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Abstract. We give a parametrization of the possible Serre invariants (N, k, ν)
of modular mod ` Galois representations of the exceptional types A4, S4,
A5, in terms of local data attached to the fields cut out by the associated
projective representations. We show how this result combined with certain
global considerations leads to an effective procedure that will determine for a
given eigenform f and prime ` whether a mod ` representation attached to f

is exceptional. We illustrate with numerical examples.

1. Introduction.

Suppose that f is a eigenform of weight ≥ 2 for some Γ1(M), and let ` be a

prime number. If λ is a prime of Q above ` then by a construction [12] of Deligne

followed by reduction mod λ and semisimplification, there is attached to f a mod

λ representation ρ : GQ −→ GL2(F`) of the absolute Galois group of Q. If ρ is

irreducible, the classification [16] of finite subgroups of GL2(F`) implies that the

image of the projectivisation

Proj(ρ) : GQ −→ PGL2(F`)

of ρ is (i) dihedral, (ii) isomorphic to one of the groups A4, S4, A5, or (iii)

isomorphic to PGL2(F`n) or PSL2(F`n) for some n. Thanks to work by Swinnerton–

Dyer, Serre, Ribet and Momose, cf. [41], [42], [36], [31], [32], [28], one knows that

the cases (i) and (ii) occur for only a finite number of primes `. Also, if we

are in case (i) or (ii) for our particular prime λ, then this implies the existence

of certain exceptional mod λ congruences for the Fourier coefficients of f . The

link to exceptional mod λ congruences is one the the main reasons for interest in

determining for the given pair (f, λ) whether ρ has ‘small image’, i.e., whether we

are in one of the cases (i) or (ii).

It is thus natural to ask whether we can devise a method that will determine

by a finite amount of computation the image of ρ, or at least that of Proj(ρ). In

principle the explicit version of Chebotarev’s theorem [25] provides us with such a

method, but it seems impractical to use this since the bounds involved are generally

astronomical. Of course, if one expects to be in case (iii), one can hope to quickly

notice this by finding — via the Fourier coefficients of f — elements in the image

of ρ whose presence imply that case (iii) prevails. This seems to work remarkably

well, see for example [17]. On the other hand, since case (i) means that ρ is induced

from a 1-dimensional character on GM for some quadratic M/Q, it is not hard to

see how one can obtain through algebraic number theory combined with [40] a
1
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method that will confirm or deny that case (i) prevails. These considerations may

convince us that the cases (ii) — which we refer to as the exceptional cases —

are especially problematic to confirm for a given (f, λ). For example, in the works

[41], [42], [36] that deal with classical forms f of level 1, it was precisely the case

where f = Q∆ is the normalized cusp form of weight 16 and level 1, ` = 59 and

where ImProj(ρ) turns out to be of S4-type, that caused the most trouble. This

example was finally settled by Haberland in [21] who worked hard with the Fourier

coefficients of Q∆.

The contribution of the present article is the systematic development of the

following simple idea: If ρ is of the exceptional type (ii), then Proj(ρ) cuts out

an extension K/Q with Galois group isomorphic to one of the groups A4, S4, A5.

Then K/Q gives rise to a complex projective Galois representation π (by choosing

an embedding Gal(K/Q) ↪→ PGL2(C)) which — in an appropriate sense — may

be assumed to yield Proj(ρ) upon reducing mod λ, cf. the discussion in section

4 below. Then, if we lift π to a linear representation r : GQ → GL2(C) and make

this `-adically integral, ρ is a twist of the mod λ reduction of r. Utilizing then

the extensive information — as given in [4], [46], [23] — about the behavior of

complex lifts upon twisting, we are able to determine purely in terms of local

data attached to the extension K/Q the (infinitely many) possible Serre invariants

(N, k, ν) of representations ρ that cut out K/Q projectively. Here, and in the

following, by ‘Serre invariant’ (N, k, ν) we mean the quantities attached by Serre

in [38] to an irreducible mod ` representation ρ, with the small modification in

connection with the weight k as given in [19]. Combining this with results on

Serre’s refined conjecture as given in [33], [14], [19], [8], we can predict the minimal

types (N, k, ν) of eigenforms whose attached projective mod ` representations cut

out a given K/Q. This is what Theorem 1 below does: It gives a parametrization

of these (infinitely many) minimal types (N, k, ν) purely in terms of local data

attached to K/Q.

One remark about the theorem: We discuss only minimal types (N, k, ν) where

every prime divisor of N is a ramification point for the given K/Q; this is because,

as one immediately checks, any other minimal type will then have the shape (N ·
m2, k, ν · φ2) where φ is a character of conductor m whose prime divisors are all

different from ` and unramified in K.

The information obtained from Theorem 1 is sufficient to actually prove excep-

tionality for some particular examples of modular mod ` representations. We give

some of these immediately in section 3 below. For instance, we are able to quickly

reprove Haberland’s result in connection with Q∆ and ` = 59 without knowing

a single Fourier coefficient of the form. Another and somewhat more complicated

example concerns the unique normalized cusp form of weight 4 on Γ0(8) and ` = 11.

These examples have also been dealt with by Boylan [3] by different methods.

We also discuss an A5-type example occurring in Ribet’s paper [34]: Here we

are able to immediately confirm — under an suitable modularity condition — a

conjecture in that paper.
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In section 4 we discuss the above lifting of exceptional projective mod λ repre-

sentations to complex ones. After that, in the beginning of section 5 we describe

first the structure of the proof of Theorem 1 in detail, and then proceed with the

actual proof. Finally, in section 6 we show how Theorem 1 can be complemented

by certain global considerations to yield an effective general procedure that will

decide whether the exceptional case prevails for any explicitly given pair (f, λ).

Notation. The Galois group of a separable closure of a field k will be denoted Gk.

The symbol ` denotes a fixed odd prime number, but p may be any prime. We

fix a prime λ of Q above `. More generally, if p is any prime it will be convenient to

assume that a prime of Q over p has been fixed. Corresponding to this prime over

p we have a decomposition subgroup and an inertia subgroup of GQ; the inertia

subgroup will be denoted by Ip.

Generally, K/Q will denote a not totally real extension with Galois group iso-

morphic to one of the groups A4, S4, A5; in this situation, l and p will denote

primes of K over ` and p respectively.

All Galois representations occurring are assumed to cut out a finite extension of

the base field in question.

If ρ is a linear or projective representation of GQ, we shall denote by ρp the

restriction of ρ to the decomposition group in GQ corresponding to the fixed prime

of Q over p. We then view ρp as a representation of GQp . By the projective kernel

field of ρ we mean the field fixed by the kernel of ρ if ρ is projective, or the kernel

of the projectivisation of ρ if ρ is linear.

The projectivisation of a given linear representation ρ will be denoted by Proj(ρ).

We denote by Up the group of units in Zp. If εp is a character of Qp, we denote

by cp(εp) the exponent of the conductor of εp.

We use (local) class field theory freely and without special notice. Thus for

example, if εp is a character of GQp we may view the restriction of εp to the inertia

subgroup of GQp as a character on Up.

The symbol χ always denotes the mod ` cyclotomic character χ : GQ −→ F×
` .

2. Statement of results.

Let ` be an odd prime, and suppose that K/Q is a non-real Galois extension

with Galois group G isomorphic to one of the groups A4, S4, A5.

Suppose that p is a prime that ramifies in K and that φp : Up → C× is a homo-

morphism.

In section 5.1 we will define a character

εp = ε(Kp/Qp) : Up −→ F×
`

depending only on the extension Kp/Qp, and also non-negative integers

np(φp) = np(Kp/Qp, φp) and δp(φp) = δp(Kp/Qp, φp)

that depend on Kp/Qp as well as on φp.

Also, in sections 5.3–5.5 we define a set

W` = W(Kl/Q`)
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of natural numbers depending on the extension Kl/Q`. The set W` also comes

equipped with a partition W` = W+
` ∪ W−

` in case ` 6= 5 and Kl/Q` has degree

divisible by 5.

In this situation and with these definitions our main result can be formulated as

follows.

