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AbstractThe asymptotic theory for the sample autocorrelations and extremes of a GARCH(1; 1) processis provided. Special attention is given to the case when the sum of the ARCH and GARCHparameters is close to one, i.e. when one is close to an in�nite variance marginal distribution.This situation has been observed for various �nancial log{return series and led to the introductionof the IGARCH model. In such a situation the sample autocorrelations are unreliable estimatorsof their deterministic counterparts for the time series and its absolute values, and the sampleautocorrelations of the squared time series have non{degenerate limit distributions. We discuss theconsequences for a foreign exchange rate series.
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1 IntroductionLog{returns Xt = lnPt � lnPt�1 of foreign exchange rates, stock indices and share prices Pt,t = 1; 2; : : : ; typically share the following features:� The frequency of large and small values (relative to the range of the data) is rather high,suggesting that the data do not come from a normal, but from a heavy{tailed distribution.� Exceedances of high thresholds occur in clusters, which indicates that there is dependence inthe tails.� Sample autocorrelations of the data are tiny whereas the sample autocorrelations of theabsolute and squared values are signi�cantly di�erent from zero even for large lags. Thisbehaviour suggests that there is some kind of long{range dependence in the data.Various models have been proposed in order to describe these features. Among them, models ofthe type Xt = �t Zt ; t 2 Z ;have become particularly popular. Here (Zt) is a sequence of iid symmetric random variables withZ = Z1,i dont know what that means EZ2 = 1. One often assumes the Zts to be standardnormal. Moreover, the sequence (�t) consists of non{negative random variables such that Zt and�t are independent for every �xed t. In what follows, we frequently refer to �t as the stochasticvolatility of Xt. Models of this type include the ARCH and GARCH family; see for example Engle[16] for their de�nitions and properties. In what follows, we often write � for a generic randomvariable with the distribution of �1, X for a generic random variable with the distribution of X1,etc.We restrict ourselves to one particular model which has very often been used in applications:the GARCH(1; 1) process. It is de�ned by specifying �t as follows:�2t = �0 + �1�2t�1 + �1X2t�1 = �0 + �2t�1(�1 + �1Z2t�1) ; t 2 Z :The parameters �0, �1 and �1 are non{negative.The stationary GARCH(1; 1) process is believed to capture, despite its simplicity, various ofthe empirically observed properties of log{returns. (Stationarity is always understood as strict sta-tionarity.) For example, the stationary GARCH(1; 1) processes can exhibit heavy{tailed marginaldistributions of power law type and hence they could be appropriate tools to model the heavier-than-normal tails of the �nancial data. This follows from a classical result by Kesten [31]; seeTheorem 2.2 below. Although this result does not seem to be well known, the fact that certainpower moments of X need not exist has been known for a long time in the econometrics literature;



see for example Nelson [39]. The question of the extent to which the the tails of the estimatedGARCH(1; 1) model do describe the tails of the empirical distribution was addressed in [45]. It isshown there that, when using normal innovations, the tails of the �tted GARCH(1; 1) models seemto be much thinner than the tails apparent in the data. Hence, even though the GARCH(1; 1)processes could display heavy tails, when estimated on the data they do not produce tails thatmatch the empirical ones. The relationship between the tail index of a GARCH(1; 1) process, itscoe�cients and the distribution of the innovations is made clear in Section 2.2.The tail behaviour of the �tted GARCH(1; 1) processes is important from another perspectivealso. The empirical fact that the GARCH(1; 1) models �tted to log{return data often satisfy thecondition �1 + �1 � 1 implies that one often deals with a class of models with EjXj2+� = 1for � close to zero. (In particular, X may have in�nite variance.) For such models, the asymp-totic behaviour of various classical time series tools such as the sample autocorrelations and theperiodogram are not always well{understood and give rise to many theoretical questions. (TheGARCH(1; 1) model with �1 + �1 = 1 is called integrated GARCH(1; 1) or IGARCH(1,1); seeEngle and Bollerslev [17].)Another empirical �nding concerns the behaviour of the sample autocorrelation function (sampleACF) of powers of absolute log{return data at large lags. It has been noticed that the mentionedsample autocorrelations decay to zero at a hyperbolic rate (\ long{range dependence"). This seemsto be in contradiction with the sample ACF behaviour of a GARCH(1; 1) model. The GARCH(1; 1)process has good mixing properties; it is strongly mixing with geometric rate, provided Z has adensity and EjZj� <1 for some � > 0; see for example Davis et al. [3]. Hence the autocorrelationsof the underlying process, its absolute values and squares, given these quantities are well de�ned,decrease to zero at an exponential rate.However, as mentioned above, most often the �tted GARCH(1; 1) models for log{return databelong to the class of GARCH(1; 1) processes with very heavy tails, i.e. models which do not havea �nite 4th moment, although their second moment may still exist. Hence, autocovariances andautocorrelations are either not de�ned (for the squares, third powers, etc.), or when they exist (forthe time series itself and its absolute values) the standard theory for the sample autocorrelationfunction, i.e. Gaussian limit distributions and pn{rates of convergence, is not valid any more. Weshow that in these cases the sample autocorrelations have in�nite variance distributional limits andthe rates of convergence are extremely slow. As a result, the asymptotic con�dence bands are muchwider than in the classical asymptotically normal theory.Under these circumstances one could hope that the con�dence bands are perhaps wide enoughto bound the apparently hyperbolically decaying sample autocorrelation function of the absolutevalues of log{returns. In other words, it is possible that the discrepancy we mentioned between theempirically observed hyperbolic decay rate in the sample autocorrelation function and the exponen-2



tial decay of the autocorrelation function of the GARCH(1; 1) model could be explained throughstatistical uncertainty related to the estimation procedure and hence claimed to be insigni�cant. Ifthis were true then, up to statistical uncertainty, the GARCH(1; 1) model could be said to explainat least the empirical sample autocorrelation function behaviour. One of the conclusions of thepaper is that, even when the mentioned larger{than{usual statistical uncertainty is accounted for,the GARCH(1; 1) cannot explain the e�ect of almost constancy of the sample ACF of the absolutevalues of log{returns.As another desirable property that would recommend the GARCH(1; 1)model as a viable candi-date that captures the already{mentioned common features of the �nancial log{returns, exceedancesof very low/high thresholds by the GARCH(1,1) process tend to occur in clusters. Formally, thisbehaviour can be described by the weak convergence of the point processes of exceedances, associ-ated with the time series, to a compound Poisson process. The cluster sizes of this limiting processdetermine the extremal index � 2 (0; 1), 1=� being the expected size of the clusters. Section 4 isdevoted to the extremal behaviour of the GARCH(1; 1). A comparison of the estimated extremalindices of simulated GARCH(1; 1) and foreign exchange rate (FX) data is given in Section 6. Thisanalysis reveals that the GARCH(1; 1) model �t to the log{returns does not, once again, prop-erly describe the observed features of the data. The expected cluster sizes of the exceedances ofhigh/low thresholds of the FX log{returns are smaller than the expected cluster sizes of simulatedGARCH(1; 1) processes whose parameters were estimated from the FX observations. This meansthat there is less dependence in the tails of real{life data than in the GARCH(1; 1) model.Our results serve in our view a double �nality. On one hand, they can be thought of as atool for deciding to which extent the potentially useful features of the GARCH(1; 1) model (heavytails, slowly decaying sample ACF in the case �1 + �1 � 1, clustering of the extremes) do actuallydescribe accurately the corresponding empirical behaviour. In this sense, we conclude that, althoughdisplaying useful features, the GARCH(1; 1) model does not seem to accurately describe neitherthe extremal behaviour nor the correlation structure captured by the sample ACF of the data setthat we analysed in detail.On the other hand, we think of our �ndings as contributions to the growing number of resultsthat emphasise the serious di�erences between the behaviour of various statistical tools under lightand heavy tails, when dependency is present; see Resnick [42] for a recent survey paper. In thisdirection, we showed that the sample ACFs of GARCH(1; 1) models, their absolute values, squares,third powers, etc., �tted to real{life FX log{returns, are either poor estimators of the ACFs (slowconvergence rates) or meaningless (non{degenerate limit distributions). Hence, in the case of theGARCH(1; 1) modelling, the sample ACF can be an extremely problematic statistical instrumentthat has to be used with caution when making statistical statements.3



