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1 Introduction

Throughout this introduction, R denotes a commutative noetherian local Cohen—
Macaulay ring. The lower K-groups of R are known:

Ko(R) = Z and K;(R) = R*.

For n € {0, 1} the classical K-group K, (R) of the ring coincides with Quillen’s
K-group K, (proj R) of the exact category of finitely generated projective R-mod-
ules; and if R is regular, then Quillen’s resolution theorem shows that the inclu-
sion functor proj R — mod R induces an isomorphism K, (proj R) =~ K, (mod R).
If R is non-regular, then these groups are usually not isomorphic. The groups
K, (mod R) are often denoted G, (R) and they are classical objects of study called
the G-theory of R. A celebrated result of Quillen is that G-theory is well-behaved
under (Laurent) polynomial extensions:

Gn(R[t]) = Gn(R) and Gn(R[t,t7']) = Gu(R) ® Gu—1(R).

Auslander and Reiten [4] and Butler [9] computed Ko(mod A) for an Artin
algebra A of finite representation type. Using similar techniques, Yoshino [32]
computed Ko(mod R) in the case where R has finite (as opposed to tame or wild)
CM-type.
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Theorem (Yoshino [32, Theorem (13.7)]). Assume that R is henselian and that it
has a dualizing module. If R has finite CM-type, then there is a group isomorphism

Ko(mod R) = Coker Y,
where Y: ZF — 7! s the Auslander—Reiten homomorphism from Definition 2.3.

‘We mention that Yoshino’s result is as much a contribution to algebraic K-theo-
ry as it is to the representation theory of the category MCM R of maximal Cohen—
Macaulay R-modules. Indeed, the inclusion functor MCM R — mod R induces
an isomorphism K, (MCM R) = K;,(mod R) for every n. The theory of maximal
Cohen—Macaulay modules, which originates from algebraic geometry and integral
representations of finite groups, is a highly active area of research.

In this paper, we build upon results and techniques of Auslander—Reiten [4],
Bass [7], Lam [20], Leuschke [21], Quillen [24], Vaserstein [28,29], Yoshino [32]
to compute the group K; (mod R) when R has finite CM-type. Our main result is
Theorem 2.12; it asserts that there is an isomorphism

Ki(mod R) = Autg(M )./ E,

where M is any representation generator of the category of maximal Cohen—
Macaulay R-modules and Autg(M ), is the abelianization of its automorphism
group. The subgroup E is more complicated to describe; it is determined by the
Auslander—Reiten sequences and defined in Definition 2.10. Observe that in con-
trast to Ko(mod R), the group K; (mod R) is usually not finitely generated.

We also prove that if one writes M = R & M/, then the group homomorphism
R* = Ky (proj R) — K;(mod R) induced by the inclusion functor proj R — mod R
can be identified with the map

1 0
AR* — Autgr(M),/E givenby 1~ "R -
0 1y

The paper is organized as follows: In Section 2 we formulate our main result,
Theorem 2.12. This theorem is not proved until Section 8, and the intermediate
Section 3 (on the Gersten—Sherman transformation), Section 4 (on Auslander’s and
Reiten’s theory for coherent pairs), Section 5 (on Vaserstein’s result for semilo-
cal rings), Section 6 (on certain equivalences of categories), and Section 7 (on
Yoshino’s results for the abelian category ¥) prepare the ground.

In Section 9 and Section 10 we apply our main theorem to compute the group
Ki(mod R) and the homomorphism A: R* — Kj(mod R) in some concrete ex-
amples. For example, for the simple curve singularity R = k[[T2, T3] we obtain
Ki(mod R) = k[[T]* and show that the homomorphism A: k[T2, T3]* — k[T]*
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is the inclusion. It is well known that if R is artinian with residue field k, then one
has K (mod R) = k*. We apply Theorem 2.12 to confirm this isomorphism for
the ring R = k[X]/(X?) of dual numbers and to show that the homomorphism
A:R* — k*is given by a + bX > a?.

We end this introduction by mentioning a related preprint [23] of Navkal. Al-
though the present work and the paper of Navkal have been written completely
independently (this fact is also pointed out in the latest version of [23]), there is
a significant overlap between the two manuscripts: Navkal’s main result [23, The-
orem 1.2] is the existence of a long exact sequence involving the G-theory of the
rings R and Endg (M) (where M is a particular representation generator of the
category of maximal Cohen—Macaulay R-modules) and the K-theory of certain
division rings. In [23, Section 5], Navkal applies his main result to give some de-
scription of the group K;(mod R) for the ring R = k[[T2, T?"+1] where n > 1.
We point out that the techniques used in this paper and in Navkal’s work are quite
different.

2 Formulation of the main theorem

Let R be a commutative noetherian local Cohen—-Macaulay ring. By mod R we
denote the abelian category of finitely generated R-modules. The exact categories
of finitely generated projective modules and of maximal Cohen—Macaulay modu-
les over R are written proj R and MCM R, respectively. The goal of this section is
to state our main Theorem 2.12; its proof is postponed to Section 8.

Setup 2.1. Throughout this paper, (R, m, k) is a commutative noetherian local
Cohen—Macaulay ring satisfying the following assumptions.

(1) R is henselian.
(2) R admits a dualizing module.

(3) R has finite CM-type, that is, up to isomorphism, there are only finitely many
non-isomorphic indecomposable maximal Cohen—Macaulay R-modules.

Note that (1) and (2) hold if R is m-adically complete. Since R is henselian,
the category mod R is Krull-Schmidt by [32, Proposition (1.18)]; this fact will be
important a number of times in this paper.

Set My = R and let My,..., M; be a set of representatives for the isomor-
phism classes of non-free indecomposable maximal Cohen—Macaulay R-modules.
Let M be any representation generator of MCM R, that is, a finitely generated
R-module such that addg M = MCM R (where addg M denotes the category of
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R-modules that are isomorphic to a direct summand of some finite direct sum of
copies of M). For example, M could be the square-free module

M=Myd M &---D M;. (2.1.1)

We denote by E = Endg (M) the endomorphism ring of M.

It follows from [32, Theorem (4.22)] that R is an isolated singularity, and hence
by [32, Theorem (3.2)] the category MCM R admits Auslander—Reiten sequences.
Let

O0—=tMj)—>X; > M; -0 (I1<j<1t) (2.1.2)

be the Auslander—Reiten sequence in MCM R ending in M, where t is the Aus-
lander—Reiten translation.

Remark 2.2. The one-dimensional Cohen—Macaulay rings of finite CM-type are
classified by Cimen [10, 11], Drozd and Roiter [12], Green and Reiner [18], and
Wiegand [30,31]. The two-dimensional complete Cohen—Macaulay rings of finite
CM-type that contains the complex numbers are classified by Auslander [2], Es-
nault [14], and Herzog [19]. They are the invariant rings R = C[[X, Y]]G where
G is a non-trivial finite subgroup of GL,(C). In this case, M = C[[X, Y] is a re-
presentation generator for MCM R which, unlike the one in (2.1.1), need not be
square-free.

Definition 2.3. For each Auslander—Reiten sequence (2.1.2) we have
X; =My @MV @@ MV
for uniquely determined ng;,n1;,...,n;; = 0. Consider the element
t(Mj) +M; —noiMo—nyj My —---—ns M;
in the free abelian group ZMo & ZM1 & --- & Z M;, and write this element as
YojMo + y1i; M1+ -+ + yij My,

where yo;, y1j.....¥:j € Z. Then define the Auslander—Reiten matrix Y as the
(t + 1) x ¢t matrix with entries in Z whose jth column is (yo;, Y1j.....Ysj)-
When Y is viewed as a homomorphism of abelian groups Y:Z! — Z!*1 (el-
ements in Z? and Z'*! are viewed as column vectors), we refer to it as the
Auslander—Reiten homomorphism.

Example 2.4. Let R = C[X.Y, Z] /(X3 4+ Y* + Z?). Besides My = R there are
exactly = 6 non-isomorphic indecomposable maximal Cohen—Macaulay mod-
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ules, and the Auslander—Reiten sequences have the following form,

0—> M| > My, - M — 0,

0—> My > M| & Mz —> My, — 0,

0— M3 — M, ®Myd Mg — M3 — 0,
0—> My — M3z Ms — My — 0,

0— Ms — My — Ms — 0,

0—> Mg — My P M3z —> Mg — 0;

see [32, (13.9)]. The 7 x 6 Auslander—Reiten matrix Y is therefore given by

In this case, the Auslander—Reiten homomorphism Y:Z¢ — Z7 is clearly injec-
tive.

One hypothesis in our main result, Theorem 2.12 below, is that the Auslander—
Reiten homomorphism Y over the ring R in question is injective. We are not aware
of an example where T is not injective. The following lemma covers the situation
of the rational double points, that is, the invariant rings R = k[ X, Y]]G, where
k is an algebraically closed field of characteristic 0 and G is a non-trivial finite
subgroup of SL;(k); see [5].

Lemma 2.5. Assume that R is complete, integrally closed, non-regular, Goren-
stein, of Krull dimension 2, and that the residue field k is algebraically closed.
Then the Auslander—Reiten homomorphism Y is injective.

Proof. Let1 < j <t be given and consider the expression
t(Mj)+M;—nojMo—nijMy—---—nyM; = yoj Mo+ y1; M1 +---+y:; M;

in the free abelian group ZMo @ ZM; & --- & Z M;, see Definition 2.3. Let I be
the Auslander—Reiten quiver of MCM R. We recall from [5, Theorem 1] that the
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arrows in " occur in pairs o = o, and that collapsing each pair to an undi-
rected edge gives an extended Dynkin diagram A. Moreover, removing the vertex
corresponding to Mo = R and any incident edges gives a Dynkin graph A.

