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Løsninger 6

1. a) The self insurance function is s(x) = (1 − a)x and hence the MGF for the claims
under reinsurance is

Ms(Y )(α) = E
[

eα(1−a)Yi

]

= MY ((1 − a)α).

Now for an exp(θ) distribution,

µY =
1

θ
and MY (α) =

θ

θ − α
.

Hence

Λ(α) = αca + λ

{

θ

θ + (1 − a)α
− 1

}

,

where

ca =
λ

θ
{(ξ − ξr) + (1 − a)(1 + ξr)} .

Setting Λ(−R) = 0 then yields

Rca = λ

(

R(1 − a)

θ −R(1 − a)

)

,

or

R =
θ

1 − a
− λ

ca
= θ

{

1

1 − a
− 1

−(ξr − ξ) + (1 − a)(1 + ξr)

}

.

b) Let b = 1 − a, and set
dR(b)

db
= 0

and solve. This yields

− 1

b2
+

1 + ξr
(−(ξr − ξ) + b(1 + ξr))2

= 0

and hence

b =

(

1 − ξ

ξr

)

(

1 +

√

1 − ξr
1 + ξr

)

.

(Here we have used the net profit condition to determine that we should take the
positive root on the right hand side.)
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c) In this case we get b = 0, or a = 1. In other words, we choose full insurance, mean-
ing that all claims are covered, the premiums income is zero, and the insurance
company is never ruined but also earns no additional capital. Ruin is minimized
but profits are not, and so minimizing ruin is obviously not the correct criteria for
optimizing the insurance business in any meaningful sense.

2. a) The mean value of the claims is 2/1.5 = 4/3. Thus λµ = 8/3 which is smaller
than c = 5 = 15/3.

b) c− λµ = 7/3 and the moment generating function is

MY (r) =
( 1.5

1.5 − r

)2
=
( 3

3 − 2r

)2
.

Therefore

c− λµ

cs − λ(1 −MY (−s)) =
7

15s − 6(1 − 9/(3 + 2s)2)

=
7(3 + 2s)2

15s(3 + 2s)2 − 6((3 + 2s)2 − 9)

=
63 + 84s + 28s2

s(135 + 180s + 60s2 − 72 − 24s)

=
28s2 + 84s + 63

s(60s2 + 156s + 63)

c) For ψ̂(s) we obtain

1

s
− 28s2 + 84s + 63

s(60s2 + 156s + 63)
=

60s2 + 156s + 63 − 28s2 − 84s − 63

s(60s2 + 156s + 63)

=
32s + 72

60s2 + 156s + 63
.

d) The denominator has the roots

−78 ±
√

782 − 60 · 63
60

=
−39 ±

√
392 − 15 · 63
30

=

{−0.5

−2.1

and thus

ψ̂(s) =
32s + 72

3(2s + 1)(10s + 21)
.

We want to write this as

32s + 72

3(2s + 1)(10s + 21)
=

A

2s+ 1
+

B

10s + 21
.

We multiply the above equation by 2s+ 1

32s + 72

3(10s + 21)
= A+

B(2s+ 1)

10s+ 21
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and let then s = −0.5. Thus A = 7/6. Analogously B = −1/2. Thus

ψ̂(s) =
7

12

1

s+ 0.5
− 1

20

1

s+ 2.1

which has the inverse

ψ(u) =
7

12
e−0.5u − 1

20
e−2.1u .

3. a) Given τi < ∞ we find IIP[τi+1 < ∞ | τi < ∞] = λ/(αc). It follows by induction
that

IIP[K ≥ n] = IIP[τn <∞] = IIP[τn <∞ | τn−1 <∞]IIP[τn−1 <∞] =
( λ

αc

)n
.

