Chapter 1

Conditional Independence

Date: September 12, 2004

In this chapter we will work on a general probability space (€2, F, P). All events occur-
ing will silently be assumed to be F-measurable, all o-algbras occuring will silently
be assumed to be subalgebras of F, and all stochastic variables X : (Q,F) — (X, E)
will silently be assumed to be F — E measurable.

The general convention is that stochastic variables with names like X or X; or varia-
tions thereof have values in a generic space (X, E), unless it is explicitly stated that
they are realvalued (or integervalued or whatever). Similarly, variables with names
like Y or Z will have values in (M, K) and (Z, G) respectively.

Recall that (X, E) is a Borel space if it is in bijective, bimeasurable correspondence
with (R, B). Such a correspondence enables us to replace X with R, whenever there is
an advantage in that. It turns out that every sensible space has this property, unless it
its very, very small (countable) or very, very huge (non-seperable metric spaces, with
the o-algebra generated by the open sets, say).

The above generic X, Y and Z-spaces are always assumed to be either Borel spaces
or countable spaces. Any countable space can of course be embedded in (R,B) -
map the points to the integers, say - so for most purposes it is not necessary to make
explicit reformulations of the results for the countable case.
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2 Chapter 1. Conditional Independence

1.1 Conditional probabilities - a review

We recall that for a realvalued stochastic variabel X satisfying that E|X| < oo and a o--
aglebra H, the conditional expectation E(X | H) of X given H is any H-measurable
stochastic variable satisfying the integral conditions

fE(X|H)dP:fXdP forall H e H. (1.1)
H H

The conditional expectation is guaranteed to exist by the Radon-Nikodym theorem,
and it is more or less unique: two H-measurable variables satisfying (1.1) will be a.e.-
identical. If the only nullset in H is the empty set, then the conditional expectation
with respect to H is in fact unique.

We shall be concerned with the conditional probability of an event A given H. This
is simply the conditional expectation of the indicator 14, that is

PA|H)=E(4 |H).

The integrability condition (1.1) will in this case take the form

fP(AHHI)dP:P(AmH) for all H € H. (1.2)
H

P(A | X = x). More general: E(Y | X = x). Distributional construct.

We will make frequent use of the monotonicity property of condtional expectations,
that make sure that
0<PAIH)<I a.e.

and even that
ACcB = PA|H)<PB|H) ae

Furthermore, the double conditioning theorem says in this context that
E(PA|H|G)=PA|G) ae
whenever the two o-algebras G and H satisfies that G c H.

The situation where H = F(X) for a stochastic variable with values in a space (X, E)
(which of course is quite usual) calls out for special notation. If Y is another stochastic
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variable, with values in a space (Y, G), then it is F(X)-measurable if and only if there
is a E—G measurable map ¢ : X — Y such that Y = ¢(X). In the case of a conditional
probability with respect to F(X) we will typically write this map ¢ as P(A | X = x).
Hence the map x — P(A | X = x) is a E — B measurable map X — R which satisfies
that

fP(A | X = x)dX(P)(x) = f PA|X=e)oXdP=PANXEe€B) (1.3
B (XeB)

for any B € E and A € F. The laque of uniqueness of P(A | X) carries over, and can at
most bes sure that any two versions of P(A | X = x) will aggree X(P)-almost surely.

More generally, we speak of E(Y | X = x) for any realvalued, integrable stochastic
variable, as any map that composed with X gives E(Y | X).

An important point of the *pointwise conditional means’ E(Y | X = x) is that they
are in a sense a more solid construct, with at real existence - they do not vapourize
into the abstractions of the backgroundspace Q. They are realvalued maps on X, and
hence something that - in principle - can be computed, not merely shown to exist.

And they are distributional concepts. Suppose (X, Y) has the same joint distribution
as (X’,Y’), and that ¢ : X — Ris a version of E(Y | X = x) - then it is also a version
of E(Y' | X’ = x). This follows from (1.3).

P(A | X = x). More general: E(Y | X = x). Distributional construct.

