Chapter 3

Taboo probabilites

Date: September 18, 2004
We start out by a Markov kernel P = (P,).cx on a space (X, E). For each n € N we

construct an X-Markov kernel P" = (£%),ex on X" by an inductive procedure. To
start the induction we let

PlA)=P(A) forall xe X,A€E.

In the induction step we define the probability measure P*! as the integration of "
with respect to P,. That is, P! is determined by the formula

P1(Ax B) = fASD;’,(B) dP.(y)  forall A€ E,BeE®. (3.1

It is easy to prove that the collection prrl = (PZ” )xex 1s in fact a Markov kernel,
and hence the induction can proceed.

Theorem 3.1 Let Xy, X1,... be a time homogenous Markov chain, with one-step
transition probability P. Then
D
X, X)) [ Xo = P
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Proor: Induction on n. Note that X, X», .. . is itself a time homogenous Markov chain
with one-step transition probabilities P. In the induction step n — n + 1 we hence
know that " is the conditional distribution of (X5, ..., X,+1) given X;. But as Xy and

(X, ..., X,+1) is conditionally independent given X, we may with a slight misuse of
notation consider £" as the conditional distribution of (X»,..., X,+1) given (X, X1).
As the conditional distribution of X; given X, is P, we can integrate and get the
conditional distribution of (X1, ..., X,;+1) given Xy. And this conditional distribution
turns out to satisfy (3.1), hence it equals P!,

O
Observe that if X = x, then we have that

P X € B) = [ PUB)dX(PIO) = PA(B).

so we can interpret 7 as the marginal distribution of (Xi, ..., X)) if the chain i star-

teed deterministically in x. This interpretation is very useful.

Definition 3.2 The taboo probabilities are

APYB) = PUA X A°X ... XA°XB)  for A,B€E.

Induction formula:
APT(B) = P A X AC X ... X A° X B)

:f PUA XA X ... X A° X B)dP(y)

- [ aPawrap.o).

Interpretation: if Xy, Xi, ... is a time homogenous Markov chain with one-step tran-
sition probability P then

PO E Ao Xt €A%, € B) = [ APB)AX(PI).

If Xy = x we even get that

PX1 ¢A,...,Xy-1 €A, X, € B) = 4PYB).
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Definition 3.3 The return probability o a set A is

(o0

Ly(4) = )" APMA)

n=1

Theorem 3.4 If Xy, X1, ... is a time homogenous Markov chain, with one-step tran-
sition probability P, then

P(U(Xn : A)] - [ Lanaxoeyn
n=1
Proor: Straight forward computation.

In particular if Xy = x we see that

P

e A)] = L(A)
n=1



