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Foreword

We start with a short summary of the theory involved, based on [Jendrupo6a],
[Jendrupo6b] and [Foxbyo4]. Please confer the mentioned lecture notes for

further information on the subjects.

Complex representations

Definition 1 (Representation of a finite group.). Given a group, (G, ), with
identity element 1 and given a vector space, V, over a field, k, a representation
is a map

T : G — Homy(V, V) such that

T(lc) = OV and

T(gxh) =T(g)T(h)

In case k equals the complex numbers, C, we say T is a complex representation.
The dimension of a representation T : G — Homy(V, V) is the dimension

of the vector space V.

Definition 2 (Morphism of representations). Let T : G — End¢(V) and S :
G — End¢ (W) be representations of the finite group G.

A morphism of representations from T to S is a linear map of vector spaces
f:V — W, such that f((T(g))(v)) = (S(2))(f(v)), forallg € Gand v € V.

It is an isomorphism in case f is bijective.

Definition 3 (Module over a ring). Consider a ring with unity, R, a commu-
tative group (M, +) together with an R-multiplication R x M — M sending
(r,m) € Rx Mtorm e M.
M is an R-module, if the R multiplication satisfies, for r,#/ € R and
m,m € M
(rr"ym = r(r'm)
(r+r"Ym=rm+1r'm
r(m+m') =rm+rm'

Im=m

Example 4. The group consisting of only one element, denoted by 0, is an R

module with the R-multiplication r0 = 0.



Example 5. For any ring R, we may consider R as an R-module. The R-

multiplication is the one inherited from the multiplication within R.

Definition 6 (Morphism of modules). Let M and N be R-modules. A map
@ : M — N is an R-module homomorphism if for r € R and m,m' € M

p(m+m') = @(m) + p(m')

¢(rm) = ro(m))

Example 7. Given two modules M, N over a ring R, the 0-map sending any

m € M to Oy € N is an example of an R-homomorphism M — N.

Definition 8 (Submodule). A subset of an R-module M which, with the in-

herited operations, is again an R-module, is what we call a submodule.

Example 9 (Trivial submodules). Given a ring R and an R-module N, we

have always:
e N is an R-submodule of N;
o The identity element Oy is an R-submodule of N.

Definition 10 (Simple module). An R-module M different from 0 is called

simple, if the only submodules of M are 0 and M.

Exercise 11. Given an R-module map ¢ : M — N, show that the kernel
(Kerp = {m € M|p(m) = Oy € N}) and the image (Im¢ = {¢(m)|m € M})

are submodules of M and N respectively.

The group ring.

Definition 12 (Group ring). Given a ring R and a group G, we may define the
group ring RG as follows. The elements of the ring are of the form } o748

where {r¢}.c are elements from R. Summation takes the following form:

Y re8+ Y g8 =) (rg+pg)8,

g€G geG 8€G

where (rg + pg) is the sum of r¢ and p, inside R.

Multiplication takes the form

Yoreg- Y pgs =Y Y repgg-s

geG g'eG 8eGg'eG



which we may rewrite as

Y 18 ) pges =) (Z(rg~pg—1x)g> X

g€G g'eG xeG \geG
Note 13. Any field is in particular a ring, so given a field, k, and a finite

group G, we have defined the group ring kG.
Example 14 (Main example). Given a finite group, G, an example of a group
ring is CG.
Example 15. From the ring Z/2 and the group G = {e, ¢} where g*> = ¢, we
may form the group ring Z/2G. This group ring has only 4 elements:

0, e, g, ety
all of which have order 2. We recognize this as (Z/2[x]) /x%, or Z/2®Z/2.

The Z /2-representations of G are both one-dimensional, one is the iden-

tity, and the other sends g to —1.

The correspondence between C-represenations of G and
CG-modules

We wish to go both directions: From a complex representation we want to
form a CG module, and from a CG-module we want to form a complex

representation.

Proposition 16. Given a representation T : G — End¢ (V) of a finite group, G, we
may form a module over the group ring CG as follows: Consider V as a commutative

ring. Equip it with the CG action determined by
gv = (T(g))(v).
Then this is a CG-module.
Proof. There are four items to prove. Letr,7’ € CGand v,v' € V
e (rr")v =r(r'v): It is enough to check for r, 7’ € G:
(r")o = (T(r"))(v) = (T(r)T("))(0) = (T(N)(T()(0)) = T(r)(r'v) = r(r'v)
o (r+rv=ro+r'ov

(dec rg8 + Ygec ng) v = (deG(”g + pg)g) v
= (Zgea(rg +pg)g0)
= (Zgealrs +00)(T(9))(0))
= Tea7g(T(8))(0) + ec p5(T(9))(0)



e r(v+79) = ro+rv': This is clear since for any endomorphism ¢ €
Endc(V), we have ¢(v +7') = ¢(v) + (/).

e 1v = v: This holds since T(1) is the identity endomorphism.

O

Proposition 17. Given a module V over the group ring CG of a finite group G, we
may form a complex representation of G as follows:

Consider V as a complex vector field. We define T : G — End¢ (V) such that T
sends g € G to the endomorphism defined by v — gv.

Example 18. Given a group G, we may view CG as a CG-module.
As a C-vector space, CG is isomorphic to C/¢l with basis vectors g € G.
The G-action permutes the basisvectors as follows: gh = g - h.

As a representation, this corresponds to the regular representation.

Not only does every complex representation correspond to a module over
CG, morphisms of representations correspond to morphisms of modules, di-
rect sums correspond to direct sums and submodules correspond to invariant

subspaces.

