Chapter 2

Markov Chains

2.1 The fundamental Markov property

Definition 2.1 A sequence Xy, X1, X2, ... of stochastic variables with values in a
common space (X, E) is a Markov chain if

Xpi1 L (X, X1, X)) | Xo forn=1,2,... 2.1)

We refere to (2.1) as the fundamental Markov property. In colloquial terms, we
say that the immediate future - represented by X,,.; - is independent of the entire past
given the present.

For a Markov chain Xy, X1, ... the one-step transition probabilities are of paramount
importance. These are the sequence of Markov kernels (ﬁn,x)xeXa giving the condi-
tional distributions of X, given X,,. The fundamental Markov property shows that
the kernel

()C(),X1, e ,x,,) o Pn,x,,
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is in fact the conditional distribution of X,,;; given (X, X1, ..., X,). Hence we may
write

P(Xge Ay, X1 €Aq,....X, €A)
=f Pty (A d(Xo, X1, - .o, Xpo1 (PY(X0, X1+, Xn1) -
ApX..XA—1
But utilizing that (ﬁn—Z,x)xeX by a slight change of the indexset can be considered

the conditional distribution of X,,_; given (X, X1, ..., X,—2), we can by the extended
Tonelli theorem write the above integral as a double integral:

P(XygeAyp, X1 €Aq,....X,€A)

= f f pn—l,x,l,l (An) dpn—Z,x,,,Q (xn—1) d(Xo, . . ., Xn—2)(P)(x0, . .
ApX..XAp—2 JAu-

And of course this proces can be carried on, until we have the probability expressed
as a n-fold integral:

PXgeAyg, X1 €Aq,...,X,€A,)

= f f cee f pn—l,x,l,l (Ap) dpn—Z,x,,,Q (Xn-1) - .. de,xo (x1) d(Xo)(P)(x0) -
Ag JA) Ap-1

In order to be slightly more specific, and avoid the indexing circus and the dots, an
example of such a statement is

P(XgeA,X,€B,X3e€C,X4€D)

_ f f f P3.(D) dP () dPy () dXo(P)().
AJBJIC

So we have learned how to express the finite-dimensional distributions of a Markov
chain through multiple integrals involving the one-step transition kernels. Believe it
or not, this horrible characterization is usually taken as the definition of a Markov
chain! For instance in Meyn and Tweedie (1993).

Sum up in some sense - write it out as a theorem

It seems plausible to most people that this property generalizes certain facts about
Markov Chains on a discrete space. But nobody has the slightest clue on how to
check if it is satisfied The litterature abounds with statements that this or that col-
lection ot stochastic variables form a Markov chain, but there is never a proof - the

° xn—Z) .
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Markov property is taken as selfevident, even when it clearly is not. The problem
is that noone will even know where to start, if they have to check that the finite-
dimensioanl marginal distributions have an integral representation of the specified
form. ... It is way too complicated to be checkable in any practical sense. And hence
the common conspiracy in the litterature: if everybody keeps quite, nobody will no-
tice the problem. In Meyn and Tweedie (1993), where there are is a vast number of
examples of Markov chains, not a single one of these examples is in fact proven to
be Markovian! And this sad state of affairs is common in the litterature.

As we shall see, definition 2.1 can in fact be checked in a number of non-trivial
situations, and so it represents a definite progress - we do not have to rely on divine
insight when we claim processes to be Markovian.

Theorem 2.2 If Xy, X1, X2, ... is a Markov Chain, it holds that

X Xnt1, .. L (X0, X1,..., X)) | X, foralln=1,2,...

Proor: We show by induction on k that
(X, Xna15 - -5 Xpk) AL (Xo, X1, ..., Xp) | Xy (2.2)
As the algebra

PG X
k=1

is a generator for F(X,, X,+1,...), stable under intersections, the extension of the
result from the ’finite horizon future’ to the ’infinite horizon future’ follows from
lemma 1.14.

To show (2.2) we observe that the statement for k£ = 1 is the very definition of the
Markov chain (and for k = 0 it is downright triviality).

We know that
Xn+k+l 4 (XOa oo aXn,Xn+l’ e 7Xn+k) | Xn+k .

By shifting information to the righthand algebra to the conditioning algebra, we obain
that
Xn+k+1 1 (XO, e ,Xn,XnH PRI ’Xn+k) | (Xna o -Xn+k) .
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If we by induction assume that the property (2.2) is true for k, we have that combine
via theorem 1.24 to obtain that

(Xn,X,H_], e ’Xn+k’Xn+k+l) 1 (X(),X], - ,Xn) | X, .

O

We usually refer to theorem 2.2 as the general Markov property - or simply as the
Markov property. Colloquially speaking, the o-algebra generated by (X,,, X,+1,...)
represents 'the future’, and so the Markov property says that the future is independent
of the past, given the present. What we have just proved is that if the immediate future
only depends upon the past via the present at all times, then the general future will
also depend upon the past via the present. Variations of the theme is clearly possible,
for instance that

(XO9X17,Xm) 1 (Xn7Xn+l7---) | (me--,Xn)'

whenever m < n. This follows from shifting information around as we just did, fol-
lowed by a reduction.

A formulation of the Markov property that is sometimes useful, and in fact by some
authors is taken as the definition of a Markov Chain, is the following: if X, X1, ... is
a Markov chain, and if f : X*' — R is a bounded, measurable function, then for any
n it holds that

E(f X Xusts-. ) | X0, X1, ., Xn) = E(f (X X1, ) | Xa) e

This follows from combining theorem 2.2 and corollary 1.13. It is a nice property to
have, and it is very flexible to work with. Used on functions like

(x1,x2,...) = 1p(x2)

it gives the fundamental Markovian property as a consequence. But considered as a
definition, it has the same basic flaw as the definition via multiple integrals: nobody
has a clue on how to check if it is satisfied in concrete examples.

Skeleton chains are Markov. Actually arbitrary deterministic sampling, though that
hardly makes any sense.
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Theorem 2.3 Let Y1,Y>,... be independent variables, which we for simplicity as-
sume have values in the same space (Y, K). Furthermore, let ¢, : X X Y — X be a
sequence of measureable maps.