The paper is organised as follows. In Section 2 we consider some basic theoretical propertiesof the GARCH(1; 1) model. The weak convergence of the point processes associated with thesequences ((Xt; �t)), ((jXtj; �t)) and ((X2t ; �2t )) is considered in Section 3. In Section 4 we usethese results to study the extremal behaviour of a GARCH(1; 1) process, including the calculationof its extremal index, the weak convergence of the point processes of exceedances and the weaklimits of the distributions of the extremes. In Section 5 we study the asymptotic behaviour of thesample autocovariances and autocorrelations of the �ts and Xts, their squares and absolute values.Section 6 contains an empirical study of foreign exchange rates and simulated GARCH(1; 1). Inparticular, we check the appropriateness of the GARCH(1; 1) as a model for the observed data asregards their dependence structure described by the autocorrelation and autocovariance functions,tails and extremal behaviour. Section 7 concludes with a short discussion on possible implicationsof the theoretical results provided.2 Basic properties of GARCH(1; 1)In what follows, we collect some facts about the probabilistic properties of the GARCH(1; 1).First we notice that the GARCH(1; 1) can be considered in the much wider context of stochasticrecurrence (or di�erence) equations of typeXt = AtXt�1 +Bt ; t 2 Z ;(2.1)where ((At;Bt)) is an iid sequence, for every t the vector Xt�1 is independent of (At;Bt), the Atsare iid random d� d matrices and the Bts are iid d{dimensional random vectors.Indeed, writeXt =  X2t�2t ! ; At =  �1Z2t �1Z2t�1 �1 ! ; Bt =  �0Z2t�0 ! :(2.2)Then Xt satis�es equation (2.1) with d = 2. Also observe that �2t satis�es the recurrence equation�2t = �0 + �2t�1(�1Z2t�1 + �1) ; t 2 Z ;(2.3)which is of the same type as (2.1) for d = 1, with Xt = �2t , At = �1Z2t�1 + �1 and Bt = �0.Equations of type (2.1) have been extensively studied.2.1 Existence of a stationary solutionThe �rst question regards the existence of a stationary solution to equations (2.1) and (2.3). Ap-plying the theory of Furstenberg and Kesten [19] or Kesten [31] (see also Vervaat [46] or Brandt[6]) it follows that (2.1) has a stationary solution if E ln+ kAk <1, E ln+ jBj <1 and if the topLyapunov exponent e
 de�ned ase
 = inffn�1E ln kA1 � � �Ank ; n 2 Ng ;4



is negative. Here j � j is any norm in Rn , andkAk = supjxj=1 jAxjis the corresponding operator norm. Moreover, these conditions are close to necessity; see Bougeroland Picard [7]. Bougerol and Picard [8] also study the stationarity of the squared stochastic volatil-ity process �2t for a general GARCH(p; q) process; the case p = q = 1 was treated in Nelson [39].It is in general di�cult to calculate the top Lyapunov exponent e
. However, in the particularcase (2.2) calculation yields An � � �A1 = An n�1Yt=1(�1Z2t + �1) ;(2.4)and so e
 = E ln(�1Z2+�1), providedEj ln jZjj <1. Alternatively, one can use the one{dimensionalequation (2.3) and conclude from the conditions and literature above that�0 > 0 and E ln(�1Z2 + �1) < 0(2.5)are necessary and su�cient for stationarity of (X2t ; �2t ); see Babillot et al. [1]. Notice that station-arity of �2t implies stationarity of the sequence(X2t ; �2t ) = �2t (Z2t ; 1) ; t 2 Z :By construction of the sequence (Xt), stationarity of the sequence ((Xt; �t)) follows.The case �0 = 0 has also been considered in the literature (for example Nelson [39] and Dingand Granger [13]). The process �t is then non{stationary. If E ln(�1Z2 + �1) < 0 it converges tozero at an exponential rate with probability 1, a property which is undesirable for the purposes oftime series analysis and extreme value theory. For example, the sample autocorrelations of such asequence would be meaningless since they do not estimate the theoretical autocorrelations.In what follows, we always assume that condition (2:5) is satis�ed. Then a stationary versionof ((Xt; �t)) exists.Remark 2.1 In practice, one observes a sample X1; : : : ;Xn. Also in this situation we assumethat this vector comes from a stationary model. In particular, we assume that (X0; �0) has thestationary initial distribution. (Notice that we never observe the values �0 and X0.) A theoreticalargument shows that the distribution of Xt in (2.1) is close to the stationary distribution whateverthe distribution of X0, given the latter is independent of (Zt)t=1;2;::: and (2.5) holds. Consider twosequences (Xt(X0))t=0;1;::: and (Xt(Y))t=0;1;::: given by the same recursion (2.1) but with initialconditions X0 and Y, where both vectors are independent of the future values ((At;Bt))t=1;2;:::.Also assume that X0 has the stationary distribution. For any initial value Y we have the recursionXt(Y) = At � � �A1Y + tXj=1At � � �Aj+1Bj ; t = 1; 2; : : : :5



Hence (see (2.4)) for every � > 0,EjXt(X0)�Xt(Y)j� � EjAt � � �A1(X0 �Y)j�(2.6) = EjA1(X0 �Y)j� �Ej�1Z2 + �1j��t�1� EkA1k�EjX0 �Yj� �Ej�1Z2 + �1j��t�1 :The right{hand side is �nite if EjZj2� <1, EjX0j� <1 and EjYj� <1. Under (2.5), Ej�1Z2 +�1j� < 1 for some su�ciently small �, and so the left{hand side of (2.6) decays to zero exponentiallyas t!1.2.2 The tails of Xt and �tKesten [31] developed a renewal theory for products of random matrices. In particular, his resultsyield a characterisation of the asymptotic behaviour of the tails of the random variable X.Theorem 2.2 Assume Z has a density with unbounded support, (2:5) holds,Ej�1Z2 + �1jp=2 � 1 and EjZjp ln+ jZj <1 for some p > 0.A) There exists a number � 2 (0; p] which is the unique solution of the equationE(�1Z2 + �1)�=2 = 1 ;(2.7)and there exists a positive constant c0 = c0(�0; �1; �1) such thatP (� > x) � c0 x�� as x!1.B) If EjZj�+� <1 for some � > 0, thenP (jXj > x) � EjZj� P (� > x) ;(2.8)and the vector (X;�) is jointly regularly varying in the sense thatP (j(X;�)j > xt ; (X;�)=j(X;�)j 2 �)P (j(X;�)j > t) v! x��P (� 2 �) ; x > 0 ;(2.9)as t ! 1, where v! denotes vague convergence on the Borel �{�eld of the unit sphere S1 of R2 ,relative to the norm j � j, and � is a random vector with values in S1 and distributionP (� 2 �) = Ej(Z; 1)j�If(Z;1)=j(Z;1)j2�gEj(Z; 1)j� :Remark 2.3 The exact value of the constant c0 is given in Goldie [20] who also gave an alternativeproof of Kesten's [31] results for d = 1. 6



Remark 2.4 Under the assumptions of Theorem 2.2, �1 = 0 is not a possible parameter choice.Remark 2.5 Assume in addition to the the conditions of Theorem 2.2 that EZ2 = 1, EjZj2+� <1for some � > 0 and �1 + �1 = 1. Then (2.7) has the unique solution � = 2. This implies thatP (jXj > x) � c x�2 for some c > 0 and, in turn, that EX2 = 1. GARCH(1; 1) models �tted toreal log{returns frequently have parameters �1 and �1 such that �1+�1 is close to 1. This indicatesthat one deals with time series models with extremely heavy tails.Proof. Part A follows from an application of Theorems 3 and 4 in Kesten [31] to the recurrenceequation (2.3). Equation (2.8) is a consequence of a result by Breiman [9]: assume � and � areindependent non{negative random variables such that P (� > x) = L(x)x�� for some slowly varyingfunction L and E��+� <1 for some � > 0. ThenP (� � > x) � E�� P (� > x) ; x!1 :(2.10)Another application of Breiman's result yields for any Borel set B � S1 thatP (j(X;�)j > xt ; (X;�)=j(X;�)j 2 B) = P (�j(Z; 1)j > xt ; (Z; 1)=j(Z; 1)j 2 B)= P ��j(Z; 1)jIf(Z;1)=j(Z;1)j2Bg > xt�� Ej(Z; 1)j�If(Z;1)=j(Z;1)j2Bg P (� > xt)� Ej(Z; 1)j�If(Z;1)=j(Z;1)j2Bg x��P (� > t) :Moreover, P (j(X;�)j > t) = P (�j(Z; 1)j > t) � Ej(Z; 1)j�P (� > t) :This concludes the proof. 2The idea of the proof of Theorem 2.2 can be used to consider the joint tail behaviour of the randomvariables �t, �2t , Xt, jXtj and X2t . This behaviour can be described by a multivariate regularvariation condition similar to (2.9); see Resnick [40], [41] or Bingham et al. [5] for properties andapplications of multivariate regular variation in various �elds. A d{dimensional vector Y is saidto be regularly varying with index � � 0 and spectral measure P� on the Borel �{�eld of the unitsphere Sd�1 of Rd if P (jYj > xt ;Y=jYj 2 �)P (jYj > t) v! x��P�(�) :(2.11)Here v! denotes vague convergence on the Borel �{�eld of Sd�1 and P� is the distribution of acertain random vector � with values in Sd�1.Write At = �1Z2t�1 + �1 ; t 2 Z :7



