LOGARITHMIC TERMS IN ASYMPTOTIC
EXPANSIONS OF HEAT OPERATOR TRACES

PETER B. GILKEY] AND GERD GRUBB}

ABSTRACT. Let P be an elliptic selfadjoint positive classical pseudodifferential op-
erator of order d on a compact m-dimensional manifold without boundary. The heat
trace of P has an asymptotic expansion in t(t=m)/d and tk logt forl=0,1,2,... and
k = 1,2,.... We show that the coefficients of all terms in this expansion are non-
trivial for a dense set of P. We show that the coefficient of the t(!=™)/% term is not
locally computable when (I — m)/d is a positive integer; the remaining coefficients
are known to be locally computable. — T.et P be an operator of Dirac type on
a compact n-dimensional manifold with smooth boundary such that the structures
are product near the boundary; here a spectral boundary condition is imposed. Let
A1 = Pg*Pp and Ay = PgPg*. If n is even, the heat trace of A; has an asymptotic
expansion in t(=")/4 and t*+1/2log ¢t for [ = 0,1,2, ... and k = 0,1, 2, ...; if n is odd,
there is an expansion without the t*+1/21ogt terms. We show that all coefficients
(all but one if n is odd) are nontrivial for a dense set of operators.

1. Pseudodifferential operators on manifolds without boundary.

Let M be a compact boundaryless m-dimensional C° manifold provided with
a smooth volume element, let E be a smooth Hermitian vector bundle over M, let
d be a positive integer, and let P be a classical pseudodifferential operator (ido)
in E of order d which is elliptic, selfadjoint and positive (> 0); such a P will be
said to be admissible. We refer to Seeley [15, 17], Greiner [10], Duistermaat and
Guillemin [7], Grubb [12], Agranovi¢ [1], and Grubb and Seeley [13] for proofs of
the following analytic results.

Let e~ *" be the solution operator e *¥: f — u for the heat equation d;u+Pu = 0
with initial value u|;—o = f. This operator is trace class for each ¢t > 0, and as ¢ | 0
there is an asymptotic expansion of the form:

(1.1) h(P,t) == Tre " ~ 372 ay(P)t=m)/d 572 by (P)tF logt.

For Re(s) >> 0, let (P, s) := Tr P~*; this has a meromorphic extension to C with
isolated simple poles. The Mellin transform yields the relationship

(1.2) D(s)C(P,s) = [° t=~Lh(P,t)dt.
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Since h(P,t) decays exponentially as ¢ — oo, one can use equations (1.1) and
(1.2) to see that I'(s)((P,s) has a meromorphic extension to C with poles at the
points (m —1)/d, I = 0,1,2,.... Let N := {1,2,...}. The poles at the points
s=(m—1)/d ¢ —N are (at most) simple, and the poles at the points s € —N are
(at most) double. (The concept of poles is used in a general sense where residues
and other Laurent coefficients can be zero.) There is the following straightforward
relationship between the heat trace coefficients and the coefficients of the Laurent
expansions at these points:

a(P) = Res,—(m—1),aT(s)¢(P, 5), and

(1.8) br(P) = —Rese—_i(s + k)I(s)¢(P, 5).

The asymptotic expansion of h( P, t) determines the pole structure of I'(s){(P, s) and
conversely, the pole structure of T'(s)((P, s) determines the asymptotic expansion
of h(P,t).

If P is a differential operator, then b,(P) = 0 for all k, and a;(P) = 0 when [ is
odd (in this case the order d of P is necessarily even). There is a similar expansion,
given in equation (2.1) below, when the differential operator P is considered on
a compact manifold with boundary and is provided with a local elliptic boundary
condition.

If P is merely assumed > 0, P~* is defined to be zero on the nullspace V,(P), and
the transition between the heat trace expansion (1.1) and the pole structure (1.3)
continues to hold when the residue at 0 is modified by subtraction of dim(Vq(P)).

We say that a property holds generically for the values of a parameter in R”
(or (Ry)” or another complete metric vector space) close to xg if it holds for the
points in some small ball about zy minus a set of Baire category I (recall that the
sets of Baire category I are countable unions of nowhere dense sets). We denote
the imaginary unit (v/—1) by i.

1.4 Theorem. Let M be a compact boundaryless C* manifold, E a C*> vector
bundle over M and d a positive integer. Let P be any elliptic, selfadjoint positive
classical pseudodifferential operator of order d in E. There exists a selfadjoint
classical pseudodifferential operator ) of order d — 1 in E commuting with P such
that for generic small values of a and b, a;(P 4+ a@ + b) # 0 for all I > 0 and
br(P +aQ +0b) #0 for all k > 1.

1.5 Remark. Let m and k£ be odd and let d = 1. By considering the square root
of an operator of Laplace type, Cognola et al. [6] construct operators where by, is
non-trivial.