Let X be yet another variable, independent of the Y’s, and define
X, = ¢n(Xn—la Y, fOr n=12,... (23)

The proces Xy, X1, ... is a Markov chain.

Proor: Due to independence, we have that
Yo L (Xo,Y1,...,Y,).
Which we might formulate as
Yo L (Xo, Y1,...,Y,) [ {0,Q}.

As X, is deterministically given by (Xy, Y1, ..., Y},), it is of course measurable with
respect to the o-algebra generated by these variables. And hence we may float it to
the conditioning side,

Yo L (Xo, Y1,..., Yn) | Xin

From there it may float back to the leftmost algebra, giving
(Xn’ Yn+1) 1 (XO’ Yi,..., Yn) | X

Now, X,.1 is (X,, Y,.1)-measurable, and Xy, X;,...,X, are all (Xp,Y1,...,Y,)-
measurable. So by diminishing, we obtain that

Xn+l ik (XO’X17~ . 'aXn—l) | Xn

as desired.

m]
We usually refer to (2.3) as an update scheme for the Markov proces, and we refer
to the Y-process as the underlying error variables or noise variables.

Theorem 2.4 Let Xy, X1, ... be a Markov chain. There are update functions

¢n  Xx(0,1) > X foralln=1,2,...
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with the following property: if Uy, U,,... are a sequence of independent standard
uniformly distributed stochastic variables, and if X is indenpendent of the U’s, and
has the same distribution as X, then the update scheme

X, =¢u(X,_,Uy)  forn=12,...

produces a proces X, X1, X, ... with the same distribution as the original proces
Xo, X1, X, . . .

Proor: We may represent the original chain by its initial distribution (the distribution
of Xp) and each of its onestep transition kernels (f’n, +)xex- From these building blocks,
we can build up the finite dimensional distributions of the process, and hence the joint
distribution of all the entire process.

Each of the onestep transition kernels has an update function ¢, according to theo-
rem 1.7. Using these in the update scheme above will produce a Markov chain with
the same onestep transition kernels and then same initial distribution as the original
chain, and hende the same overall distribution.

O

So from at distributional point of view, we may alway assume that a Markov chains
is given by an update scheme - if a specific process, we happen to study, is not in
update form, we can replace it by another process which is in update form, and which
is indistinguishable from the first from a probabilistic point of view. The caveat is that
the update functions are not in any way unique, and it may not be easy to produce
update functions that make any sense intuitively.

The representations of Markov chains via update schemes is necessary for simula-
tions purposes: a computer program that simulates a Markov chain must almost en-
vitably have form of an update scheme. But the idea also have a number of purely
probabilistic applications.

One such application is to construct couplings of two Markov chains. A coupling is a
realisation of the two processes on the same probability space. A trivial coupling is on
where the two processes are independent. This can be achieved via update schemes, if
the two processes has independent streams of error variables. But if we use the same
stream of error variables, two heavily dependend Markov chains arise. To be specific,
we may chose Yy and Zj in some way, independent of the U’s, and recursivly define

Yy =0¢.(Yu-1,Un) s Zyp=¢p(Zy-1,Uy) forn=1,2,...
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The two Markov chains will of course be heavily dependent, as they use the same
error variables. But they coexist, and this coexistence may be utilized for various
constructions - we may for instance observe that

(Yn = Zn) - (Yn+l = Zn+1)

so if the processes at some stage are in the same point, they will move together hence
forward. We may be interested in the probability that such a coallescence take place
sooner or later. A coupling with rather different properties can be obtained by

YVi=0:.Yn1,Up) s Zy=¢p(Zy-1,1-Uy) forn=1,2,...

In this construction, the chains will still be dependend, but they will not tend to coal-
lesque.

Example 2.5 Time homogenous chains on finite state spaces. Given: typically
the transition matrix. Construct update function.

Example 2.6 The random walk, based on an iid. innovation sequence X1, X5, ..., is
by definition the stochastic proces S0, S 1,5, ... given by

Sn:ixia
i=1

with the convention that Sy = 0. This is a Markov chain with update scheme
S,=8,-1+X,.

It is typically assumed that the innovations have mean zero, but random walks with
positive (or negative) drift (meaning that the innovations have a nonzero mean) are
studyobjets in their own right.

Example 2.7 The reflecting random walk, based on an iid. innovation sequence
X1, X, ..., is by definition the Markov chain with update scheme

Ty = 0, T, = (Tn—l + Xn)+ .

A random wallk with negative drift is frequently studied through the corresponding
reflecting random walk, which exhibits the "upwards excursions’ of the random walk
@]

&k ok ok ok ok ok ok ook
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Example 2.8 The classical AR(1)-process on the real axis is given by the update
scheme
Xn+1 = pXn + €11

where the €’s are independent and identically distributed. As a first choice, the er-
rors are typically normally distributed with mean zero. But other choices are clearly
possible. We also have to specify the distribution of X in order to specify the joint
distribution of the proces.

In a sense, the behaviour of the AR(1)-proces is not very dependent on the specific
choice of error distribution or initial distribution. The key is the magnitude of p. If
lol < 1, the proces will behave in a stable and quite predictable way. If |p| > 1 the
proces will on the other hand explode. If p = 1 we are back in the random walk case.
And if p = —1, we are essential also back in the random walk case, even though it
becomes sligthly more complicated to formulate the results. We willl return to this
classification time and time again during the course.

Example 2.9 There is a straight forward generalisation of the AR(1) proces to R
via the update scheme
X, =RX,-1 + &

Here R is a k x k matrix, and the €’s are an iid. sequence of R*-valued stochastic
variables - a typical choice is to make the errors N(0, X)-distributed, where X is some
legal variancematrix.

It is rather complicated to describe the long time behaviour of the chain, but at a first
description it will depend on the eigenvalues of R. If all the eigenvalues are smallet
than one in modulus, the matrix represents a linear map that contracts everything to 0.
And this contraction in so dominating, that it even governs the stochastic behaviour.
If some of the eigenvalues are outside of the complex unit circle, things become more
complicate. The corresponding eigendirections will be ’directions of explosion’, and
they will in a sense govern the stochastic behaviour, unless the error distribution is
so singular, that the proces will never have a non-zero component in an exploding
direction.

