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ABSTRACT. Spectral boundary conditions for Laplace-type operators on a compact manifold
X with boundary are partly Dirichlet, partly (oblique) Neumann conditions, where the par-
titioning is provided by a pseudodifferential projection; they have an interest in string and
brane theory. Relying on pseudodifferential methods, we give sufficient conditions for the
existence of the associated resolvent and heat operator, and show asymptotic expansions of
their traces in powers and power-log terms, allowing a smearing function ¢. The leading
log-coefficient is identified as a non-commutative residue, which vanishes when ¢ = 1.

The study has new consequences for well-posed (spectral) boundary problems for first-
order, Dirac-like elliptic operators (generalizing the Atiyah-Patodi-Singer problem). It is
found e.g. that the zeta function is always regular at zero. In the selfadjoint case, there is a
stability of the zeta function value and the eta function regularity at zero, under perturbations
of the boundary projection of order — dim X.

Introduction.

Spectral boundary conditions (involving a pseudodifferential projection II on the bound-
ary) were first employed by Atiyah, Patodi and Singer [APS75] in their seminal work on
Dirac operators D on manifolds X with boundary, introducing the eta-invariant of the
tangential part of D as an extremely interesting new geometric object. For such a Dirac
realization Drp, the operator Di* Dy (the square Dp? in the selfadjoint case) is a Laplace
operator with a boundary condition of the form

(0.1) Oyvou =0, (I —1II)(y1u+ Byou) = 0;

here v;u = (%)jubx, and B denotes a first-order operator on 0X (in the case derived
from Dy it is the tangential part of D). In this work we present a new analysis of Laplace-
type operators with boundary conditions (0.1), under quite general choices of II and B,
showing existence of heat trace expansions and meromorphic zeta functions, and analyzing
the leading logarithmic and nonlocal terms. The methods developed here moreover lead
to new results on the corresponding questions for Dirac operator problems.

In a physics context, spectral boundary conditions are used in studies of axial anomalies

(see e.g. Hortacsu, Rothe and Schroer [HRS80], Ninomiya and Tan [NT85], Niemi and
Semenoff [NS86], Forgacs, O’Raifertaigh and Wipf [FOWS8T], see also Eguchi, Gilkey and
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Hanson [EGHS80]), in quantum cosmology (see e.g. D’Eath and Esposito [EE91]), and in
the theory of the Aharonov-Bohm effect (see e.g. Beneventano, De Francia and Santangelo
[BFS99]). For a long time, applications of spectral boundary conditions were limited to
fields of half-integer spin whose dynamics are governed by first-order operators of Dirac
type. It is natural (and even required by supersymmetry arguments) to extend this scheme
to integer spin fields, and, therefore, to operators of Laplace type. Indeed, a first step in this
direction has been taken in Vassilevich [VO01], [V02], where spectral boundary conditions
are formulated for bosonic strings to describe some collective states of open strings and
Dirichlet branes.

Local cases of (0.1), where II is a projection morphism and B is a differential operator,
have been treated earlier (see e.g. Avramidi and Esposito [AE99] and its references); such
cases have a mathematical foundation in Greiner [Gre71], Grubb [G74], Gilkey and Smith
[GiS83], whereas the general global case is a new subject.

Establishing heat trace asymptotics is very important in quantum field theory since
they are related to ultra violet divergences and quantum anomalies (see e.g. the surveys of
Avramidi [A02] and Fursaev [F02]). A vanishing of the leading logarithmic term means that
the standard definition of a functional determinant through the zeta function derivative
at 0 is applicable, and the road is open to renormalization of the effective action.

Querview of the contents: The problems for Laplace-type operators P are considered in
Sections 1-4. In Section 2 we give sufficient conditions for the existence of the resolvent
(Pr — \)7! in an angular region, with an explicit formula (Th. 2.10), and we use this to
show asymptotic expansions of traces Tr(F(Pr—\)~™) (for sufficiently large m) in powers
and log-powers of A (Th. 2.13); here F is an arbitrary differential operator. In Section 3 we
show corresponding expansions of the heat trace Tr(Fe~'7) in powers and log-powers of ¢
(Cor. 3.1), and establish meromorphic extensions of zeta functions ((F, Pr,s) = Tr(FP;*)
with simple and double real poles in s. (These constructions do not need a differential
operator square root of P as discussed in [VO01].)

The leading logarithmic term and nonlocal term are analyzed in Section 4 when F
is a morphism or a first-order operator. This is done by determining which part of the
resolvent actually contributes to these values (Th. 4.1). It follows that the log-coefficient
identifies with a certain non-commutative residue, vanishing e.g. when F = I (Th. 4.2,
4.5). Then the zeta function is regular at 0, and the value at zero can be set in relation to
an eta-invariant associated with II (Th. 4.9, Def. 4.10). Special results are also obtained
when F' is a first-order operator and certain symmetry properties hold.

In Section 5 we draw some conclusions for operators Dy * Dy defined from a Dirac-type
operator D (of the form o(0,, + A + perturb.) near 0X with A selfadjoint elliptic on 0X)
together with a pseudodifferential orthogonal projection II on 0X defining the bound-
ary condition IIvou = 0. Atiyah, Patodi and Singer [APS75] considered such problems
with II equal to the nonnegative eigenprojection II>(A), and increasingly general choices
have been treated through the years: Douglas and Wojciechowski [DW91], Miiller [M94],
Dai and Freed [DF94], Grubb and Seeley [GS95], [GS96] gave results on perturbations
II>(A) + S by finite rank operators §; [W99] allowed smoothing operators S. Briining
and Lesch [BL99] introduced a special class of other projections II(4), and [G99], [GO1']
included all projections satisfying the well-posedness condition of Seeley [S69”].

The methods of the present study lead to new results both for zeta and eta functions.
The zeta function ((Df;Dn,s) = Tr((Df;Dn)~*) is shown to be regular at s = 0 for any
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well-posed TI such that the principal parts of II and A? commute (Cor. 5.3). This was

known previously for perturbations of II>(A) and II(#) of order —dim X (cf. [GO1']); the

new result includes in particular the perturbations of II>(A) and II(#) of order —1. The

value ((Dj;Dr,0) is determined from II and ker Dyij modulo local terms (Cor. 5.4).
Restricting the attention to cases with selfadjointness at 0.X, assuming

(0.2) cA=—Ao, o?=—I Il =—cllto,

we get new results for the eta function n(Dy,s) = Tr(D(DEDH)_%): It has at most a
simple pole at s = 0 for general well-posed II (Cor. 5.8); this includes perturbations of
II>(A) and II(#) of order —1, where it was previously known for order —dim X in the
selfadjoint product case. Moreover, the residue at s = 0 is locally determined, and stable
under perturbations of II of order < —dim X (Th. 5.9). In particular, in the selfadjoint
product case, the vanishing of the simple pole, shown for special cases in [DW91], [M94],
[W99], [BL99], is stable under perturbations of order —dim X. (For the last result, see
also Lei [L02].) There are similar stability results for the value of zeta at 0 (Th. 5.7).

The author is grateful to D. Vassilevich, R. Mazzeo, P. Gilkey, R. Melrose, E. Schrohe

and B. Booss-Bavnbek for useful conversations.

1. Boundary conditions with projections.

Consider a second-order strongly elliptic differential operator P acting on the sections
of an N-dimensional €' vector bundle E over a compact C'> n-dimensional manifold X
with boundary X' = 0X.

X is provided with a volume element and E with a hermitian metric defining a Hilbert
space structure on the sections, L2(E). We denote E|x: = E’. A neighborhood of X'
in X has the form X, = X' x [0,¢] (the points denoted z = (2',2,)), and there E is
isomorphic to the pull-back of E’. On X, there is a smooth volume element v(x)dz'dz,,,
and v(2’,0)da’ is the volume element on X’ (defining Lo (E")).

We assume that P is principally selfadjoint, i.e., P — P* is of order < 1. Moreover, to
have simple ingredients to work with, we assume that P is of the following form near X':

Assumption 1.1. On X, P has the form
(1.1) P=-9 +P +ua,P+ P,

where P’ 1s an elliptic selfadjoint nonnegative second-order differential operator in E’
(independent of x,,) and the P; are differential operators of order j in E|x,.

Let II; be a classical pseudodifferential operator (¢»do) in E’ of order 0 with I3 = IIy,
l.e., a projection operator, and denote the complementing projection by IIs:

(1.2) I, =1-1I,.

Let B be a first-order differential or pseudodifferential operator in E’. Then we consider
the boundary condition for P:

(1.3) Mivou =0, Iy(ynu+ Byu) =0,
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where the notation v;u = (8§;nu)|xl is used. In short, Tu = 0, where

(1.4) T = {170, M2(v1 + Bryo) }-

We shall study the resolvent and the heat operator defined from P under this boundary
condition, when suitable parameter-ellipticity conditions are satisfied. More precisely, with
H?(E) denoting the Sobolev space of order s (with norm ||u||s), we define the realization
Pr in Ly(E) determined by the boundary condition (1.3) as the operator acting like P
and with domain

D(Pr)={uc H*E) | Tu = 0};

then we want to construct the resolvent (Pr — A\)™! and the heat operator e~ and
analyze their trace properties. In particular, we want to show a heat trace expansion

(1.5) Tre T ~ Z akt%—l—z<—a;€10gt—l—a%>t%.
—n<k<0 k>0

Such expansions are known to hold for normal differential boundary conditions (Seeley
[S69], [S69'], Greiner [GreTl]) without the logarithmic terms, and for pseudo-normal ¢ do
boundary conditions [G99], but the condition (1.3) is in general not of these types.

Example 1.2. Assumption 1.1 holds if P = D*D for an operator type including Dirac
operators, namely a first-order elliptic differential operator D from FE to another N-
dimensional bundle F; over X such that

(16) D= a(@xn + Al) with Al =A —|—$nA11 —|—A10 o1l Xc,

as considered in numerous works, originating in Atiyah, Patodi and Singer [APS75]; here
o is a unitary morphism from E’ to Ef, A is a selfadjoint first-order elliptic operator in
E' independent of z,, and the A;; are x,-dependent differential operators in E’ of order
j. Then we can take P’ = A%. However, for the study in the following one does not need
to have a differential operator “square root” of P’. (And, if P is derived from (1.6) near
X', the factorization need not extend to all of X.) See Vassilevich [V01] for a discussion
of how one can find such D when P is a Laplacian.

When P = D*D, one can for example take as II; the orthogonal projection II>(A) onto
the nonnegative eigenspace of A and let B = A4, =0, also denoted A;(0). Then Pr equals
D% D>, where D> is the realization of D under the boundary condition IIs(A)you = 0,
and (1.5) is known from [GS93] (also with certain finite rank perturbations of II»(A)).
Boundary conditions (1.3) with such choices of II; are often called spectral boundary con-
ditions.

The paper [G99] allows much more general realizations Dy, of D, where II>(A) is
replaced by a tdo projection II; that is “well-posed” with respect to D. Well-posedness
(introduced by Seeley [S69”]) means that the principal symbol 70 at each (2', &) € S*(X')
maps Ny (z',€') bijectively onto the range of 79(2’, &) in CV, where N4 (2, ¢') is the space
of boundary values of null-solutions:

N_|_(:1;’,§’) ={z(0) € cN | do(xlvovglle’n)Z(xn) =0,z¢ L2(R+)N h
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d° denoting the principal symbol of D. As shown in [S69”], the closed-range operator
defining the boundary condition may always be taken to be a projection; it may even be
taken orthogonal. When II; is orthogonal, then (D, )*Dn, = Pr with B = A;(0) in
(1.3)—(1.4), and (1.5) holds. (Further details in Section 5.)

In [VO1], Vassilevich points to the need for considering other choices of B — and not
just B = 0 but moreover cases unrelated to 4; and having complex coefficients, where Pr
is not selfadjoint. He inquires about heat kernel results for such cases, and that is precisely
what we want to develop here.

The conditions in (1.3) can be defined without reference to a factorization as in Example
1.2; Iy can be a general pseudodifferential projection in E’ unrelated to P’.

For the case where II; is a local projection (a projection morphism in E’ ranging in a
subbundle Fp), the question of heat trace expansions is covered by Greiner [Gre7l], see
also [G74], [G96].

Since P is strongly elliptic, it satisfies the Garding inequality, so we can assume (possibly
after addition of a constant) that

(1.7) Re(Pu,u) > col|u||i, for u € C§(X°),

with ¢g > 0. Then the Dirichlet realization Pp (the realization of P in Ly(E) with domain
D(Pp) = {u € H*(E) | you = 0}) is invertible. We shall use the following notation for

regions in C:
(1.8) I'y={pe€C\{0}||argu| <8}, I'=Tz, To,={pelsl|ul>r}

Since the principal symbol of P is positive selfadjoint, the spectrum of Pp is for any ¢ > 0
contained in a set

(1.9) Ys,r =Ts U{[A < R(9)}

for some R = R(¢), in addition to being contained in {Re A > 0}.
We denote (Pp —\)™! = Rp()\), the resolvent of the Dirichlet problem, i.e. the solution
operator for the semi-homogeneous problem

(1.10) (P—MNu=finX, ~u=0onX"

Rp maps H*(E) continuously into H*T?(E) for s > —%, when A ¢ X5 pg. The other
semi-homogeneous Dirichlet problem

(1.11) (P—MNu=0inX, ~u=¢ponX,

is likewise uniquely solvable for A ¢ Y5 r; the solution operator will be denoted Kp(A).
This is an elementary Poisson operator (in the notation of Boutet de Monvel [BMT71]),
mapping H*(E’) continuously into Hs'i'%(E) for all s € R.

