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HITTING PROBABILITIES AND LARGE DEVIATIONS'

BY JEFFREY . COLLAMORE

University of Wisconsin—Madison

Abstract

Let {Y, }nez, be asequence of random variables in R? and let A C R?. Then P{Y,, €
A for some n} is the hitting probability of the set A by the sequence {Y;,}. We consider
the asymptotic behavior, as m — oo, of P{Y,, € mA, some n} = P{hitting mA}
whenever (1) the probability law of Y, /n satisfies the large deviation principle and
(2) the central tendency of Y;,/n is directed away from the given set A. For a particular
function I, we show P{Y, € mA, some n} ~ e~ " (4),

1 Introduction

Let Y1, Y5, ... be a sequence of random variables on a probability space (2, §,P), and let A C
Q. Then P{Y,, € A for some n} is the hitting probability of the set A by the sequence {Y,,}.
Historically, the asymptotic properties of a sequence of hitting probabilities

P{Y, € A, some n}, P{Y,, € 2A, some n}, P{Y, € 34, some n},...

were first studied by Lundberg (1909). In an effort to analyze the capital fluctuations
incurred by an insurance company, he considered the following problem. Suppose that we
let Y; represent the capital available to an insurance company at time t. Then {Y;};>0
can be modelled as the sum of two processes: a compound Poisson process, resulting from
claims being paid by the insurance company which are i.i.d. and arrive at a Poisson rate,
and a deterministic linear drift, resulting from a constant inflow of premiums from the policy
holders. The second is assumed to grow faster than the first, implying E (Y;/t) = const. > 0.
In short, {Y;}+>0 C Ris a Lévy process having positive drift. Then P{Y; < —m, somet > 0}
is less than one for any positive m, and in the ruin problem one studies how P{Y; < —m,
some t > 0} varies with m. It is known that asymptotically

P{Y; < —m, some t >0} ~ Ce™®"  asm — oo

for certain constants C' and R. See Cramér (1954).
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Recently, there has been an interest in refining the above estimate. See, for example,
Lalley (1984), Martin-Lof (1986), and Nyrhinen (1994). However, the multidimensional
problem of first passage of general processes into general regions in the plane—a problem
of theoretical and of applied interest, for example, in risk theory, sequential analysis, and
queueing theory—has not been considered.

Here, we address this multidimensional problem for discrete time. Letting Y7, Ys,...
be a general sequence of random variables for which the probability law of Y, /n satisfies
the large deviation principle and letting A C R? be a general set which avoids the central
tendency of {Y,,}, we consider the asymptotic behavior of

1
— log P{Y,, € mA, some n > N}
m

as m — oo. Under some natural conditions on the set A and the sequence {Y,,}, we show
that there exists a rate function I such that the equation

lim — log P{Y, € mA, n > N} = — inf () (1.1)
m—oo M €A
holds for suitably large N, provided that the set A is convex and open, and under slightly
stronger conditions if A is a general open set. Thus—subject to appropriate restrictions on
the set A—we show that (1.1) is valid for any sequence Y7, Ys,... C R? which is either the
sums of an i.i.d. sequence of random variables or the additive functionals of a Markov chain
or a general sequence satisfying the conditions of the Géartner-Ellis theorem. [As discussed
below, N can be taken to be 1 in (1.1) under an additional regularity condition on {Y,}
satisfied, e.g., in the i.i.d. or Markov cases.]
A related work is Dembo, Karlin and Zeitouni (1994). Letting {Y;}+>¢ be a multidimen-
sional Lévy process and defining

T(mA) = inf{t:3s € [0,t) 3 Y; — Y, € mA},

they have derived, among other things, a law of large numbers for {T(mA)}mez - Their
results are not strictly comparable to ours. In the analog of their problem in our setting we
would have Y,, = X; + ...+ X,,, where {X,}icz, is an i.i.d. sequence of random variables.
Then, for example,

P{T(mA) < oo} > P{X; € mA for somei € Z, },

implying P{T(mA) < oo} = 1 for all fixed m, whenever the support of X; is R% In
contrast, we consider P{T'(mA) < oo}, where T(mA) = inf{n : Y;, € mA}, and show that
this quantity exhibits exponential decay in m, and that such decay occurs quite generally
whenever the sequence Y7,Ys,... satisfies the large deviation principle. [Some of their
results have also been derived in the context of finite state Markov chains. See Dembo and
Karlin (1991) and Karlin and Dembo (1992).]