Now, X has a direct summand M}, if and only if there is an arrow My — M;
in I'. Also, the Auslander—Reiten translation t satisfies t(M;) = M; by [5, proof
of Theorem 1]. Combined with the structure of the Auslander—Reiten quiver, this
means that

2 itk =],
ykj = 4—1 ifthereisanedge My — M; in A,
0 otherwise.

Hence the ¢ x ¢ matrix Yo with (y1;,..., ;) as jth column, where 1 < j <,
is the Cartan matrix of the Dynkin graph A; cf. [8, Definition 4.5.3]. This matrix
is invertible by [15, Exercise (21.18)]. Deleting the first row (yo1, ..., Yor) in the
Auslander—Reiten matrix Y, we get the invertible matrix Yo, and consequently,
Y:Z' — Z'T1 determines an injective homomorphism. o

For a group G we denote by Gy, its abelianization, i.e., Gop = G/[G, G], where
[G, G] is the commutator subgroup of G.

We refer to the following as the tilde construction. It associates to every auto-
morphism o: X — X of a maximal Cohen—Macaulay module X an automorphism
a: M? — M1 of the smallest power ¢ of the representation generator M such that
X is a direct summand of M 9.

Construction 2.6. The chosen representation generator M for MCM R has the
form M = My'° @ --- & M;"" for uniquely determined integers my, . .., m; > 0.
For any module X = M(')'O DD M,"’ in MCM R, we define natural numbers,

q=q(X)=min{p e N| pm; =nj;forall0 < j <t},
v =v;(X)=qmj —n; =0,

>~

and a module Y = M)° @---® M;" in MCMR. Let y: X &Y — M be the
R-isomorphism that maps an element
((xgs---»X;), (Xo’ ... ’Xt)) e XY = (M(;mEB'"@M;’Z)EB(M(;)OEB-"EBM;”),

where x ;€ M ;lj and yj eM ;)j , to the element

(Zo1s -+ Z01)s oo (Zogs -2 24g)) EMT = (M & --- & M["")1,

m; .
where z;;,....z;, € Mj are given by

qm; n;+v;
1o zjg) = (0 p,) € My = M7
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Now, given o in Autg(X), we define & to be the uniquely determined element
in Autgr (M ?) that makes the following diagram commutative,

v
XY — M1

aealylg El&

X@Y%Mq.

The automorphism & of M ¢ has the form & = (&;;) for uniquely determined en-
domorphisms &;; of M, thatis, &;; € E = Endg(M). Hence & = (&;;) can nat-
urally be viewed as an invertible ¢ X ¢ matrix with entries in E.
Example 2.7. Let M = Mo ® --- ® M; and X = M;. Theng = 1 and
Y=My®---OM,_1&Mji1 D - D M;.
The isomorphism ¢: X @ ¥ — M maps
(Xj, (X05 o+ Xj—1, Xj 4150, X)) EX DY

to
(X0, s Xj—1. X, Xj 41, ..., X)) €EM.

Therefore, for o € Autg(X) = Autg(M;), Construction 2.6 yields the following
automorphism of M,

G=y@@lyY =1y @ ®ly,_ ®adly,,, & & ly,

which is an invertible 1 x 1 matrix with entry in £ = Endg(M).

The following result on Auslander—Reiten sequences is quite standard. We pro-
vide a few proof details along with the appropriate references.

Proposition 2.8. Let there be given Auslander—Reiten sequences in MCM R,
0O>tM)-X—->M—->0 and 0—1t(M')— X — M — 0.

Ifa: M — M’ is a homomorphism, then there exist homomorphisms B and y that
make the following diagram commutative,

0 (M) X M 0
| |
1y I B la
+ 4

0 —— (M) X’ M’ 0.

Furthermore, if a is an isomorphism, then so are B and y.
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Proof. Write p: X — M and p’: X' — M’. It suffices to prove the existence of 8
such that o’ = «p, because then the existence of y follows from diagram chasing.

As0 — t(M’) — X’ — M’ — 0is an Auslander—Reiten sequence, it suffices
by [32, Lemma (2.9)] to show that «p: X — M’ is not a split epimorphism. Sup-
pose that there do exist 7: M’ — X with «pt = 134/. Hence « is a split epimor-
phism. As M is indecomposable, « must be an isomorphism. Thus

pra = o Hapt)a = 1y,

which contradicts the fact that p is not a split epimorphism.
Finally, the fact that the maps B and y are isomorphisms if « is so follows
from [32, Lemma (2.4)]. O

The choice requested in Construction 2.9 is possible by Proposition 2.8.

Construction 2.9. Choose foreach 1 < j < and every a € Autg(M;) elements
Bja € Autg(X;) and y; o € Autg(t(M;)) that make the next diagram commute,

O—)T(Mj) XJ' Mj 0
El)’j.a glﬂj_a Ela 2.9.1)
O—)T(Mj) Xj Mj 0;

here the row(s) is the jth Auslander—Reiten sequence (2.1.2).

As shown in Lemma 5.1, the endomorphism ring £ = Endg (M) of the chosen
representation generator M is semilocal, that is, £/J(E) is semisimple. Thus, if
the ground ring R, and hence also the endomorphism ring £, is an algebra over
the residue field k and char(k) # 2, then a result by Vaserstein [29, Theorem 2]
yields that the canonical homomorphism 0g: E} — Kf(E ) is an isomorphism.
Here Kf(E ) is the classical K;-group of the ring E; see paragraph 3.1. Its inverse,

0" = detg:KS(E) — EX = Autg(M),

is called the generalized determinant map. The details are discussed in Section 5.
We are now in a position to define the subgroup E of Autg(M ), that appears in
our main Theorem 2.12 below.

Definition 2.10. Let (R, m, k) be a ring satisfying the hypotheses in Setup 2.1.
Assume, in addition, that R is an algebra over k and that one has char(k) # 2.
Define a subgroup E of Autg(M ), as follows.

* Chooseforeach 1 < j <t andeacho € Autg(M;)elements ;4 € Autr(X;)
and y;.o € Autg(t(M;)) as in Construction 2.9.
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.« Let@, B .« and y; o be the invertible matrices with entries in £ obtained by
applying the tilde Construction 2.6 to ¢, .o, and ;4.

Let E be the subgroup of Autg (M )., generated by the elements

(detg &) (detg Bq) "' (detg 7a),

where j ranges over {1,...,t} and o over Autg(M;).

A priori the definition of the group E involves certain choices. However, it
follows from Proposition 8.8 that E is actually independent of the choices made.

Remark 2.11. In specific examples it is convenient to consider the simplest possi-
ble representation generator

M=My®M; & ---& M,.

In this case, Example 2.7 shows that & and y; 4 are 1 x 1 matrices with entries
in E, thatis, &, yj o € E™, and consequently detg & = & and detg yj o = V)« as
elements in £} .

We are now in a position to state our main result.

Theorem 2.12. Let (R, m, k) be a ring satisfying the hypotheses in Setup 2.1.

Assume that R is an algebra over its residue field k with char(k) # 2, and that the

Auslander—Reiten homomorphism Y: Z} — 7! from Definition 2.3 is injective.
Let M be any representation generator of MCM R. There is an isomorphism

Ki(mod R) =~ AutR(M)ab/E,

where B is the subgroup of Autg(M )., given in Definition 2.10.
Furthermore, if inc: proj R — mod R is the inclusion functor and M = R® M,
then
K (inc): Ky (proj R) — Kj(mod R)

may be identified with the homomorphism

1 0
A:R* — Autg(M),/E  givenby r > "R )
0 1y

As mentioned in the introduction, the proof of Theorem 2.12 spans Section 3
to Section 8. Applications and examples are presented in Sections 9 and 10. The
interested reader could go ahead and read Sections 9—-10 right away, since these
sections are practically independent of Sections 3-8.
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3 The Gersten—Sherman transformation

To prove Theorem 2.12, we need to compare and/or identify various K-groups. The
relevant definitions and properties of these K-groups are recalled below. The (so-
called) Gersten—Sherman transformation is our most valuable tool for comparing
K-groups, and the main part of this section is devoted to this natural transforma-
tion. Readers who are familiar with K-theory may skip this section altogether.

In the following, the Grothendieck group functor is denoted by G.

3.1. Let A be a unital ring.

The classical Kg-group of A is defined as Kg (A) = G(proj A), that is, the Gro-
thendieck group of the category of finitely generated projective A-modules.

The classical K1-group of A is defined as K§(4) = GL(A), i.€., the abelian-
ization of the infinite (or stable) general linear group; see, e.g., Bass [7, Chapter V].

3.2. Let € be any category. Its loop category Q€ is the category whose objects
are pairs (C,a) with C € € and « € Aute(C). A morphism (C, o) — (C’,a’) in
QT is a commutative diagram in €,

3.3. Let € be a skeletally small exact category. Its loop category Q€ is also skele-
tally small, and it inherits a natural exact structure from €. Bass’ K;-group (also
called Bass’ universal determinant group) of €, which we denote by K]13 (€), is the
Grothendieck group of Q€, that is, G(2€), modulo the subgroup generated by all
elements of the form

(C,Ol) + (C’ /3) - (C9a13)1

where C € € and «, B € Aute(C); see the book of Bass [7, Chapter VIII, Sec-
tion 1] or Rosenberg [25, Definition 3.1.6]. For (C, &) in Q€ we denote by [C, «]
its image in K]l3 ().

3.4. For every C in € one has
[C.lc]+[C. 1c] =[C.1c1c] = [C. 1]

in KB(€). Consequently, [C, 1¢] is the neutral element in K§(€).
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3.5. For a unital ring A there is by [25, Theorem 3.1.7] a natural isomorphism
na:K{(4) = KF (proj A).

