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Importance Sampling Techniques for the Multidimensional
Ruin Problem for General Markov Additive Sequences of
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Abstract

Let {(X,,S,) : n=0,1,...} be a Markov additive process, where {X,,} is a Markov
chain on a general state space and S, is an additive component on R?. We consider
P {S, € A/e, some n} as € — 0, where A C R? is open and the mean drift of {S,} is
away from A. Our main objective is to study the simulation of P {S,, € A/e, some n}
using the Monte Carlo technique of importance sampling. If the set A is convex, then we
establish: (i) the precise dependence (as e — 0) of the estimator variance on the choice
of the simulation distribution; (ii) the existence of a unique simulation distribution
which is efficient and optimal in the asymptotic sense of Siegmund (1976). We then
extend our techniques to the case where A is not convex. Our results lead to positive
conclusions which complement the multidimensional counterexamples of Glasserman
and Wang (1997).

1 Introduction

There has been much recent interest in developing simulation techniques for estimating “rare
event” probabilities; formally, these are probabilities P(C), for small ¢, where P(C,) — 0
as € — 0. When direct Monte Carlo methods are used to estimate such small probabilities,
one runs a numerical experiment involving n trials and computes the proportion of times
that the event C¢ occurs. However, under this direct approach, one then obtains that the
error of the estimate ,/ 0o as € — 0 when compared with the estimate [cf. Asmussen (1999),
p. 45]. The subject of rare event simulation consequently deals with alternative methods
for simulating such probabilities which, in various contexts, are efficient and which remain
effective in the asymptotic limit as € — 0. In many one-dimensional problems, mainly
involving i.i.d. sums which, in the event C,, attain some region in R!, effective simulation
techniques are well-known; however, in higher dimensions—as we shall soon explain—the

situation is somewhat more complicated.
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The objective of this article will be to study rare event simulation in the context of
the following multidimensional boundary crossing problem: Let S1,59,... be a sequence of
random variables in R%, and consider the hitting probability of a region A/e = {x/e: 2z € A}
by {S,}; namely consider

P{Sn € é, some n} =P{T°(A) <0} as e€—0, (1.1)
€

where

T¢(A) = inf {n .S, € é} (1.2)

It will be assumed that the mean drift of {S,,} is directed away from A, so that the prob-
abilities in (1.1) will tend to zero as ¢ — 0. Our objective will be to develop a numerical
regime based on importance sampling which yields an efficient estimate for (1.1), for any
fixed €, and which has certain optimality properties as ¢ — 0.

Analytically, the first work on problems of this type seems to have appeared in Lundberg
(1909). Here, a stochastic model for the capital fluctuations of an insurance company was in-
troduced, and the risk faced by a company under this model was studied. Under Lundberg’s
model, an insurance company gains capital from a constant stream of premiums inflow, and
loses capital as a result of i.i.d. claims arising at a Poisson rate. These assumptions imply
that the total capital gain by time ¢, denoted S, is a Lévy process. Assuming that this
process has positive drift, the ruin problem then considers P {S; < —1/¢, some t > 0}, i.e.,
the probability that a company with an initial capital of 1/e will ever have negative total

capital, or incur ruin. A classical result due to Cramér (1930) states
1 —R/e
P{S; < ——, some t >0} ~ Ce as € — 0 (1.3)
€

for certain constants C' and R.

Cramér’s result and techniques were later extended to more general processes and
adapted in other applied areas, such as queueing theory and sequential analysis. An exten-
sion of (1.3) to higher dimensions was given in Collamore (1996a, b). There it was shown
that if A is an arbitrary open subset of R% and Sy, Sa, ... are the sums of an i.i.d., Markov,

or more general sequence of random variables, then
lim elog P {T(A) < oo} = — inf Ip(v), (1.4)
e—0 vEA

where Ip is the support function of the d—dimensional surface {a: Ap(a) <0} and Ap
is the cumulant generating function of {S,,/n}. Further distributional properties of 7¢(A)
were explored in Collamore (1998). This multidimensional problem is of applied relevance
e.g. in insurance and finance, where it is often of interest to measure risk which is associ-
ated with several dependent capital factors. Also, (1.4) serves as a preliminary study for
certain queueing network problems that can be modelled as reflected random walk in R¢
[cf. Borovkov and Mogulskii (1996)].

While (1.3), (1.4) provide useful asymptotic results, which (for (1.3)) may be quite ac-
curate when the limit is removed from the left—hand side, these estimates give no indication
about the rate at which the convergence to the limit actually takes place. To circumvent
this problem in a closely related problem in sequential analysis, Siegmund (1976) introduced



the numerical technique of importance sampling [cf. Hammersley and Handscomb (1964),
pp. 57-9]. According to this technique, one observes by the Radon—Nikodym theorem that

dP
P(C) =Eq <E(Z)1C(Z)> , where Z ~ Q, 1¢ = indicator function on C. (1.5)
Then P(C) is computed by simulating £ o dd—g(Z)lc(Z) under the distribution Q and

averaging the empirical samples of £. In the context of the standard two—sided boundary
crossing problem in sequential analysis, Siegmund showed that a judicious choice of Q
leads to a much-reduced variance for the estimator £ compared with direct Monte Carlo
simulation. Moreover, he showed that there is a unique choice of Q which, in an appropriate
asymptotic sense, is optimal. Extensions of Siegmund’s algorithm to other large deviations
problems in R! were later given e.g. in Asmussen (1989), Lehtonen and Nyrhinen (1992a, b),
and Bucklew, Ney and Sadowsky (1990). Related developments can also be found e.g. in
Cottrell, Fort and Malgouyres (1983), Chen et. al. (1993), Sadowsky (1993), and Bucklew
(1998).

The difficulty of extending Siegmund’s algorithm beyond the one-dimensional setting
was documented by Glasserman and Wang (1997). Here it was shown that there is no
hope of obtaining results like Siegmund’s for the multidimensional problem in (1.1) when
A={(u,v) :u>1orv>1} C R? and E(S;) = —(u1, p2), where p; > 0. In particular,
from a reasonable class of importance sampling regimes, they showed that various regimes
lead to unbounded relative error for the estimator as ¢ — 0. Similar “counterexamples” in a
queueing context were given in Glasserman and Kou (1995). These counterexamples all show
that the much—used technique of minimizing the variational formula in Mogulskii’s theorem
[Dembo and Zeitouni (1998), Theorem 5.1] does not lead to any sort of efficient simulation
regime in general. In this paper, we will show that if the set A € R? in (1.1) is conver,
then a natural analog of Siegmund’s alogorithm can be developed for the multidimensional
problem in (1.1).

A related work is Sadowsky (1996). Here, certain necessary and sufficient conditions are
established for efficient importance sampling of P {S,,/n € A}, where A a subset of a Banach
space. A sufficient condition is established under hypotheses which roughly amount to the
existence of a “dominating point” [see Ney (1983), where dominating points are defined and
their existence is studied]. There are, however, some substantial differences between the
results and general approach of Sadowsky’s paper and those given here. First, our problem
and techniques are very different; for example, the rate function Ip in (1.4) is neither
strictly convex nor differentiable, nor are its level sets compact. Hence our analysis is quite
distinct from that used for sample means or other classical large deviations theorems, such as
e.g. Mogulskii’s theorem, and the rate functions and optimal importance sampling regimes
we obtain are, of course, different. Secondly, Sadowsky works with arbitrary sequences
satisfying the large deviation principle. In practice, one would usually like to simulate
using an explicit transformation on the increments S1 — Sy, So — Si, . . ., rather than on .S,
itself, and it is not evident when this can be done in the framework of general sequences.
Thus, an additional objective of this paper is to propose a wide and very natural class
of processes—the Markov additive processes in general state space—where such explicit
transformations can be achieved. (In our problem, it appears that such transformations
cannot be obtained for the more general “Gértner—Ellis” sequences.)



We now turn to a more precise statement of our results. Let {(X,,&,) :n =0,1,...}
be a Markov chain on S x R?, where S is a general state space, with transition kernel of the

form

P{(Xy11,én41) E ExT|X, =2} =P(z,E xT).

We are interested in the behavior of the sums S, = & + -+ &, n = 1,2,... (Sp = 0).
The process {(X,,S,) :n=0,1,...} is a Markov additive process. The simplest examples
are when 57,59, ... are the sums of an i.i.d. sequence of random variables, or the sums of
functions of a finite state Markov chain. More generally, we may take &,11 = F(X,, Xp41),
where {X,,} is a Markov chain on a general state space, S, and F'(x,y) is deterministic or
random function for any given z,y € S. Our objective is to estimate

P{T(A) <o} =P{S, € %, some n € Z }

using importance sampling.

The importance sampling technique suggests that we simulate P {T(A4) < oo} using
another Markov additive sequence {(X,,S,) : n = 0,1,...} having transition kernel Q =
P{(Xn+1,gn+1) € ExT|X, = z}. An adaptation of (1.5) then becomes

P{T*(A) < oo} = Eq (£g.)

for some “estimator” £g . that is computed from the Q-distributed sequence of simulated
random variables {Xo,..., X7e(4); 0, ---,97<(4)}. The main objective is to choose Q so
that it minimizes Varg(€g,¢) as € — 0, or equivalently EQ(Eég) as € — 0.

Under the assumption that A is convex, our first result provides a large deviations
estimate of the form

. 2 s
l%elog Eq(£3,) = ;g{[;cg(v), (1.6)

for some subset 2 of A and some “rate function” Ir,. This establishes the precise corre-

spondence between Q and the decay (or growth) rate of E (é’é e) as € — 0. The implication

of this estimate is made clear in Example 3.1.4, where the level sets of f(Q) def E (&2 76) are

described by an explicit asymptotic formula. [For sample means of a uniformly recurrent

” estimate was established in Bucklew, Ney

Markov chain C R, a related “second—momen
and Sadowsky (1990).]

From (1.6) we may draw several conclusions. Eq. (1.6) provides, for example, informa-
tion about the robustness of a simulation regime under small perturbations of Q. More
importantly, (1.6) shows that an efficient simulation regime should be one which maximizes
(over all simulation distributions Q) the rate function appearing on the right hand side,
namely, J(Q) o inf,co Iic, (v). If A is convex, then we show that there exists a unique
choice of Q which maximizes J(Q). Furthermore, under this optimal distribution we show
that simulation is indeed efficient in the sense that it has “logarithmic efficiency” and very
often “bounded relative error”; this will be achieved using a convexity result given below in
Lemma 3.2. It will be shown that the optimality we obtain is quite general and extends to
the case where the simulation distribution is allowed to be time-dependent.

Finally, we show that if A is a general set, then it is possible to partition A into a finite
subcollection, Aq,...,A;, and simulate independently along the elements of this subparti-
tion. We show that a useful partition can always be obtained. The basic idea is to partition



A along the level sets of the function I'p in (1.4). The estimator we obtain will generally be
efficient and in some main cases will have “bounded relative error.” [All of the above results
can easily be generalized to finite time-horizon problems of the form P {T¢(A) < K/e},
K < oo; the required modifications follow along the lines of Collamore (1998).]