We have Green’s formula

(112) (PU,U)X - (U,P*U)X = (71u + 0070u770U)X' - (70u771U)X’7

with a certain morphism og in E'.
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2. Resolvent constructions.

Our way to construct the heat operator for Py goes via the resolvent, which is partic-
ularly well suited to calculations in the pseudodifferential framework, since the spectral
parameter \ (or, rather, the square root 1 = /=) ) enters to some extent like a cotangent
variable. In the following, we shall freely use the notation and results of Grubb and Seeley
[GS95], Grubb [GO01]. To save space, we do not repeat many details here but refer to these
papers or to the perhaps simpler resumé of the needed parts of the calculus in [G02, Sect.
2]. Let us just recall the definition of the symbol space S™4¢(R"~1 xR"~! A) (denoted
Sm:d:3(A) for short), where A is a sector of C\ {0} and m,d, s € Z:

A C* function p(z’, &', p) lies in S™OO(R"~IxR" ™1 A) when, for every closed subsector
A,

afz|p(:1;’,§’, 1/2) € S™T(R" ' xR ) uniformly for || < 1,1/z € A';

here S¥(R"~1xR"™1) is the usual symbol space of functions ¢(a’,£’) with
070 q(x",€)] < Cap (€)1
for all o, 8 € N*~1; we write (x) = (1 + |:1:|2)% and N = {0,1,2,...}. Moreover,
Smds(RP=1 R A) = g (|2 + |€12)5/28™ 00 (R =1 x RP1, A).

In the applications, we often need p and its derivatives to be holomorphic in p € A° for
|l 4+ €] > & > 0; such symbols will just be said to be holomorphic (in ).

The space denoted S™4(A) in [GS95] is the space of holomorphic symbols in $™40(A).
The third upper index s was added in [GO1] for convenience; one has in view of [GS95,
Lemma 1.13] that

vade(A) C Sm+3’d’0(A) N Sm’d+8’0(A) for s <0,

2.1
( ) Sm,d,S(A) C Sm+37d70(A) —+ Sm’d+8’0(A) for s 2 07

and the s-index saves us from keeping track of a lot of sums and intersections.
The 1 do with symbol p(z’, ¢, 1) is defined by the usual formula:

OP'(p): v(z) = - T pal ¢ pe(y') dy'de
RQ n—1
where d¢' stands for (2m)'~"d¢’; the analogous definition on R" is indicated by OP. ¥do’s
in bundles over manifolds are defined by use of local trivializations.

The symbols, we consider, moreover have expansions in homogeneous terms, p ~
EjeNpm—J with pp—; € S™7%3(A), homogeneous in (&', 1) of degree m — j + d + s.
In the general, so-called weakly polyhomogeneous case, the homogeneity takes place for
|€'] > 1, but if it extends to [£'|+ || > 1 (in such a way that the symbol behaves as a stan-
dard classical symbol in the non-parametrized calculus with an extra cotangent variable ||
entering on a par with £ in the estimates), the symbol is called strongly polyhomogeneous.

The composition rules for these spaces are straightforward: When p; € ™45 (A) for
i = 1,2, then pyps and p; o py € S™tm2ditdzsits2(A): the latter is the symbol of the
composed operator OP'(p;) OP'(p2), satisfying

—_plel 44 o
(2.2) (propa)(a, &)~ Y E8=0gpi(a’ € 1) pala’ € ).
aeNn—l
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Before discussing the construction of the resolvent, we shall introduce some auxiliary
pseudodifferential operators on X'. When A € C\ Ry, we write p = (—/\)%, defined such
that € T' (cf. (1.8)).

Definition 2.1. The operator A(\) is defined for A € C\ Ry by

it 15 a Ydo i E' of order 1.

As a function of y = (—/\)% € I', A is a strongly polyhomogeneous »do with symbol in
SOOLT)MN in local trivializations, its principal symbol being equal to

(Sl

(2.3) (' &) = (02, €) + 1) .

This follows essentially from Seeley [S69], since p'(z', £')+¢21%4? is a classical elliptic symbol
of order 2 with respect to the cotangent variables (¢/,t). Moreover, 2(—p?) is invertible for
p € T, and parameter-elliptic (as defined in [G96]), and 2! has symbol in $%0:=1(T") M
in local trivializations, with principal part (a%)~1 = (p’o(x’, £ + /,Lz)_%. The symbols are
holomorphic in y. We observe furthermore that since 952 = ¢, 272", 952 has symbol in
SO0L=2r(T) NN for € N,

The indication by an upper index Nx/N means that the symbols are Nx/N-matrix valued.
The statement “has symbol in S™%#(T)N > in local trivializations” will be written briefly
as: “c OP’ §™d:s(T)”.

In the case considered in Example 1.2, A(\) is the operator called Ay in [GS96] and
[G02], A, in [GS95], and A(0) = |A].

Definition 2.2. The Dirichlet-to-Neumann operator Apn is defined for A ¢ L5 r by:
(2.4) Apn(A) = 1 Kp(N);

of. (1.11) f.

The operator Apy 1s a ¥do of order 1 for each \; this is a well-known fact in the calculus
of pseudodifferential boundary problems (cf. Boutet de Monvel [BM71], Grubb [G96]). We

observe moreover:

Lemma 2.3. The Dirichlet-to-Neumann operator Apn(A) is a strongly polyhomogeneous
tdo in E' of order 1, which is principally equal to —A(N), i.e.,

(2.3) Apn(A) = =24(\) + Apn (M),

where Apn(—p?) € OP' SOOLT) and Al (—p?) € OP' SO0, with holomorphic sym-
bols.

Proof. Clearly, Apn(—p?) is strongly polyhomogeneous of order 1, in the terminology of
[GS95], [GO1], since its symbol can be found from the corresponding calculation in the case
where 11 = €'%t is replaced by ewaan. Then its symbol is in SO0HT)VN | Formula (2.5)
is derived from the fact that the principal part of P 4 p? at z, = 0 equals the principal
part of —6%71 + P’ + p?. For the latter operator considered on X’ x R, the Poisson
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operator solving the semi-homogeneous Dirichlet problem as in (1.11) is the mapping
(') = 2(2', x,) = e ¥ Ny (as in [GO2, Prop. 2.11] with A? replaced by P’); application
of 0, followed by restriction to x, = 0 gives the mapping ¢ — —A(A)¢. Then Apn(N)
and —2A(\) are principally equal, so their difference Apyy is strongly polyhomogeneous of
order 0, hence has symbol in $%00(T)VN = O

In particular, Apn(—pu?) is parameter-elliptic, hence invertible for large enough 1, the
inverse having symbol in S0 ~1(I')¥ (see Proposition 2.8 below). Note that 95 Apx(\)
is strongly polyhomogeneous of degree 1 — 2r, hence lies in OP’ §%.0:1=27(T).

In our construction of the resolvent below, we need to be able to commute Apy and Il
with an error having symbol in S$%9°. For this we introduce

Assumption 2.4. The principal symbols of II; and P’ commute.

This holds of course if IT; commutes with P’ (as in Example 1.2 with P’ = A? II; = II>
or II); it holds for general choices of II; if P’ has scalar principal symbol.

Proposition 2.5. Under Assumption 2.4, [Apn,I1i] = ApnIly — IIy Apn and [ 1] =
M, — 11,2 are in OP' S900T), with holomorphic symbols. Moreover, for any r > 0, the
r’th A-derivatives are in OP' §9027(T).

Proof. The main effort lies in the treatment of the case r = 0. Note first that since Ay
and II; are in OP’ S99 50 is their commutator [Afy, 1], so in view of (2.5), what we
have to show is that [2, ;] is in OP’ S%9°. Denote P'+4 % = P, with symbol p/(2, &)+ pu?
in local coordinates. The powers of P are defined for low values of s by

P =t [ (P —p) " do,
C

27

where C is a curve in C \ R_ encircling the spectrum of P; we let it begin with a ray
with angle § and end with a ray with angle —4, for some § €]0,5[. (The location of

(r 4+ 42)2 when r € Ry is discussed in Remark 2.11 below.) Then since [(P — o)~*, ;] =
(P — o)~ [y, P'Y(P — 0)~",

P =5 [ (P - 07 [0 PIP - o) o
C
Here, by the commutativity of the principal symbols, [II;, P'] = M is a first-order ¢do

(independent of p and p). The integral makes good sense for s < 1 (converges in the norm
1

of operators from H'(E') to Ly(E')), so we can write, since P? = £,

=

2.6 AT = 2 [ P - MP -0 do,

The symbol of [, II1] in a local coordinate system can be found (modulo smoothing terms)
from this formula. It is represented by a series of terms obtained from (2.6) by insertion
of the symbol expansions of the involved operators (P — ¢)~! and M and applications of
the composition rule (2.2). We have that the symbol of (P — ¢)~! is an (N x N)-matrix
r(z', &', p, 0) whose entries r;; are series of strongly homogeneous functions of (¢, 1, g%),
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whereas the symbol m(z’, ") of M is a matrix whose elements m;; are series of functions
homogeneous in ¢’ outside a neighborhhod of 0. The composition will give rise to integrals
of products

8;,75,7“” (9;[/,Y,7€,77”L]‘]C 6;,75,7““;
there are finitely many contributions to each degree of homogeneity. The important thing
is that in each homogeneous contribution, we can take the factor coming from m; outside
the integral sign, since it does not depend on p (nor on ). What is left is a completely
homogeneous integrand, which after integration gives a strongly homogeneous function
of (¢',1). The factors coming from m are of degree < 1, hence lie in S1%% and the
contributions from the integration are of degree < —1, hence lie in S%%~! (moreover,
¢'-differentiation of order « lowers the former to S'~11:0:0 and the latter to 50’07_1_|a|).
The full contributions are then in $%9°. §9:%:=1 = §9.9.0 and can be collected in a series
of terms of falling degrees. Thus [2l,II1] has a symbol series in S%9°.

There is still the question of whether the remainder R, the difference between the
operator defined from (P—p) "' M (P —p)~! and an operator S defined from a superposition
of the homogeneous terms, also has the right kind of symbol. It takes a certain effort to
prove this. We know & priori, since 2 has symbol in S%%! and II; has symbol in §9°°,
that [2(, 1] has symbol in S ¢ §1.00 4 §0.1.0 " The remainder R will be of order —co
in this class, hence have symbol in S7°1:% and we have to show that this can be reduced
to §7o00.0,

Recall that an operator R with symbol in S~

 has a kernel expansion

IX’(R ,y M ZIX ‘7

J20

with K(R) — Ej<JKj/,Ll_j = O((u)1=7) for all J, where the K;(2',y') are C* kernels,
by [GS95, Prop. 1.21]. With Ry denoting the operator with kernel Ky, we can write
R = ;Ro+ R’ where R’ has the kernel expansion E]‘>1 Kju'=7 hence symbol in §7°%0.0,
so we are through if we show that Rg = 0.

Let o run on the ray Ry, and let ¢ €]0, %[ Then

L) = %Zgaﬁ—mAFﬁMGt@rw@

Since P = P’ + 2, H?Sfﬂb ~ || fllg2sn (uniformly in g for © > 1), where H%#* is the
Sobolev space defined by localization from the case HY*(R"™1) with norm ||u|/gen =
(& ) a(E)]| Ly, t € R. From the resolvent estimates

(2.7) Nlo(P = 0) 7" fllze < Cillfllze, (P = o) llmzw = |P(P = 2)™ fllzo < Coll fll Lo

that are valid for p € C, then follow by interpolation that
(2.8) 07T (P = o)™ Fll 2o < Cs |-
We also have that

(29)  |IP Mol < Cil|Mo]l g2 < Cs

‘MUHH—QS S CGHUHH1—25 S C7HUHH1—257“7
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using that 1 —2¢ > 0. Thus

(2.10) [P (2]l (1)
SC{A|M§W??—m_Wku@Hﬁ_ﬁwHaH“%wLﬁWKﬁ?-w_W¢@%Hpkwﬂdm

< c’/ o152 |do| < ",
C

where we applied (2.7) to the first factor, (2.9) to the middle factor and (2.8) to the last
factor. We have that [, II1] = S+ yRo + R’, where S + R’ is bounded in L, uniformly in
@ for ;> 1, hence ?_g(S—I—R’) is a fortiori so. Thus, by (2.10), ||tRo f||g-z2¢.» is bounded
in p for > 1, for any f. But if Rof is a nonzero function, p||Rof||g-2:n cannot be
bounded for @ — co (recall that & < %) Thus Rg = 0, and the proof for the case r = 0 is

complete.
For r > 1, we observe that 052 = ¢,2'~?" and that

[T, A7) = A7 QUM A~ — A7 AU~ = AL I A € OPY 59902,

(2.11) I, 7% = Mo+ = o+ - gk,
= 3 AT, AR € o 5001k
0<j<k—1

by the result for r = 0 and the composition rules. The first calculation shows the assertion
on O} [IL;, 2] for r = 1; the second calculation shows it for general r > 2, when we take
E=1-2r.

