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English Abstra
tThe present master's thesis 
ir
les around the 
a
ti operad, originally introdu
edby Voronov.A new 
onstru
tion presented is an expli
it 'gravity' map from the spa
e of framedlittle disks, to the spa
e of 
a
ti. Based on this map it is shown how to obtainan expli
it lo
ally equivalent 'gravity' morphism from Boardmann-Vogts 
o�brantrepla
ement of the framed little disk operad to the 
a
ti operad.The basi
 theory of operads is introdu
ed as well. Furthermore, we pursue anargument for how a Chas-Sullivan loop-produ
t on the shifted homology of a freeloop spa
e on a smooth orientable manifold arises as an a
tion of the homologyover the 
a
ti operad. Dansk resuméDette spe
iale drejer sig om kakti operaden, introdu
eret af Voronov.En ny konstruktion der gives er en expli
it 'gravitations'-afbildning fra rummetaf indrammede små diske til rummet af kakti. Baseret på denne afbildning kon-strueres en expli
it mor� af operader fra Boardmann-Vogts ko�brerende resolutionfor operaden af indrammede små diske, til kakti operaden. Det vises ekspli
it atdette er en svag ækvivalens af operader.Vi introdu
erer den grundlæggende teori om operader. Ydermere forfølges et argu-ment for hvordan Chas-Sullivan løkke-produktet på den forskubbede homologi afet frit løkkerum over en glat orienterbar mangfoldighed, kan ses som en virkningaf homologien over kakti operaden.
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1 Introdu
tion1.1 String TopologyString topology was boosted forth in the arti
le [CS99℄. Basi
ally, Chas and Sullivanshow that for the free loop spa
e LM :� MappS1,Mq � where M is an oriented smooth
d-manifold � the shifted homology H�pLMq :� H��dpLMq has the stru
ture of a so-
alled Batalin-Vilkovisky algebra. This stru
ture on H�pLMq is 
ommonly referred to asthe Chas-Sullivan loop produ
t.The 
on
eption of the Chas-Sullivan loop produ
t has produ
ed a lot of a
tivity inthe mathemati
al 
ommunity, and indeed the result is striking in many ways.First of all, free loop spa
es are relatively weird topologi
al spa
es. Computations ofinvariants of them is an a
tive area of resear
h, and having a general stru
ture theoremon the homology of a wide 
lass of free loop spa
es is indeed very important in theunderstanding of free loop spa
es.Widening the perspe
tive, physi
ist are interested in free loop spa
es, sin
e they re-semble a (toy-)model of what goes on in the �eld of string theory, where the world �instead of being modelled as having parti
les as basi
 building blo
ks � is modelled byits basi
 building blo
ks made out of strings (open or 
losed). Indeed, LM is the spa
e ofall 
losed strings in the manifoldM . And having the stru
ture of an algebra on H�pLMqgives some idea of how two strings intera
t with ea
h other.Note however that indeed H�pLMq has non-zero elements living in negative degrees(for instan
e in degree �d), whi
h tells us that the Chas-Sullivan loop produ
t 
annotbe indu
ed from a spa
e-level 
omposition of loops.Furthermore, one 
an show (see 2.58) that indeed the standard 
omposition of basedloops in based � twi
e iterated � loop spa
es, Ω2X, indu
es the stru
ture of a Batalin-Vilkovisky algebra on H�pΩ2Xq. Indeed, this tells us that from the homologi
al point ofview � up to a shift in degree � twi
e iterated based loop spa
es and free loop spa
es
arries the same type of stru
ture.This thesis 
enters around the Chas-Sullivan loop produ
t. However we follow anapproa
h at a slightly higher level of abstra
tion than was done in [CS99℄; we shallnamely give an approa
h to the Chas-Sullivan loop produ
t via operads and their a
tions.1.2 OperadsOperads are all about 
ontrol. Equivalating path homotopies in the based loop spa
e ΩX,we get something sensible: the group π1pXq. In this sense, ΩX 
ontains all the algebrai
information of π1pXq � we 
an 
ompose loops in ΩX, but instead of a single 
hoi
e of
omposite, we obtain a 
ontinuum of di�erent parametrizations of the 
omposed loop.The algebrai
 stru
ture on ΩX therefore appears as a bit to mu
h of the same thing:Choi
es of di�erent reparametrizations indeed yield di�erent 'multipli
ations' in ΩX,but whatever homotopy invariant we apply, the result remains 
onstant.Operads provide 
ontrol over the situation: All multipli
ations on ΩX arise from ana
tion of a single operad (in this 
ase, the little intervals operad).4



From an algebrai
 point of view, a
tion of operads provide 
ontrol over operations onalgebrai
 gadgets we meet in our day-to-day lives: Produ
ts, Lie-algebras, et
. We shallsee how an a
tion of a single operad 
lassify wide 
lasses of algebrai
 stru
ture, su
h asfor instan
e asso
iative produ
ts. The point being that given some � potentially weird �operation, we 
an (in many 
ases) easily �nd an operad whose a
tion does the tri
k and
lassi�es the stru
ture.As indi
ated, operads is a terminology that makes sense in a wide range of 
ategories.It is quite easy to � via so-
alled monoidal fun
tors � transfer operads and their a
tionsfrom one 
ategory to another � our prime example of a monoidal fun
tor is H�p�q.Naturally � as an algebrai
 topologist � I �nd the real beauty of operads in the stronginterplay one gets between topology and algebra. A main point of the present thesis willbe that �nding some non-trivial operadi
 a
tion on a spa
e (or a near-spa
e) level, willindu
e a ri
h algebrai
 stru
ture on the level of homology.A quite re
ent example of su
h an a
tion of an operad is the 
a
ti operad, initiallyintrodu
ed in [Vor05℄ as an alternative method for obtaining the Chas-Sullivan loopprodu
t. The true 
ore of the work we present is an attempt of understanding the 
a
ti-operad.The 'jewel' of this thesis is 3.44, that states that the 
a
ti operad is weakly equivalentto the framed little disk operad. As we shall see, this implies that an a
tion on a gradedmodule M of the homology of the 
a
tus operad is pre
isely the same as giving M thestru
ture of a Batalin-Vilkovisky algebra.3.44 is a well-known result, due to Voronov � and it is usually prooved via a ratherabstra
t-nonsense argument 
alled the Fiedorowi
h re
ognition prin
iple. We shall ex-plain more about it in 3.29, however we do deviate qui
kly from this path. Instead, wegive an attempt at devising a more 
on
rete � and admittedly � more intri
ate approa
h� via what seems reasonable to 
all gravity morphism. The motivation of the approa
his that the Fiedorowi
h re
ognition breaks down in higher dimensional generalizations,so indeed one should look for alternatives to the Fiedorowi
h re
ognition prin
iple.In the string topology 
ommunity, this is an a
tive part of the ongoing resear
h.Di�erent attempts �ourish; the one that resembles the approa
h given here most isone of Salvatores, who likewise 
laims to have 
onstru
ted 
on
rete maps (that di�ersfrom ours though). To my knowledge, no one has generalized the lo
al equivalen
e tohigher dimensions. Neither have I, yet � at least � there is hope that the 
onstru
tiongeneralizes, although the details are not fully worked out.As noted in [CV06, p.75-78℄, higher dimensional analogues are indeed desired, asthey would provide higher-dimensional analougues of the Chas-Sullivan loop produ
t on
MappSn,Mq.1.3 The stru
ture of the thesisThe thesis is divided into three 
hapters.In the �rst we start out by introdu
ing the basi
 language needed of operads. We thenturn to give the 
ore examples of operads, that 
on
ern string topologists, su
h as little
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disk operads and Batalin-Vilkovisky operads. We �nish the 
hapter o� by giving the 
o�-brant repla
ement of a topologi
al operad, known as Boardmann-Vogts W -resolution.The point will be that it is easier to map out of the W -resolution, in a stru
ture-preserving way, as it � in analogy � is easier to map out of a mapping 
ylinder.In the se
ond 
hapter, we introdu
e the 
a
ti operad as a topologi
al operad. Wethen progress on to the 
onstru
tion of a gravity morphism from the W -resolution ofthe framed little disk operad to the 
a
ti operad, whi
h indeed turns out to be a lo
alequivalen
e of operads.Finally in 
hapter three, we go through the argument presented in [CJ02℄ on how � viaa Thom 
ollapse argument � the homology of the 
a
ti operad has an a
tion on H�pLMq,giving the Chas-Sullivan loop produ
t. In doing this, a problem � 
on
erning existen
eof tubular neighborhoods � that I weren't able to solve, arose. Therefore the pi
ture ofthe a
tion isn't quite 
omplete in the presentation. We present the en
ountered problemand give a possible strategy � posed by Veronique Godin � that might solve the problem.As for the notation, we have a 
aveat: We try to keep things 
lean, and shall thereforenot write 
oe�
ients in H�p�q. Similarly, we write for instan
e tensors as �b� withoutexpli
it mentioning of any rings. We allow ourselves to do this, as we are not performingany 
hange of 
oe�
ients/rings arguments.From time to time, we shall however restri
t the 
hoi
e of 
oe�
ients/rings. We shallsay when we do so. If in doubt, it should be safe to assume that we are working over aprin
ipal ideal domain.1.4 Appre
iationThe present text marks the a
hievement of a goal I set out as a teenager, namely to getsome idea of what goes on at the frontier of mathemati
s.I have however not arrived all alone. Indeed, during the last years � topology hasstarted to bloom at Copenhagen; it is inspiring � and fun � to have 'been at the rightpla
e at the right time'. Therefore it seems suitable to thank the topology group forputting su
h great e�ort into building a new 
enter of resear
h in Copenhagen, at leastI 
an feel a di�eren
e!In parti
ular, I feel that Craig Westerland and my advisor Nathalie Wahl deservesextra 
redit. Truly they have spent numerous hours of dis
ussing ideas present in thisthesis with me; even believing in me, whenever there was the slightest 
han
e that Imight not be wrong. I have learned a lot, and even had a pleasant time doing so.During interrogation, it is a 
lassi
al method of poli
e departments to use a good
op and bad 
op. In analogy, it would probably not have been possible to undergo thehermeneuti
al pro
ess of 
rystallizing the ideas, had I not had support from Nathalie �for
ing me to talk in a proper mathemati
al language � and Craig � telling me that themath all seemed 
ool.Finally, I thank the beauty for surrounding me.Tarje Bargheer, Copenhagen, Feb. '08
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2 Operads2.1 The Language needed to de�ne OperadsBefore we 
an a
tually de�ne what we mean by an operad, we will need some framework.First, we introdu
e the type of 
ategories we will be working with:De�nition 2.1 By a monoidal 
ategory, we will understand a pair pC,bq, where C isa 
ategory, and � b � : C � C Ñ C is a bi-endo-fun
tor, 
alled the tensor produ
t. Werequire that the following 
onditions should be satis�ed:1. There should exist a natural asso
iativity isomorphism
α : p�b �qb� � �b p�b �qon C, with no further "twists" in applying α to more parentheses, i.e., the followingdiagram is 
ommutative: p�b �qb p�b �q

αiiiiiiii

ttiiiiiiii�b p�b p�b�qq pp�b �qb�qb �
αb1
��

αUUUUUUUU

jjUUUUUUUU

�b pp�b �qb�q1bα

OO p�b p�b �qqb �αoo2. A spe
i�ed identity obje
t e in C, along with two natural identity isomorphisms
λ : e b � � � and ρ : � be � �, that �t together with the asso
iativity isomor-phism, i.e. we require the following diagram to 
ommute:p�b eqb � α //

ρb1OOO
O

''OO
OOO

�b peb �q1bλ
pp

pp

wwppp
pp�b�De�nition 2.2 We say that a fun
tor F : pA,bq Ñ pB,dq between monoidal 
ategoriesis a monoidal fun
tor if there is a natural transformation

Θ: F p�q d F p�q Ñ F p�b �qtaking identity obje
t to identity obje
t, and 
ommutes with appli
ation of α, ρ and λ.Example 2.3 for 
ategories having all �nite (in
luding empty) produ
ts ���, we geta monoidal stru
ture by setting b � �.
7



By the universal property of the produ
t, we get the following diagram:�� p� ��q
''OOOOOOOOOOO

xxrrrrrrrrrrr D!
��

p�q p� � �qp� � �q � � 77ooooooooooo

ffLLLLLLLLLLL

D! HH
As the two middle arrows are unique, 
omposing them must yield the identity, we there-fore de�ne the upward arrow as our desired α.Again universality gives the diagrampp� � �q � �q � �

))SSSSSSSSSSSSSS

wwnnnnnnnnnnnnn D!
��p�q � � pp� � �q � �q //oo p� � �q � �The middle morphism being unique for
es that after 
omposing with 1�α, the two waysof travelling the diagram in 2.1(1.) are the same.The empty produ
t gives us by de�nition of produ
ts a terminal obje
t e; we obtain

ρ through the diagram, again from universality (and existen
e of morphisms into e),making ρ unique. p�q1xx
xx

||xxx
x

!!C
CC

CC
CC

CC

ρ�1

��p�q � � e //ρoo eThe morphism λ is obtained similarly, namely by �ipping the above diagram along themiddle arrow. Uniqueness of α, λ and ρ yields 
ommutativity of the diagram in 2.1(2.)The example above veri�es that espe
ially topologi
al spa
es, with 
artesian produ
tas tensor produ
t is a monoidal 
ategory.However, the point of generalizing to monoidal 
ategories, is that it en
apsulate morethan just 
ategories with �nite produ
ts. For instan
e in the 
ategory Mod of R-modules,we have the tensor produ
t � b �, whi
h � as a basi
 fa
t of homologi
al algebra � isa monoidal 
ategory, with b � b. This also applies to the 
ategory of pdgMod,bq ofdi�erential-graded modules.We shall use many di�erent monoidal 
ategories, throughout the thesis. Note that inall the mentioned examples, we a
tually have a natural isomorphism A b B � B b A,that �ts with the following de�nition:De�nition 2.4 A monoidal 
ategory pC,b, α, eq is said to be symmetri
, if there is anatural isomorphism γ : Ab B Ñ B b A, playing along with the monoidal stru
ture of
C; meaning that given obje
ts A,B,C of C, we have:8



1. AbB
γ // 1 55B b A

γ //Ab B is 
ommutative.2. eb A
γ //

ρ
FF

FF

""F
FF

F

Ab e

λ
xx

xx

||xx
xx

A

is a 
ommutative diagram
3. pB b Aqb C α

// B b pAb Cq 1bγ
QQQQQ

((QQQQQpAbBqb C

γb1mmmmm

66mmmmm

α
QQQQQQ

((QQQQQQ

B b pC b Aq
Ab pB b Cq γ // pB b Cqb A

α
66mmmmmmmmmmmmand

Ab pC b Bq
α�1

// pAb CqbB

γb1QQQQQ

((QQQQQ

Ab pB b Cq 1bγmmmmm

66mmmmm

α�1

QQQQQ

((QQQQQ

pC b Aqb BpAb Bqb Cq γ // pB b Cqb A

α�1

66mmmmmmmmmmmmare 
ommutative diagrams.Remark 2.5 As shown in [ML98℄, one 
an prove "abstra
t nonsense" 
oheren
e state-ments, saying that for symmetri
 monoidal 
ategories, diagrams built out of the mor-phisms α, γ, λ and ρ all 
ommute. First of all, this will allow us to omit parentheses.Furthermore, we get via γ a method for shu�ing entries in a monoidal produ
t.Any permutation of the entries in a (large) monoidal produ
t will therefore yield anisomorphism. We shall allow ourselves � from time to time � to be sloppy and instead ofspe
ifying expli
itly how γ permutes large monoidal produ
t, instead simply write theisomorphism as
shuffleσ : A1 b � � �b An Ñ Aσp1q b � � �b Aσpnqwhere σ is an element in the symmetri
 group on k letters, Σk.From time to time, we will allow ourselves to omit � in notation � what parti
ularpermutation we are using, and simply write shuffleRemark 2.6 For the 
ategory pdgMod,bq � whi
h is important to us as H�p�q lives inthis 
ategory � the natural isomorphism γ is � by ne
essity of the di�erential � given asign:

γpab bq � p�1q|a||b|bb a,9



where | � | denotes the degree of a homogenous element. This will imply that for these
ategories, the shuffle isomorphism involves a sign.For other important 
ategories, su
h as Top, Set or Mod, whi
h we shall also 
onsider,
γ is simply given without any signs as

γpab bq � bb a,so in these 
ategories, the shuffle-isomorphism will 
ause us less 
on
ern.De�nition 2.7 We say that a symmetri
 monoidal 
ategory is 
losed if there is a naturaladjun
tion-isomorphism
HompA,HompB,Cqq � HompAbB,CqIt is a fa
t that the symmetri
al monoidal 
ategories, we mainly are interested in, su
has pTop,�q and pdgMod,bq, are 
losed.A last notion we shall need, before turning to de�ning operads, 
on
erns symmetri
groups:De�nition 2.8 Fix k numbers n1, . . . , nk P N.We 
an embed σ1 ` � � � ` σk :

Àk
i�1 Σni

Ñ Σn1�����nk
by mapping σ1, . . . , σk to����� n1�blo
khkkkikkkj

1 � � � n1

ni�blo
khkkikkj� � � nk�blo
khkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkjpk�1̧

i�1

niq � 1 � � � pk�1̧

i�1

niq � nk

σ1p1q � � � σ1pn1q � � � p°k�1

i�1 niq � σkp1q � � � p°k�1

i�1 niq � σkpnkq
�ÆÆÆ
I.e. we divide the number 1, . . . , n1 � � � � � nk into k blo
ks, 
alled n1-,. . . ,nk�blo
k �the i'th of length ni. Ea
h σi permutes the elements in the ni-blo
k.Assume furthermore that we are given γ P Σk. Given γ, σ1, . . . , σk, we de�ne theblo
k-permutation γ.pσ1 ` � � � ` σkq via the diagram

Σn1
` � � � ` Σnk

pσ1,...,σkqÞÑpσγp1q,...,σγpkqq
//

γ.pσ1`���`σkqR
R

R
R

R
R

R
R

))R
R

R
R

R
R

R
R

Σnγp1q ` � � � ` Σnγpkq� _

��
Σn1�����nk

σ ÞÑγn1,...,nk
σ

��
Σn1�����nkWhere γn1,...,nk

is the permutation������������
n1�blo
khkkkikkkj
1 � � � n1

ni�blo
khkkikkj� � � nk�blo
khkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkj�
k�1̧

i�1

ni

�� 1 � � � �k�1̧

i�1

ni

�� nk��γ�1p1q�1

i̧�1

ni

�
� 1 � � � ��γ�1p1q
i̧�1

ni

�
loooooooooooooooooooomoooooooooooooooooooon
n

γ�1p1q�blo
k � � �loomoon
n

γ�1piq�blo
k ��γ�1pkq�1

i̧�1

ni

�
� 1 � � � ��γ�1pkq
i̧�1

ni

�
loooooooooooooooooooomoooooooooooooooooooon
n

γ�1pkq�blo
k
�ÆÆÆÆÆÆÆÆÆÆ
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In this sense, γ.pσ1` � � �`σkq permutes �rst among the σi-blo
ks, and then permutesvia γ the individual blo
ks themselves.An image of γ.pσ1 ` � � � ` σkq we would like to promote for the sake of the de�nitionof an operad, is the following
k

nk

· · ·· · ·· · ·

n1 n2

· · ·

Figure 1: Image of an operadWhere we have ni 'leafs' sti
king out of the boxes labelled ni, and k k-'leafs' sti
kingout of the box labelled k. The dotted box therefore has n1� � � ��nk 'leafs' sti
king out.We 
an obtain γ.pσ1 ` � � � ` σkq as the permutation of all the leafs of the surroundingdotted box, obtained by �rst permuting among the leafs of the ni-boxes by σi for all
i, and then permute the leafs of the box labelled k via γ, and hen
e permuting the
orresponding ni-boxes that the k-leafs are atta
hed to.2.2 Operads: The de�nitionWe de�ne the notion of an operad, and give basi
 properties, that will be essential inworking with operads.Con
eptually �gure 1 shows what essentially goes on in an operad � putting thingson top of other things � and we shall motivate the de�nition of operads via the pi
ture.De�nition 2.9 Let pC,bq be a symmetri
 monoidal 
ategory. By an operad, O , weshall mean a sequen
e tO pkqukPN of obje
ts in C, su
h that there is a unit morphism
ε : e Ñ O p1q, and for ea
h n an a
tion of Σn on O pnq, and is equipped with a k-aryoperation � or operadi
 
omposition (we shall throughout use both notions as we like):

ω : O pkqb O pn1qb � � �b O pnkq Ñ O pn1 � � � � � nkq,In terms of �gure 1, we 
an think of O pkq as a box with k leafs sti
king out, thea
tion of Σk on O pkq permutes the leafs, and ω takes all the data given in �gure 1 and11



forgets most of it � ex
ept the dotted box and the leafs outside of the box. There are
n1 � � � � � nk leafs sti
king out.We require the following axioms to be satis�ed for an operad:

• operational asso
iativity ; that is the following diagram 
ommutes:
O pmqÒ

O pk1q O pkmq ωb1b���b1 // O
�°m

j�1 kj

	b b Ò
O pn1,1q O pn1,mq O pn1,1q O pn1,mqb b b b... Ò � � �Ò ... ... Ò � � �Ò ...b b b b
O pnk1,1q 1bωb���bω

��

O pnkm,mq O pnk,1q
ω

��

O pnkm,mq
O pmqÒ

O
�°k1

i�1 ni,1

	 b � � �b O �°km

i�1 ni,m

	
ω // O p°m

j�1

°kj

i�1 ni,jqsaying that the order of operation is not an issue.In terms of �gure 1, operadi
 asso
iativity means that if we 
ontinue adding boxesto the leafs sti
king out in the upwards dire
tion, no matter what order we pla
ethe dotted boxes in � and apply ω to forget the data they 
ontain � the result willbe the same.
• unit identities, meaning that the diagrams

O pnqb ebn � //1bεbn

��

O pnq eb O pnq λ //

εb1
��

O pnq
O pnqb O p1qbn

ωppppp

77pppppp

O p1qb O pnq ωqqqqq

88qqqqq
ommutes. Here the upper isomorphism in the left-most diagram is given by iter-ated appli
ation of ρ from 2.1.
• Σk-equivarian
e � that is for permutations σ1, . . . σk a
ting on O pn1q, . . . ,O pnkq

12



respe
tively, and γ a
ting on O pkq, the following diagram should 
ommute:
O pkqb O pn1qb � � �b O pnkq σbshuffleσ //

ω

��

O pkqb O pnσp1qqb � � �b O pnσpkqq1bσσp1qb���bσσpkq
��

O pkqb O pnσp1qqb � � �b O pnσpkqq
ω

��
O pn1 � � � � � nkq γ.pσ1`���`σkq // O pn1 � � � � � nkqTo understand this diagram in terms of �gure 1, 
onsider our motivation for intro-du
ing γ.pσ1 ` � � � ` σkq in the �rst pla
e � written below the image.Remark 2.10 Note that we have not yet spe
i�ed what 
onvention of N we are using,i.e. whether 0 P N or not. That is, we have not spe
i�ed if the operad involves a O p0qterm or not. Both de�nitions of operads do make perfe
t sense, and we shall use bothde�nition as we please.Whether O p0q is in
luded or not, will give slight di�eren
es in some 
omputationswith operads � if we want to spe
ify pre
isely whi
h de�nition of operads we are using,we shall 
all O a 0-operad if O p0q is in
luded and 
all it a 1-operad otherwise.De�nition 2.11 A morphism of operads f : O Ñ P is a 
olle
tion of morphismstfn : O pnq Ñ P pnqunPNthat sends unit to unit: f1 � εO � εP , 
ommutes with the k-ary operation:

O pkqb O pn1qb � � �b O pnkq
ω

��

fkbfn1
b���bfnk// P pkqb P pn1qb � � �b P pnkq

ω

��
O pn1 � � � � � nkq fn1�...�nk // P pn1 � � � � � nkqand 
ommutes with the a
tion of σ P Σk on O pkq:

O pkq σ //

fk

��

O pkq
fk

��
P pkq σ // P pkqWe 
all this last 
ondition Σk-equivarian
e of fk or Σ-equivarian
e of f .Remark 2.12 A morphism of operads f : O Ñ P a
tually 
ommutes with the entirestru
ture of the operad. Mapping via f between the large diagrams of the de�nition ofoperads, would 
onsist of natural diagrams for the k-ary operations and the a
tion of

Σk (as well as natural diagrams involving morphisms de�ning the symmetri
 monoidal13




ategory). As these diagrams all 
ommute by de�nition, the larger diagrams 
ommuteas well.This leads us to naturally say that an isomorphism of operads is a morphism of operads
f , where ea
h fn is an isomorphism.De�nition 2.13 Let f : O Ñ P be a morphism of operads in the symmetri
al monoidal
ategory of topologi
al spa
es. We say that f is a lo
al equivalen
e if all the indu
edmaps of fn : O pnq Ñ P pnq are homotopy equivalen
es.Two operads O and P are lo
ally equivalent if there is a string of lo
al equivalen
esof operads:

O O 1 //oo � � � O n //oo P .Proposition 2.14 Let F : pA,bq Ñ pB,dq be a monoidal fun
tor. To an operad Oin pA,bq, we have that tF pO pnqqu gives an operad F pO q in pB,dq with stru
tureindu
ed via F . The 
onstru
tion is fun
torial, in the sense that for a morphism ofoperads f : O Ñ P , F pfq is a morphisms of operads.Proof. Sin
e F involves a natural transformation Θ: F p�q d F p�q Ñ F p� b �q, weindeed 
an use Θ to form the 
ommutative diagram
F pO pkqq d F pO pn1qq d � � � d F pO pnkqq //

ωF
YYYYYY

,,YYYYYY

F pO pkqb O pn1qb � � �b O pnkqq
F pωq
��

F pO pn1 � � � � � nkqqand de�ne the k-ary operations of F pO q as ωF .The group a
tion of Σn on F pO pnqq is given via the fa
torization Σn Ñ AutpO pnqq Ñ
AutpF pO pnqqq where the �rst arrow is the group a
tion given as a homomorphism intothe automorphism group of O pnq, and the last arrow is the group homomorphism g ÞÑ
F pgq.
F pεq is again a unit morphism of F pO q, as F maps the identity obje
t in pA,bq tothe identity in pB,dq.It follows that the diagrams of 2.9 
ommute for F pO q � and that F pfq is a morphismof operads for F pO q � as the diagrams 
ommute for O together with the fa
t that Θ isa natural transformation.Corollary 2.15 Let H�p�q denote homology with 
oe�
ients in a prin
ipal ideal do-main. Suppose that we are given an operad O in the symmetri
 monoidal 
ategory oftopologi
al spa
es. Then H�pO q is an operad.Proof. We have the Künneth natural short exa
t sequen
e (
f. [Hat02, 3B.6℄). The leftmorphism in the short exa
t sequen
e is given as Θ: H�pXq b H�pY q Ñ H�pX � Y q.As the Künneth short exa
t sequen
e is natural, we have that Θ is the desired naturaltransformation.