For every h � 0, de�neYh = (X0; �0; : : : ;Xh; �h) ;Y(i)h = (jX0ji; �i0; : : : ; jXhji; �ih) ; i = 1; 2 ;Z(2)h =  (Z20 ; 1) ; A1 (Z21 ; 1) ; 2Yi=1Ai (Z22 ; 1); : : : ; hYi=1Ai (Z2h; 1)! :(2.12)Theorem 2.6 Let h � 0 and assume that the conditions of Theorem 2.2,B are satis�ed. Let j � jdenote the max-norm.A) Y(2)h is regularly varying with index �=2 and spectral measureP�(�) = EjZ(2)h j�=2IfZ(2)h =jZ(2)h j2�gEjZ(2)h j�=2 :B) Y(1)h is regularly varying with index � and spectral measure P�1=2 , where � = (�0; : : : ; �h) and�1=2 = (�1=20 ; : : : ; �1=2h ) :C) Yh is regularly varying with index � and spectral measure given by the distribution of the vector�r0�1=20 ; �1=20 ; : : : ; rh�1=2h ; �1=2h � ;(2.13)where (rt) is a sequence of iid Bernoulli random variables such that P (r = �1) = 0:5, independentof �.Proof. We start withY(2)h = ��20(Z20 ; 1); �21(Z21 ; 1); : : : ; �2h(Z2h; 1)�= ��20(Z20 ; 1); (�0 + �20A1)(Z21 ; 1); : : : ; (�0 + �2h�1Ah)(Z2h; 1)�= ��20(Z20 ; 1); �20A1(Z21 ; 1); : : : ; �2h�1Ah(Z2h; 1)�+Rh= Ch +Rh :Under the assumptions of Theorem 2.2 on Z, each of the random variables �2t is regularly varyingwith index �=2 and therefore the tail of Rh is small compared to the tail of Y(2)h . Hence the tail ofY(2)h is determined only by the tail of Ch. By the same argument and induction we may concludethat the tail of Y(2)h is determined by the tail of the vector�20Z(2)h = �20  (Z20 ; 1); A1 (Z21 ; 1); 2Yi=1Ai (Z22 ; 1); : : : ; hYi=1Ai (Z2h; 1)! :8



Hence for any Borel set B � Sh�1 and in view of Breiman's result (2.10), as t!1,P �jY(2)h j > xt ;Yh=jYhj 2 B�P �jY(2)h j > t� � P ��20jZ(2)h j > xt ;Z(2)h =jZ(2)h j 2 B�P ��20 jZ(2)h j > t�� x��=2EjZ(2)h j�=2IfZ(2)h =jZ(2)h j2BgEjZ(2)h j�=2=: x��=2P (� 2 B) :Since Y(2)h is positive with probability 1, it follows from the results in the Appendix of Davis et al.[3] that Y(1)h is regularly varying with index � and spectral measure P�1=2 . It remains to considerYh. We can write Yh = (sign(Z0)jX0j; �0; : : : ; sign(Zh)jXhj; �h) ;and, by symmetry of Z, we know that the sequence (sign(Zt)) is independent of the sequence((jXtj; �t)). Therefore we can use the results in the Appendix of Davis et al. [3] to concludethat Yh is regularly varying with index � and spectral measure given by the distribution of thevector (2.13). 23 Convergence of point processes3.1 PreliminariesWe follow the point process theory in Kallenberg [30]. The state space of the point processesconsidered is R dnf0g. Write M for the collection of Radon counting measures on R dnf0g withnull measure o. We consider a strictly stationary sequence (Xt)t2Z of random row vectors withvalues in Rd . For simplicity, we write X = X0 = (X1; : : : ;Xd). In what follows, we formulateresults on the weak convergence of the point processesNn = nXt=1 "Xt=an ; n = 1; 2; : : : ;where X is regularly varying in the sense of the de�ning property (2.11), and (an) is a sequence ofpositive numbers such that n P (jXj > an) ! 1 ; n!1 :(3.1)The proofs follow from the results in Davis and Mikosch [12]; they are variations on results ford = 1 in Davis and Hsing [11]; see also Davis et al. [3].De�ne fM = n� 2M : �(fx : jxj > 1g) = 0 and �(fx : x 2 Sd�1g) > 0o ;(3.2) 9



and let B(fM) be the Borel �{�eld of fM.Theorem 3.1 Assume that the following conditions are satis�ed:� The stationary sequence (Xt) is strongly mixing with mixing rate �n.� The following condition holds:limk!1 lim supn!1 P 0@ _k�jtj�rn jXtj > any������ jX0j > any1A = 0 ; y > 0 ;(3.3)where rn;mn !1 are two integer sequences such that n�mn=rn ! 0, rnmn=n! 0.� All �nite{dimensional distributions of (Xt) are jointly regularly varying with index � > 0.To be speci�c, let (�(�k); : : : ;�(k)) be the (2k + 1)d{dimensional random row vector withvalues in the unit sphere S(2k+1)d�1 that appears in the de�nition of joint regular variation of(X�k; : : : ;Xk), k � 0.Then the limit 
 = limk!1E �j�(k)0 j� �Wkj=1 j�(k)j j��+ . Ej�(k)0 j�(3.4)exists and is the extremal index of the sequence (jXtj).� If 
 = 0 in (3:4), then Nn d! o :� If 
 > 0, then Nn d! N 6= o, whereN d= 1Xi=1 1Xj=1 "PiQij ;P1i=1 "Pi is a Poisson process on R+ with intensity measure�(dy) = 
�y���1dy :This process is independent of the sequence of iid point processes P1j=1 "Qij , i � 1, with jointdistribution Q on (fM;B(fM)), where Q is the weak limit ofE ��j�(k)0 j� �Wkj=1 j�(k)j j��+ I��Pjtj�k "�(k)t �� . E �j�(k)0 j� �Wkj=1 j�(k)j j��+as k !1 which exists.
10



3.2 Main resultThe following theorem is our main result on weak convergence for point processes associated witha GARCH(1; 1) process.Theorem 3.2 Let (Xt) be the GARCH(1; 1) process de�ned in Section 1 and assume that theconditions of Theorem 2.2,B hold. For �xed h � 0, set Xt = (Xt; �t; : : : ;Xt+h; �t+h). Let (an) bea sequence of constants such that (3:1) holds. Then the conditions of Theorem 3.1 are met, andhence Nn = nXt=1 "Xt=an d! N = 1Xi=1 1Xj=1 "PiQij ;where (Pi) and (Qij) are de�ned in the statement of the theorem. We writeQij = �(Q(m)ij;X ; Q(m)ij;�);m = 0; : : : ; h� :Proof. The joint regular variation of all �nite{dimensional distributions follows from Theorem 2.6.In addition, the process is strongly mixing with geometric rate; so that the mixing condition ofTheorem 3.1 is met; see Davis et al. [3].It remains to show (3.3). By the de�nition of the sequence (Xt), it su�ces to switch in condition(3.3) to the sequence ((X2t ; �2t )). Recall that the latter sequence satis�es the recurrence equation(2.1). In this situation one can apply the techniques of the proof of Theorem 2.3 in Davis et al. [3]to conclude that (3.3) holds. 2Remark 3.3 Analogous results can be obtained for the vectorsX(l)t = (jXtjl; �lt; : : : ; jXt+hjl; �lt+h) ; l = 1; 2 ;either by applying the same arguments of proof as above or by deriving the weak limit of the pointprocesses from Theorem 3.2 in combination with a continuous mapping argument. Indeed, underthe assumptions of Theorem 3.2,N (l)n = nXt=1 "X(l)t =aln d! N (l) = 1Xi=1 1Xj=1 "P liQ(l)ij ; l = 1; 2 :where (Pi) is the same as above andQ(l)ij = �(jQ(m)ij;X jl; jQ(m)ij;� jl);m = 0; : : : ; h� ; l = 1; 2 :Remark 3.4 It is possible to extend the above results to two{dimensional point processes. Forillustrational purposes we restrict ourselves to the processesbNn = nXt=1 "(t=n;Xt=an) :11



