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1. a) If we start with initial capital u — ch the survival probability becomes after time

h ATy
{5(u)7 if Ty > h,

5(u — C(h — Tl) — Yl), if Tl < h.
Using that 77 has density Ae™** and P[T} > h] = e~ we obtain the assertion.

b) The integrand in a) is bounded by A and therefore the integral converges to zero
as h — 0. Letting h — 0 shows left-continuity.

c) Reordering the terms yields

C&(u —ch) — 0(u)
—ch

1 — e 1 h pu—c(h—t)
= 5(u)T % /0 /0 S(u—c(h —t) —y) dG(y)Ae M dt.

Note that the term with the integral can be written as

h pu—ct
e_’\hl / / 5(u —ct —y)dG(y)re M dt .
h Jo Jo

Letting A | 0 yields the derivative from the left.

2. a) The net profit condition is ¢ > A2/« or equivalently ac > 2.

b) From the equation obtained in the lecture we get
e’ (u) = Mo (u /\/ S(u — y)alye™ dy

-\ / (2 — 2)e (=2 g,

= N\o(u) — )\ue_a“/ §(2)a?e™ dz + )\e_a“/ 8(2)za%e® dz.
0 0



c¢) Differentiating the above equation yields

cd” (u) = N0’ (u) — he™ /Ou §(y)a?e® dy + alue " /Ou 8(y)a?e™ dy
— Mud(u)a? — are™@ / §(y)yae® dy 4+ Ao (u)ua
=\ (u) — _a“/ d(y)ae™ dy
(—Aue™*" / S(y)ate™ dy + he™ /Ou 5(y)yae® dy)
=\ (u _a“/ S(y)ae® dy — afed’ (u) — A6(u))
= (A —ac)d (u) + ad(u) — Ae™* /Ou 5(y)ae™ dy.
Differentiating once more yields
cd" (u) = (A — ac)d” (u) + ard' (u) + are™** /Ou §(y)ae® dy — \o(u)a?

= (A — ac)d" (u) + ard’ (u) — a(ard(u) — Ae™ " /Ou §(y)a®e™ dy)

= (A —ac)d"(u) + ard (u) — a(ed” (u) — (A — ac)d' (u))
= (A —2ac)d" (u) + a(2X — ac)d (u) .

d) The general solution to the above differential equation is

d(u) = C — Ae"™ — Be™
where r; are the roots of the polynomial
cr® + (2ac — A\ + afac — 2)) = 0.

By the net profit condition ac — 2\ > 0. Thus the two solutions are different from
0. We obtain

—(2ac — A) £ /(2ac — N)2 — dea(ac — 2))

/2 = 2c

Since (2ac — X)? — dca(ac — 20) = A? 4+ 4dade > 0 it follows that 712 € IR and
r1 # r9. Because 2ac — A > ac — 2\ > 0 the square root is smaller than 2ac — A
and it follows that ry/5 < 0. The solutions can be written as

—(2ac — \) £ VA2 + da)e

2c

12 =

Finally, from 6(u) — 1 as u — oo, it follows that C' = 1 and from §(0) =
1 —2\/(ac) one obtains A+ B = 2\/(ac).



a)

b)

The sample paths are clearly cadlag and the increments are clearly independent.
To show that the increments are stationary, note that

E [ea(X“S_Xt)} =E [eO‘XS] )

The details were given in the solutions to the exercises for “SkadeStok” (see
http://www.math.ku.dk /~collamore/SkadeStok/).

In Part (c) below, it is shown that

/0 zr(x)dx = %(c — Ay ),

where

() == 5o [0 - Gl

Cc

Thus, fo zg(x)dx exists and is finite.
Let

my(h) == sup{zg(u) : (k —1)h < u < kh},
my.(h) :=inf {zg(u) : (k —1)h <u < kh}.