The result now likewise follows for 0% [IIy, Apn], when we use that 0 Apn = —07A +
05 Alyy, where 9V ALy € OP'S%0%72" gince it is strongly polyhomogeneous of degree
—2r. U

The resolvent (Pr — A\)™! is the solution operator for the problem

(P—MNu=fonlX,
(2.12) IIivou =0 on X',
[z (y1u + BAyou) =0 on X',

where A runs in a suitable subset of C. The problem of constructing the resolvent will be
transformed by some auxiliary constructions:

First, we can extend P to a strongly elliptic principally selfadjoint differential operator
P on an n-dimensional compact manifold X in which X is smoothly imbedded, modifying
the definition of R(d) in (1.9) such that also the spectrum of P is contained in Y5, r. Assume
in the following that A ¢ X5 p. Let Q(\) be the inverse of P — )\ and let Qi =7rTQe™ be

its truncation to X (r7 is restriction from X to X, eT is extension by zero on X \ X). It

is well-known that Rp(\) and Kp(A) (cf. (1.10), (1.11)) are connected by the formula

(2.13) Rp = Q4+ — Kpy@+,
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for A ¢ Y5 r. Let
(2.14) v=~Rpf, z=u-—v, ¢Y=—-Ilrmo,
then (2.12) may be replaced by the problem for z:

(P—MNz=0o0n X,
(2.15) 79z = 0 on X',
2(~y12 4+ Byoz) = on X'.

Here one can let f € Ly(E) so that the solution u is sought in H*(E); then v € H?(E),
z € H*(E), and vjv and vz are in H37(E'), and so are II;v;v and II;v;2, since the
projections II; are bounded in H*(E’) for all s € R. One could also carry out the whole
calculation for C'*° sections while keeping track of the orders of the involved operators.
We now make a reduction of (2.15) using Apn. When 2z € H*(E) with (P — \)z =0, =

is in 1-1 correspondence with oz running through the space H2(E'):
(2.16) z = Kpvoz,

in view of the unique solvability of the Dirichlet problem. Denote 49z = ¢; then we can
replace voz by ¢ in (2.15). Moreover, v12 = Apny. So, with z = Kp¢p (assuring the
validity of the first line in (2.15)), we arrive at the problem for ¢:

ch,o = 0,

(2.17) My(Any + B)p = v

Since the mapping v1: D(Pp) — H%(E’) is surjective, y1v runs through all of H%(E’)
when f runs through L2(E). So the reduced problem (2.17) must be solved for all ¢ €
HZ(H%(E/)). When f is given in Ly(E) and v and ¢ are defined by (2.14), then, if
¢ € H3(E') solves (2.17) and we set z = Kpp, u = v + z, we find that u € H2(E) solves
(2.12).

Lemma 2.6. For A\ ¢ X5 r, define

S(A) = Apn + [Apn, II1] + I, BII,,

(2.18) S'(\) = Ap~ — [Apw, I14].

When ¢ runs through HZH%(E/); the problem (2.17) is uniquely solvable with ¢ € H%(E’)
for those X\ for which S(\) and S'(\) are invertible from H%(E’) to H%(E’) When this

holds, the solution s

(2.19) = S(\) 1.

Uniqueness of solution holds when merely S(\) is injective.
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Proof. Assume first that ¢ is a solution of (2.17). By the first equation, ¢ = I3, so we
can rewrite the second equation as:

(2.20) ApnIlp + [Ia, Apn]p + 12 Bllap = 9.

Now we compose the first equation of (2.17) with Apy and add it to (2.20); this gives that
@ satisfies
(Apn + [IIz, Apn] + 12 BIly ) = 2.

Since [II3, Apn] = [Apn,II1], the operator in the left-hand side equals S()\) defined in
(2.18), so ¢ satisfies

(2.21) S(N)p = 1.

When S(\) is injective, there is at most one solution ¢ of (2.21), hence of (2.17); when
S(A) is bijective, the only possibility is that it equals S(\) ™.

Now assume that also S’'(\) is invertible, and, for a given ¢ with II1¢» = 0, define ¢
by (2.19). Then of course (2.21) holds, and we shall show that ¢ solves (2.17). Since
111y = 0 and 11} = IIy, an application of II; to (2.21) gives:

0=1II5S¢ =11 (Apny + [ADN, 1] + 12 Bl )
(2.22) =M, Apny + My Apn Ty — TI5 Apne = I Apn Tl
= (ApNn — [Apn, L) e = S/ (M) .

It follows that II; = 0, so ¢ satisfies the first equation in (2.17). The second equation is
then retrieved from this and (2.21): Since Ily¢ = ¢,

Y» = (Apn + [Apn, 1] + o BIl )

2.23
(2.23) = ApnIlap + [IIs, Apn]e + Iy By = Iy (Apy + B)e. O

When Assumption 2.4 holds, the commutator terms in (2.18) have symbol in S%0:°.
Then we will show that S'(A\) can be inverted for large |A| within the weakly polyho-
mogeneous calculus, and that the same holds for S(\) when the following assumption is
satisfied:

Assumption 2.7. There is a § €]0, 7] such that, with bi(x' &) and 7t (2! ¢") denoting

the strictly homogeneous principal symbols of B and the I1;,

(2.24) a® — 7o rl s invertible for € € R™, € Ty U {0} with (&', 1) # (0,0).

This will allow construction of a resolvent family for large A with |arg(—\)| < 26. If,
moreover, § > T, we can also construct a heat operator family. Note that when B is a
differential operator, its symbol is a polynomial, so b" equals the usual principal symbol
0. For II,, the strictly homogeneous principal symbol 7# is in general not continuous at
¢ = 0, but when it is multiplied by ", which is O(|¢'|), we get a continuous function at

¢ =0 (taking the value 0 there).
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Proposition 2.8. Let Assumption 2.4 hold.

(i) For each 0" €]0, %[ there is an r(0") > 0 such that Apn(—p?) and S'(—p?) are
invertible for p € Ty .

(ii) Let moreover Assumption 2.7 hold. Then for each §' €]0,60] there is an r(6') > 0
such that S(—p?) is invertible for p € Ty .

Here the operator families Apn(—p?)™1 and S'(—p?)~1 belong to OP' S%9~1(T), and
S(=p*)~1 belongs to OP' SO0 ~Y(Ty), with holomorphic symbols. For each r € N, 9% map
them into operators in OP' SO0 ~172r(Dy).

Proof. Let us go directly to the proof of (ii), the statements in (i) are proved by easier
variants. We have on one hand that S(—pu?) is composed of operators of the type considered
in [G96], with the pu-dependent factors of regularity oo and the II; of regularity 0, B of
regularity oo resp. 1 if it is a differential resp. pseudodifferential operator. Removing the
commutator term [Apn,II1] from (2.20) for a moment, we have an operator

(2.25) S"(—p?) = Apn + o BTy = —A+ Ay + I, B,

which is of regularity 1 (since II; BII; is so), so that the invertibility of the strictly homo-
geneous principal symbol —a® + 72b" 7l assures parameter-ellipticity in the sense of [G96],
cf. Prop. 2.1.12 there. Then S”(—u?) is invertible for 1 € Ty, with a sufficiently large r,
the inverse being continuous from H**(E) to H*T1:*(E) for s € R, by [G96, Th. 3.2.11].
Since the commutator term has Ly-norm bounded in g by Proposition 2.5, we find by a
Neumann series argument that S(—u?) itself is invertible for large r with an inverse that
is bounded from Lo(E) to HY*(E).

Now 20715 is likewise invertible for the considered p, and lies in OP’ S%99(Ty) since
27! lies in OP' $%9~1(T'). Then the “spectral invariance theorem” [G99, Th. 6.5], ap-
plied to 2A~1S, shows that its inverse S™!2 belongs to our weakly polyhomogeneous cal-
culus and lies in OP’ $999(Ty). It follows that S™1 = (S71)A~1 € OP' SO0 ~1(Ty).
Since holomorphy is preserved under composition, the resulting symbols are holomor-
phic. The statements on A-derivatives follows by successive applications of the formula
S~ = —5719,5 57, using that S = hApn + Ir[Apn, 1], with properties de-
scribed in Lemma 2.3 ff. and Proposition 2.4.

Similar proofs work for the other operators without the complication due to the presence
of B (so any ¢ €]0, Z[ is allowed there). [

Remark 2.9. It should be noted that the proof of Lemma 2.6 only shows the necessity
of unique solvability of (2.21) for ¢ in the range of II;, so that Assumption 2.7 (assuring
solvability for general 1) may seem too strong. However, when Assumption 2.4 holds,
solvability of (2.21) for ¢ € HZH%(E/)7 p=ret% r >ry (some rg > 0, || < 6), implies
solvability for all ¢ € H%(E’), r > ry with some ry > rq:

Uniqueness of course holds. Existence is assured as follows: Let ¢ € H%(E’) and write
Y = Iy + T34, Define N

S\ = ApNILe + 5™z,

for r so large that also Apy is invertible. Then
S5 = SASLIL ¢ + Math = o + [Apn. I AL Iy + I, BT, AS LTI 4
= ¢ + [ApN, I ApN I + L BIL[Ap) ¢ = (I + 51)¢.
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where S| = [ADN,Hl]A]Sll\Iﬂl + HQBHQAB%\I[HMADN]AB%\I has symbol in S%%~1(T). So,
like the operators treated in the proof of Proposition 2.8, I +5; is invertible for large
enough p on the ray, and ¢ = S(I + S1)~ 14 solves the equation S¢ = 4.

We can now describe the resolvent. Here we shall use the terminology of weakly polyho-
mogeneous pseudodifferential boundary operators worked out in [GO1] (the relevant parts
summed up in [G02, Sect. 2]), extending the calculus of Boutet de Monvel [BMT71]. One
can get quite far with linear combinations of compositions of elementary operators as in
[GS95], [G99], but when the expressions get increasingly complicated, it seem advanta-
geous to use the systematic calculus. We shall here just recall the basic definitions in the
case where X, X’ are replaced by Rj_, R,

One considers Poisson operators K (mapping functions on R% to functions on R™™1),
trace operators T of class 0 (mapping functions on R"~! to functions on R ) and singular
Green operators G of class 0 (mapping functions on R to functions on R7), of the form

K = OPK(k): v(2') — V(! € p)u(y') dy'dE
R2(n—1)

220) T=OPT(@iule) s [ [ €ty ) ey
R2(n=1) Jo

G = OPG(g): u(z) — / / ei(x/_y/)'glg(:z;’,xn,yn,fl,u)u(y) dyd€'.
R2(2=1) Jo

Note that the usual ¢>do definition is used with respect to the x’-variable. In fact, we can
view OPK, OPT and OPG as OPK,, OP’, OPT,, OP’ resp. OPG,, OP’, where OPK,, etc.
stand for the application of (2.26) with respect to x,-variables alone.

The functions k, ¢ and § are called the symbol-kernels of K, T, resp. G. There is also
a “complex formulation”, where e.g. the symbol-kernel lg(x’,xn,f’,u) is replaced by the
symbol k(x', & €n, 1) = fxnﬁgnl;, and anl—mn is included in the definition of the operator
(F denotes Fourier transformation).

We say that k € Smdis(A,Sy), resp. § € S™S(A, Sy ), when

(227)  sup 07, (=15 =) b0 k(! |z fun, €, 1/2)| < (€)™ resp,
Un CiRy

Sup [0 (4R 2 (=) TR w8y w8 gl |z un, [2]on, €, 1/2))] < C(E)™H,
Un,Un €RY

for all indices, uniformly for |2| < 1, L in closed subsectors of A, with similar estimates for
the derivatives g,af, with m replaced by m — |a|. Here r = (|u|2 +|¢')2)2 = (|2 +]¢')?)=.
{ is estimated like £.

Again the symbol-kernels are said to be holomorphic (in x), when they and their deriva-
tives are holomorphic for p € A°, |u| + || > ¢ > 0. The motivation for the scaling
Ty = |z|u, is explained in [GO1], where complete and satisfactory composition rules are
worked out. The operators are defined on X, X’ by standard localization methods.

