ON THE EXPERIMENTAL VERIFICATION OF THE ARTIN
CONJECTURE FOR 2-DIMENSIONAL ODD GALOIS
REPRESENTATIONS OVER Q.

LIFTINGS OF 2-DIMENSIONAL PROJECTIVE GALOIS
REPRESENTATIONS OVER Q.

TIAN KIMING

1. INTRODUCTION.

1.1. Consider equivalence classes of 2-dimensional, irreducible, continuous, odd
Galois representations over Q:

p: Gal(@/Q) — GLy(C)

with Artin conductor N € N and determinant character det p = €. Here, C has the
discrete topology and Gal(Q/Q) has the natural topology as a profinite group so
that ‘continuous’ implies ‘having finite image’. The determinant character ¢ is the
character on Gal(Q/Q) obtained by composing p with the determinant homomor-
phism:

det : GLy(C) — C*.

Then ¢ is a character on Gal(Q/Q) with class field theoretic conductor dividing N.
By class field theory we may identify € with a Dirichlet character modulo N; that
p is odd then means that e(—1) = —1.

It is conjectured that these equivalence classes are in 1-1 correspondence with
the normalized newforms f(z) of weight 1 and nebentypus € on the congruence
subgroup T'g(N) of SLy(Z):

FO(N):{(Z Z) €SLy(Z) | c=0 (N)}

(see for example [10] for definitions). More explicitly, one expects that if the Artin
L-series of p (which depends only on the equivalence class of p) is:

(%) L(s,p) = iann_s ,  Re(s) > 1,
n=1

then:

(%) flz)= i ane®™ ™% | Im(z) > 0,

n=1

should be a (normalized) newform of weight 1 on I'y(IN) with nebentypus e. This
can also be expressed in this way: The Artin L-series of p should be the Hecke
L-series of the corresponding newform f(z).
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2 IAN KIMING

Now, a theorem of Deligne and Serre (cf. [4]) states that if f(z) is a normalized
newform on I'g (V) of weight 1 and nebentypus ¢ with Fourier expansion at oo as in
(*%), then there is a Galois representation p as above with Artin L-series as in (x).
A classical theorem of Hecke (cf. for example [10], chap. 4) then implies that this L-
series, enlarged by the usual I'-factor, has a holomorphic continuation to the whole
complex plane, i.e. it satisfies the Artin conjecture. With this, a theorem of Weil
(cf. [16], [9] or [10]) shows that the above conjecture conjunctively for all Galois
representations of the above type is equivalent to the Artin conjecture for these
representations. We also see that the existence, for given N and ¢, of the above-
mentioned conjectural (set-theoretic) 1-1 correspondence implies the existence of a
1-1 correspondence with ‘preservation of L-functions’ as in (x), ().

1.2. pis a Galois representation of the above type, we may consider its projectivi-
sation:
p: Gal(Q/Q) — PGL»(C)

obtained by composing p with the canonical homomorphism GL2(C) — PGL2(C).
As a finite subgroup of PGLy(C) the image of p is a priori either isomorphic to
a cyclic group, a dihedral group, to the alternating group A4, to the symmetric
group Sy, or to the alternating group As, where however the cyclic case is excluded
since p was required to be irreducible. We shall distinguish these cases by saying
that p is of dihedral, A4- , Sy- or As-type, respectively. Now, if p is of dihedral
type, then one may by class field theory show that p is associated to a newform
of weight 1 as in 1.1, i.e. its L-series is the L-series of such a modular form. By
results of Langlands and Tunnell (cf. [8] and [15]) this is also the case if p is of Ay4-
or Sy-type. Hence the question of whether p is in this way associated to a newform
of weight 1 is only interesting in case that p is of As-type. If this is the case, the
above-mentioned methods of associating to p a newform of weight 1 fail completely,
and so the question of displaying at least examples of representations of As-type
whose Artin L-series are L-series of newforms of weight 1 arises. Up till now there
was in the literature only 1 such example, namely the example of J.P. Buhler (cf.
[3]). How could we produce such examples in a systematic way? Conceptually,
there is a simple way of doing that:

Suppose that we are given a natural number N and a Dirichlet character ¢ with
g(—1) = —1. Denote by S7¢¥(N,e) the complex vector space generated by the
newforms of weight 1 and nebentypus € on T'g(NN), and by d(V,e) the number of
equivalence classes of 2-dimensional, complex, irreducible, continuous, odd repre-
sentations of Gal(Q/Q) with Artin conductor N and determinant character e. The
above-mentioned theorem of Deligne and Serre then tells us that:

dim S™° (N, &) < d(N, ),

and that if we have equality here, all of these representations are associated with
newforms of weight 1 as in 1.1 (and so the enlarged L-series of these representa-
tions as well of their ‘twists’ by 1-dimensional characters of Gal(Q/Q) will have
holomorphic continuations to the whole complex plane, i.e. they will satisfy the
Artin conjecture). If we do not have equality, the Artin conjecture is false.

new

Hence we should ask ourselves how one can determine the number dim S7% (N, ¢)
and d(N, ) for given N and €. The problem of determining d(V, €) will be consid-
ered in sections 2, 3 and 4 below. For the rest of this section, we shall briefly show
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how the problem of computing dim STV (N, e) can be reduced to analogous ‘higher

weight’ problems.

1.3. Let k£ and N be natural numbers and let ¢ be a Dirichlet character mod N
with e(—1) = (=1)*. The complex vector space Sy(N,¢) of cusp forms of weight
k and nebentypus € on T'g(NN) has a basis consisting of forms all of whose Fourier
coefficients (at oo) are integers; for k > 2 this follows from [14], Th. 3.52, and for
k = 1 it follows from the considerations below. Call any such basis an ‘integral
basis’.

Clearly, if one can find an integral basis for S;(N,¢), then one can also deter-
mine the subspace generated by the oldforms in it, and hence one can compute
dim S°%(N, ). In order to find such a basis we can, as a first shot, use the well-
known trick (cf. [13] or [3], chap. 6) of multiplying with modular forms without a
common zero (neither in the upper half plane nor at any cusp):

Let p be a prime number such that N is divisible by 2p, if p = 3 (4), or divisible
by 4p, if p =1 (4); if no such prime number exists, replace N by a suitable multiple
for which there does. Consider the Eisenstein series:

1 > _
Ep(z) = —5h+ ST o xp(@ | 7, TIm(z) >0,
n=1 d\

where x_, is the character of the quadratic field Q(y/—p) and h its class number.
The function E,(z) is a modular form of weight 1 and nebentypus x—, on I'o(M),

where: @
_ P, ifp=3 4
M_{4p, ifp=1 (4)

Consider furthermore the theta-series:
oo

02(2) = Z emim?z/4 Im(z) > 0;

m=—oom=1 (2)

it is a modular form of weight % on I'p(2) with the multiplier-system:

B () IO R () p

where:
©).= ()

oe,d) = -1, ifc<O0and d <0
T 1, otherwise.

Cf. [11], p. 269. We conclude that 65 is a modular form of weight 4 on I'g(2) with
trivial nebentypus. Now, 6, vanishes only at the cusp oo (cf. [11], p. 23) and E,, is
non-zero at co. Consequently, the map:

S1(N,e) — Sa(N,ex—p) X S5(N, )

with:

given by:
f e (f - 2B, f65),

maps S1(IV, e) isomorphically onto the subspace:
Vv S SQ(N, €X_p) X S5(N, E)
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consisting of pairs (f1, f2) with:
(++) f105 = f2-2E, in Ss(N,ex_p).

Since the equation (++) is equivalent to a linear system of equations involving
(finitely many) Fourier coefficients of the forms f; and fs, it is clear that if we
know how to obtain integral bases for the spaces Sa(N,ex_p) and S5(N,€), then
the problem of computing dim S;(N,¢) or even obtaining an integral basis for the
space S1(N, €) is reduced to a question in linear algebra. An algorithm for obtaining
an integral basis for a space S(,-), where k > 2, will be described in IV and V.

1.4. The algorithm described in 1.3 is of course general but has the disadvantage
of requiring the construction of an integral basis for a space of cusp forms of weight
5, which may be computationally unmanageable for interesting cases. Here we
shall show that in some favorable cases there is an algorithm which only involves
computation in a space of cusp forms of weight 2. In this subsection we shall assume
that N is a natural number of the form:

N =2"mn |

where m and n are coprime natural numbers which are both odd and square free,

and
1, n=3 (4
32{2, n=1 (4).

