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1. Motivation

Greenland ice-core data allows to reconstruct Earth’s climate
up to 200.000 years before present.

International projects:
GRIP (3028 m), GISP2 (3053.44 m), NGRIP (3084.99 m)
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2. Paleo Proxy Data. Dansgaard-Oeschger Events

Paleo Data Proxies: Oxygen isotopes, dust, volcanic markers etc.

Global climate during the last glacial (~120 000 -10 000 b. p.) has
experienced at least 20 abrupt and large-amplitude shifts

(Dansgaard-Oeschger events).
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Age (thousands of years before present)

e rapid warming by 5-10 °C within at most
a few decades

¢ plateau phase with slow cooling lasting
several centuries

e rapid drop to cold stadial conditions

excited state
{interstadial)

baslc state
(stadial)

Simulations: Ganopolsky/Rahmstorf,

Potsdam Institute for Climate Impact

Research



KRAMERS' TYPE LAW FOR LEVY FLIGHTS 3

3. Paleo Proxy Data. Detailed Look.

The calcium (Ca) signal from the GRIP ice-core:
about 80,000 data-points from 11 kyr to 91 kyr before present.
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Typical interjump time: 1000 — 2000 years, mean waiting time ~1470 years
What triggers the transitions?
Langevin equation for climate dynamics
dX; =-U'(X;)dt +edL;
U — double-well potential, wells correspond to the climate states.

P. Ditlevsen (Geophys. Res. Lett. 1999): spectral analysis of the data.
Noise L has «a-stable component with o =~ 1.75.
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4. Object of Study. Simple System with L  évy Noise

Small noise (¢ | 0) asymptotics of transition times for systems with Lévy noise
t

Xf:x—/ U'(X_)ds+eL,, e]0.
0

e . — a-stable symmetric Lévy motion (0 < o < 2) + Brownian Motion
\ U(x)
Potential U € C®)(R): g
e U'(x)r >0

e U'(x)=0iffz =0
e U"(0)=M >0

X

-b a
o(e)=inf{t >0 : X; & [-b,al}, a,b< oo (b= 0)
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Ref.: P. Imkeller, I. Pavlyukevich, arXiv:math.PR/0409246 (2004)
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5. The Driving Process L
L — symmetric a-stable Lévy process (plus Brownian motion).
Marginal laws determined by Lévy—HincCin’s formula

d : dy
Ee*M1 = exp { —=\? —l—/ eN — 1 — iy {lyl <1 ,
{ e [ (o < 1)

a € (0,2)

e Gaussian variance d > 0

e Lévy measure v(dy) = " |1+a, y # 0
e (R) = 0o < countably many (small) jumps on any finite time interval,
jump times are dense

d
Ee*1 = exp {—5)\2 — c(oz)\)\\o‘}.

cla) — oo, al 2



KRAMERS' TYPE LAW FOR LEVY FLIGHTS

6. Symmetric a—stable L évy process L
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In the physical literature: Lévy Flights
In a broader sense: Anomalous Diffusion
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7. Exit Time. Results

Theorem 1. There exist positive constants ¢, v, 4, and C' > 0 such that for
0 < ¢ < g the following asymptotics holds

E

«f1 1
e—u(1+C) (1 _ 08 < P, ( [ + ] () > u) < e~u(1=0") (1 4 0ef)

a |a® b

uniformly for all z € [-b+&7,a — ?] and u > 0.

Theorem 2. There exist positive constants ¢, v and ¢ such that for
0 < e < gp the following asymptotics holds

1

aOé

8%

E,o(c) = [

E:Oé

+;J_u+0@»

uniformly forall x € [-b+¢7,a — £7].
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8. Probabilistic Approach

Li=¢& +mny

: dy . dy
veldy) = Iyy< oy W nss Valdy) = Tgyp> oy W ns
>~ dy 2
Ve(R) — o Vg(R) _ 2/ — Zoa/2 3.
3 n 1/ e ly[ite  a

e£° is a sum of BM of intensity £ and a small-jumps process, |A(e£5)| < +/e.

en® is a compound Poisson process, |A(en)| > /e

e£° and en® are independent.