Theorem 1. Retaining the above notation, let S denote the product of the

finite primes different from ` that ramify in K.

Suppose that N is a natural number whose prime divisors all divide S, that

ν : (Z/ZN)× −→ F×
`

is a homomorphism, and that k ∈ f2, . . . , `− 1g.

(a) Suppose that (N, k, ν) is the triple of Serre invariants of a modular mod

λ representation cutting out K/Q projectively.

Then k ∈ W` and there exists a global character of order prime to `

φ : GQ → C×

unramified outside S · ∞, such that

N =
∏
pjS

pnp(φjIp )−δp(φjIp ) ,

and such that

ν(r) =
∏
pjS

εp(r)
−1 ·

(
φp(r)

−2 mod λ
)
, for (r,N) = 1.

(b) Conversely, suppose that N and ν have the forms as in (a) for some

global character φ of order prime to `. Assume also that K/Q is cut out

projectively by some (2-dimensional) modular mod λ representation.

Then if either Kl/Q` has degree not divisible by 5 or if ` = 5, there exists

for any k ∈ W` an eigenform of type (N, k, ν) and with K the projective kernel

field of the attached mod λ representation.

If on the other hand, Kl/Q` does have degree divisible by 5 and ` 6= 5, there

exists a µ ∈ f+,−g such that: For any k ∈ W
µ
` there exists an eigenform

of type (N, k, ν) and with K the projective kernel field of the attached mod λ

representation.

For an outline of the proof of the theorem see the beginning of section 5 below.

Remarks: (1) In the theorem, the numbers np(φjIp) actually depend only on

(Kp/Qp and) the conductor of φp except possibly when Kp/Qp is cyclic.

(2) The small indeterminacy concerning the weight k in part (b) of the theorem

stems from the from the fact that there are 2 inequivalent embeddings A5 ↪→
PGL2(F`) if ` 6= 5. It is true — in an appropriate sense — that swapping between

these 2 embeddings will change the sign µ. The point is however that our proof of

the theorem is by purely local means and that the simultaneous specification of

all of the 3 quantities N , k and ν really requires some sort of global information in
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this case. An example of this type of phenomenon can be found in [4], Chap. 6.

We shall indicate in section 6 below how the question can be resolved by certain

global information in any explicitly given case.

(3) By results of Langlands and Tunnell, cf. [26], [44], the modularity assumption

in part (b) of the theorem, i.e., that K/Q be cut out projectively by some modular

mod λ representation, is always true if K/Q is of type S4 or A4. In case that K/Q
is of A5-type, the assumption is not an extremely strong one, as follows from recent

progress on the Artin conjecture for odd icosahedral representations of GQ, cf. [6],

[43].

One could define a non-real extension K/Q of one of the types A4, S4, or A5 to

be modular if it is the projectivisation of the reduction mod λ of the 2-dimensional

λ-adic representation attached by Deligne and Serre [13] to an eigenform of weight

1 for some Γ1(N). With this definition it would not be hard to show that K/Q
is modular if and only if K/Q is cut out by some modular mod λ representation

if and only if any mod λ representation cutting out K/Q projectively is modular

(for this one needs the results of [19], and in case that K/Q is of A5-type and ` 6= 5

where we have 2 inequivalent embeddings A5 ↪→ PGL2(F`) as mentioned above, the

argument requires a small special consideration involving the complex conjugation

of modular forms).

(4) It would have been possible to include a discussion of non-optimal levels ([15]

and [5]). Also, we could have discussed weights outside the interval 2 ≤ k ≤ `− 1;

the main purpose for restricting to this interval is to exclude the case where the

weight of the mod ` representation is 1. This case would occur if the given extension

K/Q was unramified over ` which is a rather uninteresting situation in the context

of the present paper. Of course, for a general modular mod ` representation the

natural interval of weights to discuss is the full range 1 ≤ k ≤ ` + 1; however, for

representations of the exceptional types studied in this paper, restricting to the

interval 2 ≤ k ≤ ` − 1 causes only a small inconvenience in the very special case

that ` = 3 and Kl/Q` is totally ramified dihedral of order 6, in which case the

weight k = 4 may occur ‘naturally’. See the proof of part (b) of the Theorem for

more details.

Finally, one should notice that the proof of the theorem obviously enables one to

actually count the number of modular mod ` representations with a given triple of

Serre invariants (N, k, ν) (of course under the appropriate modularity assumption

in the A5-case and with the minor indeterminacy of part (b)).

These possible extensions of Theorem 1 have been discarded mainly in order to

prevent overloading in the statement of the theorem.

3. Examples.

In this section we give a few simple examples of the use of Theorem 1 in con-

nection with questions about the image of modular mod ` representations.

3.1. An interesting class of S4-type representations arises in connecting with non-

real S4-extensions K/Q where Kl/Q` is dihedral of order 8. In that case, we

must have ` ≡ 3 (4) as there are no dihedral extensions of Q` of order 8 if ` ≡ 1
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(4). Certainly, the extension K/Q is cut out projectively by some modular mod

λ representation: Embedding Gal(K/Q) ↪→ PGL2(C) and lifting this to a linear

representation, which is possible by a theorem of Tate, cf. [37], results of Langlands

and Tunnell, [26], [44], imply that K/Q is cut out projectively by the complex

representation attached to a modular form of weight 1. Making this representation

λ-adically integral and reducing mod λ proves the claim.

Now, the definition of W` in this case is:

W` :=

{
`+ 5

4
,
3`+ 7

4

}
,

cf. section 5.3.4 below. Part (b) of Theorem 1 then informs us that there are

exceptional modular mod λ representations with K/Q the projective kernel field

for any of the weights k ∈ W`.

Let us now specialize even further to the case where K/Q is unramified outside

2 · ` ·∞, and is either unramified or of S4-type locally above 2. So, if p2 a prime of

K over 2 we have either Kp2 = Q2, or else — see Weil [45] — Kp2 is one the the

following three extensions Mi/Q2, i = 2, 3, 4:

Mi := Q2(ζ, ω,
√
xi,

√
σxi,

√
σ2xi)

where ζ is a primitive 3’rd root of unity, ω3 = 2, σ is the automorphism of Q2(ζ, ω)

given by σω = ζω, and x2 := (1 + ω)(1 + ω2)(1 + ω3), x3 := (1 + ω)(1 + ω3),

x4 := (1 + ω2).

We have then the following immediate corollary to Theorem 1.

Corollary 1. Suppose that ` ≡ 3 (4) and that K/Q is a non-real S4-type ex-

tension which is unramified outside 2 · ` ·∞, and such that Kl/Q` is the unique

dihedral extension of order 8 of Q`. Suppose further that K is either unrami-

fied or of S4-type locally above 2. Let p2 a prime of K over 2.

Let φ : Z/Z2c → C× be a Dirichlet character of conductor 2c, and define the

non-negative integer n and the character ε : U2 −→ F×
` as follows:

ε = 1 and n = 2c if Kp2 = Q2 ,

ε(−1) = −1, ε(5) = 1 and

{
n = 7 if c ≤ 3

n = 2c if c ≥ 4

}
if Kp2 =M2 ,

ε = 1 and

{
n = 7 if c ≤ 3

n = 2c if c ≥ 4

}
if Kp2 =M3 ,

ε = 1 and

{
n = 3 if c ≤ 1

n = 2c if c ≥ 2

}
if Kp2 =M4 .

