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¹Q-�'��:(�7£-�cg� $&)6+68 -±),7�e�(Qy¾),%p7£$&o % 7�+6"#-�'�!

%�'�+&9:c�� "#-�$³c�hKe "�9:7�� $6"�cg�
q − 1

'��pe�),%p7�'�$&$6cf-�"q'.)67�eÂnS7��g7��pe +67�hP8 � -±),"�cg� $��ÀÃ�8p+&),%p7�+*¸
9jcg+67r"k)Y"#$�$6%pcDºd�j),%�'.)�),% 7d$6op% 7�+&"#-�'�!Z% '�+69jcg� "�-�$�$&o�'��u),% 7d$6o�'�-�7Kc�hT$&Äf8 '�+67K"#�>),7��g+,'�(p!#7
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»g7���e "�9:7�� $6"�cg�Á¹

q
¹Q5D'���5�cg�p$&),+&8 7�+&7�$¿»f%�'p�f5Q8 ��!#7�hP8p� 5>),"#c�� 7�+&� 7£"Zep"#9j7�� $&"#cg�

q−1
cg�
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å 7�e_$6Ïiep».'��p!#"#��� c�),'.),"�cg�Å»f"#!
R

q (�7±),7��g� 7:e 7�)
q
¸½e "#9j7��p$6"#c���'�!k7¾7�8 5Q!#"�e "�$65�7j+&8 9æ9:7�e

e 7���$,Ïie�».'�� !�"#�g7µ(�'�$&"#$r�g"�»g7±)d»g7�e

ε1 = (1, 0, . . . , 0)��� ���

εq = (0, 0, . . . , 1)

ç �Dè

��!#7�9:7��Q)67�+d"Áe 7±)6),7t+68 9Ë»f"#!T».Ïi+&70�g"�»g7±)d$6cg9z»g7�5>),cg+&7�+

x = x(q) = (x1, . . . , xq) = x1ε1 + · · · + xqεq = x(q−1) + xqεq,

%Q»gc�+
x(q−1)

$&o�7�-�"#7�!�)¿"Ze 7���$6"#ep$&),7dhP+67�9:$*),"#!�!�"k� �t$&5V'�!ZhPcg+&$&),×�$�$6cg9�7�!�7�9j7��>)¿"
R

q−1 ⊂ R
q �

å 7�e�e 7�)K$6Ïiep».'�� !�"#��7t$65D'�!q'.+6o +&cfe 8 5>)K�g"k»g7�)r»g7�e

x · y = x1y1 + · · · + xqyq

ç 1gè

hF×�$r7����pcg+69zo�×
R

q

|x| =
√

x · x =
√

x2
1 + · · · + x2

q

ç a>è
��� % 7�e $65Q8 �g!#7�cD»g7�+&ÐZ'�ep7���"

R
q (�7�),7��g� 7�$¿9j7�e

Sq−1 cg�t(�7�$*)²×�+�'.hTep7K7�!#7�9:7��Q)67�+Y"
R

q e 7�+
%�'�+�� cg+&9é7��Á�>ê�!#!�7i7�!�7�9j7��Q)67�+�"

R
q \{0} 5V'��j+67�op+,Ïi$67��Q)67�+67�$¿7��>)§yfe "���)Y»g7�e:e 7�+&7�$�� cg+&9

cg�Å7�)j7�!�7�9j7��>)jo�×Å7�� % 7�e $65Q8 �g!#7�cD»g7�+&ÐZ'.e 7��Á�¿Ã�cg+
x ∈ R

q ¹ |x| ∈]0,∞[
cg�

ξ ∈ Sq−1

( !�"�»g7�+re 7�� � 70+67�o +,Ïi$&7��Q),'.),"�cg�

x = |x|ξ
ç l>è

��!#7�9:7��Q)67�+Ko�×j7�� % 7�e $65Q8 �g!#7�cD»g7�+&ÐZ'�ep7��ë5V'���cg�g$6×j9:7�e�hPcg+6ep7�!S(�7�$65Q+6"k»g7�$£»g7�e�7���o�'�+,'D¸
9j7�),7�+�¹

t
¹Qcg�³7±)i7�!#7�9:7��Q)¿"

Sq−2 � ¯ "�!�%>»g7�+*) ξ(q) ∈ Sq−1 �>Ïi!�e 7�+�¹�'.)¿e 7�+¿7��>)§yfe "���)¿´��pe 7�$
7�)

t ∈ [−1, 1]
cg�u7±)

ξ(q−1) ∈ Sq−2 $6×

ξ(q) = tεq +
√

1 − t2ξ(q−1)

çÒì è

3�7±)6),7
5V'.��( !��x'���(�7��>yf)&),7�$£)6"#!�¹�'.)K!#7�)&),7t8 e +67��g� "�� �g7��]'.hÀ"��Q)67��g+6'�!#7�+rcD»g7�+£7�� % 7�ep$65f8 ��!#7ß¸
cD»�7�+&Ð�'�e 7���»g7�e]'.)£�g×uhP+,'u7�)£"#�>),7���+,'�!Lcw»g7�+

Sq−1 ),"#!Á7�)£"#�>),7���+,'�!Lcw»g7�+
Sq−2 cg�

[−1, 1]
�

3�"�$6$674cD»g7�+6�>'��p�g74(~7��QyQ)&),7�$K'.e $65Q"#!�!#"k�g7£�>'.� �g74$&7�� 7�+67t"~o +6cV°&7�5>)67�)m� 3�"#$&$6745V'���cg�g$,×³( +68�¸
�g7�$¶),"�!~'.)¶(�7�$*),7�9j9j74$*),sg+&7�!�$67���'.hSe 7��

q
e "�9:7�� $6"�cg��'�!�7K5Q8 ��!#7�cD»g7�+&ÐZ'�ep7µc��/9:'��:´�� e 7�+

ç $&7th§�í7�5Q$��Nîx1DïS$�� � è±ð

|Sq−1| = 2
π

q

2

Γ( q
2
)