The analogous results for the point processes bN (l)n for (jXtjl) are also valid. The weak convergenceof (Nn) implies the convergence of ( bNn) under the assumption of strong mixing; see Mori [38]. For�xed x > 0, the point process of exceedances of the threshold xan by the sequence (Xt) is de�nedas eNn(�) = nXt=1 "t=n(�)IfXt>xang = bNn(� � (x;1)) :According to a result by Hsing et al. [28] (cf. Falk et al. [18]), the weak limit of ( eNn) is compoundPoisson with compounding probabilities (�k) and probability generating function�(u) = 1Xk=1 �kuk:Speci�cally, in the limiting compound Poisson process events occur as an ordinary Poisson process,independent of the multiplicities (cluster sizes) of the events with compounding probabilities �k,i.e. �k is the probability that an event has multiplicity k. The intuitive content of this result inthe case of the GARCH(1; 1) process is that excursions above (below) a high (low) threshold areindependent and occur exponentially spaced in time. The lengths of these excursions are iid withprobabilities �k.4 The extremal behaviourThe point process results of Section 3 enable one to study the extremal behaviour of the sequences(Xt) and (�t). In what follows, we restrict ourselves to the partial maxima and the extremal index.For any sequence of random variables (Yn) de�ne the partial maximaMn;Y = maxi=1;:::;nYi ; n = 1; 2 : : : :We assume that the conditions of Theorem 2.2,B hold. If (Yn) is iid with the same marginaldistribution as X we may conclude that P (Y > x) � cx�� for some � > 0. Then, with (bn) suchthat nP (X > bn) � 1, P (b�1n Mn;Y � x)! P (Y (�) � x) ; x > 0 ;(4.1)where Y (�) has a standard Fr�echet distribution �� (see for example Embrechts et al. [14], Chap-ter 3): ��(x) = P (Y (�) � x) = expf�x��g ; x > 0 :For dependent sequences such as (Xt) and (�t) exceedances of high thresholds occur in clusters,and so we cannot expect that (4.1) remains valid for them. For stationary sequences (Yt) with tail12



behaviour P (Y > x) � cx�� the notion of extremal index �Y describes the clustering behaviour ofthe extremes (see Leadbetter [33]; cf. Embrechts et al. [14], Section 8.1):P (b�1n Mn;Y � x)! P �Y (Y (�) � x) ; x > 0 :The extremal index �Y assumes values in [0; 1] and can be interpreted as the reciprocal of theexpected cluster size of high level exceedances of the normalised sequence (Yt). For an iid sequence(Yt) one has �Y = 1.Remark 4.1 In what follows, we de�ne the sequence (bn;Y ) for an iid sequence (Yt) as nP (Y >bn;Y ) � 1. In particular, bn;�, bn;jXj and bn;X , up to a multiplicative constant, are asymptoticallyof the same order as n1=�.Theorem 4.2 Assume the conditions of Theorem 2.2,B are satis�ed.A) The partial maxima of (�t) satisfy the limit relationP (b�1n;�Mn;� � x)! P ��(Y (�) � x) ; x > 0 ;with extremal index �� = Z 11 P 0@supt�1 tYj=1Aj � y�11A �2 y�(�=2)�1 dy ;where At = �1Z2t�1 + �1, t = 1; 2; : : :.B) The partial maxima of (jXtj) satisfy the limit relationP (b�1n;jXjMn;jXj � x)! P �jXj(Y (�) � x) ; x > 0 ;(4.2)with extremal index�jXj = limk!1E0@jZ1j� � maxj=2;:::;k+1 �����Z2j jYi=2Ai������=21A+.EjZ1j� :C) The partial maxima of (Xt) satisfy the limit relationP (b�1n;XMn;X � x)! P �X (Y (�) � x) ; x > 0 ;with extremal index �X �X = 2�jXj(1� e�(0:5)) ;where e� is the probability generating function of the compounding probabilities of a compoundPoisson process. The latter is the weak limit of the point processes of exceedances of the thresholdsbn;jXj by (jXtj) explained in Remark 3:4. 13



Remark 4.3 The formulae for the extremal indices given above can be evaluated numerically orby Monte{Carlo techniques. An example how to proceed for an ARCH(1) process has been given inde Haan et al. [25]. We refrain here from numerically calculating the extremal indices and restrictourselves to their statistical estimation for some simulated GARCH(1; 1) and foreign exchangelog{returns; see Section 6.Proof. A) The proof follows by an application of Theorem 2.1 in de Haan et al. [25] to therecurrence equation (2.3) for the sequence (�2t ).B) The existence of the Frech�et limit in (4.2) follows from Theorem 3.3.3 in Leadbetter et al. [34],the fact that (Xt) is strongly mixing and the Pareto{like tails of X. The existence of the extremalindex �jXj is a consequence of Theorem 3.1. For the calculation of �jXj = �X2 we follow the linesof the calculation of the extremal index of an ARCH(1) in Remark 4.3 of Davis and Mikosch [12].From (3.4) and (2.12), one obtains �X2 as the limit for k !1 of the quantitiesE0@�����Z2k+1 k+1Yi=1 Ai������=2 � maxj=k+2;:::;2k+1 �����Z2j jYi=1Ai������=21A+.E �����Z2k+1 k+1Yi=1 Ai������=2= E0@jZk+1j� � maxj=k+2;:::;2k+1 �����Z2j jYi=k+2Ai������=21A+.EjZ1j� :C) Notice that, by symmetry of Z, (Xt) = (rtjXtj), where the sequence of the rt = sign(Xt) isindependent of (jXtj). As in de Haan et al. [25] for the ARCH(1), one can use this property toobtain the limit distribution of (b�1n;XMn;X) and the extremal index �X by independent thinningfrom the point processes of exceedances for (jXtj). The weak convergence of the latter processes toa compound Poisson process has been described in Remark 3.4. Then proceed as in de Haan et al.[25], pp. 222{223. 25 Convergence of the sample autocorrelationsIn what follows, we study the weak limit behaviour of the sample autocovariances and sampleautocorrelations of the sequences (Xt) and (�t), their squares and absolute values. We assume thatthe conditions of Theorem 2.2,B hold. Then the vector (Xt; �t) is regularly varying with index� > 0 and, by Theorem 3.2 and Remark 3.3, the point processes Nn, N (1)n and N (2)n generated bythe vectors Xt, X(1)t and X(2)t , respectively, converge in distribution to the processes N , N (1)n andN (2)n ; see Section 3.2 for the notation. This is the basis for the weak convergence of the sampleautocovariance function (ACVF)
n;X(h) = 1n n�hXt=1 XtXt+h ; h = 0; 1; : : : ;14



and the corresponding versions for (jXtj) and (X2t ):
n;jXj(h) = 1n n�hXt=1 jXtjjXt+hj ; 
n;X2(h) = 1n n�hXt=1 X2tX2t+h ; h = 0; 1; : : : :The sample autocorrelation function (ACF) of (Xt) is de�ned as�n;X = 
n;X(h)=
n;X(0) ; h = 0; 1; : : : :The sample ACVF and ACF for the sequences (jXtj), (X2t ), (�t) and (�2t ) are de�ned analogously.The deterministic counterparts (ACVF, ACF) are denoted by
X(h) = EX0Xh ; 
jXj(h) = EjX0Xhj ; 
X2(h) = EX20X2h ; �X(h) = 
X(h)=
X (0) ; etc.Remark 5.1 Alternatively, one can consider the sample ACVF and ACF for the mean{correctedrandom variables Xt �Xn (Xn is the sample mean) and the corresponding versions for jXtj, X2t ,etc. The same arguments as below show that the limits do not change. In the heavy-tailed situationcentring with the sample mean is not necessarily a natural choice; for example, the mean does notnecessarily exist.The following result from Davis and Mikosch [12] is the basis for the understanding of the asymptoticbehaviour of sample ACVF and ACF:Theorem 5.2 Assume that (Xt) is a strictly stationary sequence of random variables such thatXt = (Xt; : : : ;Xt+h) satis�ed the conditions of Theorem 3.1 with 
 > 0 and d = h + 1. Then thefollowing statements hold.(1) If � 2 (0; 2), then �na�2n 
n;X(m)�m=0;:::;h d! (Vm)m=0;:::;h ;(�n;X(m))m=1;:::;h d! (Vm=V0)m=1;:::;h ;where Vm = 1Xi=1 1Xj=1 P 2i Q(0)ij Q(m)ij ; m = 0; : : : ; h :The vector (V0; : : : ; Vh) is jointly �=2{stable in Rh+1 .(2) If � 2 (2; 4) and for m = 0; : : : ; h,lim�!0 lim supn!1 var a�2n n�mXt=1 XtXt+mIfjXtXt+mj�a2n�g! = 0 ;(5.1) 15