Then for each of the weights k = `+5
4 , 3`+7

4 , there exists a mod λ eigenform

whose attached mod λ representation cuts out the extension K/Q projectively,

and which has type (2n, k, ν) with ν given by:

ν(r) = ε(r)−1 ·
(
φ(r)−2 mod λ

)
, for odd r.
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Proof. The result follows immediately from Theorem 1 once one reviews for this

particular case the definitions, in section 5.1.3, 5.2, and 5.3.4 below, of the numbers

n2(φjI2) and δ2(φjI2), of the character ε = ε2 : U2 → F×
` , and of the set W`. �

3.1.1. Suppose additionally that K/Q is unramified outside ` · ∞. In [18] such

fields were studied using other methods than ours and under an additional condi-

tion on ` made to ensure the solvability of a certain embedding problem associated

with lifting GQ � Gal(K/Q) ↪→ PGL2(C) to a linear representation. By solving

explicitly this embedding problem and studying the behavior of the solution locally

at ` the author of that paper was able to find the connection to cusp forms of weight
`+5
4 . Here we proceed without any further assumptions than those already made

on K and conclude from Theorem 1 that there are modular mod ` representations

of level 1 and the above weights with K the associated projective kernel field. The

classical example of this phenomenon concerns the unique cusp form Q∆ of level

1 and weight 16 in connection with ` = 59. This case was first considered by

Swinnerton–Dyer in [41] who found strong reasons to believe that the mod 59 rep-

resentation attached to Q∆ is exceptional of type S4. This was then subsequently

proved in [21] by Haberland who — having less powerful theorems at his disposal

than we do — worked hard numerically with the Fourier expansion of Q∆. We

can reprove the statement easily and without knowing any Fourier coefficients: One

knows (cf. [21]) that there is a unique S4-extension of Q unramified outside 59 and

∞. In fact, the splitting field K of the polynomial

x4 − x3 − 7x2 + 11x+ 3

is seen to be such a field. It is non-real, and dihedral of order 8 over 59. Theorem

1 implies the existence of modular mod 59 representations of level 1 and weights
59+5

4 = 16, 3·59+7
4 = 46 with K as projective kernel field. Since Q∆ is the unique

cusp form of level 1 and weight 16, the claim follows.

3.1.2. A somewhat more complicated example occurs in connection with the mod

11 representation ρ attached to the unique cusp form η(2z)4 ·η(4z)4 of weight 4 on

Γ0(8) where η(z) is the Dedekind eta function:

η(z) = e2πiz/24
∞∏

n=1

(1− e2πinz) .

Numerical experiments performed by the second author suggested strongly that ρ

is exceptional of S4-type; verifying this was one of the initial starting points of the

present article. If we wish to verify this via Theorem 1 we must begin by looking for

a candidate K/Q for the corresponding projective kernel field. Thus, K/Q should

be a non-real S4-extension unramified outside 2 · 11 · ∞. By class field theory one

finds that the unique S3-subextention L/Q contained in K/Q would have to be the

splitting field of

x3 − x2 − x− 1 ,

which is in fact an S3-extension of Q unramified outside 2 · 11 · ∞. Now we have

to look for an embedding of this L/Q in an S4-extension K/Q of the desired type.

It turns out that there is more than one such K/Q but we shall focus on the one
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that is relevant for our example. We seek to find the candidate K/Q by utilizing

the method of [2]:

Consider the elliptic curve −22y2 = x3−x2−x−1 which has minimal Weierstrass

model

E : y2 = x3 + x2 − 645x+ 14771 .

The curve E has good reduction outside 2 · 11, and has the rational point

P = (−26, 121) ∈ E(Q)\2 · E(Q) .

According to [2], the field generated over Q by the x-coordinates of pointsQ ∈ E(Q)

with 2 · Q = P is a (non-real) S4-extension K/Q unramified outside 2 · 11 · ∞.

Using the 2-division polynomial for E we find that this K is the splitting field of

the polynomial

x4 + 104x3 + 1394x2 − 185248x+ 1893125 .

Applying to this polynomial the function polred in PARI, cf. [29], we find that K

can also be given as the splitting field of

x4 − 2x3 − 4x2 + 16x− 13 .

One can then verify directly that K/Q is indeed a non-real S4-extension unramified

outside 2 ·11 ·∞, that the local extension over 11 is the unique D4-extension of Q11,

and finally that the local extension over 2 is the S4-extension that was denoted M4

in [23] and in 3.1 above. Thus, Corollary 1 applies and gives the existence of an

exceptional S4-type modular mod 11 representation of level 8, weight 4 and trivial

nebentypus, which must then be our representation ρ.

Similarly, one can show that the mod 19 representation attached to the unique

cusp form η(2z)12 of weight 6 on Γ0(4) is exceptional of S4-type with projective

kernel field the splitting field of

x4 − x3 − 2x2 − 6x− 2 .

3.2. An interesting A5-type example occurs in Ribet’s paper [34], p. 284: There

are exactly 2 newforms of weight 2 on Γ0(23); call them f1, f2. The example con-

cerns the mod 3 representations ρi attached to fi. Arguments given loc. cit., sug-

gested that each of the representations ρi is of A5-type, and in fact with projective

kernel field the A5-extension of Q given as the splitting field K of the polynomial

(∗) x5 + 3x3 + 6x2 + 9 .

It was further stated loc. cit., that computations performed by Mestre were con-

sistent with this claim. We shall show here how Theorem 1 immediately implies

this statement under the assumption of modularity of a 2-dimensional complex

representation associated with K.

The polynomial (∗) occurs as the second entry of the table in [1], and if we choose

an embedding A5 ↪→ PGL2(C) we obtain a complex, odd A5-type representation

ρ of conductor 33 · 232. It should be fairly clear that a rigorous verification of the

above statement about the ρi must involve either a proof of the Artin conjecture

of this complex ρ or else the application of some form of explicit Chebotarev. The
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authors have not considered how to practically implement the second option. Con-

cerning the first, let us remark that the results of the papers [6] and [43] do not

suffice to prove the Artin conjecture for ρ (in K, a Frobenius over 2 has order 5, and

3 is totally ramified of degree 6). Furthermore, an attempt at a direct computa-

tional verification of Artin’s conjecture for this ρ utilizing methods similar to those

employed in [24], can be estimated to lead to an intractably large computation.

Thus, we shall be content with giving a relative statement: Assuming the weight 1

modularity for this particular ρ, the ρi are both of A5-type with projective kernel

field the above K. This is readily done: Denoting by p23 and p3 primes of K over

23 and 3 respectively, one finds that Kp23/Q23 is the unique dihedral extension of

degree 6 of Q23, and that Kp3/Q3 is totally ramified dihedral of degree 6. One

checks that the latter extension is peu ramifié: An easy calculation shows that peu

and très ramifié implies the contribution 34 and 36 respectively to the discriminant

of a quintic subfield of K (cf. also Table 3.1 of [4]); as this discriminant is in fact

34 · 232 ([1], Table 1), Kp3/Q3 is peu ramifié.

The recipes in section 5 then give: n23(1) = 1, ε23 = 1, and W3 = f2g. Under

the above weight 1 modularity assumption Theorem 1 thus implies the existence

of a modular mod 3 representation ρ of level 23, weight 2 and trivial character that

cuts out this K/Q projectively. On the other hand, choosing the other embedding

A5 ↪→ PGL2(C), we obtain similarly another modular mod 3 representation which

is not equivalent to ρ but has the same level, weight and character. As S2(Γ0(23))

has dimension 2, the desired conclusions about the ρi follow.

4. Lifting exceptional mod ` representations to complex

representations.

In this section we prove some simple statements about lifting mod ` represen-

tations to complex ones. Everything in this section is probably fairly standard

knowledge but we have included it for lack of appropriate references.

Though we need only the case n = 2, we start by discussing the more general

case of n-dimensional representations as this causes no extra work.