14



Remark 2.16 Be
ause of 2.15, we shall from hereon by H�p�q mean homology with
oe�
ients in a prin
ipal ideal domain. Whenever we need to strengthen this assumption,we shall expli
itly say so.Corollary 2.17 If O and P are lo
ally equivalent operads in the symmetri
 monoidal
ategory of topologi
al spa
es, then H�pO q and H�pP q are isomorphi
 operads.Proof. H�p�q is a homotopy invarian
e.Example 2.18 To an obje
t X in a symmetri
 monoidal 
ategory, pC,bq, we form theendomorphism operad End X . The n'th 
omponent is de�ned to be the given as
End Xpnq :� HompXbn, Xqand the k-ary operations ω : End XpkqbEnd Xpn1qb � � �bEnd Xpnkq Ñ End Xpn1 �� � �nkq are given as the 
omposition

ωpfk; fn1
, � � � fnk

q � fk � pfn1
b � � �b fnk

qThe a
tion of Σn on End Xpnq permutes the entries in the domain of the morphisms,and the identity is given by 1X P End Xp1q.Verifying that this a
tually is an operad, is straightforward from the de�nitions. Forinstan
e, asso
iativity of 
omposition of morphisms in 
ategories, together with thenatural asso
iativity morphism in monoidal 
ategories, ensures operational asso
iativityof 2.9 for ω.De�nition 2.19 Given an obje
t, X in C, an a
tion of an operad O on X, is a morphismof operads
O Ñ End X .As we shall see, having an a
tion of an operad on some obje
t in a 
ategory is aquite strong 
ondition. We shall see examples of how a lot of algebrai
 stru
ture is being
ontrolled by having an a
tion of an operad.Although the above de�nition is more 
lean, we shall need in forth
oming examplesto have the a
tion somewhat more expli
itly written out.Proposition 2.20 Assume that pC,bq is 
losed. An algebra over O is equivalent tohaving morphisms

αn : O pnqbXbn Ñ Xfor all n su
h that α1pεb�q � 1X , satisfying that the following diagrams is 
ommutative:
O pkqb �Òk

i�1 O pniq �Xbni

	 1bpÒk
i�1

αniq//
shuffle �pω�1q

��

O pkqbXbk

αk

��
O pn1 � � � � � nkqbXbpn1����nkq αpn1�����nkq //X15



(here the shu�e isomorphismmoves the O pniq fa
tor out to the left, so ω 
an be applied).Furthermore, given σ P Σk, the diagram
O pkqbXbk

αk
QQQQQ

((QQQQQQQQσbshuffleσ

��
O pkqbXbk αk // X
ommuteProof. By the adjun
tion isomorphism, we have

HompO pnq,End Xpnqq � HompO pnq,HompXbn, Xqq � HompO pnqbXbn, XqSo to ea
h fn : O pnq Ñ End Xpnq, the above isomorphism gives a one-to-one 
orre-sponden
e to αn : O pkqbXk Ñ X.Using this adjun
tion, it is a matter of 
he
king the involved diagrams � keeping theoperadi
 stru
ture on End X in mind � and noting that indeed the �rst diagram above
orresponds to the �rst diagram of 2.11 and the se
ond to the se
ond diagram of 2.11.If the symmetri
al monoidal 
ategory is not 
losed, we shall mean what is stated in2.20 by an a
tion of an operad.2.3 Operads from the Algebrai
 ViewpointIn the following we shall mainly give examples of how to 
lassify various algebrai
 stru
-tures using the language of operads.De�nition 2.21 Consider for a 
ommutative ring the 
ategory of R-modules. By the
ommutative operad, Comm , we shall understand the operad living in pMod,bq wherewe set Comm pnq � R.The k-ary operations are given by the identity R b � � � b R � R Ñ R. The unit isgiven by the generator 1 P R, and the a
tion of Σk on Comm pkq is trivial.Trivially, Comm is an operad. However a
tions of it 
lassi�es a quite important 
lassof stru
tures of modules:Proposition 2.22 Giving an a
tion of Comm on a module M is pre
isely the same asgiving M the stru
ture of a 
ommutative algebra.Proof. Assume that we are given an a
tion α of Comm on M . We give a multipli
ation
µ via α2 : Comm p2q bM bM ÑM , and de�ne µ : M bM ÑM as α2p1b�b�q.

16



We �rst of all need to 
he
k asso
iativity � namely that µpµpabbqbcq � µpabµpbbcqq.However, we get from 2.20, the diagram
Comm p2q b pComm p2q bM bMq b pComm p1q bMq 1bα2bα1 //

shuffle �pωb1q
��

Comm p2q bM bM

α2
nnnnn

wwnnnnnnn

Comm p3q bM bM bM
α3 //M

Comm p2q b pComm p1q bMq b pComm p2q bM bMq1bα1bα2

EE

shuffle �pωb1qOO

(1)
hen
e µpµpab bq b cq � α3p1b ab bb cq � µpab µpbb cqq.Commutativity µpa b bq � µpb b aq, follows as we have 
hosen a trivial a
tion of Σ2on Comm p2q, so from 2.20, we get the diagram

Comm p2q bM bM1bshuffle

��

α2 // V

Comm p2q bM bM

α2ooooo

77ooooooo

(2)
from wi
h 
ommutativity obviously follows.On the other hand, by de�ning αn : Comm pnq bMbn �Mbn Ñ V by µpµp� � �µpa1 b
a2q � � � b an�1q b anq, we get that the diagrams of 2.20 
ommute by asso
iativity and
ommutativity of µ.Remark 2.23 In 2.22 we have not spe
i�ed whether a 
ommutative algebra has a unitor not, and in 2.21 we have not spe
i�ed whether Comm is a 0- or 1-operad.There is a reason; namely if we spe
ify Comm as a 0-operad, we get the 2-ary 
ompo-sition ω : Comm p2qbComm p2qbComm p0q Ñ Comm p2q, so using similar 
ommutativediagrams as above, one 
he
ks that having α0 : Comm p0q ÑM spe
i�es a unit in M as
α0p1q, and vi
e versa.In the following, we shall give a lot of similar examples, where a
tion of some operadsgives rise to some algebrai
 stru
ture. We shall not mention it any further, but whetherwe are giving an a
tion of a 0-operad or not will give similar algebrai
 statements aboutthe unit.Operads are intimately tied together to trees. We therefore need to introdu
e a lan-guage of trees.De�nition 2.24 By a tree, we will mean an a
y
li
 graph; that is an abstra
t graph,
onsisting of a vertex set V � tv0, . . . , vnu together with an edge set E � te1, . . . , emuwith edge maps su
h that the geometri
 realization as a CW-
omplex is 
onne
ted andhas trivial fundamental group.The univalent verti
es of a tree will be 
alled leaves, and the other verti
es, knots orinternal verti
es. 17



De�nition 2.25 By an n-tree, T , we shall understand a tree with pre
isely n� 1 leaves.Furthermore, let the subset Vl � V denote the set tvi0 , . . . , vinu of leafs. We equip Twith a labelling map τT : t0, . . . , nu Ñ Vl su
h that τT is a bije
tion, and τp0q � vi0 . A
k-
orolla is a k-tree with pre
isely one knot.We say that a leave v of T satisfying τT pjq � v is labelled j. The leave labelled 0 isspe
ial, and 
alled the root.We 
onsider two n-trees T1, T2 equivalent if there is a graph isomorphism Γ: T1 Ñ T2between them that preserves the labellings of the leafs. I.e. satis�es ΓτT1

� τT2To ea
h vertex v of an n-tree, we asso
iate the level, lpvq, to be the number of verti
eson the shortest path from v to the root. We say that an edge e between two verti
es v,
w, is ingoing to v, if it is on the shortest path from v to the root. If an edge between vand w is not ingoing to v, it is outgoing.

12 4

3

rootFigure 2: A 4-tree with one level 0 vertex (as is always the 
ase), two level 1 verti
es(one leave, one knot), and three level 1 verti
esDe�nition 2.26 We say that we graft a k-tree Tk onto the i'th leave of an n-tree, Tn,if we identify the root of Tk with the leave labelled i of Tn, and thereby obtain an
n � k � 1-tree. In the graph thus obtained, we remove the 2-valent vertex arising fromthe identi�
ation. We 
all the resulting tree Tn�iTk. The leaves of this grafted tree will berelabelled order-preserving w.r.t. both labellings of Tn and Tk, su
h that the leaf labelled
1 of Tk is labelled i in Tn �i Tk; that is:

• The root is the leave originating from the root of Tn

• The leaves originating from Tn labelled by j, will be labelled by j, if j   i and
j � k if j ¡ i.

• The leaves originating from Tk labelled by j will be labelled by j � i� 1.Later on, we shall need a sort of 'inverse' to the pro
ess of grafting: Assume we aregiven an edge e of a k-tree Tk. by the bran
h of e, we will understand the sub-tree Tk|eof Tk, spanned by all verti
es v � and the edges atta
hed to these � of Tk that 
ontains
e in the shortest path from v to the root of Tk. Say that there are n leaves in Tk|e. Inorder to make Tk|e into an n-tree, we append an edge and a root, at the position of e in
Tk. We relabel the leafs of Tk|e by numbers 1 through k, in the unique order-preservingway. 18
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Figure 3: Grafting a 3-tree onto a 4-tree yielding a p4� 3� 1 � 6q-tree.De�nition 2.27 Let O be an operad. A family I � tIpnqunPN with I pnq � O pnq1 is
alled an operadi
 ideal if it is 
losed under operadi
 
omposition in O and a
tion of thesymmetri
 group Σn on O pnq.That is; assume we are given ok P O pkq and oni
P O pniq where i P t1, . . . , ku, andassume that either ok P I pkq or one of oni

P I pniq. We require that the operadi
 
ompo-sition ωpok; on1
, . . . , onk

q P I pn1 � � � � � nkq.Furthermore, if ok P I pkq, then for σ P Σk, we require σ.ok P I pkq as well.Remark 2.28 Note that given an ideal, for the obje
t O {I given by the sequen
e ofquotients tO pnq{I pnqunPN, we obtain a stru
ture of an operad as well.Under the equivalen
e relation de�ning the quotient, we have obviously by the re-quirements on I , that the indu
ed of the maps de�ning an operad stru
ture on O {I arewell-de�ned.We 
all O {I the quotient operad (w.r.t I ).Constru
tion 2.29 Note that if we let Tree pnq denote the set of all n-trees, then if welet the operadi
 
omposition in Tree
ω : Tree pkq � Tree pn1q � � � � � Tree pnkq Ñ Tree pn1 � � � � � nkqbe given by grafting of trees: ωpTk, Tn1

, . . . Tnk
q � pp� � � pTk �k Tnk

q �k�1 � � � q �1 Tn1
q, andlet Σk a
t on Tree pkq by permuting the labelling of the leaves di�erent from the root,we obviously obtain an operad stru
ture on Tree .Consider the subset Free pnq � Tree pnq, given by the n-trees where all knots are eitherbi-valent or tri-valent.Note that Free is still an operad. It is indeed generated by a 2-tree B with a singleknot, plus the identity e P Free p1q having no knots � generated in the sense that anybinary tree 
an be obtained through iterated operadi
 
omposition of B and e, followedby some a
tion of Σ on the resulting k-tree.In this sense, we say that Free is the free operad on one bi-valent generator.In order to add more generators to free operads, we expand Tree , by allowing di�erentmarkings of the knots. That is � if we let Tree S�pkq denote the operad, where we to ea
h1here we make the mild assumption that I pnq is a set19



knot v of T P Tree Spkq, have spe
i�ed a map σv : tvu Ñ S|v|�1, here Si is a set, for all
i P N. We 
all elements of Si the i-markings.Assume about the 
ardinalities of S�, that |S1| � c and |S2| � d. We de�ne the freeoperad on c, d generators � Free c,d � where the subspa
es Free c,dpkq are the subspa
esof Tree S�pkq, generated by all 2-trees, as well as all 1-trees. Denote by m1, . . . , mc theelements of S1, and by w1, . . . , wd the elements of S2. We denote the generators of Free c,dby Bmi

for i P t1, . . . , cu and Bwj
for j P t1, . . . , du.Consider elements T1, . . . , Tn of Free c,dpkq. By de�nition, we have that Ti are obtainedas a series of operadi
 
omposition of the generators of Free c,d along with the identity

e, followed by some a
tion of Σk.We form the operadi
 ideal   T1, . . . , Tn ¡. This is given as the 
omposites of alltrees of Free c,d, obtained as some operadi
 
omposition involving some Ti � followedby some a
tion of the 
orresponding symmetri
 group. This 
ondition obviously makes  T1, . . . , Tn ¡ into an operadi
 ideal generated by T1, . . . , Tn.For the quotient operad Free c,d {   T1, . . . , Tn ¡, we shall notate the fa
t that  
T1, . . . , Tn ¡ is generated by T1, . . . , Tn, by T1 � T2 � � � � � Tn and write Free c,d {� forthe quotient operad.As a �rst example of an appli
ation of free operads, we giveDe�nition 2.30 By the asso
iative operad, we shall understand the quotient operad
Ass :� Free 0,1 {�a

, generated by the 2-tree B, where �a is the relation
ωpB;B, eq �a ωpB; e, Bqor perhaps more sensible � drawn among trees, the relation be
omes

root
1 2 3

∼a

3

root
1 2

Figure 4: Trees en
oding asso
iativityConstru
tion 2.31 We have the free fun
tor F : pSet,�q Ñ pModR,bq, that to a set Xasso
iates F pXq :� RrXs � that is, the free module given by a basis indexed by X.Indeed the free fun
tor is a monoidal fun
tor, we have RrX � Y s � RrXs b RrY s,obtained sin
e tvi b wju forms a basis for V bW , where tviu is a basis for V and twjuis a basis for W .By 2.14, we therefore have that for an operad O in pSet,�q, RrO s is again an operad.In parti
ular for RrFree c,ds is an operad. Ea
h tree T1 is mapped to some basis ve
tor
eT1

. Via this free fun
tor, we 
an in pMod,bq, expand the notion of an ideal generatedby T1, . . . , Tn and instead allow ideals generated by linear 
ombinations of basis elementsindexed by trees. 20



Notation 2.32 Let cn � � 1 2 � � � n � 1 n

2 3 � � � n 1


 P Σn be the permutation that 
y
lesall entries one up.As sort of an illustration of 2.31, we de�neDe�nition 2.33 By the Lie operad, we shall understand the quotient operad Lie :�
RrFree0,1qs{�b

, where �b is given as the relation
eωpB;B,eq � ec3.ωpB;B,eq �b �epc3c3q.ωpB;B,eqand

eB �b �ec2.Bor written up as a relation among linear 
ombination of trees (in our drawings we omitthe mentioning of basis elements):
root

1 2 3

root root
3 1 2 2 3 1

+
−∼bFigure 5: Trees en
oding Ja
obi-identity

root1 2root1 2

∼b
−Figure 6: Trees en
oding skew-symmetryProposition 2.34 Consider Ass as an operad in pMod,bq, via 2.31. Giving an a
tionof Ass on a module M is pre
isely the same as givingM the stru
ture of an asso
iativealgebra.The idea of the proof is the same as for 2.22. We however in
lude the di�eren
es inthe proofs as an illustration of the power of quotients of free operads.Proof. Given an a
tion α of Ass on M , we de�ne a multipli
ation µ : M bM ÑM by

µ � α2pB;�,�q.By 2.20, we still have a 
ommutative diagram as (1) with every instan
e of Commrepla
ed by Ass . 21



Using the diagram for B P Ass p2q and e P Ass p1q, the two 
ommutative squaresinvolved in the diagram yields the two results
α3pωpB;B, eq b ab bb cqand
α3pωpB; e, Bq b ab bb cqbut the relation �a in the de�nition of Ass , gives that in fa
t, these two results arethe same. The se
ond diagram of 2.20 simply de�nes a multipli
ation as invariant underpermuting the fa
tors, as it de�nes iterated multipli
ation for using all binary trees of

Ass (i.e. the ones obtained from B plus a permutation of the leaves).Assuming that we have an asso
iative multipli
ation µ : M bM Ñ M , we similar to2.22 de�ne the a
tion of Ass on M as αn : Ass pnq bMbn ÑM by
αnpσ.pB �1 Bq �1 � � � �1 B b v1 b � � � vnq � µp� � � pµpvσ�1p1q b vσ�1p2qq � � � qvσ�1pnqq.whi
h makes the diagrams of 2.20 
ommute; they respe
t the relations of Ass , by asso-
iativity of µ.Remark 2.35 By the above proof, we see that for Free 0,n operads, the relations amongthem simply en
ode the 
onditions that we put upon our bilinear operators.Indeed we will therefore rede�ne Comm :� Free 0,1 {�c where �c is the relation

eB �c ec2.Bequivalating all trees of Free 0,1pkq.In light of the above, we 
an mimi
 the proof of 2.34 or 2.22, to getProposition 2.36 Giving an a
tion of Lie on a module M is pre
isely the same asgiving V the stru
ture of a Lie-algebra. 2So far, we have only talked about what happens for a
tions of quotients of free operadsin the 
ategory of pMod,bq. If we pass to the 
ategory of pdgMod,bq, we have to be
areful with the grading, as noted in 2.6.De�nition 2.37 By the Gerstenhaber operad, we shall understand the quadrati
 operadin pdgMod,bq � given by Ger :� Free 0,2 { �d � where we let the generators of Free 0,2be given by eBÆ in degree 0 and eBr,s in degree 1.We de�ne the relation �d to be the one su
h that the basis element 
orresponding to
BÆ satis�es the relation �c of 2.35 and letting Br,s being subje
t to the relation(s) �b of2.33.Finally, we require �d to respe
t the poisson-relation

eωpBr,s ;e,BÆq �d eωpBÆ ;Br,s,eq � ec3.ωpBÆ;e,Br,sq2If the ring we are forming modules over is a �eld of 
hara
teristi
 2, we would interfere with the usualde�nition of a Lie-Algebra � where shew-symmetry has a di�erent interpretation, so we omit this
ase 22



De�nition 2.38 In light of what we have seen in 2.35, we de�ne a Gerstenhaber algebrato be an a
tion of Ger on M , and 
an therefore rewrite it as M being equipped withtwo binary operators �Æ� : M bM ÑM and r�,�s : M bM ÑM , 
alled the produ
tand Lie bra
ket, satisfying the following identities for homogeneous elements a, b, c PM :
• |a Æ b| � |a| � |b|, |ra, bs| � |a| � |b| � 1 (the produ
t is a degree 0 operator, and theLie bra
ket is a degree 1 operator)
• paÆbqÆc � aÆpbÆcq, aÆb � p�1q|a||b|bÆa(Æ is graded 
ommutative and asso
iative)
• ra, bs � �p�1qp|a|�1qp|b|�1qrb, as (graded skew-symmetry)
• rra, bs, cs � rarb, css � p�1qp|a|�1qp|b|�1qrb, ra, css (graded Ja
obi identity)
• ra, b Æ cs � ra, bs Æ c� p�1qp|b|p|a|�1qb Æ ra, css (graded Poisson relation)Remark 2.39 Note that in 2.38, there are a lot of signs, whereas the de�nition of therelations in 2.37 involves none. The signs all o

ur from the fa
t, noted in 2.6, thatshu�e isomorphisms involve a sign.For instan
e, as in the proof of 2.22, we see that sin
e �d satis�es the relation eB� �d

ec2.B� , we � de�ning Æ : V b V Ñ V as α2peBÆ b � b �q � have that the a
tion of σ istrivial, so using the 
ommutative diagram of (2), we have
ab b

Æ //

shuffle

��

a Æ b � p�1q|a||b|b Æ ap�1q|a||b|bb a

Æ 55kkkkkkkkkkkkkkgiving graded 
ommutativity of Æ.Some of the signs are given with the degree of the homogeneous elements minus 1.As eBr,s lives in degree 1, α2peBr,s b � b �q : V b V Ñ V is not a graded map. Inorder to make it into a graded map, we suspend on
e, and 
onsider de�ne r�,�s :�
α2pebr,s b � b �q : ΣV b ΣV Ñ ΣV . It is then simply a matter of 
he
king � using thediagrams of 2.20, and being 
areful with the shuffle isomorphisms as above � that indeedthe signs mat
h up.De�nition 2.40 By the Batalin-Vilkovisky operad, BV , we shall understand the operadin pdgMod,bq, given as Free 1,2 { �e � with generators as for Ger , plus a generator
oming from a tree with a single 2-valent knot B∆, that lives as a basis ve
tor in degree
1. We let �e satisfy the relations of �d for Ger , plus the relations

eωpB∆;B∆q �e 0and
eωpBr,sq �e eωpB∆;BÆq � eωpBÆ ;B∆,eq � eωpBÆ ;e,B∆q23



Sin
e we shall a
tually use it, we mention in analogy with the other propositions ofthis se
tionDe�nition 2.41 We 
an de�ne what we mean by a Batalin-Vilkovisky algebra (or shorterBV-algebra, by adding the degree 1-operator ∆: M ÑM , and the relations
• ∆ �∆ � 0

• ra, bs � p�1q|a|∆pa Æ bq � p�1q|a|∆paq Æ b� a Æ∆pbqto the list of 2.38.Proposition 2.42 Given an a
tion of BV on a graded module M is pre
isely the sameas given M the stru
ture of a Batalin-Vilkovisky algebra.Remark 2.43 As an alternative to this long list of relations in 2.41, it is shown in[Get94, Prop. 1.2℄, that having a Batalin-Vilkovisky algebra is the same as having twooperators: One being ∆: M Ñ M of degree 1 and an asso
iative graded 
ommutativeprodu
t M bM Ñ M , su
h that ∆ � ∆ � 0 and su
h that the so-
alled BV-masterequation:
∆pabcq � ∆pabqc � p�1q|a|a∆pbcq � p�1qp|a|�1q|b|b∆pacq� ∆paqbc � p�1q|a|a∆pbqc � p�1q|a|�|b|ab∆pcqholds.So equivalently the Batalin-Vilkovisky operad 
ould be de�ned as a quotient operadof Free 1,1, with relations above in
orporated instead.2.4 Little Disk OperadsNotation 2.44 In the following, we let Dm :� tx P Rm | }x} ¤ 1u; that is Dm is theunit m-diskDe�nition 2.45 An embedding f : Dm Ñ Dm will be 
alled a little m-disk embedding,if there is some σf : Rm Ñ Rm given by σf pxq � rpx� vq, where v P Rk and r P r1,8r,su
h that σf � f � 1DmThat is, the left-inverse σf is given as a translation followed by a ups
aling.By the spa
e of n little m-disks, D isk mpnq, we will understand, the spa
e:#

f :
nº

i�1

Dm
i Ñ Dm | f is an embedding and f |Dm

i
is a little m-disk embedding+The topology on this spa
e arises naturally from the metri
 given by

dsuppf, gq � sup
xP²n

i�1
Dm

i

dpfpxq, gpxqqwhere dp�,�q is given by a standard metri
 on Dm. We 
an note that this is the sameas the open-
losed topology sin
e ²n

i�1D
m
i is 
ompa
t.24



Constru
tion 2.46 We de�ne an operad stru
ture on tD isk mpnqunPN, simply by 
om-position of the embeddings, that is
ω : D isk mpkq �D isk mpn1q � � � � �D isk mpnkq Ñ D isk mpn1 � � � � � nkqis given by

ωpf ; f1, . . . , fkq � f � pf1 > � � � > fkq� so that � ea
h embedding of ni little disks in D isk mpniq, is s
aled down into the
i'th embedding from an element of D isk mpkq. Note that 
omposition of little m-diskembeddings again yield a little m-disk embedding; as 
omposition of embeddings isasso
iative, it easily follows that D isk m is an operad, with the a
tion of Σk on D isk mpkqgiven by permuting the index of the domain of f :

²k

i�1D
m
i Ñ Dm. The unit obje
t isgiven by 1Dm P D isk p1q

1

2

3

4
5

6

7

,;

2

1
1

2

3

2

1

3

4

ω( )

=

Figure 7: Example of an operadi
 
omposition ω : D isk 2p2q�D isk 2p3q�D isk 2p4q Ñ
D isk 2p7q. Note that we are simply inserting the little 2-disk embeddings form-ing the of the two rightmost obje
ts into the leftmost obje
t.De�nition 2.47 Given a topologi
al spa
e X, by the ordered 
on�guration spa
e over

X with k points, we shall understand the spa
e
ConfkpXq :� tpx1, . . . , xkq P Xk | xi � xju25



Remark 2.48 Con�guration spa
es are 
lassi
al obje
ts of study. It is known � seefor instan
e the graduate-proje
t [Bar07, 2.4℄ � that ConfkpR2q � ConfkpD2q is anEilenberg-Ma
lane spa
e, su
h that π1pConfkpR2qq � PBk, where PBk denotes the purebraid group.Proving this is done by introdu
ing a forgetful map ρ : ConfkpXq Ñ ConfkpXq, andthen showing that for X a manifold, ρ is a �ber-bundle with �ber homeomorphi
 to
Xztx1, . . . , xk�1u, where x1, . . . , xk�1 are k � 1 disjoint points in X.For X � Rn this spe
ializes to ρ having a �ber homotopy equivalent to �k�1 S

n�1.Proposition 2.49 D isk npkq and ConfkpRnq are homotopy equivalent.Proof. As Rn � Dn, we only need to show a homotopy equivalen
e of D isk npkq with
ConfkpDnq.Denote by cpfpDn

i qq the 
entre of the image of f |Dn
i
. We de�ne a map G : D isk npkq Ñ

ConfkpDnq by letting Gpfq � pf |cpDn
1
q, . . . , f |cpDn

k
qq, that is, we restri
t from ea
h littledisk embedding into the 
entre point.In order to de�ne a map Ĝ : ConfkpDnq Ñ fD isk

n
pkq, we map ea
h of the pointsin the tuple px1, . . . , xkq P ConfkpDnq into the embedding given by letting f |Dn

i
be thelittle disk embedding 
entered at xi, and of a suitable radius, for instan
e mini,jtdpxi,xjqu
3� su
h that no two of the k little disk embeddings in Ĝpx1, x2, . . . , xkq overlap.

