LOGARITHMIC TERMS IN TRACE EXPANSIONS
OF ATIYAH-PATODI-SINGER PROBLEMS

GERD GRUBB

Copenhagen Univ. Math. Dept., Universitetsparken 5,
DK-2100 Copenhagen, Denmark. E-mail grubb@math.ku.dk

ABsTRrRACT. For a Dirac-type operator D on a manifold X with a spectral boundary condi-
tion (defined by a pseudodifferential projection), the associated heat operator trace has an
expansion in integer and half-integer powers and log-powers of ¢; the interest in the expansion
coefficients goes back to the work of Atiyah, Patodi and Singer. In the product case consid-
ered by APS, it is known that all the log-coefficients vanish when dim X is odd, whereas the
log-coefficients at integer powers vanish when dim X is even. We here investigate whether this
partial vanishing of logarithms holds more generally. One type of result, shown for general D
with well-posed boundary conditions, is that a perturbation of D by a tangential differential
operator vanishing to order k on the boundary leaves the first k log-power terms invariant
(and the non-local power terms of the same degree are only locally perturbed). Another type
of result is that for perturbations of the APS product case by tangential operators commuting
with the tangential part of D, all the logarithmic terms vanish when dim X is odd (whereas
they can all be expected to be nonzero when dim X is even). The treatment is based on ear-
lier joint work with R. Seeley and a recent systematic parameter-dependent pseudodifferential
boundary operator calculus, applied to the resolvent.

Introduction.

Let D be a first-order differential operator of Dirac-type from C*> (X, E1) to C*> (X, Es)
(F7 and Es Hermitian N-dimensional vector bundles over a compact n-dimensional C'*°
manifold X with boundary 0X = X’), and let D> be the Ls-realization defined by the
boundary condition IT> (u|x) = 0; here II> is the orthogonal projection onto the nonnega-
tive eigenspace for a certain selfadjoint operator A over X’ entering in D. For Ag = D% D>
(and likewise for D> DY), the following heat trace expansion was shown in a joint work
with Seeley [GS95]:

(0.1) Tr(pe 128 ~ Z apt? + z:(a;C logt + a%)té fort — 0+.
—n<k<0 k>0

Here ¢ is a smooth morphism in E7; the coefficient af, vanishes when ¢ = 1 near X’. The
coefficient a(j enters in the index of D>; the geometric content of the first four aj (with
k < 0) has been investigated by Dowker, Gilkey and Kirsten [DGK99], [GK02].
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For the case with product structure near X', as studied originally by Atiyah, Patodi
and Singer in [APS75], the coefficients were described in [GS96] in terms of the expansion
coefficients of zeta and eta functions of A. In particular, it was found that the coefficients
aj, vanish for k even > 0; moreover, if n is odd, they vanish for all k¥ > 0. The remaining
coefficients with & # 0 are nonzero in general even when ¢ = 1, cf. Gilkey and Grubb
[GGOS|.

We shall here investigate to what extent this “partial vanishing of logarithms” may hold
in non-product cases. Our principal results are:

1) Consider two choices Dy and Dy of D, provided with the same well-posed boundary
condition. If they differ by a first-order tangential differential operator x! P (where z,, is
the normal coordinate), then the expansions (0.1) for D; and D5 have, for 0 < k <[, the
same log-coefficients a), and the coefficients a} differ only by local terms. In particular,
the coefficient o) is preserved under perturbations of an operator with product structure
DP near X’ by terms vanishing at X’. (Section 3.)

2) If D is a perturbation of the product case D° (near X’) with II = II, by a tangential
first-order differential operator commuting with A, then all log-coefficients are zero if n is
odd. When n is even, nontrivial log-terms can in general be expected for both even and
odd k. (Section 5.)

We also derive the related expansions for resolvent traces and zeta functions, and we
allow ¢ to be replaced by a differential operator F' (tangential or acting in all variables).
Similar results are shown for the operator families associated with the eta function.

In preparation for these results, Section 2 gives a review of the underlying parameter-
dependent pseudodifferential boundary operator calculus, and Section 4 shows the struc-
ture of the resolvent in the commuting case.

Throughout this paper, D; and D5 are provided with the same boundary condition.
Perturbations of the boundary condition are considered e.g. in [G01'] and in [G02].

1. Representation formulas.

F, and Es have Hermitian metrics, and X has a smooth volume element, defining
Hilbert space structures on the sections, La(E7), La(E2). The restrictions of the E; to the
boundary X’ are denoted E;. A neighborhood of X’ in X has the form X, = X'x[0, ¢[, and
there the F; are isomorphic to the pull-backs of the E!. We let z,, denote the coordinate
in [0, c[. La(EY)) is defined with respect to the volume element v(z’,0)dz” on X’ induced
by the element v(z’, x,,)dz’dx, on X.

When D is a first-order elliptic differential operator from C*°(E;) to C*°(E3), it may
always be written in the following form over X.:

(1.1) D =o0(0,, + A1),

where o is a homeomorphism from E;|x_ to Es|x, and A; for each x,, is an elliptic operator
in the z’-variable. We say that D is of product type when o is independent of x,, and is
unitary from Ej to Ef, and A; = A independent of x,, and selfadjoint in Lo(E]); here the
product measure dx’'dx,, is used on X.. We say that D is of non-product type when o is
still independent of x,, and unitary, but the condition on A; is relaxed to:

(1.2) A=A+ z, P+ P,

where A is as above and the P; are smooth z,,-dependent differential operators in z’ (in
short: tangential differential operators) of order < j. Since Py = Py(0)+x,, Pj(zy,) with P]
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of order 0, we may absorb z, P’(0) in the term x,, P, so we can assume that Py is constant
in x, on X.. (In [GS95], [G99], these operators of product type and of non-product type
were said to be “of Dirac-type”. Some other authors restrict that notation to operators
that moreover satisfy

02=—-I, 0A=—Ac, D isselfadjoint on X and D? principally scalar,

which we do not assume here.)
Integration by parts shows that the formal adjoint D* equals

D* = (=0,, + A))o*, Al =A+uz,P} + P, on X,,

where P} = Py — v~ 19, v. When 0, v(z’,0) = 0, D* may also be written in the form
D* = (=0,, + A+ x,P| + P})o*, with P| — P of order 0. If Py = 0 and P, = 2/ P,
for some | > 1, so that D = 0(9,, + A + 2!, P}), then D* can be written in the form
D* = (=0, + A+ 2L, P))o* if 8) v(a/,0)=0for 1 <j <L

In the product case we often use the notation

(1.3) D° =0(8,, +A), D = (=08, + A"

these operators have a meaning on X% = X’ x R, ; and DY is the formal adjoint of the
operator D° going from La(EY) to Lo(ES), where the E? are the liftings of the E! to X°,
and the product measure is used.

By V-, V5, Vo or V< we denote the subspaces of L?(E}) spanned by the eigenvectors
of A corresponding to eigenvalues which are > 0, > 0, < 0, or < 0. (For precision one can
write V5 (A), etc.) Vp is the nullspace of A. The corresponding projections are denoted
II., II>, etc. (note that II> =I5 +IIy and II. = I —IIs). They are pseudodifferential
operators (¢do’s) of order 0; IIy has finite rank and is a 1do of order —oco. We also define

(1.4) Ay = (A2 = ))7, for A€ C\spec A2 D C\R,.

Moreover, we set

Al = (A%)%, A'=A+1l, so that |A] = |A] + I, and
I A

(1.5)
1 1 1 1 — —_ 1 A 1 1
I 3 T4 3TAT = — =1y, IIs 1. + II _ﬁ‘f‘_‘f‘_llo-

In Sections 4-5 of this paper, we consider the product and non-product cases with the
boundary condition

(1.6) II> (A)you = 0,

where you = u|x/, defining the realizations D> and DOZ, and we denote D>*D> = Ap,

D%/D% = AY%. However, the more qualitative results in Section 3 allow the consideration
of a general first-order elliptic operator D with a boundary condition

(1.7) Iyou = 0,
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where II is an orthogonal pseudodifferential projection that is well-posed with respect to
D (cf. [S69] or [G99]). This means that when we at each (z/,¢’) in the cotangent sphere
bundle of X’ denote by NT(z',¢) € CV the space of boundary values of null-solutions of
the model operator (defined from the principal symbol d° of D),

NT(z', &) ={2(0) € CVN | d°,0,¢, D, )z(xn) =0, 2(x,) € Lo(Ry)N Y,

then the principal symbol 7%(2’,¢’) of II maps N*(z/,£’) bijectively onto the range of
70(z’,€¢’) in CV. We denote the realization of D defined by (1.7) by Dy and again denote
D™Dy = Ap; it likewise has a trace expansion (0.1), cf. [G99].

As shown in [GO1’], the coefficients a; and a), with k& < J —n in the trace expansion
(0.1) are unaffected by a replacement of II by a closed range operator IT+ S, where S is a
pseudodifferential operator of order < —J for some J > 1.

It is explained e.g. in [GS95], [GS96] how the heat trace expansion (0.1) is equivalent
with the derived resolvent expansion

(1.8) Tr(pdi(Ap =N~ D an(=N) 7277 4+ Y (@ log(=A) +ay) (—3) "2

—n<k<0 k>0

where 7 +1 > % and A — oo on rays in C\ R;. The coefficients ag, a; and a; are
proportional to the coefficients ay, aj, a) in (0.1), respectively, by universal nonzero pro-
portionality factors (depending on r). We shall henceforth work with the resolvent. It is
well-known that (0.1) is likewise equivalent with the zeta function expansion

_ ay Tr(eIlg(AR)) aj, ay
(1.9)  T'(s) Tr(pAp°) ~ - + - + ,
7 —n§<os+g 5 l§)< (s+5) S"”g)

describing the pole structure of the meromorphic extension of I'(s) Tr(¢A5") from Res > &
to s € C. Here A® is defined by functional calculus on Vo(Ap)+ and is taken to be zero
on Vo(Ap). Tr(pAz®) is also denoted ((¢, Ap, s), the zeta function.

The coefficients ay, aj,, ax, aj, are locally determined. The first sum in (0.1), (1.8), (1.9),
is sometimes written as a summation over all k > —n; we presently use a convention where
such local contributions for £ > 0 are absorbed in the generally nonlocal coefficients ay, aj..

There exist several ways of representing the resolvent. A direct way is described in
[G92]. Another way, introduced in [GS95] (see also [G99] for the case (1.7)), is to identify
the resolvent as a block in the resolvent of an enlarged first-order system, acting in the
bundle £ = E; & E5 over X: Let

(0 -Dr (0 —Dp*\
(1.10) D—(D 0 ) DB—<DH 0 )

here Dp is the realization of D defined by the boundary condition

(1.11) Byou =0, with B= (I Tlto*), u= (ul)
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The operator D in (1.10) is formally skew—selfadplnt on X. When D is an extension of D
to an open n-dimensional C'>° manifold X in which X is smoothly imbedded, we define D
from D as in (1.10) and set, for € C \ iR,

_( wDD+p*)t  D*(DD* +p?)7!
(].].2) Qp, - * 1 ™ 7* 2\—1 )
~D(D*D +p?)~"  w(DD* + pi?)
where (D*D+pu2)~! (resp. (DD*+p2)~1) is a parametrix of D* D+ pu?2 (resp. of DD*+ 1i2);
it can be taken as an inverse when X is compact. Then Q,, is a parametrix — an inverse

if X is compact — of D+ W, as is easily checked.
The operator Dp is skew-selfadjoint as an unbounded operator in Ly(E), so it has a
resolvent R, = (Dg + pu)~! for u € C\ iR, equal to

) DD+ 42t D (DuDp + p2)~!
1.1 — (D 1o ( mPnDn I I :
( 3) RM ( B+M) <_DH<DEDH+N2)_1 (DHDH+N) 1

Thus the resolvent Ry = (DD — A)~! = (Ap — A\)~! which we want to analyze, can be
retrieved as

_ 1 _
(1.14) R_,2=p 1(1 O)R“<O) =1 172%11, )\:_MQ_
The resolvent has the structure
_ 1
(1.15) Ry=Qx++Gy, where Q_,2=p"" (1 0)Q, <O) ,

and G is a singular Green operator (more about pseudodifferential boundary operators
in Section 2).

When D is of non-product type and II = II>, we consider along with D and Dg the
associated operators of product type

o (0 =D o_( 0 _D%/.
(1.16) D—(DO 0), DB_(D% SHE

here D° and DY act in E® = EY @ EY, and D} is determined by the same boundary
condition (1.11) as Dg. D° extends to the bundle E over X° = X’ x R obtained by lifting
E' = FE{ ® Ej).

In the product situation, we can define the ingredients by functional calculus from A,
using the Fourier transform in the z,-variable only. We can write Q) = (D' D% — \)~! as
follows:

(1.17) QR =(D2 +A*-N"'=F"

En—Tn

(§T2L + A2 - A)_lfmn—fn~

Moreover, we can describe the boundary operators using the following notation for the ele-
mentary Poisson operator K 4, , trace operator T4, of class 0, and singular Green operator
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G4, of class 0:

1
Ky = P, (=%4) = OPK, (),

1
— _an)\ —
(1.18) Ty, = OPT,(e )_OPTn<AA_Z,§n>,

Ga, = OPG,, (e~ @ntyn)Ar) — OPGn< !

(Ax +i&n) (Ax — inn) ),

here we have used both the symbol-kernel and the symbol notation, with respect to the
xp-coordinate. (One can write (Ay +i&,) ! etc. as fractions in these formulas, since they
are all commuting functions of the selfadjoint operator A.) Explicitly, for v € C*(E}),
u € C*(EY) with compact support in X,

(1.19) [K o, 0](z) = e = y(2)),  [Ta,u)(z) = /00 e~ TNy (2! ) day,
0

in the sense of functional calculus, and
(1.20) Gau= Ky, Ta,u.

The use of formulas based on functional calculus will be pursued in Section 4.

