UNIVERSITY OF COPENHAGEN

) \ -
Lhﬂ @

Faculty of Life Sciences ()

Robots, Reactions, Surfaces, and Sudoku
Social Event with a Scientific Twist

Henrik Holm
Mathematics & Computer Science
Department of Basic Sciences and Environment

5 March 2010
Slide 1/33



UNIVERSITY OF COPENHAGEN FACULTY OF LIFE SCIENCES

Mathematics & Computer Science

Professor

Associate Professors

Morten

Thomas

Assistant Professor
(Aug. 2007 — Feb. 2012)

Henrik @

Henrik Holm (Mathematics & Computer Science) — Robots, Reactions, Surfaces, and Sudoku .
Slide 2/33




UNIVERSITY OF COPENHAGEN FACULTY OF LIFE SCIENCES

My Teaching

Matematik og Databehandling (block 1, class teacher)

— Mathematical modelling
— Differential equations
— Functions of two variables

Matematik og Planlaegning (block 3, lecturer)

— Linear programming
— Convex optimization
— Dynamic programming
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My Research

e Dimension theory,
idz(Q) =1 , depth(Z/4Z) = 0.
e Hyperhomological algebra,

DL —

Ap(R) Bp(R) s an equivalence.

RHomg(D,—)
¢ Relative homological algebra,
Prod { Homz(M,Q/Z) | M € M} is enveloping.

¢ Triangulated categories,

K( Inj M) is compactly generated.

(xy, 22 +Y) @
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A Mathematical Miracle

“I think you should have been more explicit here in step two.” @
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Buchberger’s Algorithm

Input

List of equations: Output
h(x,y,2,...) = a Buchberger's Grébner equations:
: Lﬁthm) gi(X,y,2,...)=b
) “Then a
h(x.y,2,..) = & i,
Monomial order: 9s(x,y,2,...) = bs
Lexy <grlexs <grevlexy «--

SINGULAR

Kile Edit View Cmds Tools Options Buffers Llsp Singular Comman

A8

B

0 B 2|8 BB =) i
DEE=zEEDR2g Rl

+singular* |

& Computer Algehra Eystem for Polynonial Cemputations /
[

’s algorithm = ;
Buchberger’s algorithm =, s s o poseer s sonsmmanmn 5

> A= 0,(x¥,2),1p
> £ = xayzed
> g = nySzexz
> 1-fq
>
I[d]=x2eyzel
I[2]=xySzexz
> option(redsn);
td(T);

>
(1] p6zbrgszryzzez

(2] =xySzexz

T[3]=reyzel

>1
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Grobner equations
for
mathematicians
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Surfaces 1/7

Example 1: Steiner surface

x2y? + x222 4 y272 — xyz =0
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Surfaces 2/7

Example 2: Heart

(2x2+y2+22—1)3— 11_0)(223_},223:0
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Surfaces 3/7

Example 3: Kummer surface

XA E xRy xR 22 x2 2 2 o
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Surfaces 4/7
Example 4: Cayley’s cubic

FACULTY OF LIFE SCIENCES

X4 y2 4+ 22 - xz+y?z—1=0
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Surfaces 5/7

There are two ways to describe a hyperplane in 3D-space:

Parametric equation: Cartesian equation:
X 1 3
yl=t{1]+u]0 X+2y—-3z=0

z 1 1 @

Henrik Holm (Mathematics & Computer Science) — Robots, Reactions, Surfaces, and Sudoku .
Slide 12/33




Surfaces 6/7

Can we find the Cartesian equation from the parametric one?

Parametric equation: Cartesian equation:
X t+u
y| =1 +2tu 722 —6xyz+---=0
V4 t3 + 3t2U @
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Surfaces 7/7

We are given the parametric equations:

X=t+u
y =142t
z=1243tu
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Surfaces 7/7

We are given the parametric equations:

X=t+u
y =142t
z=1243u

We compute the Grobner equations:

72— 6xyz+4x3z+4y°—3x%y2 =0
2ty —2tx>—z4+xy =0

2tz—2tx3 —5xz4+4y>+x%y =0
—2tx+y =0

u+t—x=0

We seek out the equation not depending on t and u.
This is the desired Cartesian equation. @
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Grobner equations
for
other scientists
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Robotics 1/6

