1st December 2004
Munkres §13

Ex. 13.1 (Morten Poulsen). Let (X, 7) be a topological space and A C X. The following are
equivalent:

(i) AeT.
(i) Ve €e AU, €T :x €U, C A.

Proof. (i) = (ii): fr € Athenz e AC Aand Ae 7.
(i) = (i): A=Uyca Uz, hence A€ 7. O

Ex. 13.4 (Morten Poulsen). Note that every collection of topologies on a set X is itself a set:
A topologi is a subset of P(X), i.e. an element of P(P(X)), hence a collection of topologies is a
subset of P(P(X)), i.e. a set.

Let {7,} be a nonempty set of topologies on the set X.

(a). Since every 7, is a topology on X it is clear that the intersection ()7, is a topology on X.

The union |J 7, is in general not a topology on X: Let X = {a,b,c}. It is straightforward to
check that 73 = {X, 0, {a},{a,b}} and 75 = {X, 0, {c}, {b, c}} are topologies on X. But 7; UT; is
not a topology on X, since {a,b} N{b,c} = {b} ¢ T1 U Ts.

(b). The intersection of all topologies that are finer than all 7, is clearly the smallest topology
containing all 7.
The intersection of all 7, is clearly the largest topology that is contained in all 7.

(¢c). The topology T3 = Ty N Ty = {X,0,{a}} is the largest topology on X contained in 77 and 75.
The topology 73 = {X,0,{a}, {b}, {a,b},{b,c}} is the smallest topology that contains 7; and
T.

Ex. 13.5 (Morten Poulsen). Let (X,7) be a topological space, A basis for 7 and let {7,} be
the set of topologies on X that contains A.

Claim 1. 7 =N 7,.

Proof. 7C”: Let U € 7. By lemma 13.1, U is an union of elements of A. Since 7, is a topology
for all a, it follows that U € T, for all o, i.e. U € (7,
"27: Clear since A C (7o C 7. O

Now assume A is a subbasis.
Claim 2. 7 =(7,.

Proof. 7C”: Let U € T. By the definition of a subbasis and the remarks at the bottom on page
82, U is an union of finite intersections of elements of A. Since 7, is a topology for all «, it follows
that U € T, for all , i.e. U € (7,.

77: Clear since A C (7o C 7. O

Ex. 13.6 (Morten Poulsen). The topologies R; and Rx on R are not comparable:
R; ¢ Rg: Consider [—1,0) € R;. Clearly no basis element Bx € R satisfy —1 € Bg C
[-1,0), hence R is not finer than R;, by lemma 13.3.
Rx ¢ Ry: Consider (—1,1) — K € Rg. Clearly no basis element B; € R, satisfy 0 € B; C
(=1,1) — K, hence R; is not finer than R, by lemma 13.3.
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Ex. 13.7 (Morten Poulsen). We know that 7; and 73 are bases for topologies on R. Further-
more 73 is a topology on R. It is straightforward to check that the last two sets are bases for
topologies on R as well.

The following table show the relationship between the given topologies on R.

T 7> T3 7 75
7| = Co | 2@ | Ce | Zaw
Lhlgdoe | = |[do | Co | Z€®
T3| Cwo |[Can| = |Can| g a2
L |Zay | Zay | L asy| = | qe
Ts | Can | Cas) | € a9 | C (20 =

(1) Lemma 13.3.

(2) Since R — (0,1) not finite.

(3) Given basis element (a,b) € 73 and = € (a,b) then the basis element (a,x] € 73 satisfy
z € (a,z] C (a,b), hence Ty is finer than 77, by lemma 13.3.

(4) Given a basis element (a,b) € 73 and x € (a,b) then there are clearly no basis element
(=00, ¢) € T5 such that z € (—o0,¢) C (a,b), hence 75 is not finer than 77, by lemma 13.3.

(5) Lemma 13.3.

(6) Since R — (0,1) not finite.

(7) Given basis element (a,b) — K € 73 and = € (a,b) — K. If z € (0,1) then there exists
m € Z, such that = < z < - hence z € (L+,2] C (a,b) — K. If z ¢ (0,1) then
z € (a,z] C (a,b) — K. It follows from (4) and lemma 13.3 that 7, is finer than 75.

(8) Since 71 ¢ 75 and 71 C Ts.

(9) Let U € T3, U nonempty, i.e. R—U = {ry,...,rp}, 11 < --- <1p. Since

U= (U(’/‘l —i,T1)> U L_J(Tj,Tj+1) U (U(Tn,’l"n—kk))

i=1 Jj=1 k=1

it follows that U € T;.
(10) Since 73 C 71 C Ts.
(11) Let U € T3, U nonempty, i.e. R—=U = {ry,...,rp}, 11 < -+ < 71, and let z € U. If
d=min{|z—r;| i €{l,...,n}} >0thenz € (x— 4,2+ 4] C U. It follows from lemma
13.3 that 74 is finer than 73.
(12) Consider U = R — {0} € 73. There are no basis element (—oo,a) € 75 such that 1 €
(—00,a) C U, hence 75 is not finer than 74, by lemma 13.3.
(13) Given basis element (c,z] € 7; there is clearly no basis element (a,b) € 7; such that
z € (a,b) C (¢, ], hence T; is not finer than 74, by lemma 13.3.
(14) Given basis element (c,z] € 7y there is clearly no basis element By € 75 such that
x € Bi C (¢, ], hence T3 is not finer than 7, by lemma 13.3.
(15) Since R — (0, 1] not finite.
(16) Given basis element (c,x] € 7y there is clearly no basis element (—o0,a) € 75 such that
z € (—00,a) C (¢, ], hence 75 is not finer than 7, by lemma 13.3.
) Since (—o0,a) =2, (a —4,a) € T; for all a € R.
) Since 75 C 71 C T>.
) Since R — (—00,0) not finite.
) Given basis element (—o0, a) € T5 and z € (—00, a) then clearly z € (m—|x—a\7x+‘x2;a|] C
(=00, a), hence 7y is finer than 75, by lemma 13.3.

Ex. 13.8 (Morten Poulsen).

(a). Let

B={(a,b)|a,be Q,a<b}.
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It is straightforward to check that B is a basis. Let 7 be the standard topology on R generated
by the basis:

{(r,s)|r,s e R}.

Let U € 7 and let « € U. Then (by definition of an open set in a topology generated by a
basis) there exists a basis element (1, s), r,s € R, such that = € (r,s). Furthermore there exists
a,b € Q such that r <a <z <b<s, hence z € (a,b) C (r,s). It follows, by lemma 13.2, that B
is a basis for 7.

(b). Let
C={la,b)|a,be Q,a<b}.

It is straightforward to check that C is a basis. Let 7¢ be the topology on R generated by C.

Consider [v/2,2) € R;. There are clearly no basis element [a,b) € C such that v/2 € [a,b) C
[v'2,2), hence 7¢ is not finer than R;, by lemma 13.3.

Since R; is clearly finer than 7¢, it follows that R; is strictly finer than 7.
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