Remark 1.2. For a resolvent (T'— \)~!, one has that
(1.21) (T — Nt =rl(T—-X)"""1,

so it makes no difference whether one refers to powers or to A-derivatives when describing
trace expansions for iterated resolvents. However, in [GS95], the variable —\ was replaced
by #? and the primary results were expressed for pu-derivatives, since this looked less
complicated than a description of the many terms resulting from raising the resolvent
to a power. There were not given many details on how one gets back to the desired
expansions of A-derivatives. In fact, a direct consideration of powers (still departing from
a reformulation in the variable p) would have been more adequate; this road was followed
in subsequent treatments (partly in [G99], fully in [GO1]), and is also followed below. The
difference lies in the fact that, with notation as (1.14), the power formula R3 = ,u_Qthll
shows a decrease in the order (for fixed p) which is harder to see from the differentiation
formula

(1.22) O\R\ =0y R_,20 1 = 8M(u_172u711)_71u_1 = clu_?’lel + czu_lﬁlﬂlu,ll.

2. The parameter-dependent symbol calculus.

Let us briefly recall the symbol spaces for pseudodifferential boundary operators
(»dbo’s) introduced in [GO1]. It is simplest to explain for operators of class 0, which
is essentially all we need here (we refer to [GO1] for the full calculus).

One considers systems of p-dependent operators

P(p)+ +G(p) K(w) Ce (RN C> (RN

(2.1) Ap) = : X — X ,
T(H) Q(H) Coo(Rn—l)M Coo(Rn—l)M'
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which for each fixed p belong to the calculus of Boutet de Monvel [BM71]: P(u) is a 1do
on R™ satisfying the transmission condition at x,, = 0, G(u) is a singular Green operator
(s.g.0.), T(p) is a trace operator, K (1) is a Poisson operator and Q(u) is a 1do on R*~1,
For the reader who is not familiar with this calculus, we refer to e.g. [G96, Ch. 1] or [GO1,
Sect. 1].

The starting point in the present parameter-dependent case is the 1¥»do symbol spaces
from [GS95], based on 2’ € R""! and now allowed to take values in Banach spaces B
such as L,(Ry), Ly(R3,) (we write R2, = Ry xRy ). Moreover, we now take powers of
|(¢', 1)| into the definition. To smooth out the behavior of |(¢’, u)| near 0, it is convenient
to replace it by [(¢/, u)]; here [z] denotes a C°° function of x € RY satisfying [x] = || for
lz| > 1, [2] € [3,1] for |z| < 1. We also use the notation (z) = (1 + |z[2)z. Note that
[(£',1/2)] = |(&',1/2)] for |z| <1, and that

(2.2) (€, 1/2)| = (", w)] = |27 (2¢"), when p=1/z.

[(¢', 1)] is more briefly written [¢', pu]; it will in the following often be denoted x (as in
[G96]), so from now on,

(2.3) k=[&1/2] =&, p], with p=1/2z.

We denote {0,1,2,...} =N.

Definition 2.1. Let m € R, d and s € Z. Then S™%°(R"~! xR"~! T, B) consists of the
C* functions p(z’', &', u) valued in B which satisty, with 1/u = z,

(2.4) 8lep(-, 1/z) € S™HI(R" xR B) for 1/ €T,

with uniform estimates for |z| < 1,1/z in closed subsectors of T,
for all j € N. Moreover, we define
(25) Sm,d,s(Rn—l XRTL—l, F, B) — /J/d[§/7 M]SSTI’L,O,O(RTL—l XRTL—l, P, B)

The indication (R"~!xR"~1 T, B) is often abbreviated to (I, B), or just (I') if B = C.
Keeping the identification of g with 1/z in mind, we shall also say that p(z’,£’,1/2) lies
in S™%5(T, B).

We leave the requirement (from [GS95]) of being holomorphic in p € I'° out of the
definition since k = [£/, u| is not so (one could instead work with a variant of x that is
holomorphic on suitable sectors, as in [G96], (A.2”)—(A.2"")). The symbol is just assumed
to be O in pu € I" considered as a subset of R?. Accordingly, we write 0|2 (instead of ),
since it is a control of the radial derivative that is needed (uniformly when the argument
of z runs in a compact interval), and |z| in the following enters as a real parameter.

To define symbol-kernels for the boundary operators, we use the cases B = Lo (R)
and B = L, (Ri +), with variables x,, or w,, resp. (Tn,yn) or (un,vy); these variables will
then be mentioned in the detailed description of the function.

We denote by ¥ the restriction from distributions on {z,, € R} to distributions on
{x, = 0}, and by e* the extension from functions on {z,, = 0} to functions on {z, € R}
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by assigning zero values on {z, < 0}, respectively. With S(R"™) denoting the Schwartz
space, we denote r=S(R") = S(R}), S(R+) = S+. We denote rirh S(R?) =Sy 4.

Let us also recall the notation developed from [BM71]: For n = 1, the Fourier trans-
formed spaces are denoted H* = FetS(R,), H-;, = Fe S(R_); they consist of C>
functions that extend holomorphically to t € C_ resp. C. (Cyx ={z € C|Imz = 0}) and
are O(t~1) there. Adding to H~; the space C|[t] of polynomials in ¢, we get the space H ™.
We denote

(2.6) H = HT+H~, with projections h*: H — HE.

The space Fy, e, Fy,—n.ci € Sy identifies with Ht*&@HZ,. (Our notation for the
Fourier transform and the conjugate Fourier transform is:

@7 (FHE) =fE) = / e f(2) e, (FF)(E) = / i€ f(2) da,

n n

so that F~! = (27)~"F; they are sometimes just applied in the 2’-variable or the x,,-
variable alone.)

The appropriate definition of parameter-dependent symbol-kernels for boundary oper-
ators involves a scaling in the x,-variable:

Definition 2.2. Let m € R, d and s € Z.
(i) The space Sm:d’S(R”_l xR"~1 T,8,) (briefly denoted S™%*(I", S, )) consists of the
complex functions f(z',x,,£, p) in C*®°(R*~! xRy x R"~1 xT") satisfying, for all 1’ € N,

(2.8) (VUL Al F(a) |2lun, €,1/2) € ST ESFHRY T XRY LT, Lo ., (Ry )

(equivalently, u! 0. f(x',|2|un, &', 1/2) belongs to € ST ==+ (T I, (R}))).

(ii) The space S™%s(R" "1 xR"~! T, S, ) (briefly denoted S™%*(I", S, )) consists of
the complex functions f(x, &y, yn, &', 1) in C°(R"1 x@ir xR"~1 xT) satisfying, for all
LU,k kK eN,

(2.9) <Z£’>l‘”+k‘k'um§nv§8§;f(:v’, |z|tn, |2lvn, &', 1/ 2)
€ ST R XR™ T, Log 0, (REL)).

In details, the statement in (2.8) means that for all j,
2.10) 0, (Tt () O (s €1/, £ (€Y,

with similar estimates for derivatives 9g 85, with m replaced by m — |a|. There is a related

explanation of (2.9). We here use < to indicate “< a constant times”; also > will be
used, and = indicates that both < and > hold.

The third upper index s is included to keep track of factors k = [¢/,1/z] in a manageable
way. When s = 0, we may lave it out of the notation, consistently with [GS95]:

(2.11) gmd:0 — gm.d,
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For the trace formulas later on, it is important to know that we always have inclusions
(that follow from [GS95, Lemma 1.13]):

Sm,d73 - Sm+s,d,0 N Sm,d-l—s,() if s S 07

2.12
(2.12) gmids ¢ gmtsd0 4 gmidts0 if o> ()

for S- as well as for S-spaces. We denote

(213) ﬂ Sm,d,s _ S—oo,d,s, U Sm,d,s _ Soo,d,s, ete.;

meR meR

observe that by (2.12), §™® =% = §=00,700,—0,
The following rule follows from the definition (proof details are given in [GO1, Lemma
2.10)):

Lemma 2.3. B
(i) When f € S™®5(I, Sy), then 23,05 f € vadvf—jﬂ‘ (I',S,) for j,j' € N.
ii) When f € 8™%5(I', S, ), then 8" yigi f e Smds—iti'—i+i"(I S, ) for i, 7,
( ) ++ n xnyn YUn ++

j, j' €N.

In the applications to trace formulas, the symbols moreover have to be holomorphic in
w for p € I'° with |[(&', )| > € (some € > 0); we call such symbols holomorphic in p, and
this property is preserved in compositions.

Definition 2.4.

1° The functions in S™%*(I", S, ) are the Poisson symbol-kernels and trace symbol-
kernels of class 0, of degree m + d + s, in the parametrized calculus.

2° The functions in S™%*(I", S, ;) are the singular Green symbol-kernels of class
0 and degree m + d + s in the parametrized calculus.

Operators are defined from these symbol-kernels as follows:

T — OPT(): u(x) — / / & Fo! & p)ulys 20) dandy €',
R2(n—=1) JO

(2:14) K =OPK(f):v(e)— [~ 0@l & pmpoly) dy'de,

G = OPG(f): u(z) — / / @YV @ 2,y € p)uly) dyde';
R2(n—1) Jo

note that the usual 1)do definition is used with respect to the a’-variable. Here d¢’ stands
for (2m)!~"d¢’. When these definitions are applied with respect to the x,-variable alone,
we write OPT,,, OPK,,, OPG,,.

Let us also mention the definition of the associated symbols, where a Fourier transfor-
mation has been performed in the z,-variable.

Definition 2.5.

(i) By Fourier transformation in x,, e*S8™%$(I',S,) is carried over to the space
S™4s(T',’Ht) of Poisson symbols of degree m + s + d, and conjugate Fourier trans-
formation in x,, gives the space S™%*(I',H_,) of trace symbols of class 0 and degree
m+ s +d.
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(i) By Fourier transformation in x, and conjugate Fourier transformation in y,,
el e;rnSm’d’S(F, Sy ) is carried over to the space S™%*(I', H* ©H_,) of singular Green
symbols of class 0 and degree m + d + s.

The p-dependent 1do’s P given on R™ should in addition to the conditions in Defini-
tion 2.1 satisfy an appropriate transmission condition at x, = 0, which assures that the
truncated ¢do P, = rT Pe™ enters in the calculus in a good way. The general condition
is explained in [GO1, Sect. 6], where the class of such symbols, of degree s, is denoted
5205 (R R™, T) (here “ut” stands for “uniform transmission condition”, cf. also [G96]).

When fo,_ _; € SmTids(T, S+) for j € Nand f € Smds(I S, ), we say that f o~
> fm_j in S™ES(D S, if f — ZKme _; € Sm=J4ds(I,8y) for any J € N. For any
given sequence fm_] e §m=3d:s(D S, ), one can construct an f such that f ~ > fm_j in

Sm-ds(I) Sy ). (Similar statements hold with S, .)

Of particular interest are the subspaces of the above symbol-kernel spaces consisting of
the functions f € §"%5 that are asymptotic series of terms f,,_ _;esm 245 with a specific
quasi-homogeneity in (z,,&, 1) or (Tn,yn, &, 1), the corresponding Fourier transformed
terms being ordinarily homogeneous in (&,,,&’, u) resp. (&n,mn, &, 1) for |€'] > ¢ > 0, of
degree m—j-+d+s. Such symbol-kernels and symbols are called (weakly) polyhomogeneous.

The explanation for the +1 resp. +2 in the third upper index in (2.8) resp. (2.9) is, that
with this choice, m + d + s is consistent with the top degree of homogeneity in the Fourier
transformed situation for polyhomogeneous symbols, where the scalings in z,, and y,, lead
to shifts in the indices. Further details in [GO1].

The label strongly polyhomogeneous is reserved for those symbol-kernels and symbols
for which the terms have the homogeneity property on the larger set where |(¢',u)| > ¢
(¢ e R" 1 1 € TU{0}), and standard estimates for symbols-kernels in one more cotangent
variable hold when the extra variable is identified with |u| on each ray in . Such symbol-

kernels and symbols form a subset of the weakly polyhomogeneous symbol-kernel and
symbol spaces by [GS95, Th. 1.16] and [GO1, Th. 3.2]:

Theorem 2.6. (On strongly polyhomogeneous symbol-kernels and symbols.)

(i) When p is a standard polyhomogeneous 1 do symbol of degree m with respect to n
variables (with global estimates), then the symbol obtained by fixing x,, and replacing &,
by p € Ry is in SOO™M(R"I xR R,).

(ii) When p is as in (i) with n replaced by n + 1 and satisfies the uniform transmission
condition at x,, = 0, with respect to the x,-variable, then the symbol obtained by fixing
Zni1 and replacing €,41 by p € Ry is in S52™(R™ xR™, R,.).

(iii) When t, k or § is a polyhomogeneous trace, Poisson or singular Green symbol-kernel
with respect to n + 1 variables (x1,...,Z,+1) in the standard 1pdbo calculus of degree m
(with global estimates), x,, denoting the normal variable, then the symbol-kernels obtained
by fixing z,,11 and replacing £&,.1 by p € Ry are in S®%™ (R~ 1 xR"1 R, ,S,) resp.
SO0m(RP =1 xR*1 R, S,.).

Proof. (i) follows by applying [GS95, Th. 1.16] to the symbol [{]™""p of degree 0.
As for (ii), the uniform transmission condition is defined for parameter-dependent sym-
bols in [GO1, Sect. 6] precisely so that it holds in this situation.

(iii) is shown in [GO1, Th. 3.2]. O
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The class of strongly polyhomogeneous 1do symbols satisfing the uniform transmission
condition as in this theorem, on each ray in I', is denoted Sgéggut(F).
For a simple example of a Poisson operator as in the theorem, see [GO1, Ex. 3.4].

The symbol-kernel spaces can of course also be defined for 2’ runnning in open subsets
U’ of R*!; then R*~! xR"! is replaced by U’ xR~ ! in the formulas in Definitions 2.1
and 2.2. Likewise, R™ xR" can be replaced by U xR" in the definition of 1»do symbols.
The cotangent variable ¢’ need only run in a conical subset of R"~!. The operators and
symbols behave in a standard way under coordinate transformations (one just has to keep
check of the uniformity in z of the relevant estimates); we shall not give any details here
but just mention that this allows the definition of operators acting in vector bundles over
manifolds, by use of local coordinates and local trivializations.