The position of the robot hand is:

P = P(l1,02,03,01,02) = ( (2€0s 01 -+ £3C08(01 +62) )

0y + o sinfy + 43 sin(01 + 92)
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Robotics 2/6

The possible positions of the robot hand are:

10
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Robotics 3/6

The inverse kinematic problem: Given (a, b) € R?, solve:

p_ 0> cos 61 + £3cos(01 + 62) _(a
T \Wly +Losinfy + 43 sin(01 —1-92) —\b

for 64, 02 (the lengths ¢4, ¢2, (3 are assumed to be fixed).
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Robotics 3/6

The inverse kinematic problem: Given (a, b) € R?, solve:

p_ 0> cos 61 + £3cos(01 + 62) _(a
T \Wly +Losinfy + 43 sin(01 —|—92) —\b

for 64, 02 (the lengths ¢4, ¢2, (3 are assumed to be fixed).

Solution: Grdébner equations don’t work with cos and sin.

cj := cos b,
Sj:= sing,;
cf+sf =1

cos(f1 + 62) = cosficosby —sinbysinfy = ciCo — 515
sin(fy + 62) = sinfycos bz + sinf cos by = s1Co + S2Cy
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Robotics 4/6

Hence the inverse kinematic problem becomes:

lac1 4+ L3(C1C — 5182) =

by + L2S1 + £3(S1C2 + S201) =
cf +sf =

cf + 58 =

with ¢, s1, 2, S» as unknowns.
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Robotics 4/6

Hence the inverse kinematic problem becomes:

2% +€3(C1 Co — 3132) = a

U1+ 4oS1 4+ l3(S1Co + 5261) = b
cf+sf =1

c?+s% =1

with c1, s1, ¢, S as unknowns. The Grébner equations are:

(b0~ B0 _
© 2005 =0

&+ (b—1t4)? &+ (b—t1)>+05—13 B
S+ al st — (b—41) Balsl =0

2 2 2
ot b—14 . - &+ (b—11)2+05—13 _ 0
a 2al
_e 2 82—82 _e 2 E2_£2 2_4 162
S12—|—(b—£1)a2+(b2 1)+22 3s1+(32+(b21)+2 3)2 322 —0
Lr(a2+(b—11)?) 405(a2+(b—11)?)

...which are easily solved for c1, s1, ¢, S. @
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Robotics 5/6
E.g.for ¢4 =10, ¢, = 6, {3 = 2, and (a, b) = (4, 15) one gets:

1

Co — 54 0
s+ 4 41 39665 0
C1 + S1 — 4712 0
oF - o+ B = 0
These equations have two solutions:
Sy = sinf; = 0.55 Sy = sinf; = 0.94
¢y = cosfy = 0.84 or ¢y =cosfy = 0.35
So = sind, = 1.00 So = sinf, = —1.00
Co = cosbp = 0.04 C, = cosbr = 0.04
It follows that the desired angles are:
0; = 34° 0y = 70°

or

6>, = 88° 0> = 272° @
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Robotics 6/6

Lengths Point Angles Angles
41=10

_ 0y =34° 0= 70°
fe= 6 (4,15) 0, =88° 0, = 272°
lz= 2

6
10
>
‘ | ‘ ‘ @
-8 -4 4 8
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Enzyme Reactions 1/4

k k
E+A<+EA EQ k'” E+Q
2 + + 9
B P
Ka | | ks kg | | kr
k
EAB —>k: EPQ
E enzyme
A, B substrates
P, Q products
EA, EQ, EAB, EPQ complexes
ki,...,kio rate constants
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Enzyme Reactions 2/4

Rate equations:
NEA) 1 EA+ ky(EAB) — ko(EA) — ko(EA)B

ot
6((1;0) = k7(EPQ) + ko EQ — k10o(EQ) — ks(EQ)P
@ = k3(EA)B + ks( EPQ) — k4( EAB) — ks(EAB)
0Q
5 = k1o(EQ) — kEQ
Steady-state assumption:
J0(EA) 0(EQ) O(EAB) O(EPQ) 0

ot ot ot ot
Constant enzyme concentration:
Eo = E + (EA) + (EQ) + (EAB) + (EPQ). @
o
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Enzyme Reactions 3/4