Define the function gs ,, by:
Gsn(2) = 602(2°2)02(2°nz) , Im(z) >0,

where 05 is the theta-function considered in 1.3. Recall that if f is a non-zero
holomorphic modular form of some weight and with a multiplier-system on some
subgroup I' in SLy(Z) of finite index and ¢ is a cusp of I, then f has a well-defined
order at ¢ with respect to I' (cf. [11], p. 12). This order depends only on the
equivalence class of ¢ with respect to I" .

Lemma 1. The function gs, is a modular form on To(25T mn) of weight 1 and
nebentypus x—n, where X—, is the character of the quadratic field Q(/—n). It
vanishes only at cusps (equivalent to a cusp) of the form:
—(2°TkD)Y, with k|m | n,

and its order at such a cusp —(25T1kl)~1 is:

m /n

28_3_7_(7 l) .
Fo\T T

Proof. For information (equivalence classes, widths) on the cusps of groups I'g(V)
we refer to [11], pp. 241-251.

Let us start by noting that the cusps —(2°71kl)~!, where k and [ run inde-
pendently through the divisors of m and n respectively, are mutually inequivalent
under T'o(25*1mn). Here we have used the fact that m and n are coprime.

We shall use the usual notation I'(u, v) for the congruence subgroup:

r(u,y){@ Z)eSLg(Z) le=0 (u),b=0 (y)}.
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Recall that 6y is a holomorphic modular form of weight 1 on T'g(2) with the

2
multiplier system vy given in 1.3 by (+).

Let us now fix k and [ with k | m, [ | n. The cusp —(2k)~! is equivalent to co
under I'g(2), and with respect to I'(2m, 2°) it has width 2° - 7*. Since 6, has order
1 with respect to I'g(2) at co, we conclude that 62 has order 2573 - 2t at —(2k)~!
with respect to I'(2m, 2°). Acting with the matrix:

(5 7)

on 03(z), we find that 62(2°z) is a form on Ig(25"m) which has order 2°73 - 2 at
the cusp —(2°T1k)~!. (Use for example a reasoning along the lines of the argument
on p. 248 in [11]).

The cusps —(2°T k)=t and —(2°T1kl)~! are equivalent under I'g(2°T1m) with
width 2. Since —(2°t1kl)~! has width 2% with respect to T'o(2°t'mn), we con-
clude that 6(2°z) has order 2572 - 2 at the cusp —(25Fkl)~! with respect to
To(25Ttmn).

Using the fact that m and n are coprime and m is square free, we find that
—(2871k)~t and —% - (25F1k) ™! are equivalent under To(25F m):
Put o = %, =25tk and M = 25"'m. Choose u,v € Z such that:
—Bu —av =1,
and u,v € Z such that:

Vﬁ—&—u-%:ﬁ—l—v.

)6 D05 4)

[0}

belongs to I'g(M) and it maps —% to —3.

Then the matrix:

Now, the cusp —(2571k)~! has width o with respect to ['o(2°Ttm) and the cusp
—2(2571k) ! has width 2 -1 with respect to T'(2°T'm,n). Since #5(2°z) has order
2578 . 1 gt — (251 k) ™! with respect to I'o(257 m), we find that 65(2°2) has order
2573 L at —3(2°T1 k)~ with respect to (25T 'm, n). Acting on 02(2°z) with

the matrix:
n 0
0o 1)’

we then find that 65(2°nz) is a form on T'o(2** mn) which has order 273 - 2t . | at
_(2s+1kl)71.

Consequently, g5, is a modular form of weight 1 on I'g(2**1mn). Given the
multiplier vy of 03, one easily finds that the multiplier of g, ,, is:

A I A BRI
“(v 6><6|) =) ’



6 IAN KIMING

for (: f) € Io(2°'mn). Using the assumption that s > 2 if n = 1 (4), we find

that this value is:
n 5—1
— - (=1)= |
(#)

and this is precisely x_,(d). Hence gs ,, is a form of weight 1 and nebentypus x_,
on I'o(25F tmn).

Let us compute the sum of the orders of g, , with respect to F0(2"'+1mn) at the
cusps (2571kl)~1, where k and [ run independently through the divisors of m and
n respectively. Using the fact that m and n are coprime and both square free, we
find that this sum is:

B D S

klm In klm ln

I
[\]
»
s
3
3
7 N\
[
+
SR
N———

where the product is over all prime divisors of mn. Since mn is odd, we see that
this sum is precisely 5[SL2(Z) : Io(2°t1mn)]. Hence we may conclude that g,
vanishes only at the above cusps. Il

If now ¢ is a Dirichlet character modulo N with e(—1) = —1, the above lemma
tells us that multiplication by g5, maps S1 (N, ¢) isomorphically onto the subspace
of So(N,ex_,) consisting of forms which vanish at any cusp —(2°T1kl)~!, where
k| m, | n, with order greater than:

25*3-%-(%“).

Let us now fix divisors k | m, [ | n, and consider the ‘Atkin-Lehner operator’ (cf.

[1]):
mn
Wk = ( kl ) ;
N mng

where b and d are such that:

mn
—d+ 25T klb = 1.
Wt

(Such numbers b and d exist since mn is an odd, square free number). Now, ex_,,
is a Dirichlet character mod N, and so we have ex_,, = x1)X2, where x1 and x- are
Dirichlet characters mod 77+ and mod 2571kl respectively. Acting with Wy 4 on
modular forms gives us an isomorphism:

So(N,ex—n) — S2(N,X1X2)-

(1 b (oo
WN’“_<—23+1I<Z ”;;’d)(o 1) !

and since det Wy = Z4¢, which is precisely the width of the cusp —(2571kl)~!
with respect to I'o(N), we find that a form f € Sy(N,ex_p) has order greater than:

573'T. E _ (9s+1 -1
23 2 (l+l> at  — (2°T1ki)

Since we have:
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if and only if the first 2573 . 2t . (% 4+ [) Fourier coefficients at oo (counting from
the coefficient of €*™%) of f|Wy x are 0.

Thus it is clear that if we have an algorithm for finding integral bases for spaces
of cusp forms of weight 2, and as we noted above such an algorithm will be given
in IV and V, together with an algorithm for determining the action of the above
‘Atkin-Lehner operators’, then we have in certain favorable cases (and in fact in
all cases to be considered in VI) an algorithm for computing dim S; (N, ¢) (and in
fact for determining an integral basis for Si(N,¢)). The question of determining
the action of the ‘Atkin-Lehner operators’ will be considered in IV (and in VI).

2. LIFTINGS OF 2-DIMENSIONAL PROJECTIVE (GALOIS REPRESENTATIONS OVER Q

We return to the discussion of 1.2 and in particular to the question of deter-
mining the number d(N,¢), i.e. the number of equivalence classes of irreducible
representations:

p: Gal(@/Q) — GLs(C)
with Artin conductor N and determinant character . In the following we do not
assume that the representations are odd, i.e. we do not require e(—1) = —1. Given
the representation p, we may consider its projectivisation:

7 : Gal(@/Q) — PGLy(C).

We now want to reverse this situation, i.e. to consider p as being given and ask
for ‘liftings’ of p, where by a lifting of p we shall understand a representation p as
above whose projectivisation is p. According to a theorem of Tate, such liftings
always exist. Our prime concern is now of course to obtain information on the
Artin conductors and determinant characters of such liftings. We want to ask the
following question: Given p as above, what are the possible pairs (IV,e), where
N € N and ¢ is a Dirichlet character modulo N, such that p has a lifting with Artin
conductor N and determinant (character) ¢? For each occurring pair (N,e) one
also wants to know its ‘multiplicity’, i.e. the number of inequivalent liftings of p
with Artin conductor N and determinant .

Given an answer to this question, we can reduce the problem of enumerating all
(irreducible) Galois representations:

p: Gal(Q/Q) — GL2(C)

with given Artin conductor, N, and determinant, to a question in geometry of
numbers: For if p has Artin conductor N, then the minimal Artin conductor of a
lifting of the associated projective representation p will certainly be < N, and this
gives, as will become clear from the following, an explicit bound for the discriminant
D(K/Q), where K is the fixed field of the kernel of p. The finitely many possibilities
for K can thus, at least in principle, be found by geometry of numbers.