Ĝ is a homotopy inverse to G, as G � Ĝ is the identity, and as Ĝ �G is homotopi
 tothe identity, sin
e the image of Ĝ �G is given by res
aling the radius of ea
h little diskembedding f |Dn
i
.De�nition 2.50 Similarly to 2.45, we 
all an embedding f : Dm Ñ Dm a framed little

m-disk embedding, if there is some left-inverse σf to f , given by σf pxq � ρ.prpx � vqq,where ρ P SOpmq, v P Rm and r P r1,8r. Here ρ.� : Rm Ñ Rm denotes the a
tion of
SOpmq, that rotates points in eu
lidean spa
e.That is � σf is given as a translation, a res
aling and a rotation. We de�ne fD isk

m
pkqto be the spa
e#

f :
kº

i�1

Dm
i Ñ Dm | f is an embedding andf |Dm

i
is a framed little m-disk embedding+The stru
ture of fD isk

m
is similar to what we saw in 2.45.Observation 2.51 There is a morphism of operads

D isk m Ñ fD isk
mgiven at the level of spa
es by the embedding D isk mpnq Ñ fD isk m

pnq. By 2.19, weautomati
ally have that an algebra over fD isk
m
is also an algebra over D isk m.
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Remark 2.52 We have a homeomorphism F : D isk mpkq � pSOpmqqk Ñ fD isk
m
pkq,where F pf, ρ1, . . . , ρkq, is the given by f̃ , determined by letting ea
h of the framed little

m-disk embeddings be given by f̃ |Dm
i
� σ�1

f |Dm
i

� pρi.pσf |Dm
i
� f |Dm

i
qq.As in 2.48, we de�ne a map pd : fD isk

m
pkq Ñ fD isk

m
pk�1q, given by ignoring f |Dm

ifrom f P fD isk
m
pkq. By the diagram
D isk mpkq � pSOpmqqk pd //

G�1
��

D isk mpk � 1q � pSOpmqqk�1

G�1
��

ConfkpDmq � pSOpmqqk ρ�pr // ConfkpDmq � pSOpmqqk�1Where pr is the proje
tion onto the �rst k � 1 fa
tors of pSOpmqqk.We are thus able to identify the homotopy �ber of pd as
p�1

d pÆq �ª
k�1

S1 � SOpmq.In fa
t � for later use � the proof of [Bar07, 2.2℄ easily translates into this setting, andshows that pd is in fa
t a �ber-bundle, so that the homotopy �ber indeed is an a
tual�ber.In parti
ular SOp2q � S1, so for m � 2, we have p�1
d pÆq � p�k�1 S

1q � S1. Therefore
fD isk

2
pkq is an Eilenberg-Ma
lane spa
e with only non-trivial fundamental group.De�nition 2.53 We 
all PRBk :� π1pfD isk 2

pkqq the pure ribbon braid group on kbraids.Constru
tion 2.54 Given a based spa
e pX, Æq, the m-fold loop spa
e is given as themapping spa
e
ΩmX :� tpDm, BDmq Ñ pX, Æquor equivalently, the spa
e of based maps pSm, Æq Ñ pX, Æq. We 
onstru
t an a
tion α of

fD isk
m
on ΩmX by giving a sequen
e of maps αn : fD isk

m
pnq � pΩmXqn Ñ ΩmX asfollows.Let f P fD isk

m
pnq, and g1, . . . , gn P ΩmX. We de�ne
αnpf, g1, . . . , gnqpxq � " Æ x R Impfq

gi pσf pxqq x P Im
�
f |Dm

i

�Note that this is truly a 
ontinuous map pDm, BDmq Ñ pX, Æq, as gipBDmq � Æ. And iteasily follows by the fa
t that ea
h f |Dm
i
is s
aled down via σf in operadi
 
ompositionof fD isk

m
, that the diagrams of 2.20 indeed 
ommutes.In e�e
t, we have an a
tion of fD isk

m
pnq as well as an a
tion of D isk mpnq on ΩmX.In [CLM76℄ it shown that, using intri
ate 
omputations of the 
ohomology ring ofeu
lidean 
on�guration spa
es, that 27



Theorem 2.55 H�pD isk 2q is isomorphi
 to the operad Ger .We refer however to the more a

essible exposition [Sin06, Th. 6.3℄ as well.In fa
t, 2.55 holds for D isk m for all m, here H�pD isk mq is isomorphi
 to an operadsimilar to Ger , the only di�eren
e being a 
hange of the degree from 1 to m� 1 of thegenerator eBr,s in 2.37.Furthermore, in [Get94℄, it is shown thatTheorem 2.56 Let H�p�q denote homology with 
oe�
ients in a �eld.
H�pfD isk 2

q is isomorphi
 to the operad BV .This is also shown in [SW03℄, by 
onsidering fD isk
m
as � what is 
alled � a semi-dire
t produ
t of D isk m with SOpmq. Using this 
on
ept, they are able to � via the
omputations of 2.55 and 
omputations of H�pSOpmqq � provide higher dimensional
omputations for H�pfD isk m

q as well.Remark 2.57 Note that in order to have an a
tion of H�pfD isk 2
q � with 
oe�
ient ina prin
ipal ideal domain � on a module M , indu
e the stru
ture of a Batalin-Vilkoviskyalgebra, it is by 2.19, 2.14 and 2.42 enough to have a morphism of operads

Φ: BV Ñ H�pfD isk 2
q.Indeed, one 
an 
onstru
t su
h a morphism, and we shall brie�y say how to obtain Φ.First of all by 2.43, we 
an 
onsider BV as an operad generated by eB� of BV p2q indegree 0, and eB∆

of BV p1q in degree 1.We therefore de�ne
• Φpeq � 1 P H0pfD isk 2

p1qq
• ΦpeB�q � 1 P H0pfD isk 2

p2qq
• ΦpeB∆

q � 1 P H1pfD isk 2
p1qq � H1pS1qand extend by linearity.

BV is generated by the unit e together with the elements eB∆
and eB�, we 
anindu
tively � assuming Φpkq,Φpn1q, . . . ,Φpnkq is de�ned, de�ne the map

Φn1�����nk
: BV pn1 � � � � � nkq Ñ h�pfD isk 2

pn1 � � � � � nkqto be the map that makes the diagram
BV pkq b BV pn1q b � � � b BV pnkq

ΦkbΦn1
b���bΦnk

��

ω // BV pn1 � � � � � nkq
Φn1�����nk

�
�
�

���
�
�

H� fD isk 2
pkq b H� fD isk 2

pn1q b � � � b H� fD isk 2
pnkq ω // H� fD isk 2

pn1 � � � � � nkq28




ommute, and furthermore let Φn1�����nk
pσ.�q � σ.Φn1�����nk

p�q where σ P Σn1�����nk
.Indeed, assuming that Φpmq is well-de�ned for all m, this would de�ne a morphismof operads.However, we have three relations in BV that Φ needs to satisfy, in order for it to bewell-de�ned.First of all, sin
e Æ is a graded 
ommutative produ
t, we need that ΦpeBÆq � Φpec2.BÆq �

1 P h0pfD isk 2
p2qq, but this obviously holds as c2.f P fD isk

2
p2q is in the same 
om-ponent as f P fD isk

2
p2q.Furthermore, we need ΦpeωpB∆;B∆qq � 0, but as Φ is a gradedmap, and eωpB∆;B∆q is of degree 2, we have that ΦpeωpB∆ ;B∆qq P H2pfD isk 2

p1qq � 0.Finally, for the relation 
orresponding to the BV-master-equation relating elements of
BV p3q in degree 1, we refer to [SW03, 5.7℄, where it is noted that sin
e H1pfD isk 2

p3qqis the abelianization of the mapping 
lass group on a disk with three labelled holes:
Γ0,4 � PRB3 � π1pfD isk 2

p3qq. The so-
alled lantern relation � a relation among 
ertainDehn-twists in the mapping 
lass group Γ0,4� gives a relation in H1pfD isk 2
p3qq, thatpre
isely says that Φ respe
ts the relation of BV p3q.Combining 2.54 and 2.56, we note the �rst example of a BV-algebra; namelyCorollary 2.58 H�pΩ2Xq is BV-algebra.Of 
ourse, by the above, similar 
orollaries holds for higher iterations of based loopspa
es, where we use the higher-dimensional analogue of a BV-algebra instead.2.5 Alternative De�nition of OperadsTo keep the notational burden down, we introdu
e an equivalent notation for operads,similar to what we saw for the Tree operad in 2.29.We � primarily for notational 
onvenien
e � assume that operads O have O pnq givenas sets (with some extra stru
ture), as is the 
ase for all operads we 
onsider.Proposition 2.59 Giving the stru
ture of an operad on tO pnqunPN, with an a
tion of

Σn on O pnq, as in 2.9, is equivalent to giving a series of 
omposition maps for every
k, n P N and i P t1, . . . , nu:�i : O pnqb O pkq Ñ O pn� k � 1qthat satisfy the following:(a) Given a P O pnq, b P O pkq and c P O phq, and a �xed i P t1, . . . , nu, we haveasso
iativity of the 
omposition mapspa �i bq �j c � $&% pa �j cq �i�h�1 b 1 ¤ j ¤ i

a �i pb �j�pi�1q cq i ¤ j ¤ i� k � 1pa �j�k�1 cq �i b i� k � 1 ¤ j ¤ n� k � 1
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(b) There is an identity element e P O p1q satisfying for g P O pnq,
e �1 g � g � g �i efor all i P t1, . . . , nu(
) For ea
h i P t1, . . . , nu, de�ne for τ P Σn and σ P Σk, τ �i σ P Σn�k�1 to be theblo
k permutation τ.pe1`� � � ei�1`σ`ei�1`� � �`enq, where et is the only elementof Σ1. We want Σn-invarian
e, that is, we want for f P O pnq and g P O pkq thefollowing identity: pf.τ �i g.σq � pf �τpiq gq.pτ �i σqThere isn't really anything deep in the above proposition; it is simply a reformulation.From maps ω : O pkqb O pn1q b � � �b O pnkq Ñ O pn1 � � � � � nkq, we de�ne �i : O pnqb

O pkq Ñ O pn� k � 1q to be the 
omposite
O pnqb O pkq Ñ O pnqb O p1qb � � �b O p1qloooooooooomoooooooooon

i�1

bO pkqbO p1qb � � �b O p1qloooooooooomoooooooooon
n�1

Ñ O pn� k� 1qgiven by �rst mapping f b g ÞÑ f b e b � � �b e b g b e b � � �b e and then applying ω,to get
f �i g � ωpf ; e, . . . , e, g, e, . . . , eqwhere f P O pnq, g P O pkq and e is the unit in O p1q.Frommaps �i : O pnqbO pkq Ñ O pn�k�1q, we obtain ω : O pkqbO pn1qb� � �bO pnkq Ñ

O pn1 � � � � � nkq by
ωpf ; g1, . . . , gkq � p� � � ppf �k gkq �k�1 gk�1q � � � q �1 g1As we did for trees in 2.29.The only thing that may not seem obviously equivalent in the list of requirements inthe two di�erent de�nition of operads is the asso
iativity 
onditions. However, we referto [Mar06, p.9-10℄, where it is noted that the three di�erent possibilities in asso
iativityof 2.59 is simply listing whi
h 'slot' the �j 
omposition falls into: before, into or afterthe 'slot' 
omposed in by �i.2.6 W -Resolutions of Topologi
al OperadsWe introdu
eW -resolutions of topologi
al operads, originally introdu
ed in [Boa71℄. Forour purpose � as we shall see � the W -resolution is an weakly Σ-equivariant equivalentrepla
ement for the operad, that is easier to map out of, than the operad itself.Constru
tion 2.60 In order to do this, denote as usual by Tree pkq the set of k-trees.To T P Tree pkq, let V pT q denote the set of knots (i.e. verti
es with valen
e greaterthan 1) of T , and let EpT q denote the set of edges of T .To x P V pT q, we will by |x| denote the valen
e of x. Note that there are |x|�1 ingoingedges of x, and denote by epxqi the i'th of these ingoing edges. Unless x is at level one30



of t, denote by upxq the outgoing edge. If x is at level one, and therefore the outgoingedge is the edge to the root, we let upxq � H.Assume that we are given a topologi
al operad O , and let
Tree pO qpkq :� º

TPTree pkq�� ¹
xPV pT q �r0, 1s|upxq| � O p|x| � 1q��
.That is, Tree pO qpkq is a spa
e indexed by all k-trees. We say that the knots of a k-treehas been labelled by elements of O p|x|�1q and that for ea
h knot x of a k-tree, we havelabelled the outgoing edge upxq by some real number sx P r0, 1s.Elements of Tree pO qpkq will be 
alled labelled (k-)trees.Sin
e Tree is in an operad, Tree pO qpkq is an operad as well; we 
an de�ne Tree pO qpkq�i

Tree pO pnqq to be given by the element in Tree pO qpk � n � 1q, in the disjoint unionindexed by Tk �i Tn, where Tk and Tn are indexing the disjoint union of Tree pO qpkq and
Tree pO qpnq respe
tively. The labellings of the 
omposed trees are retainedAll knots of Tk �i Tn o

ur from either Tk or Tn, and retain their valen
e. We let thelabelling of these knots be retained. Note however that the vertex v at level 1 of Tn has
upvq � H in Tn, but not in Tk �i Tn. We assign 1 P r0, 1stupvqu as label to v.The identity e P Tree pO qp1q is given by the one-point-set indexed by the 1-tree withoutany knots, and Σk a
ts by permuting the leaves of the index.Constru
tion 2.61 In 2.60, the role of O has been that of a spe
tator in Tree pO q.To make it truly part of the play, we give the W -resolution W pO q of O by de�ning
W pO qpkq as a quotient operad of Tree pO qpkq, under the following relations (i.e. we areforming an operadi
 ideal via the following relations):(a) In a labelled n-tree T , assume that a vertex x is labelled by o P O pkq; x thus havethe in
oming edges epxq1, . . . epxqk.To ea
h epxqi, there is a bran
h T |epxqi having a root at the position of x in T .Given σ P Σk, we 
onsider the tree T x.σ, given by the tree where ea
h bran
h

T |epxqi has been repla
ed by T |epxqσpiq.We impose the relation that the elements indexed by T , and labelled by o P O pkqat x is equivalent to the 
orresponding elements indexed by T x.σ, and labelled by
o.σ�1 at x but otherwise equal.(b) Let an internal edge upxq of a k-tree T 
onne
t the verti
es x and y. Assume that
upxq is labeled by sx � 0. Assume that upxq � eipyq, let x be labelled by ox P O pmqand y by oy P O pnq.Consider the k-tree T {upxq, where we perform an edge-
ollapse of upxq, in thesense that we 
ollapse the entire edge upxq to the verti
es x and y (so in T {upxq
x � y).Under these 
onditions, we impose the relation that elements indexed by T shouldbe equivalent to the 
orresponding elements labelled by T {upxq. In the sense that31



labellings of edges di�erent from x and y for T should be retained for T {upxq. Alledges of T {upxq arise naturally from edges of T , and their labellings should beretained as well.The only a�e
ted vertex in T {upxq is the one resulting from x � y, the element
orresponding to T , but indexed by T {upxq is labelled by the operadi
 
ompositionof the labels: oy �i ox.(
) Assume that we are given a tree T labelled at x by the identity e P O p1q, sin
e xhas valen
e 2, there is one ingoing edge epxq1, and one outgoing - upxq. As long as
upxq is not 
onne
ting to the root (i.e. T is the trivially labelled tree), we equivalateelements indexed by T with the elements indexed by the tree with upxq 
ollapsed:
T {upxq. All labellings of una�e
ted verti
es and edges remain the same. Assuming
upxq 
onne
ts to the vertex y, and epxq1 
onne
ts to z, the label of the edge from yto z in T {upxq, attains the value maxtsx, szu where sz is the label of upzq (if z is aleaf, we leave sz � 0 in this 
omputation) and sx the label of upxq. The labellingsof the verti
es y and z in T {upxq are the same as the labellings in T .The relations in W pO q are invariant under grafting of trees, so it follows that weinherit an operadi
 stru
ture from Tree pO q:Proposition 2.62 For any topologi
al operad O ,W pO q is an operad with 
ompositionmaps �i, de�ned as grafting of trees in 2.61Constru
tion 2.63 We 
onstru
t a morphism of operads ε : W pO q Ñ O .We spe
ify εk : W pO qpkq Ñ O pkq, as the map that sets all labels of edges to zero.That is, assume we are given a labelled k-tree T with n internal knots indexing anequivalen
e 
lass ro1, ps2, o2q, . . . , psn, onqs of elements in ±n

i�1r0, 1stpupxiqqu � O p|xi| � 1q,where we have 
hosen some ordering of the verti
es in T , with x1 being the vertex atlevel 1. We set
εpro1, ps2, o2q, . . . , psn, onqsq � pro1, p0, o2q, . . . , p0, onqsq.Note by (b) in 2.61, that the image has a representative indexed by a k-
orolla with itssingle knot labelled by the operadi
 
omposition spe
i�ed via T . Operadi
 asso
iativityof O ensures that this representative is unique. As obviously the subspa
e of Tree pO qpkqindexed by all k-
orollas is isomorphi
 to O pkq, we 
an indeed 
onsider ε as mappinginto O .It however still needs to by 
he
ked that ε is well-de�ned. Pi
k a tree Ta related to Tby a relation as spe
i�ed in 2.61(a). By Σk-equivarian
e of O , it follows that the imageof T and Ta under ε yield the same. We have already guaranteed by spe
ifying the imageof εk as k-
orollas, that operadi
 asso
iativity of O gives that ε is well-de�ned underrelations given by 2.61(b). Finally the unit identities of O ensures that appending � orremoving � bi-valent verti
es indexed by e to T , as spe
i�ed by 2.61(
), does not 
hangethe image of εk.
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Having dealt with well-de�nedness, we turn to 
he
king that ε is a morphism of op-erads. By 2.61(
), the identity tree with no internal knots is equivalent to the tree withone knot labelled by e P O p1q, 
he
king that εpeW pO qq � eO p1q.In Tree pO q, operadi
 
omposition is given by grafting of trees, so ε is 
onstru
ted to
ommute with operadi
 
ompositions.And 2.61(a) ensures that permutations via σ P Σk of the leaves in the k-
orollaspe
i�ed as the image of εk is the same as letting the knot be labelled by o.σ�1, so aspo.σ�1q.σ � o, we have that a
ting by σ on o is the same as permuting the leaves of the
k-
orolla. As the a
tion of Σk on W pO qpkq permutes the leafs of the indexing treeProposition 2.64 The morphism ε : W pO q Ñ O spe
i�ed in 2.63 is a weak equivalen
eof operads.Proof. For any n, we need to 
he
k that εpnq : W pO qpnq Ñ O pnq is a homotopy equiv-alen
e. Note that we have a map of spa
es δ : O pnq ÑW pO qpnq de�ned by to o P O pnqassigning the k-
orolla, labelled at the single knot by o. The 
omposition

O pnq δ //W pO qpnq ε // O pnqis 1O pnq on the nose. The 
omposition
W pO qpnq ε // O pnq δ //W pO qpnqTakes a labelled k-tree T onto the labelled k-
orolla, that 
an be obtained by setting alledge-lengths of t to zero.We now noti
e that we 
an make a homotopy Φs : W pO qpnq ÑW pO qpnq, by letting

Φs be given by multiplying the labels of the edges of T by the fa
tor s. Or in the spiritof 2.63 as
Φspro1, ps2, o2q, . . . , psn, onqsq � pro1, ps � s2, o2q, . . . , ps � sn, onqsqClearly, Φ1 � 1W pO qpnq and Φ0 � δε, 
he
king that ε is a weak equivalen
e.Constru
tion 2.65 For later use, we shall spe
ify a method for 
onstru
ting a morphismof operads

B : W pO q Ñ P .We shall assume we are given maps Φ: Tree pO qpkq Ñ P pkq. We want to obtain B as amorphism of operads, where B will be obtained as part of a fa
torization
Tree pO q //W pO q B // P .Assume therefore that we are given a labelled tree T , indexing an element of Φ.We index the knot of T a

ording to the following system:33



• The knot nearest the root is 
alled x1.
• Having indexed one vertex xi, we 
hoose a vertex one level above xi, and dire
tly
onne
ted to it, and 
all it xi�1

• If the above don't apply (i.e. if there are no internal unnamed verti
es above xi),we apply the pro
ess to the vertex 
onne
ted to xi one level below.
x4

x6

x3

x5

x1

x2Figure 8: Example of the 
hoi
e of indexing for T , indexing elements of Tree O pkq.Note that at ea
h vertex, a bran
h starting at xi, with k internal edges, will be labelledby elements of ti, i� 1, . . . , i� k � 1u.We have assumed, for ea
h labelled tree T with k internal edges, that we are givenmaps
Φ:

k¹
1

�r0, 1s|tupxiqu|O p|xi| � 1q�Ñ P p|x1| � � � � � |xk| � 2k � 1qConsider the internal edge xi, and the bran
h T |epxiqs with m internal edges, wherewe assume that xj is the �rst internal edge arising in T |epxiqs. Φ should satisfy thefollowing relations:(1)
Φpf1, t2, f2, . . . , 1, fi, . . . , tk, fkq �

Φpf1, t2, f2, . . . , ti�1, fi�1, ti�m�1, fi�m�1, . . . , tk, fkq �s Φpfi, ti�1, fi�1, . . . , ti�m, fi�mq(2)
Φpf1, t2, f2, . . . , tj, fj , . . . , 0, fi, . . . , tk, fkq �

Φpf1, t2, f2, . . . , tj , fj �s fi, . . . , ti�1, fi�1, ti�1, fi�1, . . . , tk, fkq(3) Assuming that xj is a bi-valent vertex between xi and xj�1:
Φpf1, t2, f2, . . . , tj, e, tj�1, fj�1 . . . , tk, fkq �

Φpf1, t2, f2, . . . ,maxttj , tj�1u, fj�1, . . . , tk, fkq34



(4) Assume that a permutation σl P Σk a
t on fl P O pkq, then Φ should satisfy
Φpf1, t2, f2, . . . , tl, fl.σ, . . .loomoon1'st bran
h, . . . , . . .loomoon

l'th bran
h, . . . , tk, fkq �
Φpf1, t2, f2, . . . , tl, fl, . . .loomoon

σp1q'st bran
h, . . . , . . .loomoon
σplq'th bran
h, . . . , tk, fkqNote that the relations (2)-(4) makes B well-de�ned on W pO q � that is, via theuniversal property of quotient spa
es, we obtain B as the uniqie fa
torization of Φ. Therelation (1) ensures, as 
omposition is given by grafting of trees and setting the newedge length 1 simply says that the diagram

W pO qpkq �W pO qpnq �s //

B�B

��

W pO qpk � n � 1q
B

��
P pkq � P pnq �s // P pk � n� 1qis 
ommutative.If furthermore Φ is Σ-equivariant Then by 2.11 B will a
tually be a morphism ofoperads.
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3 From Framed Little Disks to Ca
ti3.1 The Ca
ti OperadIn the following, we shall introdu
e the 
a
ti operad, Cacti 1. This operad was originallyannoun
ed in [Vor05, 2.7℄. We give a slightly altered de�nition. Our motivation is tohave better 
ontrol over multiple interse
tion points of 
a
ti.De�nition 3.1 As a ground spa
e, we 
onsider k disjoint oriented 
opies of S1 :� R{Z:
Spkq :� kº

i�1

S1
iwhere S1

i � an oriented 
opy of S1 � is 
alled the i'th lobe.Consider the set
C 1pkq :� #k�1¹

i�1

pSpkq �Σ2
Spkqq+That is, a point of C 1pkq 
onsists of pk�1q unordered pairs rti, bis � 
alled an interse
tiontuple of Spkq. The 2pk � 1q point t1, . . . , tk�1, b1, . . . , bk�1 are 
alled interse
tion pointsDe�nition 3.2 From a point c P C 1pkq, we 
onstru
t the dual graph, Gc:

Gc is given by having a vertex vi for ea
h S1
i of Spkq, and for ea
h interse
tion tupleof c, with interse
tion points on S1

i and S1
j , we join an edge between vi and vj.