We recall one further operation, that of taking the normal trace tr,: When G is a
singular Green operator as above, the normal trace tr,, G is the 1’do on R" ! with symbol

(2.28) (00 §)(a' € 1) = / G2, s 2 €' 1)
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(called 5 in [G96]). Here the symbol map tr,, acts as follows:

(2.29) tr, s S™TTHA, Spy) = S™(A).
For operators of trace class,
(2.30) TrRi G = Trgn-1 (tr,, G)

(if G has the kernel K (x,y, ) then tr, G has the kernel fooo K2 2,y 2n, 1) de,), and
there is a similar rule for the operators carried over to the manifold situation, when the
symbol-kernel of G is supported in X, and the volume element on X, is taken of the form

v(a")da'dxy:
(2.31) Trx G = Trxi (tr, G).

One has that G — yGY is smoothing and O(|u|=*) for 1 — oo in closed subsectors of A,
all M, when xy € C§°(] —¢,¢[) and is 1 near x, = 0 (cf. e.g. [GO1, Lemma 7.1]). Thus in
the trace expansion calculations for singular Green operators on X, we can replace G by
xGy and use (2.31) to reduce to a calculation for a »do on X'; here [GS95, Th. 2.1] can
be applied.

We shall express the fact that “the symbol-kernel is in S™%%(Ty, S4 )V N resp.
S™%3(Ty, Sy )V "N in local trivializations” more briefly by saying that the operator lies
in OPK 8™4:5(Ty,S4), OPT 8™ 45Ty, S1) resp. OPGS™45(Ty, S14).

The symbol-kernels we consider, moreover have expansions in appropriately quasi-
homogeneous terms, e.g., § ~ ZjeNgm_j with gm—j € S™™5%%(Dy,S44). There is the
same distinction between weakly polyhomogeneous symbol-kernels (with homogeneity for
|€'] > 1) and strongly polyhomogeneous symbol-kernels (with homogeneity for [£'|+|u] > 1,
etc.) as for ¢»do symbols.

The following elementary examples are basic in our calculations:

(1) Kp(—p?) is a strongly polyhomogeneous Poisson operator in OPK §%%~1(T", Sy ).
(2) %Q(—p1?)+ and 1 Q(—p?) 4+ are strongly polyhomogeneous trace operators of class
0 in OPT 8Y%~%(T,84) resp. OPT S0 ~1(T, 84).
As mentioned in the proof of Lemma 2.3, Kp is principally the same as the operator
Ko v e %y for z, € X, (cf. [GO2, Prop. 2.11]). We also have (by [G02, (1.17), (4.14)]
with A% replaced by P') that voQ+ and y1Q4 act principally, for functions supported in
X, like the operators %Ql_ng[ resp. %Tg[, where

(2.32) Tou = / e_x"mu(x’,xn)dxn.
0

Simple examples of singular Green operators are Kp~o@Q+ (whose negtive is the singular
Green part of Rp, cf. (2.13)) and Kp~1@Q4; they are strongly polyhomogeneous and belong
to OPG S =3(T", S 1) resp. OPGS®% (T, S44). 2Kp+1Q++ is (on X,.) principally equal
to Gy, which acts as follows:

(2.33) Gou = / e_(x""i'y")mu(:z;’, Yn ) dYn .
0
For the latter, tr, is easy to determine by functional calculus:
(2.34) tr, Gy = / e 2y, = (29[)_1;
0

this kind of calculation plays a role in our analysis of trace coefficients in Section 4.
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Theorem 2.10. Let Assumptions 1.1, 2.4 and 2.7 hold. Then for each 68" €]0,6[ there is
an r =r(0") > 0 such that for y € Ty, Pr+ p? = Pp — X is a bijection from D(Pr) to
Lo(E) with inverse (Pr — \)™! = Rp(\) of the form

Rr(\) = QN4 + G(N),

(2.35) G(\) = —Kp(MQ(N)+ + Kn(M[So(Mro + S1(M)71]Q(AN )+

here So and Sy (giwen in (2.36) below) are weakly polyhomogeneous do’s in E' lying in
OP’ §909(Ty) resp. OP' S%9~1(Ty), and hence G is a singular Green operator of class 0
wm OPG SO’O’_S(PQ,S++).

Proof. For a 6 €]0,0[, take r = r(8") such that Apn is well-defined and the operators
S(A\) and S’(\) are invertible for A = —u?, p € Ty . Then (2.17) is solved uniquely by
(2.19), and it remains to draw the conclusions for the original problem (2.12). In view of

(2.13), (2.14) and (2.19), the solution is:

u=v+z=Rpf+ Kpyp
= RDf — I&’DS_IHQ’}/lRDf
=Q+f — EKpvwQ+f— KpS ' Iyy1Q+f + KpS 'L ApnyoQ+ f-

This shows (2.35) with
(236) So = S_1H2ADN, 51 = —5_11_[2;

they lie in OP’ §99:0(Ty) resp. OP' $%%~1(Ty) by the rules of calculus. The statement on
G now follows from the information given before the theorem on Kp, 0@+ and v1 Q4+,
and the composition rules. O

Remark 2.11. Let us give some sufficient conditions for the validity of Assumption 2.7.
Consider, in a local trivialization, a point (2/,&") with |¢'| = 1 (the result is carried over
to general £’ # 0 by homogeneity, and for ¢’ = 0 the assumption is trivially satisfied). Let

0 < Ai(2,&) < Ag(a),&) <o < An(2, €

be the eigenvalues of the matrix p’o(:zj’,f’), associated with the orthonormal system of
eigenvectors e;(x', &), ... en(2',€') in CV, and denote

(all equal to \/c, when p'° = cI). Denote Top+ ={u €Ty |Imp € Ry}. When p runs
through Ty + U {0}, then (af + %)% runs through a convex subset Va, + of I'g 4 lying to
the right of a curve C,, 4+ passing through a; on the real axis.

Since a; > ay for 7 > 1, we also have that (a? + /,LZ)% lies in Vg, + when p € T'y 4 U {0}.
We denote V,, + UV,, — = V,,. It is important that although V,, is not in general convex,
the V,, + are so.
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Let ¢ € Ty 4+ U{0}. Then for general v € CV with norm 1, decomposed as v =
ciep + - +eneny with |ei[* + -+ |en* = 1,

v-o = (p° + )T
N N
1
=) (af +p)7ce :Za + 1)z el € Vi, 4
i1 i=1

since Vg, 4 1s convex. There is a similar argument for 1 € I'g _, showing altogether that
(2.37) (p" + 12)5v -0 € V,,, when p € Ty U {0}, o] = 1.

Now (2.24) is obtained, if at each (2/,¢") with |¢'| =1,

(2.38) (P + )% = =hbt el yv o] = o2, veCy,

for some & > 0. In view of (2.37), this holds if 72bh7lv . v lies in a set in C with distance
§ from V,, when |v| = 1.

We list some special cases where this holds; here we assume that 7% is an orthogonal
projection.
(1) Let b" be the principal symbol of a scalar first-order differential operator with real
coefficients. Then b" is purely imaginary and

(2.39) bt ly 5 = b |rlv]? € iR,

which certainly has positive distance from V,,. More generally, we can take b" such that
b"v - ¥ ranges in the sectors around (R consisting of complex numbers with argument in
101, 2 —61[ or |x+61, 2 —6;[ for some 6; €]6, Z] (allowing also pseudodifferential choices).
(2) Let " = iby, where b; is the principal symbol of a scalar first-order differential operator
with real coefficients. Then b" is real, and the real number 72b*7lv . v = b*|7fv|? has
positive distance from V,, for |v| =1 1f

(2.40) "] < ay.

More generally, we can take b* real selfadjoint with numerical range in [—a; + ¢, +o00[ for
some ¢ €10, ay[, i.e.,

(2.41) by -0 > —ay + ¢ for o] = 1.

When B is a differential operator, this in fact requires that [p"v - v| < a; — ¢, since the
symbol b* is odd in ¢’. This case seems to have an interest in brane theory according to
[VO1].

(3) Let r; = dist(V,,,0). Then it suffices that the norm of b" is < ry.

Since Rt is of order —2 and X 1s compact, the powers R’ are trace-class when m >
They can be studied by composition or by differentiation, in view of the fact that

971 (P — \)=! = (m — (P — A)=™.
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Corollary 2.12. Under the hypotheses of Theorem 2.10, the resolvent powers R’7 have
the structure, for any m > 1:

(242) R} =(Q™)+ +G™ = 500 T By = b (007 Q)s + k08 TG

where GUW = (mil)!agm‘”(; 18 a singular Green operator of class 0 lying n

OoPG SO’O’_Zm_l(Pg, S_|__|_).

Proof. One proof consists of applying the rules of calculus ([GO1], [G02]) to the composi-
tions (Q++G) ... (Q++G). Another proofis to use the exact formula we found in Theorem
2.10, combined with the fact that all the factors have the property that a differentiation
with respect to A lowers the s-index by 2. O

Theorem 2.13. Assumptions as in Theorem 2.10.
(i) Let ¢ be a morphism in E and let m > 5. Then @ RT(A) is trace-class and the trace
has an expansion for |\| — oo with arg A € [x —26, 7420 (uniformly in closed subsectors):

NIES

(243) Te(pRE(N) ~ Y ar(e)(=N) 727"+ > (ar(e) log(=\) +ai () (=) 7=

—n<k<0 k>0

The coefficients ar and @), are locally determined.

(ii) Let F be a differential operator in E of order m' and let m > """m . Then FRT())
is trace-class and the trace has an expansion for |A| — oo with arg/\ Elr — 20,7 + 26]
(uniformly in closed subsectors):

(2.35) /
Te(FRE(N) ~ Y ar(F)(=N) T 7" 43 (ah(F)log(—\) + af (F)) (=) ™,

—n<k<0 k>0

with locally determined coefficients ay and a.. If m' is odd, a_,, = 0.
Here, if F is tangential (differentiates only with respect to @' ) on X., the log-coefficients
ay with 0 <k <m' vanish, and the &) with 0 <k < m' are locally determined.

Proof. (i) is the special case of (ii) where m’ = 0, so we can treat them at the same
time. It is well-known that the “interior” do term FQY produces a series of powers

m

Y e Cr(=A) 5 =m for \ = oo in closed subsectors of C \ Ry, with coefficients deter-

mined from the successive homogeneous terms in the symbol; here the terms with k—n—m’
odd vanish since they are produced by terms that are odd in .

Now consider the singular Green term FG(™. By Corollary 2.12 and the composition
rules it lies in OPGSO’O’m/_zm_l(Pg) in general, and in OPG Sm/’o’_zm_l(Tg) if F is
tangential. With a cut-off function y as after (2.31), we have that Tr(FG(™ — yFG(™)y)
is O(|p|=™) for 1t — oo in closed subsectors of T'g, all M; this difference does not contribute
to the trace expansion, so it suffices to treat yFG{™ y. This operator can be considered
as a singular Green operator on X{ = X’ x R, with the same symbol-kernel estimates as
indicated above. Now we take the normal trace, obtaining an operator
(2.45)

8 = tr,(\XFG'™y) € OP' S%0™'=2m(g) € OP/(S™ ~2m00(T) 0 SO =m0 (Ty))
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by (2.29) and (2.1). If F is tangential, the last indication is replaced by
OP/(Sm/_Zm’O’O(Pg) N Sm’,—Zm,O(PG))'

Here we apply [GS95, Th. 1.2]. It is an important point in that theorem that one gets
a sum of two expansions

(2.46) Y eI 4y (ehlog o+ )t
720 k>0

where My equals the dimension (here n — 1) plus the order of the operator (here m' —2m),
and M; equals the lowest d-index associated with the operator. The coefficients ¢; and
c;. are local (each stems from a specific homogeneous term in the symbol), whereas the ¢}
are global in the sense that they depend on the full structure. So in the application to
S, the first series begins with a term C/,Ln_l—l—m/_zm, and the second series begins with a
term (¢’ log pu+ ¢/ )™ ~2™ for general F, (¢'log pi+ ¢")u~2™ for tangential F. Adding the
expansions and inserting p = (—/\)%, we find the expansion (2.35) f. after an adjustment
of the indexation. [

Remark 2.14. One has in particular that when all the occurring operators are strongly
polyhomogeneous, there is only the first expansion in (2.46), no logarithmic or global
terms. This applies to the special case where II; is a morphism in E' and B is a differential
operator; then

(2.47) Te(FREON) ~ 3 an(F)(=\)“T .

3. Heat operators and power operators.
The heat operator associated with Py is the solution operator ug(z) +— u(z,t) = e T uq
for the problem

Oiu+ Pu=0on X xRy,
IIivou =0 on X' x Ry,

(3.1) B ,
Iy (w4 Byu) =0 on X' x Ry,

U|i=0 = ug on X.

When 6 > T in the above constructions, the heat operator can be defined from the resolvent
powers or derivatives (recall (2.42)) by the formula

(3.2) et = ¢t L / e (P — N) ),
here C’ is a positively oriented curve in C going around the spectrum (like the boundary
of X5 r in (1.9) with 6 €]0, J[; one can take § = 7 — 26’ for a 6’ €]T,6[).