Given an irreducible Galois representation π : GQ → PGLn(C) with finite image,

by the reduction mod λ of π we mean the representation Proj(r̄) : GQ → PGLn(F`)

constructed as follows:

Let r : GQ → GLn(C) be a lift of π, i.e., a representation which has projectivi-

sation equal to π. By a theorem of Tate (cf. [37]) such a lift r does exist. We may

consider r as a representation r : GQ → GLn(Q). Denote by Z the ring of inte-

gers of Q. Since every finitely generated ideal of Z is principal, we can conjugate

r to a representation GQ → GLn(Z) which by abuse of notation we still denote

by r. Now let r̄ be the mod λ reduction of r, and consider the projectivisation

Proj(r̄) : GQ −→ PGLn(F`) of r̄. One easily checks that Proj(r̄) is independent up

to equivalence of the various choices made. We refer then to Proj(r̄) as the mod λ

reduction of π. For clarity, the four representations π, r, r̄, and Proj(r̄) are shown
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in the following diagram:

GQ

r

{{vv
vv

vv
vv

v
π

$$IIIIIIIII

r̄

��		
		

		
		

		
		

		
		

Proj(r̄)

��6
66

66
66

66
66

66
66

66

GLn(Z)

��

PGLn(Z)

��
GLn(F`) // PGLn(F`)

Reversing the roles of π and Proj(r̄), if Π: GQ → PGLn(F`) is given and assumed

to be irreducible, we may ask for a representation π : GQ → PGLn(C) whose mod

λ reduction is the given Π. If such a π exists we may and will then refer to it as a

complex lift of Π.

Proposition 1. Let Π: GQ → PGL2(F`) be an irreducible representation such

that ImΠ embeds in PGL2(C). Then Π has a complex lift.

We start the proof of the proposition by an observation that is best isolated as

a small lemma:

Lemma 1. Let Π: GQ → PGLn(F`) be an irreducible representation such that

the finite group ImΠ embeds in PGLn(C), and is `-solvable. Then Π has a

complex lift.

Proof. Let us first notice that we have

H2(GQ,F
×
` ) = 0 ,

where the action of GQ on F×
` is trivial. This is because we have

F×
`
∼=

∏
p 6=`

Qp/Zp ,

and because we know that

H2(GQ,Qp/Zp) = 0 ,

cf. [37], §6.5. Consequently, Π has some lift ρ : GQ → GL2(F`). Now, since ImΠ is

`-solvable then so is the image of ρ. So we may apply the theorem of Fong–Swan,

cf. for example Theorème 3, p. III-19 of [35], to infer that ρ is in fact in the above

sense the mod λ reduction of a complex representation r. The projectivisation of

any such r is then a complex lift of Π. �

Proof of Proposition 1: By the lemma we may assume that G := ImΠ is not `-

solvable. As G embeds into PGL2(C) this implies G ∼= A5 and ` ∈ f3, 5g. For these
cases we finish the proof by explicitly displaying a lift:

We first choose m large enough so that Π can be realized over F`m , and so that

F`m contains a primitive 5’th root of unity if ` 6= 5, i.e., if ` = 3. Now recall the

well-known fact that there is at most one conjugacy class of subgroups isomorphic

to G in PGL2(F`m); this follows from the discussions in [16], §§258–259.
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Consequently, any representation GQ −→ PGL2(F`m) with the same kernel field

as Π will — up to equivalence — have the shape α ◦Π where α is some automor-

phism of G = ImΠ ≤ PGL2(F`m). If ` = 5 then α must in fact be conjugation by

some element of PGL2(F`m), since G ∼= A5
∼= PSL2(F5) has automorphism group

PGL2(F5) acting via conjugation ([39]). On the other hand, if ` = 3 there are

precisely 2 inequivalent embeddings G ↪→ PGL2(F`m), as PGL2(F`m) will not in

this case contain a subgroup isomorphic to PGL2(F5) (and as PSL2(F5) has index

2 in PGL2(F5)).

In each of the cases we are considering, we now display an explicit complex

lift of a given embedding G ↪→ PGL2(F`m). In terms of the presentation G ∼=
A5 =

〈
x, y j x2 = y5 = (xy)3 = 1

〉
, the following assignments define an embedding

G ↪→ PGL2(F`m):

(]) x 7→ (−c ω
ω c ) , y 7→

(
ε2 −ω
0 ε−2

)
,

where ω := ε+ ε−1, c := ε2 − ε−2, and where ε is a primitive 5’th root of unity if

` = 3, but ε = 1 if ` = 5. For ` = 3 the substitution ε 7→ ε2 brings one embedding

to the other inequivalent one. Viewing the matrices in (]) as elements of GL2(C) by
interpreting ε as a primitive complex 5’th root of unity, we have explicit complex

lifts in all cases. �

Remark: The authors do not know to what extent Proposition 1 generalizes to

higher-dimensional situations. The argument given for n = 2 in case ImΠ is not `-

solvable is admittedly awkward, relying as it does on the classification of subgroups

of PGL2(F`m). But we have not been able to find a more conceptual approach in

this case.

5. Proof of Theorem 1.

In this section we prove Theorem 1. So, let K/Q, G and S be as in the statement

of the Theorem. Definitions of the quantities np(Kp/Qp, φp) and ε(Kp/Qp) will be

given in section 5.1 below, and the definition of the set W`(Kl/Q`) is stated in

section 5.3.

We start with the proof of part (a). Let

ρ : GQ −→ GL2(F`)

be an irreducible modular mod λ representation with Serre invariants (N, k, ν)

where 2 ≤ k ≤ ` − 1, every prime divisor of N divides S, and such that the

extension cut out by the projectivisation

Proj(ρ) : GQ −→ PGL2(F`)

of ρ is the given field K.

Let π : GQ −→ PGL2(C) denote a complex lift of Proj(ρ) in the sense of section

4 (which exists according to Proposition 1).

Now, if r : GQ −→ GL2(C) is any lift of π to a linear representation unramified

outside S`·∞, and if r̄ : GQ −→ GL2(F`) is its mod λ reduction, the definition of the

notion ‘complex lift’ implies that ρ is a twist of r̄ by some character GQ −→ F×
` ; we
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may write this character as φ̄ ·χi for some i ∈ Z and with φ̄ a character unramified

at `. In other words, if we make r integral in the sense of the previous section, we

have the diagram:

GQ

r

{{www
ww

ww
ww

π

$$IIIIIIIII

r̄

��



























Proj(ρ)

��6
66

66
66

66
66

66
66

66

GL2(Z)

��

PGL2(Z)

��
GL2(F`) // PGL2(F`)

where each of the 3 ‘triangles’ commute, and we have

ρ = r̄ ⊗ φ̄χi .

We may and will consider φ̄ as the mod λ reduction of a complex character

φ : GQ −→ C× of order prime to `, and view the restriction φp := φjIp for p j S as

a homomorphism Up → C×.

In the following subsection we utilize the results of [23] to show the existence of

a particular linear lift r as above which is unramified outside S` · ∞ and has the

property that each of the quantities

cp(r ⊗ φ), for p j S ,

and

det(r)jUp
, for p j S ,

can (and will) be explicitly determined. The first of these quantities depends on

the data Kp/Qp and φp, whereas the second depends only on Kp/Qp. Call the first

of these quantities np(φp) = np(Kp/Qp, φp), and let εp = εp(Kp/Qp) denote the

mod λ reduction of the second.

In section 5.2 we compute the number

δp(φp) = δp(Kp/Qp, φp) := np(φp)− cp(r̄ ⊗ φ̄)

for p j S, which depends only on the datum (Kp/Qp, φp). Then the conductor of

ρ = r̄ ⊗ φ̄χi is ∏
pjS

pnp(φp)−δp(φp) ,

which by the assumption on ρ coincides with N . Further, for p dividing S, the

restriction of the determinant of ρ to Ip is the character
∏

pjS εp ·
(
φ2p mod λ

)
which by definition coincides with νjIp when ν is viewed, via global class field

theory, as a character of GQ. As ν is unramified outside S · ∞ we have — again

by global class field theory — that ν is given by

x 7→
∏
pjS

εp(x)
−1 ·

(
φp(x)

−2 mod λ
)
, for (x,N) = 1 ,

as a character on (Z/ZN)×.
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In subsection 5.3 we study the local behavior of r̄ ⊗ χi at ` and define the set

W` = W(Kl/Q`) such that k ∈ W` may be inferred. This will then complete the

proof of part (a) of Theorem 1.

5.1. Local lifts: Conductors and determinants. First we use a theorem of

Tate, cf. [37], to reduce to a purely local question the problem of specifying a con-

venient lift r of π to a linear representation: Define the representation πp : GQp −→
PGL2(C) as the restriction of π to GQp ≤ GQ. Thus πp factors as

πp : GQp � Gal(Kp/Qp) ↪→ PGL2(C) .