We say that two o-algebras H and H* are almost surely equal, in shorthand written
H = H* a.e., if every event H € H can be matched by an event H* € H*, such that
P(HAH™) = 0, and vice versa. A typical situation where this concept is relevant, is
when we have two stochastic variables, X and X*, that are equal almost everywhere.
The two o-algebras F(X) and F(X*) will not be identical, but as

(XeB)=(X"€B) ae.

for any set B, the two o-algberas will be almost surely equal.

Lemma 1.1 [f the two o-algebras H and H* are almost surely equal, then
P(A|H)=PA|H) ae.

for every event A.
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Proor: The simple situation arise if H c H*. In that case we simply prove that
P(A | H) - which clearly is H*-measurable - satisfies the integral condition for being
a version of P(A | H*). If we consider H* € H*, we can match it by some event
H € H, and thus we have that

fP(A|H)dP:fP(A|H)dP:P(AnH):P(AnH*).
* H

If H and H* are not nested, they are certainly both contained in H v H*. But this
larger o-algebra is seen to be almost surely equal to both H and H*. It is generated
by intersections of the form HN H*, with H € H and H* € H*, and such intersections
are easily mathced by H-events or by H*-events. And the H Vv H*-events that can be
matched, are easily seen to form a o-algbera.

Hence, in the general case, we can write

PA|H)=PA|HVH)=PA|H) ae.

O

We will need a ramification of lemma 1.1 to situations where the two o-algebras
are not exactly equal up to nullsets, but where each event in one of the algebras is
’almost matched’ in the other. It is rather difficult to formulate the result in the general
case, and we will only need it under quite special circumstances, so the following
formulation, with o-algebras generated by stochastic variables, will suffice:

Theorem 1.2 Let X and Y be two stochastic variables, with values in the same space
(X, E). For any event A and any a > 0 it holds that

JoPX#Y)

P(|P(A | X) = P(A | Y)| > a/) ~

Proor: The key technical result we will have to prove is that

fP(A|X)dP—P(AmD) <2PX£7Y), (1.4)
D
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for any event D € F(X, Y). If we have this inequality at our disposal, we can use it on
the event
D' = (P |X)- P(A|X.Y)>a)

which is F(X, Y)-measurable, to obtain that
aP(D%) < f PA|X)-PA|X,Y)dP = f P(A| X)dP - P(AN DY)
D+ D+
<2PX#Y).

Using a similar argument in the other tail, we obtain that

LAPXEY)

P(|P(A | X) - P(A | X, Y)| > a/) .

And observing that the event
(|P(A %)~ PA] V)| > cx)
is a subset of
a a
(|P(A | X) - P(A | X, Y)| > E) U (|P(A 1Y) - P(A | X, Y)| > E)
the theorem is established.

To show (1.4), take D € F(X, Y). We can assume that D = ((X,Y) € B) for some set
BeE®E. Let
D" =((X,X) € B).

Clearly D* is F(X)-measurable, and
(DADHYC (X #7Y).

Now we have that

f P(A| X)dP - P(AN D)‘
D

<

f P(A | X)dP - f P(A | X)dP‘ +|P(AnD*) - P(AN D)
D D*

<2P(D\ D*) +2P(D*\ D)

as desired. Here we have used that the integrand P(A | X) is bounded by 1.
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Corollary 1.3 Let X, X1, Xa, ... be a sequence of stochastic variables. If
PX,=X)—1 for n — oo,
it holds for any event A that

PA|X,) 5 PA|X).

Proor: It follows directly from theorem 1.2 that for any @ > 0,

16 P(X,, # X)
<—F""" >

P(|P(A | X,) — PA | X)| > a) X

0 for n — oo,

which establishes convergens in probability.

1.2 Conditional distributions - a review

Recall that a (X, E)-Markov kernel on (¥, K) is a collection (P,),ex of probability
measures on (Y, K), indexed by points in X in such a way that the map x > P(B) is
E measurable for any fixed B € K.