Hence there is a very delicate interplay between the deterministic behavious of the
underlying linear map, and the measuretheoretic singularities of the error distribution.
At first sigth it would seem like a mathematical game to explore this interplay - it
does not seem to be relevant from a modelling point of view. But it actually pops up
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in many places, and the problem must be considered seriously,

Example 2.10 The AR(2)-process on the real axis is given by the update scheme
Xn+1 = aXy +ﬁxn—l + €41

where the €’s are independent and identically distributed, typically normal with mean
zero. As it stands, this update scheme does not give rise to a Markov proces, because
it does not just depend on the present observation, but also a lagged observation.
Furthermore, we need both X and X, in order to be able to run the update mechanism.

But a slight rearrangement will in fact give a Markov chain. If we stack the proces,
and consider the proces in R? given by

— Xn
Yn—( Xn_] )7

we see that the Y-proces fits into the update scheme
Y = aX,_q +ﬁXn_2 + €, _ a ﬂ X1 " €,
" X-1 1 0 X2 0

:(7 g)yn_l+(gn)

This shows that the AR(2)-proces is just an AR(1)-proces in disguise, and hence it is
“practically Markovian’. The price we pay for this simplification is however, that the
errors in the AR(1) updating scheme are quite degenerate - theyn are essentially one-
dimensional. This perhaps sheds some light on the remarks as to why it is necessary
to study AR(1)-processs in full generality, even with singular errordistributions.

Example 2.11 ARCH???7? If yes, it must be here. Hok kK KOk R % K

Example 2.12 Consider independent, identically distributed non-negative real ran-
dom variables Y1, Y>,..., and think of them as representing waiting times between
events. The occurrence of the »n’th event is thus happening at time

i=1



34 Chapter 2. Markov Chains

The corresponding renewal proces is the continous time proces, which for each time-
point indicates how many events that have occured,

N,=sup{n|S,<t}

Renewal processes are very important in many branches of probabibility, in particular
in Markov chain therory, and we will spend a considerable amount of time studying
these objects.

We will mainly be interested in the case where all the waiting times are integers, and
this we assume from now on. Hence the natural discrete time renewal proces is

N, =suplk | Sy <n} forn=0,1,2,...

Note that the renewal proces itself is not Markovian. Not in general, at least. If we
consider the case where

1
P(Yi=2)=P(Yi=3)=5 for i=1,2,...,

it is clear that exactly one event has taken place at time 3, that is N3 = 1. This makes
the o-algebra generated by N3 trivial, and so the Markov property is ruled out, if
we show that N, and N, are not independent. But the joint distribution of these two
variables is given by the table

Ni=1 Ng=2

0
1
4

Ny =0
Ny =1

Bl—= NI=

and this table does not give independence. If we think about it for at moment, the lack
of Markovianess of renewal processes is rather evident: N,;; will either be equal to
N, or equal to N, + 1, the latter case corresponding to an event occuring at time
n+ 1. When we try to predict whether an event will occure at time n + 1, the relevant
knowledge is not how many events that have occurred at time n, but rather the exact
time of the last event - an information hidden deeper in the past.

But there are other processes, associated to the renewal proces, that do posses the
Markov property. One such proces is the forward recurrence time chain, vV, V5, ...
given by

V, = inf{Sy — n | k such that S > n}
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For any timepoint n, the value of V,, is the waiting time until the next event. If V,, > 2,
there is no event taking place at time n + 1, and so V,,,; = V,, — 1. Butif V,, = 1,
there is an event taking place at time n + 1, and the value of V,,,; will be the length of
the waiting period until the next event. Hence it is very easy to calculate the one-step
probabilites:

where vq, v, ... are the pointsmasss of waiting time distribution v. But the relevance
of the one-step probabilites are not clear, unless we know that the forward recurrence
time chain is a Markov chain. And while that is true, a rigorous demonstration is not
trivial. In example 2.29 we will establish Markovianess with blows and whistles, as a
consequence of the socalled strong Markov property for the underlying random walk.

A related proces is the backward recurrence time chain, By, By, ... given by
B,=inf{ln -S| S, < n} forn=0,1,2,...

For any timepoint n, the value of B, is the time that has occured since the last event.
If an event is taking place at time n, the value of B, is 0. Otherwise, we have the
simple relation B, = B,_; + 1. Also in this case it is easy to compute the one-step
probabilities,
Ho 1 00
ur 010
P=11 00 1
where
ﬂk:P(Yl :k+1|Y1 >k)

The relevance of this matrix, though, will only become clear once it is established
that the backward recurrence time chain is Markovian.

Example 2.13 Queues? If yes, it has to be here. * ok %k Kk R KOk

Some text desribing the three different approaches to Markov chains: via kernels, s s s s s s % % %
via update schemes and the proces-oriented approach we will adopt.
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Some text on functions of Markov chains?

Example 2.14 If X, X1, ... is a Markov chain, and if f : X — Y is a measurable
function, we may consider the proces Yy, Y1,... given by

Y, = f(X,) forn=0,1,2,...

It is an important problem to find out if the Y-proces is Markovian as well. While
reduction easily gives that

Yn+l 4 (YO’---,Yn—l)lxn,

there is no telling when we can shrink the conditioning algebra from F(X,) to F(Y,).
The prominence of this problem arises, of course, from the fact that Y-proces is usu-
ally not markovian. It is actually rather difficult to find examples where the Markov
property is preserved, but non-Markovianess is usually a mess to establish.

To construct an explict example, we may let the X-proces be an asymmetric random
walk on three points, say with one-step transition matrix

The initial distribution can be taken as the equidistribution. This process is a random
movement on the corners of a triangle. When p # %, the process has a preoccupation
for steps with a specific orientation. If p is close to one, the X-proces will move
l—»2-3—1-2-..,if pisclose to 0 the X-proces will move the other way
around. As selftransitions are not possible, the variable (X, X1, X;) has only twelve
non-zero pointmasses,

1 2 1 p(l-p)/3 2 31 P?/3
1 2 3 p?/3 2 3 2 p(l-p)/3
1 3 1 pl-p)/3 312 P?/3
1 3 2 (1-p)?/3 313 p(1-p)/3
21 2 pd-p)/3 321 (1-p)?/3
2 1 3 (1-p?/3 3 23 p(1-p)/3

The transformation we will consider is f : {1,2,3} — {1,2} given by

f=1,f2)=2,f03)=2.