ç v>è

a
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$6"�cg� 7�+�¹�»f"#!Se 7±)4��7�� 7�+67�!�)�"S+67�$&),7��ë'.h�op+6cV°&7�5>),7±)µ'��>)²'���7�$�¹~'.)£e "#9j7��p$6"#c�� 7��Á¹

q
¹�cgo�hCy�!�e 7�+

q ≥ 3
��Ã�cg+

q = 2
»f"#!Z9:'�� �g7£'.hÁ+67�$&8 !�),'.),7�+6� 7£%�'m»g7£»g7�!�5�7��pep),7£),+6"��gcg� c�9j7�),+&"�$65�7dhPc�+69/8�¸

!#7�+6"�� �g7�+�¹�cg�µhPcg+
q = 1

( !�"�»g7�+À),7�cg+6"�7��u"#5Q5�7d$,×t"��Q)67�+67�$6$6'��Q)�¹>e�'te 7�+�5Q8 �j7�+�),ct7�!�7�9j7��>),7�+
o�×4ó§7�� % 7�e $65Q8 �g!�7�cw»g7�+*ÐZ'�e 7���ô£"Z7���e "�9:7�� $6"�cg�Á¹g� 7�9j!#"�� {±1} �f3�7±)6),7£�gs�+67�$�( !��x'p�ghPcg+�¹f'V)
8 � ep�>×p¹Z'V)K$&5f8p!#!�7µ),'��g7µ% sV°&e 7µhPcg+r7���9:'�$6$&7t8 "#�>),7�+67�$&$,'��>),70$&o�7�-�"#'�!�)6"#!khPÏi!�e 7��
Ã�cg+�5>»V'�e +,'V),"#�>),7��g+,'�(p!#7�hP8 � 5>),"�cg� 7�+�o�×_7�� %p7�e $&5f8 �g!�7�cw»g7�+&Ð�'�e 7��Á¹

f, g ∈ L2(Sq−1) õ
cg��'�!k),$,×�$6o�7�-�"#7�!�)µhPcg+µ5�cg�>),"#�Q8 7�+*),7¾hP8 �p5Q)6"#c�� 7�+µo�×�7��p% 7�e $&5f8 ��!#7�cw»g7�+*ÐZ'�e 7�� õ "#� ephPs�+67�$
$65D'�!q'.+6o +6cfep8 5>),7�)

< f, g >:=

∫

Sq−1

f(ξ)g(ξ)dSq−1(ξ)
ç � è

cg�ue 7µ»g7�!�5�7�� e�),70� cg+&9:7�+

‖f‖sup := sup
ξ∈Sq−1

|f(ξ)|
ç�ö è

‖f‖2 :=
(

∫

Sq−1

|f(ξ)|2dSq−1(ξ)
)1/2

=
√

< f, f >
ç�÷ è
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	��Tÿ��
�Òü������
�����>ý

n
�
q
ý�����ü������Òÿ��Tü���� Hn(q)

���mÿ�������������ÿ��
	��Tÿ��
�Òü����
Hn : R

q → C
��ýfü���ÿ���� 	��kýfü��

Hn(x) = Hn(rξ) = rnHn(ξ)
�mÿ��

x = rξ
��ü6ý

ξ ∈ Sq−1 !
<��>=À?NAPBDAPE�?Õ�Áø�� ù�"��SM�OF�QIR�N?NJ~BDAFE�?S�QU.?S� ú

Yn(q; ·) : Sq−1 → C # ���kýfü���ü�� #�$ ���#ü%� $ � #�&�'�Òÿ��(���)�����>ý
n

�
q
ý�����ü��*���Òÿ��Tü����Àþ,+-�.�¾ýfü��0/0��ýfü��uü��¿þ�ÿ���ÿ��fü��1����ÿ��
	��Tÿ��
� $ �2���3�����>ý

n
�
Hn(x)

�Àýfü��4ÿ ��� 	��kýfü�� 4Hn = 0
���4�

Yn(q; ξ)
ü��5�²ü����'� � # �6�Òÿ��Tü��7���

Hn(x)
���jü��pþ�ü6ý�� &

#�$ ���#ü²ÿ�+�ü��%89�>ýfü�� !;: �
���4�jþ,+-�.�
Yn(q; ξ)

ÿ��
Hn(x) ∈ Hn(q)

��ü,ý
x = rξ

ÿ���� 	��kýfü��4<

Hn(x) = rnHn(ξ) = rnYn(q; ξ),
þ,+�ÿ�� 4Hn = 0

ç �-=>è
> $ �
��ü��0���������#ü #�$ ����ü%� $ � # �'�Òÿ��Tü������?�����>ý

n
�@��ü��pþ�ü,ý�� #�$ ���#ü²ÿ�+�ü���89�>ýfü��A�

q
ý�����ü������Òÿ &�Tü��CB±ü��Rü����Tü�� Yn(q) !

å 7�eÂ� c�)²'V),"�cg� 7��
fA

$&5V'�!¿hPcg+6$*)²×�$�¹�hPcg+³�g"k»g7�)
f ∈ L2(Sq−1)

cg�
A ∈ O(q)

¹
fA(ξ) :=

f(Aξ)
�

<��>=À?NAPBDAPE�?Õ�Áø�W ù�D�?FEpG UVAFG�?�BjUV���ÂúHGI�J�
���Tü�KL� � $ ��ýfü�� � $ � L ���
C(Sq−1) # ���kýfü��M��� &+���� �'���1�%�Àþ,+-�.�
ýfü��J�mÿ��C�����#ü

A ∈ O(q)
�,KL�kýfü��

f ∈ L ⇒ fA ∈ L !

l



bd8 9:9j7�)0'.hi'�!#!�7¾5Q8 �g!�7�hP8 �p5Q)6"#cg�p7�+0'.hi�g+6'�e
n
o�×�7��p% 7�e $&5f8 ��!#7�cD»g7�+*ÐZ'�e 7��_"

q
e "�9:7���¸

$6"�cg� 7�+d7�+d"#�>».'�+6"#'��>)m¹pe 'ue 7�+d�>Ïi!�e 7�+ 4f = 0 ⇒ 4fA = 0
hPcg+d'.!#!#7

A ∈ O(q)
�

3�"�9:7�� $6"�cg� 7�� 'Vh Yn(q)
(�7��.),7���� 7�$

N(q, n)
��3�7±)�5D'�� »f"�$67�$�'.)