In our problem it is possible to obtain, in addition, a qualitative description for the
manner in which the process {Y,,} first enters the set mA. Namely, we can find conditional
laws of large numbers describing the place and time of first passage, in the event that {Y,,}
enters the set mA in finite time. A discussion of these conditional laws is given at the end.



2 Statement of Results

Let Y1,Y5,... be a sequence of random variables taking values in R%. For each n, let u,
denote the probability law of Y, /n.
Our objective is to study the asymptotic behavior, as m — oo, of

Tn(mA) =inf{n > N :Y, € mA}

for open sets A, and particularly of P{Tx(mA) < oo}, that is, P{hitting mA after time N}.

We will characterize this behavior whenever {u,} satisfies the large deviation principle
[as defined in Dembo-Zeitouni (1993)] with a convex, lower semicontinuous rate function I,
and some regularity conditions hold for the set A and the sequence {Y,,}. To describe these
conditions let

1
A(a) = limsup —log Eexp{{a,Y,)}, Va € R,
n

n—oo

1
An(a) = sgg - log Eexp{(a, Y,,)}, Va € RY,
n>

Lof = {x:f(z)<al, for any f:R? = R;

ff@) = sup {{a,z) - f(a)} Vze R? (the convex conjugate of f),
acRd

coneS = {\z:A>0,z¢€ S} for each set S C R?,
ri.S = the interior of S relative to the subspace generated by .5,
® = cone (dom ),
and, if the level sets of I are compact,
Cs ={x: inf —y|| < d}.
s =1z of |z —yl| <6}

Let Cs be the slightly larger set {x : ||z — y|| < (1 + [|y[[)d, some y € Lol} if the level sets
of I are not compact. It is assumed Lol = {x : I(z) =0} # 0.
Hypotheses:

(H1) A(a) <ooforall e Lol*.
(H2) For some § > 0, AN cone Cs = 0.

Hypotheses (H1) and (H2) are natural and widely satisfied whenever {u, } satisfies the
large deviation principle and the central tendency of Y,,/n is directed away from the set A.
Consider, for example, the case when {X;} is an i.i.d. sequence of random variables and
Y, = X; + ... 4+ X,,. The fundamental large deviations result in this setting is Cramér’s
theorem, which states that if A is finite in a neighborhood of the origin, then {u,} satisfies
the large deviation principle with rate function I = A*. Then I* = A**. Since A is convex
and lower semicontinuous, it follows that I* = A. Hence A(a) = I*(«a) for all o and
therefore (H1) always holds. Also, in this situation

Lol ={z:I(x) =0} ={EX;}.



Thus (H2) holds if EX; # 0 and the set A stays away from a thin cone containing the
mean ray {\(EX7) : A > 0}; That is, if for some ¢ > 0,

AN {)\.%' A>0,z € BEX1,5} = @, (22)

where Bgx, s is a ¢-ball about EX;.

Similarly, if Y7,Y2,... is a Markov-additive chain as in Ney and Nummelin (1987a,b)
or a general sequence satisfying the conditions of the Gértner-Ellis theorem, then (H1)
always holds, for the same reasons as for i.i.d. sums, whereas (H2) holds under a condition
very similar to (2.1).

THEOREM 2.1. Suppose A is a convex open set intersecting ri® and (H1) and (H2) are
satisfied. Then for sufficiently large N,

o1 e
W}gnoo p” log P{Tn(mA) < oo} = —;relgl(x), (2.3)

where I(z) = SUDgeror+ <a, :c> is the support function of LoI*.

REMARK. By Rockafellar (1970), Theorem 13.5, I = cl J, where J () = inf,~o 7' I (1)
is the positively homogeneous function generated by I. Note that the domain of J is
© = cone (dom I). Hence, from the equation I = ¢l J we infer that the relative interior of
the domain of T is ri .

On the other hand, if A C R? is a general open set, then (2.2) need no longer govern the
asymptotic behavior of P{Tx(mA) < co}. Examples exist of sequences Y7, Ys, ... satisfying
the Géartner-Ellis theorem, where the hypotheses of Theorem 2.1 hold, yet the conclusion of
that theorem fails for certain sets A. In these situations the strongest upper bound which
can be established is

. 1 o
A}gnoo {llgjélopg log P{Tn(mA) < oo}} = —iggl(x).
In particular, we do not obtain (2.2) for any fixed value of N. See Collamore (1996).
Thus, if A is not convex we need a further hypothesis; namely, strengthen (H1) as
follows:

(H1) An(a) < oo forall a € LoI* and N > some Ny.