KRAMERS' TYPE LAW FOR LEVY FLIGHTS

9. The Small- and Large-Jump Parts
0 = 19,71, T2, ... arrival times of n°
T, = 1, — T.—1 Independent i.d. inter-arrival times
Wi = n;, —n;,_ independent i.d. jumps

1
Ty ~ exp(Be) Wi ~ EVZ()
1 a 1 1 [* dy

Between the big jumps X¢ is driven by £°:
t
Xi—a- [ V(X regg, te o),
0

t
Yt:aﬁ—/ U'(Y?)ds.
0

On inter-jump intervals X° is Y perturbed by e£°.
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10. Behaviour on t

Yi=-U'(\)

Tl ~ eXp(ﬁs)

he Intervals between Big Jumps

P( sup |X; -V >
[O7T1)

S/ P | sup [e&;] >
0 [0,u)

v d vod
T(x,s)zf S~ J

<P | sup g > &
[07T1>

5
g) Boe Pt du < e 1/E

~ +
/2 U’ (y)| s U (y)] £7/2 My

~ Const + %| Ine| < R(e) = O(|Ine|)

Ty
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11. Predominant Behaviour

Expected inter-jump time ET), = + = 2¢~%/2  polynomial in ¢

Be 2
Relaxation time R(e) = O(|1In¢]) logarithmic in ¢
Between big jumps X¢is driven by “small jumps” &£°
Deviation probability small

= | Typically, X* jumps from a neighbourhood of 0 by eW}, at 7.

Typically, X* exits I = [~b, ] by jumping at times 7;.

11
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12. Exit Time Law. Heuristic Proof of Theorem 2

T =11+ 1o+ - + T, ET; =1/0;

1 ([ [\ dy e [1 1
P(ewlgé[b,an—ﬁe(g ‘), >y1+a—a5€ EX

~> k-ETy-PeWiel,....cWey €1,eWy ¢ 1)

=Y k-ETy-[1-PEW ¢ )" - P(eWi ¢ 1)

 P(eWy ¢ 1) 1 a1 1]
T 3. PlEw, ¢IP [aa i ba]
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13. Exponential Exit. Heuristic Proof of Theorem 1
T, =T1 +To + - - + T, ~ Gamma(f;, k)

—Bet (Bet)k_l
(k —1)!

1 > > dy 1, 1 1
P(5W1¢[—b,a])_ﬁ€</g‘ +/§ >y1—|—a_2€ /2 [a_a+b_a]

dt

P(r € [t, ¢+ dt]) = Bee

il RS P u) P,(0(c) = 73)

S—[L‘Fb%] Th >u) PeWyrel,...,esWy_1€l,eW, &1)

13
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14

14. Comparison with Gaussian Case

A U(x)

h=U(-b) <U(a)

I X

-b a

X :x—f;U’(Xg)ds+€Wt

Freidlin—~Wentzell (large deviations):
Px(e(2h—5)/52 <& < e(2h—|—5)/52) 1

Kramers’ law ('40, Williams, Bovier):

E.0 ~ eV
A TEN GO

Exponential exit (Day, Bovier)

2h/€2

I%t(f£i§:>>?L>f\'exl)(_du)

Diffusion ‘climbs up and out’

\ U(x)

h=U(-b) < U(a)

Izr(EZg >>?L)’\'6XI)(_“U)

Lévy motion driven SDE ‘jumps out’
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15. Double-well Potential
t
X; = :z;—/ U'(X:_)ds+eLy, ¢]0.
0

e [, — «-stable symmetric Lévy motion (0 < « < 2) + Brownian Motion

A Ux)

Potential U € C®)(R): \U(‘l’) <U(q)
—p

o U'(—p) =U'(0) =U’'(q) =0 .

q
e U"(—p),U"(q) >0,U"(0) <0 |
o a rf"w

—0 .2

ZE“WM\!\' WW

Main inconvenience: Saddle Point O , characteristic boundary

y=

Gaussian Case: E 6 ~ 2m e2lU(a)|/?
VU (0)|U"(q)]
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16. Metastable Behaviour

Theorem 3. Forany 0 <t <ty < --- <ty
e D
Y tn/so‘) — ()/;5171/;527 T 7}/;571)7 € l 07

(X7, ecr Xiyjeas -
where Y is a {—p, ¢}-valued Markov process with generator

1 1 -
- — —D, If O,
op “P 1, and Yy = b _ r<

q, ifx > 0.

aq® aq®

Gaussian case (Kipnis and Newman '85, Mathieu '95).

Assume the left well is deeper: U(—p) < U(q) <0
There is a scaling \(g): e21In A(¢) — —2U(q) such that

A ~ A ’D A A ~
( ;551)\(6)’ fgk(s)’ Y 7an>\(5)) = Y4y, Yy Y2,), €10,

where Y is a {—p, ¢}-valued Markov process with generator

N — if
(0 0)’andY0: p,.la:<0,
I q, ifx > 0.
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