The following composition rules are proved in [G01, Ths. 6.7-6.9] (recalled here primar-
ily for operators of class zero):

Theorem 2.7. Let P (y¥do on R™), G , T and K (class 0 singular Green, trace resp.
Poisson operator for R'), and Q (do on R"~!) be parameter-dependent with symbol(-

kernels) p, §,t, k,q satisfying (for some m,d,s € 7):

e %05 (R xR™, T),

e S™hs(RMIXRY LT, S, L),
e S™s(RIXRL T, S,),
e §S™ SRR T,

p(x, & p

9@’ xn, yn, &'

B! n, & 1) k(2 0, &
q(=', & p

(2.15)

and let P', G', T', K' and Q)" be given similarly with m, d, s replaced by m/, d’, and s’.
Define

(2.16) m'=m+m', d"=d+d, s"=s+5".

Assume that s resp. s’ is < 0 in the formulas where P resp. P’ enter. Then (omitting the
indication R"~! x R"~1):
(i) TP! (trace operator) has symbol-kernel in Smds"(T,8,),
(ii) voPY (trace op.) has symbol-kernel in 8005 (1, S,),
(iii) Py K’ (Poisson op.) has symbol-kernel in 8™ 4" (T, S,.),
(iv) PLG' (s.g.0.) has symbol-kernel in S™ 45" (', S,),
(v) GP. (s.g.0.) has symbol-kernel in S™%*"(I', S, ),
(vi) GG’ (s.g.0.) has symbol-kernel in 8™"@"s"+1(I" S, ),
(vii) KT' (do) has symbol-kernel in 8™ 45" (', S, ),
(viii) TG (trace op.) and GK’ (Poisson op.) have symbol-kernels in ™" »4"»s"+1(T"| S ),
(ix) 7@’ (trace op.) has symbol-kernel in S™ @5 +1(T'| S,
(x) TK' (¢do) has symbol in §™"@"s"+1(T),
(xi) voK’ (1do) has symbol in §"%5"+1(T),
(xii) QT" (trace op.) and KQ' (Poisson op.) have symbol-kernels in S™ 45" (T, S.),
(xiii) QQ’ (1do) has symbol in S™ 4 "(T),

»
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(xiv) PyP, = (PP)y — GT(P)G(P'), where PP’ (i)do) has symbol in
SS,’GO’SN(R” xR" T"), GT(P) (s.g.0.) has symbol-kernel in S®%*~1(I",S,,), and G~ (P’)
(s.g.0.) has symbol-kernel in S%%5'~1(I", S, |).

Observe the general principle that the third upper index is lifted by 1 in the cases where
the composition involves an integration in z,,.
When g is a singular Green symbol-kernel, we define the normal trace by

(2.17) (trn §)(a', €, 1) = /0 Gy, € 1) di

This a 1do symbol in the calculus:

Proposition 2.8. When §(z',z,,yn, &', p) € S™ES— LRI xR*"1 T',S,,), then the
normal trace of § is a 1ydo symbol in S™%$(R*~1 xR"~1 . T,C.)

When G = OPG(g), we denote the 1do with symbol tr,, g by tr,, G. Then in fact, when
the traces exist,

(2.18) Trgn G = Trgn-1 tr, G,

and there is a similar rule for the operators carried over to the manifold situation, when
the symbol-kernel of G is supported in X, and the product measure is used on X.:

(219) TI‘X G == TI‘X/ tI‘n G

In this way, the calculation of traces of s.g.o.s is reduced to the calculation of traces
of ¥do’s on X', for which we have the results of [GS95] for operators with symbols in
the spaces S™%0(I"). (When G is given as a finite sum of compositions of Poisson and
trace operators, G = Y i<J K;T};, one has by linearity and circular perturbation that
Trx G = Trx (3 <, TjK;), which is a closely related “reduction to the boundary” that
avoids explicit mention of normal and tangential variables.)

Let ((x,) be a C* function on R such that

(2.20)  ((zn) =1 for |z,| < %, ((z,) € [0,1] for |z,] € [, 2], {(z,) =0 for |z,| > 2;

denote ((z,/¢) by (., € > 0. Recall from [GO1, Lemma 7.1ff.]:

Lemma 2.9. For a singular Green operator G of class 0 in the calculus, (1 — (.)G and
G(1 — ¢.) have symbol-kernels in S—°~°~°°(T", S, y); hence they are trace-class with
traces that are O(|\|~) for |[\| — co in T, any N.

This relies on the fact that such operators can be written with a factor z* resp. y* for

any k, where Lemma 2.3 applies.

Theorem 2.10. Let m, d and s € Z, with s < 0.

(i) Let G be a p-dependent singular Green operator of class 0, with polyhomogeneous
symbol-kernel in S™%*~Y(T"| S, ;) in local coordinates, holomorphic in . If m 4+ s > —n,
assume furthermore that the homogeneous terms in the symbol of S = tr,, G of degree
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m-+d+s—j withm+ s — j > —n are integrable 1 £’. Then G is trace-class and its trace
has an asymptotic expansion in p for |pu| — oo in T':

(2.21) TrG ~ Z Cj’um-l-d-i-s-i-n—l—j n Z(Ci@ log 11 + C%)Iud—i—s—k;
JEN kEN
here the coefficients ¢; and ¢}, with k = —m + j —n + 1 are determined from the j’th

homogeneous term in the symbol of tr, G (are “local”), whereas the c; depend on the full
operator (are “global”). Such an expansion likewise hold for Trx. S, when S is a 1¥do on
X' with polyhomogeneous symbol in S™%*(I"), under the same additional assumption as
above when m + s > —n.

(ii) In particular, if the symbol of G is strongly polyhomogeneous, then

(2.22) Tr G~ Y dypmtatetn=i=d,
JEN

where d; is determined from the j’th homogeneous term in the symbol of G. A similar
statement holds for Trx, S when the symbol of S is strongly polyhomogeneous.

Proof. This is shown in [GO1, Th. 7.3|, but since we need to refer to specific coefficients,
we recall some ingredients of the proof here.

By Lemma 2.9, the expansion (2.21) (or (2.22)) is unaffected by replacing the given
s.g.0. G by an operator G’ = (.G(. with symbol-kernel supported in X., where (2.19) can
be used.

We have from (2.12) that the symbol-kernel § of G’ is in

S™ U, 81 y) € ST, Sy ) NS THT, Sy,

in local coordinates. Hence, by Proposition 2.8, tr,, § € S™*%40(T) N §™4+5.0(T). Denote
tr, G’ = S, then it is a ¥»do on X’ with symbol

(2.23) s(z', €, ) € §mHsdO(T) n §mid+s0(T),

in local coordinates. Now one simply applies [GS95, Th. 2.1] to S, and from here on, the
considerations apply to any ®do S on X' satisfying the stated assumptions:

If m + s < —n, the inclusion in the first space in (2.23) assures trace-class and inte-
grability in & of all terms in the symbol. An application of [GS95, Th. 2.1] then gives
after integration in ' € X'’ that Trx, .S has an expansion as in (2.21) but with d + s
replaced by d in the second series. The inclusion in the second space in (2.23) allows us
to replace d by the lower integer d + s in the second series. To explain the central part of
the proof, let s(z’, &, p) € ™4 9(T) and let s’ = =% (in a localized situation). Here
the j’th homogeneous term s’(z',£’, p) in the symbol s'(z', €', 1) has homogeneity degree
m’ — j, denoted m; in [GS95, Th. 2.1]. Its contribution to the diagonal value of the kernel
K(z',y',p) of S is

(2.24) Ky (', 2, ) :/ si(a’ & p) dE = (/ +/ +/ )s; d¢’;
Rn—1 1€71> |l 1€1<1 1<[€ <l
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here fl&’lZlul s’ d¢’ gives a power term e(z") ™ ~3tn=1 (by homogeneity), f|€,|§1 s’ dg’ gives
/

a series of power terms, and f1<|£’|<|u| 8% d¢' gives a log-power term c’(as’),um/_ﬁ”_l log
iftm'—j+n—1is a nonposizive_integer and besides this some power terms. Thus in
the original symbol, s; = ,ud/s; gives a log-power term ¢ (z/)pu™ +4 ~i+t7=1]og 1 when
j>m’'+mn—1. We note that the log-power terms begin with c,ud/ log 15 also the nonlocal
terms begin at this power.

If m+s > —n, the supplementary integrability assumption for the terms with m+s—7 >
—n assures trace-class, and all terms are treated as above.

In (ii), one gets the refined expansion (2.22) since in the strongly polyhomogeneous case,
the homogeneous terms in the symbol are strictly homogeneous in (¢/, 1) € R*™! x {u €
| |u| > €} and integrable in £ € R™™!, so that the terms d;u™+4T$T"=1=J are produced
directly by integration of the j’th symbol in ¢ and 2z’ using the homogeneity. (Here one
does not need to decompose the integral into three regions as in (2.24).)

One can also derive (2.22) from the fact that the strongly polyhomogeneous symbols
are as in [G96] with regularity number v = 400, so that full trace expansions with purely
power terms hold as shown there (and recalled in [GO1, Prop. 7.2]). O

When the operator acts on the sections of a vector bundle over X, one takes the fiber
trace in (2.24). There is a similar result for Trx P, when P has symbol in S™%*(T"), only
with n — 1 replaced by n.

Let us now show how the elementary operators introduced in (1.18)—(1.20) fit into the
calculus. In the statements below, it is tacitly understood that the symbols are N x N-
matrix valued. This could be indicated by adding ®£(CY) to all the mentioned symbol
spaces, but that would make the reading unnecessarily heavy.

Proposition 2.11. Consider the operators from Section 1 as parametrized by
(2.25) p= (=N, inT={ueC|Rey>0}

i) The ¥do Q% = (A% + D? + ;2)~! has symbol in S>% 72 (U xR™,T), in local trivi-
T, sphg,ut
alizations.
(ii) The tpdo’s
Ay = (A2 N7 = (A% 4+ pf)

(226) 1 1
AV = (=N TE = (A )

have strongly polyhomogeneous symbols in S%%1(U'xR"~1 T') resp. S®%~HU'xR"*~1,T),
in local trivializations. Moreover, for m € N,
0% Ay has symbol in SO 72(U' xR™ 1 T),

2.27
(2.27) YA has symbol in S®0~1727(U/ xR T).

(iii) The vpdo (Ax + |A|)~t has symbol in SO0~ U’ xR"~1.T'), in local trivializations,
and its O%-derivatives have symbols in S®0~172"(U' xR"~1 T),

(iv) The Poisson operator K 4, and the trace operator T4, have strongly polyhomoge-
neous symbol-kernels in S®%~1(U'xR"~1 T",S,), in local trivializations. Moreover,

(2.28) 05K a, and 05T4, have symbol-kernels in S*:*~ 172" (U'xR""1. T, S,).
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Proof. (i), essentially known from [GS95], follows from the fact that A%+ D2 + ezieDfEnJrl
is an elliptic differential operator on X’ x R?, for any |0] < 5; then we can for each ray in I'
use Theorem 2.6 (ii) and the fact that elliptic differential operators and their parametrices
satisfy the transmission condition.

The results of (ii) and (iii) are also essentially known from [GS95]. In (ii), we can
compare Ay and Ay with (A% + eQiechn)% resp. (A% + eQieDin)_% defined according to
Seeley [S69]; the latter are elliptic of degree 1 resp. —1. Then Theorem 2.6 (i) gives the
statement for r = 0. The cases r > 0 are included by use of the formula 0y A, = —%A;l
and the composition rules.

Concerning (iii), it is shown in the proof of [GS95, Prop. 3.5] that Ax(|]A| + A))~!
has symbol in S%9(T), equal to S%99(T") by (2.11), so the result follows for r = 0 by
composition with Ay', using (ii) and the composition rule (xiii) in Theorem 2.7. For
r > 0, we use that

(2.29) KA+ A0 = 3 (Al + AT AR,
J+k=2m,j,k>1
so that (iii) follows from the previous results by use of rule (xiii).
For (iv), we apply Theorem 2.6 (iii). In fact, when u = e®p is replaced by ¢, 1,
the symbol-kernel of K4, is replaced by the symbol-kernel of the solution operator (in a
parametrix sense) K: ¢ — u of the Dirichlet problem

(A+DZ + eiQeDgnH)u(x’, Tp,Zps1) =0 on R" xR, xR,

(2.30) / , '
u(z',0,zp41) = (2, 2p41) on R XR,

which is a standard Poisson operator relative to R"™! xR, xR. Then Theorem 2.6 (iii)
implies that the symbol-kernel of K 4, is in S%%~1(T",8;). The A-derivatives are included

by functional calculus (cf. (1.19)) and composition rules. There is a similar proof for
T U

3. Preservation of log-terms under general perturbations.

We shall here study the resolvent Ry = (Ap — \)~! by use of the representation (1.14).
It is shown in [GS95, Th. 3.9] for the non-product case (with II = I 4 By), in [G99, Cor.
8.3] for the general case, that R, has the structure
(3.1) Ry=Qu++Gu Gu=K.S.7,,
where S, is a weakly polyhomogeneous 1do on X’ with symbol in S*9(T), K,, is a strongly
polyhomogeneous Poisson operator of degree —1, and 7, is a strongly polyhomogeneous
trace operator of class 0 and degree —1. Q,, is the parametrix described in (1.12).

From the point of view of the more recent calculus in recalled in Section 2, S, has
symbol in S%99(T) (cf. (2.11)), and K,, and 7,, have symbol-kernels in S®%~H(T, S, ) since
they are strongly polyhomogeneous (cf. Theorem 2.6). So by the elementary composition
rules (xii) and (vii) in Theorem 2.7, we find that G, has symbol-kernel in S%%~2(T", S, 1),
in local trivializations.