Now (H1") always holds whenever one of the following statements holds:

1. Y, is the n'* sum of an i.i.d. sequence of random variables satisfying the condition
given in Cramér’s theorem or the weaker condition given in Ney and Robinson (1995).
Then n~! logEexp{<a,Yn>} does not depend on n, consequently (H1') holds with
Ny =1.

2. Y1,Ys, ... is a Markov-additive process satisfying the uniform recurrence condition
(6.2) in Ney-Nummelin (1987a). Then (H1’) holds with Ny = 1.



3. Y1,Y5, ... is a general sequence satisfying the conditions of the Gartner-Ellis theorem
and (i) A(«) is finite in a neighborhood of each o € LyA; (ii) the level sets of A are
compact. (However, it can be shown that the latter condition is unnecessary when
cddAcCcint®.)

THEOREM 2.2. Suppose A C R% and (H1') and (H2) are satisfied. Then for any
N > N07

1 -
liminf — log P{Tn(mA) < oo} > — inf I(z) (2.4)
m—oo M z€int A
and
1 -
limsup — log P{Tn(mA) < oo} < — inlfA I(x), (2.5)
m—o0 TEC

where I(2) = supqe,+ (@, @) is the support function of Lol*.

3 Some Preliminary Results from Convex Analysis

Notation. For any G C R%, z € R%, and f : R? — R, let

Ng(x) = normal cone to G at =,
rcG = recession cone of G,
rec f = recession function of f,
rc f = recession cone of f,
Of(x) = set of subgradients of f at z.

[For definitions, see Rockafellar (1970).] Let I(x) = sup,c o1+ (@, ) be the support function
of E()I*

LEMMA 3.1. Under (H2), the function I is strictly positive on & = (cone Cs)® — {0}.

PROOF. Note I = cl J, where J(x) = inf;~o7 'I(7x) is the positively homogeneous
function generated by I [Rockafellar (1970), Theorem 13.5]. Hence I(z) = min{rec I(z),
J(z)} [Rockafellar (1970), Theorem 9.7]. That is, I(x) > 0 if and only if rec I(z) > 0 and
J(x) > 0.

Let x € £. Then we assert rec I(x) > 0 and J(z) > 0. To show rec I(z) > 0, observe
rc Lol C rc (cl cone EOI) C cl cone Lol C (cone Cs U {O}) = &°

Since rc I = rc¢ Lol [Rockafellar (1970), Theorem 8.7], this implies rc I C £°. From the
definition of rc I it follows that {z : rec I <0} C £°. Then = € £ = rec I(x) > 0.

Next, to show J(z) > 0, observe = ¢ cone Lol = 7~ 'I(7x) > 0 for any given 7 > 0.
Moreover 7~ 'I(7z) /4 0 as 7 — 0, because (H2) = I(0) # 0; and 7~ 'I(72) /4 0 as 7 — oo,



because either 77 11(7z) = oo, V7, or I(19z) < oo for some 75 and then lim, o, 77 1I(72) =
lim; oo 7 H{I((7 4+ 70)x) — I(70%)} = rec I(z) > 0 [Rockafellar (1970), Theorem 8.5]. O

LEMMA 3.2. Assume A C RY is a convex open set intersecting ri® and (H2) is satisfied.
Let a = infye 4 I(x). Then there exists g € LoI* such that the hyperplane

H={z: (a0, z) =a} (3.1)
separates A and L,I, with A C {x : (ap,z) > a} and Lol C{z: (ap,z) < a}.

PROOF. Since A and L,] are convex sets with no common points in their relative
interiors, there exists a separating hyperplane

H={z:{a,z) =t}, wherea € R? — {0} and t > 0. (3.2)

If t > 0, then because £, is a convex set containing {0}, we must have A C {z : (a,z) > t}
and L] C {z: <a, x> < t}. These inclusions also hold when t = 0, possibly after replacing
a with —a.

To complete the proof, we now identify the quantities o and ¢. Here we argue indirectly,
first establishing the existence of a minimizing element xg € cl A such that

I(xo) = leelgf(x) =a.