Figure 9: Two dual graphs. The leftmost is a tree (i.e. 
onne
ted and no 
y
les)De�nition 3.3 Given a point in c P C 1pkq, we 
all a 
olle
tion
Ln � trti1, bi1s, . . . rtin , binsu � can (n)-interse
tion 
luster if to rtij , bij s P Ln, there exists a rtil, bils P Ln, with l � j,su
h that ttij , biju X ttil , bilu � H.We say that an interse
tion point p of an interse
tion 
luster Ln is free, if there is onlyone interse
tion tuple of Ln that 
ontains it.36



A 
luster move in Ln is given by pi
king c1 P C 1pkq with (almost) the same interse
tiontuples as c, ex
ept that we infer an alteration for one of the interse
tion tuples rtij , bij sof Ln, where pre
isely one of the interse
tion points are free. Say bij is the non-freeinterse
tion point of the interse
tion 
luster Ln, we 
hoose the interse
tion tuple rtij , ps,where p is any other interse
tion point of Ln, di�erent from tij .Given c, c1 P C 1pkq, we say that they are 
luster-related, if there is a sequen
e of 
lustermoves, that turns c into c1.
1

3

2

4

5

6

1

3

2

4

5

6Figure 10: Example 
luster-move in a 
luster involving 5 interse
tion tuples. Interse
tion
lusters are drawn as lines 
onne
ting the two involved interse
tion pointsObviously, the 
ondition of being 
luster-related de�nes an equivalen
e relation on
C 1pkq.De�nition 3.4 Let c P C 1pkq. Denote by rcs the equivalen
e 
lass of being 
luster-related.De�ne

Cpkq :� trcs | c P C 1pkq and Gc is a tree.uA point of Cpkq will be 
alled a k-pre-
a
tus. We shall take the freedom to � in notation� ignore the fa
t that points of Cpkq are equivalen
e 
lasses, and simply let points of
Cpkq be denoted by c.It is standard in the literature to de�ne � as above � 
a
ti by requiring that Gc is atree. With the de�nition we have given, we get the following alternative:Proposition 3.5 c is a k-pre-
a
tus if and only if Gc is 
onne
tedProof. Gc is by de�nition a graph with k verti
es and k � 1 edges. We get that theEuler 
hara
teristi
 χpGcq � k � pk � 1q � 1, so Gc is 
onne
ted pre
isely if it has thehomotopy type of a point; i.e. it is a tree.Remark 3.6 Note that 
onne
tivity of dual graphs obviously is invariant under 
lustermoves, so by 3.5, the de�nition of 3.4 is sound, in the sense that if for c P C 1pkq, Gc is atree � then performing a 
luster move on c giving c1 P C 1pkq, Gc1 will be a tree again.37



De�nition 3.7 Let c P C 1pkq be given, the interse
tion points bi and ti of an interse
tiontuple are points in Spkq. Consider the equivalen
e relation bi �c ti on Spkq for all i,equivalating interse
tion tuples to a point. This gives rise to a 
onne
ted graph Spkq{ �c.Note that Spkq{ �c is independent of the representative of c; all interse
tion points inan interse
tion 
luster are in Spkq{ �c identi�ed to the same point.In fa
t, the verti
es v1, . . . , vm of S{ �c 
orresponds to the interse
tion 
lusters
Ll1 , . . . , Llm of c. The number of resulting edges on Spkq{ �c is given by k �m� 1We 
all the edges e1, . . . , ek, . . . , ek�m�1 of Spkq{ �c internal edges. Letting S1

i havelength 1, an internal edge inherit a length ℓej
P r0, 1s given by the ar
-length of S1

i itspans. Likewise, ej inherit an orientation from S1
i .Let π : S1 Ñ Spkq{ �c be an orientation preserving, surje
tive 
ontinuous map that isinje
tive almost everywhere ex
ept at the verti
es of Spkq{ �c. That is; πpxq � πpyq⇒

x � y, ex
ept when πpxq � vi for some i. We allow πpxq � πpyq � vi for only �nitelymany di�erent x, y P S1. π is 
alled a pin
hing map of c.We say that π is equidistant if to any ar
 A of S1 of ar
-length a P r0, 1s we have that
πpAq is a path in Spkq{ �c that in Spkq 
orresponds to a union of ar
s of Spkq, witha

umulated ar
-length k � a.As a set, we de�ne
Cacti 1pkq :� tpc, πq | c P Cpkq and π : S1 Ñ Spkq{ �c is an equidistant pin
hing mapuA point pc, πq P Cacti 1pkq is 
alled a (k-)
a
tusRemark 3.8 Let the starting point πp1q P Spkq{ �c of an equidistant pin
hing map begiven. Assume that πp1q is at the j'th lobe � Following the orientation of S1

i , 
ompletelydetermines π until it rea
hes a vertex v P Spkq{ �c � sin
e we have spe
i�ed that π is abije
tion away from the verti
es.At v, there are some 
hoi
es as to where π 
an travel further; say v has arisen froman l-interse
tion 
luster Ll, then there are l di�erent lobes 
oming together at v, and vhas valen
e 2l.Note however that π de�nitely 
annot traverse an edge that it has already traversed.Taking the dual graph Gc into a

ount, the vertex v of Spkq{ �c determines l edges
w1, . . . , wl of Gc, from whi
h l bran
hes bw1

, . . . , bwl
of Gc emanate from. As � again �we require that π is bije
tive away from the interse
tion points, it is impossible that πtraverses further along the j'th lobe, before it has traversed all lobes 
orresponding tothe verti
es of bwi

for all i.As we furthermore require π to be oriented, on
e a lobe S1
ij

orresponding to wij hasbeen 
hosen, π is 
ompletely determined until the next interse
tion point lying on S1

ij
.Indu
ing on this argument, π is 
ompletely determined by 
hoosing a starting point

πp1q P Spkq{ �c, 
alled the external starting point, and for ea
h vertex v in Spkq{ �carising from an l-interse
tion 
luster Ll, 
hoosing a 
y
li
al ordering of the l interse
tiontuples in Ll, 
orresponding to order π traverses the 
orresponding lobes.Besides the external starting point, there are also k internal starting points of a k-
a
tus, c, where the i'th internal starting point is given by the point of S{ �c arisingfrom the point 1 P S1
i . 38



In �gure 11, we give an illustration of a point in Cacti 1p5q, embedded inside of R2.
2

1

4

3

5Figure 11: an example of a 
a
tus embedded in R2. The external starting point πp1qis marked by a 
ross. There are also markings of internal starting points,marked by a short line segment. Inside R2, the 
y
li
 ordering at ea
h inter-se
tion point is given by the natural 
ounter
lo
kwise 
y
li
 ordering insideof R2 itself. Although we require that ea
h lobe has length 1, it is helpful invisualizing 
a
ti to allow embeddings, where the lobes have varying lengths.We want to give Cacti 1 a topology. For this sake, we shall �rst 
onsider 
a
ti wherethe existen
e of internal and external starting points isn't automati
.De�nition 3.9 An oriented metri
 graph 
onsists of a vertex set V � tv0, . . . , vnu, alongwith a set of edges with lengths, E � tpe1, l1q, . . . , pek, lkqu, where the edges are given as
ei � r0, 1s (so they have an orientation), and the lengths li Ps0, 1s. To obtain a graph,we furthermore spe
ify a gluing of the two points Bei to some points of V .An oriented metri
 graph may have multiple edges 
oming together at a point. In orderto relate to 
a
ti, we � at least � need to have some 
y
li
al ordering at the verti
es.We therefore de�ne the set of doubly oriented fat metri
 graphs to be the set of metri
graphs, Γ, su
h that ea
h vertex has even valen
e. Plus the additional data that at ea
hvertex v P Γ, we group the 2n boundaries b1, . . . , b2n, of edges 
oming together at v ingluing pairs pbi, bjq � the �rst point of a gluing pair is 
alled outgoing and the se
ondin
oming. For the sake of orientation, we require that for any edge ei, the two boundariesB�ei and B�ei is su
h that B�ei is always in
oming in a gluing pair, and B�ei is alwaysoutgoing.That is � a point x P Γ will 
onsist of a point in the metri
 graph, plus when x is avertex v of valen
e 2n, a number xv P t1, . . . , nu indi
ating that x is at the xv'th gluingpair. These numbers de�ne a 
y
li
al ordering of the gluing pairs, by 
al
ulating them
mod n. 39



A neighborhood of a point x in a doubly oriented fat metri
 graph is thus given by aneighborhood of the edge x resides on, if x is not on a vertex. If x is at a vertex, andis at the gluing pair pB�ei, B�ejq we let to Ui and Uj � neighborhoods of B�ei P ei andB�el P el respe
tively � Ui Y Uj be a neighborhood of x.By the set of spineless 
a
ti, Gpkq we shall understand the subset of fat metri
 graphs,su
h that Γ is 
onne
ted and 
onsists of in total k 
y
les, i.e. χpΓq � �k � 1, where wehave labelled ea
h 
y
le by 1, . . . , k, and su
h that furthermore
• Ea
h vertex has valen
e greater than two, ex
ept for the vertex v0 � 
alled theexternal starting vertex � whi
h is allowed to have valen
e 2.
• The dual graph (de�ned similarly to 3.4, with one vertex pr. 
y
le, and one edgepr. vertex) is a tree.
• li1 � � � � � lis � 1 where ei1 , . . . , eis forms a single 
y
le of Γ.
• The gluing pairs of boundaries at the verti
es is given su
h that for edges ei and
ej , part of the same 
y
le of Γ (there are pre
isely two su
h edges) are only in agluing pair together if they glue to vertex v0, the two boundary 
omponents B�eiand B�ej are grouped in gluing pairs, su
h that pB�ej, B�ehq 
omes immediatelybefore pB�eg, B�ejq in the 
y
li
al ordering at the vertex.We are thus ready to spe
ify a topology on Cacti 1, by �rst spe
ifying a topology onthe set of spineless 
a
ti. Indeed, we shall form a 
ell-
omplex that is the basi
 buildingblo
k for a topology on Cacti 1pkq.Constru
tion 3.10 We �rst of all note that the vertex v0 of Γ is spe
ial in the sensethat when k ¡ 1, we 
an � assuming that v0 has valen
e 2, i.e. it 
onne
ts the edges

ej and ei � remove the vertex v0 from Γ, and obtain a new metri
 graph Γv0
, where weidentify the edges ej and ei to one edge, and give it length lj � li. If this is the 
ase, and

Γ has t edges, we say that Γ has t� 1 a
tual edges. Assume therefore for the time beingthat k ¡ 1.Let Eplq denote the subset of Gpkq with k� l a
tual edges e1, . . . ek�l. We shall handlethe 
ase of v0 later.For Ep0q, the lengths l1, . . . , lk are all �xed at 1. Therefore, Ep0q is a dis
rete set,
onsisting of pk � 1q! distin
t points, ea
h point 
oming from the di�erent 
hoi
es of a
y
li
 ordering at the (single) interse
tion point (but up to a
tion of the 
y
li
al grouppermuting the lobes). We 
all Ep0q the 0-skeleton.
Ep1q 
onsists of graphs with k � 1 a
tual edges, l1, . . . , lk�1. This leaves k � 1 a
tualedges �xed at length 1 and the remaining two edges ei and ej with li � lj � 1. Chooseone lobe that 
onsists of ei and ej , and �xate a 
hoi
e of ordering of the remaining k� 1lobes.tli, lj P r0, 1s2 | li�lj � 1u is a 1-simplex. In e�e
t, Ep1q is naturally given the topologyof a disjoint union of 1-simpli
es.We have automati
 gluing maps from elements of Ep1q to elements of Ep0q, obtainedby letting one of the lengths li 
onverge to 0, deleting ei, we obtain a 
a
tus with k40



a
tual edges. Before deleting ei, Γ had two verti
es v1, v2. After deletion there is onlyone vertex v. We pi
k the obvious ordering at the resulting vertex, namely if pB�ei, B�ejqand pB�eh, B�eiq are the gluing pairs at v1 resp. v2, the k gluing pairs at v is given by allthe gluing pairs of v1 and v2 ex
ept the two above, where we instead spe
ify the gluingpair pB�eh, B�ejq. The 
y
li
al ordering 
an be spe
i�ed by requiring all neighborhoodsat v to be the ones from v1 and v2. We omit neighborhoods U�
i Y U�

j and U�
h Y U�

i ,where U�
h , U

�
i , U

�
i , U

�
j are neighborhoods of B�eh, B�ei, B�ei, B�ej respe
tively. Insteadwe add the neighborhoods U�

h Y U�
j at v.
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Figure 12: progressing between Ep0q and Ep1q by 
reating and 
ollapsing internal edges
Ep2q 
onsists of spineless 
a
ti with k � 2 a
tual edges. In the same fashion as for

Ep1q, we have 2-simpli
es given by a lobe partitioned up into 3 internal edges, ei, ej , ehwith li � lj � lh � 1, as shown in �gure 13 and furthermore produ
ts of simpli
es from
1

4
2 3

Figure 13: A point in a 2-simplex
Ep1q with simpli
es from Ep1q, as shown in �gure 14.Letting an a
tual edge of Ep2q 
onverge to 0 � as before � yields a simplex of Ep1q.In the general 
ase, we get re
ursively that Eplq 
onsists of l-dimensional obje
ts � l-simpli
es given by graphs with one 
y
le partitioned up into the a
tual edges ei1 , . . . , eil,41



1

4
2

3Figure 14: A point in a (1� 1)-simplexand the remaining 
y
les given as a single edge with length one. Call the set of thesesimpli
es F plq.
Eplq furthermore 
onsists of produ
ts of lower-dimensional simpli
es pre
isely as the
ase was for Ep2q, that is elements of F pl1q � � � � � F plrq, where l1 � . . .� lr � l.As we saw before, elements of F plq are naturally glued on to elements of F pl� 1q, byletting an a
tual edge ei of a spineless 
a
ti parametrised by an element of F plq 
onvergeto zero, yielding a simplex in F pl � 1q.Hereby, we indeed glue ea
h boundary of a simplex in F plq onto a simplex in F pl�1q.As Epkq is built up of F plq, the gluings spe
ify a 
ell-stru
ture on Epkq, and there areno further 
ells for higher k. In order to des
ribe a 
ell stru
ture on Gpkq, we need toa

ount for the external starting vertex, v0. When k � 1, we have seen that Ep1q � Gp1qis simply a point.When k ¡ 1, we have that v0 
an be positioned anywhere on the k 
y
les. By the
y
li
al ordering at the verti
es, these 
hoi
es 
an naturally be parametrized via S1 asthe (unique � by the last bullet of 3.9) orientation- and length-preserving path traversing

Γ starting and ending at the same point � v0 � in the spineless 
a
ti.As we have spe
i�ed the topology on Epkq su
h that this path doesn't 
hange theordering with whi
h it traverses the 
y
les of Γ � even upon edge-deletion, we 
annaturally spe
ify Gpkq � S1 � Epkq for k ¡ 1.Likewise, the k internal starting points 
an be 
hosen anywhere on one of the k 
y
les,so we have that 
hoosing k internal starting points spe
i�es a spa
e pS1qk �Gpkq.Finally we want to translate this information ba
k to Cacti 1pkq. That is, we spe
ifya bije
tion T : pS1qk �Gpkq Ñ Cacti 1pkqThat is, we want to de�ne the k-
a
tus T pp1, . . . , pk,Γq � pcΓ, πΓq.We start by identifying the i'th 
y
le of Γ with S1
i � Spkq, where we identify pi with

1 P S1
i , in the unique way s.t. 
onne
ted fk � ek � r0, 1s of edges on the i'th 
y
le getsmapped to the ar
 Afk

� S1
i where Afk

has ar
-length |fk| � lk.Indeed, this identi�es every point of Γ with a point of Spkq.Let πΓp1q be the point 
orresponding to v0 P Γ. If |v0| ¡ 2, then v0 lies at some gluingpoint pB�ei, B�ejq. We 
hoose πΓp1q to be the point in Spkq 
orresponding to B�ej .42



Starting at v0, we travel Γ in positive orientation. To the �rst gluing point (B�ei, B�ejqwe en
ounter, B�ei 
orresponds to some point t1 P Spkq and B�ej to some bl P Spkq. Theinterse
tion points lies on di�erent lobes, and we de�ne an interse
tion tuple rt1, b1s.Continuing to traverse Γ in positive orientation, for (almost) every gluing pair en-
ountered, we likewise form an interse
tion tuple. However, if interse
tion tuples for allbut one gluing pair have been formed, we do not form an interse
tion tuple for the lastgluing pair.If Γ has m verti
es, it has k�m�1 edges and hen
e k�m�1 gluing pairs. As we areomitting an interse
tion tuple for ea
h vertex, we have in total k �m� 1 �m � k � 1interse
tion tuples trt1, b1s, . . . , rtk�1, bk�1su �: cΓ. By travelling Γ, we have automati
allyde�ned πΓ : S1 Ñ Spkq{ �c as the unique equidistant pin
hing map.Obviously, we have de�ned cΓ to have one interse
tion point at ea
h lobe, and as weare de�ning the 
y
li
al ordering � by the last bullet in 3.9 � su
h that we indeed alllobes are traversed � one by one � in the 
y
li
al ordering, πΓ is bije
tive away from theverti
es Spkq{ �cΓ, and pcΓ, πΓq is a k-
a
tus.Similarly we 
an traverse Spkq{ �cΓ via the pin
hing map πΓ, and obtain the spineless
a
ti Γ de
omposed as what we 
alled internal edges in 3.7, so it follows by 
onstru
tion� keeping the notion of 
luster relation in mind � that T is a bije
tionTo 
on
lude our endeavours, we stateDe�nition 3.11 The topology on Cacti 1pkq is the one indu
ed by the bije
tion
T : Gpkq � pS1qk Ñ Cacti 1pkqof 3.10Using this identi�
ation, we shall often allow ourselves to swit
h between these twodi�erent interpretations of the topologi
al spa
e of k-
a
ti.For later use, we give a 
ontinuous pro
edure for appending more and more 
y
les tospineless 
a
ti.De�nition 3.12 Assume that we are given an element Γ P Eplq. Let x P Γ. By

Γ_ x P Epl � 1qwe shall understand the doubly fat oriented metri
 graph, obtained by adding an edge
ex of length lx � 1, at x. In the sense that as x is a point in a doubly oriented fatmetri
 graph, whenever x is at a vertexv, it also 
ontains information on what gluingpair pB�ei, B�ejq it is at. So in this 
ase, we remove pB�ei, B�ejq and add the two gluingpairs pB�ex, B�ejq immediately before pB�ei, B�exq at the position of the 
y
li
al orderingpB�ei, B�ejq had at v.De�nition 3.13 By the �agged spineless k-
a
ti, we shall understand the spa
e

fGpkq :� tpΓ, xq | Γ P Gpkq and x P ΓuThat is � a point of fGpkq 
onsists of a spineless 
a
ti � and a point in the 
a
ti.Similarly, we de�ne �agged version of the related spa
es Epkq and Cacti 1pkq, writtenas fEpkq and f Cacti 1pkq respe
tively. 43



Lemma 3.14 Let X be a topologi
al spa
e.Assume that we are given a 
ontinuous map f : X Ñ fEpkq. In 
oordinates, we write
f as x ÞÑ pΓx, fΓx

pxqqLet Φf : X Ñ Epk � 1q be given by
Φf pxq � Γx _ fΓx

pxq.
Φ is a 
ontinuous map.It is easy to see that similar results holds with fGpkq and f Cacti 1pkq repla
ed by
fEpkq as well. We shall however only use the result for fEpkq.Proof. Let fΓx

pxq be a point of some edge eij . eij is part of some 
y
le with k edges,
ei1 , . . . , eik . The 
y
le given by these edges, represents a simplex ∆k�1 :� tpli1 , . . . , lik Pr0, 1sk | li1 � . . .� lik � 1u in F pk � 1q.Let dpfΓxpxqq denote the distan
e from the in
oming boundary of the edge of ei to thepoint fΓx

pxq. G maps a point of the simplex pli1 , . . . , likq P ∆k to the point pli1 , . . . , lij �
dfΓxpxq, dfΓxpxq, . . . , likq in a k-simplex of F pkq. As long as fΓx

pxq stays on the same 
y
le,on all other simpli
es arising from other 
y
les than the one des
ribed by the verti
es
ei1 , . . . , eik , simpli
es are mapped identi
ally to ea
h other.The fa
t that fΓx

pxq is 
ontinuous implies that dpfΓxpxqq depends 
ontinuously on x, soit follows that indeed � as the gluing along lower-dimensional simpli
es is automati
 inthe sense of 3.10 � that G is a 
ontinuous map.Remark 3.15 We have an extra 
y
le on Γ_ x, 
ompared to Γ. We have not spe
i�eda labelling of this extra 
y
le. We 
an let the 
y
le obtained from ex be labelled by anynumber i P t1, . . . , ku, and thereby relabel the 
y
les in Γ labelled by i through k to i�1through k � 1.Indeed, these 
hoi
es all de�ne di�erent maps. We shall however, not use di�erentnotation for them. In appli
ations, the a
tual labelling of the appended 
y
le will beobvious.We are hereby ready to de�ne the operadi
 stru
ture on Cacti 1.De�nition 3.16 The a
tion of Σk on Cacti 1pkq 
omes from permuting the ordering ofthe k lobes of the 
a
tus.To de�ne Cacti 1pnq�iCacti 1pkq : Cacti 1pnq�Cacti 1pkq Ñ Cacti 1pn�k�1q, assumethat we are given a tuple ppck, πkq, pcn, πnqq P Cacti 1pkq � Cacti 1pnqThe base spa
es are Spnq :�²n
j�1 S

1
j for cn and Spkq :�²k

j�1 S
1
j for ck.The base spa
e in the image of Cacti 1pn � k � 1q will be given by Spn � k � 1q :�²

jPt1,...,i�1,i�1,...,n�k�1u S1
j , i.e. we ignore the i'th 
ir
le of Spnq, and append Spkq. Wherethe i'th lobe of Spnq o

urred. As usual, this spe
i�es an ordering of the lobes of Spn�

k � 1q.In order to give a pn� k� 1q-pre-
a
tus, cn�k�1 we need to give n� k� 2 interse
tiontuples. k�1 of the interse
tion tuples will be given by those of ck. There is likewise n�1interse
tion tuples of cn. We will use these interse
tion tuples as well. However, some44



of these tuples may have an interse
tion point at S1
i . Via the pin
hing map πk : S1 Ñ

Spkq{ �c, where we repla
e the domain to S1
i � and thereby map 1 P S1

i to the externalstarting point of pck, πkq � we get a method to � 
ontinuously � identify these interse
tionpoints at S1
i with points on on Spkq.In order to get a pin
hing map πn�k�1, we start at the external starting point ofpcn, πnq, and retain the 
y
li
al ordering at the interse
tion point attained from πn and

πk. Understood in the sense that we travel along cn, using the 
y
li
al ordering of πn,until we rea
h an interse
tion tuple with a point originally on S1
i . We then travel fromthe 
orresponding point at Spkq using the 
y
li
al ordering of πk, until we rea
h a point
orresponding to an interse
tion point originally at S1

i , where we go ba
k to the orderingof πn � and hen
eforth.In e�e
t, what we do is simply identifying internal edges of S1
i with the 
orrespondingar
s of Spkq under the pin
hing map πk, and the operadi
 stru
ture follows.

1

2 3

2
1◦2

Figure 15: Example 
omposition of Ca
ti
1

23

4Figure 16: The 
omposed 
a
tus3.2 Throwing Lobes AwayConstru
tion 3.17 We 
onstru
t a map 45



pl : Cacti 1pkq Ñ Cacti 1pk � 1q.On the level of pre-
a
ti � pl : Cpkq Ñ Cpk�1q � plpcq is given by a pk�1q-pre 
a
tus,where we forget the k'th lobe from Spkq.Pi
k a spe
i�
 representative of the pre-
a
tus c. Denote by rti1, bi1s, . . . rtin, bins theinterse
tion tuples with either one of the points of the tuple residing on the k'th lobe,or being in an interse
tion 
luster with one that has.Assume for notational simpli
ity that if rtij , bij s 
ontains an interse
tion point on the
k'th lobe, it is the interse
tion point denoted bij . If neither lies on the k'th lobe, theinterse
tion point is part of an interse
tion 
luster. Pre
isely one of the interse
tionpoints are free � if there were none, the dual graph would 
ontain a 
y
le � in this 
asewe assume that it is the interse
tion point denoted bij that is the non-free.We spe
ify the interse
tion tuples of plpcq to be given by rti1, tins, . . . , rtin�1

, tins andrtr, brs for r � ij . In e�e
t, let tin reside one the m'th lobe. The dual tree Gplpcq is givenby 
ollapsing the edge arising from rtin , bins (as well as the vertex arising from the k'thlobe) down to the vertex arising from the m'th lobe.All rti1, tins, . . . , rtin�1
, tins are part of the same interse
tion 
luster. Therefore plpcq isboth independent of the 
hoi
e of representative of c, as well as the 
hoi
e of tin as these
ond 
hoi
e of interse
tion point.In order to spe
ify 
y
li
 orderings of the interse
tion points, we note that we might aswell let plpcq be given by letting all but one edge-lengths of the edges ei1 , . . . , eiq formingthe k'th lobe 
onverge to 0, then removing the �nal length 1 edge eiq of the k'th lobe. Bythe topology of letting edge-lengths 
onverge to zero given in 3.10, this uniquely de�nes a
y
li
 ordering of the interse
tion points, and furthermore via the edge-
ollapses spe
i�esthe external starting point � if the external starting points happens to be on the edge

eiq , we let the external starting point be given at the vertex v where Beiq 
omes together,and position the external starting point in the 
y
li
ally ordered at v where the gluingpair 
onsisting of Beiq was.The remaining k � 1 internal starting points remains the same.We des
ribe the image of pl on the simpli
es des
ribed in 3.10, as elements of thesimplex set F pt� 1q. If the pt� 1q-simplex ∆ � tpl0, . . . , ltq P Rt | ° li � 1u is given asa 
a
tus with the k'th lobe having only one interse
tion point interse
ting at a vertex vhaving no other lobes interse
ting at v, we have that removing v makes two edges, say
ei and ej be
ome one edge. Therefore � to su
h simpli
es � pl is a fa
e map

plp∆q � tpl1, . . . , li � lj , . . . , ltq P Rt�1 |¸ li � 1uThis makes pl 
ontinuous; we 
ollapse the simplex arising from the k'th 
y
le to asingle point, and on all other simpli
es, pl maps as the identity. As Epkq is made out of
F ptq, it follows � as we also have spe
i�ed the image of the external and internal startingpoints as 
ontinuous � that pl : Cacti 1pkq Ñ Cacti 1pk� 1q indeed is a 
ontinuous map.
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1
2

3

4

5

1
2

3

4Figure 17: a 
a
tus before and after appli
ation of plRemark 3.18 It is stated in [CV06, p. 37℄, that pl is a �bration. As noted in [Kau05℄, thisis too mu
h to hope for, if it should be, we would in parti
ular have a lift as illustratedin the 
ommutative diagram � � � p��0q //

��

� � I

γ

��vvm m
m

m
m

m

Cacti 1pkq // Cacti 1pk � 1qFor any path γ in Cacti 1pk � 1q, meaning that we should be able to lift the path γ in
Cacti 1pk � 1q, with γp0q � plpc, πq.However, 
onsider a 3-
a
tus pc, πq given by having the lobes labelled by 1 and 2interse
ting the lobe labelled 3 at respe
tively the point 0 and 1

2
of the lobe S1

3 . plpc, πq
onsists of a 
a
tus with two lobes labelled by 1 and 2. See �gure 18
1 23 1 2

γ
γ̃

(c, π): pl(c, π) :