One could construct the heat operator directly instead of passing via the resolvent as
we did above; one advantage of our approach is that we can compose our A-dependent
operators pointwise in A, whereas calculations with respect to the time-variable t need

convolutions. (The passage from the A-framework to the ¢-framework is essentially an
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inverse Laplace transformation; here products are turned into convolutions, as is usual for
such integral transforms.)

As shown e.g. in [GS96] (or see Sect. 2 of [GI7]), the transition formula likewise applies to
the trace expansions, carrying the expansions in Theorem 2.13 over to heat trace expansions
with logarithms. In the resulting statement, we repeat our hypotheses for the convenience
of the reader:

Corollary 3.1. Let Pr be the realization of P defined by the boundary condition (1.3);
let Assumptions 1.1 and 2.4 hold, and let Assumption 2.7 hold with 8 > 7. Then the heat
operator e~ is well-defined and its trace has the asymptotic expansion for t — 04, for
any morphism p in E:

(3.4) Te(pe™ )~ > ar()t? + > (—ailp)logt + af ()12
—n<k<0 k>0

The coefficients ay, and a}, are locally determined.
Moreover, when F is a differential operator in E of order m’ there is a trace expansion

for t — 0+

(35)  Te(Fe'r)~ ) ax(F)t"=" 4 > (—ai(F) log  + af(F))t" ="
—n<k<0 k>0

the coefficients ay and a}, being locally determined. If m' is odd, a_,, = 0.

Here, if F s tangential on X., the log-coefficients o} with 0 < k < m' vanish, and the
ail with 0 <k <m’ are locally determined.

The coefficients ap,a},ay are related to the coefficients ay,ay,a) in Theorem 2.13 by
universal nonzero proportionality factors; in particular,

(3.6) ay(F) = ap(F) and af (F) = aj(F).

Observe that as in Remark 2.14, the expansion simplifies to

(3.7) Tr(Fe )~ 3 ap (P2,
k>—n

when II; is a morphism and B is a differential operator.

The power function F P (defined as 0 on the nullspace of Pr) is derived from the
resolvent by the formula

(3.8) Pt =t / ATTEQN (Pr — N) ),
c

2w(s—1)...(s—m)

where C is a curve in C\ R_ around the nonzero spectrum; here we do not need the extra
s

hypothesis § > 7. (Further details on transition formulas are found e.g. in [GS96] or
[GI7].)
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Then one can also deduce from Theorem 2.13 that there is the following pole structure

of the zeta function ((F, Pr,s) = Tr(FP;?) for s € C:

(3.9) T(s)Te(ePp®)~ > ar(p)  Trollo(Pr) Y ak(i) +a2’(99)>7

k k
—n<h<o ST 2 5 k>0 (s 2 stg
(3.10)
s ap(F) Tr FIlo(Pr) a (F ail (F)
P(S)TT<FPT ) ~ Z | k= - < + Z<( _I_kk—m’)z _I_k k—m' >;
—n<k<0 ® 2 k>0 \F 2 s 2

here ay, aj and a} are derived from ay, @} and aj by the same universal formulas as in
Corollary 3.1. In particular, (3.6) holds.

Consider the case where F' is a first-order operator Dy with the structure Dy =
Y(0y, + B1) on X' for some morphism . Here we get the generalized eta-function
Tr<D1 P:FS>, which has the pole structure

CLk(Dl) —TrDlHO(PT)+Z< G;C(Dl) i a%(D1)>

(3.11) T(s) Te(DyPp%) ~ )

k— k— f—
_n§k<08+71 s k>0 (S—I_ Tl)z s+ Tl
With s = Slzi this takes the more customary form
_sln 1 2ak(D1) 2Tr D1H0(PT)
312) Te(DiPp )~ —( -
( ) 1"( 14 ) P(Szi) Z s +k s +1

—n<k<0

4ai(Dy) | 2ai(Dy)

+ + ).
I§)<(Sl+k)2 s'+k )
Note that since T(Slzi)_l is regular at s’ = 0, this function in general has a double pole

at s’ = 0. Moreover, a_,(D1) = 0 since the principal interior symbol is odd in €.

4. The first log-term and nonlocal term.

The hypotheses of Theorem 2.10 are assumed throughout this section.

It is important to investigate whether the first log-term af) in (3.4), resp. a; in (2.43)
vanishes, equivalently (cf. (3.9)) whether the zeta function ((¢, Pr, s) is regular at s = 0.
The values of @} and ajj are of great interest too, and similar questions can be asked with
¢ replaced by F, in particular for (3.12).

In view of (3.6), we can interchange a((F') and af (F) freely with a{(F) resp. aj (F).

The coeflicient af, is known to vanish in the Atiyah-Patodi-Singer case described in
Example 1.2, where II; =1II>, B = A4;(0) and ¢ = I, by a slightly tricky argument ([G92]
proved it using [APS75]; see also [GS96, pf. of Cor. 2.3]). It also vanishes in cases of local
boundary conditions, as mentioned in Remark 2.14.

As indicated in the proof of Theorem 2.13, the first power where log-terms and global
coefficients appear is determined from the possible values of d, the second upper index in
the symbol spaces S™%0 that the normal trace of the singular Green operator belongs to.
Consider first the case where F' = ¢, a morphism in E (taken to be constant in x, on
X.). Then Theorem 2.13 tells us that the index d can be taken equal to —2m. We shall
in the following strive to isolate the part of GU™ that contributes nontrivially to the first
log-term and global term, in a way that gives information on the value.
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Theorem 4.1. Let ¢ be a morphism in E, independent of x, on X, (its restriction
to X' likewise denoted ). Consider xoG™y (cf. Theorem 2.13) as an operator on
X9 = X' x R4. With the notation introduced around (2.32), we have that

X$ Gy = Ryl K™ T+ G1 + G,

(4.1) o
tr, (oG y) = (i, 1),299112% + 81+ Ss,

where Gy 18 a strongly polyhomogeneous singular Green operator of degree —2m — 1, Gy €
OPGSMO272m(Ty . Si4), S1 is a strongly polyhomogeneous do in E' of degree —2m,
and Sy € OP' SHO.=1=2m (),

Proof. By Theorem 2.10 and (2.42), we have that

m am—l . am—l .
Gy = — =i XPEDY0 QR+ X + = XKD [Sov0 + S171]Q+ X

The first term is a G;. For the second term, we first note that, since (1 — y )05 Ky and
05 Ty (1 — x) are smoothing and O(|u|™™) in closed subsectors of ' for all M (cf. e.g. [GO1,
Lemma 7.1]),

O Kp — 95Ky € OPKS*0 27271, S,
(4.2) Ry0Qx — A3A Ty € OPTS*O 72T, Sy,
NR11Q1x — O 2Ty € OPT S 272(1, 84),

in view of the information around (2.32)—(2.34). Thus, using the formulas for Sy, S and
S and replacing Apn by —%,

VG = B o KaS T L [(—20) 32 — LTy + Gy + G5,

(43)
Ko~ 4 L BIL) Ty + Gy + G4

where G} and G are in OPG 8% =272 (T'y S, ). We have furthermore:
(4.4) (=2 + Ty BIy) 'y = —A ', + (—2A + Ty BITy )~ T, B2~ TI,.

Here 8;1_1 of A, is in OP’§%01=2m(T), Since 9y (—2A + IILBIL)™! is in
OP’ §0.0.=1=2r(Ty) T, BII, € OP' S1O9(T) and 95, € OP' SO0=1=2(T), 97~ ! of
the last term is in OP’ $1:%72™(T'y). Thus, if we use Proposition 2.5 to replace 9521,
by O IL,2A~1, we can write

(45) VPG = B KT T + G + G4,

with G like G in the theorem. Note that B has disappeared from the main term!
It will be convenient to do one more commutation, placing II; in front of the Pois-
son operator Ky, which likewise gives an error like Gy. For this we use that e=*»% =

OPK,((& + i£,)™Y) in the complex formulation. Here [(A + i&,) N1 =
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(A + &) I, ANA + i&,) ™1, which by application of OPK,, gives a Poisson operator
in OPKS%972(Ty, S4) (with (m — 1)’st derivative in OPK 8% =2™(Ty, 84 )), so that we

can write

NG\ = A T Kol T + G + G4,

with g£4) like G2. This shows the first formula in (4.1).

By functional calculus as in (2.34), we have that tr,(Ky ()" 'Ty) = %Ql_z. Then
also tr, (eIl Ko (A) "' Toy) = 1ol A2, showing the second formula in (4.1); the symbol
properties follow from (2.29). (Placing the ¢ do ¢II; in front of the singular Green operator
Ko () ' Ty, and taking it outside tr,, is justified by the point of view where OPG =
OPG,OP'.) O

The last commutation in the proof is not needed when ¢ = I, for then we can instead

use circular permutation in the treatment of ( 1),ng[H291 1Ty

(46) TI'XO ( I&Q[HQQ[ TQ[) TI'X/( HQQL TQ[IXQ[) TI'X/( HQQL ),

(m—1)! (m—1)! (m—1)!

since Ty Ko = (221)71
Observe that

m 1

am—l —
(4.7) Pl 2y 22 = Tl 2y (P = )7

it lies in OP' S%9=2™(T"). Let us list the three trace expansions connected with this
operator family (which follow from [GS95, Th. 2.7]):

am—l _ . —E—m
T (el 2o (P =)~ Y ae) (=N
k>n—1

+ Z &) log(=A) + () (=117,

>0
(48)  Trx(delbe ™)~ 3 (o)t + 3 (—ehile) logt + ci()),
E>1—n >0
Tr[ 5T (P')] chle) | enly)
() Tr o (L oIl (P) ) ~ cely)  Trlg 2o 2L,
(s) rx(299 2(P)77) k;ns_l_g S ;<(8—I—l)2 S—I—l>

again with co(p) = &(), cg(#) = é5(p)-
Theorem 4.2. Let ¢ be as in Theorem 4.1. In a comparison of (2.43) with the trace

expansion of %@Hz%(Pl — N7 in (4.8), we have that
(4.9)

where the local contributions are defined from P (at X'), ¢ and the strictly homogeneous
terms in the symbol of 11y of orders {0,—1,...,1—n}.
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In particular, al(@) equals the residue cj(¢) at 0 of the zeta function C( elly, P’ s) =

TrX/(%c,oHQ(P’)_S), also identifiable with the non-commutative residue of 2<,QH2 times %

(4.10) ao(w) = ag(p) = c(p) = Resemo Tr(50MM2(P') ™) = §res(¢Ily).

Moreover, when 6 > %, ah (@) in (3.4) equals the coefficient ci(p) of logt in the trace
eTpansion of Splle™ in (4.8).

Proof. As noted in Theorem 2.13, the part p(Q™ )+ of @ R} contributes only a local power
expansion, and ©G(™) contributes the same expansion as ypG™ y, so it suffices to study
Try: tro(xeGU™ y), where we can use (4.1). Here the strongly polyhomogeneous part S;
gives an expansion with purely local power terms (as in (2.47) with & > 1 —n and m’ = 0),
and the term Sy with symbol in S10=1=2m(Tp) ¢ §72m09(Tp) N SL=1=2m0(Ty) gives
an expansion as in (2.46) with My = n — 2m and M; = —1 — 2m. So the non-local and
log-contributions from S; + Sz begin with a term (¢'log(—\) + c”)(—/\)_%_m, implying
(4.9).

The identification of ¢(¢) with % times the noncommutative residue res(3 Il;) refers to
the work of Wodzicski [W84], [W84'], where it was shown that for a classical integer-order
ypdo C' in E’', the following formula:

(4.11) res(C) = ord Q Resg—o Tr(CQ™° ////| 1 (trg (', €))1—n do(&')

can be given a sense (the trace Tr is defined as a meromorphic extension from large Re s
to s € C, () is an auxiliary invertible elliptic »do of positive order, trg: is the fiber trace,
and subscript 1 — n indicates the term of degree 1 —n = —dim X' in the symbol); the
functional res vanishes on commutators.

If P’ is invertible, the last equality sign in (4.10) follows directly by taking @@ = P’. If
P’ is not invertible but has a (necessarily finite dimensional) nullspace V5 (P'), we use that
(P')~* is defined to be 0 on that nullspace, and that a replacement of P’ by the invertible
operator

(4.12) Q = P'+TIo(P')

in (4.8) leaves the coefficient ¢{(¢) invariant (whereas ¢ (¢) is changed). O

These formulas have consequences for the original Atiyah-Patodi-Singer problem, that
we take up in Section 5. Let us also observe:

Theorem 4.3. Let Dy be a first-order differential operator on X, of the form Dy =
Y(0y, + B1) on X., where By is tangential and ¢ is a morphism independent of x,. Then

XDIG™My = — T, %Kﬂm + 31+ G,

(4.13)
tr, (xD1GU™y) = ¢H2( 1),Ql + 81+ 8,

where G1 1s a strongly polyhomogeneous singular Green operator of degree —2m, G €
OPGSMO—1=2m(Ty S, 1), S is a strongly polyhomogeneous Ydo in E' of degree —2m + 1
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and Sy € OP' S1O=2m™(Ty). Here ——¢H2(m 1),Ql b= ¢H2(m 1),(P’ — /\)_% has a

trace erpansion:

(4.14)

1—k

+§j@ )log(—=\) +d{(¥)) (=)= ™,

where the J;C and ci% are zero for k odd. Hence in a comparison of (2.35) for F = Dy with
(4.13), we have that

(4.15) ag(Dy) = do (1),
' ag (Dy) ~6’(;/)) + local contributions,

where the local contributions are defined from P and Dy (at X'), o and the strictly homo-
geneous terms in the symbol of Iy of orders {O L 1—n}.
(The same formulas hold for al(Dy) resp. a (Dl) )

The coefficient c%(;/)) is proportional to the noncommutative residue of VIl :

(4.16) dy(v) = ares(¢Tly),
for some nonzero constant o depending only on m and the dimension.