Recall that such a Markovkernel is termed the conditional distribution of Y given
X if it satisfies that

PXe€AYeB)= f P.(B)dX(P)(x) forallA€E,BeK.
A

The main problem with the concept of conditional distributions is that the conditional
distribution is not unique. If we have one conditional distributions, we can alter the
probability measures in it as we like, as long as we only alter a few of them - to be
precise, we can only alter them for x’s in a X(P)-nullset. This non-uniqueness give
rise to a multitude of formulational problems, that tends to obscure the theory, but
somehow is of no real consequence.
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Theorem 1.4 IfY has values in a Borel space, the conditional distribution of Y given
X does exist.

The idea behind theorem 1.4 is that the conditional probabilities P(Y € B | X =
x), which are known to exist by the Randon-Nikodym theorem, can be chosen with
proper care and combined into genuine probability measures. The whole thing is a
giant nullset circus, and it is not very illuminating. But note that it may be impossible
to combine the conditional probabilities correctly without the Borel space assumption
- there are explicit counterexamples in Billingsley (1995).

The existence theorem is nice and reassuring to have, but is is usually not that impor-
tant. In most cases we do not have to rely on abstract existence theorems, but have
explicit formulas for the conditional distributions:

Conditional distributions in case of independence. ¥k kR Kk K %

Example 1.5 Suppose (X, E) is a countable set, equipped with the o-algebra of all
subsets. The conditional distribution of Y given X is thus

. PX=xYeB
Py(B) = PX=xYeB) P(Xx’ f ) for al Be K,
=Xx

At least this is true for all the x’s for which P(X = x) > 0, and that will suffice: the
remaining x’s form a X(P)-nullset.

If Y is also countable, we usually give the conditional distribution in terms of the
conditional probability function,

PX=x,Y=y)

qx(y) = PX = x)

as this function satisfies

PuB) =) 4.

yeEB

Example 1.6 Let z and v be o--finite measures on (X, E) and (Y, K). If X and Y has
joint density f with respect to ¢ ® v, meaning that

P(XeA YeB)= fO,y)du®v(x,y) forallA € E,BeK,
AXB
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then the conditional distribution of Y given X is a family of measures with density
with respect to v. To be precise

Py(B) = fB &x(y)dv(y)

where the desities are given by

_J(xy)
g:x(y) = e

hx) = f FCy) d¥(x).

At least this is true for all x’s for which 0 < A(x) < oo, and this will suffice: the
remaining x’s form a X(P)-nullset.

There are two virtues of the conditional distributions. One is conceptual: they allow
os to think of the combined observation of X and Y in terms of a two-step procedure,
where we first observe X, and then observe Y. This two-step mental picture is often
the key to reduce difficult questions involving simultaneous distributions to more
manegable ones.

The other virtue is computational. If ¢ : X X Y — R is measurable, it holds that

E¢(X.Y) = f $(x,y) dP (y) dX(P)(x) (1.5)

whenever the left-hand side exist - that is, if ¢ is non-negative or if E|¢p(XY)| < oo.
We refer to (1.5) as the extended Tonellli theorem or the extended Fubini theorem, as
the case may be.

In our setting, we are concerned about with the somewhat simpler concept of condi-
tional probabilites. Conditional distributions give a explicit way of caluculating con-
ditional probabilities, where the scatter of nullsets somehow is gone (it is of course
still there, now buried in the non-uniqueness of the conditional distributions). If we
compose that map x — P (B) with the stochastic variable X, the resulting stochastic
variable is obviously measurable with respect to F(X), and satisfies the integralcon-
dition for being a version of P(Y € B | X).

This should be written out as a theorem

In fact, we can extend this argument somewhat. If E|¢(Y)| < oo, we may construct
the map x — f #(y) dPx(y). Composing with the stochastic variable X, we get a
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version of E(¢(Y) | X). Litterally speaking, the integrals f o) dﬁx(y) may not exist
for every value of x, but x’s for which this goes wrong, form a X(P)-nullset, and so
we can replace the meaningless integral by zero or some other suitable value, without
interfering with the integral property.

Change the theorem - introduce X’ with the same distribution as X.

Theorem 1.7 Let X and Y be stochastic variables with values in (X, E) and (M, K).
There exists a map ¢ : X X (0,1) — Y, which is E ® B(o,1) — K measurable, with
the following property: if U is a realvalues stochastic variable, independent of X and
uniformly distributed on (0, 1), and if we let

Y = ¢(X,U)

then (X, Y’) has the same distribution as (X, Y).