2.2. The strong Markov property 37

So the Y-proces is identical to the X-proces, except for the fact that the original states
2 and 3 are collapsed into one superstate, which for simplicity is called 2. The variable
(Yo, Y1, Y») has five pointmasses (as 2-2 transitions are now perfectly legal, while 1-1
transitions are still forbidden),

2p(1 - p)/3
P13+ -p)?/3
p*/3+2p(1 - p)/3+(1-p)?/3
P13+ -p)?/3
2p(1 - p)/3

NN ==
[\ST SR \S I NS
N = NN =

If we stratisfy this probability table by Y, we get

Y2 =1 Y2 =2
Yo=1 0 0
Yo=2 0 p*/3+2p(1-p)/3+(1-p)/3

and

Yo=1 Y,=2
Yo=1  2p(1-p)/3  p*/3+(1-p)?/3
Yo=2 p*3+(1-p?/3  2p(l1-p)/3

There is actually independence in the Y| = 1 table, even if it is of a somewhat degen-
erate form. But there is no independence in the Y; = 2 table, unless p = %

2.2 The strong Markov property

The Markov property fomulates a relationsship between the past, the present and the
future, which is to hold for all values of ’the present’, if a proces is to be called a
Markov chain. At least it has to hold for all deterministic values. But it turns out time
and time again, that we need the Markov property to hold in extended situationens,
where the value of ’the present’ is not known in advance, but has a certain stochastic-
ity to it. As an example, we may consider ’the present’ to be the first time, the proces
enters a certain subset of X.
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To introduce the relevant formalism, we focus on a fixed proces Xg, X1, . . . with values
in some measurable space (X, E). The proces may or may not be a Markov chain,
presently that is not relevant. The proces generates a filtration, a sequence of o-
algebras Fy c F| C ... given by

F, = F(Xo, X1,...) forn=0,1,2,...

There is also a natural limitalgebra F.,, generated by all the variables Xy, Xi,... or -
if we like - generated by the filtration. It may happen that F,, equals the fundamental
o-algebra F, but typically this is not the case - the fundamental algebra has to acco-
modate lots and lots of other stochastic variables, we draw upon at our convenience.
The proces is of course adapted to the filtration, meaning that X,, is [F,,-measurable
for each n.

A stochastic variable T with values in the countable set Ng =1{0,1,2,...,00}1is called
a random time. A random time is a stopping time with respect to the filtration
Fo c Fy c ... if it satisfies that

(t=n)€F, for n=0,1,2,...

The stopping time condition means that for each n there is a measurable subset B,, C
X"*1 such that
(t=n) = (Xo.X1.....Xy) € By).

The implication is that we are e able to read off from the values of Xy, Xy,...,X,
whether 7 = n or not. By observing the X-proces for some time, we know if T has
occured or not.

Example 2.15 The most obvious example of a stopping time is a determinstic time.
The ’stochastic variable’ T = n satisfies the necessary condition, as is easily checked.

The second obvious example is the first hitting time of a set A, as in
t=inf{ln=0,1,...| X, € A}

Observing that 7 A o and 7 V o (minimum and maximum) for two stopping times 7
and o are themselves stopping times, we can construct a vast number of new stopping
times. A typical construction would be 7 A n for a fixed n. A similar construction
would be the first hitting time for a set A after a given stopping time o. As in

t=inflo+1,0+2,...| Xpy; €A}.



2.2. The strong Markov property 39

In Markov chain theory it is customary to discuss both the first hitting time of a set
A, typically denoted by o4, and the first return time of A, typically denoted by 74
which is the first hitting time after time 0. Unless the chain starts in A, the first hitting
time and the first return time to A agree. But when there is a difference, the first return
time is usually the most relevant.

It is in principle allowed that a stopping time 7 can obtain the value co. In martingale
theory this is not only a sensible convention, but in fact a useful idea, that vastly
simplifyes a number of formulations. But in Markov chain theory, infinite stopping
times are a menace, and we will usually not allow them. We will focus on three types
of stopping times: The bounded stopping times, which never take on values above
a certain threshold known to us, The finite stopping times, which never take on the
value oo, but may take on arbitrarily large integral values. And the almost surely
finite stopping times, which satisfy that

P(t<o0)=1.

We would really like all our stopping times to be finite - but that would exclude
the first hitting times from considerations. Consider the waiting times untill head
comes up in a coin tossing experiment. With probability one, head comes up sooner
or later. But there is a formal possibility that head never comes up, and we have to
deal with this possibility in our formalism. We could cut the corresponding nullset
out of the background probability space €, to ensure that head always comes up. But
if we follow that route, we will have to do this kind of surgery on the background
space whenever we introduce a new stopping time, and it becomes technically very
unpleasent in the long run. It is much neater to allow that stopping times take on the
value oo - as long as we sure this only happens on a nullset.

If Xo,X1,...1s a proces and 7 is a corresponding stopping time, we introduce the
symbol X, as the value of the proces at the random time 7. If 7 is finite, the formal
definition may be written as

Xe= " Tieem X
n=0

From a strict point of view, this formula only makes sense if X is a vectorspace. But
even in the general case it is a much more distinct way of expressing the definition
than the case-by-case formula it covers.
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But to a certain extend, the definition of X, breakes down if the stopping time can
take on the value co - even if this only happens with probability zero. In order to do
something in that situationen, we adopt the convention that whenever we introduce
a new measurable space (X, E) on which stochastic variables may have values, we
equip it with a standard variable X* - on R” we could let the standard variable have
the deterministic value 0. We will assume that this standard variable is measurable
with respect to F, but no other details matter. Having introduced a standard variable,
we may then define

X = Z l(T:n) X, + 1(7-:00)X* .
n=0

If 7 assumes the value co with positive probability, the choice of standard variable is
of course important for the behaviour of X,. But as long as 7 is almost surely finite,
the invention of the standard variable is a purely formal gimmick. Observe that X
becomes measurable with respect to Fo,:

(XTGA):U(XTEA)D(T:n) U (X;€A)N(r = )
n=0
:U(XneA)ﬂ(T:n) U (X*ed)N (1 =)
n=0

The only event in this compositon that does not obviously satisfy the relevant mea-
surability condition is (7 = oo). But the complement (7 < o) is the union of event of
the form (7 = n), and this establishes measurability.