Proof. (4.13) follows from (4.1), when we use that the tangential operator By lifts the first
upper index in our symbol classes by 1, 8,, e %% = —Ae~*»* and [Dy, y] is supported
away from x, = 0. Now (4.14) holds by application of [GS95, Th. 2.1] (with p? = —\
as usual); the more precise information that the log-terms and nonlocal terms only occur
for even k — which is not needed for our main purposes here — follows from [GH02] (or
from an analysis as in [G02, Th. 5.2]). Since S| produces only local power terms, and the
logarithmic and global terms for &) begin with the power —m, the result (4.15) on the
zero’th coefficients follows.

For (4.16) one applies an analysis as in [G02, proof of Th. 5.2] to (4.14). We have that

(417) BEL(P = A)F = (P = A) BT = (20T (oP 4 1)E T, g = AT
Now
(4.18) YTl (eP' +1)727™ ~ Y (T2 gl (P

similarly to [G02, (5.6)], and the subsequent analysis there gives that the first log-term
comes from the term with 5 = 0 and equals

(.19 [ I € do(e) = res(ely)

with nonzero universal constants ¢ and ¢/. 0

The result has an interest for the analysis of the eta function associated with the APS-
problem, which we take up in Section 5.
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Remark 4.4. Let us comment on what is meant by “local contributions” in (4.9) and
(4.15). It is taken in a rather strict sense, based on the derivation of asymptotic formulas
in [GS95, Th. 2.1] (also recalled in [G02, Th. 2.10]). The local contributions at a certain
index k come from the homogeneous symbol terms with the degree that matches the index.

Since R = Q1 + ©G™ is of order —2m, local contributions at k = 0 (in (4.9))
come from terms of homogeneity degree —2m — n in (§, ) in the symbol of Q™ and
terms of homogeneity degree —2m —n + 1 in (¢/, 1) in the symbol of tr, ¢G(™), in local
trivializations.

Since D1 R = D1QT + Dy G™) is of order —2m + 1, local contributions at & = 0 (in
(4.15)) come from terms of homogeneity degree —2m + 1 — n in (&, ) in the symbol of
D1 Q™ and terms of homogeneity degree —2m—n+2in (&', ;1) in the symbol of tr,, D G(™),
in local trivializations.

These contributions can be traced back to the symbols of ¢ and P, resp. ¢, P and D,
at ¥, = 0, and the x,-derivatives up to order n at x,, = 0 of the symbol of P (resp. P and
Dy), together with the first n homogeneous terms (down to order 1 — n) in the symbol of

H2 (OI‘ Hl)

In many cases one can show that the first log-coefficient vanishes and get some infor-
mation on the nonlocal content of the coefficient behind it.
We first observe:

Theorem 4.5. We always have that a{(I) = 0. Moreover, aj(¢) =0 if ¢y is a projec-
tion, and al(D1) = 0 of Y1l 1s a projection.

Proof. This follows from the fact, observed already by Wodzicki in [W84], [W84'], that
when II is a t»do projection, then res(II) = 0. The three statements in the theorem follow
by applying this to the formulas shown above:

ap(I) = co(I) = 1 res(Ily),
(4.20) ag() = co(p) = res(pllyz),
ap(Dy) = do(v) = ares(¢Ily);

they give 0 when the operator to which res is applied is a projection. [

Other systematic results can be obtained when II; is a spectral projection or a suitable
perturbation of such an operator.

Definition 4.6. A pseudodifferential orthogonal projection I in Lo (E') will be said to be
a spectral projection associated with C', when C is a selfadjoint first-order elliptic classical

Ydo in E' and Il satisfies
(4.21) I =1(C) + Iy,

where 115 (C) is the orthogonal projection onto the positive eigenpace of C and My, s

the orthogonal projection onto a subspace Vy of Vo(C) (the nullspace of C'). We denote
W(C)e Vg =V

It is shown below in Proposition 4.8 that for any orthogonal ¥»do projection II there
exists an invertible C' such that II = II (C).
A particular result is the following:
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Theorem 4.7. Let
(4.22) II, =II.(C) + S,

where C 1s a selfadjoint elliptic differential operator of order 1 and S 1s a ¥do of order
< —n. If n is odd, then res(¢lly) and res(yIly) are zero and hence af(y) and ay(Dy) in
(4.9), (4.15) are zero.

Proof. We have that @Il = plI<(C) — ¢S, where

(4.23) M<(C) = 1557 +T06(C) = $(I = &7 +To(C)), with €' = C +TI(C).
Here %c,o, ¢llp and ¢S have residue 0, since they have no 1 — n-degree term in the symbol.
The symbol of % has even-odd parity (the terms of even degree of homogeneity order

are odd in ¢ and vice versa; more on such symbols e.g. in [G02, Sect. 5]), and so does
the symbol composed with ¢. Thus, when the interior dimension n is odd, the term of
order 1 — n in the symbol is odd in &', so the integration with respect to ¢’ in (4.11) gives
zero. [

Before considering the more delicate results on the term aff, we include some words
about »do projections.

Proposition 4.8.

(i) When II is a y»do projection in La2(E'), then

(4.24) Mope = O [IT* + (1 — I1*)(I — 1))~

18 an orthogonal Ydo projection with the same range. Moreover,

(4.25) R=T11+ (I —Iow)(I —1I)

is an invertible elliptic zero-order do (with inverse oy + (I — I1)(1 — Iop)) such that
(4.26) M, = RIIR.

(i1) Let II be an orthogonal Y do projection in Lo(E'). There exists a selfadjoint invertible

elliptic vdo C of order 1 in E' such that I1 = II(C).

Proof. (i). The formula (4.24) is known from Birman and Solomyak [BS82], details of
verification can also be found in Booss-Bavnbek and Wojciechowski [BW93, Lemma 12.8].
The statements on R are easily checked.

(ii). If the principal symbol 7¥ equals the identity or 0, we are in a trivial case, so let
us assume that 70 # I and 0; then II and I+ both have infinite dimensional range. Let
C1 be a selfadjoint positive first-order elliptic ¢’do with scalar principal symbol ¢{(z’,¢’)
(e.g. = |¢']). Let

¢’ =101 -10+¢ I+

C' is a ydo of order 1 with principal symbol

0 = w07 — (I — 79I — =%) = (27° — I)eY,
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which is invertible since 27% — I and ¢} are so. Clearly, C’ is selfadjoint, and IIC4II > 0,
I+ C I+ > 0 in view of the positivity of C;. Moreover, II commutes with C’.

Since C' is selfadjoint elliptic, it has a spectral decomposition in smooth orthogonal
finite dimensional eigenspaces Vj with mutually distinct eigenvalues i, k € Z, such that
A < 0for k<0, A\y >0for k>0, \g =0 (Vyp may be 0). The positive resp. negative
eigenspace of C"is Vs = G0V resp. Ve = Br<oVi. The eigenspaces are invariant under
IT: For uy € Vg,

C'Muy = IIC uy, = TN pup = M\ Ilug;

hence ITuy, € Vi. Now if uy € Vi \ {0} with k& < 0, then ITug must be zero, for otherwise
(C'Tug, TMug) = A\ || TTug|® < 0,
in contrast with
(C'Muy, Huy,) = (IIC Mug, Muy ) = (CyHuy, Tuy) > cf[Tug)|® > 0;

here ¢ > 0 is the lower bound of C;. Thus Vo C R(IT1). Similarly, Vs C R(II).
Finally, let IIp+ be the orthogonal projection onto IIVy, let IIp— be the orthogonal
projection onto o+v, (note that Vo = IV, & IV, since IV, C Vo), and set

C:C/—|-H0_|_ —HO_;

it is injective. Then V5 (C) = V5~ (C') & IV C R(I1) and V. (C) = V. (C") ¢ T+, C
R(IT4), so since they are complementing subspaces, they equal R(IT) resp. R(II1), and C'
is as asserted. [

Parts of the above proof details are given in Briining and Lesch [BL99, Lemma 2.6].
They can be used to show the fact that res(II) = 0 for any ¢do projection, that we used
above in Theorem 4.5. In fact, with the notation of the proposition, we have since res
vanishes on commutators,

(4.27)  res(Il) = res(R_lﬂortR) = res(Iloyy) = res(Ils (C)) = %res([ + C’|C’|_1)
= 11es(C|C|7") = L Res,—o Tr(C|C|7°7") = L Resy—on(C,s) = 0,

-2

where the last equality follows from the vanishing of the eta residue of C' shown by Atiyah,
Patodi and Singer [APS76] (odd dimensions) and Gilkey [Gi81]. (The relation between the
vanishing of the noncommutative residue on projections, and the vanishing of eta residues,
enters also in [W84].)

Theorem 4.9. Let II; be an orthogonal pseudodifferential projection, and let C' be a first-
order selfadjoint elliptic pdo such that Iy =115 (C) + Ilyy as in Definition 4.6. Then
(4.28) My (P — \)™™ — o (C* — \)™™ € OP' §20—2m=2(),

The power function %Hg(Cz)_s corresponding to %Hg(Cz —A)7™ (cf. (3.8)) satisfies

%HQ(CZ)_S —

(C*)~* —clo]=*7),
Tr[iI,(C*)~°] = 2

(4.29)
C(C 73) - in(cv 23)'

1
4
1
4
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In particular, in (4.8),
(4.30) cg(I) = —1(n(C,0) +dimVy — dim V') 4+ local contributions.

It follows that when 11y is the projection entering in the construction in Theorems 2.10
and 2.13, then

(4.31) ag(I) = —i(n(C,O) + dim Vy — dim V') 4+ local contributions.

Proof. Tt follows from [GS95] (adapted to the present notation) that (C? — \)=™
€ OP’ §9.9=2m(T") and that

(4.32) Ma(P' — N~ =T (C* = \)~™
am—l

=TI, 2= [(P' = N)7HC? = P))(C? = \)7'] € OP' §202m=2(T),

—m

so this difference contributes no log-terms or nonlocal terms at the powers (—\) and

(—/\)_m_%. (This reflects the fact that in the residue construction, one can replace the
auxiliary operator P’ by C%.) Now in (4.29), the first line follows from (4.23) when we
recall that the powers are defined to be zero on V5(C); the second line follows by taking
the trace. Then since Tr[II,I1y(C)] = 3 dimVy" and ((C?,0) = —dim Vy(C)+ a local
coefficient, we have at s = 0:
co(I) — 3 dim Vg' = Te[3T0>(C%) "Js=0 = $((C*,0) — $0(C.0))
= —1dim Vo (C) — 0

which implies (4.30) since —1 dimV5(C) + 3 dimVy" = —1(dimVy — dim Vy’). Finally,
(4.31) follows in view of (4.9). O

We can give a name to the “nonlocal part of af(I)” appearing in this way:

Definition 4.10. In the situation of Definition 4.6, we define the associated eta-invariant
ne,vy by:

(4.33) ne,ve =n(C,0) + dim Vy — dim V.

Note in particular that

(4.34) novy =
(4.35) 7707\/6

(C,0)+ dim Vp(C), if Iy =I5 (C),

n
n(C,0), if dimVy = %dimVo(C').

Note also that since ((Pr,0) = afj (I)— dim Vi (Pr), we have in the situation of Theorem
4.9 that

(4.36) ¢((Pr,0) = —inqvé — dim Vo(Pr) + local contributions.

Under special circumstances, we can show that ¢j and dfj are purely local:
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Theorem 4.11. Let I1; be an orthogonal pseudodifferential projection (so that Il = I13-),
and assume that there exists a unitary morphism o such that

(4.37) o*=—I, oP'=Po 1 =—0lo.
Then
oyt _ _
(4.35) To (3T gy (P = A7) = T (G (P = 07,
° m—l 1 am—l 1
—TI'X/(—O'HQW(PI — /\) 2) = —i TI'X/(O'W(PI — /\) 2).

Thus in (4.8), ¢§(I) (= ¢{(I)) is locally determined (from the symbol of P'), and in (4.14)
with Y = o,
(4.39) c%(a) =0, c%’(a) 18 locally determaned

(from the symbol of P’ and o).