Figure 18: As indi
ated, to de�ne γ̃, it would have to 'jump a
ross' the lobe S1
3We 
an spe
ify a path γ : I Ñ Cacti 1p2q with γp0q � plpc, πq, for instan
e by rotatingthe lobe labelled 1 on
e around the lobe labelled 2. γ don't lift to a map γ̃ : I Ñ

Cacti 1p3q, sin
e at γ̃p0q, the lobe labelled by 1 has to be at the point 0 P S1
3 , but given

ε ¡ 0, γ̃pεq has to interse
t somewhere at the lobe labelled 2. In the metri
 dp�,�qindu
ed from R2 on the simplex of F p2q that pc, πq is part of, dpγ̃p0q, γ̃pεqq ¡ 1
2
, so γ̃
annot be 
ontinuous, and hen
e pl 
annot be a �bration.47



Lu
kily, the less restri
tive notion of a quasi�bration will show more appli
able:De�nition 3.19 A surje
tive map p : E Ñ B between topologi
al spa
es is 
alled aquasi�bration, if the indu
ed map on pairs p̂ : pE, p�1pbqq Ñ pB, bq is a weak equivalen
e(i.e. indu
es an isomorphism on all higher homotopy groups) for all b P BNote that if we 
onsider the long exa
t sequen
e of homotopy groups of the pairpE, p�1pbqq, we 
an repla
e πnpE, p�1pbqq by � as usual is done for �brations � observingthat p� : πnpE, x0q Ñ πnpB, bq is fa
torized as the 
omposition
πnpE, x0q i� //πnpE, p�1pbqq p̂� //πnpB, bqand then using the fa
t that p� is an isomorphism to obtain the following from the longexa
t sequen
e of homotopy groups:Proposition 3.20 A quasi�bration p : E Ñ B indu
es a long exa
t sequen
e of homo-topy groups� � � // πnpF, x0q // πnpE, x0q p� // πnpB, bq // � � � // π0pE, x0q // π0pB, bqWhere F denotes the �ber p�1pbq.Furthermore, we note the following usefulProposition 3.21 Given a quasi�bration p : E Ñ B, the �bers p�1pbq are all homotopy-equivalent to the homotopy �ber of p.Proof. Consider the 
ommutative diagram

Ep

πp // B

E
p //

β

OO

Bwhere πp is the pathspa
e �bration asso
iated to p, and β is the homotopy equivalen
e
a ÞÑ pa, ppaqq, where ppaq is the 
onstant 
urve in B with value ppaq.We get an indu
ed map along the �bers, β : p�1pbq Ñ π�1

p pbqSo applying the long exa
t sequen
es of homotopy groups to πp and p, the 5-lemmatells us that β� : πnpp�1pbqq Ñ πnpπ�1
p pbqq is an isomorphism, and hen
e β is a weakequivalen
e along the �bers as well.For our purpose � having a quasi-�bration is by the above good enough. Therefore,3.18 will not be a 
on
ern, as the following theorem 
an be found in [Kau05, 3.3.18℄Theorem 3.22

pl : Cacti pkq Ñ Cacti pk � 1qis a quasi�bration 48



Therefore, identifying the homotopy �ber amounts to nothing more than identifyingthe �ber of pl for one sele
ted basepoint of Cacti pk � 1q.Let p1
2
qi denote the point 1

2
P S1

i . As basepoint we 
hoose the 
a
tus pc�, π�q P
Cacti pk � 1q with pre
a
tus c� given by having interse
tion tuplesrp1

2
q1, p1

2
qk�1s, . . . , rp1

2
qk�2, p1

2
qk�1s (3)that is, all interse
tion tuples are part of the same interse
tion 
luster, and we 
hoosea representative with non-free interse
tion points at �1
2

�
k�1

.In order to progress to an a
tual k� 1-
a
tus, let the external starting point be givenby the internal starting point � 1 � of S1
1 . Let the 
y
li
al ordering at the single vertex of

Spk� 1q{ �cÆ, arising from the k� 2 interse
tion tuples listed above, be given by lettingthe pair of edges arising from the pj mod pk�1qq'th lobe be the immediate prede
essorof the ones arising from the pj � 1 mod pk � 1qq'th lobe for all j.
k − 3

k − 2

k − 1

2... 1

Figure 19: The basepoint c�.Remark 3.23 We aim at des
ribing the homotopy type of p�1
l pc�, π�q. In order to this,we give a 
ellular des
ription on the image of p�1

l pc�, π�q inside of Epkq from 3.10, andthen handle 
hoi
e of starting-points afterwards. We list the 
ells of di�erent dimension,and how they are atta
hed to ea
h other:
0-
ells: The only way to obtain a 0-
ell is to add an interse
tion tuple (note that we arenot taking internal starting points into a

ount, so there really is only one 
hoi
e)to the list (3). This gives k � 1 di�erent 
hoi
es of 
y
li
 ordering. We thereforehave in total pk�1q 0-
ells, v1, . . . , vk�1. Here vi denotes the 0-
ell given by lettingthe pair of edges arising from the k'th lobe be the immediate su

essor to the pairarising from the i'th lobe.
1-
ells: Choosing the k'th lobe to have a single interse
tion tuple lying somewhere at the

i'th lobe gives a 1-
ell, si. We therefore obtain the 1-
ells s1, . . . , sk�1, where s1 isatta
hed to vk�1 and v1, and for higher i, si is atta
hed to vi�1 and vi.49



k − 2
k − 3

12 ... k − 1

k

Figure 20: moving k around the lobe labelled 2 yields a 1 
ell atta
hed to v1 and v2(k-1)-
ell: By S, we denote the pk � 1q-simplex given by a 
a
tus with the lobes labelled by
1, . . . , k�1 having an interse
tion tuple somewhere on the lobe labelled by k. Thisgives k� 1 edges e1, . . . , ek�1 of Spkq{ �cÆ at the k'th lobe. Where we let ei denotethe edge between the lobe labelled by i mod pk � 1q and i� 1 mod pk � 1q, andhen
e a single pk � 1q-simplex.

k − 2k − 3

k − 1

12

... k

Figure 21: A point in the k � 1-simplex S, given by the verti
es at the k'the lobe.
S is atta
hed only to the 0-
ells by letting the length of one of ei 
onverge to 1(and hen
e the rest to 0). In this 
ase, this yields the vertex vi.Call the above 
ell-
omplex BÆ. Note that BÆ des
ribes all points of p�1

l pc�, π�q pro-50



je
ted down to Epkq.We therefore turn to the e�e
t of 
hoosing external and internal starting points.Unless the k'th lobe has an interse
tion tuple with an interse
tion point at the externalstarting point of pc�, π�q, 1 P S1
1 (this is only the 
ase for an internal point of the 1-
ell

s1), the external starting point of points in p�1
l pc�, π�q 
an be nothing but 1 P S1

1 .In the 
ase where the k'th lobe has an interse
tion tuple point of interse
tion at 1 P S1
1 ,the point 
an be 
hosen to be anywhere along the k'th lobe. That is, anywhere alongthe internal points of s1: s�1. Therefore, parametrising s�1 via s0, 1r 
hoosing an externalstarting point gives a wedge-produ
t of BÆ with s�1.All other but the k'th internal starting point are predetermined, and the 
hoi
e ofinternal starting point for the k'th lobe yields a 
artesian produ
t with S1All in all, we have that as a subspa
e of Cacti 1pkq:

p�1
l pc�, π�q � pBÆ_s0, 1rq � S1As s0, 1r is 
ontra
tible, and the simplex S of BÆ is atta
hed only to the points

v1, . . . , vk�1, it 
an be 
ontra
ted to a single point, yielding a homotopy equivalen
e
BÆ ��k�1 S

1, in e�e
t, we have shown:Proposition 3.24 The homotopy �ber of pl : Cacti pkq Ñ Cacti pk � 1q is given by�ª
k�1

S1

�� S13.3 The Gravity Map on the Level of Spa
esNotation 3.25 We shall use quite a lot of geometri
 
onstru
tions of obje
ts inside of
D2. We allow ourselves to use the following notation:

• To many geometri
 obje
ts G we 
onsider, there is a natural notion of the 
enterpoint. If appli
able, we shall denote cpGq for this 
entre point
• For two points a, b P D2, we 
an talk about the line-segment in D2, between a and
b. This will be denoted ℓpa, bq. For A,B � D2, we set ℓpA,Bq :� �aPA,bPB ℓpa, bq

• For a point p P D2zcpD2q, we 
an measure the angle of ℓpcpD2q, pq from the line
ℓpcpD2q, p1, 0qq. Denote the angle of ℓpcpD2q, pq by angppq P r0, 2πr.

• By | � |, we shall understand the standard eu
lidean distan
e on D2, indu
ed fromR2.Weighted averages will 
ome in handy, for the 
onstru
tions of this se
tion:De�nition 3.26 Consider a line-segment L � R. To a �nite set S :� tlk, wkukPt1,...,nu,where lk P L and wk P r0, 1s is 
alled a weight. The weighted average of S is given by thefun
tion α : Ln � r0, 1sn Ñ L de�ned by
αpSq � °n

i�1wili°n

i�1wi51



provided ωi � 0 for some i; otherwise, we leave it unde�ned.
α is made out of 
ontinuous fun
tions, so it is 
ontinuous. As°n

i�1wi°n

i�1wi

mintl1, . . . , lnu ¤ °n

i�1wili°n

i�1wi

¤ °n

i�1wi°n

i�1wi

maxtl1, . . . , lnu,
α indeed takes values in L.The following trivial observation holds as well, from the reasoning aboveObservation 3.27 Let L � R be 
onne
ted. Consider a set S :� txk, ωkukPt1,...,nu withall xk P L1 as well as xk P L.Let L1 be the least 
onne
ted subset of R, 
ontaining all xk, letting αL1 and αL denotethe weighted average fun
tions with respe
t to these two di�erent line-segments. Then

αLpSq � αL1pSq P L1Another trivial observation we will need is simply saying that weight zero points, i.e.point that 
ontribute with a zero on the numerator and denominator of α are irrelevantObservation 3.28 Let
S :� tlk, ωkukPt1,...,nu.If ωk0

� 0 (and n ¡ 1q, letting
S 1 :� tlk, ωkukPt1,...,k0�1,k0�1,...,nuwe have that

αpSq � αpS 1qIt is our goal during the remainder of this se
tion to 
onstru
t an expli
it morphismof operads Γ: W pfD isk
2
q Ñ Cacti 1, that is a Σ-equivariant lo
al equivalen
e.The general stru
ture will be to de�ne a Σ-equivariant homotopy equivalen
e mapping

γn : fD isk
2
pnq Ñ Cacti 1pnq, 
alled the gravity map. This will not be a morphism ofoperads though.However, after 
onstru
ting γn, it is shown in the following subse
tion how to turn

γn into the weak equivalen
e of operad; what we 
all the gravity morphism of operads,
Γ: fD isk

2
Ñ Cacti 1.Remark 3.29 Before our 
onstru
tion of the lo
al equivalen
e between fD isk

2
and

Cacti 1, we �rst mention that in [CV06, p.37℄, it is suggested that in order to prove thisequivalen
e, one applies the so-
alled framed Fiedorowi
h re
ognition prin
iple. Devel-oped in [Wah01, 1.5.17℄.In order to state this prin
iple, observe �rst of all that the a
tion of Σk on fD isk
2
pkqis a 
overing spa
e a
tion (also 
alled proper a
tion). De�ne the ribbon braid group tobe RBk :� π1pfD isk 2

pkq{Σkq. By what we saw in 2.52 it follows that fD isk
2
pkq{Σk isa KpRBk, 1q.With this in mind, we state the prin
iple:Assume O is a topologi
al operad. If the following two 
ondition holds52



• O pk q{Σk is a KpRBk, 1q for all k
• There is a morphism of operads D isk 1 Ñ Othen O is Σ-equivariant weakly equivalent to fD isk

2
.We 
an see the re
ognition prin
iple as a method for dete
ting enough homotopy the-oreti
 properties of O similar to that of fD isk

2
, that a Σ-equivariant weak equivalen
ebetween them is for
ed.

fD isk
n
pkq has all sorts of higher homotopy groups for n ¡ 2, so there seems to be nohope of generalizing the Framed Fiedorowi
h re
ognition prin
iple to higher dimensions� the homotopy theoreti
 properties of fD isk

n
pkq are simply too 
ompli
ated.Our main reason to di�er from applying the Framed re
ognition prin
iple, and insteadtake a more dire
t approa
h in 
onstru
ting a weak equivalen
e between Cacti 1 and

fD isk
2
is � as mentioned in the introdu
tion � that we aim at generalizing this weakequivalen
e to higher dimensions.Of 
ourse, su
h a � potential � generalization would require a (suitable) de�nition ofhigher dimensional analogues of the 
a
ti-operad.Constru
tion 3.30 We give the general method for 
onstru
ting a k-
a
tus from a littledisk embedding f . In fa
t, we shall use a bit more, that is, assume that we are given:

• A point p P D2, 
alled the 
enter of mass
• An element f P fD isk pkq.We �rst show how to 
onstru
t a k-pre-
a
tus cpf from this data. First of all note thatthe boundary of the domain of f is given as the ground spa
e Spkq � ²k

i�1 S
1
i . We
hoose ea
h S1

i to be given an orientation indu
ed by requiring that fpS1
i q is positivelyoriented, as a subspa
e of R2. f is an embedding and, using f and p, we shall 
ompute

k � 1 interse
tion tuples in Spkq.We �rst of all 
ompute either k or k � 1 interse
tion points 
alled ti. That is, we
ompute a ti lying on ea
h S1
i of Spkq. However, if p P fpD2

i q, we do not 
ompute a ti.Consider the line segment ℓpp, cpfpD2
i qqq. Assuming that p R fpD2

i q, there is pre
iselyone point in the interse
tion with fpS1
i q, and we set

ti :� f�1
�
fpS1

i q X ℓpp, cpfpD2
i qq�In order to have a pre-
a
tus, we however need to 
hoose k � 1 interse
tion tuples.The 
omputed ti will parti
ipate in ea
h of these interse
tion tuples.For ea
h fpS1

i q, let hi denote the lower hemisphere of fpS1
i q, de�ned by setting thesouth pole equal fptiq. Let Bi be the beam ℓpp, hiq. The method of 
omputing interse
tiontuples will be split up into two parts, (a) and (b):(a) Assume that i1, . . . , il are pre
isely the indi
es with Bim X fpD2

j q � H for all
j � im, we give l � 1 interse
tion tuples as the interse
tion 
luster de�ned byrti2 , ti1s, . . . , rtil, ti1s. If l � 1, we 
hoose no interse
tion tuples in this way.53
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Figure 22: 
hoosing the interse
tion points ti. In the image we have indi
ated points t̃i onBfpD2
i q. Note that we omit 
omputing interse
tion point for the framed littledisk embedding labelled 4 as it is over the point marked p. We set ti � f�1pt̃iqDenote by cpfplq, the pre-
a
tus given by restri
ting Spkq to Splq :� S1

i1

² � � �²S1
il
,with the 
hosen interse
tion tuples. Note that there is a natural 
y
li
al ordering ofthe lobes S1

i1
, . . . , S1

il
, 
oming together at the single vertex of Splq{ �c

p
f
plq, namelythe one given by the ordering of the angles angpfpti1qq, . . . , angpfptilqq � where we,of 
ourse, 
onsider the angles as 
entered around p instead of cpD2q.(b) For ea
h tj , where j � i1, . . . , il from (a), we shall 
hoose a point bj , su
h thatrtj, bjs is an interse
tion tuple. Note that this will de�ne in total k� 1 interse
tiontuples � in (a) we 
hose l � 1 interse
tion tuples, and 
hoosing bj for j � i1, . . . , ilwill 
hoose in total k � l � l � 1 � k � 1 interse
tion tuples.The 
onstru
tion of bj will be a re
ursive one. We shall use (a) as the start of there
ursion. Assume that an interse
tion tuple rtj , bjs has been 
hosen for all j with|cpfpD2

j qq � p| ¤ |cpfpD2
i qq � p| (4)Assume that there are l � 1 bj satisfying (4).Assume furthermore that if we restri
t to the pre-
a
tus cpfplq given by the lobes

Splq satisfying (4), we have 
hosen a 
y
li
al ordering of the verti
es of Splq{ �c
p
f
plq.54



We shall apply a weighted average, to determine bj . In order to make the weightedaverage, we shall �rst �nd a line-segment Lj to take the weighted average over. Ljwill be pie
ed together by ar
s of B Impfq.Note that the beam Bj 
ontains only fpS1
i q with bi 
hosen for ea
h i. Using theorientation of the hemisphere hj, we parametrize part of hj as the distan
e- andorientation-preserving homeomorphism γ : r0, 1s Ñ hj XBj .The �rst thing we want to do is �nd a starting point q0 for Lj, �rst of all, if l � 1in (a), we pi
k the point ti1 �: q0. If ℓpp, γp0qq � H, we set q0 to be the point ofthe �nite set ℓpp, γp0qq X fpD2

i q nearest γp0q.If neither of these applies, we shall pi
k q0 � ti, where ti is part of the interse
tion
luster 
omputed in (a). We pi
k the ti with least angle in 
lo
kwise dire
tion,
ompared to the line ℓpp, γp0qq.In either 
ase, q0 is a point at some fpS1
i0
q. From q0, we travel fpS1

i0
q in the positivedire
tion of the orientation to the �rst o

urring interse
tion point q1 of fpS1

i0q.This yields a line-segment L1
j with length equal to the ar
-length from q0 to q1.

q1 might be part of some interse
tion 
luster, but by the 
y
li
al ordering at the
orresponding vertex of Splq{ �c
p
f
plq, there is some q2 forming rq1, q2s, su
h that q2
onne
ts to the next lobe of Splq{ �c

p
f
plq.From q1 we jump to the interse
tion point q2. We traverse from q2 to the nextinterse
tion tuple, to obtain a line-segment L2

j as before, and progressing on, thepro
ess terminates � as the dual graph of cpf is a tree � when there are no furtherpoints in Bj to travel. In e�e
t, we obtain line-segments L1
j

²
. . .
²
Lh

j . These linesegments glue together to Lj , by identifying the right-most point of Lg
j with theleft-most of Lg�1

j . Call the point of Lj obtained by gluing line-segments togethergluing points.By 
onstru
tion, ea
h gluing point has arisen from some interse
tion tuple. Forfuture referen
e, we mark all gluing points in Lj by p, if they have arisen from aninterse
tion tuple of the interse
tion 
luster des
ribed in (a) (for the 
ase with nointerse
tion 
luster 
omputed in (a), we mark them by p if they have arisen fromthe point ti1 as well).The line segment Lj 
ontains all point of Bj X B Impfq; Having obtained a line-segment, we just need to produ
e a set Sj of points with weights for our weightedaverage.For ea
h t P r0, 1s, we 
onsider the (�nite) set of points ℓpp, γptqqX fpS1
i q for i � j,from this set, we 
hoose the point nearest γptq.These points all lie on fpS1

i q for some i, and therefore 
onstitute some 
onne
ted
omponents of Lj : a1, . . . , as. Should one of the al interse
t with a gluing point of
Lj , we split it up in two 
omponents al and al�1. Ea
h point of al, 
orrespond tosome t P r0, 1s; 
all the subset of r0, 1s under this 
orresponden
e cl.55
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pFigure 23: Illustration of a 
omputation of the point b̃5, to the left, the beam B5, withthe disks interse
ting B5. To the right, the line L5 spanning the portion ofthe 
a
tus along the boundary of the little disks. The segments a1, . . . , a7
orresponding to c1, . . . , c7 are given along L5 have been marked. � X marksthe result of the 
omputation.Note that 
onsidering the beam Ci :� ℓpp, γpciqq we get a one-to-one 
orrespon-den
e between ci and ai, the latter 
onsidered as a set of Impfq.For some t, ℓpp, γptqqXImpfq � H, so these 
onstitute some 
onne
ted 
omponents

cs, . . . , cs�t of r0, 1s.To these points, the whole beam Cs�i � ℓpp, γpcs�iqq (i ¡ 0), does not interse
twith Impfq, and it follows by the ordering at the interse
tion 
lusters that we geta unique interse
tion tuple rq1, q2s � part of the interse
tion 
luster des
ribed in(a) � su
h that ℓpfpq1q, fpq2qq X Cs�i � H. rq1, q2s determines some gluing pointmarked p of Lj . By as�i, we shall understanding this gluing. In e�e
t we end upwith an additional t points as�1, . . . , as�t.The points for the weighted average will be given as the 
entre points of ea
h56




omponent � or point � cpaiq P Li.We set the weights 
orresponding to cpaiq to be ωi :� |ci|; that is � the length ofthe interval ci.We therefore have the set Sj :� tpcpaiq, ωiq P Lj � r0, 1suiPt1,...,s�tu, to this data, we
an apply the weighted average, α of 3.26 and set
b̃j :� αpSjq P Lj (5)

b̃j is a point of some Lg
j , and therefore by 
onstru
tion we 
an also regard it asa point of fpS1

i q for some i � where we for the moment assume that b̃j is not ata gluing point of Lj . We de�ne bj � f�1pb̃jq. Should b̃j happen to be at a gluingpoint, we have that rbj , tjs be
omes part of an interse
tion 
luster, and thereforeit doesn't matter whi
h of the two possible lobes we 
hoose bj to lie on � they arerelated by a single 
luster move. For the sake of having the re
ursive pro
eduresound, we 
hoose the one that is not a bi itself.On
e the re
ursive pro
ess is done, and we have obtained k � 1 interse
tion tuples,we a
tually have the 
y
li
 ordering at ea
h vertex of Spkq{ �c
p
f
ne
essary to de�ne a

k-
a
tus. Therefore, the only thing missing, to attain an a
tual 
a
tus, is the 
hoi
e ofan external starting point.We 
an however parametrize the semi-hemisphere3 of BD2 � S1 
ontaining p1, 0q P S1as a pole � 
all it hk�1 � by a homeomorphism γ : r0, 1s Ñ hk�1. And as we already have
hosen a 
y
li
al ordering at the verti
es of Spkq{ �c
p
f
, we 
an apply (b) above to thisparametrization as well, and obtain a point v0 P Splq{ �c

p
f
as some weighted average.We let v0 be the external starting point of cpf .All in all we therefore have des
ribe a pro
edure from f P fD isk

2
pkq, and p P D2, toprodu
e a 
a
tus pcpf , πq P Cacti 1pkq.Having a pro
edure as pres
ribed above is not enough, if one wants to do topology. Inorder to get anything working, we need to ensure that the pro
edure gives us a 
ontinuousmap. This will be our 
on
ern in the 
ourse of the next 
ouple of pages.De�nition 3.31 We de�ne pfD isk

2
pkq � D2q1¤���¤k � fD isk

2
pkq to be the subspa
egiven by the pf, pq su
h that |cpfpD2

i qq � p| ¤ |cpfpD2
i�1q � p| for all i.Remark 3.32 We shall �rst 
onsider 
ontinuity of the map de�ned in 3.30 restri
ted tothe subspa
e pfD isk

2
pkq �D2q1¤���¤k. Even more so, instead of 
onsidering the map tohave image in Cacti 1pkq, we �rst 
onsider it as having image in the base-spa
e Eplq of3.10, where we ignore the internal and external starting points.Note that when restri
ting to the mentioned subspa
e, we 
an order the re
ursivepro
edure, su
h that we �rst apply (a) of 3.30 to the disk labelled 1, then apply (a)3i.e. one quarter of a sphere 57



or (b) (whi
hever applies) to the disk labelled 2, and hen
eforth until �nally the disklabelled k.We 
an 
onsider the j'th step in the re
ursive pro
edure as being given by identifyingthe element Γj P Epjq obtained so far, and via (a) resp. (b) pi
king a point of Γj,given at the interse
tion 
luster des
ribed in (a) resp. the interse
tion point obtainedby the formula (5) in (b). Sele
ting this point thus provides a map ϕj

Γj : pfD isk
2
pkq �

D2q1¤���¤k Ñ Γj.Therefore, the j'th step in fa
t gives a map
ϕj : pfD isk

2
pkq �D2q1¤���¤k Ñ fEpjqgiven by letting ϕjpf, pq � pΓj, ϕ
j

Γjpf, pqq. Note that by 
onstru
tion, in order toprogress from Γj to Γj�1, we apply the map Φϕj , de�ned in 3.14; thus we let Γj�1 :�
Γj _ ϕ

j

Γjpfq.We 
an therefore write the diagram de�ning the map of 3.30 up in a diagram � thatbe
omes smaller by letting X :� pfD isk
2
pkq �D2q1¤���¤k:

X // Ep1q �X
ϕ1�1// fEp1q �X

Φ
ϕ1�1

// Ep2q �X
ϕ2�1 // � � � ϕk�1�1// fEpk � 1q �X

Φ
ϕk�1�1

��
Epkq Epkq �X

pr1oo

(6)
Here the �rst arrow is the �rst appli
ation of (a) in 3.30 on the �rst 
oordinate (notethat Ep1q is just a singleton), and the identity on the se
ond 
oordinate, and pr1 is theproje
tion onto the �rst 
oordinate.Lemma 3.33 γ̃k : pfD isk

2
pkq �D2q1¤���¤k Ñ Epkq de�ned via (6) is a 
ontinous.Proof. 3.14 tells us that Φϕj are automati
ally 
ontinuous, on
e ea
h ϕj are 
ontinuous.We show that ϕj are 
ontinuous by 
omplete indu
tion. That is, assume that ϕj�ipi ¡

0q are 
ontinuous. In parti
ular, this means that the image Γj P Epjq depends 
ontinu-ously on pf, pq as arising as the image of a 
omposition of 
ontinuous fun
tions.Therefore, we need only show that ϕj

Γj : pfD isk
2
pkq�D2q1¤���¤k Ñ Γj is a 
ontinuousmap.That is, we need to show that the points 
omputed in (a) and (b) depends 
ontinuouslyon pf, pq P pfD isk

2
pkq �D2q1¤���¤k.When (a) applies, ϕj

Γj is given by being 
onstant at a single vertex v P Γj; even theposition in the 
y
li
al ordering at v 
onstant, so here ϕj