Let us now return to the situation where the projective representation p is given.
Now, if p is any lifting of p, then the other liftings of p are p ® x, where x runs
through the characters of Gal(Q/Q). The determinant of p ® x is:

det(p ® x) = det(p) - X%,
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hence it is clear that we can answer the above question, if we can point to one lifting
p, with such precision that we may determine det(p) and the Artin conductor of
every ‘twist’” p ® x. Let us now localize the question by choosing for each prime
number p a place of Q over p; let D, resp. I, be the associated decomposition
resp. inertia group. The restriction p, of p to D, can be viewed as a projective
representation of Gal(Q,/Q,). The following theorem of Tate is now helpful.

Theorem. (Tate, cf. [13]) Let p be a projective representation of Gal(Q/Q). As-
sume that for each prime number p there is a given lifting v, of pp. Assume further
that r, is unramified (i.e. r,(I,) = 1) for all but finitely many p. Then there is a
lifting p of p such that:

p|I,=rp| I, forallp,
and p is unique.

Given p, the restriction p, is unramified for almost all p, and one knows that there
is always a system (r,) of liftings of p, satisfying the requirements of the theorem,
cf. [13]. In the situation of the theorem the determinant of p is given, once one
knows its restriction to I, for all p, and this restriction is det(r,) | I,. Viewing via
local class field theory the character det(r,) as a character of Q), this restriction
is simply the restriction of det(r,) to the group of units of Z,. Furthermore, if x
is a character of Gal(Q/Q), then we may by global class field theory view x as an
idele class character and consider its restriction x, to Q, for every p. The Artin
conductor of p® x is the product of the Artin conductors of r, ® x, for all p. (Note
that these latter conductors depend only on the restriction of r), to I.)

Concerning the question of equivalence of twists p® x in case p is 2-dimensional,
one must know for what characters x the representations p and p® x are equivalent.
If y is non-trivial this can only happen, if Im(p) is a dihedral group, and this case
can be completely analyzed, as will become clear from the following, by use of the
well-known theorem of Mackey concerning induced representations. Thus, we shall
not pursue this question further.

It is now clear that we can answer the above question once we have solved the
following problem.

Problem: Let p be a prime number and let p : Gal(Q,/Q,) — PGLy(C) be a
(continuous) representation. Determine for some lifting p of p the following:

(1) the restriction of det(p) to the group of units of Z,, viewing det(p) as a
character of Q,,

(2) the Artin conductor of p ® X, where x runs through all characters of Q).

(p has to be chosen to be unramified, if p is unramified.)
This problem will be solved in the following two sections.

Given p : Gal(Q,/Qp) — PGL2(C), let us consider the finite extension M/Q,
which is cut out by p, i.e. M is the fixed field of the kernel of p. For the Galois
group G = Gal(M/Q,) we have a priori the following possibilities:

(a) G is a cyclic group,
(b) G is a dihedral group,
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(¢) G is isomorphic to Ay or Sy,

since G is a finite, solvable subgroup of PGLy(C).

Here, we may dispose of case (a) immediately: If G is a cyclic group, then p is
given by a character xo of Gal(Q,/Q,), and the liftings of p are the representations:

o)1 g (Xo(g())X(g) X(Og)>’

where x runs through all characters of Gal(Q,/Q,). The determinant of p(x) is
Xox? and its Artin conductor is the product of the conductors of oy and x.

The cases (b) and (c) will be considered in sections 3 and 4 respectively. As
the proofs are somewhat technical we shall merely give the main points; details
will appear elsewhere. For case (c) there is already essential information available:
Building upon [17], the minimal conductor of a lifting of p was determined by
Buhler and Zink, cf. [3] and [18]. In fact, the conductors of twists p ® x, where p is
a lifting of p with minimal conductor, were determined in [18]. Hence, in this case
our problem is to complement these works by discussing the associated determinant
characters.

Let us now introduce the following notation. If p is a prime number and M/Q,
a finite extension, let Op; denote the ring of integers in M, pjs its prime ideal, mp,
a prime element of oy, US, = Uy the group of units of Oy and for i € N let U},
denote the group of 1-units of level > i. Let E); denote the group of roots of unity
in M* of order prime to p, and let for [ a prime number gy (M) be the group of
roots of unity in M of l-power order. The extension of M obtained by adjoining
the p’th roots of units will be denoted by M (u,). Finally, denote by ©}) 0 the
(class field theoretic) conductor of x, if x is a character of M *; for convenience, we
shall refer to cpr(x) as the conductor of .

3. THE DIHEDRAL CASE

Consider a projective representation:

p: Gal(@,/Q,) — PCLy(C)

of dihedral type, i.e. the extension M/Q, cut out by p has Galois group isomorphic
to:
D,={o,7| o*=1"=1,0107 ' =771)

for some n > 2. We want to recall a few elementary facts, for which the reader is
referred to [13], about this situation. The field M contains a quadratic extension
L/Q, corresponding to the cyclic subgroup (7) of D,,. (There is exactly 1 such
quadratic extension in M (i.e. such that M/L is cyclic) if n > 3, and if n = 2 we
let L denote any of the 3 quadratic extensions in M.) The Galois group of M/L
is then cyclic of order n, so that the restriction of p to Gal(@p /L) is given by a
character x of Gal(@p /L). Conversely, if L/Q, is a given quadratic extension and x
is a non-trivial character of Gal(Q,/L), then the field M cut out by y is Galois over
Qp with dihedral Galois group if and only if x o Very g, vanishes, where Very, g,
denotes the transfer. If this condition is fulfilled, y then gives rise to a unique
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projective representation p : Gal(Q,/Q,) — PGLy(C) of dihedral type. Any lifting
p of p has (up to equivalence) the form:

pP= IndL/Qp (/w)a

where Indp, g, means induction from Gal(Q,/L) to Gal(Q,/Q,), and where ¢ is a
character of GalQ,/L) with:

U(ogo™") = x(9)¥(9), g€ Gal(Q,/L),
where o denotes any element of Gal(Q,/Q,) — Gal(Q,/L). The Artin conductor of
p is:
A(p) = D(L/Qp) N g, (95-) .

where D(L/Q,) is the discriminant of L/Q, and N ,q, : L — Q, the norm, and
its determinant is:

det(p) =¢- (o Veryq,),

where ¢ is the quadratic character corresponding to L/Q,. Furthermore, if ¢ is a
character of Gal(Q,/Q,), then:

p®@=Indyq, () @¢ =1Indpq, (- res (),
where res is the restriction to Gal(Q,/L).

Viewing x and ¢ as characters of L™ and ¢ as a character of Q,, we now see

(by class field theory) that the problem of section 2 amounts to the following:

Given a quadratic extension L/Q, and a character x of L* which vanishes on
., determine for a character ¢ of L™ such that:

(%) ) (ﬁ) =x(z) forallxe L™,
x
where o denotes the generator of Gal(L/Q),), the following:
(1) the restriction of ¥ to the group of units of Z,,

and

(2) the conductor of ¢ - (po N, g, ), where ¢ runs through the characters of Q.

This is done by theorem 1 below together with the remarks following it. We
have chosen to state and prove a slightly more general result, because this costs
little extra effort and because we want to make it clear what sort of problems one
would have to solve, if one wanted to consider the situation for an arbitrary p-adic
ground field.

Proposition 1. Suppose that | is a prime number, that K/Q, is a finite extension
and that K* contains the l'th roots of unity. Let L/K be a Galois extension with
Galois group G = ZJZl, and let o be a generator of G. Denote by o — 1 the
endomorphism x — oz of L*.

(1) Let i € N. An element x € K> belongs to (L*)*~1UL if and and only if
P e NL/K(Ui)-
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(2) Suppose that L/K is unramified. Then: (Up)°~' < Ui for alli € N, and the
homomorphism.:

UL/UUL™ = UL /UL
induced by o — 1 is injective.
(3) Suppose that L/K is ramified with ramification groups:
G=Gy=...=G#G+1 =0
(where t is a non-negative integer).
Ifi € N with 1| i, we have: (U)°~+ < UL,
If i € N with 114, then: (UL)7~' <UL, and the homomorphism:
UL Uit o it it
induced by o — 1 is an isomorphism.
Proof. (1) This is a trivial consequence of Hilbert’s theorem 90.