We will establish our results in some generality, at the level of Markov additive processes
in general state space, as studied in a large deviations context by Ney and Nummelin
(1987a, b), de Acosta (1988), de Acosta and Ney (1998), and references therein, following
along the lines of the seminal papers of Donsker and Varadhan (1975, 1976, 1983). Thus,
our results differ from known importance sampling results given e.g. in Siegmund (1976),
Asmussen (1989), and Lehtonen and Nyrhinen (1992a, b), which focus on i.i.d. sums or the
sums of a finite state space Markov chain; and Bucklew, Ney and Sadowsky (1990), where
sums of a general state space Markov chain are considered, but under a strong uniform
recurrence condition. The usefulness of this general approach is illustrated in Example
3.1.5, where our results are applied to the ARMA(p, ¢) time series models. These models
can be viewed as Markov additive processes in general state space, but they do not satisfy
the uniform recurrence condition assumed e.g. in Bucklew, Ney and Sadowsky (1990). The
mathematical difficulty inherent in the study of general Markov additive processes lies in
the absence of a corresponding Perron—Frobenius theory, which is the basis for the analysis
of finite or uniformly recurrent Markov chains. Our extension to general Markov additive
processes will be achieved using the theory of non—negative operators, as given in Nummelin
(1984); therefore our approach is similar to that of Ney and Nummelin (1987a, b). However,
in our case, we will make use of abstract renewal properties, and—in contrast with Ney
and Nummelin’s work—our renewal structure will not generally coincide with the inherent
renewal structure of the Markov additive process or of the simulated process.

In the next section, we introduce Markov additive processes in general state space and
provide some necessary background on these processes and on non—negative kernels. The
main results are stated formally in Section 3 and proved in Section 4.

2 Background

2.1 Markov additive processes: definition and regenerative property

Let {X,, : » =0,1,...} be a Markov chain on a countably generated general measurable
space (S,S). Assume {X,} is aperiodic and irreducible with respect to a maximal irre-
ducibility measure .

To this Markov chain adjoin a sequence {&,} such that {(X,,&,) : n =0,1,...} is a
Markov chain on (S x R, S x R%) with transition kernel

P2, ExT) ¥ P{(Xp41,6041) € EXTIX, =2}, (2.1)
forall z € S, E € S,T" € R%, where R? denotes the Borel o—algebra on R?. Let &, denote
the o—algebra generated by {Xo,..., X, So, ..., Sp};and let S;, =&+ + &, n=1,2,...
and Sy = 0. The sequence {(X,,S,) :n=0,1,...} is a Markov additive process.

A p-irreducible Markov chain always has a minorization [Nummelin (1984), Theorem
2.1]. Following Ney and Nummelin (1987a, b), we will work with a hypothesis which extends
this minorization to Markov additive processes.



Minorization:

(M) For some family of measures {h(z,T):T' € R?} on R%, z € S, and
some probability measure {V(E xINV:EeS, T e Rd} on S x RY,

h(z,)*v(Ex-) <P(x,ExT), forallzeS, E€S, T eR.

[+ denotes convolution. We will often abbreviate the left-hand side by h #v.] As in Ney
and Nummelin (1987a, b), we will generally assume that either v(dy x ds) = v(dy)no(ds) or
h(z,ds) = h(x)no(ds), where no denotes a measure on R? having point mass at the origin;
in other words, we will assume the slightly stronger condition:

(9M') One of the following minorizations holds:
h(z,T)v(E) <P(z,E xT),
or h(z)v(ExT)<P(z,ExT),
where {h(-)} is a family of measures on R?, for each = € S (respectively, a
function on S), and v(-) is a probability measure on S (respectively, on S x R%).

In a few situations, we will strengthen this minorization to the following.

(R) av(ExT)<P(x,ExT)<bw(ExT), foralzeS, E€S, TR

where v is as in (9), and a, b are positive constants.

When (R) holds, the Markov additive process is said to be “uniformly recurrent.” This
strong recurrence condition is satisfied e.g. if S,, denotes the sums of functions of a finite
state Markov chain, but it is often not satisfied for more general processes, such as the
AR(p) processes of Example 3.1.5 below. We emphasize, however, that condition (R) will
not be required for the main results of this paper given below in Theorems 3.1 and 3.3.
Under (91), a regenerative structure can be deduced for the Markov additive process:

Lemma 2.1 Let {(X,,,Sy)}n>0 be a Markov additive process satisfying (9M). Then there
exist random variables 0 < To < Ty < --- and a decomposition {1, = &, + &7, i =0,1,...,
with the following properties:

() {Tiy1 —T; :i=0,1,...} are i.i.d. and finite a.e.;

(ii) the random blocks {XTi, s X1y 1,87, E4 1 ,§Ti+1,1,§{pi+l} are independent;

(iii) Py {(X1,,&7) € EXT" [F1,-1,8 } =v(AXT"), for dll E€ S and I € R

For Harris recurrent Markov chains, this lemma was established by Athreya and Ney
(1978) and Nummelin (1978). The extension to Markov additive processes is in Ney and
Nummelin (1984).

Remark 2.1.1 (i) If the function h in (90) is independent of z, i.e. if the lower bound
of (R) holds, then P{T; = n, some i | §n—1} > a, where a is the positive constant in (%R).
Thus, in particular, E (Tj41 — T;) < 00,7 =0,1,..., and E (7)) < oo.

(ii) If h(z,ds) = h(z)no(ds), then &, =0, i =0,1,.... If v(dy x ds) = v(dy)no(ds),
then {7. =0,i=0,1,.... [See Ney and Nummelin (1984).]

Futher properties of Markov chains in general state space can be found in Nummelin
(1984), Revuz (1975), and Meyn and Tweedie (1993). Further properties of Markov additive
processes can be found in the large deviations papers of de Acosta (1988), de Acosta and
Ney (1998), and especially Ney and Nummelin (1987a, b).



2.2 Nonnegative kernels, eigenvalues and eigenvectors

We will also need certain facts about nonnegative kernels, which we now summarize and
apply in the context of Markov additive processes. For details, see Nummelin (1984).
Let {K(z,E) : x € S, E € S} be a o-finite nonnegative ¢-irreducible kernel on a

countably generated measurable space (S,S). For any function h : S — R and any measure
von (S,S), let

Kh(z) = / K(z,dy)hly), vK(E)= / V(dz)K (2, E),

(h®v)(z,E) = h(x)v(E), vh(E)= /Eu(da:)h(:c), vh = vh(S).

Assume
h@v<K. (2.2)

Define
GV ="K QY =3 MK —hw ),
n=0 n=0

b =v(K—h@v)" 'h, blp)=>_ p"bn.
n=1

For any irreducible kernel K, there exists a constant R such that 0 < R < oo, and G () ig
“finite” for p < R and “infinite” for p > R [Nummelin (1984), pp. 27-8]. The constant R is
called the convergence parameter of K. A kernel K with convergence parameter R is said
to be R-recurrent if G (z, E) = oo for x € S, p(E) > 0, and R-transient if this is not
true. It can be shown that K is R-recurrent <= b(R) = 1.

A function r : S — [0, 00] (not = 00) is p—subinvariant if pKr < r, and invariant (with
unique eigenvalue A\ = p~ 1) if pKr = r. If R > 0 is the convergence parameter of K, then
the existence of invariant and subinvariant functions for K can be obtained under (2.2), as
follows. If p < R or if p = R and K is R-transient, then a p—subinvariant function exists
(given by r(z) = (GWh)(x)). If K is R-recurrent, then an R-invariant function exists
(given by r(z) = (RG%? h)(x)). [See Nummelin (1984), Proposition 5.2 and Theorem 5.1.]

Now specialize to the transformed Markov additive kernel P(a), where (for any kernel K)

K(a) = K(z, E; a) &

/ e<a’s>K(x,E x ds), «€ RY z €S, EeS,
R4
(Ax ()™ = the convergence parameter of K(«), and Ag(a) = log Ag ().

Let {T;}i>0 and {(&},£/)}i>0 be given as in Lemma 2.1, and let

d d
T="T1—T; Sr=(En41+ - +Enp—1) + &7, + £'Ti+l,

W(a,¢) = E, [éaﬁﬂ_ﬁ] . allaeRY CeR,
Uu. = {a s (e, () =1, some ¢ < oo}.

7



Observe that () = h(a)®(a) < P(a), where (for any function h and any measure v)
h(z;a) = / e n(x,ds), D(E;0) = / el V(B x ds).
R R4

Thus, under (90), the theory for nonnegative kernels may be applied to 73(04). This leads to
certain representation formulas and other regularity properties for the relevant eigenvectors
and eigenvalues, which we now describe.

Lemma 2.2 Let {(X,,S,): n=0,1,...} be a Markov additive process satisfying (9N).
(i) If @ € Uy, then P(a) is (Ap()) ‘—recurrent. Moreover, the eigenvalue Ap(a) and
invariant function rp(a) satisfy the following representation formulas:

Y(a,Ap(a)) =1, rp(r;a)=E,; [e(o"STo>_A7’(O‘)TO] . (2.3)

(i) If dom ¢ is open, then dom Ap is open, and on dom Ap we have o € U, and Ap(-)
analytic, and rp(x;-) is finite and analytic on a set F C S where o(IF¢) = 0.

(iii) If (R) holds and o € dom Ap, then \p(a) is an eigenvalue of P(a), and the associ-
ated invariant function rp(«) is uniformly positive and bounded on dom Ap (in particular,
if v(a)rp(a) =1 then a < Ap(a)rp(z;a) < b).

For the proofs, see Ney and Nummelin (1987a), Sections 3 and 4, and Iscoe, Ney and
Nummelin (1985), Lemma 3.1.

Remark 2.2.1 Using the split—chain construction described on p. 7 of Ney and Num-
melin (1984), the quantities Ap(a) and rp(-;«) can be evaluated from (2.3) using direct
simulation.

Remark 2.2.2 If the lower bound of (fR) holds and rp(«) is a p-subinvariant function
for P(c), then rp(a) > pa (?(a)rp(a)). This implies that rp(a) is uniformly positive.

Let P(z,-) < Q(z,-), for all z € S, and define

2
Ko(z,dy x ds) = (%(m,y X s)) Q(x,dy x ds). (2.4)
Lemma 2.3 Assume (). Then:

(i) (P(z,E xT))?> <Koz, E xT), forallz €S, E€ S, and T € RY.

(ii) (Ap())? < Ao (20), for all a € RY. Moreover, if o € U, and (Ap(a))? = Ao (2a),
then

Oz, dy x ds) = e<°"5>_A7’(O‘)MP(a:,dy x ds), P ae. (y,s), (2.5)
rp(x; a)
for ¢ a.e. xz, where rp(a) is the (Ap(a))~ ' —invariant function for P(a). Conversely, if
o €U, and Q is defined by (2.5), all z € S, then (Mp(a))? = Ao (2a).
(iii) If Q is defined as in (2.5) and a, B € U, then Ay (a4 ) = Ap(a)Ap(B), and the
associated invariant functions satisfy the equation ric, (o + B) = rp(a)rp(f5).

Proof (i) is established using Holder’s inequality.