The isomorphism 14 maps § € GL,(A), to the class [4", §] € KB (proj A). Here
& is viewed as an automorphism of the row space A" (a free left A-module), that
is, & acts by multiplication from the right.

The inverse map 77;1 acts as follows. Let [ P, «] be in K]13 (proj A). Choose any Q
in proj A and any isomorphism ¥: P & Q — A" withn € N. In K]13(proj A) one
has

[P.a]l = [P.a] +[Q.1o] = [P & Q.a®lg] = [A" y(@® 1)y~ '].

The automorphism v (¢ & IQ)t/f_l of (the row space) A" can be identified with
a matrix in § € GL,(A). The action of r;:il on [P, a] is now B’s image in K (4).

3.6. Quillen defines in [24] functors KS from the category of skeletally small exact
categories to the category of abelian groups. More precisely,

KJ(€) = m+1(BQE, 0)

where Q is Quillen’s Q-construction and B denotes the classifying space.

The functor Kg is naturally isomorphic to the Grothendieck group functor G;
see [24, Section 2, Theorem 1]. For a ring A there is a natural isomorphism
K?(proj A) = K?(A); see for example Srinivas [27, Corollary (2.6) and Theo-
rem (5.1)].

Gersten sketches in [17, Section 5] the construction of a natural transformation
¢: Klf — K? of functors on the category of skeletally small exact categories. The
details of this construction were later given by Sherman [26, Section 3], and for
this reason we refer to ¢ as the Gersten—Sherman transformation'. Examples due
to Gersten and Murthy [17, Propositions 5.1 and 5.2] show that for a general skele-
tally small exact category €, the homomorphism le: KEI‘ ) - K? (€) is neither
injective nor surjective. For the exact category proj A, where A is aring, it is known
that K (proj A) and K? (proj A) are isomorphic, indeed, they are both isomorphic
to the classical K-group K? (A); see paragraphs 3.5 and 3.6. Therefore, a natural
question arises: is {prj4 an isomorphism? Sherman answers this question affir-
matively in [26, pp.231-232]; in fact, in [26, Theorem 3.3] it is proved that (e
is an isomorphism for every semisimple exact category, that is, an exact category
in which every short exact sequence splits. We note these results of Gersten and
Sherman for later use.

! In the papers by Gersten [17] and Sherman [26], the functor K}E is denoted by K‘%et.
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Theorem 3.7. There exists a natural transformation ¢: K]iD’ — K?, which we call
the Gersten—Sherman transformation, of functors on the category of skeletally
small exact categories such that {oj 4: K}l3 (proj A) — K?(proj A) is an isomor-
phism for every ring A. o

‘We will also need the next result on the Gersten—Sherman transformation. Re-
call that a length category is an abelian category in which every object has finite
length.

Theorem 3.8. If A is a skeletally small length category with only finitely many sim-
ple objects (up to isomorphism), then { 4: KB (A) — K? (A) is an isomorphism.

Proof. We begin with a general observation. Given skeletally small exact cate-
gories €1 and C», there are exact projection functors p;: €1 x€ — €; (j = 1,2).
From the “elementary properties” of Quillen’s K-groups listed in [24, Section 2],
it follows that the homomorphism

(KQ(p1). K(p2)): K€ x €5) — K{(€1) ® KL(€a)

is an isomorphism. A similar argument shows that (K®(p1),K¥(p,)) is an iso-
morphism. Since (: K]13 — K? is a natural transformation, it follows that {e, xe,
is an isomorphism if and only if {¢, and (e, are isomorphisms.

Denote by g the full subcategory of 4 consisting of all semisimple objects.
Note that #Ags is a Serre subcategory of «4, and hence A is itself an abelian cate-
gory. Let i: Ay — A be the (exact) inclusion and consider the commutative dia-
gram

B K@) B
KT (As)) —— K (A)

~

S l lfﬁ
K2(3)

(
1
KT (shsg) ——— K} (A).

Since # is a length category, Bass’ and Quillen’s devissage theorems [7, Chap-
ter VIII, Section 3, Theorem (3.4) (a)] and [24, Section 5, Theorem 4] show that
KB (i) and K?(i) are isomorphisms. Hence, it suffices to argue that {4 is an iso-
morphism. By assumption there is a finite set {Sy,..., Sy} of representatives of
the isomorphism classes of simple objects in #. Note that every object A in A
has unique decomposition A = Sfl D---D S,f” where aq,...,a, € Ny; we used
here the assumption that A has finite length to conclude that the cardinal num-
bers a; must be finite. Since one has Hom 4 (S;, S;) = 0 for i # j, it follows that
there is an equivalence of abelian categories,

A 2~ (add S1) x -+ x (add Sp).
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Consider the ring D; = End4(S;)°P. As S; is simple, Schur’s lemma gives that
D; is a division ring. It easy to see that the functor Homy (S;, —): A — Mod D;
induces an equivalence add S; =~ proj D;. By Theorem 3.7, {ooj Dy s - - - » $proj D, 1€
isomorphisms, so it follows from the equivalence above, and the general observa-
tion in the beginning af the proof, that {4 is an isomorphism, as desired. |

Note that in this section, superscripts “C” (for classical), “B” (for Bass), and
“Q” (for Quillen) have been used to distinguish between various K-groups. In the
rest of the paper, K-groups without superscripts refer to Quillen’s K-groups.

4 Coherent pairs

We recall a few results and notions from the paper [4] by Auslander and Reiten
which are central in the proof of our main Theorem 2.12. Throughout this section,
A denotes a skeletally small additive category.

Definition 4.1. A pseudo (or weak) kernel of a morphism g: A — A’ in s is a mor-
phism f: A” — A in 4 such that g/ = 0, and which satisfies that every diagram
in 4 as below can be completed (but not necessarily in a unique way),

A —— A —— A
f g

We say that #A has pseudo kernels if every morphism in +4 has a pseudo kernel.

Observation 4.2. Let 4 be a full additive subcategory of an abelian category M.
An A-precover of an object M € M is a morphism u: A — M with A € A with
the property that for every morphism u’: A” — M with A’ € 4 there exists a (not
necessarily unique) morphism v: A’ — A such that uv = u’. Following [13, Def-
inition 5.1.1] we say that # is precovering (or contravariantly finite) in M if ev-
ery object M € M has an A-precover. In this case, # has pseudo kernels. In-
deed, if i: K — A is the kernel in M of g: A — A’ in A, and if f: A” — K is an
A-precover of K, then if: A” — A is a pseudo kernel of g.

Definition 4.3. Let B be a full additive subcategory of +4. Auslander—Reiten [4]
call (A, B) a coherent pair if A has pseudo kernels in the sense of Definition 4.1,
and B is precovering in .

If (A, B) is a coherent pair, then also B has pseudo kernels by [4, Proposi-
tion 1.4 (a)].
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Definition 4.4. Write Mod + for the abelian category of additive contravariant
functors 4 — Ab, where Ab is the category of abelian groups. Denote by mod A
the full subcategory of Mod « consisting of finitely presented functors.

4.5. If the category A has pseudo kernels, then mod + is abelian, and the inclusion
functor mod A — Mod A is exact, see [4, Proposition 1.3].
If (A, B) is a coherent pair, see paragraph 4.3, then the exact restriction

Mod 4 — Mod B

maps mod 4 to mod B by [4, Proposition 1.4 (b)]. In this case, there are functors

Ker 7 — mod 4 — mod B, 4.5.1)
where r is the restriction and i the inclusion functor. The kernel of r, that is,
Kerr ={F emods | F(B) =0forall B € 8},

is a Serre subcategory of the abelian category mod #. Moreover, the quotient
(mod 4)/(Ker r), in the sense of Gabriel [16], is equivalent to the category mod B,
and the canonical functor mod 4 — (mod #)/(Kerr) may be identified with r.
These assertions are proved in [4, Proposition 1.5]. Therefore (4.5.1) induces by
Quillen’s localization theorem [24, Section 5, Theorem 5] a long exact sequence
of K-groups,

K, (@ Kn
oo —— Ky (Kerr) 29 K, (mod ) 2275 Ky (mod B) —— - -

452
Ko(i) Ko(r) ( )
oo —> Ko(Kerr) —— Ko(mod A) —— Ko(mod B8) —— 0.

S Semilocal rings

A ring A is semilocal if A/J(A) is semisimple. Here J(A) is the Jacobson radi-
cal of A. If A is commutative, then this definition is equivalent to A having only
finitely many maximal ideals; see Lam [20, Proposition (20.2)].

Lemma 5.1. Let R be a commutative noetherian semilocal ring, and let M # 0
be a finitely generated R-module. Then the ring Endg (M) is semilocal.

Proof. As the ring R is commutative and noetherian, Endg (M) is a module-finite
R-algebra. Since R is semilocal, the assertion now follows from [20, Proposi-
tion (20.6)]. O
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5.2. Denote by A* the group of units in a ring A, and let ¥4: A* — K(f(A) be the
composite of the group homomorphisms

A* = GL(A) = GL(A) = GL(A)a = K§(A). (5.2.1)

Some authors refer to 14 as the Whitehead determinant. If A is semilocal, then
¥4 is surjective by Bass [7, Chapter V, Section 9, Theorem (9.1)]. As the group
K§(A) is abelian, one has [A*, A4*] C Ker 94, and we write 04: A% — K{(A) for
the induced homomorphism.

Vaserstein [28] showed that the inclusion [4*, A*] C Ker 4 is strict for the
semilocal ring A = M (IF,) where IF5 is the field with two elements. In [28, The-
orem 3.6 (a)] it is shown that if A is semilocal, then KerJ4 is the subgroup of
A* generated by elements of the form (1 + ab)(1 + ba)~! where a,b € A and
1+ab e A*.