Proof. Let P; := P'/?. For real parameters &= (1, ...,e4_1) and p, define:
Py(,0):= P+ f—:leFl +..+eq 1P +o.

By Seeley [15], P»(£, ¢) is an admissible d’th order ¥do for small values of £ and p.
Let 1<i<d-—1. Then

9., Tre P50 = ¢ Tr{pd—ie1"2(50) " and hence
0., D()C(Po(2.0),5) 220 = —T'(s + 1)C(P,s +i/d).
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Note that ag(P) > 0 (it is an integral of the principal symbol, see for example [15]).
Thus the residue of I'(s){(P, s) at s = m/d is nonzero. Since I'(m/d) is regular,
¢(P, s) has a non-trivial simple pole when s = m/d. Thus ((P, s+1i/d) has a simple
pole with non-trivial residue at s(i) := (m — ¢)/d. Since s(i) > —1, T'(s(i) + 1)
is regular so 9.,T'(s)((P»(£,0), s) has a non-trivial simple pole at s(i) when &= 0.
The variation of the residue is the residue of the variation in this instance. Thus

aEi Ress:s(i) F(S)C(PQ (57 0)‘ ) Ress s(7) 8 F( )C(Pz(g‘ 0)7 S) 7é 0

and 9;,a;(P»(£,0)) # 0 at £= 0. Thus we may choose £ so that a;(P(£,0)) # 0 for
1<i<d—1;a9(Py(g,0)) = ag(P) is always nonzero. Since

h(Pa(£,0),t) = h(P(£,0),t)e "2,
ai(P2(2,0)) = Yo <ija(—0) ai—aj(P2(£,0)) /5.

Choose j so that I —dj =i with 0 < i < d. Then a;_q;(P(&,0)) # 0 so a;(P(&, 0))
is a non-trivial polynomial in ¢ and is nonzero for generic g. This shows that there
exists an admissible ¥»do P, which has the same leading symbol as P and which
commutes with P so that a;(P,) # 0 for [ > 0.

We now study the invariants by. Let Py(ry,70) := P? + 7P, + 79; P is an
admissible second order 9do for small values of 7y and 7 [15]. The argument given
above shows that 7o and 71 can be chosen so a;(Ps(m1,70)) # 0 for all [ > 0. Let
P, = \/Ps; it is an admissible first order ¥»do [15]. Since am11(P3) # 0 and since
[ is regular at s = —1/2, {(Ps, s) has a non-trivial simple pole at s = —1/2. Thus
at s = —1, ((Py, ) = C(P37 s/2) has a non-trivial simple pole and T'(s){(Py, s) has
a double pole so by (Py) # 0. Let Ps(72) := Py + 7o; Ps is an admissible first order
do for 75 small. Then h(Ps(72),t) = h(Py,t)e™ "™ so

b(Ps(12)) = Yo en(—72) bk (Pa)/ 5.

This is a non-trivial polynomial in 75 so we can choose 79 so that by (Ps(72)) # 0 for
k > 1; this implies that T'(s)((Ps(72), s) has a double pole at s € —N. Let Py = Pd;
it is an admissible ¥do of order d. Then T'(s)((Ps,s) = T'(s)((Ps(72),ds) has a
double pole at s € —N so bi(Ps) # 0 for k > 1. This shows that there exists an
admissible ¥ydo Ps which has the same leading symbol as P and which commutes
with P so that by (FPs) # 0 for k > 1.

For 0 < 73 < 1, let Py(13) = 3P + (1 — 73)F%; it is an admissible ¥do of
order d. The invariants a; for 0 < | < d and b; are non-trivial polynomials in 73
so we can choose 73 s0 a;(P:(73)) # 0 for 0 < | < d and so b1 (P7(73)) # 0. Let
Q = Pr(13) — P; Q is a selfadjoint ¢do of order d — 1 which commutes with P.
Let P(a,b) = P + aQ + b; this is an admissible ¢»do of order d for small values of
(a,b). Then a;(P(a,0)) for 0 <1 < d and b1(P(a,0)) are non-trivial polynomials
in a; hence they are nonzero for generic values of a and we restrict to such values
of a henceforth. Since h(P(a,b),t) = h(P(a,0),t)e""*, a;(P(a,b)) for I > 0 and
bi(P(a,b)) for k > 1 are non-trivial polynomials in b; hence they are non-trivial for
generic values of b. O

(1.6)

Fix the order d, the dimension m of M and the rank r of E. Choose a local
coordinate system on M and a local frame for E. A local formula A(P)(x) is simply
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a smooth function of the values at z of a finite number of derivatives of a finite
number of terms (up to a fixed number ng) in the asymptotic expansion of the total
symbol of P such that A(P)(x) is defined for all admissible P; this formula is said to
be invariant if the value is independent of the particular local coordinate system and
frame which is chosen. A scalar valued function a(P) is said to be locally computable
if there is an invariant local formula so that a(P) = [, A(P)(x). When P is an
admissible pseudodifferential operator, the invariants a;(P) for (I — m)/d ¢ N are
locally computable and the invariants by (P) for k € N are locally computable, by
formulas based on the rules for composition and inversion of dos (Seeley [15]).

