//

ææ4 44 44 44 44 44 44 44 44 44 44 44

� � � � � � � � � � �

AD algebras^{//}

ŒŒ¡ ¡¡ ¡¡ ¡¡ ¡¡ ¡¡ ¡¡ ¡¡ ¡¡ ¡¡ ¡¡ ¡¡ ¡ shape theory

� � � � � � � � � � � � KK- theory

K-theory

with coefficients

C∗-algebras (A, B): +, ·,^∗ , ‖·‖, axioms . . . If A is commutative [a · b = b · a], A = C0(X) for some locally compact Hausdorff space X. Dimension:

AD algebras:

• I^∼_n = {f ∈ Mn(C([0, 1]))|f(0), f(1) ∈ C } • Bj ∈ {C(S1), I∼n } • Ai = Mm_1 ⊗ B1 ⊕ · · · ⊕ Mm_N ⊗ BN

A1^{//}φ1 A2^{//}φ2 A3^{//} . . .^{//} A = lim−→(Ai, φi)

KK-theory:

KK(A, B) = {α| A^{//α /o/o/o/o} B }

• A^{//} f B yields A^{//}

[f]_{/o/o/o} B

• f → [f] is neither injective nor surjective

• A^{//}α^{/o/o/o} B^{//}

β_{/o/o/o}

C yields A^{//αβ /o/o/o/o/o/o/o} C

KK-shape equivalence: A∼_{sh}B when

A1^{//}

””DD DDD DDD A2^{//}

””DD DDD DDD A3^{//} . . .^{//} A

B1^{//} OO B2^{//} OO B3^{//} OO . . . // B

Ai^{///o/o/o} Ai+1 = Ai ###c

#c#c

#c#c Ai+1 Bi+1 OOOffl Offl Offl

Bi^{///o/o/o} Bi+1 = Ai %%%e

%e%e

%e%e %e Bi OOOffl Offl Offl Bi + 1 Theorem [Elliott] If A and B are real rank zero AD algebras, then A ≃ B⇐⇒A∼shB

KK(−, −) KK(C , −) = K0(−) KK(In, −) = K0(−; Z/n) KK(C0(R), −) = K1(−)

K0(A; Z/n) = K0(A) ⊗ Z/n ⊕ K1(A)[n] A K0(A) K1(A) K0(A; Z/n) C(S1) Z Z Z/n I^∼_n Z Z/n Z/n ⊕ Z/n I^∼_m Z Z/m Z/n ⊕ Z/(m, n)

! [Elliott] K_0(A) is an ordered group K⋆(A) = K0(A) ⊕ K1(A) ! [Dădărlat-Nemethi/Elliott] K⋆(A) is an ordered group

! [Dădărlat-Loring] K_0(A) ⊕ K_0(A; Z/n) is an ordered group

Theorem [Elliott] Let A, B be AD algebras of real rank zero. Assume that K1(A) is torsion free. Then [K⋆(A), K⋆(A)+] ≃ [K⋆(B), K⋆(B)+]⇐⇒A ≃ B ! [Dădărlat-Loring] There exist AD algebras

A, B of real rank zero with [K⋆(A), K⋆(A)+] ≃ [K⋆(B), K⋆(B)+] yet A ≄ B.

KK(A, B) y Hom(K0(A), K0(B)) =^{//}

A^{///o/o/o} B y [ C^{///o/o/o} A → C^{///o/o/o} B^]

KK(A, B) −→ //

// Not injective

KK(A, B) −→ //

//

// Not surjective

KK(A, B) −→^{fflffl} //

fflffl

fflffl

//

fflffl // Bijective

A^{//} B y A^{///o/o/o} B y^{//}+_{//}+ //+

K0(−) ↓ ×n KK(C , −) = K0(−) ↓ ↓ ρn KK(In, −) = K0(−; Z/n) ↓ ↓ βn KK(C0(R), −) = K1(−) ↓ ×n K0(−)

K0(−) ↓ ×n KK(C, −) = K0(−) ↓ ↓ ρn KK(In, −) = K0(−, Z/n) ↓ ↓ βn KK(C0(R), −) = K1(−) ↓ ×n K0(−)

11-a

K(A; n) ≃ K(B; n): K0(A)^{//ρn} fflffl φ0 K0(A; Z/n)^{//βn} fflffl φ K1(A) fflffl φ1 K0(B)^{//ρn} K0(B; Z/n)^{//βn} K1(B) • (φ0, φ1) is an order isomorphism • (φ0, φ) is an order isomorphism • [φ0 is scaled] Theorem Let A, B be AD algebras of real rank zero. Assume that n annihilates the torsion of K1(A). Then K(A; n) ≃ K(B; n)⇐⇒A ≃ B

Sketch K(A; n) ≃ K(B; n)=⇒A∼_{sh}B.