Corresponding to a stoppping time 7, we have a natural notion of ’the past’, namely
the o-algebra

F,={FeF|FN(r=n)eF,foralln=0,1,...}.

Lemma 2.16 Let Xy, Xy, ... be a stochastic proces, and let T be an adapted stopping
time. Then the variables T and X, are both F.-measurable.

Proor: Trivial manipulations. If we consider the event (t = k), we have that

(t=n) if k=n

(T:km(T:"):{w if k#n
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In both cases we get that (t = k) N (t = n) € F,. And hence (7 = k) € F;. This shows

the measurability of 7.

Similarly, if we let A be a measurable subset of X, we have that
X:eAnNrT=n=X,€A)N(tr=n)€F,,

so (X; € A) e F,.

Lemma 2.17 Let Xo, X1, ... be a stochastic proces, and let T and o be two adapted
stopping times. It holds that

<71 = F, CcF;.

Proor: This is well known.

Lemma 2.18 Ler X, X1, ... be a Markov chain, with corresponding filtration Fy C
Fi C ... If Z and W are two bounded real variables, both F,-measurable, then it
holds that

EZ|X,)=EW|X,) ae =  E(Z|Xp, Xpe1) = EW | X;, Xp11) ace. .

Proor: This is really a trivial consequence of the Markov property. The future vari-
able X, is independent of the past algebra F,, in particular of Z and W, given the
present variable X,,. Refering to the asymmetric formulation of conditional indepen-
dence in corollary 1.13, we obtain the string of equations

EZ| Xy, Xne1) = EZ | X)) =EW | X,) = EW | Xy, X,41) ae.

O

Note the amusing fact that we are somehow using the Markov property backwards
in this proof. The argument can be verbalized as saying that when we are attempting
to ’predict the past’, there is no information in knowing the future - only the present
matters.
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Lemma 2.19 Let Xy, X1, ... be a proces, with corresponding filtration Fy C F; C ..,
and let T be an adapted stopping time. Let Z be a realvalued stochastic variable,
measurable with respect to Fr. For any n < oo it holds that 1=, Z is m measurable
with respect to Fy,.

Proor: We simply observe that for any B € B we have one of two situtions, depending
on whether B contains 0 or not:

| p B) ZeB)N(t=n) 0¢B
=n)L € =
(1e=n (ZeB)N(t=n) U (t#n) 0€cB

Since Z is assumed to be F;-measurable, (Z € B) will be an F.-set, and so (Z € B) N
(t = n) will be an F,-set. Also the event (7 # n) is F,-measurable - its complement
has the relevant measurability per definition. So in either case (I(T:n)Z € B) isin F,.

O

Lemma 2.20 Let Xy, X1, ... be a proces, with corresponding filtration Fy C F; C ...,
and let T be an adapted stopping time. For any event F and any n < oo it holds that

E(l=n)P(F | X, 7) | X,) = P(F N (= n) | X,) a.e (2.4)

Proor: The claim that two conditional expections with respect to X,, are the same,
of course means that the two stochastic variables integrate to the same ting, when
integrated over F(X,,)-events. Observe that

f Liz=mP(F | Xz, 7)dP = f P(F | X;,7)dP
(XneA)

(Xr€A,t=n)
= P(FN(X: € A, =n)),

since the middle integral is oven an F(X,, 7)-event. Similarly it holds that

f Lrnge=ny dP = P(F N (X, € A)N (T =n)) = P(F N (X € A,T = n)).
(X,€A)

Note that ( 2.4) may be formulated

E(P(F Nr=n)|X,7)]| xn) = P(F N(r=n)] X,,) ae
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since 1(;=y) is F(X, 7)-measurable. Hence we see that the statement is really about a
double conditioning situation. The statement remains non-trivial, however, because
the o-algebras in question, F, and F(X:, 7), are not nested. In fact, the statement is
only true due to the specific nature of the event F' N (7 = n) and its interplay with the
two o-algebras.

Theorem 2.21 (Strong Markov property) Let Xy, X1, ... be a Markov chain, with
corresponding filtration Fy C Fy C .... Let T be an adapted stopping time, and
assume that T is almost surely finite. Then

Xev1 L Fr | (7, X7)

Proor: We prove that for any F € F; it holds that
P(F | Xe, Xe11,7) = P(F | Xr,7)  ae (2.5)

which is anoter instance of the the-future-is-irrelvant-for-predicting-the-past phe-
nomenon, we have previously encountered. The righthand side of (2.5) clearly has
the measureability properties to be a version of the lefthand side, so we only need to
check that it has the right integrals over F(X;, X;.1, 7)-events. For finite n we see that

f P(F | X.,7)dP = f 1(r=n)P(F | X¢,7) dP
(t=n,X€A,Xr+1€B) (X, €A,X,+1€B)

Combining the lemmas, we see that we can replace the integrand by 1(;—,)nr to obtain
f P(F | X, 7)dP = P((X, € A, Xps1 € B.,T=n)NF)
(r=n,X;€A,Xr41€B)
= P((X; €A, Xrp €B)N(T=n)N F)

It is trivially true that
f P(F | X, 7)dP = P((X; € A, X1 € B)N (T = 00) N F)
(t=00,X,€A,X;11€B)

since both sides are zero, due to the assumption that 7 is almost surely finite. The
events of the form (t = n, X; € A, X;+1 € B) (including the events with n = c0)) form
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a generator for F(X;, X+11, 7), stable under the formation of intersections. And hence
it follows that

f P(F|X,,7)dP = P(GNF)  forallG € F(X;, Xr41,7).
G

That is, we have established (2.5).

This ’strong Markov property’ is slightly weaker than we would have liked. The im-
mediate future only becomes independent of the past given the present if "the present’
includes a glance at the clock. One can construct examples which shows that in gen-
eral the information of the random time cannot be dispensed of, see example 2.22.
But in section 2.3 we will go hunting for a condition, where all times look the same,
and where there is no essential information in knowing the value of 7. In that setup we
will be able to strengthen the conclusion in theorem 2.21 to obtain what is generaly
perceived as the strong Markov property in the litterature.