1.7 Theorem. If (I —m)/d =k € N, then a,(P) is not locally computable.

Proof. Suppose the contrary; let A; be the corresponding local formula for fixed
(m,d,r,ng). Let g be a Riemannian metric on M := S™. Suppose first m > 1.
Let A(g) := (Ag(9)? + |R(g)[*)"/* @ I, acting on a trivial bundle of fiber dimension
r where Ag(g) is the scalar Laplacian and where |R(g)|? is the norm of the total
curvature tensor. Then A(g) is a natural first order elliptic selfadjoint classical ¢¥do
with A(c™2g) = cA(g). Since S™ does not admit a flat metric, |[R(g)|* does not
vanish identically so A(g) is positive and hence admissible. If m = 1, let A(g) be
Ag(g)"/? with coefficients in 7 copies of the M&bius bundle; again A(g) is admissible
and A(c™2g) = cA(g). The operator

P(9,7) == {(A(9)? + T Ag) +70)'/? + 73}

is admissible when the components of T are nonnegative. Furthermore, the ar-
gument used to prove Theorem 1.4 shows that by (P(g,T)) is nonzero for generic
small ¥ with nonnegative components. For ¢ > 0, let g(c) := ¢ 2g, 7 (c) := cn,
10(c) = 79, and m(c) := cm». Then P(g(c),7(c)) = c?P(g,7). We will show
further below that there exists an asymptotic expansion as ¢ | 0 of the form:

(1.8) Ai(P(g(c), 7(c))) = Xg<nan " Ain(g,7) + O(cN+1), for any N.
Since dwvol(g(c)) = ¢~™dvol(g), we integrate equation (1.8) to see that
(1.9) ai(P(g(c), 7(c))) = ZogngN " May (g, T) + O(eNH=m).

On the other hand, since P(g(c),7(c)) = c¢?P(g,7), we may equate asymptotic
expansions of h(c?P,t) and h(P,c%t) and compare the coefficients of t* and t* logt
to see that by (cP) = c*by(P) and that

(1.10) al(P(g(c), 7(c))) = ¢ {ai(P(g, 7)) + dlog c b (P(g, 7))}

Since by (P(g, 7)) is nonzero for generic small values of 7, the expansion in equation
(1.9) is inconsistent with the expansion in equation (1.10). This contradiction
implies that a; is not locally computable.

To establish equation (1.8) we generalize an argument given in Gilkey [8]. Fix
xo9 € M and choose a system of local coordinates X on M centered at xo. Intro-
duce formal variables g;;(X, g) := g(aiX.ﬁ]X) and g;;/4(X, g9) == 059i;(X,g). Then
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Ai(P(g,7)) is an invariantly defined smooth function of the variables g;;/, and 7
whose value is independent of the particular coordinate system X which is chosen.
This function is defined for g;; positive definite and 7; > 0; there is no restriction
on the g;;/4 (X, g) variables for |a| > 0. We now see that the restriction P > 0 was
inessential; a local formula can not detect the globally defined kernel and hence we
can work with any natural selfadjoint nonnegative operator P(g). Let X, = ¢ ' X
be a new coordinate system on M centered at xy. Then (see [8] for details):

9ij)a(Xe, e 2g) (o) = colgii (X, g)(x0), so
Ai(P(g(c). 7(e))) = Aile g3 0 (X, g) (o), 7())

is a smooth function of ¢ at ¢ = 0. We expand this function in a Taylor series about
¢ = 0 to derive the expansion given in equation (1.8); it is then immediate that the
individual terms in this expansion are invariant separately. [

Theorem 1.4 shows that the set of admissible @dos for which all the invariants
a;(P) and bi(P) do not vanish is a dense set (in a suitable topology). We shall now
show that the set of admissible partial differential operators for which the invariants
a;(P) do not vanish for all even [ is dense in the set of admissible partial differential
operators. Here we cannot in general choose the perturbation to commute with P.

1.11 Theorem. Let M be a compact boundaryless C° manifold, E a C™ vector
bundle over M and d a positive integer. Let P be any elliptic, selfadjoint positive
differential operator of order 2d in E. There exists a selfadjoint differential operator
Q of order 2d — 2 on M such that for generic small values of a, a;(P + aQ) # 0 for
| even and > 0.