Then zg € Lo and x¢ € ¢l A = z9 € H. Next we show that for some ag € LoI* which is
just a constant multiple of a, we have

a= jz(xo) = Egpﬁ <d,x0> = <a0,x0>. (3.3)
« 0

Because a = Aag, some A > 0, it follows that

t
H = {:c : <a,x> :t} = {x : <a0,x> = X}’
and since xg € H, it follows from (3.3) that, in fact, tA\~! = a.

STEP 1. There exists zg € cl AN L.

Suppose, to the contrary, that a = inf,c 4 I(z) is not attained at any point of cI A. Then
there exists an unbounded sequence {z;};cz, C A — {0} such that lim; . I(z;) = a. Now
{z;} € A—{0} = {x;} C (cone Cs)¢ — {0}, by (H2). Hence {z;/||z;]|} C (cone Cs)° NS~
Since (cone C5)°N S9! is compact, it follows that a subsequence {xi, /|2 | }j€Z+ converges
to some element z € (cone Cs)¢ N S% 1. Moreover from the lower semicontinuity of I,
I(2) < liminf;_ f(xZ]/H:cZJH) = liminf; . ||xij||_1f(:cl-j) = 0. Hence I(z) = 0 for some
z € (cone Cs)¢ — {0}, a contradiction to Lemma 3.1.



STEP 2. dI(x0) # 0.

It suffices to show I'(xo;y) > 0 for some y € ri® — xo [Rockafellar (1970), Theorem
23.3]. This can be verified when xy € ri® by setting y = xo, and when zp € c1® —ri® by
setting y = z — xg, where z € AN ri®.

STEP 3. In (3.2), « = Aag, where A > 0 and g € Lol* satisfies f(xo) = <a0,x0>.

Note 29 € ¢l AN Lol = 29 € H. Hence <a,x — x0> < 0, Vo € Lo,I. That is,
a € Ny j(zo). Since dI(xo) # 0 (Step 2), it follows that a € ¢l K, where K is the cone
generated by 0I(zg) [Rockafellar (1970), Theorem 23.7]. Now

ol K = K Urcdl(xg) = KUN,, 7(z0)

[Rockafellar (1970), Theorem 9.6 and the proof of Theorem 25.6]. Hence a € cl K =
either o« € K or a € Ny (o).

om [ N
However, a ¢ N, i(zo). Otherwise we would have <a,x — x0> < 0, Vx € dom I,

implying <a,x> < 0, Vo € dom I, because dom I is a cone. Since A C {z : <a,x> > t},
where t > 0, it would follow that ANri(dom I) = . Then ri(dom I) =ri®= ANriD= (),
contrary to hypothesis.

We conclude a € K. Therefore, a = Aag for some A > 0 and some o € I (o). Then, us-
ing the definition of I, we have ag € d6* (| Lol*), where 6(-|LoI*) is the indicator function
on LoI*. By Rockafellar (1970), Theorem 23.5, it follows that <d, m0> —d(a|Lol*) achieves
its maximum in & when & = ag, and therefore Iz(xo) = SUPgerol* <d, x0> = <a0, x0>. O

4 Proofs of Theorems 2.1 and 2.2

For a € R? and a € R, let
H(a,a) = the open halfspace {:c : <a,x> > a} .

The following lemma describes the first passage times of a sequence Y7, Yo, ... into halfspaces
H(a,a), where a € LoI*.

LEMMA 4.1. Let a € LoI* and suppose An(a) < oco. Then
. 1
limsup — log P {Ty (mH(a,a)) < km} < —a (4.1)
m—0o0

holds for any integer k.

PROOF. Let r < 1, and define a sequence of measures {fi, } by
fn(F) = / exp{n(ra, z)}dun(z), for all measurable sets F.
F
From this definition it follows that

P{Y, e mH(a,a)} = /(/)H( )exp{—n<7“a,z>}d/1n(z)

= exp{—m(ra,)}/ exp{mr(a — (o, (n/m)z)) }dfin(2).