Example 2.22 Consider an asymmetric random walk on three points with a direction
which oscillates back and forth. The one-step transition matrices are

0 p ¢ 0 g p
Py_1={q 0 p|, Py=|p 0 ¢
rp q 0 g p 0

where p + ¢ = 1. As starting distribution, we can take the equidistribution on state 2
and 3. As stopping time we take the first hitting time of state 1. In that case X, = 1
almost surely, and so there is no information contained in that variable.

If Xr+1 L F; | Xq, this triviality implies that X, is unconditionally independnet of
F;. And as 7 is F;-measurable, it in fact implies that X, is independent of 7. This is
clearly false, because the conditional distribution of X, given 7 will depend rather

drastically on whether 7 is odd or even - unless of course p = %

The example demonstrates that we can not in all cases strengthen the general strong
Markov property X,.; 1L F; | (1,X;) to the simpler and perhaps more attractive
statement X,.; I F, | X;.
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2.3 Homogeneity

Virtually every single Markov chain we will consider, will have a further simplifying
property called time homogeneity.

The distribution of a Markov chain is given by the sequence of one-step transition
probabilites. This is a sequence of kernels (ﬁ’ﬁ) X, Where the n’th kernel is a version
of the conditional distribution of X, given X,,. There is a certain amount of choice
involved in these kernels, and maybe it is possible to adjust these choices, so that a
single Markov kernel can be used as the one-step transition kernel in every step. In
that case we call the chain time homogenous, and write

A

P 2 x. 1x, forn=0,12,...

Spelled out, the condition is that there is one Markov kernel that satisfies

P(X, €A, Xp:1 €B) = f P.(B)dX,(P)(x) forall A,Band n.
A

Many Markov chains present themselves to us in a form, where the time homogeneity
is obvious. But if it is not obvious, time homegeniety is almost impossible to estab-
lish: there are many ways to pick tne various 1-step transition kernels, and if these
are not picked in concerto they will surely differ.

The obvious example exhibiting the problems is the random walk, with symmetric
+1 increments. It is a time homogenous Markov chain with transition matrix

T iftm=n+1
Pam=1 % ifm=n-1
0 otherwise

This is the obvious transition matrix that everybody will write down - before they
start thinking. But if we somehow miss that, and just start calculating, there are lots
of other choices. Usually we insist that the random walk starts in O. If that is the case,
the transition matrix for the time 2 to time 3 transition is only uniquely given from the
states —2, 0 and 2. Similarly, the transition matrix for the time 3 to time 4 transition
is only uniquely given from the states —3, —1, 1 and 3. Transitions from all other
states are not determined at all. So if we pick the transition matrices one by one, it is
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quite unlikely that we will pick the same every time, unless we have some principle
to guide us.

The reason why so many chains are blatantly time homogenous, is because they arise
via time homogenous update schemes. That is, an update scheme of the form

Xn+1 = ¢(Xna Yn+l)

where Y1, Y5, ... are independent and identically distributed. The error distribution
does not vary with time, and the update function does not vary with time, hence the
one-step transition probabilities do not vary with time.

In the opposite direction, is is also clear that if a Markov chain where all the one-step
transitions kernels are the same, then there is an update scheme of the above sort
generating the proces.

The examples we gave of Markov chains with specified update schemes were all of
this time homogenous form. Actually, time-varying update schemes virtually never
appears in applications. With one notable exception: simulated annealing which is
an optimization algorithm based on Markov chains.

However, for processes constructed on top of other processes, neither the Markov
structure nor the time homogeneity may be immediatly vissible. We have shown that
we may examine the Markov property from first principles - but the random walk
example above shows that we have to be very careful when we check for time homo-
geneity. We adopt the following slightly weaker definition:

Definition 2.23 A Markov chain X, X1, . .. is weakly time homogenous is
Xep LT X

for every adapted, almost surely finite stopping time T.

This definition undoubtably looks confusing. There is a nice liguistic catch in that
homogeneity with this definition reflects that something is ’independent of time’ in
a stochastic sense. But appart from that, the definition may seem arbitrary. However,
the definitons has its merits, as we shall see. And at least for Markov chains on finite
spaces, it is possible to prove that weak time homogeneity implies strict homogeneity,
as defined in terms of constant one-step transition kernels or constant update schemes.

The concept of weak time homogeneity is a distributional concept
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Theorem 2.24 [f a Markov chain Xy, X1, . . . satisfies that
Xey1 L 7| X7 (2.6)

for every bounded adapted stopping time T, it is weakly time homogenous.

Proor: Let 7 be an adapted and almost surely finite stopping time. Consider the
event (7 = k), and let us first discuss the finite case, where k < oo. Pick N so large
that k < N, and consider the stopping time 7 A N. Clearly (r = k) = (t AN = k).
Using (2.6) on T A N, we obtain that

P(t = k| Xaany+1, Xean) = P(@ AN =k | Xrany+1, Xean)
=Pt AN =k| Xean)
=Pt =k| Xan) ae.

Letting N tend to infinity, we see that
P(Xeny = Xo) = 1, P((Xeanys1: Xenn) = Kes1, X0)) = 1,

simply beacause P(t AN = 1) = P(t < N) =» 1 for N — oo. By corollary 1.3 it
follows that
Pr=k| Xe41,Xy) =Pt =k | X;) ae.

To finish the proof, we have to consider the case k = oo as well. But as 7 is almost
surely finite,
P(T:00|X.H_1,XT):O:P(T:00|XT) a.c.

and we are done.

Theorem 2.25 A time homogenous Markov chain X, X1, . . . is weakly time homoge-
nous.

Proor: We may assume that the Markov chain has update form,

Xn+1 = ¢(Xn9 Un+l)

for some fixed map ¢, and a sequence of independent, standard uniformly distributed
real stochastic variables Uy, U,, .. .. Let T be a finite stopping time. Then

Xear = D N Xust = D ez @(X, Upit) = ¢(Xe, ) 2.7)
n=0 n=0
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where we have introduced the variable

U= Z ](T=n) Un+1 -
n=0

Take an event F € F,. Then it holds that

P((UGA)OF):iP((UeA)ﬁFm(T:n)):iP((UnH eA)NFN(r=n).
n=0 n=0

Using that F N (t = n) is F,-measurable, and that U,,,; is independent of FF,, as this
algebra is contained in F(Xy, Uy, ..., U,), we get that

P((U €eA)N F) = i P(Un+1 € A)P(F N (r = )
=0

3

= P(U, eA)iP(F N (r =n))
n=0
= P(U; € A) P(F).

