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On the rate of aeolian sand transport
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Abstract: An analytic formula for for rate of aeolian sand transport is derived by introducing
a few reasonable approximations in the equations of motion of the sand grains and in the model
for the modification of the wind profile by the saltation cloud. The derivation here is simpler
and uses fewer approximations than an earlier derivation of the formula.

Résumé: Une formule analytique déterminant efficacité du transport éolien du sable est
dérivée en introduisant quelques approximations dans un modele décrivant le processus de salta-
tion. La dérivation dans ce cas est plus simple et on fait moins d’approximations que dans une
dérivation précédente de cette formule.
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1. Introduction

Within the last 10 - 15 years a number of numerical models of aeolian sand transport
have been published ([2], [3], [6], [7], [14], [15], [16]) that incorporate the present under-
standing of the physics of sand transport by wind, see [4]. An analytic model of sand
transport by wind based on the same physics ([13]) resulted in a formula for the transport
rate that seems to compare well with transport rate data ([11]); see also the discussion
in [8]. The presentation here focuses on the transport rate formula, which is derived in
a way that compared to the derivation in [13] is simpler and more direct and which uses
fewer approximations. The work presented here is strongly inspired by the work of the
late Paul Owen, see [9] and [10].

2. Motion of the grains

All sand grains are assumed to be identical. In particular, they have the same shape,
so that the drag on a grain is a function only of the relative speed v between the grain
and the air. The drag on a grain at the relative speed v is denoted by D(v). The grain
mass is denoted by m.

The equations of motion of a sand grain during saltation are

&=H(w)(U(y) - &) (1)
j+ g+ H(v)y =0.
Here z(t) and y(t) denote the horizontal and the vertical position of the grain, respectively,

= D(v)/(mwv), and U(y) is the mean wind speed at height y. It is assumed that
) and that the launch velocity (z(0),(0)) = ¥y = (v?, v9) is random.

—~
8
—~
=)
= —
<
—
)
N—r
N—
Il
—~
\.O
)

1



The first approximation made is that the drag is assumed to be proportional to the
relative speed v:

D(v) = év. (2)

This approximation was also made by Owen in [9]. It is essential that § is chosen in such
a way that the drag is correct at a typical relative velocity v* during saltation trajectories.
For friction speeds in the range 45 — 60 cm/s, v* = 235 cm/s is a reasonable value for
saltating grains of size 300 pm. Using (2), we find that H(v) is constantly equal to ¢, 1,
where t, = m/§ can be interpreted as the response time of a grain to changes in the wind.

As a consequence of (2), the equation for the vertical motion of a grain is decoupled
from the horizontal motion. The equation for y(t) is

tj+vp+9=0, (3)

where vy = gt, can be interpreted as an approximate terminal velocity of fall for the
grains. The solution of (3) is

y(t) = tu(vy +v3) (1 — e ") — vyt (4)
The height of the grain trajectory is
Y =t (v — vpIn(l + vy/vp)). ()

The equation for the horizontal motion is

t2 =Uly) — 4, (6)
which has the solution
t
2(t) = / (1= e @) U(y(s))ds + tf (1 — e "), (7)
0
so that .
() = ¢! / e~ U (y(s))ds + et (8)
0

3. The wind profile in the saltation layer

The theory of how the wind profile is modified by the cloud of saltating grains is based
on the concept of grain borne shear stress that was introduced by Owen in [9]. The grain
borne shear stress at height y is the part of the shear stress in the grain free logarithmic
layer above the saltation layer that at height y is carried by the saltating grains. It can
be calculated as the mean momentum extracted from the flow by the grains above the
level y, and is given by

T(y) = @a(ty) — @(ty)]Liyrorsyy, (9)
see [12]. In (9), ® is the mean mass of grains that leaves one unit of area per time unit,

t; is the time at which a grain passes the level y on its way up, tz is the time at which
the grain passes the level y on its way down. Finally, the symbol 1top,) indicates that



the mean is only taken over trajectories with a height y*® larger than y. The trajectory
height is given by (5).

The second approximation made in the theory presented here is that the grain borne
shear stress is calculated by means of (8) using the wind profile

U(z) = k U In(2/2), (10)

where k von Karman’s constant, U is the minimal friction speed at which sand can be
transported, and z; is the equivalent roughness height. This is a more accurate approx-
imation than the one made in [13]. We write the grain borne shear stress at height y
as

T(y) = dvsa(y),

where the dimensionless function a is given by

a(y) = () = 2 (&) Ligrrsyy) /vy (11)

The wind profile in the saltation layer derived here is based on eddy viscosity theory.
A natural assumption, is that the eddy viscosity is given by

v(2) = K2\ JU2 = T(2)/p = K2U.\J1 = T(2) [ (pU?), (12)

as was first proposed by Anderson in [1]. Here U, is the friction speed in the grain-free
logarithmic layer above the saltation layer and « is von Karmén’s constant. The quantity

\/U2 —T(2)/p is an equivalent friction speed corresponding to the air borne shear stress
at height y. The expression (12) implies that

T(2)/(pU2). (13)

A simpler expression for the wind profile is obtained if we approximate /1 —x by 1 — x
for x between zero and one:

Do f
kpU,

U(z) = kU, In(2/2) — b(2), (14)

where the dimensionless function b is given by
b(z) = [y aly)dy. (15)
20

This expression for the wind profile in the saltation layer was obtained in [12] by assuming
that the eddy viscosity is v(z) = kzU,.

In order to determine how the flux ® depends on the friction speed, we use Bagnold’s
focus point. Bagnold found empirically, see [5] p. 59, that at a certain height Z the wind
speed has approximately the same value U at all friction speeds, i.e.

<I)’Uf
kpU,

Kk U In(Z/ %) — b(z)=U (16)



at all friction speeds, so that

pU, [U* In(z/2) — /{U]

b(z)vs
Kp ( U:f)
= — 1—--=). 17
Here i
K
U = —— 18
* 111(2/20) ( )

can be interpreted as the critical friction speed, i.e. the smallest friction speed at which
sand can be transported, and K = In(Z/z)/b(Z) is a constant that is related to the
efficiency of the transport mechanism. By inserting (17) in (14) we obtain

U(z) = kU, [ln(z/zo) _K (1 - [[]]) b(z)] . (19)

4. The transport rate

The transport rate is given by

Q = z(t:), (20)

see [12]. Here t; is the time of impact, and z(¢;) is the length of a saltation jump. By
inserting the wind profile (19) in (7) we find that

r(t;y) = kU, /Oti (1 - e_(ti_s)/t*) In(y(s)/z0)ds (21)

(I>Uf ti —(ti—
L B R
ol s ( e ) b(y(s))ds

+ t*v? (1 — e‘ti/t*) .

Thus the dimensionless transport rate is given by

Qy K Uus (8 (U;f)2 B
xJ _ — 22
pU} 1. [OHF U. <Ui’ “ U.) Us]’ 22)

where « is the mean jump length of a grain with v = 0 in the wind profile k= (In(z/2¢) —
Kb(z)), while 3 is the mean jump length of a grain in the wind profile s 1U* Kb(z)). The
constants K,  and (3 can be determined empirically.
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