If A is semilocal, that is, A/J(A) is semisimple, then by the Artin—Wedderburn
Theorem there is an isomorphism of rings

A/J(A) = My, (D1) X+ X My, (Dy),

where Dy,..., D; are division rings, and ny,...,n; are natural numbers all of
which are uniquely determined by A. The next result is due to Vaserstein [29, The-
orem 2].

Theorem 5.3. Let A be semilocal and write A/J(A) = My, (D1) X+ XMy, (D).
If none of the rings My, (D;) is My (IF2), and at most one of the rings My, (D;)
is M (F2) = Fy, then one has Ker ¥4 = [A*, A*]. In particular, ¥4 induces an
isomorphism

04: A% S KS(A).

Remark 5.4. Note that if A is a semilocal ring which is an algebra over a field k
with characteristic # 2, then the hypothesis in Theorem 5.3 is satisfied.

If A is a commutative semilocal ring, then Ker ¢4 and the commutator subgroup
[A*, A*] = {1} are identical, i.e., the surjective homomorphism

94 =04:4% — K§{(A)

is an isomorphism. Indeed, the determinant homomorphisms det,: GL,, (4) — A*
induce a homomorphism det4: K? (A) — A* that evidently satisfies

detg 04 = 14+.

Since 04 is surjective, it follows that 64 is an isomorphism with 9A_1 = dety.
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Definition 5.5. Let A4 be a ring for which the homomorphism 04: A%, — Kf(A)
from paragraph 5.2 is an isomorphism; for example, A could be a commutative
semilocal ring or a noncommutative semilocal ring satisfying the assumptions in
Theorem 5.3. The inverse 9A_1 is denoted by dety, and we call it the generalized
determinant.

Remark 5.6. Let £ be an m x n and let y be an n X p matrix with entries in
aring A. Denote by “-” the product My, x, (A°P) X Mpx p(AP) — Myx p(A°P).
Then

€ 0" ="e,
where yT£7 is computed using the product Mpxn(A) X Mpxm (A) = Mpxm(A4).
Thus, transposition (—)7: GL, (A°?) — GL,(A4) is an anti-isomorphism (this is
also noted in [7, Chapter V, Section 7]), which induces an isomorphism

(—)T: K (4P) — K (A).

Lemma 5.7. Let A be a ring for which the generalized determinant detq = 9A_1
exists; cf. Definition 5.5. For every invertible matrix & with entries in A one has an

equality detgop (ET) = dety (€) in the abelian group (AP) = A}

Proof. Clearly, there is a commutative diagram

Az (A%P)h

GAlg %l@AOP

KS(A) % KS (A°P),

It follows that one has 0;01, o(—)T = GA_I, that is, detgor 0 (—)7 = dety. o

6 Some useful functors

Throughout this section, A4 is aring and M is a fixed left A-module. We denote by
E = Endy4 (M) the endomorphism ring of M. Note that M = 4 g M has a natural
left- A-left- E-bimodule structure.

6.1. There is a pair of adjoint functors
Homy (M,—)

Mod A * Mod(E®P).
—-®rM
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It is easily seen that they restrict to a pair of quasi-inverse equivalences,

addq M =~ proj( E°P).

Auslander referred to this phenomenon as projectivization; see [6, Chapter I, Sec-
tion 2].

Let F € Mod(add4 M), i.e., FF:addg M — Ab is a contravariant additive func-
tor, see Definition 4.4. The compatible E-module structure on the given A-module
M induces an E°P-module structure on the abelian group FM which is given by
za = (Fa)(z)fora € Eandz € FM.

Proposition 6.2. There are quasi-inverse equivalences of abelian categories

em

Mod(adds M) . = Mod(EP),

fm

where ey (evaluation) and fpr (functorfication) are defined as follows,
em(F)=FM and fu(Z)=Z @g Homy(—, M)|ada M

for F in Mod(add4 M) and Z in Mod(E°P). They restrict to quasi-inverse equiva-
lences between categories of finitely presented objects

em

mod(addy M) ~ mod( E°P).

Sm
Proof. For Z in Mod( E°P) the canonical isomorphism
Z5 Z®p E=Z®gHomg(M, M) = ey fu(Z)

is natural in Z. Thus, the functors idyeq(£ory and eps fas are naturally isomorphic.
For F in Mod(add4 M) there is a natural transformation

8
Smem (F) = FM @ Homy(—, M) |aga,mr — F: (6.2.1)

for X in addgq M the homomorphism 8y: FM ® g Homg (X, M) — FX is given
by z ® ¥ — (F¥)(z). Note that 537 is an isomorphism as it may be identified
with the canonical isomorphism FM Qg g E = FM in Ab. As the functors in
(6.2.1) are additive, it follows that §y is an isomorphism for every X € add4 M,
that is, § is a natural isomorphism. Since (6.2.1) is natural in F, the functors fareps
and idyoq(ada, M) are naturally isomorphic.

It is straightforward to verify that the functors ejs and f3r map finitely pre-
sented objects to finitely presented objects. |
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Observation 6.3. In the case M = A one has E = Endg(M) = A°P, and there-
fore Proposition 6.2 yields an equivalence f4:mod A — mod(proj A) given by

X = X @400 Homy(—, A)|proj4-
It is easily seen that the functor fy4 is naturally isomorphic to the functor given by
X = Homy (=, X)lproj 4-
We will usually identify f4 with this functor.

Definition 6.4. The functor yss:addgy M — mod(addg M) which for X € addq M
is given by yar(X) = Homy (—, X )|ada, s is called the Yoneda functor.

Let 4 be a full additive subcategory of an abelian category M. If -4 is closed
under extensions in M, then # has a natural induced exact structure. However, one
can always equip + with the frivial exact structure. In this structure, the “exact
sequences” (sometimes called conflations) are only the split exact ones. When
viewing # as an exact category with the trivial exact structure, we denote it .

Lemma 6.5. Assume that A is commutative and noetherian and let M € mod A.
Set E = Endy (M) and assume that E°P has finite global dimension. For the exact
Yoneda functor ypr:(addgM )9 — mod(addg M), see Definition 6.4, the homo-
morphisms Ky, (ypr), where n = 0, and Kll3 (yar) are isomorphisms.

Proof. By application of K,, to the commutative diagram

omy (M,—)
(addgM)g ——— proj(E®P)

e | [ m

mod(add4 M) e;> mod( E°P)
M

it follows that K, (ypr) is an isomorphism if and only if K, (inc) is an isomorphism.
The latter holds by Quillen’s resolution theorem [24, Section 4, Theorem 3], since
E°P has finite global dimension. A similar argument shows that K]13 (ym) is an iso-
morphism. This time one needs to apply Bass’ resolution theorem; see [7, Chap-
ter VIII, Section 4, Theorem (4.6)]. O

Since Ko may be identified with the Grothendieck group functor, cf. para-
graph 3.6, the following result is well known. In any case, it is straightforward
to verify.
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Lemma 6.6. Assume that mod A is Krull-Schmidt. Let N = N{'' & --- & Ny be
a finitely generated A-module, where Ny, ..., Ny are non-isomorphic indecom-
posable A-modules and ny, ...,ng > 0. The homomorphism of abelian groups

YN:ZN, @ - & ZN; — Ko((addg N)o)

given by N; — [N;] is an isomorphism.

7 The abelian category ¥

By the assumptions in Setup 2.1, the ground ring R has a dualizing module. It fol-
lows from Auslander and Buchweitz [3, Theorem A] that MCM R is precovering
in mod R. Actually, in our case MCM R equals addg M for some finitely generated
R-module M (a representation generator), and it is easily seen that every category
of this form is precovering in mod R. By Observation 4.2 we have a coherent pair
(MCM R, proj R), which by paragraph 4.5 yields a Gabriel localization sequence

Y = Kerr — mod(MCM R) — mod(proj R). (7.0.1)

Here r is the restriction functor, ¥ = Ker r, and i is the inclusion. Since an additive
functor vanishes on proj R if and only if it vanishes on R, one has

Y = {F e mod(MCM R) | F(R) = 0}.

The following two results about the abelian category ¥ are due to Yoshino. The
first result is [32, (13.7.4)]; the second is (proofs of) [32, Lemma (4.12) and Propo-
sition (4.13)].

Theorem 7.1. Every object in Y has finite length, i.e., ¥ is a length category.

Theorem 7.2. Consider for 1 < j <t the Auslander—Reiten sequence (2.1.2) end-
ing in M. The functor F; defined by the following exact sequence in mod(MCM R),

0 — Homg(—, t(M;)) — Homg(—, X;) - Homg(—, M;) — F; — 0,

is a simple object in Y. Conversely, every simple functor in Y is naturally isomor-
phic to Fj for some 1 < j <t. |

Proposition 7.3. Let i: Y — mod(MCM R) be the inclusion functor from (7.0.1)
and Y:Z' — Z'T1 be the Auslander—Reiten homomorphism; see Definition 2.3.
The homomorphisms Ko(i) and Y are isomorphic.
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Proof. We claim that the following diagram of abelian groups is commutative,

T
M & ®ZIM; —— ZMy D ZM & --- D ZM,

’élllfM

0| = Ko((MCM R)o)

= l Ko(yamr)
Ko (i)
Ko(¥Y) ———  Kp(mod(MCM R)).