(2) Clearly, o — 1 maps U} into itself for all i € N. Choose 7 = 7k as a prime
element of L. If u € U} — U™ and u'ou € Ui, then choose a € Ey, such that
u is represented by 1 + am? modulo UZH. One then finds:

1 i ; -
%El—k(d&—a)ﬂ'l mod %,

whence a is not a unit. One deduces a € K* and so u € U}(Ufrl.

(3) Suppose that L/K is wildly ramified, i.e. ¢t > 0, i.e. [ = p. Let m be a prime
element for L. Then:
om =T+ ’LL7Tt+1,
where u is a unit, since 0 € Gy — Gy41. If i € Nand b € Oy, then as ob = b mod
p?j'l one easily finds:
o(1+ brt)
1+ br?
From this the assertions follow immediately.

=1+ iu(ob)r™ mod LT

The case t = 0 is similar, but simpler. (Il

We want to consider the situation of proposition 1 in the case that K = Q,(u,)
and [ = p, i.e. L/K is a Galois extension with Galois group G = Z/Zp. Let o be a
generator of G. Recall that the group of 1-units of K has a basis, as a Zy-module,
of the form:

C?U?a"'vnpv

where( is a primitive p'th root of unity and ; has level exactly i (i.e. 1; € Uk —
U};rl) fori=2,...,p (cf. [7] pp. 246-247). Here, and in what follows, we suppose
that a choice of the elements 73, ..., 7, has been fixed. Put:

Ug = (N2, mp) -

Let x be a character of L™ which vanishes on K* . Let ¢ = 1 if x is unramified
and ¢ = ¢r,(x) otherwise.
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Suppose first that L/K is ramified with ¢ = p — 1, where ¢ is defined as in
proposition 1, and that y is wildly ramified, i.e. ¢ > 1. Let the integer a be such
that ¢ = a(p) and 1 < a < p. Using [12], chapter 5, one finds:

3 (c—a)

UE T = Ny,

a)+

1(oe
so that if u € Uy with u? € U}}(C " then there is 2 € L* such that:

or -1
u=-— mod UE“’ )
x

If z,y € L and:

I % mod U,

€ Y
put z = x/y. Then z7loz € Uz+p_1, and since ¢ > 1, we see that 2 € K*U}.
If z € K*, then x(z) = x(y). Otherwise, choose i € N largest possible such that
z € K*Ui. Then p { i, since Ul < KU, if p | j. So, proposition 1 gives
that z~'oz ¢ UptP; as 27 'oz € U™ 7!, we have i > ¢ = ¢r(x), hence x(z) = 1.

Since ng,...,n, form a basis of U, we infer the existence of a character 1, on
U} satisfying the following requirements: For ¢ = 2,...,p let s; > 1 be smallest
possible such that:
sq 1(c—a)+
nf c U;é((. a) P’

and let z; € L™ be such that:

psz‘*l _0x
; =
X

mod U{TPTh
The requirements are then:

si—1 .
1/}2(7711; ):X(xl) ) 7’:27"'ap'
We let 15 denote any such character. One easily sees, that 1y has the following
property: If u € Uj, and x € L™ are such that:
u=22 mod UetrTt
T
then:

Suppose then that L/K is unramified. By a similar, but simpler argument, one
now infers the existence of a character ¥ on Uy, satisfying: Let for i = 2,...p the
integer s; > 1 be smallest possible such that:

e Ug.
Then there are x; € L* such that:
s;—1 oxr; .
n? =— mod Uj, i=2,...,p,
T

and the requirements are:

s;—1

ba(? ) =x(2), i=2,...,p.
Denote by 1y any such character. One finds that )2 has the property: If u € Ul

and x € L* are such that: o
u= mod U7},

T
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then:
Y2(u) = x(2).

Theorem 1. Suppose that | and p are prime numbers, and that K is a finite
extension of Q, containing the l'th roots of unity. Let L/K be a Galois extension
with Galois group G = Z/Zl and let o be a generator of G. If L/K is unramified,
put t = 0. If L/K is ramified, we denote by t > 0 the break in the ramification
filtration of G:
G=Gy=...=G; G411 =0.

If | = p, we make the assumption that K = Q,(x,), and furthermore
that t > p— 1, if L/K is ramified.

Let x be a non-trivial character on L* which vanishes on K*. Let o € K* be

such that L = K(al/l), and let the primitive l'th root of unity be such that:

oo/l = Cal/l.

Let 11 be a character of w(K) satisfying the following requirements:

Ypr=1, if L#AK(H-1) and x(a)=1,

vi(Q)=x(ah), if L#FK(W/-1) and x(a'')#1,
=1, if L=K(G/—1) and x(1++/=1)=1,
Pi(-1)=x(1+v=1)2, if L=K(/-1) and x(1++-1)#1.

(Note that if also L = K(BYY), then x(a'/') #1 < x (B #1 .)

Define:
1, if x is unramified
€= er(x), if x is ramified

Ifl#p,letUy be U , and put Uy = (n2,...,mp) if L = p. Let 1o be the trivial
character on Ul if either 1 # p or if | = p and L/K is ramified with either t > p
or (t=p—1and c=1 ). Otherwise, i.e. if l = p and L/K is either unramified
of ramified with (t = p—1 and ¢ > 1), let 2 be a character on Ul of the type
described immediately after proposition 1.

Finally, denote by Uy the group of roots of unity in K> of order prime to lp.

Then there exists a character b on L™ such that:

(i) " ("x—x) = x(z) forallz € L*
(i1) Y({m)Uo) = 1

(i) V| s (K) =

(iv) V| Uk =2

(v) cer(Y) =c+t.
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Furthermore, if ¢ is a character of K* and Ny i denotes the norm map L* —
K> | then:

cr(P - (po NL/K)) = max {C+t sen(po NL/K)} )
and for the number cr(p o N k):

cL(¢oNp/k) =ck(p), if L/K is unramified
and if L/ K is ramified:

cr(poNpk) = lex(p)+A=Dt+1,  ifex(p) >t+2,
c.(poNpg) < t+1, if ex(p) <t 41

Proof. Using the fact that if ¢ € (L*)7~* N e (L), then Ny, (£) =1 and:
o =C* with a#0 (1), if (&K,
one easily finds:

(*) (LX)~ N e (L) = { éf% fthei;sf(ﬁ)

Define the character ¥ on (L*)°~1 by:
o (@) =x(z) for zeL*;
x
this is well-defined since x vanishes on K *. It now follows from (*) and the defini-
tion of ¢; that there is a character on (L*)° !y (L) whose restriction to (L*)°~!
and gy (K) respectively is ¢y and 1 respectively.
If y € (L*)7 Yoo (L) N U, then:

y' = Np k(y) € e (K) N Uy = {1}.

So, if | # p we have y = 1, since y is a 1-unit. If [ = p, it also follows that y = 1,
since y € U}, and Ul is torsion free for I = p.

We deduce the existence of a character on (L*)7 ! e (L)U} whose restriction
to (LX)t e (K) and Ul respectively is 1o, ¥1 and 1) respectively. We fix one
such character and denote it by abuse of notation by ).

Denote by iy the smallest non-negative integer such that:

Uie 1 (L) < Ker(o).

We claim that:
() g =c+t.

Note that ig > 1, because (L*)7~! < U? and because 1y cannot be trivial on
(L*)°~1 since x is non-trivial.

Let us show (*x) in the case where L/K is unramified and y is wildly ramified.
Then ¢+t = cr(x) +t. We note that ¢ # 1 (I). This follows once we note that if
1 € N is divisible by [, then:

U < K*U;t.
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There is an = € Uy~ with x(z) # 1. Now proposition 1 gives that z~'ox €
UE_Ht — U™ since ¢—1 is not divisible by I. Hence ig > c+t. On the other hand,
suppose that x € L* is such that z ¢ K* and 27 loz € U™, Let i be largest
possible such that [ {i and such that there is a y € U! with 2 = y mod K*. Then
y & Uf“l; for if I ¥ i+ 1, this is clear, and otherwise there is a y; € UE'Q with y = y;
mod K* and [ {4+ 2. As i, proposition 1 gives that 2 oz = y~loy ¢ Ui”“.
So: i > ¢, whence x(z) = x(y) = 1. We conclude that ig < ¢ +¢.