For (ii), assume A, (2a) < o0, and let 7, be a (Axg (20[))_1fsubinvariant function for

A~

Ko(2a). Apply Holder’s inequality to the integral

/ e(a,s>mg(y; Qa)%ﬁ(%y x 5)Q(x,dy x ds)
SxR4 dQ

to obtain

=

Pla)ricg (20)7 < Ao (20) 27k (20) 2. (2.6)

Thus T‘]CQ(QOZ)% is a ()\;CQ(QQ))_%fsubinvariant function for P(a). Hence (Ap(a))® <
Ao (2a) [Nummelin (1984), Proposition 5.2].

Now suppose a € U, and (Ap(a))* = Akco (2ar). Then by (2.6), T]CQ(Q()()% is a (Ap(a)) -
subinvariant function for P(a). It follows that rp(a) = C (T]CQ(QOZ))% ¢ a.e., for some
positive constant C' [Nummelin (1984), Theorem 5.1]. Then there is equality in (2.6),
namely equality in Holder’s inequality, and—after normalizing so that Q is a probability
measure—this implies (2.5).

Conversely, note that (2.5) implies

Ko(z, ExT) = / Ap(@)e (@ TPED) o g ds), forall E€ S, TeRY, (2.7)
ExT

rp(y;a)
and hence
Ko(20) (rp(e))* = (Ap(a)) (rp(a))®. (2.8)
It follows that (Ap(a))? = Ao (2a).
To establish (iii), repeat (2.7), (2.8) with “rp(a)rp(8)” in place of “r3(a).” O

3 Main results

3.1 Notation, hypotheses, and estimation results

Given a Markov additive process {(X,,S,) : n = 0,1,...}, we would like to evaluate
P{T<(A) < oo}, where T¢(A) is defined as in (1.2). Suppose that we simulate for this
quantity using simulated random variables {(X¢,S¢): n =0,1,...} with transition kernel

Q" (z,ExT) =P {(Xfmwfﬁﬂ) € ExT|X¢ = m}

If P(z,:) < Q" (z, ), alln € Z;, e >0, and x € S, then

P{T(A) < oo} Z/ (H d0n (T, Tng1 X sn+1)>

Q% (xo, dy X dsy) -+ QT (wpy, day, x dsi),  (3.1)

where B¢ denotes all paths which first hit A/e at time k, that is,

l
A
B = {(mo,...,xk;so,...,sk) : E s; € — for | = k but not for | < k} (3.2)
€
i=1



It follows from (3.1) that

T<(A)—1

|

n=0

dp vE YE ce
dQn-e (Xm Xn+1 X §n+1) 1{T€(A)<oo} (3'3)

is an unbiased estimator for P {T(A) < oo}.
The efficiency of this estimator is measured by its variance, which we will study in an
asymptotic sense as € — 0. Since Var(€g,) = E(£3 ) — (E(EQ,G))2, and

E(fge) = P{T*(A) < oo}

has the asymptotic characterization given in (1.4) [Collamore (1996a), Theorems 2.1 and
2.2], it is sufficient to study the asymptotic behavior of

E(gég) = Z - K:%e(.%'o,dl'l X dsl) s K:]é_l’e(l'k,h d.%'k X dsk), (3.4)
k k

where for all n, e,

n,€ € dP ? n,€
Ks (Tp,dxpy1 X dspt1) def <@(xn,xn+1 X sn+1)> Q" (xy,drps1 X dspy1).  (3.5)

Our objective will be to give estimation results for E(Sé ) as € — 0, and optimality

results describing which transition kernels Q for the simulated random variables minimize
E(é’é ) ase—0.
We first introduce some additional notation and hypotheses, as follows. Let

cone (C) = {Cv: (>0,veC}, forany C c R%

cones (C) = {Cv: (>0, |lv—wl| < d|w|, somew e C}, for any § > 0;
S = cone <Suppl, (&)> (with v, 7 as in Section 2);
T

ct = {v: (o) <0, all a € C}, for any C C R%
H(o,a) = {v:{o,v) >a}, for any a € R and a € R;
Lof = {v: f(v)<a}, forany f:RY - R and a € R;
dom f = {v:f(v) < oo}, for any f:R?Y = R.
For any nonnegative @-irreducible kernel K, let K°(a) = I, K™(a) = K(a)K" (a),

n=12,..., and

Ag(a) = limsupn~'log K™(Xo,S;a);

A%V)(a) = sggnillogf(”(Xo,S;a);

Ix(v) = sup{(a,v): a€ LoAk}; Dg =dom Ik;
I}?(v) = sup{(a,v): a € L Ax}; ’D&? = dom I}?;

Ig(v) = sup{{wv): o€ LoAg}; respectively fé(c)(-);
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where, as in the previous section, (Ax(a))~" is the convergence parameter of K(a) and
Ag(a) = log Ak (a). In the definitions of Ik, I}?, and Ix, we follow the convention that
the supremum over the empty set = —oc.

For any set C, let 1¢(v) denote the indicator function of C' (=1 for v € C, = 0 for
v ¢ C); let ri C denote the relative interior of C; and let OC denote the relative boundary
of C. For any function f, let f* denote the convex conjugate of f. [For definitions, see
Rockafellar (1970).]

Next we turn to certain regularity conditions on the Markov additive process {(X, Sy) :
n =0,1,...} and the set A which we will often need to impose. If, for example, S1, Ss,...
are the sums of an i.i.d. sequence of random variables, or the additive sums of a Markov
additive process which satisfies (!R) under both P and Q™ = Q, then

A;Cl)g(a) < 00, for all a € dom Ag,,.

For general Markov additive processes, this property need not necessarily hold, but we will
often assume that the following weaker condition is satisfied.
Hypothesis:

(H1) A,(CI)Q(a) < 00, for all a € LoAg,.

A second assumption which we would like to impose is that the mean drift of the process
is directed away from the set A. Now under natural conditions,

Ab(v) = 0 <= E.(S1) = v, (3.6)

where 7 is the stationary measure of the Markov chain {X,}; this is true, for example, if
(M) holds and 0 € dom Ap, or alternatively if (91') holds and the set dom ) is open [Ney
and Nummelin (1987a), Lemma 3.3 and Lemma 5.2]. From (3.6), we then see that the
central tendency of Sy, S5s,... is along the mean ray {¢(v : ¢ > 0 and v € LoA%L}. In fact,
we will assume slightly more, namely that the set A is disjoint from a small d—cone about
this mean ray, or more formally:

(H2) cl Ancones (LoA%) = 0, for some § > 0.

Definition We say that a family of probability measures {Q"vg(ac, ExT):Ee€S§,Te ’Rd}
belongs to the class Cy if Q™(z,-) = Q(z,-) for all x € S, independent of n and e, and
P(z,-) < Qz,-), all z € S.

Definition If A C R? then we say that v € cl A — {0} is an exposed point of A if the line
segment {Cv:0 < ¢ < 1} does not intersect cl A.

Theorem 3.1 Let A be a convex open set intersecting 11 &, O ¢ int A. Let A denote the
exposed points of A. Assume that {(X,,Sn) : n = 0,1,...} satisfies (M') and has initial
state Xog = xg. Suppose that simulation is performed with a kernel Q € Cqo. Then:

(i) Lower Bound.

im i ) > —i : .
hrErL%lfelog E(&5,.) > 52&1“9 (v) (3.7)
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(ii) Upper Bound. Assume, in addition, that
(€) inf, /_\;CQ (o) <0, (H1) is satisfied, and ANconeg (Eol_\;CQ)J‘ =0, for some 6 > 0.

Then for ¢ a.e. xq,
lim sup € log E(Sé,e) < —inf I, (v). (3.8)

e—0 ve

If the lower bound of (R) is satisfied, then in place of (€) it is sufficient to assume
AN (ﬁoA;CQ)J‘ = 0; and then (3.8) holds with Ix, in place of f;CQ.

Remark 3.1.1 (i) Some conditions under which Ix,(v) = Ik, are described in the
discussion following Lemma 3.2. However, it is known in the context of large deviations for
Markov additive processes that these bounds need not be the same in general; see Section
4 of de Acosta and Ney (1998).

(ii) Since (LoAkg)™ = {v : Ixg(v) < 0}, “AN (LoAky)t = 07 holds as long as
inf{Ix,(v) : v € A} > 0. The weakening of this assumption to the case where E(Eé’e)
exhibits exponential growth as € — 0 is apparently not possible, in general.

The stronger condition “A N coneg (ﬁol_\;CQ)J‘ = (), some § > 0” is similar to, and in fact
a strengthening of, condition (H2) (for O ¢ clA). In particular, 2 (LoAp) D LoAx, [Lemma
2.3 (ii), since /_\;CQ > Axo]. It follows that ,COI:;CQ D Lolp ={Cv: (>0,ve LoA}}.

Remark 3.1.2 If the lower bound of (fR) holds, then as an upper bound we actually
obtain

2 1.
E(£5,) < const. - eXP{ —€ ;ggf;cg(v)}. (3.9)

Remark 3.1.3 If S, =& + -+ &,, where {{,} is an i.i.d. sequence of random variables,
then the quantities Ap and Ax,, which determine the rate functions on the right of (3.7)
and (3.8), can be simplified. In this setting, Ap = Ap may be identified as the cumulant
generating function of &, namely,

Ap(a) = log/ el P(ds),
R4
where P is the probability law of &,, and similarly for Ax,. Furthermore, any discussion

invariant functions may be dropped, i.e. we may always take rp(-;a) = 1 and ri, (- ) = 1.

Example 3.1.4 Let S, = & + -+ + &, where {{,}nez, C R? is an ii.d. sequence of
normal random variables with mean m = (u, 1) and covariance S = (;‘D, where p > 0 and
—1 <o <1 Let A= {(v1,v2): v1 <—1and vy < —1}. We consider the simulation of
P {T<(A) < oo} using an exponentially tilted distribution of the form

Qp(ds) = P51 =22B)p(gs). (3.10)

By Lemma 2.3 (iii), o € LoAx, <= Ap(B) + Ap(a — B) < 0. Since the cumulant
generating function for a Normal(m, S) random variable is Ap(a) = (o, m) + 1 (o, Sa), it
follows from a straightforward computation that

Lohro, = {a (o) (@ + ;/;—2’”; “h) +-o)(m-p) < b} NERE)
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Figure 1: Let a = inf{J(B) : B € R?}, where J is defined as in (3.12). The figure illustrates the
level lines 7 = a + 0.25, a + 0.5, a + 0.75, . .., with (1 on the horizontal axis, and (5 on the vertical
axis. J is seen to increase rapidly to the left of its minimum at (—4/3,0). The black area indicates
the region where J = oo.

where b = —(1+ )32 — 2v/2uB1 — (1 — o) 5% + 2u%/(1 + o), and &, 3 denote the values of
a, [ in a coordinate system which has been rotated by angle /4.
Our objective is to apply Theorem 3.1 to analyze the dependence of E(E,zcgf) on f.
s

Thus we would like to study

J(B) =~ inf Txg, (v) (3.12)

as a function of 3. (If J > 0, the right-hand side of (3.8) must be taken to be infinity.)
Suppose for simplicity that g = 1/v/2 and ¢ = 1/2. The function J(3) can then be
analytically computed from (3.11) for all values of 3. For example, if 7 is a sufficiently large

positive constant, then the level sets where J(3) = —r < 0 are given by

- r\? 19 V2 or
(ﬁﬁﬁ) +662:7"<?—§>. (3.13)

A graph of the the level sets of J over all of R? is given in Figure 1.