The homomorphism ¢ is defined by M; +— [F;] where F; € ¥ is described in The-
orem 7.2. From Theorems 7.1 and 7.2 and the proof of Rosenberg [25, Theo-
rem 3.1.8 (1)] (or the proof of Theorem 3.8), it follows that ¢ is an isomorphism.
The module M is a representation generator for MCM R, see Setup 2.1, and ¥ps
is the isomorphism given in Lemma 6.6. Finally, y,s is the Yoneda functor from
Definition 6.4. By Leuschke [21, Theorem 6] the ring E°P, where £ = Endr(M),
has finite global dimension, and thus Lemma 6.5 implies that Ko(yas) is an iso-
morphism.

From the definitions of the relevant homomorphimes, it is straightforward to see
that the diagram is commutative; indeed, both Ko(i)¢ and Ko (yas)¥as Y map
a generator M; to the element [F;] € Ko(mod(MCM R)). o

8 Proof of the main theorem

Throughout this section, we fix the notation in Setup 2.1. Thus, R is a commuta-
tive noetherian local Cohen—Macaulay ring satisfying conditions Setup 2.1 (1)—(3),
M is any representation generator of MCM R, and E is its endomorphism ring.

We shall frequently make use of the Gabriel localization sequence (7.0.1), and
i and r always denote the inclusion and the restriction functor in this sequence.

Remark 8.1. Let € be an exact category. As in the paragraph preceding Lem-
ma 6.5, we denote by €y the category € equipped with the trivial exact structure.
Note that the identity functor ide: €y — € is exact and the induced homomor-
phism K¥ (ide): K¥(€p) — KB(®) is surjective, indeed, one has

K% (ide)([C. a]) = [C.a].

Lemma 8.2. Consider the restriction functor r: mod(MCM R) — mod(proj R) and
the identity functor idycm r: (MCM R)g — MCM R. The homomorphisms Kll3 (r)
and Kll3 (idmem R) are isomorphic, in particular, Kll3 (r) is surjective by Remark 8.1.
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Proof. Consider the commutative diagram of exact categories and exact functors

idvicm R
(MCM R)g ——— MCM R

|/

ym mod R

ZlfR

mod(MCM R) AN mod(proj R),

where yys is the Yoneda functor from Definition 6.4, j is the inclusion, and fg
is the equivalence from Observation 6.3. We will prove the lemma by arguing that
the vertical functors induce isomorphisms on the level of K]13.

The ring E°P has finite global dimension by Leuschke [21, Theorem 6], and
hence Lemma 6.5 gives that Kll3 (yam) is an isomorphism. Since fg is an equiv-
alence, KB(fg) is obviously an isomorphism. To argue that K®() is an isomor-
phism, we apply Bass’ resolution theorem [25, Theorem 3.1.14]. We must check
that the subcategory MCM R of mod R satisfies conditions (1)—(3) of [25, The-
orem 3.1.14]. Condition (1) follows as MCM R is precovering in mod R. As R is
Cohen—Macaulay, every module in mod R has a resolution of finite length by mod-
ules in MCM R, see [32, Proposition (1.4)]; thus condition (2) holds. Condition (3)
requires that MCM R is closed under kernels of epimorphisms; this is well known
from, e.g., [32, Proposition (1.3)]. O

Next we show some results on the Gersten—Sherman transformation; see Sec-
tion 3.

Lemma 8.3. The map
Ge: KT (€) — Ki(€)

is an isomorphism for € = mod(MCM R).

Proof. As C is a natural transformation, there is a commutative diagram

K?(inc) Klls( M)
KB (proj(E?)) ———— K®(mod(E?)) ————— K¥(mod(MCM R))

Coroi( EOP) J l Cmod(E0P) l Emod(MCM R)
’ K (inc) K1 (fam)
Kj (proj(E°?)) ————  Kj(mod(E°P)) ———  K;(mod(MCM R)),

where fpr: mod(E°P) — mod(MCM R) is the equivalence from Proposition 6.2
and inc is the inclusion of proj( £°P) into mod(E°P).
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From Leuschke [21, Theorem 6], the noetherian ring E°P has finite global
dimension. Hence Bass’ and Quillen’s resolution theorems, [7, Chapter VIII, Sec-
tion 4, Theorem (4.6)] (see also Rosenberg [25, Theorem 3.1.14]) and [24, Sec-
tion 4, Theorem 3], imply that K]13 (inc) and K (inc) are isomorphisms. Since fas
is an equivalence, KB( fas) and K (fpr) are isomorphisms as well. Consequently,
Cmod(McM R) 18 an isomorphism if and only if (i or) is an isomorphism, and the
latter holds by Theorem 3.7. o

The goal is to compute Quillen’s K-group K; (mod R) for the ring R in question.
For our proof of Theorem 2.12, it is crucial that this group can be naturally iden-
tified with Bass’ K-group K]13 (mod R). To put Proposition 8.4 in perspective, we
remind the reader that the Gersten—Sherman transformation {moq 4 iS not surjective
for the ring A = ZCj3; see [17, Proposition 5.1].

Proposition 8.4. If the Auslander—Reiten homomorphism from Definition 2.3 is
injective, then the following assertions hold:
(a) The homomorphism nog R: Kll3 (mod R) — Kj(mod R) is an isomorphism.

(b) There is an exact sequence

KB(y) @ K®(mod(MCM R)) —)> K®(mod(proj R)) —— 0.

Proof. The Gabriel localization sequence (7.0.1) induces by paragraph 4.5 a long
exact sequence of Quillen K-groups,

K @) 29 K (mod(MeM R)) 1 K, (mod(proj R))

L Ko(Y) 2 Ko®, ..

By Proposition 7.3, we may identify K¢ (i) with the Auslander—Reiten homomor-
phism, which is assumed to be injective. Therefore, the bottom row in the follow-
ing commutative diagram of abelian groups is exact,

KB(i) K5 (r)
KB(¥) AN K®(mod(MCM R)) ———— K®(mod(proj R)) ——— 0
= l ty = l Emod(MCM R) l Emod(proj R)

K1 (i) Ki(r)

Ki(Y) — K{(mod(MCM R)) ——— Kj(mod(proj R)) —— O.

The vertical homomorphisms are given by the Gersten—Sherman transformation;
see Section 3. It follows from Theorems 7.1 and 7.2 that ¥ is a length category
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with only finitely many simple objects; thus {y is an isomorphism by Theorem 3.8.
And {mogvom R) is an isomorphism by Lemma 8.3. Since ri = 0, it follows that
KB(r)KB(i) = 0 holds, and a diagram chase now shows that

ImK2(i) = KerKB(r).

Furthermore Klf (r) is surjective by Lemma 8.2. This proves part (b).

The Five Lemma now implies that {moq(proj &) 18 an isomorphism. Since the cate-
gory mod(proj R) is equivalent to mod R, see Observation 6.3, it follows that {noq R
is an isomorphism as well. This proves (a). o

We will also need the following classical notion.

Definition 8.5. Let M be an abelian category, and let M be an object in M. A pro-
jective cover of M is an epimorphism ¢: P — M in M, where P is projective,
such that every endomorphism «: P — P satisfying ea = ¢ is an automorphism.

Lemma 8.6. Let there be given a commutative diagram

&€
P —

M
aJ l(o
P M

in an abelian category M, where . P —> M is a projective cover of M. If ¢ is an
automorphism, then o is an automorphism.

Proof. As P is projective and ¢ is an epimorphism, there exists 8: P — P such
that ¢8 = ¢~ 'e. By assumption one has so = @e. Hence

caf = gef = gy e =,
and similarly, eBa = ¢. As ¢ is a projective cover, we conclude that ¢ and So
are automorphisms of P, and thus & must be an automorphism. |

The following lemma explains the point of the tilde Construction 2.6.

Lemma 8.7. Consider the isomorphism ngop: K?(E"p) — K'lg (proj( E°P)) in para-
graph 3.5. Let X € MCM R and o € Autg(X) be given, and & be the invertible
matrix with entries in E obtained by applying Construction 2.6 to . There is an
equality

nee(@’) = [Homg(M, X), Homg(M, a)].
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Proof. Write (M, —) for Homg(M,—), and let : X @& Y = M4 be as in Con-
struction 2.6. The R-module isomorphism i induces an isomorphism of E°P-mod-
ules

M, X)e (M, Y)= (M, XGBY) (M M) ~
Consider the automorphism of the free £°P-module E? given by

(M) (M) ® Ligy) (M) = (M y (@@ ly)y™") = (M. a).

We view elements in the R-module M7 as columns and elements in £9 as rows.
The isomorphism E? = (M, M ?) identifies a row vector 8 = (B1,...,Bqy) € E4
with the R-linear map ,BT: M — M4 whose coordinate functions are f1,. .., B4.
Then the coordinate functions of (M, &)(BT) = & o BT are the entries in the col-
umn @B, where the matrix product used is

Myxq(E) X Mgx1(E) = Mgx1(E).

Thus, the action of (M, &) on arow B € E4 is the row (@B7)T € E4.In view of
Remark 5.6 one has (&B7)T = B-a’, where “-” is the product

Mixg(EP) x Mgxq(E®) = Mixg(EP).

Consequently, over the ring E°P, the automorphism (M, &) of the E°P-module E?
acts on row Vectors by multiplication with @’ from the right. These arguments
show that nEﬂp applied to [(M, X), (M, )] is @ ; see paragraph 3.5. o

Proposition 8.8. Suppose, in addition to the blanket assumptions for this section,
that R is an algebra over its residue field k and that char(k) # 2. Then there is a
group isomorphism

o: Autg(M )y, = K5 (mod(MCM R))

given by
o +— [Hompg(—, M)|ucm r, Hompg (=, &) |mcm R]-

Furthermore, there is an equality,
o(8) = ImKB(i).
Here B is the subgroup of Autgr(M ), given in Definition 2.10, and
i:Y — mod(MCM R)

is the inclusion functor from the Gabriel localization sequence (7.0.1).
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Proof. We define o to be the composite of the following isomorphisms,

0 op
Autp(M)ay = Ef = (E®)%, ——— KS(E)

nEop B - op
——— K7 (proj(EP))

(4

(8.8.1)

—~

K7 () B o
T K7 (mod(E°P))

—m

KS(far)
——— K} (mod(MCM R)).