N(q, n)
hPcg+

z ∈ C
¹

|z| < 1
cgo�hCy�!�e 7�+

1 + z

(1 − z)q−1
=

∞
∑

n=0

N(q, n)zn
ç ���Dè

cg�u7�+d��"�»g7±)d»g7�eÁð

N(q, n) =















1
hPcg+

n = 0

q
hPcg+

n = 1
(2n+q−2)(n+q−3)!

n!(q−2)!

hPcg+
n ≥ 2

XY������G��LøÑ}ON3+-�.�
Y ∈ Yn(q)

�4�P�,KL�kýfü���ÿ����4�
Y ∈ Yn(q) !IQ �Zü�R��Òü��
� # ���Hýfü��S���
�'�Fý
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d 8�e 7±´�� 7�+67�$KhP8p� 5>),"#c�� 7��
F : Sq−1 × Sq−1 → C

»g7�eÁð

F (ξ, η) :=

N(q,n)
∑

j=1

Yj(ξ)Yj(η)
ç a�lQè

�-=



ñ ×¾hPs�!#�g7�+�¹�hPcg+d'.!#!#7
A ∈ O(q)

ð

F (Aξ,Aη) =

N(q,n)
∑

j=1

N(q,n)
∑

k=1

N(q,n)
∑

l=1

Uk
j (A)Yk(ξ)U l

j(A)Yl(η) =

N(q,n)
∑

l=1

Yl(ξ)Yl(η) = F (ξ, η)

� »f"�$
F

cgophF'V)6),7�$¾$6c�9 hP8 � 5>),"�cg�Â'.h£7��Â»V'�+6"#'�(�7�!¶9j7�e
ξ
ç %p%Q»��

η
è
�g"k»g7�)m¹�»f"�!

F
».Ïi+67

"#�>».'�+&"q'��>)r9j%Q)��
Jq,ξ

ç % %>»~�
Jq,η

èicg�ue 7�+d9�×/"�hPsg!��g7�!#7�9:9:'/ap�Ólu�>Ïi!�e 7

F (ξ, η) = F (ξ, ξ)Pn(q; ξ · η)
ç a ì è

F (ξ, η) = F (η, η)Pn(q; ξ · η)
ç agv>è

%Q»f"�!#5�7±)���"�»g7�+
F (ξ, ξ) = F (η, η)

� å 7��:e '
ξ
cg�

η
».'.+�»f"#!#5D×�+6!�"��.)@».'�!���)�hPs�!#�g7�+�'.)

F (ξ, ξ)
7�+d5�cg� $*)²'��>)m�1�Y7�e]'.)K(�7±),+,'.��),7t"#�>),7���+,'�!�7�)K'Vh

F (ξ, ξ)
cD»g7�+K7�� %p7�e $&5f8 �g!�7�cw»g7�+&Ð�'�e 7���hF×�$

»f%�'p� ç a�lQè¶cg� ç a�v>è
∫

Sq−1

F (ξ, ξ)dSq−1(ξ) = F (ξ, ξ)|Sq−1| =
F (ξ, η)

Pn(q; ξ · η)
|Sq−1| ç a � è

=

N(q,n)
∑

j=1

< Yj, Yj >= N(q, n)
ç a ö è

ñ ×¾hPs�!#�g7�+ie 7���sg� $65�7�e 7
!�"#�g�p"�� � ð

N(q,n)
∑

j=1

Yj(ξ)Yj(η) =
N(q, n)

|Sq−1| Pn(q; ξ · η)
ç a ÷ è
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ýfü��{�²ü6ý $ R��'B±ü��
�%�¿þ,+-�.�uýfü��z/0��ýfü��:ü���� #-# ü{�6� ��+-�Òü��
�?���1+������'���1� $ ��ýfü�� � $ ��� L1 ⊂ L ! N)+-�.�
ýfü��U� #-# üW/0��ýfü����Tÿ����#ü)�4�>ýc���1�Tü $ ��ýfü�� � $ ��� # ���kýfü�� L ��� �,ü6ý $ R��'B±ü��
� !
f �¾Bw?�AF?NM_WÁø��Õù�D�UDUD�f[��N�>A'��AFOPACBm�>B�úvN)+�ü�� �9����� $ �
��ü��Tü Yn(q)

ü��������,ü6ý $ R��'B4�#ü !
Æ¶7±»�"�$�ð¶ê��>)²'��p¹¿hPcg+���"�»f� 7

n
c��

q
¹i'V) Yn(q)

7�+�+67�e 8 -�"#(�7�!�)m� ñ ×�´��pe 7�$�7�)�"��Q».'.+6"q'.�Q)
8 � ep7�+6+&8 9�¹ L1 ⊂ Yn(q)

�F��"À'��Q),'��g7�+�yfe 7�+&!#"��g7�+&7¾'.)4e 7�+47�+4�g"k»g7�)47��Å(�'.$6"#$�hPc�+ Yn(q)
�

� »g7�+&)Y7�!�7�9j7��Q)�"pe 7��p� 7d(�'�$&"#$�9:×47��Q)67��u),"�!#% s�+67 L1
7�!�!#7�+@e 7±)Ycg+&)6cg�gcg��'.!#7¶5�c�9:op!#7�9j7��>)m¹

L2
�V34'£ep"#9j7�� $&"#cg�p7��³'Vh Yn(q)

ç cg�£ep7�+69j7�e
cg�g$,×£'.h L1
èL7�+�7��pe 7�!�"#� ¹mhF×�$No�×Ke 7��p� 7¶9:×�e 7

�g�



7���(�'�$&"#$ihPcg+ L1

ç c��uhPc�+ L2
è±�

d 805V'��0(�7�$&)67�9j9:7�$
F1 ∈ L1

¹
F1 : Sq−1×Sq−1 → C

ç cg�
F2 ∈ L2

¹
F2 : Sq−1×Sq−1 →

C
è�o�×³% 7�!k)i$6'�9:9j7£9�×.e 7�$&cg9

F (ξ, η)
( !�7�»:(�7�$&),7�9³)r"~(�7�»f"�$67�)ihPcg+¶'�e e "k),"�cg� $&hPc�+69j!k7��T�

F1(ξ, η) = F1(ξ, ξ)P
(1)
n (q; ξ · η)

F2(ξ, η) = F2(ξ, ξ)P
(2)
n (q; ξ · η)

