
n=2d n=qd

For ¢ = 2, the sum is telescopic, and for ¢ > 2, one uses the g-binomial theorem [19, Equation (62),
p 162].

The g-primary equivariant reduced Euler characteristics happen to determine the equivariant
reduced Euler characteristics in the sense that

Xr (T (Zn-\Zn), Zn) = [ [ XUT* (Zng-1\Zn)s Zny)
q

= (br-1(n2) = by1(12/2)) [ [ br-1(ng) (75)

q>2

when n has prime factorizationn = ]_[q ng withng = g"1™ a power of the prime q. This rth equivariant
Euler characteristicis nonzero if and only if v,(n) < r and vq(n) < r for all odd primes g (Lemma 6.9).

Proof of Corollary 1.4. Item (1) is the identity ¢, * A, = a from Corollary 6.8, item (2) is a
reformulation of (1), and (3) is part of Theorem 7.4. O
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