Proof. First we recall the explicit combinatorial formulas for the invariants aq;(P)
derivable from Seeley [15] (further details can be found in [9] or [11]). Let pa+...+po
be the total symbol of the differential operator P. For A € C\ [0, 00 , set

¢—a = (pa — A\)~" and inductively set

q—a—1(z,§,A) == —q_q Z‘(,H,H,j,kzhj<1(7i)‘a‘a?pkagq7d7j/a!~

Let ky, :=i(2m)"™ 1 and let C be a suitably chosen contour in C about the positive
real axis. Then

a;(P) = kme*Mfce’/\ Trq g (2, & N) dMdéda.

Use a partition of unity to construct an operator A in E with leading symbol given
by a Riemannian metric on M. Let P () := P+51A37] +...+c4-1Ap+ 0. Then

O, a2;(PL(Z,0)) | sm0 = — Con2j [y [E747) [ e Trq gz, &, X)? dAdédx # 0.

Thus we may choose £ so that ag;(Pi(£,0)) # 0 for 0 < j < d; ag(P1(£,0)) is
always nonzero. Since h(P(£,0),t) = h(P;(Z,0),t)e""?, there exists (£, 0) so that
a;(Pi(&,0)) # 0 for [ even and > 0. We set Q) := P — P;(&,0). Then a;(P + aQ) is
a non-trivial polynomial in @ and hence is nonzero for generic a. O



We say that a second order differential operator D is of Laplace type if the leading
symbol of D is scalar and is given by a Riemannian metric; D = — Zij 97 8;0;+
lower order terms. We say that a first order differential operator A is of Dirac type
if A? is of Laplace type. Let Clif¢(R™) denote the complex Clifford algebra. If e;
is the usual orthonormal basis for R™, this is the universal complex unital algebra
generated by the e; subject to the Clifford commutation relations

e.e; +eje; = —2(5,;]'.

The algebra Clif*(R?* ) has a unique complex irreducible representation S of dimen-
sion 2*; the algebra Clif*(R***!) has two inequivalent complex irreducible repre-
sentations S; of dimension 2*. Every complex representation of these algebras can
be expressed uniquely in terms of S or in terms of S; and S,, see Atiyah, Bott,
and Shapiro [2] for details. Let M be a compact connected boundaryless C*° man-
ifold. Let D(M) be the space of selfadjoint operators of Dirac type on M; this is
a complete metric space in a suitable topology. The leading symbol of an operator
A € D(M) defines a Clif*(M) module structure on the fibers of the vector bundle
on which A acts. Let m be odd. If M is orientable, let D(M,r1,742) be the space
of operators giving rise to a module structure isomorphic to r1.S7 + r2Sy. If M is
not orientable, locally the structure is always of the form 7(S; + S2) and we denote
this space by D(M,r,r). If m is even, let D(M,r) be the space of operators giving
rise to the module structure rS. If m is odd, D(M) is the disjoint union of the
D(M,rq,79) while if m is even, D(M) is the disjoint union of the D(M,r). D(M) is
a Fréchet space, e.g. with the seminorms defining the C'™ spaces of coefficients in a
finite system of local coordinate patches (also global seminorms could be defined).
We shall need the following technical result.

1.12 Lemma. Let M be a compact boundaryless C* manifold, E a C*> vector
bundle over M, D an operator of Laplace type in E, and ¢; € C*(End(E)). Let
D(g) := D + =9y + £25. Expand ag(D(eg)) = Zogigm agi(D,1,12)e" as a
polynomial in €. Then

az121(D, 1, 2) = (4m) "2 (=1)! /11 [, Tr(wh).

Proof. Let Dy = —(¢"78;0; + A¥9), + B) be an operator of Laplace type where A*
and B are endomorphisms of E. We define:

ord(9%¢") := |a|, ord(8°A*) := ||+ 1, and ord(d)B) := |y| + 2.

The combinatorial formula given in the proof of Theorem 1.11 shows ag;(D1) is the
trace of a non-commutative polynomial in the variables 9%g;; (for |a| > 0), 9% A*,
and 9] B which is homogeneous of order 2! with coefficients which are smooth
functions of the g;; variables. See [9, Lemma 1.8.3] for further details. The coeffi-
cient of €' in ag(D(2)) must therefore be of the form ¢(m, 1) [, Tr(14); 11 does
not enter. We can evaluate this constant by taking ¢ = 0 and ¢s = I. Then
h(D + <2 t) = h(D,t)e =", s0 an(D + £2) = (=1)'e2ag(D)/1! plus lower order
terms in . We use the identity ao(D) = (47)~™/2vol(M) dim(E) to complete the
proof. [

We now study the invariants a;(A?) for operators A of Dirac type.
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1.13 Theorem.

(1) Let M be a compact connected boundaryless C> manifold of dimension
m > 1, and let A € D(M). Then ay (A?) # 0 holds generically for operators
close to A in D(M).

(2) If A€ D(S,r1,r9) with rire = 0, then ag(A?) =0 for all | > 0.