The proof of (*x) in the other cases, i.e. L/K unramified or L/K ramified but
x unramified, is similar but simpler.

Concerning the norm map N,k : x — K> we note the following: If L/K is
unramified, then: A
Np/x(Up) =Uf forall i>0,
and if L/K is ramified, we have:
NL/K(Uiz+(1—l)t+l) - = NL/K(Uiz+(1—z)t+l) —UZ for x>t
and
Npg(U) Ut for 0<a<t,

cf. [12], V. From this, the remarks in the statement of the theorem about the
number ¢z (¢ o Np, /) for a character ¢ of K immediately follow.

We now claim that:
(% % %) (mp)UoU N (L) " e (L) U < Ker(vhy)

The rest of the theorem follows from (x x *). For if (* * %) holds, then we know
from harmonic analysis that there is a character ¢ on the locally compact group
L* whose restriction to the compact group (L*)° ! (L)Uj is ¥ and which
vanishes on the closed subgroup <7TL>U0U£0. If 4 is any such character, then 1
satisfies (7), (it), (#i7), and (iv) in the statement of the theorem and cy, () is at the
most ig = ¢ + t. Furthermore, by definition of iy there is an z € U~ N (LX)~
with ¥(z) # 1. Hence cp(¢) is exactly io. If ¢ is any character on K*, then
¢o Ny /i vanishes on (L*)?~! and in particular (o Ny, )(z) = 1. It follows that:

cL(th- (po Npyk)) = max {cp(¢) ,er(po Npjk)}

Concerning the proof of (x * %):

Suppose that y € (7.)UoU;° N (L) e (L) Ul As y € (L) pyee (L) U,
y is a unit, so that we can write:

y= o= 72
with ug € Uy, u € Ui”, re L*, § € wm~(L) and u; € Ug. Then Ny g(y) =
NL/K(f)ull, so there is an s € N such that:

NL/K(y)ls is a 1l-unit.
On the other hand, Ny /x(y) = uf)NL/K(u), hence:

s+ .
U is a 1-unit.
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Since ug is a root of unity of order prime to Ip, we deduce:

’LLQ:l.

One now splits the discussion up into 4 cases: (I # p or I = p) and (L/K
unramified or L/K ramified). Let us for example consider the case l = p and L/K
ramified. We have K = Q,(p,) which has ramification index e = p — 1 over Q,.
Since the 1-units 72,...,7, have level > p—fl, it follows that if A € U has level
exactly 4, then AP has level exactly i + e. Choose a such that 1 <a <pandc=a

1

(p), and put w = ;(c —a) +t. Now,

Npj(€)uf = Npji(u) € Npyx(UFH) = URH,

and so N,k (§) and uf both belong to Ut As Np K (§) is a power of ¢, we must
have Np/x(§) = 1,50 & € (L*)°~1. Consequently, there is 2o € L* such that:
(o)

Yy=u=—"-uj.
To

Suppose first that ¢ > p or (t =p — 1 and ¢ = 1). In both cases we have:
t>p-— 7@,
-1
and this gives:
uy € ULHI—e < Uz(erlfe) < Ut

hence xalaaro € UE"H. We then deduce that xy € K*Uj. For, since ¢ > 1, we must
have zg € K*U}, so if 2o ¢ K> we choose i largest possible such that zo € KXU?;
then p 1 i, and proposition 1 gives % ¢ U}ftﬂ, hence i > c.

We then get:

Yo(y) = x(wo)Yo(u1) = P2(u1) =1,

since 19 is trivial.

Suppose then that t =p — 1 and ¢ > 1. Now,

u1_1 =72 10d UE"H,
Zo

so from the properties of 1, we obtain:

Yo(y) = x(z0)a(ur) = x(zo)x(zy") = 1.
|

Remark 1. As is clear from the proof of theorem 1, there is, in the setting of
theorem 1 for an arbitrary ground field K (containing the l’th roots of unity), always
a character ¢ on L* such that ¢(z~tox) = x(x) for all ¥ € x and such that
cr(x) = ¢+t in the notation of the theorem. A special case of this result was given
in [3] but without a discussion of the possible behaviour of the restriction of ¥ to
K. It is also clear from the above proof, that the explicit construction of a possible
choice of this restriction depends in the general case on a detailed knowledge of the
structure of the 1-unit group of K and in particular on the structure of the quotients
Uk /UL fori € N. It is also clear that a possible 1 for the case p # 2, K = Qp (),
and L/K wildly ramified with t < p — 1 may be constructed, but we have avoided
that since it is unnecessary for our purposes.
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Remark 2. The value c+t is the smallest possible value of cr, (W) if ¥ is a character
on L* with (z7tox) = x(x) for all x € L*; this follows immediately from the
definition of ig(= c+t) in the proof of the theorem.

Remark 3. The value of c.(¢- (w0 Np k), where 1) is as in the theorem and ¢ is
a character on K*, is computed immediately alone from the knowledge of cx ().
This is clear if L/ K is unramified or if L/K is ramified and cx (o) > t+2; if L/ K
is ramified and cx (@) <t + 1, we get:
cL(¥-(poNp/k)) =cL(p) = c+t,

since then cp(po Npjg) <1+t and ¢ > 1.

Remark 4. From the remarks preceding proposition 1 it is clear that the problem
of section 1 for representations of dihedral type is solved by theorem 1 once we
explicate the character 1o in the cases where it is not a priori trivial. There are 3
such cases: K = Qy and L = Qx(y/a), where a is —3,—1 or 3, and x is a character
on L* vanishing on Q5 such that x is wildly ramified if o is —1 or 3. In all 3 cases

Ul is the group generated by 5, and a few simple computations now reveal that we
can choose for iy any character on (5) satisfying the following:

Let ¢ be defined as in theorem 1.
If a=-3: Put o =1 if c < 2. If c > 3, we require:
vo (5277) = x(1 - 277,
where 1 is a primitive 3’rd root of unity.

Ifa=—-1ora=3: Here L/K is wildly ramified and since ¢ > 1, the number
¢ = cr(x) must be even. Put s =1 if c = 2. If ¢ > 4, we require:

" (52*’2) = x(1 1 7Y,

where 7 is any prime element of L.

4. THE ‘PRIMITIVE’ CASE

Let p be a prime number and K/Q, a finite extension. Let us consider a projec-
tive representation:
p: Gal(Q,/K) — PGLy(C) ,
such that Im(p) is isomorphic to A4 or Sy. We want to recall a few facts concerning
this situation; we refer to [3] or [18].

First, we must necessarily have p = 2, cf. [3], pp. 18-20.

Let M denote the fixed field of Ker(p), and put G = Gal(M/K) so that p is
given by an embedding of G in PGL2(C). The group G contains a unique normal
subgroup V' isomorphic to the Klein 4-group, and we have G/V either cyclic of
order 3 or isomorphic to S3. Let L denote the fixed field of V. Then M/L is
totally, wildly ramified, and L/K is at the most tamely ramified. If G = Sy, the
quadratic extension Ko/K contained in L must then be unramified, and since L/K
is not abelian, L/Kj is tamely ramified of degree 3. Let e denote the ramification
index of L/K, so that e is 1 or 3. Since V has no proper subgroup which is normal
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in G, we see that the ramification groups for M/L are all either V or 0; define ¢ > 1
such that:

V=Vo=...=Vi# Vi1 =0

is the sequence of ramification groups for M/L.

For every lifting p of p the restriction of p to Gal(Qy/M) has the form:

plg) = (ng) x?g)) ;

where x is a character of Gal(Q,/M); we refer to x as the central character of the
a(p)

lifting p. The Artin conductor "’ is related to the conductor of x by:
1
() a(p) = %(CM(X)+3ZL+4€_ 1).

The representation p has a lifting p with central character x such that:

(bb) em(x) =3t+1, hence a(p) = §t +2,
e

and p%/ “*2 is the minimal value of the Artin conductor of a lifting of p. Fur-

thermore, if p is a lifting with this minimal Artin conductor and y is its central
character, then there is an u € U3} with:

(bbb) Nyyg(u) =1 and  x(u) # 1.

Here, (b) and (bb) are the principal statements of [3], chap. 2, and [18], section
3. The existence of u € U3l with (bbb) follows from the proof of minimality of 3¢+ 1
in (bb), cf. [18], section 3.