Now, if we choose for each p j S · ` a lift rp of πp to a linear representation, the

above theorem of Tate states that there is a uniquely determined lift r of π which

is unramified outside S` · ∞ and satisfies:

(r)jIp
∼= (rp)jIp for p j S` .

We shall now address the problem of specifying for each p a particular choice of rp
with the property that the quantities

cp(rp ⊗ φp) and det(rp)jUp
,

can be explicitly given for any character φp : Up → C×. Then

cp(r ⊗ φ) = cp(rp ⊗ φjIp) ,

and

det(r)jUp
= det(rp)jUp

are also explicitly known for any global character φ : GQ → C×. This then com-

pletes the first step of the proof of Theorem 1 as described above.

The theory of local lifts rp was initiated by Weil in [45], further developed by

Buhler and Zink, cf. [4], [46], and complemented by the results in [23] where a full

solution to the problem was given in all cases. Thus, we can simply quote from

the latter article and briefly review the results given there. There are 3 subcases

corresponding to whether the image of πp is cyclic, dihedral, or isomorphic to A4

or S4, respectively. Surprisingly, the most difficult of these subcases is the dihedral

one. For the following review, let φp denote an arbitrary character GQp → C×.

5.1.1. Cyclic cases. This case is trivial: If Imπp is cyclic then πp is equivalent to

πp ∼ ( α 0
0 1 ) : GQp −→ PGL2(C) ,

for some character α : GQp → C× which we may and will view as a character on

Q×
p . We can then choose rp ∼= α⊕ 1 which gives

np(φp) := cp(rp ⊗ φp) = cp(αjUp
· φp) + cp(φp) ,

and

εp := (αjUp
mod λ) .
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5.1.2. Dihedral cases. Suppose that Imπp is a dihedral group. Then Kp/Qp con-

tains a quadratic extension M/Qp such that Kp/M is cyclic and ramified. If

the degree [Kp : Qp] is greater than 4, the field M is uniquely determined. If

[Kp : Qp] = 4 we let M be any quadratic subfield of Kp such that Kp/M is ram-

ified. Let α : Q×
p → C× be the quadratic character corresponding to M via local

class field theory. Now, the restriction of πp to GM has the form(
β 0
0 1

)
for some character β on GM which by local class field theory may and will be

viewed as a character on M×. In Theorem 1 of [23] a special lift rp of πp is given,

together with explicit formulas, depending on the data (M,β), for det(rp)jUp
and

for cp(rp ⊗ φp). So, we let

εp :=
(
det(rp)jUp

mod λ
)

and

np(φp) := cp(rp ⊗ φp)

where rp is the special lift given loc. cit.; we have then explicit formulas for these

quantities, but as these are somewhat involved in the general case we shall not

restate them in all detail but will be content to review their general shape and give

a few special cases:

Let ω be a uniformizer of M , let b ≥ 1 be the exponent of the conductor of β

(i.e., β has conductor ωb), and let t denote the break in the sequence of ramification

groups of G := Gal(M/Qp) in the lower numbering:

G = G0 = . . . = Gt 6= Gt+1 = 0 .

Then cp(rp ⊗ φp) is given via:

pnp(φp) = pcp(rp⊗φp) = D(M/Qp) ·NM/Qp
(ωmaxft+b,γ(φp)g) ,

where D(·) and NM/Qp
(·) denote discriminant and norm respectively, and where

γ(φp)


= cp(φp) if M/Qp unramified

≤ t if M/Qp ramified and cp(φp) ≤ t

= 2 · cp(φp)− 1− t if M/Qp ramified and cp(φp) ≥ t+ 1

(and where we corrected a small misprint in the statement of Theorem 1 of [23]).

Thus, as is immediately seen, the number np(φp) depends only on Kp/Qp and on

the conductor of φp (rather than on φp itself).

The character det(rp)jUp
has the general shape

det(rp)jUp
= αjUp

· ψ1 · ψ2

where ψ1, ψ2 are the characters given loc. cit., which are both of 2-power order.

The character ψ1 is at most tamely ramified, whereas ψ2 is wildly ramified if it

is non-trivial, which may happen only if p = 2. The definitions of ψ1 and ψ2 are

complicated in general and will not be restated, but we give a few special cases:

If the degree m := [Kp :M ] is odd then ψ1 = ψ2 = 1 so that εp is the trivial or

quadratic character

εp = (αjUp
mod λ) .



ON MODULAR MOD ` GALOIS REPRESENTATIONS WITH EXCEPTIONAL IMAGES. 15

If additionally we have p - m then one finds np(1) = 2.

On the other hand, if Kp/Qp is dihedral of order 8, but p 6= 2, then p ≡ 3

(4) and Kp is unique. One has in this case that M is the unramified quadratic

extension Qp(
√
−1)/Qp so that α is unramified. Further, ψ2 = 1, but ψ1 is the

non-trivial quadratic character on f±1g ≤ Q×
p . With the above notation one has

b = 1 and t = 0 so that

np(φp) = 2 ·maxf1, cp(φp)g .

5.1.3. The ‘primitive’ cases for p = 2. Finally, Imπp may be isomorphic to A4 or

S4 in which case we must have p = 2. The study of these cases was initiated by Weil

in [45]. In [4] Buhler computed the minimal possible conductor of a lift of π2 and

subsequently Zink determined in [46] all possible conductors of lifts of π2. In [23]

these results were complemented by a discussion of the associated determinants.

We can refer to Theorem 2 of [23] where a special lift r2 of π2 was given together

with formulas for the restriction of its determinant to U2 and for the conductor of

r2 ⊗ φ2. We define then

n2(φ2) := c2(r2 ⊗ φ2)

and

ε2 :=
(
det(r2)jU2

mod λ
)
,

where r2 is a lift of π2 as in Theorem 2 of [23]. Thus the formulas of that theorem

give — depending on the extension Kp2/Q2 (p2 a prime of K over 2) — explicit

formulas for the quantities n2(φ2) and ε2. The character ε2 is at most quadratic,

and the number n2(φ2) actually only depends on c2(φ2) in every case.

According to [45] there is exactly 1 extension of Q2 of A4-type; call it M1.

Furthermore, there are exactly 3 extensions of S4-type; as already noted in section

3 above these are Mi/Q2, i = 2, 3, 4, where:

Mi := Q2(ζ, ω,
√
xi,

√
σxi,

√
σ2xi)

where ζ is a primitive 3’rd root of unity, ω3 = 2, σ is the automorphism of Q2(ζ, ω)

given by σω = ζω, and x2 := (1 + ω)(1 + ω2)(1 + ω3), x3 := (1 + ω)(1 + ω3),

x4 := (1 + ω2).

Theorem 2 of [23] then gives the above number n2(φ2) and the restriction of

the above character ε2 to U2 as follows: Write n2 := n2(φ2) and c2 := c2(φ2) for
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convenience. Then:

ε(−1) = −1, ε(5) = 1 and

{
n2 = 5 if c2 ≤ 2

n2 = 2c2 if c2 ≥ 3

}
if Kp2 =M1 ,

ε(−1) = −1, ε(5) = 1 and

{
n2 = 7 if c2 ≤ 3

n2 = 2c2 if c2 ≥ 4

}
if Kp2 =M2 ,

ε = 1 and

{
n2 = 7 if c2 ≤ 3

n2 = 2c2 if c2 ≥ 4

}
if Kp2 =M3 ,

ε = 1 and

{
n2 = 3 if c2 ≤ 1

n2 = 2c2 if c2 ≥ 2

}
if Kp2 =M4 .

5.2. Degeneration of local conductors. We now determine how the conductor

of rp ⊗ φp degenerates upon reduction mod λ, i.e., we determine the number

δp(φp) = δp(Kp/Qp, φp) := cp(rp ⊗ φp)− cp(r̄p ⊗ φ̄p)

for characters φp : Up → C× of order prime to `. Recall that r̄ is the mod λ

reduction of r, and that r̄p is the restriction of r̄ to a decomposition group at p.