(3) If riry # 0 and A € D(S',r1,73), then as(A?) # 0 holds generically for
operators close to A in D(S',r1,72).

Proof. The invariants as; are given by local formulas so they are continuous on D.
Consequently, to prove assertions (1) and (3), it suffices to show for each [ that
a21(A?) does not vanish on a dense set. The proof of (1) essentially follows from
work of Branson and Gilkey [4]. We outline the proof since there is one technical
point that needs amplification which was omitted in [4]. Let A € D(M). Let
A(z) := A+ e. We compute:

>, Pai(A(e)?)H /2~ 92 Ty(etA))
=0. Tr(=2tA(e)e A7) = Te((=2t + 462 A(2)?)e A7)
=2t(~1 — 2t9,) Tr(e () ~ 3 2(~1 4+ m — j)a;(A(e)*)t0—m+2)/2,

We compare coefficients of ¢ in the two asymptotic expansions and set i = 2] and
7 =2l — 2 to see:

(1.14) B2as(A(e)?) = 2(1 + m — 2)an_»(A()?).

Suppose that m is even or that 21 < m. Then m + 1 — 21 # 0, and equation
(1.14) can be applied recursively to construct a non-zero constant ¢(m,!) so that

92'an((A + £)?)]c=0 = ¢(m, 1)ag(A®) # 0.

This shows that as; is nonzero on a dense set. It remains to consider the cases
where m is odd and 2] > m. Again, we can find ¢(m, k) # 0 so that

2  am 142k (A(2)%) = c(m, k)am11(A(€)?).

Thus it suffices to prove that a,,1(A(g)?) is nonzero on a dense set. If f € C>° (M),
there is an expansion

2 [eS] b —m—
Te(fAe™ ™) ~ 3272 au(f, A, A==/,

Let A(p) := A+ of. We compute

0=0

Zz‘oio dpai((A+ Q.f)2)|g:0t(i7m)/2 ~ 0, Tr(eft(A“'é’f)Q)
== 2Te(fAe™) ~ —2 57 a;(f, A, A0 40P,

We compare coefficients of ¢ in the two asymptotic expansions and set i = m + 1
and j = m to see

agam-l-l((A + Q.f)2)|g:0 = 720‘771(]07 A, A2)
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The invariants a;(f, A, A?) are locally computable;
ai(f, A, A?) = = [, f(2)Ai(A A%)(z).

Thus to show that a,.1(A?) is generically non-zero, it suffices to show that the
local formula A, (A, A%)(x) does not vanish identically for a dense set of operators
A. Relative to a system of local coordinates and in a local frame for E, we may
express the operator as A = >, 7;0; + b. Fix o € M and normalize the choice of
coordinates so that g;;(x¢) = 6;;. Fix (m,r1,72). We can normalize the local frame
on the vector bundle in question so that the +; have a standard form at zy. Then
Am(A, A%)(z) is a polynomial in the matrix components of b and its derivatives
and in the matrix components of the derivatives of the ~; which is universally
defined. Thus we need only show that this polynomial is non-trivial; the topology
of the underlying manifold M plays no role. For m > 3 odd, the product argument
described in [4, page 81] preserves the structure constants (r1,72) and reduces this
to the case m = 3. The case m = 3 follows from [4, Theorem 4.1 (d)]. This
completes the proof of assertion (1). We note that the argument given in [4] did
not take into account the need to specify the structure constants (r1,79) and was
incomplete at this point.

Suppose that m = 1. Parametrize the circle by arc length to write A = ~0, + b
where 42 = —I. If r; = 0 or if r5 = 0, then v is scalar so A = +id, + b. Choose a
local primitive B for b. Then A = +ie*B9,eT1B 50 A is locally gauge equivalent
to +id, and all the higher order local invariants of A vanish. This proves assertion
(2). If mry # 0, we can choose ¥ selfadjoint so that 4y + 4% = 0 and so that
Tr(42?) # 0. Set A(e) := A + ¢%. Then we have A(g)? = A2 + ep + 242 where
1 = bY + 4b is an operator of order zero. By Lemma 1.12, the coefficient of £?! in
as(A(g)?) is non-trivial and assertion (3) follows. O

Let D be a self-adjoint positive operator of Laplace type and let u € C. Let
L, (D) for j > —1 be the j*® coefficient in the Laurent expansion of I'(s)((D, s)
about s = u; Ly _1(D) = az,(D) if u = (m — 2n)/2 for some n and L, _1(D) =0
otherwise. If m is even, let D(M,ry,re) = D(M,r1). For A € D(M,ry,rs) with
ker(A) = 0, we consider the invariants L, j(A?). For generic values of ¢, A + ¢ is
invertible; we restrict to such values of ¢ henceforth. Let 7 > 0, let ¢ € R\ {0},
and let u be the multiplicity of the lowest eigenvalue A\ of A2. We have

(1.15) O2*T(s)C((A + )%, 5) = 25(25 + 1)...(25 + 2k — 1)T'(s)¢(A(2)?, 5 + k),
(1.16) 0T (s)C(A% +7,8) = (—1)Fs(s + 1)...(s + k — 1)['(s)((A% + 7,5 + k),
(1.17) lim NFEC(A% s+ k) = .