then �na�2n (
n;X(m)� 
X(m))�m=0;:::;h d! (Vm)m=0;:::;h ;(5.2)where (V0; : : : ; Vh) is the distributional limit of0@ 1Xi=1 1Xj=1 P 2i Q(0)ij Q(m)ij I(�;1](P 2i jQ(0)ij Q(m)ij j)� ZB�;m x0xm�(dx)1Am=0;:::;h ;where B�;m = nx 2 Rh+1 : � < jx0xmjo ;and � is the limiting measure which appears in the relation nP (X=an 2 �) v! �(�), and v!denotes vague convergence in Rh+1nf0g. Moreover,�na�2n (�n;X(m)� �X(m)�m=1;:::;h d! 
�1X (0) (Vm � �X(m)V0)m=1;:::;h :(5.3)Remark 5.3 The limits in (5.2) and (5.3) are �=2{stable. The case � = 2 can also be treated butone has to take care of the particular centring constants in this case. Therefore it is omitted. SeeSamorodnitsky and Taqqu [43] for de�nitions and properties of stable random vectors.5.1 Convergence in distribution of the sample ACFWe �rst consider the cases when the sample ACFs of (Xt), (jXtj), (�2t ), (�t) have non{degeneratelimits in distribution. Recall the de�nition of the vectors Xt, X(1)t and X(2)t from Section 3.2.Assume that the conditions of Theorem 3.2 hold. Then Xt is regularly varying with index � > 0and Nn d! N = 1Xi=1 1Xj=1 "PiQij and N (l)n d! N (l) ; l = 1; 2 ;where Qij = �(Q(m)ij;X ; Q(m)ij;�) ;m = 0; : : : ; h�The case � 2 (0; 2). An application of Theorem 5.2(1) yields(na�2n (
n;X(m); 
n;�(m)))m=0;:::;h d! ((Vm;X ; Vm;�))m=0;:::;h ;((�n;X(m); �n;�(m)))m=1;:::;h d! ��Vm;XV0;X � ;�Vm;�V0;� ��m=1;:::;h ;where the vector ((Vm;X ; Vm;�))m=1;:::;h is �=2{stable with point process representationVm;X = 1Xi=1 1Xj=1 P 2i Q(0)ij;XQ(m)ij;X ; m = 0; : : : ; h ;(5.4) Vm;� = 1Xi=1 1Xj=1 P 2i Q(0)ij;�Q(m)ij;� ; m = 0; : : : ; h :16



The analogous relations hold for the sample ACVF and ACF of the sequences (jXtj) and (�t).In this case, one has to replace ((Vm;X ; Vm;�)) with ((Vm;jXj; Vm;�)), where Vm;jXj is obtained byreplacing the vectors Qij in the in�nite series (5.4) withQ(1)ij = �(jQ(m)ij;X j; Q(m)ij;�) ;m = 0; : : : ; h� :The case � 2 (0; 4). We consider the sample ACVF and ACF of the squares (X2t ) and (�2t ). Thesame argument as above yields that(na�4n (
n;X2(m); 
n;�2(m)))m=0;:::;h d! �(Vm;X2 ; Vm;�2)�m=0;:::;h ;((�n;X2(m); �n;�2(m)))m=1;:::;h d! ��Vm;X2V0;X2 � ;�Vm;�2V0;�2 ��m=1;:::;h ;where the vector ((Vm;X2 ; Vm;�2))m=1;:::;h is �=4{stable with point process representationVm;X2 = 1Xi=1 1Xj=1 P 4i (Q(0)ij;XQ(m)ij;X)2 ; m = 0; : : : ; h ;Vm;�2 = 1Xi=1 1Xj=1 P 4i (Q(0)ij;�Q(m)ij;�)2 ; m = 0; : : : ; h :5.2 Rates of convergence for the sample ACF toward the ACFIn this section we assume that the covariances of Xt (respectively X2t ) are �nite. Then, by theergodic theorem, 
n;X(h) a:s:! 
X(h) ; 
n;jXjl(h) a:s:! 
jXjl(h) ; l = 1; 2 ;and the analogous relations hold for the �{ and �2{sequences. It arises the question as to the rateof convergence in these results.5.2.1 Convergence to the normal distributionThe Markov chain ((X2t ; �2t )) is strongly mixing with geometric rate; see for example Davis etal. [3]. Hence the standard CLT for strongly mixing sequences applies provided suitable momentconditions hold; see for example Ibragimov and Linnik [29], Meyn and Tweedie [36].The case � 2 (8;1). Then EX8 < 1 and E�8 < 1. The standard CLT applies to the sampleACVF and ACF of the X2{ and �2{sequences:n1=2 �(
n;X2(m)� 
X2(m); 
n;�2(m)� 
�2(m))�m=0;:::;hd! �(Gm;X2 ; Gm;�2)�m=0;:::;h ;n1=2 �(�n;X2(m)� �X2(m); �n;�2(m)� ��2(m))�m=1;:::;hd! ��
�1X2(0)(Gm;X2 � �X2(m)G0;X2); 
�1�2 (0)(Gm;�2 � ��2(m)G0;�2)��m=1;:::;h ;17



where the limits are multivariate Gaussian with mean zero.The case � 2 (4;1). The analogous results hold for the X{, jXj{ and �{sequences. We omitdetails.5.2.2 Convergence to in�nite variance stable distributionsThese results follow from part 2 of Theorem 5.2; their derivation can be quite delicate. We char-acterise the weak limits of the sample ACVF in terms of limiting point processes; the limit ofthe sample ACF can be derived by applying a simple continuous mapping argument. The weaklimits are in�nite variance stable random vectors. However, they are functionals of point processesand therefore it is di�cult to determine the spectral measure of these stable vectors; the spectralmeasure determines the dependence structure of the random vector; see Samorodnitsky and Taqqu[43]. Therefore the results below are qualitative ones. At the moment we do not know how to usethem for the construction of asymptotic con�dence bands for the sample ACFs and ACVFs. Theinterpretation of these stable limit distributions needs further investigation.The case � 2 (4; 8). We commence with the sequences (X2t ) and (�2t ). Due to the di�culty ofverifying condition (5.1) directly we establish joint convergence of the sample ACVF directly fromthe point process convergenceN (2)n = 1Xt=1 "a�2n (X2t ;�2t ;:::;X2t+h;�2t+h) d! N (2) = 1Xi=1 1Xj=1 "P 2i Q(2)ij ;(5.5)where Q(2)ij = �(jQ(m)ij;X j2; jQ(m)ij;� j2) ;m = 0; : : : ; h� :We follow the ideas of proof in Section 4 of Davis and Mikosch [12].We start with the �2{sequence. We only establish joint convergence of (
n;�2(0); 
n;�2(1)), sincethe extension to arbitrary lags is a straightforward generalisation. Recall that At+1 = �1Z2t + �1.Now, using the representation (2.3) and the CLT for (�2tAt+1) we obtaina�4n nXt=1(�4t+1 �E�4) = a�4n nXt=1 ���0 + �2tAt+1�2 �E�4�= a�4n nXt=1 ��4tA2t+1 �E�4EA2�+ oP (1)= a�4n nXt=1 �4t (A2t+1 �EA2) + a�4n EA2 nXt=1 ��4t �E�4�+ oP (1) :We conclude that for every � > 0,(1�EA2) na�4n �
n;�2(0)�E�4�(5.6) 18