Thus, r̄p is the mod λ reduction of rp.

There is a well-developed understanding of how local conductors may degenerate,

cf. [27], [7], but in our special situation it will be more convenient and in fact

basically trivial to determine δp(φp) directly by ‘inspection’. Recall that if p and `

are distinct primes, and if R : GQp → GLn(Q`) is a continuous λ-adic representation

with R̄ : GQp → GLn(F`) a mod λ reduction, then

cp(R)− cp(R̄) = dim R̄Ip − dimRIp

where R̄Ip and RIp denote the space of fixed points of R̄(Ip) and R(Ip) respectively

(in the associated underlying vector space). Confer [27], section 1.

We split up into 3 main subcases corresponding to the behavior of r̄p on the

inertia group Ip.

(1) Suppose that r̄p is irreducible on Ip. This case will occur if p = 2 and r2 is of

A4- or S4-type, or if Imπp = ImProj(rp) is totally ramified dihedral of order 2m

with ` - m.

Then r̄p ⊗ φ̄p and rp ⊗ φp are also both irreducible on Ip. Thus,

δp(φp) = 0

in these cases.

(2) Suppose that r̄p is reducible but semisimple on Ip. This case occurs if Imπp =

ImProj(rp) is either cyclic of order not divisible by `, or is ramified, but not totally

ramified, dihedral of order 2m with m not divisible by `.

(2a) In the first case we have

(rp)jIp ∼ ( α 0
0 1 ) , (r̄p)jIp ∼ ( ᾱ 0

0 1 ) ,
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with α a ramified character of order not divisible by `. We obtain

δp(φp) = 0

since — as α and φp have order prime to ` — the characters αφp and ᾱφ̄p are

seen to have the same conductors, and similarly for φp and φ̄p.

(2b) In the second case we have rp = IndM/Qp
(β) where M/Qp is the unramified

quadratic extension, and β is a ramified character on GM that may be — and in

fact has been — chosen to have order prime to `. Then if σ denotes the non-trivial

automorphism of M/Qp we have

(rp ⊗ φp)jIp ∼
(

β·(φp)jGM
0

0 βσ ·(φp)jGM

)
,

(r̄p ⊗ φ̄p)jIp ∼
(

β̄·(φ̄p)jGM
0

0 β̄σ ·(φ̄p)jGM

)
and again we deduce

δp(φp) = 0 .

(3) Suppose finally that r̄p is reducible but not semisimple on Ip. Then Imπp =

ImProj(rp) is either cyclic of orderm divisible by `, or is dihedral of order 2m with

m divisible by `. Since Imπp is isomorphic to a subgroup of one of the groups A4,

S4, or A5, these cases can only occur if ` ∈ f3, 5g and m = `.

(3a) In the first case we have chosen rp such that Im rp has the same order as

Imπp, i.e.,

rp ∼ ( α 0
0 1 )

with α a character of order `. Hence a priori

dim(rp ⊗ φp)
Ip =

{
1 if φp ∈ f1, α−1g
0 otherwise,

where however the case φp = α−1 actually does not occur because φp has order

prime to ` whereas α has order `.

On the other hand,

r̄p ∼ ( 1 ∗
0 1 )

with ∗ 6= 0 and so

dim(r̄p ⊗ φ̄p)
Ip =

{
1 if φ̄p = 1

0 otherwise.

We obtain

δp(φp) = 0 .

(3b) In the second case we have as in (2) above that rp = IndM/Qp
(β) withM/Qp

the unramified quadratic extension and β a ramified character on GM . Hence,

(rp ⊗ φp)jIp ∼
(

β·(φp)jGM
0

0 βσ ·(φp)jGM

)
with σ the non-trivial automorphism of M/Qp. Noticing that (φp)jGM

is fixed

under conjugation with σ whereas β is not (β−1βσ is a character of order m = `),

we obtain

dim(rp ⊗ φp)
Ip = 0 .
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On the other hand, denoting by α the restriction to Ip of the quadratic character

corresponding to M/Qp, we have

(r̄p ⊗ φ̄p)jIp ∼
(

ᾱφ̄p ∗
0 φ̄p

)
so that

dim(r̄p ⊗ φ̄p)
Ip =

{
1 if φ̄p = ᾱ

0 otherwise.

Consequently,

δp(φp) =

{
1 if φ̄p = ᾱ

0 otherwise.

5.3. Local lifts: The weight. In this section we define in dependence on the ex-

tension Kl/Q` a set W` of natural numbers so that k ∈ W` may be deduced. Recall

that Kl/Q` is the local extension cut out by the restriction to the decomposition

group GQ` ≤ GQ of Proj(ρ) with ρ our given modular mod λ representation.

We start by quoting two theorems about the structure of the restriction ρ` of ρ

to the decomposition group GQ` ≤ GQ. Let the corresponding mod λ cusp form be

denoted by f . Thus f is a form of weight k ∈ f2, . . . , `−1g. Denote by an ∈ F` the

Fourier coefficients of f . The first theorem is due to Deligne; a proof can be found

in [20]. The statement is that if a` 6= 0 then ρ` is reducible and more precisely has

the shape

ρ` ∼
(
u · χk−1 ∗

0 v

)
where u and v are unramified characters. The second theorem — due to Fontaine

with a proof to be found in [19] — states that if a` = 0 then ρ` is irreducible and

(ρ`)jI` ∼
(
(ψ′)k−1 0

0 ψk−1

)
where ψ,ψ′ : I` → F` are the 2 fundamental characters of level 2. We have ψ′ = ψ`.

As usual, we refer to these two cases as the ordinary and the supersingular case

respectively.

Now on the other hand we have defined above in section 5.1 a certain represen-

tation r : GQ −→ GL2(C) such that in particular:

ρ` ∼= r̄` ⊗ χi ⊗ (unramified character),

for some i, where r̄` denotes the restriction of the mod λ reduction of r to the

decomposition groupGQ` ≤ GQ. We proceed now to compare these two descriptions

of ρ in order to make statements about k.

The first observation is that if Kl/Q` were unramified, we would obviously be

in the ordinary case whence the assumption 2 ≤ k ≤ `− 1 would imply the contra-

diction k = 1. So we may start by defining

W` := ∅ if Kl/Q` unramified.

Secondly, as ` is odd the extension Kl/Q` is either cyclic or dihedral. We split up

the discussion into 5 subcases.
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5.3.1. Tamely ramified cyclic case. Suppose that Kl/Q` is tamely ramified and

cyclic of order m ∈ f2, 3, 4, 5g. Let e j m be the ramification index of Kl/Q`. Thus,

` ≡ 1 mod e. The representation r̄` has image of order m, and as ` - m we have

that r̄` is semisimple and reducible. We are thus in the ordinary case, and so χk−1

necessarily has order e. On the other hand, this order is `−1
(`−1,k−1) so we see that

k − 1 = a · `− 1

e

for some natural number a which must be less than e, as k ≤ `− 1.

So, if e = 2, 3, 5 we have a = 1, a ∈ f1, 2g and a ∈ f1, 2, 3, 4g respectively. If

e = 4 we must have a ∈ f1, 3g as a = 2 would imply O(χk−1) = 2. So we may

define

W` = W`(Kl/Q`) :=



f `+1
2 g for e = 2

f `+2
3 , 2`+1

3 g for e = 3

f `+3
4 , 3`+1

4 g for e = 4

f `+4
5 , 2`+3

5 , 3`+2
5 , 4`+1

5 g for e = 5.

5.3.2. Wildly ramified cyclic case. If Kl/Q` is wildly ramified cyclic of order m,

we have that r̄` is twist-equivalent to(
u ∗
0 v

)
with unramified characters u, v and ∗ 6= 0. We deduce the contradiction k = 1 and

may thus define W` := ∅ in this case.

5.3.3. Wildly ramified dihedral cases. IfKl/Q` is wildly ramified dihedral of order

2m then, as ` is odd, we must have ` j m. As the Galois group of Kl/Q` is

isomorphic to a subgroup of one of A4, S4, A5, we conclude ` ∈ f3, 5g and m = `.