Γj is 
ontinuous.Assume now that (b) applies. First of all, as the line by 
onstru
tion Lj is given bygluing the boundaries of the edges ei1 , . . . , eik of Γj together in the gluing pairs that theyare given by. By the topology of Γj , it is therefore enough to show that the map into Ljyields a 
ontinuous map. The map into Lj is given by a weighted average, and by 3.26,taking a weighted average is 
ontinuous. Taking a weighted average involves points onthe line segment Lj , as well as weights for those. In 3.30 we noted that by 
onsidering the58



beam Ci :� ℓpp, γpciqq the intervals and point a1, . . . , as�t are 
ompletely determined bythe partition c1, . . . , cs�t of the interval r0, 1s. By 
onstru
tion, the set Si is determinedby c1, . . . , cs�t.In e�e
t, we have redu
ed the problem to showing that the map that to pf, pq PpfD isk
2
pkq �D2q1¤���¤k asso
iates a partition c1, . . . , cs�t � r0, 1s is 
ontinuous.Denote by parts�tpr0, 1sq the spa
e of partitions of r0, 1s by s� t intervalsKeep for the moment the 
ardinality of tc1, . . . , cs�tu � r0, 1s �xed. We show that themap ρ : pfD isk

2
pkq �D2q1¤���¤k Ñ parts�tpr0, 1sq de�ned in (b) is 
ontinuous.For 
ontinuity of ρ in the �rst variable, both pfD isk

2
pkq�D2q1¤���¤k and parts�tpr0, 1sqare metri
 spa
es � endowed with the supremum metri
. In this 
ase, it su�
es to �nda δ that respe
ts a given ε:Pi
k �rst f su
h that no fpD2

i q overlaps with p. This means that there is some leastdistan
e b ¡ 0 from p to f , and it follows � by 
onsidering the maximal e�e
t on aunit-
ube around D2 of taking an ε-ball around Impfq on the beams C1, . . . , Cs�t � thatgiven b ¡ ε ¡ 0, we 
an pi
k fx. δ :� ε
4pb�εq .If p P fpD2

i q, then for ea
h t P r0, 1s, fpD2
i q X ℓpp, γptqq, and therefore as long as

p P fpD2
i q, the partition tc1, . . . , cs�iu � r0, 1s is independent of fpD2

i q, redu
ing the
ase to the above.We therefore turn to the e�e
t of adding or deleting intervals ci to or from the list
c1, . . . , cs�t. The e�e
t of doing this, is to add or subtra
t another point and a weightto the weighted average. By 3.27, we need to 
he
k that in the transition of doing this,we always add a weight with value tending to 0. But as the weight of ea
h point cparqis given as ωr :� |cr|; ea
h ar lies on pre
isely one fpS1

i q, so adding or deleting cr 
anonly o

ur by introdu
ing or removing ar on some fpS1
i q, or by removing a point of Ljmarked p. By 
onstru
tion, this 
an only o

ur when the beam Cr � 
orresponding tothe point marked p or the interval ar on Lj � tends to have zero volume, making cr tendto have zero length.In the transition between (a) and (b) of 3.30, the Cr 
orresponding to the point marked

p of Lj tends to have length 1, so b̃r tends to be at the point marked p.In the transition between p P fpD2
i q and p R fpD2

i q, the line Lj has �xed length, andtc1, . . . , cs�tu remain 
onstant as well. The only di�eren
e being that points marked ptransition to points on Lj 
orrespond to points of fpBD2qFinally, note that in a su�
iently small ball Bp around p P D2, translating p via vinside of this ball, yields pre
isely the same 
a
tus as translating f via �v, so 
ontinuityin the se
ond variable of ρ follows from 
ontinuity of the �rst variable.Remark 3.34 The notation pfD isk
2
pkq�D2q1¤���¤k suggests that for σ P Σk, we shouldde�ne pfD isk

2
pkq�D2qσp1q¤���¤σpkq � fD isk

2
pkq�D2 as the subspa
e given by requiringthat |cpfpDσpiqqq � p| ¤ |cpfpD2

σpi�1qqq � p|,and indeed we do.There are � of 
ourse � no problems in transferring the statement of 3.33 with allinstan
es of pfD isk
2
pkq �D2q1¤���¤k repla
ed by pfD isk

2
pkq �D2qσp1q¤���¤σpkq.59



As furthermore the 
hoi
e of external starting point in Impγ̃kq is � by 3.30 � givenpre
isely via the same pro
edure as (b) in 3.30, we have that from the proof of 3.33, that
γ̃k 
an be 
onsidered as a 
ontinuous map to Gpkq, and as the 
hoi
e of internal startingpoints are automati
ally the points 1 P S1

i for all i, the map 
an even be 
onsidered asa 
ontinuous map into Cacti 1pkq.Note that pfD isk
2
pkq � D2qσp1q¤���¤σpkq are all 
losed subspa
es of fD isk

2
pkq � D2,and we have ¤

σPΣk

pfD isk
2
pkq �D2qσp1q¤���¤σpkq � fD isk

2
pkq �D2using this, we are �nally able so stateProposition 3.35

γ̃n : fD isk
2
pkq �D2 Ñ Cacti 1pkq
onstru
ted in 3.30 is 
ontinuousProof. We suggestively writepfD isk

2
pkq �D2q1¤���¤i�i�1¤���¤k :�pfD isk

2
pkq �D2q1¤���i¤i�1¤���k X pfD isk

2
pkq �D2q1¤���i�1¤i���¤k. (7)Any permutation 
an be split up into simple permutations swit
hing two 
onse
utiveletters. Therefore, by the Pasting lemma, we by 3.33 and 3.34 only need to 
he
k thatthe two de�nitions 
oming from the fa
tors of interse
tion of (7) of γ̃k agree at theinterse
tion pfD isk

2
pkq �D2q1¤���¤i�i�1¤���¤k.Note that this is the subspa
e of the two fa
tors in the interse
tion (7) given by furtherrequiring that |cpfpD2
i qq � p| � |cpfpD2

i�1q � p|.When this is the 
ase, the beams Bi and Bi�1 of 3.30 satis�es Bi X Bi�1 � H as fbeing an embedding in parti
ular implies that the hemispheres hi and hi�1 are disjoint.Therefore, the 
a
tus obtained by �rst 
al
ulating bi and then bi�1 is the same as theone with 
al
ulation of bi and bi�1 reversed; the line segments Li and Li�1 of 3.30 satisfy
Li X Li�1 � H, 
onsidered as points on B Impfq.In the forth
oming, we shall indeed use that the map γ̃n : fD isk

2
pkq�D2 Ñ Cacti 1pkqis 
ontinuous in both variables.However the se
ond variable is only needed for te
hni
al purposes. Therefore, we de�neDe�nition 3.36

γk : fD isk
2
pkq Ñ Cacti 1pkqAs the map γkpfq :� γ̃kpf, cpD2qq, where as usual cpD2q denotes the 
entre of D2. Thatis, γk is given as γ̃k with 
entre of mass �xed at cpD2q.
60



Remark 3.37 Note that γk indeed is Σk-equivariant, as Σk permutes the labellingsof 
omponents in the domain of f :
²k

i�1D
2
i Ñ D2 in fD isk

2
pkq, and the a
tion on

Cacti 1pkq permutes the labelling of lobes given by the boundary of this domain.As γkpfq, maps ea
h 
omponent in the domain labelled i of f to the lobe labelled i,
Σk-equivarian
e followsProposition 3.38

γk : fD isk
2
pkq Ñ Cacti 1pkqis a Σk-equivariant homotopy equivalen
eProof. Consider the diagram

Fd
// fD isk

2
pkq pd //

γk

��

fD isk
2
pk � 1q

γk�1

��
Fl

// Cacti 1pkq pl // Cacti 1pk � 1q (8)
Where the map denoted pl is the quasi�bration de�ned in 3.17, and pd is the �berbundle forgetting the k'th. little disk, de�ned in 2.52.It is easy to see that the square in (8) is not a 
ommutative one.
Fl and Fd are the �bers of pl respe
tively pd. Given the �ber of any two base-points,there is a homotopy equivalen
e 
onne
ting the �bers. For our purpose, it shall thereforebe enough to 
onsider �bers of spe
i�
 basepoints.In 3.22, we de�ned pc�, π�q P Cacti 1pk � 1q.In order to de�ne an expli
it basepoint � �d P fD isk 2

pk�1q, we 
onsider D2 � C, andlet ξk�1
i denote the i'th of the k � 1'th unit roots. Let �d be given by the k�1 framed littledisk embeddings f�i , spe
i�ed by being 
entered around 1

2
ξk
i , and with radius |ξk�1

1
�xk�1

2
|

6(so none of the k � 1 little disks interse
t). This spe
i�es f�i as a little disk embedding.We spe
ify the framing on f Æi by a rotation of ξk�1
i P S1. See �gure 24We therefore (re-)de�ne Fl :� p�1

l pc�, π�q and Fd :� p�1
d p�dq. If we 
o-restri
t the map

pd to �d, and pi
k f P Fd, we have that indeed the restri
ted square of (8) 
ommute:
γk�1 � pdpfq � γk�1p�dq, and pl � γpfq are both 
a
ti with all k � 2 interse
tion tuplesbeing part of the same interse
tion 
luster of (a) in 3.30Therefore, we get indu
ed maps ιk : Fd Ñ FlWe now 
laim that the square in (8) is in fa
t homotopy-
ommutative.To see this, we shall de�ne homotopies deforming both γk�1 � pd and pl � γk.First of all, given f P fD isk

2
pkq, let ρf : r0, 1s Ñ D2 be given as a 
onvex 
ombinationfrom the 
enter of D2 to the 
enter of the k'th framed little disk embedding:

ρfptq � tcpD2q � p1� tqcpfpD2
kqq.We de�ne a homotopy Φt : r0, 1s � fD isk 2

pkq Ñ Cacti 1pk � 1q by setting
Φt :� pl � γ̃kpf, ρfptqq.61
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Figure 24: The basepoint �d P fD isk 2
p5q. Note the similarities with �gure 19.Note that Φ0 � pl � γk, and Φ1 � pl � γ̃kpf, cpfpD2

kqqq.For the other 
omposite γk�1 � pd in the square, we also de�ne a homotopy Θ: r0, 1s�
fD isk

2
pkq Ñ Cacti 1pk� 1q. We de�ne Θtpfq � γ̃k�1ppdpfq, ρfp2tqq for t P r0, 1

2
s. Again,we have Θ0 � γk�1 � pd.The only di�eren
e between Θ 1

2

pfq and Φ1pfq is that given a framed little disk em-bedding f |D2
i
, the bi 
al
ulated in 3.30 is in Θ 1

2


omputed as a weighted average along aline-segment Li where there are some points marked p. In Φ1pfq, we take pre
isely thesame weighted average, only instead of the n points marked p, there are line-segmentsarising from fpS1
kq, of length cji , where j P t1, . . . , nu.De�ne therefore Θtpfq to be the map that at time 1 ¥ t ¥ 1

2
for ea
h step in there
ursive pro
edure des
ribed in 3.30, 
omputes bi as for Θ 1

2

� only the j'th point marked
p at Li, we insert an arti�
ial line-segment of length p2t� 1q ��cji ��. We position the point
ar at the j1th point marked p, used to 
ompute the weighted average � 
entered at thearti�
ial line segment. If b̃i is 
omputed to be at an arti�
ial line-segment, we interpretit as being at the 
orresponding point marked p of Li. By 
onsiderations similar to whatwe saw in the proof of 3.33 and 3.35, Θ is 
ontinuous.That Φ1 � Θ1 tells us that the square in (3.38) homotopy 
ommutative.Therefore, we have the following 
ommutative diagram of homotopy groups, withexa
t rows:
πn�1

�
fD isk

2
pk � 1q	 //pγk�1q�

��

πn pFdq //pιkq�
��

πn

�
fD isk

2
pkq	 //pγkq�

��

πn

�
fD isk

2
pk � 1q	 //pγk�1q�

��

πn�1 pFdqpιkq�
��

πn�1 pCacti 1pk � 1qq // πn pFlq // πn pCacti 1pkqq // πn pCacti 1pk � 1qq // πn�1 pFlq62



γ1 is obviously a homotopy equivalen
e between two 
opies of S1. Therefore we � byindu
tion along k, the 5-lemma, and the Whitehead theorem (for homotopy groups) �only need to show that pιkq� : πnpFdq Ñ πnpFlq is an isomorphism for all n and k. 4To do this, note that by 3.24 and 2.52, the homotopy type of Fl and Fd are both�
k�1 S

1 � S1. Obviously, the ιk is a homeomorphism along the S1-fa
tor, and indepen-dent of the �rst fa
tor, as it is given by the rotating the k'th little disk embedding.Therefore, it only remains to be 
he
ked that along the �k�1 S
1-fa
tor, we have thatthe i'th summand of the domain is mapped as a degree one map to the i'th summandsin the image, and mapped as a degree 0 map for i � j.This should however be 
learfrom �gure 25
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Figure 25: �k�1 S
1 as a deformation retra
t of Fd shown around the dotted 
ir
les � by3.23, we 
an also 
onsider this as the base-point for p�1

l pc�, π�q. As illustrated� under γk � only framed disks 
entered at the lines going out from the j'thhole gets mapped to the point 
orresponding to the j'th lobe. Therefore, ifwe 
onsider ιk as a map from�k�1 S
1 to�k�1 S

1 it has lo
al degree 1 at thepoint 
orresponding to this line.
3.4 The Gravity Morphism of OperadsWe shall alter the 
onstru
tion of 3.30, so that we get a morphism of operads Γ: W pfD isk

2
q Ñ

Cacti 1. We shall in fa
t spe
ify a morphism from Φ: Tree pfD isk
2
q Ñ Cacti 1, and thenuse 2.65 to obtain Γ.4we have noted that sin
e the upper and lower rows are given from maps between Eilenberg-Ma
lanespa
es, we in fa
t only need to 
he
k this for n � 1, however this will not make any di�eren
e in thefollowing, so we ignore it 63



Notation 3.39 Elements of Tree pfD isk
2
qpkq, will be denoted by Tf , T is the treeindexing the element f given as some 
artesian produ
t dependent on the shape of T .Generally, we shall refer to Tf as a labelled k-tree. To ea
h vertex v of T , we haveasso
iated a labelling fv P fD isk 2

p|v| � 1q.Generally, we use the 
onvention of 2.65 for indexing the verti
es.By Tfpnq, we shall understand the pk� iq-tree, given by the subtree of Tf only havingknots at level n and lower (the labellings are retained for the lower knots as well). Alloutgoing edges of level n verti
es of Tf pnq are retained. However, we 
onsider these edgesas 
onne
ting to leaves, given some � for our purposes rather irrelevant � labelling.Observation 3.40 A geometri
 observation that will play a role in the 
onstru
tionof the gravity morphism is that we via what we noted in the end of 3.30, have thatunder the image of γ̃pf, cpD2qq � pcpf , πfq, we 
an 
onsider BD2 � S1 the domain of thepin
hing map πf � as noted � by using the 
onstru
tion in (b) for the semi-hemisphere
entered around 1 P BD2.This gives us a way of relating the di�erent labelling of verti
es of Tf to ea
h other.Given a vertex v at level q of Tf , we have a labelling fv P fD isk 2
p|v| � 1q of v. Let wbe the vertex of Tf at level q � 1 that w via the edge upvq 
onne
ts to. Assuming that

q ¥ 2, there is some labelling fw P fD isk
2
p|w| � 1q of w. For the tree Tfpq � 1q, wehave that the |w| � 1 leaves 
oming from the vertex w are labelled in in
reasing order

i1   � � �   i|w|�1. fw is 
omposed as a disjoint union of framed little disk embeddings
f 1

w, . . . , f
|w|�1
w .

v is in Tf pqq inserted at some leaf of Tf pq � 1q labelled ij. Composing with the em-bedding f j
w : D2 Ñ D2, we 
an equally well 
onsider fv :

²k
i�1D

2
i Ñ D2 as embeddedinto f j

wpD2q, and the 
onstru
tion of 3.30 applies to this situation as well, and we getthat the pin
hing map πw asso
iated to γ̃pfv, pq, has domain f j
wpBD2q. For q � 1, we �as usual � use BD2 as domain for the pin
hing map.We shall use this interpretation of Tf , and thereby a typi
al element Tf P Tree pfD isk 2

qpkqwill give a tree-like arrangement of fD isk
2
elements inside of ea
h other, as in �gure 26Constru
tion 3.41 From Tf P W pfD isk

2
qpkq, we want to asso
iate a 
a
tus ΦpTf q P

Cacti 1pkq. The des
ription of Γ relies heavily on the 
onstru
tion given in 3.30.That is, start by 
onsidering Tfp1q, i.e. we restri
t Tf to have only one internal vertex,
v1 with i leaves on outgoing edges from v1. We let ΦTf p1qq � γipfv1

q. We shall take thisas the start of a re
ursion, where we add more and more verti
es of Tf to a tree startingwith Tf p1q.That is, assume that we have 
omputed ΦpTf pqqq where q P t1, . . . , n�1u. Let vj be avertex of Tf at level n�1. We want to show how to extend ΓpTfpn�1qq to Tf pn�1qYvj�1,given by taking the subtree of Tf obtained from ΓpTfpn� 1qq by adding the vertex vj�1at level n, 
onne
ted by an edge to the vertex vj .Let there be m leafs of Tfpn � 1q. If vj has valen
e l, this gives m � l � 1 leafs of
Tf pn� 1q Y vj�1.Ea
h leaf � labelled i � sits on some vertex vj , and therefore ea
h leaf 
orresponds to aframed little disk embedding fi : D

2
i Ñ D2, whi
h in turn 
ombines together to a framed64
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little disk embedding fq P fD isk 2
pm � 1q � we assume that for fq, we have 
omputed

m� 1 interse
tion tuples rt1, b1s, . . . , rtm�1, bm�1s (9)that lie on the domain of Bfq : Bm
i�1D

2
i Ñ D2.To ea
h vertex vj , we further assume that we have assigned a vj-
enter of mass, cvj

.For the vertex v1 of Tf p1q, this is given by cv1
� cpD2q.having introdu
ed the vertex vj�1 to get Tfpn � 1q Y vj�1, let the label of vj�1 bedenoted by fvj�1

P fD isk
2
pl � 1q.Let vj�1 be repla
ing a leaf of Tf pn � 1q labelled by s, so fs is the framed little diskembedding that we are repla
ing by introdu
ing vj�1. We rename fs to f s

vj
. Likewise theinterse
tion tuple rts, bss that (possibly) is asso
iated to fs, in the sense that ts P B Impfsqwe rename to rtsvj

, bsvj
s.This allows us to rename the l � 1 newly framed little disk embeddings introdu
edfrom fvj�1

by fs, . . . , fs�l�1, without introdu
ing two alike names to di�erent things.Generally, we shall let the 
omputation of the interse
tion point ts�i 
orresponding toone of these l� 1 framed little disk embeddings � fs�i � be given � as in 3.30 � by if the
vj-
enter of mass cvj

R fs�ipD2q:
ts�i � f�1

s�i

�
fs�ipBD2q X ℓpcvj

, cpfs�ipD2qqq�If cvj
P fs�ipD2q, we � as in 3.30 � do not 
ompute ts�i, and leave it out.By spe
ifying the 
omputation for Tfpn� 1q Y vj�1 the further assumptions we makein the 
omputation of ΦpTf pn� 1qq should be
ome evident as we progress on.If this is not the 
ase, we shall need to split up into two 
ases, 
orresponding tolabelling svj

of upvjq. Namely if the label svj�1
P r1

2
, 1s respe
tively svj�1

P r0, 1
2
s we 
allthese two parts the internal respe
tively the external deformation:Internal deformation: First of all, if cvj�e

P f s
vj
pD2q, where vj�e is the vertex that vj
onne
ts to via upvjq, we set cvj

� p2svj
�1qcpfvj

pD2qq�p1�p2svj
�1qqcvj�e

and 
ompute
l � 1 interse
tion tuples via γ̃pfvj�1

, cvj
q.If cvj�e

R f s
vj
pD2q, we have some t̃vj

P B Impf s
vj
q.We set

ν :� inf
xPImpfvj�1

q,yPB Impfs
vj
q |x� y|.That is, ν is the shortest distan
e from any point in Impfvj�1

q to the boundary of f s
vj
.We set µ :� |t̃vj

� cpf s
vj
pD2qq|. Set t̂vj

:� ν
2µ
pcpf s

vj
pD2qq � t̃vj

q � t̃vj
� that is � we have
hoose t̂vj

su
h that it is a point between t̃vj
and cpf s

vj
pD2qq, with Impfvj�1

qXℓpt̃vj
, t̂vj

q �H.We de�ne the vj�1-
enter of mass via a 
onvex 
ombination, w.r.t svj
P r1

2
, 1s:

cvj
� p2svj

� 1qcpf s
vj
pD2qq � p1� p2svj

� 1qqt̂vj
(10)We 
ompute γ̃pfvj�1

, cvj
q and thereby obtain l � 2 interse
tion tuples for these littledisk embeddings. 66



By assumption, there is some interse
tion tuple rtvj
, bvj

s with bvj
lying somewhere on

ΓpTf pn� 1qq.By 3.40 we have a pin
hing map πvj
: Bf s

vj
pD2q Ñ Spl � 1q{ �γ̃pfvj�1

,cvj
q. In parti
ular� up to 
hoi
e of interse
tion 
luster � we have that πvj

pt̃vj
q is a point of some ar
of Bfvj�1

pD2q, su
h that adding rπvj
ptvj

q, bvj
s to the list of l � 2 interse
tion tuples for

γ̃pfvj�1
, cvj

q, we get in total l � 1 extra interse
tion tuples. Adding these to 9, we havein total m � l � 2 interse
tion tuples, su
h that the dual graph given by having thesetuples on Spk � l � 1q is 
onne
ted.Note that when svj
� 1

2
, we have that cvj

� t̂vj
, so in this 
ase rπvj

ptvj
q, bvj

s ispart of the interse
tion 
luster arising in (a) (or if there is only one fs�i to whi
h (a)applies, ts�i � tvj
) of 3.30. We therefore 
an 
hoose all interse
tion points of (a) in the
omputation of γ̃pfvj�1

, cvj
q to be part of an interse
tion 
luster by pi
king the se
ondnon-free point of ea
h tuple to be given by bvj

instead of equal to one of the ts�j. Thisgives us in total l�m interse
tion tuples, so � for svj
� 1

2
� we delete rπvj

ptvj
q, bvj

s, andthereby have l � 1 extra interse
tion tuples.This a

ounts for the interse
tion tuples � and the 
y
li
al ordering at the interse
tion
lusters � of the additional lobes introdu
es by fvj�1
.Let a framed little disk embeddings, f r

v : D2 Ñ D2 be part of the label fv : fD isk
2
p|v|�

1q of v in Tf pn � 1q. We make the re
ursive assumption that we have a beam Br
v �

ℓpcv, hr
vq, where hr

v is the hemisphere 
entered around the interse
tion point f r
v ptrvq thatas in 3.30 
omputes the interse
tion point brv for ΦpTf pqqq. Br

v may overlap with f s
vj
pD2q.As noted in 3.40, we have via the pin
hing map πsvj

, identi�ed f s
vj
pBD2q with the ar
sof the fvj�1

pB²l�1

i�1D
2q 
orresponding to edges of γ̃pfvj�1

, cvj
q.Computing an interse
tion point brv 
orresponding to f r

v , 
an therefore be done byeither 
onsidering the interse
tion with lobes arising from f s
vj
pBD2q and obtain a weightedaverage αpSs

vj
prqq, or we 
an 
hoose to ignore f s

vj
pBD2q from the 
omputation of theweighted average, and only 
onsider the lobes of fvj�1

� that lies inside of f s
vj
pD2q andthereby obtain a weighted average αpSvj�1

prqq.In either 
ase, the line segment Lr
v � given by gluing the edges of lobes lying insideof Br

v together � that the two di�erent weighted averages are taken over, are equal bythe identi�
ation of the ar
s of f s
vj
pBD2q with the edges of γ̃pfvj�1

, cvj
q. Therefore, we
ompute the interse
tion point brv by

b̃r � p1� p2svj
� 1qqαpSvj�1

prqq � p2svj
� 1qαpSs

vj
prqq (11)and set � as usual brv � pf s

vj
iq�1pb̃rq (
ompare (5) of 3.30). What this formula says issimply that in the start of the internal deformation, when svj

� 1, we use the brv arisingby using f s
vj
, and in the end when svj�1

� 1
2
, we use the one arising from fvj�1

, so that inthe end of the internal deformation, f s
vj
has no in�uen
e on 
omputations of interse
tiontuples.External deformation: The point of the external deformation will be that when svj

� 0,we have that fvj�1
is 
omputed as if it was part of the embedding in fD isk

2
p|vj| � 1qlabelling the vertex vj . 67



In the internal deformation, we have spe
i�ed that instead of 
omputing interse
tionpoints as in (a) in 3.30, we should 
hoose the interse
tion 
luster arising in (a) as havingits se
ond point of the interse
tion tuple being bvj
. bvj

is obtained by 
onsidering thebeam Bs
vj

as in (b) of 3.30, given from the embedding f s
vj
, and 
omputing bsvj

as someweighted average αpSs
vj
q dependent on the little disk embeddings interse
ting with Bvj

.To any fs�i of fvj�1
, where (a) of 3.30 applies w.r.t. the vj-
enter of mass, we insteaduse the 
omputation as αpSs

vj
q to obtain an interse
tion tuple rts�i, bvj

s, when svj
� 1

2
.

vj 
onne
ts via upvjq to some vertex vj�e. In order to have the interse
tion points
ts�i de�ned for fs�i, we � during the external deformation, i.e. when svj

P r1
2
, 1s, set the

vj-
enter of mass equal to
cvj

:� p2psvj
qqf s

vj
ptsvj

q � p1� 2svj
qcvj�e

(12)As for pin
hing maps, we let the pin
hing map πvj�e
be 
omputed via (11). At svj

� 1
2� as we have that f s

vj
has no e�e
t on the 
omputation of πvj�e

� in e�e
t, we 
ompute
πvj�e

for all |vj�e| � 1 � l � 1 little disks embeddings forming either fvj�1
or fvj�e

(butnot f s
vj
), πvj�e

identi�es ar
s on the boundary of the surrounding disk with ar
s on theselittle disk embeddings. We shall for svj
  1

2

ompute pin
hing maps in the same way.Computing bs�i will be a slight moderation of what is done in 3.30.We let hs�i denote the hemisphere of fs�ipBD2q 
entered around the interse
tion point

fs�ipt̃0s�iq. Here t̃0s�i denotes the interse
tion point of fs�ipBD2q obtained when svj
� 0.Similar to (b) of 3.30, we set Bs�i � ℓpcvj�e

, hs�iq, and The 
al
ulation of b̃s�i willdepend on the framed little disk embeddings interse
ting Bs�i. The worried reader willnote that the 
al
ulation of b̃s�i will thus not depend on svj
; we shall return to thisdependen
y in (15) and (16).Corresponding to Bs�i, we shall �nd a set Ss�i, to take a weighted average over.First of all, we however need to �nd a line segment Ls�i to take a weighted average over.