ç lc=>è
ñ ×u%Q»f"#$ {Y1, . . . , YN1}

7�+K(�'�$&7���hPcg+ L1
c�� {YN1+1, . . . , YN(q,n)}

7�+K(�'�$&7���hPc�+ L2
9:×

�>Ïi!�e 7�ð

N1
∑

j=1

Yj(ξ)Yj(η) =
N1

|Sq−1|P
(1)
n (q; ξ · η)

N(q,n)
∑

k=N1+1

Yk(ξ)Yk(η) =
N(q, n) − N1

|Sq−1| P (2)
n (q; ξ · η)

ñ ×¾hPs�!#�g7�+¶hP+,'¾cg+&)6cg�gcg� '�!#"Ñ),7±),7���'.h L1
cg� L2

'.)
∫

Sq−1

P (1)
n (q; ξ · η)P (2)

n (q; ξ · η)dSq−1(η) = 0.
ç l �Dè

å 7���e�'¾e 7
P

(1)
n (q; ξ · η)

c��
P

(2)
n (q; ξ · η)

e 7�+dcgop)6+,Ïie 7�+d"ThP+67�9:$*),"�!#!k"�� ��7���'Vh
F1

cg�
F2(�7����g7K$&),'�9j9:7�+�hP+6't!#7�9:9:'µap�íl ¹>9:×µe 7d».Ïi+67Ke 7��:$,'.9:9j7rhP8p� 5>),"#c��Á¹>� 7�9:!�"#�tnL7��g7�� ep+67

o�cg!ky��pcg9:"�7�)�¹
Pn(q, t)

�
Fj

5V'���°&c�$*)²'�ep"#��cgophF'.)&),7�$4$6c�9ÛhP8 �p5Q)6"#cg�ë"@%p7�!#7 Yn(q)
9j7�e

ξ
% %>»~�

η
�g"�»g7±)m� ñ ×��f8�$&5V'�!¶ep7�)¾(�'.+67:»�"�$67�$¾'.) ∫

Sq−1

(

Pn(q; ξ · η)
)2

dSq−1 6= 0
�@3�7�)&),7

hPsg!��g7�+r'.h@'�e ep"�),"�cg� $i$,Ï¶)6� "#�p�g7�� ç $6Ï¶),� "�� �:ap�Óv>è±ð
∫

Sq−1

P 2
n(q; ξ · η)dSq−1(η) =

ç lQ1gè

( |Sq−1|
N(q, n)

)2
∫

Sq−1

(

N(q,n)
∑

J=1

Yj(ξ)Yj(η)
)(

N(q,n)
∑

k=1

Yk(ξ)Yk(η)
)

dSq−1(η) =
ç l>a>è

( |Sq−1|
N(q, n)

)2
N(q,n)
∑

j=1

Yj(ξ)Yj(ξ) =
( |Sq−1|

N(q, n)

)2

F (ξ, ξ) =
|Sq−1|
N(q, n)

> 0
ç lglQè

ñ ×u+&8 9j9:7�� 7 Yn(q)
7�+d"#+&+67�e 8 -�"�( !#7.�
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ñ × Yn(q)
7�+d(�×�e 7t"�+6+67�e 8 -�"#(�7�!k)rcg�u"#�>».'�+6"#'��>)m�

d 8�"�� ephPs�+67�$¿o +&c.°&7�5>),"#c���'.hL7�!�7�9j7��Q)67�+¿"
L2(Sq−1)

o�× Yn(q)
% 7�!k)¶$,Ïiep»V'�� !#"���)¿»f%�'���e 7�)

"#�pe +67µo +&c�ep8 5>)m�
<��>=À?NAPBDAPE�?ÕWÁø�� ù��0UVE*���QJTBDAPE~?N�/EZ\��QUVG�BwEZUV�f?Àú q ÿ�� f ∈ L2(Sq−1)

ýfü%/0�Tü��,ü��~�a�,ÿ��mü #�&�'�Òÿ��Tü������
f

��� Yn(q)
+�ü6ýc<

(Pn(q)f)(ξ) :=

N(q,n)
∑

j=1

< f, Yj > Yj(ξ) =
N(q, n)

|Sq−1|

∫

Sq−1

Pn(q; ξ · η)f(η)dSq−1(η)

ç l ì è
� »gc�+/e 7�)¾$6"�e $&)67�!�"#�g%p7�e $*),7����_hPs�!#�g7�+/'Vh£'�e ep"�),"�cg� $&$,Ï¶),�p"#� �g7�� ç $,Ï¶)6� "#�p�Åap�Óv>è0cg�ë%>»gcg+

Yj
¹
j ∈ {1, 2, . . . , n} '��>)²'.�g7�$K'V)d»VÏi+6707���cg+&)6cg� cg+&9�'.!T(�'.$6"#$ihPcg+ Yn(q)

�

XY������G�WLøF�Q��N3+-�.� L ⊂ C(Sq−1)
ü��µü��~���1+������'���1�c� $ � # �6�Òÿ������ $ �h�,KL�kýfü��5���t� $ �
��ü��

Pn(q)L := {g|g ∈ Pn(q)f, f ∈ L}
ç l>vgè

ü��U���1+���� �'���1� !
Æ¶7±»�"�$�ð�Xt"k»g7�)
7�)

A ∈ O(q)
cg��7±)

g ∈ Pn(q)L ´��pe 7�$/7±)
f ∈ L $,×

g = Pn(q)f
� ñ ×

hPsg!��g7�+�¹Q9j7�e�5�cfcg+&e "#��'V),$65Q"khC),7�)
η → Aη

¹fe�'³"��Q)67��g+6'�!#7±)¿cw»g7�+¶7�� % 7�e $65Q8 �g!#7�cD»g7�+&ÐZ'.e 7���7�+
"#�>».'�+&"q'��>)r9j%Q)�� 7�)d»V'�+6"#'�(�7�!�$65Q"�hC)�ð

gA(ξ) = (Pn(q)f)A(ξ) =
N(q, n)

|Sq−1|

∫

Sq−1

Pn(q; Aξ · η)f(η)dSq−1(η) =
ç l � è

N(q, n)

|Sq−1|

∫

Sq−1

Pn(q; Aξ · Aη)f(Aη)dSq−1(Aη) = (Pn(q)fA)(ξ)