(m/n)H(e,a)

7



Since H(a,a) = {z : (o, ) > a}, the integrand in this last expression is never greater than
one. As a consequence, we obtain

P{Y, € mH(a,a)} < exp{—m(ra)}ji,(R?).
Then
P{Ty(mH(a,a)) < km} < exp{—m(ra){iin (R?) + - + ik (RT)}

and, therefore,
, 1 1.
limsup — log P{Tn(mH(a,a)) < km} < —ra+limsup max < —logji,(RY) . (4.2)
m—00 m—oo N<n<km | m

To deal with the last term on the right, apply Theorem 2.2 of Varadhan (1984). [This
holds even if the level sets of I are not compact. The fact that the given function is not
bounded is handled by a simple truncation, as in Theorem 4.3.1 of Dembo and Zeitouni
(1993).] Since Ay (a) < oo, Varadhan’s theorem yields

1
limsup — log fi,(RY) = limsup — log/ exp{n(ra, z) }dun(z)

n—oo TN n—oo N

< s;llgi{<ra,z> —I(2)} = I"(re) <0,

since 0 € LoI* and « € LoI* = ra € LoI*, and it follows that

1 k
lim s a —log fi, (R4 S < lims a 10 RHY v o <o. 43

It remains to prove a similar inequality for

1 log fin, (RY) p .
o {5 o (2

To this end, observe that for n > N,
1
—log jin(RY) < An(ra) < rAn(a) < cc.
n

Hence

limsup max { log un(]Rd)} < lim sup () VO} =0. (4.4)

rA
m—oo N<n<y/m m—oo \/7{ N
Upon substituting (4.3) and (4.4) into (4.2) we obtain

lim sup 1 log P {Tn (mH(a,a)) < km} < —ra,

m—00

and the lemma follows by letting r 1. O

PrOOF OF THEOREM 2.1. Upper Bound. Let a = infcy f(x)
By Lemma 3.2, there exists ag € LoI* such that

A C H(ag,a {x <a0, > > a}. (4.5)



Because oy € LoI*, hypothesis (H1) implies that A(ag) < oco. That is, Ay (ag) < oo
for suitably large N. Consequently, the hypotheses of Lemma 4.1 are satisfied for some
constant N. Hence, by Lemma 4.1 and (4.5) we obtain

1
limsup — log P{Tn(mA) < km} < —a, (4.6)
m

m—00

for any integer k.
To complete the proof of the upper bound, we need to show that for some k,

1
lim sup - logP{km < Tny(mA) < oo} < —a. (4.7)

m—00

Here we observe that by (H2): (m/n)A C (m/n)(cone Cs)¢ = (cone Cs)¢. Hence

P{km < Ty(mA) < oo} < Y P{Y,emA}< > P {% € (cone 05)6}. (4.8)

n>km n>km

By the large deviation principle, the central tendency of Y;,/n is near the set LyI, and since
Lol and (cone Cs)¢ are disjoint, the central tendency is therefore directed away from the set
(cone Cs)¢. For this reason, the terms in the above sum are becoming increasingly small.
More precisely, by the large deviation upper bound,

1 Y,
lim sup — log P {—n € (cone C(;)C} <— inf I(z).
n

n—oo N x€(cone Cg )¢

Also, inf,e(cone c)e 1(7) > 0. [Since I1(0) # 0, by (H2), we would otherwise have J(x) =
inf,~o7 ' (72) equal to zero at some point of (cone Cs)¢ N S9~!; and since I =cl J, this
would contradict Lemma 3.1]. Therefore, for some integer k,
1 Y, 2
limsup — log P {—n € (cone Cg)c} <-4
n—00 n k

That is, for sufficiently large ng, P {Y,/n € (cone C5)°} < e "%k Yn > ng. Substituting
this last inequality into (4.8) when m > ng/k, we obtain

P{km < Ty(mA) < oo} < Z ek < const. - 7™,
n>km

establishing (4.7) and hence the required upper bound. O

Lower Bound. Let 7 > 0 and x € A, and for each integer m, let n(m) = |m/7|.
Since A is an open set, there exists an € > 0 such that B, 2. C A; and for sufficiently

large m,

Yom) = m Yo(m)
P{Tn(mA) < oo} > P{Y,,) € mA} > P € —)B1-726 >P €TBye .

n(m) ~ n(m n(m)

Hence, by the large deviation lower bound

1 1 Y,
liminf —log P{Tn(mA) < oo} > lim (m) liminf — log P {—n € TBJ;,E}
m—oo Mm m n n

m—0o0 n—oo

> —r 1 inf I(z) > —77'I(r2).
ZE’TBac,e



Taking the supremum over all 7 > 0 and x € ANri®, we obtain

lim infi logP{Tny(mA) < oo} > — inf {inf 7'1](7'3:)} (4.9)

m—oco M zeANri® | 7>0

= — inf I(z) [Rockafellar (1970), Theorem 13.5],
TEANTI D

for any integer N.