Thus, our assumptions are:

0 = K{EA+ ky(EAB) — ko(EA) — k3(EA)B

0 = k7(EPQ) + ksEQ — kio(EQ) — ks(EQ)P

0 = k3(EA)B + ks(EPQ) — k4( EAB) — ks(EAB)
0 = ks(EAB) + ks(EQ)P — ke(EPQ) — kz(EPQ)
Eo = E+ (EA) + (EQ) + (EAB) + (EPQ)

Under these assumptions, we wish to express

20
ot

as a function of only Egy, A, B, P, and Q. That is, we want to
eliminate the variables E, (EA), (EQ), (EAB), (EPQ).

= kio(EQ) — keEQ

&
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Enzyme Reactions 4/4
We get 25 Grébner equations:

i(E, (EA), (EQ), (EAB), (EPQ), Ey, A, B, P,Q,22) = 0

gzs(E, (EA), (EQ), (EAB), (EPQ), By, A, B, P, Q, 6,) =
Surprisingly, g; does not(!) involve the red variables. We get:
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Enzyme Reactions 4/4
We get 25 Grébner equations:

g1(E, (EA), (EQ), (EAB), (EPQ), By, A, B, P, Q 0

5 =

g5(E, (EA), (EQ), (EAB), (EPQ), Ey, A B, P, Q, a,) 0
Surprisingly, g; does not(!) involve the red variables. We get:

oQ (k1 ksksk7 k10AB — kokaksksko PQ) Eg

E " KikskskzAB 4+ kiksksksABP + KikskskigAB +
kiksksksABP + KkikskskigAB + kikskzkigAB —+
kiksksks AP+ KikskskigA + KikskzkigA +
ki Ksk7kioA + koKaks ks P + Kokaks ko Q + KoKy ks k1o +
kokyk7 kg Q+ Koka k7Kg + ko ka kg kg PQ + ko ks k7 kg Q +
kokskzkio + kKokskskgPQ + kokskgkgPQ +
ksksk7kgBQ + kskskzkioB + kskskgkgBPQ +
KskskskoBPQ + ksksksks PQ (%)
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Grobner equations
for
everybody
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Sudoku 1/6

Problem: Complete the 4 x4 sudoku:
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Sudoku 1/6

Problem: Complete the 4 x4 sudoku:

4
4 2
3 1
Solution:
31214
411123
213|141
114132
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Sudoku 2/6
X1 | Xo | X3 | X4
X5 | Xg | X7 | X8
X9 | X10]|X11 | X12
X13|X14|X15| X186
There are 40 sudoku equations in the variables xi, .. ., Xi6:

e Each variable has one of the values 1, 2, 3, or 4:
(X1 —1)(X1 —2)(X1 —3)(X1 —4) =0

(X16—1)(X16—2)(X16—3)(X16—4) =0
e There are no repetitions in the 1st column:

Xy +X5+Xo+Xx13 = 10
X1X5X9X13 = 24

o
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To complete the sudoku

4
4 2
3 1
we consider the 45 equations in the variables x, ..., x1¢:

The 40 sudoku equations

x X

5o XXX
Il

ERRN NN

Henrik Holm (Mathematics & Computer Science) — Robots, Reactions, Surfaces, and Sudoku .
Slide 29/33




Sudoku 4/6

The Grébner equations turn out to be:

X3 =3 Xo =
X5:4 X6:1
Xo=2 Xo0=3 Xxn=4 Xg=
Xi3=1 x4 =4

|
N
&
|
X
[

Hence we have found the unique solution:

= NP+
A=
W | hA~|N
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Sudoku 5/6
What about the following sudoku (x12 = 1 is removed)?
4
4 2
3

This time the Grobner equations are:

X3 =3 Xo = 2 X3 = 1 X, = 4
X5=4 X6=1 X7 =2 Xg=3

X9 = Xip X0=3 xi1 =4 X2 = 3 — X6
X3 =83—x16 Xa=4 xi5=3 (x6—1)(x16—2)=0
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Consequently, the sudoku:

4
4 2
3
has exactly two solutions:
21114 31211
11213 41 1]2
and
113142 21314 |1
214131 114132
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