We use this to see from (1.14), (1.15) that

_ 1
(3.2) R,2=Q 24 +G 2, G 2=p""(1 0)G, (0) 7

where G_ 2 has symbol-kernel in §®~%~2(I", S, ), in local trivializations. @_ 2 is strong-

A

ly polyhomogeneous of degree —2 and has symbol in Sgl;(;’l;ft(lj), by Theorem 2.6 (ii).
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Lemma 3.1. For any r € N,

r _ r (r)
(3.3) R e = Q)4 + G,

—p

where Qr_uz is strongly polyhomogeneous of degree —2r, with symbol in Sfl;gh_,ff ("), and

G(_TLQ has symbol in S%~"~1="(I', S, ), in local trivializations.

Proof. The statement for the case r = 1 is shown above. The iterated expressions:

(34) R" ., = <Q—M27++G—M2)O”'O(Q—M27++G—M2)'

—p
are included by use of rules (iv)—(vi) and (xiv) in Theorem 2.7. [

Remark 3.2. By a direct study of the resolvent of DDy, as carried out for the non-
product case with IT = II> in [G92], and for more general cases in [G02], one can show that
G_,2 = K,5,T,, where K, and T}, are strongly polyhomogeneous of degree —1 and S|,
has symbol is in $%%~1(I"); hence G_,,2 has symbol-kernel in §°%~3(T', S; 1), which leads

to the conclusion that G(_TLQ in fact has symbol-kernel in S%%~1=2"(I", S, , ). However, the
above information suffices for the results on perturbations that we pursue here.
It is well-known how TrQr_uz 4 has an asymptotic development in pure powers of u

(when 2r > n). When we in addition apply Theorem 2.10 to G(_TLQ we get (1.8), recon-
firming the result of [GS95]. Let us also describe the trace expansion in cases where R" 2
is composed with a differential operator:

Theorem 3.3. Let F be a differential operator of order m’. Then for r > %m/, FR’;MQ
is trace-class and has an expansion

(3.5) Tt FRT 5 ~ Z G ™ R 4 Z(d;@ log 11 + &Z),um/_k_%-
—n<k<0 k>0

If F' is tangential on X, then

(3.6) Tr FR” > ~ Z &k’um’_k—Qr n Z (d;c logu—i—d%),um/_k_%.

The coefficients ay and aj, are locally determined. If m' is odd, a_, = 0.
Proof. Since the operator is of order m’ — 2r for fixed u, it is trace-class when
m' —2r < —n, ie., r > 2™ Tt is well-known that the 1do part FQZMQ , has an ex-

2
pansion Y, 5 cpp™ ~2"~F without logarithmic terms. Here the terms with k even/odd
vanish when m’ is odd/even, respectively, since they are defined by integration in £ € R”

of symbols that are odd in £. One finds using Lemma 2.3 that the s.g.o. part FG(_TL2 has

symbol-kernel in S®~"™'~"=1(I'| S, ) in local trivializations, so it follows from Theorem
2.10, applied with (m,d, s) = (0, —r,m’ — r), that this term contributes a trace expansion
as in (3.5) but starting with £ = 1 — n. Then (3.5) follows by summation; in particular,
the term with k = —n vanishes if m’ is odd.
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If F is tangential, the symbol-kernel of FG(_TL2 is instead in 8™, S, 1), so we
can use Theorem 2.10 with (m, d, s) = (m’, —r, —r), which lowers the starting power d + s

in the series with logarithms to —2r; this results in (3.6). O

Now we consider two choices of D as in (1.1), with the same well-posed choice of
boundary condition:

(37) Dl = a(@xn + A1i>, H’you = O, 1= 1, 2.
The associated other operators in the direct and the doubled-up situation will be marked

by index 1 or 2. The realizations of Dy and D5 are defined by the same boundary condition
(1.11), so the full systems in the doubled-up situations are:

D1+ p Dz—i—ﬂ)
3.8 ) )
(3:8) ( Bo ) ( Bo
with inverses
—1
Dy + Dy +
a9 (Pt =R ks (PEE) = (Rey K.

We can write (on X.)
(3.10) Dy —Dy =2 P;, Di—D'=z'P,
for some [ > 0, some tangential x,,-dependent first-order differential operator P;. Then

(3.11) Dy — Dy = 2, Py, where P; = 0 =k :
P, 0

Let us (somewhat abusively) apply the notation !, P; to Dy — D; on all of X. Then

D1 +
(R Kop) =(Rau ’Cl,u)( 113%”)(732,u Kau)

(3.12) Dy — 2P+ p

(Rl,u ’Cl,u) ( B ) (RZM ’C2,u)
(Rl,u Kiu)— (Rl,uxgzﬁlRlu Rl,uxlnﬁllclu )

In particular,
(3.13) Royu — Rip = —Riuzh PiRo .

Theorem 3.4. Consider D, 1 and Do 11 defined from (3.7). For any r € N, write

(3.14) Rl o =(Q_2)s +G7 o i=1,2
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according to Lemma 3.1, Q] _ » has symbol in SO0 =2r 1y and Ggrluz has symbol-kernel

spgh,ut
in 8%="=1=7(I", S, ;) in local trivializations. Write

r r r r —(r)
(315) R27_M2 - Rl:—ﬂ2 == (Q27_M2 - Q17_M2)-|- + GIJ .

When (3.10) holds for some some | > 0 (with a first-order tangential differential operator
P;), then éff) has symbol-kernel in S—"=2-"={T", 8, ,), in local trivializations.

Proof. We begin with the case r = 1. By (3.13) and (3.2),

(3-16) RQ,M - Rl,u = _RlyuxfzﬁlR%u = _(QLMHr + gl,u)xlnfl(QZuHr + g2,u)

|5 Il |5 |5

We first show how the three last terms are treated by Theorem 2.7 and Lemma 2.3. The
lemma shows that multiplication of a singular Green symbol-kernel by z! or 3! lowers
the third upper index by [ steps. Thus x;gg,u has symbol-kernel in S%%—2=4T, S, ), in
local trivializations. A similar result holds for G ,z!, where the composition with z!, to
the right has the effect of multiplying the symbol-kernel with y’. The composition with
the p-independent first-order tangential differential operator P; has the effect of lifting
the first upper index by 1 step. When we take these effects into account and use the
composition rules, we find that the three last terms in (3.16) are s.g.o.s with symbol-

kernels in SV% 37T, S, ), in local trivializations. The remaining term equals

(3.17) Ql,u#xlnﬁl Qo+ = (Ql,uxlnﬁl Qo)+ — G+(Ql,u)xf¢ﬁlG_(Q2yu)a

cf. (xiv) of Theorem 2.7. Here the t)do part is strongly polyhomogeneous of order —1 and
the G*(Q;,,,) have symbol-kernels in S%%~2(T", S, ), in local trivializations. By Lemma
2.3, G*(Q; )zl has symbol-kernel in §*%=27HT"| S, .). P, lifts the first upper index by 1.
Then by Theorem 2.7 (vi), the last term in (3.17) has symbol-kernel in S10=3-4T", S, ),
in local trivializations.

Now by (1.14),
(3.18)

_ 1 _ = 1
RQ,—;ﬁ - -Rl,—u2 =K ! (1 0) (RQ,M - Rl,u) <0) = U ! ( 1 O)Rl,uxizPlRZ,,u <0) )

so from what we showed for (3.16) follows in view of (3.2) that Ry _,2 — Ry _,2 is the
S0,0,—Q
sphg,ut

SH=L=3=UT, S, ), in local trivializations. This shows the assertion for r = 1.
For higher r, we use the formula

sum of a truncated 1do with symbol in (T') and an s.g.o. with symbol-kernel in

(319) Ry o — Ry _,2=(Ro—y2—Ri_2) (R o+ Ry LRy 2+ -+ R{LL).

7 I

The first factor is described above. For the terms in the second factor we use the informa-

tion in (3.14)ff. An application of the composition rules gives an operator whose 1)do part
SO,O,—QT

sphe.ut (T') and whose s.g.o. part has symbol-kernel in

has symbol in

81’_1’_3_Z(F,S++) o SO’_(T_I)’_I_(T_I)(FaS++) - 817_T’_2_T_Z(F78++)' O
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It is remarkable in this result (and important for the applications below) that both
factors z! (for I > 0) and Rs,, lower the third upper index, whereas P; only lifts the
first upper index. In the case [ = 0, the proof in fact allows Dy — D to be an arbitrary
first-order tangential differential operator (as long as ellipticity is respected).

Pursuing the indications in Remark 3.2, one could get a still better result, placing
the decrease by 2r fully in the third upper index. However, the above result suffices to
conclude:

Theorem 3.5. Let Dy and Dy be two first-order elliptic operators on X as in (1.1),
(3.7), provided with the same well-posed boundary condition llyou = 0 (with II being
an orthogonal pseudodifferential projection); then (3.10) holds for some | > 0, and we
denote the largest such integer by l. Let D 1 and Da 11 be the realizations defined by the
boundary condition llygu = 0, and let A; p = DZHDLE Let F be a differential operator

in B of order m' and let r > %m/ Then

r r T r ()
(3.20) F(Ry, — Ry ) = (F(Q3,— Q1))+ + FG, 7,
where F(Q5 _ > — Qf _ ) has symbol in Sgl;(g)ﬁ;t_zr(I‘) and F@Lr)has symbol-kernel in

St=rm'=2=r=UD S ) (in S™'+L="=2=r=UD S, ) if F is tangential), in local trivializa-
tions.
The do part has an asymptotic trace expansion

(3.21) Te(F(Q5n — Q)] ~ S Be(=N"T 7,

where p, = 0 for k —m’ + n odd.
The s.g.o. part has an asymptotic trace expansion

—_(r _ m/—k_r - - m —r
(322) TFG )~ Y =N Y (Ghlog(—A) 4+ 1) (-0 T
—n+1+1<k<ko k>ko

where
(3.23) ko =1+ 1 when F is general, kg = m’ + 1+ 1 when F is tangential on X,.

It follows that

(3.24) TF(Ry, — By )~ 3 al(=N"T 7+ 3 (& log(—\) + &) (—3) """,

—n<k<ko k>ko

with ko as above. For k <l — n, the ¢, vanish when k —m’ + n is odd.
The coefficients ¢, and ¢, are locally determined.

Proof. Recall that A = —p?. The statement on the decomposition (3.20) follows from
Theorem 3.4 and Lemma 3.1. The trace expansion of the ¥do part is well-known. The
trace expansion of the s.g.o. part is obtained in general by application of Theorem 2.10,
with

m=1, d=-r, s=m'—1—r—1L
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Here m +s =m' —r — 1, soif r +1 > n+ m/, there is no need to check integrability
conditions. We only assume r > ntm’. this is allowed because the singular Green part of
the resolvent power is in fact of order —2r (degree —2r — 1) for each fixed A\ (since it comes
from the resolvent of an elliptic problem of order 2r), hence tr,, of its composition with F' is
a 1do on X’ of order m’ —2r. So all the homogeneous terms in the considered 1)do symbol
are integrable in &, when r > ntm’ Then Theorem 2.10 gives an expansion of the trace of
the s.g.o. part of the form (2.21), with m+d+s=m'—2r—1, d+s=m’—1—2r —1[ (resp.
—1—2r—1if F is tangential). Here the expansion starts with the power m’ —l+n—1—2r,
and the log-terms start with the power m’ —1—1—2r (resp. —1 —1 —2r if F is tangential),
so (3.22) is obtained after some relabelling.
When we add the contributions, we find (3.24). O

Remark 3.6. Note in particular that the terms with “global” coefficients ¢, begin with
m’/—1—1

the power (—\)™ = — " for general F, (—\)~=" ~" when F is tangential.

There is a similar result for D; 1 D; 1*. We have furthermore:

Corollary 3.7. Hypotheses and definitions as in Theorem 3.5. There are expansions
(3.25)
k

Tr[F(e_tAQvB — e_tAlvB)] ~ Z cktFTm + Z (c§C logt + cg)t i

—n<k<kg k>Eko
e N S ) Dl (e =
2,B~ =1,B/1 "™ o k—m/ k—m’ k—m’
—n§k<k08+ 2 k> ko (s+55%) s+ 75
_ Tr[F(IIo(Ag,5) — Ho(A1B))]
S

The coefficients ¢ and c), are locally determined; the cy, ¢}, ¢; are proportional to ¢,
¢y, Cp in (3.24) by universal factors. For k <l —n, the ¢, vanish when k —m' + n is odd.

Proof. Here one uses the transition formulas explained e.g. in [GS96]. The passage from
(3.24) to the zeta function expansion in the second formula of (3.25) is based on Corollary
2.10 there, and the passage to the heat trace expansion is based on Section 5 there. The
subtracted term in the second line is explained by the fact that Ai_jé is defined to be zero
on VO(Ai, B)- ]

We can also formulate the result as follows:
Corollary 3.8. Hypotheses and definitions as in Theorem 3.5. For the trace expansion
m’ '~k

(3.26) TrFRY\ ~ > dn(—N) z"“—2+Z(aglog(—A)+ag)(—A)”z -
—n<k<0 k>0

(the summation limit O replaced by m’ if F is tangential), the replacement of Dy by Ds

leaves the log-coefficients a; invariant for k < ko. The other coefficients with k < ko are

modified only by local terms; those with k <[ —n and k —m' + n odd are invariant.
There are similar results for the associated heat trace and zeta function.