Now, Kl/Q` has a unique quadratic subextension M/Q`, and the representation

r : GQ −→ GL2(C) has been chosen in such a way that r̄` appears in shape

r̄` ∼
(
α ∗
0 1

)
⊗ (unramified character)

where α is the quadratic character corresponding to M/Q`.

So, if M/Q` is unramified, that is, if Kl/Q` is wildly but not totally ramified,

we deduce the contradiction k = 1.

On the other hand, if M/Q` is ramified, i.e., if Kl/Q` is totally and wildly

ramified, we must have α = χk−1. As k ≤ ` − 1 and α has order 2, we deduce

k = `+1
2 . For the proof of part (b) of Theorem 1 in the next subsection, it will be

convenient at this point to make an additional remark in the special case that ` = 3:

We have then k = 2 and this must be the weight attached to ρ by Serre-Edixhoven;

referring specifically to Definition 4.3 of [19], we are in case 2(b) of that definition
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and k = 2 means that Kl/Q` is ‘peu ramifié’ in the sense of Serre [38], p.186. We

may thus define

W` :=

{
∅ for Kl/Q` wildly but not totally ramified

f `+1
2 g if ` = 5 and Kl/Q` totally and wildly ramified,

and for the case ` = 3

W3 := f2g for Kl/Q3 totally, wildly ramified, but peu ramifié.

For the proof of part (b) of Theorem 1 it will then be convenient to define

additionally for the special case ` = 3:

W3 := f4g for Kl/Q3 totally, wildly ramified, and très ramifié.

5.3.4. Tamely ramified dihedral case. Suppose finally that Kl/Q` is tamely ram-

ified dihedral of order 2m, m ∈ f2, 3, 4, 5g. Then Kl is cyclic of degree m over the

unramified quadratic extension M/Q` and ` ≡ −1 mod m. The representation r̄`
has the form r̄` = IndM/Q`

(β) for a tamely ramified character β on GM . Thus,

(r̄`)jI` ∼
(
β 0

0 βσ

)
where σ denotes the non-trivial automorphism of M/Q`. We are then necessarily

in the supersingular case. The characters β, βσ are of level 2, we have

βσ = β`

and m is the order of the character βσβ−1 = β`−1.

Denote as above by ψ,ψ′ the two fundamental characters of level 2. Interchang-

ing ψ and ψ′ if necessary we may write

β = ψr(ψ′)s, βσ = ψs(ψ′)r

for integers r, s with 0 ≤ r < s ≤ `− 1. Then

(r̄` ⊗ χ−r)jI` ∼
(
(ψ′)a 0

0 ψa

)
with a := s− r which must satisfy 1 ≤ a ≤ `− 2 because r̄` is irreducible. Now,

(ψ′)aψ−a = ψa·(`−1)

must still have order m and this allows us to determine the possibilities for a: As

ψ has order `2 − 1 the number a must have the form

a = a0 ·
`+ 1

m

with 1 ≤ a0 < m. If m = 4 then a0 6= 2 because ψa·(`−1) would otherwise have

order 2.

On the other hand we know that the restriction (ρ`)jI` has the form

(ρ`)jI` ∼
(
(ψ′)k−1 0

0 ψk−1

)
and is the twist by a power of χ = ψ`+1 of the above (r̄`)jI` . We deduce that k− 1

has the form a+ i(`+1) or `a+ i(`+1) for some i, and since k− 1 is a number in
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f1, . . . , `− 2g we find that k = a+1 or k = `+2−a where a is one of the numbers

given above. We can then check that k ∈ W` if we define the set W` thus:

W` = W`(Kl/Q`) :=



f `+3
2 g for m = 2

f `+4
3 , 2`+5

3 g for m = 3

f `+5
4 , 3`+7

4 g for m = 4

f `+6
5 , 2`+7

5 , 3`+8
5 , 4`+9

5 g for m = 5.

5.4. This finishes the proof of part (a) of Theorem 1: Starting with the modular

mod λ representation ρ cutting out K/Q with Serre invariants (N, k, ν), we defined

a global character φ of order prime to `, and then in sections 5.1 – 5.3 defined the

numbers np(Kp/Qp, φp) and δp(Kp/Qp, φp), the characters εp(Kp/Qp), and the set

W`, and in the process verified the conclusions of part (a) of Theorem 1.

5.5. End of proof. We now finish the proof of Theorem 1 by proving part (b). So,

let φ, N , k and ν be given with the properties and relations stated in the theorem.

In particular we have that k is a number in the set W` = W`(Kl/Q`), and because

of our definition of W` we have that K is ramified over `. Choose an embedding

G := Gal(K/Q) ↪→ PGL2(C); this gives us a projective Galois representation

π : GQ −→ PGL2(C) .

Denote by

r : GQ −→ GL2(C)

the lift of π that we specified in section 5.1 above. The hypothesis that K not be

totally real implies that r is an odd representation. So, r is modular of weight 1

by Langlands-Tunnell if G 6∼= A5, and by assumption if G ∼= A5; cf. remark (3)

immediately after the statement of Theorem 1.

Accordingly, the representation r̄ defined as the reduction mod λ of r is an irre-

ducible modular mod λ representation. The same is then true of the representation

ρ := r̄ ⊗ φ̄

with φ̄ the reduction mod λ of φ. By construction ρ has conductor N and character

ν. Now it follows from Ribet’s fundamental work [33] on ‘level-lowering’ as com-

plemented by Diamond in [14], Corollary 1.2, that ρ is the mod λ representation

attached to a mod λ cusp form of type (N, k′, ν) where k′ is the weight attached

to ρ by Serre as modified in [19]. Tensoring with some power of χ if necessary, we

may further assume that k′ ≤ `+ 1.

We shall now proceed to show that k′ ∈ W`(Kl/Q`), though possibly only after

tensoring with some power of χ. First notice that if k′ = 1 then ρ is unramified at

` by [8], Corollary 0.2; this is contrary to our assumptions, so k′ ≥ 2.
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Suppose that k′ = ` + 1. Going through the various cases of Definition 4.3 of

[19], we see that we must be in case 2.(b) of that definition, i.e.,

ρjI` ∼
(
χβ ∗
0 χα

)
,

where ∗ 6= 0. As we have k′ = ` + 1 the definition of k′ is this case shows us that

we must have a := minfα, βg = 0, b := maxfα, βg = 1, and that ρ is not finite at

`. In particular, we see that Proj(ρ)(I`) has order ` · (` − 1). On the other hand,

this group is a subgroup of one of the groups A4, S4, or A5, so we deduce ` = 3

and that this subgroup is in fact dihedral of order 6; we also see — again by order

considerations — that the projectivisation of ρ is totally (wildly) ramified at `.

So, Kl is a totally ramified dihedral extension of Q3 of order 6. Since ρ is not finite

at `, by definition this dihedral extension is ‘très ramifié’ in the sense of Serre, [38],

p.186. By definition of W`(Kl/Q`) in 5.3.3 above, we have then W` 3 4 = k′.

Suppose then that k′ = ` and that we are in the ordinary case. By the theorem

of Deligne quoted above in section 5.3 we have then

ρ` := (ρ)jGQ`
∼

(
u ∗
0 v

)
for some unramified characters u, v. Then ∗ 6= 0 again because ρ is ramified at

`. We deduce that ` ∈ f3, 5g and that Kl/Q` is either wildly ramified cyclic of

order `, or wildly but not totally ramified dihedral of order 2`. Again, this is in

contradiction to our assumption k ∈ W` and our definition W` := ∅ in these cases

(i.e., we have explicitly excluded these cases via the assumptions of part (b) of

Theorem 1).

Assume then k′ = ` but that we are in the supersingular case so that ρ` has a

projective kernel field which is tamely ramified of order 2m, m ∈ f2, 3, 4, 5g. Now,
the theorem of Fontaine quoted above implies that we have

(ρ`)jI` ∼
(
(ψ′)`−1 0

0 ψ`−1

)
,

and we deduce as above in section 5.3 that ψ(`−1)2 has orderm. On the other hand,

this order is `+1
2 , so (m, `) is one of the following: (2,3), (3,5), (4,7). Now, it follows

from [19], Proposition 3.3, that for a suitable power χj of χ, the representation

ρ⊗ χj is modular of weight 3. As one checks that we in fact have 3 ∈ W` in each

of the 3 cases, we are done.