The minimum value of J occurs at the maximum r for which the right-hand side of
(3.13) > 0, i.e. r = 8/2/3, and for this 7 we obtain by (3.13) that 3 = (—4/3,0). At the
other extreme, the points where J = oo are all contained in the complement of the zero—set
LoAp ={a: 3(a + 2/3)2 + a3 < 4/3}. This illustrates the general fact that J(j3) tends
to be smaller on LoAp as compared with (LoAp)©.

Example 3.1.5 Let {Y, },ez, be an ARMA(p, q) process in R¢, namely,
Y, =— (leynfl + -+ ¢pYnfp) + W, + 91Wn71 + -+ qunfq
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for constants ¢1,...,¢p,01,...,0, satisfying appropriate regularity conditions, as given
in Brockwell and Davis (1991), Chapter 3. For simplicity, take {W, },ez, to be ii.d.
Normal(0, S). As on p. 28 of Meyn and Tweedie (1993), we may then write Y,, = F'(X,,),
where {X,,} is a Markov chain taking values in R, [ = max{p,q + 1}, and this Markov
chain can be shown to satisfy (9') [take h(z) = const. - 1p, (x), where O, = [—¢, ¢]!].

Assume that the past history of the process is known or, equivalently, that the initial
state of the Markov chain is X = zg, some zg € R, Let m € R — {0} and &, = Y,, + m;
and let S, =& + -+ &, n>1,and Sy = 0. Then {(X,,S,): n=0,1,...} is a Markov
additive process.

A simple computation gives

Ap(a) = (a,m) + Z U, (o, Sar) (3.14)
=0

for certain constants {¥;} [cf. Brockwell and Davis (1991), Theorem 3.1.1].
Next we observe that actually Ap = Ap. To this end, note that

Ap(a) = limsup 1 log E [e<o"5”>1(96 (Xn)}

n—oo N

1

= limsup — log B [e/*51 4, (X)) )10, (X0)] | (3.15)
n—oo N

where b € (0,1), Ay, = [—Vka, Vka]?, and a is a suitably large positive constant; the last step

was obtained by an application of Holder’s inequality, applied to (e<°"s"> 10, (Xn)) (1 Ae (X |pn) ))

Moreover,

% log E [e<a75n*SwnJ>1O€ (Xn) | Xpn) = 2| = (1= D)Apa(a) + An(a), (3.16)

where A, (z) — 0 as n — oo, uniformly for z € Ay, and Ap () — Ap(a). Substitute
(3.16) into (3.15), let n — oo and then b — 1 and apply Holder’s inequality once more to
obtain Ap(a) = Ap(a), for all .

Also, by a direct computation, r(z;a) = exp {(c,z)} for some ¢ € R’

Suppose that we simulate using an exponentially tilted distribution of the form (2.5)
(with “4” in place of “a”). A repetition of the above argument yields A’CQB (o) = A’Cgﬁ (o) =
Ap(B) + Ap(a — ), by Lemma 2.3 (iii). We may now proceed as in the previous example
to determine the interdependence of E(E éﬁﬁ) and Qg.

For further applications to Markov and semi—Markov processes, see e.g. Iscoe, Ney and
Nummelin (1985), Ney and Nummelin (1987a), and Meyn and Tweedie (1993).

3.2 Optimality

Our next objective is to find an optimal Q € Cy which maximizes the decay rate on the right
of (3.7) and (3.8). For this purpose, first recall from (1.4) that the decay of P {T“(A) < oo}
is governed by the rate function Ip.

To obtain an optimal simulation regime for the multidimensional problem, a very essen-
tial role will be played by the following.
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Lemma 3.2 Let A C R? be a convex set intersecting ri &. Suppose that the probability
law of Sy, /n satisfies the large deviation principle with rate function Ip = A},. Assume that
dom Ap is open and (H2) is satisfied. Let a = infycg Ip(v). Then:

(i) An element ag € O(LoAp) determines a hyperplane which separates A and L, Ip, with
A CH{v: {(ap,v) > a} and LoIp C {v: (g, v) < a}.

(ii) There exists a unique element vg € cl A such that Ip(vg) = a.

(iii) infyeq Ip(v) = infyega Ip(v) = (g, vo).

(iv) If int & # 0, then ag is the unique element of the subgradient set Ip(vp).

(v) The gradient of Ap at o points in the same direction as vy, that is, vg = oVAp(ap)
for some constant o > 0.

The proof of Lemma 3.2 is given in Collamore (1996a), Lemma 3.2, and Collamore
(1998), Lemma 2.2. The uniqueness in (iv) is obtained from the strict convexity of Ap
[Collamore (1996b), p. 38, and Ney and Nummelin (1987a), Corollary 3.3]. If dom Ap
is open and (90) is satisfied, then a sufficient condition for the probability law of S, /n
to satisfy the large deviation principle with rate Ip = A} is that Ap = Ap. [See Ney
and Nummelin (1987b). The generating function Ap is the same as that appearing in the
Gértner—Ellis theorem, as given e.g. in Dembo and Zeitouni (1998), Theorem 2.3.6.]

In our next theorem, we will work with a hypothesis which extends this condition “Ap =
Ap” to the kernel Ko.

Hypothesis:

(H3) Ax()=Ag()for K =P and K = Ko.

A sufficient condition for (H3) to hold is any one of the following:

(i) S1,S9,... are the sums of an i.i.d. sequence of random variables, or the additive sums
in a Markov additive process {(X,,Sn) : n =0,1,...} where the state space of {X,}
is finite.

(i) {(Xpn,Sn) :n =0,1,...} is a Markov additive process on a general state space, and
the lower bound of (R) is satisfied.

(iii) {(Xy,Sn) : n=0,1,...} is a Markov additive process on a general state space, and

the entire state space is an “s—set.” [See Ney and Nummelin (1987a, b).]

There are, of course, other situations where (i)—(iii) are difficult or impossible to verify, but
(H3) nonetheless holds. For example, this condition was verified directly for ARMA(p, q)
processes in Example 3.1.5. [As with hypothesis (H1), it would actually be enough to
assume that Ax = A on LoAg, for K =P and K = Ko

A second condition which is needed in Lemma 3.2 is that the domain of Ap is an open
set. A sufficient condition for this to hold is that dom ¢ is open [Lemma 2.2 (ii)].

Our present objective is to apply Theorem 3.1 and Lemma 3.2 to obtain an optimal
simulation distribution which maximizes the decay rate on the right-hand side of (3.7), (3.8).
To this end, first note by Lemma 2.3 (ii) that LoAx, C 2(LoAp). Hence Iic,(v) < 2Ip(v)
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for all v € R%. Now focus on this inequality at the special point v = vy of Lemma 3.2 (ii).
By Lemma 3.2 (iv) and Theorem 23.5 of Rockafellar (1970),

LoAp N{a: (o — ap,vg) > 0} = {ap}. (3.17)

Since LoAk, C 2(LoAp), it follows from (3.17) that the only way to obtain the equality
I o (vo) = 2Ip(vo) (= 2 (o, o)) is to have 2ag € LoAx,. By Lemma 2.3 (ii), this occurs
precisely when Q = Q*, where

rp(y; o0)
O*(x,dy x ds) = '%0%) 2L 2 Dy dy x ds). 3.18
(z, dy x ds) rp(mag) | ey X ds) (3.18)
Hence
Ik (vo) < 2Ip(vo), with equality <= Q = Q" for P a.e. (y,s), (3.19)

where Q* is given by (3.18) (¢ a.e. x, in the sense of Lemma 2.3 (ii)). From (3.19) and
Lemma 3.2 (ii), it follows that if Q # Q*, then

31612 I o (v) < 2Ip(vg) = 2525& Ip(v). (3.20)

Conversely, suppose that Q = Q*. Then by Lemma 2.3 (iii), LoAx,. = {a + ap :
o) EEOAp}. Hence
IICQ* (U) = <Oz0,1)> + Ip(v). (3.21)

It follows from Lemma 3.2 (i), (iii) that

2 ;2,& Ip(v) = 522 Ikg-(v) (= ;2£ I, (v) by (H3)). (3.22)

Finally, we observe that the hypothesis “A N coneg (EOA;CQ)l = (), some 6 > 0” in
the upper bound of Theorem 3.1 is satisfied for Q@ = Q*. To this end, note by (3.21)
that Lolk,. C {v:{ao,v) <0}. Since Lolk,. is a closed convex cone, it follows that
{v: (@, v) <0} U{0} is itself a d-cone about Loli . which is disjoint from A, by Lemma
3.2 (i). Thus this hypothesis is satisfied.

We have arrived at the following.

Theorem 3.3 Let A be a convex open set intersecting int ©. Assume that dom Ap is open
and (H1)-(H3) and (M) are satisfied. Let x¢ denote the initial state of {X,}; and let Q*
be the kernel defined in (3.18). Suppose that simulation is performed using a kernel Q € Cy.
Then:

i) For ¢ a.e. xq,

®
liminf elogE(E% ) > limelogE(£3. ). 2
im inf € log (5Q76) = i elog (5Q ,e) (3.23)

Moreover, if there is equality in (3.23), then Q@ = Q* for P a.e. (y,s) and ¢ a.e. x.
Conversely, if Q = Q* for P a.e. (y,s), all x € S, then there is equality in (3.23).
Thus Q is essentially the unique kernel in Coy which minimizes E(Eé ) as € — 0.

(ii) For ¢ a.e. xg,
. ) o
llir(l)elog E(£5: ) = 2;16151 Ip(v). (3.24)
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Egs. (3.24) and (1.4) imply that simulation performed under the distribution Q* has
“logarithmic efficiency” [Asmussen (1999), p. 46]. Moreover, by Remark 3.1.2 and a sharp
form of (1.4)—available for the case that {,,} isi.i.d. and A is convex with smooth boundary
[Borovkov (1997)]—one actually obtains the stronger property of “bounded relative error,”
ie.,

Var(€g,)

limsup ———= < >©
0" B(Eg.)?

It is natural to expect that this stronger property also holds at least under (2R). This
property of “bounded relative error” is the strongest known property for nontrivial rare
event simulation problems; see Asmussen (1999).

In the next theorem, we show (under (R)) that the optimality of Q* € Cy is, in fact,
more general and extends to time-dependent simulation regimes of a larger class C,, defined
as follows.

Definitions (i) We say that a family of probability measures {Q™(z, ExI'): E€ S, T €
Rd} belongs to the class C if Q™¢(z,-) = Q(ne) (x,-) forall n > 0, € > 0, x € S, for some
family {Q(t)(ac,E xI'): EeS, T e Rd}; and

P(z,) < QW (z,-), all z € S and ¢ > 0.