Proor: Due to the underlying assumption that the spaces involved are Borel spaces,
we may assume that (Y, K) = (R, B). Let (P,)rex be the conditional distribution of Y
given X.

We know that the conditional distribution of U given X is very degenerate:
O,=v forall x € X

where v is the uniform distribution on (0, 1). By the substitution theorem, the condi-
tional distribution of Y’ given X is

Ri=¢o0iQy)=poiv).

The proof is complete, once we show how to choose ¢ such that R, = P, for every
x, as the joint distribution is uniquely determined from one marginal distribution and
the conditional distribution of the remaining marginal given the first.

The deep claim is not so much that it is possible to choose ¢ is such a way that
poi(v)=P, forallxeX. (1.6)

For if we let F, be the distribution function corresponding to P., and if we let g« be
a quantile function for F, it is well known that g,(v) = P..So we may let

P(x,u) = qx(u),

sk ok ok sk sk sk ok ok ok
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and (1.6) will be satisfied bona fide.

What is a deep claim is that the construction can be carried out in a way that guar-
antees ¢ to be measurable. There is a choice involved, in the sense that quantile
functions are not unique, and even though the individual quantile functions are in-
creasing, and thus necesserally measurable, the various choices may destroy joint
measurability.

The key is to get rid of the choices, and find an operationally defined quantile func-
tion. A nice one is

gx(p) =inf{y e R | F,(y) > p} forallxe X,p e (0,1).

The idea is to single out the largest possible p-quantile whenever there is a choice.
Let us prove that this is in fact a quantile function:

For fixed x and p, we have that

(y0, )

{yERIFx(y)>p}={
[vo, ©0)

for some yy € R. Whether we have the open or the halfclosed interval, depends on
the specifics of the situation, but in both cases we see that g(p) = yg. For each n we
have that yg + % > y9, and thus

1
F, (yo + —) >p.
n
Using right continutity of F, we can conclude that

Fx(yO)Zp'

Similarly, yg — % < yp, and so
1
Fx Yo——|=<p.
n

Using monotonicity of F,, we can conlud that

Fx(yo_) <p.

Together these inequalities show that yq is a p-quantile for Fj.
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As for measurability, an elementary argument shows that

(C.p)ladp) <= | {Gp) | Fuw) > p}. (1.7)

w<z,weQ

For any fixed w, the map
x> Fow) = Pyf(—o0,w])

is measurable, as (P,),cx is a Markov kernel. Hence (x, p) — (Fy(w), p) is measur-
able, and thus

{(x.p) | Fx(W) > p} = {(x, p) | Fx(W) = p > 0}

is measurable set. The fact that the righthand side of (1.7) is a countable union, shows
that the lefthand side is a measurable set.
O

The point of theorem 1.7 is that we may think of as any pair of variables as generated
in a two-step procedure, where the generation of the second variable can be accom-
plished by mixing the first variable with random noise. It is the way that the mixing
is carried out, that determines the joint distribution.

The update function ¢ is not at all unique. There are litterally uncountably many
ways to choose it. In certain cases it matters which one we use, in most cases it is
irrelevant. However, in typical applications theres is a specific update function that
almost forces itself upon us.

Example 1.8 Construct update function for discrete kernel. Simulation.

1.3 Conditionally independent events

Definition 1.9 Two events A and B are are conditionally independent given a o-
algebra H, if
P(ANB|H)=P(A|H)P(B|H) a.e. (1.8)

Symbolically, we will write A L B | H if (1.8) is satisfied.

sk ok ok sk sk ok ok ok ok
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Speaking colloquially, we will frequently say that A and B are independent given H
if (1.8) is satisfied - repeated use of the word conditionally makes the sentences sound
tedious.

Please note that conditional independence represents an intricate relation between
the two events and the o-algbra. The o-algebra H is really an integral part of the
definition. Whether A and B are conditionally independent or not, depends crucially
on which o-algebra we are conditioning.