We may now conclude — possibly after tensoring ρ with a suitable power of χ

— that either k′ ∈ W` or else 2 ≤ k′ ≤ ` − 1. But in the latter case we also have

k′ ∈ W` by the already proven part (a) of the theorem.

We thus see that our desired conclusion, i.e., the claim of existence of a mod

λ cusp form of type (N, k, ν) with associated projective kernel field K is true for

at least one number k in the set W`(Kl/Q`). In order to finish the proof it then

clearly suffices to show the following two statements:

(1) In case either ` = 5 orKl/Q` has degree not divisible by 5, we must show that

(N, k̃, ν) ‘occurs’ in the above sense for every number k̃ ∈ W` with 2 ≤ k̃ ≤ `− 1.
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(2) In case ` 6= 5 and Kl/Q` has degree divisible by 5, we must define a partition

W` = W+
` ∪ W−

` and prove the existence of a sign µ ∈ f+,−g such that (N, k̃, ν)

occurs for every number k̃ ∈ W
µ
` with 2 ≤ k̃ ≤ `− 1.

This is essentially accomplished via the theory of companion forms [20], [8], and

the theory of θ-cycles [22], [19], applied to the ordinary and supersingular cases

respectively: Suppose that jW`j > 1, and that f is a mod λ cusp form of type

(N, k, ν) where k ∈ W`. Let ρf denote the mod λ representation attached to f .

Suppose first that Kl/Q` is tamely ramified cyclic of degree m and ramification

index e j m. As jW`j > 1 we have e ∈ f3, 4, 5g. According to the main results of

[20] and [8], the form f has a companion form of weight k1 := `+1−k. One checks

that if e is 3 or 4 then W` consists precisely of the numbers k and k1. If e = 5, we

define

W+
` :=

{
`+ 4

5
,
4`+ 1

5

}
, W−

` :=

{
2`+ 3

5
,
3`+ 2

5

}
so that

W` = W+
` ∪ W−

` ,

and one checks that if a subset W
µ
` contains k, then it also contains k1.

Suppose then that Kl/Q` is tamely ramified dihedral of order 2m, so that we

are in the supersingular case. As jW`j > 1 we have m ∈ f3, 4, 5g. We then first

observe that any number in W` is ≥ 3 except if ` = 3 and m = 4; however, in the

latter case we have W` = f2, 4g and there is nothing to show, as 4 > `− 1 in this

case. So, we may assume k ≥ 3. Now the theory of θ-cycles [22], [19], in particular

Proposition 3.3 in [19], implies that ρf ⊗χ`+1−k is modular of type (N, `+3−k, ν)
(and obviously with K its projective kernel field). One checks that for m = 3 or 4,

the sum of the 2 numbers in W` is indeed ` + 3, so we are done in those cases. If

m = 5 we can split W` into 2 subsets:

W` = W+
` ∪ W−

`

with

W+
` :=

{
`+ 6

5
,
4`+ 9

5

}
, W−

` :=

{
2`+ 7

5
,
3`+ 8

5

}
.

As the sum of the two numbers in each W
µ
` is `+ 3, we are done.

Thus, the proof of part (b) of Theorem 1 is finished.

6. Additional remarks.

6.1. The purpose of Theorem 1 is to give the possible Serre invariants (N, k, ν) of

mod ` representations of one of the exceptional types A4, S4, or A5 in terms of local

data attached to a fixed projective kernel field K. One may of course reverse the

question, i.e., start with a triple (N, k, ν) and ask whether there are any cusp forms

with these data and an attached exceptional mod ` representation. In connection

with this question, the Theorem will immediately give information about whether

there are any local Galois theoretic obstructions for this to be the case, and if

there are not, will give detailed information about the local structure of possible

corresponding projective kernel fields. This information will suffice to determine all
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possible candidates for these projective kernel fields, either via class field theory in

the A4- and S4-cases, or via geometry of numbers (or tables) in the A5-case. This

gives an algorithm which will decide by a finite amount of computation the above

question, — again of course under the assumption of the Artin conjecture in the

A5 case. Examples of this were given above in section 3. In these examples the

dimension of the space of cusp forms in question was sufficiently low that we could

actually ‘point’ to the exceptional form. In general however, the theorem will only

inform us about the existence of an exceptional mod ` cusp form with the given

data (N, k, ν), though — as was pointed out above — we may in fact count the

number of such forms. If one wishes additionally to ‘point’ to these forms one must

first realize that all this can mean in general is to give an algorithm that computes

their Fourier expansions. We shall now briefly indicate how this can be done.

Starting with an extension K/Q of A4, S4 or A5 type, we choose an embedding

Gal(K/Q) ↪→ PGL2(C) and obtain thus a complex projective Galois representation

π. The Fourier expansion that we desire is obtained via reduction mod λ — for

some prime λ over ` — from the L-series of a twist of a lift of π to a linear

representation GQ −→ GL2(C). If one uses the results the papers [30], [9], [10],

and [11], one has an algorithm that computes the L-series of some lift r1 of π

(corresponding to a central embedding problem with cyclic kernel of 2-power order).

The desired Fourier expansions can be computed from twists of the mod λ reduction

ρ1 of r1. Now the problem is that one does not a priori know how the conductor of

ρ1 behaves under twists. However, this can easily be determined by Theorem 1 or

rather the proof if it: The representation ρ1 is a twist of the mod λ reduction ρ of

the special linear lift r occurring in the proof of Theorem 1 (section 5 above), say

ρ1 ∼= ρ⊗ ξ .

If we can determine ξ then because we have complete information about the behav-

ior of ρ with respect to twists, we have determined the Serre invariants of all twists

of ρ1 (essentially parametrized by the conductor of the character by which we are

twisting). But ξ is easily determined: Let Σ denote the product of ` and the finite

primes at which ρ or ρ1 ramifies. As ρ1 is given via an explicitly solved embedding

problem, one can determine (ρ1)jIp for each of the finitely many primes p j Σ. On

the other hand (ρ)jIp is known by construction. Hence, the quantity ξp := ξjIp can

be determined for p j Σ. Identifying ξp with a character on Up, we have ξ explicitly

determined as a mod ` Dirichlet character by

ξ : r 7→
∏
pjΣ

ξp(r)
−1, for (r,Σ) = 1 .

We can also use the global information obtained by solving an embedding prob-

lem to resolve the indeterminacy in part (b) of Theorem 1: In case that ` 6= 5 and

Kl/Q` has degree divisible by 5, the theorem informs us — under the appropriate

modularity assumption — that ρ is mod ` modular of type (N, k, ν) with k any of

the 2 weights in W
µ
` for some choice of sign µ ∈ f+,−g. However, since we now

know

(ρ)jI`
∼= (ρ1 ⊗ ξ−1)jI`
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explicitly, we can — as is easily checked — determine µ by looking at this restric-

tion.

6.2. Continuing the above analysis, if we have given a mod ` cusp form f of mini-

mal level and weight k ∈ f2, . . . `−1g, and if we know that the Galois representation

ρf attached to f is irreducible, then we have — under the assumption of the Artin

conjecture — an effective procedure which will determine whether ρf is of one of

the exceptional types A4, S4, A5. If it is not, the corresponding projective kernel

field has Galois group either dihedral or isomorphic to PSL2(F`m) or PGL2(F`m)

for some m. Since the dihedral case means that ρf is induced from a global 1-

dimensional character, it is easy to see — as also noted in the introduction —

that it can be effectively decided whether this case prevails. If it does not, we are

in the PSL2 or PGL2 case and the question arises how we can effectively distinguish

between these, and in particular how to determine m computationally. In general,

these questions lead to certain not completely trivial considerations that we shall

be addressing elsewhere.
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