Proposition 19. A C-linear map ¢ : V. — W is a morphism of complex G-

representations if and only if it is a morphism of CG-modules.

Proof. Let V and W be CG-modules, and let ¢ : V — W be a C-linear map.
Let V and W correspond to the representations T : G — End¢(V) and S :
G — End¢ (W), respectively.

Then ¢((T(g))(v)) = ¢(gv) and gg(v) = (5(8))(¢(v)), thus, p((T(g))(v))
(5(8))(¢(v)) if and only if ¢(gv) = g¢(v).

According to the definitions, the statement above is: ¢ is a morphism of

CG-modules if and only if ¢ is a morphism of G-representations. O

Note 20. Let ¢ : V — W be as above. Then ¢ is an isomorphism of CG-

modules if and only if it is an isomorphism of compex G-representations.

Proposition 21. Let G be a finite group. Let V and W be the CG-modules corre-
sponding to the representations T : G — End¢ (V) and S : G — End¢ (W).

Then the direct sum of modules, V & W corresponds to the direct sum of repre-
sentations, T &S : G — End¢(V @& W).



Proof. The direct sum of representations T @ S corresponds to the CG-module
consisting of the commutative group V & W and the CG-action that extends
g(o,w) = (TeS5)(g))(vw) = ((T(g))(v), (S(g))(w)) = (gv,gw) € VEW
for (v,w) e Vo W.

But then the CG action must satisfy, for r € CG, that g(v, w) = (gv, gw).
We recognize this as the direct sum V & W of CG-modules. O

Proposition 22. Given a finite group G and a complex representation T : G —
El‘ldc(V) Of G.

The G-invariant subspaces are exactly the CG-submodules of V.
Proof. There are two implications to show.

o Let U C V be a G-invariant subset of V. We wish to prove U is a
CG-submodule of V. We need to check ru 4+ u’ € U, for u,u’ € U and
r € CG. It is enough to check gu + u" € U for g € G. But gu € U since
U is G-invariant, and then gu + 1’ € U simply because U is a vector

space.

o Let U C V be a CG-submodule of V. We wish to prove U is a G-
invariant subspace. Let g € G and u € U, then gu € U since U is in

particular a module. Hence, U is G-invariant.

Corollary 23. Simple modules correspond to irreducible representations

Proof. Since submodules correspond to invariant subspaces, having only triv-

ial submodules corresponds to having only trivial invariant subspaces. [

Properties of simple modules.

Proposition 24. Simple modules are cyclic.

Proof. Let M # 0 be a simple R-module. Since M # 0, choose m € M, m # 0.
Then Rm = {rm|r € R} is a submodule of M. Since 0 # 1m € Rm, Rm # 0.

Therefore, since M is simple, Rm must equal M. O

Proposition 25. Let R be a ring and let M # 0 and N # 0 be simple R-modules.

Let ¢ : M — N be an R-homomorphism. Then ¢ is either 0 or an isomorphism.



Proof. The kernel of ¢ is a submodule of M, and hence either 0 or M, since
M is simple.

The image of ¢ is a submodule of N, and hence, since N is simple, the
image Img is either 0 or N.

If the image is 0, we have the 0-homomorphism. If the image is N, the
kernel is not M, and hence the kernel is 0. Now, since Kerp = 0 and ¢ is

surjective, ¢ is an isomorphism. O

Corollary 26. Let S and T be simple CG-modules. If S is not isomorphic to T, then
HOl‘I‘lCG(S, T) =0.

Proof. Any homomorphism ¢ : S — T is either 0 or an isomorphism by (25).
But by assumption, ¢ cannot be an isomorphism. Hence any ¢ : S — T must
be 0. O

Proposition 27. If S is a simple CG-module then Endcg(S) = C as rings.

Proof. As a C-linear operator on S an element ¢ € Endcg(S) has an eigen-
value A, C being algebraically closed. The operator ¢ — Al is singular as it
maps an eigenvector corresponding to A to zero. Now assuming S is finitely
generated over CG and |G| is finite, dim¢(S) is finite so ¢ — Al is not sur-
jetive, since it is not injective. Now S is simple so (¢ — AI)S = 0 implying
¢ — Al = 0 and every element in End¢g(S) is of the form ¢. = cI for some
¢ € C (c clearly being determined uniquely by ¢). Now the mapping

6: Endcg(S) — C
sending ¢, to c is an isomorphism of rings. O
When G is a finite group Maschkes theorem gives
Proposition 28. CG is semisimple CG—module.

Proof. Let Tyeq be the representation corresponding to CG under the corre-
spondence between equivalence classes of irreducble finite-dimensional rep-
resentations of G and isomorphism classes of finitely generated CG-modules.

By Maschke we can write Ty, as a direct sum of irreducible representations:
Treg =mN & SnsTs

Now if M; is the module corresponding to the representation T; then, by (23),

the T;’s are simple modules and the correspondence respects direct sums

CC2nM & - ®nsMs (1)



so CG is semisimple. O

Note 29. A reformulation of Maschke’s theorem is, that kG is semisimple
exactly when |G| is invertible in k. Or in other words, exactly when |G| and
char(k) are coprime.

In the language of homological algebra, one may state, that kG is semisim-

ple exactly when k is a projective kG-module. (A proof is found in [Iyengaro4].)

We know from [Jendrupo6b] that each irreducible representation (modulo
equivalence) occurs as a summand of the regular representation. This means
that in the direct sum (1) each isomorphism class of simple CG-modules is
present. Also, the coefficients are given by n; = dim T, so in (1) the n;’s can

be read off from the character table since dim T; = x;(1).
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