(ii) We say that a family {Q™“(z,E xT'): E € S, € R?} belongs to the class C, if it
belongs to C, and

O (z,.) = QA (g,.), allz € Sand t > p— A,
where p is the constant given in Lemma 3.2 (v) and A is any positive constant.

The significance of the constant g is made clear in Theorem 2 of Collamore (1998), where
it is shown that asymptotically eT'°(A) — p in probability, conditioned on {T¢(A) < oo},
i.e. /e is the “most likely” first passage time of the process {(X,,S,): n=0,1,...} into
the set A/e.

We note that the scaling of the form Q™¢ = Q") coincides with the standard large
deviations scaling appearing in Donsker and Varadhan (1975, 1976, 1983), Freidlin and
Wentzell (1984), and essentially all subsequent work; it appeared in the context of the
present problem in Collamore (1998).

For notational convenience, we will from now on write “Q € C” to mean that the family
{Q”’E(x, ExT): E€S Te Rd} belongs to the class C, and likewise for members of C,.

Definition Let Q € C. Then we say that tg is a continuity point of Q if for any A > 0
there exists a positive constant  such that, for all |t — tg] < 7,

QW (z,.) « Q) (z,.), all z € S,
and for any n and e with |ne — to| <7,

do®

() B [log <—<X;,X;+1xs;+1>> <A, (3.25)

dQ(to)

(i) E.

dQ(t) * * *
lOg <dQ(tO) (XnaXn-i—l X £n+1) SK<oo, alwe S’ (326)
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where {(X}:,5)) : n=0,1,...} denotes a Markov additive process having the transition
kernel Q* in (3.18) and 7™ is the stationary measure of {X}.

For example, if (R) holds and Q € C has the form

QW (z,dy x ds) = e<at’s>*A7’(at)MP(a:, dy x ds), (3.27)
rp(T; o)

where oy = f(t) for some continuous function f : [0,00) — int (dom Ap), then all points

t € [0,00) are continuity points of Q.

Definition We say that A C R? is a semi-—cone if v € 0A = {Cv: ¢ > 1} Cint A, ie.,
the ray generated by any point on the relative boundary of A is an interior ray of A.

Theorem 3.4 Let A be a convex open semi—cone intersecting int 6. Assume that domAp is
open and (H2) and (R) are satisfied. Let xo denote the initial state of {X,}; and let Q* € Cy
be the kernel defined in (3.18). If simulation is performed using a family of measures Q € C,
then for ¢ a.e. xq,

.. 2 . 9

llgilglf clogE(£3 ) > 213% elogE(Ed- ). (3.28)

Moreover, if we do not have Q) = Q* P a.e. (y,8), ¢ a.e. x, at all continuity points of Q
in [0, o], then there is strict inequality in (3.28). Thus, Q* is essentially the unique element
of Cyp which minimizes E(é'é ) as € — 0.

If Q@ # Q* at a continuity point ¢ty which is outside of [0, o], then we do not necessarily
obtain strict inequality in (3.28); thus, the logarithmic—level optimality of Q* in Theorem
3.4 cannot be extended from C, to C.

Remark 3.4.1 In fact what needs to be minimized in the above discussion is the number

of random wvariables that need to be generated, that is,
elog [Var(SéE)EQ (TE(A))] ase —0 (3.29)

[cf. Siegmund (1976), p. 676, or Collamore (1996b), Lemma 5.2]. But if A is a semi-cone,
then

lir% clogEg(T(4)) =0 (3.30)

[Collamore (1996b), Lemma 5.3]. Thus simulation under Q* is efficient and optimal.

If A is not a semi—cone, then the situation is more complicated; in particular, we need
not have (3.30) in this case. It may then be preferable to simulate with Q € C, where
o) = Q* for t € [0, o], but QW = Q* for t > tg, some tg > p. By a judicious choice of Q,
one may often obtain both (3.30) and (3.24).

3.3 General sets

Finally, suppose that A is an arbitrary open subset of R%. In this case, we will show that
A can be partitioned into subsets A1, ..., A;, and that the techniques of Theorem 3.1 can
be applied to efficiently simulate P {TG(A), Ste(a) € Ai}, fori=1,...,1.
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For any a € dom Ap, let
Qulz, dy x ds) = e<a73>*AP(Q)M’P(x7 dy x ds).
-~y

Let B C A, and let 3y, denote the paths which first hit A/e at time &, as defined formally
in (3.2). If simulation is performed using a kernel Q € Cy, then

k—1
dP
P {TE(A) < 00, ESTe(A) S B} = Z/ <H @(xn,xn_H X Sn+1)> 1B(€Sk)
7P \n=0

‘Q(zo,dxy X ds1) -+ Q(xg_1,dz) X dsg).  (3.31)

Hence .
defT(A)fl P i
£o.(B)E ] @(Xn,xnﬂxgnﬂ) 15 (eSte(a)) (3.32)
n=0

is an unbiased estimator for P {T°(A) < 0o, €Spe(4) € B}, where {(Xn,5,): n=0,1,...}
denotes a Markov additive process having transition kernel Q.

Proposition 3.5 Let A > 0 and A C R%, and suppose that dom Ap is open and (H2)
and the lower bound of (R) are satisfied. Let x¢ denote the initial state of {X,}, and let
a = infyeq Ip(v). Then:

(i) For some finite subset {on,...,cu} of d(LoAp), the collection {H(cs,a — A) : i =
1,... ,l} is an open cover for A.

(i) Let Ay = ANH(ag,a—A), Ay = (AﬁH(ag,a — A)) — A1, and so on for As, ..., A;.
Then {Aq,..., A} is a partition of A, and for each i,

E(Eé%e(Ai)) < Cexp {—26_1(322 Ip(v) — A)/e} © a.e. g (3.33)

for a certain positive constant C. In the event that A is a finite union of disjoint
conver sets {A},..., AL}, then instead we may take A; = A}, and (3.33) holds with
A =0.

Remark 3.5.1 If (9) and condition (€) in the statement of Theorem 3.1 are satisfied,
then it is not necessary to assume that the lower bound of (fR) holds. However, in this case
we must replace (3.33) with logarithmic asymptotics, as given in (3.8).

4 Proofs

Some further notation from convex analysis:

For any convex function f, let f*, cl f, f07(-), 07 f, dom f, and f(-) denote the convex
conjugate of f, the closure of f, the recession function of f, the recession cone of f, the
domain of f, and the subgradient set of f, respectively.

0, ved,
6(U):{ oo, v¢C

For any convex set C, let
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and let C°, 07C, aff C, ri C, and dC denote the polar of C, the recession cone of C, the
affine hull of C, the relative interior of C', and the relative boundary of C', respectively. [For
definitions, see Rockafellar (1970).]

Also, we adopt the same terminology that was already introduced at the beginning of
Sections 2 and 3.

4.1 Proof of Theorem 3.1: Upper Bound

The proof of the upper bound is based on the following convexity lemma, which shows that

the separation property described in Lemma 3.2 (i) is in fact quite general.

Lemma 4.1 Let A C R? be a convex open set, and let f be a closed convex function. Let
I(v) = sup{ (a,v) : a € Lof} and a = infyca I(v). Assume that A intersects dom I, but
AN (Lof)t = 0. Then there exists § € Lof such that

Ac{v: (8,v)>a} and L C{v: (§,v) <a}. (4.1)

Proof Note (Lof)t = LoI. Since A does not intersect this zero-set and I is a positively
homogeneous convex function, the sets A and L£,] are convex with no common points in

their relative interiors. Hence there exists a separating hyperplane [Rockafellar (1970),
Theorem 11.3], i.e., for some 8 € R — {0},

Ac{v: (B,v)>b} and L.I C{v: (B,v) <b}, (4.2)

where b € R; in fact, b > 0 because the definition of I implies I(0) =0, so 0 € L,1.

Let ¢ > 0, and define J = I —c. Then LoJ = L.I, and J* = &, + ¢ [Rockafellar
(1970), Theorem 12.2]. An application of Theorems 13.5 and 9.7 of Rockafellar (1970) then
gives

07.1(8) = inf {(J*)(B) [y >0ory=0"}, (4.3)

where (J*v)(-) = vJ*(-/7), for all v > 0, and J*0" is the recession function of J*.

Note that J*(-) € {¢c,00} = J*0"(-) € {0,000} [Rockafellar (1970), Theorem 8.5]. But
we cannot have J*07(8) = 0. Otherwise, (4.3) would imply 87 _;(8) = 0 for all ¢ > 0;
then L.I C {v : (Bv) < 0} for all ¢ > 0; and since A is open, we would then obtain
ANdom I =, by (4.2), which is contrary to hypothesis. Therefore J*0"(3) = oo; thus the
point v = 0" can be removed from the infimum in (4.3).

Since J*(+) € {¢, 00}, we now conclude from (4.3) that, for all ¢ > 0,

67.1(3) = ve, where v = inf {7 : g € Lof}. (4.4)

Setting ¢ = a when a > 0 yields £, C {v: (8,v) < ~va}. Since b > 0, we conclude that
the constant b in (4.2) is > ~a for any a > 0. Next suppose b > ~va’, where a’ > a. Then
Lyl C{v: (B,v) <b}. By (4.2) it follows that infyca I(v) > @/, which contradicts the
definition of a. Therefore b = va. Also observe that v > 0, because otherwise (4.2), (4.4)
would once again imply A N dom I = (), contrary to hypothesis. The required result now
follows from (4.2) by setting 6 = (3/~. 0
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Proof of Theorem 3.1. Upper Bound. If Q@ = P, then the result follows trivially from
(1.4); we will assume from now on that this is not the case.

First assume that condition (€) in the statement of the theorem is satisfied. Under this
general assumption, the eigenvectors rx, need not be uniformly positive. Consequently we
start by introducing an augmented kernel, K 3, whose eigenvectors do have this positivity
property. Namely, for any A > 0 define

ICé(x, dy x ds) = Ko(z,dy x ds) + Ang, (dy)no(ds), (4.5)

where 7., denotes a measure on S having point mass at zo and no denotes a measure on
R? having point mass at the origin. For shorthand notation, let (Aa(a))™' denote the
convergence parameter of Ké(a) and Aa(a) = log Aa(a).

We begin by establishing the following.

Assertion. T'y(«) o lima—o Aa(a) < Agg (@), for all o € LoAk, .

Proof of the Assertion. Note

(I@é)k(‘xo,g; a) = Z /S]C . 6<a’s>j(i1)($0,dm1 X +) %
—1x

(41,005 )ET
cx T (day_q day, x 2),  (4.6)

where 7 = Kg and JM) = An,, 1o, and J consists of all elements of the form (i1, ..., i)
where either i; =0 or 1. Fix o € EOAKQ and N € Z,, and let

logby = N [Aﬁc”g(a) ~A(@)| (< 0o by (H1)).