Note that (((0A4)?%,s) = |o|7?°C(A?,s). We expand |g|~?* and ((A?,s) in Laurent
series separately, multiply the two series together, and collect terms to see that

(118)  Lu;((eA4)*) = [0l ™" 3y iy Lun(A?)(=2)"*(log |l ~* /(5 — k)!



1.19 Lemma. Let (u,m,r1,72) be given. There exists A € D(S™,r1,r2) so that
L,o(A) #0.

Proof. We shall assume 7y = 1 and ro = 0; taking direct sums and replacing A by
— A defines operators with arbitrary structure constants and reduces the proof of
the lemma to this special case. Let Ay € D(S™,1,0) be the Dirac operator defined
by the spin structure on S™. Suppose that 2u is not a negative odd integer, and
consider a k € N. Since 2u(2u + 1)...(2u + 2k — 1)T'(u) # 0, we can use equations
(1.15) and (1.17) to see that for sufficiently large k, 9>*L,, _1((A1 +¢)?) = 0 and
2% L, 0((A1 +£)?) # 0. This shows that L, o((A; + £)?) # 0 for generic values of
€.

For the remainder of the proof, we shall assume 2u is a negative odd integer.
Suppose that m = 1. Let ((s) := >, .,n"° be the Riemann zeta function. The
functional equation 7 /2T (s/2)((s) = 7~ (1=)/2D((1 — 5)/2)¢(1 — s) shows that
((u) # 0. The eigenvalues of the Dirac operator A := —idy on the Md&bius bundle
over the circle are {n + 1/2} for n € 7Z. Since ((s, A%) = 22°F1(1 — 272%)((2s),
T(w)¢(u, A%) # 0 so Lyo(A?) # 0.

Suppose m > 1 is odd. Choose I > 0 so that u = (m — 21)/2. By Theorem 1.13,
there exists A € D(S™,1,0) close to the Dirac operator on S™ so that ag;(A3) # 0.
We set j = 0 in Equation (1.18) to see L, ((0A2)?) # 0 for generic values of g.

Suppose that m is even. The spin bundle on S™ decomposes into the half spin
bundles S*. Let 79 = %1 on S*; 5y anti-commutes with the Dirac operator A;.
Let Ay(7) := Ay 4+ vo7'/2. Since (—u)(—u — 1)...(—u — k 4+ 1)I'(u) # 0, and since
As(1)? = A2 + 7, equations (1.16) and (1.17) show that 9*L, o(As(7)?) # 0 for
large k. O

As recalled earlier, the invariants L, _; are locally computable. On the other
hand:

1.20 Theorem. The invariants L, ; are not locally computable for j > 0.

Proof. We fix (m,ry,r2). Suppose that L, ; is given by a local formula £, ;. Let
0 € R\ {0}. Let X be a system of local coordinates centered at o € M. Let
A =73%".70; +b. Let 7)o := 05v; and b5 := 9%b. Then L, ;(A) is an invariantly
defined smooth function of the variables v;/, and b,3 whose value is independent
of the particular coordinate system which is chosen. This function is defined for ~;
satisfying the Clifford commutation relations; there are no restrictions on the other
variables. Let o € R\ {0} and let X, = o~ 'X. Then

’Yi/ﬂ(XQ'/ 0A)(z0) = Q‘ﬂ"}/i/rx(XvA)(xU)v
by5(X. 0A)(r0) = 01911 (X, 4)(ro), and

L4,5((04)*)(w0) = Luj (0117i/a (X, A), 0" 171b5( X, A))(20).

Thus £, ;((0A)?) is smooth at ¢ = 0. We expand this function in a Taylor series
about ¢ = 0 to show

Cu,]((gA)Q) = ZOSHSN Cu,j,?n(AQ)g2n + 0(02N+2)7 for any N7
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only even powers of g appear since £, ;((0A)?) is an even function of p. We integrate
this expression with respect to the metric defined by the leading symbol of A to see

(1.21) Lu i ((04)%) = Ygcnen Lujon(A%)]o]?" ™ + O(?N+27m).

Use Lemma 1.19 to choose A € D(S™,r1,r2) so that L, o(A) # 0. If 7 > 0, the
presence of (log|o|)? L, in equation (1.18) contradicts equation (1.21). If j = 0
and if u # (m —2n)/2 for n > 0, then L, _1(A?) = 0. Thus equation (1.18) implies
Luo((0A)?) = |o| 7" Ly0(A?); this contradicts equation (1.21) since the power of
o is not of the correct form.