Bs�i passes through ar
s of framed little disk embeddings f r
v , arising from a labelling

fv P fD isk 2
p|v|�1q at a vertex v, at level � say � q. In Tf pqq, the label of f r

v 
orrespondsto some leaf labelled r of Tf pqq, and in Tf pq � 1q, this leaf be
omes some vertex w witha label fw P fD isk
2
p|w| � 1q.If the label sw of the edge upwq has sw ¡ 1

2
, we are in the 
ase where fw undergoesinternal deformation, and we have already spe
i�ed how we use 3.40 to � via pin
hingmaps we identify the ar
s of f r

v pBD2q with ar
s of fwp²|w|�1

i�1 BD2
i q.When sw   1

2
, i.e. when fw undergoes external deformation, we have � by de�nition ofpin
hing maps for fw undergoing external deformation, that the pin
hing map πx, where

x is a vertex at a level lower than v, that πx is independent of f r
v , so we ignore the ar
sarising from f r

v pBD2q.In e�e
t, we have an identi�
ation that tells us that any ar
 Bs�i interse
ts with � nomatter what level the 
orresponding vertex is at, using the pin
hing maps iteratively � we
an identify it with an ar
 on some framed little disk embedding fjpBD2q, 
orrespondingto a leaf of Tf pn� 1q Y vj�1.
68



As in (b) in 3.30, we therefore obtain for ea
h level q a set of line-segments � andpoints � aq
1, . . . , a

q
iq
lying on Ls�i. To ea
h of these aq

jq
, we pre
isely as in 3.30 obtain aweight ωq

jq
.In e�e
t, we have a list pa1

1, . . . , a
1
i1
, . . . , an�1

1 , . . . , an�1
in�1

q of points on the line-segment
Ls�i, with 
orresponding weights. We are however need to modify the list, before we 
an
ompute the weighted average.Ea
h aq

jq
is obtained from some little disk embedding � 
all it f q

jq
� arising as one ofthe little disk embeddings of a label fv P fD isk 2

p|v| � 1q of the vertex v � at level q in
Tf pn � 1q Y vj�1. To have some notation, we 
an 
onsider f q

jq
: D2 Ñ D2 as being theframed little disk embedding 
oming from the vertex vjq � possibly a leaf of Tf pn� 1qY

vj�1 � that 
onne
ts to v via upvjqq.Let Epw, vq denote the set of edges along the (shortest) path in the tree indexing
Tf pn� 1q Y vj�1 from the vertex w to the vertex v (v and w 
an be leafs in whi
h 
asewe shall denote them by their labelling in t1, . . . , k � l � 1u). Given e P Epw, vq, let
se P r0, 1s denote the label of e. Let the a

umulated label to v w.r.t. w be given by

spw, vq :� max
ePpEpw,vqztupwq,upvquqtseu (13)We need to distinguish between whether vjq is a leaf or not, therefore let to a number

x P R, txu :� maxtx, 0u, and set
hpsvjq q :� " t2svjq � 1u if vjq is an internal vertex of Tfpn � 1q Y vj�1

1 if vjq is a leaf of Tfpn� 1q Y vj�1Here, as usual sv P r0, 1s denotes the labelling of the edge outgoing edge upvq from v.Let now w denote the vertex at the highest level, su
h that both vjq and the leaflabelled i� s are on bran
hes of w, we set
ω
1q
jq

:� tphpsvjq q � t2spvjq , wq � 1uu � t1� t2spi� s, wq � 1uuωq
jq
. (14)We let ω1qjq

repla
e the weight ωq
jq
as the weight 
orresponding to aq

jq
.The important notes to make here, is that

• If svjq   1
2
, then ω1qjq

� 0. That is, if f q
jq
parti
ipates in an external deformation,we let the weight of aq

jq
have weight zero.

• If spi � s, wq � 1 or spviq , wq � 1, then ω
1q
jq
� 0. I.e. if any edge on the shortestpath from i to v is 1, the weight of aq

jq
has weight zero.We let Ss�i :� tcpaq

uq, ω1qu u, and thereby 
an give meaning to taking the weightedaverage αpSs�iq 
orresponding to Bs�i over the line segment Ls�i.Note that we 
an extend the line segment Ls�i to in
lude all the framed little diskembeddings that Bs
vj


ontains � by 
onsidering Bs
vj
Y Bs�i instead � the added line-segment has no in�uen
e on the 
omputation of the weighted average. For lobes that at

svj
� 1

2
has bi�s 
omputed via Bs

vj
, we let 69



b̃i�s :� 2svj
αpSs

vj
q � �1� 2svj

�
αpSs�iq (15)Similarly in other 
ases, i.e. where bs�i is 
omputed for svj

� 1
2
, via some B 1

2

s�i :�
ℓphs�i, cvj�1

q as some αpS 1

2

s�iq, su
h that B 1

2

s�i interse
ts non-trivially with framed diskembeddings of fvj
. We 
an again expand Ls�i from above to in
lude all the lobes that

B
1

2

s�i interse
t, and set̃
bi�s :� 2svj

αpS 1

2

s�iq � �1� 2svj

�
αpSs�iq (16)Remark 3.42 The idea for proving 
ontinuity for Γ is the same as for the map γ̃k thatwe saw in 3.35. We just have to make a similar ordering for ea
h set of labellings of edgesat level q for all q. As the assignment of ea
h bi is 
ontinuous in the labels se of the edgesof Tf as well, and by 
onstru
tion � when svj

� 1
2
, transitioning between internal andexternal deformation of fs�i gives the same 
omputation of bi in either 
ase. Thereforeone 
an obtain a result for Γ � similar to 3.33 as well.Proposition 3.43 Γ: W pfD isk

2
q Ñ Cacti 1, obtained as the last part of a fa
torization

Tree pfD isk
2
q ÑW pfD isk

2
q Ñ Cacti 1of Φ in 3.41 is a morphism of operads.Proof. We simply need to 
he
k that Φ given in 3.41 satis�es the relations of 2.65.Assume we are given Tf PW pfD isk

2
q.We start by verifying (1) of 2.65, so assume Tf has an edge upvq labelled by sv � 1.In parti
ular, this means that for any two verti
es x, w with upvq P Epx, wq, we have

spv, wq � 1.Denote by Tf |upvq the bran
h of Tf emanating from upvq � that is � with upvq theedge going down to the root (with all labellings, ex
ept sv of Tf retained). Similarly,denote by T upvq
f the subtree of Tf given by repla
ing the entire bran
h Tf |upvq by a edgegoing to a leaf labelled s. (with all labellings, ex
ept sv retained).Computing ΦpTfq and ΦpT upvq

f q, we see by the formula (14) (or the se
ond bulletbelow that) that all interse
tion tuples rt1, b1s, . . . , rtk�m, bk�ms of ΦpT upvq
f q agree withthe 
orresponding list of interse
tion tuples of ΦpTfq, sin
e the only di�eren
e betweenthe weighted averages used to 
ompute bj is some weight zero points, whi
h by 3.28 hasno e�e
t, as the cw-
enter of masses in T upvq

f agree with the ones in Tf , we have that the
tj agree as well.Sin
e the pin
hing map of ΦpT upvq

f q is 
omputed via the formula (11), it follows thatthe labellings of Tf |upvq has no e�e
t on the pin
hing map of ΦpT upvq
f q, so by de�nitionof operadi
 
omposition in the Cacti 1 operad, it follows that70



ΦpTfq � ΦpT upvq
f q �s ΦpTf |upvqqTo 
he
k formula (2) of 2.65, assume that for a vertex vi, that the label svi

of upviqis given by svi
� 0, let upviq be 
onne
ting vi to vj . As above, denote by Tf |upviq thebran
h emanating from upviq. Again as above, we let upviq repla
e the edge to the leaflabelled s of the tree T upviq

f .
Φpf1, t2, f2, . . . , tj, fj , . . . , 0, fi, . . . , tk, fkq has vj-
enter of mass equal to the vi-
enter ofmass, by (12). Therefore, all interse
tion points 
alled ti agree with Φpf1, t2, f2, . . . , tj, fj�s

fi, . . . , ti�1, fi�1, ti�1, fi�1, . . . , tk, fkqUsing formula (15) and (16), we have that the bv for v a vertex of Tf |upviq gives thesame as for Φpf1, t2, f2, . . . , tj , fj �s fi, . . . , ti�1, fi�1, ti�1, fi�1, . . . , tk, fkq as well.For verti
es of T upviq
f , we use (14) � or the �rst bullet below that. And by de�nitionof the pin
hing map for verti
es undergoing external deformation, we have that indeedformula (2) of 2.65 holds.Asumme that vj is labelled by the identity morphism 1 : D2 Ñ D2 P fD isk

2
p1q, i.e.the identity of fD isk

2
, we have that upvj�1q is 
onne
ting to vj.Obviously, the only di�eren
e between Φpf1, t2, f2, . . . , tj,1, tj�1, fj�1, . . . , tk, fkq and

Φpf1, t2, f2, . . . , tj�1, fj�1, . . . , tk, fkq, lies in the 
omputation (14), sin
e for a verti
es vin Tf |upvj�1q and w a vertex in T upvjq
f , we have that a path from v to w automati
allypasses through both upvjq and upvj�1q, so by (13), formula (3) of 2.65 holds.(4) of 2.65 follows sin
e if we let σ P Σk a
t on a label fv P fD isk 2

p|v| � 1q of thevertex of v, by permuting the labellings of the little disk embeddings. We have that if vis at level q, that this permutes the leafs a

ording to σ. In e�e
t we have that (4) of 2.65.Similar to 
he
king (4) of 2.65 above, we have that a
ting by Σk on W pfD isk
2
qpkq isgiven by permuting the labellings of the leafs of the given tree. Under Φ, the labellingsof the leafs determines the labellings of the 
orresponding lobes of the 
a
tus, and asthe a
tion of Σk on Cacti 1pkq permutes the lobes, we have Σ-equivarian
e, 
ommutes,
he
king that indeed Γ is a morphism of operads.Theorem 3.44 The operads fD isk

2
and Cacti 1 are related via the following diagram
onsisting of lo
al equivalen
es of operads:
W pfD isk

2
q

Γ
LL

LL
L

&&LL
LL

LLεqq
qq

q

xxqqq
qq

fD isk
2

Cacti 1
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Proof. By 2.64, we just need to 
he
k that Γ indeed is a lo
al equivalen
e of operads.At ea
h n, Γpnq : W pfD isk
2
qpnq Ñ Cacti 1 
an be related via a homotopy

Ψt : W pfD isk
2
qpnq � I ÑW pfD isk

2
qpnqthat is given by s
aling the labels of the edges of elements in W pfD isk

2
qpnq with

t P r0, 1s. Thereby, we have Ψ1 � Γpnq and Φ0 given as γn mapping out of the n-
orolla,whi
h is the result of the series of operadi
 
ompositions having all edges labelled byzero. From 3.38 we have that Γpnq is homotopi
 to a homotopy equivalen
e, and hen
eitself a homotopy equivalen
e.Corollary 3.45 There is a morphism of operads
Ψ: BV Ñ H�pCacti 1qsu
h that if we let H�p�q have 
oe�
ients in a �eld, Ψ be
omes an isomorphism ofoperads.Proof. Combine 3.44, 2.57 and 2.17 For the statement with 
oe�
ients in a �eld, 
onsider2.56 as well.
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4 Ca
ti 'A
ting' on Free Loop Spa
esAs we have seen, operads are interesting be
ause a
tions of them 
ontrol algebrai
 stru
-ture of the obje
t they a
t upon. In the previous 
hapter, we worked with the 
a
ti-operad. In this 
hapter, we show why the 
a
ti-operad is interesting; we show how to
onstru
t an a
tion of H�pCacti 1q on H�pLMq, where LM is the free loop spa
e over asmooth orientable manifold, M . Indeed this a
tion is gives rize to the 
elebrated Chas-Sullivan loop produ
t on H�pLMq.4.1 Pullba
ksIn this se
tion, we give some � rather basi
 � 
onne
tions between pullba
ks and �ber-bundles, needed for later use.We shall need expli
it 
omputations in pullba
ks, so we start by re
alling their 
on-stru
tion in the 
ategory Top:De�nition 4.1 Suppose we are given a diagram of topologi
al spa
es
Y

g

��
X

f // Z

.We de�ne the pullba
k spa
e of this diagram to be the spa
e
X �Z Y :� tpx, yq P X � Y | fpxq � gpyqu.We de�ne the pullba
k of the diagram to be the diagram

X �Z Y
fg //

gf

��

Y

g

��
X

f // Zwhere fg and gf are the restri
tions to X �Z Y of the proje
tions X � Y Ñ Y and
X � Y Ñ X.By de�nition of the pullba
k spa
e, the diagram 
ommutesProposition 4.2 Assume that we have a �ber bundle p : E Ñ B with �ber F , and amap f : X Ñ B. Then in the pullba
k diagram

X �B E

pf

��

fp // E

p

��
X

f // B

pf is a �ber bundle with �ber F .In this 
ase the pullba
k spa
e X �B E is often denoted f�pEq, and pf is 
alled thepullba
k bundle pf : f�pEq Ñ X. 73



In the proof, we shall give an expli
it formula for the lo
al trivializations; whi
hbasi
ally says that lo
al trivializations of pf are inherited from lo
al trivializations of p.There will be appli
ations using the expli
it des
ription of the lo
al trivializations givenin the proof below.Proof. Note �rst of all that sin
e p is surje
tive, f�pEq 
onsists of � to any fpxq � tuplespx, eq su
h that fpxq � ppeq.We want to �nd a lo
al trivialization of pf . We have by assumption a lo
al trivializationof p, i.e. a 
overing tUiuiPI of B, and lo
al trivializations τi : Ui � F Ñ p�1pUiq.The family tf�1pUiquiPI is an open 
overing ofX, and we 
an de�ne lo
al trivializations
τ̃i : f

�1pUiq � F Ñ p�1
f

�
f�1pUiq� � f�pEqby setting

τ̃ipx, yq � px, τipfpxq, yqq. (17)The image of τ̃i is in f�pEq, sin
e by lo
al triviality ppτpfpxq, yqq � fpxq. Furthermore,the image of τ̃i is in p�1
f pf�1pUiqq, as τi maps into p�1pUiq. Lo
al triviality follows as weto px, eq P f�pEq with fpxq � ppeq P Oi 
an de�ne an inverse

τ̃i
�1 : p�1

f

�
f�1pUiq�Ñ f�1pUiq � Fby setting

τ̃i
�1px, eq � px, pτ�1

i peqq2q (18)where we use the notation p�qi for the proje
tion onto the i'th 
oordinate in a 
artesianprodu
t.For px, eq P p�1
f pf�1pUiq, we have ppeq � fpxq, so

τ̃i � τ̃�1
i px, eq � τ̃ipx, pτ�1

i peqq2q � px, τipfpxq, pτ�1
i peqq2qq � px, τipppeq, pτ�1

i peqq2q � px, eqwhere the last equality follows by lo
al triviality of τi. As furthermore
τ̃�1
i τ̃ipx, yq � px, pτ�1

i � τipfpxq, yqq2q � px, pfpxq, yq2q � px, yqwe have indeed de�ned inverse homeomorphisms.As the �rst 
oordinate remains �xed, τ̃i is, by de�nition of pf , lo
ally trivial.De�nition 4.3 Let p : E Ñ B be a rank k ve
tor bundle. An orientation of p is given asa fun
tion that to ea
h b P B assigns an orientation of the ve
tor spa
es p�1ptbuq � Rk,subje
t to the lo
al 
ompatibility 
ondition saying that B has a 
overing of lo
ally trivialneighborhoods tUu su
h that we � using lo
ally trivial 
oordinates τ : U �Rk Ñ p�1pUq� have that the linear map Ab from Rk (with �xed orientation) to p�1ptbuq given by
r ÞÑ τpb, rq is orientation preserving, in the sense that detpAbq has the same sign for all
b. We say that p is orientable if there exists an orientation for p.74



Proposition 4.4 Let f : X Ñ B, assume that p : E Ñ B is a �ber-bundle, with �ber F .For the pullba
k bundle fp : f�pEq Ñ E, we have the following:(a) if f is a topologi
al embedding, then fp : f�pEq Ñ E is a topologi
al embedding.(b) if f is a topologi
al embedding, and p is an orientable ve
tor bundle of rank k,then pf is an orientable ve
tor bundle of rank k.Proof. To prove (a), we need to show that fp is an inje
tive open mapping.Inje
tivity follows as to px, eq, px1, e1q P f�pEq, assuming e � e1, we get fpxq � ppeq �
ppe1q � fpx1q, so it follows from inje
tivity of f that px, eq � px1, e1q.To see that fp is open, pi
k an open set U � B, that has a lo
al trivialization τ w.r.t.
p. The pre-image f�1pUq is an open neighborhood of X that trivializes pf via τ̃ givenin the proof of 4.2. By lo
al triviality, and the formula (17) of 4.2, using the fa
t that fpis the proje
tion to the se
ond 
oordinate, we get that

fppτ̃px, yqq � px, τpfpxq, yqq2 � τpfpxq, yqso we have the following 
ommutative square:
f�1pUq � F

f�1
��

τ̃ // p�1
f pf�1pUqq

fp

��
U � F

τ // p�1pUqshowing that fp is open, as f is.To see (b), �x an orientation of p. Pi
k b P fpXqXB, and 
hoose the same orientationsfor p�1
f pf�1pbqq � p�1pbq � Rk. For a lo
ally trivial neighborhood U of p, with lo
altrivialization τ : U � Rk Ñ p�1pUq, the neighborhood f�1pUq is lo
ally trivial for pf .We see that the map r ÞÑ τ̃pf�1pbq, rq � pf�1pbq, τpb, rqq P p�1

f pf�1pbqq, is orientationpreserving as r ÞÑ τpb, rq is.4.2 Free Loop Spa
esThroughout this se
tion, we let M denote a smooth orientable manifold of dimension d.As mentioned in the introdu
tion, by the free loop spa
e on M , we will understandthe spa
e of unpointed 
ontinuous maps to M , LM :� MappS1,Mq.De�nition 4.5 Given a representative c of a k-pre-
a
tus (i.e. we �x potential inter-se
tion 
lusters). To c, there are by de�nition, upon the k lobes of Spkq in total k � 1interse
tion tuples rt1, b1s, . . . , rtk�1, bk�1s and in total 2pk � 1q interse
tion points. Wede�ne a 
a
tus-evaluation map
evc : pLMqk ÑM2pk�1q
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evc is given by identifying the i'th lobe S1
i of Spkq with the domain of the i'th loop

li : S
1 Ñ M of pl1, . . . , lkq P pLMqk, and evaluate at all interse
tion points pi

1, . . . , p
i
dlying on S1

i . Doing so for all i, we obtain a 
ontinuous map evcpl1, . . . , lkq P M2pk�1qgiven by the 2pk � 1q points at ea
h loop li by lippi
1q, . . . , lippi

dq.For later purposes, we order the 2pk � 1q interse
tion points su
h that under thediagonal map ∆: Mk�1 Ñ M2pk�1q a xi of px1, . . . , xk�1q P Mk�1 hit points of Impevcqarising from the same interse
tion tuple.The �ber ev�1
c iptpx1, . . . , x2pk�1qquq will be denoted Ωc

x1,...,x2pk�1qX and it is given bymaps f : Spkq ÑM , su
h that the image under f of the i'th interse
tion point is mappedto xi.Before proving anything about evc, we need a te
hni
al 
onstru
tion � a map thatpushes points around in the unit dis
, but is 
onstant at the boundary. There are manyways to de�ne su
h maps, the following will do for us.Let Dn denote the 
losed unit-disk, Dn :� tx P Rn | }x} ¤ 1u.Lemma 4.6 Let HomeopDnq denote the spa
e of self-homeomorphisms of the disk. Let-ting Φ: DnzBDn Ñ HomeopDnq be given by
v ÞÑ Φv, Φvpsq � s� p1� }s}qvindeed de�nes a 
ontinuous map.Proof. Φv goes into Dn, sin
e}Φvpsq} � }s� p1� }s}qv} ¤ }s} � p1� }s}q}v} ¤ }s} � 1� }s} � 1,and Φv is obviously 
ontinuous.We now 
he
k that Φv is a bije
tion. Let Sk :� tx P Rn | }x} � ku. Consider ΦvpSkq;that is, the image under Φv of some 
ir
le 
entered around 0. For x with }x} � k,

Φvpxq � x � p1 � kqv; that is, ΦpSkq is a 
ir
le of radius k 
entered around p1 � kqv.Restri
ted to ea
h Sk, Φv is by this justi�
ation a bije
tion.Let k ¡ k1, and s P Sk, and s1 P Sk1.We get by the inverse triangle inequality that}Φvpsq � Φvps1q} � }s� s1 � pk � k1qv} ¥ |}s� s1} � pk � k1q}v}| ¥|pk � k1q � pk � k1q}v}| ¡ 0where the last inequality follows as }v}   1. Therefore ΦvpSkqXΦvpSk1q � H, showingthat Φv is inje
tive.Furthermore, we get from the above that for Dk a disk of radius k, 
entered at 0,
ΦvpDkq is the disk of radius k 
entered around p1 � kqv, so as ΦvpD1q is the unit disk
entered at 0, it follows that Φv is surje
tive.So as Φv is a 
ontinuous and bije
tive map between 
ompa
t hausdor� spa
es, it is ahomeomorphism, and by 
onstru
tion, Φv depends 
ontinuously on v.76



Theorem 4.7 Suppose that M is an n-manifold, then
evc : pLMqk ÑM2pk�1qis a �ber-bundle.In order to handle the lo
al information, we �rst need to introdu
e some notation;let MA

U denote the spa
e of maps γ : A Ñ M where A is an open subset of r0, 1s su
hthat 1
2
P A with γp1

2
q P U , and furthermore extending γ to γ : A Ñ M , we require

γpBAzt0, 1uq P BU .Proof. We use the notation of 4.5. Along the domain of a loop lj, there is a number �between 1 and k � 1 � of points pi
j, su
h that ljppi

jq � xi. Fix neighborhoods U j
i � S1

j
entered around pi
j, su
h that U j

i X U
j
k � H if pi

j � pk
j .Let px1, . . . , x2pk�1qq P M2pk�1q be given. Choose V1, . . . , V2pk�1q su
h that Vi is aneighborhood of xi, with ϕi : Vi Ñ Dn a homeomorphism su
h that ϕipxiq � 0 . Set

V :� V1�� � ��V2pk�1q. We desire a lo
al trivialization ξ; i.e. satisfying that the followingdiagram 
ommutes
V � Ωcpx1,...,x2pk�1qqM1�0

OOO
O

''OOOOOOO

ξ // ev�1
c pV q

evc
ww

ww

{{www
ww

VNote that ev�1
c pV q is given by 
urves f : Spkq ÑM satisfying that the i'th interse
tionpoint of c is mapped to Vi.Ea
h lj P Ωcpx1,...,x2pk�1qqM has ljppi

jq � xi, and if we let lij denote the 
urve where we�rst restri
t lj to Ui and then 
o-restri
t the image to Vi, we get lij : Ai
j Ñ Vi. We identify

U i
j with r0, 1s � su
h that pi

j be
omes identi�ed with 1
2
, and thus Ai

j with an open subsetof r0, 1s, so we have that lij PMAi
jtxiu.In order to de�ne ξ, we de�ne a 'lo
al' homeomorphism χi

j : Vi �MA
j
itxiu ÑM

A
j
i

Vi
, doingthis, we easily extend to all of ξ.We de�ne χi

j by working in lo
al 
oordinates � i.e. where the 
urves run under theimage of ϕi � in the 
oordinate ball Dn � and we des
ribe the image of plij, vq P Vi�MAi
jtxiuby pχi

jqplijqpv, sq � lijpsq � p1� }lijpsq}qp2s� 1q2v (19)Fixate s and v, it follows as p2s � 1q2v P ϕipViq, from 4.6, that pχi
jqp�qpv, sq has aninverse, ppψi

jqp�qpsqq.We have that ppψi
jqlij p1

2
qq � xi. Therefore we 
an de�ne an inverse of χi

j pointwise, bysetting pχi
jq�1

lij
psq � �ppψi

jqlij psqq, lijp1
2
q	.Having de�ned the lo
al χi

j's, we simply let ξ be given by χi
j at ea
h neighborhood U i

jand 
onstant outside of these neighborhoods.77



First of all, as U i
j X Uk

j � H, for di�erent valued interse
tion points pi
j and pk

j , thedi�erent χi
j are 
ompletely independent of ea
h other. From (19) it follows that if 0, 1 P

A
j
i � r0, 1s respe
tively, then pχi

jqlijp1q � lijp1q resp. pχi
jqlijp0q � lijp0q, and as furthermorethe map Φvpsq of 4.6 be
omes the identity as s approa
hes the boundary, we have thatleaving the 
urve 
onstant outside of U j

i indeed gives us a 
ontinuous 
urve.Constru
tion 4.8 Cacti 1pkq is de
omposed up in 
ells by 3.10. Pi
k a 
ell Ψ̃ P F pn1q�� � � � F pnmq su
h that n1 � � � � � nm � k. Epkq is obtained by gluing top-dimensional
ells su
h as Ψ together. When 
hoosing internal and external basepoint, we obtain Ψfrom Ψ̃.Note that the interior Ψ� of the (top-dimensional) Ψ parametrize 
a
ti without any in-terse
tion 
lusters. By the spa
e LΨM , we shall understand the spa
e of pairs ppc, πq, fcq,where pc, πq is a 
a
tus obtained from Ψ�, and fc are given as 
a
ti-like loops; that ismaps of the form fc : Spkq{ �c
//M .We have an evaluation map ev : LΨM Ñ Mk�1 evaluating fc at the k � 1 points of