We can draw two consequences: For one thing, U is standard uniformly distributed.
But more important: we see that
ULE,.

Observing that X; is F;-measurable, we may float information to the (trivial) condi-
tioning side, and obtain that
ULF|X;.

We may float information back, and obtain
(U,X‘r) i F‘r | X‘r .

As X4 accordingt to (2.7) is F(X,, U)-measurable, and ad 7 is F,-measurable, it
follows by reduction that
XT+1 Lt | XT ’

as desired.
]

A nice consequence of the proof is that the conditional distribution of X, given X,
is simply the same as the common conditional distribution of X, given X,,, since
it follos the same update rule with an error variable that is standard uniformly dis-
tributed.
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Theorem 2.26 (Strong Markov property) Let Xy, X1,... be a Markov chain, with
corresponding filtration Fy C Fy C .... Let T be an adapted stopping time, and
assume that T is almost surely finite. If the chain is weakly time homogenous, then

Xesp L 11:‘r | Xq

Proor: We combine weak homegeneity and theorem 2.21 via theorem 1.24, the result
drops out for free.
O

This version of the strong Markov property is perhaps the key property of time ho-
mogenous Markov chains in any formulation.

Corollary 2.27 Let Xy, X1, ... be a Markov chain, with corresponding filtration Fy C
F, C.... Let T be an adapted stopping time, and assume that T is almost surely finite.
If the chain is weakly time homogenous, then

(XT+1’XT+2a . ) I Fr | Xz (28)

Proor: We show by an induction argument that
(Xea1> Xer2, oo X)) L Fr | X (2.9)
for all values of k. The crux of the matter is that oo = 7 + k is a stopping time. Hence
Xegrr1 A Fryp | Xoq

As the variables X;, X;11, ..., Xr4t are all F,;-measurable, we can shift them to the
conditiong algebra, and obtain

Xevkr1 L Fryg | (X‘ra Xetlsenns XT+k)
As T+ k > T we see that F; C F., so by reduction it follows that

Xevkr1 L Fe | (Xo, X150 Xotk)
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Combining with the inductive hypothesis (2.9) we obtain via theorem 1.24 that
(XT+I’XT+2’ cee eX‘r+k+l) L Fy | Xq

as desired.
]

Example 2.28 Let Xj, X;,... be a weakly time homogenous Markov chain with
values in X, let x € X be a specified state, and let 7 be an almost surely finite stopping
time with the property that X; = x almost surely.

The obvious example where such a phenomenon occurs, is the case where X is finite,
and where 7 is the first (or the second or the k’the) hitting time for the state x. A
slight amount of work will usually establish that 7 is almost surely finite - though it
need not always be the case, the reader is reminded of concepts like ’transience’ and
‘recurrence’, that play important roles in the study of discrete (and as it turns out, also
of general) Markov chains.

If we have such a situation where X, is constant, F(X;) is a trivial algebra. Hence
conditional independence given X; is the same as unconditional independnce, and
the strong Markov property thus implies that

XT+15XT+19--- J-L]FT'

This phenomenon is called regeneration - the future is independent of the past in
such a timepoint. The importance of regeneration can not be overestimated. To a
large extend, analysis of the asymptotic behaviour of Markov chains is analysis of
regeneration.

To understand why regeneration is so important, assume that 7; < 75 < ... is an
increasing sequence of almost surely finite regenerations timpoints, for instance the
first, the second, the third, ... hitting time of a specified state. Let f : X — R be a
bounded measurable function. Then the excursions

i S, j fXa), 2 X,
n=t;+1 n=rp+1 n=r3+1

are independent stochastic variables. Say, the the third is idenpendent of the two
former since it is given by the 73-future, while the two former are given by the 13-
past. In most cases these variables are also identically distributed and have finite
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mean. And this gives the asymptotic result that

T

1
1 n=1

. ;;ﬂxn) =2 Zf(xa .

)
Il

Z FXa)
=Tr+1

will converge almost surely to the mean of an individual excursion. A law of large
number can be established from this observation, combined with the socalled renewal
theorem, which control the behaviour of the regeneration timepoints.

Also central limit theorems for Markov chains, and indeed laws of iterated logarithm,
can be obtained from the decomposition of the chain into iid. excursions.

Example 2.29 Let Y1, Y5,... be iid. stochastic variables with values in N. They are
interpreted as waiting times between events. The events themselves occur at times

n
Sn:ZYi forn=0,1,...
i=1

(though the event at time O is probably fake - it is purely conventional). We are inter-
ested in the associated forward recurrence time chain
V,=1inf{Sy —n| Sy > n} forn=0,1,...

and we intend to prove that this is a Markovian.

The key argument is an application of the strong Markov property of the underlying
random walk S, S, ..., which of course is a time homogenous Markov chain. For a
given timepoint n we can define a random time

T=inflmeN|S,, >n}.

This is clearly a stopping with respect to the filtration generated by S, S1,.... As
each waiting time Y; is at least 1, we see that 7 < n + 1 - so 7 is in fact a bounded
stopping time. Hence the strong Markov property shows that

(STaSTHa---) J-LF‘rlS‘r-

But note that
Vo=S8S:—-n, (2.10)
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So the o-algebra generated by V,, is the same as the o-algebra generated by S ;, and
we have that

(ST7ST+13"') J-I-FT | Vn-

Hence the Markov property for the forward recurrence time chain will follow by
reduction, if we can show that Vy, Vi, ...and V,_; are measureable with respect to
F;, and if V| is measureable with respect to F(S ¢, S r+1, .. .).

The past is easily dealt with. If we consider some k = 0,1,...,n — 1, there is an
associated stopping time

o=inflmeN|S, >k},

Similarly to (2.10) we have that V; = S,. As o < 7, it follows that F, < F,, and as
S . is F,-measurable, it follows that V is F;-measurable as desired.