• Groups are finitely generated:

K(A1; n)^{˙*4}_S #.S SSSS

SSSS

SSSS

SSSS S SSSS

SSSS

S K(A2; n)^{˙*4}_S #.S SSSS

SSSS

SSSS

SSSS S SSSS

SSSS

S K(A3; n)^{˙*4} . . .^{˙*4} K(A; n) K(B1; n)^{˙*4} ØJT K(B2; n)^{˙*4} ØJT K(B3; n)^{˙*4} ØJT . . . ˙*4 K(B; n)

• Existence:

A1^{//} !!C CC CCC CC CC C A2^{//} !!C CC CCC CC CC C A3^{//} . . .^{//} A

B1^{//} OO B2^{//} OO B3^{//} OO . . . // B • Uniqueness: Ai ##FF FFF FFF FFF Bi OO // Bi+1 y Ai ###c

#c#c

#c#c #c Bi OOOffl Offl Offl Offl ///o/o/o/o Bi+1 y Ai Fæ)F FFF FFF FFF FFF FFF FFF F FFF FFF FFF F Bi ØJT ˙*4 Bi+1

Further topics (I) Unbounded torsion (II) Classes of C^∗-algebras (III) Reduction/Minimality (IV) Automorphisms

I • n tor K1(−) = 0.

√ Complete invariant: K⋆, K+_⋆ , and ∘ K0(−; Z/n), K0(−; Z ⊕ Z/n)+ ∘ ρn, βn • 2^∞ tor K1(−) = 0.

√ Complete invariant: K⋆, K+_⋆ , and ∘ K0(−; Z/2k), K0(−; Z ⊕ Z/2k)+ ∘ ρ2_k, β2_k ∘ κ2_{k+1},2_k : K0(A; Z/2k) → K0(A; Z/2k+1)

• K0(A; Z(2∞)) = lim−→

k(K0(A; Z/2^k), κ2k+1_,2k)

∘ K0(A) ⊗ Z[12] ⊕ K0(A; Z(2∞))+ =

lim_{−→}K0(A; Z ⊕ Z/2^k)+ ∘ ρ = lim_{−→}ρ2k, β = lim_{−→}β2k

• K0(A) ⊗ Z[12]^{//} ρ K0(A, Z(2∞))^{//}β K1(A)

Theorem Let A, B be AD algebras of real rank zero. Assume that tor K1(A) is a 2-group. Then

K(A; 2^∞) ≃ K(B; 2^∞)⇐⇒A ≃ B

! K(A):

K0(A) ⊗ Q^{//ρ} K0(A, Q/Z)^{//β} K1(A) Theorem Let A, B be AD algebras of real rank zero. Then K(A) ≃ K(B)⇐⇒A ≃ B

II A1^{//}φ1 A2^{//}φ2 A3^{//} . . .^{//} A = lim−→(Ai, φi)

• Ai = Mm_1 ⊗ B1 ⊕ · · · ⊕ Mm_N ⊗ BN

• Bj ∈ {C(S1), I∼n } ! AD[n]: B_j ∈ {C(S^1), I^∼_m}, m ↑ n n tor K1(A) = 0⇐⇒A is AD[n] ! AD[2^∞]: B_j ∈ {C(S^1), I^∼_{2k}}, k ∈ N 2^∞ tor K1(A) = 0⇐⇒A is AD[2^∞]

(#): tor(K0(A), K1(A)) = 0

Theorem (with Dădărlat) The sequence K0(A) ⊗ Q^{//} K0(A, Q/Z)^{//} K1(A) fflffl K0(A) OO K1(A, Q/Z) oo K1(A) ⊗ Q oo is complete for the class of ASH algebras with (#). 19

III Say n tor K1(A) = 0. For a complete invariant, we need K0(A), K0(A)+ K0(A; Z/n) K1(A) and: K⋆(−)+ K0(−; Z/n)+ ρ β Simple − − − − K1 torsion free + − − − K1 torsion − + + − K1 mixed + + + ?

A5 = I^∼4 ⊕ 5⨁ 1 M4 ⊕ −1⨁ −5 M4

K0(A) fflffl K0(A; Z/4)^{//} fflffl K1(A) fflffl K0(B) K0(B; Z/4)^{//} K1(B) yet A ≄ B

IV Corollary Let A be a unital AD algebra of real rank zero. Then

1^{//} Inn(A)^{//} Aut(A)^{//} Aut(K(A))1_,+^{//} 1 is exact.

Proposition [Dădărlat-Loring] A simple: Aut(K(A))1_,+ ≃ Aut(K0(A))+ × Aut(K1(A)) × Ext(K1(A), K0(A))/ Pext(K1(A), K0(A))

Fix φ0, φ1.

K0(A) ⊗ Q/Z^{//}

fflffl φ̃0

K0(A; Q/Z)^{//}

fflffl φ_Ø^{ØØ}

tor K1(A) oo fflffl φ̃1

K0(A) ⊗ Q/Z^{//} K0(A; Q/Z)^{//} tor K1(A) oo φ = [ φ̃0 0 ∗ φ̃1 ]

Aut(K(A))1_,+ ≃ Aut(K0(A))+ × Aut(K1(A)) × Hom(tor K1(A), K0(A) ⊗ Q/Z)

Ext(G1, G0)/ Pext(G1, G0) ≃ Hom(tor G1, G0 ⊗ Q/Z) ?