å 7��Âe�' L 7�+/"#�>».'�+&"q'��>)³�>Ïi!�e 7�+/'.)
fA ∈ L ¹�$,×]e 7�+³´�� e 7�$¾7�)

h ∈ Pn(q)L $6×
h =

Pn(q)fA
� å 7���$6×u�>Ïi!#ep7�+d'.)

h = gA
¹ $,×

Pn(q)L 7�+d"#�>».'�+&"q'��>)m�

¤

f �¾Bw?�AF?NM_WÁøF����N)+-�.� L ü���ü��r���1+���� �'���1�³ÿ��H��� �²ü6ý $ R��'B±ü��
� $ ��ýfü���� $ � ���
C(Sq−1)

�4�
�,KL�kýfü��³ü��1�Rü�� L ⊥ Yn(q)

ü����#ü��r���
Pn(q)

ü��/ü��TB4� �mü # �6�Òÿ��v��� L ��� Yn(q) !
Æ¶7±»�"�$�ðQê��Q),'��³'.) L "�5f5.7£7�+�cg+&)6cg�gcg� '�!�o�× Yn(q)

� ñ ×0hPsg!��g7�+�hP+,'0!�7�9j9:'tap�k�-=
'.)
Pn(q)L

7�+¿"��Q».'�+&"q'��>)m¹>cg�
e�' Yn(q)
7�+¿"�+6+67�e 8 -�"#(�7�!k)¿5D'��

Pn(q)L "�5Q5�7£»VÏi+6747±)iÏi��),7�8p� e 7�+6+68 9��
ñ ×

Pn(q)L = Yn(q)
cg�

Pn(q) : L → Yn(q)
7�+¶$68 +C°&7�5>),"k»~� � »f"#$

Pn(q)
"#5Q5�747�+i"��V°&7�5>),"k»

»f"#!
ker Pn(q)

».Ïi+67¶"�5f5�7�)6+6"k»�"�7�!��D3£7�)6)67¶"#5Q5�7�),+&"�»f"#7�!#!k7Y8 � ep7�+6+&8 9 'Vh L »�"�!>».Ïi+67¶"��Q».'.+6"q'.�Q)
e�'

(Pn(q)fA)(ξ) = (Pn(q)f)A(ξ)
¹�"Á9jcfe $&)6+6"#e�9j7�e�'V) L 7�+d"�+6+67�e 8 -�"#(�7�!�)m�
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"�EZUDE�O�OPG U�WÁøF�f�h� $ ���#ü%� $ � # �'�Òÿ��Tü��C���J�mÿ���� # ü����
�b�{�����>ý�ü��/ÿ�� �§ÿ��fÿ��a���#ü !;: ���%�4�

Yn(q) ⊥ Ym(q),
�a���

n 6= m

Æ¶7±»�"�$�ðf34'0+&8 9:9j7��p7K'.hÁ5Q8 ��!#7�hP8p� 5>),"#c�� 7�+�'.h~hPcg+6$65.7�!#!�"#�µ�g+6'�e:% '�+YhPc�+6$65�7�!#!�"#�µe "#9j7�� $6"�cg�Á¹
9:×¾e 7µ».Ïi+&70cg+&)6cg�gcg��'.!#74"khPsg!��g7�$,Ï¶),�p"#� �:a����g���

¤

34'
Pn(q; t)

cgop),+6Ïie 7�+Y"#��7��ucg�t"#�g7��u"�(�7�$&5f+&"�»g7�!#$&7���'VhT5Q8 �g!�7�hP8 � 5>)6"#cg�p7�+6�p7d»f"�$67�+Ye 7±)�$6"#�
�QyQ)&),"#�.)K'.)d"#� e�hPsg+67µ'�� e +&70+&7�o +6Ïi$67��Q)²'V),"#c�� 7�+K'.h

Pn(q; t)
� � 7�+rhPs�!#�g7�+da��

�d�&� ���?�K­ ¥§¢YÍ�ÌL¦��,­ ÌSÎé¦>¬p¥§¤§¤§¥§¡�¢

e +&)6cg�gcg��'.!#"Ñ),7�)67���'.hL+&8 9j9:7�� 7 Yn(q)
¹ Ym(q)

hPc�+
n 6= m

»f"#$*)¶"�5�cg+6cg!�!q'.+�ap�k�D105D'���( +&8�¸
�g7�$t)6"#!À7���(�7�$&5Q+6"�»g7�!#$&7:c���5�cg�p$&),+&8 5>),"�cg��'Vh

Pn(q; t)
�S34' Yn(q) ⊥ Ym(q)

hPcg+
n 6= m

�>Ïi!�e 7�+ ∫
Sq−1 Ln(q; ξ)Lm(q; ξ)dSq−1(ξ) = 0

� å 7��
Ln(q; ξ)

5V'.��o ×
7�� %p7�e $&5f8 �g!�7�cw»g7�+§¸
ÐZ'�ep7���7�+&$&)²'V)6),7�$d'Vh

Pn(q; t)
¹�cg�/"��Q)67��g+6'�!#7±)¶5D'���»f%�'p��cD»g7�+&»g7§°&7�!#$&7�+6�p7tcg9j5Q+6"�� � ç�ì è¿Ïi��¸

e +&7�$d)6"#!T7�)K"��Q),7��g+,'.!Ácw»g7�+
Sq−2 cg�

t
��ê£!�)6$,×pð

∫

Sq−1

Ln(q; ξ)Lm(q; ξ)dSq−1(ξ) =

∫

Sq−2

(

∫ +1

−1

Pn(q; t)Pm(q; t)(1−t2)
q−3
2 dt

)

dSq−2(ξ)

= |Sq−2|
∫ +1

−1

Pn(q; t)Pm(q; t)(1 − t2)
q−3
2 dt = 0

hPcg+
n 6= m

ç l ö è

�Y7�e ç l ö èt7�+³�g"�»g7±)³7���(�7±),"#�p�g7�!�$67:hPc�+
Pn(q; t)

¹�ep7�+³$,'�9j9j7���9:7�e
Pn(q; 1) = 1

5D'��
( +&8 �g7�$r),"�!L'.)d�g"k»g74hPsg!#�g7�� e 74hP+&7�9j$&),"�!#!k"��p�u'.h

Pn(q; t)
�

f �¾Bw?�AF?NM_WÁøF��W ù&
�EL[NUVAPM~�S�f�/UV�Q\NUV�j����?�BwGpBDAPE�?�ú�g/ü��5�,KL�kýfü��

Pn(q; t) = (−1)nRn(q)(1 − t2)
3−q

2

( d

dt

)n

(1 − t2)n+ q−3
2

ç l ÷ è

þ,+�ÿ�� > ÿ�ý�� �b� $ ü�� # ÿ������x���1��� Rn(q)
�iü��M����+�ü��L+�ü6ý

Rn(q) =
(1

2

)n Γ( q−1
2

)

Γ(n + q−1
2

)
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Pn(q; t)

c�ophCyf!#e 7�+
∫ +1

−1

Pn(q; t)Pm(q; t)(1 − t2)
q−3
2 dt = 0

hPcg+
n 6= m

cg�
Pn(q; 1) = 1

�
34'

(−1)nRn(q)
7�+r7���5�cg� $*)²'��>)rhPcg+i��"�»g7±)

n
c��

q
(�7±),+,'.��),7�$�¹phPcg+i'.)r!�7�)6)674� c�),'.),"�cg� 7��Á¹

k � ),7¶�g+6'�e $@o�cg!ky��pcg9:"�7�)
pk = (1−t2)

3−q

2

(

d
dt

)k
(1−t2)k+ q−3

2
��3�7±)�$65D'�! '.!�),$6×K»f"#$67�$�'.)�hPcg+

n 6= m
�>Ïi!�e 7�+ ∫ +1

−1
pn(t)pm(t)(1−t2)

q−3
2 dt = 0

�g3£7�)6)67i»�"�$67�$À»g7�euo�'�+*),"#7�!�"#�>),7���+,'.)6"#c��Á¹
%Q»gc�+de 7�)K(�7��QyQ)6)67�$�'.)rhPcg+

n > k ≥ m
¹
f ∈ Ck[−1, 1]

�>Ïi!#e 7�+
[

f (k)(t)
( d

dt

)n−1−k
(1 − t2)n+ q−3

2

]+1

−1
= 0

ç�ì �Dè

ñ ×u$&7�$�¹�hPcg+
n > m

¹ e�'
p

(m+1)
m (t) = 0

∫ +1

−1

pm(t)pn(t)(1 − t2)
q−3
2 dt =

∫ +1

−1

pm(t)
( d

dt

)n

(1 − t2)n+ q−3
2 dt =

ç�ì 1gè

[

pm(t)
( d

dt

)n−1

(1 − t2)n+ q−3
2

]+1

−1
−
∫ +1

−1

p(1)
m (t)

( d

dt

)n−1

(1 − t2)n+ q−3
2 dt

ç�ì a>è

= · · · = (−1)m+1

∫ +1

−1

p(m+1)
m (t)

( d

dt

)n−(m+1)

(1 − t2)n+ q−3
2 dt = 0

ç�ì lQè
êi)

Pn(q; 1) = 1
5V'��uh§�Ó7�5Q$��>»f"#$&7�$�»g7�e�'.)Y7�+6$&),'.)6)67
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9j7�e

1−s
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"@hP+67�9:$*),"#!�!k"�� �g7��Å'.h
pn(1 − s)

hPcg+
s = 0

¹Áe 7�+t$&»V'�+67¾),"�!
t = 1

� ñ 7¾h§�í7�5Q$���îÓ1Vï�$��N1�1�hPcg+
e 7±)²'�! °&7�+�� å '.��´�� ep7�+£'.)

pn(1) = (−2)n Γ(n+ q−1
2

)

Γ( q−1
2

)
=
(

(−1)nRn(q)
)−1 ¹�$6×je 7�+K�>Ïi!�e 7�+

Pn(q; 1) = 1
cg�g$,×¾"Sbdcfe +6"��g8 7�$r+67�op+,Ïi$67��Q),'.),"�cg� 7��Á�
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f ∈ Cn[−1, 1]

�4�
�,KL�kýfü��0ýfü��
∫ +1

−1

f(t)Pn(q; t)(1 − t2)
q−3
2 dt = Rn(q)

∫ +1

−1

f (n)(t)(1 − t2)n+ q−3
2 dt

ç�ìgì è
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∫ +1

−1

f(t)Pn(q; t)(1 − t2)
q−3
2 dt = (−1)nRn(q)

∫ +1

−1

f(t)pn(t)dt =
çÒì vgè

(−1)nRn(q)
(

[f(t)
( d

dt

)n−1
(1 − t2)n+ q−3

2 ]+1
−1 −

∫ +1

−1

f (1)(t)
( d

dt

)n−1
(1 − t2)n+ q−3

2 dt
)

= · · · = Rn(q)

∫ +1

−1

f (n)(t)(1 − t2)n+ q−3
2 dt
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Pn(q; t)
5V'��Åc��g$,×��g"�»g7�$µo�×�"#�>),7��g+,'�!NhPc�+69�¹�»f%�'p�LnS'�o !#'�-�7�$4hPs�+6$&)67¾"��Q),7��g+,'.!Ò�~Ã�cg+��g"�»g7±)

η(q−1) ∈ Sq−2 e 7�´��p7�+67�$£"
q
e "�9:7�� $6"�cg� 7�+

a ∈ C
q »g7�e

a := εq + iη(q−1)

çÒì.ö è
Ã�+,'

a
5�cg� $&)6+68 7�+67�$À�Q8³7±)

n � )67��g+,'�ep$No�cg!�yf� c�9:"�8 9�¹
x 7→ (x·a)n �V3�7±)@$67�$À'V) 4(x·a)n =

0
7�+dcgophCyf!�ep)r»g7�e�'V)K(�7±),+,'.��),7.¹ hPcg+

n ≥ 2
¹

4(x · a)n = a2

q
∑

j=1

n(n − 1)(x · a)n−2
çÒì.÷ è
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a2 = 0

op+���ep7�´�� "k),"�cg���>Ï¶!#e 7�+K'�!k),$6× 4(x · a)n = 0
�

ñ ×uep7�)K$67�$£'.)