Proof. (3.26) is a reformulation of (3.5)(3.6). Since F'Rj; , = F'R] , + F(R; , — RY ), the
result follows for F'R; , by addition of (3.24) to (3.26). [
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Recall from [GS96] that when F = ¢° (a morphism independent of x, on X.), the
coefficient a} in (0.1) and (1.9) in the product case, with II equal to Il plus a projection
in the nullspace V5 (A), satisfies:

(3.27) a) = —mler (0, A?),

where e; is the coefficient of 2 in the heat trace expansion for A% on X:

o
T('e ™)~ Y el AN,
k=1—

n

Here ey (©°, A%) = 0 for k —n + 1 odd; in particular, e; = 0 if n is odd. By [G01’], the
value af is the same also for projections IT = II.. + S with S of order < —n — 1.
The above methods moreover allow us to conclude:

Theorem 3.9. The coefficient a} in (0.1) and (1.9) (as well as the coefficient @} in (1.8)),
is the same for a non-product type operator D (1.1), (1.2) over X, with volume form
v(z) dr and the associated product type operator D° (1.3) With volume form v(z’,0) dz,
when Py = 0 and 0,,,v(z’,0) = 0. Moreover, the coefficient ay (as We]] as ay ) differs in the
cases of D and D° by a local contribution only. Here, when ¢ = ¢° (independent of x,, on
X.)and IT=1Is + S, S of order < —n — 1, o} satisfies (3.27).
Generally, when D = D° + 2! P; on X, for some I, and 93 v(z',0) =0 for 1 < j <1,
then the terms ak for 0 < k <1 are the same in the expansions for D and for D°, and the
nonlocal terms a) differ by local contributions only.

Proof. Consider the first mentioned case, where [ = 1; here D = D%+z, P; with P; = o P;.
Note that the adjoints D* of D and DY of D are defined differently because of the different
volume forms. However, as noted after (1.2), the hypothesis 0, v(z’,0) assures that D*

has the form (=8, + A+ 2,P])o* = DY + xnﬁll with ﬁll = P{o*. Then on X,

—
D — DO = $nﬁ1, where fl = (?91 _Opl) .

The proofs of Theorems 3.4 and 3.5 extend immediately to this situation. In the expansion
corresponding to (3.22) in this case, the second sum begins at the index kg = 2. This shows
the stability, and the statement on the value follows from the remarks before the theorem.

In the case with general [, the hypotheses assure (in view of the remarks after (1.2))
that D — DY = z! P, for a suitable first-order tangential operator P;, and the proof goes
as in Theorems 3.4 and 3.5. [

We recall (e.g. from [GG9I8]) that e; is generically nonzero when n is even (cf. also (3.29)
below).

Note also the general result in the case [ = 0, where Py can be nonzero: Here ay is
preserved when D is replaced by D°, and af is perturbed only by local contributions.
This stability was established for the case with II = II>(A) in [G92], and in [GS95] for
IT =TI (A) plus certain finite rank projections.

But a perturbation with Py # 0 will in general change a/:
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Remark 3.10. Consider the simple case where Py = al (on X.), a € R, and F = ¢ as
above. If we also change the boundary projection to II>(A + al), we have a new product
case, where the operator is

(3.28) DY =0(d,, + A+ al) (on X,.) with boundary condition II> (A + al)yu = 0,

(e

and the heat trace has an expansion as in (0.1) with log-coefficients that vanish accord-
ing to the description after (0.1). Here the coefficient a} equals —7~te;(¢°, (A + al)?),
by the preceding explanation. Now since II>(A + «) — II(A) is a finite linear combina-
tion of eigenprojections of A, it is a do of order —oo, so a replacement of II-(A) by
II> (A + ) in the boundary condition (1.6) leaves all log-terms invariant by the results
in [G99] (elaborated in [G01’]). Thus in fact, when we return to the boundary condition
(1.6), the term a} in the trace expansion for DY is also equal to —m~1e; (%, (A + a)?).

It vanishes for n odd, but let us consider the case n even. As recalled in [GG98], differen-

tiation and comparison of the expansions of Tr(gooe_t(A+a)2) and Tr(p° (A + oz)e_t(AJF“)Q)
leads to the following formula (with a nonzero integer factor m(n))

(3.29) Oner(¢’, (A+a)?) =m(n)er—n(@”, (A+ a)?) £ 0,

which shows that a} for DS with boundary condition (1.6) is not constant in o when n is
even.

One can similarly study the differences connected with eta functions,

Tr[F¢(DanRy \ — DinRY )], Tr[Fy(Dane "2 — Dy e '217)]

by considerations as above, departing from the formula inferred from (1.13):

1
(3.30) DonRy 2 —DinRy 2 =—(0 1)(Ropu—Riu) (0)

(note that R; » maps into the domain of D; 11)), and using again the considerations on
the terms in (3.16). Here the expressions with higher powers are included by use of the
formula,

(3.31) DyRjyy — DiRy \, = (DaRyx — D1Ry xRS}
+ DyRj \(Rox — Rip)(RY 2+ 4+ R
(also used in [GO1’]). This leads to:
Theorem 3.11. Hypotheses of Theorem 3.5.
(i) We have for any r > 1:
(3.32) DonRy 2 — DinRy o = (D2Qf o — D1QY _2) 1 + G,

where DQQS’_HQ - D Q7 2 has symbol in Sjég’h_’ftr(F) and él(f) has symbol-kernel in

Stl-n=2-r=UP S, ) + 8> 27T, 8. ) (in SHO3-YT, S y) if r = 1), in local
trivializations.
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(ii) It follows that when 1) is a morphism from E5 to Ey, then there are trace expansions
for r > 7n+”21/+1:

(3.33)
r T ~ mitlzk .
Tr[Fy(DonRs y — DinRi )~ > @(=N)"2
—n<k<ko
+ Z (&), log(=A) + &) (=) T
k>ko
Te[Fy(Dame 222 — Dype™18) ~ N gt 3 + ) (chlogt+ )t E o,
—n<k<ko k>ko
—s —s Ck
['(s) TT[F¢(D2,HA2,B - DLHALB)] ~ Z o k—m/—1
Cn<heky ST T2
> (e
+ ),
e <S+k21)2 S+k21

with ko defined by (3.23). For k <1 —n, ¢, and cj, vanish when k —m’ + n is even.
The coefficients ¢y, ¢, ¢ and ¢, are locally determined, the c¢j, and ¢, being proportional
to ¢y, ¢, by universal factors.

Proof. The statement on the tdo part of (3.32) is immediate, since it is strongly polyho-
mogeneous of degree —2r — 1. For the s.g.o. part, we start by using the analysis of (3.16) in
the proof of Theorem 3.4, now considering the 21-block as in (3.30). This shows that the

symbol-kernel of CN}'E}) is in S1%73=U(", S, ), in local trivializations. Next, we apply the
composition rules from Theorem 2.7 to (3.31), combining the above with the information
in Theorem 3.4. It is found that s.g.o. part of the first term in (3.31) has symbol-kernel
in SH1==2="=I(I", S, ), and the s.g.o. part of the second term has symbol-kernel in
S§%~n=2-r=U" S, ,). This shows (i). It follows that

(3:34)  Fy(DanRs 2 — DinRi_2) = (F(D2Q 2 — D1QY )+ + FYGY),

where the 1do part has symbol in S;I’)g’ﬁ;; °"(T') and F ’Q[Jé/(f) has symbol-kernel in

Stl-rm'=2=r=l(pP § Y4 §2—rm'=2=r=l(D S ) (with m/ moved to the first upper index
when F' is tangential).

Now consider (ii). The trace expansion of the ido-part is well-known to be a series of
integer powers of = (—A)2, beginning with ¢_,u™ T1*7=27 the terms vanishing when
k—m'—1+nis odd, i.e., Kk —m' + n is even. For the s.g.o.-part, we apply Theorem
2.10. We get a sum of two @do terms with (m,d,s) equal to (1,1 —r,m' —1 —1r —1)
resp. (2,—r,m’ — 1 —r — 1) in general (the m’ can be moved to the first upper index if
F is tangential). They both give expansions starting with the pure power ,uml+”_27"_l,
whereas the logarithmic terms start with um/_QT_l log pu resp. ,um/_l_%_l log p; in the case
where F is tangential, the logs start with ©=2""'logu resp. p~'=2""!log . Adding the
contributions, we find the first expansion in (3.33).

This carries over to the other two expansions as in Corollary 3.7, when we furthermore
note that D;IIo(A; p) =0 fori=1,2. O
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Remark 3.12. Note in particular that ¢_,, and ¢_,, in (3.33) vanish when F' = I.

An elaboration of the proof Theorem 3.3 with F' replaced by FiD gives:

(335) T(FUDRY) ~ >0 BN TF T 4 (Blog(-N) + B (-0
—n<k<0 k>0

with b_,, = 0if m/ is even, and with the summation limit 0 replaced by m’ if F' is tangential.
(When F' is tangential, m’ is added to the first upper index instead of the third upper index
of the s.g.o. symbol-kernel space.) Theorem 3.11 now implies the perturbation result:

Corollary 3.13. Hypotheses and definitions as in Theorem 3.11. For the trace expansion
(3.35) of FypD1(A1,p — X\)™", the replacement of Dy by Dy leaves the log-coefficients B;C
invariant for k < ko. The other coefficients with k < ko are modified only by local terms;
those with k <1l —mn and k —m/ + n even are invariant.

There are similar results for the associated heat trace and eta function.

Let us observe a particular consequence for eta expansions. In the above notation, the
eta expansion proved in [GS95], [G99] has the form

b//
-+ ( k )
s+ ,;0 s+k 1 s+%

(3.36) [(s) Tr[DudG" ~ >

—n<k<0

s41
With the customary definition (v, Dy, s’) = Tr(¢» DnAgz? ), this may also be written in
the more well-known form:

/ / 2 /
I +k s' + k) s'+k

63 b~ X (ML By
k>0

We have in a similar way as in Theorem 3.9:

Theorem 3.14. The coefficient b} in (3.36), (3.37) is the same for a non-product type
operator D (1.1), (1.2) over X. with volume form v(x)dx and the associated product
type operator D° (1.3) with volume form v(z’,0) dz, when Py = 0 and 0,,v(z',0) = 0.
Moreover, the coefficient b} differs in the cases of D and D by a local contribution only.

There are similar statements for the associated resolvent and heat trace expansions, as
well as extensions to cases where D — D° vanishes to a general order on X'.

In the case Py # 0, the coefficient b is invariant under the replacement of D by D°,
and by is changed only by local contributions; this was shown in [GS95] for IT = I plus
certain finite rank projections.

For the general systems {P — \, Sp} con31dered in [G99], one can study the effect of a
perturbation of P by a tangential operator ! P in a similar way, finding also here that
the first [ + 1 logarithmic coefficients are stable the power coefficients behind them being
changed only by local contributions.
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4. The resolvent structure for perturbations commuting with A.

We here consider the case where D is a perturbation of D° such that D — D° com-
mutes with A on X., in the sense that in (1.2), the zero-order z,-independent operator
(morphism) Py commutes with A, and in the Taylor expansions on X,

(4.1) TnP(xy) = Z ak Py, + a5 Pl (3,,) for any K,
1<k<K

the tangential x,-independent first-order differential operators P commute with A. The
product measure is used on X.. We shall show that in this case, there are no log-terms in
the trace expansions in the odd-dimensional case.
It is no restriction to replace X. by X;; this can always be obtained by a scaling in x,,.
We know from Theorem 3.5 that the larger K is, the more log-terms are unaffected by
subtracting z} ' P (x,) from , Pi(zy), so we may disregard this remainder term in

the calculations that follow.
Thus, consider the case where, on X1,

D = a(aacn + Al(xn»a Al(xn> =A+ Z xfzplk =A +ﬁ7
(4.2) 0<k<K
where the z,-independent operators P, commute with A.

For notational convenience, P, is here denoted Pig; it is of order 0 and the Py with £ > 1
are of order 1.

We here restrict the attention to the boundary condition (1.6).

For the doubled-up systems (cf. (1.10), (1.16)), we have on X7, for any g,

(1 0 1 0, — A} 1 0
D+M_( O’) (8“—}—141 L )(O U*)’
0 . 0 1 Op, — A 1 0
p +“—( 0) (6%+A s 0 o)

-1
since <(1) 2) = (é UO*). By composition with (é g) and its inverse, the study of the

resolvents on X is reduced to the study of the inverses of the middle factors in (4.3), i.e.,

the case where o is the identity (in E7]). To keep the notation simple, we use the names

D+ and DY + 4 again for the middle factors. In other words, without of loss of generality:
We consider in the following the reduced case where o is the identity, i.e.,

(0 o, -4 o [ 0 8, —A
(4:4) D_<8mn+A1 0 ) D_(aanrA 0 )

The boundary condition (1.11) then has the form:

jan)

(4.3)

S =

(45) B’you = O, B = (Hz H< ) .

Let us denote

0 —Py 0 —P
(4.6) Pe (Plk 0 )forO_k_K, P (P 0 ),
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then

(4.7) D-D'= Y 2kP. =P

0<k<K

We shall use (. introduced in (2.20)ff. for € €]0, 1]; it is defined on X; as constant in x’
and extends by zero to X° as well as to X, as a C* function.
Rather than D = D 4 P, we shall consider

(4.8) D' =D +(.P,

with € to be chosen later; it equals D on X, /3 and serves the same purpose as D for
investigation of the structure near z,, = 0.

For p € C\ iR, DY + i has the inverse on X0 = X' xR:

Q=D+ )"

(4.9) _ p(DZ + A%+ p?)7? (=0, + A)(D3, + A% 4 p2)!

-\~ (0, +A)DZ, +A?+p?)7! u(D3, + A%+ p?)~! ’
where (D2 + A%+ p?)~! = Q%, A = —p?, cf. (1.17). (The parameter-dependence will not
always be explicitly indicated by an index.) Let

D'+ pu 0 DY + u)
4.10 A= A0 =
(4.10) ( Byo ) ’ ( By )’

representing the full nonhomogeneous problems on X = X’ x R,.. It follows from [GS95,
(3.11)—(3.16), Prop. 3.5] that A has the solution operator (recall (1.18)ff.)