Suppose that j = 0 and that w = (m —2n)/2 for some n. If m > 1, use Theorem
1.13 to choose A so that L, 1(A%) # 0. The presence of (log|o|)L, —1(A?) in
equation (1.18) contradicts equation (1.21). If m = 1, then u = (1 — 2n)/2. If
n =0, L, _1(A) = ag(A?) # 0 and the same argument shows L, _; is not locally
computable. Suppose n > 1. Choose A € D(S',1,0) so that L, o(A) # 0; we take
the direct sum of copies of A and of —A to treat the general case. Let A(g) = pA for
0 # 0. Since L, 1(A(0)?) = 0, we have L, 0(A(0)?) = 0°" L., 0(A?). The operator
A(p) is locally gauge equivalent to the operator A; consequently L, (A(g)?) =
L,0(A%). Since n # 0, L,0(A) =050 L, o(A) = 0 which is false. O

2. Operators of Dirac type with spectral boundary conditions.

Let X be a compact connected n-dimensional C'* manifold with smooth bound-
ary M = 90X (of dimension m = (n — 1)). Let D be a realization of a second
order strongly elliptic differential operator with a local boundary condition. Then
equation (1.1) generalizes to become

(2.1) h(D,t) == Tre P ~ 572 ay(D)t0—m)/2,

For example, if we let D act like —95 + ¢ on the interval [0,n] with Dirichlet
boundary condition, then h(D,t) = (rt /2 —1/2)e= " + O(t*) for any k; this
provides an example where all the coefficients @, in equation (2.1) are nonzero.

If a non-local boundary condition is imposed (as in Atiyah, Patodi, and Singer
[3]), then there is an asymptotic expansion which can furthermore contain logarith-
mic terms. Let us recall the setting of [3], [13]. Choose a collared neighborhood
X.:=M x [0,c] of M in X for some ¢ > 0. Let z,, denote the coordinate in [0, [
(it is considered as the normal coordinate). Let X have a smooth volume element
vx and suppose there is a volume element vy, on M so that vx = vy dx,, on X,.
Let E; be Hermitian C'* vector bundles over X and let

P : COO(E]) g COO(EQ)

be a first-order elliptic differential operator from E; to Es. Let E! denote the
restriction of the bundles E; to the boundary M. On X, the E; are isomorphic to
the pull-backs of the E!. Let 9,, denote the normal derivative. We assume on X,
that P = 0(9, + A) where ¢ is a unitary morphism from E] to E}, independent
of z,,, and where A is a fixed elliptic first order differential operator on C*(E])
which is selfadjoint in Lo(E}), defined with respect to the Hermitian metric in FEj.
In this setting, we shall say that the structures are product near the boundary.
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The APS operator Pg is defined as the operator from Ly(Ey) to Lo(Esy) acting like
P and with domain defined by a nonlocal (so-called spectral) boundary condition:

D(Pg) = {u € H'(E;) (Sobolev space) | B(u|y) = 0};

here B is an orthogonal projection in Ly(E]) of the form B = II> + By, where
II> is the orthogonal projection onto the sum of eigenspaces for A with eigenvalues
A > 0, and By commutes with A and ranges in V5(A). (More general boundary
conditions are considered in Grubb and Seeley [14] and in Briining and Lesch [5].)
By [16], Pgp is a Fredholm operator.

Now consider the associated second order operators

Al = PB*PB and AQ = PBPB*.

The following analogues of the expansion (2.1) for the heat traces of these operators
h(A;,t) ;= Tre i were established in [13]. If n = dim(X) is even, then

(22) h(Ait) ~ 3720 ar(A)t ™2 + 377 b (A logt,

with coefficients satisfying, for suitable universal constants 3(k,n) and y(k,n) # 0:
bi(Ai) = Bk, n)askin(A?),

a2k (D) = a1 (A:) + fr(A),

(2.3)
ask+1(A;) = (k n)asgi(A?) for k < n/2,
ask+1(A:) = fl.(A) for k > n/2.
Here ask, 4 ( = [ Aa(A A;)(z) where the AQ]\(Aq)(x) are the local formulas defin-

ing the coefﬁments in the heat trace expansions for A, = P*P resp. Ay = PP*
with P denoting the extension of P to the double X described in [3]. The fr(A )
are locally computable functions of A when 2k # n, and the f;(A) are, by Theorem
1.20, not locally computable.

If n is odd, the logt terms do not appear and the expansion has a form similar
to that given in equation (2.1):

(2.4) (A ) ~ 3T ar(Aa)H =72,

with
s (D) = as,+ (A;) + gh(A),

(2.5) askt1(Ai) = y(k, n)a2k(A2) for 2k +1 # n,
an(A;) = g"(A).

where the g, (A) are 0 for £ < n/2 and are, by Theorem 1.20, not locally computable
for k> n/2.