It follows that in the situation of Theorems 4.2 and 4.3 with Dy = 0(0y, + B1),

i (Dy) = al(Dy) = 0
(440 iy P |
ao (1), a0 (1) and ag(D1) are locally determined

(depending only on finitely many homogeneous terms in the symbols of P and T, resp. P,
T and Dy ).
Proof. Introduce the shorter notation

m—1
aA
(m—1)!

o=
(m DE

Ry = (P'=A\)7Y, Rps = 2 (P'— \)"%:

note that o R, ; = Ry, ;0 by (4.37). Then we have for the traces on X', using moreover
that the trace is invariant under circular permutation:
(441) Tr(IlaRpmy) = — Te(olyo Ry 1) = — Tr(Ily Ry 1 0?)
=Tr((1 —II3)Rm 1) = Tr(Rm,1) — Tr(Il Ry 1)-
It follows that
(4.42) Tr(Mg Ry 1) = 2 Tr(Rp 1)

2 ’

Similarly,
(4.43) Tr(ollaRpm2) = — Tr(azﬂlang) = Tr(Ilyo R 2)
=Tr((1 —II3)o Ry 2) = Tr(0 Ry 2) — Tr(olla Ry, 2),
implying
(4.44) Tr(oll; R 2) = %Tr(ang).

This shows (4.38). It is classically known that Tr(R 1) has an expansion in powers
with local coefficients; this shows the assertion on ¢j(I) = ¢{j(I). For i = 2, Tr(c Ry, 2)
has an expansion in powers of (—\) with only local coefficients, since oR,, 2 is strongly
polyhomogeneous, cf. [GS95] or [G02, Th. 2.10]. This implies the assertions on d(o) and
J//( )

The last assertion now follows from (4.9) and (4.15). O

/

The proof also shows that é,(I) = ay(I) = 0, but we know that already from Theorem
4.5.
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5. Consequences for the APS problem.

The preceding results have interesting new consequences for the realizations of first-
order operators in Example 1.2, which we now consider in detail. Let D satisfy (1.6) and
let II be a well-posed orthogonal »do projection for D. Then in view of Green’s formula:

(5.1) (Du,v)x — (u,D*v)x = —(oyou,vov)x+, for u € C(Ey),v € C(Ey),

the adjoint (Dr)* is the realization of D* (of the form (—0,, + A+ @, A21 + Azo)o* on X,)
defined by the boundary condition ITto*yyv = 0 (associated with the well-posed projection
' = gll+o* for D*). It follows that D*D is of the form (1.1) with P’ = A2 and that
Dy * Dy is the realization of D*D defined by the boundary condition

(5.2) Mvou = 0, HJ‘(’ylu + A1(0)you) = 0.

Thus Dp*Dy is of the type Pr considered in Sections 1-4, with P = D*D, P’ = A?,
II; =1II and B = A;(0). Note that the symbol considered in Assumption 2.7 is here

(5.3) () + )% — (I = w")a®(I — =),

When the principal symbols of IT and A? commute, Assumption 2.7 is essentially equiv-
alent with well-posedness. More precisely, we have:

Lemma 5.1. Let II be an orthogonal 1 do projection in Ly(E7) and let Pr be the realization
of D*D wunder the boundary condition (5.2), and assume that the principal symbols of 11
and A? commute.

1° When II is well-posed for D, then Assumption 2.7 holds for {P,T} with 6 = T.

2° If Assumption 2.7 holds for {P,T} with some 6 > 0 and 7°(2',£') has rank N/2,
then II 1s well-posed for D.

Proof. 1°. Fix a', |¢'| > 1, and consider the model realization d2, (defined for the ordinary
differential operator d® = o(2')(9,, +a°(z',£')) in Ly(R4, CY) by the boundary condition
7 (z',&)u(0) = 0), and the model realization pY (defined similarly from principal sym-
bols). The well-posedness assures that d2, is injective, hence p% = (d2)*d%, is selfadjoint
positive, as an unbounded operator in Ly(R4, CY). Tt follows that Pl — A is bijective from
its domain to Ly(R4,CY), for all A € C\ Ry. Using that 7° commutes with (a®)?, we
can carry out the calculations in the proof of Lemma 2.6 for the model problem (without
commutation error terms), which allows us to conclude that the equation in CV:

(5.4) [((a®)2 = \)% — (I = 7°)a"(I — 7°)]¢ = 4,

is uniquely solvable for v € R(I — ). Moreover, the calculations in Remark 2.9 on the
model level extend the solvability of (5.4) to all 1> € CV. The invertibility property extends
readily to the strictly homogeneous symbols for £’ # 0, it is obvious for £’ = 0 with A # 0.

2°. Assumption 2.7 gives for p = 0, |[£'] > 1, that pd = (d%)*d2, is bijective. This
implies injectiveness of d2, i.e., injective ellipticity of {d°,7%yp}. Then well-posedness
holds exactly when 7% has rank N/2. (One may consult [G99, p. 55].)
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Example 5.2. When II is taken as IIs + & with S of order —1 (cf. Example 1.2), 7°
commutes with a° itself, and we see directly that Assumption 2.7 holds simply because
—(I — 7")a®(I — =) > 0. — For the projections II(#) = P(6) introduced by Briining and
Lesch in [BL99], Assumption 2.7 is also directly verifiable, since the conditions of [BL99]
assure that —(I — 7")a®(I — 7") — ¢|a®| > 0 for some ¢ > —1. Here II(#) commutes with
A?. Again, perturbations of order —1 are allowed.

Thus the results of Section 2-4 apply to Dy;* Dy with I'y = T'. So there are expansions

(2.43), (3.4) and (3.9) for
Te(p(Dn* D = A)™™),  Tr(pe™ PP,
and T'(s) Tr(p(Dn” D)) = I(s)C(¢, Du™ D, s),
and, with the choice F' = pD (¢ a morphism from E; to Ej), there are expansions as in
(2.35), (3.5) and (3.11)—(3.12) for
Tr(oD(Dn*Dp — A\)™™),  Tr(eDe P Py T(s) Tr(oD(Dn* D)),
s+1

and T(2£2) Te(eD(Dn* D)~ ) = T2 )n(e, Dur, ).

Such expansions were shown in [G99] by a different procedure where D was regarded as
part of a first-order system of the double size.

We get new results by drawing some consequences for the coefficients at £ = 0 from
Section 4.

Before doing this, let us also briefly look at Dy Dy *. It is easily checked that c*DD*co
is of the form (1.1), and that ¢* Dy Dp*o is the realization of it with boundary condition

(5.5) T+ ~ou = 0, O(yiu — (A + A20(0))v0u) = 0.

In the consideration of trace formulas for Dy D™, a composition to the left with ¢ and to
the right with o* leaves the formulas corresponding to (2.43), (3.4) and (3.9) unchanged
if p=1.

Theorems 4.5 and 4.7 imply immediately:
Corollary 5.3. Let Pr = D{;Dn, where D 1s as in Evample 1.2, II 1s well-posed for D,

and the principal symbols of II and A? commute.
(1) For the expansions (2.43), (3.4), (3.9), related to the zeta function,

(5.6) ag(I) =ay(I) =0.
Moreover,
(5.7) ay() = ap(p) = jres(Il™);

it 18 zero in the following cases (a) and (b):

(a) @I+ is a projection,
(b) n is odd and I+ =< (C)+ S for some first-order selfadjoint elliptic differential
operator C of order 1, § of order —n.
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(ii) For the expansions (2.35), (3.5), (3.11)—(3.12) with F = oD, related to the eta function,
(5.8) ab(oD) = ah(oD) = ares(oollt);

it is zero if oollt is a projection, or if (b) holds.

Note that (5.6) means that the zeta function of Djj Dy is regular at zero. Since the
hypotheses assuring this (once D is taken of the form (1.6)), are entirely concerned with
principal symbols, we have in particular: The regularity of the zeta function at s = 0 s
preserved under perturbations of 11 of order —1. When [7°, (a")?] = 0, this is a far better
result than that of [GO1'], where it was shown for perturbations of order —n.

We also have from Theorem 4.9 and the following considerations:

Corollary 5.4. Assumptions as in Corollary 5.3. Let II be a spectral projection as in
Definition 4.6, with the notation introduced there and in Definition 4.10. Then wn the
expansions (2.43), (3.4), (3.9),

(5.9) aj(I) = —inc,vg + local contributions,
(5.10) ¢((DfiDn,0) = —inc,vg — dim Vo(Dn) + local contributions.

There is a similar result for Dy Djj; here II is replaced by I+ = I (- C') + My in view
of the remarks above on D D{j. So in this case, Theorem 4.9 gives:

(5.11) ag (I)(DnDfy) = —1(—n(C,0) + dim Vy' — dim Vy) 4 local contributions

= inqvé + local contributions,
Observe moreover that since
(5.12) index Dy = Tre~PubPu _ oy =tPuln — (/(1)(Df D) — o (I)(Dy Dyy),

we find:
Corollary 5.5. In the situation of Corollary 5.4,

(5.13) index Dpp = —%7707‘/6 + local contributions.

For the case where II = II-(A) (cf. (4.34)), (5.13) is known from [APS75], and (5.9)
is known from [G92]; for II = TI(A) + Iy, in the product case, cf. [GS96, Cor. 3.7].
We believe that it is an interesting new result that for rather general projections, the
non-locality depends only on the projection, not the interior operator, in this sense.

Now we turn to cases with selfadjointness properties. We are here both interested in
truly selfadjoint product cases and in nonproduct cases where D is principally selfadjoint
at X'. Along with D we consider the operator of product type Dg defined by

(5.14) Dy = 0(0,, + A) on X, so that D = Do + o(x,A11 + A10).
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In addition to the requirements that o be unitary and A be selfadjoint, we now assume
that Ey = F, and that Dy is formally selfadjoint on X, when this is provided with the
“product” volume element v(z’,0)dz'dx,; this means that

(5.15) o’ =—I, oA=—Ao.

Dg can always be extended to an elliptic operator on X (e.g. by use of D); let us denote
the extension Dy also. If the extension is selfadjoint, we call this a selfadjoint product case.

When II is an orthogonal projection in L2 (E{) = Ly(ES), it is well-posed for D if and
only if it is so for Dy. For Dy in selfadjoint product cases, some choices of II will lead to
selfadjoint realizations Dp 1, namely (in view of (5.1)) those for which

(5.16) = —ollto.

The properties (5.15) and (5.16) imply (4.37) with P’ = A%, TI; = II, so we can apply
Theorem 4.11 to D{; Dy (and D37H).

As pointed out in the appendix A.1 of Douglas and Wojciechowski [DW91], it follows
from Ch. 17 (by Palais and Seeley) of Palais [P65] that when (5.15) holds and n is odd,
there exists a subspace L of V5(A) such that oL L L and Vo(A) = L @ oL. Miiller showed
in [M94] (cf. (1.5)ff. and Prop. 4.26 there) that such L can be found in any dimension.
Denoting the orthogonal projection onto L by I, we have that

(5.17) I, =M (A) + 10,

satisfies (5.16). The projections II(#) introduced by Briining and Lesch [BL99] likewise
satisfy (5.16).

We here conclude from Theorem 4.11:

Corollary 5.6. In addition to the assumptions of Corollary 5.3, assume that By = Ej
and that (5.15), (5.16) hold. Then in (2.43), (3.4), (3.9) for Pr = D}{Dn, a{(I) (= a{(I))
is locally determined. Equivalently, the value of ((DfjDm,s) at zero satisfies:

(5.18) ((DfiDn,0) = —dim Vo(Dn) + local contributions.

We use this to show for the zeta function:
Theorem 5.7. In addition to the hypotheses of Corollary 5.6, assume that
(5.19) I=1+S§,

where 11 is a fized well-posed projection satisfying (5.16) and S is of order < —n. (II can
in particular be taken as Iy in (5.17) or I1(6) from [BL99].)
Then the al-terms (and afj-terms) in (2.43), (3.4), (3.9) for D and Dy are the same,

(5.20) ag (1)(Dfy D) = ag(1)(Di Drp),

(5.21) ((D}; D1, 0) + dim Vo (D) = ((D%Drr, 0) + dim Vo(Dyp),
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and n particular,

(5.22) ((DjDr,0) = ((D=Dyp,0)  (modZ).

Proof. We shall combine the fact that a{j(I) is locally determined with order considerations.

Let
(5.23) R% = (Dl’f[—Dﬁ— A~ RT =(DpDp—\)™™.

Note that they have the same pseudodifferential part (D*D — A)™, so their difference
Rz — RY is a singular Green operator. It is shown in [GO1’, proof of Th. 1] that when S
is of order —n, the ¢¥>do trn(R% — R?') on X' has symbol in S~~~ M0N0 G =2m0 The
total order is —n — 2m, so the highest degree of the homogeneous terms in the symbol is
—n —2m. As noted in Remark 4.4, the local contribution to the terms with index k& = 0 in
the trace expansion of this difference comes from homogeneous terms of degree 1 —n —2m
(recall that dim X' = n — 1), so since the terms consist purely of local contributions, they
must vanish. This shows (5.20), and the other consequences are immediate. O

In alanguage frequently used in this connection, the statement means that ((D{; D, 0)+
dim Vo(Drp) s constant on the Grassmannian of do projections satisfying (5.16) and
differing from II by a term of order < — dim X.