Ln(x) :=
1

|Sq−2|

∫

Sq−2

(x · a)ndSq−2(η) =
1

|Sq−2|

∫

Sq−2

(xq + ix(q−1)η(q−1))
ndSq−2(η)

ç v�=>è
7�+d7±)£%pcg9:c��g7��>)do�cg!�yf� cg9j"�8 9Ëe 7�+Kc�ophCyf!#e 7�+ 4Ln(x) = 0
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3�7±)
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Ln(Ax) = Ln(x)
hPcg+4'�!#!�7

A ∈ Jq,εq
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�g+6'�!#7±)d7�+d"#�>».'�+&"q'��>)rcD»g7�+&hPc�+d7�)d»V'�+6"#'�(�7�!Á$&5f"khC)m�
3�7±)�ap� 5Q+,'m»�7�+dcg��$,×uc�ophCyf!#ep)�¹ e�'

Ln(εq) = 1
|Sq−2|

∫

Sq−2 1ndSq−2 = 1
�
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Ln(ξ) = 1
|Sq−2|

∫

Sq−2(t + i
√

1 − t2ξ(q−1)η(q−1))
ndSq−2(η)

��ê�!k),$,×
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n
ÿ��

t ∈ [−1, 1]
ü���wSü��fü���ý��²ü

��ÿ��
	��~ÿ��
�Òü��t����+�ü��0+�ü,ýc<

Pn(q; t) =
|Sq−3|
|Sq−2|

∫ +1

−1

(t + is
√

1 − t2)n(1 − s2)
q−4
2 ds
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Pn(q; t)
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Pn(q; t)
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[

(1 − t2)
3−q

2
d

dt
(1 − t2)

q−1
2

d

dt
+ n(n + q − 2)

]

Pn(q; t) = 0
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[

z(1 − z)
( d

dz

)2

+ [c − (a + b + 1)z]
d

dz
− ab

]

f(z) = 0
ç vga>è
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a, b, c ∈ C

!
¼�îx1Dï § agv/»f"#$&7�$£'V)K9j7�e

(x)n = Γ(x+n)
Γ(x)

7�+

2F1(a, b, c; z) :=
∞
∑

j=0

(a)j(b)j

(c)j

zj

j!

ç v.lQè

!#s�$6� "�� �g7�+]),"�! ç vga>è�hPcg+ |z| < 1
��×.+

c /∈ {0,−1,−2, . . .} �t3�7�+ �>Ïi!#e 7�+Åe 7�$68 e 7��

2F (a, b, c; 0) = 1
�
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� "�� �g7��u�g"k»g7�)Y" !#7�9:9:'�7±)m� å 7�e

(1− t2)
3−q

2
d
dt

(1− t2)
q−1
2

d
dt

= (1− t2)
(

d
dt

)2

− (q−1)t d
dthF×�$d'�!�)6$,×/hPc�+

t ∈ [−1, 1]
[

(1 − t2)
( d

dt

)2

− (q − 1)t
d

dt
+ n(n + q − 2)

]

Pn(q; t) = 0
ç v ì è
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t = 1 − 2z

hF×�$d�f8�hPcg+
z ∈ [0, 1]

[

z(1 − z)
( d

dz

)2

+
(q − 1

2
− (q − 1)z

) d

dz
+ n(n + q − 2)

] ç v�v>è
7�!�!#7�+
[

z(1− z)
( d

dz

)2

+
(q − 1

2
− (−n+ (n+ q− 2) + 1)z

) d

dz
− (−n)(n+ q− 2)

] ç v � è
ñ ×Âe 7±)�$67�$�'.)�!#sg$&� "#�p�g7�+�),"�!µnL7���7�� e +&7 e "�{~7�+&7��>),"q'.!4!�"#�g�p"�� �g7��Ö7�+�!#sg$&� "#�p�g7�+�),"�!4e 7��
%Qyfo�7�+6�g7�cg9j7�),+&"#$65.70!#"��g� "��p� ¹�9:7�e�5�cg�p$&)²'.�Q),7�+6� 7

a
¹
b
c��

c
�g"k»g7�)r»g7�eTð

a = −n b = n + q − 2 c =
q − 1

2

ç v ö è
3�7±)KhPsg!��g7�+i9j7�e

t = 1 − 2z
'V)

Pn(q; 1 − 2z) = 1
hPc�+

z = 0
cg�ue 7�+&hPcg+r�>Ïi!#ep7�+

Pn(q, t) = 2F1

(

− n, n + q − 2,
q − 1

2
;
1 − t

2

) ç v ÷ è
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¦ � ��� � � � � Yn(q)
� � �i\¨§ ��� �iä

L2(Sq−1)

Ã�cg+³'V)³»f"�$67�'.)³+68 9j9j7�� 7 Yn(q)
8 e $&o�Ïi� e 7�+

L2(Sq−1)
¹N»f"#$&7�$¾'V) Yn(q)

!#"��g��7�+t),Ï¶)/"

C(Sq−1)
e�'uep7�)d»f"#e 7�$£'V)

C(Sq−1)
!#"��g��7�+¶),Ï¶)K"

L2(Sq−1)
�

Ã�cg+d'V)d»f"�$67te 7�)&),7t"#� e�hPsg+67�$rhPs�!#�g7�� e 7µcgo�7�+6'.),c�+�ð

<��>=À?NAPBDAPE�?Õ�ÁøF� q ÿ�� f ∈ C(Sq−1)
ýfü%/0�Tü��,ü��

Πn(q)f : Sq−1 → C
+�ü6ý

(Πn(q)f)(ξ) := E(q, n)

∫

Sq−1

(1 + ξ · η
2

)n

f(η)dSq−1(η)
ç � =>è

þ,+�ÿ��
E(q, n)

ü��M����+�ü��L+�ü6ý

E(q, n) =
( 1

4π

)
q−1
2 Γ(n + q − 1)

Γ(n + q−1
2

)

ç � �Dè

f �¾Bw?�AF?NM_�Áø��hg/ü��5�,KL�kýfü�� $ �1� �mÿ�� �
�%�1�mÿ��
f ∈ C(Sq−1)

�

lim
n→∞

(Πn(q)f)(ξ) = f(ξ).
ç � 1gè

Æ¶7±»�"�$�ðTÃZs�+6$&)�(�7�),+6'���)67�$�hPsg!��g7��pe 7³"��Q),7��g+,'.!Ò¹Z%>»gcg+4cg9j$65Q+&"�»f� "#�p�g7��Tð
ξ · η = t = 2x − 1