If H c G are two o-algebras, it is completely possible that two events A and B are
independent given H, while they are not independenent given the finer o-algebra G.
But it is equally possible that A and B are independent given G, while they are not
independt given the coarser o-algebra H. Changing the o-algebra on which we are
conditioning is usually a very challenging task - and indeed a task which is at the core
of Markov Chain Theory.

Example 1.10 Recall that a o-algebra H is a trivial if every event in H has probabil-
ity 0 og 1. The most obvious trivial o-algebra is

H=1{0,Q},

but there are plenty of other trivial algebras arising all over probability theory - tail
algebras, symmetric algebras, invarint o-algebras in ergodic theory and what not. If
H is trivial, we observe that

PA|H)= P(A) ae.

for any event A, since the relation
f P(A)dP = P(ANH),
H

is satisfied for all H-sets H, both those of probability O (where there is nothing to
prove) and those of probability 1 (where there is also nothing to prove). Hence (1.8)
translates to

P(ANB)=P(A)P(B). (1.9)
A priori the formula has an a.e.-qualifier, but as it is a relation between deterministic

numbers, it is either true or false, with no probability involved.

Hence we see that conditional independence of two events given af trivial o-algebra
is simply classical independence of the events.
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Example 1.11 If C is yet another event, and if H is the o-algebra generated by that
event,

H={0,C,C,0),
then it is readily checked that
PANC) c
——— on
P(C)
PA|H) = a.e

P(ANCY .
REG

for any event A. If we suppose that H is non-trivial, meaning that P(C) € (0, 1), we
see that (1.8) translates to the two conditions

PAANBNC) PANC) P(BNC)

P(C) P(C) P(C)

P(ANBNCY  PANC P(BNC)
P(C°) ~ P(C)  P(CY)

These two conditions cannot be deduced from each other, and they are not related to
(1.9). For instance, the probability table

C ce
B B B B
2 1 2 4
A | T A 5 1
4 2 1 2
A° 15 13 A % T

corresponds to a situation where A 1L B | H but where A and B are dependend, as can
readily be checked.

On the other hand, the probability table

c ce
B B B B
1 2 2 1
A 5 0 A 5 10
2 1 1 2
A . A 5§

corresponds to a situation where A and B are independent, but where they are not
independent given H.
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Example 1.12 If we have a finite partition D of €,
D = {Dls---9Dl’l}

where the atoms of D (the D;-sets) are pairwise disjoint and unite to the whole of €,
the o-algebra generated by D is the family of all unions,

H:{UDillc{l,...,n}}.

i€l
If we let
D* ={D eD| P(D) > 0},
it is easily checked that

P(AN D)
P(A | H) = —1p a.e.
D%* P(D)

for any event A. In this setting, condtion (1.8) translates into
PAANBND) PAND)P(BND)

P(D) PMD)  PD)
Again, whether this holds or not is very sensitive to the specific atoms. If an atom is
divided into two, there is no telling if A and B are independent on each of the two
subatoms, just because we know if they are independent on the original atom. And

similarly, if two atoms are coallesqued, we may loose or create conditional indepen-
dence, as the case may be.

forall D € D*.

1.4 Conditionally independent o-algebras

Definition 1.13 Two classes of events, A and B, are conditionally independent given
a o-algebra H if
AL B|H forallAe A ,BeB. (1.10)

Symbolically, we will write A 1L B | H if (1.10) is satisfied.

We will almost exclusively use this concept in situations where the two classes of
events are o-algebras, but it is nice to be allowed to formulate things in a slightly
broader fashion. We may for instance see that it typically is enough to check (1.10)
on two generators of the o-algebras under consideration:
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Lemma 1.14 Let A and B be two classes of events, both stable under formation of
intersections. Then

ALSB|H = o(A) L o(B) | H.

Proor: A prototypical application of Dynkins lemma. For each set F € F we con-
sider the class
Cr={E€¥ |FLH|H]},

and we observe that this is a Dynkin class. If we take A € A, we know that 8 C
Ca. Using Dynkins lemma, we see that 0(8) C Cy4. On the other hand, conditional
independence of two events is a property that is symmetric in the two events, so we
can reformulate this fact as A ¢ Cp for any set B € 0($B). Usng Dynkins lemma
again establishes that o(A) C Cp for any set B € o(8). And though this may look
akward, it is in fact the property we are after.