= a�4n nXt=1 �4t (A2t+1 �EA2) + oP (1)= a�4n nXt=1 �4t (A2t+1 �EA2)If�t>an�g + a�4n nXt=1 �4t (A2t+1 �EA2)If�t�an�g + oP (1)= II + I + oP (1) :Now, by Karamata's theorem (see for example Bingham et al. [5]) as n!1,var(I) = const n(�an)�8E�8If�t�an�g � const �8�� ! 0 as �! 0.(5.7)As for II, let xt = (x(0)t;X2 ; x(0)t;�2 ; : : : ; x(h)t;X2 ; x(h)t;�2) 2 Rh+1nf0g and de�ne the mappingsTm;�;X2 :M! Rby T0;�;X2  1Xi=1 ni"xi! = 1Xi=1 ni(x(0)i;X2)2Ifjx(0)i;X2 j>�g ;T1;�;X2  1Xi=1 ni"xi! = 1Xi=1 ni(x(1)i;X2)2Ifjx(0)i;X2 j>�g ;Tm;�;X2  1Xi=1 ni"xi! = 1Xi=1 nix(0)i;X2x(m�1)i;X2 Ifjx(0)i;X2 j>�g ; m � 2 ;and the mappings Tm;�;�2 are de�ned analogously. Since the set fx 2 R2(h+1)nf0g : jx(l)j > �g forany l � 0 is bounded, the CLT and the convergence in (5.5) imply thatII = a�4n nXt=1 ���2tAt+1 + �0�2 � �4t EA2� If�t>an�g + oP (1)= a�4n nXt=1 ��4t+1 � �4t EA2� If�t>an�g + oP (1)= T1;�;�2N (2)n �EA2 T0;�;�2N (2)n d! T1;�;�2N (2) �EA2 T0;�;�2N (2) + oP (1) =: S(�;1) ;where ES(�;1) = 0. Using again (5.7) and the argument in Davis and Hsing [11] on pp. 897{898,S(�;1) d! V �0 , say, as �! 0. Turning to (5.6), we �nally obtainna�4n �
n;�2(0)�E�4� d! 11�EA2 V �0 =: V0 :As for 
n;�2(1), we proceed as above and writea�4n nXt=1 ��2t �2t+1 � 
�2(1)� 19



= a�4n nXt=1 ��2t ��0 + �2tAt+1�� 
�2(1)�= a�4n nXt=1 ��4tAt+1 �E�4tEA�+ oP (1)= a�4n nXt=1 �4t (At+1 �EA)If�t>an�g + a�4n nXt=1 �4t (At+1 �EA)If�t�an�g+EA na�4n �
n;�2(0)� 
�2(0)�+ oP (1)= III + IV + V+ oP (1) :As for I, lim�!0 lim supn!1 var(IV) = 0. Moreover,III + V = a�4n nXt=1(�2t �2t+1 � �4t EA)If�t>an�g +EA na�4n �
n;�2(0) � 
�2(0)�+ oP (1)= T2;�;�2N (2)n �EA T1;�;�2N (2)n +EA na�4n �
n;�2(0) � 
�2(0)�+ oP (1)d! T2;�;�2N (2) �EA T1;�;�2N (2) +EA V0 as n!1d! V �1 +EA V0 =: V1 as �! 0.It also follows from Davis and Hsing [11], pp. 897{898, that (V0; V1) is jointly �=4{stable. Thegeneral result for a �nite number of sample autocovariances can be obtained in an analogous way.The weak convergence of na�4n (
n;X2(m) � 
X2(m);m = 0; : : : ; h) follows the same patternsand can indeed be reduced to the convergence of linear combinations of the sample ACVF of the�2{sequence. Notice that the condition �1 > 0 is necessary for the existence of a regularly varyingtail for X with index � provided EjZj� <1; see Remark 2.4. We can writeZ2t = ��11 �(�1Z2t + �1)� �1� = ��11 (At+1 � �1) ;(5.8)and so, using the CLT, for m � 1,na�4n (
n;X2(m)� 
X2(m))= a�4n nXt=1 ��2tZ2t �2t+mZ2t+m � 
X2(m)�= a�4n ��21 nXt=1 ��2t �2t+m(At+1 � �1)(At+m+1 � �1)� �21
X2(m)�= a�4n ��21 nXt=1 ���2t+1�2t+m+1 � �1�2t �2t+m+1 � �1�2t+1�2t+m + �21�2t �2t+m�20



� �(1 + �21)E�20�2m � �1E�20�2m+1 � �1E�20�2m�1��+ oP (1)= na�4n ��21 �(1 + �21)(
n;�2(m)� 
�2(m))��1(
n;�2(m+ 1)� 
�2(m+ 1)) � �1(
n;�2(m� 1)� 
�2(m� 1))�+ oP (1)d! ��21 �(1 + �21)Vm � �1Vm+1 � �1Vm�1� :For m = 0 one can get a similar expression for the limit variable. We omit details.The case � 2 (2; 4). Here we consider the weak limit behaviour of the sample ACVF of the X{,jXj{ and �{sequences. The case (Xt) is particularly simple. Indeed, the symmetry of the randomvariables Xt and Karamata's theorem imply that as n!1,var a�2n n�mXt=1 XtXt+mIfjXtXt+mj�a2n�g! = (n�m)a�4n EX20X2mIfjX0Xmj�a2n�g� �4�� ! 0 as �! 0.Hence (5.1) is satis�ed and part 2 of Theorem 5.2 applies.For the sake of illustration we only consider the weak limit behaviour of (
n;jXj(0); 
n;jXj(1)).The other cases can be handled in a similar way. We follow the ideas of proof of Section 4 in Davisand Mikosch [12].We have with (5.8) thatna�2n �
n;jXj(0) � 
jXj(0)� = a�2n nXt=1 �2t (Z2t � 1) + a�2n nXt=1(�2t �E�2) :(5.9)Moreover, na�2n (
n;�(0) � 
�(0))= �1 a�2n nXt=1 �2t�1(Z2t�1 � 1) + (�1 + �1) a�2n nXt=1(�2t�1 �E�2) :Hence (1� (�1 + �1)) na�2n (
n;�(0)� 
�(0))= �1a�2n nXt=1 �2t (Z2t � 1)If�t>an�g + �1a�2n nXt=1 �2t (Z2t � 1)If�t�an�g + oP (1)= VI + VII + oP (1) :Using Karamata's theorem, one can show that lim�!0 lim supn!1 var(VII) = 0. Moreover,VI = a�2n nXt=1(�2t+1 � (�1 + �1)�2t )If�t>an�g + oP (1)21



= T1;�;�N (1)n � (�1 + �1)T0;�;�N (1)n + oP (1)d! T1;�;�N (1) � (�1 + �1)T0;�;�N (1) ;and the limit of the right hand expression as � ! 0 is �=2{stable. Similar arguments applied to(5.9) show that na�2n (
n;jXj(0) � 
jXj(0)) converges in distribution to a �=2{stable limit. Next weconsider a�2n nXt=1(jXtXt+1j �EjX0X1j)= a�2n nXt=1(jXtj�t+1(jZt+1j �EjZj) + a�2n EjZj nXt=1(jXtj�t+1 �EjX0j�1)= VIII + IX :Notice that there exists a constant a 2 (0; 1) such thatvar a�2n nXt=1 �jXtj(�t+1 � �tA1=2t+1)�E[jX0j(�1 � �0A1=21 )]�!(5.10) = a�4n nXt=1 nXs=1 cov �jXtj(�t+1 � �tA1=2t+1); jXsj(�s+1 � �sA1=2s+1)�� const na�4n nXh=1 ah ! 0 as n!1.since the chain ((Xt; �t)) is strongly mixing with geometric rate (see Davis et al. [3]), and thereexists � > 0 such that E ���jX0j(�1 � �0A1=21 )���2+� <1 :Indeed, in this case there exists a constant K > 0 such thatcov �jXsj(�s+1 � �sA1=2s+1); jXtj(�t+1 � �tA1=2t+1)� � Kajt�sj :See for example Theorem 17.2.2 in Ibragimov and Linnik [29].The expression VIII can be treated in the same way as VI+VII, using the point process con-vergence N (1)n d! N (1), and so, by (5.10), it remains to consider the limit ofa�2n nXt=1 �jXtj�tA1=2t+1 �E(jX0j�0A1=21 )�= a�2n nXt=1 �jXtj�t(A1=2t+1 �EA1=2)�+EA1=2 a�2n nXt=1 (jXtj�t �E(jX0j�0))= a�2n nXt=1 �jXtj�t(A1=2t+1 �EA1=2)�+EA1=2 a�2n nXt=1 �2t (jZtj �EjZj)22