The ring E, and hence also its opposite ring E°P, is semilocal by Lemma 5.1. By
assumption, R is a k-algebra, and hence so is £°P. Thus, in view of Remark 5.4 and
the assumption char(k) # 2, we get the isomorphism 6gop from Theorem 5.3. It
maps & € Autr(M )b to the image of the 1x 1 matrix (o) € GL(E°P) in Kf(EOP).

The isomorphism 7 gop is described in paragraph 3.5; it maps & € GL, (E°P) to
the class [(Eg)", €] € K} (proj(E°P)).

The third map in (8.8.1) is induced by the inclusion j: proj( £°?) — mod(E°P).
By Leuschke [21, Theorem 6] the noetherian ring E£°P has finite global dimension
and hence Bass’ resolution theorem [7, Chapter VIII, Section 4, Theorem (4.6)],
or Rosenberg [25, Theorem 3.1.14], implies that Kll3 () is an isomorphism. It maps
an element [P, o] € K‘f(proj(EoP)) to [P, ] € K‘f(mod(E"P)).

The fourth and last isomorphism K'l3 (fm) in (8.8.1) is induced by the equiva-
lence fpr: mod(E°P) — mod(MCM R) from Proposition 6.2.

Thus, o is an isomorphism that maps an element & € Autg (M ), to the class

[EE ® Homg(—, M)|ucm R (@ -) ® g Homg(—, M)|ucwm r].

which is evidently the same as the class

[Hompg (—, M)|mcm r. Hompg (—, &) [mcm R]-

It remains to show the equality o (E) = Im K]i)’ (7). By the definition (8.8.1) of
o this is tantamount to showing that K¥ (/) ngw0p=(8) = KB (fu) "1 ImKE (7).
As ey is a quasi-inverse of fjs, see Proposition 6.2, we have

K (/u)™" = Kf(em).
and hence we need to show the equality

KE()ngabEa(8) = KB(ear)(ImKE (). (8.8.2)
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By Definition 2.10, the group =2 is generated by all elements of the form

£ i= (detg @)(detg Bjo) " (detg Jja) € EJ

for j € {1,...,t} and @ € Autg(M;); here the automorphisms B; o € Autg(X;)
and yj,« € Autg(t(M;)) are choices such that the diagram (2.9.1) is commutative.
It follows from Lemma 5.7 that

§ja = (detgow @”)(detgo BT,) 7! (detgw 77,) € (EP)F,

By Definition 5.5 the homomorphism detge is the inverse of Ogep, and conse-
quently the group Og« (E) is generated by the elements

£ o = OEw () =& (B]) 7' 7], e KT(E™).

Thus ngwOg«(E) is generated by the elements
Ela = nE(§]4) € KT (Proj(E)),
and it follows from Lemma 8.7 that
= [Homg(M. M), Homg (M. )] — [Homg (M. X;), Homg (M. B )]
+ [Homg (M. ©(M;)), Homg (M. y;,a)].

Thus, the group KB (J)nE2OEx(E) on the left-hand side in (8.8.2) is generated by
the elements K% ( J)(S” ). Note that K¥( J)(E7 ) is nothing but £/, viewed as an
element in KB(mod(E Op)) We have reached the following conclusmn

The group K]13 (J)nErOEx(E) is generated by the elements EJ” o> Where
J ranges over {1, ...} and « over all automorphisms of M;.

To give a useful set of generators of the group K¥(epr)(Im KB (i)) on the right-
hand side in (8.8.2), recall from Theorems 7.1 and 7.2 that every element in ¥ has
finite length and that the simple objects in ¥ are, up to isomorphism, exactly the
functors F1, ..., F;. Thus, by [25, (proof of) Theorem 3.1.8 (2)] the group Kll3 Y)
is generated by all elements of the form [F;, ¢], where j € {1,...,t} and ¢ is an
automorphism of F;. It follows that the group Im Klf (i) is generated by the ele-
ments K2 (i)([F}, ¢]). Note that KB(i)([F}, ¢]) is nothing but [F}, ¢] viewed as
an element in K¥(mod(MCM R)). By definition of the functor eps, see Proposi-
tion 6.2, one has

Ajp 1=K (em)([Fj. ¢]) = [F; M. o).
We have reached the following conclusion:

The group K]13 (epr)(Im Kll3 (i)) is generated by the elements A; ,, where
J ranges over {1, ..., ¢} and ¢ over all automorphisms of Fj.
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With the descriptions of the generators E;’ o and A;, at hand, we are now in
a position to prove the identity (8.8.2).

Consider an arbitrary generator EJ” o in the group K¥())ngebge(E). Recall
from Theorem 7.2 that there is an exact sequence in mod(MCM R),

0 — Homg(—, t(M;)) — Hompg(—, X;) — Homg(—, M;) — F; — 0.

Thus, the commutative diagram (2.9.1) in MCM R induces a commutative diagram
in mod(MCM R) with exact row(s),

0— HomR(—,t(Mj)) — HomR(—,Xj) — HomR(—,Mj) — F] — 0

|
~ J/ Hompg (—,/.a) ~ J/ Hompg (—,B8/.«) =3 J/ Homp(—,a) = | ¢
4

0 — Homg(—,7(M;)) — Homg(—, X;) — Homg(—,M;) — F; — 0,

where ¢ is the uniquely determined natural endotransformation of F; that makes
this diagram commutative. Note that the map ¢ is an automorphism by the Five
Lemma, and thus [F}, ¢] is a well-defined element in K®(mod(MCM R)). The dia-
gram above is an exact sequence in the loop category €2(mod(MCM R)), see para-
graphs 3.2 and 3.3, so in the group K} (mod(MCM R)) there is an equality:

[Fj s (p] = [HOIHR (_’ M/)7 HOIIIR (_7 O!)] - [HOII’IR (_’ XJ)? HOI’I’IR (_’ :8/,(1)]
+ [Homg(—. 7(M})). Hompr (=, yj.a)].

Applying the homomorphism K¥(eps) to this equality, we get Aj,, = = £/, These
arguments show that every generator é has the form A , for some ¢, and hence
the inclusion “C” in (8.8.2) is estabhshed

Conversely, we shall now consider an arbitrary generator A;, in the group
KB(epr)(ImKB(i)). As the category MCM R is a Krull-Schmidt variety in the
sense of Auslander [1, Chapter II, Section 2], it follows by [1, Chapter II, Propo-
sition 2.1 (b, c)] and [1, Chapter I, Proposition 4.7] that Hompg(—, M;) — Fj is
a projective cover in mod(MCM R) in the sense of Definition 8.5. In particular,
o lifts to a natural transformation v of Hompg(—, M;), which must be an auto-
morphism by Lemma 8.6. Thus we have a commutative diagram in mod(MCM R),

HomR(—,Mj) —» FJ
I
Vo= glw
1
Homg(—, M;) — Fj.
As the Yoneda functor

ya:MCM R — mod(MCM R)
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is fully faithful, see [32, Lemma (4.3)], there exists a unique automorphism «
of M; such that ¥ = Homg(—, «). For this particular «, the arguments above
show that A;,» = §,. Thus every generator A, has the form £, for some a,
and hence the inclusion “2” in (8.8.2) holds. O

Observation 8.9. For any commutative noetherian local ring R, there is an iso-
morphism pg: R* = K¥(proj R) given by the composite of

0
R* :’3 KS(R) "Z’% KB (proj R).

The first map is described in paragraph 5.2; it is an isomorphism by Srinivas
[27, Example (1.6)]. The second isomorphism is discussed in paragraph 3.5. Thus,
pRr maps r € R* to [R,rlg].

We are finally in a position to prove the main result.

Proof of Theorem 2.12. By Proposition 8.4 we can identify K;(mod R) with the
group K]13 (mod R). Recall that i and r denote the inclusion and restriction functors
from the localization sequence (7.0.1). By the relations that define Kll3 (mod R), see
paragraph 3.3, there is a homomorphism 7: Autg(M) — K¥(mod R) given by
o — [M, a]. Since K¥(mod R) is abelian, 7y induces a homomorphism 7, which
is displayed as the upper horizontal map in the following diagram,

Autg(M)gy ————— KB(mod R)

alg gJK’f'(fR) (8.9.1)

KB(r

KB(mod(MCM R)) ——— KB(mod(proj R)).

Here o is the isomorphism from Proposition 8.8, and the isomorphism Kll3 (fRr) is
induced by the equivalence fg from Observation 6.3. The diagram (8.9.1) is com-
mutative, indeed, Kll3 (r)o and K]13 (fr)7 both map @ € Autr(M ), to the class

[HomR (-, M)|proj R.Hompg(—, O5)|proj R]-

By Lemma 8.2 the homomorphism K'f(r) is surjective, and hence so is 7. Ex-
actness of the sequence in Proposition 8.4 (b) and commutativity of the diagram
(8.9.1) show that Ker7 = o~ ! (Im K]13 (7)). Therefore Proposition 8.8 implies that
there is an equality Ker v = &, and it follows that = induces an isomorphism

7: Autg(M) g/ E = K5 (mod R).