O

Conditional independence of classes of events is of course just as sensitive to the ex-
act choice of the o-algebra on which we are conditioning, as conditional indpendence
of events were. In fact, if

A=1{0,A,A%Q}, B =1{0,B, B, Q},

then A Il B | Hif and only if A 1L B | H, as is readily seen from lemma 1.14. So the
counterexamples to any kind of simple behaviour under change of the conditioning
algebra given in section 1.3 also apply in this setting.

Example 1.15 Blow this up? Furthermore, check that A and B are independent given
any trivial o-algebra. Check that if A, B and H are independent, the A 1L B | H.

Lemma 1.16 (Reduction) Let A and B be two classes of events, and let A’ C A be
a subclass. Then

AL B|H = A ILB|H.

% sk ok ok ok ok ok ok ok
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Proor: This is a quite trivial observation, which hardly deserves to be called a lemma.
The statement on the righthand side involves fewer events than the statement on the
lefthand side, so the implication is obvious.

O

Theorem 1.17 Let A, B and H be three o-algebras. Suppose that A 1 B | H. If X is
an A-measurable realvalued random variable, and if Y is a B-measurable realvalued
random variable, such that E|X| < oo, E|Y| < co and E|XY| < oo, then it holds that

EXY|H)=EX |HEY |H ae

Proor: A prototypical extension result. We know the theorem to be true for indicator
variables. Hence it is true for simple variables. The monotone convergence theorem
for conditional expectations will show it is true for non-negative variables, and a final
handwaving will dismiss the problems of positive and negative parts.

O

Conditional independence is by its very definition symmetric in the two events, or
more general, in the two classes of events. Rather surprisingly, it turns out that the
most fruitfull way of working the the concept is through an asymmetric formulation:

Theorem 1.18 Let A, B and H be o-algebras. It holds that A 1L B | H if and only if
P(A|BVH)=PA|H) a.e (1.11)

for every event A € A.

Proor: Notice that for any three events A € A, B € B and H € H we have that

f P(A | H)dP :f1BP(A|H)dP=fE(13P(A|H)|H)dP
BNH H H (112)

:fP(A|]HI)P(B|]H[)dP
H

Suppose that A and B are conditionally independent given H. Then we can work the
above line of equations one step further to see that

f P(A|H)dP:fP(AmBlH)dP:P(AmBﬂH).
BNH H
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The events of the form B N H is a generator for the o-algebra B v H, stable under
formation of intersections, and as P(A | H) is H-measurable, and hence a fortiori
B Vv H-measurable, we conclude that P(A | H) indeed does satisfy all conditions for
being the conditional probability of A given B vV H. And hence (1.11) holds.

For the opposite implication, we may utilize (1.11) on the starting end of (1.12), and
obtain that

fP(A|H)P(B|H)dP:f PA|BVH)dP=PANBNH).
H HNB

As P(A | H) P(B | H) is indeed H-measurable, we see that it satisfies all conditions
for being the conditional probability of A N B given H. And hence A and B are con-
ditionally independent given H.

]

The asymmetric condition (1.11) is usually paraphrased by saying that there is no
extra information in B for making predictions on the occurrence of an A-set, when
we already have accces to the information in H. All the information in B, usefull for
that prediction, is already contained in H. The symmetry between A and B is not
clearly visible here, but somehow it is still there.

Corollary 1.19 Let A, B and H be o-algebras. If A 1L B | H then it holds for any
A-measureable real random variable X such that E|X| < oo that

EX|BVH) =EX|H)  ae (1.13)

Proor: Follows from 1.18 by the same extension technique, that was used to prove
theorem 1.17.
m]

Example 1.20 Show that A 1L H | H. And thus A 1L B | H whenever B c H.