Observe that any product J @ ... % J*) which has n “Ang,no” terms contains at most
n + 1 products consisting of j consecutive “IC(QZ)” terms where j < N. Consequently, for a

product containing n “Ang,ne” terms,

/ e<> 70 (g0 daxy x -) %% T (dag_y, day % -
Sk—1xRd
n n N k—n
<o AT (A () (4.7)
Summing all terms in (4.6) gives Aa(a) < )\,(C]\Q(a) + by A, by the definition of the conver-
gence parameter. Letting A — 0 and then N — oo establishes the assertion. O

Let T' = cITy. We now apply Lemma 4.1 with f(a) = T'(a) — ¢, ¢ < 0, and I = J(©,
where
J©)(v) = sup {{a,v) : « € LT}, for any ¢ € R.

Assume, for the moment, that the assumptions of the lemma are satisfied (we will verify
these later), and let 6 be the element obtained in the lemma when f(a) = I'(«) — ¢. Then
I'(#) < ¢; and by the assertion, there exists a A > 0 such that Aa () < 0. Moreover, there
exists a ()\A(H))flfsubinvariant function rA () for the kernel I@é(@) [Nummelin (1984),
Proposition 5.2 and Theorem 5.1, or Section 2.2 above]. Define

el r A (dy; 0)

Ro(z,dy x ds) = a(0)

ICé(x, dy x ds). (4.8)
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Since ra(f) is ()\A(G))_lfsubinvariant and Aa(6) <0, Ry is itself a Markov additive sub-
probability kernel.

Let B¢, denote the paths which first hit A/e at time T°(A) = k. Then by (3.4) and the
definition of ICS,

E(é’ég) < Z ICQ(mO,dml X dsy) -+ Ké(wk_l,da@k X ds)
_ Z/ ra(xg; f)e” Pt ton)
B A 9%9)
Ro(xo,dry X ds1) -+ Ro(xp_1,drr X dsg). (4.9)

Note that ra(+;6) is uniformly positive [Remark 2.2.2, since (4.5) yields a minorization
Ang,nol. Also, ra(;6) < oo ¢ a.e. [Nummelin (1984), Proposition 5.1]. Thus the ratio
(ral(wo;0)/ra(zy;0)) in (4.9) is deterministically bounded.

Next observe by Lemma 4.1 that (6, Sp A)> > inf{J©(v) : v € A}/e. Hence the
integrand in (4.9) is < const. - exp{—inf,c4 J(©(v)/e}. Since Ry is a subprobability kernel,
we then obtain upon letting € \, 0 in (4.9) that

lim sup e log E(EQ ) < inf1 J) (v). (4.10)
e—0 ve
It remains to show
. . (c) >
iy {1 70} 2 i a0, 1y

Observe that T'(0) > 0 [Lemma 2.3 (ii), since P # Q]. Hence (L.I)* \, (LoI)* as ¢ /0.
It follows under (€) that

AN coney (ECI‘)l =0, all ¢ € [c,0), for some & > 0 and ¢y < 0. (4.12)
Since (£.I')*+ = £7J(®), this implies
AN coneg (EOJ(C)) =0, all ¢ € [co,0). (4.13)

Now J(© is bounded away from zero on (cone(g/ (LoJ (C)))cﬂsd_l. Since J(9) is positively ho-
mogeneous, it follows that its level sets are compact on the restricted set (coneg/ (LoJ (c)))c.
Hence, if a denotes the limit on the left-hand side of (4.11), then the sets cl AN £,J©) are
compact and decrease monotonically as ¢ / 0 to

A ANLITO el AN Lylicy.

Since the left-hand side is nonempty, we conclude
li £ g > inf T 4.14
S <>
Also, since I, Ko 18 positively homogeneous,
inf{Ix,(v) : vec A} =inf{lx,(v): veA}, (4.15)
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provided that the infimum on the left is > 0. As /JOI:;CQ = (ﬁol_\KQ)J‘ is disjoint from A, we
see that this infimum is > 0. Consequently, (4.11) follows from (4.14) and (4.15).

Finally, we need to verify that the conditions of Lemma 4.1 are actually satisfied when
fla) =T'(a) — ¢, for ¢ < 0 sufficiently large. To this end, note that I' is convex, since (by
Lemma 4.2 (ii) below) it is the limit of convex functions. Also, if ¢ < 0 is sufficiently large,
then by Lemma 4.3 (i) below,

ri@,(é)g Dri®dp =r1i 6.

[The last step follows from Theorem 13.5 of Rockafellar (1970), as noted in the remark
following Theorem 2.1 of Collamore (1996a).] Then dom .J(©) > @,(CC)Q — Andom J© # (.
Since (4.12) holds, we conclude that the hypotheses of the lemma are satisfied for sufficiently
large ¢ < 0.

If the lower bound of (fR) is satisfied (instead of condition (€)), then we may apply the
measure transformation (4.8) directly with Kg in place of K5, and Lemma 4.1 directly with
f = Ax, and I = Ix,. The uniform positivity of 7, is obtained from Remark 2.2.2. O

4.2 Proof of Theorem 3.1: Lower Bound

We begin by introducing a splitting and truncation of Ko, as follows.

Let h »v be a minorization as in ('), with A < 1, and note under (9') that either
v(dy x ds) = v(dy)nep(ds) or h(zx,ds) = h(x)no(ds), where no is a point mass at the origin.
Thus ((h #v(-))?* = geu(-), where g = h? and p = 2. Hence by Lemma 2.3 (i), (gev) < Ko.

This implies the minorization
§(0) @ fi(a) < Ko(a), for all a. (4.16)

Define
; Kola, dy x ds) - (g o) (x, dy x ds)

p— >
,CQ(.%',dy X dS) 1_ g(%,Rd) (— 0)7
and observe by this definition that
Ko(z,dy x ds) = (g ep)(z,dy x ds) + (1 — g(m,Rd))ICQ(m, dy x ds). (4.17)

Enlarge (S,S) to (S,S), where S =S x {0,1,2,...} and S is the natural extension of S
to S; and for M € Zy define truncated versions gur, hay, I@g, ng by:

gM((mai)vdS) = <M]\—4|—1) 10(2.)1[7M,M]d(5)g($ad8)a

par ((dy, §),ds) = 11(j) L pyana(s)p(dy x ds),
Y (i) () x ds) = o [161) Tioan () 1 ag anpe(s) Kool dy x ds)| A M,
KY ((2,1), (dy,5) x ds) = gar opar ((2,9), (dy, §) x ds) +

(1- g(m,Rd))I@g((m,i), (dy,j) x ds).
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Note that ng is strictly increasing,
K& ((xxN),(ExN)xT) <Kg(z,ExT), alEeS, TeR? (4.18)
(where N denotes the set of natural numbers), and
KY((x xN),(ExN)xT) /Kg(z,ExT) as M — oo. (4.19)

Also, it follows from our construction that ICAQ/[ is irreducible with respect to a maximal
irreducibility measure ¢ " ¢ as M — oo.
The kernel ICAQ/[ has a minorization, namely gas spys < ICg , which implies

gu (o) ® fuar(a) < I@g(a), for all a. (4.20)

For shorthand notation, let (Ap/()) ™" denote the convergence parameter of l@g(a),
Ap(o) =log A\yr(a@), D = chgf and I](\f[) = I’(%,.
Our main reason for introducing the above truncation is because the transformed kernel
I@AQ/[ (o) has eigenvectors which are bounded, and the following regularity properties also

hold.

Lemma 4.2 Let Kg, Ko, A, Ay and Ak, be defined as above. Then:
i) Aps is convex, analytic, strictly increasing, and Ap(a) / A, (a) as M — oo, for
o
all .
(ii) Axg is convex and lower semicontinuous.
(iii) For any a, there exists a (A\pr()) ™' —inwvariant function, ry (- a), for the kernel
I@g(a). Moreover, the function rys(+; «) is positive and bounded.

Proof (i) Following Iscoe, Ney and Nummelin (1985), Lemma 3.4, introduce the generating
function

e e}

Yu(e, Q) = Z /seRd s glews)—¢n (MM o (K& — gur ®MM)n_l ®gM) (dz,dy x ds)

n=1

o0

N n—1
= Y nrl) (K (@) = gule) @ fur(a)) gula). (4.21)
n=1
Then Ap(a) = inf {¢ : Ypr(a, () < 1} [Nummelin (1984), Proposition 4.7 (i)]. Note by the
construction of IC]‘Q/I that individual terms and number of nonzero terms in the summand
on the right of (4.21) are finite; consequently,

(e, Apr(a)) = 1. (4.22)

The convexity of Ajs follows from (4.22) and the convexity of 1ps. Since ¢,/ is analytic on
R9*1 | the analyticity of Ays follows from (4.22) and the implicit function theorem. Finally,
the convergence Ay Ak, is obtained as in Lemma 3.3 (i) of Ney and Nummelin (1987b).
(From this argument, we also see that Aj; is strictly increasing, since ICg is.)

(ii) A, is convex because (by (i)) it is a limit of convex functions, and lower semicon-
tinous since the analytic functions Ay A, as M — oo.
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iii) Since (4.22) holds, KM is (Apr()) ' -recurrent [Nummelin (1984 , Proposition 4.3|.
Q
Hence a (Ap7()) ™ '~invariant function exists and is given by

[e.9]
rar(a) = 0 e M) (K8 () — gag(a) @ (@) gar(a) (4.23)
n=0
[Nummelin (1984), Theorem 5.1]. By the construction of K&, the sum and individual terms
on the right are finite, hence 7)/(+; ) is bounded. The positivity of rjs(-;«) is obtained
from Nummelin (1984), Proposition 5.1. O

Lemma 4.3 Let the kernels P, IC]‘Q/I and Ko be defined as above. Then:
() If LoAp # 0 and LAy # 0. then DY) € D).
(i) If Loy Ars #0 and LAy # 0, then D577 7 D) as M — cc.
(iii) If LAxg # 0 and v € 1i @,(CC)Q, then I](\f[)(v) N I,(CC;(U) as M — oo.
(iv) If LcAps # 0 and v € riCDE\Z), then the supremum in the definition of I](\Z) 1s achieved
at a point 6 € (L Ap) N aff @g\?. Moreover, if ¢ > inf, Apr(a), then pVAy(0) = v for
some nonnegative constant p.

Proof (i) Note

(OW)° = 0 (£hp) and (BZ)° = 0* (£okcy) (420

[Rockafellar (1970), Theorem 14.2, applied to 87,5, and J*LCAKQ' By Rockafellar (1970),
Theorem 8.7, 07 (dz,a,), 0+(5ECA;<Q) may be identified with 07 (LyAp), 07 (L.Ak,), Te-
spectively.] Now set b = ¢/2. Since LAk, C 2(L./2Ap) [Lemma 2.3 (ii)], it follows from
(4.24) that (’Dgﬂ))o > (’D,(CC)Q)O, hence CD%/Q) C ’D;CC)Q For a general b > inf, Ap(«), observe
that 07 (LyAp) = 07 (L.j2Ap) [Rockafellar (1970), Theorem 8.7], hence ’Dg’) = @%/2).