Let P(X) be the space of all operators of Dirac type over X such that the
structures are product near the boundary. Then the tangential operator A is of
Dirac type on M. If n is even, let P(X,rq,72) be the subset of operators such that
A € D(M,r1,79), with structure constants r; independent of the particular bound-
ary component considered. In the following theorem, we show that the invariants
of the expansions (2.2) and (2.4) are non-trivial.
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2.6 Theorem. Consider Pg with P of Dirac type.

(1) Let n = 2. If ryr9 = 0, then by (A;) =0 for all k if P € P(X,rq,72).

(2) Let n = 2. If rir9 # 0, then a1 (A;) # 0 and bi(A;) # 0 for k > 0 holds
generically for operator close to P in P(X,ry,r2).

(3) Letn > 4 be even. Then a;(A;) # 0 forl odd < n and by(A;) # 0 fork >0
holds generically for operators close to P in P(X).

(4) Letn be odd. Then a;(A;) # 0 for l odd # n holds generically for operators
close to P in P(X).

(5) Let n be even, let ri7ro # 0 and let P € P(X,r1,r2). Then a;(A;) # 0 for
even | holds generically for operators close to P in P(X,ry,72).

(6) Let n be odd and let P € P(X,r). Then a;(A;) # 0 for even | holds
generically for operators close to P in P(X).

Proof. The first 4 assertions follow immediately from Theorem 1.13 in view of the
formulas (2.3), (2.5) for the coefficients in question.

When [ is even, (2.3) and (2.5) show that the invariants a; depend on the behavior
of P in the interior; we exploit this fact in the proof. Let ¢ be a smooth function on
X which vanishes near the boundary and which has support in a small coordinate
neighborhood O on X. On O, we write P = ZZ o,e; +b where e; is a local
orthonormal frame for the tangent bundle of X. We use o to identify E; and E,
over O and therefore assume without loss of generality that 0y = I. The condition
that P*P has leading symbol given by the metric tensor then yields that the ~; are
skew-adjoint and satisfy the Clifford commutation conditions v;v; + v;7: = —20;;
for 2 < ¢ < n. Under the assumptions of the theorem, we can find 7, selfadjoint
with 42 = I so that yo7; + viv0o = 0 for 2 < i < n. We let P(g) := P + ep7y. Then
the commutation relations involved imply there exists an operator v of order zero
so that A;(g) = A;(0) + etp + 22,

Consider the coefficients ay;(A;(¢)) in the heat trace for the associated Lapla-
cians A; on the doubled manifold X. Here A(z) = A(0) + =0 4+ 232, By Lemma

1.12, ay;(A;(2)) is a non-trivial polynomial in . The same holds for the invariant
azj,+(Ai(e)) = Las;(Ai(e)). Since fi(A) in (2.3) and g},(A4) in (2.5) depend only
on the behavior of P near the boundary, and ¢ has support in the interior of X,

a5 (Ai(e)) = az;j(Ai(0)) = az;+(Ai(e)) = az;,4(A(0))
is a non-trivial polynomial in e. Thus as;(A;(g)) is nonzero for all j for generic
values of ¢ near 0 and the theorem follows. O

For the odd dimensional case we conclude, since a union of two sets of Baire
category I is of Baire category I:

2.7 Corollary. Let n be odd and consider Pg as above. Then all coefficients

ai(A;) except possibly a,(A;) are nonzero generically for operators close to P in
P(X).

In the even dimensional case, we can include all the remaining coefficients as
follows:
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2.8 Theorem. Let n be even and consider P as above. If n = 2, assume r1ry # 0.

Then all coefficients are nonzero for operators in a dense subset of a neighborhood
of P in P(X,ry,72).

Proof. We already have that the coefficients b, and a; with | < n or [ even are
nonzero generically for P, near P. We shall show that there is a P, close to P,
such that also the a; with [ odd > n are nonzero.

Let Pi(t) = e"P;. The corresponding Laplacian is Ay ;(7) = €?"A;;(0); the
spectral boundary condition is unchanged. Thus h(Aq:(7),t) = h(A1,(0),€*7t).
Let 2k+1 =1 —mn. We compare coefficients in the asymptotic expansion to see that

ay(P (1)) = ™™ {ay(PL(0)) 4 27bk (P (0)) ).

Since by is nonzero, a; is nonzero for 7 in a dense set. [

We have not investigated whether the a; with I odd > n are continuous on
P(X,r1,79) and can therefore not conclude they are generically nonzero.

Let dx and éx be the derivative and the coderivative on X. Then dx + dx
belongs to P(X,r,7) if n is even and dx +6x € P(X) if n is odd so these theorems
provide non-trivial examples in all dimensions.
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