The future requires slightly more care. There are two cases, corresponding to whether
an event occurs at time n + 1 or not. That is corresponding to whether S =n + 1 or
S+ > n+ 1. In the latter case we will see the same event, looking forward from time
n and n + 1. But if there is an event at time n + 1, this is the event we will see looking
forward from time n, while we will see the next event when looking forward from
time n + 1. That event will be S ;.. Combining these observations, we get
{ST—(n—l) if S;>n+1
n+l =
Sev1—(m+1) if S;=n+1

It is evident from this formula, that V,, is measurable with respect to F(S , S 7+1).
And so the much more, it is measurable with respect to F(S 7, S r+1, .. .).

2.4 The Chapmann-Kolmogorov equations

In this section, we will be discussing a number of Markovkernels on a fixed space
(X,E). They will be denoted by generic symbols like P, O and R. To be specific,
when we write Q, we are talking about an (X, E)-Markovkernel on (X, E), which in
all its glory could be spelled out as (Q,)ex-
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Definition 2.30 We define the composition of two Markov kernels P and Q on X as
the new Markov kernel P x Q, given by

(P=xQ0)(A) = ny(A) dQ.(y) forall A€E,xe X.

Of course it has to be checked that P = Q really is a new Markov kernel, but that
presents no difficulty. We could extend the definition to composition of kernels on
different spaces: if Q is an X-kernel on Y, and P is a Y-kernel on Z, then P * Q given
by the above formula, is an X-kernel on Z. A certain amount of bookkeeping has to
be developped in order to keep track on where the various kernels live, and we will
not pursue this matter.

Lemma 2.31 If P and Q are two Markov kernels on X, then

f FQ AP+ 0)x(2) = f £ dP,()d0:().

at least for all nonnegative measurable functions f : X — R, and all bounded,
measurable functions.

Proor: An application of the extended Tonelli/Fubini theorem. Note that by defini-
tion, the integral formula is true for indicators f(x) = 14(x).
O

Lemma 2.32 Let X, Y and Z be stochastic variables with values in (X, B). Suppose

1) Q is the conditional distribution of Y given X,
2) P is the conditional distribution of Z given Y,
HNXLZ|Y.

Then P = Q is the conditonal distribution of Z given X.
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Proor: A simple computation. Observe that the conditional independence gives that
the conditional distribution of Z given (X, Y) is the Markov kernel (x,y) = P,. Hence

PX€AZeC)=PX€AYeX,ZeC)= f P,(C)d(X, Y)(P)(x,y)
AxX

= f f Py(C)dQ(y) dX(P)(x)
A
- fA (P + Q)(C) dX(P)(x)
%%k sk ok K %k ok There is an unfortunate clash of notation here. The letter P is both a Markov
kernel and the probability measure on the background space. ..

O

Lemma 2.32 makes it evident that compositon of Markov kernels is not commutative.
In general, P+ Q # Q * P. But other simple properties hold:

Lemma 2.33 Composition of Markov kernels on (X, E) is associative. That is, if P,
QO and R are three Markov kernels, then

(PxQ)xR=Px(Q*R).

Proor: For any x € X and A € E we have
(PxQ)*R) ()= f (P Q)y(A)dR(y) = f f P(A)dQ,(2) dR(»)
- [P ri@=(p(0+R), @.

O

The associativity lets us interpret long composition of Markov kernels without ambi-
guity - it does not really matter in which order, the compositions are carried out. In
particular we can define powers of a Markov chain,

P"=PxPx...xP
—————

n factors
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without worrying about if the compositions should be carried out from left to right
or from right to left or from the middle and out. And we have immediately formulas
like

prtm = pny prm (2.11)

We may even extend the notion of power to a “power of zero’, if we define P*° as
the trivial Markov kernel, consisting of a onepoint measure in each point. With this
extension (2.11) holds for all n,m > 0.

Suppose now that Xy, X1, ... is a Markov chain on (X, E). Suppose it is time homoge-
nous in the classical sense: there is a single Markov kernel P that can act as one-step
transition probability from time #n to time n + 1 for all values of n. Symbolically
written:

P2 X, X, forn=0,1,2,...

In this scenario we are able to write the entire transition structure of the chain in
terms of composition powers of P. Typically we write P instead of P*, and we
obtain formulae like

P2 X, 1X, formk=0,1,2,..., (2.12)

A formal proof of this statement is based on lemma 2.32, and proceeds via induction
on k - the details are left to the reader. A combined use of (2.11) and (2.12) is proto-
typical in Markov chain theory, and is usually referred to as a use of the Chapman-
Kolmogorov equations. In my view, the Chapman-Kolmogorov equations are not
really equations, but a principle, that combines the power formula (2.11) (which is a
trivial consequence of the associativity of composition of Markov kernels) with the
interpretation of the kernels in the formula as specific conditional distributions. As
in we can compute the conditional distribution of X, given X,, by finding the
conditional distribution of X,,;; given X,, and the conditional distribution of X, t+m
give X+, and combine them via composition’.

Example 2.34 Let Xy, X1, Xo, ... be a time homogenous Markov chain with one-step
transition probability P. For a fixed k > 0, the proces Xo, Xk, Xok, X3k, - . . 18 called the
k-skeleton of the original chain. This is itself a Markov chain, as the original chain
satisfies the Markov property

X0, X155 Xoke1 WL Xpges 1, Xoka2s - - | X
and this can be reduced to

X0, Xkes -+ s Xon—)k L Xk | Xk -
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Note also that the k-skeleton chain is time homogenous with one-step transition
probaility P* as follows from the Chapman-Kolmogorov equations.

On a few occasions we will need a concept called the resolvent kernel relatated to a
Markov kernel P and a probability measure v on 0, 1, ... .. If v has probability function
g, the formal definition of the resolvent kernel is

0.) =Y q) PAA)  forxe X, AcE.
k=0

If Xo, X1, X3, . .. is a time homogenous Markov chain with one-step transition proba-
bility A, then Q is the conditional distribution of X, where 7 is a random time with
distribution v independent of the X-chain.

Certain subtle properties of a time homogenous Markov chain are best brought to life
by studying the associated resolvent kernels. Typical choices of the distribution of
the random time 7 will be a uniform distribution on the points 0, 1, ..., N for some
fixed N. Frequently encountered are also geometric distributions.
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