When D equals Dy in a selfadjoint product case, Wojciechowski shows a result like
this in [W99, Sect. 3] for perturbations of Il of order —oo, assuming that Doy, and
Do n are invertible. The non-invertible case is treated by Y. Lee in the appendix of

[PWO02]; he shows moreover that C(DS,HJ,aO) + dim Vo (Do, ) = 0, so we conclude that
C(Dg,nao) + dim Vo (Do) = 0 when II =114 + S.

We can also discuss the eta function n(Dy,s) = Tr(D(Df DH)_%), extended mero-
morphically as in (3.12). First we conclude from Theorem 4.11:

Corollary 5.8. Assumptions of Corollary 5.6. In (2.35), (3.5), (3.11)—(3.12) for Pr =
Dy Dn, Dy = D, one has that a\(D) = ay(D) = 0, and aj(D) (= ai(D)) s locally
determined.

In other words, the double pole of n(Dm,s) at 0 vanishes and the residue at 0 us locally
determined.

(It may be observed that when (5.15) holds, the entries in the second line of (4.38)
vanish identically, since TrX/(Uagn_l(P’ — /\)_%) =0.)

It is remarkable here that the hypotheses, besides (5.15)—(5.16), only contain require-
ments on principal symbols (the well-posedness of II for D and the commutativity of the
principal symbols of II and A?). So the result implies in particular that the vanishing
of the double pole of the eta function is invariant under perturbations of II of order —1
(respecting (5.16)). Earlier results have dealt with perturbations of order —oo [W99] or
order —n [GO1'].

Now consider the simple pole of n(D,s) at 0. Here we can generalize the result of
Wojciechowski [W99] on the regularity of the eta function after a perturbation of order
—00, to perturbations of order —n of general II:
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Theorem 5.9. Assumptions of Theorem 5.7.
In (2.35), (3.5), (3.11)—(3.12) with Dy = D, the aj-terms (and af-terms) for D=Dg
and Dj; Dn are the same:

(5.24) ag (D)(Dpy Du) = g (D)( Dy Dyy);

in other words, Ress—o (D, s) = Ress—o n( D1, 5).

In particular, if &6’(D)(D*ﬁDﬁ) = 0 (this holds for II4 and for certain I1(0) if D equals
Dy in a selfadjoint product case), then af(D)(Df;Dn) =0, i.e., the eta function n(Dm, s)
18 reqular at 0.

Proof. As in the proof of Theorem 5.7, we combine the fact that aj (D) is locally determined
with order considerations. Consider DRz and DRI}, cf. (5.23). Since they have the same
pseudodifferential part D(D*D — A\)™, their difference DRZ — DRY is a singular Green
operator. It is shown in [GO01’, proof of Th. 1] that when S is of order —n, the ¥do
trn(DR% — DR%') on X' has symbol in §—m~m1=m0 n g=n1=2m0  The total order is
1 —n — 2m, so the highest degree of the homogeneous terms in the symbol is 1 —n — 2m.
Now the local contribution to the terms with index & = 0 in the trace expansion of this
difference comes from homogeneous terms of degree 2 —n — 2m (cf. Remark 4.4), so since

the terms contain only local contributions, they must vanish. This shows (5.24).
In particular, ai(D)(D{;Dn) vanishes if EL()’(D)(D*ﬁDﬁ) does so; then the eta function

for Dy is regular at 0. The eta regularity for the case II = IIy, D equal to Dy and
selfadjoint on X with product volume element on X., was shown in [DW91] under the
assumptions n odd and D compatible; this was extended to general n and not necessarily

compatible D in Miiller [M94]. It was shown for certain II(6) in [BL99, Th. 3.12]. O

In a frequently used terminology, the theorem shows that the residue of the eta function
is constant on the Grassmannian of 1»do projections satisfying (5.16) and differing from II
by a term of order < —dim X. We do not expect that the order can be lifted further in
general.

The result on the regularity of the eta function at s = 0 for (—n)-order perturbations
of the product case with II = II; has been obtained independently by Yue Lei [L02] at
the same time as our result, by another analysis based on heat operator formulas.

The above results on the vanishing of the eta residue are concerned with situations
where D equals Dy in a selfadjoint product case. However, the fact from Corollary 5.8 that
Res;=o (D, s) is locally determined also in suitable non-product cases, should facilitate
the calculation of the residue then. For example, if D = Dy + :L'Z"'lAgl on X, with a first-
order tangential differential operator Ay, and the volume element satisfies 8&7;711)(:1;’, 0)=0
for 1 < j < n, then by [G02, proof of Th. 3.11], the local terms with index k& < 0 in the
difference between the resolvent powers are determined entirely from the interior operators
D and Dg. Then when n is even, the contributions to & = 0 vanish simply because of odd
parity in &; this gives examples where the eta function is regular at 0 in a non-product
situation.

REFERENCES

[APS75] M. F. Atiyah, V. K. Patodi and 1. M. Singer, Spectral asymmetry and Riemannian geometry, I,
Math. Proc. Camb. Phil. Soc. 77 (1975), 43-69.



[APST76]
[A02]
[AE99]

[BFS99]

[BS82]
[BW93]
[BM71]
[BL99]

[DF94]
[DW91]

[EE91]
[EGHS0]
[FOWST]
[F02]

[Gis1]
[GGIS]

[GiS83]
[Gre71]
[G74]
[G92]
[G96]
[G97]
[G99]
[GO1]
[GO1']
[G02]
[GHO2]

[GS95]

SPECTRAL BOUNDARY CONDITIONS 37

, Spectral asymmetry and Riemannian geometry, I1I, Math. Proc. Camb. Phil. Soc. 79
(1976), 71-99.

G. Avramidi, Heat kernel approach in quantum field theory, Nuclear Physics B (Proc. Suppl.)
104 (2002), 3-32.

G. Avramidi and G. Esposito, Gauge theories on manifolds with boundary, Comm. Math. Phys.
200 (1999), 495-543.

C. G. Beneventano, M. De Francia and E. M. Santangelo, Dirac fields in the background of a
magnetic fluz string and spectral boundary conditions, Int. J. Mod. Phys. A 14 (1999), 4749-
4762, arXiV:.

M. S. Birman and M. S. Solomyak, On subspaces which admit pseudodifferential projections,
Vestn. Leningr. U. Mat. Mekh. Astr. 82,1 (1982), 18-25, in Russian.

B. Booss-Bavnbek and K. Wojciechowski, Elliptic boundary problems for Dirac operators, Birk-
hauser, Boston, 1993.

L. Boutet de Monvel, Boundary problems for pseudo-differential operators, Acta Math. 126
(1971), 11-51.

J. Bruning and M. Lesch, On the eta-invariant of certain non-local boundary value problems,
Duke Math. J. 96 (1999), 425-468.

X. Dai and D. Freed, n-invariants and determinant lines, J. Math. Phys. 35 (1994), 5155-5194.
R. G. Douglas and K. P. Wojciechowski, Adiabatic limits of the n-invariant, the odd-dimensional
Atiyah-Patodi-Singer problem, Comm. Math. Phys. 142 (1991), 139-168.

P. D. D’Eath and G. Esposito, Spectral boundary conditions in one loop quantum cosmology,
Phys. Rev. D 44 (1991), 1713-1721, arXivr-qc/9507008.

T. Eguchi, P. B. Gilkey and A. J. Hanson, Gravitation, gauge theories and differential geometry,
Physics Reports (Review Section of Physics Letters) 66 (1980), 213-393.

P. Forgacs, L. O’Raifeartaigh and A. Wipf, Scattering theory, U(1) anomaloy and index theorems
for compact and noncompact manifolds, Nucl. Phys. B 293 (1987), 559-592.

D. V. Fursaev, Statistical mechanics, gravity, and Euclidean theory, Nuclear Physics B (Proc.
Suppl.) 104 (2002), 33-62.

P. B. Gilkey, The residue of the global eta function at the origin, Adv. Math. 40 (1981), 290-307.
P. B. Gilkey and G. Grubb, Logarithmic terms in asymptotic expansions of heat operator traces,
Comm. Part. Diff. Eq. 23 (1998), 777-792.

P. B. Gilkey and L. Smith, The eta invariant for a class of elliptic boundary value problems,
Comm. Pure Appl. Math. 36 (1983), 85-131.

P. Greiner, An asymptotic expansion for the heat equation, Arch. Rational Mech. Anal. 41
(1971), 163-218.

G. Grubb, Properties of normal boundary problems for elliptic even-order systems, Ann. Sc.
Norm. Sup. Pisa, Ser. IV 1 (1974), 1-61.

, Heat operator trace expansions and index for general Atiyah-Patodi-Singer problems,
Comm. Part. Diff. Equ. 17 (1992), 2031-2077.

, Punctional Calculus of Pseudodifferential Boundary Problems, Second Edition, Pro-
gress in Mathematics, vol. 65, Birkhauser, Boston, 1996, 522 pp.

, Parametrized pseudodifferential operators and geometric invariants, Microlocal Analy-
sis and Spectral Theory (1. Rodino, ed.), Kluwer, Dordrecht, 1997, pp. 115-164.

, Trace expansions for pseudodifferential boundary problems for Dirac-type operators and
more general systems, Arkiv . Mat. 37 (1999), 45-86.

, A weakly polyhomogeneous calculus for pseudodifferential boundary problems, J. Func-
tional An. 184 (2001), 19-76.

, Poles of zeta and eta functions for perturbations of the Atiyah-Patodi-Singer problem,
Comm. Math. Phys. 215 (2001), 583-589.

, Logarithmic terms in trace expansions of Atiyah-Patodi-Singer problems, Ann. Global
An. Geom., (to appear), arXivijmath.AP/0302289.

G. Grubb and L. Hansen, Complex powers of resolvents of pseudodifferential operators, Comm.
Part. Diff. Equ. 27 (2002), 2333-2361.

G. Grubb and R. Seeley, Weakly parametric pseudodifferential operators and Atiyah-Patodi-
Singer boundary problems, Inventiones Math. 121 (1995), 481-529.



http://arXiv.org/abs/hep-th/9809081
http://arXiv.org/abs/gr-qc/9507005
http://arXiv.org/abs/math/0302289

38

[GS96]
[HRS80]
[L02]

[M94]
[NS86]

[NTS5]
[P65]
[PW02]
[$69]
[$69']
[569'/]

[Vo1]
[V02]

[Ws4]
[Ws4/]

[W99]

GERD GRUBB

, Zeta and eta functions for Atiyah-Patodi-Singer operators, Journal of Geometric Anal-
ysis 6 (1996), 31-77.

M. Hortacsu, K. D. Rothe and B. Schroer, Zero-energy eigenstates for the Dirac boundary-
problem, Nucl. Phys. B 171 (1980), 530-542.

Y. Lei, The regularity of the eta function for perturbations of order —(dim X) of the Atiyah-
Patodi-Singer boundary problem, Comm. Part. Diff. Equ. (to appear).

W. Miller, Eta invariants and manifolds with boundary, J. Diff. Geom. (1994), 311-377.

A.J. Niemi and G. W. Semenoff, Index theorems on open infinite manifolds, Nucl. Phys. B 269
(1986), 131-169.

M. Ninomiya and C.-1 Tan, Azial anomaly and index theorems for manifold with boundary,
Nucl. Phys. B 257 (1985), 199-225.

R. S. Palais, Seminar on the Atiyah-Patodi-Singer index theorem, Ann. Math. Studies 57, Prin-
ceton University Press, Princeton, N. J., 1965, 366 pp.

J. Park and K. P. Wojciechowski, appendix by Y. Lee, Adiabatic decomposition of the (-deter-
manant of the Dirac Laplacian I. The case of an invertible tangential operator, Comm. Part.
Diff. Eq. 27 (2002), 1407-1435.

R. T. Seeley, The resolvent of an elliptic boundary problem, Amer. J. Math. 91 (1969), 889-920.
, Analytic extension of the trace associated with elliptic boundary problems, Amer. J.
Math. 91 (1969), 963-983.

, Topics in pseudo-differential operators, CIME Conf. on Pseudo-Differential Operators
1968, Edizioni Cremonese, Roma, 1969, pp. 169-305.

D. Vassilevich, Specitral branes, J. High Energy Phys. 0103 (2001), Paper 23, 15 pp.

, Spectral geometry for strings and branes, Nuclear Physics B (Proc. Suppl.) 104 (2002),
208-211.

M. Wodzicki, Local invariants of spectral asymmetry, Inventiones Math. 75 (1984), 143-178.

, Spectral asymmetry and noncommutative residue, (in Russian), Thesis, Steklov Institute
of Mathematics, Moscow 1984.

K. Wojciechowski, The (-determinant and the additivity of the n-invariant on the smooth,
selfadjoint grassmannian, Comm. Math. Phys. 201 (1999), 423-444.