In the definition of zg, the function ef™ is increasing in u, whereas the function

[°(1 — G(y))dy is decreasing in u. Hence

(k) < /(:m“ — Gy))dy,

my(h) = RO [0 Gy,
kh
Thus, in particular,

i (h) < e2Fh A=) / (1— Gly))dy.
kh

What needs to be shown is that
I 5 _
hl_r%hZMk(h) }ng%)hzmk(h)
k=1 k=1
The above estimates yield

0 < lim thk - }llirrbhzmk(h)
U k=1

P— ((k—=1)h > —
< Jim 73 (1) + Jim (62" hZe =0 | (1= Gy =0



[Basically, a function will be directly Riemann integrable if its integral exists and
is finite, i.e., it is Riemann integrable, and if it does not oscillate wildly at infinity.
Here, zp is a product of two functions; the first is increasing and the second is
decreasing and their product is thus “well-behaved.” Hence one expects that this
product should be d.R.i. For an example of a function which is not d.R.i., let

z(n)=an, n=1,2,...;

let z(x) = 0 for all « which lies outside the intervals |z —n| < h,, < 1/2; and let
z(+) vary linearly between n and n =+ h,. If Y a,h,, < oo, then the integral of z(-)
will be finite, so it will be Riemann integrable, but in any case it will not be d.R.i.
as long as h,, — 0.]

¢) By definition,

UR = /000 zele . %(1 — G(x))dx = %/000 zelt® </;O dG(y)> dx.

Interchanging the order of integration in the last integral yields

R = %/OOO </0y a;eR””dx> dG(y)

= %/ {Rye"™ — ! + 1} dG(y)
0
A /

= % {AM{(R) — ¢} (1)

The last step follows, since R is the adjustment coefficient and consequently sat-
isfies the basic equation

R =20t (R) - ). (2)

Next observe that, by definition,

/OOO zp(z)ds = /Ooo %eRm (/:’(1 B G(y))dy> .



b)

d)

Interchanging the order of integration gives

/000 zr(z)dr = %/000 </0y eRmdx> (1-G(y))dy

=5 | =0 -G

_ % {/OooeRy </yOOdG(z)> dy—,uy}
AL (s

= (M (B) — 1 - i R)

1
=—(c— A
¢R (C MY) ) (3)
where the last step was obtained by another application of (2). The required result
then follows from (1) and (3).

Just integrate left and right hand sides in the definition of fi. Since A(—R) = 0,
where A is the cumulant generating function of Z;, it follows that the integral must

equal one. Since A'(R) < 0, it follows upon differentiating this integral expression
that E[Z;] < 0.

Note
) =0 [ dpt) - dp)
e B

:Z/ et +2) qn () - diu(z)
k k
— B [ef5],

Note that since E[Z;] < 0, we have that ruin occurs with probability one under
i, and so we don’t need to condition on the event {7 < co} in the final expecta-
tion. Finally, note that S; < —u and Lundberg’s inequality consequently holds.
Roughly speaking, in the above approach we compare the probability of ruin under
@ with this probability under fi. The ruin probability under fi is one—which we
know—and when comparing the two probabilities, we introduce the factor “ef*>r)”
and this gives us a means for estimating the ruin probability in the original mea-
sure .

Elementary.

Simulate random variables Z1, Zo, . .. having law i, and use this to generate sample
paths Sq,So, . ... Stop the process S, S, . .. when it falls below the level —u. (This



process will terminate with probability one, since the process has a negative drift,
as discussed above.) Generate numerous paths, then compute the expectation
on the r.h.s. of (1), and finally compute the sample mean and sample variance.
Use these to obtain an estimate and corresponding confidence bounds; thus an
approximation of the form

P+ 236 //n,

where 3 = .95, say, and is a percentile obtained from the standard normal distri-
bution function.

[Note: The solutions to Problems 1-2 are by H. Schmidli and correspond to the notation
of his notes, which may be slightly different from the notation of the lectures.]