(ii) The proof is analogous to (i), once it is observed that

(0" Axo) = () (0% An) (4.25)
M

[Rockafellar (1970), Corollary 8.3.3 and Theorem 8.7].
(iii) First assume v € int @,(CC)Q Let

Wiy = {a € LAy : (o) > I,g(v)} . W= {a € Lohkg : (a,v) > 1}%(@)} :

Since LAn N\, LcAk, monotonically as M — oo, (y Wn = W = 8],(5; (v) [the last
step follows from Theorem 23.5 of Rockafellar (1970)]. Now v € int ’D;CC)Q = 8[,(% (v)
is a nonempty compact set [Rockafellar (1970), Theorem 23.4]. Hence the convergence

Wi \, W implies
Wy CH{z: ||z —w|| <A, we W}, M > some My(A), for any A > 0.

Thus IJ(\Z)(U) < I,(Cc;(v) + Alj||, all M > My(A). Conversely, LoAr D LoAx, = IJ(\Z)(U) >

I’(CC; (v), all M. We conclude I](\f[) (v) \\ I;(CC; (v).
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and hence (by (ii)) v € aff @g\fl) for

)t and all a € (affii)g\fj)){ M > some

)
)
M. Using this fact, we may then proceed as in the previous paragraph, replacing ,(CC;, ](\2)

with their restrictions to aff @,(CC)Q

(iv) Let v, A, f](‘fl), and f)g\(j[) denote the restrictions of v, Ay, I](\;), and @g\fl) to aff @g\?.
Then ¥ € int ’}55\? Hence 6f](\f[) (v) # 0 [Rockafellar (1970), Theorem 23.4]. This implies

Next assume v € ri CD,(CC)Q Then v € aff D(C)Q,

sufficiently large M. Thus (a,v) =0, all « € (aff@,(é

@) sup (8,9 = (6,5), some § € A(L.K) (4.26)

BEL AN

[Rockafellar (1970), Theorem 23.5]. Since (a,v) = 0 for all a € (aff@%fl))l, (4.26) also holds
with I](\f[) in place of .7](\2), etc., and 6 in place of é, where 6 = 6 on aff @g\fl) and § = 0 on
(aff @%Z))L

Finally observe by (4.26) that v is normal to L.A; at 6, hence v is normal to L.Aps
at 0. If ¢ > inf, Apr(a), then it follows from Corollary 23.7.1 of Rockafellar (1970) that

v = pVAp(0), some constant p > 0. O

Lemma 4.4 Let {(X,,S,) :n=0,1,...} be a Markov additive process on S x R satisfying
(MM). Let P denote its transition kernel, and assume that the additive components {&,} and
regeneration times {7;} are bounded and E.(S1) =0, where m is the stationary distribution
of {X,}. Then for any A >0 and K > 0,

A
limelogP ¢ max |S,|>— = — inf { inf tA;B(E)} <0, (4.27)
e—0 Oﬁnﬁl_gj € tE(O,g} v=%£A t

where (Ap(a)) ™! is the convergence parameter of P(a).

Proof See Collamore (1998), Theorem 1. Since A} (v) = 0 <= v = E(S1) = 0, the
right—hand side of (4.27) is < 0.

We remark that hypothesis (H2) of Collamore (1998) is not needed when the time
interval (= [0, K] in this case) is bounded, and hypothesis (HO) of that paper is satisfied by
the results of Ney and Nummelin (1987b). The “s—set” assumption in Theorem 2 of Ney
and Nummelin (1987b) is not needed, because {£,,} and {;} are bounded; hence rp(-; @) is
positively bounded for all o, by Lemma 2.2 (i), and inspection of the proof shows that the
“s—set” condition is unnecessary in that case. O

Proof of Theorem 3.1. Lower Bound. Case 1: LoAx, # 0.

Let v € ANriDx, —{0}. Then v € ri®Dj; for sufficiently large M [Lemma 4.3 (ii)]. Assume
M has been chosen so that this is true. Then by Lemma 4.3 (iv), there exists 6 € d(LoAr)
and a positive constant p such that pVA(0) = v.

Define (6.5
)8 -0
Ro(z,dy x ds) = a3 )

M
o3 0) Ko (z,dy x ds), (4.28)

and observe that Ay () = 0 = Ry,, is itself a Markov additive probability kernel.
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Let ¢, denote the paths which first hit A/e at time T°(A) = k, and let g = (x0,0).
Then by (3.4) and (4.18),

E(é’ég) > Z ICQ (Zo,dxy X dsy) - Kg(xk_l,dxk X dsg,)

_ Z/ —(Os1t- +8k>TM(fo;9)

M xka 9)

-RQ(QZQ, d.%'l X dsl) s 'Rg(.%'kfl, d.%'k X dsk). (4.29)

To analyze the quantity on the right, note that Er,(&,) = VA (0) = v/p, where 7y is
the stationary distribution of {X,,} under Ry [Ney and Nummelin (1987a), Lemmas 3.3 and
5.2]. Thus, the expected time for the Ry—process to reach the point v/e € (0A)/e is ~ p/e.
Also, since v € 2, the straight-line path [0, v] contains no points other than v belonging to
the convex set cl A. Hence by Lemma 4.4,

Pr, {T°(A) < (p—A)/e} — 0ase— 0, for any A > 0;

in other words, the process stays near its central tendency and therefore does not enter A/e
before the expected time of p/e. By an analogous argument, we also obtain

Pr,{T(A) < p/e, Sreay € B(v,A)/e} — 0 as e — 0,

where B(v, A) is a A-ball about v. Finally, by the central limit theorem for Markov additive
processes,
lim iglf Pr, {T°(A) < p/e} > const. > 0.
[

Putting these together yields

liminf P {eT°(A) € (p — A, p), eSte(a) € B(v, A)} > const. > 0. (4.30)

e—0

Since rpz(+;0) is positive and bounded, by Lemma 4.2 (iii), it follows from (4.29) and
(4.30) that
limiélfelog E(Sée) > —(0,v) — Alf]| = —Ip(v) — A6 (4.31)

Now let A — 0 and then M — oco. From Lemma 4.3 (iii) and (4.31), we then obtain

.. 2
hreri)%lfelog E(£5) > —Ixg(v). (4.32)

The required lower bound follows by taking the supremum in (4.32) over v € (Qlﬂ i, —
{0}), and observing by Lemma 4.3 (i) and the definition of 2 that ANTiDp # ) =
AN1i D, # 0. Hence inf {Ii,(v) : v € ANTI Dy, — {0}} = inf {Ix,(v): veEA} [cf.
Collamore (1996a), the last paragraph in the proof of Theorem 2.1].

Case 2: LoAk, = 0.

Let My =min{M € Zy : LoApy = 0} < oo, and first assume My < co.
For each M, let cpy = infcga Apr(r) and ¢ = inf cpa Ay (o). Then ’DS\ZM) /! ’D,(g)g as

M — oo, for any by; > cpr and b > ¢. Hence ANTiDp # ) = Aﬂri@%ZM) £ 0 (by > ep)
for sufficiently large M [Lemma 4.3].
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Let M > My be chosen such that Aﬂri@%ZM) # 0 (bar > enr), and let v € QlﬂriCDg\ZM) -
{0}. Let dj = cpr+1/5 >0, j =1,2,.... Then by Lemma 4.3 (iv), there exist elements
0; € O(La;Anr) N aff Q( %) and positive constants p; such that p; VA (6;) = v.

For each j, introduce the Markov additive probability kernel
e<9j73>7A]M(€ )TM(y76 )

Re, (v,dy x ds) = @0
1Uj

KY (z,dy x ds), (4.33)

and reason as in (4.29) to obtain

Z/ 61751+ +5k>+k/\lﬂ(g )',"M(:EO 0 )

TM(‘T]% 9_])

Ege

-jo (1‘0, d.%'l X dsl) s jo (.%'kfl, d.%'k X dsk). (4.34)
It follows from (4.30) and (4.34) that
lim inf €log E(£3,) > —(0,v) + pjAn(6;). (4.35)

We now distinguish two possible cases. First, suppose that {6;} converges (possibly
after passing to a subsequence) to some element 0 € R?. Then the infimum in the definition
of cpr is achieved at 6; hence Apr(6) = cpr > 0 and VA (A) = 0. But then lim; o p; =
lim; .o (v/VAp(0;)) = co. Letting j — oo in (4.35), we conclude

lim elog E(£3 ) = <. (4.36)
e—0 ’

Next, suppose that {6;} does not converge along any subsequence. Let 5; = 0;/]|6;]|,
and observe that (possibly after passing to a subsequence) 3; — 3 € S¢~! and ||| — oo as

j — o0. Then 3 € 0" Ay [Rockafellar (1970), Theorems 8.2 and 8.7]. Hence 3 € (CD(CMH))O
( J) aff Q(CMJrl)

(as in the proof of Lemma 4.3 (i)). Since the 6;’s were chosen in aff D, ,
it follows that 3 € (D CMH)) N aff ’D(CMH). Then v € ri ’Dg\ZMH <ﬁ, ) < 0. Hence

(Bj,v) < —ap <0, for all j > some jy. But then
—(0;,v) = —10;]| {B;,v) — o0 as j — oo. (4.37)

Thus, letting j — oo in (4.35) we again obtain (4.36).
Finally suppose My = oco. In this case, the elements of {LoApy: M =1,2,...} are
nonempty and monotonically decreasing to ();; LoAy = LoAx, = 0. Then

inf {||laf] : o € LoAp} — 00 as M — oo. (4.38)

Note that Apy is strictly increasing, which (with My = oo) implies inf, Ap(a) < 0, VM.
Since ANTiDp # () and Dy increases as M — oo, Lemma 4.3 (i), (ii) implies the existence
of an element v € ﬂMzM{) (AN1iDy — {0}) C ri CDECI)Q Applying Lemma 4.3 (iv), we
then obtain elements 0;; € (a(ﬁoAM) N aff @M) and positive constants pps such that
pm VAN (Or) = v. By (4.38), [|0a]|| — 00 as M — oo.

Let By = 0u/||0as]]. Then (possibly after passing to a subsequence) By — 3 €
N 0T Anr [Rockafellar (1970), Theorems 8.2 and 8.7]. Then ( € (@,(CI)Q)o [Lemma 4.3 (ii)

and its proof]. Then v € (’D;Cl) )° and v € rliD <B, > < 0. Hence (B, v) < —af, <0,
for M sufficiently large. Hence (4.35), (4. 37) (Wlth “M” in place of “j7) give (4.36), as
before. O
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4.3 Proofs of Theorem 3.4 and Proposition 3.5

Next we turn to the proof of Theorem 3.4. Let Q* be the kernel described in (3.18), and
let Q € C. By the Radon-Nikodym theorem we may write Q® (z,.) = R® (z,-) + VB (x, ),
where R (z,-) < Q*(z,-) and V) (x,-) L Q*(x,), for any given x € S. Define

€ dR(En) * * *
n+l :log TQ*(XH’XH-Fl X€n+1) s ’I’l:O,].,..., (439)

where {(X},S¢) : n=0,1,...} denotes a Markov additive process with transition kernel
Q. Let
Wy=2i+---+2,, n=12,..., and W;=0.

The proof of Theorem 3.4 will rely on the following.