Lemma 1.21 Let A, B, H and H* be o-algebras. Suppose that H and H* are almost
surely equal. Then
ALB|IH & ALB|H".

sk ok ok sk sk ok ok ok ok
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Proor: This result is a pretty trivial consequence of lemma 1.1. If A I B | H, and if
A € A and B € B, then we have that

PANB|H)Y)=PANB|H)=PA|H)PB|H)=PA|H)P(B|H") ae

andso A 1L B | H*

1.5 Shifting information around

Insert some text

Theorem 1.22 Let A, B and H be o-algebras.

ALBIH = AuL@BVH)|H.

Proor: Take A € A. We have that
P(A|(BVH)VH)=PA|BVH = PA|H),

where the first equality is true for trivial reason (we are conditining on the same o -
algebra), and the second equality is true due to the conditinal independence of A and
B given H. But now conditional independence of A and B Vv H given H follows from
theorem 1.18.

O

Theorem 1.23 Let A, B and H be o-algebras. Suppose that G is yet another o-
algebra, satisfying that H ¢ G Cc H V B. Then it holds that

ALBIH = ALB|G.
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Proor: Take A € A. By repeated conditioning we have that
P(A|BVG) =E(PA|BVGVH)|BVG)=EPA|BVH|BVG)
= E(P(A |H) | BV G) = P(A | H)

as P(A | H) is itself H-measurable, and thus G-measurable, and in particular B v G-
measurable. But by the exact same argument we have that

P(A|G) = E(P(A|HVB)|G)=E(PA|H) | G) = PA|H).

And thus in particular P(A | B vV G) = P(A | G), which establishes conditional
independence of A and B given G.
O

Theorem 1.24 Let A, B, G and H be o-algebras. It holds that

ALB|HandALG|IBVH = ALMBVG)|H.

Proor: Take A € A. It holds that
PAIBVG)VH)=PA|BVH)=PA|H).

The first equality is due to conditional independence of A and G given B V H, the
second is due to conditional independence of A and B given H. The combination of
course gives that A and B vV G are independent given H.

]

Example 1.25 None of the theorems so far will tell us how to throw information
away in the conditioning algebra, while retaining conditional independence. But the
theorems can in certain situations be combined to that effect.

Suppose that A 1L B | G v H. Theorem 1.24 tells us that if we furthermore know that
AlLG|H

then A 1L (B v G) | H. But we can throw events away in the classes that are condi-
tionally independent for free, so it acutally follows that A 1L B | H. By symmetry, we
can also get rid of G if we know it is conditionally independent of B given H.
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Theorem 1.26 Let X, X, Xs, ... be a sequence of stochastic variables. Suppose that
PX,=X)—>1 for n — oo,
Then it holds for any two events A and B that

ALB|X, foralln = ALB|X.

Proor: From corollary 1.3 it follows that
PA|X) 5 PAIX), PB|X)SPBIX), PANB|X,) > PANB|X),
forn — co. As
PANB|X,)=PA|X,) P(B|X,) foralln,
uniqueness of the limit for convergence in probability guarantees that
PANB|X)=PA|X)PB|X) foralln,

as desired.

1.6 Conditionally independent stochastic variables

In many cases we have o-algebras generated by stochastic variables. We will make
no distinction betseen the stochastic variable X and the o-algbra F(X) generated by
X, and we will write things like

Xuy|z instead of F(X) 1L F(Y) | F(Z)

without notification.

Example 1.27 X, Y and Z are truely independent. Then X 1 Y | Z.
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Example 1.28 Consider a normal distribution in three dimensions, where the onedi-
mensional marginals are standard normals,

X 0 1 p B
y |~Nllo].lp 1 B (1.14)
Z 0 B B 1

Here we have taken the two correlations involving Z to be identical, to keep the
problem simple.

Independence of X and Y is controlled be the parameter p. If p = 0, if p > O they are
positively correlated and if p < O they are negatively correlated.

The conditional distribution of X and Y given Z = zis
0 B L p B
o)+l ) eo- () 1) o)

_ Bz 1-p5> p-p?
‘N((ﬁz)’(p—ﬁ2 - g ))

Note that the variance does not depend on the specific value of z. Hence we can
conclude that X and Y are conditionally independent given Z if

p-B=0.