(AP =(RY K°), where R® = Q% +G";

ICO — (KA)\ 0 )523 SZS — (HZ +H_1(A>\+A>H<)

(411) 0 Ky u_l(AA —A)Hz + 11

Ka, 0

0_ 0 0o _
g— K:B/YOQ+— ( 0 KA

) S50, S5 =SB,

A

for p € C\ iR, A = —p?. Here R = (D% + p)~!. In details,

g (s +p (A + AT
SB‘SBB‘(;L-I(AA—A>H2+H< Iz 1<)

_ > (AN + A
p (A — AT I '

(4.12)

For the description of g Qﬂ_, we observe the simple formulas, valid when Rea > 0:

1 _ 1 1 1 + 1 _ 1 - 1 _ 1
a2+&2 %(a—i—i&n + a—i&n)’ 50 N aZ+&2 7 2a(a+ié,)” h aZ+&2 7 2a(a—i&,)?
(4.13) . | )
Wn l(_ 14 1 ) so bt —n_ — _ 1 h— —%n_ 1 .
a24g2 T 2 a+i&, a—if, /) a24£2 T 2(a+ién)” a24£2 7 2(a—i&y)?
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here h* (cf. (2.6)) projects the rational function onto its component with poles in Cx,
respectively. Applying (4.13) in each eigenspace of Ay, we get (in view of the rules of
calculus, cf. e.g. [G96, Th. 2.6.1]):

2 2 2 \—1 —

/7081‘” (Din + A2 + /~L2)-T-1 = OPT, (h_ A%E:f,%) = OPTn<2(A>\1_l€n)) = %TAM

_ 1 _ 1
= OPT”(QA)\(A)\—L&”)) = ETAM

(4.14)

so that

0 _ 1 Iz —AN+ AN (Tay 0\ _ o (Tay O
(415) ’.)/OQ-F_QA)\ (—A)\—A W )( 0 TAA) _81 ( 0 TAA )

with

(4.16) Sf:ﬁ(—Af—A —AAM+A).
Thus we find from (4.11):
(4.17) GO — (Ké“ Kik ) S (Tg Ti) . with So = —SS; .
In details,
So = ﬁ (H_I(AFE Al ’u_l(Ai\'Ii— A>H<) (—Af— A _A/\[L+ A)
(4.18) =

9

o (P = p TN AN+ AP (AN + A + (A + A
20\ (AN — AT — (AN + AT —p7 Ay — AT + pllc

this may be further rewritten by use of (1.5) and the formulas
(4.19) A3 =A% -\, (Ay+A)? =247 - \+24,A.

As shown in Proposition 2.11, K4, and T4, are strongly polyhomogeneous Poisson
resp. class 0 trace operators of degree —1 (having symbol-kernels in S®%~1(T", S ) in local
trivializations). Clearly, S; is strongly polyhomogeneous of degree 0 (hence with symbol
in $9:0:9) 50 g QS’F is a strongly polyhomogeneous trace operator of class 0 and degree —1
like T, . Since

Lo0) pTH (A = A = i (Ay = JA)PHATS = p(Ay +]A]) T,
P AN+ A = N (Ay — JA)PRHATI. = pu(Ay + |A|) L.,

where II> and Il have symbols in S ¢ S%%0(T"), Sp is a weakly polyhomogeneous tdo
with symbol in S%%9(T) in local trivializations by Proposition 2.11 (iii) and the product
rule in Theorem 2.7 (xiii); then so is Sy. Thus GY is an s.g.o. with symbol-kernel in
S%0=2(T", S, ;) in local trivializations, in fact with estimates that are uniform in z,, € R.



G GRUDD

In view of Lemma 2.9 it is, for the s.g.o.-terms, the structure near X’ that determines
their contribution to the asymptotic expansions; we need not spend efforts on elaborate
presentations of a calculus on the unbounded manifold X°.

Since D and DY are skew-selfadjoint (as unbounded operators in Lo (E°) resp. Ly(E?)),

(4:21) I(Re 1)@l 21 50y < Cs | (Re )Rl (1aemyy < C for [Rep| > 1.
In view of the ellipticity, we also have
(4.22) HQOHL(Lz(EO),Hl(EO)) <, ||ROH£(L2(E0),H1(E0)) < (', for |[Rep| > 1,

with H! denoting the Sobolev space of order 1.
To find inverses of D’ + p and A, we calculate:

(D' +p)Q° =T+ (PQ°,

(4.23) A(A) T = (A0 4+ (CEOP)) (RO KO)=1+ (4573730 CJ(’)ICO) :

Then

0<m<M
Crr = .AO —1 (_CEPRO _CEPICO)m
424y A OggéM 0 0
:(RO /CO) (ZogmgM%_CsPRo)m Z1§m§M<_<s7)7§'0)m_1(_g€7)lc0))

= RO (X ocment (“CPRO)™ =3 gcmen (PR ILPKY ),

will for large M be good approximations to inverses of D’ + u resp. A; in particular,

(4.25) Ry =R" > (=¢PRO™

0<m<M

will be a good approximation to a resolvent of the realization Dj; of D’ under the boundary
condition (4.5). More precisely, we have (cf. (4.6))

(4.26) PR’ = PR + Gewn Y ah 'PARY,
1<k<K

where the Lo operator norms satisfy (in view of (4.21)-(4.22)):

1PoQ° 10y 2md [POR [l 21,0y < CrlRepu| ™,

(4.27) 0 .
|PxQ HL(LQ(EO)) and ||PrR"|| £(1,(m0)) < Co,

for | Re p| > 1. Since |(.x,| < &, we can choose an € and a b > 0 such that for | Re u| > b,

(4.28) ||CEPQOHL(L2(EO)) and ||CEPRO||L(L2(EO)) < %7
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and then there is in fact convergence in operator norm for M — oo:

Q= fim Qu = Q" (-CP"
C= lim Cy =R (X,50(—CPRO™ —32,,51(=¢PRO)™(CPKY)
(4.29) M—o0 - -
= (R K); in particular,

_ : _ 0 o\ym. _ 0
R= lim Ry =R > (=¢PRO™; K =—R(PK.

m>0

Here
(4.30) Q=D +p)7!, C=A", R=(Ds+u)'=0+G,

where G is an s.g.0. on XV. It is seen as in [GS95], [G99], that the operators belong to the
weakly polyhomogeneous calculus (in fact with estimates that are uniform in z,, € Ry). In
particular (as in the description of R, in (3.1)ff.), G has symbol-kernel in $*%~2(I", S, ;)
and Q has symbol in SSI’)%g_’it(F), in local trivializations.

At first sight, since (.P is of order 1, the terms RY((.PR")™ are all of order —1, so
it seems unpractical to use the series in m € N to get trace expansions. But a closer
inspection shows that only the pseudodifferential part of each term remains of order —1;

for the singular Green part, the order decreases with increasing m.

Proposition 4.1. (a) For each m,

RO(CsPRO)m = (Qg_ + gO)C5P<Q3_ + gO) e CeP(QS)r + gO)

4.31
431) = (Q%¢PQ")™) 4 + Gim),

where Q°((.PQ°)™ has symbol in Sgé(k)fg_,it(r) and G,y has symbol-kernel in
S00.=m=2(T 'S, ), in local trivializations.

(b) With Qp; and Ry defined in (4.24), (4.25), one has for any M € N:
(4.32) R=Rum+(Q—Qum)+ + G,

where G4, has symbol-kernel in S%%~M=3(T'S,,) and Q — Qu has symbol in

0,0,—1
S?v

sphe.ut (L), in local trivializations.

Proof. (a) Since PQV is strongly polyhomogeneous of order 0, the statement on the symbol
of the ydo part follows straightforwardly from the product rules; it is the s.g.o. part that
demands some effort.

Note that

(4.33) (P =C(@n)Po+an Y Celwn)ah ' Py,

1<k<K

the sum of a zero-order term (. P, (independent of 1) and a term containing the factor x,,.
As we know from Lemma 2.3, a factor x, reduces the order of s.g.o.s, lowering the third
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upper index by 1. Thus the s.g.o. part of (.PR° has symbol-kernel in S%%~2(I",S, )
just like G°. When we multiply out (4.31), the result then follows immediately by use of
Theorem 2.7 (iv)—(vi) for those products that do not contain two adjacent factors Q% and
¢PQY.

For the remaining products, we need some extra considerations. As in Theorem 2.7
(xiv), write

Q&Cspgg— = (QO<€PQO)+ - G+(QO)C5P G_(QO)

(this makes good sense also when R” is replaced by X’ x R). The s.g.0.s GT(Q°) have
symbol-kernels in S%%~2(T", S, ; ), and thanks to the structure of (. P described in (4.33)ff.,
the composition G; = GT(Q%)(.PG~(Q°) has symbol-kernel in S%%=3(T", S, ;). Next, a
repeated composition with (.PQY gives

Q% (¢ PQY)? = ((Q°¢.PQ%) 4 — G1)C.PQY = (Q°C.PQY) (. PQY + Gy,

where G5 has symbol-kernel in S%%~4(T", S, ;) by Lemma 2.3 and Theorem 2.7 (iv)—(vi).
Applying Theorem 2.7 (xiv) to (Q°¢(.PQ°) (. PQY, we find that it is the sum of a ¢do
term (Q°(¢.PQ%)?); and an s.g.o. term

G3 = —GT(Q"¢:PQ") PG~ (Q").
Inside G, we apply the commutator formula
(4.34) zn, OP(p) = OP(p)z,, + OP(id¢,p)

to x, Q°, whereby we get two terms, one having a factor z,, to the right and one where the
third upper index is lowered one step. The composition rules and Lemma 2.3 then give that
G'3 has symbol-kernel in S%%~4(T",S, ). Clearly, this analysis can be continued induc-
tively to show that the s.g.o. part of Q% ((:PQ%)" has symbol-kernel in S%*-~'=2(I", S, )
for any [, and when this is combined with the other rules, we obtain (a) for general m.

(b) It is clear from (4.24), (4.29), (4.30)ff. that the ¥do part of R—R s equals (Q—Qns)+
and is of order —1. For the s.g.o. part, we shall use that in view of (4.29) and (a):

R—Ryu =R’ Y (—¢PRO)"™ =RU(—CPROM(=(P)R® > (=(.PR)™

m>M m>0

= (=D)MH((Q°(CPQ")™M) + Goan) )¢ PR.

Here R = Q, + G as described after (4.30). From the description of G(,s) in (a) follows in
view of Lemma 2.3 and Theorem 2.7 that G)(cPR has symbol-kernel in
SO0 =M=3(I" S, ). By use of (4.34), we can write Q°((.PQ°)M as a sum of strongly poly-
homogeneous terms of order —M — 1+ j with a factor z7 to the right, j = 0,1,..., M; then
it is seen as in the proof of (a) that the s.g.o. part of the composition (Q°(¢(.PQ°)M), (. PR
has symbol-kernel in S%%~M=3(I", S, ;). This completes the proof. [

Since G, has symbol-kernel in S%%=M=3(T"| S, ), it is trace-class for M > n — 3 and
its trace has an expansion as in Theorem 2.10 beginning with the power "~ =3, Thus in
(4.32), the second term contributes no logarithms in trace expansions and the third term
contributes O(u™~™=2) terms with M as large as we want, so all information on log-terms
can be found from the Ry, (for large M), and we only have to study Ry in detail.
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Proposition 4.2. For each M, let

(4.35) Ry, = Z RO(—PR°)™; let GY; = the s.g.o. part of RY;.
0<m<M

Then

(4.36) Ry = Qi+ +Gar + Girs

where Gy, has symbol-kernel in S=°~°~>°(I", S; ).
Proof. Denote (. = (, (./3 = (o. For each m < M, write
QR (PR")™ — QR (CPR)™
= QRY(PR®)™ — GR°(CPR")(PR")™ ! + (oRP(¢PR?)(PR?)™
— QR (CPRY)*(PRY)™ 2 + (R (CPR®)*(PR")™~?
— - = GQRYCPRY)™HPR?) + (R (CPRY)™HPR®) — (R (CPR)™
= > GRUCPRYY (1 - PRYPRY)™ .
0<j<m-—1

Each term in the sum over j has a factor of the form (o(Py +G)(1 —(); here (pP+(1—() is
a 1vdo with symbol in S7°7°7°(T") since (yp(1 — () = 0, and (G (1 — () is an s.g.0. with
symbol-kernel in S=°7°~°(T"| S, ;) by Lemma 2.9; let us call such operators negligible.
It then follows from the composition rules that (o R°(PR?)™ — (oR(¢CPR)™ is negligible,
so we get by summation over m that (o RY, — (yR s is negligible. By Lemma 2.9, the s.g.o.
part of (1 — {y)Ras is likewise negligible, and so is (1 — (p)G%,. This implies for the s.g.o.
parts:

[RM]s.g.o. = [CORM]s.g.o. + [(1 - CO)RM]s.g.o.
= [COR?W]S.g.O. + negl. s.g.0. = (G, + negl. s.g.o. = GY; + negl. s.g.o.,
as was to be shown. O

The proposition shows that the s.g.o. part of Ry equals G§, modulo negligible terms,
so it remains to analyze GY,.

We now want to use that the operators P;; commute with the selfadjoint operator A.
Then they and their adjoints also commute with the various functions of A appearing in
the formulas, such as Ay, |A], 1>, e~%4x etc.

Consider, to begin with, the first composition

RIPR® = (Q +G%)P(QY +G?)

= (Q"PQ"%); — GT(Q)PG(Q%) + QL PG° +G'PQY + G"Pg°
where explicit formulas are manageable to some extent. In the last three terms we shall
use that GY has the form (4.17), where we can write

k 0 _ [ Ka, 0 Tsa, O
2, wmPid’= ) xn( 0 KAA)PICSO< 0 Ta,

0<k<K 0<k<K

0 ko K4 0 Ta 0 k
g Z xnpk_ Z ( OA KAA)SOPI{< OA TAA):B”’

0<k<K 0<k<K

(4.37)

(4.38)
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by commuting the blocks in the P, with Ks, = OPK,(e *"*) resp. Ta, =
OPT,,(e~#»“). For the second term we shall use that G*(Q") have a somewhat sim-
ilar structure as G°. Some elementary calculations are needed:

Lemma 4.3. One has for k, k' > 0:
(i) zFK4, = OPK, (k!(Ay + ign)—k—l); Ty, xz¥ = OPT, (k!(Ax —i&,) 7" 1),
(i) Ta,z"Ka, = kI(24,)7F
(i) trp (@ K4, STa,a*) = (k + k:’)!(2AA)_’“"“"1S, if § commutes with Ay.