Lemma 4.5 (i) For any fized €, {WS} is a submartingale.
(it) If 26 = ZEVO0—1 and WS = Z§ 4 -+ Z5, n € Ly, then {W¢} is a submartingale.
(iii) Suppose Q € Cy, so that {ZE}, {W<} are actually independent of €, and let ZM =
ZENV (M), WM = ZM ... 4 ZM n e Z,, and WM = 0. Assume that the lower bound

of (R) holds, and assume that we do not have Q = Q* for P a.e. (y,s), ¢ a.e. x. Then for
some positive constant D,

1
lim —Eg- (Wé\/[) < —-D, for all M > some M. (4.40)

n—oo N

Proof (i) Jensen’s inequality implies that E (Z, /X = x) < 0 for all x; hence {W} is
a submartingale.

(ii) This follows by a similar argument and the inequality (logs) < s.

(iif) Let {(X, S, W,): n=0,1,...} be an independent copy of {(X}, S, W,): n =
0,1,...}, but assume that the initial measure of X* is

7" = the stationary measure of {X} under the transition kernel Q™.
Let {T;}ien and {Ti}iEN denote the respective regeneration times, as described in Lemma,
2.1, and let
Tdéfinf{n:Ti:n and Tj =n, some %, ) EN}
denote the coupling time.

First note that if we do not have @ = Q* for P a.e. (y,s), ¢ a.e. x, then Jensen’s
inequality implies E«(Z¢) < 0. By the monotone convergence ZM N\, Z¢ as M — oo, it
follows that

E.(ZM)< -D <0, forall M > some Mj. (4.41)

Consequently
E(WM) < —nD, forall M > some M. (4.42)

Let ¥, = T An, and observe
EWM) =E(WM)+EWY —wi). (4.43)
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Also, by a slight variant of (i), (ii), {W,} —neys} is a submartingale for 5y = log (1+e~ ).
Hence by the optional sampling theorem,

lim E(W) < eyE(%) < oo. (4.44)

n—oo

Since W,iw > —M, we also have

lim sup {—E(W%)} < ME(%) < 0. (4.45)
(By Remark 2.1.1 (i), E(¥) < oo.) The required result is then obtained by substituting
(4.42), (4.44) and (4.45) into (4.43). 0

Lemma 4.6 Let A C R be a conver semi—cone intersecting ri &. Assume that dom Ap is
open and (H2) and (R) are satisfied. Let o be given as in Lemma 3.2, and let T 4 Ti,
where 7, = Ti11 — T are the interregeneration times described in Lemma 2.1. Define
I(A) =inf{i : T; > T<(A)}. Then for ¢ a.e. xy,

lim cEo- (Z°(4)) = (4.46)

Eog:(7)

Proof Let g, vg and a be given as in Lemma 3.2.

Lower bound. First introduce a truncation on the additive components; namely let
M > 0 and define

M
e = if (g, &) > M, and &Y = f;m otherwise. (4.47)
05Sn

Let S%z&{\/[—l—---—}—ﬁ,]@w,n:O,l,...,andSéV[:Q and let
B =H(ag,a) ={v: {(ag,v) > a}.

Then by Lemma 3.2 (i), Z¢(A) > Z™<(B), where ZM:(.) denotes the stopping time with
respect to the truncated process {SM},cn.

Note that dom Ap open = 0 € int (dom Ag+). Hence we may apply the optional
sampling theorem to obtain

Eo-(00.5Y,,., ) = Bor((a0.SH))
+ Eg- ({0, 571, — S11))Eg- ((Z"4(B)) —1). (4.48)
Also, under the above truncation,

EQ* (<Oéo, SYM

zM,e(B)

— Spwe(py)) = —MEg-(Trume(p) — TY(B)) > —MC, (4.49)

where (by Remark 2.1.1 (i)) the constant C' < oo. Since <a0,5%,’6(3)> > afe, it follows
from (4.48) and (4.49) that

liminf eEq- (Z4(B)) > a(EQ* ({0, SF,, — S7! >))_1 pa.e. T, (4.50)

e—0
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provided that

EQ*(<a0,S%>) <00 pa.e. . (4.51)
Finally observe by Lemma 3.3 of Ney and Nummelin (1987a) and Lemma 3.2 (v),
Eo- (s;;iﬂ - sT) = VAp(ag) - Eo(1) = 2Eo-(r), i=0,1,.... (4.52)
0

Then (4.51) holds, and the required result follows from (4.50), (4.52), Lemma 3.2 (iii), and
the monotone convergence <a0, S:%[H — S%[> AN <a0, Siﬂ — Si> as M — oo.

Upper bound. First assume d > 1. Let t > 0, and observe since A is a semi—cone
that (1 4 ¢)vg is an interior point of A. Choose w® . w@ e A such that the convex
hull of {vg,w™,..., w®} contains a neighborhood of (1 + t)uvg. Let v®) = vy + w®;
let V(*) = the hyperplane containing {vg,v™),... v} — {v®)}: and let H*) = the open
halfspace determined by V*) which contains the point (1 + t)vg. Then cl (ﬂi:l H(k)> =

vp + cone (conv{w(l), . ,w(d)}) [Rockafellar (1970), Theorem 18.8]. Hence, it follows from
our constuction and the semi-cone property that ﬂZ:l H®F) < A. Also, 0 ¢ H®*) and
vy € OH®| for all k.

Let Zf = inf{i : ST, € H®) | all j > i}. By (4.52), the expected time for {57, Yien to
reach H®) is i = o/E(7). Hence by a simple one-dimensional change of measure argument,

1 A
lim Bg- |75 ¢ > - (25 —0, forall A>0 (4.53)
e—0 € EQ* (7')

[cf. Collamore (1998), Theorem 4.1, for a closely related result]. Since Z¢(A) <max {ZI%,...,Z5},
the upper bound is obtained from (4.53).
Finally, if d = 1 then the upper bound can be obtained directly from (4.53). O

Proof of Theorem 3.4. Following Asmussen and Rubenstein (1995), Theorem 17.6, first

observe ) )
e dP dP do*
axsm A\ = 40" 4.54
Also, by the Radon-Nikodym theorem and the definition of R,
dO* dO* dR(en) -1
4O~ gR(Em ( Q" ) QO ae (4.55)
From (4.54) and (4.55) it follows that
E(&d,.) = Eo —QT%(xo;ao) ¢~ 20057 ()~ Whe(a
’ 75 (X7e(4); 0)
> exp {—QEQ* ((a0, S7e(a))) — Bor (Wie(ay) + C/} ; (4.56)

where the last step was obtained by Jensen’s inequality, and C” is a finite constant obtained
from the uniform positivity and boundedness of rp(ag) described in Lemma 2.2 (iii).

Let Ty, 11, ... denote the regeneration times in Lemma 2.1 generated by the Markov
additive process {(X,,Sy)}; let {7;} denote the interregeneration times; and let

TS(A) = inf{i : T; > T°(A)}.
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Introduce the truncation {(&},S3): n=0,1,...} of {(&,5}) : n=0,1,...} that

n

was described above in (4.47), and observe under this truncation that (4.49) holds with A
in place of B and Z¢(-) in place of ZM:(.). Hence, it follows from (4.56) and the definition
of {SM} that

log E(£3,0) > —2Eo- ({0,575, , ) — B (Wie(4)) +C (4.57)

for some constant C' € (—o0, 00).
By the optional sampling theorem and Lemma 4.5 (i), (ii),

Also, by the optional sampling theorem,
M M M M
Bo- (a0, S, }) = Bor (a0, SH)) + Bo- (a0, S¥,, — 53))Eo- (Trega) — 1)- (459
Then by (4.51), (4.52), Lemma 4.6, and the monotone convergence <a0,57]‘~/i[+1 — S%[> AN
(a, STy — Si_>,
lig(l)EEQ* (<a0,5%6(m>) N\ (@o,v0)  as M — oo. (4.60)
From (4.57), (4.58) and (4.60) we conclude
liminf elog E(£3 () > —2 : 4.61
iminf elog (£4.0) > —2(a,v0) (4.61)
Together with Lemma 3.2 (iii) and Theorem 3.3 (ii), this implies
lim inf €log E(&},) > lim €log E(&3. ). (4.62)
It remains to show that if Q(0) £ Q* at some continuity point ¢y € [0, o], then there is
strict inequality in (4.62). Suppose now that to € [0, o] is a continuity point and Q) £ Q*.
Then the continuity properties (3.25), (3.26) are satisfied in some interval [(1, (2] C [0, 0).
Let D and My be the constants obtained in Lemma 4.5 (iii) when Qo = Q). Assume that

the interval [(1, (2] has been chosen sufficiently small so that (3.25) holds with A = D/2.
Decompose the random variable Z; into a sum of two terms, namely,

dR(to)
Un = log <—(X:;7X:;+1 Xé.;kz-f—l)) ) n:0717"'7

€ dR(en) * * *
V., = log (m(Xn,XnJrl X §n+1)> , n=0,1,....

For M > 0, let UM = U, vV (=M); V;}'* = VeV (—=M);

n

n
R =3 "uM  z)ye=UM v wite=3"zMe
4 =0

By Lemma 4.5 (iii),

G2 — (1
G2

lim sup eE g+ (RM —~ RM > < —(

nst 'L R )D, all M > My, (4.63)
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Hence, from the continuity properties (3.25), (3.26) and a straightforward variant of Lemma
4.5 (iii) (applied to {Vi"“}), we obtain

lim sup cEo- <WLM<2J - WLCIJ) <-D'<0, all M > M, (4.64)
e—0 e

Moreover, by the optional sampling theorem and Lemma 4.5 (i), (ii),

Eo- (W,

TE(A)/\LCIJ) < 07 (465)

and ¢
Eo- <W}€( = Wi T9A) > | 2J> <0. (4.66)

It follows from (4.64)-(4.66) and the definition of {WTJLW “} that

limsup eBo- <W}€( A)) < —D'~liminf Eo- <Wf‘f_2J - Wé\f& e T(A) < 9) (4.67)
Since ¢ < o, P{T*(A) < |(2/e]} = 2P 0 [Collamore (1998), Theorem 1; cf. (4.52) and the
proof of Lemma 4.4]. Also, the above deﬁmtlons imply that the last integrand in (4.67) is
bounded below by —2M [((2 — (1)/e + 1]. We conclude that the last term on the right of
(4.67) can actually be dropped.

Using (4.67) in place of (4.58) now gives strict inequality in (4.62), as desired. O

Proof of Proposition 3.5 (i) By definition,

Epr = U H(a,b), forall b>0.
a€LoAp

Hence {H(a,a — A)},cron, 18 an open cover for B o A(LqIp) N (cones (LoA%))".

The set B is compact, since Ip is positively homogeneous and strictly positive on the
compact set S471 N (cones (L'OA};))C [Collamore (1996b), Lemma 3.1]. Hence 9B has a finite
subcover. This subcover also covers (Ealp)c N (Con65 (EOA}B))C, and hence A.

(ii) This is established in the same way as the upper bound of Theorem 3.1, with «; in
place of 6. In the case where A is a finite union of convex sets, choose the «;’s to be the

elements obtained in Lemma 3.2 when A = A/, i = 1,...,k, and then proceed as in the
proof of the upper bound of Theorem 3.1. a
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