Now suppose & € AN 99, where 09 = cl ® — ri ® is the relative boundary of the
domain of I. On the one hand, since # is an element of the open set A, B; . C A for
some ¢ > 0. On the other hand, since z € 09, the set B; . intersects ri ®. That is,
BicNri® # (. Let £ be a line segment which joins & to some y € Bz ¢ Nri®. Then
£—& C B; ¢Nri® [Rockafellar (1970), Theorem 6.1}, implying £—& C ANri®. Consequently:
infye Anri dom 1 (x) <infiece_3 I () < I (Z), where the last step follows from the convexity of
I. As this inequality holds for each & € ANAD, we conclude infye ani o I () =infreq I (z),
and this, together with (4.9), establishes the lower bound and hence the theorem. O

PROOF OF THEOREM 2.2. The proofs of the lower bound and (4.7) of the upper bound
of Theorem 2.1 apply equally well here. Thus we have only to establish a corresponding
result to (4.6), namely, for all N > Ny,

1 -
limsup —log P{Tn(mA) < km} < — inf I(z) (4.10)
m

m— oo zecl A

holds for any integer k.

CASE 1: A is bounded.

Let a < infyeq 4 I(z). Then for 2 € cl A we have SUPgeryre (0 2) = I(z) > a. For each
such z, we can therefore choose o, € LoI* such that <az, :c> > a, giving

x € Hlog,a) ={z:{az,2z)>a}.

Note z € H(og,a) = {H(ax,a)}zedA
compact, there exists a finite subcover: H(oy,,a), ..., H(ay,,a). Then

is an open cover for cl A, and since cl A is

1
lim sup . log P{Tn(mA) < km}

m—00

< max {limsup % log P{Ty (mH(az,,a)) < km}} . (4.11)

1<i<l | m—oo

Consider

lim sup % log P {Tn (mH(0g,,a)) < km}

m—0o0

for any given i. Since a,, € LoI*, hypothesis (H1') implies that Ay(ay,) < oo for all
N > Ny. Hence, from Lemma 4.1 we obtain

1
lim sup — log P {TN(m’H(ami,a)) < km} < —a, forall N > Nj. (4.12)
m

m—00

10



Substituting (4.12) into (4.11) yields

lim sup — log P{Tn(mA) < km} < —a, for all N > Ny.

m—00

Then (4.10) is established by letting a /" inf e a4 jz(x)

CASE 2: A is unbounded.

Let K < o0 and a = infxeclA f(:c) A K. We need to show that independent of K,

lim sup — 10g P{Tn(mA) < km} < —a, forall N > Njy. (4.13)

m—0o0

If R > 0, then the event {T(mA) < km} is the union of the events {Ty (m(By rNA)) <
km} and {Tn (m(B&R N A)) < km}. Hence,

lim sup — 10g P{Tn(mA) < km}
is the larger of
1
limsup — log P{T (m(Bo,r N A)) < km}
m—oo MM

and

hmsup — log P{Tn (m(B§ p N A)) < km}.
m

m—0o0

Since Bg}R N A is bounded,

lim sup log P{Tn(m(BorNA)) < km} < — inf I(x) < —a, forall N> Ny,
M—00 $€C1(B07ROA)

for any positive value of R. Thus, to establish (4.13) it suffices to show that, for some
R >0,

lim sup — log P{Tn(m(B§rNA)) <km} < —a, foral N> Np. (4.14)

m—00

We now demonstrate that (4.14) holds for sufficiently large R. First, observe that the
set Lol N (cone Cs)¢ is compact. [Since I is positively homogeneous, it would otherwise
approach zero at some point of (cone Cs)¢ N 8% 1. Using the lower semicontinuity of I,
this would give a contradiction to Lemma 3.1.] Thus, there exists a large ball By r which
contains L,I N (cone Cs)°. Then

Byr C (LoI)¢ U cone Cs,
implying
Bg g N (cone C5)“ C (LoD)°.