' +.~0\_ [ Ka, O +(Ta, O .
(iv) G (Q)—( 0 KAX)Sl < 0 Tu, , with

S:I:: 1 H j:AA+A
7 vl I O B

T 0 T
) <8A TAA) Qi = ZSM( 0 TAA) ~

k
o ook (Ka, 0\ Kia, O N
(Vl) Q—I—xn ( 0 A KA)\ ) - an ( 0 A K ) Skl’

=0

where the Sfﬁ are 2 X 2-matrices whose entries are linear combinations of ,uAXl_l, AA;l_l
—
and A"

Proof. Rule (i) follows from (1.18) and the formulas
(4.39) (00, )F(Ax £ i&,) 71 = kl(Ax £i€,) 71
and the fact that

zh OPK, (f(&n)) = OPK,((i0e,)* f(£4));
OPT,(f1(&n))xl = OPT,((—ide, )" f1(£n))-

Rule (ii) follows from:

(4.40)

Ty 2Ky, = / e TnAxgRemen AN gy = kI(24,) 7L
0
Rule (iii) follows from the calculation

(4.41) trn(meKAkSTAkmfl/) :/ gl et AN G Tn AN gk g
0

= / ekt e Gy, = (k4 K')1(245) T F LS.
0

For (iv), we use that when p(¢,,) is the symbol of a 1)do P of order < 0, then the symbol-
kernel of GE(P) equals [F; ' h*p(€n)]., =4 (ay 44, Cf. € g [G96, Th. 2.6.10]. Using this

En—2n

in each eigenspace of Ay, we find in view of (4.13): G*( ) has the symbol-kernel

A2—|—D2

[7:— } _ —(ﬂﬁn-l-yn)AA
En—2zn QAA(AA"‘ZSTL) Zn=Tn+Yn 2A>\
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GJF(AQiD2 ) has the symbol-kernel

Fol it

7] — _le_(xn“"yn)A)\
En—zn 2(Ax+1i&n) )l zn=xpn+yn 2 :

) has the symbol-kernel ﬁe_(w"“%")"‘* and G~ (52222, ) has the

.. _ 1
Slmllarly, G (m A2 +D2
)Ax

symbol-kernel 2e~(#»+vn)4Ax In other words,

(4.42) G*E(

t(_ Oay _ .1
KA)\2 TAA? G (Ai—'_D:% )_:FﬁKAATAA'

;)
A3+D2
Application of these informations to Q° shows (iv).

In the proof of (v) and (vi), we need some further decompositions of rational functions
(cf. also (4.13)):

1 = L ( L + . ) - 1 + 1
(ati€n)*(aFign) — (atifn)*~12a \atiln = a—iln 2a{adit,)® T 2a(adic, )t (aFin)
— ... = Z]:l (2a)j(a:t’l;€n)k+lij + (Qa)k(a:':ign)ﬂ

and hence

h* = h*

1 1 _ Zk—l—l
(atign)*(a®+€7) (atign)F T (aFign) — £=j=1 (QG)J(ﬂiZE AR

+ i&n _ pE 1 1 1 1

_ 1 k 1
o ]F2(aii€n)’“+1 = Zj=1 2(2a)7 (ail,)Fti—J "

We then get by use of (i) and the rules of calculus (cf. e.g. [G96, Th. 2.6.1]):

TAkwﬁ(Ai + D2 )_T_l = OPTn(h ((A)\ fén)kJrl A2 +€2 ))
_ k1 k! kel k! kt1—j
= OPT, (32,5 AN (Ar—i&n) 2= 7) =240 Ay Lanen 7,

(4.44)

(A3 + D2 )3 ek Ka, = OPK, (W (ke pratyerr)

_ Zk-l-l k! $k+1
7=1 (k+1—j)!

1
KA @Ay

and similarly

Ta, 2305, (A3 + Din):rl = OPTn(W - Z?:l 2(2A>\)J’(A>\1—i§n)k+lfj)
= %TAxxn - Zf 1 WTAA w,

O, (A3 + D2, ) K s, = OPK”(_W * ijl 2(2A>\)j(14>\1+i§n)k+1_j)
= —EaFKa, + 25:1 ﬁxﬁ_ﬁ(&m.

(4.45)

Application to the blocks in QY give formulas (v) and (vi), with the asserted structure
of the S,;tl. O
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Remark 4.4. There are similar results with Q° replaced by (Q")". The powers contain
factors (D2 + A% 4 p?)~7 with higher j which, in the application of A* and h~ as in
(4.13), (4.43) lead to fractions with both Ay + i€, and Ay — i€, in higher powers in the
denominator. Again one decomposes into simple fractions so that the numerators are
independent of &,, which leads to formulas generalizing (iv)—(vi) and of a similar form
(with © and A appearing in higher powers).

Using (iv), we can write, similarly to (4.38):
KA 0 + TA 0 k
(4.46) GHQY) > aiPe= > ( r ) SHPy ( > ) ak
0<k<K oz N 0 Ba 0 Tha,

For simplicity, we write from now on the diagonal block matrices formed of Ka, or Ta,
as simple factors, meaning that they are composed with each block (as already done with
e.g. 1/(2A,)); this should not lead to confusion. The s.g.o. terms in (4.33) can now be
calculated:

Proposition 4.5. The singular Green part Q?l) of ROPRYO is a a block matrix, cf. (4.52),
Gty Ghyae
(4.47) G? :( (.11 =, )
W g?l),Ql g?l),22
where each block is a sum of terms
(4.48) ¥ K4 STa x*"
with S of the form
(4.49) (a) (=\)Y2L,, A7 A (b) (=NY2L, A7 or (c) (=\)Y2L,,To;

herel € Z, m and j € N, and L,, denotes a (A-independent) differential operator of order
m commuting with A. Consequently, the normal trace is a block matrix, cf. (4.54),

S S
4.50 tr, GO = 5y = ( S <1>,12),
(4.50) tn Gy @ (5(1),21 S(1),22

where each block is a linear combination of terms of the form (4.49).

Proof. We have for the term G*(Q%)PG~(Q°):
GHQIPCT(Q) = K8 Tay Y anPika,SiTa,
0<k<K

=Ka, Y k(24 FTIS PS8 Ta,,

0<k<K

(4.51)

where we used Lemma 4.3 (iv), (4.46) and Lemma 4.3 (ii). Treating GPG° in the same
way, using (4.38), we get a similar expression with Sy instead of SE. For the last two
terms QOPQQr and QS’FPQO, we moreover use (v) and (vi) in Lemma 4.3, finding e.g.

G'PQY = > KaSoPiTazp Q= Y KaSoPr Y SyTayzy .

0<k<K 0<k<K 0<I<k
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This gives:
Gy = —-GH(Q)PG(Q") + QL PG’ + G'PQY +G'PG°
= Ka, Z EN(245) 7" N (=8 PeST + SoPrSo)Ta,
(4.52) 0<k<K

+ 3> (KA SoPrSyTaah T + 2k Ky, S PRSoTa, .
0<k<K 0<I<k

This shows the general structure (4.48) of the terms in the blocks, and we shall now show
the additional information given in (4.49).

The blocks in Sf and the S are linear combination of terms as in (4.49)(b). S,
moreover contains terms of the form

(4.53) (=N)Y2L,, AT

(we insert II. = I —II>, use the reductions in (4.19) and absorb powers of A in L,,, noting
that since Ay = (A2 — A\)A;"', Ay need only occur explicitly in negative powers). Then in
the resulting matrices, we get linear combinations of terms as in (4.49)(b) and (4.53), by
moving the differential operators P;; out in front in each block by commutation. To the
terms of the form (4.53) we apply (1.5), which leads to
(=ML AL = 5 (=N Ly AT (7 + 1+ Tho),

giving the three types in (4.49).

(4.50)ff. follows by application of Lemma 4.3 (iii) to each block. More precisely, this
gives

tro Gy = > K245 (=8 PuST + SoPrSo)

0<k<K

+ YD (k= DI2AN) TS PLS,y + S PrSo). O

0<k<K 0<I<k

(4.54)

Note that although P itself does not commute with Sp, Sli, etc., we obtained the result
by commutation in each block.
This shows the first step in

Theorem 4.6. For any M > 0, the s.g.o. part g% of R%J is of the form

(4.55) G, = <gg4,11 g%&u) ’

0 0
gM,21 gM,22

where the blocks have the structure in (4.48)—(4.49).

Proof. We already have this structure for the s.g.o. parts of R? and R°PR’. Now consider
RO(PR%)™. Again we depart from the exact formulas for RY = Q% + G given in (4.9)
and (4.17)—(4.18), as in the proof of Proposition 4.5, using the description in Lemma 4.3
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of the effects of multiplication by 2. We moreover use the formulas for higher powers,

as described in Remark 4.4. Then we find the structure in (4.48)—(4.49) also for the m’th
term and the result for QRJ follows by summation. [

Similar results can be shown for powers of the resolvent and for powers of the blocks in
the resolvent.

We now pass to the consequences for the original operators (4.3) with general o, by
composing suitably with (é 2) and its inverse. This gives for the resolvent (A — \)~!:
Theorem 4.7. Under the assumption of (4.2), the resolvent Ry of Ap = D% D> satisfies,
for any M, any r > 1:

(4.56) A =Q5 4 Gl + Gy

where G- is a finite sum of terms as in (4.48)—(4.49) and G, has symbol-kernel in
SO=r=M=r=2(P S, ), in local trivializations.

Proof. As usual, A = —u2. We have on X, in view of (3.2) and (4.3),

(4.57) R_,2 ~p~ ' (1 0)<é S)RG) rf())((l))

=pu 'R =p N Qi s + 93’4,11 +Gh11)s

where 924711 has the structure described in Theorem 4.6 and Gj; ;; has symbol-kernel in
SO0.=M=3(1" 'S, ). Here u=1Q11 = @y, cf. (3.2). This implies the statement for r = 1 by
a couple of applications of Lemma 2.9; on one hand it allows the multiplication by (., on
the other hand it allows extending the structure from X, to X.

For the higher powers, note that by (4.29),

(4.58) Q = Qu + Q). where Q) = Q" Y~ (=(.PQY)™ = Q(—¢PQ")MH.

m>M

Consider the r’th power (on X.)

(4.59) Ry ~ [ Qs +G1)) =" (Qumar g + Q/MJLJF + g?g,u +Ghra1)"

The s.g.o. part of R} comes partly from compositions containing g1, partly from “leftover”
contributions from the 1do terms (as in Theorem 2.7 (xiv)). The result is obtained by
using again the exact formulas given above for the terms in the sums over m and the
information on the remainders (for Q' it is the fact that it contains M + 1 factors P), in
a similar way as in the preceding proofs. [

Remark 4.8. It would also have been possible to get this result — and even a slightly
better one with the s.g.o. remainder symbol-kernel in S%%~M=2r=2(I" §. ) — by depart-
ing from the formulas for Ry in [G92], but the exact rules that would have to be worked
out, would be even more complicated, since the difference between the second order oper-
ators D*D and D' D contains many more terms, including some of the form 9, P and
n 0y, P, and the two second-order realizations have different boundary conditions when

Pyo #0.
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Remark 4.9. The other resolvent (D>D3 — A)~! has a similar form on X, except that
it is composed with o to the left and ¢* to the right.

5. Trace results in the commuting case.

In this section, we continue the study of the operator families defined from Ap =
D% D>. For the purpose of analyzing the traces, we introduce a notation for symbols with
alternating parity in the symbol expansion:

Definition 5.1. Let p(x,§) ~ >~ Pm—i1(x, &) be a classical 1)do symbol of integer order
m, expanded in terms p,,_; that are homogeneous of degree m — I for £ > 1.

We say that p has even-even alternating parity, when the terms p,,_; of even degree
m — | are even in &, and the terms p,,_; of odd degree m — | are odd in &, i.e.,

(51) pm—l('x7 _5) = <_1)m_lpm—l<x7£)7 for all l7

and the same holds for derivatives of p.
We say that p has even-odd alternating parity, when the terms p,,_; of even degree
m — [ are odd in &, and the terms p,,_; of odd degree m — | are even in &, i.e.,

(52) pm—l(xv _5) = (_1)m_l+1pm—l(x7§)7 for all la

and the same holds for derivatives of p.

Note that symbols of differential operators, and parametrix symbols for elliptic differ-
ential operators, have even-even alternating parity. On the other hand, the symbol of | A|
has even-odd alternating parity; this can be checked on the basis of the formulas for the
symbol of (A2)z given in Secley [S67]. Then also ﬁ has even-odd alternating parity.
(Such alternating parity properties were also observed in [GS96, (3.9)ff.].)

Theorem 5.2. Let S be a u-dependent ¥do on X' with polyhomogeneous symbol in
S™:d:8(T) (s < 0) in Iocal trivializations, holomorphic in p, and such that the homogeneous
terms of degree m+ s+d — j with m+ s > —n are integrable in £'. Assume moreover that
S is a finite sum of terms S;, i = 1,...,1i3, of the form

(_)‘)ZZ/QLmlA;JZ ﬁ for i = 1,...,4q,
(5.3) SZ = (_)\)li/?LmiA;ji fOri:il—f—l,..,,iQ,
(_)‘)li/QLmiHO for i = i2 —+ 1, RN i3,

where l; € Z, m; and j; € N, and L,,, is a (A\-independent) differential operator of order
m;. Then in the asymptotic expansion

(54) TI‘X/ S ~ ch(_)\)(m-l-d-i-s-i-n—l—j)/Q + Z(C;{; 10g<_>\) + C;C/)<_>\)d+5—k/2,
jeN keN

the logarithmic terms ¢, (—\)"log(—\) with integer t come from the terms S; with l; — j;
even, i < i1, and the logarithmic terms with noninteger ¢ (t — 3 integer) come from the
terms S; with l; — j; odd, ¢ < i;. The logarithmic terms coming from each such S; have
the powers t = (I; — 7;)/2 — v, v =0,1,2,... (when j; = 0, there is only the power l;/2).
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Moreover, if n is odd, all the logarithmic terms are zero.