Now we want to study the norm map Ny /kx : M — K. Let W be a subgroup of
V of order 2 and let Ly be the fixed field of W. It is easy to see that the ramification
groups for M/Lg and Ly/L are the following:

W=Wy=...=Wy# W1 =0,

and
(V/W)=(V/W)o=...= (/W) # (V/W)t41 = 0.
We conclude that:
UpHt = Ny (U1 = Nagyr, Uz ~712) for o > ¢,

and

Ui, > Ny, (Up) for 1 <o <t
and similarly for Lo/L, cf. [12], chap. 5. Hence:

Uit =Ny (Us)  fordo —3t+1<i<do—3t+4,ifz>t,
Ul > Nuyo(Usy) ifl<z<t.

Using again [12], chap. 5, we furthermore obtain:

Ui = NuelU) fors 20, 1<a<e.
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Combined with the above, we find for 1 < a < e:
(h) Uittt = Ny (Uly)  for  dex — 3t +4a — 3 < i < dex — 3t + 4,

ifex>t—a+1,z >0, and
t—a

(k) Ugtt > Ny (UgF®) if 0<a < -

We conclude that if ¢ is a character on K* with conductor cx(¢) = ¢, then:

t—1
(#) em(poNyyk) <ec—e+1, if e<——+1,
e
and
. t+1
(t1) cu(poNyyi) =4ec—3t —4e+1, if ¢>—+1,
e

since in the latter case: ¢ —2 > 1(t —e+1) and c — 1 > £ so that:
UIC( — NM/K(UZA\ljc—St—4e+1)7

and
UIC(71 _ NM/K(U]%;chtféle)'

Using the above it is now easy to prove the following proposition which is a
reformulation of a result due to E.-W. Zink (see [18]).

Proposition 2. Let p : Gal(Qa/K) — PGLo(C) be a representation with Im(p)
isomorphic to Ay or Sy. If p is any lifting of p with minimal Artin conductor, then
for any character ¢ of K* we have, retaining the above notation, for the exponent
a(p ® ) of the Artin conductor of p ® p:

3t

alp@ @)= 3t+42 for cK(ap)§2—e+1,
3t
alp®p) = 2ck(p) for ck(p) > 2+ 1.

Proof. Let p be any lifting of p with minimal Artin conductor p%/ “*2 and let X be

the central character of p. Let ¢ be a character of K* and put ¢ = cx(¢). Now,
p ® p is also a lifting of p and its central character is:

X (poNy/k)

According to (bb) and (bbb) above, we have cps(x) = 3t+1 and there is an u € U3t
with Npg g (u) = 1 and x(u) # 1. So, x - (¢ © Nayx) does not vanish on u, and
from this we conclude that:

cm(x - (poNyk)) = max{3t+ 1 ,cM(gooNM/K)}.

Suppose that ¢ > % 4+ 1. We claim that ¢ > % + 1. This is clear if t > 2. If
t:ezl,thenc23:1+%, and if t = 1,e = 3, then%+1<2§c. From (ff)
we conclude that:

cm(poNyyi) =4ec —3t —4e+1>3t+1,



20 IAN KIMING
hence cpr(x(¢ o Nyji)) = 4ec — 3t — 4e + 1,and:

1
alp® @) = %(CM(X(@ oNyyk)) + 3t +4e — 1) = 2¢.

Suppose then that ¢ < % +1. Ife > % +1, then e(c—1) > ¢, so that according
to (f):

Uk = Ny (Upg« 1),
whence:
em(poNyyk) < dec—3t —de+1 <3t 4+ 1.

If ¢ < =1 4+ 1, then () gives:
CAI(SOONM/K) Sec—e+1§t<3t+1
So, ear(x - (9o Narjx)) = ear(x) = 3t+1 in any case, and a(p®¢) = 2t+2. O

We shall now restrict the discussion to the ground field K = Q2. We know, see
[17], that M/Q2 is a finite extension with Galois group isomorphic to A4 or Sy if
and only if M is one of the following 4 fields.

M1:Q2 <<7a\/ﬁv\/1+2§’?7\/1+24?)5

where (7 is a primitive 7'th root of unity; put:

L= QQ(C377T)7

where (3 is a primitive 3’rd root of unity and 73 = 2, and let a be the automorphism
of L with am = (37; define then:

M, =1L <\/JC>Z ar; \/a2xi) for i=2,3,4,
where 22 = 3(1 + 7)(1 + 2), 23 = 3(1 + 7) and 4 = 1 + m2. We have:
Gal(M1/Q2) 2 Ay and Gal(M;/Qq) =S, for i=234.

In the above notation we have the values e = 1,3,3,3 and t = 1,5, 5,1 respec-
tively for the extensions M;/Qs, i = 1,2, 3,4 respectively.

The following theorem solves the problem of section 2 for 2-dimensional, projec-
tive Galois representations over Qs of type A4 or Sy.

Theorem 2. Let p : Gal(Q2/Q2) — PGL2(C) be a representation such that
Gal(M/Qg) is isomorphic to Ay or Sy, where M is the fized field of Ker(p). Then
p has a lifting p such that its determinant character e = det(p), viewed as a char-
acter of QX , and the Artin conductors 24P®%) of the twist p ® @, where ¢ is any
character of Q5 with conductor ¢ = cq,(p), satisfy the following.

L IfM=M:e(-1)=-1,e(5) =1, and:

) forc <2
a(p®¢){20 forc>3.
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II. If M = My: e(—1) = —1 ,¢(5) =1, and:

|7 forc<3
CL('I)@H‘a)_{Qc forc>4.

III. If M = Mj3: e(—1) = (5) = 1, and:

|7 forc<3
a(p®<p)—{2c forc>4.

IV. If M = My: e(—1) =e(5) =1, and:

|3 forec<1
a(p®<p)—{2€ forc>2.

Proof. Let p be a lifting of p with minimal conductor and let x be its central
character. Hence cy(x) = 3t + 1, where t = 1,5,5,1 respectively if M = M;,
i =1,2,3,4 respectively. The restriction of det(p) to Gal(Qy/M) is given by:

aelp)e) = () o€ Ga@an

hence, if e = det(p) is viewed as a character of Q5 and x as a character of M*, we
have:

(1) g0 Nuyjg, = X° -

We must determine the restriction of € to the group of (1-)units of Q. Now, the
image of the norm map M* — QJ coincides with the image of the norm M — QJ,
where My/Q2 is the maximal abelian extension contained in M, and since My is
in any case unramified, we have Ny;/q,(Un) = Ug,. Hence it suffices to study the
behaviour of x2 on Uy;. Now, if x2 is trivial on Uy, then ¢ is unramified, hence
e = 2 for some unramified character ¢ on Q. Then p ® ¢! still has minimal
conductor and the square of its central character is 1. By replacing p by p ® ¢!
if necessary, we may assume that if y2 is non-trivial, it is non-trivial on Upy .

Now, the minimal order among the orders of central characters of liftings of p
is 4,4,2,2 respectively for the cases M = M;, i = 1,2,3,4 respectively, cf. [18],
section 2, or [2], where it is shown how to compute this order using a criterion of
Serre. Let p; be a lifting of p whose central character x; has this minimal order.
There is a character ¢ of Q5 such that:

P =p1 by ’(/} )
if 9 is viewed as a character of Gal(Q,, /Q2), and this means:
(1) X=X1"(¥oNuyqg,) -

One now proceeds with an individual discussion in each of the 4 cases M = M;,
1=1,2,3,4. Let us for example consider the case:

M = Ms: Suppose that x? is non-trivial. Then x? is non-trivial on U, and
since (1) gives:
x> =¥ o Ny,
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because x7 = 1, we deduce that 1? is non-trivial on Ug,. Since ¢?(—1) = 1, we
then see that ¥ has conductor at least 3. Then (#1) above gives:

en(X?) = enr(x? © Nagjg,) = 12cq, (¢*) — 26 > 10,

which is impossible: If u € US;, then u? € UL?, and since cp/(x) = 3t + 1 = 16, we
have cpr(x?) < 8. Hence x? =1, and e(—1) = &(5) = 1.