Spkq{ �c arising from interse
tion tuples of c.Furthermore, we have a map
ρΨ : LΨM Ñ Ψ� pLMqkby ρppc, πq, fcq � pc, fc|c1, . . . , fc|ck

q, where fc|ci
is the morphism S1 Ñ M given byrestri
ting fc to the i'th lobe of c.Both maps are easily seen to be 
ontinuous as evaluations and restri
tions along
ontinuous maps (in the 
ompa
t-open topology) are 
ontinuous maps.Indeed (up to homeomorphism) this stru
ture �ts into the following pull-ba
k bundle:

Ψ� � pLMqk
evΨ

��

LΨM
ρΨoo

ev

��
M2pk�1q Mk�1

∆
oowhere � as usual � ∆ is the diagonal embedding, and evΨ is given as ppc, πq,�q �

evcp�q de�ned in 4.5, where pc, πq is given as a point of Ψ�.The pullba
k spa
e ∆�pM2pk�1qq, that by de�nition �ts into the pullba
k square isgiven as the subspa
e of Ψ� �LMk �Mk�1, spe
i�ed by loops pl1, . . . , lkq P LMk evalu-ating at the interse
tion points spe
i�ed by pc, πq in Ψ� su
h that at the i'th interse
tiontuple rti, bis, both the evaluation of ti and bi evaluates to the i'th entry of Mk�1, thatis; xi PM . This is pre
isely the same as giving a quitent map Spkq{ �cÑM ; hen
e theidenti�
ation ∆�pM2pk�1qq � LcM .Under this identi�
ation, ρΨ and ev are simply the proje
tions that �t into the pullba
ksquare, as they should be.It follows from the proof of 4.7, that evΨ is a �ber-bundle � we are just expanding the�bers to something we 
ould 
all Ψ� � ΩΨpx1,...,x2pk�1q instead, and the map ξ 
onstru
tedin the proof generalizes to this situation. 78



By 4.4, we have that ρΨ is a topologi
al embedding. Note that the maps ρΨ extendto maps by allowing points on the boundary of Ψ as well; the graph Spkq{ �c will,under di�erent representatives of c (i.e. di�erent 
hoi
es of interse
tion tuples in aninterse
tion 
luster), give rise to the same graph, as noted in 3.7. Therefore ρΨ 
an bepasted together to a 
ontinuous map ρin : LCacti 1pkqM Ñ Cacti 1pkq. Similarly, we get anextension ev : LCacti 1pkqM ÑMk�1 as we are evaluating points of an interse
tion tuple tobe the same, and hen
e all points of an interse
tion 
luster evaluates to the same value.As we have 
hosen M to be a smooth manifold, we get that the normal bundle
ν∆ : Np∆pMk�1qq Ñ Mk�1 is a rank dpk � 1q-ve
tor bundle. As the normal bundle isequivalent to the tangent bundle T pMk�1q, we have as M is 
hosen to be an orientablemanifold that indeed ν∆ is an orientable ve
tor bundle.By 
onsidering the pullba
k

LCacti 1pkqM
ev

��

ev�pMk�1qpν∆qevoo

evν∆

��

Mk�1 Np∆pMk�1qqν∆

oowe get from 4.4 that pν∆qev indeed is an orientable rank dpk � 1q-ve
tor bundle.Summarizing up, we haveProposition 4.9 The 
omposite
ev�pMk�1q pν∆qev// // LCacti 1pkqM ρin // Cacti 1pkq � LMk�1de�ned in 4.8 has the left-most map a dpk � 1q-ve
tor bundle and ρin a topologi
alembedding,4.3 A Potential Gap in the Argument of [CJ02℄4.9 is 
lose to what we want in order to apply a Pontrjagin-Thom 
ollapse � 
f. subse
tion4.4 � to obtain an 'a
tion' of H�pCacti 1q on H�pLMq. However, a slight subtlety stillremains, 
on
erning tubular neighborhoods.De�nition 4.10 Assume that X is some topologi
al spa
e, and that p : V Ñ X is ave
tor bundle of rank k. Assume furthermore that f : X Ñ Y is a topologi
al embedding.Let ι : X Ñ V be the in
lusion of X as the zero-se
tion in V , i.e., in lo
ally trivial
oordinates written as ιpxq � px, 0q. We say that a map ϕ : V Ñ Y is a (k-)tubularneighborhood, if it is a topologi
al embedding, and makes the following diagram 
ommute:

X
f //

ν

��

Y

V

ϕ
~~~

>>~~~Given a tubular neighborhood ϕ, we 
all the ve
tor bundle p the asso
iated ve
torbundle 79



Remark 4.11 It is a standard theorem of di�erential geometry, that any smooth em-bedding f : N Ñ M of a smooth manifold inside of another smooth manifold admits atubular neighborhood, ϕf : NpfpNqq ÑM .It is stated in [CJ02, p.18℄, that the topologi
al embedding we 
all ρin of 4.9 admits atubular neighborhood.The argument for this statement seems to be that given a diagram
W

β̃
FF

FF

##F
FF

q

��

ϕ̃
RRRRR

))RRRRR

f�pEq fp //

pf

��

E

p

��
X

f // B

Z

βwwww

;;wwww ϕkkkkkkkkk

55kkkkkkkkk

(20)
where the right-most square is the pullba
k of f and p, and the left-most square isobtained as the pullba
k of β and pf , and ϕ is a tubular neighborhood to f (the triangleinvolving tubular neighborhoods in the diagram does not 
ommute).Then as indi
ated in the �gure, there should be an indu
ed tubular neighborhood
ϕ̃. In [CK07, p.7℄ it is stated more 
learly that in fa
t, this is the strategy to obtain atubular neighborhood.I have however not been able to verify the existen
e of an indu
ed tubular neighbor-hood ϕ̃.In fa
t, I doubt that the answer to the following question is a�rmative in the fullgenerality posed above.Question 4.12 Is it possible � given a diagram of the form (20) (without the dottedarrow ϕ̃) � to produ
e a tubular neighborhood to the embedding fp?Compared to the results of 4.4, the problem is that we are not given a map ϕ̃ auto-mati
ally. Below, we give a des
ription of why the � in my opinion � 'obvious' way ofde�ning ϕ̃ fails.We would de�ne ϕ̃ lo
ally, i.e. �x some lo
ally trivially neighborhood Ux � ϕpZq of x P
fpXq. From the proof of 4.2, we have that β�1f�1pUxq are lo
ally trivial neighborhoodsfor q.Let τ : Ux � F Ñ p�1pUxq be a �xed trivialization of Ux. From the proof of 4.2,we have an indu
ed trivialization ˜̃τ : ϕ�1pUxq � F Ñ q�1pUxq. Lo
ally, we 
an de�ne
ϕ̃ : q�1pϕ�1pUxq Ñ p�1pUxq as the 
omposition

q�1pβ�1f�1pUxqq ˜̃τ�1

// β�1f�1pUxq � F
ϕ�1 // Ux � F

τ // p�1pUxqAs this is a 
omposition of homeomorphisms, this de�nes a homeomorphism.80



However, this only de�nes ϕ̃ as a lo
al map. In order to globalise it, we would need itto be independent of lo
al trivializations.Note that we via (18) have an expli
it des
ription of �˜̃τ�, whose points in the domainare given through q�1pϕ�1pUxqq � V �X f�pEq � V �X pX �B Eq, so we 
ompute:�
˜̃τ
��1 pv, x, eq � pv, pτ̃�1px, eqq2q � pv, px, pτ�1peqq2q2q � pv, pτ�1peqq2q (21)Note however that we from the above have

ϕ̃pv, x, eq � pτpϕpvq, pτ�1peqq2qqHad there instead of ϕpvq stood ppeq, indeed lo
al triviality of τ would have givenus that ϕ̃ was independent of the 
hoi
e of lo
al trivialization. However, this is not the
ase, and the 
onstru
tion fails miserably.All my further attempts at pasting this lo
ally de�ned map together to a globallyde�ned map failed equally miserably.Indeed, having a result as 4.12, we would � dependent on the nature of the indu
edtubular neighborhood only need to glue it together along the di�erent 
hoi
es of 
ells Φfor Cacti 1pkq, similar to what we did in 4.8.As mentioned, I do not believe that 4.12 holds.However, in [God07℄, similar 
on
erns are made. And indeed it seems plausible thatin our spe
i�
 
ase � where we 
an lift 
onstru
tions made in the normal bundle of thediagonal embedding ∆: Mk�1 Ñ M2pk�1q to lo
al deformations of the loops evaluatingto point in the manifolds, that the answer to the following question should be a�rmative:Question 4.13 Does ρin admit a tubular neighborhood,
ϕ : ev�pMk�1q Ñ Cacti 1pkq � LMk�1?Another approa
h to answering 4.13, would be to rede�ne the notion we have givenof a free loop spa
e on a smooth manifold M , to

LH1

M :� tf P MappS1,Mq | f is a H1-
urveu.We refer to [Kli82, p. 159℄ for what pre
isely is meant by a H1-
urve. In [Kli82, 2.4.1℄it is shown that LH1

M is a Hilbert manifold (that is, the same as a smooth manifold,but instead of requiring the 
hart to be going into some Rd, we require them to go intosome Hilbert-spa
e).Similar to existen
e theorems of tubular neighborhoods for di�erentiable manifolds,there are existen
e theorems of tubular neighborhoods for Hilbert-manifolds, [Lan02,p.73 Th. 9℄. Using this, one 
ould probably show that ρin transformed to this setting isa smooth embedding, and thereby obtain the tubular neighborhood automati
ally. Theapproa
h of [God07℄ seems � to me � more appealing, however.
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4.4 Some A
tion on the Other Side of the GapDis
laimer 4.14 In this �nal subse
tion, we assume that the answer to 4.13 is a�rma-tive.De�nition 4.15 Note that there is a morphism ρout : LCacti 1pkqM Ñ LM , simply givenby
ρoutppc, πq, fq � f � πThat is, we via the pin
hing map π : S1 Ñ Spkq{ �c 
ompose with f : Spkq{ �cÑM toget a loop in M .This allows us to de�ne a diagram � or 
orresponden
e � between Cacti 1pkq� pLMqkand LM , whi
h we will 
all ρ:

LCacti 1pkqM
ρinllllll

uullllll ρoutKKK
K

%%KK
KK

K

Cacti 1pkq � pLMqk LMA true a
tion of Cacti 1 on LM would involve a morphism Cacti 1pkq�pLMqk Ñ LMin the 
ategory of topologi
al spa
es. The map ρ does not de�ne an a
tion in Top, sin
eone of the arrows go in the wrong dire
tion. Similar to the 
onstru
tion of a Verdierquotient in a triangulated 
ategory, one way of letting ρ be an a
tion is to enlarge theset of morphisms in Top.De�nition 4.16 By Corr we will denote the 
ategory of 
orresponden
es between topo-logi
al spa
es. That is, the 
ategory given by letting the obje
ts be topologi
al spa
es,and a morphism from X to Y is given by a diagram (or 
orresponden
e)
Z

��@
@@

@@
@@

~~~~
~~

~~
~

X Y

.Composition of morphisms X Ñ Y and Y Ñ Z is given � via pullba
ks � by thefollowing 
orresponden
e between X and Z:
W �Y V

$$I
II

II
II

II
I

zzttttttttt

W

%%J
JJJJJJJJJ

~~||
||

||
||

V

��@
@@

@@
@@

zzuuu
uu

uu
uu

uu

X Y ZAsso
iativity of the 
omposition is trivial, and de�ning the identity morphism X Ñ X,to be given by the 
orresponden
e
X 1X

AA
A

  A
AA

1X
}}

}

~~}}
}

X X82



makes Corr into a 
ategory, as the pullba
k spa
e obtained from 
omposition with theidentity is given by the graph of f : X �X V � tpfpvq, vq P X � V u � V .Therefore � by de�nition of the morphisms in a pullba
k diagram � 
omposition of amorphism with the identity yields the same morphism.Constru
tion 4.17 We show in what sense Corr is a symmetri
al monoidal 
ategory.We 
an de�ne a fun
tor F : Top Ñ Corr by being the identity on obje
ts and map
f : X Ñ Y to the morphism

X

f
AA

A

  A
AA1}}

}

~~}}
}

X Y

.We 
an therefore de�ne the symmetri
al monoidal stru
ture in Corr to be F pXq �
F pY q :� F pX � Y q � F being a fun
tor it easily follows that the symmetri
 monoidalstru
ture is preserved. In this sense, the symmetri
al monoidal stru
ture on pCorr,�q isinherited from the 
artesian produ
t in pTop,�q.As a �rst appli
ation of the Cacti 1-operad, we give an a
tion in Corr. Corr is not thatinteresting a 
ategory to topologists � our usual invariants doesn't fun
tion properly.However, we shall indeed in 4.25 use its proof to 
onstru
t an a
tion of H�pCacti q inthe 
ategory of graded ve
tor spa
es.Proposition 4.18 The 
orresponden
e ρ of 4.15 de�nes an a
tion of Cacti 1 on LM inthe 
ategory of Corr.Proof. We use the notation of 2.59. In this language, the �rst diagram of 2.20 translatesinto requiring that the following diagram in Corr 
ommutes:

Cacti 1pkq � Cacti 1plq � LMk�l�1
F p�i�1q//

ρi

��

Cacti 1pk � l � 1q � LMk�l�1

ρ

��
Cacti 1pkq � LMk

ρ // LM

(22)
Here the map ρi is given by �rst shu�ing the 
artesian produ
t, su
h that ρi is givenby ρ : Cacti 1plq � LM l Ñ LM along the domain that lies in between the i � 1'st and
i� l � 1'th 
opy of LMk�l�1, and being the identity along the rest of the fa
tors in thedomain.In order to 
he
k that this diagram is indeed 
ommutative, we have to look at thediagrams involved in the two ways of walking 22.Let LCacti 1pkq�iCacti 1plqM denote the spa
e of triples pck, πkq, pcl, πlq, fq, where pck, πkq P
Cacti 1pkq, pcl, πlq P Cacti 1plq and f : Spk� l�1q{ �ck�icl

ÑM where ck �i cl is the resultalong pre-
a
ti of the operadi
 
omposition pck, πkq �i pcl, πlq.The pullba
k diagram involved in the lower-left 
omposition, is given by:
LCacti 1pkq�iCacti 1plqM p1 //

p2

��

LCacti 1pkqM
ρin
��

Cacti 1pkq � LM i � LCacti 1plqM � LMk�i�11�ρout�1// Cacti 1pkq � LMk

(23)
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This is indeed similar to what we saw in 4.8. Re
all namely that the 
ompositepck, πkq �i pcl, πlq is given by inserting cl via πl : S
1 Ñ Splq{ �cl

into the i'th lobe ofpck, πkq, so via a quotient map, we get that the relation in the pullba
k spa
e, is thesame as giving a map f : Spk � l � 1q{ �ck�icl
ÑM .Under this identi�
ation, the proje
tion p1 is given by mapping f : Spk�l�1q{ �ck�icl

Ñ
M to the map f : Spkq{ �ck

Ñ M , where ck is given by using the domain of πl : S
1 Ñ

Splq{ �cl
as the i'th lobe instead of the lobes of cl, and forgetting all interse
tion tuppelsarising from pcl, πlq.The map p2 is given as ρin along the fa
tors where the lower horizontal arrow maps asthe identity. Along the last fa
tor, it is the restri
tion of the cl-
omponent of f : Spk �

l � 1q{ �ck�cl
ÑM .Similarly, we have that the se
ond 
omposition of (22) gives the diagram

LCacti 1pkq�iCacti 1plqM q1 //

q2

��

LCacti 1pk�l�1qM
ρin
��

Cacti 1pkq � Cacti 1plq � LMk�l�1�i�1 // Cacti 1pk � l � 1q � LMk�l�1where q1 is simply given as 
omposing the 
a
ti in pCacti 1pkq � Cacti 1plqq together.This gives us ρout �q1 � ρout �p1, as ρout �p1 is simply 
omposing with pin
hing map intwo steps.
q2 is given in the same way as ρin of 4.8 by restri
ting f : Spk � l � 1q{ �ck�icl

toea
h lobe on the last fa
tor, and the identity along the two �rst fa
tors. Note howeverthat this is the same as �rst 
omposing with p2, and then mapping identi
ally at the
omponents di�erent from LCacti 1plqM and via ρin along the LCacti 1plqM fa
tor. Again,sin
e we are simply applying ρin in various steps, we have that q2 � ρin �p2.In e�e
t we have that the two 
ompositions of (22) indeed agree, so the diagram
ommutes.To verify Σ-equivarian
e, we see that the diagram
Cacti 1pkq � LMk

ρ
OOOOO

''OOOOOOσ�shuffleσ

��
Cacti 1pkq � LMk ρ // LM
ommutes as the a
tion of σ on Cacti 1pkq permutes the labellings of the lobes, whi
hhas no e�e
t on ρout, and for ρin, is pre
isely the same as shu�ing the fa
tors of LMka

ording to σ.Notation 4.19 To a topologi
al spa
e X, we let X8 denote the one-point 
ompa
ti�-
ation of X.Constru
tion 4.20 Let β : E Ñ B be a ve
tor bundle of rank k. We want to extendthe ve
tor bundle to a bundle β 1 : E 1 Ñ B, where the �ber of β 1 is given as Sk � F8,where F � Rk denotes the �ber of β. I.e. we want to 'add' the point 8 to all �bers.84



Dually to pullba
ks, we 
an de�ne pushouts in the 
ategory of topologi
al spa
es.To de�ne the desired �ber-bundle, 
hoose a 
overing tUu of B, that give β a lo
altrivialization ξU . Consider the 
ommutative pushout diagram
U �Rk

� _

��

ξU //1�0
GGG

##G
GG

G

β�1pUq
β

uu
uu

zzuuuu
u

ιβ

�

�

�

���
�

�U

U � Sk
ξ1U //_______

1�0
www

;;wwww pβ 1q�1pUqβ1I
I

ddI
I

I

(24)
where β 1 is obtained as the unique map, we get by the universal property of thepushout of the diagram.Note that ξ1U is indeed a lo
al trivialization. Obviously, ξ1U is a homeomorphism, as ξUis a homeomorphism. Lo
al triviality follows by 
ommutativity of the diagram.Uniqueness of β 1 implies that it is independent of the 
hoi
e of lo
al trivializations, soit extends to β 1 : E 1 :� �UPtUu p1�1pUq Ñ B.In e�e
t, β 1 : E 1 Ñ B is in fa
t a �ber-bundle with �ber Sk. We 
all β 1 the sphere-bundle.The 
onstru
tion of a sphere-bundle is natural in the sense that if we are given amorphism of ve
tor bundles β Ñ β̂

E //

��

// B

��

Ê
//
B̂it gives indeed rise to a morphism of sphere-bundles, via a 
onstru
tion of a morphismof diagrams of the form (24).Note that we have an in
lusion ι : B Ñ E 1 given in lo
al 
oordinates as ιpbq Ñ pb,8q.We 
all the quotient Thpβq :� E 1{ιpBq the Thom spa
e of βAs a warm-up for a Serre Spe
tral Sequen
e argument, re
olle
t from the proof of[Hat02, 4.61℄ that if β : E Ñ B is a �bration it gives an a
tion of π1pBq on H�pF q. Usingthe notation of the proof, this a
tion is given by to a loop γ P π1pBq asso
iating a map

Lγ : β�1ptγp0quq Ñ β�1ptγp0quq.Lemma 4.21 Let β : V Ñ B be an orientable rank k ve
tor bundle. For β 1 : E 1 Ñ B,with �ber F � Sk the a
tion of π1pBq on H�pF q is trivial.Proof. Choose an orientation of β�1ptbuq for ea
h b, this simply amounts to 
hoosing agenerator of Hkpβ 1�1ptbuqq for ea
h b.Pi
k a 
urve γ P π1pBq, and 
over γpr0, 1sq � B with �nitely many lo
ally trivialneighborhoods of B, where the 
overing has the lo
al 
ompatibility of 4.3. Enumerate the
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lo
ally trivial neighborhoods in some way U1, . . . , Un, su
h that γpr0, 1sqXUiXUi�1 � H.Pi
k points t1, � � � , tn P r0, 1s, su
h that γptiq P Ui X Ui�1.Following the notation of [Hat02, 4.61℄, for the homotopy equivalen
e g̃t : Fγp0q Ñ
Fγptq we have by de�nition of lo
al 
ompatibility that the indu
ed map of g̃ti maps tothe same sign of the generator of Hkpβ 1�1ptγptiquq as the indu
ed map of g̃ti�1

does to
Hkpβ 1�1ptγpti�1quqq. Exhausting this fa
t out until we rea
h n � i, we 
on
lude thatpLγq� : H�pF q Ñ H�pF q is the identity.We are thus ready to prove the Thom isomorphism theorem.Theorem 4.22 Let H�p�q denote homology with arbitrary 
oe�
ients.Assume that β : E Ñ B is an orientable rank k ve
tor bundle. There is a naturalisomorphism T : H�pBq � H��kpThpβqqProof. Note �rst of all that the in
lusion ι : B Ñ E 1 has a se
tion given by β 1, so ine�e
t the long-exa
t sequen
e of the pair pE 1, ιpBqq leads to split short exa
t sequen
es

0 // H�pBq ι� // H�pE 1qpβ1q�ii
// H�pThpβqq // 0 (25)We now turn to the Serre Spe
tral Sequen
e asso
iated to the bundle β 1. First of all,note that by 4.21, that the 
oe�
ients of the spe
tral sequen
e is trivial. Therefore � byfor instan
e [Hat07, Th. 1.3℄ � we 
an apply the Serre Spe
tral Sequen
e to β 1 : E 1 Ñ Bof 4.20 without further ado.The �ber of β 1 is Sk, and as H�pSkq is nontrivial pre
isely in degrees � � 0 or � � k;where it is the 
oe�
ient ring (in parti
ular free) so we obtain that

E2
p,q � " HppBq q � 0 or q � k

0 otherwiseIn e�e
t, there is only possibility for a non-trivial di�erential at the page Ek�1�,� .Considering the morphism of ve
tor bundles:
E 1 β1 //

β1
��

B

B B

(26)
Note that if we apply H� to the diagram, we obtain by (25) a diagram as

H�pThpβqq ` H�pBq 0�1 //

0�1
��

H�pBq1
��

H�pBq 1 // H�pBqLet E denote the spe
tral sequen
e asso
iated to the lower line of p26q. Note thatwe 
an identify E8
p,0 with the H�pBq summand of H�pE 1q; by the proof of [Hat07, Th.86



1.3℄, the lower line E1
p,0 is the 
ellular 
hain 
omplex of B. In e�e
t, we get that theasso
iated morphism of spe
tral sequen
es, E8

p,0 Ñ E
8
p,0 (the so-
alled edge-maps) mustbe an isomorphism.Therefore, the lower line of Er

p,0 must remain 
onstant for all r. In e�e
t, the potentialdi�erentials at page k � 1 must be zero. Therefore Er�,� 
ollapses at r � 2.Quotienting the �ltration ofH�pE 1q by H�pBq, we 
an read o� the HppThpβqq summandof HppE 1q as the entry E2
p�k,k � Hp�kpBq.Naturality of this isomorphism follows from naturality of the 
onstru
tion of thesphere-bundle, sin
e we e�e
tively from a morphism of ve
tor bundles attain a mor-phism between short exa
t sequen
es of the form (25).Convention 4.23 Let M be a manifold of dimension d. We set H�pLMq :� H��dpLMq,i.e. H�pLMq denotes the graded homology of LM shifted down as many degrees as thedimension of M .Constru
tion 4.24 Given a morphism f : X Ñ B admitting a tubular neighborhood,

ϕ : V Ñ B, where V is a rank k ve
tor bundle β : V Ñ B, we de�ne the 
orrespondingPontrjagin-Thom 
ollapse map τ : B Ñ Thpβq, by letting
τpxq � " ϕ�1pxq x P ϕpV q8 x R ϕpV qBy 8, we here mean the point arising from the quotient with ιpBq in the de�nition of4.20. Sin
e ϕ is a homeomorphism, this is 
ontinuous � by de�nition of the Thom Spa
e.Theorem 4.25 Let M be an orientable manifold. Then the map ρ of 4.15 gives rise toan a
tion of H�pCacti 1q on H�pLMqProof. Under assumption that 4.13 holds, we have that ρin : LCacti 1pkqM Ñ Cacti 1pkq �pLMqk admits a tubular neighborhood ϕ : W Ñ Cacti 1pkq�pLMqk, with the asso
iatedrank dpk � 1q ve
tor bundle β : W Ñ LCacti 1pkqM orientable.In e�e
t, we have the Pontrjagin-Thom 
ollapse map τ : Cacti 1pkq�pLMqk Ñ Thpβq.We therefore have an indu
ed map

τ� �Θ: H�pCacti 1pkqq b H�pLMqbk Ñ H�pThpβqqwhere Θ is the natural morphism of 2.15. By further 
omposing with the inverse of theThom isomorphism of 4.22, and the map ρout��dpk�1q indu
ed from 4.15, we get a map
ρout��dpk�1q �T�1 � τ� �Θ: H�pCacti 1pkqq b H�pLMqbk Ñ H��dpk�1qpLMqWe 
laim that this map gives rise to an a
tion of H�pCacti 1pkqq on H�pLMq.Note that we in the proof of 4.18 have 
onstru
ted an a
tion in the 
ategory of Corr.As the diagram (22) of the proof 
ommutes, we apply homology to that diagram. Themaps q1, p1 and ρin are essentially all ρin, therefore it follows that we 
an apply T�1�τ��Θto the indu
ed of ea
h of the morphisms. 87



That the diagrams involved in the proof indeed still 
ommutes follows from naturalityof the Thom isomorphism, naturality of Θ, and assuming that the spe
ulative 
onstru
-tion of tubular neighborhoods in 4.13 is natural, naturality of the Pontrjagin-Thom
ollapse maps.Simlilarly, Σ-equivarian
e of the a
tion follows, as it does in Corr.In the string topology 
ommunity there has lately been some 
on
ern that the di�erentapproa
hes of de�ning Batalin-Vilkovisky algebra stru
tures on H�pLMq indeed givedi�erent stru
tures � nevertheless, we shall 
all the following 
orollary the Chas-Sullivanloop-produ
t:Corollary 4.26 H�pLMq 
arries the stru
ture of a Batalin-Vilkovisky-algebraProof. Combine 4.25, 3.45 and 2.42.
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