+EA1=2EjZj a�2n nXt=1 ��2t �E�2� :From the above discussion it is clear how to deal with the limits of the expressions on the right{handside and that they are �=2{stable. 2Remark 5.4 The same arguments of proof as for (jXtj) also apply to the sample ACFs of thesequences (jXtj�) for any � 2 [1; 2), i.e. these sample ACFs have weak limits in terms of stabledistributions as well.6 An empirical study of simulated data and foreign exchange ratesIn this section we study the sample ACFs of foreign exchange (FX) log{returns and a �ttedGARCH(1; 1) model. The tick{by{tick data of the exchange rate Japanese Yen{US Dollar between1992 and 1996 were kindly provided to us by Olsen and Associates (Z�urich). Since tick{by{tickdata contain a strong daily seasonal e�ect, the seasonal component was estimated from the datawhich were then time transformed by using Olsen's �{time algorithm; see Dacorogna et al. [10] fora description of this procedure. The time series we consider consists of 30{minute FX log|returns,where 30 minutes are measured in �{time. Plots of these data and their estimated density are givenin Figure 6.1. We �tted a GARCH(1; 1) to the FX log{returns, using quasi{maximum likelihood
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Figure 6.1 Left: Plot of all 70000 JPY{USD FX log{returns. Right: Their density.estimation as for example explained in Gourieroux et al. [22], cf. Gourieroux [21]. The followingparameters were obtained: �0 = 10�7 ; �1 = 0:11 ; �1 = 0:88 :(6.1) 23
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Figure 6.2 Left: Plot of the residuals of the JPY{USD FX log{returns. Right: Their density.
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Figure 6.3 QQ{plot of the residuals against the quantiles of a Student(4) distribution.
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Figure 6.4 Left: Plot of the logarithms of the 1000 largest residuals against the i=1000{quantilesof a standard exponential distribution; i = 1; : : : ; 1000. The �tted straight line has slope 3:56indicating that the tail is Pareto{like with this tail parameter. Right: Plot of the absolute values ofthe logarithms of the 1000 smallest residuals against the i=1000{quantiles of a standard exponential.(Slope 3:72).
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Notice that �1 + �1 = 0:99, a value which is very close to one. This is a typical situation forvarious �nancial time series; see for example Engle and Bollerslev [17], Baillie and Bollerslev [2] orGuillaume et al. [24].The residualsGiven estimates b�1 and b�1, one can calculate the residualsbZt = Xt=b�t ; where b�2t = b�0 + b�1b�2t�1 + b�1X2t�1 :Clearly, one has to choose an initial value b�1. However, empirical evidence from simulations, pairedwith the theoretical Remark 2.1, show convincingly that the values b�t for large t are quite insensitiveto the initial value.For notational ease, we will not distinguish between the estimates b�1, b�1, b�t and bZt and the truevalues �1, �1, �t and Zt. Figure 6.2 presents the residuals of the FX log{returns with parameters(6.1) and their density. The latter shows that the distribution is roughly symmetric and very muchpeaked around zero (\leptokurtic").Figure 6.3 displays the QQ|plot of the residuals against the quantiles of the standard Stu-dent(4) distribution. The plot indicates an overall good �t of the Student distribution to the esti-mated residuals. The tails of a Student(4) random variable S are Pareto-like, i.e. P (S > x) � cx�4.The hypothesis of a non{Gaussian heavy{tailed distribution of the residuals is strongly supportedalso by the plot in Figure 6.4. The log{log plot estimation yields for the right tail a point estimateof 3:56 with a 95% asymptotic con�dence interval [3.24,3.88] and for the left tail a point estimateof 3:72 with a con�dence interval [3.39,4.05]. The theory for the asymptotic con�dence intervals isgiven by Kratz and Resnick [32]. Based on this estimation procedure we cannot reject the hypoth-esis that the right and left tails are equally heavy. In the literature Student and generalised Paretodistributions, as heavy{tailed distributions, were �tted to the residuals; see for example Baillie andBollerslev [2] and McNeil and Frey [35]. As regards the tails of the distribution of Z, the choice ofa Student distribution is certainly closer to reality than the assumption of normality.However, the tails of X and � are determined by the centre and the tails of the distributionof Z; see the discussion below. For this reason, in this paper we do not give a precise parametricdescription of the distribution of the residuals of the FX log{returns. For our purposes, it is morerealistic to work with the empirical distribution derived from the 70000 historical data under thehypothesis of a GARCH(1; 1) with parameters (6.1).The tailsIn agreement with the theories of Sections 2 and 5, we calculated the tail parameter � = 2:25 asthe solution of the equation Ej�1Z2 + �1j�=2 = 1 ;(6.2) 25



where we replaced �1 and �1 with their estimated values and the expectation with its empiricalversion based on the residuals, i.e. 1n nXi=1 j�1Z2i + �1j�=2 = 1 :(6.3)The theoretical basis for this approach has been provided by Pitts et al. [23]. There it is shownthat the solution b� to (6.3) is asymptotically normal with mean � and variances2 = 1n EjAj� � 1E(jAj�=2 ln jAj) ; where A = �1Z2 + �1 ;(6.4)provided that EjAj�+� <1 for some � > 0. If the latter condition is not satis�ed one can still showconsistency of b� under the assumption EjAj�=2+� < 1; see Embrechts and Mikosch [15], Lemma3.3. Replacing in (6.4) the expectations by their sample analogues, we obtain the asymptoticcon�dence band [2:25�0:02; 2:25+0:02] for �. The latter con�dence bands have to be treated withcaution since the existence of the 4.5th moment of X (which is necessary for the above asymptotictheory for b� does not seem to be guaranteed for the FX log{returns; cf. Figures 6.3 and 6.4.Choosing in (6.3) a Student distribution for Z with d degrees of freedom, implied by the tailestimates of the residuals, we get tail indices close to 2.25: for d = 3:25; 3:5; 3:75; 4 one has � =2:26; 2:34; 2:4; 2:46, respectively. This provides another argument for the overall good �t of theStudent distribution as a model of the noise.For the GARCH(1; 1) process with parameters (6.1) estimated from the FX log{returns, wethus may conclude (see Section 2) thatP (� > x) � c0x�2:25 ; P (X > x) � EjZj2:25P (� > x) ; x!1 :This implies that EX2 <1, but EX4 =1.The sample ACFsFigure 6.5 shows the sample ACFs of the FX log{returns, their absolute values, squares and thirdpowers at the �rst 300 lags. Con�dence bands were derived from 1000 independent simulationsof the sample ACFs at these lags. The underlying time series is a GARCH(1; 1) process withparameters (6.1). To be as close to the real{life FX log{returns as possible, the corresponding iidnoise was generated from the empirical distribution of the residuals of the FX log{returns. Thedensities of the corresponding sample autocorrelations at lag 1 are presented in Figure 6.7. Theyare also obtained from the 1000 independent simulations.The interpretation of the densities in Figure 6.7 and the sample ACFs in Figure 6.5 very muchdepends on how heavy the tails of the Xts are. Using the above �ndings of a Pareto{like tail for26
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Figure 6.5 The sample ACF of the FX log{returns (top, left), their absolute values (top, right),squares (bottom, left) and third powers. The upper and lower solid curves indicate the 2:5%{ and97:5%{quantiles of the distributions of the sample ACFs at a �xed lag. The dotted line correspondsto the median of those distributions. In the top left and bottom right �gures the median curve andthe sample ACF curve are almost indistinguishable.
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Figure 6.6 The sample ACFs of the residuals of the FX log{returns (top, left), their absolutevalues (top, right), squares (bottom, left) and third powers. The straight lines in the two uppergraphs indicate the �1:96=pn asymptotic con�dence bands for an iid sequence with �nite secondmoment. In the lower two graphs we refrain from giving pn{con�dence bands because Z possiblyhas an in�nite 4th moment. Compare with the sample ACFs of the FX log{returns; see Figure 6.5.Mind the di�erence in scale! 27



-.2 -.1 0 .1 .2

0
5

10
15

.3 .4 .5 .6

0
2

4
6

8

0 .1 .2 .3 .4 .5 .6

0
1

2
3

4
5

6

-.4 -.2 0 .2 .4 .6

0
2

4
6

8
10

Figure 6.7 The densities of the sample autocorrelation of a GARCH(1; 1) with parameters (6:1)at lag 1: for the GARCH(1; 1) (top, left), its absolute values (top, right), its squares (bottom, left)and third powers.
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Figure 6.8 The logarithms of the medians for the distributions of the sample ACFs of theGARCH(1; 1) with parameters (6:1) at the �rst 200 lags. The upper curve corresponds to theabsolute values (�tted regression line with slope ln 0:98) and the lower one to the squares (slopeln 0:99). 28