The statements about the Artin conductor of the twists p® ¢ follow immediately
from proposition 2 because p is a lifting with minimal Artin conductor. O

5. EXAMPLES

5.1.  We shall now illustrate the preceding 3 sections with some examples which
will be analyzed further in VI.

Denote for square free n € Z by x,, the character of the quadratic field Q(y/n)/Q.

We will enumerate irreducible Galois representations:

(1) p: Gal(@/Q) — GLy(C)
with Artin conductor N and determinant character ¢ in the following cases:

N=p , e=x_, with p e {487,751,887,919,2083},
N=4p , e=y_, with pe {487,751,887,919},

and
N=2%p, e=yx_, with pe{73,193}.

Note that the numbers 73, 193, 487, 751, 887, 919 and 2083 are prime numbers.

We shall fix the following notation. The symbol p denotes a representation ().
If p is such a representation, we denote by p the associated projective represen-
tation, by K/Q the extension cut out by p, and for a prime number [ by G, the
(isomorphism class of the) image under p of some decomposition group over . Also,
N and ¢ denote the Artin conductor and determinant character of p respectively.

In the following we shall occasionally make use of the following simple principle:
Suppose that G is the absolute Galois group of a number field L (finite extension
of Q), that V is a finite-dimensional complex vector space and that:

R:G — Aut(V)
is a continuous representation. If M/L is the Galois extension cut out by R and
My/L is a cyclic subextension, then the class field theoretic conductor of My/L

divides the Artin conductor of R. This follows from the corresponding local state-
ment:

Lemma 2. Suppose that p is a prime number, L/Q, a finite extension, M/L a
finite Galois extension with Galois group G, N a normal subgroup of G with G/N
cyclic, My the fized field of N in M, and that:

R:G — Aut(V)
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is a finite-dimensional, faithful complex representation. Then the conductor of
My /L divides the Artin conductor of R.

Proof. Let:
G>Gy>G1>...2G; > ...

be the chain of ramification groups in G and let g; denote the order of G;. Define
the numbers ¢, s; and d; such that:

codim V& =dj , 1=0,...,81 ,
codimVGi:dt, =8+ 1,...,84+1,
codim Vi = div1 =0, i>s841 + 1 R
where dy > dy > ... > d; > dy;1 = 0, and where V& means the space of fixed

points of G; in V. Letting ¢y, denote the Herbrand function of M /L, the Artin
a(R)

conductor of R is by definition @}~ where we have with so = —1:
t o Sit1 g
aw = Y S 4
§=0i=s;+1 go
g t 541 g 55 g
- a3ty (Se-304)
i—0 90 3 i—0 90 590

t
= do+dopnyr(s1) + Y d; (paryn(sier) — oaryn(sy))
i=1
t+1
= do+ Z(djfl —dj)onmyi(sj) -
=1

Let ¢ be the largest integer with (G/N). # 1. Then the conductor of My/L is
"y .
p;, with:

v =1+ vn,/L(c).
If § € R with 6 > sy then:
Ve v,
and so G5 = 1, since R is faithful. Thus:

1 = (GsN)/N = (G/N)

S(JM/MO(5) ’
and s0 ¢ < w1/, (6); hence ¢ < wpr/ar, (5¢41). Then:
oo/ () < Ontor (Onynte (5641)) = ©rayr(se41),

le.:

Y <1+ omyn(si+1) < do + dipnryr(se1) < a(R).
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5.2. Let us now consider representations p of As-type with N = 2% | where
a=0,2or 5, pis an odd prime number, and € = x_,.

First, since p is odd the group G}, must be dihedral or cyclic. However, if G,
were dihedral, then p would not have a lifting for which the p-part of its conductor
were p; this is an immediate consequence of theorem 1 of section 3. Hence Gy, is
cyclic, and since ¢ is quadratic, G}, is cyclic of order 2. As p is odd, we then find
that the p-part of the discriminant of a ‘root field” of K, i.e. a subfield of K of
degree 5 over Q, is p?.

If a = 0, we should then look for As-fields K for which the discriminant of as
root field is p?. Note that we must have p = 3 (4). Table 1, which will be discussed
in II, reveals that for p < 2083 there is exactly 1 such field K, namely the splitting
field of the polynomial:

x® + 823 + 72?2 + 1722 + 53 ;
here, p = 2083. The splitting field of this polynomial over Qqg3 is:

Q2083(v/—2083).

Using the theorem of Tate mentioned in section 2, we find that each of the
2 projective representations (corresponding to the 2 different embeddings A5 —
PGL4(C)) associated with this field has a lifting with conductor 2083 and deter-
minant character x_s0g3. Any such lifting may be twisted, without changing con-
ductor or determinant, with a quadratic character with conductor dividing 2083,
ie. with 1 or x_o0s3. We conclude then that there are exactly 4 (inequivalent)
representations p of As-type with N = 2083 and € = y_20s3. (The analysis of
representations with prime conductor is by the way well-known, cf. [13]).

Let us then proceed with the case « = 2 and p = 3 (4). A priori the group Gs is
cyclic of order 2, dihedral of order 4 or 6, or isomorphic to A4. Since € = x_, has
conductor p, the cyclic case is excluded. Since a = 2, one finds that the dihedral
group of order 4 and A, are also excluded. So, G2 must be dihedral of order 6, i.e. it
corresponds to the tamely ramified extension of order 3 of the unramified quadratic
extension of Qy. This gives the contribution 22 to the discriminant of a root field of
K. Accordingly, we must in this case look for As-fields K for which the discriminant
of a root field is 22 - p2, where p is a prime number = 3 (4).Table 1 shows that for
p < 1041 there are exactly 4 such fields, namely: for p = 487,751,887,919 the
splitting field of the polynomial:

2 —Ta® —172%+18z +73
2®—8z3 +10224+16024128,
2o +10234+1022 4442 +56 |
x5 —8x% 4282240z +48 |

respectively. In each case one finds that the splitting field of the polynomial over Qg
is indeed the tamely ramified extension of degree 3 of Q2(v/5). Over Qy the splitting
field is Q,(y/p) in the cases p = 751,887 or 919, and it is Q,(/—p) for p = 487.
Using the theorem of Tate and theorem 1 above, we find in each case that any of
the 2 projective representations associated with K lifts to a representation with
N = 4p and € = x_p, and that any such lifting can be twisted, without changing
conductor or determinant, with a quadratic character with conductor dividing p.
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We conclude that for p = 487,751,887 or 919 there are exactly 4 representations of
As-type with N = 4p and € = x_,.

We then turn to the case « = 5 ,e = x_p,. Again, the group G3 is either
cyclic or order 2, dihedral of order 4 or 6, or isomorphic to A4, but here none of
these possibilities can be a priori excluded. We only find, using theorem 1 and the
condition o = 5, some restrictions if G2 has order 4. Working through the various
cases, one finds that the 2-part of the discriminant of a root field of K is in any
case bounded by 2. Consequently, we want to look for As-fields for which the
discriminant of a root field is 27 - p?, where p is a prime number and 3 < 6. Table
1 shows that for p = 73 or p = 193 there is exactly 1 such field, namely:

for p = 73 the splitting field of: 2 + 223 — 42? — 2z + 4 |
for p = 193 the splitting field of: 2° + 102® — 2622 + 112 + 30 .

In both cases, = 6, and the splitting field over Qs is the unique A4-extension
of Qq; over Q, the splitting field is Q,(1/—p). Using theorem 2 of section 4, we
find in both cases (p = 73 or p = 193) that any of the 2 projective representations
associated with the splitting field of the polynomial has a lifting with conductor 2°-p
whose determinant character is quadratic with conductor 22 - p; this determinant
character is thus x_,. It follows furthermore from theorem 2 that any such lifting
can be twisted, without changing the conductor or determinant, with a quadratic
character with conductor dividing 22 - p. There are 4 such characters, namely
1,x-1,Xxp and x_p, and so we conclude that there are for p = 73 and for p = 193
precisely 8 representations p of As-type with N =2°-p and € = y_,.

5.3.  We shall now find the representations of A4- or Sy-type where (N,¢) is one
of the possibilities mentioned in 5.1. The A4-case may be dealt with quickly, since
it is impossible for a simple reason: Suppose that p is an A4-type representation.
The projective kernel field K then contains a cyclic Galois extension L/Q of degree
3. There exists an odd prime number [ which ramifies in L. The group Gj is not
isomorphic to A4 since [ is odd, and as a subgroup of A4 it must then be cyclic
of order 3. It follows that the determinant character of p has order divisible by 3.
Since €2 = 1 in any of our cases, the A4-case will not occur.