This proves the first assertion in Theorem 2.12.
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To prove the second assertion, let inc: proj R — mod R denote the inclusion
functor. Note that the Gersten—Sherman transformation identifies the homomor-
phisms Kj (inc) and K]13 (inc); indeed Cprojr is an isomorphism by Theorem 3.7
and Cmog g is an isomorphism by Proposition 8.4 (a). Thus, we must show that
KB (inc) can be identified with the homomorphism A: R* — Autg(M )a/ E given
by r = rlg @ 1 (recall that we have written M = R & M’). To this end, let us
consider the isomorphism pg: R* — Kll3 (proj R) from Observation 8.9 given by
r + [R, r1g]. The fact that K¥ (inc) and A are isomorphic maps now follows from
the diagram

A
R* — = Autg(M)ap/E

PRlz gl;;

K% (inc)
KB(proj R) ———— K®(mod R),

which is commutative. Indeed, for r € R™ one has
(ﬁl)(l‘) = [M,rlR &) lM/] = [R,rlR] + [M/, lM/] = [R,rlR]
= (K} (inc)pRr)(r),

where the penultimate equality is by paragraph 3.4. o

9 Abelianization of automorphism groups

To apply Theorem 2.12, one must compute Autg (M )ap, i.e., the abelianization of
the automorphism group of the representation generator M . In Proposition 9.6 we
compute Autg(M )y, for the R-module M = R @ wm, which is a representation
generator for MCM R if mt happens to be the only non-free indecomposable maxi-
mal Cohen—Macaulay module over R. Specific examples of rings for which this is
the case will be studied in Section 10. Throughout this section, A denotes any ring.

Definition 9.1. Let Ny, ..., Ny be A-modules, and set N = N1 @ --- P Ns. We
view elements in N as column vectors.
For ¢ € Auty(N;) we denote by d; (¢) the automorphism of N which has as its

diagonal In,,...,1n;_;, ¢, 1N; ;.. .., N, and O in all other entries.
Fori # j and u € Homy (N}, N;) we denote by e;; (1) the automorphism of N
with diagonal 1p,, ..., 1 n,, and whose only non-trivial off-diagonal entry is p in

position (i, j ).

Lemma 9.2. Let Ny, ..., Ny be A-modules and set N = Ny @ --- D Ns. If 2 € A
isaunit,i # j and i € Homy (N;, N;), then e;j (1) is a commutator in Autg (N).
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Proof. The commutator of ¢ and ¥ in Auty(N) is

[o.¥]=pye Yy
It is easily verified that e;; (1) = [e;; (%), di(—1n;)]ifi # j. |

The idea in the proof above is certainly not new. It appears, for example, already
in Litoff [22, proof of Theorem 2] in the case s = 2. Of course, if s = 3, then
e;jj(w) is a commutator even without the assumption that 2 is a unit; see, e.g.,
[25, Lemma 2.1.2 (¢)].

Lemma 9.3. Let X and Y be non-isomorphic A-modules with local endomorphism
rings. Let ¢, € End4(X) and assume that W factors through Y. Then one has
¥ ¢ Auty(X). Furthermore, ¢ € Auty(X) if and only if ¢ + ¥ € Autg(X).

Proof. Write ¢ = ¢/"y' with ¥': X — Y and ¢":Y — X. If ¥ is an automor-
phism, then ¥ is a split epimorphism and hence an isomorphism as Y is inde-
composable. This contradicts the assumption that X and Y are not isomorphic.
The second assertion now follows as Autg(X) is the set of units in the local
ring Endg4 (X). ]

Proposition 9.4. Let Ny, ..., Ng be pairwise non-isomorphic A-modules with lo-
cal endomorphism rings. An endomorphism

o = (ojj) € Endg(N1 @ --- ® Ns) with «;; € Homy(N;, N;)

is an automorphism if and only if a11, 22, . .., 0ss are automorphisms.
Furthermore, every a in Autq(N) can be written as a product of automorphisms
of the form d; (-) and ¢;; (), cf. Definition 9.1.

Proof. “Only if” part: Assume that & = (c;;) is an automorphism with inverse
B = (Bij)andleti =1,...,s be given. In the local ring End4 (V;) one has

S
v, =Y aijBii.
J=1

and hence one of the terms o;; 8;; must be an automorphism. As «;;f;; is not
an automorphism for j # i, see Lemma 9.3, it follows that «;; B;; is an automor-
phism. In particular, «;; has a right inverse and f8;; has a left inverse, and since the
ring End4 (N;) is local, this means that «;; and §;; are both automorphisms.

“If” part: By induction on s = 1. The assertion is trivial for s = 1. Now lets > 1.
Assume that o1, @22, ..., g are automorphisms. Recall the notation from Def-
inition 9.1. By composing o with es1 (—as1a7}) -+ e31(—az107] )ear (—az1ap)
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from the left and with 612(—o¢1_110512)613(—051_110113)---els(—oel_llals) from the
right, one gets an endomorphism of the form

o = (“(1)1 Z) = difen) ( 2 ;)

where f € Endg (N, @ --- @ Ng) isan (s — 1) x (s — 1) matrix with diagonal en-
tries given by o; — ajlocl_llozlj for j =2,...,s. By applying Lemma 9.3 to the
situation ¢ = «a;; — oejlocl_lloclj and ¥ = oejlocl_llozlj, it follows that the diagonal
entries in f are all automorphisms. By the induction hypothesis, 8 is now an au-
tomorphism and can be written as a product of automorphisms of the form d; (-)
and e;; (-). Consequently, the same is true for ’, and hence also for . o

Corollary 9.5. Assume that 2 € A is a unit and let Ny, ..., Ny be pairwise non-
isomorphic A-modules with local endomorphism rings. The homomorphism

A: Auty(Np) x --- X Autg (Ng) — Auty(N1 & --- @ Ny)
given by A(@yq,...,ps) = di1(@1) -+ - ds(@s) induces a surjective homomorphism
Aab: Autg(N1)ab @ -+ & Autg (Ns)ap — Autg(N1 & -+ & Ny)ap.

Proof. By Proposition 9.4 every element in Autg (N1 & --- ® Ny) is a product
of automorphisms of the form d;(-) and ¢;;(-). As 2 € A is a unit, Lemma 9.2
yields that every element of the form e;; (-) is a commutator; thus in the group
Autg (N1 @ --- @ Ny)ap every element is a product of elements of the form d; (),
S0 Ay is surjective. O

As noted above, Lemma 9.2, and consequently also Corollary 9.5, holds without
the assumption that 2 € A is a unit provided that s > 3.

In the following, we write [-]m: R — R/m = k for the quotient homomor-
phism.

Proposition 9.6. Let (R, w1, k) be any commutative local ring such that 2 € R is
a unit. Assume that m is not isomorphic to R and that the endomorphism ring
Endg(m) is commutative and local. There is an isomorphism of abelian groups

§8: Autg(R & m)ap — k* & Autg(m)

given by

o1 022
> ([on1 (D] 011022 — 021012).
o1 022
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Proof. First note that the image of any homomorphism «: mt — R is contained in
the module m. Indeed if Imo € m, then u = «(a) is a unit for some a € m, and
thus a(u~'a) = 1. It follows that « is surjective, and hence a split epimorphism
as R is free. Since m is indecomposable, & must be an isomorphism, which is
a contradiction.

Therefore, given an endomorphism

H R,R) H ,R
011 12 € Endg(R & m) = omg ( ) omg(m, R) ’
o2l 22 Hompg (R, m) Homg(m,m)

we may by (co)restriction view the entries «;; as elements in the endomorphism
ring End g (m). As this ring is assumed to be commutative, the determinant map

Endg(R & m) — Endg(m) givenby (o;;) = ar1022 — 21012

preserves multiplication. If (o;;) € Autg(R @ m), then Proposition 9.4 implies
thaty; € Autg(R) and app € Autg(m), and thus o115 € Autg(m). By apply-
ing Lemma 9.3 to ¢ = a110000 — 21012 and ¥ = ap101p We get ¢ € Autg(m),
and hence the determinant map is a group homomorphism

Autgr(R @ m) — Autg(m).

The map Autg(R @ m) — k* defined by («;;) > [11(1)]m is also a group
homomorphism. Indeed, entry (1, 1) in the product (¢;;)(Bi;) is 1111 +12B21.
Here o1, is a homomorphism m — R, and hence a12821(1) € m by the argu-
ments in the beginning of the proof. Consequently one has

[(@r1B11 + o12B20)(D]m = [(@11811) (D] = [@11(1)B11 (1]
= [o11(D]wm[B11(D]m.

These arguments and the fact that the groups k* and Autg (1) are abelian show
that the map § described in the proposition is a well-defined group homomorphism.
Evidently, § is surjective; indeed, for [r]y € k™ and ¢ € Autg(m) one has

1 0
5 (roR r_lw) = ([, 9)-

To show that § is injective, assume that & € Autg (R & m),, with the property that
d(a) = ([1]m, lw). By Corollary 9.5 we can assume that & = (;;) is a diagonal
matrix. We write o;; = r1g for some unit » € R. Since §(«) = ([r]m, roaz), we
conclude that 7 € 1 + mt and oy = r~ !y, that is, « has the form

1 0
o= TR with r €1+ m.
0 r My
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Thus, proving injectivity of § amounts to showing that every automorphism o
of the form above belongs to the commutator subgroup of Autg(R & m). As
r —1 € m, the map (r — 1)1 g gives a homomorphism R — . Since one has
r(r7'—1)=1—r e mand r ¢ m, it follows that 7 ~! —1 € m. Thus (r "1 = 1)1
gives another homomorphism R — m. If ¢: 11 < R denotes the inclusion, then
one has?

rlR 0 . 1R 0 lR L
0 r M) \¢'=Dlg 1u/\0 1gn
1R 0\ /[l —r U
X .

The right-hand of this equality is a product of matrices of the form ¢;;(-), and
since 2 € R is a unit the desired conclusion now follows from Lemma 9.2. O

10 Examples

We begin with a trivial example.