Proof. Consider first the terms with ¢ > iy, the last type in (5.3). Such a term has smooth
finite dimensional range (in particular, it is of order —oo) and contributes a constant
Trx: (L, lp) times (—\)%/2. We start by subtracting these terms from the expression to
be analyzed, which leaves us with a decomposition in terms of the first two types.

Note that we have not assumed the first two types of terms in (5.3) to be trace-class
operators individually, and that they need not be turned into trace-class operators by
differentiatiation of high order in A (because in the Leibniz formula, some differentiations
would fall on (—\)%/2, others on A;ji).

However, as recalled in the proof of Theorem 2.10, the regions {|¢/| > |2} and {|¢/| <
1} give pure powers; it is the region {1 < |¢/| < |)\|%} that may contribute with log-
power terms. Only in this region will the decomposition be used; it corresponds to a
similar decomposition for the symbols of the operators. The point is now that although
the individual terms here need not be of sufficiently low order to allow integration over
R"~!, we can certainly integrate them over {1 < [€/| < |A|z}.

The terms of with i1 < i <y in (5.3) are of the form of a power of —\ times a strongly
polyhomogeneous operator; their symbols will contribute pure powers (since they obviously
do so when integrated over {0 < |¢/| < |A|2}, and the region {|¢/| < 1} gives only pure
powers).

It is the symbols with i <4y in (5.3) that may contribute logarithmic terms. We drop
the index ¢ in the following.

Consider such a term (—\)/2L,, A’ |;‘4,|. We may write it:

_ it g B
(55) (_A)%LmA)\J|;44’| =0 2 Lm(QA2+ 1) 2 |;44/|, 0= - 1.

If 5 > 0, we insert a power series expansion of the —%—power,

Ty ()

v>0

L\J|Q

(5.6) 07 L(0A? +1)75 4 )o" A 4

/|‘

From this formula for the full operators, we can also find the structure of the symbol
by inserting the polyhomogeneous symbol expansions and carry out symbol compositions.
(This type of expansion is somewhat like the Taylor expansion in [GS95, Th. 1.12]; in
the present case the order of the coefficient of p* increases by 2 when v increases by 1.
Systematic calculi with such features are worked out in Loya [L01] and [GH02].)

Let B™" = (__) mA A it is of order m + 2v and its symbol b™¥ (2, £') has an

, TAT>
expansion
(57) o™ V Z bm—l—?u l// 5,)’
v'>0
where b, ", is homogeneous of degree m+ 2v — v/ in £’. It suffices to consider A € R_

(the results extend analytically to other A in view of [GS95, Lemma 2.3]). Since ¢’ runs in
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dimension n — 1,

/ (€ e
1§|§’|§|)\|

=

A2 ,
(58) / Tm+2y_y tn-2 dT/ bz—ll—/ZV v’/ ( /7 5/) da(fl)
1 l&/1=1

_{ (YAl ) i m 42w — 1 4+ —1#£0,

e () log | ifm+2v—1v4+n-1=0,
where
(59) CV’(CL',) = C/ bz’—:&/—y/(l’,,g/) dO'(S/)7

&/1=1

with a nonzero constant ¢ (depending on m + 2v — v’ +n — 1). The case of the logarithm
occurs when v/ = m + 2v +n — 1, and then

(5.10) mtavina(@) = [ B €) do(€)
&'|=1
We see that each term in the expansmn (5.7) contributes with one logarithmic term,

and that it is proportional to (— )\) “Vlog(—A)Cma20+n— 1( "). The power is integer resp.
1nteger+— exactly when (I — j)/2 is integer resp. 1nteger—|— , i.e., when [ — j is even resp.
odd. The highest order log-term comes from the case v = O and is of the form

(5.11) c(z') (=)= log(—N).

If =0 in (5.5), we have just one term (—)\)%Lmﬁ to analyze. Studying Lmﬁ as
we did with B"™" we find a single logarithmic contribution (from the term of degree 1 —n
in the symbol)

(5.12) c(x')(=N)? log(=N).

This ends the proof of the general assertion on the contributions from the S;.

The information can be sharpened further by considering the parity of the terms in
(5.3). Here the symbols of L,, and A%” have even-even alternating parity, whereas the
symbol of A7 A,| has even-odd alternating parity (cf. Definition 5.1ff.), so the symbol """

of the composition B™" = L,,, A% | f,| has even-odd alternating parity. Since the integral

vV

" is odd in & when n is

over the sphere {|¢'| = 1} of an odd function vanishes, and b]"
odd, we conclude that

(5.13) Cmaovin—1(z") =0 if n is odd.

So when n is odd, there are no logarithmic contributions at all! [

This leads to:
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Theorem 5.3. Let D be a perturbation of D° as in (1.1) near X' such that Py and all
terms in the Taylor expansion of P; in x,, commute with A. Let F' be a differential operator
in E1 of order m’, and let r +1 > ”+2m/. If n is odd, the resolvent and heat operator,
resp. zeta function, associated with Apg have trace expansions without logarithms, resp.
meromorphic extensions without double poles:

T(FOR(Ap =N~ S ap(=n) T

—n<k<oo
—tAp - k72m/
(5.14) Tr(Fe™'27) _g};@ apt 2,
—s a Tr(FIIy(A
I(s)C(F,Ap,s) =I'(s) Tr(FAZ®) ~ Z k’f_m/ _ ( ;)( B))’
—n<k<oo s+ 2

where the coefficients are locally determined for —n < k < 0 (for —n < k < m/ if F is
tangential. Here a_,, and a_,, vanish if m’ is odd.

Proof. Recall (1.21). We have from Theorem 3.3 that there is an expansion
(5.15)
'k

T(FO s - N~ 3 AN T Y (G log(-N) ) (<) 7T

—n<k<0 k>0

where the ¢, and ¢}, are locally determined (and ¢_,, vanishes if m’ is odd); we have to
show that all the ¢ vanish. For any K we can expand =, P; as in (4.1), and since we know
from Theorem 3.5 that removing the remainder can only affect the logarithmic terms with
k > K, this reduces the problem to the case where D is as in (4.2). We apply Theorem
4.7. The Ydo QY , gives no log-terms. The s.g.o. G, contributes with a trace expansion

that is O((A)~™"), where we can get M’ as large as we want by taking M large. Finally,
Trx (.G rCe) = Trxo G,y +O((\)™N), any N, where G r is a finite sum of terms with
structure as described in (4.48)—(4.49). Let us decompose and Taylor expand F"

/7
m

F = Fo(z, Dy )0y = Fup) 4 glot! F(l ), where

m=0

~

m lo

F(lo :ZZ mlx D )8;:27
=01=0

and F(,lo) is of order m’. As usual, the trace resulting from the remainder $l0+1F(/l ) has
log-powers beginning at an index that goes to oo when [y — oo. In the finite sum, the
2} applied to 2f K 4, give other linear combinations of terms 2 K 4, so when we take
the normal trace of F{;,yG s, we get a finite sum of terms as in (4.49). By Theorem 5.2,
they contribute no logarithmic terms. Thus all the &, in (5.15) are zero.

The nonlocal coefficients start in general at the power (—)\)mT/_T_l, but when F' is
tangential, they start at the power (—\)~"~! (cf. Theorem 3.3, also for the statement on

i_y).
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This carries over to a heat trace expansion and a zeta function expansion by the tran-
sitions explained e.g. in [GS96], cf. Corollary 3.7 above. [

In particular, this extends qualitatively the result of [GS96] on the product case to
trace expansions where the x,-independent morphism ¢ considered there is replaced by
an arbitrary differential operator F'.

Taking in particular F' = Fy¢ D, where v is a morphism from F5 to E7, and F} is a differ-
ential operator in FEj, we extend the results to eta-expansions (using that
(Ag — A)7"! maps into the domain of D>, and D vanishes on Vp(Ap)):

Corollary 5.4. Assumptions on D as in Theorem 5.3. Let v be a morphism from FEs to
E and F a differential operator in Ey of order m/, and let r +1 > %ﬂ If n is odd,
there are expansions without logarithms resp. double poles:

Tr(FoDz (A N7~ Y BN

—n<k<oo
—tA kom 1
(5.16) Tr(Fi¢Dse "2F) ~ _n;;@o bt 2,
. b
D(s)n(Fit, D3, 25 — 1) = T(s) Te(Fp D= A" ) ~ Y ﬁ
—n<k<oo 2

The coefficients by, are locally determined for —n < kE <0 (for —n < k < m/ if Fy is
tangential, cf. Theorem 2.10). The coefficients b_,, and b_,, vanish if m’ is even.

Let us also make some observations on the case where n is even. One can ask whether
the expansions in general will have logarithms at both integer and half-integer powers for
k > 0. As shown in [GS96], this is not so for the product case with a factor ¢, where the
terms with k£ even > 0 vanish. The result in [GS96] was based on explicit trace expansions
of the zeta and eta functions of A; we can now show by our qualitative arguments that
the result extends structurally to tangential x,-independent factors F'.

Theorem 5.5. Let D be of product type and let F' be a differential operator of order m’.
Let r+1 > %m/ When n is odd, the trace expansions are without logarithmic terms as
in (5.14). When n is even and F' is tangential and x,-independent near X', then the trace
expansions have logarithms only at the “zero’th” power and at subsequent half-integer
powers (resp. double poles only at zero and at negative half-integers):

T(FOR (A =N ")~ S (=0 T 4 (=) log (=)

—n<k<oo

+ 3 o (—A) 7 E T og(—A),

j=0
(5.17)
Tr(Fe '28) ~ Z art = 4 ¢ logt + 202j+1tj+% logt,
—n<k<oo 7>0
_ ag —Cp TI‘(FH()(AB)) —C2j+1
T'(s) Tr(FAL®) ~ -+ — + _—
(TFAR )~ D —r > Z(S+j+%)2

—n<k<oo 2 §>0
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The following coefficients are locally determined: aj and ay, for —n < k < m/, ¢g and co,
62j+1 and C25+1 fOI‘j Z 0.

Proof. The statement for n odd has already been shown in Theorem 5.3, so let n be even
and let F' be tangential and x,-independent near X’. We have from Theorem 3.3 that
there is an expansion (3.6) with 1 = (—\)2, so the point is now to show that only certain
log-terms appear. Since we are in the product case, the normal trace of the s.g.o. part of
FOLRY is (modulo contributions whose traces are O((\)~) for any N):

T T(— 2
(5.18) tra FOSGY = FOX (3 [47 + 4y) + oo 4 + o + ax o),
as can be deduced from [GS96, (3.9)]. We appeal to Theorem 5.2 and its proof. In (5.18),
the strongly polyhomogeneous terms in [ ... | and the term with Iy give no logs. The
term
(5.19) Fo\ o |A—A|

gives, when 0} is carried out, a linear combination of terms (5.5) with [ — j odd (equal

_3_

to —3 — 2r), hence it gives log-power terms at half-integers, c(z’)(—\)"27"""log(—\),

v=20,1,2,..., besides pure power terms. The term
A
5.20 FoY

has the form with ;7 = 0 analyzed in the proof, so it gives rise to one logarithmic term
c(x") (=) """Llog(—\) (as in (5.12)) besides pure power terms.

This shows the first formula in (5.17), written with a different enumeration convention
than in (3.6) for the logarithmic terms. The other formulas follow as in Corollary 3.7. O

This extends the result in [GS96]. One can analyze the eta function in a similar way.

We recall from [G92], [GS96] that when F' = 1, the log-term at the power —r — 1 (resp.
at the power zero in the heat expansion) vanishes. Note that the log-terms at the other
powers stem from one single log-producing term (5.19) that gives odd values of [ — j. If
F' is allowed to depend on x,, the powers of x,, in its Taylor expansion will give rise to
terms like (5.19) multiplied by negative powers of Ay, and terms like (5.20) multiplied with
negative powers of Ay (cf. Lemma 4.3 (iii)). Then both even and odd negative powers of
Ay will occur, giving series of log-terms both with half-integer and with integer powers.
— Also the effect of normal derivatives in F' can be discussed in this way.

Now let us turn to non-product cases. Here, even when F' = 1, one can expect many
integer and half-integer log-terms, as described in the following remark.

Remark 5.6. (Even n.) Consider the case of a nonzero perturbation as in (4.2) and let
just ' =1. A thorough analysis seems unmanageable at this point, but we can get some
evidence for what to expect by analyzing the second term in the expansion of RY, in (4.35).
By circular permutation,

(5.21) Tr(05(R2¢PRY)) = Tr(95(¢P(RY)?)) = — Tr(¢ PO RY).

Consider the log-terms produced by its singular Green part.
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If P = Py, we can apply Theorem 5.5 directly to see that there is an expansion with
logs at half-integer powers —[ — % —r—2 and a single log-term at the integer power —r —2.

If P contains a term foPk with k£ > 1, the normal trace of the s.g.o. contribution from
this term will be similar to (5.18), of the form:

kar+l~0 _ r+1 1 —17A? A A A A 1

in view of Lemma 4.3 (iii). Again, the terms in [...] produce no logs, but the interesting
fact is that now the terms generalizing (5.19) and (5.20) together contain Ay in both even
and odd negative powers (and \ in only integer powers), so that by Theorem 5.2, log-terms
are produced at both integer and half-integer powers from a certain step on. So already
the second term in (4.35) will then contribute sequences of nontrivial log-power terms
both with integer and half-integer powers; a strong indication that such a structure will
be found in general.
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