Let us then turn to representations of Sy-type. If p is a representation of Sy-
type, then the projective kernel field K contains a unique Galois extension L/Q
with Galois group isomorphic to S3. Let M/Q denote the quadratic extension in
L. Since we require p to have conductor of the form 2%p (where p is one of the
prime numbers 73,193, 487,751, 887,919, 2083), we see that L/Q, and thus M/Q
is unramified outside {2, p}; for p = 2083, we have that L/Q is unramified outside
{p}, since we require p to have conductor p in this case. In the other cases, 2 is
either ramified or decomposed in M/Q which means that L/M must be unramified
over 2. Since we require the determinant character of p to be x_,, we find as in
the preceding subsection that L/M is also unramified over p. Hence L/M is an
unramified Galois extension of degree 3 and so the class number of M must be
divisible by 3. The class numbers h of the quadratic fields Q(y/a) which a priori
(recall the lemma of section 5.1) are candidates for M are given by the following
table:
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a h a h a h a h
-1 -919 19 751 1 -2 - 73 16
-2 1 -2083 7 887 1 2 73 2

-73 4 2 1 919 1 -2 193 20
-193 4 73 1 2083 1 2 -193 2
487 7 193 1
-751 15 487 1
-887 29

So, we only have to consider the case:
M= Q( \ _751)7

and here there does in fact exist a unique Ss-extension of Q containing M, namely
the splitting field L of the polynomial:

32— 11z —15 .

Now we have to ask whether L can be embedded in an Sj-extension of Q un-
ramified outside {2,751}. This is in fact possible as follows from the table in [6]:
The splitting field of the polynomial:

2t +62% +132°2 + 11z + 1

is an Sy-extension K /Q ramified only over 751; the discriminant of a quartic subfield
of K is —751, and K is unique with these properties. As is well-known (cf. [13])
or easily seen, this means that there are exactly 2 representations p with NV = 751
and € = x_751. Now, using the method of [2] one may verify that this field K is in
fact the only possibility even if we allow K/L to be ramified over 2: We consider
the elliptic curve:
E:y*=2%—1lz—15

over Q. Its conductor is Ng = 2- 751 and its discriminant is A = —2%.751. Now,
from [2] we know that Sy-extensions K/Q containing the above Ss-extension L/Q
are given by elements:

p € H' (Gal(Q/Q), B(Q)2) \{0} .

One may further show, cf. [5], that if we want to produce representations p with
conductor of the form 2% - 751, then it suffices to consider non-trivial elements ¢ in
the Selmer group Sy9y(£,Q)2. This group can be determined by an algorithm of
Birch and Swinnerton-Dyer, and one finds that it has order 2, generated by §(P),

where P = (H Q) is a rational point on F, and ¢ is the natural injection:

47 8
E(Q)/2B(Q) — H' (Gal(Q/Q), E@)2) -

The corresponding Sy-extension of Q is then obtained by adjoining to Q the z-

coordinates of points @ € E(Q) with 2Q) = P. One finds then that this S;-extension
is the splitting field of the polynomial:

zt — 1723 + 2222 + 307z + 376
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which of course is the same field as is obtained from the table in [6].

5.4. Finally, we shall briefly discuss representations p of dihedral type in the cases
listed in 5.1. These are most easily obtained by global means, and let us recall how
(cf. [13]): Any representation p of dihedral type has the form:

p = Ind(¥),

where 1) is a character on Gal(Q/M), where M /Q is some quadratic extension, with
o -1 # 1 for a (any) element o € Gal(Q/Q) which does not belong to Gal(Q/M),
and where Ind means induction from Gal(Q/M) to Gal(Q/Q). If ¢ is viewed as a
character on the idele classes of M, then the determinant character of p, viewed as
a character on the idele classes of Q, is:

det(p) = w- (4| Cg),

where w is the quadratic character of M/Q and v | Cy means restriction of ¢ to
the idele classes of Q. The Artin conductor of p is:

|ID(M/Q)| - Naryg (ear (),

where D(M/Q) is the discriminant of M/Q and cjs(v) is the (class field theoretic)
conductor of ¥. If p; = Ind(%);), i = 1,2, are 2 such representations where v; are
characters on the idele classes of the same quadratic field M/Q, then p; and py are
equivalent if and only if:

either ¢y =1y or ;=0 -1y (o as above).

The case of dihedral type representations with prime conductor p is well-known,
cf. [13], and we shall not reproduce the simple arguments, but merely state the
facts:

We must have p = 3 (4) and with the above notation it suffices to consider
the field M = Q(y/—p). The non-trivial automorphism o of this extension M /Q,
considered as acting on characters of the class group of M, fixes only the triv-
ial character. The class number h of M is thus odd, and we obtain precisely
%(h — 1) inequivalent representations of dihedral type with conductor p. The de-
terminant character of any of these representations is x_,. Consequently, we have
for p = 487,751,887,919, 2083 exactly 3,7,14,9, 3 representations of dihedral type

with conductor p and determinant character x_,, respectively.

Let us then consider representations of dihedral type with conductor 4p and
determinant x_,, where p is an odd prime number = 3 (4). A priori, we have 2
possibilities for the field M: M = Q(,/p) or M = Q(\/—p). However, if M =
Q(\/p), then the character ) would have to be unramified with an odd restriction
to the idele classes of Q, which is easily seen to be impossible (for example by
computing the appropriate ray class number). If M = Q(,/—p) with p = 7 (8),
then 2 decomposes:

(2) =p1p2 In M;
since the ray class numbers of M corresponding to the cycles (2), p? and 3 all
coincide with the class number of M, this case is excluded. (By the way, if p = 3
(8), 2 is inert in M, and one finds that the ray class number corresponding to
the cycle (2) is 3 times the class number h of M, and that we have exactly h
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representations of dihedral type with conductor 4p and determinant x_,). Hence,
if p = 487,751,887, or 919, there are no representations of dihedral type with
conductor 4p and determinant x_, (and there are precisely 7 such representations
if p = 2087).

Suppose now that p is a prime number = 1 (8), and let us ask for dihedral-type
representations with N = 2°-p and € = y_,. Keeping the above notation, the field
M must be one of the following:

Q(\/E)v Q(\/jl)7 Q( V +2 'p)a Q(\/FP)
If M is one of the fields Q(v/£2) ,Q(v/£2 - p), then 2 ramifies:
(2) =p* in M,

and the p-part of the conductor of the character v should be p?. But then the
conductor of 1 | Cgy would certainly not be divisible by 23, which would be required
by these cases. If M = Q(y/—p), then 2 is again ramified in M: (2) = p?, but now
the character ¢ should have conductor p® and trivial restriction to Cg; this is
easily seen to be impossible (consider the restriction of ¢ to M/'). Similarly, the
case M = Q(v/—1) is excluded. If then finally M = Q(/p), then 2 decomposes in
M:

(2) = p1p2,

and v | Cg should be y_,. The norm of the conductor of 1 should be 25 and so
there are various possibilities for the conductor of 1. Suppose for example that
has conductor p3p3 and consider the restrictions:

Note that M, = Q2. Then ; cannot be trivial on all elements of the type
1+b-22+ ... for otherwise there would be an element:

u=14+2+0-22+...

with 11 (u) = —1. Since 5 has conductor p3 we would also have ¥9(u) = —1. We
then see that the restriction ¢ | Cy would be trivial on Q5 which is impossible. So,
there is an element y = 1 +b-22 + ... with v (y) # 1. Since 93 has conductor 3
we conclude that ¥ | Co has conductor divisible by 23, which is impossible. The
other possibilities for the conductor of ¢ are similarly excluded.

We conclude that if p is a prime number = 1 (8), then there are no dihedral type
representations with conductor 2° - p and determinant character X—p- This holds
then in particular for p = 73 and for p = 193.

Let us then finally, for use in VI, note the following fact: If p = 73 or p = 193,
then there is at least 1 dihedral-type representation with conductor 2% - p and
determinant character x_,. This follows, as one may easily verify in both of these
cases, because the ideal class group of Q(y/—p) is cyclic of order 4 and contains an
ideal class which is not invariant under the action of the non-trivial automorphism

of Q(v=p)/Q.
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