Thus K has a geometric distribution (NB(1,1 − λ/(αc)))

IIP[K = n] =
(

1 − λ

αc

)( λ

αc

)n
.

b) Note that µ = α−1. L1 has density α(1 − (1 − e−αx)) = αe−αx and is therefore
Exp(α) distributed.

c) S has a compound negative binomial distribution. Its moment generating function
is

MS(r) = IIE
[

IIE
[

exp
{

r
K
∑

n=1

Ln

}
∣

∣ K
]]

= IIE
[

(ML(r))K ] = MK(log(ML(r)))

=
1 − λ/(αc)

1 − λ/(αc)ML(r)
=

αc− λ

αc− λα/(α − r)
=

(αc− λ)(α− r)

αc(α − r) − αλ

=
αc− λ

αc
+

λ(αc− λ)

αc(αc − λ− cr)
= 1 − λ

αc
+

λ

αc

α− λ/c

α− λ/c− r
.

d) The moment generating function has the form pMX(r) + (1 − p)MZ(r) and thus
IIP[S ≤ x] = pIIP[X ≤ x] + (1 − p)IIP[Z ≤ x]. MX(r) = 1 for all r and therefore
X = 0 is deterministic. MZ(r) is easily seen to be the moment generating function
of an Exp(α − λ/c) random variable. It follows therefore that IIP[S ≤ x] = 0 for
x < 0 and for x ≥ 0

IIP[S ≤ x] = 1 − λ

αc
+

λ

αc
(1 − e−(α−λ/c)x) = 1 − λ

αc
e−(α−λ/c)x .

e) We have

ψ(u) = 1 − IIP[S ≤ u] =
λ

αc
e−(α−λ/c)u .

4. a) Note that log Y1 ∼ N(m,σ2). Thus
∫

∞

u
IIP[Y1 > x] dx =

∫

∞

u
IIP[log Y1 > log x] dx

=

∫

∞

u

∫

∞

log x

1√
2πσ2

e−(y−m)2/(2σ2) dy dx .
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b) Note that {(x, y) : u < x <∞, log x < y < ∞} = {(x, y) : log u < y < ∞, u < x <
ey}. Thus
∫

∞

u

∫

∞

log x

1√
2πσ2

e−(y−m)2/(2σ2) dy dx =
1√

2πσ2

∫

∞

log u

∫ ey

u
e−(y−m)2/(2σ2) dxdy

=
1√

2πσ2

∫

∞

log u
(ey − u)e−(y−m)2/(2σ2) dy .

c) The two functions coincide at y = m. The equation is therefore correct if the
derivatives coincide. This is the case because

y −m

σ2
− 1 =

y −m− σ2

σ2
.

d) We get

1√
2πσ2

∫

∞

log u
eye−(y−m)2/(2σ2) dy = em+σ2/2 1√

2πσ2

∫

∞

log u
e−(y−m−σ2)2/(2σ2) dy

= em+σ2/2Φ
(

− log u− (m+ σ2)

σ

)

.

That
1√

2πσ2

∫

∞

log u
u e−(y−m)2/(2σ2) dy = uΦ

(m− log u

σ

)

follows readily.

e) Because B(u) is a subexponential distribution we have

ψ(u) ∼ λ

c− λ em+σ2/2

∫

∞

u
IIP[Y1 > x] dx

=
λ em+σ2/2

c− λ em+σ2/2
Φ
(m+ σ2 − log u

σ

)

− λu

c− λ em+σ2/2
Φ
(m− log u

σ

)

.

Using the asymptotic formula Φ(x) ∼ −(2π)−
1
2 e−x2/2/x as x→ −∞ the approxi-

mation can further be simplified to

λσ√
2π(c− λ em+σ2/2)

×
( em+σ2/2

log u−m− σ2
e−(log u−m−σ2)2/(2σ2) − u

log u−m
e−(log u−m)2/(2σ2)

)

=
λσe−((log u)2+m2)/(2σ2)um/σ2+1

√
2π(c− λ em+σ2/2)

( 1

log u−m− σ2
− 1

log u−m

)

=
λσ3e−((log u)2+m2)/(2σ2)um/σ2+1

√
2π(c− λ em+σ2/2)(log u−m− σ2)(log u−m)

∼ λσ3e−((log u)2+m2)/(2σ2)um/σ2+1

√
2π(c− λ em+σ2/2)(log u)2

.

[Note: The solutions to Problems 2-4 are by H. Schmidli and correspond to the notation
of his notes, which may be slightly different from the notation of the lectures.]
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