X and the theory of Section 5, we conclude that the limit distribution of the sample ACFs ofthe Xts and jXtjs have in�nite variance �=2{stable limits with rate of convergence (na�2n )�1 �const n�1+�=2 = const n0:125. Notice that n0:125 = 700000:125 = 4:03. Thus, despite the largesample size, the asymptotic con�dence bands for �n;X(h) and �n;jXj(h) are huge. This observationis supported by the bands in Figure 6.5, but even more by the densities in Figure 6.7. Noticethat �n;X(h) a:s:! �X(h) and �n;jXj(h) a:s:! �jXj(h), fact which explains the peaks of the densities inFigure 6.7 (top). The slow rate of convergence of these estimators in combination with the extremelyheavy tails of the limit distribution raises serious questions about the meaning and quality of theseestimators. This remark applies even more to the sample ACFs of the squares and third powers.In those cases, both �n;X2(h) and �n;X3(h) converge in distribution, i.e. these statistics do notestimate anything.The sample ACFs at the �rst 50 lags, say, of the absolute values of the FX log{returns donot fall within the 95% con�dence bands for the corresponding sample ACFs of the GARCH(1; 1)process; see Figure 6.5. This means that, even when accounting for the statistical uncertainty due tothe estimation procedure, the GARCH(1; 1) model does not describe the second order dependencestructure of the FX log{returns su�ciently accurately.On the other hand, a look at the sample ACFs for the residuals, their absolute values, squaresand third powers (Figure 6.6) convinces one that they behave very much like the sample ACF of a�nite variance iid sequence or of a moving average process with very small parameters. This com-pliance with the theoretical requirements of the model is a remarkable feature of the GARCH(1; 1)process and contributed greatly to its success.As a conclusion, the GARCH(1; 1) process cannot explain the long{range dependence e�ectobserved in the sample ACFs of the FX log{returns; see Figure 6.5. Even if we take into accountthat the sample ACFs of the squares and third powers are not meaningful, the sample ACF of theabsolute values, despite its big statistical uncertainty, should decay to zero roughly at an exponentialrate. (For reasons of comparison it would be desirable to explicitly calculate the autocorrelationsof the absolute values but this seems extremely di�cult even if Z is normal.) This fact followsfrom the strong mixing property of the GARCH(1; 1) with geometric rate. This theoretical fact isin agreement with our simulation study which shows that the medians of the distributions of thesample ACFs of the absolute values and squares of a GARCH(1; 1) decay at an exponential rate;see Figure 6.8.The extremal indexIn Section 4 we pointed out that the normalised partial maxima of the sequences (Xt), (�t) and(jXtj) have a Frech�et limit distribution with parameter �. Moreover, the reciprocal of the expectedcluster size of high threshold exceedances is the extremal index. In what follows we estimate this29



index for both, simulated GARCH(1; 1) processes with parameters (6.1) and the FX log{returns.Various methods for estimating the extremal index have been proposed in the literature; see forexample Hsing [26, 27] and Smith and Weissman [44]; cf. Embrechts et al. [14], Section 8.1. Belowwe use the so{called blocks method: divide the data into k = kn blocks of length r = rn, wheren � rnkn and kn !1, kn=n! 0. Each block can be considered as a cluster of exceedances. Twoquantities are of interest: the number K of blocks in which at least one exceedance of the thresholdun occurs, and the total number N of exceedances of un.We choose the following natural estimator of �:b�n = kn ln(1�K=k)ln(1�N=n) = 1r ln(1�K=k)ln(1�N=n) :Under general conditions, b�n is consistent and asymptotically normal; cf. the aforementionedliterature.Figure 6.9 displays the results for estimating the extremal indices �X of the JPY{USD FX log{returns, �Z of their residuals and �� of the volatility sequence, based on the GARCH(1; 1) �t withparameters (6.1). The 95% con�dence bands and the median were obtained from 400 independentsimulated GARCH(1; 1) with parameters (6.1) and the empirical distribution of the FX residuals asthe distribution of the Zts. We choose the block size r = 100 and vary the threshold un (expressed interms of the number of order statistics exceeding un) such that the �rst 1400 upper order statisticsare taken into account for the calculation of b�n.The estimates for �X and �� of the FX log{returns lie above the 97:5% curve. This indicatesthat these extremal indices are larger than for the corresponding GARCH(1; 1) process. This meansthat the expected cluster size is smaller than for a GARCH(1; 1), i.e. there is less dependence inthe tails for the returns than for the estimated |garch model. The corresponding estimates for �Zlie within the 95% bands for an iid sequence. This again seems to imply that the residuals verymuch behave like an iid sequence (with extremal index 1).7 Concluding remarksOne of the aims of this paper was to show that, in the case of a GARCH(1; 1) model estimatedfrom FX log{returns, the sample autocovariances and autocorrelations are extremely unreliabletools for model selection and validation. This is in contrast to the results of classical time seriesanalysis. In many practical situations one has to deal with models that do not have a �nite 4thmoment, although their second moment may still exist. In this case, the standard theory for thesample autocorrelation function (Gaussian limit distributions and pn{rates of convergence) is notvalid any more for the time series and its absolute values. The asymptotic con�dence bands aremuch wider because of in�nite variance stable limits and slow rates of convergence. In addition,30
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Figure 6.9 Estimates of the extremal indices �X (top left), �� (top right) and �Z, based on theblocks methods, as a function of the number k of upper order statistics. The latter corresponds toa threshold un such that exactly k order statistics of the sample are above un. In the two uppergraphs, the 3 lower curves correspond to the 97:5%{, 50%{ and 2:5%{quantiles of the estimatorsfor a GARCH(1; 1). These con�dence bands were obtained from 400 independent repetitions. Theupper curve corresponds to the estimates for the FX log{returns. In the lower graph the estimatesfor �Z fall into the 95% con�dence bands.the autocorrelations of the squares, third powers, etc., are not de�ned; the corresponding sampleautocorrelations converge to non{degenerate limits with in�nite variance.Another conclusion of the paper is that, even when accounting for the mentioned larger{than{usual statistical uncertainty, the GARCH(1; 1) (and more generally any GARCH model) cannotexplain the e�ect of almost constant sample ACFs over various lags for the absolute values of log{returns (\long{range dependence" (LRD)). Despite the fact that there is no unique de�nition of thephenomenon LRD, one way to characterise it is given by Ph j�jXj(h)j =1; see for example Beran[4]. The medians of the distributions of the sample autocorrelations �n;jXj(h) of a GARCH(1; 1)with parameters (6.1) decay to zero at an exponential rate ah for some a 2 (0; 1), say. However,Figure 6.8 indicates that a � 0:99, which fact implies, for example, that 0:4a100 = :146. This, tosome extent, explains the observation that the function �n;jXj(h) for GARCH(1; 1) models, when�tted to log{return data, decays to zero \slowly". However it does not fully explain the behaviour31



of the sample ACF of the absolute values of the FX log{returns; see Figure 6.5.An alternative explanation of this phenomenon could be the non{stationarity of the underlyingtime series. Mikosch and St�aric�a [37] show that log{return data cannot be modelled by one partic-ular GARCH model over a long period of time. There we give a change{point analysis of �nancialtime series modelled by GARCH processes with parameters varying with time. Contrary to thecommon-hold belief that the LRD characteristic carries meaningful information about the pricegenerating process, we show that the LRD behaviour could be just an artifact due to structuralchanges in the data. The e�ect of non{stationarity in real{life �nancial log{return time series canalso be seen by considering the sample ACF of moving blocks of the same length. When takingstatistical uncertainty into account, estimates of the ACF usually di�er from block to block.To summarise, the main conclusions of our study are the following:� Although displaying potentially useful features, the GARCH(1; 1) model does not seem toaccurately capture neither the extremal behaviour nor the correlation structure as describedby the sample ACF of the data.� The sample ACFs of GARCH(1; 1) models, their absolute values, squares, third powers, etc.,�tted to real{life FX log{returns, are either poor estimators of the ACFs (slow convergencerates) or meaningless (non{degenerate limit distributions). Avoid using the sample ACFto draw conclusions about the second order dependence structure of log{returndata!� The behaviour of the sample ACF of the absolute values of real{life data (LRD e�ect) cannotbe su�ciently explained by a GARCH process. The ACF of its absolute values decays to zeroat an exponential rate. The sample ACF of FX log{returns at the �rst lags falls outside the95% con�dence bands for a �tted GARCH(1; 1) model.In this study we restricted ourselves to the GARCH(1; 1) case. It is this model that appearsmost frequently in practical applications and that is believed to capture, despite its simplicity (3parameters!) some of the main features of real{life log|returns. Our study sheds some light on theextent to which this belief is true. Parts of our study (convergence of point processes and sampleautocorrelations) can be extended to GARCH(p; q) models, including multivariate ones, and, moregenerally, to solutions of certain stochastic recurrence equations; see Davis et al. [3]. However, theGARCH(1; 1) theory is particularly elegant because it allows one to calculate quantities such as �explicitly. This turns out to be di�cult in the general GARCH case.Acknowledgements. We started this work when the �rst named author visited the Departmentof Mathematics at Chalmers University of Technology, Gothenburg. He would like to thank hiscolleagues at the Centre for Stochastic Processes, in particular Holger Rootz�en, for stimulating32
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