Next, observe that from the very definitions of H(-,a) and I we have

U H(a,a).

acLol*
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From the last two equations it follows that
BG g N (cone C5)¢ C U H(w, a).
aeLol*

Therefore {H(a,a) }aeLoI*
cover for the smaller set 0Bf p N (cone Cs)¢, where dB§ p is the boundary of Bf p. As

is an open cover for Bf p N (cone Cs)¢, hence also an open

0BG p N (cone Cs)¢ is compact, there exists a finite subcollection {H(al,a), . ,H(al,a)}
which covers 0B p N (cone Cs)° and from the definition of H(-,a) it is evident that this
collection {H(al,a),... ,H(al,a)} covers the larger set Bj p N (cone Cs)¢. Therefore, in
view of (H2) we obtain
l
JH(ai,a) D B§ rn (cone Cs)* D Bfpn A.
i=1

It follows that

1
lim sup P log P{Tn (m(B§ r N A)) < km}

m—00

T 1<Kl | mooo

< max {lim sup % log P{Ty (mH(as,a)) < km}} . (4.15)

To determine the quantity on the right of (4.15), apply Lemma 4.1. Since o; € LoI*,
from (H1") we have Ay (a;) < oo for all N > Ny. Hence, by Lemma 4.1,

1
limsup — log P{T (mH(c,a)) < km} < —a, for all N > Nj. (4.16)

Finally, substituting (4.16) into (4.15) yields (4.14), as required. O

5 Some Further Results

Under additional conditions [sufficient conditions are (i) A C int ® is open, (ii) [ = A*,
where A is differentiable on £oI*, and (iii) I attains its infimum over cl A at a unique point

xo)], then
Y7y (m
P {‘ ZIntmA) _ ol > e|Tn(mA) < oo} < e K for large m (5.1)
and
T A
P {'M - p‘ > e|Ty(mA) < oo} < e ™K for large m, (5.2)
m

where p is a positive constant. Roughly speaking, (5.1) asserts that the place of first passage
of {Y,,}n>n into mA is near a point mxg, while (5.2) asserts the time of first passage is
near mp. In particular, the time of first passage grows roughly linearly in m. For details,
see Collamore (1996).

Acknowledgment. The author is grateful to Professor P. Ney for his invaluable
assistance, to Professor S. Robinson for helpful discussions on convex analysis and to the
referee for a careful reading of the original manuscript.

12



REFERENCES

COLLAMORE, J. (1996). Large Deviations Techniques for the Study of Hitting Probabilities
into Rare Sets. Ph.D. dissertation, University of Wisconsin—-Madison.

CRAMER, H. (1954). On some questions connected with mathematical risk. Univ. Cali-
fornia Publ. Stat. 2(5) 99-123.

DEMBO, A., KARLIN, S., AND ZEITOUNI, O. (1994). Large exceedances for multidimen-
sional Lévy processes. Ann. Appl. Probab. 4 432-447.

DEMBO, A. AND KARLIN, S. (1991). Strong limit theorems of empirical distributions for
large segmental exceedances of partial sums of markov variables. Ann. Probab. 19
1755-1767.

DEMBO, A. AND ZEITOUNI, O. (1993). Large Deviations and Applications. Jones and
Bartlett, Boston.

KARLIN, S. AND DEMBO, A. (1992). Limit distributions of maximal segmental score
among Markov-dependent partial sums. Adv. in Appl. Probab. 24 113-140.

LALLEY, S. (1984). Limit theorems for first-passage times in linear and non-linear renewal
theory. Adv. in Appl. Probab. 16 766-803.

LUNDBERG, F. (1909). Zur Theorie der Riickversicherung, Verhandl. Kongr. Ver-
sicherungsmath. Wien.

MARTIN-LOF, A. (1986). Entropy, a useful concept in risk theory. Scand. Actuar. J.
223-235.

NEyY, P. AND NUMMELIN, E. (1987). Markov additive processes I. Eigenvalue properties
and limit theorems. Ann. Probab. 15 561-592.

NEy, P. AND NUMMELIN, E. (1987). Markov additive processes II. Large deviations.
Ann. Probab. 15 593-609.

NEY, P. AND ROBINSON, S. (1995). Polyhedral approximation of convex sets with an
application to large deviation probability theory. Journal of Convex Analysis 2 229-
240.

NYRHINEN, H. (1994). Rough limit results for level crossing probabilities. J. Appl.
Probab. 31 373-382.

ROCKAFELLAR, R. T. (1970). Convex Analysis. Princeton Univ. Press, Princeton.
VARADHAN, S. R. S. (1984). Large Deviations and Applications. SIAM, Philadelphia.
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF WISCONSIN-MADISON

480 LINCOLN DRIVE
MADISON, WI 53706

13