Example 10.1. If R is regular, then there are isomorphisms
Kj(mod R) = K;(proj R) = K{(R) = R*.

The first isomorphism is by Quillen’s resolution theorem [24, Section 4, Theo-
rem 3], the second one is mentioned in paragraph 3.6, and the third one is well
known; see, e.g., [27, Example (1.6)]. Theorem 2.12 confirms this result, indeed,
as M = R is arepresentation generator for MCM R = proj R one has

Autg(M)g = R*.

As there are no Auslander—Reiten sequences in this case, the subgroup & is gen-
erated by the empty set, so & = 0.

We now illustrate how Theorem 2.12 applies to compute K (mod R) for the ring
R = k[X]/(X?). The answer is well known to be k*, indeed, for any commutative
artinian local ring R with residue field & one has K;(mod R) = k* by [24, Sec-
tion 5, Corollary 1].

Example 10.2. Let R = k[X]/(X?) be the ring of dual numbers over a field k
with char(k) # 2. Denote by inc: proj R — mod R the inclusion functor. The ho-

2 The identity comes from the standard proof of Whitehead’s lemma; see, e.g., [27, Lemma (1.4)].
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momorphism K (inc) may be identified with the map
w:R* — k* givenby a4+ bX — a>.

Proof. The maximal ideal tu = (X) is the only non-free indecomposable max-
imal Cohen—Macaulay R-module, so M = R @ m is a representation generator
for MCM R; see (2.1.1). There is an isomorphism k — Endg (1) of R-algebras
given by a > aly, in particular, Endg (mt) is commutative. Via this isomorphism,
k* corresponds to Autg(m). The Auslander—Reiten sequence ending in m is

L X
O—-m—>R—>m—0,

where ¢ is the inclusion. The Auslander—Reiten homomorphism

—1 )
T = L — 7
2

is injective, so Theorem 2.12 can be applied. Note that for every aly, € Autg(m),
where a € k*, there is a commutative diagram

L X

0 m R m 0
;lalm %ltllR glalm
L X
0 m R m 0.

Applying the tilde Construction 2.6 to the automorphisms aly, and al g, one gets

—_— 1 0 — 1 0
aly = R and alg = @R ;

see Example 2.7. In view of Definition 2.10 and Remark 2.11, the subgroup &
of Autgp(R @ i)y is therefore generated by all elements of the form

allg 0
0 a%lm

£q i= (alm)(@lr) " Naly) = ( ) where a € k*.

Denote by w the composite of the isomorphisms
8
Autg(R ® m)y, — k™ @ Autgp(m) — k™ @ k™,

where § is the isomorphism from Proposition 9.6. As w(£,) = (a™!,a), we get
that w(E) = {(a~',a) |a € k*} and thus  induces the first group isomorphism
below,

Autg(R @ M)/ E = (k* © k*)/0(8) 2> k*;
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the second isomorphism is induced by the surjective homomorphism
k*® k™ — k* givenby (b,a)+ ba,

whose kernel is exactly w(E). In view of Theorem 2.12 and the isomorphisms @
and y above, it follows that Kj (mod R) =~ k*.
Theorem 2.12 asserts that K (inc) may be identified with the homomorphism

1 0
A:R* — Autg(R @ m),/E givenby 7> (rOR | ) .
m

It remains to note that the isomorphism y identifies A with the homomorphism p
described in the example, indeed, one has yowA = u. o

Example 10.2 shows that for R = k[X]/(X?) the canonical homomorphism

.y
R* = Ky (proj R) an)) Ki(mod R) =~ k*

is not an isomorphism. It turns out that if k is algebraically closed with character-
istic zero, then there exists a non-canonical isomorphism between R* and k*.

Proposition 10.3. Ler R = k[X]/(X?) where k is an algebraically closed field
with characteristic p = 0. The following assertions hold.

(@) If p > 0, then the groups R* and k* are not isomorphic.

(b) If p = 0, then there exists a (non-canonical) group isomorphism R* = k*.

Proof. There is a group isomorphism R* — k*@k™ givenby a+bX +— (a,b/a)
where k™t denotes the underlying abelian group of the field k.

(@) Let ¢ = (¢1.,92):k* — k* @ k™ be any group homomorphism. As k is al-
gebraically closed, every element in x € k™ has the form x = y? forsome y € k*.
Therefore

p(x) = oY) = oM = (p1(1). 2(¥))? = (P1 (V). pe2(y)) = (¢1(x).0),

which shows that ¢ is not surjective.

(b) Since p = 0, the abelian group k™ is divisible and torsion free. Therefore
kt = QW for some index set . There exist algebraic field extensions of Q of
any finite degree, and these are all contained in the algebraically closed field k.
Thus |/| = dimg k must be infinite, and it follows that |/ | = |k|.

The abelian group k™* is also divisible, but it has torsion. Write

kK* =T @ (k*/T),
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where T = {x € k* | 3n € N: x" = 1} is the torsion subgroup of k*. For the di-
visible torsion free abelian group k*/T one has k*/T = Q) for some index
set J. It is not hard to see that |J| must be infinite, and hence |J| = |k*/T|. As
|T| = Ry, it follows that |k| = |k*| = Ro + |J]| = |]].

Since |J| = |k| = |I|, one gets

K*=2TadQPV 2T QW QW) ~k*gk™t. O

The artinian ring R = k[X]/(X?) from Example 10.2 has length £ = 2 and this
power is also involved in the description of the homomorphism p = Kj (inc). The
next result shows that this is no coincidence. As Proposition 10.4 might be well
known to experts, and since we do not really need it, we do not give a proof.

Proposition 10.4. Let (R, m, k) be a commutative artinian local ring of length {.
The group homomorphism R* =~ K;(proj R) — Ki(mod R) == k™ induced by the
inclusion inc: proj R — mod R is the composition of the homomorphisms

AY4
R s ke g,

where w: R — R/wm = k is the canonical quotient map and (- )* is the Lth power.

Our next example is a non-artinian ring, namely the simple curve singularity
of type (Az) studied by, e.g., Herzog [19, Satz 1.6] and Yoshino [32, Proposi-
tion (5.11)].

Example 10.5. Let R = k[T, T3] where k is an algebraically closed field with
char(k) # 2. Denote by inc: proj R — mod R the inclusion functor. The homo-
morphism K; (inc) may be identified with the inclusion map

w: R* = k[T? T3]* — k[T]*.

Proof. The maximal ideal m = (T2, T3) is the only non-free indecomposable
maximal Cohen—Macaulay R-module, so M = R @ m is a representation gener-
ator for MCM R; see (2.1.1). Even though 7 is not an element in R = k[[T2, T3],
multiplication by 7" is a well-defined endomorphism of m. Thus there is a ring
homomorphism

x:k[T] — Endg(m) givenby &> hly,.

It is not hard to see that y is injective. To prove that it is surjective, i.e., that one
has Endg(m)/k[[T] = 0, note that there is a short exact sequence of R-modules,

0 — k[[T]]/R — Endg(m)/R — Endg(m)/k[[T] — O.
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To see that
Endg(m)/k[T] = 0,

it suffices to argue that the R-module Endg(m)/R is simple. As noted in the be-
ginning of the proof of Proposition 9.6, the inclusion 1 < R induces an isomor-
phism Endg () = Homg (11, R), so by applying Hompg (—, R) to the short exact
sequence 0 - mt — R — k — 0, it follows that

Endg(m)/R = Extk(k, R).

The latter module is isomorphic to k since R is a one-dimensional Gorenstein ring.
Note that via the isomorphism y, the group k[T]* corresponds to Autg ().
The Auslander—Reiten sequence ending in m is

1 -T)! T2 T
0 m( ) R@m( )m 0.

Since the Auslander-Reiten homomorphism Y = (_11): 7, — 7.7 is injective, The-
orem 2.12 can be applied. We regard elements in R @ m as column vectors. Let
a = hly € Autg(m), where h € k[[T]*, be given. Write h = f + gT for some
f € R* and g € R. It s straightforward to verify that there is a commutative dia-
gram

a -7y (T> T)
0 m R®m m 0
gl)’:(f_gT)lm glﬂ:(g{—vz j{") gla:(f"'gT)lm
0 m R®m m 0.
a -7y (T*> T)

Note that j really is an automorphism; indeed, its inverse is given by
-1 2 22y—1 fo-g
= —g°T .
p (f"—=¢T%) (_g s )

We now apply the tilde Construction 2.6 to «, B, and y; by Example 2.7 we get

(1 o - (1 o
Ol_(o f+gT)’ p=p. and ”_(o f—gT)'

In view of Definition 2.10 and Remark 2.11, the subgroup & of Autg(R @ nt)yp
is therefore generated by all the elements

NP - f —g(f —gT)
—GB 1 = (£2_ 2721 '
sl = (—gTz(f FeT) f(/? _ngz))
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Denote by w the composite of the isomorphisms,
8 * 1o X_l * *
Aur(R @ m)ay —— k™ @ Autg(m) ——— k™ @ k[T]",

where § is the isomorphism from Proposition 9.6. Note that

8¢n) = ([f Im: 1) = (2(0), 1)

and hence w(§;,) = (h(0), 1). It follows that w(E) = k* & {1} and thus w induces
a group isomorphism

@: Autg(R ® m)w/E = (k* @ k[T]*)/0(8) = k[T]*.

In view of this isomorphism, Theorem 2.12 shows that Ky (mod R) = k[[T']*. The-
orem 2.12 also asserts that K; (inc) may be identified with the homomorphism

1 0
A:R* — Autg(R® m),/E givenby [ SR .
0 Im
It remains to note that the isomorphism  identifies A with the inclusion map u
described in the example, indeed, one has WA = u. |
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