(�7��>yQ)6),7�$�¹�$6'�9³)K��8 !#7�+6$KÆ¶7±)²'u"��Q),7��g+,'.! ç $67µh§�Ó7�5f$��NîÓ1VïS$��L� ÷ � !�7�9j9�'��Dèß�
∫

Sq−1

(1 + ξ · η
2

)n

dSq−1(η) = |Sq−1|
∫ +1

−1

(1 + t

2

)n

(1 − t2)
q−3
2 dt =

ç � a>è

|Sq−1|
∫ 1

0

xn(1 − x)
q−3
2 (4x)

q−3
2 2dx = 2q−2|Sq−1|

∫ 1

0

xn+ q−1
2

−1(1 − x)
q−1
2

−1dx =

2q−1 π
q−1
2

Γ( q−1
2

)

Γ(n + q−1
2

)Γ( q−1
2

)

Γ(n + q−1
2

+ q−1
2

)
= 2q−1π

q−1
2

Γ(n + q−1
2

)

Γ(n + q − 1)
=
(

E(q, n)
)−1 ç � lQè

Ã�+,'¾cw»g7�� $*)²×�7�� e 70hF×.$d�f8

(Πn(q)f)(ξ) = f(ξ) + E(q, n)

∫

Sq−1

(1 + ξ · η
2

)n
(

f(η) − f(ξ)
)

dSq−1(η).
ç � ì è
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E(q, n)
hPcg+

n → ∞

E(q, n) ∼
( 1

4π

)
q−1
2

√
2πnn+q−1− 1

2 e−n

√
2πnn+ q−1

2
− 1

2 e−n
=
( 1

4π

)
q−1
2

n
q−1
2

ç � v>è
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ξ · η ≤ 1 − δ < 1

�>Ï¶!#e 7�+

0 ≤
(1 + ξ · η

2

)n

≤
(1 + 1 − δ

2

)n

=
(

1 − δ

2

)n ç ��� è
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0 ≤ E(q, n)

(

1+ξ·η
2

)n hPsg!��g7�+ie 7±)K9:7�e ç � v>èi'.)rhPcg+
ξ · η < 1

�gÏi!#e 7�+�ð

lim
n→∞

E(q, n)
(1 + ξ · η

2

)n

= 0
ç � ö è
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f
7�+r5�cg�Q)6"#�Q8 7�+*)do�×¾7���(�7��g+6Ïi� $67±)£9:Ïi� �ge 7.¹

Sq−1 ¹ 7�+ f
8 � "khPcg+69³)i5.cg�Q)6"#�f8p7�+&)�¹ cg�

e 7�+d´ � e 7�$�¹�hPcg+r�g"k»g7�)
δ ∈ [0, 1]

¹�7�)
ω(δ)

¹ e 7�+dcgo�hCy�!�e 7�+d'.)
limδ→0 ω(δ) = 0

cg�

|f(ξ) − f(η)| < ω(δ)
hPcg+

1 − δ ≤ ξ · η ≤ 1
ç � ÷ è

hPcg+d'�!�!#7
ξ, η ∈ Sq−1 �

ñ '�9³)6"#e "��0»f"#e 7�$d'.)
f
7�+i(�7��g+,Ïi� $&7�)�¹�e�'

f
7�+r7���5�cg�>),"��f8 7�+&)ihP8 �p5Q)6"#cg��o�×/7���5�cg9:o '�5>)

9:Ïi� �ge 7.� ñ ×uep7�+r´�� e 7�$£7±)
M

¹ $,×ue 7�+rhPcg+d'�!#!�7
ξ, η ∈ Sq−1 ¹��gÏi!#e 7�+�ð

|f(ξ) − f(η)| ≤ M
ç�ö =>è

¯ "#!�% sg+&7�� ep7:�g"k»g7�)
δ ∈ [0, 1]

cgop$6o !�"�)6)67�$07�� % 7�ep$65f8 ��!#7�cD»g7�+*ÐZ'�e 7��L¹
Sq−1 ¹S�f8�"Y)6c�e 7�!#7.¹

� 7�9:!�"#�

Sq−1
+ (ξ) := {η ∈ Sq−1|ξ · η ≥ 1 − δ}

ç�ö �wè

Sq−1
− (ξ) := {η ∈ Sq−1|ξ · η < 1 − δ}

ç�ö 1�è

d 8�hPsg!��g7�+ihP+6' ç � ì èß¹ ç � ÷ è¶cg� ç�ö =gè¿hPcg+r�g"k»g7�)
δ ∈ [0, 1]

‖(Πn(q)f)(ξ) − f(ξ)‖sup =
çFö a>è

‖E(q, n)

∫

Sq−1

(1 + ξ · η
2

)n
(

f(η) − f(ξ)
)

dSq−1(η)‖sup ≤
çFö lQè

‖
∫

Sq−1
+ (ξ)

|E(q, n)
(1 + ξ · η

2

)n
(

f(η) − f(ξ)
)

|dSq−1(η)+
çFö>ì è

∫

Sq−1
−

|E(q, n)
(1 + ξ · η

2

)n
(

f(η) − f(ξ)
)

|dSq−1(η)‖sup ≤ çFö v>è

‖ω(δ)E(q, n)

∫

Sq−1

(1 + ξ · η
2

)n

dSq−1(η)+
çFö � è

∫

Sq−1
−

|E(q, n)M
(1 + ξ · η

2

)n

dSq−1(η)‖sup ≤
çFögö è

ω(δ) + |Sq−1|E(q, n)M
(

1 − δ

2

)n

→ ω(δ)
hPcg+

n → ∞
ç�ög÷ è

ê�!k),$6×��gÏi!#e 7�+
limn→∞ ‖(Πn(q)f)(ξ) − f(ξ)‖sup ≤ ω(δ)

�@34'
ω(δ) → 0

hPcg+
δ → 0
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f ∈ C(Sq−1)
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Πn(q)
�V3�7�)6)67¿»f"#$67�+@"Q$6"#�£$67�!�»0e c���"#5Q5�7¿e 7�)@sg� $65�7�e 7.¹g9j7��³9:7�e
hPsg!#��7�� e 7

!#7�9:9:'³$67�$£'.)K+&8 9j9:7�� 7 Yn(q)
!#"#���g7�+¶)²Ï¶)K"

C(Sq−1)
�

XY������G��Lø�Whu ü6ý
µk

n(q)
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)
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