More precisely, the sign of p — 8% controls the direction of the conditional correlation
between X and Y given Z.

In figure 1.1 we have illustrated this phenomenon. In the (p, 8)-plane we have found
the domain which corresponds to legal convariance-matrices (all three eigenvalues
being non-negative). It is seen that this domain is divided into three: a part which
corresponds to negative marginal correlation and negative conditional correlation
between X and Y. A part which corresponds to postive marginal correlation but neg-
ative conditional correlation. And a third part which corresponds to posive marginal
and conditional correlation. If we did not employ the restriction that the two Z-
correlations should be equal, we could of course have a fourth domain, corresponding
to negative marginal but postive conditional correlation.

In this context, the message is that marginal correlations and conditional correlations
are two very different things, and in particular that marginal independence and con-
ditional independence are unrelated phenomena.
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Figure 1.1: Marginal independence and conditional independence in normal distributions of
type (1.14). The shaded area contains the (p, 3)-values for which the normal distribution ex-
ists. The vertical line corresponds to marginal independence of X and Y (positive correlation
is on the right hand side). The parabolic curve corresponds to conditional independence of
X and Y given Z (positive conditional correlation is in the interior of the parabola). Note the
domain where there is positive marginal correlation but negative conditional correlation.

Theorem 1.29 Let the conditional distributions of Y and Z given X be respectively
(Px)xex and (Qx)xEX- Deﬁne

If Y UL Z | X, then (Rx)xex is the conditional distribution of (Y,Z) given X, and
(sz,z)x’z)E xxz IS the conditional distribution of Y given (X, Z).
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Proor: It is eaily checked that (Ry)rex is a X-kernel on Y x Z. To check the integral
condition, we write

f Ru(B X C)dX(P)(x) = f PUBYOLC) dX(PY)
A A

=j\ P(Y € B| X)P(Z € C | X)dP
(XeA)

:f P(YeB,ZeC|X)dP
(XeA)

=P(Xe€AYeB,ZeC)

The second equality here is an application of the remarks on page 8, connecting the
various concepts of conditioning. The third equality is an application of conditional
independence, and the fourth is simply the definition of conditional probabilities.
Standard arguments extend these computations from product sets B X C to general
measurable subsets of Y/ x Z. Hence (R,)cy is the conditional distribution of (¥, Z)
given X.

The proof of second half of the theorem proceeds in exactly the same way, utilizing
the asymmetric formulation of conditional independence instead of the definition.
]

There are converses of both halves of this theorem. We choose to formulate them

seperatly. They may come in handy under various circumstances, but it general we

will go to quite some length in order to circumvent any use of them. The morale

is that conditional independence should be established from first principles, not by # s # x % % %  x
computing conditional distributions.

Theorem 1.30 Suppose that the conditional distribution (R)rex of (Y,Z) given X
has product structure of the form

R.=P,®0, forall x € X

for two families (P)rex and (Oy)ex of probability measures on Y and Z respec-
tively. Then both these families are Markovkernels, they are the conditional distribu-
tions of Y given X and of Z given X respectively, and it holds that Y 1L Z | X.

Proor: The first two statements are trivially checked. The statement about condi-
tional independence follows from the product structure, when combined with the re-
marks on page 8, connecting the various concepts of conditioning. With this particular
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choice of conditional probabilites the a.e.-quantifier in the definition of conditional
probability is superflous, as the factorization will hold deterministically.
O

Theorem 1.31 Suppose that the conditional distribution (ix,z)(x,z)EXx.Z of Y given
(X, Z) has the structure

lA,x,Z =P, forallxe X,ze Z

for some family (Py)ex of probabilty measures on Y. Then this family is a Markovk-
ernel, it is the conditional distribution of Y given X, and it holds that Y 1 Z | X.

Proor: The first two statements are trivially checked. The statement about conditional
independence follows from the asymmetric characterization.
O

Application: The statementthat Y 1L Z | X is a statement about the joint distribu-
tion of (X, Y, Z). In the sense that three other variabels X’, Y’ and Z’ that happen
to have the same joint distribiton, will satisfy the same conditional independence
relation as the original triple.



